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PRAFACE

In recoent years non=uniformly spaced antenna
arrays have received great attention os witnaessed by a
large 8mount of publication in this areas The main intw
erest seems tc bo in seecking a way to reduce thé number
of elements; or , edquivalently, seeking a way to
broaden the bandwidth and the scanning rangoe of the ar¥ay
The work in this field has been started since 1060, but
no rigorous theory has been devsloped yets The work so

far done in the field is rcoviewed in Chapter 1l

Dynamic progremming is studied in Chapter I;I
and IV as an optimizing technique in synthesizing unequelly
spaced ,symmetrical linear arrays. The eriterion of
optimization is to find an. element combination which
has the highest sidelobe level over 8 sbecitied angular
interval less than the highest sidelobe of any other

comb inat ion.

A 25 alemont array is synthesized with aperture
length 50 & , and spacing quant izatjon L‘/2‘, The synthesis

technique is given in Chapter V . The results obtained

are dquite enzouraging.

The caleulations were performed on an IBM 7044

Computars
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CHAPTBER I

INTRODUCTION
T T T I M T

Lincar arrays with variable intereleﬁent spacings
have received increasing attentisn in recent yearse. The
reason for this interest 1o primarily that & considerable
saving in the number of erray elements is possible in large
direct ional antenna arrays where high resolution is impor=
tant, as in the fields of Radar, Satellife communicatiun,

Rad 1o Astronomy. Further, by changing the interelement

phase the main beam of the radiation pattern can often be
steered through a wider_dngle and over a much larger
froduency bandwidth than in possible with equispaced arraysse
Both equally and unequally spaced linear arrays are very
simple to analyse. Well developed methods are also a§ailable
for designing linedr antenn& arrays with equispaced elements
that will produce & desired radiation pattern with reasonable
accuracy, Most of these methods, the- retical as well as
experimental, make use of the fact that the radiation pattern
of an array of eQuispaced elements can e expressed as
polynomial, tﬂe coefficients of which are used to determine
the arrey excitation coefficients. Dolph designed & theore-
tical optimum broadside array with eduispaced elements making

use of the properties of the Tchebyscheff .polynomials,
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DuHemel  oxtended Dolph's method to the gage of an ende

fire array with equispaced elememts. For an arbitrary
p&ttern9.W03dward and Lawson have given a method of'dgs~
igning a linear array of equispaced elements which will
produce a radiation pattern that exactly equals a '
desired rad:i~tion pattern in o rumlur of direcfiuns in
space which are chosen eQuidistanﬁrin Sin ® , & being

the angle between the normal to the arrav axis and the

direction of observation,.

The radiation pattern of on array of eduispaced
elements is a periodic functione It is thes gonerally
necessary to chose the interelement apacing not larger
than one half wavelengtﬁ in order to avoid more than one
pericd of the radiatisn pattern appeéring in visible space
In special cases where more than cne periocd of radiation
pattern can be allowed in visible space, 4 larger spacing
can be chosen close to cone wave length for a broadside array,

before soveral pencil beoms will appear.

Spacings of less than one haif wavelength are not
very practicely with such gmall sPacings, the coupling
batween the elements of the array will bo strong and the
Precribed excitation coefficients of the array may be
hard fo redlize o Thereforey & linear array of ccuispaced

elements can seldon be used to cover a large bandwidth.



For arrays with variable interelement spacings, a
prescribed radiatison patiern c2n be approximated more clo=
sely than with constant spacingss The reason for this
is that by chosing the spacings as independent variablas,
an additional degree of freedom is gained which can be
used to control the radiation pattern + Thig has been dis-
cussed by Unz (1960), Very often, however, & good &ppro=
ximat ion to a radiaticn pattern that is given in advance
can still be obtained only when the a?erage ‘interelement
spacing is not larger than one half wavelength, As an
example, an array where the elements are spaced
according to the zeros of Legendre prlynomial of the
same order as the number of elements can be made to
approximate & given radiation pattern very closely. However,
an average interelement spacing must be less then one halt

wavelength,

#hen the array to be used a8 a directional
antenna with high resolution, the unequally spaced array
will often be much superiod to the eduispaced arrayse The
equally spaced array redquires fewer elements to produce a
certain resolution, and the mdin beam can bhe 8Steered over
a larger frequency baﬁdwidth, than i3y possible with

an eduispaced arrays However, there is @ lower limit to

the sidelube level attainablaes
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Although in recent years unequally spaced arrays
have shown to e useful, 2 precise mathemat ical theory hes
not been fully develcpedes These arrays have been considered
by methods involving & larger number 2f simultaneous
equations, by perturbation methodsy by computations for
trial sets of element spacings and iterative procedures,
and by approximat ing continuous &aperture illuminations,
These methods are by and large empirical and generally
nake use of the modern high~speed digital computerse The
antenna arrays have been analysed by two sets of parametersy
namely 1) Variable spacings in uniformly illuminated l inear
arrays and 2 ) Variable specings and amplitudes in linear
and planner arrays. In the past.considerable attention
has bagen paid to the former without chsidering the
later , and the following conclusions have been derived.

1. The sidelobe level is closely related to the number of
elements and to & much lesser degree to the aperture
dimension. &Extremely high reduction can be achievel with
very few clements « On the othér hand for & given number
of elements higher and higher resolution can be obtained
by spreading the clements at random over & large
aperturee.

2 The 3 db bDoam=width of the main lobe depends primarily

vn the length of the array.



3¢ The product of bandwidth and steerability can bo made

much larger than for conventional-oequispaced arraysi

The following is the outline of the disct'n;ssions"
in the coming Chapterss A brief but thorough aecount 2
of uniformly spaced array with Dolph=Tchehyscheff optimi=
sation .to show its inferiority in a large antenna desigh
is discussed » The work so far done in the field of non
uniformly spaced antenna arrays and their synthesis tech«
nidques is reviewed; A good discussion about the nonwuni-
formiy speced antenna array with special reference to sido-
lobe level; length and gain considerations is given 4 in
which it has been shown that there is 2 éaving in the

nunber of clements.

Dynamie programming is studied 2as on optimising
technique in the synthesis of unequally spaced symmetrical
linear antenna arrays. The criterion of optimization is
to £ind an element comb ination which has the highest side=
lobe level over & spocified angulaer interval, less then the
highest sidelube level of eny other combination, A 25 element
array is syntgesized with aperture length 50 M anag spacing
Quantization ® /2 using an IBM 7044 computeig The results
obtained have ;stablished cunelus ively that the dynamic
pProgramming method, if properly used, can yield excellent
results, as is amply brought out by the fact that the results
obtained are ¢cnsiderably superinr to those reported by

other investigators using different tcchnidquese



CHAPTSAER 1I

REVIEW OF THE CONTRIBUTIONS TO THE NON UNIFURMLY SPACED

ANTSNNA ARRAYS AND THEIR SYNTHiSIS TECHNIQUES

2¢ 1o BQUALLY SPACED ;mzmyg_

Before giving a detailod review of the contributions
to the non=uniformly spaced antenna arrayss a brief wveview
of Dolph's derivation for the equispaced broadside arrays
will be givens It is shown that the Tohebyscheff current
distribution” may be calculated after eiﬁher the sidelobe
level or the position of the first null is specifieds The
"Tchebyscheff pattern"™ resulting from this current distri=-
bution is optimum in the sense that a) 1if the sidelobe
level is specified, the beam width of the resultont pattern
is minimum, or b) if the beam width is specificedy the

sidelobe lavel will be & minimum.

The rodiation pattern of & linear equispaced
broadside cyuactric array of point sources as shown in the

Figure No. 1 is proportional to

| . | N 1 2ke1 o a 7[
’EZN-l (e)! =| g Ik Cos ( —L ) Sin ® ’ i
| ! T 2

L. -1

...0(1)
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EzN(e)’ =,§: I Gs | x(=%") Sin @

" e
-

eee(1t)
Where (1) and (1') apply to an even number (2N) and

an odd number (2N+1) of elements respectively. Ik

represents the current in the k th element from the
centre of the arrays. The atove equations are valid
only if all the currents are in phase along the arrgye

Only the even case will be discussed heras

Introducing the new variable

T d Sin ©
U = > sinplifies (1) to,
N
= T . i
FzN-l(U) kéi' I, Cos (2k=1)0 U ees(2)

where, hénceforth, only the absolute values of all pattern
exprassions will be cons idered so that the absoclute

value s8igns may he omittad.

A term of the form cos (nU) may be expanded
into a puolynomial in powers of ©Cos U wherever n

.

is an integer ¢

X
— 2q -1
Cos (2xk=1) U = & a2¥1 x4 cee (3)
*eee 5 mg '
q=1
Where . " p 2k=1
kw1 k=q k L
A = (-1) .r: ! l\
2q= 1 Pomeneimen N p‘k"l'q s 2p

P= k=q
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n \ nd
Cos U ana ( b=
. m

(n~m ).}

Nhen (3) is substituted into €2) and tho

sunmetion s8igns arranged, the pattern equation,

F 1(U) s takes the ponnomial.form;

2N~
N N
- 2q~1
Gy ™) = 1 AR AT
a1 k=a ¥ 29 =1
“.-0(4)
Where 'x' 4is restricted to ‘xg = | Cos U!r'f 1

It will now be shocwn that with suitable
values of the currents (-Ik) the antenna pattern de=
scribed by the polynomial (4) may be made to coinecide
with the pattern of an appropridte Tghebyschetf pol ynomial,
which in turn possesses all the previous mentioned
optimum properties.: lThe normal ized Tchebyschef?f

polynomials are defined by
©(z) =Cos (n arc CGosz) 5 (xf I 1 00 ()

#here *n* 1s an integers Clearly the moaxima and the
nulls of (5) are given by

R \ kT
iT (z)’ = 3 for z = Cos -— } k
n n

ti

0,1;2j50¢e.n 900(6)

i'rn(z)]‘ =0for 2z = Cos (2k=1)L, k = 1,2,4+ n
: 2n )
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Tn(z) is also of the form Cos n O , where
®» = arc Cos 2z and n is an integere Therefore,

it may be converted into a polynomial in powers of

Cos O = GCog ( arc cos z) = z
gxpangion of T (z) using (3) yiclds
2N=1
T (z) = Co r~( N=1) C )~‘
oNe 1 z/ s L 2N=1) arc o8 z
N
) oN=1g
L A z cees (7)
q=1 24q -1

Farms (5) and (7) of Tchebyscheff polynomial

are eQuivalents The two polynomials may be made to
correspond exactly by restricting the variable in (7)

to =z ff % ZO ¢+ Wwhere zo is an arbitrary parametaer,

and setting x = Cos U = gz / z

Bquation (7) may als now be written as

N 2N=-1

.- 2q=1 29~ 1
T (z X) = ,S A z ¢ X "(8)
Where | x{ J1 + [Hquations (8) representing

Y
Tchebyscheff polynomial limited to the region within
by z and (4 )y representing the eantenna pattern,
are now in the seme forme Corresponding coeffic ionts

may now be equated and solved for the currents « Thus

N 2k =1 2N-1 2q=1
L. LA - _
keq ¢ 201 Ay g1 2 ) 31,2300 N

ceren(9)
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Whenoe — N -
1 2Nayq 2q=1 : 2k=1 )
q ; y 2q=1 © ——— 2q=1
2q # 1§ q K=quk
A
2qw 1
404 (10)

It I3 are computed ffom (10) j) the resultant
fiold pottern given by (4) will agrée with Tchebyscheff
pattern shown in (8) ¢ The sidelobes and the
nulls of the antenna pattern will cojincide with the
max ima and minima of the Tchebyscheff pattern given
by (6) and will oecur in the region Iao x' 5'1 ’

In the region 1t (X /zoxj < z s the Tehebyschef?

-~ a

Polynomial risaes very steeplye This portion will re-
present the main llobes whose shape may be deduced

from the polynomial form of TN(ZOX) . It wes shown

by Dolph that the Tchebyscha¥f pattern yields a mininum
beam width Qhen the sidelobe 1levels are known and &
minimum sidelobe level when the beam width 1s specifiod.
The 2djustable parameter 2z, may be calculated when
elther the side lobe level or the beam width (position
of‘firstfpulls) is given. In the first case zg4
must‘satisfy the eQuatioun TZN“l(Z) =Y ;'where Y/1

is  the specified main dbeam to side lobe ratios.

Since Y‘:>1. T must be eva2luated from the polynomiol
form of TéN—1(z°) .

-

- 1/2N-1 1/2N=1 !
Lors /Y2 =1 ) N YA

L

N
]
0§

eee (1)



oY more ebsily from

z = QCosh !

( arc Cosh Y )

© 2N 1
From (6) the nulls of T x) a a
2N—1(zo re at
2 T
zx = .Cos ( Lt T
2 2N= 1
Wh
1ere T
X - [N
z %, Cos

2(2h=1)

defines the position of the first null when © is
- o

spec ified as the angular position of the first null,

z, may be deduced from the redations

— 1 ir
ZO - '—'-'-—-—-0 CO 8 — Vet
X 2(20=1)
1
0

. T 4 g -
X7 = Cs U, =Cos (— )Sin® )
N )

It is evident that the nuﬁerical work
involved in calculating.the current distribution from
{(10) anda z, from (11) can becume oxtremely todious
as the number of eclements incre2sess A simple method

of calculating It's is given by Barbiere (1952) .



2+2. UNZQUALLY- SPACED ARIAYS

Considerable work has been dona in recent years
to develop synthesis tochniques for the design of
linear nom~uniformly spaced arrayss JThe work so far done

in this field h&s becn reviewed in this Chaptoer.

Ha bnz (1960) discussed a linear array with
general arbitrary distributed elementss He deduced a
matrix relationship between the elements of an array
and 4its far ‘Zone pattefn e As pointed out by various
authorsy it is difficult to make use of this matrix

~ relationship to yield useful numerical rosult se

D King ets al, (1960) gave the requirements
for & broad=band, steerable linzar array, and discussed
the limitations due to grating lobes of an equally
spaced array; after studying several different unedqually
spaced arr&ys they showed that such arrays have two
advantages over the equally spaced arrays (1) They
require fewer clements for comparable beam width , (2)
Grafing lobes and minor lobes 2re roplaced by sidelobes
of umequal amplitude which are less then the main belme
Further, they developed & scheme for controll ing the
cosine arguments in the radjation pattern formula which
resulted in one of the best patterns of this study of

unequally spaced arrayse. The array synthesized by this
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Scheme is capable of steering & beam F 90o over a

2 to 1 freGuency band with nosidelcbes above =5 dbe

It wses 21 elements, compared to 78 for an equally
spaced array of similar beam widthe Tho results obtained
1ndicate§ that further study of the cosince method

and unequal spacing in zgeneral should resgult in better

patt ern characteristicse They computed the data dy

medns of the frrmula. n x
c+z§_:_jcos(zsrU-x—15-J
B o= 20 log k=1
i0
| 2n + C
#hare
B = The magnitude of the pattern factor in dbe.

2n+C = Number of elemente in the arraye
C=1, for an odd number of clements,

—

C=0 , for an cven numboer of elementse

weammase  nw

. distance in wave length from the centre of

the arraye.

U =4a (3in ¥ = Sin & )
o an o)

d = The smallest of the set of unaqual spacings

in wavelengthse

© = The angle to which the beam is steereds

= The azimuth angle measured from the broadside

directione



- ] qe
X,
2U ( X = ' =
: 3:- ) = Arguments for the cosine term for kX = 1,2,5 en
Directive gain was computed from relat ive powaer pattarn
data by numerical 'inteogration with the interval chosgen

to be less then half of the half=power beam widthy

Comparasgion of array factors of two arrays of

aqual sperturs is given in Table Nos 14

S S Sandler (1960) formulated & general analy=
tical aexpression for uneQually spaced arrayse JThese
relations allowed for the analysis of the noneuniformly
spaced arrays in terms of its oQudvalent uniformly spaced
array. He discussed the inhorent bro-d band qualities
of the nonuniformly spaced arrays. SSme eQuivalenca was
observed between the amplitude and the spatial variation
with uniformly and nonuniformly spaced orraye He discu~
ssed the gZeneral gynthesis problem and alsu considered

an array with monotonically dncreasing interelement spacinge

B.Fi Harrington (1861 ) presented a perturbatiuvnal
procedure for reduCiﬁg the sidelobe level of discrote lineer
arrays with uniform amplitule excitation dy uéing non=
uniforn element spacing « The calculation of the reQuirod
e¢loment spacings is quite simples The method can reduce
the sidelobe level to about 2/N tines the field intoensity

of the main lobe, where N is the total number of elements,
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without increasing the beam width of the main lobae

Je D¢ Bruce and Ho Unz (19062 ) prsdicted that non-.
uniformly spaced antenna arrays are less sensitive to
changes in frequencye Thoy determined mathematically the
condition for minimum sensitivity. Alsc they deduced &n
alternative method for obhtaining the maX1mum'braadband

performanca.

faLe Maftatt (1962) formulate @n algorithm to
describa the construction of arrays whose individual antenna
are to be distributed nonuniformly over an aperturece
From the distributicn to which the algorithm is equivalent,
a distribut icn of array factor values is inferred. He
pointed cut that an array of antenna elements can be non*
uniformly distributed 8o as to produce an array factor
with & single major lobe from one fourth of the elements

reduired by a uniform distribution at a sacrifice of 35 db

in sidelobe and no sescrifice in main beam=widthe

MG Anderson (1662 ) designed a variety of arrays
with widely and variably spaced elements using both analog
and digital computer techniquess All those arrays have
many fewer elements than Doiph = Tchebyscheff arrays with
the same beam width and sidelobe levels OUne of the arrays

he designed has 21 elements and is 76 wavelengths
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long when used as a broadside arraye The 3 db beamwidth is
0«74 degreesy the sidelobe level is =7.4 dbe The array

has a perfect steerability in a 18 ¢ 1 bandwidth with

no interelement spacing smaller then ome~half wavelength

in this band, The dato of initial arrays and of the arrays

Synthesized from the initial array®s are presented in

the following table Nos 2. The initial arrays determined

by the method uof controlled cosines.

Robert S Willey (1962 ) presented a simplified
theory of space tapered arrayé along with methods of
designing arrays for a Ziven gain, beamwidth, and side
lobe level using graphical techniques and simple mathema=
ticse He indicated that the reduction in the number of
elements of from 50 to 00 percenﬁ for moderate and.
large size planar arrays is possible while retaining
good pattern characteristicse He further mentisned
that spaca tepering allows seperate transmitting and

receiving clements to be placed in a single apertures

E: @  Brown (1862) considered a 4= clement symm=
etric array cumpared_ a Tchebyscheff 5 elememt , L/Z
spaceds 20 db sidelobe array with a similar array ;onﬂ
uniformly spacedy, .and noted that slightly asymmetrical
arrays offer 1little prospect of producing desirable

patternss
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E, Unz (1062 ) considered nonuniformly spacaed arrays
with spacings larger than dne wavelength and deduced a
formula us ing the asymptotic series exp@nsion of Bessoel
functionse The thevry 1is used to find the maximum avaerage

spacing (% 42‘A) accoptable for arbitrary pattern synthegis.

J.D.Bruce and H, Unz (1962 ) synthesizod nonuniform
arrays having praescribed field patterns with diffcerent

beamwidths and sidelobe levels using mechanical quadraturese

Ae Ishimaru (1962) presented 2 new approach to
the. unequally spaeced array problem, based on the use. of
Poisson's sum formula and introducing & new function,
" the source position functicn” . By appropriate trans=-
formation, the original radiation pattern is converted into
& series of integrals, each of which is equivalent to the
radiation from a continuous source distribution whose @mpli-
tude and phage distributivn clearly exhibit the effacts of
the unequal sp&cings; They showed that an unequally spaced
array of uniform amplitude with any desired sidelobe
level may be designed by this methods Three oxamples are

shown to ilivstrate the effectivencess of this method,

il Te Ma (1963) prosented a contribution to the
perturbation method of pattern calculation of 1inedr arrays
consisting ¢f n:n~uniformiy spaced, eduiamplitude inphse

elements. He showed thot the analysis holds good when the
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total number of elements 1s ceither even or odd « He cal=

culated field patterns for 7 and 8 element arraysge

Y. T. Lo i1963) compared the sidelobe lovel of
various nonuniformly spaced antenna arrays using two
methods; (i) Systematic design with patterns being
computed in éach casey (ii) probabilistic estimatess -

He oconcluded that since the agreement between the results
obtained by the two methods is closes there is no essential
difference between the varisus nonmuniform sSpacings,
unless they areg specifically-chosen for 2 low sgidelobe
levele He illustrated tﬁis by considering the Benelux=
Miils *Crosatelascope; 2ach arm Jf which has & dimens ion

102 8 X 104'A and one minute of arc beamwidth.

‘Maher and Cheng (1063) studded the problem of
random removal of elements in ¢ uniformly spaced array
The ir assumption that the removel any element is
statistically independent of the removal of others soems
to preclude the validity cf their cnalysis for & more
interesting case when a large number of elements are to

be removed.

Snover and Ferroro (19649 discussed the pre=
liminary results obtained by synthesizing closely spaced
multi=element oarrays by systematic vﬁriation of spacing
in & computer programme in which the reduction of sidelobao

level is the point of intereste They employed both current



ol 8
tapering (nonuniform current distribution) and non~tapering
and presented the numerical results in two tabless They
comparegd the results with tapered Tchebyscheff arrdys

of eqQuipalent sidglobes level.

Skolnik etal « (1664) described the applica=
tion of the vptimization technique known as dynamic pro=
gramming to the design of fthinned'arrays with unequally -
spaced elementse A4 tinned Aarray is one in which the
number of elements is significantly less than the number
of elemgnts in a 'filled* array with elements spaced
every hal f~wavelengths Dynamic progtamming is & systamatic
procedure‘fcr efficiently utilizing the capacbilities
of modern high=speed digital computers to find solut ions
to problems not computati.nally feasible by conventionél
meanse They applied it to the design of linear arrays
of 25 @lements spaced within a 50 wavelength aperturce

Y«Te lo (1964) studied v>rious probabilities
Properties of 2 large antenna array wiith randomly

spaced elements. He found that for almost &11 casas of
intercst the rcduired number of clements is clo;eli

related to the desirod sidelobe level and is almost
independent of the aperture dimension, the resolution
dependsmainly on the aperture dimensi.n and the directive
ga in in.proportional to the number of elements used if

the average spacing is larges Hy stated that starting

with & given number of elements and a given aperture sizo.
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it 48 possible to'imprOVe the resoluticn by a factor of
teny a hundred or more by spre2ding these celements ovar
a large aperture with 1ittle risk in obtaindng & much higher
sidelobé level and a lower directive gain « He further
stated that in additiony this analysis also gives a
gimplce estimate of the sidelobe level of most non-uniformly

spaced antennd arrayse

Sherman and Skolnik (1964) obtained an upper
bound for the sidelobes of an uncedually spaced array
by applying & result from number thecory known as Vander
Corputs methods When the number of elements is large

. , ' 1/2
the sidelobe level is proportional to N whe re

2N+ 1 is the total number of eclements in the arraye

Skolnik et 21. (1964) considored the design of
'tﬁinned‘ blanar antenna arrays in which the density
of the elements located within the aperture is-ﬁade pro-
portional to the amplitude of the aperture illuminatiovn
-of a conventional "filled array"e They indicated that
density tapering permits goud sidelobe performance froum

arrays of cQual radiating elementse.

Janis and Galejs (1064 ) developed a method of
minimizing the sidelobes of unifurmly exXcited sSpace
top:red linetr orrays. He indicated that it is possidle
to design egpice tapercd linedr arrays by representing the
element pesiticvns by o polynomial and dy formally mimimizing

the sidelobe chnergy &Veraged over & finite freduency band.
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Vs Galindu (1964) int roduced the ided of nons
lingar arraysj that is the elements of a uniformly
spaced array are displaced perpendiculorly from their
usual poaitions alng a streight lines He discussad
that such an array posscssed scme of the non — resonant
properties of a linedr non uniformly spaced array &and
hence has wide band freduency or scanning propertiesi
Further this array has the unique advantage of having
equal lﬁtergl spacinge Honce the problem of packaging
phase shifters and other aux il iary networks between elo=

monts is groatly simplified,

Ishimaru and Chen (19065) presented a theo®y
for designing a thinned or broad band antenna array by
mgans of unequal spacihgs, They oxXpressod the patterns
in & series of Anger functis>ns and 4its sidelobe level
is shown to decrease approximately as Nf°?? or ﬁpq'%
Jhere N is.the tufal nunber of elements, and the gain
is approximately equal to Ne They verified that the side~

lebe level can be improved by varying the amplitude dis~

tributinn,

G B Tang (19665) gove a design procedure for
non unifornly spaced linear orrays for which the pattern
approximates to that of an edquivalent uniformly gpaced
arrdys or ¢rntinuous source with pdiece~wisc uniform oexci=
tations He indicated that the approximetir>n is best in

the main lobe region and discussed the effaect on the



sidelobe levels for several typical arrays with roductions
of upto half the number of elements used in the uniformly

spaced. arroyse

Bulter and Unz (1965)  introduced Fourier trans=
form mnethod for obtaindng the radiation pattern of a
non unifornly spaced array and algo t> synthesize appro=

Xximately any arbitrary pattarn.

Yo Lo Chow (1665) showed that the exponent ial
spacing function is optimum in the sense that the platceau
becomes flat. The pattern of 2 non-uniformly spaced array
is d4n general an almost periodic function and as & result
the grating beams are spread out intc plateaux «+ For
uniformly illuminated elements the envelop of the
plateau 1is flat 1f the element sjac ing increasing exXpon=
entially. Because of the characteristic flatness and
low intensitiecs of thesc plateaux, they optimized the
array factor with respect to its grating platoouxe He
also developed the theory of space factor gain of
nonuniformly spaced arrays through the use of rfarseval's

t heoremg

lo and Lee (1865) used an array of N isotropie
element s placed at a preécribed positions in space 88 a
medel for the derivation of optimum S/N ratio for a
non uniformly distributed noisee They 2lso proposed two
new mcthods to determine the sidelobe levels of nonuniformly

spaced antenna arrays (1) Estimation of sidelobe level by
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solvings Diophamtine oquation (2 ) Bstimation of sidelobs

level by Triangular Function approximations

C'-H- Tang (1965 ) described & method of synthosize
ing thae patterns of 2 nom=uniformly spaced array baged
on considering the pattern of the array as an approximation
of that due to a continuous sgourcoe He achieved in
designing specific sidelobe levele. -3 further indicated
that in order to get sidelobe levels better then those
of a uniformly spaced array the nen=unifornly spaéed array

must be thinned at the ende

M;I} Ma(1965 ) proposed anuther method for synth=
esizing the non=uniformly spaced arrayse He applied
Haar'®s theoreme¢ Dy vearying both the omplitude excitations
and tho element spacings, but & rigorous thecry has not been
developed. .

Larson at -1, (1965) discussed the minimization
of the grating lobes produced when the array olements
arc many wavelengths long, by a special type of klinearly)
nonuniform arrdy with equal power division boetween the
elomentss .He sunmarisced the results for a number of cased

in the form of graphs and figures.

H Unz (1¢66) described 2 methcd of designing a
non uniformly spaced array using 8chmidt orthogonalisga<

tion proccdurce. He indicated that this method can be



performed by a digital computer, and avoids the inversion

of large matrices and is applicable t> asymmetric as woll

ag to symmetric non uniform arrayse

Lo and Lec (1€£66 ) made an exhaustive study on a few

small arrays and coms to @ conclusion that among & large
number of possible arrangements, only very few yield
rescnably low sidelobe levels They nade some statistical
studies in order tc relatc the sidelobe level to the

clement arrangemente Further they made a comparative study

desizgns which are propvsoed by a few authors and

on goneg
Also

concluded that non of them are turly optimum .

thoy discussed the optimization of dircetivity and S/B

ratio of an arbitrary antenna array.

(%El Tang (1666 ) presented numerical results on
the beamwidth ond the operating region of patterns for
the arrays for which & numerical approximation method of
éynthesis has previously been givén (1965), Ho also pre=
sented on the results obtained on the gain characteristies

of non=uniformly spaced arrays and the excitation coeffi-

cients for the optimum gain for the arfay59

Ae Meyer (1966 ) discussced the uge of convolution

theorem and the generaliged sampling theorem in evaluating

arbitrary arrayse
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Chow and Yen (1666 ) studied & elass of non*uniformly
"$paced planay arrays in whieh the elementé are located on
.a lattice derivable from & conformal me,ping of a uniform
latticee They formulated the array space factor in a
two 1imensional Foission's sumy a2nd determined the grating
plateaux from a st2tionary phase integretione They applied
an optimization process to make the grating plateaux flats
They eoncluiled that the crroy derived is thoe conformal
axponent ially spaced array having characteristics very
similar to those of the 1linear exponentially spaced array
A numerical example is included to Justify the various

aporoxinmations they used in the analysiss

Lo and Rimecoe (1967 ) conductad an exparimental
invgstigation on the planar array with randomly spaced
elements using diffaction techniques. They tested two
sanple arrays, cach consisting of 210 glements over &
circulzr aperture of about 56 wevelengths in dizmeter
at 71e25 Gidze They verified that the measured sidelobes
=12.8 db and =13 dp were in excellent 2greoment with
the theory which prelicted below =12, 8 db with 90 percent
probability and =133 db with 50 percent probability
Further they iniicated that one may consider the pattern
in each plane cutting through the antenna as that of a
line2r random array, and thus one may study the sample
distribution of the sidelobeg levels of as many 1linegar

rondem arrdys as cutse They obtained results which are



in nerely perfect agreement with the theory, desp ite the
fact that in the theory the mutual coupling effect was

neglected altegethers

Thus different techniques of optimization have
bzen attenpted by many a2uthors and non of them formulates
a rigorous mathematical theorys AS that thare is no
perfect theory available to date, the optimization problem
becumes & re2l challengee It can 2lso be said that
there is little possibility in obtaining an array with
the lowest sidelobe level, unless a true optimization
procesure is found » Thus, one should n,t be surprised
to find that there may be little difference botween many

pPseudo=optimum and trial= and = miss method se
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DYNaMIC SROGRAMMING

3. 1. INTRODUCTION

Dynamic progromming theory by Richard Bellman
(1657) 4is one 5f the varjous branchaes of modern mathomat ics.
It is 2 sinple but powerful concept for the treatment of
many novel and interesting problems busth in this new
discipline and in varicus parts of classical analysis .

One »f it s various applications is in solving multistage

decision problems.

The adjsctive, " dynemic" indicates that tima‘
is a significant variable and fhe order of opaerat ions
nmay be.crucial, However, mnany .static procasses can
also be reinterpreted as dynamic processes in which

time can be 2a2rtificdally introduceds.

The mathenmatical advantages of dynamic programning

1. It reduces the dimensionality of the process to a
convenient level, thus makinz the problem computa=

tionally simplors

2, The reduced form obtained by techniques has a property
likey " monotonicity of convergence", and therefore

18 well studicd to applicati.nse.



In dyn2mic programming @ very difficult or unsolw-
vable problem dis transformed into & class of simplaer solv=

able pryblems which arcec easy to handlee

3¢ 2¢ SRINCIPLE OF ULTIMALITY

An optimuﬁ system design problem is visualised as
a multistage decision problems thaese multistage decision
problems are best solved by means <f "functional
equat ion approach"s In cach process the functional equation
gcoverning the process is obtained by an application

of the following intuitive

"An aoptimal policy has the property that whataever
the initial state and initial decisisn are, the remaining
dec isi-ns must constitute an optimal policy with

regard to the gtate resulting from t he first decision".

By repeated application of the functional equation,
the optimum decisiorns for a multistage process can be

obtaineds TFor illustration let us consider that & state

of physical system is transformed from X' to xz by the

trangformationi

x2 =y (xt, ml) eee (1)

This uvperation will yield an output or return

Rl = r (x*' ml) vea(2)

-

Where‘m1 = decision number to be takaens



The decigion which yieids the maximum value of the
return or c¢riterion function, is referred to as the optinmum

dec ision or optimal control strategys

The maximum return for this one stage decisio>n

process is given by .
Max 4mum ‘ -
— - ‘

b4 t = /
1<x ) m1 Lr(x.’ ml)—j oo.(3)

Consider now the cagse of 2 4wo stage decision

process « From first transformation we have,

2
X 2y (x'. ml)

3
This is further transformed intu x

x 3

Yy (xzp ml) : .loo'(‘l)

P

The seQuence of operation results in & total return

R2 = r (x?, ml) + r ( x2: mz) esse(5)

And the maxipnum return is given by

Ma x imum

fz(x") = r (x*, m1)+r(x2v mz) «0 (6)
ml’ mz

The total result is maximized over the policy (mly.mz)
and the policy which naximized Rz is called optimal

policye

In general for an Nestage decision process, the

prublem is tu choup @ Negtage policy: ( mly mag....mN_)
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So as tu moximize the total return,

max imum N 3
fN(x') = “‘,‘m r (x ) mJ)
o J=1
“here {mj} forms an N~gtage control policye This

rfunctional equation so osbhtained can be solved by conventional

techniques availabla.
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-

ASSLICATION OF DYNAMIC PROGUAMMING To ANTANNA ARRAY

SYNTHZES IS

.

4ot  DBSCRIPTIUN

- o

A brict qualitative descripticr ¢f dynamic programming
and itsg ajzplication tc una29ually spaced array antennas is
givens Jynamic programming is & step Ly step method by
which 2 nultistage decision process is reduced to o sec=
gquence of single stage decision processess <he possibility
f application 5f this method to the design of antenna
arrays with unequally spaced eclements was originally
proposed by Skolnik et 21 (1964) » Dynamic programming  is
a systematic procedure for efficiently utilizing the
capabilities of modern high speedvdigital conmputers to
find optimum solutions to certain problems nut solvable
by conventionZl melnss 1t is used bhore to determine solutior
which approximate the optimum configuration of element

spacings for achieving a desired radiation patterne

vne possgible method of designing an array with
unedgual spacings is that of total enumerationgl In thnis
approach 2ll posgihle combinntions of spacings are
examinedy the radiation patitern is computed for each

comb inationy and the one which yields the best pattern
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is selecteds Althsugh it is possible in principle to carry
out such 2 bhrute=force procadures it ic genarqlly-nqp
practical to do s0o except in the simplest of cases. If
sach of tho N elements of an array ¢8n occupy any one
of m possible positions within the aperture, there are
a total of mN combinations that must be examinede.
Ten elements, cach capable of occupyins ten different
possible positions, result in a total of 1010 combinat==
ionses iGven with modern high speed corputerss the brute-

f>rce approach generally is not practical.

The advantage of dynamic programming is that it
drastically reduces the number of combinations that must
be examined but nevertheless finds a set of spacings
with a satigfactory radiation pattern nequy optimale
This is accomplished by converting 2 single N~dimensional
optimization problem into a sequence of N one dimensional
optimization problems. In stead of the mN casges required

for the brute~force approach , approxXximately (N-l)mz

cases need be examined with dynamic programminge

4e2¢ OPTIMIZATION CRITERION

In order to get desiropie radiation pattern, some
criterion for optimization ig tn'be astablished e There
is little value in utilizing tho nain beon parameters
as a desgign criterion since the shape of the main bean

and the meximum intensity are relatively unaffected by the
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precise arrangement of & given number °of elements within

a given aporture. The sidolobes howev:r, are significantly
dependent on the arrangemqntvof clements Thus it secnms’
reasonab.ie to establish the criterion on the basis of
sidelobes properticse The eritorion best suited for '

our problem is th2t the optimum radistion pattern is one
whose highest sidelibe peak over a gpecified angulaer
interval is 1ess than that of any other patterns This

is 2 specidl cese of generdl criterion of minimizing tﬁe

maximum deviationss

493, DERIVATION OF RADIATION PATTERN

The radiation pattern of & linear array containing
an odd number (2N+1) of isotropic elements symmetrically
arranged about the centre as shown in Fige Noe2. can

be derived as follows? '

B

Let X, = ‘the distance of the nth,pqir‘of elements
measured in wavelengths from the centre of
nie ‘ the arraye
D .= array length

. Bx = spacing. quantization B

Xy T spocing of Nth pair of elements,(Dcsz)

¥ - = uangle with respect to array normal.



8X:SPACING QUANTIZATON

ELEMENT LOCATIONS

GEOMENTARY OF THE UNEQUALLY SPACED ARRAY SYMETRICALLY
ARRANGED IN PAIRS ABOUT THE CENTRE

FIG. NO. 2
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The elements arc cnergized s> os to got main lobe

in any specified direction UO 91A13o the glenents are

.allowed@ to occupy positions whose location from the
array centre is an integral nunber of sone specified

value JiY Xe

Considering only the centre element and two other
elements symmetricaily placed about the centrey the radia-

tion pattern is given by

-

i(xlg s ) =l l 1 +e
o)

(K +2 T x;8in8)  =(K +2mx_ 5in e)]
+Q ’

g.o(l)

sherg .
xl = Jdigtance of the first clement pair from the

centre clement in wavelengthse

4, = Current excitation
A = wavelength
ok = Progressive phase shift; leading from left

to rightoe

Aauation (1) can be written as

E(Xllﬁg‘:A r1+‘2005 (L':('PZTTXISIHB )] ,.-(2)
. Q L

at beam peximum, £( X9 @) is maximum and ® = Uo



Thoerefore Cos (£ + 2 1 xISin o ) = 19
or L + 2T X, Sin © = 0
or = = o xl Sin 00 eee(3)

Substituting cequation (3) in (2 ) we get,

E(x1pd) = A, [1+z Cosszxl(Sind" Sin do) , e (4)

Defining u = Sin © - Sin © (the angular coordinate)
*

and taking Ao as the unit current cxcitation, the

equation (4) bocones

E(xi,u) =1 +2Cs 2Tx,u

For (2N+1) number of elements, the radiation pattern

is N

B(Xyp Xpp XgpeeaXy » u) = 1 + 2 ;:1 Cos 2T x_ueeel5)
n:'..

If the distance of the nth pair of clements is measured in
half wavelengths instead of wavelengths the eXxpression (5)
becomes,

N
E(x1’ ng Xa’ o....xN,u)=1+2 !—1(:0877’ xnu Qo.(S)
n=

4e¢ 4 SYMMaTRY IN THSE RADIATION PATIERN

pe e

If the radiation pattern ziven by equation (5)
is to be symmetrical about some value of u = uo, then
E (u,6 + Ay) =8 (u, =~ & u) ; thus we nust have

s 2 Tx, (uo+Au) = Cos 2T x_ (u, - B u)

g)



Expanding the cosine terms we get
) - A
Cos 2T x_ u, Cos ZWXnAu Sin 2Tx u, Sin 27x,8u

= Cos 2T x_ u_ Cos 2 T x_ Oy + Sin 2Tx_u_Sin 27x_Au
n o n . n-o n
The equation holds good if sin 2T Xpy, = 0y or if

’i‘ m ’ i‘ 2 7T .’.lllab+—k7r XY

3 k
— - e

2

e}
"
®
[«
u
(»]
3+
~
LB
o

’ +
-

8
<
W

XN ;‘}'

Wihen the distance of the clement pair from the centre

clenment is a multiple of M /2 that is whencver X

is a nultiple of 1/2 , then u, = 1 and the pattern

is ssymmetrical about u, = 1

When the distance of the clement pair from the
centre clencnt is a multinle of M that is whenover Xn
is an integery then u, = i1/2 4 and the pattern is

symmetrical ebout u, = 1/2 .

Similarly whenever X, 18 @ multiple of 1/4 then
u = 2 and the pattern is symmetrical about u_, T2,

Q (o]

and SO One

445, MATHUD F UPT IMIZATION

Applying the dynamic progremming techniQue we have

to to locate a vector x = (x, , Xo ,g.....xN) such that
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ovgr Some. rogilon of u tho nax {mnumn valqa af ﬁhg summ&t1¢n
N

& X1’ xz’ x'S'_Q‘OOOAXN ,u)=1+2":~ Cos (211”‘“)15&

n=1
minitwnmj

The givan input sanditions ars 3

1s« Hach xn hasg &n uppef,and 1>waer bound

a ix < b which 18 variuble with n
2) The region of u over whizh the ~Xpression
is to be cevaluatdéd 1is u < u S u
min ™ " maxXes

#ith these valuwes the optimization is carried out,

so that the va3lue of x'sg are dote.mined ¢ which miniw
I

nizes the maximum vilue of this summasion over the required

1

value of ue
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s

DESIGH vF LINIAR, SYMMITRIC,NGN-UNIFURMLY SPACAD ANTENNA

ARRAYS oF 25 ESLEMINTS + (824CED WITHIN A 50 WAVILENGTH

APERTURS )
R T

501 RS&UiRE@@NTS

The main object in the design of non uniformly
spaced antenna arrays is to control the radiation so as
not to produce objectionably high sidclobese The following
characteoristics were 2ssumed while synthesizing the arrays
19 The arvay nas 2 single narrow main beam steerable to

dg from the end firce

2) The array hos 211 the sidelobes below the main bean
levale

3) All the clecments to bo isotropic radiators.

4) [Bach clement has unit amplitude illuminatione.

5) The current fedezhe nth pair of clecments haa & phase

éngle +* 2 T x, Sin ®, with respect to the centre

e lemente
6) The array is symmetrical about the centrae

7) The coupling effect between the elemcnts is neglectoed.

The array goometry is shown in Fige (2) ¢ The
olements are allowed to oeccupy positions whose locations
from the array centre are integral numbers of some prespeci~

fied valuec of A x « That is, the element locations
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are quantizeds This not only makes the computations

easier but is consistent with the practical array desi~

gn +« The spacing of Nth pair of eclemonts is fixed by the
aperture dimension so that ZxN = D, where D is the aperture
length in wavelengths . Thus it remoins to find the

N=-1 \walue of X For oxampley ™ the 9 element array

therc are 3 spacings that must be determined while in 25

element array there 2re 11 spacings to be determined.

Further the aperture longth is gquantized into-
2m + 1 locations by dividing it 4into 2 m edqual parts, No
consecutive elements may have a spacing beotween them which
is less then the length of one intorval ¢ This simplifies
thé optimizationwprOCess and results in pattern ;ymmetry
about some value of u as stated in (4e4) The problem
is to determine 2 set of clement locations for which the
petk sidelobe level is smaller than that for any other

clement combination for a given odd number of clemonts,

over & preassigned angular interval , @ .. £ U Y ax

5¢2¢ SYNTHISI5 TICHNIWUZ

In dynamic progromming the optimization process is ca
(1966 )
risd out in the stag:s i.llsthe This reduces considerably tha
computational work thot would be involved if the optimizati
were to be achieved by trying all possible combinations of

elomentss The expression for radiation pattern &s already



derived is
N
31 e e XN,u>=1+2§' Cos vanu

n=1

vess (1)

E (xl, x x

2’

Stage 1 .

———

The first and secuond pair of elements are considered

while remaining glements are supposed to be absente except
for the cent ral (zeroth) clement and the outer most pair

of elementse For any particular value »f x say x!

there is o corresponding veluc of X a8y x; » @or which

the peak sidelobe level is smaller then that for any

othaer value of X in the range

X %
1 l(min)‘S 1 3 ¥, (nax)

-

wWe express this by medns of the functional efuation

B(x! X! u =
5 » X, $ ) Min
xz(min) X x2 é’ xz(m&x)
x) (min). ¢ X, 5% (max )
@ax 3 G X0 X9 )
Upin ¥ U Su

nax

ese(2)

-

This equation providces

+1 "Wptimal" pairs of valuce® of x2

“2@ax) " % (nin)

and xl eXpraessgsad concisely 2s xl(x) « These are computed

and stored in the computer memorys

aﬁ&mUﬂMRé;frzpy
“ ¥ UNIVERSITy
DAADK e % Room‘
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Stage 2: The next step is to determinc the best combination

of X, and x, for any ghosen value of Xg .0 For every pair of

2

2 3

value of X4 is the same as was obtained in the previous

. chosen values of x_and x we assume that the optimal

stage for the same value of X, o In other words we
assunme that the principle of optimality is valid
for our problem. There may seem to be no valid justi-
fication for this assumption, despite that the tebh=
nidue was applied and it was found that the results
obtainced conpare favourably with those obtained by
other desizn proceduress The results of this stage

may be exXxpressed by means of functional equations

- Min
E(x' ’ x* y u ) = .
2 3 x:«)(min) I *3 X Xa(max )
*(ain) < *2 $ Xy (max)
x1(x5)
Max
uminiué"umax E(KN,X3’ "2’ x1’ u)

L ] (3) |

This will yieid x y ¥1  volues of

3max) " "3(min

xz(x3) which are azain stored in the computer memorye

-

Stage 3 ¢ Continuing the same process, the results
of this stage may be expressed by means of the

equation ¢
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g x K
“a(min)® Tg < x4(max)
x3(min)<x3 < *3(nax )
Xy (xg)
xi(XZ(XS'))
Max '
guSum E(xN,x4, XS; le,X y u)

u_,
min ax 1

1 value of xg4 (x4) '

. . i ful - +
This will yiel x4(m€tx) x4 (min)

which are stored in the computer menmory.

Stage i (General Stage): In the same monner we obtain

for the gencral ith ) staga)

Min
B(x ' : = < X x
vt N ) T R e S i S Tkt (aax)
< X < o=
*i(ain) — i i(max)
X {(x
& o v ™

X .(X (X3(f e X, )QIOO ) )
h &

1 2
Max h
W < u Sumax E(XN, Xi+1 » xio' . x1 ,‘u )

9..-.(5)
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which will yield x + 1 value of

- X
1+1 (nax ) i+i{min)

Final Stage : This corresponds to the optinum location of

(N~2) the oleacnt for svery (N-1) th elements The functional

equation is )

Min
B ' ' Q) = < X L x
j:'(XN ! x1\’--1 » N-1(min) = N1 < N=1(max )
- «
A2 (min)S *hea S X Moo (mex )
sz ¢ Fna’
o Cpg  Fpp D)
[} [ ] [ ]
xl (xz(XS("'x19"(xl\‘-2 )osf )))
r Max

u A X ceX seX X )
t_ v min"S uE max b(xN’ Ne1 0%yt %prXye M
and this equation yields the uptinmum combinatione The

corresponding radiation pattern is oHbtained by using this

optinum combination in equati n (1)

The number of stages depoends upon the number of
clemcnts and is cqual to N2 + For oxample in the © elemeni
array the number of locations to be determined ip 3 and
tharcfore the number of stages is 2 « In the 25 clement
array the number of locations is 11 and the number of

stages is 10,
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The input parameters pley an important role in the
optinization roles They are discussed in detail in the

following article

ie Spacing “uantization Ox

A convienent choice of &x is 3/2 y where e
is the free=space wavelength, that is the element loca-=
tions are Quantized into ™/2 intervalss This choice

of Ox results in pattern symmgtry about u T 1.0

iie rossgible Element iocations m

dach pair of elements can be located any where
within the aperture subject to the following two const-
raints ¢ a) no two adjacent elements nay be closer than
a predetermined spacing,; in this case half=wavelength,
and b) the number of possible positions an slement can
occupy is limited by duantizing the aperture into discrete
incrzments in this cuase half=wovelength intervcolse Both
of these constraints are consistent with practical

array designe

The array length consilered is SCJA and the
number of elements is 25, Since the centre clement

and the ond pair of elenents is fixed , eleven optinum



@ lenent locations have to be computed to fix the loca~-
tions of the remaining eleven element pairs « Since

the array length on either side of the centre element

is 25 & , quantized into /2 intervals and since
there can be no nore than one element at a particular
locatinny the first e .ement can occupy any positions
from 1 to 3¢ y the seeund element from 2 to 40 , the
third elenent 3 to 41’and Jo on and finally

the 1lost (eleventh) element from 1i t> 49 Therefore

m = 3€

iiie sAngular Coordinate u

The flexibility of dynamic programming can be
enployved to determine how the radiation pattern is arff~
ected by varying the input conditionse. The angular
region or the u=~ region, is of proactical importance
because in nany aprllications increased sidelobes nay
be pernmitted over some anpgular sector if reduced side=

lobes can be achicved within some specified scectors

a u
¢ min

Generaiiy the angular resion ovar which the
sidelobes afe to be optinmized should not include the
main beame If LI is too sma2ll it might include
a pore¢ion of the moin Hheam and not give the optiﬁum

design » A U oin that is too large might causa the



sideloba region in the vicinity of the main beom to be
hizher than desirod, that is it should not be so large
as to miss any of the sidelobes which oeccur ngear the
main lobhes an approxXimate value of u can bg

min

gstinmateod as follows &=

The expression for the radiation pattern as derived

pPreviously 1is
N

B(xyu) % 1 + 2 ni ) Cos 2 W X, U

For 25 clement case N = 12 with & x =A‘/2

The 12st term of the summation is 2 Cos 2 T x We

12
D 50
wWwhere x = = et e = 25
12 22\ o L :
Therefore 2 Cos 2 T xlz u = 2 ¢cos 507 u « This

is a periodiec term having the highest freQuency of all

the terms in the sumnmation - is taken at that

u
min

point where the first mnminimoum’ occurs in the term

COS 507 Qe

1ee COS 50 u = - 1
‘ min
or 50T u = ™
min
or u = 1/50 = O, 02
min '

It is not possible to predict the precise location

of u in in an unequally spaced orraye Infact it is
ni
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sonetimes necessary to vary umin to determine that
value whieh just excludes the main boame In any c¢ase

it should not be less than 0s02 in .ur problemy but it
can ba gredtgre In fact the array wosg synthesized first

by taking u = 0,02 and then u = Q4 04 ‘and it was
min min ' '

found that Yin = 0¢ 04 is the most suitable valuay

gince it very nearly fulfils the above redquirements.

Uiin is largely governéd by the numbaer of aslemaents in

the arrayy since &s tho number of elements increasaes tho

main lobe beconaes norrower and u is accordingly

min

roducada

be a1
: max

The valus of U is dotermined by the range over

X
which optimization is desigad 5 or if aptimization is
desired over the entire spacey 18 set aqual to the

value about which the pattern is symmetricaly which is

govarned by the spacing guantization .

Since the spacing gQuantization is fixed at }’/2

the pattern is symmetrical about u = 1 , #ith Uoin

= 0404 , and umax = 140 4, the pattern 1is optimized over

the rezion 0e04 < u X 14986 o« This covers the entire

space outside the main batme umax = 045 corresponds

(&
to the angular region 30 to eithoer sida of the main

beam whaen it points in the broadfire directione If the

spacing quantization is reduced from M /2 to M /a4,
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umax increases from 1 to 2 , since the pattern is

symmetrical mow about u = 2 .

ce. Increment in u Ay

- b

If fact this does not come uniler the inpuf parameterg
but it is worthwhile to discuss it here itselfs The value
of & u is so chosen that while c&lculating the radiation
patt ern over the sidelobe region of interest it should not
miss any of the peaks of the sidelobousSe A u also
on the total aperture dimension and the total region of
u ov:r which the pattern is to be optimizede With the
limitations in the storage capacity of the computer By was
taken to be 040025. With this the programmo
has to compute the pattern for about 400 discrete
values of u in order to determine a parti;ular confi=
guration 5f elementse The per¢entage orror incurred

while chosing A u as 0,0025 can approximately be

c2lculated 2as fo llows:
vnc 2 again the hizhest freduency

fmp | 4
term in the radiation pattern is

0-8808
Cos 50 T u e When u = 0
maximum amplitude = 1 .
o = Bu
WYhen U = ~= = 0, 00128
2 ' -5 BU Je
maximum amplitude = Cos SOWx0900125 z
Y Y
= Q. €808, Péﬂ“ﬁ
Therefore the fall in peak
1= 0. 0808

amplitudg = — 1 X 100

= 1,92 %



With & u = 0,0025 orror = 1,92 % and discrote u

calculations - 200 ,

For obtaininz an error of 1 % the increment u

should be
-1
_ 2 x Cos 09921_, _ :
&u = = 0,0018 , and the
50 x 180

discrete u calculation @ 560 « It is werified thsat
au = 0, 0025 gives sufficiently accurate resultse. The
case for A u = 0002 was also considered and further

discussed in a l1loter chapters

50 4o  OVMPUTATIUNG AND RESULTS
- P h e rmreenind oo

The application of dyhamic progxfamming to antenna
array synthesis negcessitates the uss of a modern high=
Speed»digital comput are Before proceecding to thae synthaesis
of fhe 25 element arraye o © elem2nt array which was
already synthesized by M Nath (1966 ) was attempted
azain to make sure that the procedure fo 1lowedrwas correcfg
A programme was written for the L. 1620 digital
Computer for the € clement array cases The various
input parameters taken are Uosn = 0al um&x = 1.0,

O x =2"/2,m=16,Au=0901andD=193\'9 The
Program;:ne differ somewhat from that of Nath, but the
final results obtained were exactly the samee Ihe

optinmum element locations inm half wave lengths obtained ax



Xy, T 04 x, =1, x, =5 , Xy = 8 and X, = 1€. The peak

sidelobe level was = 5,64 db below the main b eame

The problem of 25 element array casa is Jjust
an extonsion of the ¢ element array case and a programme
is written for the IBM 7044 digital computer
with the copacity of determining the optimum sSpacingse
of wupto 11 pairs of elements (25 clements total) « <
The IBM 7044 computer has a storage capacity of nearly
33,000 words which is roughly 8 times higher than that

of IBM 1620 and is also 100 times faster then. IBM 1620,

Qualitativelf the dynamic progromming procedure
can he diseribed as followse The first element( or element
pair of a symnmetrical array) can be placed in any one of
m possible locations likewise the second element can be

placed in any one of = possible locationse In our
can occupy locations 1,2,3pec000036 while the SeCond eloemen
problem the first element”/ean ocoupy locations 2,3,4, ..

140 + These possibla locations are clearly overlapdings
The only restriction is that adjccent elements may not be
Placed closer than 2 predeternined spacing, in this case
L/Z « For oe8ch location of the second element say sth all

possible locationgs 1'2".‘."'.6-1 r of the first e le=mant

Ame oy ot ka o

2

are examined and the comtribution of cach to the radiction
pattern is computeds The central element (zeroth) and th

last clement are always taken into consideration while



computing 'the ;'adiati)n pattern, For each location of
the second element there will be a particular locationm of
the first elenent which produces the best results
(meeting the criterion already defined)s The best location
of the first element for each particular location of the
szeond element is mtoed and is stored in the computer
mendrys /all other combinatisons are discardeds Thus

we have assumed that the optimal position of the first
element depends only upon the position of the second
elenente This assumption is not readily justifeablo and
only apjiroxinates the actual optimume The above procedure

can further be illustrated 2s follows -

The radiation pattern over umiﬁg u <u is

F Cu) ‘ = ‘1 + 2 (cos %le u + Cos T x,u + Cos 50 7T u)

whare x and X are numbers giving the distance of the
1 2

15t and 2nd element pairs in half=wavelengthse The

abso lute value of peak sidelobe laevel for eﬂch *2 and all
possible X;s is calculated from the above eXpression

and stored in the coméuter memo rye Then the be st X3
associated with sach x, is selzeted by comparing

the poak sidelobe levels of each combination and taking

that combination having the mininum of the maxXimum side=

lobe levele The best combinations ars stored in the



conputer memory and 211 other combinations are discarded.

IThe total number of cases considered here

40
30 X e =
= 780
2 .

i

The next step is to econsider the 3rd aglement
which can be placed in any onc of the locations 32492590500
41, For each loc2tion of the 3rd eloment it is nece™
ssary to determine the baogt location of the second
elenent and of ths first eclemente However part of
this problem has boecn solved since the optinum location
of first eclement for cvery location of second element
was determined in the pravious stagee This is the
saving affored by attacking & multistage problem by
dynamic¢ programninge Hach locldtion of 3rd eclement will
result in an optimum location of 2nd element and hence
an optimum location of 1st element, The best loeation
of 2nd element for each particular location of the
érd element is noted 2nd is stored in the computer
memorys 4ll other combinations are discordede .galn

the second step is further illustrated 2as follows ¢ .

The rodiation pattern in this step is

u

lE(u ) l“ "1 + 2(CosTx u + Cos T xpu + Cos T x4

Where Xy s X, and X4 ore members giving the distanee
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of the i1st, 2nd and 3rd element pairs from the centee
element in half-wavelengthse The absolute vaolue of peak
sidelobe level for each Xg and 2all possible X, 's and
bast Xy s is calculoted from the chove expression
and is stored in the computer memorye The best X,
associated with each x3 1is selected by comparing the
peak sidelobe level of each of the combinations and
taking that combination having the ninimum of the

maximum sidelobe levele The best combinations are

strored in the computer memory and all other are discarded.

uUnce again the total number of coses considered

hare = 30 : 40 = 780,

The procedurs is repedted in turn for each of the
remaining elementse The calculation is made for various.
locations of the (n=1) st elenent with each possible
location of (n=2) nd olementse No- further calculations
with (m3)rd , (n=4)th, etce-elements are necessary since

their positions as o function of position of the (n*2)nha
element only were determined in tha previous stagese It
should Ee noted that cach stage of the process does not
datermine the 1location of a particular elemente It on}y
specifies that if a certain 1ocatiun i8 chosen for the

( n=1)st element the location of (n=2)nd elament is
det ermined, which then determines that of (n=3)rd element,

and so one The precise confizuration is not zZiven until the



last but one element 1s examined and its optimum location
is founde Thus the design of complete array 1s built

up from successive designs of partial arrayse.

Among the 25 elenents the two ond olements and
the central clement are kept fixed so the remaining 22
elgments are to be located along the aperture length
5()k . S ince the array is symnmetrical about the
central clement computations ares done to find thz optimum
locations of 11 elements, and thz remaining 11 clements
can be placed symnletrica.lly about the central elementsge
The precise configuration will be obtained only after
considering the 11th eleament anld the total number of
cases consgiderced until now will be

= 9280 x 10 =73800,

That is total number of cases examined with dynamie
m (n+l1) x (N=2)
2

Pro gramminig =

To tal number of cases to be examined with brute=force

N 1
apprmach = n o= 391

This shows claarly the advantage of dynamic progranning

techniquee

A prozramnme is written for IBM 7044 is given
in Appendix 'A's The computer will s2lect those element
locations which zive the pagt pattern meeting the criterio

spacifiad alreadye The programme for calculating the



radiation pattern is given 4n sAppPendix ‘Bt, Three different
cases have been congiderede
First Case: The varfious input parametcrs token ared

D =5oh-'&x =0,5}¥,m=3g, um = 0,02, u =1, 0

in max

and &y = 0+ 0025 « The programme has to compute 393
discrete values of u in determining 2 particular
configuration of elements over thz region of interest

gugtu Becausz of the symnetry the pattern is

u
min maXe

optimized over the rezion 0,02 X u &£ %908 . The
optimum spacings neasured in holf wavelengths from the
centre of the arrayy of eadch pair of elements as found

by the conmputer are

Xy = 3,x2 = 8 Xa = 10 , x4 = 11 , x5 = 15 Xg = 17
x7 =190, x8~ 21 ’xg =22 x10~ 34 xllw 44 5 2long with
xo = 0 and x12 = 50

The radiation pattern for the above spacings is
calculated and plotted in figure Noe 3 from points spaced
of increments of Hu = 0,0025 .+ The moxinmun sidelobe
level is €el db below the main baame Since the pattern
is symmetrical abrut u = 1 , the region from u = 1 , to
u =2 is nmot plotteds The various elament combin2tions
obtained by the computer alcng with the absolute peak
side lobe level are shown in Table Mo 3. The run time for
this progromme is 15 minutes. Intermediste prints have

been introduced in ths programme at the end of th sach



ELEMENT LOCATIONS IN HALF WAVELRNGTHS MAX IMUM SIDELOBE
SYMMETRICAL WITH RESPECT TO X = 0 SIDELOBE | LEVEL WHEN
NOl UMIN = 00043y UMAX = 1,0 AMPLITUDE | MAIN BEAM
DELTA X = 0.5 LAMBDAs D = 50 LAMBDA | AMPLITUDE

N IS_UNITY
05 6 T 8 9§ 10 13 15 17 21 26 50! 7.780362| 0031121418
0 5 6 7 8 9 10 13 15 17 21 41 50| 84188244 0432752976
0 5 6 7 8 9 10 13 15 17 21 32 50| 8+271950| 0.33087800
0 5 6 T 8 9 10 13 15 17 21 24 50| 84339328 0433357321
0 5 6 T 8 9 10 13 15 17 19 22 50| 8.369837| 0.,33479348
O 5 6 T 8 9 10 13 15 17 19 37 50| 8.2378109| 0.33512436
0 5 6 7 "8 9 10 13 15 17 19 36 50| 8¢391637| 0033566548
0 5 6 7 8 9 10 13 15 17 21 31 50| 8.407403| 0.33629612
05 6 7 B8 9 10 13 15 17 21 39 50| 8.423352| 0433693408
0 5 6 7 8 9 10 13 15 16 17 21 50| 8.433839] 0.3373535%¢6
0 5 6 7 8 9 10 13 15 17 21 27 50| 80455521 0433822084
0 5 6 7 8 9 10 13 15 17 19 34 50| 8.496565| 0433986260
6 5 6 7 8 9 10 13 15 17 21 33 50| 8¢521352| 0.34085408
0 5 6 7 8 9 10 13 15 17 19 23 50| 86530307| 0.34121228
0 5 6 7 8 9 10 13 15 17 21 47 50| 8.617916] 0e34471664
0 5 6 7 8 9 10 13 15 17 21 25 50| 8.618034| 0034472136
0 5 6 7 8 9 10 13 15 17 21 40 50| 8,618034] 036472136
0 5 6 7 8 9 10 13 15 17 21 46 50} 8.617916| 0.34472136
0 5 6 7 8 9 10 13 15 17 19 35 50| 8.628932| 0434515728
0 5 6 7 8 9 10 13 15 17 19 42 50| 8.644721) 0034578884
0 5 6 7 8 9 10 13 15 17 19 30 50| 8.,648761| 034595044
40 5 6 7 8 9 10 13 15 17 19 38 50| 80655483 0434611932
0 5 6 7 8 9 10 13 15 17 21 46 50| 8.668321} 0.34673528
0 5 6 7 8 9 10 13 15 17 19 20 50| 8.679298] 034717552
0 5 6 7 8 9 10 13 15 18 24 43 50| 8.746396] 0.34985584
0 5 6 7 8 9 10 13 15 18 24 44 50| 8763917 0435055668
0 3 810 11 12 13 17 18 23 27 29 50| 8.796426| 0035185704
O 5 6 7 8 9 10 13 15 16 18 19 50| 8.917588] 0.35670352
0 5 6 7 8 9 10 13 15 17 19 49 50| 8,947208| 0.35788832
0 5 6 7 8 9 10 13 15 17 19 48 50| 8.985638| 0035942652
D5 6 7 8 9 10 13 15 18 24 28 50| 9.106205| 0636424820
6 5 6 7 8 9 10 13 14 15 16 18 50| 94358913 0.37435652
0 5 6 7 8 9 10 13 14 15 16 17 50) 9.534455| 0638137820
2 4 5 6 7 8 9 10 12 14 15 16 50] 90925904 0.39703616
0 4 5 6 7 8 9 10 12 13 14 15 50]11.206920] 0.44827680
G 4 5 6 7 8 9 10 11 12 13 14 50113.009469] 0.52037876
©o3 4 5 6 7T 8 9 10 11 12 13 50{13.878994| 0.55515776
0 2 3 4 5 6 7 8 9 10 11 12 50115.941714| 0.63766964
¢ Y 2 3 4 5 6 7 8 9 10 11 50|17.800390| 071201560

TABLE NO. &
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stago to verify the execution of the conputer, Had the
intormediate prints mt beazn therey) the run tims would

have besn about 12 minutes.

From tho radiation pottern Fize Now 3y it is

found  that u_ 0, 02 does include 2 portion of the

in

nmain b:ame For this valug of u the amplitude is 6.7
m

in
which does not fulfil the reQuiremaents 1laid down in art
5¢3(iil) « Hence we may suspect that the results obtained

are truly optinum, but still sonowhat bettor than what

Me Iy Sko lnik et al. (1664) have obtaineds

Sacond Case: is chinged from 0,02 to 0404 the

u
nin
other input parameters rem2ining the samge The programnme
now conputed 385 discrete values of u in determining a

particular confizuration of elements over the region of

interest u ., X u S‘umax + The pattern is optimized
over the rezion 0.04§1h1‘_g 1.6 + The optimum spacings
neasured in half wavelangths from the array centre of each

pair of elements as found from the conputar are

xl =5,x2=6,x=7,x=8 y X =g, X, =10

x" ::13’ xs :‘5 ’ x = 17 ' x10=21 ’ 11

along with X, = 0 and X,, =50

The radiation pattern for the above spacings

is plotted in Fige Noe 5 of at increments of OHu = 0. 0025.
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Because of the pattern symmetry about u = 1 the
region from u = 1 to u = 2 , is not plotteds The
méximum sidelobe level is 3o ,4 db bolow the main

beamy & remarkable improvement over that obtained by
the previcus investigators ¢ The various element
combinations obtained by the computer along Qith the
abso lute peak side lobe level are shown in Table Noa 4e
It is interesting to see that three dif ferent element
combinations (SeNo. 16,17;18) have the same peadk side=-
lobe levels The run time for this progremme is about

15 minutes.

From the radiation pattern it is seen that
Uoin = 0s04 still includes only & very little portion
of the main beam but is closest to the first null and
hence fulfils the reduirements 1aid down in art 5.3(iit)s

The results of the second case are further discussed in

the last Chaptcre

Third Case: The effect of scanning of the rediation
pattern over a smaller angle is verifioed hercs Other
input parameter remaining the same umax is taken as
O 5 keeping u =~ = 0,02 o+ This corresponds to
the angular region 30° to either side of the main

beam of an unscanned arraye
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SIDELOBE

ELEMENT LOCATIONS IN HALF WAVELENGTHS MAX IMUM

SYMMETRICAL WITH RESPECT TO X = 0 SIDELOBE | LEVEL WHEN

UMIN = 0602, UMAX = 1.0 AMPLITUDE| MAIN BEAM

DELTA X = 0,5 LAMBDA, = 50 LAMBDA AMPLITUDE

1S UNITY

O 3 8 10 11 15 17 19 21 22 34. 44 S0| 807152245 | 0.3500898¢
O 3 8 10 11 15 17 19 21 22 34 35 50| 80754927 {0.3501970¢
0 3 8 9 13 20 22 23 26 29 A1 33 50| B8.866946 [ 035467784
0 3 8 10 11 15 17 19 21 22 34 49 50| 80896218 {0.3558487«
O 3 8 10 1! 15 17 19 21 24 38 41 50| 80919292 |0s3567716¢
¢ 3 8 10 11 15 17 19 22 23 32 34 50| 8,924178 {0.3569671:
O 3 8 10 11 1% 17 19 20 21 35 38 50| 8.947821 }0.3579128¢
0 3 8 10 12 13 19 20 24 25 26 28 50| 9.000000 | 0,3600000¢
0 3 8 10 11 15 17 1% 20 21 36 37 50| 9.,007296 |0,3602918:¢
0 3 8 10 12 13 19 20 24 25 27 39 50 9.023040 | 03609216t
0 3 8 10 11 15 17 19 20 21 35 42 501 9.038295 |0,2615318¢
e 3 8 9 13 20 22 23 26 34 41 45 50| 9.049490 |0.3619796:!
0 3 8. 10 11 1% 17 19 20 21 35 43 50) 9.079232 |0:3631693
0 3 8 10 12 13 19 20 24 25 27 46 50| 9.084659 ] 0,3633863
0 3 8 9 13 20 22 23 26 28 30 32 50| 90100102 063640040
0 3 8 10 11 15 17 19 20 21 35 36 50| 90101286 |0.3640514
0 3 8 10 11 15 17 19 21 22 34 40 50! 90115643 |0.3646257
0 3 8 9 13 20 22 23 26 35 42 47 50| 90116827 | 03646730
O 3 8 10 12 13 19 20 24 25 27 31 50| 90312800 |0,3725120
0 3 8 10 11 15 17 19 20 21 33. 48 50| 90423503 |0.3769401
C 3 8 10 11 15 17 19 21 22 24 27 50| 96458632 | 0.3799452
0 3 8 10 12 13 19 20 24 25 27 29 50| 9.603656 | 0.3841462
o 3 8 9 13 20 22 23 26 28 29 30 50| 90693265 |0.3877306
0 3 8 10 11 15 17 19 .21 24 25 26 50f 90782430 |063912972
0 2 8 10 11 15 17 19 21 22 22 25 501106365898 | 0Ge4146359
0 3 8 10 11 153 17 19 21 22 23 24 5010672184 | 04268873
0 2 8 10 11 15 17 19 20 21 22 23 50116662957 | 04665182
03 8 10 11 12 16 17 18 19 20 22 501120458943 |0.4983577
52 8 10 11 12 16 17 18 19 20 21 50}12,756384 |0,5102557
O 2 2 10 12 13 14 16 17 18 19 20 50134761580 | 0.5504732
D2 8 10 11 12 13 14 15 16 17 19 50112,925108 | 05570047
¢ 3 8 10 11 12 13 14 15 16 17 18 50]14.040417 | 0.561616¢
c 3 8 9 10 11 12 13 14 15 1& 17 50|14.877515 | 0.587100¢
5 & & 9 1C 11 12 13 14 15 16 50[15.711099 |0.628443¢
¢ 3 6 7 8 9 10 11 12 13 14 15 580|16.449099 |0.657963¢
coo45 6 7 8 S 10 11 12 13 14 50]17.210695 | 0.688427¢
0 3 4 5 6 7 8 9 10 11 12 13 50117.900421 | 0716014¢
6 2 3 4 5 6 7 8 . 9 10 11 12 50{18.515556 |C.740622.
012 3 4 5 6 7 8 9 10 11 50}19.,083673

00742146«(
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The programme now computes 193 discrate values
of u in determining the particular configuration of

@lemen @ regi
ts over the region of interest 0s02 < u X 0:50,

The location of the element pair for the optimum case

medsurgd in half-wave lengths ffom thz centre of theo

array as obtained by the computer are ¢

= 15 s X

X = 22 b3 = 25 x = 28 X = 32, x, = 40
6 A ! 8 ' T ' 710
x = 43 . =

11 along with X, 0 and X4, = 5 0.

"The radiation pattern for ths abyve spacings
is plotted in Fige b, 5 at increments of ©Gu = 0, 0025,
Because of symmetry about u = 1 3 the region from u “1,
to u = 2 is not plottede The maximum sidelobe lavel
‘in the region of optimization is 13.54 db below the
main lobe, & 3«4 db improvement over that obtained for
the scanned array of Fige Nos 4 o in the remaining
visible portion of the u region, however) the side
lobe increascss to o value of =3e¢15 db. The various
element combinations obtained by the conputer along
with the absolute peak sidelobe level are shown in

Table No«5s The run time for this programme 18 10 minutese

From ths rediation pattern Fig. No, 5 it is

seen that u in = 0,02 does not include the main lobe
m .
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19
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19
19
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19
19
19
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13
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13
13
13
12
12
12
11

9

Oy 3 OO

22
22
22
22
22
22
22
22
22
22
22
22
22
22
22
22
22
22
22
22
22
22
14
14
14
14
14
14
14
13
13
13
12
10
10

%

8
7
6

25
25
25
25
25
25
25
25
25
25
25
25
25
25
25
25
25
23

25
25

23

17
17
17
17
17
17
17
14
14
14
13
12
11
10

8
1

32
32
32
34
32
32
32
34
32
31
28
38
32
28
32
38
28
27
27
27
26 27
25 26
21 23
21 23
21 23
21 22
20 21
19 20
18 19
15 16
15 16
15 16
14 15
13 14
12 13
11 12
10 11
9 10
8 9

28
28
28
28
28
28
28
28
28
28
26
28
28
26
28
28
26
26
26
26

40
35
35
37
40
34
35
27
35
39
31
4}

34

32
35
41
31
28
28
28
28
27
25
24
24
23
22
21
20
17
17
17
16
15
14
13
12
11
10

43
39
38
40
47
36
4t
45
37
46
42
48
35
34
41
49
33
32
31
30
29
28
27
26
25
24
23
22
21
20
19
18
17
16
15
14
13
12
11

50
50
50
50
50

501

50
50
50
50
50
50
50
50
50

50}

50
50
50
50
50
50
50
50
50
50
50
50
50
50
50
50
50
50
50
50
50
50
50

5,258699
54361791
50464385
54695960
50756215
54784729
5,851580
60113975
60120516
60155243
60171448
64259138
60306362
64527634
60538016
6911409
7031434
74691211
8.138665
84528853
84844890
94433110
9,863588
10114255
10.239836
10,660188
11,705852
12.706504
13572016
14.083681
145201896
160317205
15,006673
164014779
160484152
175210695
17.900421
186515556
19053673

0.21035596
0521447164
0021857540
0422783840
023024860
0.23138916
0623406320
0424455900
024482064
0024620972
0024685792
0025036552
0025225448
0026110536
0426152064
0.27645636
0,28125736
0430764844
0032554660
0634115412
0435379560
0037732440
0439454352
0440457020
0440959344
042640752
0446833440
0650826016
0654288064
0056334724
0056807584
0057254820
060026692
064059116
0467936608
0.68842780 |
10.71601684
074062224
0076214692

TABLE NO.5
——————

~
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and is almost at the first null and hencc it oexactly

fulfils the reduirements 18id down in art. 5¢3(iiide

Another case was tried in which Ou is taken
as 0i 002 to have more percentage accuradcy, sacrificing
at the same time th: element locations from 3¢ to 2€.
The modified programme was written for IBM 7044, and a
slightiy differzant of element locations was obtained.
howavery the peak sidelobes in the two cases were within
a tenth of a db, hence the r:sults have mot beesn given

heras

The peak sidelobe level obtained by various
design technidues avalilable so far for the 25 element

array is given in the Teble Nos 6.
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Synthesis Technidques

Pcak sidelobc lovel when the main
boam amplitude is unity.

By Ishimaru and
Chen 's fo rmula

—0.4
(2N+1)

Sty

0,480(~6,19db )

(241 )" 23

0,348 (~9+17 db )

”

-

Dynamic programaing
techniquz as applied
by Skolnik et al

Statistical method

of lo and lee

Dynamic programming

as applizd hore.

Umax =1 0.363 (= 84+ 8edb )
U =0,5 0,240 (~1246 db)
max : ' ’
U = 1 0.358 ("8,99(11) )
max )
. SURUI 3
U = < ™
nin 0e5
U = 1 0e311 (=10414 db)
max
U = 045 04210 (=13.4 db)
min '

Table ND. Ge




CHAPTEBR VI

CONCLUSIONS AND DISCUSSIuNS

The optimizati.n problem considered here is very
complex and is very difficult t. find a Zeneral analytieal
expressi.n which can predict the sidelobe level without
much computati.nse The method of dymamic programming tothe
synthesis >f o 25 element array located within a 50 wave=
length aperture was first applied by Skolnik ot. al.(1864 ).
However, the results obtained were not truly optimum as
slightly better results were reported by Lo and Lee(1066)
us ing the mathod of space topering and total enumaration;‘
The ir stogistical study indicated that the dphamic programming
techniQue was nut very efficient in searching for an elenment
arrangement producing low sdidelobess The use of dynamic
programming is reinvgstigated here considering the same
example os that of Skolnike The results obtained are very
much superior to those sbtained by the previous investigators
(See Table No., 6 , Chapter V) For the © element case the
results are infact truly optimum_ﬁs they copside with
those obtained by total enumeration « It seems that the
calculatisns of the original authors nangly Skolnik eot,al.
are in error . Once again from Table 4 Chapter 5 it is
seen that out of 3¢ sots of element. combinations obtalned

by the computars as many as 30 gets give pedk - side=lobe
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levels which 8r: lower then thosz2 obtainzd by previous
investigatorss Thc b2st element com: ination of Skolnik
et 3l for & similar array has a p:zak sidelobz level
8 8 db below the main beamj that of Lo and kLec has

a p2ak sidelobe level 8 € db below thz main beame

Dynamic programming may b used to explore
the properties of array antennas by varying the input
parametersy examining the resulty and making proper
deductions as to the array bshaviour. It dozs mot yield
closed form answerse But it has the important advart age
that it can supply uszful answers where other mo?e elegant

techniques fail %o provide practica’l solutions.

Computational difficultics might be encountered
using dynamfc programming if the number of elemernt s
become too large. However other techniGues suffer from
the some limitations, The computer ,»ro sramme that
genaratad thg results reportsd here can bz extendad to
enlarge the scope of the investigations This programme
was performed ﬁsing only the rapid acecess storags of
the computer and involved mw additional storogae The
uppar liﬁit Of array complexity that dynamic progrom—
ming can emonomically handle is a subject of future
exploration, but it can bo said that it is practical
to design considerably large arrays than desgcribed

he Qs



Dynamie programming has proved to be a useful
tool for the design of one class of antenna arrays and
promises to be of value for other antenna array problemse
In conclusion it can be said that with confidence that
out of wvargous synthesis methods availgble so far,

dynamic programming technidue is the be st and the

r2sults obtainad by this method will be very close to

optimum if not truly optimume
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PROGRAM FOR THE DESIGN OF NON=UNIFORMLY SPACED ANTENNA ARRAYS OF 25

APPENDIX=A

ELEMENTS SPACED WITHIN A 50 WAVELENGTH APERTURE

JOB 0CG026 v
1BJOB
IBFTC MAIN NODECK
: NA CORRESPONDS TO POSITIONS ALLOTED TO 15T ELEMENT (1 TO 39)
NB CORRESPONDS TO POSITIONS ALLOTED TO 2ND ELEMENT (2 TO 40)
NC CORRESPCNDS TO POSITIONS ALLOTED TO 3RD ELEMENT (3 TO 41)
ND CORRESPCNDS TO POSITIONS ALLOTED TO 4TH ELEMENT (& TO 42)
NE CORRESPONDS TO POSITIONS ALLOTED TO S5TH ELEMENT (5 TO 43)
NF CORRESPONDS TO POSITIONS ALLOTED TO 6TH ELEMENT (6 TO 44) -
NG CORRESPONDS TO POSITICNS ALLOTED TO 7TH ELEMENT (7 T0 45)
NH CORRESPONDS TO POSITIONS ALLOTED TO 8TH ELEMENT (8 TO 46)
NO CORRESPONDS TO POSITIONS ALLOTED TO 9TH ELEMENT (9 TO 47)
NP CORRESPONDS TO POSITIONS ALLOTED TO 10TH ELEMENT (10 TO 48)
NQ CORRESPONDS TO POSITIONS ALLOTED TO 11TH ELEMENT (11 TO 49)
JLAST REFERS TO POSITION OF FIXED ANTENNA (50)
KLAST IS SUCH THAT FOR SOME VALUE OF K GIVES U MAX
INVE REFFRS TO INITIAL POSITION FOR THE 2ND ELEMENT (2)
HI 1S SUCH THAT K = 1 GIVES U MIN
H REFERS TO INCREMENT IN U (0.0025)
ABE(J) CORRESPONDS TO ABSOLUTE SUM
DIMENSTION Z(505393)
DIMENSION X(50)sY(393)sABE(392) sA(39) sM(40) sAD(40) «B(40) sKA{LT)
DIMENSTON AF(41)sCl41) sKR(42) sBF(42) s VA(L43) sKC(43) sFALL3)sVEL43)
DIMENSTON FB(44)»JID(44) sVC (441 s JE(45) sFCI45) sVD (45 3 JF (46) sFD(46)
DIMENSION VE(46) sFE(L4T) s JH(LT) s VF(4TY s JO(LB) sFF(48Y s JP(49) s FG(4Q)
DIMENSTON VG(48)sMPG(48) :
700 READ 100sHI sHsJLAST sKLAST » INVE
100 FORMAT (2F10e6512,13,12)
PY = 3,1415927
DO 60 1 = 1sJLAST
XX =1
60 X(I) = PY#XX
DO 61 K = 1sKLAST
YY = K '
61 Y(K) = HI+H*YY
DO 900 I = 1sJLAST
DO 900 K = 1sKLAST
S = COSIX(I)*Y(K))
90n Z(1sK) = S+5



(11)

STAGE 1

DO 1 NB = INVE,40

N1 = NB=1

DO 2 NA = 1,N1

DO 3 J = 1.,KLAST

ABE(J) = ABS(1o+Z (NAsJI+Z (NBsJ)+Z(JLAST»J))

AR = ABE(1)
ALNAY=AR

D0 4 K = 2sKLAST

IF (AR=ABE(K)) 5344

5 AR = ABE(K)

AlNA) = AB

CONTINUE

CONTINUF

AC = A(1)

ADINB) = AC

MINB) = 1

IF(N1=1)11,11,42

11 GO TO 1

42 DO 9 NA = 2,NJ

IF(AC=A(NA) 9410510
10 AC = A(NA)

(S

N

ADINB)= AC
MINB) = NA
9 CONTINUE

1 PRINT 304sNBsM(NB),AD(NB)
30 FORMAT (1XI25145F10.6)

STAGE 2

DO 12 NC = 3,41
11 = NC-=1

DO 13 NB = 2,11
MN = M(NB)

DO 14 J = 1sKLAST
16 ABE(J) = ABS(1o+Z(NCsI)+Z (NEsJ)+2Z (MNsJI+Z(JLAST»J))
AE = ABE(1)
R(NB) = AE
DO 16 K = 25KLAST
IF(AE=ABE(K) 115416516
15 AE = ABE(K)
BINB) = AE
16 CONTINUE
12 CONTINUE
AFY = B(2)
AF(NC) = AF1
KA(NCY = 2
KANC = 2
TF(11=2) 51551,52
51 GO TO 12
52 DO 18 NB = 3,11
. IF(AF1=B(NB)) 185,19,19
19 AF1 = B(N3)
AF(NC) = AF1
KA(NC) = N8B
KANC = KA(NC)
18 CONTINUE
12 PRINT 300sNCsKA(NC) sM(KANC) s AF (NC )
300 FORMAT (1XI12,2145F10.6)



N
[AS]

[aS]

-~ W

24
25

28

27

29

35

34
32

STAGE 3

DO &6 ND = 4942
J1 ND= 1

DO NC = 34J1
MA KAINC)

MR M{MA)

als! J = 1eKLAST

N ~dH

[o'e}

AC2 = ABE(1)
C(NC) = AC2
DO 23 K = 2sKLAST

ABE(J) = ABS(1.+Z(NDsJ

(iiiJ

)+Z(NC9J)+Z(MA9J)+Z(MFsJ)+Z(JLA5T9J))

IF(AC2=ABE(K)) 22423523

AC2 = ARE(K)
CINC) = AC2
CONTINUE
CONTINUE

AF?2 = C(3)
BF(ND) = AF2
KR(ND) =2

KRl = 3

KD = KA(KRT)
IF(J1=3) 24524525
GO TO 6

DO 27 NC = 45J1

IFLAF2-C(NC)) 27428928

AF2 = C(NC)

BFIND) = AF2
KB(ND) = NC

KBl = KBI(ND)
KD =KA(KB1)

CONTINUE

PRINT 29 sNDsKB(ND) sKA(KBI) oM(KD) sBF (ND)
FORMAT (1XI2s314:F1066)

STAGE 4

DO 31 NE = 5443
TS o= NE~-1

DO 32 ND = 4,12
MC = KBIND)

MD = KA{MCT)

ME = M({MD)

DO 33 J = 1sKLAST

ABE(J)=ARS (1o +Z(NEsJ)+Z(NDsJ )V +Z (MCoJ) +Z (MDY +Z (ME9J)+Z(JLASTHJ ) -

AC3 = ABE(1)
VACND) = AC2
DO 34 K= 24KLAST

IF(AC3=ABE(K)) 35934434

AC3 = ABE(K)
VAIND) = ACR
CONTIMUE
CONTINUE

AF3 = VA(4)
FA(NE) = AF3
KCINE)Y = 4

KB2 = 4
KP = KB(KB2)
KQ = KA(KP)

IF(I2=¢) 37+37+38
G0 TO 31
DO 39 ND = 5,12



(iv)

IF(AF3=VA(ND)) 3944040
40 AF3 = VAIND)

FA(NE) = AF3

KCINE) = ND

KB2 = KCEINE)

KP = KBI(KB2)

KGQ = KA(KP)
39 CONTINUE :
31 PRINT 41sNESKCINE)sKBIKB2) »KA(KP)sMIKQ)sFAINE)
41 FORMAT (1XI2+4149F10:6)

STAGE 5

DO 42 NF = 6444
I3 = NF=1

DO 44 NE = 5,13
MF = KC(NE)

MG = KB (MF)

Mh = KA(MG)

MO = M({MH)

DO 45 J = 1+KLAST
45 ARE(J)=ABRS(Lo+Z(NFsJ)4Z(NEsJ)+Z (MF oY +Z(MGsJ) +Z (MHoJ)+Z(MOsJ)+
1Z(JLASTsJ))
AC4 = ABE(1)
VB (NE) = AC4
DO 46 K = 2sKLAST
IF(AC4~ARE(K)) 4T+46546
47 AC4 = ABE (K)
VB (NE)=ACh
46 CONTINUE
44 CONTINUE
AFG = VB(5)
FR(NF) = AF4
JD(NF)Y = 5
KR3 = 5
KR KC(KB3)
KS KB(KR)
KT KA(KS)
IF(I3=5) 50550440
Y GO TO 43 ,
49 DO 53 NE = 6,12
IFCAF4—=VB(NE)) 53354454
54 AF4 = VBINE)
FBINF)Y = AF4

n o n

Ur
)

JOINF) = NE
KB3 = JD(NF)
KR = KC(KR3)
KS = KB(KR)
KT = KA(KS)

53 CONTINUE
43 PRINT S5 3NFaJD(NF) oKC(KB3) o KB(KR) s KACKS) oM (KT) s FBINF)
55 FORMAT (1X12+5145F1066)



(v)

STAGE 6

DO 56 NG = 7445

14 = NG=)

DO 57 MNF = 6514

MP JD(NF )

MG KCIMP)

Ml KB {MO)

MS KA{MR)

MT MIMS)

DO 58 J = 1sKLAST
58 ABE(J)=ARS(1.+Z(NG

2LAMT e IV+Z(JLAST» )

ACS = ABE(1)

VCINF)Y = ACS

DO 62 K = 2eKLAST

IF(ACHS=ARBE(K)) 59562962
59 ACBE=ABE(K)

VCIUINFY = ACH
62 CONTINUE
57 CONTINUE

I O ¢ I | B

s V42 INF )42 IMPes Y +Z (MO ) +Z (MRs J)# Z(MSs )+
)

AF5 = VC(é)
FC(NG) = AFS
JE(NG) = 6
KR& = 6

KU = JD(KB&)
KV = XC(KU)
Kl = KBLKV)
KX = KA(KW)

IF(T4=~8) 64364560
64 G0 TO 56
65 DO 67 NF = Tol4
IF(AFS5=VCINF)) 67368568
68 AFS=VC(NF)
FCING) = AFS&
JEING) = NF
KR4 = JEING)

KU = JD(KB4)

Kv = KC(KY)

KW = KB(KV) -
KX = KA(KW)

67 CONTINUE
56 PRINT 69 4NGsJE(NG) ¢ JD(KEA) s KCIKU) $KBIKV) o KATKW) sM(KX) s FC(NG)
69 FORMAT (1XI2+6145F10e6)

STAGE 7

DO 70 NH = 8,46
I5 = NH-1

0O 71 NG = 7410
MU = JE(NG)

MV = JD (M)

MW = KC(MY)

MX = KB(MY)

MY = KA(MX)



(vi)

MZa = M{MY)
DO 72 J = 1sKLAST '
72 ARE(J) =ARS{1.+Z {NHs ) +Z NGy J)+ZIMUs Jy+Z MV Jy+Z (MW o d)+2 (MX s J) 4+
3ZAMY s JY+2ZIMZ s Y42 LJLAST o ) )
"AC6 = ABF(1)
VDING) = AC6H
DO 73 K = 24KLAST
IF(ACE=ARE(K)) 74573573
T4 ACH = ABF(K)
VDING) = AC6
73 CONT+NUF
71 CONTINUE

AFGE = VD(T7)
FDINH) = AF6
JEINHY = 7
KBS = 7
IA = JE(KB5)
I = JD(TA)
IC = KC(IB)
ID = KBR(ICQ)
IE = KA(ID)
[IF(I5«7) T76:76+77 .
76 GO TO 70

77 DO 78 NG = 8,15
IF(AF6~VDING)) 78579:79
79 AF6 = VDI(NG)
FDINH) = AF6

JF(NH) = NG
KRS = JF(NH)
IA = JE(KBS)
IB = JD(IA)
IC = KC(IB)
ID = KB(IC)
IE = KALID)

78 CONTINUE

70 PRINT 80 ,NHsJFINH) 3 JE(KB5) 5 JD(IA) 4KC(IB) KB/ +C) ,KA(ID) sM(IE),
4FD(NH)

80 FORMAT (1XI2,7145F1046)

STAGE 8

DO 81 NO = 9,47
6 = NO-1

DO 82 NH = 8,16
LD = JF(NH)

LE = JE(LD)

LF = JDI(LE)

LG = KC(LF)

LH = KB(LG)



(vii)

LO KA(CLH)
LP M{LO)

DO 83 J = 1sKLAST
83 ABE(J) =ABS(1le+ Z(NOsJ)+Z (NHsJ ) +Z(LDsJV+Z(LEsJI+Z(LFsJ)+Z(LGsJ)+
8Z{LHsJ)Y+ZLOs Y +Z(LPsJ)+Z(JLAST»J))
AC7 = ABE(1)
VE(NH) = AC7
DO 84 K = 2sKLAST
IF(ACT~ARE(K)) 85984984
85 AC7 = ABE(K)Y
VE(NH) = aC7
84 COMTINUE
82 CONTINUE

iHon

AFT7 =VE(8)
FE(NO) = AF7Y
JHINC) = 8
KBe = 8

I0 = JF(KB6)
IP = JECIO)
¢ = JO(IP)
IR = KC(1IQ)
IS = KB(IR)
IT = KACIS)

IF{I16=~8) 87s87:88
87 GO 7O 81
88 DO 89 NH = 9,16
IF{AF7=VE{(NH)) 83590,90
90 AF7 = VE{(NH)
FE(NO) = AF7Y

JHINO) = NH
KB6 = JH({NO}
10 = JF(XBé)
IP = JE(IO)
Io = JD(IP)
IR = KC(IQ)
Is = KB(IP)
IT = KA(IS)

89 CONTTNUE

81 PRINT 91 4NOsJH(NO) s JF(KBE) s JE(TO) s JDIIP) 4KC(+Q) sKB(IR) JKA(IS),
SMUTIT)YSFE(NO)

91 FORMAT (1XI12+8145F10.6)

C STAGE 9
DC 92 NP = 10,48
I7 = NP-1
DO 93 NO = G,17 .
LQ = JH(NO)
LR = JF(LQ)
Ls = JE(LR)



(viit)

LT = JD(LS)
LU 5 KC(LT)

LV = KB(LU) :
LW = KA(LVY)

LX = M(LW)

DO 94 J = 1oKLAST | )
94 ABE(J) =ABS(Lo+Z (NPsJI+Z(INOs ) +Z(LAsJI+Z (LR J)+Z(LS»JI+Z (LT U1+
6Z (LUs JI+Z LV sy +Z(LWs N +ZALXsJVH+Z(JLAST ) )
ACE = ABE(1). :
VFINOY s ACS
DO 95 K = 29KLAST
IF(ACBwABELK)) 96595595
96 AC8=ABE{K)
VFINO ) =ACS
98 CONTINUE
93 CONTINUE
AFB8 = VF({9)
FF(NP) = AFB

JOINP) = 9
KB? = ¢

IA1 = JH(KB7)
IB1 = JFU1A1)
IC1 = JE(IRL)
ID1 = JUD(ICL)
IE1 = KC(ID1)
IF1 = KB(IE1)
I1G1 = KA(IF1)

IF{17=0) 98398,99
.98 GO TO @2
99 DO 101 NO = 10,17
IF(AF8=VF(NOJ)) 101,102,102
102 AF&=VF(NO)

FF(NP) = AFS

JO(NPY = NO

KB7 = JO(NP)

IAL = JHIKBT)
IRl = JF(IAL)
IC1 = JE(IB1)
ID1 = JD(IC1)
IE1 = KC(1ID1)
IFY = KB(IE1)
IGL = KA(IF1)

101 CONTINUE |

92 PRINT 103 NP s JO(NP) s JHIKBT) o JF(IAL) s JE(IBL) »UD(TCL) sKC(ID1) s
SKBIIEL) sKA(TFI) sMIIGL) »FF (NP)

103 FORMAT (1XI2s9145F1046)



(:1x)

STAGE 10

DO 104 NQ = 11449
s = NQ=1

Do 105 NP = 10,18
MAL = JO(NP)
MBM = JH(MAL)

MC = JF(MBM)

MDO = JE(MCN)

MEP = JD(MDO)

MFQ = KCIMEP)

MGR = KBIMFQ)

MHS = KA(MGR)

MNT = M(MHS)

DO 106 J = 1,sKLAST
106 ARE(Y) SABS(1,+Z(NQsII+ZINPaJI+ZIMAL s ) +ZIMEMSII+Z (MCNsJ) +
12(MDO s J)+Z (MEP s J)+Z(MFQo J)+Z (MGR 9 JI+Z (MHS s IV +Z (MNT s )+ Z(JLAST s J))
AC9 = ABE(1)
VG(NPY = ACO
MPGINP) = 1
DO 107 K = 2,KLAST
IF(ACS=ABE(K)) 108,107,107
108 AC9=ABE(K) '
VG (NP)=ACS
MPG(NP) = K
107 CONTINUE
105 PRINT 109sNQsNPsJO(NP) sMPG(NP) s VG{NP)
109 FORMAT (1X125214916+F10.6)

AF9 = VG(10)
FGINQ) = AF9
JP(NO) = 10
KR8 = 10

MA1l = JO(KBS)
MB1 = JH(MAL)
MB2 = JF(MB1)
MB3 = JE(MB2)
MR4 = JD (MB3)
MBS = KC(MBG&)
MBE = KB(MB5) .
MBT = KA(MP6)

IF(I8-=10) 110,110,111
110 GO TO 104
111. 00 112 NP = 11,18
[F(AF9=VGINP)) 1129113113
113 AF9=VG(NP)
FGINQ) = AF9Q
JPINQ) = NP
KB8 = JP(NQ)



(x)

MA1 = JO(KBR8)
MR1 = JH(MAL)
MB2 = JF(MR1)
MR3 = JE(MRB2)
MR4 = JD(MB3)
MRS = KC{MB4)
“B6 = KB(MP5)

MB7 = KA(MR6)

112 CONTINUE

104 PRINT IIQ’MO;JD(NO),J“(KDB)aJH(MA1)9JF(MBI) JF(MB?)’JD(MB3)9
2CCIMRL) s KRIMBE) s KA(MBE) ¢yM(MBT ) s FGINQ)

114 FORMAT (1X12510144F10.6)

GO TO 700
£0C STCP
END
RENTRY
«0175 « 0025 50393 2
20275 . 0028 50385 2
0175 e G025 50193 2
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$IRFTC

900
20

60
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- 62

6

30

50
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050607
060912

APPENDIX=g

PROGRAM FOR RADIATION PATTERN

0¢6e27

MATN NODECK
DIMENSION X{50)sY{(401)92(50s4071)sF0OXU(401)
READ 209NAsNBsNCsNDsNESNFsNGINHINOsNP s NQ
FORMAT (1112}
PY = 361415927
DO 60 1 = 1450
XX = 1
X{(I) = PY#XX
DO 61 K = 14401
YY = K=} '
Y{K) = 0,0025%YY
DC 62 1 150
D0 62 K = 1+401
S = COSU{X(TY#Y(K})
L{IsK) = 5+$
PO 6 K 1,401 ‘
FXA = Yo+Z{NAsK)+Z(NBsK)+Z(NCoK)I+Z [NDsKI+ZINESKI+ZINFyKI+Z (NGsK)
FXB = Z{NHK)+Z(NOsK)+Z{NPsK)I+Z (NQsK)+2(50K)
FOXULKY = FXA+FXB
PRINT 305 (Y(K)sFOXU(K)sK=1+401)
FORMAT (3XF8o53F10:53F8659F10:59FB8653F10053F8453F1005+F8654F10,5)
GO .To 900
STOP
END

"

"o

1115171921223444
0809101315172126
1519222528324043
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