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SYNOPSIS

The study in hand constitdtes of tracing out the -
historical resume in development of the "Theories of Buckling
with special reference to Plastic Buckling". Here in this
work an attempt has been made to correlate the observed
buckling load and stresses with those calculated by the various
plastic buckling theories by plotting the curves of bucklhxg
stress Vs slenderness ratio for éifferent materials, vith
various sections and various end conditions.

The effect of end-restraints on the working stress o
a column has also been studied and inference drawm that.the
effects of end-restraints tend to be negligible and what-
soever is left should be dealt with by selecting the fixity

coefficient with conservatism.
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The maximum load that a member can take without failing to
perform its function may be limited by the permissible elastic
strain or deflection of the member, but elastic deflection
which may constitute damage to a member can occur under the
following different conditions?

(a) Deflection under conditions of static equilibrium
such as the extension of a tension member, the angle of twist
of a shaft and the deflection of a beam particularly under
gradually applied iéad.

(b) The other structural action in which elastic deflec-
tion may limit the’ maximum load that can be applied to the
member without causing the member to fail structurally is
denoted as "Elastic Buckling". Buckling or the sudden deflec-
tion is associﬁted with unstable equilibrium which causes the
total collapse of the member. In buckling, the elastic deflec=-
tions and stresses in the member are not proportional to the
loads as buckling takes place, even though the material acts
elastically i.e., stress 1is proportional to strain. .

Elastic buckling arises out of the condition of
neutral equilibrium that develops when applied load on the
member reaches a so-called critical value. At this critical
load thg member 18 in equilibrium throughout a considerable
range of small elastic deflections. But if the load is
increased slightly - above the critlcal value the deflection
Ofﬁhe member increases abruptly and then it is net propor=-

ticnal to the load. And even in case the member is not
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extremely slender, it will pass into a completely unstable
condition due to inelastic action created by large dqflections.
This unstable cmndition will lead to total collapse.
This crifical load or the buckling load 1s generally
estimated by the well known Eulef's Equation which gives

critical load as .
N BI
P z R Y
B
2
(L)
% BA
2
(Le/K)

or PE =

Where Pp = Euler's buckling load |

E = Young's modulus of the material of colum.
I

Loast value of the sec-nd moment of area.
Le'= Equivalent hinged length of the column and

has different values for different end conditions.

A = Area of cross-section of column.
K = Least value of the radium of gyration of the
section of column = ./I/X .
L /K = Equivalent hinged slenderness ratio of the

column.
At this critical load, the failure takes place purely
due to the instability of the columm and not due to excessive
compressive stfess. The compressl ve stress at this critiecal

load can be written asc;=Pg /A = B/ (Iae/K)2

* L, = L, the length of colum for both ends hinged.
o = L/2,for both ends fixed.

e
i

'
it

e = 2Ly for one end fixed and other free.

L/_/2 , for ons end fixed and other guided.

@
u
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As the equivalent slenderness ratio (L /K) of the
column decreases the value of the compressive stress
increases and for the relatively small slenderness ratio
the direct compressl ve stress in the colummn attains the
elastic 1imit in compression of the material before the
buckling load. Thus the buckling of the column takes place
when the direct stress is in the plastic region and it is
known as the "Plastic Buckling". The Euler's expression
is no more true for such columns and various theories
have been put forward to determine the buckling load
in the plastic region. | |

Here in this work an attempt has been made to
correlate the observed plastic buckling loads and stresses
with those calculated by the various plastic buckling theories
by plotting the curves of buckling stress Vs slenderness |

ratio.

(AN N NN NN NN Y
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2, i OF UNIIS AND S te
Pp = Euler's buckling load; 1bs.

E = Young's modulus of material; 1b/in?

[
i

Least second moment of area; (1n)4

T
]

Length of the colum; in.

£
i

o = Equivalent hinged length of column; in.

it

Distance between ball centres of the pinned-end
fixture; in.
K = Least value of the radius of gyration of the

cross-sections in.

b
H

Area of crossesection of the column; (in.)2 |

Tangent modulusj 1b/in?

3
ct
i

i

Double modulus or reduced modulusj 1b/in.2

H]

Strainj in./in,
Stress; 1b/in.2 or K.S.1,

1]

Observed cripling stress; 1b/in.2 or K.5.1.

Euler's eripling stress; 1b/in.2 or K.5.4,

i

Engesser's stress or calculated cripling straess
on the basis of tangent modulus theory; lb/in.2 or K.5,.1.
G4 = Calculated criplihg stress on the basis of doubls
modulus theoryj 1b/in.? or K.5.1.
K.5.4. = K110 pound per sq.in. |
© =1000 1b/1n.2
d = Dia, of test speciman.,

2800080



3. REVIEW OF LITARATURE:
3.1. Ihgories of Buckling. |

The buckiing load for a column is taken to be the axial
load that will hold the column in a slightly deflected position,
and, since an ideal column would not bend urder any axial
load, a small lateral force must be applied to produce the
initial deflection. This‘procedure, horever, may be carried
out in either of the two ways: (a) The lateral force may
be assumed to be applied first aml then the axial load
required to hold the column in the slightly bent position
is applied and the lateral force removed; or (b) The unknown
buckling critical load may be assumed to be applied first
and then the lateral force is applied to cause the deflection,
and 1s then removed: For elastic behaviour of the column the
solution for the buckling load will be the same for the two
procedures, since the physical process constitutes a
reversible system and hence doss not depend on the strain
history in arriving at a given physical state: Thus for the
colums whose slenderness ratio 1s such that the nominal
stress is within the compressive elastic limit of the material
at buckling load; the Euler's equation for buckling load

of columns, namely ,
Pa = A EI
(Le)e

iboonvocnaio#(l)

‘ 2
or S¢= nE 5
(Lo/K)
has iong been accepted.

....’.........‘(2)

But, if the physical process is non reversible,such

as occurs in inelastic behaviour of material, the order of
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applying the forces to the column in the two procedures would
lead to different values for the buckling loads. The main
ccndition involved in the procaess may be emphasized by stating
that, for inelastic behaviour, a single-valued relationship
between stress and strain does not exist. But in addition it
may be polnted out that a single=valued relationship between
stress and strain will exist not only for elastic strains
but also for inelastic strains prcvided that all strains
increase as the load increases i.e.y no fibre in the member
is alldwed to unload. |

The two solutions for the buckling load, therefore, will
be for the assumptions, (a) that the lateral force and the last
inerement of the axial load are applied similtaneously
so that the strains in all the fibres at any créss-section
inerease although they are not uniformly distributed on
the section after the 1lateral force is applied, and (b) that
an axial load equal to the buckling load is applied first
and then followed by'the'application of a small lateral
force which deflects the columny the bending in this case
causes the strains in the fibres on the convex side to decrease
and on the concave side to increase.

The essential difference in the two éssumptions lies
in the fact that urder the second assumption the strains in
some of the fibres on the convex side behave elastically
and hence the change in stress S §° accompanying tle decrease
ir strain ©¢ 1s given byeSS = EQZL , inwhich BE is the

Young's modulus of elasticity, whereas under the first
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assumption 6 = B o¢ for each fibre, in which Ey is the tangent
modulus corresponding to the 1inelastic stress & (6 = P/A where
P is buckling load). |
‘Based on the first assumption in 1889 Engesser
suggested the tangent modulus theory in which he pointed out
to replace the.Young's modulus E, in the équation No.1l for

buckling load, by tangent modulus E, is given by

Etz—-d—ng—— ) ¢.-o..cp...<3)
aé

It is the local slope of the stressestrain diagram.
Euler's equation modified in this manner becomes
LE :
R B¢
’ 2
(Ly/K)

S =

l..‘..."‘...<4)

This is referred to as the tangent -modulus formula
or the Euler<Bngesser formula., The buckling stress,G, determi-
ned by this theory is called the Engesser stress or the
tangent-modulus-stress.

After the appearance of Engesser's original paper in
1889, the- tangent-modulus-theory was criticised on the
gréunds that it did nd take into accourt the fact that
during buckling a pggiszn of the cross - section would
be subjected to é decreasing stress, for which the elastie
modulus would apply. This led to the development of the double-
modulus theory(l), in which an effective or 'Reduced modulus'
or 'Double modulus’, By was determined based on the second
assumption as mentioned above. The buckling stress or double

modulus stress is given by replacing the Young's modulus,E,

(1) See Reference 1.
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by doubie modulus Ed in the Euler's formula

B
io$o, G-d =J~A“"— .oovoo.oocaoo(S)
(Ly/K)2

and. the value of Ed(é%% calculated as

d -c 1f_/(§; )2

The double modulus theory was considered to be the

t.'....'..‘.(s)

------ B

correct theory éf.inelastic column action until 1946 when
F.R.Shanley (3) showed that it represented a paradox. In
order to excesd the Engesser~buckling stress, it was

necessary that the column remains straight until that stress
1s reached and the effective modulus be greated than B¢ .

But a real column will not remain straight or will not wait
to bend until the double-modulus buckling stress,c;i) is
reached as is assumed in the derivation of the double-modulus
formila. In fact, even when great care is exercised in

testing a real column, there 1s sufficient deviation'from

- 1deal conditions to cause the column to start to deflect
laterally at a direct stress that is even less than &, ,

the tangent-modulus stress. But such smallllateral deflections
are accompanied by increments of strain<¢ sufficiently small
to nearly justify the conditions assumed in the derivation

of the tangente-modulus formula, namely, that the stress increment
<4 S accompanying the bending strain increment © € shall be
given by the expression AG = Egeo¢ . If however an a ttempt is

(2) - See Reference 2. pp 599-602.

(3) -~ See Reference 3.
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madeto increase the direct stress above St , it will be found
that except for materials having a constant value of Eg
8 real column will not permit the direct stress to reach
the value S, as given by thé double-modulus formulas the
column will buckle and collapse at a stress less than & o

During plastic buckling the increase in the buékling
stress beyond the Fuler-Engesser walue given by equation
No.4, will depend on the variation of the tangent modulus
with the inc:easing stress. In highly curved region of
the stress-gtrain diagram, which is sometimes knoﬁn as Knee,
the tangent modulus drbps very rapidly with inereasing stress
(Fig.1l56 & 16;ngigand also formaterials of indefinite Y.P )j

consequently very little increase in Euler-Engesser-stress

Fh b

would be obtained. In the so called plastic range, beyond the
Knee of the diagram the tangent modulus has a relatively low
value and does not change rapidly with increasing strain. The
maximum column-huckling stress will therefore'approach the
value predicted by the double-modulusetheory, which
permits a relatively large increase in buckling stress
for low values of Ey/E.
The foregoing remarks which apply only to columng
made of materials exhibiting a compressive stress-strain
curve of gradual curvature above he prqportional limit, |
(such as for Al alloys, heat treated special ferrous alloys
etc.,) and experiencing small strains may be interpreted that:
"The inelastic buckling stress for a real column that

deviates very little from ideal conditions is predicted
satisfactorily by the tangent modulus formula, and the



«10a
reducedsmodulus ormula only gives the upper limiting value
of the plastic ~buckling-stress that cannot be expected to
be attained in a real column (2).

For the materials having a definite yleld point(such
as Mild Steel) , the slope of the compressive stresse-strain
curve changes abruptly to zero when the elastic limit is
reached; the stress-strain curve suddenly becomes horizone
tal and remaing so until, relatively large inelastic
strains have developed. A column having a relatively small
slenderness ratio and made of such material would buckle
vhen the stress in the column reaches the elastic limit
(yield point) in compression of the material; in other words,
plastic behaviour is not accompanied by an increase in
stress as is found to occur for materialé not having
a yield point (e.g. Al alloy). The so-called flat top
stress-strain diagram means that the dress in the column
remains constant at the elastic limit until the plastiec
compressive straing attain a value equal to the full length
of the flat or horizontal position of the curve, This, in
turn, means that before such a large plastic strain could
be developed, the deviations from ideal conditions, even
though very small would permit bending to start, leading

See-Reference 2. pp 606.
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its buckling. From the above discussion it is clear that for
an ideal column in the plastic range:

l. BEngesser stress represents the maximuégétress for
which the column has only one equilibrium configuration, Upto
this stress the idealised column must remain straight;
beyond this stress it may bend.

2. The doﬁble-modulus stress represents the upper limit
for the stress that can theoretically be reached as the
column continues to bend with increasing stress. To develop
the double-modulus stress, it would require infinite lateral
deflection at a constant(4’5) value of tangent-modulus which
is impossible.

3. For a given column of a particular material, the
maximum stress that can be developed will generally be only
slightly greater(s) than the Engesser stress, because
of the rapid decrease in E. with increasing siress. Thérefore
the Engesser stress is considered as the practical upper limit
for column strength, .
3.2. Effects of End-Restraint;

In theory and restraint has a very simple effect; It
merely changes the effective column length. In practice, however,
the accurate determination of the effects of end-restraint

for any column except a pin-ended column is a difficult

probleme.

(4) 8ee Ref.4,(5) See Ref. 5.
(2) see Ref.2 pp 604-605; (6) See Ref.6.
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The long standing conception of a fixity coefficient
as a multipiying factor has perhaps given rise to an exaggera=
ted idea of the effects of end restraint,

() and others had shown'that the:fixity

Mr. Von Karman
coefficient _/C can be used as a multiplying factor, but
only for elastic case (Euler's formula). According to
Vou Karman for elastic range buckling

Legsr = I/_/C neecssnssneesel(?)

Where Lggp = Effective length of column

L = Actual length of column
_/C= Fixity coefficient *

In the plastic range the values of C given in the foote
note may not be true but in general the equation (?) will
hold good. After lot of experiments it was estimated by
Vou Karman that end-restraint causes a marked increase in
buckling strength only for long slender columns and not
for short ones. The efficiently designed (i.e., allowable
stress approaching the yield point) structures cannot be
made proportionally stronger by increasing the amount of
end restraint. In other words the effect of end restraint
on column strength in the plastic range is very small,

For example in aircraft structures, the compression members

are designed to develope ultimate stresses that approach the

(7) See Ref. (7)
* Gi for both ends pinned
C=4 for both ends fixed
C=$ for one end fixed and other free

C=2 for one end fixed and other gulded.
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compressive yleld stress.
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4. DI§CU§SiO .
4.l1. APPARATUS USED IN EXPERIMENT.
(1) Amsler's Universal testing machine of maximum capacity
of 20 tons with 4 different load ranges of 2,5,10 and 20 tons.
(11) Specially designed fixtures for loading of columns
for pinned ends and fixed ends conditions to suit the above
magchine,
(a) The fixture for the fixed ends consists of two
Mild Steel blocks as shown in figure No.l, upper one to
be fitted in the fixed head of the machine. It was kept
push=fit in the machine head so that proper concentricity
may be maintained. Similarly the lower bleck was kept on
the moving bed of the machine and the clearance betweén the
two was push-fit. Both the blocks were case hardened upto
about 40C rockwell hardness No.In the upper end lower blocks
blénd holes® of 0.4395 e in diameter, to a length of 3/16"

0.4375
on each side, were gdhs

* It may be pointed out that firstly the test pieces for
fixed end conditions were tested by placing within the .
plane flat ends of the machine and compressed as such, but
due to the presence of no fixing moments at the ends the
test pleces after and even prior to buckling bent

dowvn with definite slopes at the ends, Therefore to provide
fixing moments at the ends they were kept within the blind-
holes of the end blocks only with push-fit tolerances.

** The size of test-specimens is discussed further,
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When the load is applied, 1nit}ally the entire length
of the test plece is compressed and due to the lateral
expansion the ends of the test plece become rigidly fixed
in the end blqcks thereby fulfilling more or'less the
required fixed-end conditions. For the caleculation purposes
the length of the test piece which remains out of the
blocks is taken into consideration, After failure of the
test-specimen by buekling, 1t was taken out from the end
blocks by hammering a 1/8* nail through tﬁe longitudinal

holes provided in the blocks fof this'purpése.

~ (b) PINNED=END FIXIURE.

The assembly drawing of the pinned-end fixture is
shéwn in figure No.2. It has got eight components as |
mentioned in Figure No.2. 1itself. The load 1s transmitted
from the machine heads through “Upper Fixed Block-l" and
"Lower mod ng block-8“ to the hard steel Balls-? then
throngh the "Swivelling blocks-&" to the test specimen,

All the components are of mild steel and were used after

their proper case hardening upto 40-C Rockwell (specially
the surface coming into contact of the balls). Two supporting
pins-2 are screwed to the upper~fixed~-block and two supporting
rings-(3) are attached to the upper swivelling block
by means of screws-4., The supporting rings-3 have sufficiente
ly large diameters as compared to the supporting=-pin-2
diameters so that any tilting of the upper swivelling
block may be maintained without thareby giving any physical
contact between the supporting pins and the supporting

blocks. At the time of actual buckling there is every
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possibility of falling of the upper swivelling block as
well as the ball. To avoid this, the supporting rings and
supporting pins have been provided. They will come in contact
with each other and the swivelling blocky with the
biall on it, wiil hang through the rings on the ping.

The balls rest within the two conical cavities one'in
each of the swivelling blocks and the other in the upper-
fixed block or the lower moving block. The mathematical
aspect of the design of cone is shown belows=

- The ball is in equilibrium under the action of
load 'w!' and reaction 'R' by the cone.

From figure 2a-(1)

W =R Sino

i.esy R = Sgﬂbg

If F is the total frietional force obstructing the
turning of cone over the ball or vice versa, then

F = uR (where‘}cz Coefficient of friction.)

I N
= Binke

+ B F - —&u——
l.e.y S1nie

Therefore to have least frictional effect Sinko
should be as large as possible |

1.6,y $@ = 90° or ¢ = 180°

But 1f @ = 180°, due to some manufacturing eccentricity
there is every possibility of slip over of the swivelling
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blocks and it will be very difficult to put the test
piece on the machine for buckling with pinnéd ends. Secondly
even 1f we are some how abie to put the test specimen on to

the machine and we start loading . then‘due to slight manue ¢
| , ' momen
facturing eccentricity there will be introduced some bending/

on the test specimen due to which it will start bending.

This will introduce a condition of complete instability

as is clear from the'éxaggérated position of test specimen
with the swivelling blocké~as shown dotted in figure 2a(ii).
Under the action of two forces W & Wi the balls will be
forced to slip away and the fixture will cease to function.
Thus if the cone apex angle apptoaches 180° the stability

of the fixture willwranish.»Therafore the stability require-
ments tend to reduce the apex angle to a value as low as
pogsible depehding upon the size of the ball. So a compromise
between the two was tried. Here the most economical size of
ball for 7/16" dia., Mild Steel test specimens will be % in,
dia of hardened high carbon steel. Accordingly the cone apex
angle 1s kept at 120° so that the eontact point with the
ball 1s approximately near the middle of the cone surface.
Moreover that way it is not very near the edge of central
1/8" dia. hole which.will have to be drilled before the
¢one can be made by boring tool. Onvthe opposite sides of the
conical cavities in the swivelling blockaes, concentric

blind holes of 3/16 in, diameter, within + 0.00026 in. tolera-
nce of concentricity, were drilled to a depth of 5/16 in. so

as to take up the testwuspecimen end-snugs of diameter 8.%3;% in.



and length 3/16 in. By doing so, the placement‘of=the

test specimeﬁ within the fixture is assured to be concentriec
with the load axis within 0.0016 in. maximum eccentricity on
the final setting. |

(c) STRAIN GAUGES AND BRIDGE AMPLIFIER ,

(1) Rohit 120 ohms, S.R«4 strain gauges - 8 No.
(14) strain gauge D.C.Bridge amplifier.

(111) Avometer.,

() Miéromeﬁer of least count 1/10,000 inch and
vernier callipers of 1/1000 inch accuracy were used to
measure the diameters and lengths of the test specimens
respectively.,

(e) A Batty's dial gauge of % in. range and 1/10,000 in.
accuracy, with a magnetic base was used to measure the
contraction while obtaining the load~deformation (or stress-
-strain) curves of materials in compression.

(f) Two proving rings one each of 5 tons and 10 tons
capacity to calibrate the § ton and 10 ton range scales of
the Amsler's Universal testing machine,

4.2 EXPERIMENTAL PROCEDURE .

The sole purpose of the equipment was to measure the
buckling load. As explained earlier the "Buckling"ig identi-
fied, vaguely , by the abrupt bending of the column. But at
the same time the practical column will d efinitely have
some eccentriclity and some initial curvature due-to which,
ever though the column 1s loaded below the elasticestresse

load, the column will be deflected further, while simultaneously
the load is being increased, This was confirmed vith the help
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or“strain'gauges_and D.C.Bridge amplifier as explained below:

Four test-specimens were selected at random two of
Mild Steel rectangular section and two of Al-Mg-alloy
nearly‘squa:e section, On each of thesé test specimens two
S.R=4 strain gauges taken from the same lot were cemented
"on the middle section of the test-specimens, the grid lengths
being parallel to the length of the test piece, their planes
'being parallel to the neutral axis of thé cross-section
and each being placed on thé opposite face of the plece in
such a way that the planes of gauges are parallel to the
 axis having the least sécond moment of area of the section
 1as is shown in figure No.3(a). The two gauges are connected
to the D.C.Bridge amplifier (shown in figure 3b)* as per
the circult diagram shown in figure 3c* . The principle
of this circuit diagram is 2-gauge wheatstone&s Bridge as
illustrated in figure 3d.

Since gauges are in adjacent arms of the wheat-stones
bridge, the bridge output for the concentric test pleces
will be zero as the two gauges are giving the strains of
the same nature and being put in the adjacent arms of the
bfidge their effect is subtractive. But the moment buckling
starts, because of the opposite nature of stresses on the
cdnvex and concave sides of the bent test specimen, the
bridge will give net positive output thereby indicating

the buckling point ¢ .
When the abovementioned test specimens were put to axial

* See Ref,.8 PP 53.
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| compressive loading there was very little but gradual increase
in t he output voltage ofthq two gauge bridge c¢ircuit. side
by side the load deformation curve for the buckling specimen
was being recorded on the automatic recorded'mounted on the
univefsal testing machine. It showed a gradual increase in
load and corresponding increase in deformation. |

As the load was increased further a point was reached
when the column bent abruptly at a quicker rate even though
the load poihter of the universal testing machine as well as
automatic recorded showed an abrupt decrease in load. Thus
the highest point on the load-deformation curve as obtained
on the automatic recorder will correspond to the buckling
load of the specimen under test. This was confirmed by the
instantaneous deflection of the D.C.Bridge Amplifiere |
‘meter-needle to its maximum, when simultaneously the load
pointer started showing an abrupt decrease in load.

Thus the experimental procedure was to record the
load-deformation curve of each and every test specimen and
the buckling load was read from thils curve corr@sponding
to the highest point of the curve. The rate of loading
was kept the same for all the specimens by keeping the same
valve opening.

In addition to the buckling loads compressive stress-
strain diagrams for the different materials for which the
'buckling tests were performed, were obtained in order to
‘determine the buckling loads (stresses) according to the
existing tangent and reduced modulus theories., For this

compressive test pieces of the same diameter as of the
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columns and of lengths equal to twice the diameter were put
to compression. As such the diameter was 7/16% andilengthv
7/8 in. The deformation was measured with the help of dial
gauge of accuracy 1/10,000 in. at the different compressive
loads. |

The calibration was done with the help of & ton and 10
ton proving rings with the calibration certificates provided
with then. | |

Chemical analys;s for different materials was done for
datermining»the carbon percentage in Mild Steel an& Mg.
percentage in Al-Mg-alloy.
4,3. RANGE OF MEASUREMENT.

| As mentioned above the main bbject of the experiment was
to investigate the buckling stfeéses for different slender-
ness ratios, more particularly in the plastic range, One or
- two readings for each case were taken inthe elastic range
also so that we could ensure the change o#er point from
elastic to plastic buckling.
The elastic limit of the Mild Steel out of round

specimens 1ig 48000 lb/in.2 or 48 K.S.1 and Young's modulus
- 1s 29.4x10° p.s.i. (see next article) . Therefore as pointed
above the tests will be performed for a stress as low as
45000 1b/in°, to ensure the change over point from elastic
to plastie range of buckling, Now for the elastic range
since Fulerts equation 1is vélid ve have, for the fixed
end conditions which will ask for greater lengths of the

specimensg,
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2~
GC . 45E

e
(IL/K)§

and for the extreme case ©FE = 45000 p.s.i.

we have (-I-k“ )2:: '%7. 6
45000

L
orK = 161

But the maximum length that the machine c'ou'ld hold in
compression was 22 inches
% for L = 22 in. K=22/161
and for round specimens K = D/4
& D= 2 ~ 0.5 1n.

Hence the most appropriate diameter of the M.S.round
specimens that could be tested in compression with the 20 ton
Amsler's Universal testing machine was % in. But from the
manufacture point of view 7/16 in, nominal dia (or 8 :ggg
in.dia) was kept which could be easily turned on lathe
out of % in, M.vs.bar stock.

Thus for D = 7/16 in. K=D/4 = 7/64

s L= 7/64 x 161 = 17.6 in.
To allow for pbrtions to go wi_thin fixture =
L = 17.6+0.375 18"

On the other side to avold buckling the length bf the

compression round-test-plece was kept twice the diameter.

Thus a test plece of 7/16" dia and length 7/8" will not

buckle and the corresponding slenderness ratio = 4L/D

= 4x7x16 - g
8x7

But for buckling the slenderness ratio was arbitrarily

kept at 16 towards its least value. For this value of
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slenderness ratio and dia = 7/16".
Lengh L = 16x£ *—*43:-&’3
= 13",

To allow for portions to go within fixture length of
the shortest test specimen = Li+|% = 2% in,

Thus for the fixed end conditions the length of
the round specimens of 7/16 in. dia. was having a range .
from 2% in. to 18 in. and thé corresponding slenderness ratio
range was 16 to 161 approximately. For the M.S., 7/16" dia.
round specimens with pinned efxds the slenderness mtio will
evidently be half that for fixed-ends specimens for the
same buckling stress range, Its range was kept from ;6 to 90
approximately. The dia. of the pinned-end specimens wag
kept the mme as for fixed end specimens so as to have the
same size effect in the buckling of columns with different
end conditions. |

Now coming to the Al-Mg.alloy round specimens with
fixed ends the diameter was kept the same as of M,S.specimens
viz., 7/16 in. because the same fixture was used fx loading
purposes. And it follows that for the pinned end conditions
also the diametei is kept the same as 7/16 in. As regards
the slender-ness ratio range it was calculated in a similar
fashion as for M.S.specimens. The range of slenderness
ratio for fixed end specimens was 20.7 to 130 and for pinned
ends 20.6 to 118.8,

As regards the section of the rectangular M.S.specimens
it was kept &"xé " because the availlable stock with tie

. stores was 5/8" square section bar and the most economical
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rectangular section which can be éut out of the rolled bar
on the milling machine is #"x3/8", The slenderness ratio
range was calculated in a similar féshion as for M,S.specimens,
Range of slenderness ratio with pinned ends was 17.3 to
86.6,

As far as the square-sectioned Al-Mg-alloy test pieces
were concerned, to have the maximum feasible length for the
longest test plece, the cross-section was calculated as
for M.S.specimens, to be 5/8"x5/8", which was made by miliihg
out of " square rolled bars. The slenderness ratio range
wasg calcuiated in a simila* manner as had been shown above
for M.S.round specimens. Range was 18.6 to 82.2 for pinned
ends.,

As discussed above the following *were the mnges
of slenderness ratlos for various sets.

7/16 in.dia. M,S.specimens fixed ends 17.11 to 135.8.

7/16 in.dla. M.S.spechens Pinned ends 17.78 to 97.40

#"x3/8" M,S.specimens pinned ends 17.3 to 86.6

7/16" dia AleMg-alloy specimens fixed ends 20.7 to 130.

7/16" dia AleMg-Alloy specimens Pinned ends 20,6 to 118.8

5/6Mx5 /8w square Al-Mg-~alloy specimens pinned ends

18.6 to 82.2

* See tables from 13 to 1&

[ X NI BN N
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4.4. CALCULAEINQITECHN;QUE AND SPECIMEN CALCULATIONS.

From the simple compressive stress-strain curves
drawn in the Appendix, the stress-tangent modulus curves
for different materials have been drawn as explained below.
On the compressive stressestrain curve various pointg are
taken corresponding to various stresses. On each point, so
marked, a tangent is drawn to the compressive stress-strain
curve. The slope of the tangent is calculated by dividing the
altitude by base of any r ight angled triangle with the tangen
as hypotinuse., The length of altitude and the base are conver-
ted 1nto'proper* units of stress and strain respectively
with the help of the scales on the two axes of the strerse
straln diagram prior to dividing altitude by base. The slope
of the tangent so cglculated gives the tangent-modulus
corresponding to the stress represented by the point at
which the tangept is drawn. Thus repeating the process for
a large number of points on the stress-strain curve we
calculated the tangeht modulii of ﬁhe materials for various
stress values and the curves of stress-tangent modulqs had
been drawn for different materials as shown in figure 14,
15, 16 and 17. | | | -

It may be added here that slope of the tangents to the
compressive stress-strain curve at points taken on curve
below the elastic limit, is same throughout as the portion
of the curve is straight line, and the slope of this
straight portion represents the Young's modulus of that

* Stress in-p.s.i. and strain in-Gn./in)
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particular material,

After calculating the Young's modulus for a particular
material and the value of the tangent-modulus at a particular
stress level, we can calculate the value of the reduced or
double modulus at that stress level by the help of equation
Ko.(6), So knowing the vglues of tangent and réduced modulii
at a particular stress leﬁel the slendernegs ratioscorrespond-
ing to the two buckling theories based on the tangent’and
reduced modulii and represented by the equations (4) and |
(5) respectively, are .calculated, Thus repeating the‘process'
for various other stress levels the buckling stress Vs
slenderness ratio curves depending upon the two theories are
plotted. The specimen calculations are shown below for
the material of the round M.S.specimens for "pinnedeerd ™

conditions,

(a) Young's modulus and Tangent modulus calculationg.
Young's modulus E = Slope of straight portion

of stress-strain curve shown in fig.l4
. £14,7 cm.Altitude) x(5000 psi/cm)
(0.5 cm Base)x(50x10-%in/in.per cm)

| = 29.4 x 10 p.s.i.
At the stress of 48.5 K.S.i.(Kilo pounds per sq.in,)
Tangent Modulus= Et = Slope of tangent at thepoint on
stregs straln curve for a stress

of 48,56 K.S.i+in fig.l4.

={17.7cm.Alt1tude) x(5000 psi/em
(1.0cm Base)x (50x10™*Pnits of strain/em
=17.7Xl06 DeS ode

Thus at a stress of 48.6 K.S.1, E, = 17.7x10% p.s.1.
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(b)"Buckling stress Vs slenderness ratio" curve points
on Tangent modulus theory bads,

From eqn. (4) for pinned end conditions
R By

(WK

&

or(L/K)z = 75_21..___
St

At the stress of 48.5 K.S.i we have from above
Et = 17.7 x 106 PeSeie .

O =

. 2 "z)( ) 16
oo (L/K) =:-——;Z&ZELQ-—- = 3600
(48 .5x1000)
or L/K = 60.

Thus for L/K = 60 buckling stress on the basis of
Engessert's theory & 48.5 K.S.1.

(c) Reduced-modulu lations; -

 From above at the stress 48.5 K.S.1

By = 17.7 x 106 P«8.i. also for the material.
E=20.4x 106 Pes.i.

And from equation (6) . q
e My
Eq-=

hf\ [u"’éf
\x\ i+ _/ETE ’i%,///r/ </;\}¢/f)' <l<,

_ R ,J\C»‘ NV
_ _4x17,7x105 ¢ o el
= | o

( 1+ _/17.7x106/29.4 x 106 )
- 70.8x106

ey I 22.8x10% p.s.i.

S For stress of 48.5 K.5.1,E; =22.8x10°% p.s.i,
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(d) "Buckling stregg Vs gleg_gergegs ratio” cyrve points
on_the reduced modulas theory basig.

From above at a stress of 48.5 K.S.l. Eg =22 ,8x10° p.s.i.

and from equation No.(5) for "Pinned end" conditions

2. ¥

6;(."‘" ) N -Ed
(WK)2
el
or (L/K)Z = L.d
6d
2 T 6
1.e.(L/K)° = __ /1 x22,8x10 =4560

48 .5x1000

o L/K = 67.5°

Therefore for L/K = 67.5 the buckling stress on the basis of
reduced modulus theory = 48,6 K.S.1.

(e) "Bgcklin tres g8 slenderness ratio” rve points

on_the er's theory basis for E astic range.
For elastic limit of 48 K.8.1. E = 29,.4x10% p.s.i.

s =XE for pinned ends.

2
1.0,y (WK)2 = T x29 ,4x105 = 5250
48x1000

e L/K = 72,86
Therefore for L/K = 72.56 the Euler's buckling stress i1s 48 K.S.i
 Thus for various stresses in hie elastic as well as plastic
range the slenderness ratios are calculated on the basis of
tangent and reduch modulii theories of buckling in the
plastic range and Eulerts theory in the elastic range and

tabulated as shown below:
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(1) Zangent reduced modulii curvesfor material o

round gpecimensg(Carbon Content = 0.178£).
TAEQE NO.l,

(Buckling stress Vs slenderness ratio curve for
elastic range for the material of M.S. round specimeng C=0.l178%)
Elastic limit = 48 K.5.1 and E=29,4x106 p.s.i.

For pinned ends O = Z_E ”
(/K)°
For fixed ends 6. = 47E
| (wK)2
Sr. |Buckling stress glenderness ratio ggéK) ]
No. ¢ KeS.do Pinned ends Fixed ends
1, 35 46 . 90;0 180
2e 40.0 85.0 , 17
3e 45,2 1 80.0 160
4, 48,0 72485 1556

(Buckling stress Vs slenderness ratio curve for plastic
range for the material of M.S.round specimens,C = 0.,178%
based on Engesser theory).

2

i B
For pinned ends § = Bt ; For fixed ends § =473t

(L/K)2 (L/K)2
gr. Buckling stress gagggnt SLENDFRNESS RATIO L/K
O odulus
GEK.S;& (Etx10"6) Pinned ends Fixed ends
= P.s.d. - . '
I _— 3 N T D
1. 48,0 29 .40 72..50 165.0

2. 48,5 17.7 60 .00 120,
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1. 2, 3. 4. 5.,

3. 50 .0 6.60 36 .00 . 72.0
4. 51.0 3.60. 26 .30 52.6
5. 52.0 2.00 19.50 39.0
6. 66,0 0.93 12,20 24 .4
7. - 66.0 0.59 9.45 18.9
8. 75.0  0.39 7,20 14.4
9. 85.0° 0.28 5.7 11.4
10, 2.0 0.18 4 .44 8.88

TABLE No.3.

(Buckling stress Vs slenderness ratio curve ibr plastic
range for material of M.S.round specimensg C=0,178 based

on reduced modulus theory). .

i
For pinned ends S = Fq . 3 For fixed ends S = é.’lgdz
(I/K) 2 . (W/K)
Sr. Buckling Reduced Slenderness Ratio éﬂg
No. stress modulus nned ends xed ends

5 - 1% IS
1.  48.0 . 29.40 72,50 165.0
2. 48.5 22 .80 67.50 136.0
3. 50.0 12,15 48 80 5 97.6
4. 51.0 7.90 39,0 78.0
5. 52.0 5.03 30.80 61.6
6. 56 .0 2.69 21.95 43.9
7. 66 .0 1.81  16.55 33.1
8. 75 .0 1.27 12.95 265.9
9. 85.0 0.93 10 .40 20.8

10 . 90 0 0.62 8 025 ) 16 .5
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(11) ZXangent and Reduced modulii curves for magterial of
Ma.Ssrectangular specimeng, Carbog,cahtent = 0.485%C,

TABLE No 34 »
(Buckling stress Vs slenderness ratio curve for elastic

range for the material of M.S .roctangular specmens C=0.485%
based on Eulers theory) with pinned end conditions).
Elastic limit = 56 K.5.i. E=30x10% p,s,.1.

2

For pinned ends b = L B _
(I/K)2
Sr. Buckling stress Slenderness ratio
No. SE K.S.1 : L/K
1. | - 29,7 100.0
2. 36.6 90 Ko
3. 46.3 80.0
4. 65.0 - ?73.2
TABLE No,.6

(Buckling stress Vs slenderness ratio curve for plastic
range for M.S.,(C=0.486%), based on the Engesser theory,
with pinned end conditions. |

B
For pinned ends GE 2'7‘ -t =
' (L/K)
%ro Buckling stress Tangint Slende%gess
(» 1% modulu - Ratio
St K.8.1 Etxlo‘g p.s.i. /K
1. 56.0 30 .00 73 .2
2e ‘ 55.10 : 27.30 70 0

3. 56,50 20.20 60 .0
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Table No.5 contde...

1, 2. 3. 4.

4, 56 415 14.20 50,0
5. 58,00 9.40 40,0 .
6. 60.50 5.51 30.0,
7. 63.40 2,66 20,0

8. 6800 1.54 . 15.0

: NO.,6, Buckling sitress Vs slenderness ratio curve for plastic
range for M.S5.{(C=0.485%) based on the reduced modulus

. & 2
theory, with pinned end conditions. Sot. = nzi/ &)
Sr. Buckling stress Reduced modulus Slenderness

No, | E3x10=6 p.s.d. ratio L/K
1. 55.25 25 .60 67.80
2. 55 .50 24.30 65.60
3. 56 .00 21 .40 61.40
4, 58.00 17.50 54 .60
5, §9.00 15.30 50 .60
6. 60 .00 | 11.40 43.30
74 62 .00 £ .80 37.40
8. 63,00 7.32 33.88
9, 63 .50 6.72 32.30
10. 64.0 4.96 27.60
11, 6840 4.45 30.25
12. 75 .0 4 .54 24 .50
13. 85.0 4.22 22.10

14. 90 .0 3.94 20.80
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(111) Tangent and reduced modulii curves for materisl
of Al-Mg~alloy round gpecimens, Mg.content = 0.755%.
| TABLE No.7.
(Buckling stress Vs slenderness ratio curve for elastic
range for Al Mg alloy; Mg=0.755%8, based on Euler's theory) .
Elastic limit = 30 K.S.1; E=10.7x10% p.s.i.

‘ R
For pinned ends Sz = L E.

(L/K) 2
2
For fixed ends Sg = 42.E

, (/K2
Sr. Buckling stress %lengergegg Ratio
No. 6 K.S.4 Pinned ends Fixed ends
1. 26 : 65.0 130.0
2. ' 27 6245 125.0

3. 30 ' 59.4 118.8

TABLE No,8.
(Buckling stress Vs slenderness ratio curve for plastic rahge
for Al-Mg-alloy, Mg=0.755%, gased on Engesser's theory) .
For Pinned ends § = DLEt ; For fixed endsS, =ﬂ§

(L/K)2 t (WK
Sr. Buckling Tangent modulus S%endernggs' Ratio [L/K
No. stress E.x10"° p.sei. Pinned ends xed ends
_ 6t K.S.1 v o ,
2. 3. 3. B.
1, 30,00 10.70 69 .40 118.8
2. 30 .60 9.40 | 55.00 110.0
3. 31.60 - 84,00 50 .00 100.0
4, A 32.50 6.67 ' 45 000 90 0

Se. 33.70 5.43 40 .00 80.0



1. 2, EN 4. 5.
6. 34.7 4.7 36,00 7.0
7. 36.60 ' 3.325 30 .00 60.0

8., © 38.50 2.45 o 25,00  50.0
9, 39.60 1.0 ~ 20.00 40.0
10. 41.75 0.95 15,00 30.0
11, 42,60 0.65 12.50 25.0
l2.  43.3 0.47 10.35 20.7

TABLE No .9,

(Buckling stréss Vs slenderness ratio curve for plastic

range for Al-Mgealloy, Mg=0:7555 based on reduced modulus theor

nE r'E
For pinned ends §; = ——d_ For fixed ends S = -2_d,.
+  TIKe 4 (1/K)

Sr. Buckling  Redueed modulus “ Slenderness §gtio /K
No. stress delo“ Pinned ends Fixed ends

61 =K.S.1. Peseis

1. T 2. 3. | 4, . 5.

1. 30 .0 10.70 69 .40 118.8
2. 30 .4 10.35 57.90 115.8
a) 30.8 9.84 56,10 112.2
a, 31,5 9,20 53.75 107.6
5. 32,2 . 8.60 51.25 102.5
6. 33.2 7.85 48.20 96 .4
7. 34.2 7.06 45.00 90.0
8. 35.7 6.17 41.25 82.5
9. 37.4 5.10 36.70 73.4
10. 39.2 3.90 | 31.25 62.5
11. 41,4 2.35 23.60 47.2
12. 43.0  1.35 17.60 35.2
13. 44.0 1.00 16.00 30.0

14. 46 .0 Q.62 11.60 23.2
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(1v) Tangent and reduced modulii curves for material of

Al-Mg-alloy square sgecggena-ug content =0,808§,
TABLE _No,l0.

Buckling stress Vs slenderness ratic curve for elastic range

for Al-Mg alloy, (Mg=0.808%), based on Euler's theory with '
pinned ends. ° ' ;
_Elastic limit = 34 K.S.1; E=10.6x10° p.s.i.
' For pinned ends &c = _)f_l_z

(L/K)
Sr. Buckling stress - Slenderness ratio
NOo GE KoSoit : L/Ko ‘
lo 1504 A ‘ , 85.0
2. 21 .4 _ , . 7.0
3¢ | 29,0 ' 60 .0
4.  34.0 ' 56.4

(Buckling stress Vs slenderness ratio curve ;‘or plastic
range for Al-Mg-alloy, Mg=0.808% based on redt}ced modulus
theory with pinned end) . |

" For pinneé ends S ‘ —LE‘L--

- (WK)?
sr . Buckling .stress Reduced Modulus Slenderness
No. Sa K.8.1 Eqx10~® p,s.1.  Ratio L/K
1. - 3440 12,60 56 .40
2. 34.5 9.00 "~ 50460
3, 37.0 4,95 36 .00
a, 39.0  3.72 30 .65
5. 43.0 1.85 20460
6. 45 .0 0.723 12.85

7. . B0.0 0.37 8.80
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TABLE No,12. |
(Buckling stress Vs slenderness ratio curve for plastic
range for Al-Mg-alloy, Mg=0.808%, based on tangeﬁt modulus
theory with pinned ends) . |

.
For pinned ends ¢ = K( Ll;;K)

sr. Buckling Tangent Slenderness ratio

No. stresss, Modulu L/K
K.S8.1 E¢x107° p.s.i. .

1. 34,0 10.60 56.40
2. 34.5 | 7.0 46,90
8. 35.0 . 4.72 36 .40
4. 37.0 2.86 27.60
5. 39,0 1,88 21,80
6. 41,0 | 1.13 16,50
74 43,0 0.7 . 13.00
8.,  44.0 048 - 10 .40
9, 45.0 Q.24 7.26
0. 46,0 0.176 . 6.4
11. 48.0 © 0406 . 3.54

12, 50.0 . 0.038 2.74
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4.6 Discugssion of Results
4.6(a) Buckling curves dlscussions

(1) Buckling curve for Round M.S. specimens with Fixed ends (Fig,
The buckling curve for the round 7/16 in. dia M.S.

specimens (Carbon = 0.178%) with fixed ends condition 1s drawn
in Fig. No,4 on the basis of the observations tabulated in
table No.1l3 Snper-imposed on this observed buckling curve are
two theoretical curves viz. tangent-modulué and reduced
modulus curves plotted on the basis of the values given in
tables (1), (2) and (3). |

From these curves we observe that for the buckling
stresses below the elastic limit, thé observed buckling
stress has a lower value as compared to the theoretical
Euler's stress. The reason for this small de#iatian may be
that the specimens have a little eccentricity due to manufae
turing tolerances in the fixture as well as in the proper
turning of test pleces due to which a bending moment is
induced on the specimens thereby causing them to criple
down at a relatively low stress.

For the plastic range we observe from the actual
curve that the buckling stress remains practically constant
as the slenderness ratio reduces from 108 to 87, and side
by side it 1s very slightly below the tangent-modulus
buckling curve. As the slenderness ratio reduces below 87
to 16 the actual buckling stress goes on increasirg ad
the eurve lies near to but slightly below the reduced

modulus buckling curve and above the tangent modulus curve.
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This bshavior of the'material can be explained as below.

For the inelastic range the increase in buckling
stress beyond the Euler's value, will depend upon the
vafiatihn of the tangent modulus wi th increasing stress.

In the nighly curved region of the compressive stress-
strain diagram of the material-(seq Figs 15)y the tangent
modulus drops very rapidly with the increase of stresss
consequently very little increase in buckling stress

would be obtained and as such for the 'perfect' concentric
columns the buckling curve in the plastic range just beyoni
the knee of the compressive stress-strain curve, should
coincide with the tangent-modulus curve. But for the little
eccentricity which creeps in due to manufacturing tolerances
the actual curve is slightly below the thevretical tangert
modulus curve,

In the so called plastic range, beyond the knee of
the compressive streas-strain diagram the tangent modulus
has a relatively low value and does rot change rapidly
with the increaéing stress (see Fig. 15). Thus from the
equation No,(6), keeping in view that youngs modulus%xis
constant, we have for low values of tangent modulus Bg,
relatively large increase in the value of reduced modulus
ED, with the increasing stress. Therefore the buckling
stress is aporoaching the one predicted by the double
modulus theory in the so called plastic rangs beyond the
knee of the stress-strain diagram. But in actual testing
of columns, there is some eccentricity due to manufacturing
tolerances due to which a bending moment is induced on the

test pleces so the actual observed curve is dightly below
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the theoretical doubls-modulus curve. Secondly the observed
curve with the so-called fixed ends condition may not
represent the true picture due to the slip that might have
occured at the ends thereby tending to bring down the
actual curve little below the theoretical one.

It has already been pointed out in the review of
literature that for M.S. and other materials for which the
compressive stress-strain curve has a flat portion, beyond
the elastic limit, for a sufficient length, the buckling
stress Vs slenderness ratlo curve will be horizontal in the
plastic range. But here we see that the actual buckling
curve (see Fig, 4) remains practically horizontal only
for a small portion of the curve beyond the elastic range,
and then rises up with the decrease in slenderness ratio.
This can be explained on the basis of the actual compressive
stress=-strain curve of the material (M,S, « 0.178% Carbon)
as shown in Fig. 14. This curve beyond the yield point
remains horizontal only for a comparatively smaller length
so that the corresponding plastic strains induced in the
material,before it gets strain hardened, might not be
sufficient to make the column buckle as anticipated earlier.
-(41) Buckling curve for round AL-Mg.alloy specimens
(Mg = 0,755%) with fixed ends.(Fig. 7)

The buckling curve for the round 7/16 in. dia. Al-Mg

alloy specimens (Mg = 0.756%) with fixed ends condition is
drawn in Fig. 7 on the basis of observations tabulated
in table Ng.17. Superimposed on this observed buckling
curve are two theoretical curves, viz. tangent modulus and

reduced modulus curves plotted from the values given in
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tables (7) mad (8).,

From these curfes we observe that for the buckling
stresses below the elastic limit, the observed buckling
stress- has a lower value as compared to the theoretical
Buler's stress. The reason for this deviation of the
observed values from the theoretical ones may be that the
specimens have a little eccentricity dus to manufacturing
tolerances in the fixture as well as in the proper turning
of the test specimens due to which a bsending homant is
induced on the specimens thereby causing than to cripie
down at a relatively lowbtress. Secondly the slip at so
called fixed ends, might have occured thereby tending to
bring down the actual curve below the theoretical one.

For the plastic range we observe from the actual
buckling‘curve that the buckling stress increases from
26.8 K,5.I, to 38.4 K,5,I., with the decrease of slenderness
ratio L/K from 114 to 40 in more or less a straight line
fashion beyond which the curve starts rising along a
pretty highly curved path to a stress value of 46 K,5.I,
at a slenderness ratio of 20. Mostly the observed buckling
curve in the plastic range is below even the tangent
modulus curve; only at the slenderness ratio of 30 and
corresponding buckling stress 41.2 K,5.1, it crosses the
tangent modulus curve and there meets the reduced modulus
curve at a buckling stress of 46 K.,S5.I, corresponding to
L/K = 20, This behavior can be explained as under.

As pointed above, for the plastic range the increase
in buckling stress baeyond the Buler's valus depends on the

variation of the tanget modulus with increasing stress. In
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the highly curved region of the stress-strain diagram, the
tangent modulus drops rapidly with the increaseof stress
(see Fig..17); consequently the inerease in the buckling
stress with the decrease in slendernéss ratio will net
be a sharp one and as such for the perfect colums the
buckling curve should coincide with the tangent modulus
curve. But for the little eccentricity which creeps in
due to manufacturing tolerances the actuai curve is dightly
below the theoretical tangent modulus curve. This is what
we are observing as mentioned above, |

In the so called plastic range, bayond the knee
of the compressive stresse~strain curve, the tangent modulus
has a relatively low value and does not change rapidly with
the increasing stress (see Fig, 17). Thus from the equation
No.6, keeping in view that youngs modulus E is constant,
we have for low values of tangent modulus Ey, relatively
large increase in the value of the reduced modulus Ep, with
the increasing stress. Therefore th e buckling stress is
approaching the one predicted by the double modulus in the
So called plastic range beyond the knee of the compressive
stress strain diagran. This is vhat we are observing as
mentioned above. The slight deficiency in the approach
of the observed buckling curve to the theoretical double
modulus curve may be due to some ececentricity which might
have crept 1 due to manufacturing tolerances. Secondly
due to the slip that might have occured in the so called
fixed ends, the observed curve might have been brought down

slightly below the theoretical curve.
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. (141) Buckling curve for round 7/16" M.S. specimes

(0.178% Carbon) with pinned ends

The buckliﬁg curve & Vg L/K for the round ?7/16 in.
dia. M,S. specimens (0.178% Carbon) with pinned-enis
condition is drawn in Fig. 5. Superimposed on this curve
( © Vg t/K) are two theoretical curves plotted on the
basis of the values given in tables K1), (2), and (3). The
observed buckling stress Vs L/K curve shows two distinct
regions, evidently one elastic and the other plastic. The
elastic region ends at a stress value of 46.5 K.S.I,
corresponding to slenderness ratio, L/K of 55.8. The
plastic region curve shows slight increase in the stress
from 46.5 to 48 K,5.1, with corresponding decrease in
slenderness ratio from 55.8 to 13.8. In addition the plastic
region curve is almost parallel to the tangent modulus
curve for this range of slendermess ratio but it is 1it tle
below the tangent modulus curve, The slight downward
displacement of the observed curve from the tangent moduius
curve may be explained as below.

As discussed above a perfect colum will follow
the tangent modulus curve for the stresses for which the
corresponding points 1ie just beyond the knee?;the compreé-
ssive stress-strain curve. But here it may be due to the
eccentricity which 1is 1ntrodﬁced by the manufacturing
‘tolarances, due to which a bending moment 1s set up on the
test specimens and in- turn the buckling load is reduced.
But even then the deviation from the tangent modulus
curve is pretty high, and more partiailarly the deviation for

the elastic region 1s much pronounced. This marked deviation
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is explained on the grounds that the physical length of the
colum 1is not the representative for the numerator in the
eXpressionfL/K?for slenderness ratio because the actud
bending of the'columnvtakes place about the centres of
the Salis of the pinned-end fixture shown in Fig. 2. More-
over the length of the swivalling blocks of the pinneds
ends_fixture.is not a negligible quantity and as such
it is even more than the lengths of a few specimens of
low slenderness ratio. Further 1f we take distance between
centres Sf balls of the fixture shown in Fig. 2, Ly,and
devide by the radius of gyration to got the value of the
slenderness ratio, even}fgnwill not be correct, because
in that case the swivelling blocks having very large
cross-seétional area will not bend as the test specimen
does, rather they will form straight 1inks between the
bent specimen and centres of balls. Thus we can infer that
the true length to be substituted for the numerator in
the exprassion,(L/K)for slenderness ratio will beSome where
in between L and Ly where L 1s the physical length of the
test specimen (excluding smugs) and Ly the distance between
the balls' centres when the test specimen of length L is
held inthe pinned end fixturs as shown in Fig. 2. Mathema-
tieally the problem has been analysed under thé heading
"Mathematical Analysis", where it has been shown that the
true "Buckling stress Vs slenderness ratio" curve will lie
below the one in-which Iy reprasents the numerator of the
expression for slenderness ratio and above the one in which
'L' 1s taken into account. More so the curve in which»Ll is

considered 1s a better approximation. Therefore to sea this

effect the buckling stress Vs Ly /k curve has been
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added in Fig. 5. From the Fig. 5 also we observe this
S Vs LIIK curve approaches very Vell to the theoretical
curve for the elastic as well as for the plastic range also.
It 1s very slightly avay from the tangent modulus curve and
this very small deviat;on may bg attributed to th§~e§centricity
~ which might have c?eptjﬁue to manufaéturing tolerances,

(iv) Buckling curve for rectangular 3" x 3/8" M.S. specimens

(0.485% Carbon) with pinned ends.

The buckling cﬁrveGT'st L/K for the rectangular
" x 3/8" M,5. specimens (0.485% Carbon) with pinnede-ends
condition is drawn in Fig. 6. Supefimposed on thig curve
(G Vs L/K) are two theoretical curves plotted on the
basis of the values given in the tables 4, 5 and 6. The
" observed buckling stress Vs L/K curve shows two distinct
‘regions, evidently one elastic and the other plastic. The
dlastic region ends at a stress value 49.5 K,5.1, correspon.
ding to slenderness ratio of 67. The plastic region curve
shows an increase in stress from 49.5 K,5.1, to 66 K.S5.I.,
with the corresponding decrease in slender;ness ratio
from 67 to 20. In the plastic region just beyond the elastic
region the curve is parallel but sufficiently below the
tangent modulus curve, but later on for higher values of
stress or for lower values of slenderness ratio the curve
is almost parallel to the double modulus curve but again it
is sufficiently helow the reduced modulus curve also. As
discussed above from the theoretical considerations we
expect a perfect column to follow the tangert modulus curve
for the stresses for which the corresponding points lie

Just beyond the knee, of the compressive stress-strain-curve



and in the later stages i.e. for points sufficiently for off
from the knee the perrect.column will follow the double=~
ﬁodulus curve. But here in the actual 6~ Vs L/K curve

the de#iations might be firstly due to the eccentriecity
which 1s.1ntroduced by the manufacturing tolerances, due

to which a bending moment is set up on the test.-Specimens
and in tﬁrﬁ the buckling load is reduced. Secondly the
marked deviation may be explained as done above for M.S,
round specimens with pinnesends on the grounds that the
physical length of the column is no? the representative for
the numerator in the expression(L/K,for slenderness ratlo
because the actual bending of the column takes place about
the centres of the balls of the pinned-end fixture shown

in Fig. 2, Moreover the length of the swivelling blocks of
 the pinned-ends fixture is not a negligible quantity and

as such it even more than the lengths of a few specimens

of low slenderness ratio., Further if we take distance between
centres of balls of the pinned-end fixture shown in Fig.(2),
L1y and devide by the radius of gyration to get the value

of slenderness ratio, it will not be free from error because
in that case the swivelling blocks having very large cross-
'sectional area will not bend as the test specimen does,
rather they will form straight links between the bent specimen
and centres of balls. Thus we can infer that the true length
to be substituted for the numerator in the expression, L/K,
for slenderness ratio will be some where in between L and

ky there 'L' 15 the length of test specimen and 'Iy' the
distance between the labbs'® centres when the test speciﬁen

of length 'L' is held in the pinned-ends fixture as shown

dn Fia. D Reoam wadba o o o 1% 402 . % - o -
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under the heading "Mathematicalranalysis“. Therefore to see
this effect, here also, the buckiing‘streés‘s-vs L,/K
curve has been added in figure No.6. From the figure No.6
we observe that the observed curve is shifted to the right
if drawn on the basis of L;/K as slenderness ,ratio.v
As such for the same slenderness ratio the values of the V'
buckling stress as predicted by this 6 Vs ﬁl/K curve
are greater than even the double modulus vd ues in plastie
range and fhe Euler's values in the elastic range,.whih
in i1tself seems to be not in confirmity of any of the theore-‘
tical curves: This can be explained on the basis of the fact
thaty Ly, as pointed abore is not the true figure to be used
in the expression for slembrness ratio but a value little
less than Ll and 1it tle greater than L is to be takeﬁ¢

From these we notei that the 6$servad stress=slender-
ness ratlo curve moves more nearer to the cwrves obtained on
the basis of the available theore s.
V. Buckling eurve for round 2/16.4n..dia Al-Me=2110y(0,256% M Mg ‘ Me)

The buckling curve € Vs L/K for the round 7/16 in.
dia Al-Mg alloy(0:756% Mg) with pinned-ends condition is
drawn in figure 8. Superimposed on this curve (& Vs L/K)
ére two theoretical curves 'plottad on the basis cf the value s
given in table 4,5 & 6,

From the figwe 8 we see that the obgerved buckling
curve is parallel to tangent modulus curve as far as its
plastic range is concerned and separately parallel to the

Euler's curve for its elastic range. Secondly the observed



«50=

curve 18 far above the two theoretical curves, this
behaviour seems to be quite abnormal. The reason for this
may be that the so mlled pinned-endé fixture might ha';{e not
been behaving like the true pinned-ends fixture because
the experiment on the Al-Mg-alloy roumdd specl mens was
performed last of all and by that time slight depressions
had been introduced in the conical cavities of the fixture
blocks and these defaced conical cavities wonld have
increased the friction thereby giving fixing moments at the
mds and thus giving higher buckling loads than the

actual ones. Thus we can conclude that the observed curve
will actually be much below than its present position in
figure 8. As such originally it 1s already parallel to the
tangent-modulus curve we may conclude that it might have been
very near to the theoretical tangent modulus curve if the

friction-le ss end conditions were prevailing.

VI, Buckling curve for square (5/8"x5/8") Al-Mg-alloy

The buckling curve S Vs L/K for the 5/8" square
section Al-Mg-alloy (0.808% Mg) with pinned enis conditi.oﬁ
is drawn in figure 9. Superimposed on this curve |
(S Vs L/K) are two theoreticﬁl eurves plotted on the basis
of thoe values given in tables 10,11 and 12. The observed
buckling stress Vs L/K curve shars two district regilonsj
aevidently one elastic aml the other plastic. The observed
curve lle g very close t o the theoretical curves but it is
slightly abw @ them at few points. This 1it tle deviation
my be due to slight frietion at the balls and conical

cavities, which tend to shift the observed curve upwards.
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Therefore within t he experimental limitations there is close
approximation between the observed and theortical curves.
For the smller values of slenderness ratio the observad curve
tends to.follow the reduced modulus cwr ve and for values o
slenderness ratio such that ths buckling stress is in the
plastic reglon and close to the knee the tangent modulws
curve is approached. |

(406 b) Mat' c
specimens.

A specimen held in the swivelling blocks is shown
in the 1limiting position in the figure No.1l2.

Lot Ly= The distance between the centres of balls.

a = Length of the swivelling blocks

ho = The central deflection

F= The deflection at any distance x- from the
lower ball centre A vhere the origin is
agsumed to lle.

In cagse if it is assumed thaﬁ the swivelling blocks
also bend to the game shape as if it wés a continuous
colum of uniform sectlon from A to By the shape of the
slightly bent column in the limiting case can be taken as

Y=hosinm o-oooicnngaoooc.o('?)
L
1 .
The curvature at any point of the column in the

deflected position is given by
1= dzy/dxz

R

Now from equation (7) we have

ﬁ.ib.it.“.‘lQQ.OQ(g)

dy/dx = h0 —/-Ilu- COS" -Z':.I. -000..(9)
Ly L,
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hoTl
and d%y/dx2 = - 2L Sin X sieeesensee(10)
L] L,

*

S From (9) and (10

.+ Slope at A = (ay/ax),_ "hol;- NS )
1

and ‘(dzy/dxz)vo = 0

0.0."!6.’0.”'.(12)v

Je From (11 P{12) curvature at A=Curvature at B.

= (lle )xzo =0 .....(13‘)
Thus the curvature at the ball centres of the ideal
curve will be zero. |

Now to find' the curvature of the #ieal, uniform

pinned end colurn at ‘/__'é distance 'a' from A, we have, from (9)
and €10,

. =p T x
(ay/dx) ., = hg —i Cos aru_ vessnenssess (14)

l .
and (d%/dxg) =a = -ho-—,-—- Sinﬁ-- seerersens e (15)

s. The curvature at a distance 'a’ from the ends

of the e rfect column is given with the help of equations
(8), (14) and (15)

2.

| ~h Stn Al
(1/? ) - - - ° m aﬁ—l

1

The expression no.(16) as such is quite

ceesssll6)

corplicated to solve and hence will be examined wih special
conditions.

(a) Firstly let 'a’<<ﬂl i.e+4 In owr practical

col -urtn  when the length of the swivelling blocks separately

is very small as compared to the distance between the centres
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of balls or in other words for very slender columns.

Then w e have aﬁi to be a small quantity
1l

.04y Sin -l tends to — .ag;

: 1l
and Cos fli tends to — 1
. 1 .
~ Equattion (16) reduces to
N o B
~h x n
(l/g )x=a ~ °—I:I2 El B
e 3/2
+h2_7
(1+ %o La)
' 2
= e “}lq"“ﬁ'" E "-g- """""“é" + -:....J
Ll3 L1

Now neglecting the terms with the higher powers
of (hy/L;) being very small

X »g

(l/e )pa—‘ - L3 oonaooopo,a.o(l?)

From equation (17) we see that the magnitude of curvature
of centre line of a perfect £ pinned end column of length L3
at a small distance 'a! from the end is a hof',which is a very
small quantity because h, is very small an& Ll is very large.

Thus’ we see that in the case of practical columns of
very high slenderness‘ratio, the fact that "the swivelling
blocks do not bend" does not affect the results for the buck-
ling curve calculated on the basls of the distance between
centres of balls being tsken as the actual length of the

column,

(b) Secondly congidering the case when the distance Ly is

not very large as compared to 'a'j the length of the swivelling
. 2
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blocks i.e., in practical cases of very stocky columns.
Taking the actual values of 'a' for the shortest
column of all the various serles of test performed with the

hinged ends condition, we have

a L1/4 .OQ0.0D‘lo'l“!t...!"t..l(lS)
Then from equations (16) and (18)
R "
( 32 4
VP )yen = _ -
[14- h°2 I Cos? E] 3/2
L, 4

| -hg 22 x 1
or (l/e )x‘aa =z le m

Fhoe - 3/2
[l-l- > }
2L,

001000-00(19)

Equation (19) will be looked upon for two extreme cases

2, 2
(1) wvhen 28 S>> 1
21,2

......

l.e., when h°2 > L12/5 approx.
iceo, when hO Ll /ﬁ on-ooioi-bo-(w)

Now the least value of Ll in our practicél column is Q‘in*.
s the relation (20) reduces to o |
l1.e.y when h; > 476
or when h,™ 1.8 in, | | _
wvhich is in contradietion from the very definition of neutral
equilibrium condition in a slightly derlected position, for
the buckling load acting on the column. Thus the condition
ﬁkhoalzi.la))l does not hold good.
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20 2
(11) Wnen 7 ho%/2L,% L 1
Then equation (19) reduces to

3 zhz
(I/Q )x==a h, L1 1/\}2 (1 ) 2L13

+ .....'.)

x-hg =5 x 1/J2  Neglecting the terms with
% higher powers of (hozlLl)
ho?

J...;.....(21)
1,2

ioeg, (1/? x=g = &7 -6, 96

For the least value of Iy = 4 in. Equation 21 reduces to

= . 6.96 h, 2
(l/Q ) 4=a i

2*0-434 hoz ......qqq....q...(22)

Since h, has maximum value limited to some thousandths
of an inch, the value of the curvature given by equation (22)
even, is very small. Also from equation (13) we see that the
curvature at the ball centres is zero. Thus from equations 13,
17,19 and 22 we see that the curvature does not change
appreciably from the ball centres to the pojnt x=a i.e., the
change of curvature from the ball centres to the ends of the
test plece is negligible. As such the theoretical shape of a
pinned-end column of length I, from X=0 to x=a remains an
approximate straight line.

Thus agaln we see that in the case of pinned end
practical columns even of lowest slenderness ratio that
ve tested the fact that "The swivelling blocks do not bend"
does not affect the results for the buckling curve, calcula=
ted on the basis of distance between centres of balls being

taken as true length of the column,



w56w

But any way the true "buckling stress Vs slenderness
ratio” curve will lie below the one in which Iy is representative
in the expression for slenderness ratio and above the one in
which 'L* is taken into account., o

Therefare to this effect the buckling stress Vs
L1/K, curves have also been plotted in addition to the curves
< Vs L/K for M.S.round and rectangular section specimens pinned

ends condition(see figures 5 and 6), L

From these we note that the observed stress-slenderness
ratio curve moves more nearer to the curves obtalned by the
avallable theories.

Thus in the end we conclude that there is definite
close approximation between the theoretical and observed
buckling curves for the M.S. and Al-Mg=alloy specimens of
various compositions, and various sections, the samll deviations
can be looked for by the safety factor.

4.6 ¢, EFFECT OF END~-RESTRAINT
1) M.S.round specimens.

Figure 10 shows the observed buckling curves for 7/16 in..
round specimens (0.1784C) with fixed and pinned end conditions.
Here two curves have been drawn for the pinned-ends condition.
In one the slenderness ratio is based on the test plece length
'Lt and in the other on the &esi-p distance between the centres
of balls of the pinned end fixture.

Let us suppose that a design (utilising M.S.of the same
composition as we have here 1.,e., 0.178%C) based on the pinned- ,
ends condition has a working stress level of 47 K.Sed |

which is any arbitrary value chosen in the plastic range.
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Then on the basis of curve No.3 fi:ure 10 we see that
at slenderness ratio of 64, we get the buckling stress
of 47 K.S.1. But from the curve No.l figure 10, we have
at the slenderness mtio of 64g,the buckling stress equal
to 53.5 Ke.S.1. That is by constraining the ends from pinned
to fixed ones we can raise the working stress for the same
column from 47 K.S.1 to 63.6 K.S.i( 1.e., about 13.8%
increase)!i + It may be pointed out here that if we
would have made calculations on the basis of curve No.2
figure 10, the working stress would have 1ncfeased from
47 K.S.1 to 60.25 K.S.1 (i.e., about 28.2% increase). But
as we have discussed above the more correct values are
given by the curve_No.s in vhich the distance between the
centres of dalls is taken as the basis to calculate the
slenderness ratio, Therérore we shall base our discussion
on the values given by curve No.3 rather than curve No.Z2.
. That 1s a 13.8% increase in working stress is obtained in
assumed working stress of 47.0 K.S.1. by constraining the
ends from pinned to fixed .

On the other hand if the design i1s based on the
fixed ends condition and the working range of slenderness
ratio is pretty high, then carréspoﬁding to the same
stress level as before i.e., 47 K.S.1. we have from curve No.l

. "7
figure 10 the value of slenderness ratio as 120. But from

** The corresponding increase on the theoretical basis is

calculated ahead in next paragraph.
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curve No.3 figure 10 we have, at this slenderness ratio
of-ﬁég,tﬁe stress equal to 34 K.S,i. Therefore in case we
are somehow-unable to incorpamte the required fixed end cone
ditions, the working stress Level of the same column will
fall from 47 K.S.1, to 34 K.S.1(1.e., about 28% reduction in
value)'.‘This 1s a very high percentage of reduction in
working stresé of the column. As such it might lead to a dange~
rous state of affairs. |

Therefore we conclude that for plastic designs l.e.,
designing for buckling on low slenderness mtios, it is
advisible to design on the assumption of pinned-ends éondition
because even if 1n practice the pinned ends condition is not
fulfilled, and which exactly happens, the design will tend to be
more safe due to the rise in the working stress level. This rise
in working stress level will not be 13.8% as anticipated
above because the end conditions, if they are not pinned one,
will never be rixed also. So the percentage rise in working stress
Level will/be too high either. Therefore the design, done on
the pinned-ends condition will tend to be safer on one hand

but not 1e?ish onthe other, Secondly if the design would have
been done on the basis of fixed-end conditions, we will defi-
nitely be on the dangerous side as the percentage reduction

in the working stress level, which is pretty high may overtake
the safety margin kept in design and thé design might nnt wnrk.

* The corresponding reduction on the theoretical basis is calcu~

lated ahead in the next paragraph.



9w

Thus an excess of actual fixity over the assumed value can
do little good but a lack of fixity under the assumed value
can‘do much harm, Thereforqvas such conservatism should be
used in selecting the fixity coefficient (Ref.equation 7) for
use in plastic design.

Thirdly in the elastic range i.e., for values of slenders
ness ratio sufficiently high the value of 'Ct in equn.(7?)
for fixed ends as '4' derived on the basis of Euler's theory, is
never reached; e.g., at L/K=116,C=47/34=1.385., The reason
vhich may be attributed to this is that a fixed-ends condition
is not fully uchieved due to some slip and similarly pinned-
ends cohdition is not fulfilled due to friction at balls and
the mating conical surfaces. Therefore the fixede-ends condition
curve slightly shifts downwards and the pinned-eéends condition
curve moves Llittle upward. The net effect of this is the
reduction of the value of fixity coeffiecient of equation No.(?)
and practically never equal to 4. |

(11) Effect of enderestraints on M.S(0.1784C) round specimens

on basis of theoretical considerations,

Firstly let us sssume that the design 1s done on the
basis of pinned ends condition. Then assuming the s ame working
stress level as before i.e., 47 K.S.1.; from figure No.l5, we
have the value of Ey = 29,4x10% p.s.i, Therefore the value of the
slenderness ratio on the basis of tangent modulus theory is-
calculateqd as 2

(K2= 7 Ey
L/K) =

2
A %29,4x106
47000
.'. L/K = 7806

=6200

i
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Now supposing for the same test pecimen the end restraints are
made fixed ones. That 1s now we are to find the buckling,streSS
for the fixed-ends condition with slenderness ratio as 78.6 and
based on the tangent modulus theory.. |
This will have to be done by hit and trial since the -
tangent modulus is changing with stress and the siress #4&.

value itself i1s not known.

2
4 xEy
Now for the fixed ends S, =
. T T(wR2
"“‘e" 6-)0 24”‘x Et -.-,n.n.‘u..’...(23)

(78.6) 2 6
Assuming St = 49.5 K.5.1, then from fig.15 E¢=7x10%p.s.1.

Then the right hand side of eqn. 23 reduces

4% x7x105
t = 49450 S oia = 49.45 KoSoi.
°F (®.8)2 P

vhich is very near to
49 '5 KOS.iO

Thus for the fixed ends, on the basls of tangent
modulus theory the buckling stress corresponding to the .
slenderness ratio of 78,6 is 49.5 K.S5.1. |

Therefore the end restraints when changed from pinned
to fixed ones increase the working stress level from 47 K.S.1
to 49.56 K.S.1.

i.e., percentage increase in working stress

= 22 1 100

= 5.3%
as against the 13.8% rise obtained on the experimental
basis . |
Secondly let us assume that the design has
been done on the basis of fixed~ends condition. Then

assuming the same working stress as before i.e., 47 K.8.1.
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From figure No.l5 the value of E, = 29.4x10% p.s.i., and the

value of the slenderness ratio on the basis of tangent.modulus

theory 1s .
(WK = 47 Bt
' St 6 ,
- 4?_7’ X 29.,4x10° _ 24800
47000
i.e.n,L/K = 157.2 S

Now supposing the fixed—ends condition is not fulfilled
in practice but in the limiting case the ends are pinned
ones, Then for the same slenderness ratio as above i.e.,
167.2, the buckling stress can be formed‘by hit and trial

2s done below

i >
nE
Gt = Nt
/02
nx Bt
% = (I ERERREFEEREE I 24
oF (167.2)2 24

Assuming 9= 11.9 K.§.1,
Then from figure 15,E; = 29.4x10% p.s.i.

Now right hand side of eqn. (24)
_nX29.4 x 106
(157.2)2

= 11880 p.s-i-

= 11.88 K .5 .4 which'is very near to assumed
value of strqu; -
Thefefore due to the nonfulfilment of the fixed ends
condition the working stress falls from 47 K.8.1 to 11.9 K.S.1.
(L.e., 75% reduction) for pinned ends.
The reason for the variation between the theoretical
and the practical values of the percentage increase or decrease

of the working stress owing to the non fulfilment of the end
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conditions, may be that in practice the value of the
fixity coefficient 'C!' (Used in equation No.?) is never
attained as '4' for the fixed ends. “hus the percentage
reduction the working stress at the same slenderness ratio
for the change of end conditions from fixed to pinned ones,
will be less than 75% as obtalned on the theoretical considera-
tions. On the other hand the percentage increase in working
stress at the same slendernegs ratio for the change of_ end
conditions from pinned to fixed ones is coming to be
more 1in practical case than the theoretical one, The fact
that the fixity coefficient 1s always less than '4' in
practical columns suggests that there hhould be smaller increase
in working stress in the practical case than the theoretical
one. The reasson for this may be that the bending moment on
the pinned-end columns dua to the manufacturing tolerances
might be compratively more than the fixed-end columns, resulting
in $ke relatively greater movement in the dovnward direction
of the pinned~ends buckling curve, thereby increasing the
distance between the two curves drawn on the same graph paper,
That 1s the effective value of the percentage increase
in working stress in the praciiical case may be even more

than the one got on theoretical basis,



=73

(1v) Effect of end restraints on At.Mg glloy (0.755% Mg.)
round specimens,  Fig. 11,
Fig. 11 shows the observed buckling curves for
7/16 in. dia. round specimens of At.Mg. alloy (0.755% Mg.)
with fixed and pinned-ends conditions, drawn on the test
plece length as basis for slenderness ratio calculations.
These curves show a marked inference that in the
plastic range i.e. for low values of slsnderness ratio the
curves are very close to each other thereby reducing the
end-restraint effect to a very low value. In fact ﬁhat we
observe is that the pinned-end curve is slightly higher
than the fixed end curve. Firstly it may be due to some
Slip in the so called fixed ends éausing the fixed-ends
curv&?hgggeslightly.Secondly the most prominent effect
may be due to the slightly deformed conical cavitiestf
the swivelling and the end blocks (this series of tests
was performed last of all) of the rounded-ends fixture,
and these defaced conical cavities would have increased
the friction thereby giving fixing moments at the ends
and thus giving higher buckling loads than tﬁe actual
ones. That is the pinned end curve might have moved
upwards rather to a greater extent. Secondly for a working
stress of 28 K.S.I.{i‘e. for higher slenderness ratio (107i]
from the fixed end curve of Fig. 11 ifthe end restraints
fall to be fixed ones but become pinned then the stress
reduces from 28 to 19,2 K,5.,I, i.e. 31.4% reduction.
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(v) Effect of end-restraints on At.Mg. alloy (0.755% Mg.)

round. specimens on the basls .of theoretical considerations.

First let us assume that the design is done on the

basgis of‘plﬁned-ends condition, Then assuming the working,
stress level, soms where in plastic range say 36 K.5,I1.,
we have from figure No.17 the corresponding value of
tangent modulus B, = 3.45 x 105 P,s.I,

Therefore the value of the slenderness ratio on the

basis of tangent modulus theory is calculated as

P
(-—;%...)2 = Z\—.._Ei.__.

6 _
2.
& 7A_x 3.45 x 108 = 9. 2
36000 47 x 10
1090 L = 30.75

K

Now supposing for the same test plece the end
restraints are made fixed ones. That is now we are to
find the buckling stress for the fixed ends condition with
slerderness ratio as 30.75 and based on the tangent modtlus
theory.

This will have to be done by hit and trial s nce
the tangent modulus is changing with the change In stress
and the stress value itself is not known.

Now for the fixed ends

cp = 47 By
(L/K)2

{.8.C 47" x By (25)
'Y 1 = LN 20 BN IR B I B A KN AR IR LN 25
¢ (30.75)2

Assuming €¢ = 40.4 K.S.I,, then corresponding

value, from Fig., 17, of Ex = 0.965 x 108 P.S.I,
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Then the right hand side of equation No.25

reduced to

= 472 x_0.965 x 106
~ (30.75)°

= 40.41 K,S.1I, |

which is'practically same as the assumed dne i.ef 40.4,
Thus for the fixed ends, on the basis of tangent modulus
fheory the bduckling étréss corresponding to the slenderness
ratio of 30.75 1s 40.4 K.5.I, - |

Therefore the end restrailnts when changed from
pinned to fixed ones increase the working stress lovel
from 36 K,S,I, to 40.4 K,5.I, 1.0. percentage increase
in working stress

= M x = 12,2
42 100 = 12.2%

as against zero percent rise obtained on the experimental
basis from the curves of Fig. 11. The reamn,; as explained
earlier, may be dus to the excessive friction at balls
caused by the defaced conical cavities, which will shift
the pinned-end curve upwards, thereby giving practically
no percentage increase in working stress. Secondly let us
assume that the design has been made on the basis of
fixed~emd s condition: Then assuming the working stress as
28 K.5.I, (1,e. for the higher slenderness ratio range),
from the table No.17 the corresponding value of

Et = 1047 x 10° P.S.I. The value of the slenderr ss
ratlo on the basis of tangent modulus theory is

(ky2 o 452 By
K o
= 4 Fz

X 10.7 % 106 = 1.51 x 104
28000 o
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.80 % = 123.

.Now supposing the fixed-ends condition is
not fulfilled in practice but in the limiting case the
oml s are pinned ones. Then for the same slenderness ratio
as above 1.e. 123, the buckling stress can bs found by
bit and trial as below |

-2
g 0 B
ot AT |
-—2 E
6— = A X BLLBBIEILEEDEEEIOINIE LS (26)
or ot CEL

Assuming & = 7 K.5,1., the corresponding value of
By from Fig. 17 is 10.7 x 108 P.S.I, The right hand side of
egquation (26), then reduces to

72 x 10,7 108 7000 P.S.I,
(123)2

which 18 same as the assumed one.

Therefore due to the nonfulfilment of fixed ends
condition the working stress falls from 28 K.,8.I, to 7 K.S.I.
(1.9._75ﬁ raduction) for pimned~ends as against the 31.4%
reduction the practical columns.

The reason for the variation batween the theoretical
and practical values of the percentage decrease of working
stress (for the higher slenderness ratio range) owing to
the non-fulfilment of the fixed-ends éondition, may be
that in practice the value of the fixity coefficient 'C’
(used in equation No.7) is never attained as '4' for the
fixed ords. Thus the percentage reduction in working stress

at the same slenderness ratio for the change of end
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conditions from fixed to pinned will be less than 75% as
obtainéd on the theoretical considerations. Alsé the ﬁpward
shift of the observed pinned ends condition buckling

curve, as explained above, tends to reduce this percentage
reduction in working stress,still further. Thus we are

in a position to conclude that the net practical percentage
reduction in working stress (for the higher slenderness ratio
range)9if the fixed-ends condition fails to prevail and
pinned-snds condition rollowSDwill be much below the

value as calculated theoretically.
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5. ~ GONCLUSIONS
1. Within the practical limitations there is close

approximation between the theoretical and the observed

data for the plastic range buckling of M.S. (.178% Carbon

and ,485% Carbon) and AL-Mg alloys (.755% Mg and .808% Mg)
¢olumns with various seetloﬁs and end conditions;

2. For the buckling stresses in plastic region and near
the stresses glven by the knee of the compressive stress-
strain curve of the material, the buckling seems to be
governed by the tangent modulus theory, which dictates to
simply replacé the youngs modulus in the Bulers' expression
for buckling by the tangent modulus of the material.

3. For the buckling stresses in the plastic region and

far off the stresses given by the knee of the compressive
stress-strain curve of the material, the buckling seems to

be governed by the reduced modulus theory, which means

simply to replace the youngs modulus in the Eulers' expressionl
for buckling by the reduced modulus of the material.

4. In plastic range the effects of the end constraints
‘tend to be negligible but with whatsoever is left conservatism
should be used in selecting the fixity coefficient.

»
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S. -~ SUMMARK

Columsof M.S, (0.,178% Carbon and 0.485% Carbon) and
Al-Mg alloy (0.755% Mg and 0.808% Mg) of different sections
(MS .~ pound and rectangularj AL Mg alloy round and square )
and different slenderness ratios were tested for buckling
with pinned and fixed-ends conditions. The buckling stress
Vs slenderness ratio curves so obtaiged were compared with
the ones drawn on the basis of tangent and reduced modulit
theorles which were derived from the compressive stress=-
straincurves for the different materials. Close approximation
between the theoretical and the qbserved practieal curves was
established; Whatsoaver small deviations were there they could
be explained on the basis of the non-fulfilment of the
concentricity conditien as well as the prescribed end-
conditions. As such the effect in design of the nonfulfilment
of the end conditions as well as that of the 1ittle eccentri-
city due to manufacturing.tolerances could be taken care of
by allowing safety factor. _

In the plastic range the effects of the end constraints
tend to be negligible and whatsoever is left should be dealt
with by'selecting the fixity coefficient with conservatism,
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Za | APEENRICES
(1) Igble Mo
| &mmwmﬁm. 13)
T EE T B T
Tﬂ”* % ring) uﬁ, Ton?‘ ! 3xn§5°§ 104
: Inchea : . Inches
1. 0.000 | 0.0 1. 1.885  432.0
2. 0,086 | 16,0 = 12, 2.085  477.5
3, 0,286 61,0 13, 2,256 . 624,13
& 0,456  108.6 14, 2.465  571.3
B. 0.865  156,0 15, 2,666  621,7
6s  0.855 - 201,3 16, 2.886 | 668,0
7. 1.086 46,16 17, 3,056 . 714.3
8, 1.266 '291.1 18, 3.255 . 760,16
8. 1,456 . 338,6 19.  3.455 | 806.7
10, 1.685 386,16 20, 3.607 ' 8385

This eurve hlong with the values in Table 20, has been
plotted in Fig, 13 and with the hnly of these tvo curves the
actual calidratfon curve for the S-ton scale < the mchine
has been dorivni directly on the graph and shown in Fig. 12,
(11)  Zable No,29

Prov, 2. £10,000 1} acity) (Fig,13)

? .Rq- Load in Dofl etion - Ir.No. Load in ) Deflection

! 1bs, ' x1 ; | Lbs. | x, 1 |
. . : . M
‘1 3 e b2 ? 3.

1 500 3120 T 500"3 413,68 -
y f ! |

2. 1000 82,4 84 *eooo | 497.8

[ : ) ¥

6
SENTRAL LM(ARYZU/:IT Vﬁs;/y OF RUVRKLs Contd ase s
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1. 2. 3. 1. 2. 3.
3. 1600 123.7 9. 7000 581.0
4. 2000 164.2 10. 8000 665.4
5. 3000 248,2 11. 9000 751.5
8. 4000 330.6 12. 10000 836.7
L
(111) Table No.21
| . .'Ca.l'ibrati'on curve for 20-ton scale (Calibrated
| upto 10-tons only) (Fj_g‘. 14)
Sr. Corrected  Observed Sr. Corrected  Ubserved
No. Machine deflection No. Machine deflection
R “fons: " Tingx 10
Inches. Inches.
1. 2., 3. 1. 2, 3.
1.  0.00 0.0 24, 4,43 472.0
2,  0.03 4.0 25,  4.63 491.0
3. 0.23 25,0 26,  4.83 512.0
4. 0.43 45,3 27. 5,08 531.6
5o  0.63 67.0 28,  5.23 552,16
6.  0.83 89.0 29, 5,43 572.0
7.  1.03 110.0 30,  5.63 592.3
8.  1.23 132.5 31. 5.83 613.0
9.  1.43 153.0 32.  6.03 633.3
10. 1.63 175.8 33. 6.23 662.2
11. 1.83 197.6 34. 6.43 673.0
12, 2,03 222.0 35, 6.63 692.5
13. 2.23 242,6 38, 6.83 713.3
14. 2.43 264.0 37.  7.03 733.0
15. 2.63 285,0 38,  7.23 753.9

[ @ P
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1. 2., - 3, 1. 2, 3,

16. 2.83 307.1 39.  7.43 75,0

17.  3.03 398,0 40,  7.63 796.0
18, 3.23 349.8 a1,  7.83 817.3
19, 3.43 370.3 42.  8.03 838, 2
20, 3.63 391.3 43.  8.23 859.0
21, 3.83 411.0 a4,  8.43 880.0
22, 4,03 431.6 45.  8.63 900.0
23, 4.23 451,36 |

1. The calibration of 20-ton scale has been done only upto
10=-ton load due to ﬁxe non availlability of a proving ring
beyond 10-ton capacity. Moreover we were to load the actual
specimehs only upto 9-tons maximum.

2.  This curve alongwith the curve, tabulated in table No.22,
has been plotted in Fig. 14, and with the help of these curves
the actual calibratian curve for 20-ton scale upto 10-tons
load reading has been derived directly on the graph and

shown 1n Fig. 14.

(1v)  Table No.22

Proving ring curve (lo-ton,capacitz) Fig. 14
Sr. Load in ﬁerle&tlon Sr. Load in Deflection

No. tons In. No.  tons. x1

p 2e — 1. 2o Ss
1. 0.6 54 11. 5.5 572
2. 1.0 106 12, 6.0 622
3. 1.5 158 13. 6.8 672

4. 2.0 212 14. 7.0 723
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1 2. 3. 1. =8, 3,
5e 2.5 266 15. 7.5, 7?75
6. 3.0 318 16, 8.0 826
7. 3.5 369 17. 8.5 877
8. 4.0 420 18. . 9.0 929
9. 4.5 an 19. 9.5 981
10. 5.0 522 20.  10.0 1032

(v) Table No.23

Compression test of M.S, (0.178% Corbon) Fig.15

Moan Dia of test spocimen = 0.4541 In.
Length of test specimen = 0.8710 In.

The tost was performed on 20-ton scale.

Sr, Observed Deformation Actual Stress Strain
No, load x 10 load from K.S5.1, x 10%
Tonse. In. calibra- In./In.
tion curve
Fipg. 14
_ . ons.e
1. 2. 3‘ 4. : 5. 6.
1.  0.00. 0.00 0.00 0.00 0.00
2¢ 0.45 1.00 0.45 6.22 1015
3. 0.65 2.00 . 0.65 8.89 2,30
4, 0.85 5.00 0.85 11.75 5.74
5. 1.05 6.60 1.05  14.50 7.50
6. 1.26 6.61 1.25 17.30 750
7o 1.456 9.00 1.45 2000 10.00
8. 1.85 9.20 1.85 25.60 ., 10.00
9. 2.25 13.00 2425 31.10 14.20

Confﬂ s 00



1. 2, 3 4, Se 6.
11.  2.65 13.30 2.65 . 36.70 15.00
12, 2.85 13.95 2.85 . 39,40 16.00
13.  3.22 17.45 3.22 . 44,50 20.00
14. 3.32 18.30 3.32 . 47,00 21.00
15. 3.66 21 .85 3.66 50460 25,00
16.  3.76 48.00 3.76 52,00 55.00
17. 3,80 130.00 3.80 52,50 150.00
18,  4.02 221.00 4.02 55.50 255 .00
19.  4.28 247.00 4,28 59.1 284,00
20,  4.48 292,00 4,48 62.0 336.00
21,  4.65 ©327,00 4.68 64.6 . 376,00
22,  4.85 368,00 4.90 67.8 424.00
23,  5.05 417.00 5.08 70.2 480.00
24,  5.25 463.00 5430 73.3 531.00
26, 6.45 530,00 5,50 76.0 609.00
26,  5.65 600.00 5,70 78.8 690.00
27,  5.87 694.00 5.90 81.5 797 .00
28. 6.05 772.00 6,10 84.3 886 .00
29, 6,25 853.00 6330 87.0 980,00
30. 6.45 980. 00 6.50 89,8 1125.00
3l. 6,65 1135.00 6.70 92,6 1190.0
32,  6.85 1210.00 6490 95.4 1390.0
33, 7.05 1280.00 7.10 98.1

1470.0
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(vt) Tadlo No,24
Compresgion test of M.S. (0.485% Carbon) Fig. 16

 Mean dia of test specimen = 0.4433 In.
Length of test specimen = 0.8854 In.
The test was performed on 20-ton seale.

Sr. Observed Deformation Actua}l_load Stress Strain |
No.. load x 102 from Fig, K.,5.1, x 10%

Tons. - In., 14. Tons In/In.
Lo B —3s T Ss . S
1. 0+00 0.00 0.00 0,00  0.00
2. 0.23 2,20 0.23 3.34 2.48
3. 0.43 3.98 0.43 6.24 4.50
4. 0.63  4.43 0,63 9.14 5.00
5o 085 4,44 0.85 12.60 5.00
6. 1.03 5.31 1,03 15.00 6.00
7.  1.23 5440 1.23 17.85 = 6.10
84 1.43 6.65 1.43 20.80 7.50
9.,  1.63  7.09 1.63 23,70 8.00
10.  1.83 7.95 1.83 26.60 9.00
11. 2,03 8.85 2.03 29,50 10.60
12,  2.23 9.75 2.23 32,40 11.00
13.  2.43 10.62 2.43 35.20 12.00
14.  2.83 11.50 . 2.83 41400 13.00
15.  3.03 13.30 3.03 44,00 15.00
16,  3.23 13.50 3.23 47,00  15.20
17.  3.43 14.60 3.43 49.70 16.50
18,  3.63 156.90 3.63 52,60 18.00
19,  3.83 16.10 3.83 55.00 18.20

20.  4.03 17.30 . 4.05  58.60 19.50



-86-

1. 2. 3. 2. —_s, 6.

21.  4.23 23.90 4.25 61.60  27.00
22.  4.43 26.60 4.45 64.60  30.00
23,  4.63 52.30 4.65 67,50  59.00
24,  4.83 87.70 4.85 70,40  99.00
25.  5.03  106.20 5.08 73.40  120.00
26, 5,43 136,00 5,46 79.20  153.00
27.  5.83  159.00 5.86 85.00  180.00
2g, 6.03 185.00 6.06 87.9C  209.00
29.  6.53  203.00 6.28 91.10  '229.00
30. 6.43  221.00 6.48 94,00  249.00
32.  6.63 242,00  6.68 97.00  273.00
33. 6.83  268.00 6.88 100,00  297.00
34. 7.03 282,00 7.08 103.00  318.00
35,  7.23  306.00 7.28 106,00  345.00

36,  7.43  330.0 ?7.48 108.50  372.00

(vi1) Table No.25

Compressive Test of AL-Mp. alloy (0.755% Mg,) Fip.17

Mean dla of test specimen = 04360 In.,
Length of test specimen - = 0.8830 In.

The test was performed on Seton Scale.

Sr, Observed Deformation Actual load Stress Strain

No. 1load in x 104 from Fig, K.5,1I, x 104
Tons, In. 13. Lbs, In./In.

l. | 20 30 | 4. 50 o 6_0

1. 0.00 0.00 0.00 0.00 0. 00

2. 0-93 5030 700‘0v 6.00 6000

Contdeses



1. 2, 3. 4, 5. 6.
3. 0480 7.05 1225 54200 8.00
4. 0.90 8.38 1550 10.370 9450
5. 1.00 10.60 1825 12.210 12,00
6. 1,10 12,35 2110 14,120  14.00
7 1.20 12,36 2400 16,080 - 14.10
8. 1.30 13.25 2700 18,070  15.00
9. 1.50 = 17.65 3225 20.60 20410
10.  1.70 22,9 3775 25.98 26 .00
11. 1.80 23.8 4050 27.10 27.00
12.  2.00 26.5 4625 30,98  30.00
13. 2.05 28.2 4760 31.90 32.00
4. 2.20 31.8 51785 34.70  36.00
16,  2.30 34.80 5450 36.50 40.00
16,  2.40 38,7 5750 38. 50 44,70
17.  2.45 42,0 5850 39,10 48.40
18.  2.50 46.7 6000 40.20 53.80
19.  2.55 54.0 6150 41.20 62.00
20.  2.60 63.5 6300 42.20 72.80
21. 2.65 85.0 6425 43,00 97.30
22, 2,70  111.5 6575 44,00  113.90
23, 2.75  137.5 6740 45,10  156.80
24.  2.80 164.5 6850 45.80  187.00
25,  2.85 190.0 6990 46,70 216,00
26.  2.90 222.0 7125 47.70  252.50
27. ' 2.96  252.0 7250 48.50 286,00
28.  3.00 288.0 7400 . 49.50 326,00
20,  3.10 374.0 7625 51.40  425.00
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(vi11) Zgble No,26
COMPRESSION TEST OF A1.Mg, ALLOY (0.808% Mg.) Fig. 18

Mean dia of test Specimen = 0.4526 In.
Length of test specimen = 0.8817 In.

The test was performed on 20-ton-scale

I%r» Observed Deformgtion Actual load Stress Straiz
O load x 10 from Fig, K.85.I, x 10
Tons In. 14. Tons In./In.
1. 2 3. 4. S5¢. 6.
1. 0.00 0.00 0.00 Q.00 0.0
2. 0.34 4.40 0.34 4,73 5.0
3, 0.54 5.30 0.54 7.50 6,00
4, 0.64 5440 0.64 8.90 6.1
5.  0.74 7.05 0.74 10.30 8.0
6. 0.84 7.15 - 0.84 11.70 8.1
7. 1.04 13.20 1.04 14.50 15.0
8. 1.24 15.0 1.24 17.25 17.0
9. 1.44 17.6 1.44 20.00 20.00
10. 1.84 22.0 1.84 25,60 25.0
11, 2.24 25.5 2.24 31.20 30.0
12. 2.44 28,2 2.44 33.90 32.0
13. 2.64 35.3 2.64 36.70 40.0
14. 2.84 39.7 2.84 39.50 45.0
15. 3.04 €3.5 3.04 42,3 72.0
16. 3.24 128.0 3.24 45.0 145.0
17. 3.44 309.0 3.44 47 .8 350.0
18, 3.54 497.0 3.564 ' 49.2 564.0
19. 3.64 724.0 3.64 50.0 800.0

20. 3.67 948.0 3.67 51.0 1075.0
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(1x) Iable No,27

Stress ~ Vs =~ Tangent modulus
curve faor M.S, 0.,178% Carbon (Fig. 15)
Sr. ©otress " Tangent Sr. Strass ®angent
No. K.5.I, modulus No. K.S,.I, modulus
x 10~6 o B, x 10~6
s.I ¢
S, P.S.I,
1. . 000 *tO 29 .4 6. 55.0 _ 0093
~ 48.0 | |
2,  48.5 177 74 65.0 0.59
Sa- 500 6.6 8. ° 7500 0-396
4, 51.0 3.6 ;’ 9, &5.0 0.28
Se. 52,0 2.0 10. 90.0 0.18
(x) Table No.28
Stress Vs Tangent moduiug curve for
M.S, (0.485% Carbon) Fig. 16
Sr, Stress Tangent ~ Sr,. Stress Tangent
NO. S ¢ modulus NO. K.SOI. modulus
x 10~6 Ey x 10°6 -
Sl P.S.I,
1. O to 55.00  30.00 7. 63.40 2,56
2e 55.10 27.30 8. 68.00 1.54
Se £5.50 20.20 9, 70.00 1.61
4, 56.15 14.20 10. 80.00 1.60
5.  58.00 9.40 11.  90.00 1.50
6. 60.50 5,51 12. 100.00 1.20
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(x1) Zable No.29

Stress Vs Tangent modulus curve for AfL.Mg
alloy (0,785% Mg) Fig, 17,

Sy. Stress Tangent Sr.  Stress Tangent
No. K.5,I, modulug No. K.S,I, modulug

11 - LT
1. 0 to 30.00 10,70 9. 39.60 1.60
2. 30.60  9.40 10,  41.75 0.95
3. 31.60 8.00 11, 42.60 0.65
4, 32.50 6.67 12, 43.30 0.47
S. 33.70 5.43 13. 44.00 0.35
6. 34-#5 4,75 14, 45.50 0.26
7 36.60 3.33 15, 46,00 0.20
8. 38.50 2.45

(x11) Table No.30

Stress Vs Tangent modulus curve AL.Mg
alloy (0.808% Mg) Fig, 18

Sr. Stress Tangent" ~ Sr.  Stress Tangent
No. Vg modulug No. Vs modulug
K.5.1, nglO‘ K,S8.I, E x10~

v ‘ QSOIO POSQIO
I 0 to 34.0 10060 Te 43.0 0074
2. 34.5 ?.70 8. 44.0 0.48
3. 35.0 4.72 9, 45.0 0.24
4, '37.0 2.85 10. 46,0 0.18
Se 39.0 1.88 ! 11. 48.0 0.08

6, 41.0 1.13 12, 50.0 0.04
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