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Magnification factor for major axis moment.
Magnification factor for minor axis moment.
Axial s-treus in column

Axis load in column

Euler bduckling load

Torstonal buckling load

Polaxr radius of‘ gyration about restrained longi-
tudinal axis

Polar radius of gyration about longitunina'l
axis through centro id

Radius of gyration about ppjor axis
Radius of gyration about minor axis
Flange thicknass

Wed thickness
2
AGKa x

1

Lateral diegplacenent of centroid in x=direction.

Displacenent of céntroid in y=direction

Distance of @ section from one end of the column

Elastic section modulus adout the n@.)or axis

Elastic section modulus adout the mimor axis
(GK -« P 2 ) P

E I, (a%+ ¢®/4)

Maximum initial twist

Ratio of smaller terminal moment to larger terminal

nomentg.
Mg/M (See Fig. 2.3)
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7 Factor for eguivatent uniform womont of restraimd
column o
@ Twiet of column at any erction
o longitudinel siross ot any olaiont of the

cro ae wecation.
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CHAPTIR - 1

INTRODUCTIUN AND REVIEW OF RESEARCH

Industrial buildingse such as wvarehouses; airvcraft
bnn;oru» large cscale assenbdly plante and large garages
are often fadricated as singlewstorey stsel shed type
structures with a travelling overhead crane gunning their
full width. Rows of steol columns uncased by concrc.to or
pamnry are intorconnected by angle sections running
horirontally, attached to the oute;: flanges ot the columna.
The cladding is supported by these angles or sheeting rails.
For the sake of ﬂgidity. cre ssed counterdracing is done
batveen the end pairs of columns o in intermediate bays
w0 that flexure of the columns in a plane parallel with the
wall is under consideradls restraint . The shecar resistance
of the cladding arsisted by crossed dbracing ie sufficfent
to pmv“o complote lateral support at the point of attache
ment to the column but the column doas not have complote

restraint against twisting.

The mode of failure of such laterally restrained
columns is likely to be a combined flexuraletorsional mode
with the axis of twist in the plane of the sheeting rails.
Th. lateral torsional buckling assumes importance in the

columns under axial leoad and end moments adout both the

axeass if the section is an epen thin walled section as



used in aricraft design or the column isa ®» supported

laterally that pure lateéersl Wockling is prevented.

Wacncr(a) was the first to investigate torsional
suckling of thin wallod sectisne . Gooator“)put !ow;rd
analysis ©f the unwymaotrical open sections under axial
rompre ssions momeénts about major and minor axes and
torsional londn.. Truhair(‘”ana m.ww“)tounﬂ the effect
of lateral Arostra ints at onds and intermediate poanth
Iay and Galanby o")invastiguttd the rtation éf clo sely
bricod steel columns undey uniform noment and found that
the intermediate restraints at compression flange vere

fully effective in resisting ilateral buckliing.

noolir(a):havod that an axially loaded column
attached to sheeting rails which prevent atmincomem‘. of
the attached flenge at tho se points will adoi:t an instability
gfﬂnd towvards torsional fatlure alwut the attached flange
ahd thie may be analysed hy representing the restraint as
continwous « The analysis of the more genersl probdlem
with eccentric thrust offrot from both principal axes

" and differsnt end conditions Lo thus facilitated.

b

Dool.cy“) further extended the anilysis to full
range of loading and eccentriocity about doth axes of the
:ﬁetkn. ulnins this simplified ideslisation. He concluded
that the urront practice of designing eccentrically

) (17
loaded colusns (BSC 448 -« 1059) )1l overconséervative

for columns vestrained agninst flexure of emne flange.
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Ma-ni“o)lnvo-tisntnd the elastic, inelastic
and pe st=duckling bWhaviour of columns with lateral
supperts conunected to one flange of the column and
providing full lateral restraint and elastic torsional
restraint to the column. He found a geoneral solution
to the problem in the c¢lactic range. Finite difference
nethod wvas found to b0 mare suitable for the case when
glde rail s provide slastic latorsl and torsiounal restraint
at different eccontriofitieos . Energy method could he ued
with advanta«s for solution of the problem wvhen tho side=
rails vere provided at the same eccentricity. He found
a zoneral numerical molution for the eqlmun subjected to
axial load and unequal terminal moments and constrained

to ratate adout longitudinal exis.

Mpanstto)hln developed the concept of equivalent
unifora moment. He found that the unequal terminal moments
could be replaced, by an eguivalent uniform moment, therably
simplifying the more general wolution. This could be done
ae the critical moment 1ic the same for unifors and Done
uniform moment. He alco developed the criteris for the
completens es of lateral s=upports. Criteria was developed
to determine for any loading oondition and given spacing
of lateral mupport®, the minimus torsional restraint
which caunses buckling % ocour betwean supports rather

than in an overall mode.
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In the prosent investigation, the slastic behaviour
of restrained ocolunn with lateral supports at the san®
sccentricity has been studied. The present practice of
designing wsuch colmlnr ignores the effect of latersl supports

in one flange and i3 therefore more conmsrvative. Attempd

has deen made to evolve an elastic de sign mothod for a
restrained oolunn subjected to axinl load and end moments
abut major end ninor ax2s by censidoring the effect of
1ateral supports. The magnification of wstrossos due <o
ninoy axis bending en apnplication of axial load and the
major axis morent has been considerod. The columm has
certain inittial imperfections and thease are magnified Wy
the wylicathn of the axial loads and bYonding moment s.

The stressss resulting from the snitial imperfections in
the column have also to bhea taken inte account while evolving

& dasign cmiterion.

Tests vere conducted to study the stresses 6oenrr_lns
at mid span of the ocolumn on applicatinn of load and the
resutlts vera Compared with the theoretical work. The
varietion of styesses dus to minor axis bending along
the length of the column was al = studied., Chapter 4
descrides the testing apparatus. Test ﬂwlté and tﬁ.tr

comparison with theory have been givem in Chapter 3.

- - -
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CHAPTER « 8

LATENAL TORSICHAL  EUCKLING

e ot —— T

———

3.4. UNRESTRAINED - COLARM

5.1.1, Unmoctrained I-Coluvmno Fudjoctod ¢o Unifora llnonto

gy

Atout Liulor rmd Tlaroy Anoo ond_Anial Iond.

Whon an unroctrainod eolenn 4o cubjootod ¢o

" nadeor and niner andic ¢orainnl nonontos Cho nandnun olrosc
alvyay e ocgenro of tHo D2d ROArNT of tho coiuwnn. Conotdorw

o colunne choun in Fige 2.8, rmabjoetod o an axniol load
P ond oquivolont uniforn canlnta [ and my about tho
najor oxis ond npinor anilg rorpoctivoly. Roproconting
¢ho appliod oguivalont vniform monoend I;is, by <¢ho oquie

volont Fourfor holf ranze c2riono o

0= oo

7 My E f4n (20 ¢ 1) ——
o (fa <+ 8) 3

ess (B.1)
Tho 4oglactiono producod by $ho ninowwanio
donding monont in tho X% O° Z plamd, &n ¢ho abooneo
of? tho anial load P cand tho najor axdo conond 1, oro

obtaingsd by intograting Srdco ace

a3
4 1,3 n=a 7 8
—3 _.L_IZL- E ,,,.__.._.......,3 cqn (2o~
w 0l ? 1
v (On¢d
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The value of deflesction at mid height (s = 1/2)

considering the first tera only 4s giveam by,

L My 13 cq i
———— B ———— - “ m————
3 EX, 1

M2
EI’

The accurate vnldo of the central deflection

2
ig 0.128 §- ¢ =0 that by taking the first term only

a reamnably safe result is obtainad. The initial imper.
fections in the ¢column may de alloved for dy assuming the
longitudinal axis to have an initial curvature in a plane
perpendicular to the wew (plane X'0°Z 4n Fig. 2.1). Since
41t i ¢t pogsibhle to have an sxact knovliedge of the
imperfections in 2he ooltmn._ 1t can be assumed that the
initial curvajure which represents them is m arranged
that the most rigorous conditions ars produced. When the
loadps are such that ths aaxinmus stress will occur at or
near the column longths the bhending moment there, 4due to

initial curvature, will have its greatest valus, when

the curvature s sinumidal.

12)

Taests conducted by !lorno( showed that & , the

versed sine of tho $nitial curvature could be taken as

X r
¢ = 0.0013 --.-;Y . The dimplacomcnts in the direction

w
X*0' can therefore b represnted dy € Sin ...i...'..
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" The total deflecticons in tho X'0°'Z plane in
the adbsence of the axial lead P and the major ait:

dending moment M, are given by

-

’ 2 .
or 4 ) § T =
. : i 4 El, .

. »ee {2¢ 3)
The governing differential equation foxr the case

of the celumn subjected to an axial loead P and ¢erminal

moment ”x aan be otﬁaiiud 3B

lz(u‘-%) _
W . -
Ely '-"--;-;5-— Pu‘ M, pi )
alp, - @) a? P .
(6K - pe?) —22’ o BE, — ' 9, -9, | 2.9
’ d’ ‘ d’a s ®e -
du
= M —
x 1
Whers,s

Uy = Initial displacement of shear centre at any section
in the column in the X direction bhefore P and M,
are applied.

u, = Dislacemsnt of :hear centre at any section in ths

eolumn in the X direction after P and M, are applied.

¥, = Initial twiet of the Column at aay section mfore P
and M, are applied.

@3 = Twist of the column at any ecction after D and My

are applied.



Let,
-, = U Sin e
9, =0
Q T
, = U‘ Sin 3
T
g, = ¢ sin -
Where,
4] = Displacenment of shear contrs at mid spanof

the column before P and Mx are applied.
u, = Dieplacement of the shear ceatrs at mid epan
5!’ the column after P and M, are applied
{) = Twist of the evlunn 4t mid mpan sfter P and
M, are applied. |
Substituting these in the equations (2.3) we get,
‘1!’2 ‘ s . T E
- El, =5 (4= U) Stny- = opy, StaTE - u$ sim %

(6K = Pr.) = — - L4 s
» 3 TS
= Mx Ui i Cos T

or ' ‘
Uy (P =P) = BB = U



2 2 2
r**E1 v EI, 4
and = b 4 +
‘ " 3 ‘V(c.x.prg ) 3 .
i- .
We now obtain,
| "G 2 o
Ul(p - P) ..P_.g... - U;‘ux = B
U
or U* =
p u2
L |~ "’é“
Pg RE
3]
Ui = ] “ V X 0’00(20‘) .
; o - Yy .
, 2
Yhere Yy = 5—- + ( ——1‘-,) ces(2.3)
B Mg

It 45 now po seible to calculate the minor ax1§
bending moment &t wid height. Thé value ef this bending
moment is M, Dhefore the application of P and N, . ¥hen
the loads P and M i.rc applied, there is un'mcft;- in
the value of uy equal to
62 (Uys U)

v a;ﬁ

- BX

The new central bending moment is

. BX ¢ v 14} * M
M= = —a  meane - .
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2
: T Rl i PR
(H = —-—-—L —— e
y)x./a 12 Cyy/ t- Yy) € 4 [1*—1’ -;1’- ]n,
iy.
0t0(200)

The central honding moment about the major axis,

(u")llz can sinilarly b obtained. '
The deflections v in the plamZD*Y* in the
absence of the axial load P are given approximately by
4 nx!.’ Ta
' = -—--ié e———— f;in 1 ® - @ (20 ?}
T EIK :
On the .&pplicat‘:iﬂn'ar the axial load Py this

daflection i¢ magnified to vy such that

v 3
1 o |
v 2 - ‘PfPE)
Where P, = Buler's critical load for thé eolumn treated

as & pin ended strut bduckliing adout the
najoy axis.

' 2 .
o
- o Ilx
13
Vi . .e y coe 200 (3-‘)
1 - Y .
- T = pia . .
Whare y_ = P/Pp = 5 «es(2,9)
x 7" EY,

The value of the centrel dending moment sbout the

najer axis in the presonce of the axial load is,
2 .

a® vy = v)
My = EI,‘ ag? ' } When 3 = 1/2
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a3
4 1 T’
Hences [“"]z/s sl-u, ser, 21 B gy, T2

v BI, 3
s=l/2
oxr
{ : |
¥ ] =L e— 1 - ve.(2.10)

The vaiue of the naximum stress at the mide
height ef the column can now be Mculut-d. Equating
thie str2se to ¢the lawer yiold strese :L Py the failure

ariterion 1is aobtained as followse g

P 2 s
A ]119 I { y]:l/a Iy L

Let the mean stxress P /A =

£ = M, 2%
x!

e, = M ?-
¥

@ that tx.g arae externaily applied bdending stresses

abtout the najor and minor axis respectively. It follows

froam egquations €2.6) 4 (2.10) anda (2.11) ¢that

Wnoers N = 1 +(apm ) v / 1evy) ees{2.43)
Ny =4 + (apr) (';‘,/l—?y ) . ree2,14)
TE
and 4 = tL - ...%Z...__‘E..._;;. (ny l-ﬂ(y) -
y 1
oy o B 3 T«
) § h?y

| Bquation (2.8) can be expressed in the form,
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1 2
Y &= {1 / ) »
x 2 g *
Neglecting the resistance of the member to warping.
W o-
E 13 EIYGK
EBquation (2. 3) can be written am
] 2 .2
- P + ux b
2
v 81, |«x® BI, K
2 2 N
{l t’ p * fz ‘ Ix
=
e v E ®* AGK .2
-~ 2 g ~y
| 1 4
= » +  —E
or Yy “QE ’y] " T
.- - e J
ACK a2
Where x = . 2% . . v (2. 1‘)
Ix |
T = LR
hsre Y = - S . ‘2‘11)
w2
Wh.‘ri v" o p + -u%u e ve (2. 13)

It is seen that Ny is the same functicn of llry

and p°’ vn, is Ne of 3i/r, ond p. Also the value of

4 si\’ren by equation (2.13) is & function of x-/ry and p*

The' values of N, Ny and that of f o©an be obdtained from
Charts 34 ;33 and S6 eof BCSA qublicatiou(‘a)No.23

e? 1064. The valuesef fyané E have been taken as

:15.25 tont[ila and 13,000 tonn/ina ::.npoctlvoly. It

may b noted that the figures in parenthesés give an sfiternat

pair of scale for (pep') and (llrx ’ llfy) .
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The value of K 1w obtained by

- 1 3
K = w— o0 (2,19)
} 3 B s
Where B 43 the larger dimension. To check the ability

of the column to carry a given axial losd and uniform

applied moments addut the two axes, stresses, p, £, and

ty are first calculated. The values of N, and Ny
, 2
are obtained from the chart using p* =p + f..%"...
The column will be safe provided,
p * N‘tx-l- 'Nyry < ¢ ... (2.20)

2,1.2. Equivelent Unifore Moment

When the spplied dending moments vary aloug the

jength of the column, it becomes difficult to use a general

design method, For simple columns with unequal terminal

bending moments but no lateral support, Sllvadort(,“) and

(13)

Horne s lved the problem by replacing the unegual

terminal moments By equivalent uniform soment,

Ho rne used ¢the snergy procedurs to calculate
the flexural~torsional duckling load. He used the process
of successive aspproxinations to obtain a close approximation
of the dotiectcd form. He further assumed lateral deflection
¢o obtain aspproRimate twist, which ageia he used to gwt a
batter arproximation of lLoteral defioction and s on.
Finally he gave the equivalent uiﬂ.fem Pending moment for

the following two <Ccads -
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a. Sorsional rigldity neglected

b. warping rigidity weglected

Ir Il; and M; are the unequal terminal
moment 8 acting on a coiunn. they are equivalent to cqua.l‘
terminal moment le = 18 H; ’ '&na:&w the colummn in
single eurvature. The value ¢f 4 depends on She ratio

n!

of the unequsl terminzl nomeuts 8 = # ’ ﬁ; < H; .
x

The v#l.ue of & can de found kmowing the value of p
fmn Chart 33 of BCSA Publieatioflis)ﬂo.ati of 1064.
Tée squivalent unife rm moment l% can similarly
be found for unequal torminal moments n; and M; acting
atout the minor ax':‘is.
The concept of squivalent uniform monent thui
facilitates the use of nimnle design method as showva in

A¥t 2.1.3. and enabdles us to avoid ecompliceated prosedure

to msolve the prodliem.

8.4.3., Method of Design for Un.qugl Ttrnixial Moments
about Majfer and ilinor Ades

Equations (2.13) to (2.20) may de usad to ensure
that the naximum strees does ot exceed the yilelkd valw

| provided that at both the ands of the column the stress
48 lass thean the yield stressz. If tho 71514 atress is

reached it oither end bdefore it occurs el sevhere the

instability equations are nat to he used and the

condition may Be checked by elementary methods.
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The following conditions must thersfore bde

satisfied to ensmure that the yield stress i1is not exceeded
anywhers in the section.

* »* .
p + tx + ty = tL . .ih{"ﬂt)
+* +
) Nx‘x Nyfs « £
Where
£ o #2 and f_ = Extren® fibre stresses corre sponding

to major axis bending mementes M,
"
‘nx and Mx raspesctively.,

f’y o " , and xy 2 Extrome fibre stresces corremponding

to minoy axis endinog moments K°

HN
y 'y

and M? respactively

- 2.2, REGTRAINSD COLIMNG

A general mlution for the stabdility cof o column

sudjected € axlal iload mand unegual torminal woments

adout major and minor sxes and supported laterally by

(20
side raile was found by Ajlmani 0).1‘119 lateral supports

wore sssunsd to be connected to the column at aifforent

occentricities and provided differcnt torsional and
lateral rastraints. He obtained the differential egua-

tions of equilidrius for ¢tho genoral case. The energy

procedurs could not W usad as 1t 1s difficult to assume
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any suitodle deflected allape d4df the lateral supports
are provided at random . The exact wiution of the
difterential oguastions incorporating the boundary condie
tions and continuity conditions at supports beling \
difficult, <the finits differvonce method was used to
adventece in slving the diffeorential equatione. The
critical bending moment for £ given axial loasd could b

obtainesd by =sslving the finite difference aequations,

In the case of raetrained coluan with latoral
supparts &t the spmo eccentricity, the energy me thod

was used, anlay“} snlved the prodlom of an unsymmet rical

(10)
I=section subjectesd to an axial load only. Ajmani
found the critical buckling loads using the energy method
for (a) axtal losd only (b) end moment only.

2.3.1. Completene as of Lateral fupports

A column sudbjected to axial loed and/or uniform
momant will dbuckla oithor by ¢wisting about th;u restrainod
longitudinal axis or 4y tléxural-tursional duckitng
vetweon the lateral prdstw‘ Adnuni“") kus has given
the criteria for the nomp-z.atenasé of lateral supports e
4hat a column sub.joctod to axial load, unito;.‘n moment
or non=uniform moment buckles mtween the twu CoNnsde

cutive suppores.

-

The crisical load {(anial load and/or moment)
for a laterally supported column of given length and

section depends on sm



(1}
(14)

(112)
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Spacing of lateral msupports, <,
Ececentricity of lsteral supports a
Torsional restraint of lateral supporte %

Depending on these three factors, the column

will buckle 4in one of the follewing two mo de st~

{a)

()

Tersion atcut the laterally supported longitudinal
axise the criticai lend being given by P.r ot "‘l‘
Flexural or lat2rsl torsional bduckliing bdetween
the sunportss with no lateral or torsional

displacsnent at the supported section, the eritical

load being gpiven ky PE or “E .

Py and My depend on the nature of lateral supportas

as definad 3y a and k bDut are indpaondsnt of the spacing

€

provided the torsional zestraint of each lateral

support 1s adjusted to keop k oonstant. PE and ME

depend on o, and pre independent of &« and k .

The ‘complets supports® will e defined as the

supperts which force ¢he colunini to Buckles by flexural

er lateral torelonal duckling between the sipporéss with

no lateral or torsional dimplacesent at the supported

sectio « The critical load will then be PE or EE

with effective length sjqual to ey
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2.2.3.1. Critérion of Complete Support for the case of
Axtal ILoad and Uniform Moment

(“')h;- investigated the completenasss of

Ajmani
supperts in tho-c.u of a restrained column sudbjected Cto
axial load and uniform moment. If the column with
lateral supports is subjected to axial load and uniform
moment and it Buckiles By twisting about the restrained

longitudinal axis, the critical moment Lis given by the

egquation,
2 M a '
p +» z J = PT . -.(2.22)
T, ' '

 When there ie flexural torsional bduckling between
the lateral supports the critical moment is given 'by
the equetion '
(PP ) (3PP = Mg) + ¥ = o .. €3.23)

For torsional yostraint equal to zero, the

condition for sipports ¢to be just complete wags obtained

by Ajnnu&“n by egquating equations (2.22) ane (2.23)
P 4G 1 P
(1-..;;, srzmy“‘.g ST ’s
— ’ “ 3
‘_L"‘mz s “J.,E_‘.;.-.ﬁ,.'.‘_‘..,..‘!.. 2. 24)
w? “’23542"“ ke 4P Ye 4 TenTe
i o
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Equation (2.24) is used to plot the relation

. a2®
betvesn R And mmweceee  for given valuef of a/d
* ’myaﬂ
and P)'PE . Fige 2.4 ahows this relation for the

case wvhen a/fd 2 0,7% end y = 0 For a given value
of m and ?/PE the mipport 1is complete if tho torsional
rigtdity is greater then given by Fig@.4 and the colusn
fails Dy laterplwtorsional duckling bvetwesn the supports.
If hewever the torsional rigidity is less, the support

1 s incomplote.

2.2.2. Equivelent Uniform Moment

The equivalent uniform momsat concept develepead

by Homa{tm in the cass of unrestrained columne was

extended to the case of restrained column by Ajnnn!.uo,
While Iinvestigating tho stability of sostrained column
under axial load and noneuniform moment, 1¢ was found
co nvenient to replace the mon-uniform moment by iqn;v;lcnt
unifora moment. This slso factlitated the study of
the criterfon of the completendsa of support in the
case of nonmuniform mopent. Also it is foungd mnvwdtont
when @ stablishing 6Ge sign uri‘&erts“e) to topijce unequal
torminal momént by equivualent uniform smoment.

In the cace of & restrained coluum subjected to
axial l0ad and mpeuniform moment, energy method can be

used vith advantage to compute numerically the buckling

loads as an oxplicit analytieal expreseion for critical
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no neuniform moment camnot de foumé. It is assumed that
the column will undergoe torsional bduckling adout the
restrained axis of twist.
Consider a column eof length 1 ~ as shown in
Fig. 2.3 4 restrained laterally by supperts at spacing

e, and at an scoentricity of o fwom the centre line

of the column. The coiuam is subjected to an axial
load P and undqual terminel msoments M and 8 M ,
0 that «1 £ 8 %31 ., The larger terminal moment M

produces compression in the unsupported flange.

Discrete torsiongl restraint is replaced in

the analysis by the vniformly distributed toratonal
restraint k. = K_ ; Gy o

The buckled shepe ia expressed as the
infinite series

o = ¥ P, Sin -;—-» «2€2,23)

where n = npumber of half wavew $n torsional mode

of Buckling,
In this series oach torm satisfies the houndary condftion
for the column. The arditrary constants Bre @y .‘...‘.
ar® = chosen that the total potential energy of tha

sy stem is stationary for variations in all valwes of @,

& (U +V)
1.8, = 0
' ‘.-(2.
, | 26¢)




Let + U = Strain energy of the systen

V = Change in the potential energy of the loads.

. 1
v =2k I(W')z ap * %3 Sio j‘m,)a as  + 3 xj\(a)aa:

w?

K . 3 2 v sly 3 3
- n * 7 e — & e g
2" ¥a Tid ™t g 95 + < %

"'(2027)
3 4 .
. 3 2 4Aas
V 2 ‘J’ £ o~ ( dw/an)

Whore, v = Total displacement of aen elemental ares dAof

41

the cro esssotion at initield wardinutts. Xy

o = Longitudingl strees on aroa 4A

As W =GJ[::2*(.+y)2]

s =2 o % [: (1« 8 1.]
A ix i - - ) -3 /
Ws have,
e, My I, [ 2]
- j’! L‘ i, {1 (2 = B) B/l}] (a"‘y) +x ((J° N
b §
. 2 Ma (1=8) 2

==z (Pr: + 2 Ma) { @*) az ¢ ——p— gl @*) a»

Substituting the value of ¢ wo get,



L 2 2 a
Vowe=(Pe +2Ma) S 52
2 ° 81 n@n

1-§ wd _ 3 o LY O 2,3
*=1 Ha| T4 PR L }_nn #u Vo “(m*n)s (oen)?
»e»2,.28)

Yhere the rummation oxtonds over all ®aluec of n and the

doudle summation al o oxtonding over all veluds of o

vhen m + n &«c oda.

Ueing +the on=dinonsional guantitien

—

(X - P!?;) 12 f
Bl ta?+ a/4)

Ma ll.3 .
.S = - s+ {(2,20)
EI,( a® + 6314)
w1
Y =

7% B, + &®re)

and sabdstituting the valuo ot’@'ﬂ * V}tn equntion (2.20)

' 13
for stationary potontial onergy it can de ahown‘ >

that for 9oach o

1t + 8 - J“a *‘8 1 « 0
L 4+ %n"ar“y/n%) L LV PO N Jas
m mz 4-;;3 2 .
|+ §
) n (macnz)a
= 0

»se €B.30)
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Equation (2,.30) yreprosents u system consisting
of an infinite nuabder of ho-mg'aneou- linear eyuations
InPBg o Py rocvvee o %ne set of equatfons 1s obtained
by putting n = 1 , and m = 2,4,84....34 n =2 andm = 1,3,5..
and e otk
| The obvious and trivial mlution is obtainead
ty putt ing .ﬁl 3933 ....E‘*Q . ’5'0 can obtain dy egquating
the determinants of the coefficienta of P Py +e+- to zero
.sn exprassion of the form,

£ (X 4 8Baysn) = © eee€3.31)

A numoxical selution can bhe shtatned for any

fintt.:e numbar of euyuations., For given values of X , 8

and v @aquation (2.31) leads tc a standard esgenvalue
pro blem

A - Bl =0 | eee (2,33

bl [

The lowest value of \ g:lv's& the least value
of the larger ondencment at which duckling w.;_ll oaocur.
A.jmaninu has sslved tha ®igenvalme problom of egquation
(2,32) by programming on the computer. The relations
petveen <X and A for various values of 8 wore

o btained hy him. Although the relation between X and )

can b9 graphically represanted it is desirabdie, wvhen
(1e)

establishing design criteria to replace tho unequal

terminal moment Dy equivalent uniform moment.



Let the critical value of N for £ =1
be 11 and forxr any other value of & be X\ . If
“cr is the larger critical terminel moment for any

value of 8 and 4 M . 1is the equivalent uniform

moment to cause buckling of the column

s M A,
’ 7 = —lE = —3
Mcr A

The valueg of 4 can be calculated fer various

(10)

valuesof 8 and X . Ajment has plotted the

relation betwaen g and B for varfous values of %

as shown in Fig. 2.3 . This reapresents the case vhere

= -0 d.e, theve ic fvll latearal rostraint but mo
Y

torsional rostraint,

Thus more charts can dbe drawn for various
other values of % with different values of vy snd
the value of z can be found for given case thereby

enabling the determination of aquivelent uniform moment

for that case,

W -
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CEAPTER -~ 3

ELASTIC DESIGN OF RESTRAINED QOLIMN

3.1. DESIGN CRITERION

in the case of & ocolumn provided with lgteral
support at the some ccccntrictty and subjected to axial
load and uniforn terminal .mouents adut the major and
ninor axess; the elastic design criterion will bhe the
developanent of first yield at the mid- height of the
column as the plastic hinge is not formed at the end of
the eoiumn. Let M and M, be the equivalent uniform
moment 8 about the major and minor axis rerspectively and

P the axial load to which thes column &s subjected.

The faslure criterion is

P +!xx+fw+f° = g

o X,

P *N_ 2, +Ny t,, +r°afb~ eee€3.1)
I+ ¢ -~

P +Nxtx*?§fy = fL »!‘0 = g

Where p = Axial wiress in column

fx o £, ™ Extreme fidre wastreases corresponding ®

bonding moments lln " H? respectively.

Lxe =

x Magnified £

by axial load P

due to the magnification caused
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s Yannifiocd ey duo Cto ¢ho napgnification caucod by
azipl load P and nador astio nomont Il .

QL ¥Yiocld point otroor of otoold

4 Iongitudinal ctrooo duc ¢o ninor onio donding
caurod by 2ni¢ial foporfoctiono in tho column
on application of P and Ly . |

l\In lagnifiecasion i’adtar of mnjor axic ponant on
application of tho anial load P

Ny flagnificadion 2actor of minor axic momont on
coplication of oninl load P and major oxir

concns ‘ln .

3.2, LMAGNIPIC.TIUN UF L"s_!:JO;I ARLE 100ENT

Conoideor the cac? of ¢ roctrainod coluopR cubew
jootcd to axial loadG P and najor ands uniforn comont Uiy
Tho govorning floxural odquation o¢ oquilidriva abdut Tho

najor axilso X < X 48 givon by

‘12
BX - = - Pve I - , (3.2)
R agd
- - H x
or v kav = g Ix
a p
L. ¢ =
horo 1&g E I,

Tho colution 4o givan by v = Ag Coo s + ApSin Iya
. _ M o
B, 1
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Using the boundary oconditivn v=20, at s =0 and s =}

A My
T
T,
ux 1ucoﬂktl
Ap =
B I, i Sin k1

At midehoeight of the column, the magnified
momont 1is given by e Elx (v"). Sudstituting the vsliue
of the constants A, and X, in v" o the magnification

factor for moments at mideheight can be obtained as,

kll A * CO' kl ) § kt 1
| 2 Sin % 1 2
k 1 ky 1 ¥y 1
b 4
2 . 2 -
.ki 1
=
ox Ny Sec -
P
Where 2 = —
E I
or
Ny, ™= Sec P [ r 1 y <
x m -.tx j LK 3 2 3.3)

-

Equation (3.3) has be2n used to piot a relation
between p and N,‘{“” for given value of 1 / r, .
Fig. (3.1) gives ¢the value of N, for given values

of p and x/rx-»
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3. 3. GIAGITICATION O LIZNOR AXIS LIOUISTS

Tho ninos axio mamont Iy 4o magnifiod on
npplica%}on of ¢tho axisl load and gtho nmojor axis conont c.
“ho 2atornl dicploconont orF ¢wicd 1o duc ¢o tho monont
N Tho offoct of P and li; 40 €o incroase or roduco
¢tbis dicplacomont . Tho ¢wisd P com b0 found by

2roning ¢tho difforentianl ogua¢ion of cquildidbrium.

Coneidei' a gidro of arcag dA in tho top flenno
at o dirtanco of = anda Yy fron nivor gnd major axio
ro cpoctivoly.- L¢ 1t o diantancoe fson tho point of latoral
cupnos®¢ b ® .. On anplication of tho msial. locd P and
uniform ond nmonoato I, and Lly tho t2c¢ion will ¢2ict

by cn anglo £ an chown in Fig. 3.2

Tho nomont !1 ot any point 4n tho buchled
lfibrc 1c givon W
M = (o dA) (= @)

Unhore o = longitudinal ctrorr on the Z4Dro.

Shoar Jforeo = { g dA) w’
- ' as '
a {r
Twicting momond = (o~ aA) - : -

To ol twicting lloment Iig = I o2 2.

dA
P 1 Ll a8 a5 o ad
=j R e P A + y°+ 20y + o) Ho— dA
& R Iny Iny(x v a



as ¥ = xz* yﬂ + 2 ay + aﬂ
LA R A

ang oo = , ;IRF I;{

M, = Fﬁj—. I, + =1, +pa? +2M¥,a
az f| A A

{as: y
d b .
= Q Pr: + 2 M & e (3 4)
|as o | x
.2 2 2 2 2
: . + ry + a

The total twisting moment can now he equated
to the reristing momont due to torsional aend warping

rigldity

3

a@ - 9,) a® @ -9

M, = G 2 - E Gy °
ds 453

o« (3.8)

Where . cwo 2 Warping constant for rostrained column

= Iy( 32 + --‘-) for doudly symmetric I-sectior

P, = Initial tviet
g = Final twist.
Hence we obtain the differoential eguation by equating

{3.4) and (3.5%)
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)
- a @ « 0y)
GRa (D - 9o) BI, a® + /) ————
ds da
a9 2
= an (Pry +2Ma)

Dirrerontiating with respect to = we get,

2 ot
a“ (P - P, o 2 @ - 9,)
GRK T 9O + 4d“/74) S .
. dlz - Ely {a / da‘
2
a” @
= R Pe2 + 24, a) . ves(3.8)

. » i’y 2 a’p
or Ely(.a + 62/43 ;;3- - (GK - Prow 2 szﬁ _t!;g

¥ ds o az-
Lets ¢, = < Sin 7= /1 - cee(3.7)

Where <X, = Maximun initial twist.

Subatituttné‘ the waluo of #, we get,

a'e . Prl +2M, a - GK Adziil,
ey -=,
dz4 BI, (a? + &74) a4z
4 w2 .
'a T -y sia T2 « — G Sin Tz /1
; 4 GK 1? v
or d‘g + mﬁ ﬂ?gﬁ = X 0(0 rl + a2 Sin E
az® ! e 1¢ ° } 73R, (a®+a" 74)
2 e {3.8)
Pr, + 2 -
wheso m% 7 3 o “x& s see €3, 0)

Ely (8 + a2/4)

The wiution for @ L& given by,
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or [¢-¢Q]“ s o MY

(a + a/2) Bly

= - A ‘“lz
2
or A‘_ = ¥
(a + a/2) EI, ol
‘ M

Ca + ¢/2) EI, n,°

A % "
(i€4) = EI_ (a + a/2) @ « D.) z - 3
2 ¥ _ “/_sﬂl 2 M:f
L . M,
P -8, - = . 4
= i

(s + 472) EI
(n 4a/2) ¥

Subdbstituting the valuoe of Ay wa gots

M m, 1
Ay, = ¥ tan —3
' 2 2
(a + a72) GBI, m) o
wv) [o] , = 0 = M Cosm 1 +Asinm 14zl A
Pl

Sabgtituting the values ot A"; Aznm! Aqwa got

Aa = 0.

Spbetituting the value of ¢he constants in the value

of P we got,

= OB M3 LON emname
My T
- : +* Sin e ce(3.11)
. Ay 1

n 2
(ata/2) Elym‘
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- |Eay Ca + a/2) (oﬂ-p;)l
]

a3 1/2
M 1
2 - an(a + as/2) y (_ co_"’l - %an bt T
(a+a/2)E1,
) 2 2
n 4
12 12
MY ne b § 1!'2
= Egy {nt+ds2) CeC +* "1'5 U\\3 -do)

(ave/2) EI,

5E 5 m, 1 -
= @c T i
I, v 2 12
= ty Sec + ¢
o
2
: +
or f_. t, N, : 7
Where,
moment, N, = Sec =y 1
&
w2
. = = Ea ( a + a/2) (ay

Thus Ny'cm be found
provided 1/:’x

by an egquivalent p°

is replaced bdHY Ilry

an(ai‘d/ﬂ) (AS - 0(0)

oee3,13)

Ny 18 %2he wmagnification factor of minor axis

. ..(3. t‘)

°€°)

«e.{3.18)

from ¢the Fig. 3.1%

and p is replaced

in the charte

2
BEI E n
Since p = --’i-ﬁ ¢+ p' = At
2
or v . k. Pfo +2Mea - GK .. €3.16)
A Ely(a® + a2/4)
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lusx’2 axa-fyz-i-zny 'l'ga
P M, M
- g ——y + ===
and o =
A Ix I;' |
M = g 1 + 1 2
‘-ww 2
a__;t 2 2
) Ldsj Pl‘y + Py +p8 + 2 M, &
a0 i 2 ’
B e — ) LI Y 3.
= [“_ .; [pra + 3 M, c] (3. 4)
. 2 2 2 2
L 5 = r, + ry + a

The total twisting moment can now be eguated
to the resisting momont due to torsional and warping

rigldity

Mt = GK -
L (3:5)
Whevre Cwo = Warping constant for rostyained column

= Iy( 32 + --;) toxr doubly qmmetric I« sectior

P = Initial twiet
g = Final twiet.
Hence we obtain the differential oquation by squating

(3.4) ana (a.8)
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3
- a“® - Py
GRa (P - 9o) BI, 2 + &/ 3
as ds
ap
= e Prg +2ue )

Difrerontiating with rerpoct to 3 we got,

2 4
AW - ) o 7 @ - 9,)
GK o 2 + a4 XL TP
. ng - Ely (a , dB‘
- a® 9 2
3 (Pro +2mxa) eoe(3e8)
dz
<. '
o o .. 4% 2 a%p
ar Ely(a + a“/4) ad - (GK = Pro=- 2 Mya) 2
| | a%p a’g
= BIga®+ a?r0) I —
y &a G§{ dz

Where <%, = lexinum fnitial twist.

-~ Substituting the walue of @, vwo Bot,

a‘e . Pr? + 21, a - GK a3z
4 2
dz El, (a2 + &/4) az
a 2
w T m .
= —-'3(0 Sin -ii o — GK > Sin 7z /1
4 1% pr (e + 4/ |
. a GK 12
or 3N + a2 4 a o X 1+ 3 szng
az® az 14 - -n'zEIy(a +3%74)
. ce:(3.8)
Pr, + 2 -

ily €a® 4+ a®74)

The wlution for P 4 given by
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g = ACoemz + A Sin nya +t Age v A, +ASS$nfi-"

Subdbstituting the value of ¢ 4n the equation (3.8),

2
!':As .2 2 »® GK 1
1 h 14 @ 7 281, (a®+a?/4)
2
) xt GK 1
——— 1 +
° 4
o 7381 (a%+ 4 Fa)
Ay = =
¢ =% Pr2 +2Ma - K
14 12 EI, (a®+ a'/@)
] n?® 2, .2 |
or Ta Bly(a + A" /4) + GK
AS sda "y . — N
5 Blytate 74) + GK = (Pr5 + 2 M_a )
."(3.10)
Nowe 1’,2 ra
" = - Azui Cas mla - A2 ﬂi Sin my® = A3 ";5" Sin -i--

Using the boundary conditions,
(r  [o] =0 =4 va
% =0

M o= o= A

. . n
(11) s El’.y(a + 472) @ - OQ)nﬁo B - 5’.‘]{
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or fy-po]“ - - My
, - o

(a + 4/2) EI.V

= -Ali‘z

My

or A1 -
(a + as2) EI, ni
M

- b4

anda A
. 2

(1#4) = EX_ (a + a/2) (® = D) = - 3
| 2oy % em a ¥

® -9, . .
= )

+ 2
(a 4/2) Ely

Substituting the value of Ay we get,

M n,_ 1
A = y tan——l;-

2 2
ta + a/2) BI, uwy

Cav) [o] = 0 = A Cosmy 1 + A,5inmy L + A;31 *A,
n

= )
Substituting tho values of Al' Azand A‘v"e set
Sudbstituting the valus of ¢tho constants in the value

of P we get,

v = = 3 Com mys % — tan o Sin m,®
EI, (atd/2)n] (atds2)m} EI, 2 1
My Ta

+ S4n  — «e{3.11)
(a+4/2)EX nd _A" 1



e 33 o
Tho ini¢ia) ioporfoction coucs bdonding conord
atout tho ninor ;:niic- I2 ¢tho 4niciol tvint Py duo ¢to
ioporfoction 4o nannifiod ¢o P Ly the application of

gho axniol lood and Sho nojors ositio bonding wmononts tho

ninor axioc tonding momont I.‘Jq ic gavom Dy
aag az
'(:.1 >l = lex, 0 [ — . %
L dn dza

xbo banding stronc i’yl cpucod by Mn’ ic givon by

£y4

g 1 N
xy

= |z, o com-upy

In cddition %o ?y,_ ¢+ longitudinal otroon wiil
almo Do cautcd by difforentinl flange bonding. Thio

cxdditionnl. longitudinel ctzorcs fya 4c givon Dy

_ 1 a » '9.
fy2 = l?_m"'g(w”o%)l -
Iy
, - )

Tho ¢otol longitudinol oYrosc 2oy duo ¢o niroy anxio

bonding 40 givon by o

vy vi + fyz = ! B ay +» (o +as2) Qg". - @)

+ee€3.82)

At niad «hoigt » valuo aof fy}; 40 pivon hy,
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I¢ 4c coon Z2von cquation (3.14) ¢hat &7

}?a‘g + 2 Lo > Gl 2o ¢ho loo.d. io groptor thon puro

torcional loads R, > 2 1.0 fyy at nid opan is

groator than att ondo and ¢he ¢tvint o tho column duo

-

<o I;Iy 10 nognigiod Dy P ana Lin
12 Pxl o 30 < &X e N, T 2,

fy&' ot mAd=pan 1o 1oon than at tho-ond'o ond tviocd
in tho colunn 3o onollor ¢han what is duo ¢to my alom
flovavor for tho purpo 2 of docrigne in cmc.h eacd Nb’
$c tokon ac unity as thin 1o concorvativo and on ¢ho

b (9)
cagor oide. At ¢ho ¢roncition load o Prj ¢ 3 Mao = GX

Ny = 8 fyy at miderpan s tho rano ao a¢t endo

ond ¢viut in tho column 405 roano ac givon by ’.‘Jy alono.

3.3.%. Feronc Due ¢o Initial Imporfoctions (2,)

Tho column hao como initial imporfoctiono
vhich got megnifiocd on tho applicotion of loads. Tho
initial lgtaral dicplocoment in ¢ho columm 4n ineroarcad
on tho opplication of P and i, - Thus thoro oxioto o
ntrocs €, d4due to minor anios I:::md:l:ng on application of .

1c0ado ocnd thic fs o Co tho ini¢icl inporfoctiono in

tho calumne

From oquation (J.15) we GOt
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t, = E.?. ¢
) Ea, (a + 4/2) (Ag = %)

Substituting the value of A, from eguation (3.10),

we get,
- A
2
w
»? g == E1, a%+a3,4) + K
t, = == Ea (a+ds2) 1 y
2 | , -
) § w2 o
2
12 Elylatrel; gy + 6K wprdeam,e)
3 . | "
2 2
v Pr + 2 -
12 .l’...aEI' (a2+ 2 2 1GK w (Pro+2
12 v a“ta”s/4) K - P!‘o Rxa)

cea(3.17)
(12)
Horne has as=umed the value of initial lgteral
diaplacemant due to initisl imperfoctions for a columm with

unifore roment as,

il» T
a. B 0.0018 —% Sin es
&y b 8

Taking the rame initial lateral displacement

st the ceantre of the unaipported flangs of the restrained

columne
9, = Y% o 0.0013 2p, c T2
: ‘a + a2 a,(nﬂl/ﬁ) 1
.0018 1y = oy Sin wx/2
«, = ——F ' .o (3.18)

ay(a + 4/2)



Substituting the value of <, 1in equation (3.17)

2 | Pl‘n + 2
0.00157" B r, o ¥, o
g = :
° 2
1 e GICa%+ 4%/4) + GK =(pr?
2 Y 4 L =(Pr e 21 a)
veo €30 10)

Thus the velue of f, can b found for

given ¥ and M, .

- T e
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Tho poTazotors £4Ax0d woroe ac follcwe -

b3 I
(a) ‘oolion 1 12 Z x4 ° R 8 1bLo.
(») Bnd conditionos tth ondu vora £roo %o rototo atoud

$ho nejor and micor anoo bud ot £roo o o tate

atout tho Roogitudinnl axioc oy ddcplaco laotorally.
(c) f{pacicy of capnortn & 8¢ 9" f.0. achort ooournh o

¢hat bueltlinp ocouvrs by c.alﬁa:a tvictiny aboud

routrainod axic pasoing ¢through ¢ho pointoc of

cunport.
(a) Becontricity of latoral rupporto = 3.0 7
(o) Torcdonnl curport providod by latoral cupports «Nil.

4.2, ROUIRISINTT OF TET Q11IG

A gorting rim had o B> docinnoeda <o nood

tho following royuircsmomts 2o Cocdiny roctminod Jemlun to

(o) Lounth of ¢ho coluzn 1 O°

() Axzial load upte O tono.

€3 End monoato atut tho anooc upe 10 in ¢onc.
Ca) | Axinl 1oo0d and the najer axic bonding comont

conld Do kept conctont and the pinor oxido t:s:mdﬁm
conont could be variod indopondontly.

(o) Tho pomontc otout Both ¢ho axoo to Do uniform
alonz ¢ho longth of tho colunn.

() ' End Condigsionc

(1) Colunn 4o froo ¢o rototo abyud poth ¢tho

dajor and nioor aiooc.
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(11) No lateral désplacement of the column is
po snidle,
(114) No rotation atout the longitudinal axis

of the column is possible.

4.3. TEST RIG

4.3.1. loading Arrangexent

The column was to b2 subjocted to constant axial
load and major axis moment with varying minor axis moment.
This was achieved by fixing levers to tae ends of the column.
and applying loads by tumbuckle ¢o the levers dy tension-

. ing rede passing thmuén‘ the levers .

For thispurpose , a 4" x 4" btox section was
shtetned by welding two 2" x 2" channels. Two t-ses (5'%2%4%)
were made cut of the box sections by welding as shown in
Fig. 4.3 und photograph 1 « The tees had 7/8" dia holes
at 1" c/c the first hole being 5" from the centre of the
tee. The two tees were weldad at the two ende of the 3°
long I=eolumn n as to provide levers. The tan-hning :b_du
passing through the thres levers wvere 7/8° dia. The se rods
were secured 2¢ suve ond of the column by a 3" long hexagonal
endad nut of 1,35" dia. and gt the other end, the rod could
b»e tightensd by turninﬁ amther stmilar nut o which acted
as a turn.buckle. The zods were sescured to tho tees
at hoth .xidlo through a specisel nut of 1.3" external die and
1" 4in length rvexting on a greove in a 4" x 4% plate
separating the turabuckle nut from the tecs The details ef

lcading arua;mop{ are showm in Fig. 4.1 and Photograph &.

IS A= e
I [T ETe NN .
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For measuring the laud in the tensioning rods a
spocial load measuring device was connested to the rod in
‘the coentrs as shown in Photomgraph 2. The device consisted
of a 16" long + 7/8" die mild steel x0d tapered to I/4"
dia in the central 10" of its length. The ends of the rd
e rs fshroadmﬁ o that it ocould W connected to the main
tensioning rod.

Two ustrain gauges vere pasted diametrically
oppo site on the cantral portion of the rod and a calibra-
tion chart vas prepared by taking strain gauvge readings vhen
the Tod Was tested in a universal taating wmechire. Fig:. 4.2
gives the calidbration chart for the load measuring device.
Thus the load in the tensioning 104 conld b measured by

directliy reading off from the celidration chart.

4.3, 2, Latoral Supports

The laterzl wupports ware provided at the ends of
the column and at two ether equally spaced points in the
column. The laterai supports were provided in both flianges
of the column at the oends and &n only one flange at sthesy
peints . Twe restraining rode, 3/8" diwneter wers conneoted
to a 2" x 2" plate wolded to the column at the reguired

, point of lateral support at am eccentricaty of 3.3% as
showr in Fig. 4.% and photograph 3. At the other end,
the rostraining x0ds were allowed te siide in a 3/4" groove

on testiog frume made by welding twe chunnels 1" x 1% at 3/4"
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spacing. The special mut securing the restraining rods
to the channels had a recess cut in it so that the nut

could slide vertically uvp smd dovn.

Thus the mechanimm of lateral support provided the

fo llewing featuress.

(a) No horizontal movement of the column at the point
of support
(w) Vertical movement of the restraiaing rods was

pexmiesible at both ends.

(c) At the point of roetraint the cclums could rotate
abtoud 15° without iutorference from the restraining
rod.

(a4l No torsienal restraint vas provided by tﬁc lateral

suppert.

4.4. TESTING PROCEDURE

The aim of the testing was to measure the stress
at various sections of the ftree flange whon,tyo column vas
subjected to axial lcad end terminal moments a.&mt movx"
and minoy axes. As the stroeses were to remain in eltastic
region only, the yield 7 strese of the column matertial was
determined by taking out tension specimens from the web of
the column and teasting them en the tensien teating machine.
The axial load and terminal moments were so cha ten that

the total stress did not excesd 30% of the yield stress

sf column.
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The restraining reds were tightensd and made
horizontal. Ilesads were spplied to the tensioning rods
by tightening the turaduckle. The minor axis momeat
could be varisd bhy varying the load sn the two <temaioning

rods passing through the horisontsl levels of the tee.

ftrains weres meamired from atrain gaugee at various
sections for the selected loads on the colunn and the
‘total stress at the centre and other sections was found,
The hrtt‘tlu lacquer coat appliod 4in the free flange of tiw
column was constantly obdserved to ensure there vere no

cracks theredy keeping tho stre:ses well within elastic limi2.

L & L



- 8348 »
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(o)

(»)
(o)

TFoso o vors conduagad o Anvacrgicnato f;hé ohoviour
¢ho wostraind’ [ = colunn dno ChO claciic pazm3yo onmiy
coluvnn voo subjocted to Sho followving loodo and $oculot

Inocding casa ®A* , P = 4 ’i‘onuf

%#d&n:} cocd ', P 2 4.8 Toao

Locdins cace 'C* , P & 5.0 tono.

" In coch 30ading cncde tho nicor oxic romondo

woro variaod for $tho oo voliuo of najor axldn pononto

ia

caeh $Sorte.

~

Tho yicdd clror: of co>lunn fron tho Gooofon ¢ ot

voo fouad Co Do 81.0 conc/:inﬁ « The valuop of ¢he total

Ionidtudinal otroae for worlouco 80 of Loada in cach

laa

and

dine ooco have Bon ¢abunladed in Todloo §5.1,0.2

0.3, Tho woluor of tho thoorotical ot oo havo

alco Boon 120%0d 4n Chod ¢abdlore Charto chowing ¢ho

vaoriotion of CoGol cotzror: dcoxondtnt on tho varicdtfion

in nioo® oaxio comend aro drgyn in Fig.e S.de 5.2 ond 6.9.
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TABLE S$.3
IDADING CASB A* P = 4 TONS

Actual °*°f* | Theoretical
Test No n, 'ﬂy vps
(in tonsd | (4n tens) | (tonwin’) | (toms/1n®)
0.0 5.8 8.3
Tal 5.0 1.0 7.3 e.2
3.0 S.e 10.1
3.0 10.9 13.0
0.0 7.0 . 7.8
T3 . 7.0 1.0 v. 4 10,5
2.0 12,0 13.2
3.0 14.4 13,9
0.0 8.1 8.8
T3 8.0 1.0 16.8 11.9
. 2.0 13.9 18,2
3.0 C o 10.4 1s.3
G.0 8.9 0.4
1.0 12.58 13.4
T4 9.0
1.5 14.0 15.4
2.0 16.2 17.4
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TABLE « 3.2

LOADING CASS 8 :

P

= 4.3 TONS

— i r——

i ———- i 4 it

f

Actual °*f'| Theoretical;

Test No. | My u, i
(1n tons)| (in tons) | (tons/en?) | (tone/1n?)
0.0 6.1 | 8.8
1.0 8.1 9.1
3.0 12,0 13.7
I
0.0 8.0 8.6
1.0 10-8 11,7 i
I T"‘ 700
2.0 13.5 18.0
3.0 18.6 18.3
0.0 8.8 £.3
1.0 12,2 13.4
X.93 i"l 15'5
2.0 18,0 17.8
0.0 .0 10.3
Te8 9.0 0.5 it.8 12.¢0
t.0 14.0 15.5
1.8 18.0 13.1

B

- cnb———




LOADING CAss °C?

w 47 »

TABLL - 8.3

_.BP__= 3TONS
M Actual *2*| Trheoretical
Texst Ho. x ?‘Y rge g
(in tons) {in tona) (tope/i.n )} (tonw/in")
0.0 6.8 T4
Te 3.0 1.0 " Ba.1 1Q.2
2.0 21.93 13.0
3.0 14,3 1i8%.9
090 ?vﬁ 802
Te 10 8.0 1.0 30,5 .11. 5
2.0 13. 3 -14,.8
3.0 18. % 18.¢
0.0 8.9 0. 1
Teid 7.0 1.0 12.0 13,3
1.3 137 15.4
2 13.5 17.3
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In all the tests, the actual values of stress
are much less than the theoretical valuwes. This 1s due
to the attual end conditions in the experimoent being
different than theoretical and conditions. The lovers

are welded %o the ends whereas the colhumn is taken as

simply supported. This tend to reduce the stresses.

The strain gauges also do not give .accurate measurement

of strains throughout the experiment.

We cannot take into consideration the exact
oeffoect of the itnitial crookedness of the coldmn on
tho streeses when the column is loaded. Horne(iz) has

assumed the initial imperfection s that initial lateral

displacoment .

lr
u = 00,0015 i Sin Tz
ay 1

-

and this has been used to find the stress due to .:.f..n:tt.tal
imperfections. Ihe actual effect of the initial imper-
fections in the column under test ho\;rever cannof be
exactly considered and this may cause variation in the

theoretical value of the stress.

The variation of the total longitudinal stress
along the length of the column was found for the sanme
set of loads, For sake of comparison the valuee of
the axial load and minosy axis bending momant were kept

constant and the value of major axis dbending moment
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vao voriod foF oach looding cacd =@ oo to givo daggfogpoad
nagnificationo of tho oteon: at tho nide cpan. Tho
soculto are runnaricod in Teblo G. 4. .
Churto chowving tho varioction of Gh: lopzitudinal
pEroro duo ¢o nimor axido Donding along tho longth fop
oanch londinz enco aro dravn in Figo. 5.4, 3.5 and 3.0
I¢ 8o cloar ¢that tho change in tho ctroon Rovel Dotwoon
¢ho cantro of ¢ho éoluma and the ond o <tho column
16 pradual and folloves a pattern o Al the rtxoce
1oevel at the contwa 4o -dopendoiw on tho nannification
producod by ¢tho axial loocd and major onin Bandins ocowont
For caallor vaiuon o2 agniol load and nojor axic Donding

Donand (S’wg" + 2 i,a £ ¢, tho ctrooo lovol ab

co.nﬁéa :Ls.‘ locec thon ot the ondo of the colunmn.

As tho anial load ond Sho aajor oxis pomcass
incroaca, tho magnificcotion Cfactor alro fneroncoc ¢411
¢ho otrouo lovol ag ¢tho cantro 4o highor thon at tho
ondn (Prd ¢ 21,0 3 GO . Thuo ¢ho onial lond ond
¢hoe oojor nxioc wononts ord tho ¢ pwmckoro _uhich

affoct ¢the napgnificatinn of stroos Lovol a¢ ¢tho contzo.
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ConlCLUucion s

L4
Tho olaolic bohaviour oﬂf a;_rogﬁwasnoa T colunn

wvith ipntorol cappoRto af cano Qecontricity in ono Clonno
and cubjoctod to oxiol load and Sorminal conongc atoug

najor and nir.é:z* axceo wao studied dy condue¢ing ¢o:rtoc and
comparod with ¢ho Shoorotical roculio. ' An olactic nmothod

of doeinn of Porgrainod culumn which concidoro ¢ho of2£3ed

of lotorol cuppbdbrSoon the ostrogcog hac do2n doceridod 4n
Chaoptor 3« Thio &¢ o wational nothod of elactic Gooingn
0?2 roctrainod coluan. A2 pzocond Ghoro 4a »o cultadlo
nothod oxiuting for doripgning coctirainod colunp with
latoral ruppor¢c in ono 2longo. Tho procont praectico of
ﬁutng tho &ntoract¢ion foromlia (IS Codo 30%!933)(‘3)
igmoron tho offoet of Latornl supporio and 4o tharofora

DoPo concapvativo.

Tho two notheds hovoe bBaon compared in Appondisn
*A' and tho follovwin? conciusions con DAY drovn tw
() Tho offoutivo Llongih of the racstroinod colunn
foé finding out Ctho slomdornooo Fatio 4o nuch
gzoator then $ho actral effoctive longeh. o
pomite A éaduains ¢ho porod: odiblo avorago
compron-dve ofpoco FQ and ¢ho dorinn Boconoo

O30 CODramvativo.
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There iz a magnification of stresses due to
minor axis hending wvhen the axial 10.# and
major axis sements are applieds This magnifi-
cation of moments \s considered in tho method
ovoived vhereas in thoe interaction formula it
is neglected.

The intitial imperfections in the column cause
stresses when the load is applied. Theee
stresras are neglaectad in the inttract!on
formula wvheress they are takes into oomsiicrn-

tion in this meithod.

The magnification of minor axés dending stress

is dependent oa the magnitude of the axisl lczd
and the Bmajor axis moment. The augnu:lcntivn
i» greater than, egual to or less thau unity}
depending on as P!‘: + 2 K,a is greater than
Shextsa equal €0 or less than the toraional
=igigdity (K of the column.

tevover the magnification is taken as

‘anity for design purpos® Lin case At is less

than unity. Thi: is wore conmervative and on
the safer sidess Alro the value of siresces at
the end of the oolump 4is automatically checked
wh.i; }ly 1 taken as unity for values less
than unity.

The interaction formula approach for deeign of

rostrained eclunns neglects the effeet of the
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lagsorail cmpor¢n ond s odFo concoFvativo.
Tho dorign nmothod ovolvod conoidoro ¢ho

Bonaficial offact of thoe latoral cuppozice

Thoe 80:¢ rorultc concuetod <o vorify tho sy
Ao Lign ornroach avo  cattcfucicry ae Do actual stroccOu
o ecenreing a{:‘ nide pon worao 1orn’ Shan Cheorodical strocc
vhich 2¢( on tho :afar cdda. Piguroc J.1, 5.2 and 3.3
cov Sho variation of toftal loagitudinal sttous with
" ¢ha minor axdo donding monout. Tho doeign nothed
ovoldlved 31 thorofors giver ue 0 workablo spprooch ¢ ¢ho

dosinn of fouidrainsd ssiumnts

Tooto vore couductced to dotornine tho variotion
of longitudinal ctTowroc duo %o ninow axtis hndint alon?
¢ho longth of $tho columan with t¢ho variation of nioow
axic tomningd rononts « Ths variation of thooo uironcdc
alona tho lonzth vae found to bdo gradual :;nd moothae
Tho nogaification of »erocc lovol ot tho contro wao
¢ound ¢o dopcend on thoe axial lond and the ooajor axnio
noenend s and wat groator than agual to arvlopo ¢hon unidy
depondiny on oo Ps'f‘; 4D ’[.'.lﬂo. wor groator ¢han squal o
o 3oce ¢han tha torslangl rigidity K « Fige. 6.4 ang
Ge G thowys 0o woriation o WO gtycus with tho nirorp

anxic Londipg ssncnte

- wn
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APPENDIX *A*

COMPARISON OF METHODS FOR ELASTIC DESIGN OF
nasmnmu I « COLIMNS

A1.75 " x 4" REJ of length 8° carries am
axial lbgtl of 0.3 tons and end moments of 2 in tons |
a.!»ut'najor axis and 1 4in tﬁnn about ilmr axis. The
colmni '.lsf.atl".lﬁéd by_l;giaral supports in onw
tliange only at tha‘oéds and at two other equally spaced
intermediste pointsz,. The lateral Eupports are pmvsdid
at an excentricity of 3.3 " c.nd give no torsional reste
raint .« The end conditione are suach that Both angs .r.li
grae to rotate adut the Bajor and miner axes bdut net
fyes to rotate adut the longitudicsl axes or displace
laterall=y. Check the snfnfv', of the eulnpn hy using
interaction formula (IS Code 800~1982) mnd dy the elidstis

dosign method considering the effect of lateral restraints.

Method of Design Bawd on Interaction Formuls '(!S Code 800062

The interaction formula fer a column subjeated

to bending about beth axes is given by

.!..‘ e .m +* .!_lg -4 1
Where,

4 = Average cenprosu‘vb stress



b

tht

€ nva

"l

= Allevable avers @ compres:ive stress feor
concentrically loaded member, as determined
by maximum slenderaess ratio.

= Actual dending ofus- due to moment about
majer axins.

= Permissidle compresrive stres: for bdbending
eout major axis taking account of lateral
stabiliity.

- Actual bending stress due to moment ahout
micor axis. |

= Permissible comprescive stress for bending
about iimr axdis

¥ielé point stress

Facterxy of catety

From the steel tables, the sectional properties

1.75" x 4" RSJ aresre

1. 47 1% *, = 0.36 inm
3.76 in ry = 1.38 in
0.24 in » = 1.75% in
1.83 gu® ty = 0.17 in
3.60 an® z, = 0,281 fo°
= 0,3¢ 4ns/in
1.7
2/5i.83 = 1.80 tons/;nz
= 1/0.21 = 4.8 tons/in®



Slenderne se ratio = 98/0.36 = a6

From Tabdle II of IS Code 800-.1982

F, = 137 Kg/em3 = 0,81 <¢ons/in®

1
Torelonal constant I = Py > wt?

= 00,0218
’,'2 B I, & 2 2
2 2

= 11,2 ‘tons p‘f» . 4in.

Yhere,
Cg = Critical bdenmding etress at which lateral buckling
o cours. |
From Table IV of IS5 Cede 800-1962 for the awve value
ot C, , F,, = 734 Kegsfem?® = 4.7 est
Yield Point strecs |

Fb'z = = 10 ¢tesi
Factor of safety ’

NOU.
—_— . + - b+ — e —
F Fys ) 0.81 4.7 10

m .42 4 2,23 4+ 0,48
= 1,13 > &
Thus the ssction is unmfe fer the given loading using

the I8 Cpde spproach of interaction formula.
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Method of Elastic Design of Restrained Column

Aa shown in Chapter 3, the design criterion for

the restraiked column is given by ;.
* ] R + ,
P NS, 'Nyfy s < '

0. ,
p = e = 0,34 st
1.47

R Y4 = 06 / 1.358 = g1,

From tée chart given in Fig. 3.1,

N = 1,01 (say 1.0)

szym + da%/4)

2
> +aux¢ = 21,58 *t,mr.:'.,2

s - .
Ae Prl +3Maa ¢& , ntg will be negative and
n, X
1 1 :
2
We will take ﬂar = % for the purposo of design

at 1t £= moye conservative,

- 2
2 Pr + 2
t, = 0.0015 [ By o Mea
3 y =
”

--‘-;2 Bl Ce® + 62/4)4GK (P22 + M _u)

o 0.2 ¢l
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Photograph - 1
General View of the Testing Apparatus

Photograph = 2 |
The load Mcasuring Dovico Connocted to
+the Tonsioning Rode




Photograph = 3
View of the Lateral Support and its Gonnection

to the .Flépge of the Column
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