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CHAPTER 1

SYNOPSIS

The labour involved in the analysis of Indetorninate
Structures may be greatly reduced by the use of Electrical
Analogs, especilally in those cases, vhere the many different
dimensions have to be investigated, The basis of these
analogs 1s the similarity between the structure and its
analog. Which often permits the construction of the analog
without regard to the governing eduations.

- Part one of the Dissertation recapitulates the
previous relevant work which has been done during past two
and half decades, on the structural problems of beams,
trusses, frames and plates, under statlic as well as dynamlc
loads, utilising the equivalence betwsen the properties of
an electrical net work and the slastic properties of the

structure.

| Second part presents a working model of the Analyser
for the analysis of multl storeyed building frames. This
consists of a net work of circuits, in which each member of
the structure is represented by a group of three resistors,
Current is fed in to the circuit to simulate the effect of
load on the structure, and the resultant distribution in the
net work is recorded by meters, These meter readings multiw
pliecd by an aporopriate scale factor gives the magnitude of

the bending moment in the corresponding parts of the structure.

dxperiments have beén conducted for a three bay and
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seven storeyed multi storeyed building frame for vertical
and horizontal loads. Experimental results that are accu-
rate to within 5,0% of the maximum theoretically calcula=-
ted values have been obtalned. |

ﬂunmno--m-u-—“



CHAPTER 2

INTRODUCTI ON

The experimental analysis of»indeterminaté strueture
1s a useful method which often gives results within the
limits of accuracy required in praetice in a very éhort
time. Two methods of experimental analysls which génerally

used aret

ls Mechanical models, may be examlned as with a
shaking table usually with the aid-af prineiples
cfAdynamia simllitude, | _

2, Flectrical analogous ecirecuit, which 4is governed by

the same equations as g.ovem' the structure,.

The analysis of simpler types of rigid rectangular
frame work may be under taken quite satisfactorily by
emp loying such methods as thﬁse of slope deflection and
moment distribution. Wnen, however, it is necessary to
analyse the usual size of the buil&ingvframe, these methods
prove to be impracticable oﬁing to excessive-amouﬁt of
computatioﬁ involved, This difficulty has been overcome
in the conventional method of deéign b& making iuse of
simplyfying assumptions which considerably ease the burden
of computation. Unfortunately, stresses calculated on thé
basis of this method bear littie relation to those occuring
in practice, and the designs produced can not bercgarded
as really economic, But by the application of electric

eircuit models we can have a rigorous analysis with a
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drastic reduction in the amount of time spent in the design

of intricate structure,

1in the'past twenty five years several electrical
analogies havé been deviced, which can be used in the solution
of pro*lems concerning beams, trusses, plates and frames to
a greater extent. Some of these can easlly be used in the
solution of problems with static loads, while the others
can be used in the normal mode analysis, and still others

can be used in the solution of transient problems,

‘The basic idea of the treatment of mechanical systems
by means of measurements on analogous :electrical circults
appear in se#erai places in the 11teraturé. The general scheme
is to produce an electrical net work governed by the same set
of differsntial or'aigebric equations as the ﬁechanical
system, and subjact to the same syateﬁ of coﬂstraints, to
set up the analogy bgtween mechanical and electrical quanti-
tiés, with the convenient conversion factors, and theh to
measure electrical énantities in order to obtaln the value

of corresponding mechagnical quantitles.

The development of electrical analogy gave such a
Spectacular demonstration of its application to varicus types
of structures, that engineers every where have grown to recog=-
nize this new tool as gome thing very practical and ready for

immedigte uge for their time consuming problems.
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CHAPTER 3

REVIEY OF LITERATURE

Yannev s 934

In the year 1934 V, Bush has devised electrical
net works vhich are equivalent to pin connected and rigid
Joint structural frames. A speclal circuit is avallable for
the soluti-n of each of the following problems

3,01 Pin connected statically detorminate structures

At each pinneé Joint of a plane fraﬁe.work the
sum of hprizontal_cqméonent_of force must vanish, and the
sum of vertical components of force must vanish. In Bush's
analogy, currant corresponds force, Thus the equilibrium
conditionsat a joint are represented by Kirchoff!s current
lav. The two net works are reduired, one for horizontal
force and one for vertical forces. Horizontal members
appear only in one net work, and vertical members only in
other, Since a dlagonal member has both horizontal and

vertical components, it appears in both net works,

! To construct the electrical analog of the pratttruss
shown in Fig.l first lay out 12 terminals representing the
12 Pannel Points, One set of terminals is for horizontal
forces and the other set is for vertical forces, In the
horizontal net work connect each pair of terninals, which
correspond to pannel polnts, that ar~ connected by a hori-
zontal member in the strucgture° Similarly in the vertical

net work connect sach palr of terminals which correspond
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to panel points that are connected by a vertical memver.

In both net works connect each palr of terminals which
correspond to the end of dlagonal member, but interpose a
transformer with its primary coilin the h-rizontal net

work and its secondary coil in the vertical net work,.The
transformer ratio 1s made equal to the tangent of the angle

( ) of inclination of diagonal member with the horizontal.
8 9 o - T 12 , , .
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FiG.] PIN CONNECTED STAT/CALLY DETERMINATE 37RUCTU/{'E
| AND BUSHE"S - EQUIVALLENT C/IRCUIT 3

Forces are applied by inserting alternating currents
at the load and support points, There are the termingls 1,4
and 7 in the vertical net work, since the forces are verticsl
and applied at panel points 1,4 and 7. The currents should
be proportional to the external forces and should be all in
phase, If the ratio of external force to the current inserted
is(r), the force in the horizontal or vertical member is
equal to (r) times the current measured between the appro=

priate terminals. The fored in a diagonal member is obtained



by measuring the current between the corresponding ter-
minale in the vértical or horizontal net work and multi-

plying by (r) Cosec (%) or (r) Sec (), Tespectively.

If there are several loads, then there will be
several sources alternating current, and each current
must be adjusted until its magnitude represents to scale
the corresponding load, If there is no symetry, then a
separate source must be used to adjust the reactions. All
the sources must be adjusted so that the currents supplied
are strictly in phase. If there are horizontal loads, or
horizontal components of loads, they are handled by sources

connécted to the horizontal net work,

If the problem 1s a three dimensional oney three et
works are necessary. All panel points appear in each net
work diagram, although, since there is no need that they
be placed in thelr correct geométrical relationship, they can
all appear in a plane for convenieonce. Connection are made
ad before. A member located in a principal plane 1s treated
as agbove, When a memher is inclined we.r.t.all three axes
the corresponding electrical connectiéns are interrelated
by transformer in such a manner as to preserve the correct
relatlon-ship between all three compconents of stress. Two

transformer belng necessary for this purpose. The rest of

the procedure is self-evident.

302 Equilibrium of Pin=-connected frames with Redundant
Member.

If a pin-connected structure has redundant members



the force in the members are influenced by thelr changes
in length. In a single member the relation between axial
force P and change of length o is

A 1 2}; S EREEE W] 1
AE

To form the analogy, force, as before is taken

proportional current . P = Ty I sececes 2

Where ry 18 scale factor, change of length of a
member is taken proportional to voltage drop (V) between
terminals. o

_ A=p7 teieres 3

The analogus of eéuatipn( 1B 1s‘Ohm"s Lat

"V =1R

& Electrical resistance R corresponds to comp11ance 1/}3

R=r11
Tz AB
The clrcuit is constructed exactly as in the

Sssss0s A-l

statically determinate case except that, thereever two
terminals were connected before the appropriate resis-

tance (given by abve equation) 1s inserted between them.

| Equations from (1) to (4) represents the analogy
fqr a2 single member, The extension to a frame work

follows from the energy considerations.

If the potential energy stored in a member is P2L/AE

If the subscripts h,v,d refer to horizontal, vertical,and

dilagonal members, respectively, the total energy of
deformation of structure is,
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The forces in the members will assume such values as

to make the total energy of deformation a minimum, Hence,

MRRERORR) o

In the electric circult the power dissipated in an
elemont 1s IR, e total power dissipation in the horizontal
net work will de a minimum,

(LB + Ty mi ma) = o crerenens 7
Where Ing 1s the current in the dth diagonal element

of the horizontal net work,

Similarly, the total power dissipated in the vertical
\
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net work will be minimum,

B(Z,I{? Ry + 54 x:‘";d Rg ) = 0 seses. 8
Vhere Iyq 1s the current in the dth dlggonal element
of the horizontal net work.
Now *3In = Py
ry Iy = P&
rf (1ng + 1%4) = Pg,

ToRy _ Ih
ry Ap Bn |
Tafv . By e 2R . 2

r

Hence substituting in the equation 7 and 8, adding
the two equations and cancelling the scale factors, we

arrive at equation 6., The analogy is then complete.

- 3403 Equilibrium of Recisngular frames

Consider a member AB of length I, acted on by moments
- My and Mg at the ends A and B, respectively.Both moments

are taken positive clock-wlse,

To be in equilibrium under moments and transverse

force applled only at its ends, a shear force S is required
such that,

MA"'MB + 871 = 0 esssees 9
and GA‘QB =m+ SLZ ssesece 10
EI BE
sa-2B =egL+uy1® 2913 ceveses 11
ZEI OSEI

where 8g and €p 9¥e the rolationsof the tangents to the
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elastic curve at A and'B, respedtively, both poslitive
clock-wlse.

AA - AB 1is the relative transverse displacement
of the two ends of the'member; consldered positive for
clock wise rotation of the line Jolning the ends of the

member. The above equations are called slope deflection

equation.

In the Bush's analogy, force, moment, rotation, and
displacements are all represented by currents, Calling

ri, Yo, rq,r4 the scale factors between current and shear,

moment, rotation and displacement, respedtively,we write

§ =71 I 9 = r3 IWp
MA =12 Ina A =74 Ioa
MB = r2 Imp ‘B = T4 Ine
8s = r3 Iga

-

substituting the above quantities in equations9,10
and 11, we have the eléctricalfequivalents of the slope
deflection equations. |

IMA +* IMB + (rl L/r2 ) Is =1 ¢ s*reneve 12
Toa - 1eB = (rg L/r3 B I) Iy, + (rq 13/2 r3 £ 13 Ig +.13

IA“ - IAB = (r ] ) I + (1‘2 Ilz) I 4-(1‘ V La )I 0014
o B = S L 2

‘Bush's equivalent circuit for member AB 1s shown in.
the fig. 4 4in which four upper terminals represent the
end A, and the four lovcr terminals represent the end B.

Positive shear 1s represented by current I3 entering at 4
and leaving at B.
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Positive moment, represented by currents Iy, entering at A

and Iyg entering at B.

Positive rotation-represented by currents Ig, entering at A

and Igp leaving at B.

Positive transverse displacement-by currents I paentering
at A and I Ae leaving B - ‘
so that 14m - loe represents positive relative transverse

displacement (that is clock wise rotation of the member)

~ 8ix current transformers are used, with ratlos T; ...Tg

given by the six qugt:lties in parentheses in equations 12 to
14,

Thenk Ty =r L Tg = rg L/Ty
- Trg | ,
To arll,‘,zr Ts =15 L2/2 14 B Y
2r3EIX ‘ .
Ta = Pg L Te =7y 13/3 14 EI

rqa EIX
with these transformer ratios, 1t may be verified readily,

by apvlying Kirchhoff's current laws that the circuit
satlsfies the equivalent slope deflection equations 12 to 4.

The nine terminals in Fig. 4 are used for cannecting
the menbers to adjacent members, G being a common terminal.
Thus 1f terminals G and Op are connected to terminals G!
and @', of an adJacent member, the current I gp 1s forced
to be equal to I{, , and then the rotation 8 1s made equal
to the rotation 0%y as required by continui ty.

3.04 - Consider the four members meeting at a rigid Joint,
The equivalent circuit is shown in the figure 5.
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The sum of allthe moments acting on the jolnt is
made equal to zero by jJoining the four corresponding termi-
nals at ¥« The rotations of all members meeting at the
Joint are made equal by using a lsl‘trahsformer econnection
at ©, The actual connecting circuit at © 1s shown at the
right, The transverse displacements of adjolning vertical
members are made equal‘by series connections, and the same
i1s done for adjoining horigomtal members,_but the two connec~
‘tions are not joined, since the displacements are at right
anéles and not necessarily equal. The ghear connections depend

on the distribution of applied loads in complete structure,

305 =~ A prodlem of wind loads on a nine-panel bent is shown
in fig.86. |

In the eircuit the sum of the moments at each foint is
madeequal to zero by inter-connection as described previously.
Rotation of adjoining members are madé equal by series connec-
tions in the case of two members,-and by transformer connec-
tions In the case of three or four., Where two vertical menw-
bers meet, the transverse displacements are made equal by
Series connection, The transverse displacement of all the
horizontal members must be zero; so the corresponding eircuit
of members 1-9 is left opeh. At each floor level the lateral
displacements of all vertical members are made equal by transe
formers connections. The displacements and rotation of the
lover ends of the first storey columns are assumed to be ZeT0,
and so the corresponding terminals are left unconnected. The
applied loads are represented by adjustable source of alter=
nating current, Fy1sFo and Fg held strictly in phase. The
currents which appear at RjyRo,R3 and Ry are proportional to
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the foundation reacti ms. 1.4

The sum of the shears in members 12, 15, 18 and 21 is
made equal to the load F4 by connecting the five terminals
togeﬁhei. Similarly, for reaction Ry and the shears in 1, 4, 7,
The sum of the shears in 11, 14, 17, 20 minus the sumof the
Shears In 12; 15, 18, 21 is made equal to P, by connscting the

all the terminals representing three forces.

. The load F3 and the reactions Ry and Rg arc treated
Similarly, Attention must be made to algebric signs in making

connections,

3.06 - Ideal transformers appear in all of Bush's equivalent.
¢ircuits.They may be constructed to the required degree of
accuracy by using nickel iron.allay cores and closely coupled
windings, The flux density Shaulﬁ be low and the primary tuarns
sufficlent so that the existing current is negligible in
comparison with the work current. Frequency should be high
enough to make fhe size of the transformer small, but not so
high that currents flowing through distributed capacities will
be appreciable in comparison with the work current. The care

should be taken to produce a minimum of leakage reactance.

In measuring currents in the circult; a lew resistance
shunt and a vacuum = tube amplifier were used. Great ¢are had
to be taken to ensure lew-resistance connections as the resisge

tance every-where in the cirouit had to be lov.

The final results for shear, moments, displacements, and
rotation had errors ranging from 0 to 30 per cent, but the larger

pPorcentage errors ware always assoclated with the smaller

magni tudes,
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briel Kron - 1944 ’ . R

The individual members of mechanical structures have
in general not one degree of freecdom but six (elongation in
thres dimensions and rotation in three)s, So each elastic
‘member in a frame structure is considered as a slx wire
transmission liwe, and a net work of elastic members is
considered as a similar net work of inter connected six wire
transmission system subjected to ungbalancelloading at varlous
points along the line, This theory serves as an introduction td
further extension of the electrical analogy to general dyna-
mical syséems, in which elastically and in elastically connec-
' ted rigid bodies have relativerotation and translation with

respect to each other,

8,07 ~ Simple bar as a transmission line,

An elastic structure is assumed to consist of massés
coﬁcentrated in parts, and inter-connected by elastic links
consisting of long thin bars, to be called beams. The most

general elements ot the structure are found in these steps:

1, All inter connections between beams are removed,
leaving a number of isolated but spatlally oriented long, thin
beams and a number of rigid bodies.

2, Each beam and the rigld body is rotated to lie
along the X axis with these three principal axes oriented

along the x, y, z axes.

3. Since at each end of the beam actually six forces

act, for the preliminary study it will be assumed that only
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one force acts at each end of the beam and only one forece

acts on the point mass.

Fig. 7 represents, |
(a) Mass point and 1ts electrical analogue,
(b) Elastic bar and 1ts electrical analogue,

(e) Circuit representation of transmission line,

3,08 - Equation of a coil

_ The currents 1 will be‘assumed to represent force F
and the voltages F will be assumed to represent displacement
D. The equations of a mass pdint and an electrical coil will

~ be assumed 1o be,

Fr=ud?p -Mp2p
Egﬁnjgi =¥ P

F=YD

2 2
= E H E ao.il
I M&%ﬁ'"' = P

I ="“Y E | L B O 2

vhere P = d/dt

3,09 - Equations of transmission lihe

The sending and receiving ends of a transmission line
are denoted by 1 and 2. The currents will correspond to

forces and the voltages to the displacements of fhe beam.

First let end 2 of the beam be fixed (Fig. 8a) and a
displacement Dl be applied at end 1. The stored elastic energy
is | '
U=‘~1/25_E§ FZ eesss 3

L

and the displacement of end 1 is

D1=§ 2% F = Z'llf ...0-4
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-1
or F = (Z'“) Dl = Y" ﬁl =% Dl sresves 5

It is also known that the force on end 2 is
-F=(z'ﬂ}"1n1= NPF= XNy

vhere )\’; = forceonend 2 . . 1
force on end 1

SEOOe NS 6

The transmission line analogy consists of short circulting
end 2 (Fi1g.8a) and applying a voltage By at end TI. If the short
cireuit admittance of the line measured from end 1 1s Y7 the

currents at the two ends of the line are shown in the (Fig.8a).

The second, set of megsurements 1s made by inter-changing

the role of two ends»aé shown in (Fig.8b). These measurements
| define Zoo, ng’= (Zgg)”l, also D2, Tp and 2= = Lyit
should also be noted that AT A, =1

If now both ends of the beam are subjected to dlsplace~
ments slmultaneocusly, the resultant forces on each ené of the

beam are the sum of the previous cases. (Fig.8¢) -

for the beam
f = t ! 22
F' =Y" Dy + » Y*)p, ;

LR X B & 7
F2= )&l y* D1+Y22 Dg ) . »
If now mutugl admittances are defined as
le - x% Yﬁ md Yzl b3 X? Yu et pr s 8
the equation of the beam become
)
F* =Y"Dy + Yl2p
1 2 sSOBDB s 9

NSNS

F2 = y221 Dy + v22 Do
Similarly for the transmission line

Il =yr gy + v12 g,

Seevesry 10
12

N S S

= Ygl El + Yza }52
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3,10- The Un-oriented Beam | -

Tn generaly each end of the beam has six degrees of

freedom instead of one, nawmely,

1, Three linear displacements Dg, DysDp 3
2. Three angular displace&ents Dps Dg» Df;"

As the first set of measurements, let end 2 of the
beam'be‘fixed.anduend‘l belsnbjggted.to_linear and -angular

displacements, The stored elastic energy ie

St | .
v=v2 [ (r?, (FurF)? (pp -r rp)2 (72 )
7y -ttt | ¥
od (7% B1 Bz ¢ )
OA:r}ct- 11
where By = flexural rigidity about axis Y,
By = flexural rigidity ab-ut axds z,
¢ = torsional rigidity.
Then by differentiating U with respect to each of
the forces six equations may te written as,
Dx = (L/EA)Fx v :
Dy = + (13/3Bp) Ty - ~(1%/2 Bo¥Fy
Dg = +(13/3B1)Fg + (12/2B1} Fq
Dp = | + (L/¢) Fy
Dq = +(12/2 By)F, H(1L/By) F
Dy = -(12/2B2) Fy +(L/Bp)F,,

or in terms of matrices

. D31 = 2'y F* or (Dy) = (8% ) (F") veeese 12

QX Y123 Py Q1 Ry T
pyp =D D TDq1 1Dp1
1 = xllDyl" m;'Dpz ;qu ‘:rl H
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In the electrical analogy there are now six transmission

lines and one ground, ©nd 2vofva11'transmissiqn 1ines is

sﬁart'eircnited and voltages Fxis Eyj eecey aYe lapressed

on end 1 in succession while all the other end 1 terminals

are kept open circuited (Fig.9). The matrie equation of the

transmission line is

X, Yy 0z P4y By

TP P S S S

I Tl T C O B e = R M |
X1 ¥1 Z3 Py 9y m

1= 1=t gyl gzl gl gal Irlf
LA N NN ]-3

For further analysls the inverse equation is needed

representing the reaction of beam in which both ends are

rigidly connected to neigbouring beam., The inverse eguation

is,
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pt o= (2',)"1 Dy = ¥ D , I =(Zn)-1 By = Y¢ By

e 14
X, ¥y YAl P, qy r

Xl gEA/E | g

Y, g 12 Bg/y, 3 ] | 532/ng

e % g 12By /9,3 ~6B4 /1.2 i
'/ ' !

P, 8 . c/L ) 3

a | ~6B1/12 4B/ g

ry g 6Bo/12 - %Bon |

In the electrical analogy ¥® renresents the self and
mutual adnitances of end 1 terminals menssured wh'le all
other end 1 and end 2 terminals are short circuited (Fig.obh),

The relation between the forces at the two ends of

the bean are,

F22 = . pxl

Fﬂg - _FZ].

P2 o -FPl

F = - 72 - it
I 1, VL L

Q .




X3 3 %4 P 9 0N
Xy {1 3
Ty L ;
¥ = %2y - i
Py g -1 %
PN g -1 -1 ) %
Ty g T -I"g

- It should be noted that horizontal and vertical
unit veetors of )\* belong to different ends of the beam,

For the second gset of measurements, end 1 of the beam
1s fixed and displacements are applied on end 2, In the
elastic energy U, Gquation (11), the parameter r is now

2

represented by =¥, giving D, =2'5, F° vhere

Xo Y, %4y P, 4y To

= .
. —-1——-——-16

X L/EA !
* | 7 jrg
Y2 % L /332 | VLZ/QBZQ
29 = Zy | 13/38, - -12/2B, b
Py ! | L/C v
i, § -12/23,  WB1 %
ra g I:z/ 232 I’/Bg g
: 2 ~1 . @22
The inverse equation 1s F° = (245)7" Dy = ¥
Xg gEA/ L v Q
Y, g 198513 | =885 /12
S i 185,/;3 6By !
Py g ¢/t g

o
\v]
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(b) COMPOUND TRANSAMISS/ON LINE
AND 175 COMPOUND C/RCUIT REPRESENTATION
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” 8 | 6By p2 4By, 3
2 ) ~6Bg /1.2 432/1.8
E N I N W 17
' ]
The forces on ond 1 are M. F2 = A, y22 Dy

where M\,

1

( M)"! and 15 found from N by changing
the sign of IL. |

Xé Yg 22 Pg q2 r2
g 8
Y. & -1 ¥
2 lﬁ § 18
>\|QZ§ —_i 5 .......
lg g
Pl % -] g
) -Y =190
1 3 . y

3.11 Compound net works

In analogy to the matric representation of anj of
numbers by one bold face Iettér, a similar representation of
diagrams will be used in which oné arroﬁ will reprcsent
six currents, one mesh will represent six meshes, etc. Such
diagrams will he drawn with heavy lines. A compound net work
must be so designed, as to give the correct relations between
the various matricés, Just as the conventional net work gives

the correct relations between the scalars.

Fig. 10 the representation of a complicated net work
by simple "Compound" net work and Fig. 11 represents Matrice

equations of a long thin beam.
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3,12 Matric equations of un~oriented beam

Whenvthe both the ends are subjected to dis=
placements simultaneously, the resultant forces are the

sum of the previous cases, That is for the beam

Fr = yn -Dl-h >\.:. Y22 Doy
P2 = A" Y0 Dy + ¥22 D,

If now mutunal admittance matrices are flefined as

v = ALy gnd y21 = M- oy

RN RN J 19
Ao Vg 2o Py 9 Ty
xl g ~EA/L g
N g =12Bg /3 632/;,28
712 = 2y 1 ISV AR SV
P1 § | ,.",'CII‘ 3
| ql g ‘ 631/;3 %1/{, g
S ~6Bo/1.2 | Ba/y, |
. "N 23 Py Q@ *
Xy g~-sm 8
vy} Srrym e85/.2 |
w2l . - . ,
s t 2, \g | 1281/L3 ) +#6By /1,2 §
pa 3 . hC/L H
4y % | | “By/12 2B1/1, 3
Tg 3 6By 2 | 2B /1, g

The equations of the bean and transmission line

- becone,
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1 - == 12 --“
F*=Y"Dp, + Ymngg I' =Y" B + YD,

R By + Y22 By

2 21 | 22
F =Y p,+ ¥ 1120

SN e sy 20

While solving these equations it should be noted
that 1f Z'and \are given, all other matrices may be found
by the following formulae:

Y22 = (A v N
PPN C VRPN
se s Beoy 21

= (gt P v o e

DENE S

DT IS D

§
§

Also Y11 = (Y")t and !22 = (ng)t

3.13, Equivalent circuit of a structure

To represent a whole rigid structure it should be
assumed that the eéuivalent circuit of agbh beam lies in space
along the whole length of'the beam. Thereby the compound
electrical net work has the same configuration as the elastic

net work., The steps are as follows:

1. Assume all inter-connections of the beanm as removed,

2. Calculate for ecach veam in 1ts actual spatial positic
the admittance ccefficients.

3, Set up the equivalent circuit of each bean with
all termingls opewmcircuited.Assume the circuit to lie along
the beam,

4, The inter-connections of beams 1s equivalent to
inter-connecting the corresponding terminals of the lines
(Fig.l?)..

5, If the end of a beam is fixed against a wall, all

the corresponding terminals are shorted to the ground.
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3s14 - In this analogy the problem 1s formulated 4in finite

difference terms and the solution of the difference equation

is carried out on electric analogy computer.

Problems involving deflections under constant load,
transient vibrations or normal loads can be solved in this

way,

3415 Trlectrical Analogy for Bending of Beams

The differential equation for the bending of a bean

is R o o
9 (E 1 dw )= g ceerees 1

‘_'332 Bx2
vhere W 1s the deflection

g the load intensity

for a uniform beam 8 1 is constant, and the finite difference

equivalent of Equation (1) may easily be derived.

Wpep =4 W +6W_4W . +U,_o=g _°¥4 ce 2

in electrical ladder net work can be constructed
in vhich Kirchhoff's current law for nth node is identical
with Equation (2). This net work requires the use of nega-

»~

)

tive impedances vhich 1s serious disadvantage for the solution

of normal mode and transient - vibration problems.

A less direct analogy wi'l be used. If the slope

and shear are defined as

e =§__{‘\_f TXER XS 3
X
and
Q =’aéx (E IQG ) tpeese 4

3%



then Equation (1) becomes : -
= a& = q L R O A N 2 5
2X

When I n t constant, it is simpler to write the
finite difference equations corresponding to Equations (3)4(4),
and (5) separately than to write the finite -~ difference equa~
tions corresponding to Fquation(I).

The equivalent finite differende equations are,

respectively.

O ne1se T Wy L Wy

L2 A X N 6
ax |
= Qney = (0 pegyn - ®nvy ) 4%;55 + (8,4 'aﬁ*%ifzn ces 7
X2
i (Qn*% N qn%) = o crevese B

Ax

The subscript n+d refers to the mid-point between

X, and xn+1’ the points at which the deflection is defined,

Equations (7) and (8) may be regarded as expression

of Kirchhoff's current laws in an electrical net work.

The circuit in the Fig. 13 satisfies all three of

these equatlions if w and Q are regarded as voltages.

Equation (6) expresses the relationship between the
primary and secnndary voltages of a transformer where the
turns ratio is Ay Fquation (7) is Kirchhoff's law for the
sun of the currents entering the node 9n+%’ The impedance

the branch connecting @ ,, and @, is (_oax?) . The
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current flowing in the secondary of the transformer is the

turns ratio times the current in the primary, l.e., Qn*é.

Equation (8) 1s Kirchhoff's law for the sum of current
entering the node W,. The bending moment 1s the current flowing
M = - BT U crreiiiaes D
_ 3x2
in the slope cireult, multipllied by Ay as sh»wm, For statice
»loading problems, the impedences Zn may be purely resistive,
while for transient and normal node problems they must be

inductive,

3,16 Dyhamle Analogy for Constant thicknesg.plate

- The differential equation for the deflection of a
constant thickness plate is

an +2 a"'w o+ ?:2{._ = _i_ gses et 10

Where D ig the flexural rigidity of the plate.

Tquation (10) can be written in the following form

2, ). 3 (X)W - g ...l
BX§5'3<'%+3?§)*5'37(3§' W;ay -

The equation for a unifora bean is

-BS‘( ax)‘a{{ 'i - ‘ SeEs R @ 12
2% L(dx2) 3% - _%f
T
For the beam analogy it was shown that the Operatoragxz i8
represcnted by the impedences in € circult connecting neigh-

bouring nodes, For the plate, égxz + 52&2 is represented by
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of the Zquation (1) is shown in fig,14. by definition the °
slope in the x diz_'ecticn is

6 = 2

The additional impedenees Zny oriented prallel to
the y~axis represents the term -a‘f{yz consequently a two

dimensional grid of lmpedences connects nodes in the Gx eireuit,

'The second term of Equation (1) is represented by a
- second net work entirely similar to that in fig.fh. It kas two
dimensional grid of impedences connecting nodes in the‘ay
circuit, The primaries of its transformers which are oricnted
parallel to y- axis are Joined at the nodes of the wacireuit
with the x~ transformers so that a two dimensionéi‘gfid b
transformer primary winding is formed, Thus the complete
analogy conslists of three separate two= diménsional grids in
which the voltages to the ground are, respectively.

W @, = %{g and O = §%§' ,

The coupling betwecn these three net works 1s by
means of the magnetlc fields of the transformers only. Plan

views of these net works are shown in Fig. 15. .

317 Dynamic Analogy for variable thickness plate,

Te equations given for the “ending moments by

Tinoshenke are



Mx = - D (323_ + p 2S¢ ) | esecrae
(5% 2y ) | | |
Hy = - D (331 “‘ v aex ) I R ERERN]
(3x oX
Mgy 2 =~ D (1-v) 00y _ .
57 o
The shears are given by
Qn =a"n',. L o auyx Sesspae
?X Ty

- M M - . ’ sBasne

Qy =oMy . Myx -

Y X

The static equilibrium of the plate requires that

9Q

»d

*w*qzo
oy -

BOFES P

LY
M

‘combining Equations (13) through (18), where D need not

be constant,the egquation of the plate may be written as

X L

14

15

17

2% )

2 1 @ ([ »pe¢a ' 1. 5 '[D(l—}a )
I XL TR T PP (v.%]}

2 ¥ Y 3% )

. , b) r | ® N
+ ...?.__.{ /a3y LD g_qx L V35 )]+a/ax|_8 D (1-v) éboxx g]

The only term that cannot be represented by the

net work in Fig.” are those involving

\' 3? and v 39};
y 9K

The other terms can be represented by the net work with

q

19
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Z, = o x2 my = Oy2
x D D Zf—v 3
| 2
' zy = sz ‘ ZYX =-—~&--—.—A
N . D(1~v)

The terms v ( 30y/3y) and v (28x/5y ) Tepresents a mutual
coupling between the 6x and Qy circuits, By super imposing the
not works in Figa5, It will be seen that the Z, and Zy branches
are at the same geometrical points, A mutual admittance ﬁetween

the two branches is required where,

Xx = v D
Ly Ay

This mutual admittaence requires an essentialiy perfact
transformer for its realisation, 5ring1ng to three the number
" of suchltragsformers required per cell, In practice it is
expedient tq»convart this nutugl admittance to a mutual in-
pedence with accompanying nodifications in zx and Zy.The

impedances required are

= 1 Ax?2

A = 1 Alfz
¥ T2 D
7 = v AX AY

zm i-v?, D

Zxy = "T%Q lsz?
2

= 1 AN

zyx l-v D

F1g.16 shows the net work for a variable thickness platc.
In this net work the current in the slope circuits are

proportional to the —woments, and the currents in the ' circuit
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arc proportlonal to shears.

Current is Zx = Hx

Current in zy = MZ

: . | oy
Current in Zxy = Mpx
Ay
Current in-Zy, = Mxx
CAX
current in the x- branch of we cireult = Qy
o , - AX
Current in the y~ branch of w=-cireuit = Qy
¥y

We see that all of the quantities of physical interest

are available in electrical analogy.

The variable thickness plate analogy can be easily
extended to ihcluda anisotropie plates, For such e plate
four constants instead of two are needed to define ﬁhe _1
elastic properties of the material. In terms of these four

constants the equation of the plate may be written asi

X T

9/ P 30y P Y 4 A | :
/"‘{'s'xébx t S Ay (20 2 ?}

2, p) ,
+9/. /- in 20 Q Oy 3 2 Dpy o0
3y { Y y .-_Z— e Dl *-5'; 4 /ax é xy -u—-a%g =q

This equation is entirely similar inform to ...ee 20
Equation (19). Referring t> Fig,(15) we soe that self- adnlttance
of - . 2 ) s

f the Zx brenches are N, /(ax?) and DY/KAV‘) respectively,
that the self adnittance of 2yy and Zyx Dranches are 20xy/(2y2)
and 2 Dyy/(ax2)s Tespectlvely, and that the mutual admittance
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between the Zy and Zy branches is D1/ (ax ay)

Method of Applying Boundary Conditions

3,18 - Two boundary conditions must be applied along each
edge of elastic plate. A gencral result of application of
the prineiple of virtual work is that along any edge eme
condition from each of the following two groups mist apply:

Group 1
SERS W o e - (a)
QX"._a__;_I%,I}__: Ro -’vuuuum(b)
Group 2 ,
aroup = Iv === (0)
T %
My = M, - - mm - (@)

where Mgn = twisting moment
n is the co~ordinate normal to the edge and t is the co-

ordinate parallel to the edge.

The combination of (a), (c) gives the houndary
éondition of'damped edges, while combination (a), (d), with
Mo = 0 refers to a simply supported edge. For an edge that
is in sufficiently damped a linear combination of (c¢) and (a)
Can be applied in addition to (a). The boundary condition Qf

8 freg’ ©OF elastically supported edge are given by the
combination of (b) and (4).

The quantities involved in group 1 are represented
by currents and voltagos in deflection net work, while the

quantities in group 2 are analogous to the currents and



voltages in the slope circui. e 3 3

- =

For the discussion of boundary conditions the nét
work inpedences muét be. regarded as distributed elements. For
example, along an edge where @ is zero, all impedences in 6, |
circuit should be grounded at the points where they cross the
edge, A part of an impedence element 1s retained proportionally
to the portion of its length interior to theplate. The trans-
former primaries of the deflection circuit should similarly
consldered as distributed coils and grounded at the point where

the coll crosses the edge. The part of thevwinding extending
| beyond the edge cannot be omitted.

If the edge ix is damped, the constraints require that
w=0 and &y and Qy are zero, These conditions can he imposed
on the net work by grounding the deflection and slope net works

" where they cross the boundary.

If the edge x 1s simply supported the

mathematical boundary conditi ne are.

W=0
My =D (W . v du g - o ccve 21
A3 x~ dy=
1 -a"' aq.
Therefore %{ e o, wz = o apd w2 z o
dy ox

In the constant thickness plate analogy, the current

Z, 1s proportional to 2w . Consequently a 7, branch that
'Bxg

crosses a simply supported edge is left open. Te W and Qy

circuits are grounded when they cross thce simply supported

edge. -
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3,19 « In the electrical circult force and moment are simu-
lated by current, and deflection and slope by voltage drop.

The anglogy is based on the fact that castigliano's theorem

and the principle of learnt work have their counterparts 1n cer-
taln electrical net works, The theory 's devcloped for the

two dimensional and three dimensional truss, and two dimene
sional rigid franes and truss frame combinations, including

strusses with secondary stresses,

3:20 Electrical Tnergy Theorens

Principle of learnt power:- In a circult of resistors

and ideal transformers that is supplied with given external
alternating currents a single frequency and phase angley each
internal current is a minimum subjeet to the requirements of
currents cantinuity. This is analogous to the principle of
learnt work, which states that each internal fo?ce and

hament in a structure is a minimum, subject to the requirements

of equilibrium,

Castigliano's theorem for electrical circuitst~ In the

eircuit previouély described, Pldenoteé the povwer dissipated
in the cireuity C is a supplied current, considered + ve
vhen leawviing the cirecult; and V denotes the voltage (measured
belovw ground) of the point at which the C leaves the circuit-
V=4 2P Geseeoneans (1)
a¢

Equation 1,is analogous to cartiglianots theoren for
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structures which state that 8 = JWd sevsncs (2)
2K .
and ) = de RN Y RN (3)
> M .

where Wg = 1s the work of deformation

F and M are applied force and bending moment.

8 and @ are the deflection and slope, respectively
‘measured at the point of application of F and M,

The absence of the factor % in Equation 2 and 3 arises
from the fact ﬁhat electrical power equals the product of
current and voltage, whereas the work of deformation 1s equal
to one halx the prnduct of force and (deflecti-n) or of moment

and slope.

Therefore the following parameters may be considered

analogous Force mmmmmm—————— cUTrent
HMomnent -————————— CUTTENt
Deflectionmmwncane—wa= voltage
Slope m—nweeen—=—w VOLlLage
work mmeewemm=0ne half the powe

3,21 Pin connected Truss

Two dimensional case=-

B H is a two dimensional truss member, its'analog
consists of X and Y branch connected by ideal transformer as
shwm in F18 (17b). The arbitrary oriented carteslan axes are
indicated, as well as the angle »f inination, &, the 1aﬁter
being measured from the X axis to the direction of member B,H.

The reference direction for ¢ 1s that in which Y~axis is
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rotated 90° from the x~ axis. “ "

The force in branch B-His designated as F, and is
considered + ve if tensile., The alternating currents in the
electrical branches are ddsignated as Fx and Fy respectively
and are at the same frequency and phase,the transformer turns
ratlo belng such that these currents are in the same ratio as
the X and Y components of force F, measured in the branch
direction chosen for the currents, To achieve this the fo'lowing

must be satisfied:

Ny _ ' *
mﬁ;_ — bt tan O LA R AR R N (4-)

in which N, and Ny are the number of turns in x- and ¥y
windings of the transformer, respectively. The resultant current
whose rectangular components are Fx and Fy is designated as P,
since it is analogous to branch force. This resultant is not

explicit in the analog.

The analog of entire truss of wvhich bragnch B-H is a
menber consists of a separate x and ¥y net work each conslsting
of one branch for each truss member, the branches being connec-
ted in the same way as the truss members. The separate net
works are inter-connected magnetically through transformer cores.
The x and ¥ components of external forces,including both loads
and reactions are simulated by appropriately supplied x and ¥

currents, at the frequency and phase.

To compare the equations of equilibrium and current
¢ontinuity, the sum of the force, applied to Joint B in the

truss and the eurrents leawviing joint B in the analog are



I ¥

equated to zero. In the former case,

F. + F Cos © = O, senas e (53)
x .

and

1}

F; + F Sin g O, L 25 B B 2 BN BN 4 'Sb‘)

in which F; and F; are respectively, the resultant X
and Y components of all the forces applied to joint B by
branches other than membver B H and by the external forces, which
include with loads and reactions, In the elcectrical case,
eqiation 5 will be satisfled if F! is the total current, other
than Fp} leaving Joint B in the x~ net work, and can be composed
of branch currents and supplied currents. A similar result is

obtained for F'j .

~ The force and current sunmations at joint H are similar
to those at joint B, except that all the terms are perfixed by
a -~ ve sign.

The work of deformation of each branch is F2 I, as the
work of deforaation is 4 the electrical power, theAgranch
resistance R in Fig. (17b) equals the coapliance %E, in which

case the pover for the.branch equals
P v= (FZ + Fs ) R = Ez Il LA B A B B % J (6)
X y o

if 1ts imaginéd that the x- and y ~ deflection of Joints
of a typical truss are computed by a conventional use of
Castigliano’s theorem, the corresponding computation for the
analog would ‘Ye similar, hut with applied x or y current
substituted for the load, and with deflection replaced by vol-

tage. Hence the x- and y - components of deflection at any
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g e

Joint must be simulated by the corresponding voltages, measured
below a datum corresponding to points of zero deflection, in

the x- and y- net works,

This leads to two interesting conclusions, Flrst it is
unnecessary to maintaln at predetermined vglues the currents
corresponding to.reactiqn-qomponents,whether the reactions are
redundant or not; if electrical jolnts at vhich the corresponding
deflection component 1s zero are grounded, the currents leaving‘
the Jolnts must correspond to appropriate compoﬁepts of re-
adtion force applied to the_truss by its supports, Only the
currents corresponding to load components, therefore mnst be

held at predeterwmined values,

Second, considerlng the 1nter~pretation of the
Voltage drops in Fig, (17.b), the drops across the resistors

in the direction BH are Fx 1 and Fy 1. vwhich correspond to

' AR A%
the respective components of deflection associated with branch

elongation, Since the total drop fpom B to H in each electrical
branch must equal the corresponding components of total branch
deflection; the transformer voltage drops must equal the

approximate components of brancﬁ defiection caused by rotation,

In the special case in which truss branch is parallel
to xwaxis, the corresponding transformers and y- branch in
the analog are omitted, the xw branch being shorted part its
transformer terminals. This assures that the analog of the y-
component of branch force is zero, A similar arréngement is

used 1f the branch is parallel to y~axise.
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3.22_ - Consider the truss of Fig. (18) which 1s indeterminate
to the second degrec, Fqi.g amd Fgq.5 are suitable choices for
redundants. In the analog, the horizontal bars appear only in
the x-net work, and the vertical branches only in the y -net
work, The inclined bars appear in both the net works, the
appropriate x- and y- net works are connectd by transformers,
the separate winding of which are represented symbolically by
circlesy, and the mutugl care by a doted line in a manner similar
to that used by Mr. Bush, For »ranches 1l-5 and 2«4 the value of
Nx/fy is = 1 and for branches 2-6 and 3-5 is +1 by use of
equation 4, A resistance corresponding to branch compliance is

placed in each electrical branch,.

To simulate the constraints imposeé on the truss by
its supporis, joint 6 is earthed in x and y~ net works, and joint
4 in yhaet_work. Appropriate alternating currents at the same
freqﬁency anid phase are with drawm from jéint 2 to simulate the

load components,.

In the special case in vhich the load in y is vertical
the analog can be simplified by the consideration of symetry,
and the analog of only right half of the truss nced be consi-
dered, as shown in fig. (18.¢). The resistance in the branch 2.5
_ mist be equal twice the assoclated, compliance, while the current:
equals the half the corresponding branch~force, since the member

was cut in half by the plane of symetry.

3.23 Three Dimensional Case

The analog of a typical three dimentional branch
BH 1s shown in Fig.(19). The transformers relate F, and Fy to
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?Y’ keeping the currents in the same ratio as x ~, y~-j and
z- components of the branch force. Alternately these transfor-

ners could be replaced by transf-rmers relating‘Fy and Fy to

Fg, or F, and Fy to Fye In any case, for transformers relating

X- and y=- currents, y and z currents, and 7Z- and X« currents

Tespectively, the transformer turns requirements are

Ny m W n Nz 1
v = = ¥y = e ™ s — B o
Ny I Nﬁ m o Ny n

in which 1, n and n are directi n Cosines = of braneh B-H,

In the special case in wikch the branch 1s perpendicular to one
of the co-ordinate axes, the electrical branch corresponding to
that branch is omitted, and only one transformer is nexded. If
the branch is parallel to one of the coordinate axes, the
electrical branches corresponding to the other axes are omitted,

and no transformers are regquired.

The connections of the various eleetrical branches
to form a conplete analog, and the selections of grounds ard
-withdrawal of load currents, are governed by the sazme procedure
as in the two-dimensional case. The resistances equal the
compliances L/(AE), theresistor and transformer voltage drops
corresponding to appropriate components of deflection caused

by branch elongati-n and rotation respectively.

3.24. &nalog of the Rigld frame

This presentation will bte limited to rigid frawmes
and truss frame combingtions in which all lcads and members
are in one plane. The general scheme of the analogs is to

replace force and noment by current and to arrange electrical
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circults so that the equations of equilibrium and iwlce the
work of deformation are replaced by the equations of current

continuity and power dissipation respectively.

+

352§ Straight Member of constant cross section, Loaded at
End_points oniy. ’

The typical member BH of lengthof L is shown in

Fig., (20a), The parameters being Fythe axial force applied
To point B by to member BH, and considered positive when
‘tensile;.s, the resultant shear applied to B by loads and by
adjoining members, and considered +ve when it tends to rotate
BH in the direction of +ve slopey, (which is the direction in
which y=- coordinate is 90° removed from x- coordinate), and
Vpg end Mgy are the resultant moments consl dered positive
in the +ve direction of slope, Denoting by'F§ and F%, the
-components of resultant force applied to B by the loads and
members other than BH, and_noting that the resultant is also
the resultant of 5 and - F,

Fy= mS <« 1p = R (9a)
F$ =1lg =mp  eeeee- S
¥ S Mg _ (9b)
Moment sumanation yields
Mpg +Mgg * 8L =0 —— (10)

The x- and y- net works of an electrical analog
for the forces are shown in Fig,.(20) current leaaning a joint
is analogous to a force component applied to the corresponding
structural Joint. Ideal transformers are used to fix the ratio

of the currents, the required turns ratio being, for axial
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face Nx . _ O ; and for shear force Ny
.Ny ny

Sl

The eﬁuations of current continuity at joint B and
H simalate Equation © of force summatkon. If the tensile and
shear work is appreclable, it can be simulated by inserting
‘Suitable resistors in the branches. By analpgy_with tenslle case
the shear resistance may be vritten o‘:TLG vin'which G 1s the
shear modulus, and is the ratio éf shesr strgss at the
centroidal plane to the average shear stress S/A. It can be
shown -by Castigliano's theorems that the branch voltage
drops simulate the corresponding components of total branch
deflection, The resistor voltagé drops in the tension and
direct shear branches simulate deflection components caused

by direct tension and direct shear, respectively.

The moment relationships can be obtained, the analog
indicated in Fig, (¥c) with transformer turns ratio equal
to =1, The SL - current can be obtained by the indicated
transformer tie- in with the x- shear branch, the turns

ratlio being,

. Nl - L ) wrssenrene (l)
Yo T &

in which the units for I are arbitrary currents leava:ing

B and H simulate moments applied to the corresponding

structural joints, The equation of current continuity is

identical to Equation 10 for moment equilibrium,while the
power dlsglpation is

P =p M3y + Mgy sr,a-(%r_,)z] ceranenes  (12)
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in vhich P is resistance analogous to bending compli;n;e.
The vork of bending a strzight bean ig

w.-=Jﬁ2a -

b - N recenvs (13)

° 2E I

in vhich MS - 1s the moment at a distance S from the Jolnt
By Substituting for Ms its value in terms of Mpgs S and S,
and integrating, it is found that twice the work of deforma-
tion equals the power dissipation if

P = '%f . RN (14)

BY Castigliano's theorems, it can be shown that the
voltagé drop from B to H in Fig, Gmc)_represents the change
of slope between B and H caused by bending. Also, the voltage
drop from B to O represents 1 times the bending deflection
of H £rom the line tangen11;§ to the beam at By in the direction
of +ve shears ahd correspondingly for the voltage, drop from
H to Q.

To construct the analog for an entire rigid frame,
points B‘and H for all branches are inter-=connected according
to thelcénfiguration of the structuré,_a separate net work
being required for m- forcey, y -~ force, and moments, Electrical
Joints corresponding to zero x~ and y- deflections or slope are
grounded, and alternating currents of Same frequency and pHase

are with drawn to simulate the apvlied force components and

monents,

3.26 Some special members

The general method of approach is to simulate the
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This analegy 1s suitable for the solution of
static load problems, vibration problems and transient load

problems of beams.

3.27 Derivation of concentrated load anglogy

The usual assumptions made in deriving the
differential equations of a beam will be made here. Inaddition
it will be assumed that the distributed loads acting'on the
beam can be replaced by concentrated loads acting at a
Tinite number of stations. At each station a jump in the

shear will occur due to concentrated loads.

Consider a segment. . of beam, unloaded between a
palr. of stations, with end forces and displacements. The
segment of length r is assumed to be in a condition of equiw
librium under the actlion of bending moments and shears

applied at its ends,

Then the shear at any point
Vx:’va =vb adevsese 1

and the bending moment at any point

Mx =Mb+ (r"X) Vb evs e e 2

The following equatlons give the deflection of
beam any point Na, and the differences in slopes at the two

ends. x

waa =W +>‘a¢ +f Mx (Xa—x)d seeee 3
2 & ) T X
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conditions of moment equilibrium and the bending work of
deformation. By Castigliano’s theorems, voltage drop between
the Joints which represent the ends of the member is analogous

to the chénge of sloype.

(1) Beam subjected to uniformly spaced loads

q 1s the number of equal spaces between the loads,
If the load Q exists at B it may be added to S. The work
agsoclated with Q alone 1s not correctly simulated, but this
work has a derivative only with respect to §, and is therefore
of no interest in the differentiatiOﬂs assoclated with Casti-
glianots theorem and the prineiple of least power. The analog
may be reduced to the case f a uniformly distributed load Q',
by letting the number of loads edual infinity (Fig.21).

(2) snalog of z straight member with varying moment of
inertig '

In this case the bteam is loaded at the end points,
with a moment of inertia »f I varying linearly from Iz at B to
Iz at H. The resistances are a’ways positive irrespective

of the relativé magnitudes of Ip and I (Fig. 22).

a = Logg T ceess 15 (a)
b - 1 -~ 1 (b)
Logei =i
C= 4% =+ 1 -_1 (ec)
I=1 Togl
and
P = T , (d)
5 Iy~ B)

where 1 = Iy
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U 7\& = W'b - )b eb + l‘ t‘fx (X"‘xa) dx o s e 08 4
« * B
gb ~ga = j t‘ix-‘ dx r Y Y R E 5
°7 EX
gubtract equation number 3 from equati-n 4
‘ ¥

s - = 8, + P . 3]
B3 w ) H seees
b a )a a Ab gb O[ ?ﬁx; (x~Aa) dx

The deflections of the extended tangents from points
Aand B at x = a are from Flg. (27)

g

i

W&""’ Aa Qa ..»-oo 7
Zb :wb-* )\b Ob | e v ees 8

Hence by suhstitution in to equation (6)
Y

Z'b - Za T - j 1’Ix (X” Aa) dx ssere o
o) Ei
Insert thevalue of H, glven by equation (2) in to
this equation '

Y A

zb "‘Za = - 'Mb J x‘i Aa dx + Vb J(x-—)%%!x—\') dx -e 10
o [

If a 1s so chosen that x= Ma 1s at the centre of
gravity .of 1/rI diagram, the first integral of the equation
910) vanishes and in the secvﬁd integral (x-y) may be replaced
by (x- Aa). This chnhice of Aa has tﬁe efTect of uncoupling

the equations for deflection and slope.

A 3

- .\ 2
2 = Zy =y j(x'-lg) i ceee 11
o EX

Hence Z; - Za is equal to shear multiplied by the
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moment of inertia of 1/EI about the C.G. of 1/FI diagram -
7

Similarly the difference in slopes at the two ends
is obtained by substituting the value of M, from equation ()
in to equation (5)

% =85 = r'-l-ﬁ N S A

o

gince X = Ma in the C.G, of 1/iI

Obﬁoa=Mo o‘( l/m dx Piese 13
vhere My =My, + Vi, A®

M, 1s the bending moment at the centre of gravity of 1/:I.

The equations which are essential to the development

~of the electrical circuit are summarised as followst

‘Va = vb . | | ioliia.14
My = My + )y Vy ceresh 14
Mg = My +Mra Vg coreaC M
za = wa *>‘8. Qa ‘ Co"thol&
Zp = wy, + Ay g | . 7
Zb=2a ::Vva 'cto-f.m
Qb ~ ga =Mo %4 totoogglé
r
where Ry = [ dye
o B

T
= x-)\)g
Ry ofﬁ__éf...@. de



In the electrical analogy displacement quantities
(deflection and slopes) will be represented by voltages
to ground and force quantities (shear and B.M) will be

represented by currents,

3228 | |

Fig (24a) shows the in put and out put connectlons
while the (24.b) shows the complete analogous circult and the
Places where each equation is satisfied. The propertles of
ideal transformers ave used in this ecircuit, For example the
current flowing in the lower winding of the transformer at the
right is equal to Vb» 8ince the turns ratio of the transformer
is Abil, the current flowing in the upper winding is equal
to Vi, Ab. This current adds to give M, to give M_, thus
satisfying the eduation (14b). Since the voltage across the
upper winding is equal to €, the voltage across the lower
winding 1s equal to ADb ©pl and this voltage subtracted from
Wy, glves Zy. '

tquations (14.c) and (14.d4d) are similarly satisfied by
the transformer at the left. Rquations (14,.f) and (14.g)
applied to the circuit are an expression of ohm's law for
Tesistors whose resistances are respectively, Rv and Ry.

Zquation (14.a) is satisfied because no branches oceur in the

circuit connecting Wy and Wb.

When several such circuits are connecied together they

form the analogy for a complete beam.

Concentrated loads are renresented by currents inserted

in to the deflection circuit at the points of inter-section
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currents representing concentrated moment loads also may

be inserted into the slope circuits at these points,

The two transformers on either side of the nth
node may be replaced by a simple transformer with a lapped
winding as shown in the fig. (26b), The bending moments at
~ the ends of each segment no larger can be measuredf However,
Mo the bending moment at the centre of gravity of 1/8T diagran

wvfor ench segment should prnvide sufficient information.

~ In the static stress analogy flexibility is represented
by the electrical resistance and strain energy 1s analogous to
electrical power, In vibration problems with distributed mass
loads the same form of the circuit 1s used but the resistors
are replaced by inductors having same numerical values,
capacitors, having numerical values equal to the mass of each
. section, are connected between the‘nodes of deflection circuit

and the ground.

3.29 An equivalent form

- This ecircuit shown in the fig (26) may be derived by
setting Na = r and substituting M, =M, - x Vp in equation 3.

. . _ r
Then w,_=w +r (8 +M 1/r X=X 4
b a E a a i' Jou § x g

r .
‘Vb f = !rux) d sedes 16
I X
o)
Verine y r
R, = T P o S sovend 16
1 [ B ax
O
Ry = 1r [ . 16
o = rf X d, ’ sese .
x
o .
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T - ’
R SR 32 X (=X : a.o...C.lﬁ
3 1/ £ Lﬁ‘i[—l dx

'I‘ﬂen “Ib had Wa = r%(oa + Ma Rl) + vb xr RB ; e o 00 17
. . = R 2R N R J 18
From equation (2) M, = M, + vy

If equation (2) is substituted into equation(5) and
Vb is eliminated by equation (18) then the equation for the
difference in the slopes at the tWo ends of the segment is,

6 =0_= M Ry + M

b a a Rz e eearp 19

b
Fron the electrical circuit equation (19) 1s obtained
by summing up the voltage drops across Ry and R2¢ Equation

(17) by adding Qa to the voltage drops across R_, and Rgy

19
and multiplying bytransformer turns ratio. Equation (18) is

satisfied by the curronts at the Junction of Ry and Ro.

The negativé resistance Ry Can be replaced-by realisable
cireuit contalning a transformer as shown in £ig.(26). The
eircuit of the figure®8a is more practical as it requires only
tne transformer compared to circuit (26b). However, 1t 1s
 believed that circuit in Fig.(26b) will be useful in developing
a more accurate analogy for thinplates, and for thin multl

cell shells where distributed twisting moment act on the
sides of 1dalised beams, |

G.W, Riesz and B.J., Swain 1954

3430 -~ This anal-»gy utilises the equivalence between stored

energy in a net work of resistors and capacitors and strain
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energy in a structure for the solutkon of indeterminate

structural problems. The method makes use of a small number

of cheap and easily obtalnable parts.
3,31 - 1, Mathematical theo

The potential distribution along a sting of resistors

connected In series when currents are introduced at several

polnts is analogous to the bending moment, diagram due to loads

applied at simllar points on a straight veam. -

Consider a beam which is in equilibrium under the
actlon of several transverse loads and reactlons, wi, wgy ---
w  acting at distances %3, %, =-=--- %, from the left

end of the beam. Then since the bean is in equilibrium

SW= o cemme(1)

. - v
IM= o e (2)

The second equation may be written as
My = My —====(3)
vhere W = vertical farce as reaction

My, = Bending moment evaluated by consideration

of the loads and reactihns to the left of the section.

Mp = Bending moment evaluated by consideration
of loads and reactions to the right of a
section

At a section x

My = Mp =Wy (X-xy) + vg (X=X )+ -0 Wy (x=Xy)



vhere there are K loads applied to the left of the

section x.

Consider now a sbing of resistors intowhich several
currents 14, 1y ====- igy are fed at a points vhere the total
resistance from the left end to each node 1s T1yTg~==Tx>
also shown in the figure (27).

ﬁ
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o
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- - k—“"——"x
T ) —» XYL
\ i i o ] A i
4 ,{g 1 )
*——k’ - "L. ‘:42 ' ) . 1
Y2 - )‘ tn '
YK VA : i
< M7 ¥ — !
4 i n 1
t —A AAA
Uo 4 N i
FIG-27 ANALOGY BETWEEN VOLTAGE
E‘ AND BEND/NG MOMENT.
Applying Kirchhoff's laws

"at each nodey, and taking currents enteriﬁg the sting of B
resistors as +ve, the total current at each section is given
by the sum of the currents i, is~~--~ to the left of that

section.

At a pointyhere the total resistance’from the left end
is r and theyeare currents fed into the resistor string to

the left of the section under consideration, the voltage V

may be obtained by the ir drops in each section.

If the beam 1s loaded or supported at the left end, the
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distance Ty will be both zero, If in addition the left end
18 clamped there willl be a fixed moment which is represented
in the analog by the potential Vg, theyoltage V is given by
V=20~ (rg -1y 13
-~ (rg - r,) (11 + 1iy)

-~ (r4 - r3) (14 + 1, +13)
- (r—l‘k} (il + 11{__1 A ik) ‘‘‘‘‘ (6)
This reduces to
Vo =V =iy (r=ry) + 1, (rsrz) + o+ 1y (r~:k) -(7)

Also at a section Vi =Vg - m—me (8)

it will be seen that equations (8) (7) and (8) are
analogcils to equations 1; (4) and (B)Crespectively. The
bshaviour of circuit is therefore analogous to that of beam,
resistance belng analogous to length and current to transverse
load., It should be noted that correct scale factors are

maintained in the anglog.

3.32 - This simple circuit is therefore all thatis required

to solve bending problems of statically determinate beams. But
if the solution of statically indeterminate problews is %o beo
attempted, then an analogy to the elastic properties of the
bean must be Introduced. The theorem of castigliano states
that in a structure where there 1s a -initiagl strain, the

- Tedundants have such a magnitude that the rate of change of

strain energy with respect to each of the redundants i8 equal



tothe corresvonding deflection of that redundant, If the
cerresponding deflection is zero,the theoren may be stated in
another camiliar fora by saying that the total strain energy

4s a mininun,

Now the strain energy of bending of an slement of
beam is given by the expression
. q—— & 2 A s QS o W et -
4 = E%T' dg | B ' (@)
This is analogax to the expression for the eleetrical

energy stored in a capacitance which is,

U=3¢C xég’_ e (10)
TWwhere M i3 represented by V, and dgs  is represented
hw. .. , T
- It has been shown above that an analogy of voltage to
bending montent may be obtained by the 5. of resistors? By
combining this with the analogy of stored energy in a capaitance
to strain energy in a bean element, a circult can be obtéined in
- which currents representing the redundants are adjusted untll the
stored energy is minimim, thus solving the eorrespondihg sta-
tlecally in-determinate structural problem. It should be
noted that the assumptions made .in the derivation of this
englogy are the same as those usualli méde in the solution of
statically indeterminate problems, namely the JBernoulli
assumption for flexure, and that of thé shear strain cnergy

may be neglected.
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3433 ~ The members of a rigid frame work are represented

by resistance net works, the resistance value being selected
to confirm %o the stiffness ratlos, and the carry over fac-
tors of the structural members.If the currents representing
the fixed end monents are fed in at the Joints then the
distribtution of current in the net work will represent the
distribution of moment in the actual frame work,

The calculation of net work resistance is bhased

on the concept of stiffness K and carvy over factor C.

The following formulae apply quite generally including

the cases of non-uniform besms and/or seni rigid joints.

| vv (Either'r or W or any equivalent 3 terminal net work
can be used (Fig. 28).

For a T net work,

R, = 1/ 1.
A KA B i R, = 1 1-¢
1-Ca 0y g 1~ C, Cp
R =_1 1 e
X I i
A I, Gy B 1-C og
whereas for a TT net work,
rpa=1 3 3 T T 1 1
X, 1-C; Ky 1-Cp
r = _1 = 1
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Naturally all resistance values may be multipiled

by an arbltrary constant.

For a beam of constant section and rigld cross
section

Cy =Cg = 1/2 and K, =EK; =K, hence
R, =Rg =R =2/3 1/

Ty, =¥ =TS 2 1k

3,34 Construction of analogue

The analogue set up for a two bay building is shown
In Fig. (29), the extension to any other structure is straight

forvard,

- Six of the seven colls of milti-co1ll meter are used
to measure the sum of the currents cbrresponding to column end
monents (See cl to qs). The polarity of those near 3, E, and C
~ is opposite to those near D, By and ¥, If the columns are of
the same length, then all coils will have same number of turnss
1f they are different, elther the number of tums of the coil
is adjusted or shunt resistances are connected across the
colls effected. The seventh coil is used to "bias" the meter

if a sway load is acting in the structure.

{For columns of different length the sway check
equation is,

V= Myp+ Mpp o Moa#+ HMgp , Mcp + Mpc )
LAD LBE Loy

If the multi coll meter shows a sway unbalance, this
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can be corrected by feeding currents through approximate

reslstances Rgq to Rgg from two sources Sy and Sy. to the
current feed points. The potentials of the two sources are
adjusted by equal currents in opposite directions relative to

ground. potentials until the meter registers balance.

Since in the actual structure the sway - corrections
are not equally distributed if the second monents of area and/or
the lengths of the columhs differ, fhe correction currents
have to be distributed accordingly by modifying the sway supply
resistors (Rg), in inverse proportion to the appropriate 1I/y2

values.

0. Browwer and S. Van Der Meer ~ 1957

3435 = The analogue system conslsts of resistor net works and
feed back amplifiers. The bending moments, shear force trans-

lations, and rotations resulting from a static load arec repre-
sented by potentials and currenté, The influence of change in

loads; flexural rigidity of members, or shape of the structure

in the distribution of hending moments may readil? be derived
from the model experiments. This requires simply resulting of

neceséary potentioneters and measuring the new poténtial

distribution.

3236 The genergl principle of anglogue.

A contlnuous bea aay be considered to an assembly
of separate rigld bodies connected by elastic joints. A
continuous load may also be split up in to concentratod loads.
This principle is applied to the electric circult model of a

bean.
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The deflected bean shown in Fig. (30 ) 1s divided
into 9 equal sections of length 21 and two sections of lengthl.
gtations spaced 1 apart are numbered consecutively 0,l---- 20,
Thege numbers will serve as locational indices to various

quantities considered,

A load Vx is acting upon the beam as well as reactive
moments M, and reactive forces V. The local flexural rigidity
is denoted by the symbal Ky. The position of deflected beam
is deternined by the vertical displacement V, of the mark n
with respect to unloaded state., The slope of the deflected
curve is dgnoted'by mp. The sign convention is indicated 1n
figure (31), The slope of the beam and vertical displacements
are drawn to an exaggerated scale but both are assumed to

be small.
The £§11ow1ng r;lations hold inFig, (20a)
Vo + Uy + Véo = 0 (12)
Mzé - Mg‘zfvonl ~ Vzo (20-n)1 (2a)
Mp = = ( Kp/4 12) (V40 = Vg *'Vn-z)(3§)

of which the first two descrive the equibrium condition and
last are deflections of beam in teras of difference equations,
in the latter the distance between two elastic joints 1s 21
except at the edges where the length of the rigid part is 1.
In this case bending moments due to horizontal loads are
neglected. The net work analogue is drawn in Fig. (30b), Two
horizontal rows of resistors are shown,which are intere

connected by vertical resistors Ry e The horizontal rows are
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sub divided into 9 resistors 2p and 2 resistors r at the
edges, and are tapped between adjacent resistors, The top
row potentials are indicated by M', the bottom row potenw-
tigls by V', the current drawn from the top row by v¢, the
current flowing in the b ttom row, from left toright by =o',
Ry 1s chosen to be large compared to * and automatically V*
is always large compared to 7', The potential distributiwm
M' 1s almost independent of rest of wark:and may be computed
or if the vertical resistors were replaced by open circuit.
More over the potentials v' are negligitle compared to MY
and so the current flows in vertical resistors are set come
pletely by the top row poténtials, Taking these considcrations
into account and applying Kirchhoff's laws to the electrical

net work we get, with fairly good accuracy,
Vo Ty # T3 = 0 (1b)
Moo = My =V, 0T - V',o (20-n)r {(2b)

M'n = = (B /2r) (Vipep + 2 Vi + Vi 0)  (3D)

The relations betwern the mechanlcal quantities
are of a nature similar to those "etween the electrical
quantities, The net work analogue will give equivalent

Tesults provided the model law 1g satisfied and boundary
Rn/2r = Kn/ 412 (4)
conditions correspond %to those present in the “ean.

Alternating cur-ents are to e applied rather than

direct currents, becausc 1t is more convenient to a=c
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gnplificers,

3,37 Mnalop of a cantilever beam with built in supports

In the figure (32a) a cantilever beam is showm
which is loaded by a force Vy and which isclamped at the left
edge, The damping condition is giﬁen by the angle and the ~
vertical displacement at the supporting side,

The analog is drawn in Fig. (32b). A number of boun=

dary conditions have to be satisfied.

First equilibrium 1s considered. A matching of the
vertical forces is achleved in the analog by keeping the total
of all currents drawn frem the top row zero., This is done by
drawing an appropriatc current from the supporting end of top
row by means of feed back control. Assumiﬁg that the steady
state of flow of currents is established then the equilibrium
of moments is achievVed automatically. This equilibrium state
ks achieved in the following way: The prescribed potention
M,o* is compared wlth the value Mgo Of the top row by means
of a difference device with large in put impudences, The out-
put signal of latter is fed to a large gain amplifier with both
positive and negative out puts, The positive aut put signal is
fed back to the supporting edge of top row via a resistor R
which 1s large compared to r. NOW’if“Méz is larger than Myq,
then a current is flowing into the left edge of top row, which
increases Mpys the potential difference between Mpo and Hgg
will be reduced to zero with an accuracy depending on the
gain, From the negative out put signal of the amplifier the

w

reactive force Vo ' on the adjacenent element is derived,



ANALOG OF A CANTILEVER BEAM WITH
BUILT IN SUPPORTS.
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In order to determine the position of beam two
boundary conditions have to be satisfled, corresponding to
the angle and vertical location of ¢lamped edge. The first
one is introduced by a current of prescribed magnitude.
entering bottom row at the supporting end. in.the steady state
thetotal of all currents entering the bottom row should be
equai to zero; This is done bydrawing a current from the
supported end by means of a seond feed back control. Then the
potential V, is stabilised at the prescribed value Vo' 1n &
similar way as in the case of equilibrium Vo@ and Vo are
compared in a difference device the out put of which is connec-
ted to a large - gain amplifier with both positive and nega-
tive out put. The negative part in fed back to the un-suppor=-
ted end of the bot&oﬁ row Via a resistor R. As 1n the equili-

brium case the difference between V; and V, 1is reduced to zero,

Qorizontal forces and displacements may also be ine-
corporated into the analog by the following way. As the defor=
mations of a rod as a resullt of longitudinal stresses are
usually negligibley the translations h in the horizontal di-
rections are the éame anywhere in the beam. This corresponds
to a short circuit. The matching of horizontal forece H is
achleved autonatically by the introduction of another éhort

circuit, from which the currents H, may be drawm.

The analog of Fig (32b)‘has two sets of six terminals
of which the in puts are nmarked by triangles pointing inwvards
and out puts by triangles pointing outwards. The quantities
belonging to the bean are indicated by the usual symbols and
thosé of adjacen® elements are distingulshed by a star,
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The analog treated above is valid only if the ie%t leg
is cdlamped, VWhen the right edge is clamped,the symetrical
counterpart is requlred, The transfer of forces and moments
is always in the direction from the free end to the suppor-
ted side and the transfer of deflection in ghe opposite

dlrection.

3,38 analog of a statically determinate ripid joint

The joint has four »ranches. The lower branch is fixed
in this case the forces and moments acting upon the un-
supported part of the structure are to be transferred to the
fixed member and the deflection of latter in the opposito
- way, The following relations have to be satisfieds

Hy +Hy = H, + H, = 0 (5)
'vo+v1+vz'+v3- = o (6)
Mo * My + My + My = 0 | )
hy =hy =hy =hg (8)
Vg TV =V, =V, (9}
g =m1=-r;12=-m3 (10)

The electric circuit model (Fig.33) contains four sets
of terninals which ay be connected to the corresponding
terminals whieh-m of the beams or column. The various terminals
are distinguished by the usual symbols.

The matching of horizontal forces is achieved simply
by connecting all the terminals H. The sane applies to

Vertical forces. The matching of moments asks for a surming

P a
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invertor in the case A.C., is emplayed. The horizontal displace-
ments are equralised byvconnecting éll terminals h, The samne
applies to vertical displacements. The transfer of angﬁlar
rotation my is accomplished by means of short circuits and a

phase invertor shown in figure (32b).

if,,instead of the lower branch,.another part of the

Joint 1s fixed some modificati-ns of signs are indispensable.

3,39 fnalog of a statically indeterminate joint.

Theve are however situatione inwhich the reactions
between two adjacent parts >f the system are coupled to the
deflections, Such a coupling 1s present when for instance, an
additional attachwent is made in a statically indeterminate
structur, In order to solve this another elewent is to be
introduced into the system of analogs, Which will be called
statically indeterminate joint. This element must satisfy the

continuity of structure at the additional connection.

The electric analog of the element (Fig.34) has two
sefs of termingls, denoted by the usual symbols of which the
primed ones belong to the left set., These terminals fit into
those of the adjacent &lements, The vertical displacement of
the left element r' is compaved with v at the other side by
means »f a difference device with large in put impedances, and
the out put signal is fed to a large gain a-plifier with both
positive and negative out put. Via a large resistor R the
negative out put is fed back to V! and the positive out put
to V- Now suppose that v' is larger than v, then a force is

exerted upon the adjacend elenent on the left hand side and an
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equglly large force in the opposite directions upon the

neighbouring right clenent which will cangl the original
difference between v' and v. Independently horizontal conti-

nulty 1s obtained in the same way.

In the matching of angles the currents m' and
m are fed to a difference devices This out put is connected
to a large gain amplifier with negative eut put only, which 1s
connected to M' and M straight sway. Otherwise the principle

1s same.

3.40 analog of a curved beam

The curved bean of Fig. (35) 1s d-mped at the
left edge an§ a vertiéal force vlp and a horizontal force Hgipg
are exerted at (X, Yp). The total length I, of the girder
is measured along its curvature, is dvided into sections 2 1
and 1 or before, The secfions are projected on the x and ¥
axes, Thedflections of the un-supported end are governed by

the relations.
L

Y - Vgo'z OJH/K (xa0 =xp) 4% = & B (xg0mxz) 2 1 =

19 :
ho ~h = Jn (You~7,) 48 = Hn (Vou-yx)21 (
20 T gV T T X
t 19 :
mgo -Me = | M ds =~y Mo 21 (1
ot K T oad Kn

in which ds is the element of beam and M is hending moment
due to the combined action of the vertical and horizontal

forces.
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The analog of Fig, (35)p 1is built up from already
known egements:a beam 1 in horizontal position damped at the
left edge, and a separate bullt in column - 2, The sectlons
of the both memhers are non uniform and the resistances are
proportional to the projection of the sections land 2 1 of the
ac?ual beam on the x~ and y - axes. The vertical force vy, is
exerted on the beam only, resulting in a B.M, Min. Similarly
a moment M,y Tesults from the action of Vep on the built in
support. The deflection of the curved beam are caused by the
combined effect of M1y and Myy. Now the daghed connections are
introduced between hoth the elements, contalning resistors By
corresponding to local flexural rigidity K, of the curved beanm.
BY Tepeating the inter-connections at all sections the totsl
B, M.Mp = My, * My influences the deflection of both bottom
rows and the relations (11)- (13), are satisfied. The top rovw
only contain infor—ation agbout the partial bending moment,

being elther My, Or Moy the bottom rows glves the complete
deflections.

If the shape of $he curved beam has 3 maximum w.r.t.
X or ¥y axis, it should be cut then and both parts should be

treated as separaté curved beams, connected by a rigid Joint.

3.41 Generalisation of three dimensional case

The additional problems ariving in case of three

dimensions have to #e wlith double bending and tension,

Dduble bending may be seen as simultaneous, independent
bending of the beam in the planes of principal axes of the
cross secti-n.Tais phenanena may be treated in exactly the

Sarie way as in seetion 3.37,



Torsian problems may be treated in the same fashion

on bending and an analogous net work applies to it.

Then the complete electric circult model of a stralght
beam exists, and 1s made up of four separate, similar net works,
two of which represent the bending action, are the torrian, and

the last one the compression of the beam.

As a match of fact the joints will be samewhat more
~ complicated than in the two dimensional case, tut the same
prineciples hold.

Dr. J.W. Bray 1957

Using the equivalence between the slope deflection
equations of a bean, and the equations of an electric circuit,
containing a group of three resistors, the electrical net works

for beams, trusses and frames, have been devised.

3.42 ~ Consider a bean, the ends of which have been rotated
undcr load through angles 6, and N and are maintained insqui-
livrium by fixing moments M AB and Hpa

Relation between the moments and rotation is

Mpp =M'pp = __E’ (2 94 + 6y) (1)
Mgy =M'ma - ZE (205 +6,) (2)

In the circuit shown (Fig 36) the ends A and B are

malntained at voltages VA and VB and currents 1';g and vBA



am A

AR" FED into the circuit as shown. As a result current 1AB
and 1BA flow towards the nodes A and B, These two type
of currents will be referred'to as feed and net work currents

respectively. It can be shown that,

1m = i'A.B - ]fR (2 Yﬁ-VB) 'R (3)

iBA = 1'BA - m (2 VB -.-VA) | toan (4:)

To establish an analogy between the el astic and
electrical systems, the quantities must be proportional to
each othgr, that is

18 5D My - iy == D Mp, :)'
g =+ P My l'gp =-p Mg, 2 e (8)
Vy=+q o, Vg = 4 8y )

where p and q are arbitrary constants, When the

beam 1s continuous over a simple support, (Fig, 37).
The conditlons are expressed by the equation
Mpg ¥ Mg = O

%8s = ©gc

If the expressions given in the equation 5 are

) :
)
g ees  (6)

substituted into these equations the result is

i + 1t = 0
BA BC
(?)

oot Nosl N i
L]
*
°

VBa = Vg

b7






68

In this analogy the feed current corresponds fseim.,

voltages to rotation and resistance to L/2g ratko.

As 1t 1s seen from the ZEquation No.5, that +ve
signs occur in all the quantities concerning A and -ve signs
occur in case of By it 1s necessary to attach alternate +ve

and -~ ve signs to the nodes of the net work.

o The angle slope of beam over supports can be found
out by measuring voltages at A, B and C

R = gq/P L
VE gy

g = RP 2 E..E
S L _
Dividing these voltages by the scale factor q and by thelr
respective node signs we obtaln the corresponding angles of

Trotation.

3443 - If one end of the beam is btuilt in so that no rotation
is allowed, the compesponding point in the net work should be

at zero potential,

(b) In continuous beams, cantilever part is statically
determinaxe‘one. It has no effective stiffness and hence no

resistorsvare needed to represent it'in theo model.

(¢) If one of the support sinks by an amount & , under
load, the feed current at the load point should include the

amount of moment caused due to sinking of supports.

3:44 Alternate way of=dealing with settlement

Here the feed currents are due to applied loads only,

the allownnce fog settlement 1s made by raising the corresponding
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potential points by an amount V = _38 q
L

| Consider the beam shown in Fig., (38a) when the beam
sinks by an amount sy the fixing moments are given by,
14#,8 = AB - ___ﬂ ( 2 GA + QB + _f:_ ———- (8)
Mpp =M'gy = ZEL(26 +0, +3.0) (9)

Fron the diagram of electric circuit the corres-

ponding currents are

33& = i'AB - 1/R (2 'VA - 'VB - V) - (10)

i

Thus a complete analogy is abtaihe;i if in addition
-to the usual conditions of terwinal voltage v are made pro-

portional to the quantity 34

F

v=gq 38 a : - e (12)-

L

3,45 Axial load

The above Equations (8) and (9) are only applicable
when the axial load on the member is negl:lgibie, Wien this is

not so, the equations have the modified for
MaB = M ,p -,isg_ Ecg Oy + Cy 6 + (Cy + Cp) A,»'22«(1:3)

= ¥ - - l D -
Mpy = M'g, % écl Oy +'Cp Oy + (Cy + 042 ; (14)

where cy = (2 Cos 2o~ 1 )
o< = Tan

]

. Co L1~ 20 Cot 2e)

oc= Tan o<
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and

P ks the axislload.

The current equations are

u
1am =i’AB - 1/R é(l/a + 1/b) Va .'- 1/a - 1/b g'-(15)

o _ A s | u
ins =1'p, - IR é(lla + 1/b) ’vB -~ 1lav, + 1/b 3(16)
where = 2/C1 sy b= _gf g and U = C&fcz q

— “2 1
- Since the axial loads are not initially known,
however a method of successive approximation must be applied,

the procedure being as follows:

as Ignore the axial load, set the model to determine
‘the moments in the usual way and from the values calculate the

approximate axilal loads.

| by Modify net work resistances to allow for these loads
-and from the new current distribution redetermine moments and
axial loads. Repeat this process until the required accuracy

is obtained. The results usually converge falrly rapidly.

3,46 Member of non uniform section

When considering the deformation of a beam of non-

uniform section, as in the Fig (40),

It 1s necessary to introduce three parameters involving

the geometry of the beam, these being defined as follows,

L L
< = JIo x2 dy 3 =Xo_ [ x (F-x)
J-g—t’ o/ ---I X ﬁ 1’3 X dx
R - |
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L : 7 1
and T = ;oJ(L-x)z a
L3 I x

o

vhere I4 1s the second moment of area of the section
of the beam at seme standard reference point, such as at

the centre of span., It can be shown that

! ~ ‘ . ‘ ! . | A . i, s
MAB =M B %9_ 2 c2 e_A + cleB + (cl+c2) "‘II“; (17)

Mgy =H'ga - .......3;0 § €18 *0g0 + (0 *Cg) Shm (18)

whereci‘i *"'G‘=g_§c=r

In the 'equiNValent_ electric circuit the resistances of

the group will be represented by aR, BR and cR, where R= P/q
1
Analygls of the eircuit yields ths equations
tp =40, LR (GL, DV =at¥, 1% ) e (19)
AB AB’ { $3 +,% A B : 3
1py =1'py - WR{ (24 D Vg - Va ¥, mvg —m—ee (20)
. 8 :

Then for the system to be analogous

8= 2. ¢ pa =2 3‘,«;;,3 )
C1 G0 % J
)
u = CotCy @ L avs Cy + Cq . 2 % --=(21)
Ca~ Q1 . | Cg-cg L

3,47 Rectangmlar frame work

In case of rectangular frame work construct the net

work,wkth resistors R being proportional to 1./I' so that the



dis-position of mode points corresponds to the position Of
joints in structure. Supply currents to the net work Propore
tional to thevalues of f.e.ms. and measure the currents in varlous

1inks of the net work, and convert them to fix oments by

using the proper scale factor.

3,48 Sway

In order to include the effect of sway the circuit rmust
be modified by providing a fourth regsistor for each column and
a shear circuit for each storey, This circult has got two

functions:

1, To simulate the effect of sway in the storey,
2, To provide means of measuring the amount of horizontal

shear in the storey.

é

Ao
0N o
b N

|
|
!

ELECTRICAL CIRCUIT FOR A TWp BAY SHEAR CIRCUIT ‘
( . FRAME
E FIG—4/.

The shear circuit (Fig 41) consists esséntially of a
gstring of resistors r, ¢ and t, supplied with current by a
batt B, through a potentiometer P. The jJunctions between

Ty 8 15 earthed and milliameters are inserted in the leads to
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terminals a and b. Since r and s are equal resistances the
voltage induced at @ and(brby the current flowing from the
battery nust be equal in magnitude and opposite in sign,
the actual voltage depends on the setting of the potentio-
meters ,

The voltage + Vv applied to the end resistors of
any group is equiValen; tb a relative displacemgnt A between

the ends of corresponding column, whereas

Vv = q 3

e

L
the shear circuit applies the same vollage + V to all column
groups of a given storey, 1t gives the effect of sway of
amount & for the storey, r and s are kept low in comparison
with the maln work resistors, to minimize the effect of current
flowing through r and s from the maln net work.

The second 3unction of the shear eircult is made
clear by the following relation.

Consider the circuit diagran of fig.4%., The current
flowing to terminal.a,from the resistor group Ap 1s given by

2/31pp + 1/3 14y, + 2/3 /R

There are similar expressions for the currents

flowing from the groups Bp and Cp and hence the total eurrent
flowing to terminal ay is

2/3 (pp +1gs + Cp ) *+ 1/3 ( Ipy + igp + 4ips )+ 2VAR

This is slso the reading of meter x.
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gimilarly the current flcwing from the maln net work
to terminal bl is

2/3 (i, + gy + 1pc ) + 1/3 (py + 1gp + 1)+ 2V/R

This is however a current flowing from B to C through
the extra column resistors, as the potontial of € is 4V
below that of b, the magnitude of this current will be
4v/3 n _ 4. Hence the resultant current flowing to
_RL X3= T |

terminal b,
=2/3 (4, *igy +ipg) + 1/3 (1py + igp + igp)- 2 v/R
This is the'reading of ¥
The difference § 1is therefore
= 1/3(1) + gy * 1) = /8 (Ap v 1y + d0p )
= P/3 (M, + Mgy + Mo + Vpy + Mpp + Mpg )

s Bl = P/3 SL ~ S—— (22)

where P = moment current scale factor
S = Horizontal shear in the storey
L = Length of columns

3249 Wind load

The effect of the wind load on a frame 1s to induce
horizontal shear in the various storeys of the frame, and these
shears may be sirmlated in the analogue by means of shear
cireult, Find the values of % ST, for each storey and adjust

the potentiometer till the shear meter shows the required
Value.
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3,60 Settlenent of foundation

This 1s simllar to that of sway. Waereas in sway
there 1is horizontal moment, which is same for all columnm in
same storey. With the settlement the moment is vertical and is

game for all the beams in a given bay.

Hence 1t is obvious that shear circuit can also be
uged here, eonnectibns‘being wade_to groups of resistors re=-
presenting beaﬁs instead of columns, Let any portion of the
frame sinks by an émount & - with the scale factor q, 2 FI RP
find out the amount of voltage required to produce at thg
torminals a and b of-both the shear circuits, which are on
eitier side of settled portion, by msing the following
equation,

v= 2 REP x.%gﬂ

The setting of potentiometers is varied until

th;s condition 1s reached.

3+51 Semi-rigld connections

When a riveted Joint 1s loaded 1t suffers an
appreciable amount of deformation so that the members meeting
at the joint rotate relatively each other. If the curvature
of the characteristic curves obtained by plotting values of
angle of rotation on a bame of applied moment, is ignored and
the curves replaced by sultable straight lines, the rigidity
of any given Jjoint, defined by the ratio moment can be

Fotation

taken as a constant for the joint, being represented hereby

the symbol r. It will be seen that r is zero for a hinge and



infinite for a perfectly rigid jolnt. 76

Semi rigid joints are represented in the computer by
inserting additional resistors between the resistors groups
and- adjacend node pointsinstead of making the connections

directly.
The anmount of resistance "= P
q

1
r

n = 2

R - in ohm.,.

g

If desirable the resistances can be made variable
so that the true curved characteristic of the connections
can be followed, Instead the linear approximation used here,
The potentiometer must be set to a rasistance corresponding

to the value of 6/M at the pociat of operation

i~a9'- ‘\ = P/q G/M v s =g (23)

3452 Plastic hinges

In the conventlonal method of design, a étructure
is taken to have failed when the stress at any point exceeds
the yield stress, The modern method of design recognises the
fact that in practice failure occurs only when a sufficient
nunber of plastic hinges are formed to render the structure

unstable.

In determining the collapse load of a structure
1t 1s necessary to estab ish the position of plastiec hinges
and the 7ode of co'lapse., Thlis is easily done with electric
analypser. |

Consider a tw> bay fixed hase portal with full
plastic 1o01ent of M, (fig.42),
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In operating the analyser provision must be made
to enpure that the corresponding net work currents do not
oxceed the limlting value Zya Where Zm.n Tepresents M
to scale. Plastic hinges may occur at any of the nodes and
under the concentiated load also. If a current of amount
v is applied to earth lead of the resistor group BD as shown
in fig (43), the resultant current in this lead will ropresent

to scale twice the amount at point C.

Hence the current must be limited_ta zzma, The

saq1e romarks apply to the resistor group DG,

To simulate the effeet of inereasing load the
feed and the shear currents are gradually incrcased until
one of the net work currents reachas the limit ng values of
Z-m,a, Say the first current to reach the value is ipp. To
simulate the plastic hinge formed at the point the connection
between group BN and node D is broken and currents and + Z and «:
ma are fed in to the cireuit on either side of break. The
feed and shear currents way now te increased until the next
current reaches its limliting value. This applies no less
to the current in the earth lead of group BD, which reaches
1ts maximum value of 22y, g When the load is P - Final
stage 1is ﬁhaﬁ wheréris found inpossible to produce any
further increase in shear current, which 1s conpletely in-~
dependent of shear voltage at this stage. By this we can

find out mode of collapse and collapse load factor.

Zr e o o o e e sle sy e okeols
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CHAPTFR 4,

Setting up of a Moment Analogy Computeyr for
Multi-Storeyed Frames.

4,01 - The construction of rmlti-storsyed franes is of a
grcater importance in places where there is a shortage of land.
The development in steel and concrete technology have —ade the

construction of framed structures easier and advantageous,

In modern times the construction of all multi-storeyed
buildings is doﬁe in steel or reinforced concrete. These
materials pernit of skeleton frames which can be designed and
constructed to suit particular requirements becanse of their
high strength in compression for concrete and in tension or

compression for steel.

The design of these skeletons can be accomplished
either by analjtical methods or by experimental methods. The
former one needs a lot of lagbourand wuch of time. But among the
experimental methods “lectrical Analyser provides an easy
solution with in a short tine and gives the results wifhin
the limits of aécuracy in practice.

4.02-Practical forn of the Analyser:

The experimental Analyser congists essen*lally of a
(40") x (24") base board on which is mounted an array of

- sockets and switches., The Analyser is five units wide and ten
- units deep.
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Base board is 1/8 in bakelite sheet, on which no. of

eight pin sockets are mounted,

Fig, 47 shows the construction detalls of Resistor
group plug, Node plug A, Node plug B, and that of Selecter
switch. At the start each node socket 1s ?itted with a node
plug >f type A, When measuring current at any node, the node
plug B is substituted for A and meter connected in turn to each

leog of the cireuit; by means of a selector switch,

A scparate board of 1/8" thiok.bakelite sheet of
size (28") x (19%") carries the feeding circuit connections
having potentiometers and fuses fitted to 1t, And carries

switches for measuring current in each leg of the circuit.

These boards are fitted in a wooden frame as shown in
the photograph no.ls The bottom has got a box type arrangement,
which is fitted with necessary transformers and rectifiers for

feeding the maln ard shear eircuit,

4403~ Specimen frame:

The specimen frame £or which this analyser has been
constructed consists of three bays and seven storeys as shown
in fig., 44, The numbers written in the middle of the bean or
column indicate the stiffness factors, and the no, s in circles

refer to the no. of the corresponding joint,

Length of each boam 12'.
Zach storey height 18¢,

The frane is to be tested—for the following loading

¢onditions:
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1. Vertical loads. '
It consists of uniformly distributed load of l-ton per

foot run on six beams as shown in fig. 44.

2¢ Horizontal loads.

This consists of horigontal loads of 3 tons at every

floor level,

In case of vertical loads there are two cases, One is to
find out moments without sway cqnsiderations, and the second

case is to find the moments with sway effect,

4,04~ Construction of Analyser:

Resistances corresponding to members,

Resistance R 1s proportional to L/I ratio or i/K,vhere
K 4is the stiffness_factor.
i.e. R =1/K
or R = A 1/K |
_ Vhere 4 is an arditrary constant.
fhe following table shows resistances corresponding to

the parts when the A value is taken as 10000.

Table 1_
pPart | t gtiffness factor f Resistance
ST U T S sk W WA R A Mae T g o VR TS 202 ﬂ-'-“--_---L*---wu*-‘_--‘--‘--—ﬁ —L-'-b—--.-‘-—— -
All beanms ¥ 10 ' 1000 Ohms

: t ]
1-5 4£g°luMS) ' 1 ' 10000 Ohms
26, 5.9, 812, 37 ; 2 ' §00O ohms
9-.15, 12=16, 13-17, 610,
16=20, 17-21, 20-4, 2-1i§ ' 5 « 2000 Ohms
10~14, 11-15, 14-18, 8 : ; .
15“'19, 18"'22’ 1_9“'23' 10 . 1000 Otlms
21-25, 24-28, 25-29,§ '
2832 . § ' :
22.26, 23-27, 26-30,; X .
27-31 ) 20 ) 500 Ohms

T | 60952,
CZTAL UPRARY UNHERSITY OF

ROORKEE,
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Fig. 45 shows the detalls of the circuit diagram and
flg. 46 gilves out the some of the construction details of the

bése board.

The beams and columns are represented by N group resis-
ters. The column group is provided with a fourth resister and
an auxiliary circuit for each storey, called the shear circuit
to include the effect of sway and to provide a means of measurin,
the anount of horizontal shear in the storey. The leads a, b
and ¢ of each column group of a storey are connected to the
terminals a, b and c of corresponding shear circult. Connections
of a and b are made alternately to upper and lower resistors
of adjacént groups, The extra resistance supplied to each
column group has the same resistance as the original three
members of the sroup and is inserted between thé colunn resis-
tors and the terminal ¢ of the shear c¢ircuit, Again the connec~
tions are made alternately to the upper and lower resistor
of adjacent groups. At the fixed ends of the frame there will be

no rotation. So they are earthed in the circuilt diagram.

All earth points of the main eircult are inter-connected,
and {inally they are connected to the negative lead of the

feed current pover unit,

The earthed points of each shear circuit are connected

to the negative lead of the chear circuit powers.

‘Shear circult potentiometers are of 500 K.ohms capacity.

4,88« Feeding Circuit:

Fige 45 shows general feocding circuit connections. This
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Fig. 45 shovws the details of the circuit dlagram and
fig, 46 glves out the some of the construction detalls of the

bése board.

The beams and columng are Tepresented by T group resis-
ters. The column group 1s provided with a fourth resister and
an auxiliary circuit for each storey, called the shear circuit
to include the effect of sway and to provide a means of measurin,
the anount of horizontal shear in the storey. The leads a, b
and ¢ of each column group of a storey are connected to the
terminals a, b and ¢ of corresponding shear circuit, Connections
of 'a and b are made alternately to upper and lower resistors
of adjacént groups. The extra resistance supplied to each
column group,has the same resistance as the original three
members of the group and is inserted between the column resisg-
tors and the terminal ¢ of the shear circuilt, Again the connec~
tions are made alternately to the upper and lower resistor
of adjacent groups. At the fixed ends of the frame there will be

no rotation. So they are earthed in the circult dlagram.

All earth points of the main c¢ircult are inter-connected,
and {inally they are connected to the negative lead of the

feed current pover unit,

The earthed points of each shear circuit are connected

to the negative lead of the shear circuit powers.
Shear circuit potentiometers are of 500 K.ohms capacity.

4,088~ Poeding Circuit:

Fig. 45 shows general feoding circuit connections, This
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consists of Variable resistances ry and Ts of the capaclity
of 100 k.ohms each. They can be varried to feed the required

amount current at the points x and y of a beamns

4,06« Power:

Two pover units of loo-ﬁolts'and 50 m. amp. capacity
are used for positive and negative fead currents. One power
unit of 10 volts and 1 amp. capacity for each shear circuit,

for feeding the shear circuit are needed,
The mains are of a, c.supply of 220 volts.

For measuring the current and voltage two fyg meters
are used, These are very precise ones, and the current can be

measured up to 0,01 m. amp.

A1l the power units are provided with transformers and
rectifiers to bring the current to required volltage and Yo

change it from a.c to d,c,

4,07~ Noh Sway Momnents:

Fized end wmoments.
Consider any one of the loaded beam AB with uniformiy
distributed load of 1 tonper foot run, and of length 18!,

H

WwL2/ 12
-~ 27 £t, tons.

MaB

1t}

and

MBA = + 27 ft, tons.

A1l the six of the loaded beams carry same amount of

unifornly distributed load. S¢ the fixed end moments at the ends
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of the all the loaded beams will be 27 ft. tons with the
negative sign at the left side and positive sign at the pight.

Chosing a scale factor P to be 1 m.amp. to 10ft. tons,

the amount of feed current is 2.7 me ampe

It will be seen fromythe equations given on page (67)
that the positive signs occur in all the quantities concerning
A, and negative signs occur_inali the quantities concerning B,
Where A and B are the endé_of a beam, This makes it necesséry
to attach alternate positive and negati?é signs to the nndes
of the net work as shown in the fig.44.

Signgs- ,
Positive, |
Clockwiée moments,
Anti clockwise rotations,
Current dirscted towards node,
Voltage above earth potential.
Sizn of current = (Sign of f.eem.) X (Slgn of node)
Sign of fixing = (Sign of net work current)X(Sign
monent. . of node)

Sign of rotation= (Sign of voltage) X (Sign of node)

Fron the eonsideration of node signs it is seen that

the feed current is positive at both the ends of a beamn.

Initially the node nlugs »f type A are.fitted at every
node and the potentiometer in the each shear circu't is set
at maximum resistance, so that the current flowing from the
_power unit through the circuit is negligin'e aid terminals a

and b are at earth potential. “hen the fecd current operates
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Node Sign Sibs- TFerd Net work Fixing Calculatcd fixing
eript current current monent  momnent
inm in anm in £t
anp anp ap
xB-24 ~0,91 ~04 10 -0,28
22 - 0-32 +1.00 ~10,00 -10,2°
28-27 2,7 -1,91  +19.10 +19,45
29 - 20-25 +O.105 ~1.05 ~1.15
30 + 30=-26 +0.08 +0.80 +0.92
31 - 31927 "'0.- 51 +50 10 +50 35
32 + 32.28 ~0,48 -4.80 -5,11

'~ The analytical method of solving for non sway

molents and final calculation are given in Appendix *A'.

The pércentage error in the readings obtalned
over the Analyser is about 5% in case of maxi—mum 10ments, and

as the mo-ents become small the error introduced %s -0re.
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the case corresponds to that of without sway. Now the
current in every branch at the node points multipliied by the
geale factor P and by node sign gives the B.M. in the corres-

ponding branch.

For measuring current remove the node plug A from the
required godé and put the plug B, wvhich is being connected to
4 pole 4 way selector switch, change over switch and finally
to AVO meter,

By operating the .. - switch we can measure the
above two
current in one branch at a time by keeping the comnectbns to

other three branches on.

<’

Table No.2
'Sien 'Subs-'Feed Not work ' Pizing  'Caleulated !
feripttcurrent 'current ' moment tfixing moment !
' ’ inm 'in m amp *1n £t ton ¢ !
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F—----l--...-mnlu------u].u-n--mmn—&muo--...—n——..’- ~~~~~~~~ e 000 s st e - S sy o e 208 vy ¢
' ' 1.2 ¢ b ""06033 "'00 33 ' =0 39 '
' &-----.L-“«-«u-l nnnnnnnnnnnnnnnnnn ..a_.!. ------------- .---'L---.------—n
. 11-6 ' '+0¢033 '*0«33 ' +0s39 '
! 1 13 1 ot ' '
r T ¥ Y - : 7 =T
} 2.3 ' 247 41465 116410 1 216,77 '
‘!éﬁgm- ‘n—-o‘“-l Sy a1 oy, S vy TR --L-.m -~ . - - u..—f----—---. -—n-—wﬂ——a-&'—ﬂ‘----h'———i
- 12 - 140521 42,10 ' ¢ 2,18 '
TR I TL40 0T rn.E "
L] R ¥
’ 4 ‘ o - e -
il She0 _}‘f:?.____-'__}f:ff.__;__--l--.__ -
+ 13_7 L. w04 30 3'0 | . 302,' ot \
o t t v _ t ' '
13-2 T 2.7 T+L70 ' +17.80° ' #17.91 ' .
[ N
v 1 4 2 T ¥ : -
'4.8 : - 1-0°06 V40,60 v #00,71 '
- D SR W S N o gy S D s YO G U s Tt TN ey TP U U ik S . Vot S o WD I gy --w-—————-.-.-:---—-3-—«..-—--—--'”—-
:4-3 : - :40.06 - t=0,60 ! «0,61 ¢

t t ]




| 30
4,08~ Sway momnents:

Shear circuit which is described on page (725 stimu-~
lates the effect of sway in the storey. This ¢ nsists of astring
of resistors r, s and t,.Which are of 10, 10 and 13,3 ohms
reSpectivély. These resistors are kept low compared to the main
circult resistors in order to minimize the effect of current
floving through r and s fromAthe main net work.

When the feed current operates the readings of X ‘and
Y in each of the shear circuit are tgken. They will be found to
differ by a certain amount, and the difference is in fact |
proportional to the horizontal shear in the corresponding storey.
The effect of sway is then introduced by varying the setting of
the potentiometer p until the meter‘readings in each circuit are
equal. As the shear cireuit does not operate independently it is
hecessary to adjust the potentiometers in turn two or thres
times before all differences in readings are finally eliminated.
When the conditinn 1s reached; the horizontal shear in effect
has been reduced to zero, Nbﬁ the distribution of the current at
every node multiplied the n-de sign and scale factor P gives
the BM, inclusive of sway effect,
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Node Sign Subs~ PFeed Net work Fixing Calculatod
5 cript current current moaent fixing
T anps M amp, %n ft mo-ent,
on
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cript current current moment in fixing
m anp. m amp. £t ton moment
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The analytical method for the solution of sway
mOﬁentS and the final caleulations of monent are given in the
Appendix 'B*,
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4,09~ Horizontal or Wind loads:

The effect of the wind load on a frame is to induce
horizontal shear, and these shears may be slmulated in the

analogue by means of shear circuilt,

From theequation No.(29 ), given on page (74 ), the |

anount of 1 for each shear circuit can be evaluated.

1=P/3X sL
Where |
i = Difference of the shear circult
- mater readings;
P = Moment current scale factor.
S = Horizontal shear in a storey.

L = Length of the column

et e —————— SRR | 1.:) - 30 (o 22
( storey 1 2 3 4 5 © 8 7 )
( shear 21 B 1 12 8 6 s )
( Length  12* for all the storeys . - )
CTL T e T e he e LT

Operate the potentiometer P of each shear circuit till
the differecnce i of the meler readings X and Y correspond to
the values given in the tale No.(4 ).As the shear circult
does not operate independently it 1s necessary to adjust the
potentiometers in turn two or three times before all the
values of 1 correspond to the values required. Now measure
the current in every branch at the node points. The value of

the current mltiplied by the scale factoﬂ;and the node sign

glves the required bending moment.
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The analytical method for the solution of horizontal
loads is given in the Appendixytd'.



/
/ | 101

4,10 points %o be considered before making the investigations

on the Analyser:-

1. A large number of group resistors would be necessary
to cover tho range of nenbers likely to obtain in any given
structure. This can be obvitated to a large extent by arrang-
ing for resistor grouns to be joined in parallel.For this
purpose a five pin valve holder 1s to be soldered to the top
of the each valve base, and it is then possible to plug one
resisior group in to the top of the another. With this arrange-
ment 1t is better to work in terms of conductance rather them
resistance, and this has the advantage that the stiffness is
directly proportional to coductance. A con venient procedure
1s to stamp a stiffness number on each resistor group, t
vhere »

Stiffness number = 10,000/ Resistance SaYe
Then a group of 1000 ohms resistance has a stiffness no.
of 10. To represent a stiffﬁess of for exanple 15,6 1n3., the
groups having stiffness number of 10, 5 and 0.5 are pluged
together and the whole unit 1s bluged into the base bDoard.
The sockets of the top resistor group can be used for making

connections for fecd current and voltage measurements,

2¢ Use of fixed resistors is better than the use of
potentiometers. No net work resistance should be less than
500 ohms, as otherwise arrors due to the resistmnce of neters

and shear circuit may becone appreciablo.

3., For simplicity.in overations the two meters X and Y of

Shear cireuit may e rcplaced by a single -eter which ro-

[~]



cords the current difference directly. Thls will be called

cshear meter.

4, Sottloment of £~undation problem con be solved on
the same Analyser, by making the comnnectlons to the groups
ofvrasistors ropresenting beams instead of cclumns similar

to that of shear circuit. The theory about this is given on

pago (75).

4,11 precautions %o be taken while using the inalysers:-

1. See that the conmections of main circuits, shear
ceircult and feeding'circuit are as shown in the cireuit dia-
gram and are properly :iades

. 2« Check up the pover units offeeding and shear circuit
for the raguired voltage and current capacitye.

3. Wnile feeding the current at nugber of positions, it is
necessary to adjust theé poientinmeters in turn two or three
times, %o get the réquirgd amount at every position. This is
necessary as the pover unit is common for all the feeding cir-
cuits, |

44 As the current carrying capacity of potentiometers
, used in feeding as well as shear circuilt are of 0.5 aup.
Ccapacity, care should be taken to not allow the current ta
exceud 0.5 amp. cven for a short time, If it is required
to feed more than 0.5 aip. the use of the higher capacity
pot-ntioqeicrs is essential. Othervise the potentioneter

connectlons will burn away.
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CIAPTER - 5

CONCT.USIONS

The introduction of Tlectrical Anélogies in Strquural
fleld made tho solution of the coiplicated problems as multi-
storeyed frames and plates etc. ropid and simpley. The eSsen=
tial advantages claimod for Wlectrical Analogles are, they

are accurate, simple, rapid and flexibhle.

The use of the analogles is nnt only restricted to the
problomns of beams, trusses, franes and plates, because thoy
can serve as building blocis in the construction of analo-
gous circuits for such complicated structures as alrplanes,

ship-hulls and gasturbines etec,

The accuracy of the method dopends of course on the
accuracy of different components of thé analyser viz, the
transforsers, resistors, amplifiers, nmeters and vhtever ve
ugse, On th's Analyser tho results that are accurate to within
5,07 of the -aximun theoretically calculated values have been
obtained, If the cpnponents of the analyser of good standard
the values be accurate to within 2.09.

The methods are simple and rapid to opply as it
consists in nerely measuring the current and voltage dis-
tribution in net works. Of the total time required to solve
o f%ivon problem a fair proportion is spent in just writing
dovn the results. Ov'ng to the easc with vhich the analysis
of a given structiure is carricd outy it is possible to
investigate the offect of numher of different load systems

to deterineo tho worst case for ench menrer; and to consider
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a numher of alternative designs or modifications to the

original design, in order to decide which would produce the

most econonic structure.

The nothod is so flexible that it can be applied

to the various structural problems ranging simple beoms to
the conplicated structures os multi-storeyed dbuilding frames,
Lven it i1s possible to simulate the behavicur of rectangular

frames is three dimensions,
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gasper Kani's meth-d of analysig of structures with
Aon-translatory YoInts
O

1f the structure deforms under z glven loading,
without the action of any restraint moments, then each joint
undergoes a certasin rotation, that is,if we fix our attention
on an arbitrary bar l-k, we notice that the end 1 has rota-
ted by an amount T4 and the end k by an amount Tkx. We can
conceive that this finagl deformation of the bhar i-k, which
vas produced by the loading on this bar the rotations of the

bar ends, 1s due to a super-position of the following three

steps of deformation (Fig, 1):

I. The ends being fixed, the bar i-k deforms
under the action of the given loading (beam, clamped at
both ends).

2, The end 1 undergoes a rotation Ty, while the
end i does not rotate,

We see that the end monent for ecach bar end may

be thought of as being composed of three c-mtributions

(components).
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| Thus, for example, the end moment for the end i of

the bar i-k 1s composed of

contribution Hyp- produced by the given external loading
(fixed~end moment).
contribution 2H'4)~ produced by the rotatlon of its own end i,
contribution M'y4 =~ prodiced by the rotation of the other end k
of the bar, |

Thus, the following expression for the end moment of

the end 1 of the bar i-k may in general be written

Hig = ﬁik + 2 + My —————— (L

The contritution H'yy, vhich was produced by the ro-
tation T4 of the end 1y 1s proportional to the rotation TI
and the corresponding K-value of the bar snd will be referrod
to &n the future as the Totation contribution of the end 12,
Similarly, the contributi-n M'yy, vhich is proportional of the
ond 12. to the angle of rotation Ty and to the K~value of
the bar, will be desimnated as the rotation contribution of
the ond k. |

If these contridutions are known, then in accordance
vith expression (I), the corresponding end moment Mgy 1s also
lmown, that is,it 1s ortained by the summation of

the fixed-end moment,
the double of the rotation contribution of its owm
end 1, and the single rotation contributi-n of the other end

of the same bar.

The rotation contributions, as will be shown, aro



obtained by the repetition of a single cglculation.
Proceeding from joint to Joint in an arbitrary sequence,
we repeat this simple calculation until we reach at each jolint

the desired degree of accuracy, whereby any degree of accuracy

1s possible,

The cal»culétioh of end moments consists of the follouhg
parts: | |

1. For the given loading, the fixed-end moments Mix are
calculated and are indicated at the corresponding bar ends,
The restraint moments are obtained by calculating at each Joint

i the sum of the corresponding fixed-end moments,

My = = W
| | (;) ik
which are written down at the centers of the joints,

2, The rotation factors are obtalned bty distriduting the
Value 1 at each joint to the connecting bar ends in Propor-
5 | :
tion of the X - values (K =%.). For a bar end i, k of the joint
I Kik
i we have , M ARk = @ mmmmee——— T e -
25 Kik
after entering the rotation factors into the caleulating scheme,
the sum of the rotation factors at each jJoint is calculated

as a verification and should yield =~ % s

S uik= - % (control)

3. The ~alculation of the rotation contributions Mtik
1s carried out by repeated application of the basic overation.

Mtile =ik (ﬁi+(z)wk1) ........ (3)
i
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proceeding from joint to joint 4in arbitrary sequence, until the

desired accuracy is reached at each Joint.

4, The final end moments are ohbtained from the fixed-end
moments Mik and the rotation contributions by additi-n, For a
bar end 1, k we have

-

Mix =My + 2 MUk ¢ Mk ———wmem—— (1)

The calculation of the final end moments for the specimen
frame fig.(44) is indicated in fig.(2). Pirst, all the fixed-
end moments and final rotation contributions are noted at the
corresponding bar ends. In addition to the fixed end moment
and the rotatlon contribution of its own end, the sum of the
rotation contribution of both ends of the rar is also indicated,
In each case the sum of these three values (for column ends
only two beosuse there are no fixed end monents) ylelds the
end moments, which 1s entered at each bar end, below and |

above summation sign respectively.
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- sper Kani's nethod of analysis of structures with jvinté
%%VaEIe ﬁorIzonEEIIz. (Ref. 11)

If the structure is designed in such a manner that
during deformation the jJoints of the structure, that is, the enis
of the bars,may not only rotate but may algse be mutually disg-
Placed (Fig. 3),‘then here too, in accordance with the line of
thought adopted above, the deformation of a bar -ay be considered

as being produced as follows:~

1, Under a given lcading, the bar i~k deforms vithout
the bar ends being subjected to any rotati-ns or relative displace.

ment {(fixed~ end state).

2, The “ar end i 1s subjected to a rotation TL (without
displacement of the bar end and with ut rotation of the end k).

3« The bar end k rotates by an amount Tk (withont
linear displacement of the “ar end and without additional rota-
tion of the end 1).

4. The ends of the var i~k are displaced with respect
to each other by an amount (Fig. 3), vhereby the tar ends

are not subjected to any additional rotation.
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Since the first three partialstates of deformation are
procisely the same as in the calculation of frames with non-
translatory joints, the expression (1) used above for the end
monent Mik will receive an additional contribution M"ik, which
1s due to the displacement of the bar .

 After these four contributlons to the end moment are
calculated, the end moment itself may be obtained again by simple
addition | |

Mik = Mik + 2 H'ik + M'ki + MMk —=e--m-=(1la)

The contritution M"ik due to the linear displacement of
the bar shall be referred to henceforth as the linear-dispiaceu
ment contribution, If the expression (la) is used again to
formulate the condition of equilibrium for some goint i,

T Mix =0
| , 1) |
the rule for the basle operation to determine the rotation con
trivutions will be thesame as in the case of noh-translatory
joints,®

With the same rotation factors as before, we again obtaln
the rotation contributions here from the sum»of all contributions,
which now also contain, however, in addition to the restraint
monent Ml and the rotation contributions of the far bar end, the
displacement contribution M™k of all bvars of the corresponding
Joint, that 1s, from the sum

Mg + T (M, + M%)

O

For straight btars with a constant cross section,as is

assumed here, we have M" 1k = M" ki, For each bar there exists,
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thereforo, only one number that repreosentg the displacement
contribution, wvhich is written down, conveniently, at the

center of the har.

Vertical Yoading

| tie cut horizontally throgh all the colummns of some
story r. From consideration of equilibrium 1t follows that the
sum of all the shear forces at the columns +f this story is

equzl to zero.

This equilibrim condition, which must be satisfied'
at each story (if horizontal displacements of the joints are
possible) and vhich 1sg satisfied by horizontal relati;e dis-
placenent of the girders, serves to determine the linear dis-
Placenent ccntributions. If the story r éontains only colugns
'of-QQuai length, wvhich is assumed, then this equilibrium cohdi~
tion, fogetherfwith equation (la), ylelds, by suhstitutinp the
expression for the shear force of a column i-k,

Mik + Mid

S -
(r)qik

= - Eilz (2M0yy * MYy ¥ H%, + B'yg + My +M"g) = 0

and from this

s e, =-3% (I + ')
(1) ik T T F gy kTR

The sun of the displacement contributions of all
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columns of a story r can, therefore, be determined from ‘i:he_

rotation contributicns of the column ends of this story).

To make theralculation more convenient, and in
analogy to the rotation factors, we may nov introduce the
displacoment factors, vhich are obtained by distributing
the valus - g, in proportion to the bar values K among all

the columns of the story.

Thus the sate convenient anaglytical operation is
obtained for the determination of the lin-=ar - displacement
contributions as vefore for the deteriination of the rotation
contributions. |

Sum the rotation contributions of all colum ends
of the story in question. Multiply the sum so obtained by the
linear- displacenent factors of the column ane after the other,

to obtain the linear-displacement contributions.

Fron the rotation contridutions we caleulate the
displacement contributions, and from these agaln the rotation
¢ ntribution of the follod ng approximation, etc., until results

of an arbitrary accura'cy are reached.

The calculation of the final end moments for the
specimen frame fig.(44) is indicated in fig.(4), First all
the fixdd end moments and final rotatién contributions are
noted at the corresponding bar ends and displacement contri-
butions along the each column at the middle. In addition to
the fixed and moment and the rotation contributions of its

owvn end, the sum of the rotation contribution of both ends
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in case of beam and sum of the rotation contributions of
both ends and displacement contribution in case of colums
is also indicated. In each case the sum of these three
values (for columns ends only two because there are no
fixed end moments) ylelds the end maments which 1s entered

at each bar end, below and above summation sign respectively.
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APPENDIX - C

The solution of the substitute cantilever by deformation
ribution = (Rel, 123

The cglculation of the end monents for horizontal loads
of the frame shown in fig.(44) by Dr. C.V. Klonocek's method
of deformation distribution, consists of the following parts:

1. Find out the stiffness factors of the suhstitute

cantilever using the following equations:

M

C
Column stiffness Kn = X (K,) //\\\,A

e c c /
Knot stiffness,_Kn‘fmgn + §n=1,+ fn Tﬁa_n_rzl

< Q Q \1\
“ e Y e} kY]
‘© b © A ¥ v
) ! 1 L 1
t 5 oy ~
‘f\ ;1‘. < M Q ! <
* Q . .(b 5 9
- o R 4 e k :
r— T Y 1 ? & 0
™ 2 ~
& Y_ . s ‘
N . N
N NE ~
. K Y =~
{ 2 < ~ v
- . " 7

- —— —— . A

2. For the given loading Calculate the values of § and

Hp, vhere

7 r
= 2, éV}L and Mg, = 3(81 + S2)

vhere V = Horizontal face at joints
and L

i

Storey helght.

3. Calculate the values of aj.g, aog.g and dys dg m=-w~
by with the ".elp of the following equation

- 2
81.2 = Kj.g” /K3 Kp



il5
K1 (1l=a3-2)

Then find out the Aistributed values of dj, dg =-w-=-=~

by $gnoring the values of *a' so that

dp-B = d,° X3~B

R

4, After calculating actual distributed values of

dyy dy ... calculate the values of uj, Ugw---

Hhereﬁ‘lﬂu.?:/agsl e 4 s )
Ki-1 1"

Then find out the values of column end moments
HI-i {2 dI + 41 + ul)

Thegeiaxe the values for the cantilever. The aqtual

épd frame mowents can be found by distributing the above cal-

culated values in the proportion of column stiffness.

5, The beam moments are obtained as follows
Hl’? = Kl_g (gdl + dg) = Kl~—2 x 3 (22 Since 6;1 = d2

Fig.5 in the substitute cantllever for the specimen frome

for the analysis of horizontal loads.

The table No,1 gives the values of S, Mp, 8 4 and V

values for the substit1t~ frame of the Fig. 5.

bl LY

Table Nol.1l
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APPENDIX = D

Hotation s~

C
For the purpose of this paper and unlegs otherwise
dofined in the text, the following letter symbols shall have

the ~eaning indicated against each:-

il

Cross seétiongl)l Area

Flexural Rigldity

O
"

i

j2.5Y

Young's Hodulus

Applied force

- o
i

= Homent of Inertis

)
it

Length of the member

f

Bonding Moment
= Number of tums in the transformer winding

i

Pouer

= chear

]

Intensity of lLoading
= TResistance

Voltage

= Current

Poigsont's Ratio

= GStored ensrgy

i

Displacenent
Deflection

1}

© O p @ 4 B S W2 oo Y B
1

Slope,
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