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SYNOPSIS

An attemyt is made here to prosent the
load distribution analysis dbased on the Antsotropic
Plates Theory as applied to modern ;tid beas bridges,
with spooial reference to wige stiffensd and contin-

uous bdridges,

As 2 basis for the subseguent wnrk.tho'hania
analytio theéory as applied to simply supported grid
benm bridges hos been briefly indicated, Analytioal
approach as extended to adgo atttfuhed and continucus
bridges has boen presented, Approxiﬁ;ﬁo nethods for
continuous bridges based on Egquivalent Stiffness and
assumed deflegtad shnpos have besn devolopod, At all
places the results have besn comparsd wiin those

obigined by other standard load digtribution theories,

The analytical rvosults have alsc heen suppe-
lamentad by suitable model tLests,

The model test results have been found to
agree fairly well with the agproxisste soiutions
presented for the edge ntiffenad and continuous bridges,
It 13 folt that these approximate solationscan bhe safeoly
used for dosign purposes, while at the same tipme making

the analysis within easy reachof the Design Enginecors,



CHAPTER 1
INTRODUCTION,

The magnitude of oonoentrated ioads of road
vehioles increased continuously and considering those
loading ohanges, it is necensary t¢ oonsider how thess
changes alfeot the approach $o the analysis and design
problems, These days in many countries the heaviest
vehioles are pormitted only on ssparate or on particular
“lane and attonpts are wade by struotural designers so
distribute these heavy loads in a bdridze with soveral
girders to all the girders in order to achieve an econo~
sical structure,

Rigia txransverse framing of girders helps in
the distribution of loade placed at this framed aystem,
called a grid and thus a grid beam bridge s finvariably
adopted, In general s grid beam bridge consists of several
parallel longitudinal bsams, connected, if necsssary, from
place to place by oross beams and in addition, solidarised

by the roadway generally msade of reinforced conorete slab;

The longitudinal and transverss systems smay have
negligible torsional resistance or they may exert conwi-
derable torsional resistance. The beams are ordinarily

sguidistant but not always fdentical, 0ften it happens



that the edge beams are stronger than the bt@crn. Bastdes,
the beams 0an be prissatic or of variable moment of inertia,
As regards to their mode of support, the most frequent

case is thai of a simple support at the two snds bus the
cases of ocantilever and continuous beans on seversl supports
are ilsd  fodnd, 3omo-times the supporting abutmentis are
inolined %0 the perpendicular at the longitudinal beams

and the longitudinal and oross beaws are not at right angles,
Thie gives riss to the probleom of skew, |

The importange of these usually statiocally indeter
stnate systoms of high degree, can he recognised by the
faot that between the first fdeas of ENGESSER (1860) on the
subject and the prosent day, an extensive amount of 1itersture
has been published, out of which oniy o fow tmportant works -
ore llsted at the end, Howsver, in many of theso wethods
the amount of calculation is so wuch, that a struotural
designer hesitates to use them, For this reason thoe struoture-
which oan he 2asily analyssd, though not slways lobnumioax.

are often. - unsed,

It 4i» hnrdlylneotonary to say that the best method
has nothipg more than the norit_ot simplioity, The sinple
methodes are ugsually very optimistic but very dangercus and
errors eommitted can be considerable. As such it has been
all the time felt that o method of analysis which 4is simple ,
4in uso for dosign and aoalysis and considers the aotual .

bshaviour of the struoture to ths close, should be evolved,



1.1 BASIS AND SCOPR OF VARIOUS THEORYES,

Basis of various methods of elastic analyeis
of grid beam bridges can be oonvaniently stuldied aoccording
to assumptions wade as regards to fis oconstruction, So
far mainly four types of equivalent constructions have bean
considered by the various research workers of this field
for the analysis of this problem.,Tlisse are-

(1) Open grid work nethod,
(11) Central diaphram method,

(111) Continuous slab method, and
(iv) Plats Theory,

- (1) Open Grid Work Method,

In this method the dridge structure 1s divided into
individusl longitudinal and transverse mombers each possess-
ing appropriate flexurs® and torsional Stitxnela;‘fnu prodlem
is then solved either dy !1uxibixtty’mntnod or by atifiness
method, Using flexibility mothod for eaoh point of interw
ssotion of the membors, equations of decfleotion and slope
oompatibility are written in toras of unknown foroes and
moments and finally a set of governing siwultansons aguat-
ions are solved to obtain the forces and moments direotly,
LA%ARI&88<‘>(1053) has adopted a method of this type using
floxidility coefficlsnts, He has further made uﬁt of
symmetry and antisysmsatry of ioading and deforwations and ]

o cloarly shows tiue typical bpature of oompatibility equations
for bridge grillages,



If the torsion of wembers is 0ot gonsidered,
there are in generel, as many squations as thers are
bean intersections; LI torsion 1» eonsld;rcd. the egquations
ars thres times of the squations for without torsion, By
using symmatry and antisyssetry of loading and deformate.
1on# the number of eimul tuneous eguations 1# reduced to

less than half in many ouses,

Using tho stiffness method, the " slope deflect~
fon gyration® squations for all the ninﬁsru are writton;
equilidrium eguations are then get up &in terss of deforma-
tions and slopes and finally solved, Lzuﬂwroav AND sawxata)
{:saa). MAHTIN AND mm‘anﬁz(a) (1060) have adopted thais
Bethod of analysis and with the help of slsetronic digital
conputers, they have solved the problens of grid works
elisinating a large amount of arithwetic work, J&HﬁSﬂNIﬂS(‘)
(1948) has developed & relsxation approach for solving
these squations, EWELL, OXUBD AND anaan(33£iona) employ
an auxiliary forco system for uontiollinx'vartiuaa dieplave~
ments of the Joints and uss a moment and torque distribtution
process for transeission of the displaosmant affects, They
also show that a horizontal gridwork of beams intorseoting
'ut right angles to one snother ylelds a deflescted surfaoce
simtlar to that of a slab when analysed under norani ioaan.
and thus o transformation of the slab intoc comparable
gridwork 1s possidle, #ﬁga ANRD assxﬂaxa(a)(xnst) have also .
adopted moment torque distridution proosss for the unlu&ion
ot gridworks,



RAY'*/(1060) has divided the analysis of grid
floors imto two stages. Firatly, the joint displacements
are worked out by considering the floor as sn antsotropio

plate; the formulae for whioh are very a;aale to apply.
In the second stage moment torque distridbution 18 applied

to find out (1) uéltnta and torques in each momber on
consideration of no joint displscesont and {2) ths sway

sach joint amounting to values obtained as for an equivalent
anieostropio plate. A comparison of resultas obtained by
treating the floor as s pure piste und by constdering $t
psftly a8 a plate and partly as an open grid work, show
interesting acoord; the difference in the avorage bending
moment and twisting moment at diffcrent joints being very

lnsi;naxiﬁunta

The open gridwork solutiom though appsai to be
very elegant but invoive a large numbor of variables to
ptart with and are oxtromely cumborsone, Fuétner thias
acthod oan not be genorelised espooially for the moving
load problems. Hence, it is daiffioult to produce a simple
design procedure for the sovludtion of grid benw hridges,

based on this approach,

(3) Ceuntrsl Diaphram Msthod,

This method assumes that the entiro transverse
. Systenm whether continuous in the form of elab, or consisting
of distinot aross booaws oan be replaced by a single squivaient

momber at mid-span, The problem L9 then solved as an open
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gridwork, the solutions of whiob are easier and the distri.
bution Lactors can be easily derived, LBGNHARDT(B)(1938)
replaces the transverse medium by a singlo member at mig
#pan with zero torsional rigidity, With the further develop-
ment of this method LEONHARDT AND Aﬂnnafﬂ’(xoao) have
presentasd thie mothod in & conprehensive manner in their

book "The onloulation of griliage hoams",

ENGESSER (1880) replaces tho transvorse medium
by an infinitely rigid ocentral Adiaphrgm; thus the transverse
disphram always rtu#inn straight and the distribution factors
oan be obtained in the form of simple algebrate expressions

of numbor of longitudinnl beoms and thelr aspaocing,

uam@&n“”’(xosa} replaces the tracevarse asdium
by threo conosntrated diaphrams, éna at the gsontre and one
each at the ends, Ho takes tho siiZfness of uontrai°ﬁiaphral
a3 holl of the total transverss medium snd solves the two
and four girdor oasos with girders having ionfinite torsional

rigidisy, using numerical solutions,

From this approach it is obvions thnt the lecation
of the oross beom is most effective at the stid.span for
distributing the loads to differeni givders. The greatest
dofect of this mothod is aw rogords to its dasia assumptions,
Host of these awsumpitions are invalid in practiocsl bridge
struotures where the torsional stiffness of dlaphram, part-
-iBuXarly in reinforoed aﬁ@ preitressed ooncrete Lridges,

may be oconslderable, Bxteusions of this method Sor edge



stiffonting girder case and other support oonditlons like
cantilaver and continuous beams on soveral sapports are
poseible; through extensions for skew systoms may present

soms 4difficulty,

(3) Continuous S1lab Method,

In this wmethod the transverse system is replacad
by uniformly spread eguivalent slab, whioh may or may not
oover the full length of the span. PIPPARD ARD doﬁAHbB‘*i)
(1938) have used this idea replacing the actual transverse
system by a continuous transverse modine of squal stiffness,
extending over the entire length, They further assume tnqt
the floor systex pravaa&a the girders from twiating and
oasloulats the shoaring foroes per unit length of the girdor .
in terms of the defisotion of the girdcré formulate
certain differential squations whioh on solution give the
defleciions, bonding moments and shearing forces at any
ssotion of the girder duo to & given postition of load, In
the derivation, use of symnetry and antisymmotry of loads
ant deformations is made and oases of three and four girder
ares solved, uawsnwx“”)fxaae) assumes the grid deflactions
in such a manner that there §s no' rotation of individual
sembers at thueir interseotions with other members and with
tuls assumption he obtains a solution by using sino series
to represent load and deflention of the struoture in the
airootion of the longitudinals, Thie approach is comwonly

known age ‘larmonio Analysis?,



PIPPARD'S approsoh s tedious and cumborsome
and superposition in case of number of londs is tough in
caloulation, The assusptions reguire longitudinals of
infintte torsionai rigidity ond these should be prevented
from rigid body rotations at their ends, Morsover the app-
roach 13 no more gesneral, HETENY!I 's work i1s wvaiuable for
bis haramonto analysis approach but again tho defect is

as regards to its basio assumption,

HBNDRY & JAEBER"S)(tﬂaa) have ussd this msethod
in nost general fors replacing traneverse memnbors by a
uni fors oontinuous medium of eguivalent stiffnoss, Their
approach ts to write down differontial eguation for the
loading on oach longitudinal member inciuding, where
necessary, the offects of rotation andt twisting; harmonic
analyeis i3 then used to derive the unplltuﬂ-n'oi defleotion
and bending woment for sach longitudinal member. Thus,
distribution coofficients applicable to maony praoctical
cnsos are deduced; the ocoefficients hava bsen derived for
bridges with various number of girders, This particular
apprbaoh is a consideradle advancs on the p?tVious notiiods
in tuie aoategory and oan bo apaiita to vnrloua»tyycn of

boundary condition generally met in bridge dosign,

HENDRY AND JAXGER's approach does not consider
suitably the torstonal stiffness of the transverse syatem

and for each bridge having some definite nusber of girdbrn'



10

a set of distribution coelfioient ourves arc.fiquirod.
But ueing this approach the edge stiffentng effects ocan
be ensily considered for the general ocase inocluding the

torsional etiffness.

(4) plate Theory,

The 1ast method covers those approaches which
ars based on anisotropilo plate thtory; iz tals analysis
the actual bridge structuro is replaced by an squivalent
anisotropic plate which &s then treated according to
olasaical theory of plate, ﬁﬂfﬂﬁ‘*‘)(iﬂi&).iu the Lfiret
to davelop this approach for grillages with mesbers of
negligible torsional stiffness and sudbseguontly he has
§iven a similar analysie for isotropio nlnbu(ia)(zoﬁv).
This approaoch is thes genaralised by'nassaﬂxsmfia{(ioso)
to include the effeuts of torsion. Extensions and develop-
mante of GUYON's and MASSONNE? 's work have been produced

' By many others, Thess genoralise the use of this msthod
and thus & simple deaign procedure has heen formulated,
The devolopment of this method i discussed tn Seotion 1.3
as it has beon takenh as a basic theme of this AQissertation
work,

Plato theory approach has the mertt that a
single set of distribution coeffictients for the two
extrems Oases of no torsion griliage and a full torsion

slab onsbls the distribution behaviour of any typs of
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bridge structure to be found, Further the implioations of
tiie analysis can be sasily seen by the designer and hence
caloulations do not morely bedcome g set of mathemationl

formulae with no apparent physioal meanting.

Purther 1t tq sleo important that the results
obtained by this approach and the haruoéio anaiysis app~
roach or’any other sui tablo method will be virtually fdentw
ioal provided that the agssumptions are aspproximately valid
for the structure considered, This has bBesn cloariy shown
tn the work of BAL001?) (1057) ant oupea18) (1062); they
have eoived a siamply supporited bridge problem dy various
mothiods and have given this compavison, However, it is felt
that the dosign proosdure derived by plate theory is nata

ensily applioable than by any other approsohes, |

After considering &ne.ue&ho&a based on aiant&c_
theory 3¢ should be pointed cut that the plastic theory
approach 1e also made for the analyesis of grid beam bridges.
HBEKAH(‘Q)(IQBS) has given the plastic analysis of steel
griiiages, REYHQL@S‘3“3(1981) has given the ultimate load
of prestressad conorete grillage bridges, ORAMIGIM and
HOVE‘Ql) have oonstd'rld the ultimate load problem of skew
slab bridges,

There are st presant very few worka avallable
gn ultimate load snslyeis and this anaiysis is of little
use as distribution properties of a dridge deyond elaatio
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range sre still unkoown, Hence, there s lot of diffioulty
in developing a proper designh procedure and sut table load
factors. Although £t i» not poasible et this stage to design
a bridge structure on the ultimate lond theory but 1t is

useful to assess ultimate load for the following reasons;-

{1) to ;tv& true safety of bridge under known
loads.

(11) to enable safe designs to be preparsd for
bridges wherc no rtgcraua.and easily applied

design procodure £8 avatlabdle s.z., skew
bridgoes,

(iti) to sliminate ovordosign due to conservative
assurptions and,

(1v) toimprove the soonomy of the bridge design
through propor nppreciation of the behaviocur
of bridge undsr load,

1.3 gl;w;lmg% ENT AND SCOPE OF ANISOTROPIC

curon(t4) (1048) ts the first to concetve the 1des

of roplacing a bridge structure by an anisotropio plate

and has solved a case of simply supported griliage deams
with negligible torsion, e has zivanvtnn*aéxntion in terms
of Fourier sertas and with tho same analytical approsoh he
has given another solution for an teotroplo platefis)(taio).
-was3oNNET $29) (1050) examined the possibiiities of sxténding
GUYON's work and thus has sucoseded in ;ivtng thoe goneral
APPraooh by oonwtdoring the problem with torsion, He has
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also given the interpolation formulae for the ‘distribution
ccefficionts for any partioular value of tﬁrciunal para=
meter, Due to the ohaos and troubles of the post-war
period, those works did not find the oconsideration duc to

them,

It suat be taken as a contribution of MORICE and
LITTLB(QQ)(taﬁd)'that they adopted the method of QUYON and
MASSONNET. A considerable amount of work has been doneat
the Research Station of the Cewent and Conorete Assootation
of England by MORICE, LITTLE and Rowg (23 %0 36) w0 oirke
havo thus confirmed the applicability of the method to a
wide ronge of bridge types and have tndicated a high degree
of acouraoy. In original papers of GU?GH and‘nASSONNET(ii'I&‘IG)
a8 limited nuwber of values for distridution coeffiocients are °
derived, Howevor, in a later pnblxoatinn.uASSQNHET(37)(19$4)
bas presonted sose comprehensive tables giving the values
of the distribution coeffiocients for wide ranges. Thus, thie
is the first phase of development, from which the develap-
ment of solutions, statomonts on assumptions and suscepti-
bility to errors ato. can be obtained.Work of HOFFMAN and
vnnaw(as)(xaso) shows the applicadbility of this theory
to analysis and design.

samrnga‘”a’(xoss) has pressnted the work of
GUYON and MASSONNET in a comprehonsive manner with graphs
'and shows the oxtension of this method for stotically

indeterninate systems. s algo shows that thore is a good
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agrecment in analytical and test resulte of modsls

of aany girder, muitispan balanced cantilever bridge and
simply supported bridge. Rowe(23) (1055) considers the
affeot of Poissonts ratio on the load distribuiton.
HASSOHNS?(‘O}(xssa)‘1ntrnduaes a new ooefficient for
oaloulation of the torsional momenis and suggests an inter-
polation formula for this cooffiotlent for any value of
torsional parameter, He also extends this theory to edgs
stiffaned bridge without constdering any torstonal stilfness,
The caloulations for edge stiffened girder bridges is oleo
denlt by LIPTTLE and auuala‘)(znsv),‘xn thiés work they have
plotted the ocurves for different distribution coeffictents
fue to eadge momonts goting on an anisotropic plate and have
given the theorstical solusion to the prodlem, powg (424 26)
(1957) has Turther given the lond distribution theory for
no torsion bridges with wvarious augpart aonditions ueing
Banto funotions, aarrmsa“"(aoso) pointe ous that inter.
polation formula for coeffioient of transverse distribution
given by nassnxyam‘*ﬂ) is pot valid and recommends two diffe.
eront interpolotion formiloe of distribdntion voefficients
for differant valuos of flexural parameter in tio rangoes,
He further suggests an approximsate method of osloulation

of bridges with odge atittu#oﬁ beams Dy using ocombination
of symmotry and antisysmetry components of distyribntion
coeffiotents,

Taking a8 s point of departure in tuis theory
narDoKA AND oauna (83:93) (10x0) have given the olassicnl
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CHAPTER 2,

SANALYS1S OF QRID BEAM
BRINGRS BY ANISOTROPIC PLATE THEORY.

Ordinary flexidility and stiffness moethods of
analyais of the systen called “open grillage" hecoams
noTe oqnpliontod if the pumber of beame is amore, Additionally
theso methods bacome more and mors diffioult when torsional
rigidity of the slements i considered, Further in the
analysis of the bridge, a dridge 1a never an open grillage,
because there 13 always a rolling slab, Thercfore, it is
bettgr to abandon the ooncept of a oonstruotion of a bridge
as discontinuous one and to consider 1t as a practically
squivalent ocontfonous structure whioh will obey tho laws
ol differential caloulus, In seoction 8,1 the basic expressions

derived from the thoory,;anisotropic plote are given,

3.1 BASIC EXPRESSIONS OF TUE ANISOTHOPIC
PLATE Wg?"""‘vg i |

2.1.1 Grid: Beaw Dridge without
lorsional M :

(a) Gansrsl squation of deformation due to
Sinusolaal foad, o
Replace a real bridge by sontinuous grillnge

Zformed by an infinite number of longitudingl and oross

beams both not posswssing any torsional rigidity (Fig.3.1).
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Let,

Prp = flexural rigidity of longitudinzl bHeams
per unit width,

and f: = floxural rigidity of orose Deams per unit width,

The bridge 1s simply supportad at fts two edge
paraliel to y oxis and iis other two odges ars fresa,

then the bridge is subjsoted to a sinusoldal load
Pep sin y= (sce Tig.2.1), all the longitudinal beaus will
underge a sinusoidal Aeformation and the deficotion at any

point (x,¥) can be¢ written as

wony) =Y (y) 9‘"%‘2“" . snsee (241)

vhers, Y{y) is the transverse ﬁntmaman ‘satiatyia; all
oonditions of eguilibrium of longitudinal and ocross beams,
This tranaverse defornantion Y(y} oan btiﬂavivo& Irom the
theory of heaus on elastic Ioundaﬁiua(‘ﬁ) whores-as

auyon{t4) deternsinos the funotion Y{¥) by Fourier Seriss,

Let g .bavthé intensity of interaoting foross
at point (x,y) exerted by oross besms on longitudinal beam
and vios-versa., Consider dlementary longitudinal boam of
widih dy ond floxurol rigtdaity EI « Opdy (Fig.2.2) and
slementary oross beas of width dx and flexural rigidity
Bl »f: dx and caloulste intensity q by nlenintary theory

of beading, Thus,

'a.x4 d} . ond —$ dﬁ = PE 2?_'2_' clx ‘e @ (3.3)

’0"‘3
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Equating the values of ¢ from eqe, (3.2) we
obtain the differential equation of no-torsion anisotropic

plate i1 the unloaded portion as

4 3
e, 0" _p Dw _ ese (2.3)

Equation (2,3) admits solution (3.,1) and Y¥Y(y) must satisfy
the differential equation

' d4? p‘p 7‘4
dy4 * P Tsa4 Y ses (3.4)

Equation (23.4) 1s similar to that of a prismatio
beaw of width B, resting on an elasttc foundation {Fig.2.3)

. v whose modulus of foundation is X

_g'j.i -'——%‘ Y = O s e (3@5)
dx4 EIL

The deforsation of the finite beam shown in Fig,2.3
is derived in the dook, "Boams of Blastio Foundation® by
HETEHEI(‘G) Pepe H4=58, The following formilae for the def-
leotion and bandlnﬁ wnoment curves are for the portion AC of
tho bean, where x < n., The same formulas ocan be used for
the portion BC where x<b, by mepgsuring = from and
B and replacing a by b and b by a,.
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PA 1 . )
& =] A
‘# KB Sinh AL~ s AL {2 cosh Az cop %I_( inh A oo? Ao ch rb

—~ 8in Ad ecsh da oz Ab) + (Cosh A sinhx + sinh Me cosNx)

[;mﬁ M (gn)a coch b ~ 0w ha sln‘g Xb) + sin )\!2 (oirif e cos )\b~cos%,\a
S'ln )b)]} P (a.a)

M = .% sinﬁliM-sin‘M i?sinh X sin Yot (sinh M cos Aa eosh \b= sin\ cosh Ma

@®eBAb) + (eosh Mx sin\x = sinh 3x é@% )x)Einh M(sih da coshib = corpa sinh 2b)+
sin M (sinh ha co&/\‘b — eoidh 2a sin )\b)]} |

shas -(307)
where
)\ - 4| Bk
- 4ET
Comparing equations (2.4) and {2.9)
AN =TT 4‘ fe
2 Y v
ﬁq € 0.4»9(3&9)

The elonantary orvous beam is fdentionl to that
of the prisaatic beam of width DBudx, ¥I «f: dx and

londed with o soncentrated load p « Py sin g-"-'—- d= ‘and

m
?rwal‘ammg oquations (2,8} and (2.,7), for the case siown

- in Fig, (3.4) in which span [ = 2b ond the origin is st

plaeed on an elastio foundation of modulus X "’PP




21\

midpoin% 0; noking auitamﬁ substitutions of adove comparison
apd introducing ¢ o )\ b, thoe general oguation of doforoation
'a(x,Y) and tranoverso bonding momont My ZLor tho portion,
whore y<e 142 obtained , The sono formule ogn bo wsod for

tho portion whoro y)> o, by voplaocing B by b, Thus,

by sin T 1604

W (%y) = 2a . 2% 2 eoth® (1+£) e 9
2b ) QPT;’"  einhiad ~s1t ad ‘20_0 { -B)ng(wb)

(siih 2% 22 ti+2) ceahd (- §)~sin 28 evh®(1+ g)coysﬁs (1—9))
+ (eoth B (141 sing (it %) + grhd (1 3’) tos P 1+ ))[sm’% 2%
Csinq (+&) erhd (1-&)~ eosd U”'“E} sirh® (f—--;)) +

sin 24 (sinh e (1+E) cosh (- - exvh (1+E) P U- %))]} |

b.’b(aﬂg)

= . 1 : :
P’l\j P,b sin IX. oy 2/’: o o) i.z snﬁq’(w%) sing (1+%)

(sirh2¢ eosd (1+£) aeht (1-& F) = sin2% eorh P (1+5) cond (h"ﬂ)
+ ((cosh § (1t E) aibg (4 £) — sivhgy (1+%) ecsd (1 £)) st @

(smep (1+& )eo/v%q: (1- -) - QoA (1+3 )sm%@»(!*;}) +sihp

(sivhg (1+8) easd (1-%) - coha (rr% smq’u—;—))]j

seve e (3.10)

Guyon hag wsod in placo $ , the *flozural paranotor®

& = b 4%
I § fe “ : 9‘*0*(3031)

‘Thue & , A and O oan be rolated by sinple rolation
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¢ = Ab = T%—Q— (2.12)

b s goefliofent of transverse dietribution K
’ ﬂa‘n?f transverse bending moment voeffioisnt o @

Considering the practical sido of tho results
obtained in equations (3,9} snd (2,10), 1t i3 aaseful to
oompare the actupl doflection w with tho mean deflestion
W, when the load p do spread uniforaly on the entire
width 2b of the bridge (P1g.2.5), while remoining einasoidal
along longitudinal direction, The bridge will then undergo
s oylindrical aefnrnatién given by

4
W = 2_‘?3- ....P‘_s_:r_c\l_—:‘— sin --g-%— eoe {2,33)
P

Introduoing Kcéﬁ— as the dimensionloss ratio,
and from equotions (2.9) and (2,13) ths coeffioiant of trans
verse distribution K, ooan be written as

Ko =2t {acw.q%w%) ou§ (+-4) (sinhag g (+£)

ash¢ (1-€) - sihabesh ¢ (1+L)cord (l—%))—t- (96’4"‘? (+%) cing
(1+ )+ ainbg (1+3%) cosé (.%))[_;%ae, (sing (1+§) eoth (- )

-t} (14 ) S""m’(“‘EJ) + 3in l"’(s'”% ¢ (+F)eat(1-g) —
corthd (1+€)sin$ ( |~-§))Jj

ses (3.14)
Tyus coefficlent K, depends on the value of fiexural

paramster O or ¢ , the relative scocentrioity Lﬁ- of linear

load ¢ = m sin—% and the relative ordinate § of the
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point under constdoration. In snort K = X (6 .~ ,~f-),
The further intercet of taking into consideration xo comes
from the Laot Lhat the longitudinal bdending powment n:
at any point oan bo writton as Hx = Ko "h' whars i(.

is the moan bending moment produced in the transverse
ssotion at x of the bridge duo to uniformly spread sinue |
soidal 1084 p = Py ¢1n1;;F- across the width of the bridge.
This oan be derived as | |

Mx:'PPibi = fp M = ko(—(’p@z—"! )_—_ Ko P1m

P, e 'bxz’ D2
‘ eeve (2.15)

Thus, knowing xo. one oan £ind out the deflection
- apd longitudinal bending moment in the given bridgs,

For the transverss bending sonment ny. tha elesmen«
tary orces beam behaves l1ike a boam on elastioc toumlauon’
and ﬂy can he easily sxpressed as

MH’ ::/Uo F, b sin Jx

2a
ssve {2,18)

vhere, Lo is a dimensionless transverse bending moment
cosfficient whioh depends on © , £, L ana by comparing
eq. (2.10) and (2.,20) 1¢ ocan be obtained as

1 . %

Ao = 2% (sinbi2$ - sint24) iasm'ﬁep (l+%) b+ %) é\nﬁ2¢m¢@+%) corbp -
G %) - 8Ih2d esh ¢ (H—%)co»&:b (:—%))-g» (co%cp(u—%) sing (1+ -“f;) -
sichp (14 ) cordp (1+ -‘g)) E‘”’ﬁ 2¢p(sind (1+§)athep (1~ §)—coed (1+€)

sinf 4 (;-%))-&—srh 2% (s‘an‘?;r.p (|+%)ca&4>(|—%) _cwh¢(,+§)s,‘,,¢(,-§))-]f

cees (8417)



3.1.3 Torsionelly Resistant Urid Beaw Bridges,

As majority of bridges with sevaral longitude
inal beams have a slab flooring of reinforoed conorste
is whioh the torsiounal siresses play a predominant role,
the theory developesd in seotion 3.1.1 is, therefore,
uoarotly.aaétttaua by rtalz%y; i1 one could praotiocally
negleot the effact of torsion in bridges with steel
grillage beame, 1% {9 scarcsly pemmissidle to do wo in
the case of sonolithic bridgos ribbed with reinforoed
aconorete and #4111 leas in tn& case of bridges reinforoed
or prestressed slabs,the use of which is more and more

wideo-upresd,

Any struoture with several longitudinal and oross
beans foruing a aystem of gridwork and the solid siab
forming the floortng, is a construotion 1atnruodiarydpqi~ _
ween the antsotropioc plate and the open grid, The relative
importance of two elemonts, grid besms and solid slab,
varies gocording to the plan of construotion adopted: the
behaviour gould be that of a continucus serios of grid
~ beams to a thin slab flooring of conatant thickuness. To
assimilate the fundamentsl ngﬁr&nch to ths problem and
laplications of molution, it i» briefly recollected from{es),
the equations whioh govern the deformations of an anisotropio

plate and grid deas systom,
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o Difterential equations.

(1) Amsotropto plgtes:

The stress-strain relationships of an aniso-
tropic plate having xy plane as middle plano, can be
written in general form,

€u=Exex + E'Ey 5 oy Fyey e
'};‘z = G ng' *h ey (3#19)
whers,
' . . Jy Ex
B, Ey = . EteEr
Bx = _l_—}ﬁ:.}};, 3 ¢ = !*Uy,l’x ? I-Dxdy I=dx Uy

Y ond Yy are the valuss of Poisson's ratio for the
im!ucad straine ¢x and ¢y in the anisotropic amturml.
From the olassical theory of hﬂxmnn of plates, the

strain components and stroas vomponents ocan be written

as
'azw = T W ‘-a-?:-u—?m y = -

€x 8%;2- 3 C%’ =% Ay ond *¢ 23 »ax ¥

1 3] Bl A

- ) » Pe
Sy = -y ey T2, rET IS |
faz‘b ase (3.19)

{de = —26% —6—;—6’3 N

Hence, the variocus bending and twisting moments have the
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Vﬂlﬂﬂﬂﬁ/
Mx=1f6x3db« ——(QP—-—-—--!‘t )
/s
MH = jﬁ (f% ’bdb = - (QE 'b"o , ¢ raxz.)
+HL = "bw 0}% )

m-;a.‘ = .[_ﬁ/; ‘T;% %db 2T 5 m'} s o . ..(3.30)

Exd cyh® _ ey <1
©r ol e =285 vETE s T

and h = thicknoos of tho plato,

Hquilidrian oguations of an olonontd az, dy of

tho plato load to oquations (2.3% and 2,38)~ (Sco Fig,
2.8{n) and 3,.8(b)

(1) Vorticol eoquilibriun of fLorcos givos

OTx _+'619
Dx oY%

=- P (%uf)
0::1(3133)

(3) Hononts about = and y onos givo {neglooting
highor ordor quantitiocs)

T = DM + 'szx

353:. 'a‘j/
T o PPy Dy seee{2.22)

Combining oquations {3,31) and (3.32) and subo-
titating tho valwvon of Moo tiy and ﬁgy £fron oq.(2,20)
tho goneral eguation of doforoation o ob taincd, Thuo,



F‘|G.?-_-_:7 (a)

FiGg.2.7 (b)
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equilibriur and deformation sguations are

_?)_13_1._’&. + m + -bzmi' - "a"'m:ué_ =-p (%Y4)
ox? OOy 242 D% DYy
' ees(2.28)
4 4 4
ppé_(.'_,o_ -&-‘?.wa + e ’aw‘* = PCX:‘})
Dt RS-t DYy veo(B.24)
where, H = O +2Y and the equations of shear forces

¥x and Ty ocan alsc be written froe egs, (3,23) and
(3.30) as

X >
— —( € BW H o d.
—r';‘ - (Pbis + fa?lax) o
\A 3 _83
w w
™ =—(9533+H L).
'by OOy

see{B.28)

(11) 8rid Works,

Consfidor the gridwork shown in Fig, (2.7a) the
longitudinal beams parasllel to x and oross beams
parailel $o0 ¥ axis are rigidly oonnestod st theilr points
of intersection and resistant to torsion. Let I and I,.,
and J and J.r be the moment of insrtias and torsional
inertias of longitudinal and cross boans spacoed at b,
and a, respeotively, The equivalent oocntinuous grid
having infinite number of beams in both dirsctions will

have flexural rigidities por upit width in longttudinal

and transverse directions as o= —?'- and Pe - %
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respsctivoly so that the unitary flexural moments

produced are

2
My = -fp W
%%

2
- Ks)
T*lz, = - PE 'b;z

..q(?‘aﬂ)

Similarly the equivalent continmuous grid will
have torsional rigidities per unit width in longttudinsd
and transverse dirention as YP = %I— and Yg = G a‘::'

respectively and the unitary torsional moments produced

are

> | W
' 2 = ’( W . =1 = - e e
il L P'ax"o:y * & Te 22y

2o (3.31’

Substituting the squivalont valuss of Mx , My ¢ My and
in the squilibrium cqueations (3,.23) anda (2,22), the

governing differential equation f£or defleotion and vertical

shoaring of g¥idworks, whon treated as anisotropio plate,

are obtained as

4 4 4
o, oW Yp4¥e ) OW fe ¥ _ = pog
i Dact * ( P E) DY TOF oy4 p o)
3 3 .g.(z.aa)
To = =P OoW ¥y, Ow
* = e £ oo
¢
> >
Ty = - Tw _ YpPw
F QE’DV-:'” P ,aiz.as
s {3,30)

{111) Comparison,

8quation (3,38) 1s of the same form as equation
(d.24). Introduoing the notation



2H = 2(9{""21) "—‘(YP-*'YE) =2°(\|PP€E

s (30300.)
tho oquationms (2,38) and {3,24) tako tho form
Pp?_:t_o__ + 26 P ﬁul._._ + Pe' 54"0 = P('x;*})
x4 E Dxtoy* ’b‘,}"’ - voe (3,30)

shacrs soofficlont X 4o hnown an tho toroiona) paranctor

and 13 givon by

J J
o :“{p+“(_c_ _ c (F+2
2o 2elE rer 830
! (e ¥
and varios botwoon 0, to 1,

In tho oquivalont grid ¢ho Polsson's ratio has beon noxleoted
and thus thio leonda S0 1% o O ami oorrosponding riglidity Pe=0

vhol o=o and <=1 tho ag, (2.30) roducos to

4 4 ,
% 22+ O ;‘;4 = b (xy)
‘ s e {2,300)
0 D0 _B4w > B4w b (
—_ + A 0o P <o + YE—/—/—x - "2;1) .
P 'b:xﬂ PrE 'ax-a% ’2534 | |
sss (2.30b)

For iootropio plato ¢p=Cc and =1 thon tho ogquation (2.30)
beoonos Lanz-ranio oquation

bquo N 2 34‘0 + }‘L) _ b (2,4)
x? 'bx"'b'a’“ 'By"r Cp

suw (3 .900)
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For an isotropic plate, o » 3 &# irrespective of the
Valuze of Polsson's ratio. For an actual bridge, « hos
always a value intermediary betwsen 0 and 1. Renos,
the study of Eq.(2.30) for entire range Dbetwesn 0 to &

is necessary.

Further 1t must bo noted that the twisting
moments Plxy and Plyx are equal and opposite in the
case of anisotropio plate thoory gnd theso gonerally
differ: in equivalont continucus grid theory, lence, the
sxpressions of the vertioal shear foroes 7 and 7y 4.s,
Eq.(2.35) and (3.20) , are siightly aifferent in two
theories, Kquation (3.388) of anisotropic plate ocan be
adoptod without much srror for the onloulation of shoar
foroes in bridges and eq.(2.2%) can be re-written, after

putting H = <] Gpfc an

3 3
= - PpoW _ Jepee oW .
T Pbx:‘ f 'Bx'b}’- and
’aw nt0(3t39&>
i = -F Sw_ - X JCpP
3 o U ol

Bq. (3.,209a) i3 valid for all practioal purposes
08 2 large resistance due to torsion is met with only dy
slab in reinforoed concrete bridges due to its plate sffeot.
Thus, this leads to adopt Jp =Yg and henoe eq.{3.29a),

without much error,
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b, Boundary Conditi ons,

Refearring to Pig.(2.%7a) and recollecting that
Pt =o  for simplifioation, the boundary oconditions oon

be written as
Along the simply supportod edges (AD and 8¢)
(1) The Qeflection, w , im zero, ,.s,

Ww=o at X=0O & x=2a oga(zoaa&)

{ 2) The banding moment M, » i3 goro i,0,

b o
w0
=% s

=0 Bt X=0 & »x=2a ....(3;330)
Along the free odge (AD & AD)

(3) Tne bending woment , Ply , ¢ zeroc i.e,.,

Do L | _
>y =e ak 3= +b ves {3,320)

{¢) The reaction at the free edges is soro , 1,0,

P‘é = Ty + %‘i— - O ol" %::_I-b

From squations (2,20) and (2.27)

+ 2« =0 at #=1b «es {2,324)
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o. gonarsl Bgua%%un dnlo tion of n
simply supporte as 8 in the ug;ogh
xyegion,

Raploying the Levy series for deflsctions,

— . : miT
= Z Ym (y) sin 2;

... (8.33)

the solution for homogensous differential
equation (8.30) for p(xy) = O Aoan be obtdnoﬂ. Whare
Y 18 a funotion of y only. Bach term of the series
satisfies boundary conditions (2,32a) and (2.33b) along
the simply supported edges,Sudstituting the exprossion
(3.33) for w in the equation (2,30) for the unloaded
portion, Ym. must satisfy tho sguation

11

Ym - 2 M2\ Ym + ' )\4 Ym = O v (2.34)
m‘“\s A= 7F - Pp
2 a Ce vou(2,38)

The geuneral solutfion of the squation (3,34) to tunoluade ald

oases from <=cto <=1 , fa given by

mAJ Ty
Ym = €

Am cop (m/\r“)y+ \J'_" Sm(m)‘y—)t}]

..m)l-‘i-n:(h
+ e ‘}erm cob(m}\\r_)‘1+ ?ﬁ_ sm(m)f—')yf

nnno(zl35)
whore As, Bm, Cm & Du are arbitrary constants,



—
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FIG.2-8
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e X
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Consider an fnfinitsly wide bridgoe of spen
with a load P = pm sin “25  soting along OX
{(Fig., 8.8).'¥br large valuos of y, and considering only
poritive values of y of the portion, the equation (2,3%)
will apyly for unloaded rogion. HHowover, 1t is obvious
that the deflcotions, w and slopes @%% tend to mero
a8 Yoo and hence eguation (2.35) must be reduced to

-] -y , 1
Ym = e iCm co,s(M)\J-_L—',i_a)g +—:F—H£;1: sin (mAt L:_f)‘j}

—

foo ¥20  .....98)
and the doflection of the hridge is expressed by

Wm = & 3 emees (MAJi2 )y +9!—.“-Z_1— S‘n‘(m’\l":ii )‘3] sin TLE
PN

Constidering the symsoetry of tho deflection of the
bridge it is obvious that the slope along x axis,

iéﬁfﬁ] =0 whiob gives on simpiification
o' 4=0

dm = em (U
2.
Agoln, comsidering symsmetry, Cm is detormined from the

condition that the shearing force, Ty , along =x axis
is equivalent to half the load 1.e, from eq.{2.20a)
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= 5 Pm . mTax
DWm o Wm - _ 7
- e 4 ~ e oY z °" za

Substituting the vaius of . and solving for Cu *

1t 15 obtained as

Pro

2 J 2 (1<) .?E m3 )\3. vee{3,37)

H

Cm

mITx
¥hon the load p = Py sin S aots on a iins
parallel and eocentric, e , from the x axis, the equa~
tion for w_ 18 obtained by replsoing y dy ly-el,
The modulus value fs used to ensare sysastry of defleotion

for both positive and negative values of e, Thus the

sguation for Y beaconan,
-m) [Ty -
W= Cpy € = lmel iwﬁ(mh—‘%’—‘Kg"el)-fl-llg sm(m)\@w_e,)j
X Sin m;_'.'_al‘__ sn e fagﬂﬂ)

For the bridgo of finite width (fig. 3,9) the
genergl sguation may bes found by aupurposing solutions
to the two cases (o and 4) i,e. combining eguations
{(2.38) and (2.38), The sguation thus obtoined opn be narﬁ
conveniently written in terms of hyperbolio funotions 1.9,



Won = [ Al cosh (mAEE)y eop (mA[TZ )y + B s‘mﬁcw ki

cx@(m)J—_—)%,+

ecth (m sin (MA
J__ (reAJ12%) y sin (mAJER )y

- )\l.'ﬂ_‘ o]
-f-\J]_)‘_):?._( sih‘ﬂ;(m/\ l.';z*;‘_()g, sin(M)\j_{_TfI)y - Crm em = lY-—=e|
Tz

(cvp(m)« I.'_‘éi ly-¢<]) + l."i_"Q sfn.Crrv/\\I—'%< ly—ef))Jsinm;T; (2.30)
(2% 3 J

The four unknown constants A‘. .. 0 ana n
oan be debersined trnn the boundary conditions (3,320) ana

(2.38d) along the two free edges. For simplificatfon, let

Ty Ne  _
where, and rapresant radiab weasure of ths seotion

and load socentricities r.:pnotivoly, A the flexural
- = b 4] ©p
parameter or parsmeter of transverse beam 0= 2, -

TTe

X could be expressed in the fors ) =S ana

A(bt+te) w ©(7T+%) ama 7T (b-e) = ©(7T-W)
Further Antroducing,

=we[HE ;| wm = 7o R
y =0 &% d = J5S

and solving Lor ths constants Ai;‘q; ,-q; and q; from

boundary conditions, 1t &3 obtained that
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Am =

Cm (cog?u# -sivh :p) [cohft'Y‘P (J_i_—i__-_(— ain q_ _':2:{_ co3 r])
™M
- .sln’frf P s;n&pu_'_t;i é,osq +J7;—2:_{ <in 7])] x[—- sin‘fz¢ ces]
+ —H—éﬁ QO%CPG;“’?’!J-# E—‘C'J?Y'*P eos 8 Y(« sinm -l-\rl_:g,?l actm )

— sirthy 4 sn Sp(Xeatn - [1=g3 sinvD] x[m coth$ coz )

A

. 8"”"’1_]} | (3.40a)
’ see ide ,
\] KR1-~)
B = f_"l(c;%4>-— ainh 4) [[sinﬂ"(\p cos&w(.l_%:‘— sin7 — l.‘-g_—'i cos'q)
TN A

corh Y sim’fw(f'_—{zm&q + l =< ‘5m=v))_] XE-WCQSQ-;- !-}:_-*%sn_ff)@sin'r)]

+[_‘.sin’£r{11 cond (K 2inq 4 [TT-x2 m’r)) - GQVHT\[J sm&Y (N eozv) = s'm'r))J
oh & st
[msmﬂdbmm) +J RC 1<) ) ¢an:l}

o

cos(B.4A0D)
Cra = - .."_T.\J ';?:S_ (corhp -s-ih‘ﬁcp){:[slhﬁxq} cos 6 ( [t;:\. s':m) - ST o)
"N

—cothy ¥ sin & ¢ (I l:gi eoz) +f1—:2:.$_ s"h'f))] x[s'mﬁ# sinT) +I§i_:_ ec&hﬁkc;m]

+ sinhy g cor B (x sing) +J~|_::<—’» cm*r]) “Cbl‘}l TP sin Syl eoxr) ~J==2 sin’r)):l

[ |9-(H"U co&%db sm'q + airh < w‘q]}

o .0 ene (3.“00)
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~

_——% | L‘%‘_ (coa?—;qa—s,'hﬁcw {E:o&krlyces&\y(\jl% sin ) - ,_!:li ceg,a,’)
_Slh‘gr\ksfnéqa (.’ngi m&'a‘l-}-@ slm{))—] I3 [QOHM:F sinn + l_!lz5 5.};‘5*%7}]
+[cm& ¥Y w28y (xsihn) +[ =<2 cosn ) = sinhiy ¢ sinSy (_a(mxn-’—m-sin )]

x |- J2a+0 sinhP sing + — 2% corh < catm
[' l L NIEYTEEY J

R XY (B.Md)
‘ChO?G.

M = (1+1) l—';—"‘ sinhd cothp — (-1) l_L'!Q'_i sin 7 cos

N = (2+) IJ.;_'& sinh¢ &&hq: + (¢-1) l_"*‘ZA Sina) eoty)

Tho aenploto oxmprosnion Lor v, Day now bo
obtained by substituting tho enproosiono for four conatants
in tho oguation (2.30),

xxsorlnvxc PLATE “3503
on UD GREn Lﬁﬁéﬁﬁ

Proz tho thoory dovolopod in Sootion 3,1 4% 1o
posoibio to caloulato thoroughly tho forcoo im o bridyo
for any Giotridbution of Joad but tho ozact mothod londs
to inpracticablo caloulations, It io for this ronson that
an approxinote nothod of caloulation vhich 1o cuffioiontly
osccuroto for practical spplicntion is dovolepod, Undor Shis
for any cado of dofinito loading it 15 cuffictont to nako

Do 4 in oll tho foroulac dorivod in scotion 3.1,
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2.3,1 Djstribution Cosffiolents,
a. Goofiicient of traneverse distribution XK.

It is useful to introduce the relattonship
betwesn the aotual defleotion, w, and the aean
defisotion, W_ , i.,e. the defleotion prodanced 1f the
applied loads arc uniforsly sproead over the entire width
as it has dDeen done for tho case in seotion 2,.5.1 for
=0 , The moan acnaﬁucm ¥, 14 then written as

w m - Pm ’6 0.4 mT'.'I

?ln
seevs (2o41n)

and 4f it 19 assumed that

w = Kuagm Hm
" % - sees {2,4120)

where Kuy, 48 knowD as a transveras distribution

coofficient, then Ky, is obiained frus squations (3.39)

and (3,40) as .
Kep = z:mepl:'?j {:Ah'n coth mTp cos mBp +Bm sinf 1
| !
Cop mép —+ J_LTi._E_ cosh mYPR sin mS‘a +\r_—__;_{ surfﬁm'\(fs'

sin m6p + Cm [co&% mY IB-%| - sinh mv | }3-\“] [eo,s

m&{ By | 4 I_"i_ﬁ-. sin m& | p-wﬂ]

' sEe (at.a)
Hence K., 4s dopendent on m,~,9,F and § or in
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short Kﬂ(m -——K(m,o()gj% _g:)

S0 far only the mth term in the Fourier series
of the load has heen conaidered, and therofore, the
oompletis eXprassion for the defleotion of the bridge is a

Fourier ssries, nhamely

w :K<||"li+ Kt Wy + KaWag 4o + Kim Wm +..

‘00‘0(30‘3!)
and the actual mean defleotion is
W = g +WatlNg+ - - - - - - - 4 ldm+ - -n

see (3.‘3b)

The truo distribution cceffiolent, K, is

therefore, given by

_ K"<J“l+’<‘(2b~lz+- e Kl WM 4 -

O
N Wi+ Nat - 4 Wi + -

k< =

ces (3,44)

Sinos u; is inversely proportional to u’.

both exprossions (2.43a and 2.43b) are rapidly convergent,
and for all practical applications it &s suffiotently

acourate to constider the first term only; thus Kg 2= Ky,

Tao longitudinal bending momont “x ies given
by (while negleoting f, )

Py = _fo B2



Considering the mth ters of the series 1.s, ih = !i li

2
W
Mxm = - Pp 27

P 4a” g mmx

' edbe (at‘aﬁ)

T™he meen longitudinal moment W, 1s obtained dy using
equation (3.41a), Thus,

— Pm 4a2 . el
mm_ Zb i | sin 2 a see e (zcmh)

From squations (2.48a) and (3,.48d)

Considering all terms,

Py = K"(l P + k'(:.m;_"'_ """" + Kirmn Plm |
evss (3."50)

and

ﬁnwmyn': WL4Jﬂ;+ﬂW3+<'--- 44Wﬁq+--" seve (2;‘5&)

/
Thus the true distributiocn coefficient Ky , for longit=
udinal bdending momonts {s odbviously

K‘i — mx, — k°<' 177, + K ml‘f' ------ + K,(m (Thmy.

mmeun m’+m1+. st o ey - s

ssae (acr“)
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3ince .ﬂi is inversely proporticnsl to .2.

both series &n equations(2,450) and (3,454 are convergent
though not 8o rapidly as series in equation(3.ss) However,
for all praotiocal applications 1¢ will be sufffoiently
accurate to aonsider the firat term only of oach series,
Thus Kvo= K« provided some incrsase ie bending moment
so derived is assumed, For ail design purposes sguntion
(3.47) 18 asunlly adopted,

m-x = l*] k.('m, ..gt2¢‘1,

flence a singls set of distribution coeflficient
is sulficitont to dotersine both the doflections and
longitudinal moments {n the bridge struoture and it is

common to dencte Kx, by Ky

From sgquation(2,42) K< oan be determsines for
any values of the torsional parametor. In the two liwiting
cases 1,8, =0 and x=1 , the wvalues of EE and ti oan
bo oaloulated, The value of X, Dbas slready been obtained
{ eq. 8.14) and the volue of K, is givendy

K= 25"_,%1 {(‘Qﬂx"‘fﬂ' sinhe)cath ox - sinh £ 0% sivh ox

[ (ceovh g-sinfe) Cokh O — sinho ©p S,ne,gp_]
3 sinh Scatho -0

X[(@'eoﬂ«s’ sinha) codh O -sirha’ 8V + siwh o l{»]
[‘_(q.sm%o‘-m'cmmo*) sinh Of ~sivho? Op -coshOp]
3 sinh o cosho’ + o

[smbo+seoths)sin O —sih o Ot cosh 047

ees (2:48),
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wnere X=7-[p-¥| and & =77°

(16)
further it has beoon suown by MASIONKEY? thel
distribution coeffioient for any intermediate value of
X gan be detersined with suffioioent acouraoy from the
tnterpolation formila
Ku( = ko + (kl'ko)\l"(. .
rewy (3. 49)
33&‘!‘1‘&&1&(‘” bas later found that under gersain
conditions, by using squation(3,49) very large errors
San crop up. Therofore, the following interpolation forsulae

are recommended dy him for the un‘n of

o< 8< 0+] Ky = ko + (Kl-Ko)oL Q_@_;é-_-é%
1=

o1<o<4 Ko = Ko+ (Ki-kKo) =
L3 R 3 (3Q50)

b. Cosffiojient of transverae bendiog moment M3

The transvarse bending monent, :Hy s 18 given

by m‘f"?E'a and by substituting the valuo of w ILrom

“L
(2.39) 1t oan bo shown that

N NX
R

rb'[\d = Z M b F’ﬂ sin evs (3,.51)

=1 .
whore is dependent oo © , & , £ and T ond
Py is the load amplitude of the mth term tn Fourtor

sarios,

Also _ugy 48 known as opaeffiocient of transversa

bending moment and in tho two limiting oases the valuae
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of for hos alroady boen obtainod {oguation 3.17)

and for

A =

{L(o’c»»h{—smﬁa)um ey ~ sinh oy sinh ov)

46’sin‘fr° 3 sinh 6 eoth G -

X[Cé'ow%c* -3 sirrhe) cosh OB — slm‘i.cﬁ-' O g <inh @FJ

E@co%dnsmﬁ.s)smﬁ OF - sinh o' Oy corvh ©¥]
2 sinh s coths +g-

[0“ corha  sinh OB - sinho® op eovh @PJ

+ (ocothe -sinha) costh Ox% - sinh o G sm%@'x)}

eess (3.58)
In thia coso aleoo it hao Boon ohoun by Mﬁﬁ%ﬁﬂﬁﬁ?(ia)
thnt Zor any valuo of « tho cooffioiont v, oon bo odtoinod
£roo tho {ntorpolation forula.

Ay = Mo+ (=) [
*en {3«353)

o. Coofficiont of toraional metent T,

Tao Sorsicnal nononts in tho lonpituadinal and

oxrosa boans ¢an bo caloulatod by tho formula

2vp T x
1 - T, b O —
a'? YP""{E < P ack
3,64
m;ua P 215 b b Q_op res ( ¢ )

vhoro (2 40 tho cooffictont of torsional momond

ind doponds on © 4 o -g-— ond -%- s Tho conloulations
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carried ont by UASSONNET (37) show that the coeffiofient Ix
ke represented with a sufflocient prooision by the intor-~

polation formula

rl:( = q‘i\ra(—. sHNe (3055)

whers the vslue T , corrosponds to the partioular camsd

of an Lsotropic slabd,
4. Rigorous metiod of galoulation,

' To £ind tho influsnce éurtaooa, jom&stdcr .

- conoentrated ioad P of goordinptes X = 0, ¥ = 6. The
problen;: of Linding d1iferent atresses due to any load
systom {n & bridge, then can be complotely polved by
smoking ues of the principle of suporposition, Tho i'or-;u

P oan be roplaced by a Fourior serios

Cb = P i gin M Gy M
A e 2 za ens (3o58a)

at an aocanﬁriouy 8. In %his sories cmsidcr&ns the mth
torm 1:; = Pm sin "mg: ¢ Where
anNTTe
2a.

Pon = & Sin

+s (R, 88 1)

and corresponding flexursl parameter Om=m6 4 o the

oross beams behave as 4if they are m times more flextible
T
Fa
‘values of coeffioients K , . and T for fixed < , s,

* ¥y are differont for Aifferont terms and these vary acoording
o m@.

than under the load [, sin » Thus, the numerioal



Prom the principle of supsrposttion the foroes and moments
in a bridge due to a concentrated load o¢an be written

as givan dalow .

(L) Deflection w,

8P
Loy = ‘ﬁ‘%?z 5 R (o) ST sl o
=)

0;:(335763
{i1) Donding moment inp longitudinal beam 13,
> n WK o Te
P, = .APa =L Ky, (€54) S0 e sin221S
=
ses ‘3;575)'

{111) Bonding moment in tho oross heams,

Pb

™ - i e

Y 3 /aetm (e,4) sin sin T

m=
*aR {395’3)
{tv) Torstonal mosents in 1:: the bridgs,
*t = YP‘*’YE Zm-’ Pum (?,*4) n —g 2.a
Ye

x — - — m
17‘46 YP -w&‘/ ses (2,.5'"1)
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o, Cploulation of Distribution Coefficiants fyom graphe,

Fros the eguations derived in seotidn 2.4
and 2,2 , the distridbution coefftcients X, ¢« & T
oati be evaluated Lor-specific valuss of © and ¢ nscessary fr .
For simple presentation and use of the sguations, curves
have besn piotted by dividing tho width of the equivalent
anisotropio plate, 3b, into sight esqual parts and labelling
the nine points thus obtained as b, -§§. -g- s O, g- . %
% and b, Those pointa are oconsionally referrod to as the
standard posttions for e or occoesionally, as the reference
stations for y.

' (16)
In the original papers of GUYON and MASSONNET

n limited nusber of values for X and o are dorivad,
Howover, in a latsr publiocaetion. MASBONNE? (an) bhas presented
some Comprehonsive tables giving tho values of Ka and Kyo
These values are derived on esloctronic computer for
iatervals of 0,05 for ¢ wvarying from 0 to £ mnd at tntervals
of 0.,% for values of 6 Ddetween i1 and 2. The basio squations
usoed are(3,14) for K, and (2,43) for K+ The ourves

are then plotted for design offfcs use, Oraphs & to 6

given at the end are for K, for various reference stations,
and 1oad ecoentricitios, Similariy graph 7 to it show the
values of ‘i' 3ince thw Mexwells' reciprooal theorsm sust
be satisfied it follows that K (x,0, a,b)= K (x,8,b,0) for
any refsrsnce station say % and load position sey - g. s K
must be identioal to X for rvefersnos station - % and
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load position % .

Distribution cootficients Lo aro coloulated
using eq, (2.17) As will be pointed ocut sooction 2.4,1, the
Poisson's ralio has oonaiderabls affect on the cooffioient
Ay v equation(2,75)4s used with Y m 0,15 which 1is
appliocadble to reinforoed and yrestrossed aonertte. The
values of 4, ars presented by Rﬁﬁﬁ‘ga) and doesign curves
Ioxr uo and _u, are given in graphsi13 to 2,

f. Doterminstion of poramstors O snd ~
(1) Elexnral parsmetsr O .

The value of © oan bho written ss

iy 4’_?.3_ = b | l '
2Q e 2a "o ‘(3053)

whore, '
b = width of equivalont anisotyopic plate
3a « effactive span, ‘ |

iL and iy » equivalent distribnted moment of inertias

of longitudinala and transversals por unit
width rospeotively.

In replacing an aotual structure by an eguivalent
anisotropio plate the floxural stiffnesscof the aotaal
longitudinal and transverso membors are distridated accorde

fog to their spaocings, Exanpleos of varlous types of struoctures
are now considered,
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(1) Open grillage. (Fig. 2.10a).

I£ I and Iy ars ihe moment of inertiae and p and
q the spnoings of individual longitudinal and oross beaus,
respectively then, ff the moment of inertis is distributed,
the equivalent anisotropic plate has an eguivalent width

-] —

H ly = ——

2b, given by 2b w np and | = 3

L
=
(2) 31gb Bridge, (Fig, 3.10 »)

Tae oquivalent width obviously equals the aotual width

. . £

(3) T~Bon-m Bridge, (Flg. 2.1060 and )

In a T-beans bridge , the egquivalent width end the sotual
widtih are tdentisal provided the sdge mombers have flanges
which cantilever out for half the besam spacing os shown in
Fig, {2.100), Yhere this ts not the case, tho sffeotive width
i3 simply deduced from the ratio of she mnua#t ot.winortiai
of an sdge and an internal member as givon hy

2. Iex

b = -2
2 (h-2)p + T

F and

i = I/P 3 tr = —qT- as for open
grilliage,
Yhere, ¥ and I,&I are moment of inertiasof one of the T~beams

with fianges width 8 equal to the spacing p and q reapeatively,
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In tuis conneotion, it should be noted thet since the
squivsient anlsotropic plate ie being derived, no
restriotion on flange width applies; farther with regerd

to the orosa~beams 1t should always be assumed that oross
beans ars prnﬂdsﬁ at the supports, Thess support dfaphrams
are sspantial ensuring distribvution of load and in sastaintiog
ths bearing stresses; the presence of these supyofz boans

is implied in the previous theoretioal anslysis,

Thus the floxural paramster © is fanotton of
1) the plan dimensions of the bridge i.e, byo,p & q.
3) flexural stiffness in the longitudinal dirsction and

3) floxural stiffness in the transverse direotion,

For most practical bridge struatures in concrete the flexaral
parometer © 1ies in the range 0.9 to $.0. For a élub
bridge © 4 equal to FE" since -~ w i , In o box ssotion
bridge © also squals ﬁ%- sinoe i  and v are virtualliy
egual,

{11) Torstonml Parameter X g

The torsional parameter °X {s given by

X = ME_. — Cdtdr)

G
2 ePeE ‘?E \[ iL'I.T

(3.59)

vherse J'._ and ﬁ - oguimlmt digtributed torsional inertias
ol longitudinals nnd transversals per
unit width respectively,
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Por reinforcved and prestressed aonorste,

Poisson's ratio s taken as 0,15 hoenoce -%—-»- 0,435,
It the torsional inertia of the longitudinal and trange

verse manders ars J and J! respsotivaly , then
Ju = 4, J = 3
r_:> 3 T Ci‘

In determining the torsional parameter « the
sain problem lies in finding tho values J and J, and
approximate values of X are used by usiag simplified
theories .Exanples of various types of esctions are now

oonsi dered,

(1) I-beam meotion, ("ig.2.11a) abows a practical Tebeam
ssction and ¥Fig. 3.11b shows an tdeslised seootion cons-
isting 4f:ibree reotangular arsas, The torstional stiffness
of a rectangular area of width 2a and }mmt_h 2b 1is
given by

Porsional stiffness o« k (3;)3@ 20, 0 mme{3,80)
where k 1o o donstant depending on the vatug of ratio

b +» The values of k are given in Table 3,14

* Table ¥o.3L,

77 b/a K 1 b/a | k b;'a k T
1.0 0,148 3.0 0.230 | 4.0 | o0.281
1.3 0.106 2,36 0.340 | 5.0 0.20%
1.5 0,196 3,50 G.849 | 10,0 0,912
1,15 0,313 3.0 0,303 | oo J 0,333

ﬂ‘



In a seotion comprising of a pumbor of
rootangdes it is logioal that the overall torsional |
stiffness ig equalk %o the sum of the torsichal stiffnosees
of fndividual reotangles, This 12 perfecotly true dut
in load distribution procedure what is reguired is the
equivalont torsional stiffiness of anisotropio plate and
torsional parameter <X as funotion of shie torsional etiff.
ness, Henoe, it 18 not correot to isolate an individual
T-beam in 5 T-beon bridge and detersine < in tuls way}
12 tule is dono the v;lae'°< so desrived will bo grester
than unity, whioh fs $mpossible, This 18 due to the faot
that the top flango of the T-Deam , which 48 o part otk
continuous sinb does not satisfy the aquaslon(ﬁaﬁﬁ)ad
eguation (3,80) nssumes the shear flow in the section aw
shown in Pig.(2.110) If the shear stresses ot enﬂn.at the
rectangle wbioh have a large 1ever arm ave nesglecied the
value of the torsicnal stiffness will be half of that
given by eg.(2.60),

In a T«banwm bridge, in saoh individual Pebonm
only the shoar stresses parallel to the top surface can
exist and 4f an individual T-deas is imsolated, then tup
flango contributes only 508 of torsional stiffness or
inertia found from eguation(3,00. Thus torstionsl inertia
i9 given by

3
J = 5 ki (201)3 2b) + K, (zr.\a)3 ab, + kg (2as) 2bz

Parther in reduocing a practioal seotion to
fidsalisnd seootion, it is suffioiontly acourate to make
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the conorete slab 1a two directions; lot Pe and P

are the Lflexural vigidities of an Asgtropiv slad, inorsased
in taws ratio 2=—f—§ and m = _;_E respectively, whsre

2

© 13(s ~»)
_oonsider asguation (2,30a)

Dwu o Nogleoting torsional rigiditiss of 1 boaams,

3

(e t¥e) = 2(21tep) = ax[fefe viereys U
, 3 is
P - 2B and Vx=2y=) 4in oaso of isctropy.
t 2 4
‘ 12{t =) _ |
Inbatitutiig & -—-5*-—'*- and Pp wly and O = mb,
; ' {3 (140 ) ’ '
X 48 given by ,
X = —l | |
| J erses (3481)

‘Expression (2,81) also considers the effect of Polason's

ratio,

Apa-rt L£rom the above three cases, for almost all,

practiocal sections egustion (2,00) oan bo conveniently usad,

the valuos of torsional parametera in n T-heam
bBridge ars vary lens dus %o smallier torsional stiffiness
of Tegeoction,the range of values of < is from 6,05 to
0.15. The behaviour of box sootion s similar to that of
ad faotrupio slab and the u;mu of o oars ususlly ia |

the range 0.0 to 0,8,
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' Method of Oggu-‘laﬁion £ the Deflectione
2_13‘.5 . <t'g% Moments, 3hear Foross anad
otions in a bridge dis o Actaal
Venicls Loadsy - =

Lo

(1) Loungitudinal Bending Moment and Defleotion,

Consi dar a general case of a bridge loaded by &

series of venloles in a line, and oall, P , P2 wecuPn as

the gonoentrated wheel loads of axiles in the sgmo file
situated at definite transverse geotion of the absciasa 5
(Pig, 2,13), 12 m {x) &3 the bending moment at x in a

aimply mppartﬂd bean of sene span as bBiidgo dus to & upit

load placed at the abscisea & , then the meas bonding

mumont per unit width duo a concentrated force P(G&.7) 1ie

equal €o m(x)sz (5-m) and the longitudioal bending

xument at seotion X of beam at y with boam spacing

Py 1o equal to g m(x) K(y,m) & (%, B ). The group
of Joads F to Pr in the same fils at absoissn & will then
produce a bending moment at =x in a5 hoeaw at '

¥ as
n=+b
Mep = S MY PG K (ym)
7]:—1:1
acnt(a&a‘a)

| For obtaining maximum bending uogent. the group
of loands must be placed transvarsely on the bridge in a
definite position, Fig.(2.13 a)shows the position of loads
whioh prodoce maxzimum bendiug moments in central beams and

¥ig. (3.13 b) shows the position of loads whioch produce the
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of vebioles are thus preoisely defined and oan bs related
to the cquivalent width 2b as saown in Fig,(2,18s), The
wheeol loads do not, in gensral, ocoincide with ;ha standard
positions; they are, thersfore, replaved by squivalent
loads at ths standard positions so that the wvalueos of K,
and K, oa: be used conveniontly, This is done by aimple
assumption; fLor each wheel load the sguivalent loads at
the adjacent standard positions sre the reaoctions of
simply supported bheam of span %'. The ioads are thus

P e P .g’m&d&' (Pige 3.13b) where *Z‘__ P = ‘:%}P;, = P4

and P, s the total axle load, n=t

In asoh of the two tpbles prepared for »Kb and
Ki for particular refearenoe sintion, the rows appropriate
to equivalent loads are multiplicd by the loads P , A’ ,
P+ Pa+ » 3inoe all these loads mot simultaneously, the
four: rows of coefficients so dorived are added up to
obtain } Pk « The resulting oceffiolents nfa appropriate
to a single axle with total load P,, For untt axile lcad

A

the rosulting ooeffioients are divided by P _. The inter-

A
polation formula(23,49)4s then applied to the nine values
of K, and K, resalting from this procoss tc obtain

distribution coafficisntas Kz for a single axle load.

If sinidlar axlo looads are aoting slong the
iongxsndinnl line of tho bdridge, ihe distridbution profile
rewmains constant along the span and it only rosains to
considesr the mean leffeots caused by assuming that each
axle load i3 replaced by a lins load uniformly distributed
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the bridge in almost all the oamses, and therefore those
ourves relevant to standard position 0 are requfred,

The maximum value of My ocours when tho load 1s applied
near to the centres of the transverse section of the bridge.
Tais is opyosite to the oadc of the longitudinal momant which
haa its saxiwus valuo whon the load is at g position of

maxinun scoentriolty with respect to the longitudinal axie,

For o conosntrated load P aocting at ¢ on a

simply sup.orted beam Pig. (2.44a)the load term | i sin %g ,

As the convergenoy in the case of transverse moments is not
sufficiont to allow an aocurats asscssment to be made with

only one tarm, the oxpression for My usod, is

Ply = Pb ( e T ane ... 27Tx
.4 /Uv((l) sih—= slh—= + 0,y sih 5o Sin -
o 0T mlix
e + /(:'J.( (m) sin = ‘sm ot
. teee (acﬁal)
nllx

Tho term sin —— rofors Lo the transverss
nation at wiich thoe tronsverse soment is reguired, The

oritical ssoticn is at mid span 1,0, X » a, Thae

e 7T & T
M# = (/Uq(_j) Slh? - Ad(3) sSin—— = t s sin Z,CS
< e ).‘ ' vees {8,830) |

as even terms have ocancelled out, Further the coefficients
A (m) 18 the wvalus of U, for a bridge of flaxural paramoter

20 rrom graphs 13 to 31, Thus the transverse bending moment



b =£ sin mxcg
LP moa 2a
A _ 4 @
na e o S Y b = 4b, Sin mnc sin mru
[ N Po i m 7 2aQ 2a 4%)
A I 2
¢ —~
Fau- -2 U Pm = é%g sin 7€ sin "‘:au CosT:Te
’ L ] po I l—- " —] : 2a — (C)
|<— € —»< — € —nl
oo - ¢ — ] e {
e T ibo
A 2 @)
bm = ~ 2P cosmx%
m~
FIG.2:14 FOURIER SERIES TERMS FOR VARIOUS LOADINGS .
b
0 2 b

(@) TRANSVERSE. SECTION

0] a/s 2a/3 a 4a/3 5a/3 2a
| - .
| 75/ { 100 J, | .
| ! ’

(b) LONGITUDINAL SECTION

FIG. 215 APPROXIMATE TRANSVERSE AND LONG!TUDINAL DISTRIBU~
TION OF (My } MAX, ‘
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at siG span dne %o a concentrated load oan be rewritten

as
b . . . 1
My = %(/“«cs) sinTe _ us(30)sin BIE e sq SNELE
+ e ) Mw(aaﬁaﬂ)

1t is sufficliently noourate to oonsider firest three

terms a8 for large values of O, Uy tends to zavo,

X£ thers aro twe Rinos of load moving having posite
ions o' and o%, the rosultant value 0f My 4e found by

superposition., Thus
— 3 »
Pl = Ply )+ My @) cee(2.04a)

For any value of X , using equations (2,53}, (2.83)
and {4.04a), tho transverse bending woment is given by
intarpolation eoxpression |

L)

Plyt = Ply,+ (o1g, - P1y.) JX evee(B.64D)

mers "’b ann' uy1 are salomlated from the vatues of
Al antl ¢, in graphs 13 to 2%,

For diatributed Joads tho Pourier series terms
for various types of loading are given in Fig, (2.14 & to &)
and the oaloulntions for those cames oan be done in the

sase way as for conoentrated loads.

The detalls of calculation for concontratsd loads
are given for YI.R.U. olass AA loading for whoelsd vehtiole

in examplao 3 of section 3.3,



o

The procedure developsd above is applicable only
for ths deteraination of saximue sagging transverse soment,
The maxisum hogglng tranavorsafaoaanz goours for the
socentric positions of the vehiocle but thely magnitudes
are oonsiderably less than the saxizum sagging moment, Using
all graphs 18 to 19 for u , MOHICE and urma"m) have
shown that for abnermal loading of Ministry of Transport
England the wax, hogsing wmowent doea not exooed the value
ot 10% of the maximum sagging moment, After oarrying out a
dotnilaed analysia for transverse momant they have also
snown for abnormal loading the approximate distributtion of
My along the transverse and longitudinal Afireotions. For .
design purposes it 1is :u;;ouﬁod that

| {1)‘£ar varying povitions of vehicles, tho maximum
sazging transverss momants in s tranaverse seot.
ion approximately wvary as shown in Fig(2.18a) and

{(3) for varying position of seotion along longitudinsl

direotion the maxinum sagying $ransverse bendw

ing momonts approxisately vary as shown in
Pi&c 24406b,

(811) pissribusion of Shear Foroe ond Remedion,
Taking the expressions of T and T from

%Ge 2,390 nand re-writing them as

E %‘[2’

e
o= - %% r - € %)

oy )
_ _ ¢ Bw Y
T =- %58 4 )

r oo (3.65)

L
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Consider Lirst term of tho Fourier serios for the load,

the daflection and transverse momant ars written as

e o’ b gin IX. kg
N. - AG %
Atee 2b
2 . Rx
Dot E‘Pa sin ~——
Py, = - Ffe 55 = 2a

Thersfore, oguation 2,88 oan be writien as

22 3 Nx
by = -2_’}9—'- ——-——2';; (KM')...ZO(EW,U ‘*0)) % 2
Ax D - 2_72 tioxd K ses (2,08a)
fe 4a> P 22 2 (20T () (1)
Ty, = —?—,; 53 zb ¢ipza ’b}( A

where 1, 4is the distridbution cosffiotent for the transverse

moments assuming Polsson's ratioc as sero,

The complate eoxpreasion for ‘?‘.‘ is therefors
oo

. ‘ -
=1
ose {3,00)
Por X =0
> b N T
™= 2% Sy e e
m=1

At supports 1,0, x = 0 and X » 2a, the resction

?x ia given by |
Do
Dt'bg«

Nx = Ty = ’9_@_& - whene ™ ‘—_-;0( €p O¢
e .



Por theo firat ters of thie 1004 sories
DMy o | P 2 e\ — & T,
oy - “Jee ’51("95“4")—“" & 2a %

g B
UES — 2a P 2.2 9 “TNe
pberza =-5F 4 (axSr7deay
and therefore,
V — 4 2 Pk pacetw
ey = % B (raesT

(W ¥ (ﬂ. ﬁ?‘)

The complete series for ?x ia, thervilore, given by
o
Vx (. = Aa PT" {K* (me) + 4= [m@)z"n?—/a,d\ Cmo)}

xX=0)
m=| P =2b

" -

m 2,

b ecny = > 7 B K < Cmei}
m".:j

see{3.67h)
Por X= O

P,
‘ * Ba. .
vwﬁ"' ViR l'g-xg-
The caloulation of the shear Toress and reactions
using the formulae devived above ocan be done for actual

vohiole londs.,

For sheuar ﬁx' the two poesitions producing the
maximum longitudinal and transverse bending moments on o
transverss seotion alrssdy disoussed above are oritioal
for oonoentratad iLoad veaiole, Frou thess two posttion
distridution profile for Ky and U, are obtained, For oix
the intsrpolation formula given by*ﬂASQOﬂN&wiie’aq) ror/u’
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P
- ALALo il
uay bhe taken as /a’a( = Mo + (A - o)

Cbviocusly a nomber of terms in the serxries given

by equation {4,66) are aonsidered.

The reaction \!‘x is derived divreotly fLfrom .
equation 3,87 (2) using the two oritical profiles for K
and_Cx o For ¥, upto 3 terms of the load series are
noraally considersd, |

For shear 1 T, e squation (3,65a)shows,Ty
cannot be obtained direcsly from the vnlues of K, and ely
but depsnds on the differcntial with raspact to y of the
distribution profiles for K, and - , This differentiat-
ton is normally done graphiocally, |
2.3, _BXAMPLES OF GRID SEAM BRIDGES,

Numerioal examples which are solved by
using the graphs 1 to 21 , indicate the validity and easy
appliocation of the anisotropic plate theory developed
in sections 3.1 and 3.2, Constdering the extrome cases
of open bridgeo grillages, numarous examplss for wide
- range of parameters are solved and a comparison of values
thus obtained i»s _latia with exaot values, In example 1 no
torsion bridge grilliagos with three, fouyr and 9ix main
baams and one oross boam for O w 1, O = 0.5 and 0 w 0.38,
and anit load appiioations at difforent beams are solved.
In example 3 torsionally rosistant opon grid boam bridges
with four wmsin bosss and threo oross heams for O w 1.0,

O » 0.8, = 04, and o~ = 0,04 are solved, Example 3
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shows tho method of oaloulation of bending woments in long-
1tudinal and oross boams in a sizmply supported four girder
bridge of 40' span and 23°' roadway with three oross beams.
The caloulations aro made for Y ,R.C., alaws AA loading wheelasd
vehiola of 40 tons and tho oritioal positions for saximum

longitudinal moment and maximusm transverso woment are indicated,

2,3.1., Examplws on No Torsien Bridge Grillages (= 0)

Throe oasos of three, four and eix girder bBridge

grillages with ono oross bheam are taken for analysis, Change
ing the rolative stiffneses of longitudinal and oross-heams
odequately to obtatn the flexural parameior © defined dy
equntion 2.68 as 1,0, 0.8, and 0,35, the ordinatés of Ko
are tabulated Lrom grophs 1 to 6 for 0w 1,0, © = 0.8 and

© w 38 in tables 2,23 to 3.4, While tadbulating tho values
of K, the Maxweil's theorem 1.8, Ki, = Kj; amij;bl(oc%=zb
are considersd, to gaurd againet any poassible error in

reading the graphse,

(a) Bridge grillage mith thres moais booms,
Constder o bridge griliago with three main beams

and one oross beaw ot the centre as shown inPig.3,10(a),

the dimensions takon arc 2a = 54,0 ft, p = 13,0 ft,

.‘cRb = np
= 36,0
q = 37,0 £t,
Let I and !, are the moment of inertias of

longitudinal and oross bLasams rospectivaely. When the unit



load is applied at 1 (fig. 2.,16a), the distribution of

load for this open grillage is found out exactly in torms

of parameter A= Q§)3f§; by flexibility method and using

nyn-itr? and antisymsetry of the load and deformations,

The complete results, thus obtailned, are shown in Table 3,5(a).
¥hiles msolving this problom of opon grillage by

spproximate method of nﬁiuﬂﬁrunlu plate theory, when O

given by £ ;7; 1n

9.106 3

w 36 and ks-?%

+

T

9&9.333--%; ug%-’ and A"%E

1t is interoeting to note that for n case of one

oross glrder at the centro,

A ﬁ’% x 0 ees (3.88)
where, "
8 = Enaber of main beams
thue for n =3,
A w238 o7

Also 1f A4 donotes the ratio of span and equivalent wigth
of anisotropio plate 1.0, ~ﬁ}q then for a caso of one
arose girder at the centre

3 4
w-L - --%g-- A © see {2:50)



WABLE 2:2

VALUES OF DISTRIBUTION COEFFICIENTS Ko AND K, FOR 6 = [:0
REFERENCE LoAD PosiTign

STATION 1, -3b/4| -b/2| -b/4| O b/4 | brz | 3b/4| b >
Q [F0-70| 017 | 1-00| 1:90 | 2:35| 1:90 | 100 | 017 [-Q-70] 0-993
b/4|-0-52 {~0-14 | 0-38 | 1-Q7 | 1:90 | 237 | {-%2 | 0-36 |-0-24 | 1.0053
Ko | b/2{-035 |-0-t7 | 001 | 038 | 1°00| t-ec | 2-41 [ 98 } |24 0990
5b/4{-0°07 (=015 [-0-J7 |-0-14 | 0-17 | Upv | L 9o | B 24| 4 49| 0999

b |06 [-007 |-035 |-0-52] 070|024 | 1-24 | 4-45] 9-00 | 1-00)
0 0-47 Q-64 | 0941 1-25]1-62 351 0.)4 0-64| 0-47 ) 0-994

b/A| 024 | V-5 | 0-56| 0-39| L 55| 1:67(1-40| 110 | 0.5 | 0995
Kl b/2| 0-13 0-21 O 5% 0-%6]| V24 145 L e L -77 1551 0997
Sb/Af 0-07 | 0-12 | 0-21 | 036|064 | 110 | L-77 | 2-42| 2-66 | Q999

b -;)_h‘_c_)?_a 0.07 | Q-15 —:)—:'2#;”0‘47 0-85 155 2:06| 420 | ©-992

TABLE 2:3
VALUES OF DISTRIBUTION COEFFICIENTS Ko AND K| fOR ©=05
REFERENCE LoAaD PosiTion

STATION ™) -5b/4| -b/2 | -b/4 0 /A | b2 | 3b/4] b >
0 | 055 |0785) 108 | 1-22 | 1:325[1-22 | 100 [0785| 035 | 0993

b/A| 0-00 |0505 | 065 | 096 | [-22]1-%¢ | 142 | 140 | 1-385] 1.005

Ko | bl2|-0-58 |0l |0:22 | 063 1-0] [1-42 | 1:81 [2-075| 2-31 | 0985
Sblfh|-0 96 | 055 |-0-18 | 0205] 0785 140 | 2:0/5| 2:95 | 3-95 | 1. 000

b |-1:4% |-096 |-0-54 [40- 00| 0-55 | 1335 | 231 | 3-55 | 470 | 0.992

O |0-%6| 095|100 | 1-08f 115 |1-04] 1.00]0.935| 0-86]1-003

bit| 068 | 076 | 0-85 096 108 | 115 | 115 [ 1112 | L-cz | 0yss

Ky [b/2] 055 | 0-63{ 075 | 085 100|115 | 1:29 | 135 | 1-38] 0995
5bil| 045 | 054|063 | 076 095|112 | 1.5 1.58 | 1.75 | 1009

b {058 | 045055 G-68 O- 8¢ 1.08 | 1.3¢| 175 215 | 0993




TABLE 2-4

[ ]
VALUES OF DISTRIBUTION COEFFICIENT Ko FOR 6 = 0-25
REFERE NCE .LoaD Posrrin
STATION b——t=5b/4l —b/2 |-b/4 0 b/4 btz 3bl/4 kb >z
Q | 0-90 0-96 { 097 | 105 108_ 1.05 097 |0 96| 0-90 | 0997
b/4| 022 | 041 |0 6350355 105 | 42l | 135 1154 | L-70 |1.00]
Ko |b/2 |-0555 |-0155 | 0-245| 0-655] 097 | 155 175 | 250 | 2.4% [0-992
So/4l-1.17 |~0 64 [-0-155 | 0-4Al 096 | 194 | 2-10 | 273 | 528 | 0998
b |-1.94 |-1.17 |-05%5| 022 | 0.90| 1.70 | 2:48 | 528 | 4.05 | 1-00¢
Note: E = ud ndy [y 4 Ko+ 20Ky + Ko 4Ky,) B ARy b+ K Kyy)]
TABLE 2.5
() THREE GIRDER GRILLAGE
Ko Ke Ke
LOAD‘AT SYMM. ASYMM. SYM M. ASY MM. SYMM. | ASYMM.
A+l 1-0 A+l
A —_ +0-50 Q0 ~0-50
2ZA+ 5 2A+5 203
Lo 2241 10
b(2) —_ -— c— — —
2ZA+ 3 CA+ 5 ZAYH
(b) FOUR GIRDER GRILLAGE
ka ke
Loa D‘ AT SvmmérR(CAL AsvmrieTRICAL SYMMETRICAL ‘ MNSyeimg TRICAL
2-5A+ 0-5 1-B5A+45 0-5 1-5
a e ——— —_ _
5A4 2 Ba+10 5A+2 A +10
0-5 1.5 250405 '8 A49°5
b (2) - _ - oAy
S5A +2 DA+ 10 Sh+¢2 BA 410
Kc Ka
) 05 -15 252405 1.5A +45
al — e i - — -
SAb2 3A110 BAY 2 BA 4+ 10
2-5)2+0:5 YA+ Q5 05 1.8
b ) —_— e = U — ——— —_ e
5A+2 BA4 10 5A+ 2 e BA+IQ
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TABLE 26
@ For 8- 1:0
LO;—\DABE‘:: 2 b $hb ;b 0 b | -%b -5
. 3 b 3340 - P-9600 | 01700 | -0.17 ~ - Q- |5—
BEAM—‘I,Z b I- 9400 — z-qjoo 1.0000] +0 - Ol ~- -0:-16
Q@ | 2/2b | 2-9867 21235 | 0.4467|-0-1100| — - 015353
2/;6 — | 2 es22 - 04467 - ~0:13%9 -
BEAM 0] 917 - 1-00 i 2-3% 1-00 — 017
b 0 - 04467 - 233 - C-44el -
() FOR © = 050
L BEA:: 3 b 2 b L b 0 -L b -2 K ~3h
OAD AT 5 3 2 z 3 T
34 b | 224 - 2075 0- 785 |-0-18& — -0-5%
Bean| V2 b 2- 075 . - @210 1-010 {4022 i -0.g
Q 2/5 b 2-5350 . - 9867 0-R60 | ~0-a467 _ - — 04153
2/3p - 2-35%56 —_ 0 %60 - -0-2911 - -
BEAN 0 0»7%‘; 1.010 1.3%25 1- 01 Q. 7%5
b 0 0. R60 1-325 0.-860
) For © = 025
Bean 5 b 2. b b 0 Jp -2 h -5 b
LOAD ATN&T) 3 2 2 3 4
3/ b 2271 210 0- 96 0155 -0 -64
peam | W2 b 2-10 - 7% 0-97 -0- 245 - — ~0- 155
Q 2/3b 2-5) \-9767 0- 9633 | ~0-185 — -0-4783
2k b — 2:-332% _. 0 9633 -~ Q-3806
Bram| © 6-960 —_ 6-9% og 097 696
b 0 —_ 696373 — -0 69635 -




TABLE 27

Trree GIRDER GRILLAGE

8=1-0 A = 256/g, ©=: 0:50 A=16/g, © =025 A= /gl
LOAD k- Ke
A By Guyons | By E xact | By Guvons |BYy Exact | By Guyons| By Ex'Act
T METHOD METROD METHOD METHOD METHOD METHOD
Req| 09023 09464 D-@gl23 0 ®527 0.-7877 0 8347
REAM
Rya| © 1453 O 1072 0- 2868 02946 032?25 03306
Q _
R, |—0-0476 |- 0 053 | -0 0991 | —0-1475 |-0-1102 | ~0-1653
km, 0- 1453 01072 0-2369 02946 ©-3225 0 - 3%06
BEAM i
Ry 07094 Q- 7856 0 4264 0-4108 0-355¢ 0-%%88
b .
Rep| 01453 01072 0- 2868 | 0:2946 | 0-3225 0-3%06
TABLE 2-8&
FourR GIRDER GRILLAGE
p 71'0 A= 1-0 © =050 A= Vl6 Pz 0-25 A= 1/25¢
k=Ko
LoAD T4 - ; ~ \ i ] .
A By Govopns | By ExacT By Gurens | By Exacr By Guvonsl By E xacT
T ™ME THOD METHOD MLTHOD METHOD METHOD METHOD
R | 08600 0.490 | 07091 |. 0 7347 0.-67%37 | 0.7025
k 0.-213% 012068 0-3474 0- %655 Q- 5L %54 0-%3974
BEan| b0 ' B 39
2 Rea |~0.0347 [ ~0 0440 00758 0:06%9 0-1020 00978
' kda -0 Q0386 | ~0-0%29 | -0-1%32% -0 1671 ~0.159) | -~0.1977
Ray | 02133 01268 03474 | 03635 | 0.3@%54 | ©0-Sov4
Row | © 5659 05824 0:-%402 | O- 5421 | 0.3%016 | ©-%5029
Bran : '
b | Rew | ©-2555 0-2748 | 0-2%66 | O 2255 | 0©-21%30 | ©-2019
~0-0347 | ~0:0440 0 075 0 OGRY 0-1020 | *0-0978
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for n o 3
and B -g%'—
= tqﬁ »

4.
squation 3.00 reduces to 1/1, =368 ,

Since 4n the pilate solution the main boams are
at 2 3/3b and 0, the values of K, (froa tables 2.2 to
2,4) for outer bHeams a.ra linearly interpolatad firstly

for heam position = 3 b from the values at ¥ 3/4d ana

+ 8/3 ond subsequently once again the values obtained

are linearly interpolated for load position %h and 0O,
The onloslations for Om &, O w 0,5 and = 0,20 ars shown
in Tables 3.6 a, b and o, Dividing the values of K,
obtained 1n Tables 3.6 a, b and oby n w 3 %‘.’- , the
transverse distribution cosffioient kgb’ kb“ sto, are
obtained., The values thus obtained are tabulated in Table

2,7 and are compared with the exaot values,

(b) Bridge grillage with four main bepms,

Considering a bridge with four smain bpams and
ons aro#s beas at the asntre ss shown in fig, (2.16 1), the
dimensions taken are 2a » 54,0 |

Ps 9,00
- & = 1p
w 38,0
Q= 27.0 %,
s = 1,8
For neé, A= o6 " and L 94 P --84394



TABLE 2:9
(@) FOR ©=10

3

t

A _ . - o .
et v B (e [ F ] e e e R R ]
b (900 « - [a45 [124 [02F | - VA e o PSR T O i B PT
s |24 445 ; 334 [188 Jowe | - o1 | - -o14 -o i'ﬁ"?%.f oo
a |3bfg|5-9687" - 37100 (107333 04335 — |-012 ~  -0°2667 ~0:2300|-0-1233 ~  |+00061
lsb/gib—:__?l;e—zz’l — [173ss| — ouses] — loag| ~  -02300] — 00800 | —
BEAM‘ ble | 1-24 - 1198 [2-4F (182 —_jvoo . —- 038 .o-ol -017 —  |-035
I b | — 17333l 2 400 — |15467] — 05667 ~ o000 — o230 — |
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JABLE 210

S1% GIRDER GRILLAGE

9=1-0 IS =0 50 A= Ve 8= 025 A= Vizes
LOAD k-—%" S
AT By GUYOGRMS By ExacerT 8y GuyoNS |By ExacT |BY Gouvens|ny L xalT
METHOD METHCD METHOD METHOD METHO D METHOD
Kaa | 0:75 1 017V 4 05696 05712 0514 0-527)
kua | 0-2866 6:2952 03630 03674 | O 3754 0 3802
kea | 0-04%6 0. 0%16 O 1L95R 0 1993 & 23%0% 0. 2353
BEAM
a Kdéa F0- 0366 S 0-Va64 00624 00619 O 02 60027
kea [0 0 383 - Q0400 0-0506 | -0 0472 | -~ 0475 [~ 0 0A4T¢
kea 00124 0 0118 01400 | -0 15826 | 01690 | -0 \&75
Kew | 02866 0-2952 03630 O.3674 0-%756 | O 3202
Keg | 03923 0-3%908% 03061 O 004 02577 o295
Key | ©-2579 | 0-2504 02176 | O- 2169 0-206l | 0-2101
Bram | S R
o kao | 0- 0979 O - 0940 O 1266 0 1244 O 1759 O 1339
keb | 00010 i G- 0076 G- 0373 00292 | 00422 | O©-0378
kip |- 0- D303 1 00400 | —0-0506 | —0. 0472 | ~0.0475 | -0 -047R
Kee | 0-04g6 | 0. 0>16 01958 Q- 199% | 0-2%0% 0-22¢%
Kie | ©-2579 © 0-2564 | 0. 2176 o 2168 02061 | ©.210]
Gen Kee | 03650 0 3940 0 2142 0267 O-1%6a - 1g%2
tAM H .
c kae [ 0-2¢72 0277 o134 Q- 109 Q1601 3-154¢
kee | 00979 O -09%40 O 1256 O 1244 0-1259 0:1239
Kee |- 00266 -9.0464 0 0624 O 0619 0-Q912 0.0927
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when
O w1 ; -%; = 27 and ) =4
 § 37 1
O = 0,8; R and A=
S R 13
L, 3 wa ).y
& = ,a8; L vy
. "i'; 358 |
The values of K, 4n this oase oan be dirootly

obtaine:! from tablos 3,3

to 3.4 for beam positions & 7 b

nnd : -: and load pnauiona T b and % miltiplying the

values of B, by -§5 b %, the traneverse distridution

coefficients are obtatned, The values are tadbulated in
ooy ,

Tabie 2.8 and compared with sxact values oaloulated from

results given in table 2.5 b,

(o) Bridge grillage with six main beams,

Consdering a hridge with six nain boaus and one

eross besm at the centre as shown in fig. 3,160, the

dimensions taken are 2a =
[ ]

PO ﬂb »

-

q "

S o=

For n =

whon O m

f =

G =

&"' y '&gﬁ*

np
36,0
27",
1.5

63 da %‘-}-eunc /1, “18 6

A 16
i~y = and X T
i 1 9 ]
9
033 T "3 and A Ty
SR % TU RN
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Again the Ko values are obtainad ueing tadlos
3.3 to 3.4 by 1inear interpolations for beam positions

b b
'g'b ’wﬂnd 30

* %b. * 'g andig- and load positions
The fnterpolated values are shown in Table 2.0a, b and o,
Finally the values are sultipiied by'ggﬂ -« %»to obtain
the distribution profile, The values thus obtained are

6onpnred with exact values in table 3.10,

Tables 3.7, 2.8 and 2,10 show the occmparieon
of distribution ovefficients for extreme cases of dbridge
grillages obtalned, dy anisoiropio plate theory and exaot
onaslysis, The following observations can be made by comparw

ing the wvalues of tho cooeffioilents .

(1) The values of dietribution coofrlfioients
obiained by anisotropic plate theory and exact

analyais are very closs to sach other,

{3) Oonstidering the absoluto maximus volues of
distribution couflficlents obtained by the
methods, it is seen that the orrors are
B,6% in threc girder oase, 3.4% in four girder
case and 3,6% in eix girder case. Thus, the
sssumption of andmotroplo plate is betier
mot with for a bridge with 1&:50 sumbor of
longitudinals as it is evident from physical

oonsiderations,

(3).The alstridution of Juad in a bridge improves
with the increase in the uhitrnane of transe

verse nedium 1.0, deoranse in the value of §
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The negative distribution aooffioclents
inorease witn: the increase in the transverss
stiffness and number of longitudinale, In
the limit whon the transverse stiffness
bacomes infinitte Lt bohavos as o rigid medium
leading to linear varistion distribution
coeffiolents as in the case of plane transverss
seotion of o Boaw in bending., With this
condition prevailing tho outer girders are
more hoavily loadod, than the cass when the
medium is flexible, In a six girder vase the
maxisus negative vaitue $s sbout 35% of the
maxisum positive value for O = 0,35,

(4) The Ailstribution of load obtained by anisotropio
plate thieory is dattor than by exmot method,
This is clear from the fact that unlike as
in the open grillago analysie theory, the
anisotropio plate theory assumos additional
€nd orows Deams and rotations of longitudinale

at tho supports as mero,

2,3.2 Torsionally Hesistant Orid Beas Dridges,

A ocaso of Zour girder torsionally resistant grid
beas bridge ia considered for flexural parameter § o 1,0
and b »0,5, Considering the variation in torsional stiffness
of the bridge two oxtreme vnl#&u of torsioval paremeter
A = 0,06 and A & 0,84 are used in the onloulation, For

coxparison, the transverse distribution profile due unit Y
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load aoting at the mid point of the longitudinal baam

ts derived for thess cases by the method of 'flarmonio
Analylu'{“). In the analysis by anisotropio plate
thoory 1t 18 alwaye assumed that the end oross beons are

provided at the supports,

Four girder open grid beam bridge,
Constdering a torstonally resiastant four
girdor bridge with thres oross bogus egqually spaced,
The Aimensions are
23a c 54 p = 9,0
q = 13,56 2b wnp = 36,0,

For thres oross bean oase

: 4,3
. . 2o ves (3.70)
T
+ » 56, for ODe i
b
: a7 1
;};- » -§3 for Om T

Taking the torsional stiffness of the oross bLeams
J,!, = O and % = 0.6 tho torsiocnal parameter X is given
by

: G J/P
= 2 E T
I+ 79

Substituting the walue of I, from squation(3,70)



NE

J _

T - o g2 eeos (3,T2)
_g_ = _§__4_- X ez/s

I, M

It ie interesting to note that d/; 43 independent of

nuader of matn beams n, Thus for

/Z = iaa

pjee
-

i

o
o

3
- » 24 A O
Tr

Hence for

0= 1t ; w008 § Fmeg 2 ana L 0.0

T
g 2se s
and o s 0,04 3 T *= %6 and ~ » 135,30
Iy
for
1 J 64 J .
Ca 7 » 0,08 ¢ T * 550 nnd-éi; » 0,24
and & mo.84 ;% » !'%%% angd % = 3,84

T

Adopting the ratio % as dorilv'ud above for X Q.04
and < =0,84 , the distribution ocefficisnts K, for (a=l
and K, for X = Oare obtained for beam positions 23v/,
and = b/, and 1oad positions 3b/, and b/, from tables
2,2 and 2,3, Subseguently the vaiues of K, ars tabulated
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in table 2.11. Multiplylng Ky values by Bp = § . the
dtetributien profiles are obtained for the two load pos-
itions,

The values thus odtained ars comparsd with
the vaiues calculated by "Harmonic anglynis'(ia) given
in tables (2.13), In tho method of 'Harmonio Analystis?®
given by HENDHY AND JAEGER, thoe parameter o, {igs used to
deternino the ratio of span to apaoin;nox longitadinals
.ana the ratio of trapsverse and longitudinal f£1exural
rigidities, pnd 4% 1is writton as

oy = 4 l.'ghEIT
H — pep—— _._.) e —
714 h EI for tho first

harmonic distribution , whers,

L » the span of the bridge { -2a in ocasc of
plate theory)

h « spnoing of the matn girders { p in case
of plate theory)

£l w Lloxural rigidity of one main girder.
ax? o Llexural rigidity of one oross girder,
and n = number of oross girder (say oqual to =
in plate theory)
The cveffioient X} of Harmonio Analysis oan be
correlated with the floxarsl parameter O of plate theory

by simpls reolation

4
3 Ad)
Xn T Fop2 (M- o4

eves (3.73)
vhore, n = oumbey of maln girders,

Equation (2.73)assumss that in both cases there are end
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240
7"4 84
The second parameter P used tn harmoniec ansiysie

oross boaws, Thus for M« 35 and ne 4, Au =

ia given dy o
— I GJ
P (%

S ot ———

an L/ EIf

‘rﬁu; paramoter B 18 o measure of the relative
torsional rigidity of longitudinals and neglacting the
torstonal rigidity of the transverso system, it oan he
correlated with the torsional parmmeter < of 'plate

theory' by simpls relation

1671'2 2

P = —5 xo
me eres (2,73)

For m =% ond ne 4 eq. 2,73 reducoz 2o

2

e,
P = XB©

EXT Y {2 utaﬁ)

the lolntteﬁ a&t‘a bridge for any vaiue of by
harmonio phalysis can be .aasﬂ.y ohtained by using interw
polation formala as the sooffioient of transverse Adistr-
tbution Po and €, are derived for two extroms sascs as
regards to torsional rigidity of longitudinals, namely soro
and infinite torsional stiffness (4.4, P w 0 gnd p=co ), -
These derived values are given in the book 'Tne Analysis
of Grid frame-works and ielated Structures' by UENDRY and
JAEGER, sppendix 1B table I, The interpolation formula

[ B
Pﬁ '—’-Po'\‘(%o'fo) _3—”'—{;_;%”

usod is



g i 1‘.‘(.).
ELY/A a | ~B4 |- 3B, | Bbh b | —Bla | -3
'_5-34 ‘10-86 -0l4 |-0-15 284 {-40 | 0305 | 053
K. |242 [110 [ 056 |02 |1 58 | 112 |076 | 054
 (k-K|-0-92 | 024 | 050 | 027 |-126 |-0-28 |o0.455 | 107
(R(K,-Ko |-0-184 | 0043 | 010 | 0-054 |-0252 |-0.056 | 0-091 | 0 244
Bbjy |V (K,-K)|-0/36 | 0192 | 040 | O-216 |-1.008| 0224 | 0-364 | 0.856
Ky, 5156 [ 0-908([-0: 04 [-0.096 | 229%% | 1°344 | O0-%96 [ 0316
K, /4| 07290 [0-2270]- 00100 |-0-0240| 0-6470] 0:5360 | 00990 |-0-0790
Keo (2604 {1052 | Q-26 | 0066 'l-@sz— 1.176 1 0-669 | 0326
Kualg| 06510 [ 0-26D50| O0-0650| O-Dl6b [ 0-4500) 0-2940 | 0.1673 | 00815
Ko og_@‘ 237 |1.07 m;{; 1-40 | 458 J0.96 [ 0305
K, 110 167 029 0 56 12 1 1g 0-96 | Q.76
_ (Krlkke) ] 024 ~'o.'70 -018 0-50 |-0-28 |-0.-23% | 0.00 0-455
T (K,-Ko)| 0-048 [ 014 [-0-036 [ 010 |-0.056{-0.04% | 0-00 | §-09i
bfg | V(KK 0192 |-0-56¢  [-0.144 | 040 0224 ~0R4 | ©0.00 | 0. 3064
K, |0°08 223 1-0%4 |[-0-04 and | V354 [ 0-9¢ 0 5%
Ke,/4.| ©2270 [0.5BT75 | Q2585 | 0 000 | 0-%5560| 0.333510-2400| 0-0990
Key | 1052 |1 @) 1 0.926 | 0-26 -tx% 4).:‘.9_6 o-:zcs 0669
Kﬁ/io-’aeso 0‘4525' 0.726|5 Q- 0650 VFB-Q%O 6-2990_ 0 2400 | 01673
T Neve: 4,z 004 ;K=o 64 -
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" . , , P-J<%H
Obtatining tho oultiplying faetor :3+ﬁS—— =, F
in torno of the parnooters of »lato thoory, 48 15 ooon
that
o &J3 ,
P H = —e—e °<  XE X (3b74)
\Im(mq)
vhoro,
~H donotos tho flomural parapotor,
of tho Uarnonic Analysis
and o« donotes tho torsional paraoctor of

plato thaory.

It o intoresting o noto that PJ<n 4o inde-
pondont of nunbor of tinin boans and O and dirootly
proportional to o , vutting o= 8 PBlAy o 3,005
and tho oultiplying taotom

3:096
I+3r09L

For conparivon of minorical voliuwas of various

KP =
{2.74a)

LE R X J

coofficionto uced in *Plato Thoory' and ‘'Harmonie Analyois!',

tablio 3.13 . i0 givon,
Tablo 3.13,

5, NO o PLATLS RLCONY ’ "HARMONIC ANALYSLIS
1 1.0 0,00 V.3 | 84404 C.0 Ued00
2 1,0 0.04 0.0 2,464 1.36380 0.63006
3 0.0 0.04 08 | 30,40 0.010%4 0.4001
4, 0.5 0.04 0.8 [ 30,40 | 0.3158 0.8308




TABLE 213

A 610 ; An- 2 464 82050 5 dy - B394
T L= 004 P=0078% 4:5;:“76::;@; .«-‘(:..;0“4_..«.;5‘5;9—7; —'-<= 064 F-03158
T TV oN | By HEN DR a7 @uron—|- R HEN R~ G o N L B ENDRY | BY (U YONT|BY HENDRY
masonmer | JAEGER | mAsionne) dAfeEn | MARIET Ao | Mheries RSV
Kaa 03090 08447 | 0 6565 07742 | D 6465 (;-5525 0-4576 | 0-4859
ke | 02285 | 02105 | 02620 | 02263 | 0-3341| 6 34% | 0.2938 03047
Kew |-0.0100 | ~0.0214 | 0-0648 | 00145 | 0-0984| 0:1015 | 01672 01609
Kia |—0-0245 [ —0-0338 | 0-0167 T 0.0154 |—0.0790 |~ 01028 | 0.0814 | o0.04%
Kaor 0.2255 0-2105 0.2620 | 0226% | 0.5344 O 3490 | 0-29%8 | 0 5042
kee | 05360 | ©-5398 oaass | 0.5055 | 0.3%00 | 0 H234| 06:2090 | 0-2985
Keo | 0-2485| 02711 | 0-2276 | 02535 02575 | 0.226) | 0.2400 | 02364
kiy |-0.0100] -0-0214 1 0cb48 | 0-014s | o.090a| 0-1015| 01672 | 01609
TABLE 214
() VALUES OF DIsTRIBUTION COEFFICIENTS Ko FOR © =060
Rer. Loap  Position
STATION - - -
-b |3 | -2 -2 o = 2 S b
o | o3 | 6.67| 1.02| 136 _L-_-_s__o” .36 | 102 | 0-67 | 0l
by |-01% | 921 oz | 1oz | vme| 183 | 1as | vm | 107
bleg |-05% |-0-18 | O-21 | 062 02 | 148 | 1188 | 206 2.20
Bb/4 |-0-R0 Tooa7 | -oim | 021 | o0s1| 1.2 | 2.06] 292 1 =75
b |-t04 |-0®0|-05% |-048 | 05 [ 107 | 2:20| D75 545
(b) VALUES OF DISTRIBUTION COEFFICIENTS K ,FOR ©=0:60
ReFr. LOAD Posi1TiON
[STATION . - kY v s | b b %b b
b i 2 A 0 A 2 A
0o |030 | 082 oo | i | Vi 12 | 099 | 03| 080
bia | 058 | 067 | 020 | 095 | a2 | 125 121 | 14| 108
bje | 643 521 064 o~‘8'o 699 - 21 L_l?_ 1-46 1 1-47
o, | 033 | 04\ | 0.-62| 0.7 0.88| 114 | 146 | 176 | |96
b 0:2¢ | 033 | 043 | 058 | 0RO |08 47 96 | 2-50




Table 3,13 shows the comparison of distribution
gosfficlients for the sxtrese oases of toruionulvand flexural

parameters obtained by the two theories, Iﬁ ie seen from
table 2,13 that the distridution of the load as oaloulated
by anisotropic plats theory is always better.This is esasily
understandable when one compares the basic assumptions:

made in these two theories. While av in the anisotropio
plats theory the torsional rotations of the longitudinals

at the supports are assumed ns gero; while as i hprmonio
analysis the torsional rotations of the longitudinals at the
ends are perxitted. However, by fncorporating ths assumption
that the torniona;'rotutiona ai the longitudinale at the
ends are gero in the harmonic analysis, the Ailstridbutian
coeffiotants can be obtained, in which ocase they would COnpare
better with the coelficientes obtained by plate theory, the
error being liwited to the inherent errors of methods of

approach,

3,3.3. Caloulation gn‘itudiggg and Tpan syerss

Be dia Mo Moment,

Consider a T~boam bridge with four main beans
and three orxoes beams as shown tn Fig, (2.17Ta) Tuo detalls
of the bridge are

spah w 3a nd? ¢« P wT'" 2banp s 38 g wid?
G J-L'*J'T
6-53-‘ 306 °{n--“—-~10.0$|='o-
» oY r_—l]_ i » JX 30

Losding: 1.K.C, class AA wheeled vehiole,



16

(s) Maxtmum Longitudinal Bending Moment,

For load distridution analysis, the distrihution
ovoeffiolents 85 and 81 are tabulated in tables 2,.1éa
and 3,.,14h from graphs 1-iL, for S« 0,60, Tho arrangoments
of the wheoled vhicls sn the transverase seotfon of the
bridge shown in fig. 3.1Th 1s having maximus scoentriofty
from the longitudinal centre iine. The oloar digtanoo
C of outer wheel odgs from the kerd has bHosn kept as
i: G’.naaordxng to T.R.C. Code, The distridution of whosl
loads to standard positions ia stown in £ig, 4.170, Tadle
2,458 gives the distribution of loads for ths given trans-
verse wheol positions and from this table the maximum
bending momsnt takem dy the beam are ealuﬁintﬂd, The max-
imum distribution coefficieut for benm at b/4 1a

xqm " !,.330

The maximim mean bending soment per boam is
caloulated frou axle positiocn shown in Fig,3.174 and
is equal to

2
¥ (eax)mean - *g"ﬁazg*'*ﬂn £e.

*
‘s » the maxiwum
longitudinal
bending momant

* 1l K pnx ¥ (max)noan

= 135 ton ft,
» 3630 = 10 1b, ia,

1£ the scosntricity of the vehiole s inoreased
and {if the outervhosl is kept at %' from the kerd it ie
seen Lrom the tnable 3.1% b) that K, max * 14699 for
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outer bdea-m and for heam at b/é¢ Ky » 1,382, It aan also
be seen from table 2,150 that for bsam at b/4 when one

wheel load 6.35T 18 kept on the beam Ek for heam

max
at b/4 is 1,337, Thus, it ie not slways true that for
maxinus longitudinal bending moment, ons of the heavisst
wheol loads should come ou the beam, Ths oritical position
of the londs must be deternined, Norsally for dosign

purpoees the cutermost bean is analysed for maximum eceentrio
position of the whoel londs from the longitudinal centre

1ine,

{(b) Transverse bending moment:

As indionted in seotion 3,3,3(i1) the coefficients
of transverse bending moment . and ¢, are tabulatsd in
Table 2,16 for relersnos station 0O, for Owe 0,6, 20 »1,3,
30 w1,8and 40w 3,4; from graphes 13 and 13, The
influence ocurves for Ao and U, are drawn in Figs, 3,19{a)
andt 2,19(b), The tws axle I .R.0., olass AA wheslad veiaiole
as shown in tho fig, 2.18a is placed symmetrically adbout
the mid-span as shown in Pig, 3,18 (b} forobtaining maximum
transverse bending moment for wmid-span oross doam, ¥For
1/4 span gross beax the axle loads are arranged in
Fig. (3.180)mc that the losgitudinal bending mosent induced
is maximum, The transversg position of the loadls for Loth
cases is shown in fig, 3,19(a) and 3.,19(b) in whioh one

heavier inner load has gero scoentriaity,

From figs. 2.19{(a) and 2,19(b} for the whool

positions of an sxie shown in those figures, the values



TABLE 2-16
VALUES OF Mo AND M, FOR REFERENCE STATIONO.

LoAD Ao x10* A, xo0t
AT
9\ 0 bja | b/a | 3b4 | b 0 bla b/e | &b/a | b
0-6 | 2000 | 870 | ~75 |-890 |-1670 | 1425 | 495 0 |-235 | -120
1.2 | 940 80 | —190 |-1®0 | -120 | 760 80 | -120|~-70 | ~70
1.8 | 650 |-70 |-110 |- %50 30 | 495 | 10 | ~35|-20 | -10
2.4 480 | -100 -390 5 tO 370 0 -25| -5 0
TABLE 217
5 Wheet Posimions L ALXP X104
(5175’) ( 6?'25*) (6-315’) ( 5475*) ' G > 4 =
0-6 40Q° 950 2000 1550 1500 5938 {2500 5062 25000
f-2 |-no | 120 | 940 | m70 |-413 | 750 | 5875 | (388]| 7600
e 18 |-120 | -50 | 650 | 70 |-450 | -515 | 4063| 263| 3563
24 |65 | 100 | 480 | -60 |-204 | —625 | 5000| ~275| 106
06 (75 550 | 1425 RO | 656 3438 | 3906 | 3300 | 163000
1.2 | -75 | 105 | 760 | 300 [-281 | 656 | A750 | W25 | 6250
A el ho | o | 405 | w0 | -150 o | 5000 | 300 | =240
24 |-5q | 10 | 370 | 70 | w13 | (5 | 233 | 203 | 2526
’ TABLE 2-'8
¢, |18 | o4as50| 0-9277 0-3090 | -0:9910 | 0.5878 Q-707I
¢, |22] 0550 o0.9%77 | ~0.3050 | - 0.2910 | 0-5878 | 0 707
= |. 9754 o | -viezo | o | 14
G |10 0250 07071 I o 0707 0 ~0.707)
Ca 14 | 0250 0.-@9\2 0.085 | -0.1578 ~o-951<;~—j:'>—.‘7055
= 15983 | 1. 9085 | 6.549% | —0.9516 | - +4126
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of ordinates u, and _«, are tabulated in table 2,17}

the ordinates are multiplied by corresponding loads and
Z/up is finally obtgined, The values for the sine funotione
for the axle positions shown in Fig, 23.18a and 2,15b are
given in Table 2,18,Equation 3,63(a) for Linding uy at
any point dus to nusbar of wheol loades aoting in an axlo

oan be re-wyitten ns

m? = .__ (Z/q,(cg) Py .sm—vl---E sm—-—- +3 P g (2©)

i 27T . 37e 37T)L )
€n —Sa -+ Z Pl A (20) sin =3 5 sih —5—= +--

2a

The sign denotes tho summation for all
individual whoel loads in an axle positioned at C, 1If
thers are many axle loads on the span at 0*, Cp —mw- G‘
then, the resultant value ot{gg is found dy superposition,
Thus,

Mtj = My (e +m§ (C)+ —-- - +m’a'(c‘”)

For mid span transverse section {.s., X = a the even terms

are zéro and

m’}] = -—('Z P /ua((s)sm—’r + Z P (30) S0 S5
+ 3 P AU (se SIP 2.q t- )

ETTC

The total transverse bending for mid span boam is obtained

by sultiplying !t’ | by q the spaoing of the oross
«

beam . Using Tgbles 3,17 and 3,18 the wmaximum transverse

bending moments in the mid-span and 1/4 span cross beams



14

are obtalned, Tho detgils of caloulation are given

boi ows

Mid span oross beamg

-2- = 0.70 q = 10"

My = 0.7 x 20 [3.5 x 1.075¢] 34,88 o t.
(o]

M, » 07 x 10 [1,63 x 1.0784] « 22,54 Loh 4.
t

- ‘ - ol c(.-_ .
M, - M . 13,08 lon {t

My = Plgo s Gty [ = 30097 Lo dot

% span oross bheamg

3inos X = %_ sin -g—’ai.. -_-_-O-'Ionj sin -2—';%‘- = /-0
AT s X
sin 21X = o771 sin 412 =0 sin =g = =007
Ny = 0.7 x 10 [ 3,5x1.5083 x ®.70T4 + 0,760 x 1,8085x1.0
« 0.3563 x 0.5493 x o.mn] . 30,28 st
My ® 0.7 x 10 [1.63 x 1,5083 x 0.70T% « 0.625x 1.8085

+ 0. 3840 x 0,5403 x 0,7078] ® 21,71 ton i

T % » 27.11 t'on.!t.
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For the calculation of mid-span oross basm
only first term of load seriocs is usaed, If tho third
term is considored the maxisum transverse moment
roduces to 26,64 ton, It, because it has a negative valuo,
The L£ifth term has a positive Vélae. Thoro will, therefore,
be a very slight reduction in the first term value of uy
1% third and 1iLth terms are considerad, For considering
higher terms, thoe values of (1 for large values of 0 are
roquired,

Prow the caloulations given above, 4t 1is found that
the maximsum trausvorse beniing moment is about 23% of tho
wazisuw Jongltudinal bending mowent snd the maxisamn
transverse banding moment in tnn-t/% span oross hoam is
.abeut 80% of the maximun tranaverse bonding momont of

wid-span ¢ross boam,

After conmidering some main points of o simply
supported bridge-analysis in the seotions 3,1 to 2,3, thore
are some sacondary points, like effect of poissonts ratio,
pffeotivoness of transverse systom and errors introduced
by making tihe assumption that a bridge can be analysed
83 an nQu1Valeat anisotropic plate, Theae regquire a corroot
understanding Purther it is shewn that the anisotropio
plate theory is of partigular advantage in the proliulnbary
design of bridges, In tho shortest possidle time, the rosultse

onn Lo obtained for the most vorted deosigna by varying the
nuaber of main beams and oroes boams, tholr dimonaiocns,

the typo of construotion eto, tionoe thnm most egonomical

\GGNTRAL LIBRARY UNIVERSITY OF ROGRKE
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design sac de obtained rather saeily,

3.4.1 Effuot of Eotsson's Retie,

In the ssotion 8.2 the distribution coeffioients
are derived Ior the limiting cases of Xa0 and <X= i, In
the derivetion of thees aoofficients the value of Polsson's
ratio 2 has been taken sgual to mero, For a mﬂuu&u
grillage, it is olear Ivom ssotion 2,1 that Polmssonts ratio
bas no effeut on deflection or moments in the stynoture,

In the lisiting case nh;rc Xm 4 i.8, for full tovsion aslab,
#aiuun"«n ratio e of conwsidsrable inportance io the case

of distribution soefficlent «,; . A study on this subjeot
has been ocarried dut by mmm‘”) and the valus ey is
derived as

1 {[(,-p) scoba — () sinbal cosh O — (1-2) swhe O siif o }
=7 6 sirb>s (3+9) sivh 5 eotho — (1-2) ¢

X {[(1-3) 6 coth 6 — (3+Y) sinh o‘]coxr?n Op - (1-¥) sinho ©p sh Bp}

{[ (1216 ceshs + 25info] sinh B = (1-2) sitth o OF cash @ ]
-+
(349) strh & cothe’ o4 ¢ -0

X ir(l-v)ﬁ'easazc’ sirh©p -; Ci1-2) sthho ©f cosh ©P }

+ I:(I*?J)G'ecdna‘ - O1+0) siho ] coth O X s (=) sirhor ey einh 9%}

csees(2.75)
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Lquation(2,58) gives the value of Sransverse bdending
moment coefficient Lo full torsion elab when Poisson’s
mbio Y » 0 ; denoting this value as ,a.’ and forY w0.13
as _u; o the governing valuaes for refersnoe station ¢ |

are caloulatsd for two extremc load positions O snd b,

The differenoe in the valoes of x-t: abd 4, for
various values of © uaﬁ bo olearly asen Lrom £1g(3.30)
For load position at O, larger posiitive values are
obtatned 1L the Polsson's ratio ie considered.Por©a0,3,

© w 0.0 and O wt,3, the inoreass 1o the valuss of U, over

A, is about 20%, 30% and 13,56 vespeotively., For load
position at b, losssr negative values are obiained with
Y = 0,18; the difference ia suown in Fig(2.30),

the valnes of w1 in graphe 13 & 8% haves besn
esloulated using the sguation(d,78)with U » 0,13 for
conorete structurss, The sffect of torsionsl parameter X
of the structurs canc be appropristely taken into considere
ation by ueing the same interpolation formula as sugrested
by MASSONNET .0, uy = o+ (U —AU)IX

R.4.3 Bifoctiveness of Traneverse Sywtem,

The oritsrics of determining Sthe optimum transe
verse stifinees ts to find that valus whiah produces the
cheapest bridgw. Such a oriterion fs Sifficult to wpsoify
since 1t will be influenced by many faotors, such as pers
wizsible strnotursl depti and in osrtain cases the relativ
costs of pregant and onet in situ conorete, That the
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relative ease with whioh changes in both transverss.
stiffness end torsional stiffness oon be jfavestigated

by anisotropiec plate theory , should make the oonsidere
ation of several trial sohemes,a possibility, Theorstioaily,
the hest arrangement wili be that wiich produces egual

load distridution to all Beams Yor all positions of 3g.4

1.0, Ky nax * 1. This Sdeal load distridution is achieved

whon the bridge bas the paraneters © = 0 and X » 1,

The valoe © « 0 corressponds to a bridge whose
oross Deams have infinitely Xarge flexural rigidity or
width *B»* is infinitely ssall,

A bridge possessing infinite transverse rigidity
will linsarly defore transversely sud the deformation
due to socentric sinusoldal load pP=p sin% gan he

written as

w = (Ay+B)sin nx

ac
2 AT T x

ow. . ——
and -‘5—7(76_9 A0 ARA

If the torsional rigidittes Y and Ycof the benws
ars infinitely large, then the anmplitude A will be infini.
tely wmall and the bridge is deformed by uniform lowering
of al}l the crogs beans parallel to themselves; nll the
longitudinpgls beams have, therefore, equal daformations

or Ky« i,

1¢ i alno known that torsionally rigid bridges
with trough dsoking are saesnomically used, closely corres.

pond to a onse of Qe 0 and Xw 1, In an ordinary slab
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boan bridgo Sbiz oritovion 1o novor gohiovad,

Yno 1oad diotribution in o grid btoan Liridgo
prinardly doponds npon sho parcnotor & ohioh 48 aloo
hnown as paragoetor of orogo boan, Yor a poartioular volue
of © , tho ratio of fLiomurnl osiffnops of longitudinnd

beors and erons boan can bo tritton oo

—
—

__:E_ 6 ,85 94 m:‘l see {B8,70)
I+ )
vhoro,

8 o nunbor of aroon boato ozolwding tho
ond erecs doons,

Knoving sho value of 4 f,0. opan/oidth ratio of o bridao,
tha acount of tho tranovorac stiffnoan to bo provided fox
o partfcalay voluo of O and any adeptod mmnbor of
longisndinals fn aonhd oross bouns 0, can bo ocaloulptod
ooodly £ron oquation(8,78)1% oon bo soon fron oguation
@,70) that tho noot ofkootivo pooition of tho orens hoao
13 ot 04 opan and in gonoral fho offoolivonoon roughly
gorroapendo to sm% vhoroe xn 1o tho dintanco of owono
Doaa froo ono oupport,

unen o roguirod anount of Sromsvorse atiffnooa
ic to bo providod, 1t 1n goon that tho oroas bono notorial
porforms oo offtalondly ps possibloe,Thag, vhora pocoiblo,
o fall straotural dopsh should bo utilicod? orasa bhoans
nonolitiilo with $op olab hovo obvious ndvandapod of provid-

ing groator support So nlab fvaclf, I8 io aleo coon that



the assumed transverss momont of resistanoe is not

sxceaded by the inducxd maximus bending soments.

83.4,3, Errors introduced hy the assumption
.'.%omﬁmmunﬂﬁi - o

A8 some bridges have only » ssall number
of longitudinal bheams and oross beams, it is important
to take into acoount the srror introduoed Ly considere
ing an equivalent continuwous medium along longitudinal

a® well as transverss dirsotion,

Considering first the longitudinal beam, the
flemuiral rigidity of wiloh is distributed on either side
of the heam squal to p/2 so that £t covers the entire
spacing p of the longitudinsle, The total width of the
bridge thus becoxes 2Ab = np, whsre 3Ad 1is grester
than the distanoe batwaen the two outsr heams of ths
aotual bi&dga.

This case i analogous to casss of a beam on
elastio foundation and of a besm on equidistant conoe-
ntrated elastio :upports.‘uaﬂsaﬂﬂﬂwiﬁa) has ovompared
the results obtained for 3,4,8,6,7 spring supports with
the sguivalent continuous eslastioc supgsort for tﬁo
flexural parameaters, O » 0,089 and O e 1,408, The
veriotion 4in the yresults obitained by the two consider
ations are negligible, Thareforu,'thu deformation of a
beam on isolated elastic supporis coinoides practioally
with that of a beas placed on ogquivalent continuous

slastio foundation, ¥ 1t is assumed that the Deam and
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the elastie foundation are sxtsnded by a tength p/2

beyond the extreme supports,
, - (40)
Por a singie oross beam oase MAS3ONNET
has snown that error is 1,4%.

In example 2,3.,1 1¢ is shown that Lor three
girder open griliage with one orous beam at mid-span,
the maximdi error 1s 5,88,Apart from theoretical resulte,
the experimmmtal resalts (34,35,368,30) obtained at various
places have shown the validity of antisotropio plats theory,
Thersfore, it oan be vonoluded that whatover may be the
nusber of sain beass and cross beams in a hrt&gg s $he
error introduoed ie insignificant when o bridgqg?%astdurna

as an equivalent continuous sedium,

For preliminary bridge &cmign'it in useful to

Erocedurs

examine the range of values of flexural paramster b ana
torsional parameter X , for varfous types of bridge stwuce
tures.Fros this rangs of valuss ons ocan always adopt the
probable maximum distribution coeffioient Kx and can
Gsternine the maximum longitadinal bending moment. In

tais way the indtisl etructure whioh is anelysed in full,
can be proportionad very oloss to the final strusturs,
Henos, the ﬁotigéj?ﬁg be saved and most evonomioal atruaturs
Gan be obtained rather essily.fhe following are ihae |
cbeservations on the rangs of valuss for various types of

“hridge struotures,
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(o) Doxz~3ootion bridposn,

¥ho bcodhaviour of a box pirdor bridgo Ao
.atnixn r Yo slab bridgon uith tornionnl paranotor
aounlly lying botovoon 0.8 to 0.8, Tho opan kcngtho
110 dotwoon GO ft. to 130 £8. and fron tho studioo
carriod out by Gcoont and Lonoroto Asaooiation Eﬁnaa
1ias botwoon 1.4 to 3,0 Zor obnoyonl loading.X¢ 10,
thoroforo, oclcar that for any type of loading, and any
typo of bridgoe, tho follouing prolioinory deoign procoduro

oan bo adoptod,

(1) Por sho hmouwn opan dorivo namicus bonding nocont any
whoro in $ho opon Guo to givon looding,

(3) Far tho kmown width dorivo 'noan?' bonding concns,

(3) Proc tho plap dinonsions of tio hyldno and tho typo
of bridgo to bo wsood ootinato tho voluo of 6 ond nloo tho
oanican valuo of W, approRicatoly.

(6) Boloot o suitablo sootion on tho basio of approxionto
nazsicun longitadingl bondiag conount ebtolnod Leen siopa
1,3,3,

(3) Anolyso sho bridgo finslly,ucing tho thoory dovolopod

in cecotion 3.3,
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CHAPTER 3
EDGR _STYFPPENKD SEMPLY_SUPPORYED BRIDOUS,

In the previcus ohapter it is a pro-requisite
for the uss of graphs given by GUYON.MASSONNET that all
longitudinal beams have the same moment of inertia, In
Nany csses the boams on the frae sides havo increased
momont of inertias and thes introduce the edge stiffen.
ing effect. The inorease in stiffneass of sdge Danms

can be dus to the following reasons,

1) YInoreuse in dopth of edge beams due to

raising of Zootpaths, _
2) Inoresse in depth due to the need to
incorporats services of various types,

3} rrovision of a parapet to prevent avcidonts,

The points srailsed agoilnst edge stiifening in
the sxisting conventional design witoh does not consider
the sffect of edge stiffening oan be guarded off and
its struoturael uGVnntuzt can he exploited, The various
- measures o make edge beams mors effSctive are as
follows:

1) The parapot 13 monolithiocally ocast with the
slab and oroms boam,

2) The parapet wall is properly looated as shown
in Flg.3.,3
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8) The overhanging slads, whiob are not

insiuded beonuse it ts & Irac edges, oan
be taken as part of adge beam 1if the oross
berms are extondad and the spaoing of the
oross basams is suffiolently olose, (Fig.3.3d)

4) Tho local offoots at the junction of edge deam
and the main straciure due to neutrnl axis of
edge bhsam not golnotding with the theorsticol
axis are ccnsidered and aditubla reinforooment
and filiets agre provided,

3} The edge bLenws are properly designod for its

farons,

In view of ail this the problems of edge stiffensd
hrtdga'utu investiganted, Howaver, suoh bvtdgus‘h&wa already
beaen construoted, nnﬁﬂ(ea} has designed thoe bridges of the
type shown tn¥fig, (3.,3) and slad bridg;u stiffenad at
its Qﬁﬂ"i

The problem of analyeis is essentially one of
determiniug the effoodb on an antsotropio plato of adga
momants and edgo sheor foroes} 1L $his problem can be
anaiysed then boith iha toraiomal and tlnxﬁral stiffinessos
of any edge membsr can be laocluded,

~ (40)
MASSONNET {1958) has given a solution for

dge stiffentng beams of negligitle torstional stifiness,
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Tas extension to cover this partioular problen in goneral
is given by LITILE AND 80*&‘89)(1G56). However, SA?TLER(‘l)
(1950) develops an approximate metnhod,.To cheok the validity
of $.e mothod suggoated dy SATTLSR, example oovering

wide ranges of edge stiffontng and bridge parsmeters hay

been aclved hare,

Considering a dridge with adge stiffening beame
as shosn in Fig, (3.1a), the bridge oan bo replaced dy an
ogquival et un&néirnpln plate for bridze with all identiconl
beams loaded Ly the sinoesoidsl 1oad pix) = - sin %—-

and aoted upon by the sdge shoar forces and mosents, The

sdge shear foroes and eige noments oan be nssumed to be
distriduted stnusoidally as soorn in Flge, (3.4 B) and

(3.1 o), The solution of ths bridge oan be obtained by

using the rosults of previous chapter and ths unkhown sdge
shear forcos F, and Pﬁ and odge mowents K, amd M,

are applied, These foroas and mosonts are determined from
compatibilityequations for deflection and slopes at odges,

The shesar foroes ?l and ?a gan ordinarily be trested as
applied loads and the defleotion uhd slope at sadgos are written
For finding defloctica and slopey duo to the edge moments at the
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sdgos, the solution is given in seotion 3.1.4.

11708 AND 80wE P0) havo written the gompatibe
ility equations for defleotion and slops at the edgzes
Y= : b.

3.1.1, Rage moments on an anisotropic plate,

The imutc squations of ',inpwtanoo are only given
in this Qtation. The ommﬂe anplysis hm’bcan given in
ref.(30), The notation used in thia bhaghr is the same as
in ohapior 2, In the analysis tho edge moments are introduced

as sysmotrical and antisymmetriocal components,

(a) Symmetrioal cdze Momonts,

Consider the Lirst harvwmonioc component of the
symmetrioal edge somonts Mg, applied to the plate as shown
in Fig, (3.2a), The dofleotion @ at any point s given
by

Ms, b2 . T ' .
w - - v QN ——
Sy ‘ FE_ I Za thx .ee (3‘1)

|

where,

s %

P, = A {Coﬁhelsﬁé Gos GF@M(QM’ GJ% cop G’JT_%S

— | X X ai t*“() s'ng, I+ ane F:'S—
..]_:;(eo%@' T sing |[LX )+ 8 op |5 s F =

D i+< - [ o 1~
(th.? sivh o 125 MG).]T + eoth g [IIX 5‘”°’l "‘f)}




o%

and

A

| 1 - ]
[(ZOH-I) sinfor ’:5(_ MC’“I—’E‘— —~ (2-1) l‘."i% sing’ [ ISKeos X

The slope at the edge y = b is given by

Bij) — s, b s{nE Ya< o0 {303)
of Jy=p

vhore

Y"< = ,_/i {sinﬁe‘\[.'-‘;—i Coag’ 1:5 [l?(l-h() s‘mﬁoal.'_iz’i o326 ‘""Eai
o

2 .
_ corhg, [1£L cing , =] J_,, N e
\|2(u-°<)

b ko [H woso [EX 4 [0 eoshor [T
i ﬁ:;sfj

eee (3.4)
The transverss honding moment, My, is given by

see {3.8)
My, = Ms‘ g‘m% *,*



whers,

Py = A {eozp\, op l L‘ES eo&GPFZ‘" [(2«(4»1) Slﬂfiﬁi—‘-——i’% eosg:]%
— (o) [124 cothor [BL sino] 5L | 4 smhep [ER
gin pJ 5% [[Cov-) [BEL aibor[TR. eop o2 [1X

+ (244) coph G»\ng sihg~ [_‘;;; J}

uu; {8.6)
The longitudinal bending moment, ux, iz given by
Me = PP ms, sin 1%
w"’l@l&, ‘ LA R X ] [ BN
N = A {c@ﬁep [TEE cos P [ [TEX conr[ TEX
sin g [I5X - sinfio [T CDPOJJI—;_&] —sinh op [LEX
o Op P2 [T srbo [t aose [T
+ cos%dluz:s. sin 5 ,L:-z_ij}
sase {3.8)

Using ogquations (3,2), (3.4) , (3.0) and ( 2.8)
to caloulate the values of 4 , v, , Y ond N
oorresponding to the firat harmonio cdgo monant, for various

values of torsional paramoter X , LITILE and rwwsfm’ tmio



ghorn that, as in tho onso of tho distribution vooff-

iloionts K and AL 4, an fatorpolation formula woo sufficiontly
Aoouruto for dooign purpooes providod that £for an isotroplo
8lab a Poicaonts ratio of 0,15 was inoludod for roinforood
and prostrossed oconoroto, For tho tntornodiato valuopn of

< tho intorpolation formula (3,9) holds good

Y = Yo + (Y;-Yo)J—"'—(_ sese (3,9)

vhore Y 40 roprooontotive of <$ , v , V¥ and 7
Yo = tho vnlues of (b ,v , P and 7 for X = 0
and Y, o tho valuon of (& , v ¢ and n for X = & vith
DY - ﬂ*lg

Pron tho oquotions abovo it follows that forXe 0O

®o

= A {cosh AR eo3 AB(Sith XTT eop A= cop 71N sinTTA)
+ sirh )\'3 sin)\}s (‘sirfﬂrﬂkcoxk‘/\' +ceesh TA sin ﬂ)\)}

eeshere
|

SIMATT N coshi?t ) +Cos . TTA <mm 7T N
R T o TR S ees (3.10)

Yo = T’Br—r“ {Si"ﬁzn?‘ c"?’lﬂk + cosh>7TA sinﬁzﬂ)‘}
see (3.11)

see (J.‘l..)
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Y, =B {c.os% 2P cos,\}g (sinﬂ AR TIN + eosh 7T sin‘n/\)

+ sinh Ap sin (eosh 7\ sinTTA - sinh A cozw,\)}

sen(3,13)
Ne =256 {coﬁh)\fb cop AR (coph7vA sin7IA —siffﬁt 7TA cosTt )
- sifh AP sindp (cop A sith WA + cosh 7T K =0 n—,\)}
0 T (31 13)
whers, A= —— -
Jz-

Por «=1 |

d:l = Q-b?csz {[(’w)sinﬁc’-cl-y)@ Goﬂﬁgi afgﬁ @F

+ (I-v) sinh s oB cirh ®[3}
LR (8.1“)

reshere

Q = r ' -4

[ (34Y) sinhs eeah o = (1-¥) 0“1
7, = & 2 cinh o

g-v) ¢
sees{3:15)
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¥, = {[(31-0)91#{60‘ - () o cosﬁa‘:lc:o&t B +

(;—2)) sinh o . GF sirh Gfs}
""(3.16)

1, = QU {[(c’ coshe - sinha’) eosh 9,3

_eainhe op sinh @]g_]}

occcfapif)
(b) Asymmetriosl edge mowents,

Consgtder the asymmetriocal edge momonts R‘u
applied to plate as shown in Fig, (3.2p).As for symmetrical
adge mosents, the interpolation formula givean by‘oquatian
(3.9) 1s applicable , therefors the equations for torsional

parameter « 0 and = 1 are gonsideread,

Thus
mAlb Tl ’
Wa),.. = - sih 5= P
( ‘)*—O Pe za ° evse (3.18)
Y | )
and (W Aducy = - mP':'b sim —2—_% %,
vhere,
$’ = L L{sfn»\ta cap)\ls (cos£n7\'/\ Cop7TA = sinhAX sin T\
o 2/\17\. . |

+ cos%_)\p sin)\‘F (cogh X cos ) +<inh TASNAN)

coer (319)
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and D = . .
SiInh 7T\ ccshh TTA =~ sin 7TA cos AA
> Lt .
43, = m {[(HJJ) Coshe - (\-0)55“'1'0@] .sm“n OF

+ (1-2)eoshs. Op cosh GF}

wheve
R = 1
(2+2) sinhg cosh -
L ecoshg+ (1 v)dj ess o (3,20)
- ™
(E“.’.') for *=0 = A b 5m—7ri'Y'o
’b‘d, \jzb ‘ . £ 2a
'
?;w’") for «=1 = ~Plab sin% Y, |
1 ‘3=b Fe see (3.81)

where;
b}
Yo = D BAT o)\ T+ sinhaTt sin®
o S eos ®eS AT sinh T sin® A7 vees (3.23)
’, R .2
Y, = —=___ 2 esh o

- g*

CtQ.. (3.23)

The transverse banding moment

'\
. Ax '
mw]‘(=° mAl sm—;—;— \Po

—
—

cee  (3.34)

?

and m‘j]_<=| = Pl s‘n-g-i— ('VIJ




where,
; =D {s'mh XP cop )«Fs (cosgt 7w + sinh A\ sin ﬂA)

~ cosh A‘a sinA}a (eosh TN co;?\‘,\—smﬁ?\;\sm?r,\)}
sve (3.28)
‘P,’ =R {[(3“"-’) cosh & 4 (-2) o’sm‘f\djsinﬁ 9’3 +

(,-U) coth 5. @lg cosh 9#}

*e e {Sizﬁ)
The longitudinal bending moment

Pl - I e S |
]o(=0 PE mA' S'nz;\.ﬂo ene (3'37)

Ax ’
Za b

and m11d=1 = %g Pla, sin

where,

)

N, = D {Sihg )\!3 co,tsMs (sinh A sin TA

__cos& T\ cop 7Y)\)-Cwﬁ A}B SinAP

(cosh AN 3N 4+ sipBn) sin7))

“ea (3028)
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and
= R Gy | [(osinher- cashe) ik o

"co/gﬂu o Op cosh GF]} see (3.29)

3.1.3, Slope sdge of an sotropic Plate

The deflisotion at any point in an anisotropio
plate dus to applied load plx) » Py sin -«ﬁ i» given by

4
w, = _'¢_ . Po gin7x K
KT4e, 2b

Then the slops at the edge of the plate, y = b 1
¢ivon by

(?w.) _ tsat  p Dk«
'.b"-j y:b - T4 QP 2b 2a d‘?/

By daifferentintion of eq. {3.43) ihe slope at the
edge y = D oan ba derived; thus

2. )
M) = Pt I
¢ ly=p Jepee 2

anee (3430)

Again K, is found $o comply with the inter-
polation formula given by sqguotion (3.0) atleast to a |
suffioient degres of acocuraoy for 'grantwnl dasign pt:rgolm N
Therefore, only the values for X, for X = 0 and L tor
X w & neod be oonsidered; these are given by



lo}|

Ko - cos%,\'rrz-sinﬁm ({[«mﬁ AP copdy (sinh7T- cop A7T) ~

sinh M sin )Nr (s inA 7T—+co;,,\7-r)J [—- (s?hﬁzAﬂ’ COﬁlA M+

coddE \TT sin?—/\ﬂ')J—'- [eoah ,\(pc%)\g}) cor )\ 7T 4 sirfﬁ )_‘_\P
- sin AY snAT] [SinA ATreathaATr — SIh AT coa A)ﬂ}

f inh
sihh X
X SInh AT o ATT + SINATT @og ATT + {[ \{)
cop )\ b (SIPATT - egs )‘71) - cosh ) sin A\ CSin )\71’-1—@)»/\7[_)_]
[- (Cesh™ AT Cog® ATl + Sinh AT s;nszr)_] + [_s*.nﬁ Ay coz A
*cos AT + eosh AY sinA Y sin /\71] [:Sin‘ﬁ\ ATl cosgh M7+ <in A7T Coz,\ﬂ}

1
Sivvh AT costh AT] — sih AT coAATT

X —

—8

+ (sin% ATT 4 cosh ,\77) [s}n'ﬂ. M 7v= | - cosh )| - \pg sin Mn—qﬁ

ssse {3.31)

! J At {EO—U)G’casﬁc“ - C14w) sinhar] cozh o¥ - (1-)sinho’s ¥ sinhe ‘i’}
K = -2sinhg: -
T Rsink’e [ (3+2) sinhe cashs — (1=-Do] (1-2)

-+ [( I-¥)e + (1+a) sinhs ce&hc{l

" [ (-v)ecosho +2 sinfig* ] sirth o - (1-2) sinha” B conh OV 7
[ (3+2) sivho cotha® + (1-0)¢7] (1~2) j

— & cocho® sinhoVy 4 sinh g oY cosh @‘P)
/ ees (3.,32)
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Let the span of the dridge de 3a, the width of
uniform section of squivalent anisotropio plate of the
bridge (i.e, exoluding width of edge beaws) beg &b, the
stifiness of frapsverse and longttudinal seotion per unit
length of the scotions be €, and < rospeotively and
the Zlexural and torsional rigidities of edgo be Exg
and GJB respeatively, |

The Bridga‘can bo analysed using tho results
of pruvious a-m'uem and the unknown shesar forces F, and
Fo ond edge moments H, onad ¥, datér&ineﬁ froa the
oompatihility equations for defleation and slopo at $ho
sdges y w & b, |

Toe shear forows F, and F, oan be treated

as opplied loads on the b#tdge snd honee the ﬁnzlactian
at tho cdge Yeb dus to al}l applied loads oan bo written

16t .
w_—]a y = G- (kerhiy

reeses (3,33)
shere p, 1s tho amplitude of first tem of Fourier
serics for the applied loads,

The efge womant M, and M, onn be constdered
by suporposing aymmotyioal and aaymaatrtaam adge anmeﬁts

and thus enabling the use of the coeffiolents 4 , Thus
the defieotion at the elge ¥y = b due to Sho edge momouts
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oan be writtent

b* o 7ix (Pt 40s Ph=ma 5
w.J =k~ f SN=a z — P+ % ¢")
vee {3.,34)
Th#® total defleotion then must be egqual tothat of the edge
benm ot Y o b undisr the action of F’t !in-’% « Writing the
compatibility eguationy |

4 4

e a _ lea !
AET, | T N ‘ZB[_(ZP‘K")"(F"("*'P&K&ﬂ

_ b [( m,+m,)<]ob + (m,—mz) q>ﬂ
2 FE

see {3;35)
3imilarly at ¥ = =b
S q4 ] 16 ad
—_— = F — _
St * e, < i [ R - (R f)]
2 I:( P+ 7))y, + (P15-R1) '=Plb
295 sse {(3.38)

The total slope at edge y » b is given as

(Bw, )jyb a* sip % [(Z JD, K,b) - (Fa K,b +F, K/‘b).]

oy %, 0z

. T
e [ ei]
cee (3.37)

it
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Considoring the torsion of the edge Leax subjooted to a
twigting moment varying simisoidally over the span, the
angle of twist at any polnt may bé debtermined by consider.
ing the equilibrium condition of the edge beasm with
restraining couples applisd at Lits jJunaction with the
suppors diaphroms. Thus thoe rotation at a distances x fLrom
the support can be sgquated with 3lope at ¥ =« b

\ ZIJE (%T&')Z ?PQL [( Z b1 Kp)= (R Kp+Fak )]

[(ml‘fm»)yb + (m, m:.).{b J

2PE

| ssse (3.38)
Siallarly at ¥ « «b

Pla aq Y 2 . 5
<5 () - mlpip(;;[(z pr Kp)—(F K+ R K))

- i%ﬁ Em ,Tm;,) Yp -+ (m::ml) Yplj

dense {3u39)
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Phe unknown edze effects Feo Foy M; and M, for
sny glven position of the loads can be deterainod by solve
ing eguations (3,38), (398), {(38) and (3.30), ¥or thias
purpose it is suificient to vonsider the mid-span seotion
of the dbridge 1,¢, 2 w» a, The values of the dttlectiona,
the longitudinal transverse bending moment at any point of
the bridge , and the bonding and torsional moments at any
point of the edge beam can then he deotersined by supere

posing the various effects,

To obtain o fully rigorous solution it would be
negossary to consider tho various terms in the Fourier
seriea Lfor the load; this would imply using values of
ocoffioients X, K', ¢ , f“, Y s ¥ &« @ and V¥’ appropriate
to values of tho flexarsl parameter 0 , 20 39 gto, This
involve sclving the compatibllity squation Lor each torm,
llowsver, suffioclent socuracy oan be obtatned by considering
only the Zirst termof the Fourior soriese and by applying
corrooting faotors.The curves for <o ,45‘ A P SEVA ",
Yo , 0, Wos W15 Y2, W . ke X K/ ustng equstions
(3.10), (3.14) (3,10),(3,20), (3.81), (3,15), (9.83), (3.23)
(3433), (B.18), (3.38), (3.38), (0.31) and (3,92 respootively
have bsen given by LITTLE ond Rowh (24, 30, 33) for various
valuss of O and referonoe stations or load positions as the
cnse may bs, The cooffiggonts for « » 1 have heosn plotted
with Polsoon'e ratio 2 = 0M45 for retniorced and prastrossed

conerete dridges,
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If the offeot of edge moments is neglootod
thon only two compatidility equations are reguired to
£ind the edge foroces Fi-_ and F,, Thus rewriting eguations
(3.35) and (3‘36} for ths doflections at the edgos with
M, = My = O 4t is obtained that

ET
-, =.--_~_E__ (z P'kb)—'(Fl Ko + F}Eb)

2b 6
=+ (34oa)

Fa - bePE,, Bz 2 lf,b)_ (ko K +Fa K,pﬂ

Equations (3,35, 8,36, 3.38 , 3,30, 3.40) have been

“hEne (3.46!3)

derived for odge beans at # b; therefore, these squations
are valid only for the case of s bridgoe having edge haoms
looated at T b of squivalent antsotropio plate, it is touns

-seon that thesa sguations oan only be used for the adge

stiifensd 3ladb bridges or the bridges of the type shown in
FL g tawiﬂlt

For the canstruaotion of the type shown inPig, (3,3a
3,3b) tho equations {3.403) and {(3.40h) are to be modifiea
if tho edge bonms are at = b' fros the centre iine of the
bridge. Thus negleoting the e#dze mouents again the equations
for edge forces ¥, and F, ave obtained as

F = 7%[(2 b k(eb3) ~@, Kew) + Fa K(_b,,b,))j creese(3.410)
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Fl = —é—_[( E. P‘ K (ey"b’) - <F' K (b))"b,) + Flk(b,’b') )J

ssve {3.410)

whoro P ‘
2b P )
= T e— sewsd (30'43
R h’—l)ex (v-1) , )
EIg
= EI

For ainugoidal lond 1 sin]—;—’%l at an ceoontricity o (f13.3.30),
tho influnonce coofficiont for odge foroos 5"3 and F’a can
bo obtained from ogquations (3,43a) and (3.,43b).

‘ Kce,p) {‘? + K¢, b’)}‘ K (e, -b) K-

S ~
[R+ k(b”"')_] - Kw,-v)
iili{aaaaa)
F, - K(e,-5) {R‘i" K(b’;b’)}- Kew) K1)
_ 2 2
[R M K‘b‘»b’J - K,-8)
L X {3;43b)

Knowing ¥y and 8”3 tho trapevorso distribution ocoofficviont
of an odze atiffenod bridgo con bo goritton as

vaw (3944)

OF _8DGE_STIFFBNED ARIDGS,

Tho oolution given in 3sction 3,1 Lo though gonoral
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in approach hut reguire four compatibility egquations to

be framed for obinining the odge forces Zfor a partiocular
position of load; then superposes the offects of edge foraes
and Loads on the eguivalent anisotropic plate to obtain the
forces in the edge stiffensd dridge, In genoeral for solving
a moving load proviem, distritution profilcs or influencs
1ine for a particalar girder are required to be caloulated,
The caloulation of cach influenos 1ihe 18 a problem in
ftaclf as the values can unt'hn-nhtainad dirootly oflthor by
tables or graphe, If any bow, the oritionl load positions
ars koowni thes the problem oan be solved in cne oysle of caw
lozlation of simultancous oguations and auperposition of
different offecta, By solving the problem in this mannor
one is wnsbie to understand the physioal behaviour of the
bridge.

Using the rosulls obtained in Chapter 2 an approXe
imate metaod is derived whioh is simple in use sud is hased

on clementory prinoiples of struotural analysis,

In shia analysis the ordinntos k:=%%-ox tho
trangverse diastribution influance lines are usod instoad
of the detrivation cooffiotent X, %hers n 43 the
numbor of longitudinal beams,

Je2.1. No-torsion odge Stiffensd Grillazes { < = 0)

Const doring Pig,.(3,4), it 33 a actnhliﬁnaa faot
thnt for the grilinge A with Ig w I, the load group
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Ly aoting ot oid-span oross section producos ogqual doflootions
AS =¢ of all boaua, Por tho grillago B wuith ip eyl ,
oith load group L, oiotlar oqual doftoctions BS; = c

are obtoined and tho orons boan rooains horigontal, Bosidos
thio, for tho grillaszo B, tho load group Lg with g =25
a sloping pooitiaon of grots boon 1o obtainod and tho oross
boan reonpins ontirely ontraipht, Those are tho elomentary
basto principlos ugsod ao starting peint for the following

Qartvation.

1£ tho load group Lg aots on tho grillago A, tho
doflaction AS, an shown in Fig. (3.4 £) Ls obtainod for odgo
boan @. If tho load group 1;‘ acto on grillage R the
dollaotion BE is obtainod,

AR por MAXUELL DETTE Thoorun

A&, _ RS
AS’— - BSa 'OQQ!&(ﬁgaﬁ)
(a) Trapovergo distribution tafluonce lino
Tor odne baam ng

d Fige (3.0a) tho ordinatos of tranovorsc dlotle
ibation influoncs lino of tho edgo boas o, for grillage A
C Kai) ona gratiago B(kq)are anown. 1f tne ood group Ky
iz aocting on getllage A thon

AB, = < Z l<q( = C Sinee Z_ km':J

v +m

If the load group “g 13 aobing on grillage A thon
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ACS;_ - [_'7' % koi +'an ](ai_]

where, > kai represents the sumof the ordinates of the
two m: bosm losd positions (8.8, ko4& kae ) and gﬂkq‘;
reprosents tho sum of the ordinates of all inaér heowm::

load positions, %m&m' is used to oxpress tho sum of thoe

ordinate of all beam losd positions, Jimilarly by using
the influence linos for griliage B

Bs, = —%- > o amdl

Bs, = &E«z’gm.,.z km-J:e
Y ~ ™

Therefore,

Y%‘_Eai *f—Z.Ea{ - Y

tuﬂﬁ‘aq“ﬂ,)
From equation (3.45) it follows that
T ~
2 kof = = fa e ne (3¢‘6)
Y+ ¥ % kat +Z ka{

Therefora the sum of all tho ordinates for the edgo beam

& of the grillage B (R ) cab bs osloulated from equation
(33.46). 1f the ordinates fLor griilage A (Y = 1 ) aro
known, Thus, it only remains to find the form of the

1ine eq » For determining this all the ordinates of the
kvown | .. line are resolved into a aysmetrioal component

’%‘a‘- and asymmatric oomponent %"qi + Referring to Lig,(3.,%b)
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and (3,.50) it L& obtainesd that

Faa = L Chaatkoy) 3 Yoa = & (Raa-tay)

gob = + (Ravskac);  Fop = L (hop-rkae)

Foa =4 (Raatha);  Foa = & CRoa-foy).

Foo =k (Row +Fas), 3oy = L (hap- Foo) (3:47a)

H

> i =S Rai =Za; S Ya =S Aai= ]

Y+m S+ hn S+,

——— ” ]'
z ar = E YHar =0
r4m ¥ +ro.

It is found that the symsotrioal component

2
%ar of the grilloge B  are linearly related to those

of grilliage A 1.¢.

- ! -
Jai = UYaZai (3. 471)
If the load group :t.l acts on the grillagse B
then , —
u(l Z %Qi, = Z ’rQ.aL' = Za
Y4 YHm
Snee Z gQL = 1 Ua = ZQ_

S (3.47)

For the naymmotric componont 1¢ is found that
agcording to Fig, 3.5e the foliowing holds good

po—. ) ) ) i
BQ" = %Gl ~t X t 1}-@ 17}
— ” . Fav |
Yo = Yoa + Vo whee Xy =—- (3.48)
3 oa. -
J




U

1f the load group Ly 18 aoting on grillage B (Fig,.3.4)
the component of load shared by edge beam ‘o' must be

Therefore Vo is doterained from eguation (8,49)

g
2"'(};&0& +'\9'u)+2[-_%zb Q¢ (‘S':x;-f xiwa)] =

esse(3.49)

Aftor detormining the only unknown Uo from
sguation {3.,49) the ordinatos fza.; can be onloulated
Tm:n,

foa =Ua Kaa + Yaa + Va and

1 t
’ﬁ‘q‘i = WaZai + Zaw +XiVa

Agoording to MAXWELL'S reofprucal theorem

——

s -—2 S —h M
Ria =4 hRais 3ia =L Fais Baz LI
000(3050')
From oq.(3,00) the two cdge ordinates oan be detormined for

any innor beam, Taking beas b, as 'go,b and 1509 are alroady
known, the edge ordinates are obtnined as

Rbo = -{7 Ray,

s .
2

—_ "

. _
—
Bba '-‘-"f%c‘lb ’ —b/ba :"!f}ob«-



nu3

I£ tho loand group La 10 ooéing on grillage B , tho load

taken up by boon b zuet do i, Thoroeforxo,

Z‘Y%iba +Z ?LJ = 1
-1 p]

on (30513)
ohors tho guffix 4 donoton tae lend pasition,
S4uostlarly for load group Ly ooting on grillage B
2%bo + 2 B = > Rup = Zg co0 (3,510)
).

T4m
From ogo. (3.588) and (3,014d) tho sun of oll tho ordinatea

for basan W, &, o8 bo calculatod, Thua

Zo =3 ke = 12 (D Ta
— = ) t-tt(anﬁa)
Zi = 2__ ’ﬁu} = 1= 2(¥-) Yia

T+,
Knowing Z, , for the 3 pain Boao griiloao ond 4 moin bean
grillage tho ordinatos 5., oon be oasily detoroinocd from
eqo (3.93) and (3,50) |

— ¢ -
For ne 3 S = "2 Fob
, _, ,
Por n= 4 Spb =05 (1-23,,)

Yor o pailh boano, aftor Linding tho sun of the ordinatos
Z)y 4 thae syonetrionl conponont for innor boana ean bo taken
as parabolio in shaps as ohouh in Fig, (3.8a). Thus

'%b&' :%lbo«, + ub ()- ?i&) 0.9(3,.53)



A

The value of the unknown Uy ocan be ovaluated from tho wquation
(8.34) when ths load group Ly %s asoting on grillage B, Thua

p—

S TR T S NGmr U (-9))

_ b
= N%po + ub[(,h"z)" 2 %— %J’z_] aee {3.06)

For detsrmining asysmotrio components the emperiaal relation
(3,58) holds gaod,

‘ 7 " _ 3 2y 277 A
- ‘4‘5@ PR— - N x lelo
B Gby + [_5 ba o + 095 (5~ 9703y (3.58)

Thon the ordinates are finally obitanined as

— —, -." — _'__' ~_), .
)ﬁbd- = }bJ’ -+ de, 3 /gl‘t'.(y = %LJ« -+ }'%
eve (3.56)

3.3.,3 Torsisnally Rs

s atant Bdge 3tiffened Bridges,

For torsionolly reniatant bridge (40} with Y#) ,

the squations bocoms moro oomplicated since the elementary
basio eaquntions doveloped in sootion 3.2,1 are vither no
wors valid or ore only valid approxtmately., If one assumcs

that for the edge hoams, the torsional stiffness JE £ollows
the rolation

Je _ 9
T 0 L



then the following approximate formulae.can be used for
vide range of volues OL <10, OLOLI0, <Y< (0
upto 10 girder dridge,

For the bridge having equal begss ( ¥Y=1) and the
paramoter O apt + the ordinatos /ﬁ_q{a( aan be sasily
caloulated as 1ilustrated in oxamplos 2.3.3, Those ordinates
ars resolved corresponding to equnsion (3,4¥a) Anto their

symzatrioal and asymmstrical components, %’ Qi and 5’a\~p<

Corresponding to oquations 3,46 nnd 3,47 the

Y %.’ﬁm‘q‘+ %ﬁmog T% }a\‘o(.'\‘é }’qi&'

(3.37)
is determinad and theroby the value

Aa _ (’uaoc—‘) % oax,
veoa {3,58)

For an eodge stiffened bridgs for n equal to (3. tu 5)
Ao & Am

andfor » D 8. AmRBa[Z ese (3.80)

Ueing the valows of Aa and Am the syuaotrionl compo-
nonts of the aréim:tga gan be detorminod Lrow the following



(RVA

squations ' 5 . —~
1 Yaax = FoaxX +Aq = Uax Yaad .

and ‘80kx — %;Ob% +-Z1WL a-(a;ﬁﬂ)

For determiuing the asymmetrioal gomponents of the ordinates
1"

2 ate, the valuos of X, and Uax sare determined
from squation (3,61)

ba
jKCA_:: "Qk* 'uﬁ
Soo

20"
'19,50(. = ‘+BH+‘.8°(2#€ g) (_o'€+o-m) —J'i;lxl-\
51(3.3’.)

Thus the asyomotrical components are given by

e (3*@%)

The edge ordinates of tho transverss 4i stribution
influence line for the inner beaws ocan be deteymined by
MAXWELL 'S Theorem. Thuw,

—Riax = ‘?l' /hctf"(; —ér""a"‘ = Jf%,aix 5—}’,1201‘;(;%%:1;&.(3.93)

of Lhe

dympetrioal Component drding

Corvesponding to oguatton (3.33) the values

Zoe = - 20 2.
b
_ %—b,qo(. Yy (3;”‘&)
i = | -2 () Fiax



hy

are determtined,

Although Zb<X pan not be sum of the ordinates
as dstarmined in Seotion 3,3,1 thore yot gontinucs to
skist for the internal bHeams approxtustely the same ratio
of the individual sums bhetwocen cach other, Thus,

F'— = ..-_-Zl— o= Zl, '
% 2} % Z’J/ a4 faéﬂ‘b)

where, <. 1s tho aotusl sum of the ordinates for beam 1
/ .

and Zy for the boam ; . If the load group Ly, is aoting

on the bridge then sum of all ordinates must yleld the value

n, Consoquently,

-
n - 2> é T = cse f_sos‘ﬂ).
’ Yam ™ ,,Zh ¢
and from equation (3.04b)

ZL" = ‘3[ (n*l’- é*m%at‘c() ree (3.64)

If sgain a parabola 18 assumed for the shape of influence 1ine
%i}q of the internal boam thon for the beam b similar
to equation (3,54)

[ 2 2

from wihioh U, & oon bo determined,



TABLE 37~ SYMMETRICAL AND ASYMMETRICAL COMPONEN TS oF

LOAD DISTRIBUTION COEFFICIENTS FOR S/X GIRDER EDGE

STI/IFFENED GRILLAGE.

a

b(2)

C(3)

SymmeETRICAL

AsymmeTricAaL

SYMMETRicAL

Agymme TRicAL

SymmeTRICAL

Asymmerrical
AsYmmeTRICAL

19T 4 39AY 4+ Y

UMY 465 AT +257

v(u

AdL D

D,

D,

bl

T(TAME)
P2

YCi-6n
I’l

T(5-~6n)
D,

(HAv 1)

(7A415)

19A2y +1

JAY + B Add

WRLHASATSBALD

Dy

D,

CyZay 41
Dy

< 25AT+ %)
D,

[AVARES D]
. D,

(25 )2y +3)

(9227 428 Av45x41

WAy e 20A YDA

Dz

Dy

D,

2 (L9MY + 3OAT + 54 + rez )

H

Dy =2 (HA*Y 4 65A7 + 51 + 251 4+ 10)

TABLE - 3.2

LoaD
AT

X = 19,

8=1{0

A= /gy

0=0-50

A= 1200

0=-025

Y

=

Y=1 5

Y=5 Y=10

Y=

Y=3

Y=5 Y=10

Y=1 ¥=73

Y=9 Y=10

kora

07714 | 0-9101

0-9437 | 0-9712

05712

07844

08552 | 0.9203

05271 |0.744%6

0:8229 [ 0-8993

0-2952| 0-1159

0-0722 |0-037!

03674

Q01755

O- 4t 100617

03802 1 0-{R 7!

01260 0.0698

kca

0-0216 | Q0123

0-Q079 | 00039

0-1993

0-0992

00665 | ©-036¢

02533 Q127

0:08%l o-osou

-0-04641-0-0181

00112 [-0-0059

0:-0619

0-0428

00311 ;0.0i82

0.0927 | 0.06%4

Q-0s51 | Q-0%09}

-0-04-00

~-0-0147

(~0-0090|-0-0045

~0.-G472

+Q-0009

Q-0057 | 01055

~0:0478 | 2-C109

o pise | G-Ov22

0-011® [-0-0055

~0-0033 |~ 00§

01526

~Q:(008

-2-Q0726 |- 0.042%

—~0.1875 | -0:1580

—9:10%4 | ~6-0¢25

10-2952

0-3479

0-3608 | 0 STt
§)

05674

0-5203

0.5706 | 0:6173

O BBo2 | 05613

0-629g|0-¢o78

03908 (0-3210

!

0-3040 ' 0-2904

°-3094

0-174¢

013421 0-0997

0:2058 | 0.1545

Q1070 |0 .062¢

0-2564|0-2478

Q.2457 1 0:244!

0-2168

Q1475

0:124% | 0-10%0

O-2161 |0 1200

Q. 08S9|0-9521

0-0940,; 0-105¢

0.1085! 0. 1109
1

0 1244

0-1627

0.0917| 00802

0.12%9 | 0.0840

a-0399%

©-06%1

0-0036| 0-0216

00258, 0-0290

| R

0.0292

0.Q522

Q-0509 |0 0453

-0-0400

~0-Q44

-0-Q4.44 :~o-o455

-0:0472

00027

8-02@2 | 0.0545

-Q-0478

0-0378 | 00475

©-0392| 0:R2¢5

0-0%27

0-075¢ | 9-121§ b

0-03l6 | 0-0%67

0.03g0, 00390

01993

0.2977

0-3327 | 0366 ¢

©-2%53 0381

0-:440) |0 5004

0-25¢4 | 0-2478

0-2457 | ©-244]

0-216%

O-14715

@245 | 01050 |

0.-2101 | ©.1206

0- 08521

e

00859

03940| 0-390¢

Q39% | 0.5Q97

92167

01749

0-t561 | O-1411

01832 [ O-liN

0.-0%|7|0-65)7

kde |

402712 | 0-2734

0.2739| 0-274%

0-1%09

Q1515

Q1597 01279

0.1548 | 0.0%987

00757 00473

0:0940]| 6-1058

O 1085 | O'110O9

~Q0-0464

0. 8545

: e e e
-0-0564 |-e-0 520 { 0. 0619
: 1

0.1244

O.102%

0.0947 |5-0202

- e

o127

0-1555 | Q- 1@20

©-12%9

00927

0-0R840
L]

0.205|

0:2555

0 06%1 | 0-0OB99

R —

a ‘7.7085J




g

L4

Asymmetric Component 2 Ut

fhe end ordinates of the influencoe line ocan

bhs totermined frowm MAXWELL 's Theoroem 1,0,
— i v
% 1a =. -TYL % arsl

For the $nner ordinates an emporioal eguasion similar

to equation (3,58) can bo used, Thus,
" ” )
. 3 ] _
Zbjix = byl +[$ba=( .G} + 0450 C‘jr?al)'%bd'og —Y—Y—'- X J+]o

!

— ., |

" To study the applioation of the -nppraxifaat&a
method developod in seotion 3,3, n six-girder edge stiffoned
open grillago with one oross heam &t the midespan is
considered, the grillage is also analysed by flexibility
mothod and the symzotrionl 'mm apmuﬁﬂneﬂ sompononts of
the load distributed on each girder ars sabulsted in Table 3,1
for untt iocad appiicoation at mid«span point of the beaswe
a,b, amd o (Fig, 3.4 b), The analysis 19 general and tho

=z
: nt —(PYy_EL _ Ele
Volues are given i terms of x=(§) £y, ond y=__F




Loao =10 =05 8= 025
AT K 3| Y 3 3’ 3" K 30 3
Qa | 075111036885 038225 [05694 (02147 [ 03547 | 0-5184 01752 |0-3432
ab 6'5886 012515 +0-\€>:345 _0—.;6;0 G'1562 | 0:2068 103756 | 016405 |0-2155
ac 00486 |0 00600 5.042_60 0.1958 | 0-129} 00667 0:2303 | 016075 [0:06 955
¢ ad |-00366|0-00600-0-04260]|0-0624 “6_-—:2_,9! ~0:'0667|0-0912 |0-16075 [~0.06955
Nd.-e_%—_o-égtg‘;o-?zw‘S'IS -OA|G‘.3—;£'.; ;‘O.i()SWOG o"sez“‘ ~0:'2068 |[~0 0475 (016405 |70°2h5%
0f [-00134 | 0-36885 038225 [-0-1400 021477 [-0-3547T |~0-1€80 |0.1752 |-0-3432
ba O-éé‘ée 012515 0163451036306 | 01562 | 0.2068 6-375g 016466 | 02155
bb f0-3923 019695| 019535 | 0-306| 01717 01344 02977 | 016895 | 01775
b b: ~-;_2573 | 0-|'7_79) 00800 | 0-217¢ |0 |T72) 01045“5" ©'206) o'-le_go 0:-040)
b'd 6-0973 01779 | ~0-.0800  0.126¢ ' 0°}72) | ~0'0455 |0-1259 9'|_§_6_°r *_0_341_
be |0 0016 ;o~|9essl TO:1953 00373 | 6.1717 | 0.1344 | 0:0422 .,oi‘.e?.?s F012T75
bf |-0-0383 [0 12515 {'016345-—6-0566 ©:1562 | “0.2068 |~0.0475 | ¢71€405 ~0°21155
C;_ 7::'0;»86 -_;'06°° i°'°426 019538 | 041291 ]0- 0667 | 6:2303 {0-16075 | 006955
| cp |02579 | 01779 [0-0800 | 02176 | 01721 | 0-0455 | 6-206] | 0¢16c0 |+ 6 0do]
Cc 03650 10'3161 | 00489 | 02142 | 0'1388 | 6-0154 0-!8?4 07325 O'—;IBI‘)'
C —--r— - — — - =
cd |0v.2672 | 0316} *0-048‘:§~_f3-§834 C-1988 |~0-0154 | 0¢|g0} 0~|732.5 -ﬂ-ol-_?lﬂp;i
Ce 00 379 04779 [~0-0800 | 041266 | 0172} |-0-0455 | 0:1259 o'l e [F0Q40)
cf |-o-e36¢ [0:0600 |“00426| 00624 0:129) [0:0667 | C.092 ovvsms-o'ossssl

TABLE 3-3 - SYMMETRICAL AND ASYMMETRICAL COMPONENT FOR y=1




WS

wheare,

p = Spacing the main beass,

3a o span langth,

El w Flexural rigidity of inner beam,
BY w Flexural rigidity of oross beam,
BI, = FMloxural rigidity of edge baam,

Using the rasults obiainoed in tabie 3,1, the
numorionl values of varicus distribution coofficients are
tabulated in table 32 forr e 1, re 3, r » & ond r #»10
and A\ = % PN = -5%-@ and A\ w ;5%’5“ » The valuss
of )\ correspond to tko valuse of Tlexaral parameter O of
equivalent avisotropioc plate equal to 1.0, 0.3 ond 0,85
rowpoctively,

an-' anal yeing the grillage by approximate method
doveloped in soobion 3,3, the dlstribution cosffictents k:‘%
obtained Irom grophs 4 to 8 and their symmetrio componenis
%' oamd asymmotric somponcnis ¥ oro tabulated in table 3.3
for b m 1,0 , 0 = 0,5 and g = 0,35 , Using equations (3.48)
to (3.86) of scotion 3,2 tho infiuaence line ort.,imqwa for
transverse distribution of loads for edze beam and iaonor
beams b and © are calculated for Y e 3, ¥ =« 6 and r » 10
and the values are tabulated {n Tableo 3.4,

A cosparison of valuas gbtained by the two methods
is given table 3,5, It 43 goon from the table 3,8 that the
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velues obtained by approxisate method are Very olose to

ths values obtained dy exaot method. The varistion is due

$0 ths assumption mado in plate thoory. 1f the values of

k in table 3.3 for ¥ = 1 , instend of tho valuos given

in table 3,3, are conmidered in the anslysis of ascotion 3,2
than the influence ordinates for beam a exactly coinoide
with the exaot values, A small saount of error is introduced
in oase influencs ordinates for iunner beaws D and o
bocause of the assumption made in saapo ét influonoe diagrams
for syamoitrio and asaymmetrio componunts according to
eguations (3,53) pnd (3,58), Also it ts svident that due to
asauaptions made in the shape oX influenve diagrons the |
MAZRELL's rondprooal Sheoren s violatsd at some points

but tho diffarence &a very small,

The above examplo, therefore, proves the utility

of approx, meihod for wide mﬁga of values, Moreover, the

methiod 12 also applioable for cortain cases of bridges

with torsional rasistancs, Qonsidoring the furiher advantage
of the moethod of scction. 3,2 4t 1a seen that in the inter-

madiate stops of valoulations of influenae lines, tho values

of T, and Z; are dotermined acvording to equations {3,46) and
{3,63). These values of Z. and Z{ oorrespond $o dead l1oad
distribution coelfficionts of edge nitiffensd bridgoe when

equal loads are applied on all besnms, The voluos of 2
onlculated in the above example for 6 w» 1,0, O 0,0, O ae.zsj
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TABLE 3-4 - DISTRIBUTION COEFFICIENTS FOR S/X GIRDER EFOGE STIFFENED

BRIDGE..

J.L.FOR
BEAM

6

=10

e

05

0o

-25

.

r=3

¥=5

¥ =10

¥ =3

¥=5

¥ =10

¥=3

¥=5

Y¥=10

0-9045

0-9404

0-39633

©0-7893

0-859}

0-9228

0-7518

0-82¢69

0-902]|

0-3473

0-3609

03718

05103

0-5580

0-6018

05623

Q-6263

06 39}

0:05832

0-0604

0-062|

C-2.947

0-3248

0-3559

0-3733

0-4283

©.48473

-0-0437

—0:0452]

[0-0463

0-125}

o502

0-1749

'0-1339

0-2411

0-2897

~0-0439

—-0-04 4|

—~0-0442

=0 006)

00168

00404

Q-0165

00567

0-098%

—~0-0105

~0-0068

-0-0037

-0:0963

~0069l1

-004 00

—-0-1338

-0-0973

00585

o-158

00722

+0-0372

o170l

O-ill 6

00602

01874

01252

0069}

03093

02823

0-2590

04996

o523

0-1093

O 1782

01233

©-0705

0-2824

0-2787

02747

01633

01387

o157

O 1319

0:0973

0-0625

O-1i50

o-185

0-1223

01006

]0-0934

0-0860

0-0822

0-0662

0-0478

~90-01e7

0-003¢

0-0l6¢g

00324 0-0407

00466

o272

00312

0-0294

=0-0146

—-0- 0088

~0-004 4

~0-0020' 0-0034

00040

0-0055

o-on3

0-0099

0:0199

0-0121

0-0062

©-0972

00650

0-0356

01244

g-0857

0-0484

Q.3056

0-3078

03079

01648

0O-1410

o184

01306

0-095%

00608

0-3635

0-36€4

0-3680

o757

0-1608

O0-1464

o- 19y

0-0916

00632

0-2268

62238

0-2223

01462

0-13%2

01246

01022

0-0801

Q0568

©-0896

0-08€7T

o861

0096 3

0088t

0-0800

0-8804

0-063¢

0-0450

-0-0l4 6|—0-009

—0-0044

00417

©-0 300

Q017 kK

0:064¢G

09482

002980

TABLE 36~ DEAD [OAD D/STRIBUTION IN A S/X

GIROER EDGE STIFFENED

BRIDGE .

DisT. 8=1)0 ©0=0-5 8= Q-25
3 EAM .

COEL FF, Y=3 yY<5 Y=10 ¥Y=3 =5 Y=10 3/:3 Y=5 Y=10
@ Za | 12119 | 1'2656 | 1°-3090 | 1-6139 | 1-8393] 2.0557 1’7639 | 2-0819 | 2-4076

Zb | 0-7978|0°7466| 0-7052 | 0-6639| ©-5401| 0-42 20 06142 |0-4541| 0-28 90
c Zc |0-8903 (0-9878[0-9858 | 0-7222|06200| 0522 3 06219 |0-4640/0-3034

A e
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e Y®» 3 , =6, rs= 10 are tabulated in Tadle 3,6

from whioh load distribution for dead lond oan be

obtatned, It 12 thus seen that in ocnse of edge stiffoned
dbridges , the inner beans are relieved by as much as TO® of fts
doad load for I = 320 and ¢ w 0,25,

Constdering the live load sffects on edgo
stiffoned Liridgon it 1o seen that the ianfluvence line
nrﬂtngtcn for imner Leaws are aousidorably less than that
ot an erﬂinary‘briﬂaq=nnaroas the ordinates for edge beams
are oonsiderably morse, Tho values of influence ordingtes
Sor inner bHoams g0 on deoronsing with inorease in the stifti.
ness of edge boams and Yor edge heams thowne valuags inorease
with the inorease in tﬁu stiffness, Also the trandverse
bending moments in oross buams inorease with the ineroase
in stiffness of edgo beams, It is, thersfore, roalised that
thore is always an optiamum qdgo stittuning. The optisum
edge stifloning primarily depends upon width of the hiiﬂga
and the loads coming on it, However, it is difftoult to
arrive at the gptisum ratio of the woment of inertia of

sdge beam Lo inner bDeam since 4t dopends upon mony. variabl es,
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CHAPTER &

ONTINUGUS GRID B DGR3

Loed distribution analysia of right bridges
with simplo suppors conditions, has been derived in
Chapters 2 and 3 ewploying Fourier series for various
loads, shoar foroos, moments and deflections, The basio -
funotions are smployesd by nﬁwafaa) $0 dexrive a load dis-
tridbution analysis for bridges with various support oond-
itions, The genoral equations of deformation, longitudinal
bending momnent and transverss bending souent are derived
for vo-torsion bridges with prismatic longitudinal and
traisverss bhoams, No analyttoal method 15 avallable for
finding the dtetribation properties of a bridge with
indeterminsto support oonditions and considaring the effeot

of torsional stiffnoss of various monbers,.

T Approximate maghod of analysis is developed
Yor continucus bridges; anplysing the sguivalent simply
sepported apan batween points of ocontra-Llexure for tﬁa
mozn offacts whioh ore known from moment distribution
analysis, An approximat®é asnalyeis is also developed for
oon%lnuoﬁs bridges with prisontic and Ton-prismatioc main
boams on the bewis of equivalent longitudinal stiffness
of simply supported bridge for thoe derivation of flexaral



123

and torsional paramsters, Ths bridge ia_ thon analysed as
a simply apan having dorivod equivalont stiffnoss.The
aquivalent stiffness for various casss of oontimuous
bridges hos boen derived by using moment distribution

anasliysias,

4.1 LOAD DYSTRINUTION IN NO~TORSION GRILIAGES

As the deflootion of s boam with various support
conditions can 'bo expresscod in torms of Basic funotion
series for any losding on the beam, the probles can bo troated
in o manner similor to the ?mriar Serios analysis, The load
p(x) per unit length of o bean is exprossed in the Torm

o0
" o - Fw‘
P(%) = WZ:\A.M () L (bem)

whsre, the general numerical aoofftotent A, 1» found similar
to Fourier sories analysis and F,(x) is the Basic funotion
givan by

Fn (0 = S [ Cothbmt — Caskox] — [StahkpX — simkux]
| (4.1b)

whore, £, and Kk, are constants detsrmined from the
'mppnz‘*t conditions of tho beam,

Consi dering a particular oasv of a load P at
any given seafion x w 0 , o< x &L , the loading can be

oxprosssd in terms of Basio fumotion serios

oo ~
b(x) = —E—- = Fom CC) \-'m()L) -'~~(‘u1¢)
L aown<T

| jo‘ T Famtat] 2dac
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Por a besm fixed at both ends, the denominators are given
as (58) 1 ,

PR . o~
S:[F‘(x)]drx': \v03S9 Sé L l—-_,_i"-)] dx =0 9984

1o 2. |
SO [ R U‘*’] dx = |- 000l and the Dasio fanotion

sories for a conoentrated 1oad on fixed benn 1ia

b - % { £,.ced Frin) '+ OIS N f2 0 F3(<)+_~j
\-0359 0 -99 34 |-0 ool
cens (841)
The valuos of the Dasto functions G.OUand Gl<) can de
evaluated from the tables given ia rof, (235), 3imilarly
Dasio function seriecs can be derived for various sapport

ocnditions,

Cousidoeriy,; a no-~torsion grillage ropressnted
by an anisotropioc plate (fig. 4.1) with the effoctive width
2 = np, longth 3a, 1, = 1/p, 4,47/q , the longitudinal
and transverse fiexural rigidistes (|, and . respsctively,

With the coordinate axes as shown in Fig, (4.1)
o ~
the load L OO = E‘:‘lf\w Fw (%) 19 applied on the elementary
strip , de , at an ecsentricisy o, Tho load intunsity

ia given by
P == A b OO _me
- = 'X wmow =
PG e et odP 1z P b

~
Trittiong @ = —E} the governing diflerential equation of
Llexaral of no-torsion ondsotropic plato is writion os



fv o4w + () Bﬂo _;i- A ?%OQ

- = - = k%ini Cbsﬁa 3-¥)
o+ € D9+ e b % . }

ense (4.3)
The solution of At fforonmtial oquation (4.3) has boon
obtainod in too parts (a) amd (b) as givon bolow.

{a) Por ’ 0

A ot — A o GO
P T 4 L = = T
Dt DYt k>

Tho aexutaén is

Ao Can (1

W = |
WA 2b e? kﬁj s {4.3)

vhoro, V¢~mia tho poan aoixmqttng corroagonding to
m*®  torm of tho Daslo funotion lond nerfos ond R, %o
tho mﬁh root mltdplior daponding upon iho typo of support

conditions,

vy # = )0

(v) Por ?PB+LQ 4 ?E "a_‘j;(g - = A ain C"wu X)Z (’gs’V\(B"“P}
S x4 Y * M= b M=\ ‘

tho oolution 15 of tho Forn (Van= Xw L zhere, Xw is
tho funpodtion of aattafying'thﬁ support coudition and
Yoo, 10 tho funotion of ¥y satiofying tho bBoundary oond-
141 ones ax tho froo ednon, Thus solving tho uquatiaaf is
is obtained thot

fr0) BT
Yo = Ao kO 57 gng

b eg A
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Yz Coth AP (€ S0 AauB + D Coy AwB) + Sinh Ame B

QQ -
(FSur A BY @ Cos AnB )+ > G (Boy)

m=\ (qu" et’wf)

where ¢, B, ¥, & are arbitrary constants which are:evaluated,.
from the boundary conditions at tho free edges and

A = g\l“:ﬂ'— )
' 2akwm b 4] G
B = - (3; V"g; )

cos(e4)

Thus ‘B«l 13 o peraneter deflining the relative Llaxural
stifiness and the support conddtions, Bw‘\ oan bo cuonstidered
as the flsxural paraseter ( used in the load distribution
analysis of yight sinply supported bridgos multiplied by

s factor 2“75"”‘ wshioh depends on the anatual supgort
conditions of the bridge, The appropriants value of K. 1s
found from Basio funotions for deflection of a boas with
various support conditioms, (35, 26), Combining the solutions
(a) ond (b) and applying the boundary conditions at the
free sdges the deflection at any point oan be written in

the form
A FQO

W= —
2bfek"

) sse (6:8)
shere & is distribation vosffivient and is given by



V27

K = {l ;[ Leoshr® Sm AP Cosh AR SOn A 4+ SWhAR Css AR Stmh A 7w CGsSAR
(Coth AR Simh AR — CoSAR Sian 2R )
S my 29'2% rh?-(-\;‘” _Q_JS_T_E’_
m=1 (m"'+ 6'4'>

]
('t +64) (Cosh AR Simbh AR 4 Css AR Sim M)

> 2 Tﬂ
" ~
w0 E, ™

{Carsk)sB CesAB (CxSh AR SUn AR ~ S wah ATE Cos AX ) — Sivh AB StwA B

4 2= Cesm(B-%)
. . 4 ==
(Cosh AR Sw AR + Swh AR QM/\“)S +2.8 nzq;:. (M4 £ p'4)

Sy (‘05)
Thus,

K = ‘F(G'a\klbae/b)

The cowplote series for the doflootion is givon by

; AF, (0 Ay F () Az KOOy, .
we gl | ThEkt BTk TR
2b fp 1 2 3 ) v
PEEN (%*?)

For ench individoal term thers is o unique
value of k and henoo, the flexural parametor 8' and
didstridution cooffitlent XK. However, for 4eflootions
the ist term of equation (4.T) givoe an accuracy of about
3% apd for 3 torms tho acouracy is within 0.0%.
!jgmimm:ml bnmung soments M

Since qu - 2* W

f
P Dr2

_ . oW
* From equatian (4,7) the valua of o is

derived and ™, oan be written ns

o AR GO, A o, L Ay DL
M - gp | TSk e R
3

“en ("08)
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vhore, P (X) , h o) ote. aro vonplemontary baoic
fupetions to Fi (XD, F, GO ote, givon by

& a2 Fon (%) .
datribution cooffictionts for doflcotion vritton in oq.d.7

FPor oaloulating My tho firot throo toros give cufficiont

a00RYrady.

Snes M, - D w
Y- E ?}\61

Fronm oguation (4.5) M% can bo writton in tho fom

My AECD e U
4b k e

whore AL is distribution cooffictiont for tronsvorno bonding
noment and is oqual %o
_ " { (&sh AR S0 AR Stnh R B%A@~ghnh)\7fcpss)\m%sk)‘pw3‘)

Cozsh A K Swh AR — CGes AR SWAR

"M Csgmnp
. oo . ig,Z m'l 1)
»AJE O z M3 (- )T Swmy 4P ¢ (o)

(ME D) ach A7 SUnh AR 4 Cosg AKX S s XTC

[ St ARSUn AR (CoSh AR SUAAT = Stnh ARG AT

_ Cosh AP Cex }\B(Qﬁghﬂﬁ LA +S~wk/\7<‘c@fsmq

Cosh (B~-%)
A 4eﬂZ m* g

(m# 4+ 8'4) &Y



*ho ocooploto oxpredcien far the Sranaverse bonding outend,

ﬂy » 10 thaso

My — L | Te ’if_*fffuﬁwnwr/’fﬁﬁusiﬁ
A A N a2 Ra

— -~ g - v - (4-1o)

Tho calonletion of Sronovarge bomiing nomont 1o
oarrtod cut in tho cano vay as Lor doflectiona and longi-
tudinal bondirz touopto,. Tho £irot throo forns in oguation

{4,10) give sufficiontly aceuarato valuo of ays

Tho valwas of dotrvidbubion soeffioionts K and

A gor vasious voiuos of fiomursl pormmotor O aro given
hy-ﬁnus}éﬁa} iz tno fors of dooign ourves for no-toyoion

srillogo otnilar to durves of Chnptor 2, The application

of tho nnalyoio 1o shown in noplo 4,841

Sineo no rigorous anosiyosis Lo ovailoblo Lor
sorstonally roststont cohdinuons bridgoes; oomo form of
approxttato ana!yatm'kaﬂod wupoen the thaory dovolopad b
provious ahaptors 1o ncosaanry.itwe approxinnte cothods
haovo booa.ﬂovalcyeﬂ‘hy~&hﬁ aulior. Thoso have boeen nanod
as Fodlovs: |

1) Eguivalent Stiffnego mntgaﬁg'

3} Eguivalont oioply cupporiad spon nothod,

129



The defloctions on loading o span of a vontie
nuous beam, are lesser than that of a sinply supported
span of samo momsnt of inortia and span lsngth, The
continunity of main beams thus stiffens the bridge in
longitudinal direction and produces s different load
dtatrinnﬁmi than that of a simply supported bridge,
Taking theo defleoction of a contiououas beam into constider~
ation, an equivalent #t1LX siwmply supported span oan be
derivad and the usse of dietribution ceefifcients as obta~
" ined in Chapter 2 ven da made,

A ocontinuous prismstic bean of momsnt of
inertia I is subjooted to a concontrated load P at the
middlo of the spon 3a oausing o defisotion & at thoe peoint
of appliosgtion of the lead, Lot

Let 1, b the soment of inertia of eguivaient

sizply supported boeax of span 3n. When load P &3 applicd

at mid-span , tho nid-span deflootion {_1s equal to § or

Pa? Pa3
$o= Lo¥ _ Pad
. Qhro c EX
L ¥ 9 [o: Y1 then X = % Q'DQ&{‘C‘.‘)

For detersining the load distribution in the loaded span
2a of the continuous bridge, the new valuo T_- Y1 is

\'bo
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substitused instead of 1in the equation (3,88), for
finding the flisxural paramcter 8% . Thus

o b l T ] - ,
e = = 42 = - 8 4 Y
= Iy b on{$,13)

Ihwl".._
5 = b 4/1 4

——

2a VI, ' F

Knowing the value of 6° ﬁias coufficionts of transverss
distributfion ean be obiained using graphs 1 to 21, In caso |
of no«torsion bridges the distridution of load in unloaded
span at any time can be taken approxinatoly the sawe ae for
the loaded span in wiioh tho gorrosponding loads are present,
The distribution coofficionts, thus éb tadned, are then used
with the influanoe 1ine for menn effects on ons continuous

waln beoam,

For torsionelly rosistant contimmous bridge,
the value of 0°- 064y is firstly detormined. The equivalont
"mma of I.- Y1l 4s then usod to detersnine the new torsional
poramster X° given by oquation (2.50), Thus

| T, Jr
2€ 1°/P % Ir/q— I Y sne (6,13)

The paramstors 0° and {(° are used in the same manner as
indtoated in Chapter 3 and the interpolation formula {(2.49)
is considered as valid, Thus, tho values of K.( can bo



ss8ily obtained for loaded span, For tho load distridution
in the unlonded s, an 1t Das been shown oxperimentally
by MORICE AND LITTLE (23) that all tho boams share loads
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aqually, This can bo upiumed by the uﬁtﬁon of touiongny

resistant oross beams present over the continuous supports,

It oan, therofore, bhe assumcd that Lfor unloaded spans, in

case of torsionally resistant continuocus bdridgos with oross

beams over tho supporte, sll the soin beams share loads

equally, whether the londing in the londod spans is central

or acoontric to the ongitudinal axis of the bridge,

Ffrom abavo, it is clear that knowing 6° and o°
thes probliem oan be enaily solved ‘uﬂng—, the results of
Chapter 3, For the determination of 0° amd L° , the addw
ttional value Y s detormined dy ordinary mothods of
Linding deflection in o contimsouws b@aﬁ, For ocontinuous
bridges with prismatio or non-prismatio main bsams snd
vYarying spanh lengths, it is obvious that thevye will be
\uapamtw valuas of v, 8, 06° and « for each span, The
addd tional values of Y , 4y and |~ ars, thersfore,
caloulated for continucus dridgos with (a) prismatio sain
banms atd (b) tion~prismatio wain hoams .The numher of spans
and the ;mtios betwoan ‘the different spans are almA varied

according to praotical cases of conatruction,
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{a) Prismptio main bosmw,

The evaluution of value r acoording to eq.(4.11)
1a carried out by moment Aistritution wethod and the values
Y, 4y and [+ are tabulated in table 4,1 for various
onnas. For example, according to Fig, (4.2) of a oontinupas
boam with the span length xatio 8 3 8y 1 &g ae 23332,
for outer span and widdle span ¥ia v 1,338 and Fag *3.080
have boun caleulsted and are shown in Tabie 4,4 for ocamom
3 and 4, In case 3, the loaded vid point of the outer span
is given an unknown displaocement S ana by introduaing a tome
porary sapport the moment distributton for the induocod dis-
placement effect is carrteq outy then ths reaotion value at
the tamporary support is equated to the appiied load P to
obtamin C,, from S—_E?ii;. Similariy for %:aoo 4 Cyq 1is
Geternined, Amongst the nine uases tabulated in Tatie 4.1,the

aoxiaun valide of Y = 4,0 for the fixed honm of case U,
(b} Hon-Prismatfoc main bosmsy

A particalar cafe of three span continucus beam
having varyiag momont of imrtm as shown in Fig.4,3 19
someidored, The results are used for tha load distribution
analysis of wodel of 5.3,

Tho dopth of the ontivRous beam as ahown in Fig.4,8
has straight line variztion with d aadopth at A,B, and ©
and 1,8 4 as maxious depth at eupports 3 and 3, If I 1is $he



moment of inertia at A, B and C, then the datlaattqp
at A due to a conosntratod 1oad P appited at A 4a
galculated by moment distridbution wetbod; tho defleotion

baing squnl to Tgagi}él o Similarly the dntleg?iaa at
B due to load P at B 49 egual Lo fl%é;;%i . |
Therefore, _ , :
63 © 11,426 1, = 1,804 4\/’513 s 1,107
0yg = 18.9 ryy = 3418 <bf;;5 - 1,332

Tho atiffnosacs and oarry-over factors for
mosbers with varying moment of inerstias ars obtained from
Tablo 3 and Table 4 of the book(™) » Anjivais of Statie
cally Indoeterwinato Struotureg® by PANGEL ond KOOIMAN
ppe 378380, '

§+2+2 Eguivalent Simply supported span Msihod,

In o continuous bridge struoturc it is possible
to use the momont dintributisn method or slopoe-deflection
method io daternine the mean bonding womont diagrams prode
uced by any londing. Thus certain points of contra-fl exare
can be locatod in the primary deck struoturc, Assuming
that the longitudinal doflection and dbending moment profe
1les due to diatribaticn'ai load rompin ét the gance toru‘
for all Rongitudinal scotions, 1t follows that the pointas
0f contra<flexuro form lines in the plan parallel %o the
supports, Although thesoe lines of oontrﬂxléxnro will

in fact have somo transverse curvature, they can, Zar tho
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purpose of an approximsto anslysis, be considored as iiupll
supports . Hence 1& 19 possibdble to osnalyse that portion of
the atruoiure betwecn tpc points of contraflaxure as &
sinply aupported span of appropriaste lengih and width and
with a flexura}l parametor and torsional parametor deter~
mined acoording to eguations (2,.58) and (2,50).

Foy the sguivalent simply supported spanheiween
points of contraflexurs the mean effects ara known from
moment distribution analysis ond tha distribution cosffio-
jonts K are dovived pocording to theory davslioped in
Chapter 2, Thue, a solution to s specific portion of ihe
continuous bridga‘aén be vhitninel, For polnts outside the
squivalent simply supported span paalysed as above, it is
rogsonable to.aasulﬁ that tho distribution of moment will
be same as that in the squivalont sisply supported apan in
ocase of bridgos Leving negligible torsional resistance
and sgual load disteibution in oase of torsionally resistant
bridges with hoavy tora;anally rosiatent transverse beaw

at the continuous supports,

The transverse moments oan be derived in the some
way as for s simply supported bridge, The Fourior series
for ioadg onn the equivelent spon are thon dtrtvud and the
analysis of socation 2,2, can de applied, IX the egquivalent
simply supported span is 200 snd the loaded span iz 2o then
for deriving the distribution coelficients K and AL the
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modif1ed flexursl poramater 8: = %86 whers -~ < %8
and 6= %iz 44,%: ses(€e14)

The valnes of ¥ ZTor various cascs of continuous
booms are tabulated in Table 4.2 Lor a vonocentrated load
applied ot middie point of thoe loaded mpan,

4.3 EXWMPLES

To sxauino the acouraocy of tho approximats mothods
developed in Jcotion 4,3 , twoe oxamples of four girder
grillago ore considered. In esanple 4,3,% a four girder gri-
llage (fig, 4,4) fixed at Lts two supports i1s analysod by
theory davoelopud in socotion 4.4 and a comparison of values
thus obtoined is mado with tho values ohtained by approximate
mothod of annlysis devoloped in ssotions 4,3,1 and 4,32,
Acouracy obtained by using 3 terss of baato funotton smarios
is also shown, Yn examplo 4,3, a two spon continsous open
bridge griltlsge {Fig.4,5) is ansiysod exactly and o compare
ison of values thua obtatned ie made with the values obtatned
by approximate method of analysis devolopod in scotions
4,341 and 4,3,3,

4.3.4 Pour Otrdor e Pixed at Two Ends,

A four girdor grillage fixed ot two supports with

three oross boeams, i conwidered, Tho dimensions are

) .
2a= 54 3 P=o' 5 2b=-36 3 9= 155 ,lh,:%g
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Acoording %0 eguation {(2,68) 0 « 0.8

Bostio funotion sorios for nnit concentrated load:

Whan the unit load 48 at X = a from table 4.3
tho meries is written ns

(x) 1 [ 1,6165 P, x) 1.,40890 P (x) ‘]
' X) u . > ¥ (K] o v " ] x) + ~-
P 84 1.0350 x 1.000% 3
1.6185 1, 4039
Henos, A, w “ -y A w O 1Ay = —————
i Salran 0359 A2 43 1,0001.

YYE L {‘»1ﬁl)

whon the unit lood 43 at % » a/2

« 1 [meem P N L =)
pix ~ et PR L I (K] B eeem—— X 4—]
ELR T 0.9984 2 1.0008 3
0.8634 1,4439 - 1,3700

 1.p380x3 «0984 x B4 ' 1,0004x54
sasneses (£.155)

For fixed ond condition, the first three
roots of Hasic funotion sortes ave

* 4, 73004
8ak, = 4,73004 honoo k; » -
54

£t. units,



TABLE

4:3-~ BASIC FUNCTION VALUYES FOR FIXED BEAM

X 0 9/2 a 34/ 2a
F (%) 0 0-8634 6165 0 8634 o
‘———— Fz(;; 1 O ‘ ‘"4‘4‘?’)9 .—0 | -1 44735 O' 1
I Fy(x) | | 0 13709 ’ —1- 4059 1-5';09 | Q
T Foo | 20356 |-0-2us | V2374 | —o.zns | 20035
%(x-)«»; N 9985: -i‘-l€>85———} 0 ~l:e,gs ! ~1-9984
[ a9 [zooor |-vzens | e | ooeas | 20000
TABLE 4-4- DISTRIBUTION COEFFICIENTS FOR VARIOUS VALUES OF @
K eeoss | kg e l2s | Ky ea: 175
o | e | ea | e | bm | b
~3bla| ©-04 ~0-34 -0.19 -0.04 ~ 012 o
~bia| 100 ooa | oes | —ous | om0 | -au
] e Loz | oaer | cen | ome | o
Bba| 112 % 3.09 | 064 359 Q.26 aze
= | 1-oi7s ! 09775 i 1-07¢0|  1-0025 1-0875 11000
TABLE-4-5
L . Loap AT x=a LoAp AT == ag APPROX, THEORY
o e Il Ll e el Ll [l A DN
it x= a x=a |Xzw@0 | x= a7 o Xzo | ®=28 | metnop | paeTnod
" Kqa | 08013 0-8244 | 07631 | O-8338 | ©:7027 | 0-8564 | 07794 0:7726 | ©-B600
A Kba ]E?s?fc_f{;éa “0-5245 1 02345 | 04025 | 0-2056 | @298 | 0 2997 o 2155 |
| Kea| O 0090 lo 0040M o 0174 l—~0 coez | 0:0306 ~0-0131 | 00420 o-ozsom ~0- 0347‘
j;:v:o 03‘7533 0-0735 | ~0-1048 | -0.0621 | ~0.1358 0048 | -0 1195 | —0.0973 |~0.0586
M:bku 0-2750: 0-245) | 05243 ©.2345 | ©-4025 | 0.2056 | ©. 29%.1 02997 0.2153-
i —:;: 04555 | ©-5169 : 0-3540L-o 5%57 E e 193 0-5944- 64181 | 04154 | o 5659
g kep| O-2605 ©-235490 i 0"5'0:%‘ Q- 2360 | 05738 E 'ZlBl 02409 O 2609 A_‘C;E‘S“;S—“.
kap| 6-@090 | aou&o‘{r 0:0174 lmc”)wégZ;;“Tc;;o_sm 00131 | 00420 o 0250 00547 |
£ RKOR v —_— i ~—-«—---——--—-- T B o
DV 065k ~1T8 ) ~51% | ~B6h | -4l | +34% | t102% — —
| | |
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7.8540 .
anz = T.8540 henao kﬂ ™ ” ~ £, unita,
10,0986
28‘3 n 10,0058 hence ka - . ft, units,
o ' | 54

and the corrssponding first three torm Lloxaral parameters

givon bi #g. (4.4) are:

o' = 22K § = 0.753%
™~
GQ.' = 2a kl 9 = 1-25
7 TITILTS L))
6, = 2°‘K39: - 75
3 R

The distribation coefficient X for various vniuocs of
obtainud from graphs (35) are tabulated in table 4,4
for load positions 7:242 and _S: and besm positiona +3b

gnd * -E-_ .

Using equations (4,7) and (4.8) the dtstributton
factors Tor load at x = & und X » /2 ore derived for 1ong-
imumx aatlecti ons and bending momonis and the values are
tabulsted in Table 4,8, Tho errors introduced by using firss
three forms of Dastc function serios are also tabulated in
Table 4.5.c |

Considering the ap,roximate method of anmiysis the
mofifted flaxiral parometers B,', and 0° are derived frum
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squations 4,12 and 4,14 and using the values of Y’ and'Y'
from tablos 4.1 and 4,3 , They ore §° » 0.707 and

m'vs 1.0, Prom graphe £ to & the dfstribution of ioads
for undt loed applied ot boam a and b aro caloulated

and tabuluzted in Table 4.5,

After comparing the results obtained in Tabtie 4.5
tho following cohsaervations can be made, |

1, The vaiues of distribution coeffiotonts obtained
by equivalent stiffness mothod are very olese in most of
the cases of loading snd transverse seotion to those obipe
10ed by theory of 4.1, The wide difference in the values
abtained by equnivalont simply supported span mothod from
theory of 4.3 13 due 2o the ¢ransverss gurvature at ths

points of contraflexure,

a, The difforencs is slso doe to the consideration
of ooly first torm of sine ssries in approximate thoory and
3 terans of Dasto funotion sories in thoory of 4.1,

Se The errors adaitisd 40 ithe bending momants dy
Basio funoctions are suffiolently high as inﬂinaﬁoﬁ in theo
Table i.a. Sulteble corrsactions aro thorefore necessary
whon thn hending mowents are c¢aloulated by using Nasio

function sariana



TABLE 4-6. LOAD OISTRIBUTION

-

COEFFICIENTS FOR TWO SPAN BR/DGE

GRILLAGE BY FLEXIBILITY METHOD

UNAT l With Megmaegr 5678 (Fsr. 4. Sa) [ WITHOUT MEMBER S678 ( F1G.4.5.)
LOAD , AR A v A R . “‘ 7
AT SvmMn 7' J As‘lmm 5 svram. Yy Asymm. 3’ symm. 3 Ayt 3"
|l.__, - P _—— e e e - - .. I SIS SN - — PRI AU SHNUU USRIt IRAIUEPI ST I §
| ' (omasm-_ (4 5410.51) ~ A5, v 28X x L5)M 0.542.5AF 4.5 +1-SaY
1 ttb’ a1 '_c € D ¢ “ ‘ D
R S S S . e 2B
| i Q- 5- -—7_-' T—:'S ~ 1532 1 ' T : |
) YR e . £iDy ¢) Z Y, = ~335, 21 O'S/D. Loesfy,
O L, Ds , Da : I R S
1 : Ju : v “ H - o i “ :
-1 r T 32 R P ;T 2 7% s = ¥3hs B %2, = ~3a f
[ e e R Eat R S, i
. ' ! “ [ I . " :
cal T by = =% g ! = % LT % A ?5“ =" %
S ._.;_r. U . e ' A L . a - .l_m., [ S -
D, = (2+5AY) D, = c 10 + zn) De= D,~ 4Y/D D4- D, ‘007/11
N I T e Cas i o
. ! -7 A-SAY .
AT i = ¥ [ 52 = - ba I Smn | '? o5/p, - ¥ 5/p,
WU N . J SY‘L: ; ! :
22 QO 5—;3 S)J)—tzplto S1E5AT)~ 'Dnj 2 J % 7;5_;1 =-3 %"52 22 o5 ;2.5)1 o- 5;| SaY l
2 2 S S - I Pt T S e ! - “._J
- 1 " . L 1
Lsz = Yqs S A 72 o= 3'62 = Y3y, :‘52 g = %Y. | -z —%22
‘ L — .. U o e ! J
] i [ . { _ ! ’ b . ~ / - "
. l4z = 349 = —%',2 ]2 = %6 =~ Hm92 \ 42 i 12 = "&z
t.___.__.»._ e e - t . : — 1
TABLE 47— LOAD D/STRIBUTION COEFFICIENTS
- e e e e e e o
!um‘r ITH MtMBER 56 78 \NITHOUT l"ihMBER 5678
; LOAD — . - - . ——— - N — e ree s r + —
POAT DG A= ‘/;s '/zss DC A=l =Vie | Mlase | DC ’~'l A=Yie | A=1/256
i k,, lo-9ne 07513 | 0.7040 kei| ©0:0215 | ©.0l66 | 0-001g |k, | 8-9089 | 07459 -
. bo— N
| I ky (01565 1 Q~,345'7 i 0-3958 | ke |-0- 0505 ~0:0477 | ~Q-0016 ik, |0 1616 a-bsm, 0% €4
| O S N S, - R P W
kbl ~-0.0479 :*ovo":,w’ 00964 [kq |-0 0059 ~0:0l43 | -00014 [;, [-0-0500 | ©-0592 | 0:096%
L : . " ——
! Kpj-0-0202 -0 1517 [~0:1962 |kq, |+0:0127 | 0-0154 | 00014 ik, |-0-0205 |-0-1867 |- 01967
' ék,z 0-1565 0-3457 | 6-3959 | ksa| ~0:03%03 [-0.0177 }—o-oote ok, [ O 1616 0.-%516 | 0394
1
| e - . - ; .
K22] 0-6391 1+ ©.5632 | 03054 | ker| 0:0567] 0.021N E 00018 | k., 106267 | 03560 ] 0-304.
2. : - ..
ki, | 0- 2523 | 02264 | 0-2024 | k2| -0-0226 | O-0109| 0. 0012 ky, | 0-26177 | ©-2332| ©-2027
Kig| ~00479 | 00547 0-0964 | kel ~0'0029| ~0-0l4% [ 0. 0014 kyy |—00500 | ©05Y2| 0:0968
. S
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4.3,2, Four Givder Two Span Continuoas |

The aontinuous bridge grillages shown in
Fig. 4,00 and 4,58 are snaiysed by Tiextbility methed,
The symmetriocal and asymsetirical componsuts of loads
distributed at di Lfoxront Junotions of oroess hooms and
longitadinals, due to unit load appliod at points 1 and 3
are tabulated in Tabie 4.6 1n torms of parameters A and
influence aouttmiémn' Y andi. The parameter A 18 egual
to ngﬁ %; j r and ¢ are suoh that whon a Iecd P
is applied at A (Pig. ¢.8), the deflections are

3
e a3 » 5 . Pa
&kA = CvEl and RA et EI
For two sgual gpan continmtous boam shown in Fig,4,.6

r = 11,3983 and € = 3.5083,

Kamar&nﬂ values of logde distributed ot d1ffe
srent jodunts duc to unid load applied ot peints £ and 2 are
tabulated in tablo 4.7 for A=t , A= 3/i8 and Aw 1/258
the wvaiues gorrespond to tha vainm nf fNexaral paramneters

§ 2 1.0 0=0.,8 and 6= 0.35 respectively of equive
alent anﬁotmpio plate when loadod spsn is treated simply
supportad., To find the effeot of oross beaw NGT8 in the
unloaded spsn the grillage shown in fig.4,.5(b) without

aember 5678 &9 also analysod,
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VAL

(1) whenpw 1 i 8 =1,0 3 0"w 1.0806 ; O, « 1,188
. I .

(2) when )= &5 I 8 w08 0°m 0,543 ; § w 04504

(8) when \o—zi~ i 0 =08 ; 0°m 0,873 ; 8 e 0,307

From graphs 1 to 8 the distribution goaffiolonts
%f for boam positions ¢+ 3/4 b and L b/4 and load
position 3/4 b and b/4 are aploulated and the valuos are

tabulated in Tabie 4.8,

After comparing the results obdtained 1o Table 4.8

the following observations oall be made,

1. The Adtffersnce in the Vaiﬁna of distribution coof.
fiolents by the two approximate methode is not much, The
errors due to transverses ourvaturs at the point contrpe
flexurs 1# Iittle heocause the point contra-flexure is near

to the middle support,

2., Thoe values of diesribution coefficients omloulated
by approximato methods are olose to values by exaot method
The difference is duc to apen grillisge snalysis and assomed
egquivalent plate analysis as £t has already beon indlaated
in Chapter, 3,

3, The offeot of transversal 85678 on distridution
™ ‘ 2
coefficients s swali and is due to the faotor é%?i « The
. [ ]
predominant sffect of transvorsal 5678 is seen on the s

tribution coefftcionts for support mowents; the distribution
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is poorer with member 4878, Yo account for this poor

distribution at the continuous eupport the vslues of ¢°
should de tuoreased by about 10% in the approximate .
method of analysis and a differant set of distribution

cooffiofl ents should be obiained for support moment,

4) It ia sasily undorstandable that the squivalont
atiffnoss method 48 bhotter and aan be adoptmi for conti~

nunous bridges with non-prismatio main beaws,






CHAPTER D

BXPRUIMENYAL  WOHK

As various spproxXtmato theorios u«v§ been
praposed in Chapters 3 and 4 Lor adge stiffened and
gondtinucus bridges, 1¢ is intendad haro to verify the
sprorvs tutroduced by these approximate ocaloulations,
Modeis of no-torsion bridge grillages have been construce
ted and aexloétion neasuranents are taken to obtain trane
sverse distribution profilos of various eystoms, Following

modols have beon tested:

B,1.,1 3tesl model of six girder edge stiffoned griliage
with O = 0,658 and YV u 2.8,

H.1.2. Porspex nodel of six girdor odge stiffoned grilloge
with O = 0.88 T & 8.0 _ : ’

648, Bieel wodel of four girder twy apan continuons
bridge grillagze wits priswatio main beams and four

sots of oroan bhapms,

5.3. Perspex modal of fLoup girder throe span bridge
grillage with non-prismatio main beams and two

sels of oross besms,

VA4
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5.1, EDGE STIFFENED S1X GIRDBH GHILLAGES,

Two grillagoes have boon tested, Tho flexaral
perameter 0 of the stoel grillage as shown in Fig, (3,1a)
s 0,086 and ¥ = 2,3, The fiexural parasmster 0 of
perspex grillage as atown in Pig.(Bs4 b) i¢ 0.85 and
¥ = 8,0,

[ % Y S 3’@201 ,051 llﬁ £

The grilliage consisted of ¢ main brams of
40 o=, span, 4 innor smain bDoams of 5,85 a,m, x 5,05 n,n,
and the two edge bealis of 5,60 muky X 7,60 R.me wild stes)
saotion and spnced at U oum, 6&“&%3.{#&5. 5;151. The var-
tation of £ 0,00 muB. in the awtwnal dinensions was
pernitted, Throe grows bhoams of ihe size 3,85 B3 X 3,50 mm

wore usod and plaood as shown in Pig, (5.is)

To snsure that the grillege wae Lreo from torsion,
the oroms boanms in tho apad were connected to wain boows
at the hobttom £208, by weans of a Join shown in Fig.{(8.3a).

In this Joint a & wm.m, dia, brass sorow posaes through o
hole drilied centrally thyough the oross boam and main

beant wi th o heniephiorical washar tnsorted {n dDeltwosn
thesa two,A Lraoket typs hook with & hole for the suspon-
ding Yoading hangor, i fittod at Lottomof the sorew,

The defl oodtons al polnte 1,2,3,6,5, and 6 ware
measured by dial gauges of 0,000 Least oount, 4 3 kg load



l1ood was spplied at differont points. To avold 1ifting

of the beans vach beam wos initially loaded by 1.0 2he,
weighte , For every loasding tho initinl and final readings
ware notsd and the reading werp taken at an interval

of 30 minutos to wmipimise orcep eficots. The oxperiwental
set up i3 shows in photograph 1.

- 9he observed defiocotions are tsbulated in table
B.i, after taking the avorage of the two readings obtained
by loading two symmetrioal points,

Caloulations:
Thoe dimensions and other slements of the grillage are

3s = 40 oW} ‘i_uiﬁﬂﬁ $: pw=xd om; n=86

- 535%_ ‘A : Zb:m-_-'f)()c'm.
]/I-T (350 = 4-67 b |

*
e o The flisxaral parameter 0= % 4\} A- c,7x'° =0.656

7-60 .
The ratio Y=;f~= 585 2:2.
the values of dstribotion oneffioionts R= K" for boow
positions i’ég P 4 ‘—’é and % % and toad puauionu' ‘%3 "
6
5.2 {as Dper ommmple 2,3,i0) and tho sywmetric and asywmotrioc

b and b for 0 = 0,860 have boen tabulated in table

components 3 and 3 are determined acoording to equet=
Lo (3“?8).
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Using equations (3.48) and {3.47) and (3.47b)
the sysmetrival componsentas }’ are obiatlned

as
? é-2 - = 13445
Ca T Uq = 2-2 (0. 6299 —~ 0:0893 ) 4 04694
%! 3 5566
- = O.
bcux - §“:€
-} !
-1 — ¢ (501)
}qc - é,a_d =z O lléed

AS per ogustions (3,48) and (3:.&9),2@;.-;.4:;15 1.03

0. {9755 ‘ e S8 31§,
- - = 222725 _ 4. | X o=~ Xy =
= - Xe T TTagac PANR ) XemmMas o

= 04732

35 - 3,5 ’c 3/‘; - ‘/5_

and

2322 (0:3646+Ua) + 2[2 (o-10755+0-54181) +e (oA D15 101732 0)

= 2.9
J. Va:z 0.0 651 '
and the asysmeirical compomonts are
-} 1
%‘CU\ = ~3o~_& T 04297
-1 — . )
b%: -—%'ae - O 93929 - -~ (52)
B'ae T 3aa = 0-0744

Adding eynmotrio and asyometxie componenin as
obkained from equations (B.1) and (5.3) the ordinates for
edgo boam & are tabuiated in tadble Sed,



FVor fnnoy boans b ghnd

6 tho aedgoe ordinsatos
as por oguation (3,50) aro obéninod as |

—— T —t

— -~ )

3 cazbefTo0s28e g
-\ —
’%La - -})bg = 010882

3 ca =Thep =0 OB

| | eva(Be3)
As por oquation {3,52) 2 = 0.7828 ond Z. = 0.8731. Uaing
equation (3.54) the va!.u‘aﬁ of Uy and U aro doteroined Lronm

- ) )
0.,7838 s 8 & 0,0008 ¢ubL4.,g gf.%,.} e (L )agj

0.8131 = 6 x 0.05200 ol [ e %( £ . () }ag ]

Theroforo, le ®» 0.07408 andl| = 0.1¥378, As per oguation
{3,58) the synuobtrioal

=1 - G R, N
%bb"-"ab@ = O-|\REAL >3- %%"Zte = 046404
—_ —_ . o— 1 |

},'b cxLlpd = 6-16244 3 Yoo T YodOANKY Bob )

The asymnotrical conponents as per aguation (3,83) are
obtained as

) — I —
=l 35U — O \\244 > — T 00Ty
2 b T o pe ek e

‘ _ — Uy j
’—%"bat ’g'l,d = 0 04D0S 5 G cc =

ec -~ "% cicl =0 0269S

0-0{ 5@5}
Adding tho eymwoetric and noymnetrio components

as obtainoed fron oguaitons (5.3), (H.4) and (5;5) tho
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The sxperisontal set-iup was similar to one
of B.1.1, All girdors wero initially londed by 1/4 1b,
weights and the defleotions wero measurad by applying
1.0 1b load at different pointe, Aversge vasiuss of
deflections Lrom w0 syumetrical loading are reoorded
in table 5.1,

Uaing sistlar ocalomlation procedure as given
in B.l.1, the vaiﬁoa in the tables 5,3, 5.3\nng B4 are
_recorded. A comparison betwsen the thewretioal and exp-
erimontal values i3 made, Ae par teblo 5.4 a good agree~
sent betwsaen theovreitcal and cxperinestal woiuea is
obtai ned, From tables 3.1 and 5.4 46 can aleo he seon
that the behaviocur steel grillage 19 bDetior than perapex
griilngs, Craey aifecie 1in pereper grillage arve predo-

sinant as the variation i{n the fotul defisciions is mors

whep different boams are leaded, alec the nogative walues

at the sdgos of the bridge are not in very good socord,
Littlo Alsorepanoies in tho NAXWELL 'S raeolprooal theorenm
are due to orcep effeots, though tho readings were taken
at an inderval of 30 sinuvtos,

G488 TWO 3P

CONTINUGUS BRYDUS GHILLAGE:

 Tha grillage conaistod of Lour pain heams,
continuous over two oquel spans of 40 om, each snd

sproed ot 8.0 om, (Fig. 8.3). Main beams wers mnde of
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Ted Moty Ma, 14 stoel bars, Pollowing fLour suots of
oross boaus mads of nild steel bars woere used to test the

griiliage hoving wide range of parameters,

O 34ix oross boams of 5,35 mm, din.,tnrma in eaoh span

plaoed at equal spaoing | 4 = 40 om

1¥~ Two cross boams of 5.30 m.m, dia,,one in csoch span

placed in the widdle; G = 20 om,

IIl~ 34X oross boams of 4,0 wm dia, ,throe in each span
placed at equnl gpadings 3 9 = 10 en,

Ve  Two orows bDeams of 4,0 mm, di&,)ﬁna in saoh span

piaced ia the widdle ; 9 = 20 om,

To cngiure that tho griilage was free from fore
aion the Joint shown in Fig., (5.3b) was used to oconnsoct
the oross bDossms aaﬁ-maia boams, @ﬁa deflaotions at points
1 t0 8 (Fig., 5.3) were nonsuirod by applying & kg and 3 kg
1oads at dif¥ercnt polints . All points 1 to 6 were init-
ially londed by 1,0 14, weights to avoeid 1lifting of

DO avas

1S

The exporimental sot up 4s shown in photograph 2,

The inttial and fipal readings wero takan at
an interval of 30 minatss to minimisoc the cresp cffoots,
The avorage of four readings £s obtained by loading four

symmotrical points 1.0, 1,4,5 and 8 and 2,3, and 7T and
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tho obaorvod daflootions arc tabslated for four soto of

aroge veans
Qﬂlpulggiogg;

Full dsoonsions and tho flexural paramotora  for
four sots of orosa boahs aro given in table 5,6, The para-
motors ¢ acoording to oquivalont stiffnoss nothod
ol 4.,8.1 (Tahxq 4,1} for tho four qascs aro detorninod,
Using graphs & %o 6 the digtribution coolfiocionts,
for loadod apan for four volugs of 60° aro detormined, The
values are tabulated in table 5,7 abd tho thoorotical valuesn
are conparod with tho exporimontal valuoes obtained fronm
tablo 5.0, & vory good agreonont botueon theorstionl and
experinental valuos 1o obtainod espocially sines the

negative valuos at tho odgos of tiw briduo are in accoerd,

5.3 THROS 3PAN m:m;mm% BUIHSE WITH NON~
PRISMATIC HMATN BUAMT:

The four wain Boosns of the grillago having
dopth varying aocvording to Fig, (0.4) wero cut out fronm
a porspex sheot of 9,8 pm, thivknvas The dopth inoroases
linonrly fron 10 tn, at oidegpon to 10 wen. ot the tnnor
pupports £ and g o Tholongths of the onter spane and
tnnor span wore Xopt a9 36¢0 on and 45,0 on. Tho pain
boans vord syscod at 5.0 om. oand €ho following tuo sotls
of aroas hopns Werd aonncotod by acons of Joint shoun
infig, 8.8,



TABLE 58 OBSLRVED MEAN QEFLECTIONS FOR THREE SPAN
' CONTINUOUS PERSPEX BRIDGE /MODEL

e , _ e
: CASE I | CAsE T
!LOAD AT fl.oAb A‘fzz [LoAD ATblLOADATG ]LOAD A'HILOAD AT z[ [LoAb A'vs LoAD A’r(;
L 170, 259 5 70! 24 1 B3| 245 | 5| 742 . 241 |
ISR O P | B, =
2 254 - 437 6, 253 {Tafze 2] 239 | 508 | 6| 244 | 436
N L .
s 54 - 225 i?‘ 54 | 189 . B a | a1 |7 -15 207
4 -7 as 8| -3 | 38 |4 -n g |8 -29 13
i [ —
LZ ‘ 10 6 | l 969 s 995 | @97 | =| 1063 oo | = | 942 87!
TABLE 59— BRIDGE PARAMETERS
cAsr | spAN | 8 [y e
.. a4 ) : -t
. ef | 0-664 | 1167 | 0.775
| I e o ‘ S
; . f9q 0. 56 1. %32 0. 746
, . ef 0.789 e o2
i i .. S ey
! ‘ V3% o '
£9 | o667 V332 | 0B83 |

TABLE 570~ THEQRET/ICAL AND EXPRERIMENTAL VALUVES OF
DISTRIBUTION C OEFf'/ cr[zvrs

C ASE I N QASF_ 14

AL S NESCL T __%__j_e:__’_ 0.2 fT L
Exp'r [THEDRYﬁ FEXFET ITHEGQ‘( "EXPT. TTHEORY EXPT ,THEORY

I . ‘ ~ . e e w o s —

Ka 07257 jo-‘wso kss 0'1045 0785‘5 k,. 07‘817 0%548 ks, 07376 0274

kl, 0. 2%94 LO 2926 ,kﬁt 02543 02898‘kz‘ 0. 2248 0.2568 'k“ 02590 | 0-247

de—e - —— - - —t

\
I

k7,. 0-0509 ' 00075 lkw; 0. 0545 Q-0175 Ky, 00038 ' 0.0200 kys| -Q. 0159 | ~0-0150
j————t— + ] L e . JE IS S -
k#l Q 0\60 ~Q- 0952 ‘*0 Q1% | ~0-0928 k4-1, -0:010% ~-0.0516 kgs| -0-0308 -0 0695
K b | n

! | .
k, | 02675 ; 0-2826 k% Q287 0:2898 ki 02431 | 02368 ks ©027¢7 | 0247
‘_f' i o BRI ——— i R B | . -
kgp | 04510 ‘ 0-4458 kg | 04783 | © 4336 kn 0.5040 o518 kg 65006, 05032

..... - - — fe——

;___}___ , ‘ 1 .

|
kyp! 0:2%22 | O-264) 'Kqq 0~2|o7 0-2591 kn Q-2450

0265( Kyg! 0'2574, © 2648

f=
i
.
A

< OZOUlk%‘l -0 0!4—9’ ~0- 0!‘50

——

Kep | 00495 o‘oovsiksﬁi 0.0423 . 0-Q175' k,,zl 0-0079

—t .



) £ Nine oross beams of Oross section 10 am wide x 3,25 mm
desp, taree in saoh span placcd at squal spacing;
'(LS'- = 0.0 om and ‘L‘%u 11.88 om,

11~ 7Threse orods beam of Oroes weotion 10 me X 3,25 am
one in sach span placed in the middle; ey = 18,0 ¢om
a nd CLH « 32,8 om, |

The deflections at points 1 to 13 (Fig.B.4)
wers meantred by applying a 2 1b, load at different points,
All points wore fuitially loaded by 1/4 Lh, weights, The
experimontal set up is shown in photograph 3,

The averages valuse of the observed defle-
ctions of the guter and middle spans are tabulated in
ﬁ‘hi‘ &'#" |

The flexural parduutara 6 for two seis
of cross beams and two spans ¢/ and [y are tabulated
in toabls 8,9, The parmdtnxn 8°, acocording to equivaient
nti!taaaa~§¢thaa 4.,3.,4 (b) for thase cavos are determined,
| Using gragh 1 to 6 the distribution coeffiolents R- E%
for loanded apans «f and tg- are obitained Lor various
valaes of 0° ., Those theoretiocal valuos of the distribation
socffiatents are tabulated in table 3,10 for comparison

with the values obtatned from table 5,8,

A stngle main boam of the grilliage was
tested alone to find the total doflections duo to a 2 1D,
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load applied at diifersnt point-; The beon was tested
to cheok the total dafleotion of the grillage at o

tranaverse segtion,

It ie seen thaot the orsep effesots are more
in the aiddle span as the residual upward deflesottons

could not be romoved,

From table 5,10 1t 4» scen that the theore-
tical vaoliuoa are guite oloss to experimental values

sxcept the negative velues at the sdgos of the bridgo,
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CONCLUST Ok

Xt 19 soen that the load daietribution analysisn
based on the anisotropio plate thoory is elegent hud
versatila tool to ovolve design oharts and ourves, 1t
permits convoniont paramoter variation study so that
with the help of a computor aut%nﬁ&a design oharts
oan bo developod, One may note that tnis mothod has
besn accepted and adopted by most of tho continental

Bridge Design Organisations,

0f oourso,éhe aznmalytical expremsions are dighly
involved and without the atd of ocomputing wmachines thetir
applications may not be possidlie, The merit of the
mothod ocan only be approotated 1if this faciiity is
availablo elss, other load: distribution theorias may
work bettor, The roal morit ties in as much as 1t permtts
denign oharts and tables evolved once for all and

subsequently used in the routino dosign work,
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