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Abstract

Following work has been done under this Thesis: MATLAB code is written for linear wave
propagation inside a heterogeneous medium without considering scattering phenomenon. The
goal is to investigate if including scattering the final expression can be linearized and if the
difference between both expressions is insignificant. Beer Lambert law (as a starting point) is
used in first case. While in later case complex expression is derived. It is found that wave
propagation length under a discretized area cannot be made independent with medium
dependent parameters. such as refractive index, scattering cross-section or attenuation
constant thus desired expression could not be achieved. Future work is to find this derivation

and code it.



CHAPTER 1

Introduction

1.1 Introduction

The mathematical basis for all tomography disciplines was introduced almost a century ago
in the pioneering work of the Austrian mathematician Johann Radon. In his paper from 1917,
Radon proved that any two-dimensional object can be reconstructed uniquely from an infinite
set of its line-integrals, the so-called projections. This result, known as the Radon transform,
laid down the key concept needed for the tomographic imaging of scalar functions. The result
has been independently rediscovered a number of times since then by other mathematicians,
radio astronomers, electron microscopists, workers in optics, and medical radiologists. The
first practical reconstructions of this kind were accomplished by the radio astronomer Ronald
Bracewell in 1956. The same mathematical problem later arose in electron microscopy and in
various optical applications. It is in the area of medical diagnosis, however, that the most
excitement has been generated around the Radon transform. The first practical, clinically
oriented solution to reconstructive tomography appeared in the early 1960, after Alan
Cormack began to popularize and extend the work of Radon. Cormack received the 1979
Nobel Prize for medicine, jointly with Godfrey Hounsfield, who developed the first EMI
Scanner, involving X-ray scanning and digital computing. This first scanner generated
images of isolated slices of the brain with excellent tissue contrast. In 1974, a whole body
scanner was developed by Ledley. Since then, a number of different companies have
manufactured body scanners, and a broadly based competitive market has by now been
developed. A standard treatise on the mathematics behind scalar tomography is given by F.
Natterer. Although the X-ray scanner was the spark that ignited the greatest excitement in the
tomography field, other kinds of radiation have proved to be successful as well. The early
work in acoustic tomography was based on algorithms that were developed for X-ray
tomography. Later, it became evident that more accurate models of the physical mechanisms
generating the image were needed for high resolution and correct reconstruction. This point

will be of particular interest in this thesis.



When electromagnetic waves encounter an inhomogeneity sample along their path of
propagation, the path of the waves are not in straight line. Consider a beam of radiation
bombarded onto a sample. It can get scattered, transmitted, absorbed. At the molecular and
atomic level Absorption and scattering takes place. For energy from light to be absorbed, it
must match available energy states in the atoms or molecules, or it can scatter from the
molecule, atom, or electrons, (like billiard balls).. The wave propagation in anisotropic media

shows complex behaviour in the form of beam distortion, beam skewing etc.

Mode conversion, beam skewing, critical angle phenomenon, reflection, refraction and the
analytical -numerical solutions of wave propagation in anisotropic materials have been studied
[1-5].

Based on the solution of the elastic wave equation, Ogilvy [6] presented an Ultrasonic ray
tracing method known as RAYTRAIM.

Distinct steps were taken in the ray path along the direction of group velocity. Using the
boundary conditions and the properties of the incident ray the reflection and refraction at the
grain boundary were determined. Further, Ogilvy [7] extended her work to identify regions of
materials to which no ultrasound penetrates and to predict directions of low inspection. Harker
et al [8] made a contrast between a ray tracing model and a two-dimensional finite difference

model-and it was shown that both proceed toward to give similar and consistent results.

To keep track of the ray path through the base materials and weldments Schwitz et al. [9]
developed a three-dimensional ray tracing algorithm. The artificial interface was selected to be
perpendicular to the actual direction of the ray group velocity in this algorithm. Spies [10]
gave rudimentary relationship concerning the propagation of the elastic waves in
homogeneous and layered general transversely isotropic media by applying a co-ordinate free

approach.

Using a mass spring lattice model, Yim and Choi [11] simulated the ultrasonic waves in

transversely isotropic materials

Wang and Klinc [12] presented a ray tracing algorithm for anisotropic materials in presence
of inhomogeneity. In inhomogeneous materials, it is required to identify an interface between

two dissimilar regions, so that the refraction can be simulated with accuracy

In my thesis | will have to model the linear wave propagation inside a heterogeneous medium

without considering scattering phenomenon. | will try to write Matlab code for linear wave



propagation. | will have to try to model the wave propagation inside a heterogeneous medium

considering scattering phenomenon, reflection and refraction theory.



CHAPTER 2

Radiations

2.1 Radiation

The transmission of energy from a source in the form of waves or particles which travel
through the medium and can pass through most of the material is called radiation. The best
example of radiation is the sun radiating ultraviolet light (sun rays) on earth. There are also
radioactive elements like Plutonium (Pu) and Uranium (U) which radiate waves in the same

way that the sun does.
Radiation is divided into two types:
1. Nonionizing radiation

2. lonizing radiation

2.1.1 Nonionizing Radiation:

Non-ionizing radiation refers to any type of electromagnetic radiation. It does not carry
enough energy per quantum (photon energy) to ionize atoms or molecules or to completely

remove an electron from an atom or molecule.

Nonionizing radiations are further subdivided:

Blackbody Radiation: Thermal radiation is emitted by an opaque object.

Thermal Radiation: Heat transfer mechanism.

Extremely Low Frequency: The frequency of the radiation is from 300 Hz to 3 KHz.

- Very Low Frequency: The range of the radiation frequency is from 3 Hz to 30 KHz.

- Radio Waves: Frequency range is from 3 KHz to 300 GHz. Radio waves have

wavelength more than infrared light in electromagnetic spectrum.

- Microwave: Electromagnetic waves wavelength is from 1 mm to 1 m with frequency
between 300 MHz and 300 GHz.
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- Infrared: The electromagnetic radiation wavelength of infrared light (IR) is 0.7 to
300 micrometers with wavelength range between 1 THz to 430 THz.

- Visible Light: Visible light are narrow range of electromagnetic radiation which is
visible to human eye of a wavelength range 380 nm to 750 nm.

FElectromagnetic Spectrum

109" o 2 S 10" " 1078 Bl 1o 51 10?
ey u
ol ~ .__‘Wavelength (meters)
gl Visible Light il T

500 600
Wavelength (nanometers)

Figure 1 Electromagnetic Spectrum

2.1.2 lonizing Radiation:

The word ionizing refers to the ability of the radiation to ionize an atom or a molecule of
the medium it traverses or the process in which an atom gains or loses electron lonization
radiation carries with it particles, X—ray, or gamma rays with enough energy so it will ionize
an atom within the medium through which it passes.
lonizing radiation contain following type of radiation:

- Ultraviolet Ray: Ultraviolet Radiation (UV) is an electromagnetic radiation with a
wavelength from 10 nm (30 PHz) to 400 nm (750 THz) which is shorter than that of

visible light but longer than X-rays.

- X-Rays: The wavelength ranging of x-rays is from 0.01 to 10 nanometers. The
wavelength of x-rays lies between that of UV rays and gamma rays. These are

harmful human body.



- Gamma Radiation: Two different types of natural radioactivity are alpha radiation

and beta radiation is in the forms of particle. Gamma rays have much energy than
any other electromagnetic radiation, with a very-very short wavelength of about less

than one tenth of one nanometer. Gamma radiation is radioactive atoms products.

2.2 Significance of Radiation

The radiation dose absorbed by a person (that is, the amount of energy deposited in human
tissue by radiation) is measured using the SI unit gray (Gy) or conventional unit rad. The
biological risk of exposure to radiation is measured using the Sl unit Sievert (Sv) or the

conventional unit rem.

Following common detectors are used to detect radiation:

- Geiger-Muller Detector
- Scintillation Detector

- Semiconductor Detector

2.2.1 Scintillation Detector:

A Scintillator is a material that shows scintillation when excited by ionizing radiation. The
scintillation is the property of luminescence,. There is a property of luminescent materials
that when they struck by an incoming particle, it absorb its energy and scintillate. In another

word they re-emit its energy in the form of light.
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Figure 2 Scintillation Detector

2.2.2 Principle of Operation:

A scintillation detector or scintillation_counter is obtained when a scintillator is coupled to
an electronic light sensor such as a photomultiplier tube (PMT), photodiode, or silicon
photomultiplier. The light emitted by the scintillator absorbed by photomultiplier tube.
Photomultiplier tube re-emits it in the form of electrons via the photoelectric_effect. The
subsequent multiplication of those electrons (sometimes called photo-electrons) results in an
electrical pulse which can then be analyzed and yield meaningful information about the
particle that originally struck the scintillator. Vacuum photodiodes are similar but do not
amplify the signal while silicon photodiodes, on the other hand, detect incoming photons by
the excitation of charge carriers directly in the silicon. Silicon photomultipliers consist of an
array of photodiodes. These photodiodes are reverse-biased with sufficient voltage so that
they can operate in avalanche_mode, enabling each pixel of the array to be sensitive to single

photons.
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Operation in Photomultiplier Tube:

= Absorption of incident radiation raising electron to excited states

= After subsequent de-excitation, the scintillation emits a photon in the visible light

range

= The light emitted from the scintillation interacts with the photocathode of a
photomultiplier tube releasing electrons

= Electrons are guided, with the help of an electric field, towards the first dynode
= Secondary electrons from the first dynode move towards the second and so on...

= Final amplification is of about 10° or higher

2.2.3 Application for Scintillators:

Scintillators can also be used in computed tomography and gas exploration, particle
detectors, nuclear cameras, X-ray security,. Other applications of scintillators include CT
scanners and gamma cameras in medical diagnostics, and screens in older style CRT

computer monitors and television sets.

We find that there is a wide use of the scintillator with a photomultiplier
tube in hand held survey meters. These are used for measuring and detecting radioactive
contamination and monitoring nuclear material. Scintillators generate light in fluorescent
tubes, to convert the ultra-violet of the discharge into visible light. Scintillation detectors are
also used as detectors for Gamma ray logs in the petroleum industry.

2.2.4 Types of Scintillators:
Organic Crystals: Organic scintillators consist with arene or aryl hydrocarbon. It contain
benzene ring structures and that are interlinked in various ways. Their luminescence typically

decays within a few nanoseconds.

Some organic scintillators are pure crystals. The most common types are anthracene
(C14H1p, decay time ~30 ns), stilbene (C14H12, 4.5 ns decay time), and naphthalene (CioHs,

few ns decay time).

- Organic Liquids: The liquid solution of one or more organic scintillators in an

organic solvent is called Organic liquids. The typical solutes are fluors such as p-

9
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terphenyl (C18H14), PBD (C20H14N20), bUty' PBD (C24H22N20), PPO (C15H11NO),
and wavelength shifter such as POPOP (C4H16N20O). The solvents such as
toluene, xylene, benzene, phenylcyclohexane, triethylbenzene,  and decalin  are

widely used.

Plastic Scintillators: The scintillating material in which the primary fluorescent
emitter is affected in the base. The primary fluorescent emitter is known as floor.

The scintillating material is called plastic scintillators.

Bases: Aromatic plastics, polymers with aromatic rings as pendant groups along the
polymer backbone are the most commonly used bases in plastic scintillators.

Polyvinyl toluene (PVT) and polystyrene (PS) are the most prominent.

Fluors: it is also known as luminophors. The scintillation of the base is absorbed by
these compounds and then emit at larger wavelength. The ultraviolet radiation of the
base is converted into the more easily transferred visible light by using it. Common

fluors are polyphenyl hydrocarbons, oxazole and oxadiazole aryls.

Inorganic Crystals: Lanthanum chloride doped with cerium (LaCl; (Ce),), as well as

lanthanum bromide doped with cerium,(LaBr; (Ce)). They are both very hygroscopic. It will

damage when it exposed to moisture in the air but offer excellent light output and energy

resolution. Bismuth germanium oxide or Bismuth Germinate Bi,Ge;O;; (BGO) is also an

inorganic crystal used as a scintillator.

Gaseous Scintillators: Gaseous scintillators are basically consist with nitrogen and
noble gases such as helium, argon, krypton, and xenon, specially helium and xenon.
The scintillation process is due to the de-excitation of single atoms excited by the

passage of an incoming particle.

Glasses: The most commonly used glass scintillators are cerium-activated lithium or
boron silicates. Since both lithium and boron have large neutron cross-sections, glass

detectors are particularly well suited to the detection of thermal (slow) neutrons.

10
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CHAPTER 3

Measurement of Linear Attenuation Cofficient

3.1 Introduction

Gamma-ray transmission method utilizes the application of Lambert-Beer law for the
measurement of the linear attenuation coefficient (u) of the sample under investigation. But
the accuracy of the method demands that the sample thickness should to be known precisely.
However many samples have irregular shapes. The precise thickness of such samples cannot
be measured with a micrometer or a Vernier caliper. It limits the direct application of
Lambert-Beer law for the determining of their linear attenuation coefficient. | tried a solution
to this problem. This method utilizes standard Lambert-Beer law in such a way that thickness
of sample under study is not required. The accuracy of the method depends upon the
difference in the values of linear attenuation coefficient of the pair of media used. Thus larger
the different in the values of linear attenuation coefficient, greater the accuracy of method.
Secondly, the media should be preferably homogenous. Keeping in view of above suggestion,
Elias (2003) theoretically proposed a simple procedure to introduce some new combinations
by considering air as one of the media. This procedure not only simplifies experimental work,
but at the same time, it also allows a greater number of repetitions as well as introduces larger
difference in the values of attenuation coefficient of the pair of media used. Further, the
resulting linear attenuation coefficient value is an absolute value and not a relative one

referred to the linear attenuation values of the media
3.2 Theoretical Formulation of Method

A collimated beam of gamma-ray having initial intensity lo is attenuated in absorber of

thickness ‘x’ of absorber according to the Lambert-Beer law:
1=1, e 3.1)

Where 1 is transmitted bean intensity of unaffected primary photons.

11



Using this standard Lambert-Beer law we can measure linear attenuation coefficient of any
shaped sample without using its thickness. In this method, the gamma-ray transmission
intensity through the sample under study is measured by immersing it, turn wise, into two
different media with known linear attenuation coefficients. In this method sample of regular
shape and unknown thickness is placed inside an acrylic box of known internal dimensions.
We have to be measured the linear attenuation coefficients of the sample. The empty space
inside the box and around sample is filled with some medium of known attenuation
coefficient. Gamma ray beam intensity is measured through that medium. This procedure is
repeated for at least two media with known but different attenuation coefficients. Following
mathematical expression is obtained for resultant transmitted beam intensity, when the

sample under study was immersed in medium 1 which is air in present case:
=L (™) (e *a%) (3.2)

Where 1’ represents transmitted beam intensity by the assembly of sample, medium 1 and
acrylic box, lo is incident beam intensity. u And p, represent linear attenuation coefficient of
sample and acrylic box respectively. While ‘a’ represents total thickness of acrylic box. Now

expression of resultant beam intensity without sample becomes:
I]_:|0 (e _“aa) (3.3)

I, is transmitted beam intensity of medium 1 and acrylic box similarly by immersing the

sample in medium 2 we get:
o<1, (707) () (e %) (34)

Where I', represents transmitted beam intensity of radiation by the assembly of sample,
medium 1 and acrylic box, p; is the linear attenuation coefficient of medium 2, ‘D’ is the
internal dimension of acrylic box and other parameters have the same meaning as describes

above. In the absence of sample expression (4.4) can be rewritten as:

1= 1o (6+%°) (M) (3.5)

12
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Figure 3 Two Media Method

D - Internal width of acrylic box
a - total width of walls of acrylic box
X - Unknown thickness of sample

where, I is transmitted beam intensity of medium 2 and acrylic box Performing the proper
substitutions of above equations, we get the following equation which determine linear
attenuation coefficient of irregular shape sample of unknown thickness

p= i3 (em™)

| (In(C) )
ln[C,}J

(3.6)

Where, C1:|1’/Il and C2:|2’/Iz.

We get the equation that determines the linear attenuation coefficient of sample even without
the knowledge of its thickness.

13



Chapter-4

Results and Discussions

4.1 Mathematical Analysis of Mart Algorithm

In my thesis | used a word voxel that means 3D Cartesian grid of volume element into the

region that has to be reconstructed.

point point

rav(line) . .
etector

source

ray no —=1
voxel no —=j

Length of interaction of i" ray and j™ voxel denoted by Tj for i=1, 2...N and j=1, 2...M
represent the contribution of ] voxel to the total attenuation along the i ray. The attenuation
is assumed to be constant say i throughout the j™ voxel. Total attenuation denoted by i of i
ray; represent the line integral of the attenuation function along the path of ray. In this
discretized model, the line integral takes the form of finite sum and the model may be

described by the system of linear equation as in matrix notation.
—\'N
A —Zj=1 Tiy (4.1)
where, i=1,2,............. N

[Tii] [l =[ Adl (4.2)
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The weight function Tj; is known for a particular geometry and the projection A are obtained

from experimental measurement.

Thus the problem of reconstruction is of inverting the matrix [T;j] to find the unknown [j;].
The problem is now reducing to inversion of matrix.

The algorithm consists of two main parts.

In first part,

The value of single measurement for the current estimate is computed i.e.
—\'N
Ai=2j=1 Ty

This step is called forward projection.

The second step is back projection in which the difference between the value of actual
measurement A; and value computed in the forward projection A; is used to update ij—l

subject to the value of relaxation parameter. The major steps in the implementation of the

mart family of algorithm are
Step 1. For each iteration k

Step 2 for each iteration i
—\'N
Ai=2 =1 TijlYj
Calculate the approximate projection A; .

Step 3 for each voxel j

Modify the value of the | voxel for all e O M as
K ey k-1
Initialization of A" is arbitrary

End step 3

15



End step?2

Check for the convergence is
Ak+1- Ak
abs (T) *100 <€ 4.3)

Here € is the suitable stopping criterion.
End step 1
4.2 Implementation of MART Algorithm

First of all | tried a 2*2 square box shaped sample. | assumed a point source which is at a
distance. | know the size of the sample. | assumed it is in square form and assumed that it is
uniform in nature and divided in four part having different attenuation coefficients.

| assumed | have three point detectors which are odd in number. One detector is in front of

source and others are at same distance form it. I know the distance from source to object.

source

Figure 4 2*2 Pixel Sample

16



In the above fig (4) | have the size of object, distance between source and object and distance
between source and detector. | assumed that source is at (0, 0) coordinate. Now my object has

4 pixels having same size of the entire pixel.

Then | find out the coordinates of all the pixels name as X, (i,j) where i=1,2,3 and j=1,2,3.
Then | found the coordinates of the point at which line intersect at the boundary of pixels of

the object.
In the above figure (4)
We can find out the angle of line of detector with the line of source using some calculation.
Slope=m=Tan (theta) = gap/t (4.4)
Using, y=mx+c

We can find out the coordinates of interaction of lines of detectors with the boundary of
pixels. Once | found the coordinates of pixels and coordinates of interaction then | found the
T1, T2, T3, T4 ...T9 for every line of detector using the distance formula as

T = sgrt ((x1-x2)."2+(y1-y2)./2) (4.5)

Then I check which line is going to which pixel using some conditions. Finally | found a

matrix for T.
We got the equation like this —
T1aUs+T1oUp+T13Us+T14Us = Py
To1Us+TooUp+To3Us+TogUs = Pp2
T31Us+T3oUp+T33Us+T3gUs = Pp3 (4.6)
Where Pp = log (lo/1) for different detectors.
ul, u2, u3, u4 are the attenuation coefficients.

This can be written as:

[TI[ul = [P] (4.7)

17



My next task is little tricky. Now | want to rotate my object upto an angle with an interval so

we have no of views. | found this using some calculations.

angle of

rotation I - )

source

In this fig (5) | rotate my object. Now my coordinates of pixel and coordinates of interaction

are changed. So that T will be changed.

Finally I got the equations as-

For 69

T11Ug+TyoUp+Tysus+Ti4Us = Ppy

Ta1Us+TooU2+T23Us+T24Us = Ppp

Ta1Us+T3aUp+ T33Uz+T3gUs = Pp3 (4.8)
For 6,

T11U1+T 12U+ T13Uz+T14Us = Ppy
To1U1+T20Up+ T 23Uz +T24Us = Ppy

Ta1U1+T32Up+T33Us+T34Us = Pp3 (4.9)

18



Upto total no of views.
Generally | can write-
[T]msn[u]ns1 = [P]m=1
Where m= no of detectors * no of views

n=no of pixels

(4.10)

My next was to write code the general code for the varying no of detectors and varying no of

pixels
(xpil:l).yp(1,1)
(@(lesﬂh‘?(lrﬁ)
- TF =
| ul | u2 a3 | us (16
oMyl - ¢ =
source | D
'="--}..___ (x(5,8).5(5.6))
‘ Uil
(xp(6.6).5B(6.6))
———
| xp(6.1)7p(6.1) —_—
D
I
W I
|
l |
| t |

Finally I got the equations as-

For 6¢

T11Ug+T12U2+T13Us+T14Us = Ppy

To1U1+T22U2+T23Us+T24Us = Ppo

T31U1+T32Up+T33Us+T34Us = Pp3
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For 4
T11U1+T 12U+ T13Uz+T14Us = Ppy
To1U1+T 22U+ T 23Uz +T24Us = Ppo

Ta1U1+T3oUp+T33Us+T34Us = Ppg

Upto total no of view.
Generally | can write-
[TImsn[U]n+1 = [Plm=
Where m= no of detectors * no of views
n=no of pixels
Where m can vary due to detector and no of view can vary

And n can vary

Test case 1

gap between the detectors,gap=1

enter the no of detector,p=9

enter the final angle of rotation of object=80

enter the interval in angle of rotation of object, interval=20
enter the number of pixel, n=9

enter the value of distance from source to object, D=1.5

enter the value of size of object w=12

enter the distance between source and detector=15

xn =
1.5000 5.5000 9.5000 13.5000
1.5000 5.5000 9.5000 13.5000
1.5000 5.5000 9.5000 13.5000
1.5000 5.5000 9.5000 13.5000
1.5000 5.5000 9.5000 13.5000
1.5000 5.5000 9.5000 13.5000
1.5000 5.5000 9.5000 13.5000
1.5000 5.5000 9.5000 13.5000
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L7219
L7112
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0 0.4512 0 0 1.4691 0 0 2.4896 0
0 0.7002 0 0 2.0699 0 0 3.4498 0
0 1.0082 0 0 2.7585 0 0 4.5311 0
0 1.3754 0 0 3.5354 0 0 5.7340 0

Verification of Code

To verify the code | have a simple technique in which | set the position of source and
detectors. Then | started to rotate the object with interval of 45" upto 360°. So | have 9 views
at angles 0,45,90,135,180,225,270,315,360. We will have to get the images of the object like
this. The images should be symmetric. And the matrix T should be same T angle 0&180
degree and 45&225 degree and 90 &270 degree and 135&315 degree.

I )|
u2 |

I D2
source S T\\“ s

Figure 7 View on O de

D1
D2
source
| D3
igure 8 View on 45 degree
D1
u3 ////4

=
ul 1 D2

]

source .

ud w2 || D3
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source

Figure 10 View on 135 degree

i /A D1

!DZ

source —
w2 ul T D3

Figure 11 View on 180 degree

source

Figure 12 View on 225 degree

= //i D1

u4 ! D2

source —— |
ul B | D3

Figure 13 View on 270 degree

/%/_Am

ud

source 'ul _4])2
| D3

Figure 14 View on 315 degree
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D1
ul _///‘
u2 |

I D2
source w3 T\‘ D3

Figure 15 View on 360 degree

gap between the detectors,gap=1

enter the no of detector,p=3

enter the final angle of rotation of object=360

enter the interval in angle of rotation of object, interval=45
enter the number of pixel, n=4

enter the value of distance from source to object, D=1.5

enter the value of size of object w=1l2

enter the distance between source and detector=15

T =

1.0770 0 6.6121 0
1.5000 1.5000 7.5000 7.5000
0 2.0396 0 8.4095
0.7108 0 4.3638 0
1.0607 1.0607 5.3033 5.3033
0 1.5384 0 6.3429
0 0.0718 0 0.4408
0 0 0 0
0 0.1360 0 0.5606
0 0.8123 0 4.9872
1.0607 1.0607 S 0133 583033
1.3461 0 5,.19500 0
0 1.0770 0 6.6121
1.5000 1.5000 7.5000 7.5000
2.0396 0 8.4095 0
0 0.7108 0 4.3638
1.0607 1.0607 5.3033 Se3083
1.5384 0 6.3429 0
0.0718 0 0.4408 0
0 0 0 0
0.1360 0 0.5606 0
0.8123 0 4.9872 0
1.0607 1.0607 5.3033 583088
0 1.3461 0 5.5500
1.0770 0 6.6121 0
1.5000 1.5000 7.5000 7.5000
0 2.0396 0 8.4095

>> k=mat2gray (T)

k =
0.1281 0 0.7863 0
0.1784 0.1784 0.8918 0.8918

0 0.2425 0 1.0000
0.0845 0 0.5189 0

0.1261 0.1261 0.6306 0.6306
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0 0.1829 0 0.7542
0 0.0085 0 0.0524
0 0 0 0
0 0.0162 0 0.0667
0 0.0966 0 0.5930
0.1261 0.1261 0.6306 0.6306
0.1601 0 0.6600 0
0 0.1281 0 0.7863
0.1784 0.1784 0.8918 0.8918
0.2425 0 1.0000 0
0 0.0845 0 0.5189
0.1261 0.1261 0.6306 0.6306
0.1829 0 0.7542 0
0.0085 0 0.0524 0
0 0 0 0
0.0162 0 0.0667 0
0.0966 0 0l."g 930 0
0.1261 0.1261 0.6306 0.6306
0 0.1601 0 0.6600
0.1281 0 0.7863 0
0.1784 0.1784 0.8918 0 . 8.971s3
0 0.2425 0 1.0000

>> imshow (k)

| got the symmetry in the matrix of intersection distance of rays (line) in each pixel.
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According to fig 7 to fig 15 | analyzed that the matrix should be symmetric. Interaction
distance of rays (line) should be same for angle 0 & 180 & 360 and 45& 225 and 90 &270
and etc. | got the image of matrix T.

4.3 Non-Linear Wave Propagation Including Scattering and Reflection Theory

In the previous section | modelled the problem of linear wave propagation excluding
scattering and reflection. I have written the code to find out the intersection distance in each

pixel for different wave (line) depends on the no of detectors

PROBLEM
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Now my problem is to model the problem of non-linear wave propagation including

scattering and reflection theory and write the code for this problem.

In my previous code | assume that line has same angle throughout the sample. There is no
scattering, refraction and reflection. But in this case | have different angle of refraction at
each interface of the pixel for different waves (line) depend on the no of detectors. I used

Snell’s law for my problem to find out the angle of refraction at each interface.

Approach 1

First of all | tried a 2*2 square box shaped sample. I assumed a point source which is at a
distance. | know the size of the sample. | assumed it is in square form and assumed that it is

uniform in nature and divided in four part having different refractive index.

i ':;.('1—’_
m—
source )
"'5:—:___
n3 T- —nd]

In the above figure a radiation emit from a source which is at distance D. | assumed there is
three detectors. For a single detector a radiation line intersect at angle i;with the normal and
refracted at angle r; due to different medium. Again it intersect at angle i, (r1) with the normal
and refracted at angle r,. Again it intersect at angle i3 (r2) with the normal and it refracted with

angle rs,
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Using Snell law

o _n (4.11)

sinr ni

We find that incident angle at object and final angle from object is same. Now our task is to

find out the angle of intersection at each interface of pixels.
To find out the interaction points we have to know the slope at every point of intersection

We know that

sinil

Nq (412)

sinrl
We can say that m=tan (ry)

=tan (sin*(1/n1(sin iy)))

And

22
We know I2=r1
We can say that m=tan (ry)

=tan(sin™(1/nx(sin iy)))
And
28,

We know 13=T2
We can say that m=tan (r3)

=tan (sin"(sin i1))
Generally we can write
m =tan (sin*(1/refractive index of pixel (sin i1))) (4.13)

Where, iy is the angle of incident at the interface of sample.
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Finally I got the generalized slope for each wave (line) at each of the interface of the pixel.
Using this we can find out the coordinate of the intersection point at each interface of pixel

.using equation Y =m. X

Failure

In the above equation (4.13) refractive index is unknown for me to solve the problem
Then I tried to find out how Snell’s law behaves in the medium with absorption

Law of Refraction with Absorption

| want to find out the formula for a law of refraction in an absorbing medium.

For different component the Snell law is different i.e. angle of refraction is different.
For s-component i.e. perpendicular to the plane of incident

The Snell law is

sinil 4 n2

sinrl  nl

For p-component i.e. parallel to the plane of incident there is some effect in the angle of

refraction

The Snell law is

k22
sinil n2(1—:>7)
sinrl — nl

Where, Kk is the absorption coefficient for the second medium. Here we assume first medium

is transparent.

Yet | assumed one medium is transparent of pixel, if both the pixels have absorbing medium.

k2?
sinil _ n2(1—357)
sinrl k12
M1 -737

In the above equation we assume k lies below n.
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When radiation passes through a medium some part of it will always attenuated.
So we can say that by defining a complex refractive index
n=n+ik
Here real part n is the refractive index
And imaginary part k is the attenuation coefficient.
In another word n indicate the phase velocity.

k indicate the amount of attenuation when the electromagnetic wave propagate through a

material.
If k >0 means light is absorbed
If k=0 means light travels forever without loss
If k<O means amplification of light
When | substitute it in the Snell law

sinil 1 n2 + ik2
sinrl nl

We get by solving it

Vsin(i1)

sin(rl) =
(rl) J(M22-k22+sin2 i1++/(n22—k22-sini12)2+4n22k22)

(4.14)

if I found n we can find the optical path length which is equal to the product of the geomtric
length d of the path light follow through a system and the refractive index of thye medium

through with it propagate
OPL=nd
Suggestion
According to my point of view I tried so much to find out the equation like it

m=f(x, y...) (4.15)
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Where, variables of rhs are known. In my equation (4.13) one variable is unknown .so try to

remove that variable from my equation using updated version of Snell’s law for absorbing

medium
Linear Non-Linear
e | assumed there is no reflection or e | assumed there is scattering
refraction ,reflection and refraction
e In this assumption | found slope e Inthis assumption you can use eq
simply as tan © that you can find out (4.13) to find out the slope for each
using ratio of gap between detectors interface of pixels. You can also use
and distance from source to detector (4.14)
e When | got m, | simply simplified the e If you got m in a manner like eq(4.15)
coordinate of interaction points. then you can put it in my code and
you can find out all the intersection
point and finally you will got the
matrix of T using rotation of sample.

| got the expression of m in eq (4.13). If you got a correct form of slope at each interface of

pixels then you can use it in my code to find out the coordinate of intersection.
Eq (4.14) can help you to find out the slope having known variables at rhs.
Approach 2

Mathematical Modeling in 2-D

We take a source placed at the origin of coordinate system. The detectors are placed at a
distance of D, from the source, which are placed with a distance of D, from each other
starting from the origin. D1 is the length from the source to the midpoint of the object and D3
is the length of each square pixel. For the purpose of simplicity the object is square shaped
placed uniformly with the center aligned with the origin. We consider the object to be divided

into 4 parts of equal size; hence four square shaped pixels (refer the images).
Direct Ray without Refraction and Reflection
First we consider a simple case that the ray neither deviates nor gets attenuated. We try to

trace the path of the un-deviated light ray through object
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Figure 18 Basic View of the Problem.in 2D

By using 2 point form of equation of a line

i (2 —y1) (

Y—y = (2 —-'171) T — 1)

(4.16)

With reference to the electromagnetic wave (line) in fig 18 starting from the source to the
detector at the n™ position. We compute the path length of the ray through individual pixels.
The segment of ray in a pixel m with the ray reaching to n"™ is Xom.

The equation of the X, is:

A %E/{Dg)z + (nDy)?
3 (4.17)
Similarly taking a 3*3 matrix we get:
Xom = 22/ (D2)7 + Ds)?
? (4.18)
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Considering the Refraction Occurring

We now consider that as the light rays pass through the object it suffers change in path due to
refraction, also some of the light gets absorbed or scattered by the media. The residual
transmitted light is shifted and it reaches a different detector.

We try to analyse and reconstruct the path traced by the light ray.

13
interface 1 incident ray

absorbtion lge™ #*

medium 2

refracted ray

normal2

interface 2
7
Transmitted ray
6
4 5 6 7 8 9 10 11 12 13 14 15
a2 19 Refraction and Attenuatic

It will well know that the light suffers refraction at the interface of the two media. Hence we
try to take up the problem by adding boundaries step by step.

First we consider the upper half of the object to have same material, leading to refraction
through the material. We know which detector it reaches after refraction (ns ), therefore we
treat the media in upper half to have a refractive index of payg and the path travelled accounts
t0 Xavg -
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With reference to Figure 20, n; is the detector position for the non-refracted ray and n; is the

distance from the axis passing horizontally through the centre of object to the point of

entrance of the light ray into the object. Whereas n; refers to the vertical distance travelled by

the ray inside the object, nz is the vertical shift the ray suffers as it exits the object to reach

the detector and the following relation holds:

nads = (Ns— N1— N3) dg

(4.19)

However we know that the rays outside the object are the side of the triangles that are similar

to the case where we do not consider refraction.

T d
Ty = d_g(dl = ?j)
i d:
Ng = Z—Q(dg . ?% —dl)

Now we substitute egs (4.20) in eq (4.19) to get the value of n,.

Xavg IS the hypotenuse of the right-angle triangle inside the object giving us:

Xavg = V(d4n2)? + (2d3)?

As we know that by Snell's law
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T Xa'ug

Lbavg —
Havs = 2 a2 + (n)2 "z

(4.22)

Further with reference from Optical path length (OPL) we get:
OPL = p * (geometrical distance)
Hm * Xnmt: Xnm

Now considering the boundary dividing the two pixels we take the 1* pixel to have refractive
index - p and the actual path the refracted ray takes is the X';;.

OPLayerage = OPL; + OPL,

Mavg * Xavg = MaXa1' + HaXo2'

Until now we have avoided the case of attenuation, when we consider attenuation the Snell's
law takes the form:

sina i k2.5

sinf Jho (4.23)

Here, ks, is the attenuation coefficient of the second medium.
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Conclusion

My project work during master of technology is focused on Gamma Radiation Detection
and Inverse Problem Modeling. Firstly | analysed that how detectors works and what are
the operating range so that it can give reliable and accurate readings. So in this direction |
tried to implement the mart code for linear wave propagation inside a heterogeneous
medium without considering scattering phenomenon. | written the code in Matlab to find
out the Matrix for the distance travelled by the rays in pixels. This is the big hurdle to find
out this matrix with different view of object. | analyzed the wave propagation inside a
heterogeneous medium with considering scattering and refraction. It is found that wave
propagation length under a discretized area cannot be made independent with medium
dependent parameters such as refractive index, scattering cross-section or attenuation
constant thus desired expression could not be achieved.

Future scope

There is a future scope is that anyone will try to derive for the non-linear wave
propagation including scattering and reflection theory and also try to find out the matrix

and code it in Matlab.
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Appendix A
Code for Mart Algorithm

%% mart code

%detector must be odd in number

%middle detector is fixed in front of source

close all;

clear all;

clc;

gap=input(‘gap between the detectors,gap=");

p=input(‘enter the no of detector,p=");

thetaf=input(‘enter the final angle of rotation of object=");
interval=input(‘enter the interval in angle of rotation of object,interval=");
n=input(‘'enter the number of pixel,n=");

D=input(‘enter the value of distance from source to object, D=");
w=input('enter the value of size of object w=");

t=input(‘enter the distance between source and detector=");

z=(thetaf-0)./interval,
x=0;
theta(1)=0;
for i=2:(z+1)*p
if rem(i-1,p)==0
x=x+interval;
end
theta(i)=x;

end
gap1=((p-1)/2).*gap;
m(1)=(gapl./t);
fori=2:p
m(i)=m(i-1)-(gap/t);
end
for i=p+1:(z+1)*p
t=rem(i,p);
if t==0
m(i)=m(p);
else
m(i)=m(v);
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end

end

for k=1:p*(z+1)
x(k,1)=D;

end

for i=1:p*(z+1)
for j=2:sqrt(n)+1

X(i.1)=x(i.,j-1)+(wisqrt(n));

end

end

for i=1:p*(z+1)
for j=1:sqrt(n)+1
y(i.j)=m(i).*x(i.j);
end
end

for i=1:p*(z+1)
for j=1:sqrt(n)+1
xn(i,j)=x(i,j).*cosd(theta(i))-y(i,j).*sind(theta(i));
yn(i.j)=m(i).*xn(i.j);
end
end
Xn
yn
for i=1:(sqrt(n)+1)
for j=1:(sqrt(n)+1)
Xp(i.))=D+(-1)*(w/sart(n));
yp(i.j)=(w/2)-(i-1)*(w/sqrt(n));
end
end
Xp
yp

for k=1:(z+1)
for i=1:sqrt(n)+1
for j=1:sqrt(n)+1
xpn(i+((k-1)*(sqrt(n)+1)),j))=xp(i,j).*cosd((k-1)*interval)-yp(i,j). *sind((k-1)*interval);
ypn(i+((k-1)*(sqrt(n)+1)),j))=yp(i,j).*cosd((k-1)*interval)+xp(i,j).*sind((k-1)*interval);

end
end
end
Xpn
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ypn
for k=1:p*(z+1)
q=1;
for i=1:(sqrt(n))
for j=1:(sqrt(n))
if (ypn(+L.i)<=yn(k.i)) && (yn(k,i)<=ypn(,i))
T(k,q)=sqgrt((yn(k,i)-yn(k,i+1)). 2+(xn(k,i)-yn(k,i+1)).*2);
else T(k,q)=0;
end
q=q+1;
end
end
end
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