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ABSTRACT

Functional languages, due to their straightforward declarative way
of expression, are finding favour as an elegant programming
medium. Further, their properties of referential transparency and
freedom from side-effects make them highly attractive for
programming multiprocessor systems. These merits are pushing them
more and more into the domain of computer research directed
towards achieving higher execution speeds and/or increasing
programming comfort. The research has generated radically
different computation systems called reduction computers.

This thesis reports the design of a multiprocessor computation
model based on the functional approach. The various features that
the model supports include pattern-matching, data structures, lazy
evaluation of conditional expressions, and recursion. The
complete design consists of two phases : first, the translation of
program definitions into an intermediate form suitable for machine
interpretation,- and second, the evaluation of the translated
program through reduction in a multiprocessor environment.

Program input to the model is a set of supercombinator definitions
and an expression for evaluation. The definitions are like user
defined functions having no fixed reduction rules, and have been
compiled down to an intermediate representation called Structured
Director String (SDS) term. The terms express the supercombinator
definition bodies as variable-free annotated graph structures and
are used as templates for function instantiation. They are a
generalisation of Kennaway & Sleep’s DS terms, and are obtained
through a pattern-abstraction process for which an algorithm has
been developed and tested.

For dealing with local definitions within definitions, the 8SDS
term notation has been enriched by including pointers and a
concept of context-list. Various types of local definitions (non-
recursive, recursive and mutually recursive) have been interpreted
via lambda calculus into the enriched notation.

A coarse-grain, message-passing multiprocessor reduction scheme
has been proposed. SDS term reduction rules, which are based on a
-modified set of B-reduction rules framed for dealing with
structured arguments, have been developed and are used during
template-instantiation of a function. The reduction strategy is
basically applicative (eager) so as to exploit parallelism,
wherever possible. ’

For reduction, a program expression is organised into a task-graph
where each task is the smallest unit of computation consisting of
a function applied to all its arguments. Tasks in task-graph
reduce (as per the proposed conditions of reducibility) and
communicate through messages enabling other tasks to reduce. The



process continues till the result of the expression is obtained.

Several control mechanisms, in the basic scheme, have been
incorporated to support selective laziness in dealing with
infinite data structures, lazy evaluation of conditionals, and
controlled recursion through the fixed-point combinator. Safety
aspect of the applicative order has been improved to some extent
by leaving a sub-expression in unorganised form, although no
strictness analysis of functions has been performed.

The complete reduction strategy, the organisation algorithm and

the message handling schemes have been formally specified in a
Pascal-like notation.

(ii)
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CHAPTER 1

' INTRODUCTION

1.1 INTRODUCTION

Despite the extraordinary progress in computers, the basic model
of computation (von Neumann architecture [1]) has not changed much
over the past 40 years. In its most simplified form, the model
consists of a single processor with a single connection to the
memory store (Figf 1.1). While executing a program, the machine
passes instructions and data, one word at a time, through this

single path between the processor and memory.

Quest for higher and higher computation speed has been a main
endeavor of computer research. In von Neumann model, improvements
in speed have been possible only by faster data transfer through
the single connection which, very appropriately, has been referred
as von Neumann bottleneck by Backus [2]. The attempts can be seen
in the development of faster and faster semiconductor
technologies, the use of registers and cache memories (which limit
the number of memory accesses and thus relieve traffic in the
bottleneck), and wider instruction buses. But the advances in
semiconductdr technology are fast approcaching theoretical limits
of speed whereas the growth of demands from scientific and

engineering applications is showing no signs of saturation.



A rather obvious alternative in the situation is to employ several
processors together. The idea has been made more feasible, both

economically and technically, with the advent of VLSI technology

memory

/von Neumann
bottleneck

processor

Figure 1.1 The von Neumann computer

which has reduced the cost-status of processors to that of circuit
components [3]. Initial attempts in the direction of
multiprocessing have been limited to applying some clever
engineering extensions to the von Neumann model, e.g., pipelining
(where several instructions are inserted in a pipeline of
processors, each executing a part of an instruction), vector
processing (where same instruction is executed in different
processors on different data - Single Instruction Multiple Data
(SIMD) approach [4]) and multiprocessing (where different
instrugtions on different data can be executed asynchronously by
each processor - Multiple Instruction Multiple Data (MIMD)
approach). It may be observed that by the same terminology, von
Neumann model is a Single Instruction Single Data (SISD) machine.
The first two approaches have given rise to some powerful
computers such as CRAY [5], ICL’s DAP [6], Burrough's Scientific

Processor (BSP) [7] etc..



The MIMD approach to parallelism is the ﬁost generalised and
flexible one and seems potentially capable of exploiting the gains
of VLSI technology. This approach, however, when realised using
the von Neumann model and, rather more importantly, when
programmed using conventional languages (FORTRAN, Pascal etc.),
leads to severe difficulties of coordination and communication
between processors which is necessary for ensuring that different
parts of the program are executed in the prescribed sequence and
that there are no unanticipated side effects. Although a number
of newer programming languages such as Ada, Occam allow organising
programs into relatively independent communicating processes, but
the programmer is required to generate parallelism and indicate it
explicitly. Thus the features may be useful for handling small
amounts of parallelism on a gross level but to ask the programmer
to specify large scale parallelism and take care of coordination
among thousands of processes is too much to expect from human

capability to handle complexity.

The challenge of multiprocessing requires seeking alternatives to
von Neumann concépts both in hardware and languages. In the last
decade, research in computer architectures has given rise to a
novel class of computing systems. The principal stimuli for these
have come from the pioneering work on data flow by Dennis [8,9]
and on reduction machines by Berkling [10]. These architectures
are inherently parallel and there is no concept of sequencing
through program counter. Similarly, on the software front, there
has been a growing interest in a new class of programming

languages called declarative languages which are naturally



compatible with parallel processing and do not depend on the
programmer to specify parallelism. Removing the concept of step-
by-step sequential execution, they allow the programmer to think
declaratively (specifying what is to be done) rather than

imperatively (specifying precisely how a task is to be done).

Functional languages, forming a sub-group of the declarative
group, have a mathematical base and possess the useful property of
referential transparency which means that the meaning of an
expression depends on the meaning of its component sub-expressions
only and not on any history of the computation. These languages
do not suffer from any side effects and lend themselves naturally
to a parallel mode of evaluation. Interestingly, their
development initially was not prompted by the special needs of
parallel proceséing but by a desire to do something about the
lamentable state of imperative progrémming [2]. Subsequently, the
interest in their use in parallel processing, through the
development of efficient implementation schemes using reduction

architectures, has been constantly increasing [11].

1.2 FUNCTIONAL BASED COMPUTATION

A program in a functional language consists of function
definitions and an expression for evaluation where the definitions
act as user defined reduction rules. Expressions in this type of
language have a natural representation as tree/graph structures
because they are mainly built through the binary operation of
applying an operator to an operand. These expressions can be

evaluated through graph transformation steps called reductions,



the whole process being called graph reduction. The order of
reductions, which can be parallel too because there are no side
effect causing constructs, is not required to be specified by "the

programmer.

For implementation purposes, it is necessary to translate the
higher level functional program into an intermediate language
suitable for interpretation by a machine. Lambda calculus [12] is
a mathematical tool of great relevance in this context and it acts
as the basis of all other intermediate forms used. Although its
simple syntax can represent all features of functional languages,
yet its direct use as an intermediate machine language is not so
efficient due to the presence of free variables. Further, the
process of B-reduction (substituting an argument for each
occurrence of a formal parameter) is slow due to the need to visit
every leaf (in the tree of a function body) to look for an
occurrence of the formal parameter (bound variable). To overcome
these inefficiencies, some variants of lambda calculus such as SK-
combinators [13], Director String Terms (DST) [14], Super-
combinators [15] etc., have been developed. The use of SK-
combinators converts an expression into variable~free form
eliminating the problem of free variables; It also helps 1in
simplifying graph reduction due to fixed reduction rules for
combinators. DST (simply an alternative form of SK-combinators)
is also a variable-free representation. Instead of guiding an
argument to its destination in a function body through reduction
of combinators, the DST attaches directing symbols, called

director strings, at each node of a function tree. An argument



coming in for substitution against a variable is guided by these

at run time.

In a parallel reduction machine, granularity of work division is
also an important factor which affects the ratio of time spent on
administrative overheads to total execution time. SK-combinators
are not so satisfactory from this point of view as they divide the
work into uneconomically tiny steps. The use of supercombinators
improves the situation by increasing the grain size of work,
though at the cost of making the reduction rules more generalised
as compared to the fixed ones for SK-combinators. Definitions of
supercombinators look like those of user defined functions only
but they have no free variables. Refinement of supercombinators
in the form of Serial combinators [16] represents an attempt

towards optimising grain size without losing parallelism.

After translating the source program into a suitable intermediate
language, the next step in computation is the reduction of graph
representing the program expression. The matter requires
decisions about'féduction order and argument passing mechanisms.
Choice for reduction order is mainly between normal order and
applicative order. The former uses arguments in unreduced form
and implements a call-by-need semantics i.e. a computation is
taken up only when needed. The applicative order, on the other
hand, reduces the arguments before substitution thus giving a
call-by-value effect. It is eager in approach because all
arguments are simplified without establishing need. Normal order

is safe as it mever gets entangled in unneeded work and thus



always terminates unless the program itself is non-terminating.
Applicative order, though unsafe, provides better utilisation of
parallelism in a program. Choice for argument passing mechanism
is mainly between string reduction (where a complete copy of the
argument is substituted) and graph reduction (where a pointer to
the argument is substituted). Normal order coupled with graph
reduction implements lazy evaluation i.e. an expression is
evaluated only when needed (due to normal order) and that too only

once (due to graph reduction).

Research on the reduction models of computation, based on above
ideas of functional computation, is continuing and is still in its
developmental stage. The present work is concerned with the
design of a reduction type multiprocessor computation model based

on the functional approach.

1.3 STATEMENT OF THE PROBLEM

A major goal set for the model is to support, (i) pattern-matching
function definitions (functions defined on structured parameters),
(ii) simple and recursive local definitions within definitions,
and (iii) recursion. In addition, the model should be able to

utilise parallelism without excessive communication overheads.

A brief explanation of the solutions suggested in the thesis for
meeting the above objectives is now given. The model takes
programs in supercombinatory form (algorithms are already
available for compiling programs in higher level functional

languages into this form). Thus the input to the model is a set



of supercombinatory definitions and an expression for evaluation.

¢

The problem of computational model design then, as treated in the

thesis, consists of three main parts:

(1)

(2)

(3)

development of a lambda calculus basis for the concept of
pattern-matching keeping in view a parallel processing of the
matching work - Here an algorithm for the matching, and a set
of modified‘B—reduction rules for dealing with lambda
abstractions which bind general patterns rather than simple

variables have been developed.

compilation of supercombinator definitions - The main work
here is compilation of definition bodies into a language of
Structured Director String Terms (SDST) which is an extension
of DST [14]. A concept of structured directors (pattern
director and list director) has been introduced for dealing
with structured arguments appearing due to pattern-matching.
These directors advise structure breaking only when essential
and to the extent it is necessary. The modified B-reduction
rules form a semantic base for these directors. For local
definitions, a concept of context list whose elements are
connected to the main body through pointers, has been

suggested.

development of a reduction mechanism in a multiprocessor
environment for the compiled program - The work here starts
with the framing of reduction rules for SDS terms
representing a definition body. The program expression is

organised into a graph of tasks (each may be handled by an



individual processor) where a task is an indivisible piece of
work comprising a function and its arguments. Design of task
structure takes care to keep the communication betweéeen
processors low even at the cost of elaborate fields in task

structure.

Although compiling supercombinators into director strings may look
like going from large execution steps to small fine grained ones
and thus losing the advantage of lesser communication overheads,
but the model still has coarse grain reductions. A redex, here,
is a supercombinator applied to all its arguments and it is
considered as a monolithic piece of work (a task) handled by one
processor only. The éompilation to structured director strings is
being used only to simplify and mechanise the process of argument

substitution.

1.4 ORGANISATION OF THE THESIS

We begin in chapter 2 by giving a brief introduction to functional
programming and lambda calculus which has been included feeling
that the general reader in the area of computer science is not so
familiar with these topics. Chapter 3 reviews the computation
models and experimental machines based on reduction concepts for
functional languages. A brief discussion of the proposed model is
also included in this chapter. The design of the model begins in
Chapter 4 with the development of a lambda calculus basis for
pattern-matching. In Chapter 5, a compilation scheme for

converting pattern-matching supercombinator definitions into the



variable-free form of SDS terms is developed which includes a
pattern abstraction algorithm. Chapter 6 continues with the
compilation while dealing with simple and recursive local
definitions in a supercombinator body. The results of ‘the -
complete compilation are packed here into a structure named as D-
code. Chapter 7 is then devoted to the development of a
multiprocessor reduction mechanism where the compiled definitions

are used as 'mechanised’ rules for evaluating the program

expression. The structure of a task is developed and the message
passing schemes described. Handling of recursion and shared sub-
expressions is also discussed in this chapter. The complete

reduction mechanism is illustrated through some examples in the
Appendix. Finally conclusions and scope for future work are given

in Chapter 8.

10



CHAPTER 2

FUNCTIONAL PROGRAMMING AND LAMBDA CALCULUS

Refinement of programming languages has been a continuous process
directed towards easing the job of a programmer. Backus, however,
in his Turing award lecture [2], says that the development of
various imperative languages after FORTRAN has not contributed
much in this direction, and stresses that a radical change in
programming methodology is necessary to achieve a breakthrough. A
program in an imperative language is a cunningly designed maze,
through a single thread of control, and a reader is forced to go
round this criss-cross, doing a mental execution all the time, to
find its meaning. In other words, programs have an operational
reading. Although structured programming, Béckus says [2], is an
effort to bring some order to this chaotic world, but it
accomplishes little in attacking the fundamental problems created
by the word-at-a-time considerations in imperative style of

programming.,

Functional programs, on the other hand, have, like mathematical
analysis, a denotational reading i.e. programs offer a static
meaning without the need to go through the process of a mental
execution. Functional languages have more expressive power
[17,18], and their use can increase programmer productivity _by

allowing him to concentrate more on algorithmic thinking instead

11



of worrying about low level details such as keeping track of
variables through the not-so-orderly sequencing of imperative
languages which is made further complicated by the presence of

side effect causing constructs such as assignment.

The first functional language was LISP invented by McCarthy as a
formalism for reasoning about recursion eqqations as a model of
computation [19]. Some other functional languages which have been
developed are FP [2,20], SASL [21], HOPE [22], KRC [23], Ponder

[24], Lazy ML [25], Miranda [26], Orwell [27], Haskell [28].

2.1 FUNCTIONAL PROGRAMMING [11,29-33]

The type of ’statements’ contained in a functional language are
definitions and expressions. An expression states the intention
of program while definitions act as rewrite rules for evaluating
the expression. Expressions are built through a single concept of
binary application representing an operator applied to an operénd
(it gives the languages another name - applicative languages).
Application is expressed by juxtaposition e.g. the expression (SQ
3) denotes the application of a function SQ (square) to the
argument 3. It has left-association property so that an
expression (f g x) means ((f g) x) i.e. f applied to g and the

result applied to x, and not (f (g x)).

Definitions are used to define functions in terms of other simpler
or primitive functions. Programming allows building up of a
hierarchy of functions where more complicated ones are built on

the earlier defined ones. A function is a kind of program which

12



accepts inputs (in the form of arguments) and produces output (the

value of the function call).

The concept of a function in functional languages is same as in
mathematics although a little different notation is used. In
mathematics, functions are written by enclosing the variables

within brackets, e.g.,

f(x) (x * x) + 3

max(x,y) if x > y then x else y e (2.1)

In functional notation, f(x) is interpreted as f applied to x, and
therefore the brackets enclosing the variable are dropped.
However, an interpretation problem arises with functions of more
than one variable such as ’'max’ or the operator ’'+' on the right-
hand side of f(x). Currying, a method introduced by Schénfinkel
[34] and extensively used by Curry [35], is used to resolve it.
The method represents all multi-argument functions as sequences of
unary ones. For example, the '+' operator takes two arguments,
and following the mathematical notation it would be written as (+
(x,y)). 1Its type is expressed as [N x N --> N] where N is the set
of natural numbers. In Curryed form, it will be expressed as ((+
Xx) y) with type representation as [N --> [N --> N1]. Now ’'+' is
understood as a unary operator which when applied to x, yields
another unary function (+ x) which adds x to an argument presented
to it. Based on the above, the function definitions in Eq. 2.1
are written as (all function names are typed in italics for easy

recognition)

13



f x

+ (* x x) 3

max Xy IF (> x y) x ¥y (2.2)

In the definition of max, the if-then-else construct has been
replaced by a Curryed IF operator which is a primitive function

whose semantics is given by

IF True x y

"
"

IF False x y = y

A function for finding the maximum of three numbers can be built

on the definition of function max as
max_of _three x y z = max (max x y) z

An expression (max_of three 2 7 5) is evaluated using definitions

of max and max_of_three through following rewrites:

max_of_three 2 7T 5 --> max (max 2 7) 5
--> max (IF (> 2 7) 2 7) 5
--> max (IF False 2 7) 5
-=-> max 7 5
-=> IF (> 7 5) 75

--> IF True 7 5 -=> 7

A powerful feature of functional style is to allow recursion in

definitions. A very common example is the factorial function
factorial n = IF (= 0 n) 1 (* n factorial (- n 1))

In a recursive definition, a function invokes itself on the right-

hand side.

14



Data structures are introduced in functional languages through

constructor functions for data types. For example, CONS is a list
constructor, sometimes written as infix operator ':' also.
Similarly, BRANCH is constructor for tree type structures. Data
structures can appear as parameters to a function e.g., a function
length returning the length of a list is defined as

length NIL =0

length (x:xs) = + 1 (length xs)
where NIL stands for an empty list. The above definition

illustrates another feature, called pattern matching, where
several equations (clauses) are written each defining the function
with a particular case of the data structure involved. Pattern

matching is discussed in more detail in chapter 4.

Functional languages draw no distinction between functions or
data. Functions can be passed around as data objects serving as
arguments for other functions. Such functions which take other
functions as parameters are called higher order functions. Turner
[21] has described it saying that functional languages treat all
objects equally and that there are no "first or second class
citizens". An example of a higher order function is a function

map defined as

map f NIL = NIL

map f (x:xs) (f x) : (map f xs)

The function map takes a unary function f and a list as arguments

and produces another list whose elements are the results of

15



applying f to the elements of original list.

Functional style of programming is further illustrated in the
following program (in Miranda style) that returns a list of square
upto a given integer, and uses the function map:

square_1list n = map SQ {(count 1 n)

map f NIL NIL

(f x) ¢ (map f xs)

map £ (x:xs)
count i k = IF (> k i) NIL (i : count (+ 1 i) k)

square_1list 5

The function SQ, taken as a primitive operator, has not been
defined further. The program returns a list [1, 4, 9, 16, 25].
It may be seen that there is no execution ordering implied by the
program nor the programmer has to worry about it. An
implementation, however, applies a dynamic ordering which 1is
~decided by the reduction strategy. The matter 1is discussed 1in
next section. The variables, used in a definition, have a scope
limited to the right-hand side and they get bound to arguments

during the reduction of an application.

All functional languages derive their semantic base in the lambda
calculus developed by Alonzo Church [12]. Ability to translate a
high level program into lambda notation has given rise to the
possibility of their efficient machine implementations. Besides
that, lambda calculus provides an appropriate framework for

mathematical reasoning about functional programs.

16



2.2 LAMBDA CALCULUS [12,31,33,36-38]

Lambda calculus is a product of the work on‘computability theory
regarding the ability to define precisely the notion of computable
functions. Although it has been used as a semantic base for
functional languages, but it is interesting to note that certain
concepts of ALGOL 60 (and similar languages) can be viewed as

syntactic variations of lambda calculus [39].

2.2.1 Lambda Syntax

In mathematical notation, we are used to expressing functions as
f(x) = exp where x is a variable over which the function is
defined, and exp is the body of the function. A general view is
that a function takes some values as arguments and returns another
value as result. Lambda calculus discards'this viewpoint and
allows functions to take functions and return functions. For
example, lambda calculus would allow a function apply to be

défined as (in mathematical notation)
apply (f,y) = f(y)

One of the arguments to the function apply is a function. Concept
of higher order functions in functional programming is similar to

this idea.

Another big difference in expressing functions in lambda calculus
is the flexibility in naming them. Lambda calculus advocates that
in order to create and manipulate functions as objects, a notation

for unnamed functions is required. This is achieved by a process
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known as abstraction. Through abstraction, an expression can be
made to behave like a function. As an example, consider a
function f(x) = x * x + 2. The right-hand side of this definition

is converted into a new form as
AX.X ¥ x + 2 e (2.3)

The above form is called a lambda-abstraction where '\’ is an
abstraction operator, the prefix 'Ax.’' abstracts the function f
(with respect to variable x) from the expression on right-hand
side, and the expression following the dot is known as the body of

the abstraction.

The unnamed function in Eq. 2.3 can be applied to values just like
the function f. In mathematical notation, f(3) represents the
value of f at x = 3. In lambda notation, it is interpreted as an
application and is written as (f 3) because jJuxtaposition denotes
application. Using the unnamed function, the application (f 3) is

written as
Ax.x * x + 2) 3

Functions of several variables are expressed through multiple

abstractions as

Axl.sz. ‘e Xxn.E
or as [36]
Ai.E where X = X3 Xgy veey X
It may be noted that abstraction associates to the right. The
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function max in Eq. 2.2 would be expressed as a lambda abstract by
Ax.Ay.IF (> xy) xvy

Applicative expressions in lambda notation are written as Curried
applications (as discussed in section 2.1). Thus, strictly
according to lambda syntax, the abstraction in Eq. 2.3 should be

written as
Ax.+ (* x x) 2 ce. (2.4)

The complete syntax for lambda expressions is summarised in the

following definition [30]:

E ::= constant | built-in constant
variable | variable names
E1 E2 | application
(E) | bracketing
Avariable.E abstraction ...(2.5)

2.2.2 Lambda Semantics

Lambda expressions having syntax governed by Eq. 2.5 are well
formed expressions in lambda calculus. The calculus is completed
by a set of lambda conversion rules which convert one expression
to another having an equivalent meaning but, may be, of a simpler
form. To introduce the rules, we need to know the terms bound and

free occurrences of a variable.

An occurrence of a variable in a lambda expression is bound if

there is an enclosing lambda which binds it and is free otherwise.
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For example, in the A-expression (Ax.+ x y), x occurs bound ard y

is free, but considering the body only, both x and y occur free.

Returning to conversion rules, the rule of maximum importance is
B-rule which deals with the application of a lambda abstraction to
an argument. The rule, in words, says,

"The result of applying a A-abstraction to an argument is an

instance of the body with argument substituted for all free
occurrences of the bound variable."

Thus the result of applying the abstract in Eq. 2.4 to an argument

'3’ is obtained as follows:

(Ax.+ (* x x) 2) 3 —=> 4+ (* 3 3) 2 (by B-rule)

--> + 9 2 ~-=->11 {by operator rules)

One application of B-rule removes one layer of abstraction and
performs the job of substituting arguments into the body. This
process has resemblance to the association of actual parameters
with formal parameters in a procedural language. The action of B-
rule is also expressed through a notation [Q/x]E meaning, 'the

expression E with @ substituted for all free occurrences of x in

it’. Using this notation, all conversion rules are stated as

(a-rule) : Ax.E <--> (Ay.[y/x]E), vy is not free in E

(B-rule) : (Ax.E) Q@ <--> [Q/x]E

(N-rule) : (Ax.E x) <--> E, x is not free in E and E is a
function,

a-rule is mainly a variable-name change rule. It says that an

expression remains unchanged if a variable in it is changed
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consistently. It is like in algebraic equations where a change in

a variable name everywhere makes no difference. The rule is
basically used to avoid name clashes [11]. N -rule is a kind of
optimisation because it removes redundant abstractions. For

example, the expression (Ax.+ 1 x) is N-convertible to (+ 1)
because both ultimately add 1 to an argument. The rules when used
from left to right, are called reductions (instead of conversion)

and are written with a ’'-->' symbol instead of ’'<-->'.

2.2.3 Reduction Order

An important issue, while simplifying an expression through
reduction rules, is that of the reduction order. This is
important because an expression may contain several redexes
(reducible sub-expressions) and reduction can proceed via several
alternate routes, When the expression contains no redex, it is

said to be in normal form.

All expressions do not have a normal form, and not all reduction
sequences necessarily reach the normal form, if one exists. For
example, the expression (Ax.x x) Ax.X x has no normal form
(because a B-reduction results back in the same expression), and

the expression
(AX;S) (Ax.x x) Ax.x x

has a normal form '3' which can be reached if the left-most redex
is evaluated first. But if we start reducing the sub-expression
((Ax.x x) Ax.x x) first, the evaluation fails to terminate. It

means that the order of reduction affects the outcome of an
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evaluation. However, two theorems, called Church-Rosser Theorems
(CRT) I and II [40], are highly reassuring in this state of

affairs.

_ Theorem I : If E --> E1 and E ~-> E2 then there exists an

expression F such that El --> F and E2 --> F.

An important corollary of this theorem is that no expression can
be converted to two distinct normal forms ( two normal forms are
distinct if they are not a-convertible). Thus all reduction
sequences will reach the same result provided they terminate. ‘The
theorem assures that we could use any reduction sequence without
any fear of reaching a wrong result, but a particular sequence may

not terminate.

Theorem II : If_El -—> EZ and E2 is in normal form, then there

exists a normal order reduction sequence from El to EZ'

The theorem says that the normal order reduction always reaches
the result if it exists. Put together, the theorems say that
there is at most one possible result and normal order must reach

it. The proofs of the theorems can be seen in [37,40].

A normal order reduction sequence selects, at every stage, the
left-most (outermost) redex for reduction. Another reduction
sequence is called an applicative order where the left-most redex
free of internal redexes (innermost) is chosen. The two orders
have their own merits and demerits. While normal order is safe
(it guarantees to terminate in normal form if one exists), it

generally takes more number of reductions than the applicative
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order because it substitutes the arguments in an unreduced form

into a body and hence reduces them as many times as the bound

variable occurs in the body. Its advantage is that it does not
reduce the argument if it is not needed. The same thing makes it
safe too. The applicative order, on the other hand, reduces the

argument to normal form before substitution and thus avoids
repeated reductions. It does so without checking the need and
hence is unsafe because an unneeded argument could be a non-
terminating one. Applicative order can allow more parallelism by

selecting all innermost redexes simultaneously.

The reduction strategies are related to parameter passing
mechanisms of imperative languages. The applicative order is like
call-by-value while normal order implements call-by-need. A very
appropriate term for normal order is that it is lazy (taking up a
job only when needed). The applicative order is similarly called
eager. Wadsworth [41] improved upon normal order by suggesting to
pass pointers to arguments (graph reduction) instead of actual
arguments and thus avoid repeated computations. This makes normal
order further lazy in the sense that an expression will be

evaluated only when needed and that too only once.

2.2.4 Recursion

Recursion is generally handled through Y combinator, known as the

fixed point combinator. It is a lambda-abstraction of the form

Y = Ah.(Ax.h (x x)) (Ax.h (x x))
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The definition can be used to show that the reduction rule for Y

. . "
combinator is

YH -->H (Y H)

Almost all implementations for functional languages use Y as a
built-in operator with above reduction rule rather than using its
lambda definition; Applicative order has a sefious defect that it
cannot come out of a (Y H) reduction because_of its eagerness to
reduce (Y H), the argument to H after first reduction, to normal
form. In this situation, the laziness of normal order is a great

help.

It may be observed that lambda calculus has a simple syntax, and
functional languages tend to follow its style., Programs written
in functional languages can be translated into lambda calculus and
then evaluation can be done according to its conversion rules.
There are some drawbacks in the process., Lambda expressions are
not easily amenable to mechanised reduction, firstly due to the
prgsence of free variables, and secondly due to B-reduction
requiring to search for all occurrences of bound variable in the
body (specially difficult if the body is large). Besides, a-

conversions may be required to take care of name clashes.

In view of these problems, some other representations which are

basically variations of lambda calculus only, have been developed

and used to implement functional languages. SK-combinators [13]
is one example which is a variable-free representation. It
eliminates the problem of free variables, Some other
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representations are director strings [14], de Bruijn numbers [421,
éupercombinators [15], categorical combinators [43] etc.. The
next chapter reviews the computation models and reduction machines
based on these variants of lambda calculus and presents a view of

our model in that context.
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CHAPTER 3

REVIEW OF COMPUTATION MODELS

3.1 INTRODUCTION

A computation model acts as a bridge between the software and
hardware levels of descriptions. The traditional von Neumann
model [1] of computation essentially says that a computation is a
sequence of fetch/compute/store cycles. The imperative style of
programming is‘greatly influenced by this model. A program in
these languages is a sequence of commands where the variables are

visualised as locations in the memory, and the assignment

statement imitates the fetch/compute/store cycles. In short, the
imperative languages are "high level versions" of the von Neumann
computer.

The concept of functional languages has developed more or less
independently of an underlying computation model. Realising their
importance as a highly expressive and elegant programming medium,
the research on designing suitable models for them (or adapting
von Neumann model) is active. Obviously, in this case, the
language is having an upper hand in the model design rather than

model dictating terms with the language.

There are three main models available for the implementation of a

functional language: Control Flow, Data Flow and Reduction
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[44,45]. The von Neumann computer is a sequential control flow
model where control is passed from instruction to instruction
either implicitly (through program counter to the next instruction
in sequence) or explicitly (through GOTO). Control flow considers

v

instructions as active agents that transform the passive data.’

Data flow [46-48], in contrast, treats data as active agents

moving through the passive instruction graph (hence the name data

flow). The programs in data flow model are represented as
directed graphs (DG), called data-flow graphs, where arcs indicate
the flow of data between instructions. The arcs also serve as

communication paths for the messages (tokens) generated by nodes
or supplied from the external environment. The nodes are executed
(fired) in a data-driven manner. Sequencing of firing is based on
data dependencies only and so a greater degree of parallelism,
compared to control flow, can be supported. Several data flow

architectures are operational/under development [49-54],

Reduction model has no concept of a ’'flow’ of control either

program based (Control flow) or data based (Data flow). The model
makes no distinction between program and data. Both instructions
and operands are expressions. Reduction model is based on

mathematical reasoning where program execution goes like
simplifications of mathematical expressions. Depending on how the
expressions are passed as operands, one can have either string
reduction (where expressions are formed of literals or values) or

graph reduction (where expressions are literals or references).

Discussing the various implications of the three models, Treleaven
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et al [45] have concluded : control flow lacks useful'hathematical
properties for reasoning about programs, and parallelism is alien
to its concept; data flow permits highly parallel implementations,
but its utility as a general-purpose program organisation is
questionable and 1is more suitéd to specialist applications;
reduction appears to be the most natural candidate for providing
efficient support to functional programming. Graph reduction is
inherently a parallel activity supporting simultaneous and
asynchronous reductions at several sites within the graph, and
hence functional languages, using pure functions with no side

effects, would be best utilised by this kind of model.

As our work is about the design of a reduction based model, the
discussion is now restricted to the developments in reduction

models.

3.2 REDUCTION COMPUTER

A reduction machine does not run a program in the conventional
sense. It rather operates on aﬁ expression, continually
simplifying (reducing) it until it is in the simplest possible
form which is then delivered as the value of the expression. If
the expression given to the machine is a program in a high level
functional language, then the final result is the value of
program., However, expressions in a high level language would be
quite unsuitable for a machine and hence there is a need for an
intermediate language in which the high level expressions can be
conveniently represented within the machine, and which has some

simple rules for reduction. The design of such an intermediate
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language and the translation of user programs into it is a major

concern of any model design.

In its simplest form, a reduction model can be represented as

shown in Fig. 3.1. Various reduction models differ in the
intermediate language used. Lambda calculus [36] is one such
language and it forms the basis for all others. Through its

simple syntax (Eq. 2.5), it can represent all features of a high
level functional language. Lambda expressions are easily

expressible as tree structures in a machine.

high level functional
program '

Translation

!

intermediate machine
language form

reduction rules
reduction machine of the inter-
mediate form

value of the program

Figure 3.1 Representation of a reduction computer
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3.2.1 Program Representation

A A-expression is represented in the form of a tree which reflects

its syntactical structure. The leaves of the tree are constant
values (such as 0, True), built-in operators (such as +, IF, =),
or variable names. The application of a function to an argument

is represented as (binary tree)
@
/ \
f a
where '@’ sign indicates an application type node. Functions of

several arguments, dealt through Currying, are shown through left-

associative application resulting in a left linear binary tree

such as
@
/ \
@ 7
/ \
* 5
The tree denotes the expression (* 5 7). A function (lambda

abstract) is of the form A(formals).(body), and its application to
actual parameters is reduced through B-reductions expressed as
(AN formals).(body))actuals --> body (with actuals substituted
for formals)
A lambda abstract is represented by a lambda node as shown in Fig.
3.2(a) and its application to arguments as in Fig. 3.2(b). A B-
reduction constructs a new copy of the lambda body (an instance)

where free occurrences of a bound variable are replaced by an

argument. The process is called instantiation.
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A (formals) @

VRN

/
/

@ P actuals
/ \

A (formals)
(a) (b)
Figure 3.2 Representation of a lambda abstract - (a) lambda node,

({b) lambda abstract applied to actuals

3.2.2 Reduction Options

The lambda body in Fig. 3.2(b) may have several occurrences of a

formal parameter so that while reducing, there are two options

(1) the argument may be copied for substitution into each
occurrence (string reduction), or
(2) a pointer to the argument may be substituted ‘into each

occurrence (graph reduction).

String reduction suffers from heavy copying (if the argument is a
large expression) and wasteful work (if argument contains redexes
which get duplicated in copying). The performance of the method
can be improved if used with applicative order where the afgument
is always in normal form before a f-reduction is taken up. GMD
reduction machine [55] is a lambda calculus based string reduction
machine. The aim of this project was to demonstrate reduction

machines as an alternative to conventional architectures. It
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concluded that string reduction is a useful technique but may be
inefficient if adhered rigorously. Mago's [56,57] cellular tree
machine, implementing Backus FP [2] class of languages, is based
on distributed string reduction and relies on massive parallelism
to overcome its inefficiency. CTDNet [58,59]>is an applicative
order lambda reducer which uses a modified form of string
reduction (permitting limited use of pointers) to improve
performance. Berkling has done extensive work on string reduction

systems based on applicative A-expressions [60].

The second option, of graph reduction, was suggested by Wadsworth
[417. The method eliminates the inefficiency due to repeated
computations and also the need for copying big expressions by
converting multiple references for a common sub-expression into
multiple arcs (pointers) directed to the root of the common sub-
graph. Using normal order with graph reduction, Wadsworth
combined the benefits of both normal order and applicative order
vielding a reduction system called normal order graph reduction or
lazy evaluation [61]. The method is safe (having the Church-
Rosser property [40] of normal order) and, like applicative order,

reduces expressions once (rather at most once) only.

Graph reduction serves as a general reduction model, and is used
with many different types of intermediate forms of machine
languages although the above discussion was in the context of

lambda calculus language.
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3.2.3 Intermediate Forms As Machine Languages

Lambda calculus has some drawbacks when directly used as a machine
language. B-reduction, a fundamental operation here, is
inefficient. because the instantiation process has to visit every
leaf of the lambda body to check for a free occurrence of the
bound variable. There is a danger of inefficiency while
substituting into very large bodies. Further, new instances of
sub-expressions containing no free occurrences of the bound

variable get constructed unnecessarily.

A solution to the above problem is to compile each lambda body
into a fixed code which, when executed, builds an instance.
Unfortunately, the presence of free variables in lambda
expressions makes a complete mess of it because the compiled code
is going to be different for different values of a free variable.
SECD machine [29,62] permits parameterising of code sequences on
the values of free variables. It is an abstract architecture that
implements applicative order reduction of A-expressions. The
machine maintains four data structures called the Stack, the
Environment, the Control and the Dump. In the machine, lambda
abstractions are compiled into a package, called closure,
consisting of the abstract and an environment for its free

variables.

-

Another approach, different from the above ’environment’ model for
dealing with variables in applicative languages, has been
developed by Turner [13] which is based on a result in logic that

variables, as used in logic and mathematics, are not strictly
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necessary [34]. Certain intermediate languages, for program
evaluation, have been developed around these ideas which are being

discussed now.

3.2.3.1 Combinators

Schonfinkel [34] and Curry and Feys [35] have developed a theory
of combinators which is a recast of the entire lambda calculus.
Combinators are equivalent to closed A—expressions i.e. the ones
which contain no free variables. 'Turner suggested the use of this
combinator theory in developing a variable-free representation of
expressions. His algorithm is a process of abstraction which
removes all occurrences of a variable from an expression yielding
variables-free abstracts. For a function f, defined by f(x) =
exp, an object equivalent to f is obtained by abstracting out the
variable x from exp, which is written as [x]exp. Application of
this functional object to a value v is written as ([x]exp) v, and

the connection between application and abstraction is defined by
([xlexp) x = exp

which is same as (Ax.body) x = body, in effect. Turner’s

algorithm is based on three simple abstraction rules

[x] x =1 (I for identity function)
[x] ¥ =Ky, x#£y (K for constant)
[x] e; eg = S ([x]el) ([x]ez) (S for steering)

where S, K and I are primitive functions called combinators and

their application is defined by following reduction rules
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I x --> X
Ky x --> vy

Sfgx-->fx (g x) cee (3.1)

Through repeated abstractions, all variables may be eliminated
from an expression and thus the substitution operation of 8-
reduction becomes meaningless. The probleh of name-clash in A -
expressions is also eliminated. A problem with SK combinators
is that they yield a code quadratically expanding with successive
abstractions. Turner optimised [63] the algorifhm to convert the
quadratic expansion into a linear build up by introducing some
additional combinators. Two of them have the following reduction

rules:

Bfgx-->7°f (g x)

Cfgx-->fxg¢g v (3.2)

The B and C combinators are optimised versions of S. B steers its
third argument to the second while C to the first. Various
experimental computing engines based on combinator reduction have
been developed and studied [64-67]. Hybrid graph reducer based on
a unified model of combinator reduction and MA-style reduction has

also been reported [68,69].

3.2.3.2 Director string terms

Reduction rules for combinators show that they behave 1like
argument directing operators. They replace the substitution

process of f-reduction by combinator reduction. Kennaway and
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Sleep [70] suggested the use of directors as annotations at the
nodes of a tree (representing an expression) to achieve the same
effect. As an example, let (p q) be an expression where p and g
are some. further expressions. Let both’contain references to a

variable y. Abstracting y from (p q) gives

[yl(p a) = s Yp Yg

where yp denotes the result of [y]lp and Yq that of [v¥]1a. The tree
structures for (p q) and (S Yp Yq) are

@ @
/ \ / \
P q @ q

Here the intention of S combinator can also be expressed using a

director at the node in the expression (yp yq) as

/\ @

The director ’'/\’, annotating the application, indicates that the
node is a function expecting -one argument which on arrival, should
be sent into both the branches (/\ indicating both ways).
Abstracting out more than one variable leads to a string of
directors at the nodes, called director strings. Comparing the
syntax trees for (S Yp Yq) and (Yp Yq), it can be seen that the
former requires an extra node. Thus the use of directop strings

leads to a more compact variable-free code.

Kennaway and Sleep have given an algorithm [71] for converting \-
expressions into what they call Director String Terms (DST). In

DST notation, a node is represented as a 3-tuple term written as
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(d2D2@2’ tis tz) where d2D2 is a bihary director string (indicated
by subscript 2) with d2 as the leading director; @2 stands for a

binary application node; tl’ tz are the DS terms for left and

right sub-trees at this node. Similarly, the leaves are
expressed as pair terms (dlDl@l, tl). The subscript 1 now
represents a unary case. A leaf, having variable, is converted

into a hole representing an empty space to be filled by an
argument which reaches it following the directors. The Director
String Calculus (DSC) [71], a calculus of DST, captures the
essence of the combinators introduced.by Turner. DSC reduction has
been shown to preserve beta-equivalence under backward translation
to lambda terms. The algorithm for conversion to DST has been

further optimised from code size point of view [72,73].

Director strings have been used in one of the versions of SKI
machine [74]. CTDNet [59] is a lambda reducer which, using
director string annotated process graphs, improves the efficiency
of B-reduction. Another use of director strings has been reported

in COBWEB-2 [75].

3.2.3.3 Supercombinators

The idea of SK combinators (or of director strings) is quite
appealing from implementation point of view because the machine
has to handle a fixed set of combinators which can be implemented
directly on hardware eliminating the need for an extra level of
interpretation. However, an individual reduction does very small
amount of work. Each reduction simply produces the effect of

pushing an argument down by one step in the syntax treé of a
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function body. Their fine grain size is 'uneconomical’ due to the
overheads (such as finding next combinator, accessing the argument
etc.) dominating the execution time. It can be argued that each
reduction should do sufficient work to justify the time spent on
preparation. Hughes [15] proposed the idea of ’customised’
combinators derived from user programs. His combinators, named as
supercombinators, are bigger in grain size and hence avoid the

dominance of overheads in the execution time.

A supercombinator $S ('$’ sign indicating a supercombinator
identifier) of arity n is equivalent to a A\ -expression of the

form [11]
Axy.Axg. ... Ax .E, n 20 .. (3.3)

where E is not a A-abstraction such that, (i) $S has no free
variables, and (ii) any A-abstraction inside E is a super-
combinator. Thus a supercombinator is a function of n variables
containing no reference to any other variable. Its definition may

be written as

$S X{ Xg +.. X, = E

The definition acts as its reduction rule. A reduction consists
of applying the supercombinator to all n arguments, and the result
is an instance of the supercombinator body E with appropriate
arguments substituted for all occurrences of the formal
parameters. Thus the reduction is equivalent to performing

several B-reductions simultaneously.
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Johnsson has developed a transformation algorithm [76], called
'lambda-1ifting', which converts a A-expression into super-
combinatory form. The algorithm starts with the innermost lambda
abstraction, making its free variables into extra parameters of a
supercombinator. The process is continued till no lambda is left
in the expression. To make the supercombinators fully lazy (so
that no repeated evaluations may occur), Hughes generalised the
idea of free variables to free expressions i.e., ones not
containing any occurrence of the bound variable. According to
him, the value of a free expression will be same between all
instances, and hence should belshared to preserve laziness. His
transformation [77] makes each maximal free expression (instead of
a free variable which is actually a minimal free expression) into

an extra parameter of a supercombinator.

Using the above transformations, a program in a higher level
language can be converted into a supercombinatory program of the

form

Expression to be evaluated ... {(3.4)

BN

The stages involved in the conversion are shown in Fig. 3.3.
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source program in high level language

compile to lambda expressions

program in lambda calculus enriched
by let and letrec

lambda-1ifting transformation

supercombinatory program

Figure 3.3 Compilation to supercombinatory form

Many systems consider supercombinator definitions as a set of
rewrite rules [78]. A reduction then consists of rewriting an
expression which matches the left-hand side of a rule with an
instance of the corresponding right-hand side, thus constituting a

term rewrite system [79-82].

There have been some extensions to the idea of supercombinators
such as Serial combinators [16,83] which have an optimised level
of grain size without sacrificing parallelism; or refined super-
combinators [84] which are based on the detection of sharing of
partial function applications, and they avoid unnecessary

overheads in cases where no sharing occurs.

Categorical combinators [43,85] is another line of action which
aims, like supercombinators, at performing the equivalent of

several B-reductions simultaneously. The combinators utilise the
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concept of de Bruijn numbers [42]. The related research and some

abstract machines based on them are discussed in [85-87].

3.3 SUPERCOMBINATOR REDUCTION MACHINES

Supercombinator reduction has generated maximum interest as an
efficient method for implementing functional languages e.g., G-
machine [88-90], GRIP [91,92], ALICE [93,94], Flagship [95-99],
TIM [100]. As supercombinators are no primitive operators having
fixed reduction rules, a pre-processing of their definitions in a
program is essential to facilitate reduction. Thus all machines
which use supercombinators, have an additional step of compiling

the supercombinator program (Fig. 3.3) further.

G-machine, developed at Chalmers Institute of Technology, Sweden,
is an extremely fast implementation of supercombinator graph
reduction. In this machine, the pre-processing consists of
compiling each supercombinator definition into a sequential code
of stack manipulative instructions (the G-code). Duriné
expression evaluation, whenever an application of a super-
combinator is encountered, the machine executes the G-code
compiled from its definition. The execution builds an instance
using the arguments from stack. This reduction in G-machine has

been termed as programmed graph reduction [89].

The original G-machine was a uniprocessor model but research
effort in the direction of realising a parallel G-machine 1is
continuing. One attempt has been to allow multiple execution

threads of control, allocating a stack for each thread [101-103].
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Thése designs lead to multiplé and arbitrarily deep stacks giving
a ’'cactus stack’ structure which is difficult to implement
efficiently. Another direction is represented in the development
of GRIP architecture [91,92] - a project supported by UK Alvey
Programmé in collaboration with ICL and High Level Hardware
Limited. The machine implements supercombinator graph reduction
in parallel. Initially, it planned to represent supercombinators
as tree-structured ’'templates’ which are instantiated when applied
to arguments. The machine is based on a high-bandwidth bus
architecture. The bus provides access to a large, distributed
shared memory, and by using Intelligent Memory Units (IMU) and
packet-switching protocols, it can support a large number of
processors working in parallel. Several other implementations of
parallel functional programming such as parallel combinator
reduction, parallel G-machine etc., are being tried [104,105]

using this architecture.

ALICE [94] and Flagship [95] (later version of ALICE) compile a
-supercombinator definition into an imperative code block which is
kept in memory, with an identifier, as code packet. The machine
uses some other types of packets also which represent an
application of a supercombinator to its arguments [97]. The
application is reduced by executing the code packet of that
particular supercombinator. All packgts reside in different
memory locations and constitute a graph through their links. The
architectures allow parallel threads of control, and a packet
communication system maintains track of the graph transformations

being done in parallel. Simulation studies on Flagship measure
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program parallelism in terms of the length of critical path - the

longest sequential thread of computation [99].

TIM (three instruction machine) [100] draws ideas from G-machine
and SECD machine [62], and is claimed to be faster than G-machine..
It compiles a supercombinator definition into a sequential code
made using instructions from a small set of three instructions

only. The execution follows the style of SECD machine.

3.4 THE PROPOSED MODEL

The aim of the research work taken up was to design a super-
combinator based computation model for a multiprocessor
environment. The pre-processing of supercombinator definitions in
the models, discussed above, consists of compiling them into
linear sequences of instructions which when executed, build an
instance. The other approach to supercombinator reduction is
template-instantiation [11,92]. Here a supercombinator body is
kept as a tree and instantiation is done through tree-walking as

in B-reduction.

In the proposed model, the template-instantiation is being used,
and the language of director string terms (DST) [71] is adapted to
improve the efficiency of tree-walking mechanism. Director string
annotations at the nodes in a definition body tree act- as
’signposts’ so that the instantiator need not try’' every leaf or
sub-tree to find an occurrence of the formal parameter. Lot of
unnecessary tree-walking can be avoided by this. Hence the pre-

processing of supercombinator definitions in this model consists
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of compiling each definition body into director string terms
through a process of abstracting out the formal parameters. To
take care of pattern-matching definitions, the language of DST has
been enriched by introducing a concept of structured directors -
the directors which can extract and direct components of a
structured argument into different sub-trees. Terms of the
enriched language have been called Structured Director String

Terms (SDST).

It might appear that compiling supercombinators to director
strings amounts to going back from the large execution step (and
hence lesser overheads) of supercombinators to small ones of the
director string model. It is not so. The model implements super-
combinator reduction using SDST, not as an intermediate language
for program representation, but as a tool to mechanise the process
of instantiation. A redex still consists of a supercombinator
applied to its arguments, and is handled by a single processor
using SDS term of the function body like a template having
"prompts’ for argument substitution.' In other words, the
instantiation takes place in one large step of reducing a super-
combinator (where the processor walks over the template) rather

than through several small steps of reduction in director string

spirit.
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CHAPTER 4

IMPLEMENTATION OF PATTERN-MATCHING : A LAMBDA CALCULUS BASIS

Higher level functional languages make extensive use of pattern-
matching to increase their expressive power and elegance. A
pattern-matching definition of a function has several clauses and
evaluation of an expression having reference to such a funqtion
requires the ability to select the applicable clause according to
the structure-type of actual parameters. The selected clause is
then used, alongwith parameters, in reduction. This chapter
develops a lambda calculus view of the whole issue which acts as a
basis for the compilation of rpattern-matching definitions
discussed in next chapter. The discussion, here, is divided into
two parts: one for the clause selection phase where a lambda
calculus interpretation suggesting concurrent action on matching
has been evolved, and the second for the reductioﬁ phase where a
modified set of B-reduction rules has been developed. These rules
deal with the changed circumstances of B-reduction when )\-

abstractions binding structured variables (called patterns) are

involved.

The chapter begins with a brief introduction to pattern-matching
and its implementation. Section 2, starting with the enriched
lambda calculus view of pattern-matching, gives a different

interpretation suggesting matching in parallel. The section then
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bifurcates into two sub-sections: one giving a matching algorithm
to be used for clause selection, and the other giving reduction
semantics for pattern-binding lambda abstractions in the form of
modified B-rewrite rules. Finally, section 3 gives conclgsions of

the work reported in this chapter and its link with the next.

4.1 PATTERN-MATCHING

It is a notational device for defining a function which requires a
case analysis to be performed on its parameters. A pattern-
matching definition contains several alternative equations
distinguished by the use of different types of formal parameters
called patterns. An invocation of such a function results in the
use of that particular equation whose formal parameters match the

arguments.

Patterns used in a pattern-matching definition are conceptually
different from the variables used in an ordinary function
definition. A pattern stands for a subset of the values belonging
to a given data type whereas a variable stands for the complete
set. A pattern is more specific and from that point of view,
variable is a degenerate case of pattern. As an example, if N is
the set of natural numbers then n is a variable representing any
arbitrary value from N, and specific values such as 1, 5, 9 etc.
are patterns defined over N. Structured data types lead to more
complex patterns. Pattern formation can use data constructor
functions also resulting in hierarchical patterns. A pattern is

formally defined as [11]
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Definition 4.1 : pattern

pattern ::= Constant ] variable ] constructor_pattern

constructor_pattern Constructor pattern_list

Constructor

sum-constructor | product-constructor

pattern_list ::= NIL ] (pattern, pattern list)

A pattern-list in a constructor-pattern has as many patterns as
the arity of its constructor. If the constituents of a pattern
are not further constructor-patterns then it is called a simple

pattern.

A general pattern-matching‘definition for a function f, in a high

level functional language, is given as

fPy1 P1g v Py 5 Ey
£ Pyy Pog «.. Py, = Ey
f Pn1 Pp2 +++ Ppp = E . oo (4.1)

where Pjj (i =1 ton, j =1 to m) are patterns and Ei’s are
expressions in the high level language. The definition has n
clauses, each defining the function in terms of m parameters.
Here an expression Ei is known as the body of the ith clause and
the patterns on left-hand side are its fqrmal parameters.
Following is an example of a definition in pattern-matching style

for a function Sumlist, returning the sum of a list of integers:

Sumlist [ ] =0

Sumlist (x:xs) = + x (Sumlist xs) . (4.2)



where !

represents the list constructor CONS, x stands for the
head of the list and xs for the tail. The definition has two
clauses: the first to be used for an empty list and the second for

. & non-empty list.
Implementation of pattern-matching involves two steps:

(1) selecting the applicable clause by trying to match the
arguments with formal parameters of each clause.

(2) evaluating the body of the selected clause in an environment
where the variables referred by the body are bound to

appropriate arguments or their constituents, as applicable.

For example, if the Sumlist function (Eq. 4.2) is applied to a
list [5:7:9] then the pattern-matching process will select second
clause, and the.bindings produced for the evaluation would

be, x --> 5; xg --> [7:9]7.

4.2 LAMBDA CALCULUS INTERPRETATION

Translation of pattern-matching into lambda calculus via an
intermediate level of enriched lambda calculus [11,109] is. a way
of implementing it. The constructs in enriched lambda calculus
provide an operational semantics whose approach to pattern-
matching work is sequential. In order to take advantage of a
multiprocessor environment, an interpretation providing matching
in parallel has been developed. The analysis begins with an
explanation of the enriched lambda calculus approach which is then

modified to yield a parallel matching strategy.

AQ



In a high level functional language, a function definition is
given as g Vi Vo +««. v = e, where vi’s are variables and e is
an expression in the concerned language. In lambda calculus, the

same definition is seen as an expression with m abstractions and

is written as [11,36]

g = Avl.kvz. ...va.E = A\V.E
where v = Vis eees Vo ce.(4.3)
Here E is the lambda calculus version of e. The symbol '='
indicates syntactic equality. Extending the interpretation to a
function defined on patterns as g Py Py «.. P, = €, we get
g€ = AD.E where p = P1s Pgs +.ey Pp ... (4.4)

An expression of the kind A\p.E is called a pattern-matching lambda
abstraction [11] which is different from a simple lambda
abstraction. Application of an ordinary lambda abstraction to an
argument is reduced by B-reduction rule. In other words, B-
reduction completely specifies the semantics of such an
application. However, when a rattern-matching lambda abstraction
is involved then a concept of patternFmatch success/failure has
also to be taken into account besides the B-reduction process.
Using this idea, the general pattern-matching definition (Eq. 4.1)

is translated into enriched lambda calculus [11] as
£ = Na.( (NBy-Eqday -v.oa_ | ... | (AB,.Ej)ay ... ay ...(4.5)

where ﬁi 2 Pj1» +++» Pjpyr L =1 to n; & = a1, ..y a Here & is

mo

a set of new variable names and none of the aj occurs free in any

Ei' The symbol | (fatbar) is an infix operator meaning



a l b a, if a # FAIL

FAIL | b = b

Operationally, I evaluates its left argument; if the evaluation
vyields something other than FAIL , fhen I returns that value
(first rule); if it evaluates to FAIL, l returns its right
argument (second rule). The word evaluation here encloses both
pattern-matching and reduction. We refer to this as a combined
view of the semantics of a pattern-matching lambda abstraction.
It can be further seen that the operational semantics suggests
sequential trials of evaluation (matching + reduction) in a

’if...then...else if...’ manner.

It is felt that the above sequential implementation is not
suitable for a multiprocessor environment. We are proposing an
alternative interpretation which draws ideas from an extended
lambda calculus having list handling capabilities [106-108]. This
lambda calculus dialect has, besides the usual a and B rules, two
‘extra reduction rules cglled ¥ rules. The ¥ rules, given below,

are meant for list manipulations.

(¥1) [fy, vooy £, E -=> [£; E, ..., f, EI

¥ 2) Ax.[El, veey E1 == [Ax.El, cee Ax.En]

The theme of our parallel implementation proposal, using this list
manipulative lambda calculus, is expressed in the following recast

of Eq. 4.5:

= A&.[ABy By, ooy ABLEpl oy oo & . (4.6)

Using Y1 rule for the body of lambda abstraction in Eq. 4.6, we

e al
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get

f = N&.[(\D4.E ) ay v.o.a, ..., (AB_.E ) a; ... a_]
1°"1 1 m n‘“n 1 m o (4.7)

Eq. 4.7 suggests that elements of the list in the function body
can be handled concurrently in a multiprocessor architecture.
However, this would require making full copies of each argument to
be given to every processor, and is, therefore, expensive. The
copies are required for the twin purposes of matching and
reduction if a combined view of the semantics of a pattern-
matching lambda abstraction, as understood in Eq. 4.5, is taken.
However, matching, unlike reduction, does not require a full copy.
It can be done with the help of a structural tag only of the
argument. Hence, if we take an isolated view of the two issues of
matching and reduction, which were mixed in the combined view,
then the copying for parallel action can be restricted to
appropriate tags only. After the parallel matching is over and a
successful expression is»available, the complete arguments can be
supplied for reduction to the relevant processor only. This way,
the matching work is done in parallel using multiple copies of the
tags of arguments, and the reduction is done using a single copy
of the arguments. To achieve this, we take away the job of
matching from the semantics of (AP.E) and pass it on to a separate
function'calledlMatch_list. In the light of this diséussion, the

translation in Eq. 4.6 is revised as

f = Ai.[M&tch_list Py Tag_list (A\P4.E ) N
1 1**1

Match _list ﬁn Tag list (Aﬁn.En)] a; ... ay ...(4.8)
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where Tag list = [(Tag al), vvey (Tag am)]. The function
Match_list takes three arguments - a pattern list (pl), a tag list
(tl) and a function g (this function is a pattern-matching lambda
abstraction in Eq. 4.8). If pl and tl.match then it returns g
otherwise returns FAIL. It may be noted in Eq. 4.8 that each
Match list is supplied with a separate copy of the Tag-list. The

parallel applications of Match _list may prove successful for ith

clause and thus return

~

[FAIL, ..., ()\pi.Ei), FAIL, ..., FAIL] a; ... a

which may be interpreted as

v

so that the function definition applicable after matching is
f = XE.(Aﬁi.Ei) a1 .. ap e..(4.9)

Now the matching work is already over and the lambda abstraction
of the kind (Ap.E) in Eq. 4.9 can be taken as a modified form of
an ordinary abstraction (AV.E). The application ((Ap.E) a) is
Just like any other candidate for a B-reduction, but with an
additional care that it is binding a pattern rather than a simple
variable, It has nothing to do with matching. This matter is

taken up in section 4.2.2.

4.2.1 Matching Algorithm

The functions Match _list and Tag, introduced in Eq. 4.8, are now

being explained in detail. Match_list takes two lists of same
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length and a function, and matches the lists element by element.
It returns a FAIL if the matching fails otherwise returns the
function. It is defined as
Match_1list [] [] g = g ;indicating a successful completion of
the matching process
Match_list (p:ps) (t:ts) g
= if (Match p t) then Match_ list ps ts g

else FAIL ... (4.10)

The boolean function Match performs individual matchings according

to the following cases.

Case 1 P is a constant pattern

Match p x = if (= p x) then True else False el (4.11.1)
Case II : p is a variable

Match p x = True ;jalways .o.(4.11.2)
Case III : p is a sum-pattern

Let p = s PCy ... pcC, where s is a sum-constructor of arity r and
PC; (j = 1 to r) are the components of p. In this case, the

single tag x passed on to Match may actually be a tag-list of the

kind [s’, X1y seey X

r]‘ The function Match is then expressed as

Match Px =1if (= s g8')

then Match_comp [pcl, ce ey pcr] [xl, Ce ey Xr]
else False ce.(4.11.3)
Case IV : p is a product-pattern

In a product-pattern, only the components are to be matched.

Match p x = Match_comp (pcl, ceey pcr) [xl, vy xr] co.(4.11.4)
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In the last two cases, another function Match_comp has been
introduced. It is called by Match whenever a constructor type
pattern is encountered. It takes two lists and uses function
Match to compa?e them element by element. The two functions call
each other in a mutually recursive manner. The Match_comp is

defined as

Match_comp [] [] True yindicating a successful match of

all the components of a pattern
False

Match_comp (pc:pcs) []

Match_comp [] (tx:txs) False

Match_comp (pc:pcs) (tx:txs)

= if (Match pc tx) then Match_comp pcs txs

else False e (4.12)

In the definition of Match_comp, it can be seen that the matching
is abandoned whenever a particular component fails to match. Now
the function Tag remains to be defined. This function is
necessary for generating a list of tags from the actual parameters
for the function Match_list. As indicated eariier, tags reduce
the amount of copying required for parallel implementation of the
matching process. The function Tag generates a single tag or a
list of tags depending on the data type. A boxed representation

of data is shown in Fig. 4.1,

type field 1 e field r

Figure 4.1 Boxed representation of data
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components of the structure. In terms of this representation, the

function Tag is defined as

Tag x = if (x.type = simple) then x.field

else (Cons (x.type) (Map Tag (x.field—list) cee(4.13)

matching process. The algorithm forms the basis for the run time
multiprocessor implementation of pattern—matching discussed in
Chapter 7. The necessary compilation of the left hand sides of a
pattern—matching definition into - a list of pattern-types is
discussed in next chapter. At run time, the compiled pattern-
types are matched with the tags of actual parameters to decide the

selection of the applicable clause.

4.2.2 Reduction Semantics of AD.E

In the lambda calculus view of pattern—matching, developed
earlier, we have taken away the work of matching from the
abstraction AP.E and passed it on to the function'Match_list.
Thus the semantics of an application ((Ap.E) Q) is to be seen from
reduction point of view only, having nothing to do with matching.
This perception of Ap.E is different from the combined view of
matching and reduction [11,109], hence we prefer to call a Ap.E as
a pattern—binding lambda abstraction rather than g Pattern-~

matching lambdag abstraction. We could call it simply a lambda
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abstraction but the qualifier ’pattern—binding’ is to remind that
the abstraction binds patterns rather than ordinary variables. In
this section, we propose a set of B-rewrite rules for applications

involving pattern-binding lambda abstractions.

The application of an ordinary lambda abstraction to an argument

is solved by B-reduction rule stating
(Ax.B) @ --> [Q/x] B v (4.14)

where [Q/x] B means, "the body B with Q@ substituted for all free
occurrences of x in it". The prefix [Q/x] symbolises a
substitution operation. If the rule is extended as such to a

pattern-binding lambda abstraction, we get
(Ap.E) @ --> [@/p] E

But the difference, that the abstraction is binding a Pattern
rather than a variable, cannot be ignored because the argument Q
is a structured object having the same structure as p (ensured by
the matching Process done prior to4reducti6n), and the body E may
have references to the components of P which should be substituted
by corresponding components of Q@ and not the full Q. Thus the
substitution operation here cannot be ’worded’ as simply as for

ordinary lambda abstractions.

Revesz [107] has given an operational semantics for functional
programs where a set of a and B rules collectively implement the

substitution operation without explicitly using it. We follow the



lambda abstractions. Such abstractions give rise to an extended
syntax of lambda calculus which allows patterns as valid A -
expressions., Taking this extended syntax and ignoring the
possibility of a name-clash, the rewrite rules for a B-redex of

the kind (Ap.E) Q (by induction over E) are

(81) (Ap.p) Q --> Q

(B2) (Ap.s) Q ~=> s, pand s are different patterns
(83) (Ap.p;) Q -=>q;, 1 £isr

(B4) (Ap.cy E; ... E ) Q -=> ¢y (AP.E{)Q ... (AP.E.)Q

(B5) (Ap.A) Q ==> (AP« +.v APp.A)ay ... oq

(86) (Ap.-E; E,) Q ==> ((AP-E{)Q) ((\Ap.E,)Q)

(BT) (APg-APh+ +++ AP, -F) @ -=> App. ... APy - (Ap,.F)Q

Here A is an atomic expression representing a constant or a
variable, and cy is a constructor function of arity k. The

pattern p and argument @ are matched i.e. if

P =Cpy ... Pr then

Q=Cq_1 « o qr

Rules Bl to B4 pertain to a pattern type body where first three
are special cases of the general fourth. Rule B5 is for an atomic
body which breaks the redex into smaller redexes (using components
of Q) for further action. This is necessary in order to find out
whether the atomic body refers to some nested component of the
bound pattern. Rule B6 deals with an application in the usual
way, and multiple abstractions are tackled one by one through the

rule B7.



Here are some examples of B-reduction illustrating the use of

above rules.

1. (A[1.11) [ --> [1 jrule 81

2.  (A0.1) O --> 1 jrule B2

3. (A(Cons x y).x)) Cons 4 5 --> 4 ;jrule B3

4, (A(Cons x y).Cons x y) Cons 4 5 --> Cons 4 5) ;jrule Bl
5.  (AN(Cons x y).Cons x (Cons x y)) Cons 4 §

-=> Cons ((A(Cons x y).x) Cons 4 5)

((A(Cons x y).Cons x y) Cons 4 5) ~;rule B4
--> Cons 4 (Cons 4 5) jrule B3 and B1
6. (A(Cons x Y).SQ x) Cons 4 5
-=> ((AN(Cons x y).SQ) Cons 4 5) ((A(Cons x y).x) Cons 4 5)
;rule B6
-=> ((Ax.\y.SQ) 4 5) 4 ;rule B5 and B3
-=> ((Ay.(Ax.SQ) 4) 5) 4 ;jrule B7
-=> ((Ay.SQ) 5) 4 ;rule B2
-=> SQ 4 _ yrule B2
’-—> 16 . j;operator rule

The rules Bl through B7 completely specify the B-reduction process
to be used for pattern-binding lambda abstractions. In the
general definition of a pattern-matching function (Eq. 4.1), these

rules can be used if the clauses are treated as pattern-binding

lambda abstractions of the kind

Apil.)\piz. .o )\plm.Ei, i=1 to n
alternatively written as

()\ﬁi.E-

l) where ﬁi = Piqr e
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If the pattern-matching process selects kth clause then we are

left with the reduction of an expression of the kind

(AisknEk) a]. ISP am

where &4s ++.y a, are m arguments. This application can be reduced

according to the B-rules developed here.

4.3 CONCLUDING REMARKS

A function defined differently for diffe;ent cases.of its
parameters is expressed in functional programming through pattern
matching. An application of such a function to actual parameters
requires an additional step of selecting the applicable definition
besides instantiation (the reduction). The selection is done on
the basis of a successful structural match betwéen the formal

parameters of a clause and the actual parameters.

In this chapter,'pattern—matching has been interpreted in an
extended lambda calculus which allows list manipulafions. The
interpretation suggests a simultaneous matching of all the
clauses, and is different from that in enriched lambda calculus
[11,109] which has a sequential operational semantics, For
parallel action, the nuisance of making multiple copies of éctual
parameters 1is greatly reduced by the observation that matching
requires only structural tag of arguments and not their full_form.
Accordingly, an isolated view of the semantics of (Ap.E) has been
proposed where the matching for clause selection is done in

parallel followed by a B-reduction on the selected clause only.
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It helps in keeping the dynamic graph size under check as compared
to implementations which proceed with matching and reduction
together [11,109,110] keeping all the clauses active. The above
B-reduction is performed through a modified set of rules which
have been proposed to take into account the presence of patterns

as bound parameters.

Each clause in a pattern matching definition is considered to be a
supercombinator definition. As indicated in chapter 3, super-
combinators need some pre-processing because they do not have
simple or fixed reduction rules. Accordingly, the next chapter
develops a scheme for compiling a definition body into a
structured director string term. The structured directors intro-
duced in these terms allow mechanical implementation of the
semantics of the modified B-reduction specified in this chapter.
The template instantiation of supercombinators through SDS terms
is greatly simplified due to their fixed term-reduction rules

discussed in chapter 7.
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CHAPTER 5

COMPILATION OF PATTERN-MATCHING DEFINITIONS

In the previous chapter, a lambda calculus interpretation for
pattern-matching was developed. It divided the whole issue of
implementing pattern-matching into two separate parts: one
concerned with choosing the applicable clause through a matching
process, and the other with the reduction of the chosen expression
through a set of modified B-rules. This chapter develops an
algorithm for compiling a pattern-matching definition so as to
enable efficient reduction at run time, For the matching part,
the formal parameters (patterns) in each clause are compiled into
a sequence of pattern-types which are matched with the actual
parameters at run time. For the reduction part, the body of each
clause is compiled into a Structured Director String (SDS) term
which is Qsed in template instantiation. The two informations are
put together in the form of a pair for every clause, so that a

pattern-matching definition having n clauses gets compiled into a

list of n pairs.

Section 1 of the chapter deals with the total compilation process
and it comprises of two sub-sections corresponding to the two
parts of compilation. In section 2, the compilation is
illustrated through an example. The utility of SDS terms in

simplifying reduction is also shown. Section 3 deals with
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functions defined through guarded equations. Finally, in section

4, conclusions and link with the next chapter are given.

5.1 COMPILATION PROCESS

Given a pattern-matching definition (general form in Eq. 4.1), the

compilation produces a list of pairs written as

L = [Pl’ P2, e ey Pn]

t;>y 1 =1¢ton

where Pi = {Si,

A sequence S-1 and term ti’ forming a pair Pi’ are expressed as

S; = T(pjq1)y T(Pio)y «vy T(pim),land

c—f
n

SDS(Ei) .. (5.1)

with T(pij) as the pattern-type of a pattern pP;; and SDS(Ei) as

J
the SDS term representation (to be discussed shortly) of the ex-
pression Ei' At the time of execution, the sequences Si (1 =1 to
n) are used in the process of matching whereas the SDS terms ti
support reduction. The list L constitutes a field (called the SDS
field) of a definition code (D-code) structure. Later (next
chapter), another field, called the header, is added to complete
the D-code structure. The various informations in this code,
filled at compile time from function definitions, are aimed at

simplifying the multiprocessor reduction process. The discussion

now is regarding compilation for the two items shown in Eq. 5.1.

5.1.1 Compilation For Clause Selection

Clause selection for an application involving a pattern—matching
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function is based on a structural match between the formal and
actual parameters. From the matching point of view, the patterns,
used as formal parameters in a definition, can be divided into

three types:

(i) Constant
(ii) Irrefutable

(iii) Refutable

The constant types include all constant patterns. Although they
are refutable but they form a separate type to distinguish them

from refutable constructor type patterns.

Irrefutable types [11] always match, hence it is beneficial to
classify patterns as irrefutable, wherever possible, so as to save
matching effort on them. An irrefutable pattern is defined as

follows [11]:

A pattern p is irrefutable if it is
(i) either a variable v
(ii) or a product-pattern of the form (t Py «.o pr)

where P{s» +.., P, are irrefutable patterns
In this definition, t is a product-constructor of arity r.

Refutable types include all constructor-patterns which are not
irrefutable, They present the maximum difficulty in matghing
because each component of these patterns has also to be matched
before deciding the outcome. All sum-constructor patterns or pro-

duct-patterns having some refutable components fall in this
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category.

The aim of compilation is to produce a sequence S from the formal
parameters of a definition. The set from which the elements of

these sequences are drawn, consists of all constants, an

identifier ’'Ir’ (for irrefutable), and all data constructor
functions. The elements of a sequence may themselves be sequences
because patterns can be arbitrarily nested. The compilation

algorithm is specified through the following definition of a

function pat-type which delivers the pattern-type of a pattern:

pat-type{(C) = val C ;val is a tag and C is a constant,
pat-type(v) = Ir ;v is a variable
pat-type(c py ... p,.) = (c, pat-type(py), ..., pat-type(p.)),

c is a sum-constructor

= let pt, pat-type(pq)

pt,. = pat-type(pr) " in
if (ptl = Ir’) AND ... AND (ptr = 'Ir’)
then 'Ir’ else (c, Pt{s, vy ptr),

¢ is a product-constructor

It can be seen in the definition of pat-type for a sum-constructor
pattern that some of its components could get listed as
irrefutable leading to saving in matching costs when it comes to
matching the components. The complete sequence Si for the ith
clause of a definition is generated by mapping the function pat-

type on the list of formal parameters as
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S; = Map pat-type [pil’ ce ey pim] ve.(5.2)

Eq. 5.2 combined with Def. 5.1 for pat-type completely specifies

the compilation for clause selection.

5.1.2 Compilation For Reduction

The compilation of the expression on the right-hand side of a
definition {(called its body) into SDS terms forms a major part of
the total compilation process. It is even continued into next
chapter for dealing with bodies having local definitions. The
compilation here converts a body into a tree structure having
director string annotations at the nodes. The idea is to
instantiate functions using their SDS terms as templates. The
annotations 1in these terms will provide a simple and mechanical
instantiation through 'term reduction rules’ developed in chapter
7. The complete idea is based on the reduction semantics of an
application ((Xp.ﬁ) Q) specified in section 4.2.2 of the previous
chapter. This has been illustrated through an ex;mple in section
5.2. The compilation scheme for obtaihing SDS terms 1is now
discussed starting with a description of atomic directors used by

Kennaway and Sleep in the formation of DS terms [T71].

5.1.2.1 Atomic directors

The director strings, originally introduced by Kennaway and'Sleep
[70], were discussed in Chapter 3. The same authors have

developed a scheme of abstracting out variables from a lambda
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expression to convert it into a variable-free form called the
Director Strings Terms (DST) [71]. It is a more compact variable-
free representation [11] than the SK combinators, and simplifies
the process of B-reduction by avoiding the need to visit every
leaf or sub-graph of body to look- for a free occurrence of the
bound variable. It uses simple atomic directors (/\, /, \, -, !,
#) for indicating the direction of movement of an argument at a
node. As an example, the X—expression (AN .Ax.f(x x)) gets

translated into a DS term through following steps [71]:

A Ax. f(x x) Xf.(\@z, f, A\x.(x x))

NE.(\@y, £, (/\@y, Ax.x, Ax.%))
NEL(\ey, £, (/\&y, (1@, W), (1@, W)

(/ \ey, N£.£, (/\&y, (1@, W), (1@, W)))

(/ \&y, (1@;, W), (/\&y, (1€, W), (1@, W)))

where @2 and @1, appearing immediately at the end of a director
string, stand for a binary and a unary node respectively and the
symbol 'R’ represents a hole. In the final form, each node has
annotations, in the form of directors, for the arguments to follow
at run time. DS term reduction rules [71] imitate the B-reduction

of lambda calculus.

We have called the directors used in DS terms as atomic directors
in view of structuring introduced in the directors. The new
directors, named as structured directors, haQé been used in an
abstraction scheme for converting a pattern-matching definition
body into a ‘pattern free’ form called the Structured Director

String Term (SDST or SDS term). The need for structured directors
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arises because the atomic directors cannot distribute the
components of a structured argument and neither can they encode
the intention of B-reduction rules meant for pattern-binding

lambda abstractions.

5.1.2.2 Structured directors

In DST, a binary application node is represented as a 3-tuple term
where the first element gives the director string annctation of
the node and the other two, which may be further tuples, specify
the left and right sub-trees rooted at this node. The unary nodes
(leaves) are represented as pair terms. At the time of reduction{
an argument follows the route indicated by the left-most director
which is deleted from the string after the argument has passed
(this is a mechanical way of B-reduction similar to SK reduction).
An empty director string at a node means that the sub-tree rootéd

at this node needs no more substitutions.

The above view of director string serves well as long as the argu-
ments are simple objects such as primitive data vaiues or function
identifiers. Pattern-matching definitions contain patterns as
formal parameters with bodies referring to them or their consti-
tuents which may contain arbitrary nesting of further patterns.
Such definitions expect structured arguments and, therefore, a
compilatioﬁ similar to that of DST needs directors which can even
point to the most deeply embedded part of the argument whenever

required'by the body.

We extend the language of DST by using structured directors to
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take care of the situation and call the resulting terms as
Structured Director String (SDS) terms. One of these directors,
named as list director, is made up of a list of directors where
each may be atomic or further structured. Notationally, its

elements are separated by commas and are enclosed within curly

brackets. Though it is a list, it constitutes a single element of
a director string. Elements of this list refer to the various
parts of a argument structure. If an argument A can be

represented as
A =c ay 89 ... &

where ¢ is the constructor of 1its structure type, then the list
director which distributes its components in a definition body

would consist of r directors written as

d'—'{dl, dz, « ey dr}
where a director di refers to an aj. Any of the di may be a
further list director, and its elements (dil’ di2’ ... etc.) would
refer to the components of a:. As an example, if the structure is

1

a list represented by a CONS cell in terms of its head and tail,
then its list director would consist of two atomic directors
(chosen according to the need), and the various possibilities

include
d= {/,\} | (44} | (/4/Y | {/\,-) etc.

They have their usual meaning, e.g. the first means the head of

the list is to proceed to left and the tail to the right.

68



A list director suggests that the structure be broken into Pieces
and the parts be distributed as‘indicated by its elements. If any
element is again a list director then the corresponding part be
further broken into sub-parts and distributed accordingly. In
many situations, this may lead to wasteful work. For example, let
us consider an identity function (Id p = p) defined with a complex
and deeply nested pattern p in the formal parameter place. Now
suppose the function body is compiled using a list director which
meticulously expresses all the nesting in the pattern, then on
application to a matched argument, the director will unnecessarily
force the breaking of the argument structure which will have to be
re-assembled from its pieces. All this was avoidable because the
identity function never wanted the argument to be broken and then
re~-built. An optimisation is being introduced in the scheme by

proposing another structured director called the pattern director.

A pattern director transports a structured object without tearing
it apart. It amounts to postponing the decision of breaking.
Preference to use pattern director in place of 1list director, as
far as possible, is in the spirit of laziness (laziness in sub-
dividing a structure) which is the key to avoiding wasteful work.
Let us consider the following definition of a function which

attaches the head of a list in the front:
Add_head KCONS X y) = CONS x (CONS x y)

The list-director approach will fail to see that the second CONS
cell on right hand side is same as the formal parameter, and thus

will produce a code to re-build it from the pieces x and y. The
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SDST representation (actual compilation scheme in next section)

using list director is given as

({/\,\}: , (!@]_s ®), (/ \:, (!@1’ n), (!@1) m)))

where ’:’ symbolises a CONS node. It may be seen that at the
first CONS node, the list-director {/\,\} will break an applied
argument into x and y and send x both ways and y to the right. On
the left, x is used in a hole while on the right, another CONS
cell is built from x and Yy. In contrast to this, the use of
pattern director would replace that complete second CONS cell by a
hole and thus avoid rebuilding it. This is reflected in the SDST

code given below (method of obtaining it will be discussed in next

section):

({/\}: , ({1,4)ey, B) , ({1}e;, W))

where {/\} and {!} are pattern directors (a pattern director is
simply an atomic director but enclosed in curly brackets). The
direcpor {/\} suggests that complete argument list (or its
pointer) be sent to both left and right sub-trees. In the right
sub-tree, the list is substituted as such and on the left, it 1is
broken (because of the presence of the list-director {!,#}) into
head and tail out of which tail is discarded and the head is
réubstituted. Thus only one new CONS cell is created which was

unavoidable.

In our compilation of pattern-matching definitions, the director
strings consist of both types of directors - atomic and

structured. The ideas of new directors are summarised in the
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following definition of a director string (ds_of_length n):

Definition 5.2 : ds_of_length n

ds_of_length n ::= director ds_of_length_(n-1)
director = atomic | structured

atomic =/ ] N ] /N ]'— | '] #
structured = list_director ] pattern_director

list_director {director, director} ] {director,

list_director}

pattern_director::= {atomic}

Structured directors can be linked to the meaning of the 8-
reduction rules for pattern-binding lambda abstractions developed
in section 4.2.2. A close scrutiny of these rules (B1 - B87)
reveals that they are specifying the ’'treatment’ to be given (at
run time) to the argument i.e. whether it should be broken into
its constituents, or it should be discarded, or it should be
presented to both parts of an application to decide further treat-
ment, etc.. The nature of the treatment (or the B-rule to be used
for a redex) is solely governed by the type of lambda-abstraction
or more appropriately by the correspondence of the body with the
bound pattern. It does not depend at all on the argument. The
assertion is based on the assumption that a reduction takes place
after a pattern-matching process and hence the argument must have
the same built as the bound pattern. Since a clause in a pattern-
matching definition is like a lambda-abstract, a complete
'prescription’ of the treatment can be prepared from the
definition at the compile time itself. This saves the botheration

of finding, at run time, which B-rule to apply to reduce a redex.
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It is a sizable saving considering that the search for applicable
B-rule is quite expensive and may have to be done recursively for

the same redex.

The compilation aims at achieving the above goal so that the
reduction process, at run time, becomes a.purely mechanical
exercise, a thing most suited to the temperament of a machine. It
uses the language of SDS terms for prescribing the treatment. The
body of each clause in a definition is compiled into a tree
structure (SDS term). At each node in the tree, directors are
attached indicating the treatment to be given to arguments taking

a tree-walk during reduction.

It may be noted that the structured directors have all the
necessary ingredients to indicate the argument treatment specified
by the various B-rules. They can specify not only the direction
of movement at a node but also the decision whether to break it or
not. A list director indicates breaking and the movement of the
pieces whereas the pattern -director guides a structured object
without breaking. The atomic directors indicate the movement
directions only, for simple objects. The next two sections
develop pattern-abstraction needed for compiling an expression

‘into its SDS term.

5.1.2.3 Pattern—-abstraction

A SDS term for a definition body is obtained by abstracting out
all the pattern parameters (occurring on the left-hand side of

definition) from it. The abstraction is performed through
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operators called the A-operators whose services are requested by a
function trans. Thus for the first clause in the general pattern-

matching definition (Eq. 4.1), the SDS term for Eq is obtained as

follows:
trans(f Pyq +++ Py = El) = Ap[EI]
h = ...A LI I l3
where Ap Ap11 Plm (5.3)
Here AHJ are abstraction operators having right association

property meaning that abstractions are performed from inside out
i.e. the right-most parameter (plm) is abstracted out first. In
this way, the top layer of abstraction corresponds to the first
argument to be substituted. The expression on which an abstraction
operator operates, is enclosed within square brackets. This
abstraction is different from the variable-abstraction of DST in
that it abstracts out a pattern (as a whole) rather than a

variable, making SDST a ’'pattern free’ representation.

Before developing the abstraction rules for A-operators, the
syntax of expression forming a definition body must be decided. To
simplify the matter a little, we start with a lambda type syntax.
It is assumed that the basic building blocks for an expression in
the syntax are constants (including built-in operators),
Qariables, function names and constructor functions; and the
building mechanisms are Curried apblicationland structuring
through constructor functions. The syntax is summarised in Fig.

5.1 where ¢ is a constructor function of arity r.
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E ::= A | an atom
(E1 Ez) | application

(c E; E5 ... Er) structuring

Figure 5.1 Simple syntax of an expression
forming a definition body
The syntax is later enriched by allowing guards (in section 5.3 of
this chapter) and recursive and non-recursive local definitions
(in the next chapter). Expressions in higher level functionaf
language can be translated into the enriched syntax by an upper

layer of compilation.

The simple syntax in Fig. 5.1 gives rise to two types of nodes in

the tree representation of an expression - apply nodes and
constructor nodes. The constructor nodes need not necessarily be
binary. The expressions thus acquire a general r-ary tree

structure, and a node is written as
node = (nt, node_1, node_2, ... , node_r)

where 'nt’ stands for a node-type symbol. It may be @1 indicating
a leaf, @2 indicating an application or a constructor indicating

structuring of some particular type.

The intention of SDS representation is to attach director strinés
at the nodes in an expression tree through the process of
abstraction. A term in this notation is either an atom or a tuple

defined as
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term ::= atom | (Dr nt, term_1, .... , term_r)

An atomic term can be a constant, a function identifier or a hole
(created during abstraction for an occurrence of a parameter in
the expression). D.. is a string of r-ary directors (r 2 1).
Tuple terms are written as (r+l)-tuples, such as pairs (r=1) for
unary nodes, triples (r=2) for binary nodes, and so on. It may be
noted that to indicate argument flow at a r-ary node, the set of
atomic directors given in Def. 5.2 must be extended to include

general r-ary directors also which although are difficult to show

symbolically but can be easily implemented through bit codes.

Having decided on the syntax of expressions and the structure of
SDS terms, we turn to the development of the abstraction rules for
an operator Ap (Eq. 5.3) which operates on an expression to
abstract out a pattern p. As there are three types of patterns
(Def.4.1), the set of rules is divided into three cases and each
case lists the rules for different syntactical forms of E (Fig.
5.1). In developing the rules, an idea of the variable—seg of a
pattern is needed because howsoever deep may be the nesting in a
constructor-pattern, its ultimate components are variables (some-
times constants) by which it is referred in the body of a
definition. Variable-set v(p) of a pattern p is a set consisting

of all the variables occurring in it, and is defined [11] as

vip) = {x} , P is a variable x
= { } s, P is a constant
r
=U v(pi) , P is a constructor pattern of arity r
i=1 cve(5.4)
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5.1.2.4 Pattern-abstraction rules

Let ©p be a pattern to be abstracted out from an expression. It

would be referred as the 'abstractee'.

Case 1: p is a constant

Referring a constant type parameter in an expression makes no
sense (it is required for matching purposes only) and therefore
the abstraction process can always assign a discarding director
for such a parameter. Thus the rules for abstracting out a

constant k from an expression are

(A1) A, lA] = (4@, A)
(A2) AL[E F] = (-@, E, F)
(A3) Ak[c El .o Er] = (#@1, c Ey ... Er)

Rule Al is for an atomic expression and it simply discards the

argument at a unary node. Rule A2 translates an application into
a triple, assigning '-’' for discarding, and terminates the
abstraction. Rule A3 deserves a closer look. Here we do not

create the required node (as was done in rule A2), rather the
decision is postponed by assigning a ’unary discard’. Hence the
abstraction results in a pair term and the expression is left
ﬁntouched for some later abstraction to explore. This has been
purposely done to preserve laziness which, in this context,

suggests - do not create a structural node unless essential.

Case II: p is a variable v

Abstraction of a variable leads to SDS terms with atomic directors
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only. The rules are similar to those of DST [71]. In the context

of the chosen syntax of an expression, the rules are

(A4) AV[A] = (#@1, A), A is a constant, or a variable
other than v (1)
= (!@1, n), A is a variable same as v (1i)

(a5) A [E F] = (dy@, A [E], A,[F])

(A6) A lc E; ... E.]
= (#@1, c Ey ... Er)’ v does not occur in any
Ejp J=1tor (i)
= (drc, Av[El]’ RN Av[Er])’ otherwise (ii)

Some new features of the abstraction scheme appear in these rules.
Rule A4 discards the argument at a unary node if the atomic
expression is different from the variable under abstraction (first
equation). In case it is same, a pair, with second field as a
hole, 1is created. A hole acts as an empty space to be filled by
an argument at run time. It marks a successful end to the

abstraction ’journey’.

In rule A5, the application gets translated into a triple and the
opefator A, moves inside to operate on the components of
application after assigning a director d2' Leaving behind a
director when made to move in, is a general characteristic of A-
operators. It may be noted that this rule encodes the semantics
of the reduction rule B6 for an application. The rule is used

with an optimisation as follows [71]:
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AL[E F] = (/\@,, A_[E], A,[F]), v occurs in both E and F
= (/@,, A,[E], F), v occurs in E only
= (\@,, E, A [F]), v occurs in F only
= (-@,, E, F), v does not occur in E or F

The optimisation is that the abstraction operator is moved only to
that part of the applicative expression where the abstractee
occurs. It will henceforth be referred as movement-as—per—-need

optimisation.

Rule A6 deals with data construction in a manner similar to that
for application except that it leaves the constructor expression
as such if v does not occur in it (first equation). If it occurs
then a construction node of type ¢, with a director dr attached,
is created and abstraction is made to move 1in. The movement-as-

per-need optimisation is applicable here also.

Case III: p is a constructor-pattern
Let p = s = ¢4 Sy Sg ... Syp. This case makes use of structured
directors.,. It may be recalled that in order to prevent unnece-

ssary structure breaking only pattern directors should be used, as
far as possible. Taking this into account, the rules are framed
in éuch a way that the decision to break a structure (i.e. to use
va list-director) is continuously postponed till a variable is
encountered in the body. The strategy is sometimes able to
completely eliminate the use of list directors. The abstraction

rules are
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(A7) AS[A] = ({#}@1, A), A is a constant, or a
variable x|x ¢ v(s) (1)
= ({dA31[A]’ dASZ[A]’ ey dASk[A]}@l’ .)s
A is a variable xlx € v(s) (1i)

(A8) A_[E F]

({dy)@,, AJ[E], A_[F])

(A9) AS[C El . Er]
= ({1)e,, m), cEy ... E. = s (i)
= ({#}@1, c Ey ... Er)’ No variable of v(s) appears

in any Ej (j=1 to r) (ii)
(7 ), ey, m),

CE]_ LI} EI‘:si,

i=1 to k (iii)

({dr}c, As[El]’ N As[Er])’ otherwise (iv)

In the above notation, dr is a r-ary atomic director, {d}l stands
for a 1-list of the director {d}, and dAsi[A] stands for the

director resulting from the abstraction ASi[A].

Rule A7, for atomic expressions, rejects the argument if it is
unwanted (first equation), but if the.expression is a variable x
belongiﬂg to the variable-set v(s), the rule prepares to insert
the relevant component of argument into a hole (second equation).
The preparation is concerned with composing a list director whose
elements are drawn from the process of abstracting out the
components of the abstractee from the atomic expression. The
translation can be seen to have correspondence with the B-

reduction rule 85.

Rule A8, for épplication, remains as in other cases except that a

pattern director is used. Movement-as-per-need optimisation 1is
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applicable with the modification that now the need for argument in
E or F is determined by the presence/absence of a member from

v(s) in them.

Rule A9, for constructor expressions, emphasises that best efforts
are made to av;id the creation of a constructor node. If the full
expression matches the pattern under abstraction (first equation)
or any of its components (third equation) then appropriate
director is assigned to insert the full argumen£ or its required
component into a hole. These cases reflect the semantics of
reduction rules B1 and B3 respectively. If no member from v(s)
occurs in the constructor expression then the argument is unwanted
and hence discarded (second equation). It corresponds to the
situation of rule B2. As a last resort when no such matching of
the full expression is possible then a constructor node is created
and abstraction operator.is moved to the components of the expres-
sion (fourth equation). It corresponds to the general rule B4.
Further, the need for movement to a particular component is again
determined by the presence/absence of a member from v(s) in that

component.

It may be observed that the pattern-abstraction rules generate SDS
terms in such a way that the list directors are used only in the
end when an atom is encountered. At that time, no alternative

other than to break the argument, for substitution, is left.

The above cases deal with the abstraction of a single parameter

from an expression. However, a function definition may have
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several parameters leading to multiple abstractions as in Eq. 5.3.
In such a case, the abstractions are done one after the other
starting with the right-most one (right associative manner).
Each abstraction operator gets the result of the preceding
abstraction as its input. - Thesg intermediate expressions are not
strictly according to the syntax in Fig. 5.1 because of the
introduction of director strings and holes. Hence, the
abstraction rules Al1-A9 cannot be used directly. Following are

the rules for dealing with various situations of this type:

(AIO) Ap[(Dl@l’ E)] = (dlDl@l’ Ap[E])
(A11) Ap[(DZ@Z’ E, F)] = (dZDZ@Z’ Ap[E], Ap[F])
(A12) Ap[(DrC’ El’ o ey Er)] = d D r< Ap[El], ey Ap[Er])

where Dl and D2 represent the already existing director strings,
and d1 and d2 stand for the added directors (structured or
atomic). These rules have a common approach - add an appropriate
director to the left of the existing string and mové the
abstraction in according to the need. However, if a sub-
expression is a hole then there is no need to apply fufther
abstraction to it. The correspondence of these rules can be

traced to rule B7.

5.2 AN EXAMPLE

The example here illustrates the compilation process and shows its
utility in making the reduction process simple and purely
mechanical. It is the example of the function Add_head introduced

earlier in section 5.1.2.2. The function, defined as
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Add_head CONS x y = CONS x (CONS x v),

has one parameter which is a constructor-pattern. The compilation

produces a pair given as

pat_type (CONS x y)

Pl = <Sl’ ty>, where Sl

ty trans(Add_head ...)
Using Def.5.1 for the function pat_type we get

S, = (CONs, pat_type(x), pat_type(y))

(CONS, Ir, Ir)

The sequence Sl has only one element because the definition had
one parameter but due to a constructor-pattern, the single element
itself is a sequence of three elements. Actually, the example has
only one clause meaning that no pattern-matching is involved,
hence compilation will not produce the sequence of pattern-types
needed for matching. It has been done here just for illustration.
The other part of the pair Pl which is the SDS term for the

definition body, is obtained through pattern-abstraction using Eg.

5.3 as
ty = Ap[CONS x (CONS x y)]
where p = CONS x y. The constructor in p is a sum-constructor and
. v(p) = {x,y}. The input expression for A-operator is a constructor
expression, and therefore rule A9 is applicable. By a trial to

match the alternatives in that rule, fourth equation gets selected

and its use gives
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ty = ({/\}:, A lx], ALICONS x ¥])

The both ways pattern director '{/\}’' is assigned because members
from v(p) are referred in both the sub-expressions,. For
" abstracting further, we have to use rule A7 for left part_and A9
for- the right part of the created constructor node ':°’'. On the
right side, the decision is straight forward for using first
equation of rule A9. On the left, the second equation of A7 is to

be used because x € v(p). Applying these rules, we get

t; = ({/\}:, ({da,[x], daglx]}ey, W), ({1}e;, W)

Now,

Ax[x] = (!@1, B), and,

Ay[x] = (#@1, x), by rule A4
Therefore,

dAx[x] = !, and,

dAy[X] = #

This leads to

ty = ({/\}:, ({1,#}e, m), ({1}@, W))

For a simpler and compact notation, we might write pair terms
without comma and brackets. Also the symbol @1 can be dropped

whenever there is no confusion so that

tl = ({/\}:, {!,#4}m, {!}m)

Combining the final results of the two parts of the compilation,
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the total.shape of the SDS field of the D-code for the given

definition is
<(CONS, Ir, Ir), ({/\}:) {!)#}.v {!}.)>

As stated earlier, the SDS field in this example will not have the
the sequence Sl of pattern-types because there is no pattern-

matching involved. Instead it has only the SDS term ty.

Having done all the hard work of compilation, our function is
ready to be applied to an argument in a mechanical way. The SDS
tree of the function applied to a list (CONS 1 5) is shown in Fig.
5.2. The application is reduced by allowing the argument list to
take a tree-walk over the SDS tree, and doing at each node exactly
what the leading director of the director string prescribes (the
question of selecting the appropriate B-rule at each step and
doing accordingly has been resolved at compile time and encoded
into the language of SDS terms). The term reduction rules
developed in chapter 7 is a formal representation of this

reduction process.

/ \ / \
/ C : / \
B {/\}: / \ --> 1 C
/ \ 1 5 / \
/ \ / \
{t,#}m  {!')}n 1 5

Figure.5.2 SDS tree for the body of Add_head
and its reduction
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The result of reduction is also shown in Fig 5.2. Had we followed
the B-reduction rules (without compiling to SDS terms), the
reduction would have proceeded as follows (taking the given

definition as a pattern-binding lambda abstraction):

(N(CONS x y).CONS x (CONS x y))(CONS 1 5)

--> CONS (A(CONS x y).x)(CONS 1 5)

(N(CONS x y).CONS x y)(CONS 1 5) :by B4
--> CONS 1 (AN(CONS x y).CONS x y)(CONS 1 5) 1by 83
--> (CONS 1 (CONS 1 5) ;by B1-

In the above reduction, the rule selection procedure is invoked
three times which is costly because selection involves trials of
structure matching between the bound pattern and the body of

abstraction.

5.3 GUARDED EQUATIONS

Some functional languages allow the use of guards [11] in both
types of definitions viz.. pattern-matching types or the simple
ones. With this feature, a clause/definition can have several

alternative right-hand sides, the choice among them being decided

by guards. A guard is a boolean expression which involves the
parameters of the definition. It is written after each right-hand
side separated by a comma. An example of a guarded equation is

the greatest common divisor function which is written as

gcd (a-b) b, a > b

gcd a b

| gced a (b-a), a < b

a, a=o>=
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The definition has three right-hand sides distinguished by the
conditions on the parameters 'a’ and 'b’. The guards have nothing
to do with the matching of patterns but they do appear often in
pattern-matching definitions. A clause gets selected afﬁer the
matching process, and if it has several right-hand sides then

further selection is made by testing the guards. The guards are

tested sequentially in the same order as given in the definition.

A general form of a guarded equation is written as

f Py Py +¢+ P = E1 s G1
En ; Gn
where Ei is an expression and Gi is a boolean valued guard. The

semantics of the body of this definition can be expressed as [11]
if Gy then Eq else (... (if G, then En else FAIL)...)

Thus the body is a conditional expression and it can easily be
compiled into a SDS term following the rules already given. In
order to stick to the syntax for expressions (Fig. 5.1), the above

semantics would be expressed as
IF Gy Eq (... (IF G, E, FAIL) ...)

where IF is a built-in operator and FAIL is a constant indicating
the failure of a guard. Sometimes the last guard Gn is omitted
giving a sense of ’otherwise'. In such a case, the inner-most

conditional is replaced simply by En'
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5.4 CONCLUDING REMARKS

The compilation of supercombinator definitions involving pattern-
matching is divided into two parts : one for matching work where a
list of pattern—types of the formal parameters is prepared, and
the other for reduction of an application where the definition
body is compiled into a SDS term, The two informations together
form a pair for a clause in the definition. The coﬁplete
definition gets compiled into a list of pairs whose length is
equal to the number of clauses. The list constitutes the SDS
field of a D-code record structure for the definition. Another

field of the code called the header is introduced in next chapter.

The list of pattern-types, generated through a function pat-type,
relieves some matching work by utilising the ideas of refutable
and irrefutable patterns. This list will be used during reduction

when the matching algorithm, given in section 4.2.1, is executed.

The SDS term representation for a definition body, obtained
through a scheme of pattern-abstraction, serves as a means of
encoding the intention of B-reduction specified in the last
chapter (section 4.2.2). The structured directors (list director
and pattern director) introduced in these terms extend the DST
notation [71] so that directors acquire an additional ability to
refer to the components of a structured argument. The laziness
introduced by the use of pattern directors prevents unnecessary

structure breaking.

The SDS terms are expected to simplify and mechanise the template-
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instantiation of a supercombinator definition. The hope is based
on the fact that the terms have fixed and simple reduction rules
referred as term reduction rules (to be discussed in chapter 7).
There is a possibility of coding these rules into hardware thus
avoiding a level of software interpretation. The G-code of G-
machine [88-89] or the imperative code of Flagship [95] do not

seem to offer this possibility.

The pattern-abstraction scheme (abstraction rules Al - Al2), for
obtaining SDS terms, has been coded into a Turbo-C software
package. The software has been run successfully on IBM PC and it
yielded correct codes for several example cases (including
Quicksort function) tried during test runs. The laziness of the

algorithm in assigning list directors has been confirmed.

The next chapter 1s a continuation of the compilation of
definition bodies into SDS terms where the syntax of an expression
used as a body has been extended to allow local definitions

through let and letrec blocks.
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CHAPTER 6

COMPILATION OF LET AND LETREC DEFINITIONS

In the previous chapter, a scheme for compiling pattern-matching
definition bodies into a pattern-free SDS term representation for
subsequent use in multiprocessor reduction has been developed.
The syntax of expression forming the body was restricted to atoms,
Curried applications and data structuring (Fig. 5.1). In the
present chapter, the syntax is being extended to include 1local
definitions through let and letrec blocks, and correspondingly,
the SDS term structure also gets enriched. In the new structure,
the local variables occurring in the main definition body are
replaced by pointers instead of holes. Also, a concept of a
context-list, forming an additional limb of the SDS term
structure, has been introduced. The context-list contains
compiled versions of the local definition bodies. Pointers and
context-list together give the SDS term a graph structure. In the
analysis presented, formal parameters of a definition have been
restricted to simple variables only and not patterns so as to
avoid mixing up of the issues of local definition and patterns.
However, the compilation can be combined with that in the previous

chapter to generalise it to pattern type parameters.

The chapter commences by an explanation of the issues involved in

dealing with local definitions. Section 2 then gives some
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additional abstraction schemes needed. Section 3 deals with the
actual compilation process. In section 4, the D-code structure
for a definition has been further expanded. Here methods of
extracting some more useful information from a function
definition, such as computability analysis, have been presented,

Concluding remarks are finally given in section 5.

6.1 DEALING WITH LOCAL DEFINITIONS

Local definitions are introduced in a definition to express

sharing of sub-expressions. They are wfitten using let or letrec
blocks. 1In the following definition for a function f
f v = (let x = E in F)

the body is a let-expression in which x is a local variable, E a
local body, and F the Main. The variable v is a parameter of the

definition.

A let-expression binds an occurrence of a local variable in the
Main to the local body. 1In lambda calculus, the semantics of this

expression is denoted as
(Ax.F) E

Under B-reduction, it has the same meaning as the original let-
expression. Using this semantics, the definition of f can be

expressed as
f v = (Ax.F) E v (6.1)
where the definition body is a B-redex. Inspired by Eq. 6.1, the
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abstraction process for getting SDS term of the definition could

be expressed through the function trans as
trans(f v = (Ax.F) E) = A [(A,[F]) E] ve.(6.2)

The operator AX abstracts out the local variable from the Main F
and thus generates directors and holes meant for the substitution
of local body E in it. Actual substitution is done later at run
time. In Eq. 6.2, the B-redex ((Ax.F) E), of Egq. 6.1, has been
faithfully reproduced and preparation made, through Ax
abstraction, for handling the redex at run time. We feel, this is
unnecessary because the argument for B-reduction (local body E) is
available at compile time itself, and hence there is no use
letting reduction wait till run time nor is the preparation
necessary for it. It is proposed that all occurrences of a local
variable in the Main be replaced by pointers-to local body, and
all local bodies (there could be more than one local definition)
be kept in a list named as Context-list. This, while achieving
the effect of RB-reduction, preéerves the sharing of sub-
expressions as well (one common pointer for all occurrences of

local variable).

A Context-list (henceforth C-list) in our notation is written as
[Xl_:El’ o e ey Xn:En]

where X1y ++9+y X, are identifiers for the local bodies El’ ey En

n
respectively. The C-list and the Main, when put together, make

the definition of f appear as
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f v =F :: [xlel, “eey xn:En] . (6.3)

where '::' separates Main from C-list. It may be seen that due to
the presence of common pointers for local variables and the C-
list, the Main F and therefore the SDS term also, acquire a graph

structure (without them they had a tree structure).

Introduction of pointers and C-list has added the following two

requirements to the abstraction scheme:

(1) conversion of occurrences of local variables in Main into
pointers instead of holes.
(2) abstraction of definition parameters from Main and all local

bodies.

The next section gives the details of additions required to the

abstraction scheme for accommodating these requirements.

6.2 ADDITIONAL ABSTRACTION SCHEMES

In the last chapter, A-operators were introduced for pattern-
abstraction. These operators leave behind a trail, in the form of
directors, as they move inside to operate on the internal
components of an expression. Ultimately, when.the patfern itself
or one of its constituents is encountered, it is replaced by an
appropriate director and a hole. Attaching directors at the nodes
as the expression structure is unfolded is a characteristic
feature of these operators. In order to fulfil the first
requirement for accommodating local definitions (section 6.1), a

B-scheme is being introduced in which an abstraction operator is
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completely relieved of the burden of creating the SDS term

structure. It moves inside the expression simply to look for an
occurrence of the variable under abstraction which, if
encountered, 1is replaced by a pointer rather than a hole. No
directors are attached by this type of operator. The local

variables are abstracted out using B-scheme only and hence Eq. 6.2

gets modified as
trans(f v = (Ax.F) E) = Av[Bx[F] 1 E]

The following abstraction rules for an operator Bx bring out the

methodology of this scheme:

(B1) Bx[A] = “x, atom A is a variable same as X
= A, atom A is a variable other than x, a
constant or a pointer.
(B2) B [E F] = BX[E] BX[F]
(B3) B [c Ey ... E.]l =c¢ Bx[El] «.. B [E.]

The only change that B-abstraction can bring to an expression is
to replace local wvariables by pointers (the SDS term structure is

created by A-abstraction).

For the second requirement (section 6.1), some more rules are to
be added to A-scheme so as to be able to deal with pointers
generated by B-operators. These rules are in addition to the
rules Al to Al2, given in section 5.1.2.4 for pattern-abstraction.
The additional rules cover the cases of (i) an atomic expression
being a pointer, (ii) an application having pointer(s) as its
component(s) and (iii) a constructor expression having pointer(s)

as its constituent(s). With reference to the structure of an
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expression arrived

variable v are
(A13) Av[Ax- e [xl

1

= "x. [x1

(Al14) A

(\@2, Axi,

(A15) Ay l(c Gy ...

(#@1, Cc Gl

(/\&y, A,L"

both in G and Ei - the expression pointed by

at in Eq. 6.3, the rules for abstracting

:El, ooy xn:En]]

:El, ceey xi:Av[Ei], ey xn:En],

v occurs in Ei’ i =1+4%ton

:El,...,xi:A’[Ei],...,xn:En], otherwise

[xI:El, c ooy xn:En]]

xi], AV[G]) T [xlel, ey xn:En], v occurs

(/@2, Av[“xi], G) :: [xlel, ce ey xn:En], v occurs in

Ei only

AV[G]) HE [Xl:El, e 00y xi:A’[Ei], v a0y xn:En

v occurs in G only

G) :: [Xlelf ey xi:A’[Ei], ve ey xn:En],

v occurs neither in Ei nor in G
X: oo Gr) s [xlel, ey xn:En]]

S TR ¢

J r) [XI:El, ooo,x‘j:A’[E‘j], ¢ e 0y

xn:En], v does not occur in any Gi or Ej, (i,j=1 to r

(drc, Av[Gl], ce ey Av[“xj], ceey Av[Gr] T [xlel, ey

xn:En], otherwise

The rules show the behaviour of an A-operator if a pointer exis

in the Main. Rule

Al3 is for a Main which is simply a pointe
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In this case, the abstraction opérator moves to operate on the
corresponding local body in C-list provided the variable v occurs
in it (first equation). If the variable is not referred by it
then a A’-operator is invoked to act on the local body (second
equation). An A’-operator is not an abstraction operator. It
simply creates a tree structure of a expressioﬁ, without assigning

any directors. Its rules are

(A'1) A'lA]

(@1, A), A 1is an atom

(a2) A’[Gy Gyl

(@, A’[Gy], A’[Gy])

(A°3) A'lc Gy ... G.] = (@, ¢ G ... G.)

An A’-operator serves to create term structure whenever the
abstraction operator Av is denied the opportunity to operate on a

local body.

Rule Al14 pertains to an applicative expression. The abstraction
is done in the spirit of movement-as-per-need optimisation.
Whenever a pointed local body does not refer to the variable under
abstraction, the services of A'-operator are called to create term
structure. Similarly, in rule Al5, meant for a constructor
expression, the director and movement of abstraction operator is

decided according to need.

The Main expression may have several occurrences of a local
variable which are all converted into a common pointer through
B-abstraction. In such a case, the A-scheme would create several
redundant paths (indicated by directors) leading to the same local

body. This would require unnecessary copying of an argument at run
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time during substitution. To avoid this multiplicity of paths,
the A-scheme has been further optimised. While deciding a
director at an application node or a structural node, if the
reference of the abstractee is in two or more than two arms
through the same pointer then only a left (in case of an
application) or left-most (in case of data structuring) director
is assigned and the abstraction operator moves only to the

corresponding arm, e.g.

AJL("xy “xp) tr [xqiEy, weey xiEQ]]

= (/@2, AV["xi], “xi) e [x1:E1, vy xn:En]

A bothways director (/\) is not assigned in this situation because
that would simply provide another extra path leading to the same
local body. This optimisation is being named as keep-left

optimisation.

6.3 COMPILATION PROCESS

Equipped with the above abstraction tools, we now take the actual
compilation of definitions having locally defined local variables
into SDS terms. The SDS terms, here, have a graph structure due
to pointers and C-list. We make use of the function trans which,
while operating on a definition, invokes the services of A or B

operators as appropriate for the definition.
In general, a user defined function definition D is expressed as
f Vi Vg +es Vg = E
which has m parameters (here all of them are assumed to be simple
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variables and not patterns). E has let and letrec blocks also.

The function trans operates on D as

trans(D) = AVl e Avm[trans_local(E)] vee(6.4)

There are several cases here depending on the kind of local

definition in E. The new function trans local acts accordingly.
Case I : E is a let-expression

The expression is written as E = (let x = El in F). Using the
ideas of pointers and C-list, the trans_local calls a B-operator

for abstracting out the local variable x and creates a C-list as
trans_local(E) = Bx[F] tr [x trans_local(El)] ...(6.5)

The C-list has a single element here. The recursive call of
trans_local in Eq. 6.5 is to take care of any nesting of local
definitions in E,. If Ey contains no further local definition
then trans_local terminates by returning El iﬁself and may be

defined for a let block as

trans_local(let x=E, in F)
= if E1 has no let-block
then Bx[F] D [x:El]

else Bx[F] T [x:trans_local(El)]

A let-expression may also have multiple definitions as

E. in F)

xn n
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In that case (assuming no nesting of local definitions), the
trans_local acts as
trans_local(E) = BXl c e an[F] e [xlel, ey xn:En] (5.6)

Combining Egs. 6.4 and 6.6, the complete translation of the

definition D with n local definitions is given as

trans{D) = Av1 ce Avm[Bx1 e an[F] s [xl : Eyy ey

xp ¢ Egll ... (6.7)

The result has multiple abstraction whose rules are same as given

earlier i.e. A10 - Al12 (section 5.1.2.4).

Case II : E is a letrec expression

The expression is written as (E = letrec x = E1 in F). It is
different from case I because x is bound to El not only in F but
also in El' The recursive expression gets converted into a simple

let-expression using the fixed point combinator Y [11] as
E = (let x = Y (Ax.E{) in F)

Having expressed the letrec-expression as a let-expression, the
function trans_local can be defined in a manner similar tao that in

case I giving

trans_local(E) = BX[F] :r [x:Y (Ax[trans_local(El)])]
...(6.8)

The recursive invocation of trans_local takes care of the possible

nesting of local definitions in El'
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Recursion can be managed without Y combinator also, through cyclic
pointers [11]. If cyclic pointers are used in our compilation
scheme, it will iead to self-referencing elements in the C-list.
In  addition, 1f - the global -wvariables Vi eeey vn‘occur in the
local body El then the context 1is incomplete till, at run time,
these parameters are available. This means that at run time, the
updated context should replace the incomplete one for cyclic use.
This approach does not seem to offer an efficient reduction

mechanism in the model proposed and therefore, has not been

explored further.

Case III : E has mutual recursion in the letrec block

The expression is given by

E = (letrec Xy = E1
x, = E, in F) ... (6.9)
In this expression the:scope of any x; (i =1 to n) is all E; and
F. This set of mutually recursive simultaneous equations can be

combined into a single definition which defines a n-tuple type of

structured local variable [11,31]. It leads to
E = (letrec (xl, ceey xn) = (El’ e e ey En) in F)
which, by using Y operator, gets converted into

E = (let (x4, Cee xn)

=Y (M(xq, ++ey %) (Eq, «v0y Eg)) in F)  ...(6.10)
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The above two expressions for E correspond to letrec case and let
case respectively. However, none of the definitions of
trans_local, used in these cases, applies here because both the

above representations of E define a structured variable rather

than a simple one. ‘We now apply lambda-calculus.semantics to Eq.
6.10 giving
E = (Nxy, «o0h %) F) (Y (A(xq, +eey %) 0 (Eqy vvvy Ep)))
= (AX.F) (Y (AR.(Ey, ..., E))) ... (6.11)
where X = (Xl’ ceey xn). It may be noted that in Eq. 6.11 the 'A’

operators are binding a structured variable. Applying Y2 rule
(section 4.2) of the list manipulative lambda calculus [33,106],

Eq. 6.11 becomes

To simplify the notation, let Xi.Ei = e i = 1 to n. E then

simplifies to

E = (AX.F) (Y (eq, €9y «vvy €)) .. (6.12)

n)

The above form of E is a B-redex where the bound variable is a n-
tuple But the argument is an applicative expression. In the
argument expression, the Y combinator is applied to a n-tuple
instead of a single function. Reduction for Y, in this case,

results into a n-tuple given by

Y (el, ey en) -—> (e1 (Y(el, ce ey en)), ve ey
e (Y(eps «vvs o))
= (eq (Y €)y v, e, (Y €)) .. (6.13)

100



where & = (el, €9y v, € The reduction rule in Eq. 6.13 1is

n)'
being called as Mutual-Y rule, and it is an extension of the
simple Y rule Y H --> H (Y H). Here an interesting analogy with
plant life can be traced. Sowing a seed produces a plant which
contains the seed also for future reproduction. It corresponds to
simple Y rule. The analogy can be extended to mutual-Y through a
hypothetical concept of a ’group seed’. A group seed is something
capable of producing all the plants of the group. Sowing a group
seed produces a plant of each variety and each plant carries the
full group seed also for future reproduction. Thus any one plant
can produce any other plant in that group. This corresponds to
mutual recuréion rule as is evident from Eq. 6.13 where a

reduction gives rise to n ’'plants’, each carrying the 'group

seed’.

Using Eq. 6.13 in Egq. 6.12, the expression E can be written as

= (\R.F) (Xp, ..y Xp)
where X; = e (Y 8), i = 1 to n. Now E contains a B-redex where
the bound variabie and the argument both are n-tuples. However,

it may be noticed from the original form (Eq. 6.9) that the body F
is referring only to the individual components of the bound tgple
and not to the complete structure. Hence it may be %nterpreﬁed
that the reduction of the B-redex requires a simple multiple

substitution of the kind

[Xl/xl, XZ/Xz, e e ey Xn/xn] F

101



In view of this interpretation, the original form of E in Eq. 6.9
may alternatively be expressed as

E = let X

Xy

X = Xn in F ...{(6.14)

In Eq. 6.14, the set of mutually recursive definitions of Eq. 6.9
has finally been replaced by a set of simple let-definitions. The
mutual recursion now works through (Y (Xi.El, N Xi.En), the

expression present in each Xi‘

Based on the above discussion, the function trans_local may be

defined on the lines of Eg. 6.6 of case I as

trans_local(E) = Bx1 oo an[F] P [xlle, .oy xn:Xn]

Each X, = (Xi.Ei) Y (Xi.El, ce ey Xi.En) can be expressed in terms

of abstraction operators as
(Ai[Ei]) Y (Ai[El]’ ceey Ai[En])’ i =1+ton

Hence trans_local is finally given as

trans_local(E) = Bx1 v an[F] N [xlz(Ai[El] S)y, vy
Xn:(Ai[En] S)1 ...(6.15)
where S = Y (Ai[El]’ ey Ai[En])' The quantity S represents the
group seed present in each element of the C-list. The abstraction

operator Ai represents a pattern abstraction with respect to the

tuple (xl, ceiy xn). This abstraction, governed by rules AT-A9

(chapter 5), will replace an occurrence of a x; {i= 1 to n) by a
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list director and a hole through which the relevant element of the
tuple S can be selected for use. Eq. 6.15, combined with Eq. 6.4,
gives the complete SDS term for a definition having mutual

recursion in its local definitions.

The above description of the various cases completes the
compilation of local definitions. An example here 1illustrates
some aspects of the process. It corresponds to the definition set
of a program for summing first m integers. It has a letrec block

in one of the definitions.

Example
$Count count m n = IF (GT n m) NIL (Cons n (count (+ 1 n)))
$Sum ns = IF (EQ NIL ns) O (+ HD ns) ($Sum (TL ns)))

$Sumints m = (letrec count = $Count count m in $Sum (count 1))

The '$’ sign, before an identifier, indicates a supercombinator.

First two definitions have no local definitions hence A-scheme is

used. The detailed steps of abstraction for them are being
skipped.
(i) trans($Count ...) = ACount A An[IF (GT nm) ...]

= (\ / /\ey, (//@y, (\\&,, IF, (\ /@,, (\@,, GT, 'm)), NIL),

(\ /\:, 1B, (/7 \@y, tm, (\&,, +1, 'm))))))

(ii) trans($Sum ns ...) = Ans[IF (EQ NIL ns) ...]

(\@2) +, (\@2’ HD, !.))1 (\@2; $Sum, (\@29 TL, '.)))))

The third definition has a letrec-expression. We go through

complete steps of its translation.
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(iii) trans($Sumints m ...) = Apltrans_local(letrec count ...)]
;by Eq. 6.4

= Am[Bcount[$Sum (count 1)]
[count:Y (Acount[$Count count m])]] ;b& Eq. 6.8

= Am[$Sum ("count 1)::[count:Y (Acount[$Count count m])]]
;1by B-scheme rules

= Ap[$Sum (“count 1)

[count:Y (/@2, Acount[$Count count], m)]] ;by rule A5
= Am[$Sum ("count 1)

[count:Y (/@2, (\@2, $Count, !'R), m)]] ;by A5 and Al
= (\@2, $Sum, Am[“count 1])

[count:Y (/@2, (\@2, $Count, !'B), m)] ;by A5 for Am
= (\@2, $Sum, (/@2, Am[“count], 1)) ::

[count:Y (/@2, (\@2, $Count, !B), m)] by Al4
= (\@,, $Sum, (/@,, “count, 1))

[count:Am[Y (/@2, (\@2, $Count, !®), m)]] ;by Al3
= (\@,, $sum, (/@,, “count, 1))

[count:(\@,y, Y, A [(/@,, (\@,, $Count, !B), m)])] ;by A5
= (\@2, $Sum, (/@2, “count, 1))

[count:(\e,, Y, (\ /@,, (\@,, $Count, !B), A _[m]))]
2 2 2 m by A1l

= (\@,, $Sum, (/@,, "count, 1))

[count:(\@z, Y, (\ /@2, (\@2, $Count, !'BR), 'B))] ;by A2

The graph corresponding to this SDS term is shown in Fig. 6.1. 1In
the appendix, the example has been taken up further to illustrate
the use of this SDS term in computation through task reduction

discussed in next chapter.
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\e t: count : \@

/ \ / N\
$Sum /@ Y \
/ \ \ /@
“count 1 / \
\@ 'n
/ \
$Count 'R

Figure 6.1 Annotated tree corresponding to the SDS
term for the supercombinator $Sumints.

6.4 D-CODE STRUCTURE

The compilation discussed in this chapter and the previous one is
basically concerned with abstracting out the formal parameﬁers
(patterns or variables) from a definition body, and thus yielding
a SDS term. In addition, in the previous chapter the SDS terms
corresponding to various clauses of a definition were paired with
pattern-type sequences derived from the formal parameters of each
clause. The list of pairs, so generated for a pattern—matchin_g
definition, has been termed as the SDS-field of the D-code
structure. In the case of a single definition, the field simply

has a SDS term.

Another field, termed as header, is being added to complete the

compiled code structure. The header field contains following sub-
fields

Identifier : a name for the function defined.

m : an integer giving the number of arguments needed

by the function i.e. its arity.
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n : an integer giving the number of clauses in the

definition.

UL : a list of integers giving the parameter numbers
which the definition body discards (unwanted
list).

SL : a list of integers giving the parameter numbers

which have multiple occurrences in the
definition body (sharing list).

CN : an integer indicating that the function body has
a computable sub-expression if a minimum of CN

arguments are available (computability number).
The identifier gives a name to the D-code of each function by
which it can be referred. -Integer m is helpful at the time of
reduction in determining whether a function applipation is
saturated or not. The number n is useful in deciding the
requirement for pattern-matching. If n > 1 then matching is
required and the SDS field correspondingly contains a list of
pairs, otherwise the field has only a SDS term and no matching 1is

required.

UL is a list of integers indicating the unwanted argument numbers.
(if a director string has m directors then the director number k
from left corresponds to the argument number k, k = 1 to m). The
UL list is utilised at run time in deciding to discard an unwanted
argument in its raw form. It saves computation time and provides

some safety in cases where the unwanted argument is non-

terminating type. The list is generated from the director string
at the root node of the SDS térm. A discardable argument has a
discarding director (- or #) at the root node itself. Such
argument numbers are included in the 1list. If there 1is no

discardable argument then the list is empty. A pattern-matching
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definition has n such lists corresponding to the n clauses.

SL is again a list of integers listing the argument numbers which
may be shared in the definition body due.to multiple occurrences
of the variables corresponding to them. The reduction strategy,
discussed in chapter 7, uses this information to preserve laziness
in computation of shared arguments. The list is generated by
following the directors for each argument in the SDS term.
Whenever a bothways (/\) director (meaning sharing) is found, the
argument number is included in the 1list. A pattern-matching

definition has n lists, one for each clause.

The last sub-field CN needs maximum description. The integer
contained in this field gives the minimum number of arguments
required for having a computable sub-expression in the function
body. The information is used during reduction to decide whether
to go ahead with the reduction of a partially applied function or
to wait. It helps in avoiding repeated computations for the same
sub-expression. The matter is discussed in full detail in section
7.5. At present, we are concerned with how to generate CN from a
given function definition. The compile time operation of finding

this number for a given SDS term is being called computability

analysis.

Computability analysis

Let t be a SDS term for the body of a definition under analysis,
and m be the number of parameters. Let the symbol t(—k) represent
the term t with (i) directors for first k arguments removed, (ii)

holes corresponding to the removed directors, . and all.constants
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replaced by C (meaning computable), and (iii) the remaining holes

and data constructor nodes replaced by XC (meaning not

computable). The formation of t(-k) is with the speculative idea
that the available arguments are computable. The remaining holes
are naturally not computable. Thus t(—k) has a binary tree

structure with leaves as C, XC or a pointer.

Using the above notation, Fig. 6.2 gives a program in functional
style for finding the computability number for a term t. If m = 0

then there is no need to find CN, otherwise compute is called to

start checking t with zero directors removed. Starting with zero
takes care of any constant sub-expression such as (square 4). The
(-k)

function compute checks the computability of t If it 1is
computable then k is returned as CN, otherwise the computability
of t(—(k+1)) is checked. The process stops when k becomes equal
to m because there is no point in going further. Computability of
a node or a leaf is tested through the function tree computable
and leaf computable respectively. As long as there are direcfors
at a node, it cannot be computable hence the test passes on to
left and right sub-trees or the C-list terms. A néde free from
directors can be computable if both its sub-trees are computable.
Function leaf computable returns ’'True’ only for a leaf having C.

For a node input, it calls back the function tree computable. The

"leaf_computable cannot get a node with directors as input.
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find CN (t, m) = 0, m= 0
= compute (t, m, 0)
compute (t, m, k) = k,. k = m

if (tree_computable (t(_k))) then k
else compute (t, m, k+1)

False

tree_computable (leaf)
tree_computable ((Dz@z, ti) tz) i [xlel, c ey xn:En])

= tree_computable (tl) OR
tree_computable (t,) OR
tree_computable (El) OR

tree_computable (En)

tree_computable (@2, tys t2) if leaf computable (t,)
then leaf computable %t )

else tree computable (tZ)

leaf;computable‘(“xi) = False
leaf computable (C) = True

leaf computable (XC) = False
leaf computable (R) = False

leaf computable (@2, t1’.t2) tree_computable (@2, ty, t2)

Figure 6.2 Program for finding CN

6.5 CONCLUDING REMARKS

Function definitions often have let and letrec blocks where some
variables are defined locally. The feature allows sharing of sub-
expressions which otherwise would require separate computation for

each occurrence in the definition body. The abstraction scheme,

discussed inAchapter 5, is not suitable for abstracting out local
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variables as it leads to an inefficient code. The code has
directors and holes for reducing a B-redex at run time which could

easily be resolved at compile time itself.

To overcome this, the abstractipn scheme has been suitably
appended by incorporating pointers and introducing the concept of
context-list (C-list) in the SDS term structure. This gives the
terms a graph structure where the SDS term of a local body,
forming an element of C-list, is connected to the main body (at
several places) through a common pointer. The use of pointers and
C-list retains sharing besides avoiding substitutidn of local

bodies at run time.

The route from supercombinator definitions to SDS terms consists
of an interpretation of different types of local definitions into
lambda calculus followed by an encoding of their meaning into the
modified SDS term structure. An elegant solution to mutual
recursion has been obtained where a set of mutually recursive
definitions is converted into a set of independent let-

definitions.

Giving final touches to the compilation, a D-code structure,
consisting of a SDS field and a header field is introduced for
each function definition. The SDS terms form part of the SDS
field whose other part is the sequences of pattern-types meant for
pattern matching work. The header‘field contains some
miscellaneous information for house-keeping jobs. In particular,
it includes a computability number (CN) which gives the minimum

number of arguments that will generate a computable sub-expression
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in a body. An algorithm for generating this number from a given
SDS term has been devised. CN is used in the reduction process
(next chapter) for avoiding repeated computations whenever a

partially applied (unsaturated) supercombinator is shared.

The next chapter deals with the final aspect of the computation
model 1i.e. reduction. It develops a supercombinator reduction
mechanism where the SDS terms are used as a means of template

instantiation in a simple and mechanical way.
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CHAPTER 17

MULTIPROCESSOR REDUCTION

The computation model, proposed in this work, starts with an
assumption that a program is available in supercombinator form
obtained through lambda-lifting transformation of the high level
program. Such a program has the following main features:

- It is made up of a set S of supercombinator definitions
and an expression E for evaluation. Each definition
expresses a function of arity m (m 2 0) where the body has
no free variables, but may have other supercombinators and
built-in functions. Functions may be defined through
pattern-matching also.

- Arbitrary let/letrec blocks, defining some local variables,
may be embedded in a definition body. Prior lambda-
lifting ensures that function definitions occur only at the

top level, and not within let/letrec blocks.

- Data objects are built through constructor functions.

Through the compilation scheme discussed in previous two chapters,
each function definitibn in the set S géts compiled ipto a D-code
which, besides a header field, consists of either a SDS term for
the definition body, if a simple function is defined, or a list of
pairs of a pattern-type sequence and a SDS term, one for each

clause, if a pattern-matching function is defihed.

The current chapter presents the development of a reduction scheme
for evaluating the program expression E in the light of definition

set S while making use of the D-code. Before reduction, the
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expression is organised (a compile time operation) into a graph of
variable sized supercombinator redexes of the kind (F Ql QZ N
Qm) where F is a function of arity m. A redex of this kind, named
as task, applies the function to all its arguments under one
computation process and thus constitutes the smallest indivisible
unit of work. It is similar to current context stack in G-machine
[88,89] or a packet in Flagship [95]. Reduction involves template
instantiation of F (if it is user defined) using its SDS term.
However, in case of a pattern-matching function, matching precedes
instantiation. F could be a primitive operator also and then the
reduction follows the operator rule. The complete. task-graph
reduces in a message passing multiprocessor environment making use

of the opportunities of parallelism, wherever possible.

The chapter is organised as follows: Section 1 is preparatory to
the reduction process. It gives the reduction rules for SDS terms
applied to some arguments. Section 2 describes the task
structure. Section 3 discusses an algorithm for organising a
program expression into a task-graph. Section 4 deals with the
actual task reduction mechanism including descriptions of messages
and their handling. In section 5, some modifications to the
simple reduction strategy so as to accommodate the features of
laziness, recursion etc., are discussed. Finally section 6 gives

a summary and concluding remarks on the reduction schemne.

7.1 SDS TERM REDUCTION

The SDS term structure resulting from the compilation scheme,

given in previous chapters, is summarised in the following
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definition of a term:

term ::= atom ] (r+1)-tuple ] (r+1)-tuple :: C-1list
atom = value | hole | pointer

value = constant | operator | function_identifier
(r+l)-tuple = (errnt, term_1, ..., term_r)

C-list ::= Nil | [P1 : term, C-list]

From the above definition, the general form of a (r+l)-tuple type

term, representing a r-ary node, having a C-list is written as

((errnt, tl, ¢ o 0y tr)::[Pl:tc:l’ LI ) Pn:tcn]), r ?. 1’ n Z 0
where tyy tg ... stand for arbitrary SDS terms; Pl’ Pz +«os are
identifier names for cofresponding terms tcl’ tcz .. in the C-

list; dr is a r-ary director; D. is a string of r-ary directors;
and 'nt’ is a symbol for node-type. It may be recalled that a SDS
term represents the body of a user defined function in the form of
a graéh with nodes having director string annofations for guiding

the substitution of actual parameters at run time. The reduction

rules for these terms are meant for dealing with an application qf

a term t to an argument Q. Such a situation arises when the
function F associated with a redex (F Ql Q2 N Qm) is a user
defined one. The function identifier F, in that case; is

replaced by its SDS term, and argument substitution proceeds
according to the term reduction rules. These rules, by induction

over the syntax of term (Definition 7.1), are
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(R1) BQ --> Q

(R2) “Pi Q -=> t.; @ 1 £3i<n
(R3) (1@, H)Q | --> (e, B Q)

(R4) (1D;@, t4)Q --> (D;@;, t,Q)

(R5) (#D,@4, t4)Q -=> (D;@y, t;)

(R6) (/\Dp@y, tq, t5)Q -=> (Dy@,, t4Q, t,Q)

(R7) (/Dg@y, tq, t5)Q ~=> (Dy@y, t4Q, t,)

(R8) (\Dg@y, t1, t5)Q ~=> (Dy@y, ty, t,Q)

(R9) (—Dz@z, tl’ tz)Q -—> (D2@2, s tz)

(R10) (errnt, I ERRRRE) tr)Q ~-=> (Drnt, tlQ, oy trQ)

A general characteristics of the above reduction rules is to
transport the argument to a sub-term depending on the leading
director. Rule R1 corresponds to the terminal situation of an
argument reaching a hole. Successive applications of various
other rules may ultimately ferminate in the application of this
rule. Rule R2 refers to a pointer being applied to an argument.

It says that the argument should be passed to the corresponding

term in the C-list. There is no rule for é value type term
because it does not form part of term-reduction. It is dealt at
task reduction level. Moreover, the abstraction rules (Al1-Al15),

for producing SDS terms, do not allow this kind of situation to
occur. Rules R3 - R5 are for pair terms, and R6 - RS for triple
terms. In rule R10, which is for a general (r+l)-tuple term, the

argument Q is actually passed to the sub-terms indicated by dr'

The above rules have been written with an atomic director in the
leading position. The same ruleé apply if the leading director is

a pattern director. However, if it is a 1list director thén a
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b:eaking of the argument structure is suggested. Let the

structure of Q be given by

Q = cqq dg ++v Qp
The reduction rule then, with a list director in the front, is
(R11) ({4971, 1, #¥J)p,e,, ty)@ --> (Dy@y, tya;), 1 €§ €k

A list director is assigned, during abstraction, only when a. leaf
is encountered in the expression tree. Hence the director occurs

in pair terms only.

In the reduction of a task, the SDS térm of a function definition
acts as a template, and the term reduction rules govern the

instantiation process.

7.2 TASK STRUCTURE

An important design parameter in a parallel reduction machine is
grain size of a computation unit. The whole program can be
divided into such units and distributed over the parallel
hardware, hoping to achieve better throughput due to concurrent
action. But a necessary evil associated with all such
arrangements is the 'administrative’ overheads (e.g. communication
between processors). Too fine a grain size may provide better
utilisation of barallelism, but a major part of the advantage
gained could be offset by increased overheads. On the other hand,
too coarse a grain size may lead to loss in parallelism, but the

communication costs are less (a single processor machine executing
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an imperative program is an extreme of coarse grain - the whole
program is a single indivisible grain, hence no communication but
no parallelism too). Although the issue of optimal grain size is
difficult to resolve, but the idea of bigger grain size has found
more favor [15,83] because the ratio of inter-processor
communication time to CPU instruction time is generally quite

high.

In our model, a supercombinator definiﬁion body is compiled into a
SDS term which may look like going from the coarse grain size of a
supercombinator to the fine grain of director string model.
However, this is true only if the reduction is done 1in an
'incremental manner' as in, e.g. CTDNet [58,59]. The proposed
reduction model treats a supercombinator/operator applied to all
its arguments as a single indivisible unit of computation named as
task. In other words, the task reduction represents a single
large step instantiation of a supercombinator body rather than a
collection of small steps with communication intervals in between
them. G-machine [88,89] and Flagship [95] architectures have

similar grain sizes.

For task reduction, the program expression, under evaluation, is
organised into a task-graph where the nodes are tasks. Each node
ﬁaintains graph links in the form of ancestors and successors.
Tasks are of variable size because different functions require
different number of arguments. The structure of a task in terms

of its various fields is represented as follows:
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A
| |
N : |F|sSC .f. | or N :/éc::::::\\\\\\\\\

I
S(1) Sk FoS(1) ~s(2) ... s(k)

where

N = Name field

A = Ancestor field

F = Function field

SC = Successor count field

S(1), ..., S(k) = k Successor fields, k 2 0

The N-field provides an identification for a task. Besides self

address, the field contains two more sub-fields called type and

count., Task types are defined according to the number and nature
of arguments available for a function. In a program expression (f
ey €9 ... ek), let the arity of the function f be m. Depending on

the values of m and k, following three task types are possible
from this expression (the process of converting a program
expression.into a task-graph is termed as organisation and is

discussed in next section):

(1) Complete : m = k, i.e. the function requirement matches the
availability.

({2) Partial : m > k, i.e. the function requires more than the
available arguments. The situation corresponds to partially

applied functions [84].
(3) Dummy : m < k, i.e. the function requirement is less than the
availability. Dummy task holds the surplus arguments (k-m)

in its successor fields and the complete task (organised from
m arguments) in its F-field.

The ’Complete’ type is further divided into two sub-types called
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'Executable and Waiting depending on the nature of arguments. In
an executable task, each successor is a data value/pointer but not

a task whereas a waiting task has some successors as tasks.

The count sub-field in N-field is Jjust an integer which has
different meaning for different type of tasks. It indicates the
number of successors in task form if the task is W type; the
shortage of arguments if task is P type; and the number of surplus

arguments if task is D type.

The type and count sub-fields have been purposely included in the
N-field. A task refers to its neighbours by their N-fields. The
presence of type and count information in this field provides a
task all the necessary knowledge about its neighbours which

otherwise has to be obtained through communication.

The ancestor field is a linkage field. It holds N-field of the
ancestor task and a number ’s’ indicating that the task is sth
successor of its ancestor. If a task is shared then its A-field
"contains-a list of A-fields indicating all those who share‘it. A

root task has A-field as nul.

The F-field contains the function identifier which the task is
supposed to apply to the arguments available in the successor
fields. It could have a built-in operator, a user defined
function or the N-field of anocther task. Sometimes, F-field may
house a pointer to an unorganised expression graph also whose

implication is discussed later.

The successor fields correspond to the arguments. The fields are
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ordered from left to right. A successor could be a task or some
data item, a pointer to a data node or an unorganised graph. For
a task type successor, the field carries the name field of the
pointed task. For other data type successors, it becomes
necessary to indicate the type i.e. whether it is a constant or
some operator or some identifier etc.. Hence, the field holds a

tagged value consisting of sub-fields 'tag’ and ’'qty’.

The SC field simply gives the number of successors in a task. It
may be noted that in a dummy task, the count in N-field and this
SC field will have the same value because a dummy holds the

surplus arguments as successors.

The above description is summarised in the following definition of

task fields:

Definition 7.2 : Task fields

N ' ::= (Identifier, type, count)

type ;= E| W | P|D

count ::= positive integer

A ::= nul | (NA ; s) | (NAI;SI’ NpgiSgs e NAp;sp)

s,si,...,sp ::= +ve integers indicating ancestor’s successor no.

F = opoperator | $function_identifier | N | ug “unorg__
graph

SC ::= positive integer giving the no. of successors

S(I) ::= N | tagged_value, I =1 to k

tagged_value ::= (tag, qty)

tag ;= val | op | $ | ug | ds

qty ::= constant | operator | function_identifier |
"unorg_graph | “data



A function_identifier refers to fi user defined function and is
identified by a $ prefix. The pointer types ds and ug refer to a
data structure and an unorganised graph respectively. As an
example, ‘the expression (Twice Twice Suc 0), when organised, will
give rise to two tasks shown in Fig. 7.1, Here X and Y are task
identifiers. Task X is dummy and task Y is executable. 'F—field

of X points to Y task. 1In the A-field of Y task, s = 0 means that

<
©
(o]

(X,D,1) : [(Y,E,0) |1

|
(Y,E,0) : |$Twice |2|$Twice |$Suc

Figure 7.1 Task-graph for the expression
(Twice Twice Suc 0)

it is Oth successor of its ancestor (the F-field is treated as Oth
successor for link purposes). The Y task knows, through its A-

field, that its ancestor is a dummy task having one argument.
Similarly, 'the X task knows, from its F-field, that its Oth
successor is an executable task. This has been made possible by
including type and count sub-fields in the N-field. The above
task-graph is obtained by organising the expression (Twice %wice
Suc 0) and the next section gives the details of this organisation

process.
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7.3 ORGANISATION OF PROGRAM EXPRESSION

The process of organisation is a compile time operation for
converting a program expression into a task-graph. It is used at
run time also, for organising the intermediate results produced by

task reduction, but in a slightly different form.

An expression in a high level functional language builds up in
size mainly through left-associative binary application and
through data structuring using constructor functions. Its atoms
consist of constants, built-in operators, and function
identifiers. Besides these, sharing of sub-expressions may also
exist. An expression may thus be viewed as an expression graph

defined as follows:

Definition 7.3 : exp_graph

exp_graph ::= node | leaf

node = @ (exp_graph, exp_graph) | ¢ (exp_graph_1, ...,
exp_graph_r) | identifier : node

leaf = constant j operator | function_identifier |

“identifier
The productions for node correspond, in order, to binary
application, data construction through a constructor function c.of
arity r, and identified sub-expression (to show sharing). The
productions for leaf include constants, built-in operators,
function names, and pointers used for shared nodes. As an
example, the graph of the expression (let x = SQ 5 in + x x) is
written in tektual form as (@ (@ (+, (x : @ (SQ, 5))), “x)). In

graphical form, it is shown in Fig. 7.2,
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Figure 7.2 Graphical representation of
(let x = SQ 5 in + x x)
The above form of expression graph is assumed as input to the
organisation module. In the task model, organisation serves two
purposes. The first is to frame proper tasks from the given
expression graph i.e. to group a function of arity m along with m
arguments (if available) under one computation process. The

second purpose is to act as a pre~condition for any reductions to

take place. An unorganised piece of graph is ’'dead’ i.e. it
cannot initiate any action and hence cannot reduce. Organisation
puts ’'life’ into it. The reduction mechanism (discussed in next

section) makes extensive use of this idea in bringing selective

laziness to an otherwise applicative strategy.

A conceptual picture of the organisation process is given by Def.
7.4 for a function Org. Here e stands for an expression, f for a
function of arity m, C for a constant value, d for a data
structure ﬂode, and w for a task (work) resulting from the

application of Org to an expression.
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Definition 7.4 : Org

7
oy
Q.
0]
Q.
1]
>
[o9

ds jdata constructor nodes are simply replaced by
a pointer without organising further.

org("x) = “Org(x:el) ; "x points to the expression ey and hence
organisation results in a pointer to the
= "Org(el) organised form of ey .
Org (f €1 €9 . ek)
= [org(f) (Org(eq), ..., Org(e,)],
= [w0 (wl, Ce ey wk)], m = k ;iComplete task
= [wo (wl, veey Wi veel]ly, m > k ;Partial task
= [[wo (wl, ey wm)] (em+1, o ony ek)], m < k ;Dummy task

Org(IF ey ey e3)

= [Org(IF) (Org(el), gg“ez, gg“e3)] ;then and else arms
are not organised
= [opIF (wl’ EgAezy EgAes)]

Org (f ey ey «.. ep)
= [wo (wl, .oy Ki’ ce ey wm)] ;ith argument is Efwanffg.
The result of organising an expression (f ey €9 ... ek) is a task

which, in the notation introduced, is written within square
brackets. It consists of a function-task wg applied to a list of
afgument tasks Wi e Wpo An unfinished 1list of argument tasks
(indicated by a list without a closing bracket) represents a
partial task. As an example, [op+ (val5, ... ] is a partial task
because the '+’ operator does not have a complete list of

arguments.
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A general characteristic of Org is to avoici organisation of an
argument into a task if its need is doubtful. The feature imparts
some safety to ?he reduction because an unorganised expression
remains in a dormant state. The most obvious use of this feature

is in the organisation of a conditional expression where initially

only the condition part is organised. The other two parts are
left unorganised. Later when need is known, through the result of
condition, the relevant part is organised. On the same lines,

whenever m < k, only the required m expressions are organised into
a complete task. The dummy task, created for this situation,
holds the rest k-m arguments in unorganised form becéuse it does
not know at present whether these expressions would be needed or
not. Similarly, while organising the arguments of a function f,
the organiser looks for its need in the definition of f (indicated
in the sub-field UL of the header of D-code) and does not
organise, if unwanted, thus saving the computation of an unneeded
argument, In the last case of Org definition, ith argument is
assumed as unwanted, hence a constant Ki (not meaning anything) is

substituted for it and ey is rejected.

Let us take an example of organising the expression (Twice SQ (+
(* 3 5) (* 5 74))) into tasks. It is given that the arity of
Twice is 2. The organisation will proceed through following

steps:

Org(Twice SQ (+ (* 3 5) (* 5 7))))
= [(Org(Twice)) (Org(sQ), Org(+ (* 3 5) (*x 5 7)))]

= [$Twice (opSQ, [(Org(+)) (Org(* 3 5), Org(* 5 7))1)]
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[$§Twice (opSQ,

[$§Twice (opSQ, [op+

[(Org(+)) ([org(*) (oOrg(3), Org

5))1,
(7)1 1]

([op* (vall, val5)], [op* (val5, val7)]1)]1)]

(5))
[Org(*) (Org(5), Org(T7)

7.3.1 Organisation Algorithm

A formal description of the organisation algorithm is being given

now. The input to this algorithm is an exp_graph defined in Def.

7.3. For convenience of reference, a structure for nodes and

leaves in exp_graph is being assumed as given below:

and leaf structure

A
& sS(1), ... , S(k)
where
N >::= (identifier, type, ref_cnt)
type = e |
ref_cnt = positive integer.
S{(1),...,S(k) = N | Leaf
A = pul | N
Leaf Structure
tag |(qty
where
tag = val | op | &
aty = constant | operator | function_identifier

Here the ref_cnt of a

node indicates the number of nodes referring
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to it. Shared nodes have a ref_cnt greater than 1. The
information is used by organisation module to avoid repeated
organisationé of a shared sub-graph. Once a shared sub-graph is
organised, the ref_cnt of its root node is set to zero to indicate
that the graph is already organised.‘ Taking the above structure
for nodes and leaves in an exp_graph as input, the organisation

process delivers a task-graph which is defined as follows:

Definition 7.6 : task-graph

task-graph ::= task | tagged_value | unorg_graph
unorg_graph ::= exp_graph

The structures of task and tagged_value have been given earlier in
Def. T7.2. Based on these input and output structures, the
organisation algorithm is specified formally in a Pascal-like
notation in Fig. 7.3. Here the main module Org calls Org _exp and
then Mark type to assign task-types in the task-graph created by
Org _exp. The Org_exp, depending on the form of input exp_graph,
calls Org_leaf, Org_ds or Org_node. These modules organise a
leaf, a sub-graph at a data structure node and an application node
respectively. Some of the procedures such as get_root_task,

get_count etc., have been taken as primitive ones and have not

been specified in detail.
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program Org;
begin
org_exp (exp_graph, task-graph);
mark_type (task-graph);
task:= get_root_task (task-graph);
task.A:= nul {set A-field of root task as nul}

end.

procedure org_exp (exp_graph, task-graph);
begin
case exp_graph of

leaf : org leaf (leaf, tagged_value);

node : if (node.N.type = ’'c’) then org_ds (node, tagged_value)
else if (node.N.ref_cnt = 0) {node is already
organised}

then task-graph:= get_task (node.S(1))
else begin
E_task:= new(task); {create a new task for
the expression}
org_node (node, E_task)
end

end {case}

end;

procedure org_leaf (leaf, tagged_value);
begin

leaf.tag;

tagged value.tag:
tagged value.qty:= leaf.qty

end;
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procedure org_ds (node, tagged value);

begin
name:= node.N;
tagged_value.tag:= ds;
tagged_value.qty:= “name

end;

procedure org-node (graph, task);
begin
c_node:= get_root_node (graph); {set current node to the root
of the input graph}
nc:= 0; {initialise node-count}
repeat {repeat until the end of spine is reached}
c_node:= c_node.S(1); {move down left on the graph}
nc:= nc + 1;
until ((c_node.N.type = '@’') AND (c_node.N.ref_cnt = 1));
if (c_node.N.type = 'c’) OR

((type(c_node) = ’'leaf’) AND (node.tag = val))
{type procedure checks whether it is a leaf or a node}

. then print "error"; {corresponds to a constant or data
structure in the operator position}

if (type(c_node) = ’leaf’) AND (c_node.tag = op OR §)
{an operator or function at the spine tip}
then begin

tip:= c_node;
task.F:= tip; {set the F-field of task}
if tip = opIF {IF operator at the tip}
then begin
fpc:= 1; {formal parameter count for IF = 1}

ul:= NIL; {list of unwanted arguments is empty}

make task (ul, fpc, fpc, task, c_node);
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task.S{(2).tag:= ug; {then and else arms
are attached to the

task.S(2).qty:= "c_node.S{2); task in unorganised
form}

c_node:= c_node.A; {move up}

task.S(3).tag:= ug;

task.S(3).qty:= "c_node.S(2);

task.SC:= 3; {set successor count to 3}
c¢c_node:= c_node.A;
leftovers:= nc - 3; {extra arguments that could

not be used by IF task}
if (leftovers > 0)

then begin

d_task:= new(task); {create a new task to
act as dummy}

dummy (leftovers, task, d_task)

end
end
else begin {operator is other than IF}
fpc:= get_count (tip); {get parameter count of

the function on tip}
ul:= get_unwanted_list (tip);

make_task (ul, fpec, nc, task, c_node):

end
end;
if (c_node.N.type = ’@’) AND (c_node.N.ref_cnt > 1)
then begin {a shared node in the operator position}
task.N.type:= 'D’; ~ {declare the task as dummy)}
task.N.count:= nc; {set surplus count of dummy = nc}

task.SC:= nc;

save:= c_node; {save the current node}
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F_task:= new(task);
org_node (c_node, F_task);

c_node:= get_node (save); {restore node)

c_node.N.ref_cnt:= 0; {set ref_cnt = 0 to avoid
repeated organisations}

c_node.S(1):= F_task.N; {keep F_task name for
future use}

link (task.F, node.S(1)); {link F-field of task to

F_task}
arg:= 1;

while (arg < nc) do
begin

c_node:= c_node.A;

task.S(arg).tag:= ug;

“c_node.S(2);

task.S(arg).qty:
arg:= arg + 1
end {while ... do begin}
end

end;

procedure make_task (list, pc, aa, task, node);
begin
if (aa # pc) {available arguments # parameter count}
then if (aa < pc)
then begin
group_args (list, aa, task, node);
task.N.type:= 'P’;
task.N.count:= pc - aa {set shortage count}
end

else begin
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group_args (list, pc, task, node);
leftovers:= aa - pc;
d_task:= new(task); {create a new task to act as
dummy }
dummy (leftovers, task, d_task);
end

else group_args (list, pc, task, node)

end;

procedure group_args (list, pc, task, node);

begin
save: = node;
arg:= 1; {initialise argument number counter}

task.SC:= pc;

while (arg < pc) do

begin
if (in_list (arg, list)) {argument number is in the
unwanted-list}

then begin

mark_for_GC (node.S(2)); {mark the unwanted argument
for garbage collection}
task.S(arg):= ’UNWANTED’
end

else begin
Arg _task:= new(task);
org_exp (node.S(2), Arg task);

link (task.S(arg), Arg_task) {link current successor
and organised argument}

end;
node:= node.A; {next argument}
arg:= arg + 1 {increment argument counter}
end; {while ... do begin}
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node:= get_node (save);

if (node.N.ref_cnt > 1) then

begin
node.N.ref_cnt:= 0; {to avoid repeated organisations}
node.S{1):= Arg_task.N . {save organised task in S(1) field
of the shared node for future use}
end
end;

procedure dummy (unused_args, task, d_task);

begin
d_task.N.type:= 'D’;
d_task.N.count:= unused_args;
d_task.SC:= unused_args;
link (d_task.F, task); {dummy-task holds task in its F-field}
arg:= 1;

while (arg < unused_args) do

begin

d_task.S(arg).tag:= ug; {a dummy keeps its arguments in

unorganised form}

d_task.S(arg).qty: “node.S(Z);
node:= node.A; {next argument}
arg:= arg + 1
end {while ... do begin}
end;
procedure mark_type (task-graph); {ﬁrocedure to set N.type of all
tasks in a task-graph}
begin
root:= get_root_task (task-graph);
if (type(task-graph) = ’task’) AND (root.N.type # 'P’)) then

if (root.N.type # 'D') {task is other than partial or dummy}
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then begin

I:= 1;
k:= root.SC; {store successor count in k}
we:= 0; {initialise wait-count}

while (I £ k) do

begin
if type(root.S(I)) = ’task’)
then begin
wc:= we + 1; {increment wait-count because
successor is a task}
mark_type {root.S(I))
end;
I:= 1 + 1;
end; {while ... do begin}
if (wec = 0) then root.N.type:= 'E’

else begin

root.N.type:= 'W';
root.N.count:= wc {set wait-count of root task}
end

end

else mark_type {(root.F) {if task is dummy then mark the task
contained in its F-field}

Figure 7.3 Specification of the Organisation Algorithm

7.4 TASK REDUCTION

The compile time Org, specified in the last section, converts an

expression under evaluation into a task-graph. Besides expression
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for evaluation, a program has definitions which get converted into
SDS terms through the earlier compilation. These may be called a
set of definition graphs. The two graphs, put together,

constitute a computation graph which is defined as

Definition 7.7 : Comp_graph

comp_graph  ::= task-graph + def graph set
def_graph_set ::= { } | {def_graph_1 + ... + def_graph p}

Here p is the number of definitions in the definition set of a
program. Task-graph has already been defined earlier in Def. 7.6
and a def_graph is a function body in the form of a SDS term whose
definition is given in Def. 7.1. The productions for
def_graph_set state that the set may be empty or may have p
unconnected def_graphs. The task-graph and def_graph are also
unconnected graphs. The purpose of task reduction is to reduce
the task-graph to normal form i.e. to a form when it has no
executable tasks left. In the process, it may use a def graph

whenever a task involving application of a user defined function

is encountered.

During task-graph reduction, the tasks do not live for ever. As
soon as a task has reduced, it kills itself after passing on the
result in the form of a message to its ancestor(s). During the
tenure of 1its existence, it either reduces or handles messages
received from other tasks. Fig. 7.4 defines this 'life style’ of
a task formally, in a Pascal-like notation. The various procedure

names introduced here are discussed later in this section.
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task ::=

begin
while task # null do {while alive, keep on doing}
begin
if reducible
then reduce
else begin
¥ 7 M; {receive a message M from some task}
case M.type of
result : handle_result_message(M);
link : handle_link_message(M);
else handle_arg message(M)
end {case}
end
end {while ... do begin}
end.

Figure 7.4 Formal definition of a task life.

7.4.1 Task Reducibility

Task reduction has been designed as a graph reduction activity
with potential to exploit parallelism. The reduction strategy is
therefore basically applicative (eager) so as to allow
simultaneous action on all reducible tasks at any given time.
Based on this strategy, the conditions of reducibility for a task

in the model are
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(1) The task is complete i.e., its successor count is equal to
the arity of the function in F-field, and the F-field
function is either a built-in operator or user defined.

(2) All the successors are either in tagged_value form, or
partial type tasks.

These two conditions are in the spirit of data flow approach [48]

that all instructions, for which input tokens are available, can

be fired. The execution of the program is thus data-driven. A

Complete task which has some of its successors as further tasks

(other than partial type), waits till results in tagged value/

partial-task form are received from such successors through

result/link messages. Later (section 7.5), we discuss situations
where the purely eager strategy, stated above, is made selectively
lazy to accommodate some features which are otherwise not possible
with the eager order. In that case, the treatment for partial

tasks also gets modified. At present, we continue with the

details of the applicative reduction mechanism.

7.4.2 Reduction Mechanism

A complete reduction cycle for a reducible task 1is divided into

following steps:

(1) Application : The function in F-field is applied to the
arguments in the successor fields.

(2) Organisation : The result of step 1 is organised into a task-
graph.

(3)‘Communication : The organised task-graph of step 2 is

communicated to the ancestor task(s).

(4) Removal : The reducing task is removed from the computation
graph.
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These steps are now explained further in detail.

7.4.2.1 Application

The function to be applied may be either a user defined function
(identified by a $ sign) or a built-in operator. In the former
case, the application is done through what we call a $-reduction

and in the latter through primitive reduction.

$-reduction : A copy of SDS term of the F~field function is

obtained from the def_graph_set and the arguments (successors) are
substituted in 1it. The process follows the term reduction rules
(R1-R11) discussed in section 7.1. The successors in a task are
ordered in the sense that S(1) represents the first argument for
substitution, S(2) the second and so on. A function of arity m
has m directors in the director string at the root node of its SDS
term. S(1) undertakes a tree-walk guided by a leading director at
a node till it reaches the hole where it is méant. All the leading
directors which have been used in the process are deleted. On the
way, if a both ways director (/\) is encountered, a copy of the
argument 1is made. This copying is not costly because the
arguments are in tagged value form representing simple data values
or pointers to data structures. In case an argument is a partial
task, its name-field is used for all substitutions. At the end of
the Jjourney i.e. at a hole, the director could be a list director
meant for a structured argument. In that case, the appropriate
component of the argument structure is extracted, and if the

component is a simple data item then it is directly substituted in
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the hole otherwise a pointer to the component is substituted.

After finishing with S(1), the director string at root node would
consist of (m-1) directors. The leading director now corresponds
to S{2), the substitution of which is taken up in a similar
manner. The process is repeated for all the m successors. In the
end no directors are left in the copied template and it represents

an instance of the function being applied.

Primitive Reduction : In this case, the F-field contains a built-

in operator. It could be a simple operator (arithmetical, logical
or relational), a conditional operator, or the fixed point
operator Y, For a simple operator, the application is done

following the operator rule.

The handling of IF operator requires an explanation. Left to
itself, an IF-task may start action on all the three arms viz. the
condition arm, then arm and the else arm. Although in a parallel
machine, this should be encouraged, but some conditional
expressions are specifically used to avoid non-termination through
a check on a parameter value, and in such cases, the parallel
action may lead to non-termination. In CTDNet [58,59], it is
avoided by making the then and else sub-graphs inactive (tardy)
till the condition is evaluated, after which the selected graph 1is
activated through a message communication. In the present
computation model, all the three arms belong to the same process
(task), hence communication is not needed. Here the key to
suspension or activation of a work is organisation. When a IF-

task is created, its then and else parts are left unorganised
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(Def. 7.4 of érg). The task, handling condition part, will
eventually send a result message depending on which the IF-task
will activate, through organisation, either then or the else part
and link it to its ancestor. In this way, the unneeded arm of a

conditional is neither organised nor computed.

The reduction mechanism for the Y operator is discussed in section

7.5 while discussing modifications to the scheme.

7.4.2.2 Organisation

The result of application step is either a value or an exp-graph.
In either case, the result is organised into a task-graph using an
organisation algorithm similar to that of section 7.3. This run
time algorithm for organising intermediate results is being called
Org_result which is slightly different from Org, used at compile
time for the program expression. The Org program, after calling
org_exp and mark_type, gets the root task and sets its ancestor to
be nul. The Org_result, on the other hand, sets this ancestor
equél to the A-field of the task under reduction. This action
transfers the parentage of the reducing task to the newly created
one and helps in maintaining the links in the dynamic graph
without any extra communication. It is part of preparation done

by the reducing task to ultimately get away from the scene.

7.4.2.3 Communication

The action, till now, has resulted in a task-graph (say Gr) which

is either a task or a tagged_value. The result is to be reported
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to the ancestor task whose address is available in the A-field of
the task under reduction say, W However, if the ancestor is nul

then no communication is needed and the reduction cycle can

proceed to the next step.

The ancestor of the reducing task can be a Waiting type, waiting
for the result from this successor. Depending on the type of

result, the reducing task w_ prepares a message M whose type is

r

given by

Gr is a tagged_value

I
n]
o
105}
o
—
rf
e
H

M.type

= link, if G. is a task

The prepared message is sent to the waiting ancestor, and if the
A-field contains a list then a copy of the message is sent to each
ancestor. The structure of messages and their handling is

discussed in section T.4.3.

7.4.2.4 Removal

At this stage, W has finished its work. The result of its
computation has been communicated to the ancestor(s). It has no
relevance left now, and therefore it gets away from the

computation graph by killing itself.

The complete reduction cycle is specified as procedure ’reduce’ in
Fig. 7.5 in terms of the symbols used above. The org result
referred here 1s same as Org except for a minor difference
mentioned earlier. Some additional features of org result are

discussed later in section 7.5.
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procedu

begin
if (w
then
else
Gr:=
if (w

then

re reduce;
o F = opoperator) {beginning of step 1}
gr:= primitive_reduce (wr)
gr:= $_reduce (wr);
org_result (gr); {step 2}
e A # nul) {step 3, communicate if ancestor is a task}
begin
if (type (Gr) = 'task’)
then begin
Gr.A:= wr.A; {pass on the A-field of w_ to the
result Eask Gr}
M:= (link, Gr.N, wr.A.s)
end
else M:= (result, Gr, wr.A.s);
M ! ow..A {send the message M to the ancestor(s)}
end
Gr.A:= nul;
null {step 4, kill self}

Figure 7.5 Procedure for reducing. an executable task

7.4.3 Message Handling

In the

reduction procedure, discussed in the last section, two

messages of result and link type have been introduced.

additio

n, another message of type arg is required while deali
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with a link message. On receipt of a message, a task takes some
actions which we call as message handling. These messages and the
corresponding actions taken by a recipient task are now being

described.

7.4.3.1 Result message

This message is generated by a reducing task W whenever the
result of its reduction is a tagged value and not a task. The
message structure consists of three fields - type, data and

link_no, and is given by

M = (type, data, link_no)
type = result

data = (tag, qty)

link no = wr.A.s

The type field in any message is necessary for the recipient task

to decide its course of action. The data field carries the value
type result of reduction where the tag indicates whether the
value is a constant, an operator, a function identifier etc.. The

link no field carries a successor number so that the recipient
task can know that the required data has come from which of its

successors.

A result message may be received by a W, D or P type of task only,
and depending on its type, a task takes an appropriate course of

action from the following:
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W-type: The task simply overwrites its appropriate successor
field by the data field of the message and decrements 1its

wait-count in the N-field. As a result, it may become
executable if this was the last successor, it was waiting
for. In a special case when it has an IF operator in its F-
field, the message must have come from the condition part.
Depending on the message data (True or False), it initiates a
fresh reduction cycle from step 2 (organisation) for the
selected successor. The other successor is marked for

garbage collection.
P-type: The appropriate successor field is overwritten.

D-type: The message is of use to a dummy task only if the

received data is an operator or a function identifier. In
that case, it initiates action to organise its successors
according to the needs of the function received. Depending

on the arity (say m) of this function and the number of
successors (say k) available with it, the organisation may
result into a Complete (if m=k), Partial (if m>k) or a
Complete plus a Dummy (if m<k) task. However, 1if the
received data is a constant, the organiser would indicate an
error.

The details of the actions are formally specified in a Pascal-like

procedure, named handle_result_message, in Fig. 7.6.

procedure handle_result_message (M);

begin

I:

= M.link_no;

dtag:= M.data.tag;

case r_task.N.type of {depending on the type of recipient

task (r_task) take one of the actions}
W : if (r_task.F # opIF)

then begin

r_task.N.count:= r_task.N.count - 1; {decrement
wait-count}

r_task.S{I):= M.data {put data in corresponding
successor field}

end

else begin {operétor in F-field is an IF operator}
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c_task:= new(task);

if M.data.qty = True {if data is TRUE, organise
then part into c_task}

then org_exp (r_task.S(2), c_task)
else org_exp (r_task.S(3), c_task);
mark_type (c_task);
if type(c_task) = 'task’ {check if the c_task is a
task or a tagged_value}
then begin
Mc:= (link, c_task.N, r_task.A.s);
c_task.A:= r_task.A {pass on self parentage
to c_task}
end
else Mc:= (result, c_task, r_task.A.s);
Mc ! r_task.A; {send framed message to ancestor(s)}
r_task:= null ({kill self}
end;
P : r_task.S(I):= M.data;
else if (dtag = val OR ds) then indicate error {constant in
operator position}
else convert_dummy (r_task, M)

end {case}

end;

procedure convert_dummy (task,M);
begin
fpc:= get_count(M.data); {get parameter count of the function
received in the message)
ul:= get_unwanted_list(M.data);
s:= task.SC; {save the no. of successors in the dummy under
conversion}
if (fpc > s) then begin
P:= s;

task.N.type:= P’
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end

else p:= fpc;

k:= 1;
while (k ¢ p) do
begin
org_exp(task.S(k), task-graph); {organise a successor}
link(task.S(k), task-graph); {link the organised task-graph
to the appropriate successor}
k:= k + 1 {next successor}
end;
if (fpc = s) then mark_type(task);
if (fpc < s) {a new dummy task will have to be made}
then begin
leftovers:= s - fpc; {no. of unabsorbed successors}
k:= fpc + 1; {set successor counter next to the organised
successor}
d_task:= new(task); {create a new task to act as dummy}

d_task.A:= task.A; {set its ancestor same as that of the
task under conversion}

task.A:= (d_task.N, 0) {make d_task the ancestor of the

task under conversion}

task.SC:= fpc;
d_task.N.count:= leftovers;

d_task.SC:= leftovers;

I:= 1,
while (k £ s) do {make unabsorbed successors as
successors of the d_task}
begin

link(d_task.S(I), task.S(k));
I:= 1 + 1; |

k:i= k + 1
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end;
link(d_task.F, task);
mark_type(d_task)
end

end;

Figure 7.6 Specification of handle_result_message procedure

7.4.3.2 Link message

This message is generated by a reducing task L whenever the

result of its reduction is another task, say Wi instead of a

tagged_value. Its structure is given by
M = (type, data, link_no)
type = link
data = wt.N
link_no = W..A.S

Data field contains the name of the task Wi created during
reduction, and the link_no field, like in result message, contains
the successor number for proper linking. A recipient task,
depending on its own type, takes a corresponding course of action
described as follows:
W or P type : The appropriate successor field is adjusted to
point to the task Wi mentioned in the data field of the
message. In addition, the W type decrements its wait-count
if the type of Wy is P.
D type : The task-name, contained in the data field of the
received message, would indicate whether w, is of W, E, P or

D type. If it is W or E type, the recipient dummy cannot do
anything with it. It simply adjusts its F-field to point to
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weo If it is P type, the dummy may get rid of some or all of
i%s successors depending on its own surplus and the shortage
with the P type. Similarly, if it is D type, there is no
point in keeping two dummies in series and the recipient
dummy passes on all its successors to w and gets away from
the scene. However, before killing itself, it sends a link
message to its ancestor for linking him to Wy In the last
two cases, the surplus successors, with the recipient dummy,
are passed down through an arg_message discussed in the next
section.

A detailed formal description of handling a link message is given

in Fig. 7.7.

procedure handle_link_message (M);
begin
I:= M.link_no;
tag:= M.data.type; {data received is the N-field of a task}
r_task.S(I):= M,data;
rcount:= r_task.N.count;

rtype:= r_task.N.type;

if rtype = W’ then if tag = 'P’ then rcount:= rcount - 1;
if (rtype = 'D’) .
then begin
es:= rcount; {set es to surplus count with recipient
dummy }

s:= M.data.count;

if es > s

then if tag = 'P’ {received task-name indicates P type}
then begin
rcount:= es - s; {update self count}
list:= (r_task.S(1), ..., r_task.S(s));
Ma:= (arg, list, no_change); {prepare message

to send s successors}
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end;

Ma ! r_task.S(I); {send arg message to the
task whose name appears
in the link message}

shift_left (r_task, s) {shift the remaining
successors to the

left by s}
end
else if (tag = P’ OR 'D’)
then begin
list:= (r_task.S(1), ..., r_task.S(es));

Ma:= (arg, list, r_task.A); {prepare message
to send es successors}

Ma ! r_task.S(I);

if tag = 'P’ then M.data.count:= s - es

else M.data.count:= s + es;
{modify the count field of the received task-name}

Ml:= (link, M.data, r_task.A.s);

Ml ! r _task.A; {link ancestor with the
received task-name}

r_task:= null

end

end

Figure 7.7 Handling of link message

7.4.3.3 Argument (arg) message

This message is generated by a dummy task while handling a link

message. It is sent to the task whose name is received in the

link message. Through this message, a dummy gets relieved of some

or all of its successors whenever the name of a partial or dummy

task is received in link message. The structure of the message,
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when generated by a dummy task Wgo is

M = (type, data, anc)

type = arg

data = (wd.S(l), ey wd.S(n)), n = no. of successor fields
to be sent

anc = wd.A | no-change

Its data field contains an ordered list of the dummy’s successor
fields whose length is equal to the number of successor names to
be passed down. Through the 'anc’ field, the sender dummy
communicates its A-field (for linking) when it is planningAto kill

itself otherwise an indication, meaning that no change is required

in the recipient’s A-field, is sent.

The recipient of an arg type message can be a P or D type only.
On receipt of the message, the two types take appropriate action
as given below:
P type : The ancestor field is adjusted according to the
'anc' field of the message. The unorganised successors,
received through the 'data’ field, are organised and added at
the end of the existing array of successors.
D type : A dummy recipient performs the same actions as above
except organising the received successors.

A formal description of the handling of argument message is given

in Fig. 7.8.

procedure handle_arg message (M);
begin

n:= length (M.data); {set n to number of arguments received}
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r_task.SC; {initialise successor counter to the existing
number in the recipient task)

I:= 0; {initialise argument counter}

count:= r_task.N.count;

if r_task.N.type = 'D’ then count:= count + n

else count:= count - n; {adjust the surplus/shortage count}
r_task.N.count:= count; {set the count to the adjusted count}

while I < n do

begin
I:=1 + 1;
k:= k + 1;

r_task.S{(k):= M.data(I)
end; ({while ... do begin}
r_task.SC:= k;

if (M.anc # 'no-change') then r_task.A:= M.anc;

if r_task.N.type = 'P’
then begin
k:i= k - n+ 1; {set the successor counter at the first
new successor}
I:= 1;

ul:= get_unwanted_list (r_task.F);
while I £ n do
begin
if in_list (k, ul)} {check if k is in unwanted list}
then begin
mark_for_ GC (r_task.S(k));
r_task.S(k):= 'UNWANTED’
end

else begin
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arg_task:= new(task); {create a new task for
a new successor}
org_exp (r_task.S(k), arg_task);

link (r_task.S(k), arg_task)

end;
I:= I- + 1; {next argument}
k:= k + 1; {next successor}
end; {while ... do begin}

if count = 0 {partial task has become complete type}
then begin

r_task.N.type:= ; {prepare to mark the type
afresh}
mark_type (r_task)
end

end

end;

Figure 7.8 Specification of the procedure for handling arg message

7.5 MODIFICATIONS

The task reduction mechanism, discussed in the previous section,
is based on a purely applicative reduction strategy. Only those
tasks are selected for execution whose F-field function is an
operator or a user defined function and the successors are in
tagged _value/partial-task form. This corresponds to an eager
order where the arguments are first reduced to value form before
being substituted in a function body. Issues such as recursion,
laziness in the computation of shared sub-expressions, safety of

computation etc. have been avoided in that discussion in order to
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keep the initial explanations simple. This section takes up these
issues and appropriate modifications to the model, to accommodate

these features, have been suggested.

7.5.1 Laziness

Laziness is a useful property for avoiding wasteful work. It
advocates that an expression be computed only when needed and that
too only once. Thus one of its requirements is that the decision
to undertake a computation be based on need rather than the
availability of data and thus requires the ability to postpone a
computation and activate it again when the need is more clearly
established. In the task model, the process of organisation,
acting as a necessary (but not a sufficient) condition for
starting a computation, serves this purpose. It has already been
used in conditional expressions for avoiding the computation of a
discardable work. Similarly, the successors of a dummy task are
left in an unorganised form because their need is not clear at the
time of task creation. To accommodate this, provision for a
successor to point to an unorganised graph (Def. 7.2 for task

fields) has been kept.

The other requirement of laziness is that a needed expression
should not be computed more than once. This aspect of laziness is
connected with sharing of sub-expressions. In task structure,
sharing is allowed through multiple ancestors (a list in the
ancestor field). There is no risk of repeated computations when a
complete task is shared because the applicative strategy will

reduce the shared task to value form and communicate the result to
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all those sharing it.

A situation of particular interesf is the sharing of partial
application [84] of a function i.e. a partial task. In the task
reduction mechanism discussed so far, partial tasks were allowed
to be passed down as arguments to other complete tasks. This
approach has the risk of repeating some computation enclosed in
the partial task if the fuhction, to whom it 1is passed as
argument, has several references for it. This is so because the
reduction procedure copies an argument for multiple requirements.
The situation is similar to a conventional language program loop
having some computation not involving the loop variables. Let us
consider the following program to illustrate the risk of repeated
computations:

$Xabo=x(+(5Qa)b)c

$Y h =% (h 5) (h 6)

sY (sx34)
In this example, the program expression contains a partial
application ($X 3 4). Looking at the definition of $X, it can be
seen that the partial application has a computable part (+ (SQ 3)
4) for the two available arguments. Further in the definition of
$Y, the parameter h occurs twice. Thus if the partial application
($X 3 4) is passed as argument to $Y then the computable part (+

(SQ 3) 4) will be computed twice.

In the task réduction, the above problem is solved by detecting

whether a partial task has a computable part, and if it has one

154



then it is allowed to reduce before being passed as argument to
another task. Continuing with the example, the program
expression, put in task-graph form, is written textually as

[$Y ([$X (val3, vald, ... ])], and in graph form as

nul

(L,W,l) : |8y |1

(é,P,l) (88X [2

<
o
w
<
)
N

Allowing‘partial task B to reduce (because it has a computable
part) leads to an ’incomplete’ instance of the function $X where
one director, corresponding to the argument not available, is left
in the SDS term of $X. This incomplete instance is being called a
fesidual definition. A residual definition is like a def_graph
having directors for the arguments that could not be provided by
the partial task. For the example, the residual definition
resulting from the reduction of task B is shown in Fig. 7.9(a).
This residual definition, after ofganisation (through an Org_def
module); is shown ig Fig. 7.9(b), and after reduction of the two
complete tasks, it takes the form shown in Fig. 7.9(c). The
single director on root node is for the third argument which was
not available. A pointer to this residual definition is passed by
the bartial task B, as result, to its ancestor. There is no
possible computation left in the residual definition at this stage
and hence there is no risk of losing laziness in copying it for

multiple references.

1565



\e \@ \e@

/ \ -/ N\ / \
e n / N /
/ \
* @ op* |1 op*|1(vall3
/ \
@ vald
/ \ op+|2|val4
+ @
/ \
SQ val3l . opSQ|1l|val3
(a) (b) (c)
Figure 7.9 Treatment of residual definition in the example - (a)

initial residual definition (b) after organisation (c)

after reduction
The question of detecting whether a partial application has a
computable sub-expression or not, has been resolved at compile
time for each definition through computability analysis (section
6.4). The CN sub-field of the.header in each D-code has the
relevant information. >When a partial task is created, it knows
that it has a computable part.if the number of successors
-available is greater than or equal to the computabilit& numBef'CN
contained in the D-code of its F-field function. Partial tasks
with built-in operator in the F-field are assumed to have no

computability.

In view of the above discussion, the conditions of reducibility of

a task (section 7.4.1) may be modified as follows:

(1) The task is complete and its F-field function is either a
built-in operator or user defined or a residual definition.

(2) All the successors are either in tagged_value form, or

partial type tasks having no computability.
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OR

(1) The task is partial type having some computability (SC 2 CN)

and has more than one ancestor, or has one ancestor only but

is asked to reduce.
Thus if a successor S(I) of a W type task is a partial type with
some computability then the task checks for multiple occurrences
of the Ith argument in the D-code of its function (indicated by
the presence of the number I in sharing list SL). If sharing is
found then S(I) is asked to reduce. For a smooth working of this
idea (without any extra communication), it is proposed to qualify
the computable partial type as Computable-partial (CP) and non-
computable as simply partial. These types can be indicated in the
N-field during organisation so that a waiting type parent need not
find, through communication, about the nature of a partial

successor.,

The Org_def module, introduced above for organising a residual
definition, is similar to Org-exp except that the former does not
organise holes or the nodes having some directors. The idea has

been illustrated in Fig. 7.9(b) in the example.

In view of the modified clauses for reducibility, the organisation
proceSs for intermediate results needs to take care of residual
definitions, in addition to partial tasks that are passed as
arguments without reduction. As mentioned earlier in section
7.4,2.2, the intermediate results are organised through a
Org_result module which is similar to Org but with some additional
features which are now given in Def. 7.8. Here, ’'rd’ stands for a

residual definition, rd is a tag for indicating pointer-type, r is
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the number of directors at the root node in a residual definition,

and s is the shortage count of a partial task.

Definition 7.8 : Org_result - extra features as compared to Org

Org_result(rd) = rd*Org_def(rd)

Org_result(rd €1 oo ek)

= [rd"rd (wl, cees Wpo eesly, r >k

= [rd"rd (wl, e wk)], r = k

= [[Egnrd (WI, ¢ e 0y Wr)] (er+1’ LI I A ) ek)]’ !‘ ( k
Org_result([wo (wl, ceey W ceo]) = [wo (wl, cees Wpo eeo]
OI‘g_I'ESUlt([WO (w-l’ e e 0y Wk, uou] el LI A ] eJ')

= [wo (wl, vers Wi Wi e e Wpy g eeely J < s

= [WO (Wl, e e sy wk, wk+1, ...,Wk+j)], j = S

= [lwg (wys ooy Wy Wiy v oawWp )] (egigy voes e;l, J > s

where Wyl is a task-graph coming from the organisation of ey,
Wit ] from e etc.. While organising a residual definition in an
operand position, the Org _result yields a rd type pointer to a
task-graph generated by organising the residual definitien through
Org_def which has been described earlier qualitatively. In the
operator position, a residual definition is 1like any other
function requiring as many arguments as the number of directors at
its root node. The Org _result, in this case, can take any of the
three courses of action depending on the values of r and k.
Similarly, for a partial task in operand position, the Org_result

returns the task without any change, but when it occurs in

operator position, applied to j expressions, the result is a
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complete task (if j=s), a partial task (if j<s), or a dummy task
(if j>s). Definition 7.4 for Org, combined with this definition,

forms a complete definition for Org result.

Continuing the example further, the task A reduces using the
residual definition of Fig. 7.9{(c), to the form shown in Fig.
7.10(c) while passing through the intermediate steps shown in part
(a) and (b) of Fig. 7.10. It may be noted that Org result has
been used in arriving at the final task-graph (Fig. 7.10(c)) from
part (b) of the figure. At this stage, the tasks D and E are both

executable and the reduction proceeds in the usual manner.

@ / \ e / \
;e e 6 / \ 6
* / \ / \ -=> * @ |op¥|1|valll
\@ 5 ] / \
/ \ op*|1l|vall3 5
[ ] op*|1]|valll

(a) (b)

|
(C,W,2): |op*|2

(c)

Figure 7.10 Use of residual definition in the example - (a) body
of $Y with residual definition substituted in it, (b)
the body with arguments substituted into holes, and
(c) the body after organisation through Org result
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Another area which requires laziness, is the handling of data
structures. Representation of infinite data structures is not
possible unless the data constructors are handled lazily. In Fig.
7.3, for Org algorithm, care has been taken for this laziness in
the form that the org_ds procedure does not organise the
successors of a data structure node. This way, action on reducing
the components of a structure is not initiated and the reduction
is saved from getting stuck up in computing the components of an
infinite data structure. If at any time, the structure is broken
apart then the action on a component may start, but it again stops
at any inner structural node. Example 3 in the_Appendix

illustrates the utility of this facility.

7.5.2 Simple Recursion

In functional style of programming, recursion is the main
ingredient. It can be handled through the fixed point combinator
Y treated as a built-in operator. It has already been explained
in Chapter 2 that the applicative order cannot handle recursion
because in its eagerness to compute everything, it gets entangled
in the non-terminating task of reducing the application (Y H) to
normal form. Thus, if recursion is to be accommodated then it is
necessary to modify the reduction strategy so as to be able to

postpone the reduction of (Y H) till some appropriate time.

Revesz [106] has suggested a controlled recursion through an
operator Y' which can fire only once. With this combinator, the

reduction rule is
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Y' H=H (Y H)

Here, Y is a disabled combinator which cannot initiate further
reduction. Thus the expression (Y H) is in normal form. In order
to restart the blocked reduction, Revesz suggests a modification
to the B-reduction rule which states that during a B-reduction an

occurrence of Y be changed to Y’.

Using the above idea and preserving the spirit of coarse grain
architecture, the Y operator in task model fires only on the
availability of as many arguments as required by H (and not of a
single argument). Y, here, is a built-in operator with no fixed
arity of its own. It acquires the arity of the function to which
it is applied. Thus, if H is a function of two parameters then (Y
H) is a partial task whereas (Y H A) is a complete one. The

reduction rule for Y then is
YHA --> H (Y H) A LW (7.1)

The presence of the argument A, on the left-hand side, acts as a
‘catalytic agent' which does not take part in the actual reduction
but without which the reduction does not proceed further whereas,
on the right-hand side, the application (Y H) is inhibited from
further reduction because Y is short of one argument. In general,
if H requires m arguments then the expression (Y H 8y ag . ak)

is reducible only if k 2 m-1.

A Y-task is organised as partial unless the required number of
arguments is available. The procedure to organise an expression

into a Y-task (Org_Y) is defined in Fig. 7.11. It would be called
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by Org_exp procedure whenever the tip of a spine has a Y operator.
The Org_Y procedure assigns to Y an arity equal to that of H
function. It is assumed that the built-in operator Y has an arity
sub-field. A Y-operator with arity r is written as Yr (Y becomes

Y. during organisation).

procedure Org_Y (node,nc,task);

begin
save: = -node;
node:= node.A;
h:= node.S(2); {save the right successor which is assumed to
be a $-function or a residual definition}
Y:= task.F;
if Y.arity #' ’) then fpc:= Y.arity {Y is already having an

arity, take it as fpc}
else begin

if h.tag

'’ {h is user defined}
then begin
fpc:= get_parameter_count (h);
Y.arity:= fpc;
ul:= get_unwanted_list (h)
end;
if h.tag = 'rd’ {h is a residual definition}
then begin
node:= get_root_node(rd“rd); {get root node of
. residual definition}
dir:= directors(node); {find the no. of directors
at root node}
nc:= 0;
repeat

node:= node.S(1);
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nc:= nc + 1
until type(node) = ’leaf’ AND node.tag = ’$’;
fpc:= get_parameter_count(node);
~ul:= get_unwanted_list(node);

short:= fpc - nc; {shortage of the function at the
tip of residual definition}

Y.arity:= short + dir
end
end;
task.F:= Y;
node:= get_node (save);
make_task (ul, fpc, nc, task, node) {nc and task are available

from Org_exp who has
end; called this procedure}

Figure 7.11 Specification of procedure Org_Y

A complete Y-task is of the form [Yr (H, Wis ey wr—l)]' If
reducible, it undergoes Y-reduction (a special case of primitive

reduction) which is expressed as

[YI‘ (H’ wl) LIRS | wr_l)]

—> [H ([Y, (H, «.u1, Wy, eevy wp_g)] o (7.2)

The rule specifiés a general case of the function H requiring r
arguments. The reduction results in a complete task where
operator position is occupied by H, and the first member in the
argument list is always-a partial Yr—task having only one
argument. This partial task contains the seed of recursion from

which a fresh cycle of recursion can be initiated, whenever
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required. The reduction now proceeds with the $-reduction of the
main H-task. The partial Yr—task has no computability and is used
as such in the $-reduction. Thus the total reduction sequence for

a complete Yr-task may be expressed as
$-reduce (Y-reduce); Org_result; communicate; kill self

It is different from the usual reduction cycle, given in section

7.4.2, in the first step only which is a composite one here,

consisting of $-reduction of the result of Y-reduction. Rest of
the steps are same. Example 2 in Appendix illustrates this
reduction.

7.5.3 Mutual Recursion

A set of definitions becomes mutually recursive when there are
cross references for each other in the definition bodies. In this
case, the fixed point operator Y, instead of operating on a single
function, opérates on a n-tuple of functions expressed as an
application Y(hl, v ey hn). Reduction rule for this kind of
expression was given in Eq. 6.13 in chapter 6. The situation is

again handled through partial tasks.

In the simple recursion case, an expression (Y H) gets organised

into a partial task with no computability. Here the expression
(Y(hl, ceey hn)) is organised into a partial task given as

P_ta.Sk = [Ym ((hl, ¢« e 0y hn), o"]
where Yo is the mutual version of Y. The P_task has a
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computability and if asked by an ancestor (through a message
reduce), it will reduce, following Egq. 6.13, into a tuple

structure 8 given by

6 = (Al’ Azy vy An)
where Ay = [h1 ([Ym ((hl’ N hn)’ veely ]
Ap = [hy (I¥y ((hy, wovy B), win], oel)

Each of the components of 6 is a partial task and in each partial
task, the first successor is the P_task. The P_task contains the
'group seed’ of mutual recursion from which a fresh recursion
cycle can be initiated whenever required. The structure 8 acts as
an argument to the ancestor who asked for the reduction of P_task
and the choice of a component Ai (i = 1 to n) for substitution is
decided by a list director in the SDS term being used by the

ancestor for instantiation.

The ancestor now organises the instance and in the process, the
chosen partial task Ai may get organised intoc a complete task Wi

of the form

Wi = [Ai (W1) LI ) wri_l)]
= [hl ([Ym ((hlr ey hn)’ N Wis ceey wI‘i"l)]
where ry; is the arity of the function hi' If task Wy is reducible,
it may start reducing using the SDS term for hi' However, before

doing so, it asks the first successor (the P-task) to reduce who
obliges by returning the structure 8 again. The task W;, after

receiving the structure 8 as result, appears as
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wi = [h]_ ((A]_) v ey An); wl’ s e vy wri—l)]

It now reduces in the usual manner and the process continues till
recursion terminates. If hi refers to an hj (j =1 to n) then it
is available from the first argument (the group seed of -mutual

recursion) by choosing the corresponding Aj'

The recursion has been controlled here by making Y(hl, A a

n)
partial task which reduces to the structure & only when asked.

The structure contains the full seed of recursion for future use.

7.5.4 Pattern-matching

A pattern-matching definition consists of n clauses out of which
the one applicable in a particular task is selected after matching
the arguments with the parameter structures in each clause. We
are, at present, concerned with the clause selection procedure. A
function f of m arguments and having n clauses gets compiled into
a D-code which, besides some information in the the header field,

has a n-list of pairs in the SDS field. The list is expressed as

[<(T(py1)s +++» T(pyy))s SDS(E;)>, ...,

<(T(pyq)s ++vs T(ppy))s SDS(E,)>]

Each pair in the list has a sequence of pattern-types
corresponding to the parameters involved in the clause, and a SDS
term. Whenever a function has more than one clause, a process of
matching is necessary before the function can be applied.
Therefore, a task referring to a pattern-matching definition in

its F-field, has to undergo an additional step of matching before
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starting the reduction cycle of section 7.4.2. The complete
process of evaluation starts with the matching step and when the
proper clause has been selected, the process continues with the
four steps of reduction cycle as if the function had only one
definition. The implementation of the matching step is being

described now.

A pattern-matching task has to match the arguments according to

the algorithm discussed in section 4.2.1. The task is written as
pm_task = [f (al, N am)].

In order to make full use of the multiprocessor environment, while
doing the bulky work of matching, the pm_task creates n first

level slave tasks expressed as

Sy = [Match list ((rll, N rlm)’ (al, c .oy am)]
S, = [Match_list ((tnl, ce ey tnm), (al, e ooy am)]
where Ti; T(pij)’ i =1 ton, j =1 to m. Each slave is

‘entrusted with the task of matching the sequence of pattern-types
of a clause against the arguments. A slave returns a boolean
reply. For more parallelism, each first level slave further

creates m second level slaves of the kind

S;1 = [Match (tjy, [Tag (ay)]1)]
Sip = [Match (vy., [Tag (a )1)], i =1 ton
Thus the initial n slaves create nxm slaves. The situation is
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shown in Fig. 7.12. One set of m second level slaves is
answerable to one first level slave. If the reply from any one of
them is 'False’ then the first level slave sends a ’'False’ reply
to the master without waiting for other replies. It rather stops
further execution of its slaves by killing them because the result
is not required. A clause fails to match if any one pattern-

matching fails.

$fm m
Match_| (tq4, ¢¢.y5y T Match_| (T,.qy eosy T, )
list 1 1m .o list nl nm
Sll// “\\\\\\\\\\ Sp1 //// \\\\\\\\\
Match , Match T{m ... |Match Thi ; Match Thm ,
Tag ay Tag a

Figure 7.12 Hierarchy of slave tasks created for matching

The Tag-tasks are shared by second level slaves. A tag
cdmputation benefits all because a copy of the computed structure
tag is supplied to each slave. This is better than copying the
whole argument for each second level slave to do its matching.
Whenever a set of second level slaves is killed, the Tag tasks

remove their names from their ancestor list. It is possible that

168



the argument in a Tag task is a structured one. A Tag task kills
itself after one tag computation if the argument was a simple one,
otherwise it waits for a request from a slave to compute the inner
tags of the structure. This is necessary in order to be able to

handle infinite data structures.

After the matching process is over, the slaves no longer exist and
the pm_task is through with the clause selection. The reduction
then proceeds in the usual manner. The parallel activity in
matching is at the cost of an additional communication overhead.
The finer details of the matching step have not been worked out

but they seem to pose no special problems.

7.6 CONCLUDING REMARKS

Supercombinator reduction is a coarse-grain model aimed at
decreasing the amount of communication overhea&s in a multi-
processor reduction machine. SDS terms, introduced to represent a
supercombinator body as a variable-free structured director string
graph, have simple and easy-to-follow-by-machine reduction rules.
A task reduction model has been proposed wHich utilises SDS terms

for efficient template-instantiation of supercombinators.

A task is expressed as a record structure and when feducible, it
represents either a superc@mbinator redex or a redex involving a
built-in operator. An algorithm to organise a given expression
into a task-graph has been developed and specified in a Pascal-
like notationﬂ In a task-graph, the nodes are tasks and the links

are maintained through ancestor and successor fields of the task
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structure. Two neighbouring tasks refer to each other by name
field which includes, besides an identifier, some more information
about task type. The extra informative name field, though bigger

in size, decreases the need for inter-task communication.

The task-graph, combined with definition graphs (SDS terms), forms
the input to task reduction model. A task, during reduction,
applies a function to all the arguments, organises the result into
task-graph, communicates the organised result to its ancestor(s),
and kills itself. The methodology draws some ideas from CTDNet
[58,59] but the design leads to much less communication overhead.
The bigger size of task compared to a process in CTDNet is also
responsible for this. The task model has only three types of

messages (result, link and arg) compared to eight in CTDNet.

The model exploits parallelism by reducing tasks in an applicative

style. However, selective laziness has been introduced wherever
useful. Delayihg of the computation of an expression is achieved
by postponing its organisation. This has been utilised in the

handling of conditional expressions and data structure nodes.

The concept of a partial task, introduced to represent a partially
applied function, is usefully employed in handling shared partial
épplications lazily. A partial task knows, through the
information provided by the compile time computability analysis,
whether it has a computable part or not. If it has, and the task
is shared then it is allowed to reduce with the available

arguments before being passed as argument to another task.
The reluctance of a partial tasks to reduce on its own, has been
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utilised in realising a controlled recursion through Y combinator
in a model which is basically applicative in its reduction
strategy. The use has been extended to mutual recursion also,
and is based on the treatment of mutual recursion develoéed in

chapter 6.

A parallel implementation of the pattern-matching algorithm,
developed earlier, has been suggested in the model by introducing
slave tasks. A task required to do matching creates slave tasks
to get the matching of pattern-types and argument tags done in
parallel. Slaves are special purpose tasks created to do a

specific job and are killed subsequently.
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CHAPTER 8

CONCLUSIONS

The work presented in this thesis is an attempt towards designing
a coarse-grain computation model for executing functional programs
in a multiprocessor environment. In the model designed, a grain
of computation is a supercombinator redex, and the pre-processing
of supercombinator definitions consists of compilation into a
variable-free annotated-graph structured code (SDS terms). The
reduction of a program expression is done using the graphical code
as a template for function instantiation. The order of reductions
is basically applicative so as to allow more parallelism, but
selective laziness has been incorporated to handle conditionals,
recursion and infinite data structures. The model has some

safeguards against non-termination of the applicative order.

The design considers definition styles which allow pattern-
matching, and the use of arbitrary nesting of simple/recursive
local definitions in the bodies. The expressions are allowed to

have data structuring through constructor functions.

8.1 CONCLUSIONS

The principal features/conclusions of the research work, reported

in the thesis; are as follows:
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(1)

Lambda calculus is a powerful mathematical tool for
expressing the operational semantics of functional programs.
To support pattern-matching, recursion etc., enriched
notations of lambda calculus are available where abstractions
may bind patterns besides variables [11], and 1list
manipulations are permissible [33,106]. An interpretation of
pattern-matching into such an extended lambda notation has
been developed. The approach takes an isolated view of the
two aspects of implementation of pattern-matching viz.
matching and reduction. Through isolation, we are able to
handle the matching work in parallel without activating the
clause bodies. After matching is over, the reduction is done
for the selected clause only. This is in contrast to other
interpretations [11,109] which take a combined view of the
two processes and carry them out together, with the result
that the dynamic graph size may become large because all the

clause bodies are kept alive till a match failure occurs.

The isolated view has led us to rename the pattern-matching
lambda abstractions as pattern-binding lambda abstractions.
An application of such an abstraction to a matched structured
object cannot be reduced through the ordinary B-reduction
rule of lambda calculus. Accordingly, a set of modified RB-
rewrite rules has been proposed. The modified rules allow
sﬁbstitution of a component of the structured argument for a
free occurrence of a component of the bound pattern, and thus
form a basis for handling data structures through lambda

calculus.
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(3)

(4)

An algorithm for the matching work has been developed which
is utilised at run time for performing the matching
operations in parallel. The algorithm has been specified

through functions defined in functional programming style.

As supercombinators do not have any fixed reduction rules
(they are user defined), a pre-processing of their
definitions is essential for efficient reduction. The
proposed model aims at supercombinator reduction through
template instantiation, and for this, a pre-processing scheme
has been suggested where each definition body is compiled,
through a process of abstraction, into a variable-free form
named as SDS (Structured Director String) term. The idea of
SDS terms is a generalisation of DS terms [71] by allowing
the parameters of the abstraction process to be patterns
besides variables. The DS terms use simple atomic directors
which imitate the ordinary B-rules, whereas the structured
directors (list and pattern types), used in SDS terms, are
designed to express the intention of the proposed modified 8-
rules. For instance, a list director indicates the breaking
of a structured argument into components for substitution
into a definition body. The breaking process is made lazy,
through the use of pattern director, so that it is done only

when essential and that too just upto the necessary extent.

An algorithm for generating SDS terms, by abstracting out the
parameters of a pattern-matching definition from its various

clause bodies, has been designed. It consists of pattern-
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(6)

(7)

abstraction rules for different types of patterns and various
syntactical forms of expression forming a body. The rules
show a preference to use pattern directors, as far as
possible, so that unnecessary structure breaking is avoided.
The complete pattern-abstraction algorithm has been coded
into Turbo-C and tested successfully on IBM PC. The test
runs for compiling different types of definitions have
confirmed that the algorithm is lazy in assigning a list

director responsible for structure breaking.

To allow the use of let and letrec blocks in a definition
body, the notation of SDS terms has been enriched by
incorporating pointers and a concept of context-list (C-
list). These additions to SDS term syntax allow them to
express sharing of sub-expressions which is the purpose of
local definitions. Their use yields smaller sized terms as
compared to the alternative of using the lambda calculus
meaning of local definitions, directly, for generating SDS
terms. By having pointers, the occurrences of local
variables get connected to the relevant expressions in the C-
list at compile time only instead of waiting for a 8-

reduction to do it at run time.

Another abstraction algorithm has been developed for taking
care of local definitions. The algorithm takes into account
simple let-definitions, a single recursive definition in a
letrec block and mutually recursive definitions. The mutual
recursion case has been interpreted into the SDS term

notation using the concepts of pattern-abstraction because a
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(8)

(9)

set of n mutually recursive definitions is seen as one
definition for a n-tuple structured pattern [11,31]. Here an
intuitive reduction rule for the Y operator applied to a n-
tuple of functions, named as mutual Y rule, has been
suggested. Our onl& support to this is an extension of an

analogy of simple recursion to plant life.

The éesults of pre-processing of supercombinator definitions
are packed into a D-code structure of which SDS term is one
component. -Another component is a sequence of pattern-types
of the parameters of a clause which is used for the matching
purposes. These two components together constitute the SDS
field of D-code. The code has a header field also which
encloses miscellaneous house-keeping information used for
some optimisations in the reduction process, A special
information in it is the computability number (CN) generated
through a computability analysis of a definition body. The
number helps the reduction process in avoiding repeated
computations whenever a partial application of a function is
shared. The algorithm for computation of CN has been

specified in functional style.

For reducing the program expression using D-code, a task
structure has been designed which represents a super-
combinator or a built-in operator applied to all its
arguments as an indivisible work packet. The idea is gimilar
to a current context stack in G-machine [89] or the packet in

Flagship model [95], but the supporting code is SDS ternm
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(10)

(11)

(12)

rather than G-code or an imperative code. The SDS terms have
simple and fixed reduction rules which can be coded into
hardware, It is felt that the fixed nature of these rules

eliminates the need for an extra level of software

~interpretation which does not seem to be true for the G-code

or the imperative code of Flagship.

The structure of task-fields has been designed to keep the
requirements for inter-task communication low. Specifically,
the name-field of a task carries all the information about
task-type so that a neighbouring task in the graph need not
communicate for finding neighbour-type. It is like assigning

types to the linking arcs in a directed graph.

Two special task types, namely the partial and dummy, have
been introduced to take care of a function applied to too few
or too many arguments. These tasks generally do not take any
action on their own and wait for messages from other tasks to
act accordingly. However, using the CN information from D-
code, a partial task is allowed to reduce whenever it has a
computable part and is shared. This makes the reduction lazy
in such cases because repeated evaluations of the computable

part, due to sharing, are eliminated.

In the model, a program expression beconmes ready for
reduction only after it has been organised into a task-graph.
Correspondingly, an unorganised expression remains a inactive
part of the overall graph. The idea has been utilised in

delaying a computation, whenever useful, such as in a



(13)

(14)

conditional expression - for postponing action on ’'then’ and
'else’ parts, and in a data structure expression - for
delaying computation of the arguments of a constructor
function. The latter provides implementation of infinite
data structures. The Organise procedure has been specified

formally in a Pascal-like notation.

The reduction strategy employed in the model is data-driven
or applicative so as to exploit parallelism. Although normal

order is safe yet it allows less parallelism because of the

restriction that only top left-most redex is allowed to be
reduced at any time. On the other hand, the applicative'v
order, while allowing several redexes to reduce concurrently,
has a tendency to fall into the trap of non-termination.
This tendency has been checked to some extent by using the
organisation tool as a means of blocking a computation. For
example, the unwanted arguments of a function (identified at
compile time) are left unorganised. Similarly, a dummy task
keeps its successors in an unorganised state because it is
not sure about their need. The technique brings some limited

safety to the applicative reduction.

The problem of garbage collection is an important one in the

implementation of functional models, In our model, a task
lives only as long as it is needed. Self killing is a part
of its reduction cycle. It is felt that this idea, taken

from CTDNet [58,59] - a model dealing with the reduction of
expressions represented as lambda graphs, should greatly

relieve the burden of garbage collection.

178



(15)

(16)

(17)

Communication is a necessary evil in a multiprocessor model.
Bigger grain size of computation leads to lesser
communication. The fact is demonstrated by the simpler and
lesser number of messages in the model as compared to CTDNet
which ié a fine~grain machine. The model has only three
types of messages as compared to eight in CTDNet. The
actions taken for handling the messages have beeﬁ formally
specified through Pascal-like procedures. These procedures
are called by a task whenever it receives a message from some

other task.

Recursion through Y combinator is not possible in a purely
applicative order machine. However in the task‘model, the
inertia®’ of a partial task has been utilised in realising a
controlled recursion. A modified rule for Y operator has
been given which permits a Y to fire only in the presence of
as many arguments as required by the function to which it is
applied. An application (Y H) is cast as a partial task with
no computébility and hence it is unable to proceed further,
unless more arguments are available, A scheme for dealing
with mutual recursion has also been proposed using the idea

of partial tasks, though at a conceptual level‘only.

In the application of a pattern-matching function, the work
concerned with matching may be quite heavy. Keeping this in
mind, the matching is proposed to be done in parallel through
creation of large number of slave tasks who carry out work

according to the developed matching-algorithm. The idea has
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not been fully integrated into the task structure, and its
implications from communication requirement point of view are

not very clear yet.

8.2 RECOMMENDATIONS FOR FUTURE WORK

(1)

(2)

The model has been specified to a great extent through formal
algorithms. Based on this design, the work can be further
extended by carrying out simulation studies. This will
provide a quantitative performance analysis and an
opportunity to incorporate optimisations, and have comparison
with other existing models. Similarly, some work in the
direction of designing a physical architecture for the model

may be carried out.

The safety aspect of the model can be further improved by
adding strictness analysis [111] information in the header
field of the D-code of a definition. Work by Mycroft [112]
and Burn [113] on abstract interpretation, which gives the
definedness of a function in terms of the definedness of its
arguments, is relevant here. Evaluation transformers,
designed by Burn [114,115], tell that,.given how much
evaluation is allowed by a function application, how much
evaluation of the arguments can be allowed without
jeopardising safety. It is expected that integrating the
information extracted through this kind of analysis into the
D-code structure could make the applicative order task
reduction perfectly safe and capable of exploiting

parallelism also at the same time.
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List comprehensions, analogous +to set comprehensions in
Zermelo-Frankel set theory, were first used by Turner in KRC
[23] as 2ZF expréssions. They have since been included in
several other functional languages such as Miranda [26], SASL
[21] and Orwell [27]. It isvrecommended that these
constructs be translated into SDS terms to enrich the
notation further and enhahce their utility as an intermediate

form for machine interpretation.
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APPENDIX

The appendix contains some examples that illustrate task reduction
mechanism through snap-shots of task-graph at various stages of

reduction. The figures used for task-graphs show a task as

A

N:|F|SC[S(1) [...|S(k)

where the A-field either explicitly shows a task name or an arc
link to some task implies that the field contains name of . the

pointed task.

Example 1 : The example illustrates the basic reduction strategy.

The program is

The definition of $f gets compiled into a D~-code given as

D-code = (Header, SDS)

(($£, 1, 1, [1, [1, 0), (/@,, (\&y, +, (/@y, (\&y, +,
(\@2) (@2’ *’ (@2’ (@2’ 0 4)’ 9))’ AY))’ AY)), (@2’ TAN’

(@2) (@21 +5 22)) 23)) i [y:(\@2) SQ’ 'l)]))

Organising the program expression, through Org procedure, yields

the following task-graph:
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<
o
[3+]

nul
(Wl,é,O): $fi11

Task Wl starts reducing, using the D-code of $f. Finding that the
function . $f involves no pattern matching (number of clauses = 1),
the four step reduction cycle is initiated, using SDS term in the
D-code as a template for instantiation. The reduction proceeds
through following steps:

Step 1 : Application.— a copy of the template is applied,

following term reduction rules, to the argument (val2)
resulting into the term

(@21 (@29 +, (@27 (@2, +, (@21 (@21 *9 (ezv (@21 T 4)1 9))’
“y)), “v)), (@2) TAN, (@21 (@2) +, 22), 23)) :: [y:(ezr 5Q,
val2)])
Step 2 : Organisation - the SDS term is now an exp_graph which is
organised using Org result. It gives the following
task-graph:

(Wy,W,2): |op+|2

nul
b}

|
(W7,W,1): opTAN|1

{
(WS,E,O): op+|(2lval22 [val23

(WgsE,0)

(w49w)2): op* |2

|
(WS,E,O): opSQ|1|val2
(WS’ y0):|op-(2|{vald |val9

192



Step 3 : Communication - ancestor of the reducing task Wy is nul
hence no communication is required.

Step 4 : Removal - task Wl kills itself.

Now the dynamic graph is the one shown iﬁ steb 2. Tasks Ws; W6
and W8 can execute in parallel. It may be noted that Ws has two
ancestors - (W4,W,2;2) and (W3,W,2;2). The three tasks reduce
simultaneously (cases of .primitive reduction) and communicate the
results to their respective ancestor(s). The task—graph after

these reductions becomes

nul
(WZ,W,Z): op+ |2
| |
|
(W7,E,0): opTAN|1|vald5
(W3,W,1): opt+|2 vald
|
(W4,l,0): op¥|2|valds (val4d
Now W, and Wqg reduce in parallel. After these reductions the

graph appears as

nul
|
W,

<
o
bt

1):|op+|2

(Wg,

(W3,E,O): opt|2(val20 |val4

Reduction of W3 at this stage transforms the task-graph into

193



—

nu

(WZ,E,O): op+|2|{val24 |vall

Finally task W2 reduces to val25 so that the task-graph becomes a

tagged_value lying at the root as

nul

val25h
Example 2 : This example illustrates recursion in factorial
function using concepts of partial tasks and Y operator. The

program is

The program expression gets organised into a dummy and an

executable task as shown in the following task-graph:

nul

<
o
[%4]

(W1,$,1): - {1jug +—=|val

(WZ,E,O): $fac|0

‘Task Wy reduces and the result of its reduction is a task given as

(wl)D’l;O)
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It prepares a link message M = (link, (W3,P,1), 0) and
communicates it to Wy Wo then kills itself, Wi while handling-
the link message, generates an arg message M = (arg, (ug-valb),
nul), communicates it to Wq and kills itself. W3, while handling

the arg message, organises itself into the following task-graph:

nul

(Ws,é,O): QEY2 2|$h (val5b

Now task Wq undergoes a Y reduction resulting into the following

task-graph:

nul
| _
E,0):[$h2 val 5

(Wy,

(Ws,l,l): opY, 1|$h

It may be noted that W5 is a non-computable partial task and hence

W4 is executable. Reduction of W4, while using the SDS term of

$h, gives
—=|val |5
nul
(w6,$,1): opIF|3 ug |ug —n——*-ess\\\\\\§‘
/ @
@ / \
/ \ (Wg,P,1) @
* valb / \
: @ vab
/ \
- vall

(W7,E,O): op=|2|val0d |valb
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Task W7 returns a result ’False’ to We through the message M =

(result, valFalse, 1). On receipt of this message W6 orders
organisation of S(3) (through Org_result) so that the graph

changes to

(WQ,W,I): op-12|vall |valb

Task Wg now reduces and communicates its result to W5 through the
message M = (result, val4, 2), and kills itself. After taking
action on this message the task Wg becomes reducible and the graph

appears as

1

nu
|
W,

(W8, 1):|op*|{2]|val5

\

The situation of task Wg now is similar to that of task (W3,E,0)
and the reduction proceeds fhrough repetitions of reduction cycles

described above.

ﬁ#ample 3 :This is the example of a program which computes the sum
of first m integers. The example was taken up in chapter 6 for
illustrating the compilation of supercombinator definitions with
recursive local definitions into SDS terms. Here we proceed

further to look at its execution. The program is

196



$Count count m n = IF (> n m) NIL (CONS n {(count (+ n 1))) .
$Sum ns = IF (= ns NIL) 0 (+ (HD ns) ($Sum (TL ns)))
$Sumints m = letrec count = $Count count m in $Sum (count 1)

$Sumints 100

The program expression gets compiled through Org into a task-graph

given as

nul
|

(Wl,E,O): $Sumints|(1|vall00

The only task in this graph is executable and it initiates a
reduction cycle using a copy of the SDS term of $Sumints. During

the first step of reduction cycle the SDS term becomes

(@2, $Sum, (@2, “count, 1)) :: [count:(@z, XN (/@2, (\@2,

$Count, !'8), 100))]

In step 2 the resulting SDS term is organised into a task-graph.
Here the Org_exp module will call the Org_Y module while
organising the expression in the C-list. The arity of Y will come
out to be 2 because Y is applied to the expression (/92, (\@2,
$Count, 'B), 100). In this expression, one argument is required
due to a director at the root node and one more due to the
function $Count at the tip being short of one argument, hence the
total requirement of Y .is 2. Thus the' organiSation in étep 2

results into following task-graph:
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W,1):|$Sum|1

(W, |
(Wa,é,O): Y2 2| rd vall
/&
/ \
\@ 100
/ \
$Count [ |

The ancestor of Wl is nul hence no communication is required, and
the task kills itself. Now task Wgq can reduce because the Y
operator in it has the necessary number of arguments..It stands
for an expression (YZ (rd™) vall) which reduces to ((rd™) (Y2
(rd”)) vall) by the reduction rule for Y. After this Y-reduction

the task-graph will look as

nul
I
W,

(wzy 1). iSum 1

(Wy,D,1): 1|ug”vall

/ |
/ \ /8
\@ 100 / \
/ \ \@ 100
$Count [ ] / \
$Count [ |

Now task W5 reduces. It has a residual definition in its F-field
which makes it executable according to the modified conditions of
reducibility. Its only successor is a non-computable partial.

The result of the reduction of W5 is the task-graph
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(W4,D,1;0)

(W7,P,1): $Count |2 vall00

(Wg,Py1):|Yy(1|xd

$Count |

Wg prepares a message M = (link, (W7,P,1), 0) and sends it to the
ancestor W4, who on receipt, prepares two messages, Ml = {(arg,
(ug”vall), (wz,w,1;1)) for W, and M, = (link, (W7,P,0), 1) for the
ancestor W,. Task Wy then kilis itself. The complete task-graph

after exchange of these messages and corresponding actions becomes

nul
(Wz,l,l): $Sum|1
(W7,L,0): $Count |3 vall00 |vall
(we,l,l): Y, |1 _d$_1
/@
/ \
\@ 100
/ \
$Count [ ]

i

Now task Wq finding a non-computable partial at S(1) position,
goes ahead with reduction, using the SDS term of $Count as

templatg. The graph then becomes
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$,1): $Sum|1

(w2’ i
(Ws,w,l): opIF|3 ug“valNIL |[ug —fe=:
/ \
1 @
/ \
(WB,P,I)__@
/ \
+1 wvall

(Wg,é,O): op>|2([vall |vall00

Task Wg sends a result message containing the result ’False’ to

its ancestor and kills itself. As a result, task W8 organises its
S(3) and links to its ancestor. The graph then becomes
nul

(Wz,é,O): $Sum|1l|ds

'
/ \
1 e
/ \
(W6,P,1) @
: / \
+1 vall
- Task Wy has now become reducible. 1Its reduction uses the SDS term

of $Sum. After reduction the graph will appear as
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=
=
[

5 —

(WIO’ y1):|opIF|3 ug”“val0 |ug _“_*7@~\‘\\\\§§@
e / \
/ \ $Sum @
+ @ /
/ TL
HD
(Wll,E,O): op=|2|valNIL
v
/ \
1 e
/ \
(Wg,P,1) @
/ \
+1 wvall

Task W11 returns a result 'False’ to its ancestor who then

organises its S{(3) giving it the ancestor nul. The graph then
becomes
nul
W $ 2):|opt|2
(12”)_2 | |

|
(W14,W,1): $Sum|1

(W13, ,0):|opHD|1 ggl (wls,ﬁ,o): opTL|1 gg/
Va ‘ I
/ \
1 @
/ \
(W6,P,1) @
/ \
+1 vall

Tasks W13 and Wis reduce simultaneously producing the gfaph
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[}
=
[ hasd

!

(wea“qyl): QEYZ 2
/@m+ 2|vall
/ \

\e@ 100

/ \
$Count &

N2

<
o
=

The partial task W6 got organised into a complete task through

Org-result. Now task W16 reduces and the graph takes the shape

nul
|

—

(le,w,l): op+|2|va

<

(W14,W,1): $Sum|1

|
(WG,E,O): opYs, |2 rd val2

$Count | |

At this stage, the recursion has run through one cycle. From here
onwards the reduction will be repetition of the previous
reductions. Task Wy is in the same situation as was the task Wy
gt the time of its creation in the first snapshot of the task-

graph.
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Trans. Software Engineering, July 1989,
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"CTDNet II - A Coarse Grain Multiprocessor
Architecture for Functional Programs", accepted for
presentation in UNESCO Conference on Parallel Computing
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Paris, Oct. 8-12, 1990.

"Implementing Pattern Matching Definitions in CTDNet-A
Multiprocessor Architecture", Proc. Fifteenth Euromicro
Symposium on Microprocessing & Microprogramming,
Cologne, West Germany, pp. 151-155, Sept. 1989,

"Implementation of Recursion in CTDNet - An Applicative
Order Machine", Proc. Second Int. Conf. on Software
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