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Abstract

The present, research work deals with the existence of solutions and approximate
controllability of deterministic semilinear integer order systems with control delays
and fractional order systems without delay. To derive the existence and controlla-
bility results, various techniques have been applied along with the semigroup, cosine
and sine families, fractional calculus, fractional cosine family, fractional resolvent,
fixed point theory. Some examples are provided for the illustration of the obtained
results.

Some introductory matter along with literature survey on controllability of non-
linear and linear control systems of fractional and integer orders are given in Chapter
1. Basic concepts and definitions of control theory, semigroup theory, cosine family,
fractional calculus, fractional cosine family and nonlinear functional analysis which
are utilized in forthcoming chapters, are given in Chapter 2.

In Chapter 3, the existence of mild solutions of first-order retarded semilinear
system with control delay is proved under the locally Lipschitz continuity of non-
linear function and a fixed point theorem. Then the approximate controllability of
semilinear system is proved provided that the associated linear system without de-
lay is approximately controllable. Controllability results are obtained by using the
method of steps and semigroup theory. The results of this chapter are illustrated
with controlled heat equation.

Chapter 4 contains two sections. The first section deals with the approximate
and exact controllability of second-order nonlocal retarded semilinear system with
control delay. In this section the existence of solutions is derived applying fixed
point approach and cosine family. Here the nonlinear function is supposed to be
Lipschitz continuous. The controllability of the associated linear delay system is

proved by the method of steps and then the controllability of the actual system is
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deduced by proving that the reachable set of semilinear system contains the reach-
able set of associated linear system. The results of this section are illustrated with
controlled wave equations. In the second section, the approximate controllability
of second-order nonlocal retarded semilinear system with multiple delays in control
is discussed in Banach spaces. The existence of solutions is derived applying fixed
point approach. For this, nonlinear function is supposed to be locally Lipschitz.
Then the approximate controllability of associated linear system and actual system
is proved applying the technique similar to Chapter 3. Here, the problem of first
section is extended for multiple time delays. The obtained results are illustrated by
providing an example.

In Chapter 5, the partial approximate controllability of nonlocal Riemann-Liouville
fractional systems with integral initial conditions in Hilbert spaces without assum-
ing the Lipschitz continuity of nonlinear function is investigated. We also exclude
the usual assumptions on nonlocal functions such as Lipschitz continuity and com-
pactness. First, the existence results are derived applying Schauder’s fixed point
theorem and then the partial approximate controllability result is proved. For this,
we suppose that the associated linear system is partial approximately controllable
for ¢ = 0, where ¢ is nonlocal function. To obtain our result the concept of semi-
group is used rather than resolvent operator. Here, we assume that the semigroup
generated by linear map is compact. Lastly, an example is given to apply the ob-
tained results.

In Chapter 6, we analyze the approximate controllability of Riemann-Liouville
fractional systems with integral initial conditions in Banach space. First we deduce
the existence of mild solutions using fractional Riemann- Liouville family and fixed
point approach by assuming the Lipschitz continuity of nonlinear term. Then we
determine the approximate controllability of the system. We make use of iterative
and approximate technique to obtain the controllability result. The obtained results
are illustrated by providing an example.

Chapter 7 is concerned with the Riemann-Liouville fractional semilinear inte-
grodifferential systems with damping in Banach spaces. First we prove the existence

of solutions by applying fixed point approach. Then the approximate controllability
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of the system is shown by applying an approximate method. To obtain our re-
sults, we use the concept of Riemann-Liouville fractional (¢, ¢, A) resolvent, where
0 < ¢ < ¥ <1and )\ is areal number. Finally, the obtained results are illustrated
by providing an example.

The final concluding remarks about the work presented in the thesis, and brief

discussion on the future work, are given in Chapter 8.

Keywords: Delay systems; Fractional systems; Integrodifferential systems; Riemann-
Liouville derivatives; Damping; Semigroup; Cosine Family; Fractional cosine family;
Fractional resolvent; Contraction map; Fixed point; Approximate method; Iterative

technique; Mild solutions; Reachable set; Approximate controllability
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Chapter 1

Introduction

1.1 General introduction

1.1.1 Origin of control theory

Control theory is an interdisciplinary branch of mathematics and engineering that
deals with the influence behavior of dynamical systems. Here, a system is defined
as an arrangement, collection or set of entities which are related by interactions and
produce various outputs in response to different inputs. If a system changes with
respect to time or other variable then it is known as a dynamical system. For exam-
ple, electromechanical machines such as motor car, aircraft or spaceships, biological
systems such as human body, economic structures of countries or regions, popula-
tion growth in a region are dynamical systems. If a dynamical system is controlled
by suitable inputs or controls to obtain the desired output or state then it is known
as a control system.

In real life, there are many control systems which are in use. For example,
our body temperature and blood sugar level needs to be controlled at desired set
points, insect and animal populations are controlled by very delicately balanced prey
predator relationship. These control systems are provided to us by nature. There
are many complex man-made as well as simple control systems which are used in
our everyday life. Automatic water heater, washing machine, missiles, etc. are some
examples. However, whether a control system is natural or man-made, those all

share a common aim, which is to control or regulate a particular variable within



Chapter 1. Introduction 2

certain operating limits.

Controllability is an important area in the study of dynamical systems. It plays a
crucial role in control problems such as stabilization of unstable systems by feedback
control or in the study of optimal control. For this reason, it has been studied by
several authors during the past few decades. Controllability is a mathematical prob-
lem, which analyzes the possibility of steering a system from any initial state to any
final state utilizing a set of admissible controls. During the last two hundred years,
the classical areas of applied mathematics such as thermodynamics, electromagnetic
theory, mechanics of fluids, solids and particles etc., have been well developed and

generally reflect this emphasis on analysis too.

1.1.2 Controllability

Let Z = Ly([0,¢]; V) and U = Ly([0,c|; V') be the function spaces. Consider the
semilinear system

4 2(t) = A=(t) + Bu(t) + F(t, (1)), t€ (0., (1.1.1)

2(0) =yo € V.
Here, 2(t) € V and u(t) € V' are the state and control, respectively, of the system
where V' and V' are Banach spaces. B : V' — V is a continuous linear map and
F :[0,¢] x V= V is nonlinear. Here, we suppose that A: D(A) CV —» V is a
closed and densely defined linear map with domain D(A), and it generates a Cy-
semigroup {T(t)}teRg defined on V' (see Chapter 2).
The mild solution of the system (|1.1.1]) is defined as the solution of the integral

equation
z(t) = T(t)yo + /OtT(t — s)(Bu(s) + F(s,z(s))) ds, "0 <t <c

Denote by z(; yo, u) the mild solution of the system , corresponding to
control v € U and the initial condition .

The system is called exact controllable in the time interval [0, ¢], if for any
given final state z. in V, one can find a control v € U such that the mild solution
2(t; yo, u) of the system satisfies z(¢; yo, u) = 2.

The system is called approximate controllable in the time interval [0, ¢],
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if for given final state z. in V and € > 0, one can find a control u € U such that the
mild solution of satisfies ||z(c; yo, u) — zc|| < e.

It should be noted that approximate controllability empowers to steer the system
to any given neighborhood of any final state but exact controllability means that
system can be steered to any given final state. Obviously, the exact controllability
is necessarily stronger notion than approximate controllability. Approximate con-
trollability allows to steer the system to states belonging to a dense subset of the
state space. Therefore it is interesting to discuss the approximate controllability of
a system.

In this thesis, some results on the approximate controllability of semilinear delay

control systems of integer order and non-delay control system of fractional order are
established.

1.1.3 Motivation of the thesis

Many scientific and engineering problems can be modeled by deterministic and non-
deterministic partial differential equations, fractional order differential equations or
coupled ordinary and partial differential equations with or without delay in finite or
infinite dimensional spaces using semigroup and cosine family. The systems arising
in practice are mainly nonlinear to some extent. There are various properties of
the system such as existence, uniqueness and regularity of the solutions, stability of
equilibrium points, etc. Controllability is also an important area of study in control
theory. In many applications, the objective of the control action is to drive the sys-
tem from one state to another in an optimal fashion. However, before we formulate
the question of optimality it is necessary to pose the more fundamental question
of whether or not it is possible to reach a desired state from an initial state. So,
this gives the motivation to analyze the controllability of dynamical systems of an
abstract form.

In many problems, the present rate of change of some unknown function depends
upon previous values of the same function. Such problems are modeled by the time
delay systems. A system may experience time delay either in control or in state or
in both. Some of the examples of physical and biological systems which involves

time delays are population growth, a system involving feedback control, mixing of
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liquids, prey-predator population models etc. Thus the delay of a system constitutes
a crucial part of research area in the theory of control.

Retarded systems are the systems involving retarded arguments. In the prob-
lems having retarded systems, there has been an expanding interest for several
decades. Many natural incidents embrace a significant memory effect. Retarded
systems express the mathematical model of such real life problems. For example,
many problems occurring from medicine, bio sciences, chemical sciences, physical
sciences, economics are affected by their previous results at major scale. Therefore
for the study of controllability, it becomes much important to select retarded sys-
tems.

It is also seen that in various engineering models, such as semiconductor mod-
eling, heat conduction, nonlocal reactive transport in underground water flows in
porous media and biotechnology, mathematical formulation of nonlocal problems
arise naturally. The quantity of physical phenomena displayed by partial differential
equations with nonlocal conditions which have abstract formulation as a functional
differential equation is continually expanding.

The fractional differential systems have drawn the attention of many engineers,
physicists and mathematician in last twenty years. Because these systems poured
many applications in the areas of economics, engineering and science. The differ-
ential systems of fractional order have the capability to describe the memory and
hereditary properties of some significant materials and processes. The theory of
fractional calculus is the generalization of the theory of integration and differenti-
ation of integer order to arbitrary order (termed as fractional differentiations and
integrations). Particularly, this discipline has the concept and methods of solving
the differential systems of fractional order. It has been realized that the fractional
order differential operator is-nonlocal but the integer order differential operator is a
local operator.

A detailed review of literature on controllability of various systems is given in

the next section.
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1.2 Review of literature

1.2.1 Controllability of first-order systems

Theory of controllability was originated from the great work done by Kalman [41] in
1960. In which, he discussed the controllability of linear system of finite dimensional
under a rank condition of the controllability matrix (see [L0]). In 1967, Tarnove [84]
used the fixed point theorem due to Bohnenblust-Karlin to analyze A-controllability
for a nonlinear system, where A is a non-empty, closed, bounded convex subset of
the set of continuous functions. Subsequently, this idea was utilized by Dauer [20]
for the controllability of the systems of the form 2(t) = F(t,z) + G(t,u) in finite
dimensional spaces. Joshi and George [39] analyzed the controllability property of
the nonlinear systems (non-autonomous) in finite dimensional spaces with the sup-
position that its linear part is controllable. For this, they reduced the controllability
problem to the solvability of an operator equation. The solvability analysis of the
operator system was carried out by applying fixed point and monotone operator the-
ory. In 2009, Klamka [48] extended the results of [44] for the systems with control
delays.

A finite dimensional system is usually an approximation of some infinite di-
mensional system. Therefore motivated by work mentioned above, many authors
extended the results to more general cases including infinite dimensional systems.

A more general model for the system was considered by Fattorini [25] in 1966. In
this work, the controllability property was investigated for the case when the linear
map A is assumed to be closed and densely defined, and it generates a Cy-semigroup
T'(t). In 1967, he determined the approximate controllability for the case when A is
self adjoint, semibounded above and defined on a Hilbert space and the dynamical
system has only a finite number of scalar controls [26].

Controllability results were developed by Carmichael and Quinn [I4] for the
nonlinear control system in an infinite dimensional setting. They formulated the
controllability problem as a fixed point problem and used Nussbaum fixed-point
theorem to establish conditions under which the nonlinear control system is exact

controllable from the origin to some open set contained in an appropriate function
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space. In 1983, Zhou [90] gave new sufficient conditions for the approximate con-
trollability of the semilinear control systems. The results were obtained for the
case when the range of the control operator satisfies an inequality condition. In
1984, he introduced some general conditions for exact reachability and approximate
controllability connected with two families of associated quadratic optimal control
problems [91].

Making use of Schauder’s degree theorem, Naito [71] studied the approximate
controllability for semilinear systems of the form 2(t) + Az(t) = (Bu)(t) + F(z(t))
with initial condition z(0) = 0 under the uniform boundedness of the nonlinear op-
erator and a range condition on control operator. In [70], he dropped the uniform
boundedness condition on nonlinear operator and used an inequality condition to
show that the semilinear system is approximate controllable.

In 1998, Bian [I1] derived some results on approximate controllability for semi-
linear systems. In 1999, Jeong et al. [35] extended the results of [I1] and discuss the
controllability results for semilinear systems with infinite delay. In 1988, Lions [59]
investigated the exact controllability of distributed systems. Here, the control was
assumed to be a boundary control or a local distributed control. In 1995, George [2§]
proved the approximate controllability of the non-autonomous semilinear systems
under different assumptions on the linear and nonlinear operators. The controlla-
bility of impulsive systems was also proved by George et al. [29] in 2000.

In 2002, utilizing fixed point theorem and semigroup, Balachandran and Dauer
[3] presented a survey on the controllability. of nonlinear systems and functional
integrodifferential systems in Banach spaces. In 2002, Dauer and Mahmudov [21]
investigated the approximate controllability for the semilinear delay functional differ-
ential systems applying Schauder’s fixed point theorem. For this, the corresponding
semigroup 7'(t) is assumed to be compact. Sufficient conditions for the exact con-
trollability of the semilinear functional differential systems were also derived when
the semigroup is not compact. These conditions were obtained by using the Banach
fixed point theorem. By assuming same conditions they also proved the approximate
and exact controllability of semilinear systems without delay in 2004 [22].

In 2005, Joshi and Kumar [40] investigated the approximation of exact con-

trollability problem involving parabolic differential equations. In [36], Jeong et al.
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analyzed the controllability of nonlinear and linear systems by assuming that the
system of generalized eigenspaces of A is complete. In 2007, they investigated the
controllability of nonlinear retarded control systems [34]. Further Lipschitz conti-
nuity and the uniform boundedness of the nonlinear term have been considerably
weakened. Ntouyas and Regan [72] proved some controllability results for semilin-
ear neutral functional differential inclusions with finite and infinite delays in Banach
spaces by replacing the compactness of operators with the complete continuity of
the nonlinearity.

Utilizing fixed point approach, the controllability property of nonlocal semilinear
evolution equation was investigated by Mahmudov [63] in 2008. In 2009, Wang [87]
obtained some sufficient conditions for approximate controllability of integrodiffer-
ential equations with multiple delays using Schauder’s fixed point theorem. In 2012,
Liu [60] extended the results of [87] and discussed the controllability of time varying
system with multiple delays and impulsive effects.

In 2013, Kang et al. [43] considered the nonlinear evolution equation and stud-
ied its controllability property. Here, they assumed that the nonlinear map verifies
the monotone condition. Kumar and Sukavanam [55] considered the nonlinear sys-
tem with delays in control and state and studied its controllability using Lipschitz
continuity. In 2015, Shukla et al. [80] determined the approximate controllabil-
ity of nonlinear systems with state delay by assuming the Lipschitz condition on

nonlinearity term. Here, they utilized fundamental solution rather than semigroup.

1.2.2 Controllability of second-order systems

In the beginning, the controllability of second-order systems were analyzed by con-
verting them into first-order systems. Later, it has been observed that the study
of a second-order system by converting them into first-order system need not give
desired results due to the behaviour of the semigroup generated by the linear part
of the transformed system. Therefore, it is more effective to study a second-order
system directly.

To discuss the differential systems of second-order as it is rather than converting
them into first-order systems, the theory of cosine family is a useful tool which was

introduced by Travis and Webb [85] in 1977. They studied the uniform continuity,
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regularity and some other properties of cosine families. In [86], they obtained the
solution of nonlinear second-order differential equations, using the theory of cosine
family:.

In 1997, Park and Han [73] proved the controllability of second-order nonlin-
ear systems in Banach spaces by assuming the uniform boundedness of nonlinearity
term. Utilizing Schauder fixed point theorem, approximate controllability of in-
tegrodifferential systems of second-order is investigated in [4] and [74]. In 2003,
Mckibben [67] studied approximate controllability for second-order functional evo-
lution equation with the help of properties of cosine family and sequential approach
proposed by Zhou [90] in 1983.

Approximate controllability for neutral equations of second-order was studied by
Mahmudov et al. [62] in 2006. In [§] Balasubramaniam et al. studied approximate
controllability for distributed implicit functional control systems of second-order
with unbounded delay. Without assuming the compactness of the cosine family,
Sakthivel et al. [76] investigated the complete controllability for nonlinear impul-
sive control systems of second-order. They established controllability results by
utilizing the fixed point approach.

Kowalski and Sadkowski [50] presented some properties of cosine family. Using
the cosine family, they established the existence of mild solution of the abstract
second-order cauchy problem and gave some equivalent conditions for exact con-
trollability, null-exact controllability and approximate controllability. Finally, they
considered the mixed wave problem in the space Ly[0,1] and proved that it is ap-
proximately controllable. Utilizing Sadovskii fixed point theorem Kumar et al. [54]
obtained controllability results for second-order nonlocal differential system in 2014.
Here, they dropped the compactness of nonlinear map and cosine family.

In 2015, a numerical and-an analytical estimation for the trajectory controllabil-
ity of integro-differential systems of second-order was given by Chalishajar D. and
Chalishajar H. [16]. In 2016, Mahmudov et al. [66] investigated the controllability
results for the evolution differential inclusions of second-order in Hilbert spaces. A
survey on controllability of differential systems of second-order was presented by
Klamka et al. [49] in 2017. In 2018, Kumar et al. [52] determined the controllabil-

ity of impulsive semilinear systems of second-order. They also discuss the case of
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nonlocal initial conditions.

1.2.3 Controllability of fractional order systems

Fractional differential equations are found to be appropriate models in many en-
gineering, biological and physical problems. For this reason, they have attracted
much attention in last two decades. In fact, fractional order derivatives confer a
better instrument for the illustration of hereditary and memory properties. There-
fore in the modeling of systems and processes, they have poured many applications
in the areas of electricity mechanics, heat conduction, electrodynamics of complex
medium, physics, viscoelasticity, aecrodynamics, control theory etc.

Utilizing a fixed point theorem with fractional calculus, Balachandran and Park
[5] investigated the controllability of fractional semilinear integrodifferntial system
with nonlocal condition. In 2011, Sukavanam et al. [81] studied the approximate
controllability of fractional semilinear delay systems utilizing Gronwall’s inequality
and basics of fractional calculus. A set of sufficient conditions for the controllabil-
ity of fractional order nonlinear dynamical systems through Schauder’s fixed point
theorem was established by Balachandran et al. [6].

In 2012, Kumar et al. [53] investigated the approximate controllability of frac-
tional order semilinear systems with bounded delay making use of Schauder’s fixed
point theorem. In 2012, Tai and Lun [83] proved controllability of fractional im-
pulsive neutral evolution integrodifferential systems. Sufficient conditions for the
controllability were established by applying fractional calculus, resolvent operators
and Krasnoselskii’s fixed point theorem.

In 2013, Kamaljeet and Bahuguna [42] discussed the controllability of impulsive
differential equations of fractional order with finite delay and nonlocal conditions. In
2014, Souad and Toufik [24] considered the neutral evolution equations of fractional
order with Caputo derivatives and nonlocal conditions, and obtained the approxi-
mate controllability results assuming the compactness of the semigroup generated
by linear operator.

It is well known that the integrals initial conditions or Riemann-Liouville deriva-
tives play a crucial role in many practical problems. Such initial conditions are more

appropriate than other physically interpretable initial conditions. In [31], Heymans
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and Podlubny have given the physical interpretation of initial conditions expressed
in terms of integrals or Riemann-Liouville derivatives of fractional order in the area
of viscoelasticity.

In 2015, Liu and Li [6I] developed approximate controllability results for a class

of Riemann-Liouville fractional equations of the form

DY2(t) = Az(t) + F(t, z(t)) + (Bu)(t), t € (0,c,

(]tl_ﬁz(t))tzo =y €V

for 0 < ¥ < 1 in Banach spaces. The theory of Laplace transform together with prob-
ability density function are used to derive the mild solution of the system in terms
of semigroup. To obtained the existence of solutions and controllability results, the
differentiability of semigroup and Lipschitz condition on F' are assumed. Utilizing
the ideas of this article, Ibrahim et al. [33] obtained the existence and controllability
results for the same system with the initial conditions lim,_,o+ I'(9)t' ?2(2) = 0.
Here, the concept of ¥-order resolvent is used rather than Cy-semigroup.

Mahmudov and McKibben [64] determined the approximate controllability of
fractional systems with generalized Riemann-Liouville derivatives. Here, the non-
linearity term is not Lipschitz but it is measurable with respect to ¢. In 2017, Zhu
et al. [93] considered the same system as in [33] and obtained the optimal controls
utilizing the resolvent technique. Here, existence and optimal control were analyzed
without Lipschitz condition.

In 2018, Zhu et al. [92] analyzed the system considered in [33] with the condi-
tion 1/2 < ¥ < 1 and obtained the existence and controllability results with integral
contarctor nonlinearity. Utilizing Schauder’s fixed point theorem and semigroup,
Lian et al. [58] determined the existence of solution and time optimal control for

the systems of the form

DYz(t) = Az(t) + F(t,2(t)) + B(t)u(t), te (0,c],

(Itl’ﬂz(t))tzo =y eV

for 0 < ¥ < 1 in Hilbert spaces without Lipschitz assumption. Making use of

compact method, they removed reflexivity of state space.
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1.3 Organization of the thesis

In this thesis, existence of mild solution and approximate controllability of semilin-
ear systems of integer order and fractional order have been investigated. Results are
obtained using fixed point, semigroup, cosine family and fractional calculus. There
are eight chapters in the thesis including the present one containing introduction

and literature review. The chapter-wise description is given below.

Chapter 2 contains basic concepts of control theory and nonlinear functional

analysis which are used in subsequent chapters.

In Chapter 3, the existence of mild solution of first-order retarded semilinear
system with control delay is proved under the locally Lipschitz continuity of non-
linear function and a fixed point theorem. Then the approximate controllability of
semilinear system is proved provided that the associated linear system without delay
is approximately controllable. Controllability results are obtained by the method of
steps and semigroup theory.

The results of this chapter are communicated to “FILOMAT Journal of

Mathematics”.

Chapter 4 contains two sections. The first section deals with the approximate
and exact controllability of second-order nonlocal retarded semilinear system with
control delay. In this section the existence of mild solution has been derived using
fixed point approach and cosine family. Here the nonlinear function is supposed to
be Lipschitz continuous. The controllability of the associated linear system with
delay is proved by the method of steps and then the controllability of the actual sys-
tem is proved. In the second section, the approximate controllability of second-order
nonlocal retarded semilinear system with multiple delays in control is discussed in
Banach spaces. The existence of mild solution has been derived using fixed point
approach. For this, nonlinear function is supposed to be locally Lipschitz. Then the
approximate controllability of associated linear system and actual system is proved.

The results of the first section of this chapter are published in “Applicable

Analysis (Taylor & Francis Online)” and the results of the second section of
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this chapter are accepted for publication in “Bulletin of the Iranian Mathe-

matical Society (Springer)”.

In Chapter 5, the partial approximate controllability of nonlocal fractional sys-
tems with integral initial conditions in Hilbert spaces without assuming the Lipschitz
continuity of nonlinear function is investigated. We also exclude the conditions of
Lipschitz continuity and compactness for the nonlocal function. The existence of
solution is derived applying Schauder’s fixed point theorem, then the partial approx-
imate controllability result is proved by assuming that the associated linear system
is partial approximately controllable for ¢ = 0, where ¢ is nonlocal function.

The results of this chapter are Published in “Rendiconti del Circolo Matem-

atico di Palermo Series 2 (Springer)”.

In Chapter 6 we analyzed the approximate controllability of Riemann-Liouville
fractional evolution equations with integral initial conditions in Banach spaces. First
we deduce the existence of mild solutions using fractional Riemann- Liouville family
and fixed point approach by assuming the Lipschitz continuity of nonlinearity term.
Then we established new sufficient conditions for the approximate controllability of
the system.

The results of this chapter are communicated to “Numerical Functional Anal-

ysis and Optimization (Taylor & Francis Online)”.

Chapter 7 is concerned with the Riemann-Liouville fractional semilinear inte-
grodifferential systems with damping in Banach spaces. First we proved the exis-
tence of mild solutions of the system using fixed point approach. Then we established
a set of new sufficient conditions for the approximate controllability of the system
by means of iterative and approximate technique. To obtain our results, we use the
concept of Riemann-Liouville fractional (¥, ¢, ) resolvent, where 0 < ¢ < ¥ <1
and A is a real number.

The results of this chapter are published in “Chaos, Solitons & Fractals

(Elsevier)”.



Chapter 2
Preliminaries

In this chapter, some basic concepts of control theory and nonlinear functional

analysis, which are used in subsequent chapters, are presented.

2.1 Basic concepts of control theory

2.1.1 Finite dimensional linear systems

A mathematical formulation of a finite dimensional linear control system can be
represented by the differential systems

&) _ 3(1) = z U 0,C
40 = ) = AW=(t) + BOu(), ¢ € (to,d) A

Z(to) =1 € Rn,

where z(t) € R™ is known as the state variable and u(t) € R™ is known as the
control at time t. A(t) and B(t) are piecewise continuous matrices of order n x n
and n X m respectively.

Let La([to, c|;R™) and Lo([to, ¢]; R™) be the function spaces to which z and u
belong, respectively. The solution of the system is given by the equation

z(t) = ®(t, to)yo + /t O(t,s)B(s)u(s)ds, to<t<ec,

to

where ®(t, 1) is an n X n matrix, known as the state transition matrix and it has

the following properties:

13
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(i) (L o) = A(L)D(t, to);

(13) ®(t,t) = Z, the identity matrix of order n;
(13) ®71(t,t0) = D(to,1);
(iv) ®(t,8)P(s,tg) = P(t,1p).

The state transition matrix ®(t, ) can be obtained by the following Peano’s

series,

t ] T1
@(t,s) :I—l—/ A(T)d7+/ / A(TQ)A(Tl)dTQdTl+"' .
If the matrix A does not depend on time ¢, then from the above series, one has
®(t,s) = eAlt=9),

Remark 2.1.1. If the matrices A and B are constants then the system is known as

autonomous system and in this case the solution takes the form
t
2(t) = eAli=to)y, —|—/ A= Bu(s)ds, ty<t<ec
to
Definition 2.1.1. The system ({2.1.1) is said to be controllable on [to, ¢], if for every

given vector z. € R", one can find a control u € Ly ([to, c]; R™) such that the solution

of the system (2.1.1)) satisfies z(c) = z., that is

(e, to)yo + /C<I>(c, s)B(s)u(s)ds = z,.

to

If above is not the case, we say that the system is uncontrollable.

Remark 2.1.2. In general, the control u which steers the system from yo to the

final state z., depends on yo and z. and it may not be unique.

The collection of all points to which the system can be steered in time ¢ is known

as the controllable space or reachable set and is denoted by fR., that is
R. = {2(c) € R"| z is a solution of (2.1.1) associated with u € Ly([to, cJ;R™)}.

The system (2.1.1) is said to be controllable on [ty, ] if the reachable set fR.

equals to the whole space R".
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Definition 2.1.2. Let B* and ®* be the conjugate transpose of B and ® respec-
tively. The matrices G : Ly([to, c|; R™) — R™ and W : R™ — R" defined by
G — / "o (t, ) B(s)uls) ds (2.1.2)
to
and
Wi = /CCI)(C, s)B(s)B*(s)®*(c, s) ds, (2.1.3)
to
are known as the controllability matrix and the controllability Grammian matrix,

respectively.

Theorem 2.1.3. [18] The linear system (2.1.1)) is controllable if and only if the
controllablility. Grammian matriz W given by (2.1.3)), is invertible.

2.1.2 Infinite dimensional linear systems

In infinite dimensional spaces, the control problems are more difficult and conceptual
than the finite dimensional cases. For this reason, it is an important area of research
with a rich literature. To study the first-order systems, the theory of semigroup is
an important tool. Therefore first we review the theory of semigroup.

As usual, let B(V') denotes the set of continuous linear maps from the Banach

space V to V and R] be the set of non-negative real numbers.

Definition 2.1.3. [75] A family of operators {T'(¢)},ep+ C B(V) is called a strongly

continuous semigroup or Cy-semigroup on V| if it satisfies the following properties:
(1) T(0)y =y fory € V;
(i) T(s+t) =T(s)T(t) fors, t € Ry;

(@) lim [T (t)y =yl =0 vy € V.

Definition 2.1.4. [75] The infinitesimal generator A of a strongly continuous semi-

group 7'(t) is defined as
Tty -y

Y

Ay =1
Y gﬁ)l

if the limit exists. The domain of A is the collection of all points y € V for which

the limit exists.
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Theorem 2.1.4. [18] A Cy-semigroup T(t) generated by A satisfies the following

properties:
(1) there are constants M and w such that
|T(t)] < Me** VteRS
and hence ||T(t)] is bounded on every bounded interval;

(it) fory eV, we have
1 t+h
lim 7 T(s)yds =T(t)y;

h—0 ¢

(1ii) fory e D(A), T(t)y € D(A) and

STty = ATy = T(1)Ay.

An infinite dimensional linear control system can be written as

2(t) = Az(t) + Bu(t), t € (to,d], (2.1.4)
2(to) = yo €V,
where for each fixed ¢, the state z(t) € V and the control u(t) € V’; V' is another
Banach space. Let Z = Ly([to, c]; V) and U = La([to, c|; V') are function spaces of
V and V', respectively. The linear map A : D(A) C V — V is closed with dense
domain D(A) and it generates a semigroup 7'(t), B : V! — V is a continuous linear
map.
For any yo € V, a function z € Lo([to, c]; V) is the mild solution of if it
satisfies

z(t) =T(t —to)yo + /tT(t —s)Bu(s)ds, ty<t<ec.

to
Definition 2.1.5. [3] The system is said to be approximate controllable on
[to, ], if for given ¢ > 0 and a final state z. in V, one can find a control u in U
steering yo, along a solution (trajectory) of the system to an e-neighborhood
of z., that is

I2(c) = ze|| < e.

If z(¢) = z., the system (2.1.4]) is said to be an exact controllable system on
[to, C] .
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Remark 2.1.5. In case of finite dimensional systems, the concepts of approrimate

controllablility and exact controllability are equivalent.

2.1.3 Infinite dimensional first-order semilinear systems

An abstract form of infinite dimensional semilinear control systems is given as

2(t) = Az(t) + Bu(t)+F'(t, 2(t)), te€ (to,d,
(2.1.5)
Z(to) = 1Yo € V,
where the state space and control space, and the operators A, B setting are similar
as defined in previous section. The map F : [tg,c] X V. — V' produces nonlinearity
in the system ([2.1.5)).
A mild solution of (2.1.5)) is a function z(¢) given by the nonlinear integral equa-
tion
t
2(t) = T(t — to)yo +/ T(t —s)(Bu(s) + F(s, 2(s))) ds, th<t<c
to
Under suitable assumptions on £, the mild solution z(¢) is unique for each fixed

uel.

Definition 2.1.6. The reachable set R.(F') of the system (2.1.5)) is defined as
Re(F) = {z(c) | z(t) is the mild solution of (2.1.5) associated with u € U}.

The reachable set of linear system corresponding to semilinear system ([2.1.5)) is
denoted by 2R.(0).

The controllability in terms of reachable set is defined below:

Definition 2.1.7. A control system is said to be approximate controllable on [¢y, ],

if R (F) is dense in V, that is R.(F) = V and it is said to be exact controllable, if
R(F)=V.

An important result on the controllability of the system (2.1.5) was given by
Naito [71] which is given below:

Theorem 2.1.6. [71] The semilinear system (2.1.5)) is approximate controllable if

the following conditions are satisfied:
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1) the semigroup T'(t) is compact;

(2) group P

(i) F(t,y) is Lipschitziny € V;

(1ii) [|[F(t,y)| < kp, where kg is a positive constant;

(iv) for every p € Z = Lo([to, c]; V), one can find a ¢ € Range(B) satisfying the
equation (p = (q, where  : Z — V is defined as

(z = /C T(c— s)z(s)ds.

to

Condition (i) of the above theorem implies the approximate controllability of
corresponding linear control system of (2.1.5) (when F' = 0in (2.1.5))) (forproof see
[710).

2.1.4 Infinite dimensional second-order semilinear systems

First we define sine and cosine family, because mild solutions for the systems of

second-order are defined in terms of these families (for details see [85] [86]).

Definition 2.1.8. [86] A family of operators {C(t)},.r C B(V) is called strongly

continuous cosine family if

(i) C(0)y =y for y € V;

(it) 2C(s)C(t) =C(s—t) +C(s+1) for s,t € R;
(¢73) C(t) is strongly continuous in ¢.

Definition 2.1.9. [86] The sine family {S(t)},.x C B(V) associated with {C(t)},.z

is defined as .
S(t)y = / C(s)yds, yeV, teR
0

Definition 2.1.10. [86] The infinitesimal generator A of a strongly continuous co-
sine family {C(t)};er is defined by

d2
Ay = @C (t)y

Y

t=0

where

D(A) ={y €V | C(t)y is twice continuously differentiable function of ¢}.
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Lemma 2.1.7. [86] If A generates a strongly continuous cosine family {C(t)},cp,
then

(i) S(t) = —S(—t) fort € R;
(i) C(t) = C(~t) fort € R;
(iii) S(s), S(t), C(s) and.C(t) commute for s,t € R;
(iv) 25(s)C(t) = S(s =) +S(s +1) for s,t € R;
(v) C(s)S(t) + C(H)S8(3) = S(s +1) for 5,t € R;
(i) 2A8(s)S(t) = C(s+ t) — C(s —t) for s,t € R.
A'second-order abstract semilinear control system can be written as

L 2(t) = 5(t) = Az(t) + Bu(t) + F(t, 2(t)), t€ (to,d],
z(to) =yo €V, (2.1.6)
Z(to) = €V,

where the operators A, B, F', state space and control space are defined as earlier.

The system represented by the differential equation (2.1.6)) is called an infinite

dimensional second-order semilinear control system.

The mild solution of (2.1.6)) is given by a nonlinear integral equation which can

be written as

2(t) =C(t =to)yo + S(t — to)ys + /t S(t — s)(Bu(s) + F(s,2(s))) ds, to<t<c

to

2.2 Basic concepts of fractional calculus
First we give some definitions from fractional calculus.

Definition 2.2.1. The Riemann-Lioville fractional integral operator of order ¥ > 0

of a function f is given by
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Definition 2.2.2. The Mittag-Leffler function Ey () is defined as

If o =1 then it is the-one parameter Mittag-LefHler function Ej.

Definition 2.2.3. The two-parameter Mittag-LefHler integral operator is given by

EVONF(t) = /0 t(t—s)@—lEW (At —5)") f(s)ds, t>0.

Definition 2.2.4. The function defined by

&’ o,
.= L (T5Q)

1 dﬁ t
= mﬁ\/o (t — S)(n_ﬁ_l)f(S) ds

is called ¥- order Riemann-Lioville fractional derivative of f(t), where n—1 <9 < n,

D} f(t).=

n € N.

Definition 2.2.5. The function defined by

9 B 1 | n—uv—1) rn
Cth(t)—m/o(t—S)( I fr(s) ds

is called ¥- order Caputo fractional derivative of f(t), where n —1 <9 <n, n € N.

This definition is more restrictive than Riemann-Lioville one because it needs
the absolute integrability of the nth-order derivative of the function f(¢). Between

the two definitions there is the following relation:

tkﬂ

9+ 1 P(07).

m—1
9 _C 1y
D} f(t) =¢ DI f(t) + 2% N
Lemma 2.2.1. Let ¥ > 0, m = [0] + 1, and let z,_g(t) = I" "2(t). If 2(t) €
Li([0,¢]; V) and zp,_9(t) € AC™([0,c|; V), then

(m—j)

m P p

j=1
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2.2.1 Infinite dimensional fractional systems of order ¥ <
(0,1)
Consider the fractional system of the form

CDY2(t) = Az(t), te(0,d, (2.2.1)
2(0) =y €V,

where ¢ D? is the Caputo fractional derivative of order ¢ € (0,1). A: D(A) CV —
V' generates a Cy-semigroup 7'(t).
The integral form of the Cauchy problem (2.2.1)) is

A o £ ﬁ /0 (t = 5)°~LAz(sYds. (2.2.2)

By a solution of the Cauchy problem (2.2.1)), we mean a function z satisfying

the following conditions:
(1) z is continuous on [0, c] and z(t) € D(A) for each t € [0, ¢[;
(ii) “DYz(t) is continuous on [0, ¢], where 0 < ¥ < 1;
(#4i) =z satisfies the equation on [0, c] and the initial condition z(0) = yo.

Notice that the integral equation (2.2.2)) is equivalent to the Cauchy problem
@21).
The solution of (2.2.1)) is given by

2(t) = Ty(t)yo,
where
tyy = / d9(0)T(t"0)y do

and

sale) = 5o o(071%)

(ﬁg(t) is known as v-order semigroup).
Note that ¢y(0) satisfies the condition of a probability density function. The
term 1y(0) is defined as

n!

:]

1 & 1
_Z n 1 —m9 1M3in(n’fﬂ9), 0 € (0,00)
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Now, consider the fractional system

CDYz(t) = Az(t) + f(t), te(0,c,
2(0) =y €V,

(2.2.3)

where the function f € L(]0,¢c]; V).

Definition 2.2.6. [94] A function z € C([0,¢};V) is said to be a mild solution of
(2.2.3)) if it satisfies

~

2(t) = Ty(t)yo + /Ot(t — )P M Ty(t —s)f(s)ds, 0=<t<c,

where

Ty(t)y = 9 / P eta( T 0 e,

A mathematical model of an infinite dimensional fractional linear control system
is given by
CDP2(t) = Az(t) + Bu(t), te (0,c],

(2.2.4)
Z(O) =1y € V.

A function z € C([0,c]; V) given by

t
2(t) = Ty(t)yo + / (t — 8)"7 Ty (t — s)Bu(s) ds,
0
is known as the mild solution of the system ([2.2.4]).
The controllability of the fractional order control system ([2.2.4)) is a general-
ization of the controllability of first-order linear system. Now, we introduce the
controllability operator for (2.2.4)) as in [77].

e = / (¢ — 8)" ' Ty(T — s)BB*T;(T — s) ds,
0

where B* and T} (t) are adjoint operators of B and Ty(t), respectively. It is easily
seen that W§ is continuous linear operator.

Let
R\ Wg) = (M + \Ifg)_l for A>0.
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Lemma 2.2.2. [77] The fractional order linear control system is approximate
controllable on [0, c| if and only if \R(X\, W5) — 0 as A — 01 in the strong operator
topology.

Consider the infinite dimensional fractional order semilinear control system in

abstract form as follows

CDY2(t) = Az(t) + Bu(t) + F(t, 2(t)), te€(0,q], (2.2.5)

2(0) =y €V,

where 0 <9 < 1 and F is a nonlinear function. The mild solution z(¢) of the system

(2.2.5)) is'given by the integral equation

~

2(t) = To(t)yo+ /Ot(t — )" Ty(t — s) (Bu(s) + F(s, 2(s))) ds, 0<t<e

The system ([2.2.5)) is approximate controllable if the following conditions are
satisfied [77]:

(i) the Cy-semigroup T'(t) generated by A is compact;

(17) ¥V t € [0,c], the function F(t,-) : V — V is continuous and V z € C([0,¢]; V)

the function F(+, z) : [0,¢] — V is strongly measurable;

(iit) there is a constant ¢; € [0,9] and m € L1 ([0, c]; Ry) such that |F (¢, z)| < m(t)
a1
V z € V and almost all t € [0, ¢];

(i) the function F : [0,¢] x V' — V is continuous and there is a constant kp > 0

such that ||F(t,2)|| <kr V (t,2) € [0,c] x V.

2.2.2 Infinite dimensional fractional systems of order ¥ €
(1,2]
Consider the fractional system of order ¢ € (1, 2]
CDPx(t) = A=(t) + Bu(t) + F(t, 2(t)), t € (0,d,

2(0) =y €V, (2.2.6)
20)=y1 €V,
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where ¥ € (1,2] and ©D? is the Caputo fractional differential operator. A generates
a strongly continuous ¢-order cosine family {Cy(t)},cps- The other notations are
defined as in previous sections.

Now, we define the ¥-order fractional cosine family. For this consider the system
CD?2(t) = Az(t), te(0,d,
2(0) =y V, (2.2.7)
2(0)=0e V.

Applying Riemann-Liouville fractional integral of order ¥ on both sides of ([2.2.7)),

one can get

z2(t) =y + ﬁ/@ (t — )71 Az(s) ds.

Definition 2.2.7. [2] A family of operators {Cy(f)},cp+ C B(V) is called strongly

continuous -order fractional cosine family if
(1) Cy(0)y =y for y € V, and Cy(t) is strongly continuous in ¢;
(i1) Cy(t)y € D(A) and ACy(t)y = Cy(t)Ay for y € D(A), t € Ry;
(i17) Cy(t)y satisfies z(t) =y + ﬁ [5(t — s)? 1 Az(s) ds for y € D(A), t € R{.

A is known as the infinitesimal generator of Cy(t). The family Cy(t) is also

known as the ©#-order cosine family.
Definition 2.2.8. The fractional sine family {Sy(¢)},cps C B(IV) associated with
{ng(t)}teRg is defined by
t
Sﬂ(t) = / Cﬁ(S) dS, te Rar (2.2.8)
0

Definition 2.2.9. The fractional Riemann-Liouville family {Ry(t)},crs C B(N) is
defined by

Ro(t) = I77'Cy(t), tE€RY. (2.2.9)

Definition 2.2.10. Cy(t) is called exponentially bounded if there are constants
w > 1 and \ > 0 satisfying

ICo(t)]| < we, teRS. (2.2.10)
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If 2(p) is the Laplace transform of z, that is

L{=(t)} = / ety de = 2(p),

then '
L{I{=(1)} = 5(0)

Using Laplace transform theory and the following well known relation
/OO e PiCy()ydt = p"*(p°1 — A)'y, Re(p)> A\, yeV, (2.2.11)
0
one can easily obtain
/000 e PiSy(t)ydt = p*2(p°T — A7y, Re(p) >N, yeV (2.2.12)
and
/00 e P"Ry(t)ydt = (p°I — A7 'y, Re(p) >N, yeV. (2.2.13)
0

Definition 2.2.11. A function z € C([0, ¢|; V) is called a mild solution of ([2.2.6)) if

it satisfies

2(t) = Cy(t)yo + Su(t)yr + /Ot Ro(t — s)(Bu(s) + F(s, 2(s)))ds.  (2.2.14)

2.2.3 Infinite dimensional fractional systems with damping
Consider the following Riemann-Liouville fractional systems with damping;:
D?z(t) + AD{z(t) = Az(t), t € (0,¢],

(Itl_ﬁz(t))tzo =yo €V,

(2.2.15)

where 0 < ¢ <9 <1 and A is a real number.

Let RT be the set of positive real numbers.

Definition 2.2.12. [68] A family of operators {Ry,a(t)}er+ C B(V) is called

Riemann-Liouville fractional (¥, ¢, \) resolvent on the Banach space V' if
(¢) for any y € V, Ry ay € C((0,00); V), and

lim T ()t "Ry on(t)y = v;

t—0t
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(it) Rypa(t) and Ry, a(s) commute for ¢, s > 0;
(73) for t,s > 0, one has

Roon($)EL PV Ry () — EL79P MRy oA (5) Ry o (t)
= 5" Ey_pa(—As" ) E TEI TRy o (1)

— 1L Ey_gal— M )ET AR Bixks).

Definition 2.2.13. The linear operator A defined by

tl_ﬂR&%A(t)y = E19,LP719 (—Atﬁ_SQ) Y

Ay =T'(29) tl_i}r& 5 for ‘y € D(A),
where
'R Dy — By_p 5 (ZAt0¥
D(A)=<¢yeV| lim 2o ()Y — i’ ( )y exists p ,
t—0t v

is called the generator of Riemann-Liouville fractional (1, ¢, A) resolvent Ry, A(1).

Lemma 2.2.3. [68] If A generates a Riemann-Liouville fractional (9, p, \) resolvent
Rﬁ7¢’A(t>, then

(Z) 72197%,\@)3/ € D(A) and AR197<P,)\<t)y = Rg7@7)\(t>z4y f07” Y € D(A),
(i7) foryeV,t>0,

RoworO)y =t""By_ypn (X" %) y + ALY AR o ()y;
(i1i) fory e D(A) and t >0,
Rﬁ’%/\(t)y = t§‘1E§_¢,19 (—)\tﬂﬂp) Y+ 5;9‘@’19’_)\7?49’%)\ (t)Ay

Definition 2.2.14. A function z € Cy_y([0,¢]; V) is said to be a mild solution of
(2.2.15) if it satisfies

Z(t) = Rﬁ7¢7A (t)yo.
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2.3 Basics concepts of functional analysis
Now we give basic definitions and theorems from functional analysis.

Definition 2.3.1. Let V' and V' be two Banach spaces. Then F : V — V' is said

to be Lipschitz continuous if there exists a constant kr > 0 such that
1E(y) = F@)llv: < kelly —gllv Vy,5€V.

Definition 2.3.2. Let VV be a Banach space and F' : V — V/ be a map then each

solution of the equation

Fly)=vy, yeV,

is known as a fixed point of the map F'.

Theorem 2.3.1. [51 [69] (Banach contraction fized point theorem) Let E be a
nonempty, closed set in a Banach space V and F' : B — E be a k-contraction map,

1.€,
1F() — F@I <klly—3ll, Vy.§ € E and fired k, 0 < k < 1.
Then F' has a unique fixed point in M.

Definition 2.3.3. (Nemytskii operator) Let £ : [0, c] x V — V be a function, which
satisfies Caratheodory condition, that is F'(t,y) is continuous with respect to y for

almost all ¢ € [0,¢] and measurable with respect to t for all y € V. Then the
operator F : Ly([0, c]; V1) = Ly([0, c]; V) defined by

(F2)(t) = F(t, (1)), 2 € La([0,¢: V),
is called Nemytskii operator.

Theorem 2.3.2. [9/ (Schauder fized point theorem) Let E be a closed, convex and
bounded subset of a Banach space V. let T : E — E be a continuous and compact

operator that maps E into itself. Then the equation Ty = y has at least one solution

in B
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Theorem 2.3.3. (Arzela-Ascoli theorem) Suppose E is a compact set in R™. A
set S C C(F) is relatively compact in C(E) if and only if the functions in S are

uniformly bounded and equicontinuous on E.

Theorem 2.3.4. (Dominated convergence theorem) Let {£,} be a sequence of mea-
surable functions on a set S satisfying |§,| < g a.e. on S forn =1,2,...; where g
1s integrable on S in the Lebesque sense. If &, converges pointwise to a function &

a.c. on S. Then & is Lebesque integrable on E and

lim {nd:czfgdx.
s s

n—oo

Lemma 2.3.5. (Fatou’s lemma) Let {&,} be a sequence of integrable functions on a
set S such that &, > g a.e. on S for some integrable function g and lim,, , fs éndx <

oo. Then

/ limes, 26 < T 1 / oo I
s S
Definition 2.3.4. [I§] (Gronwall’s inequality) Assume that the continuous functions

X, £€:[0,c] — [0,00) and & > 0 satisfy

x(t) < /<;+/Ot£(s)x(s) ds Ytelo,c.

Then y satisfies the following Gronwall’s inequality

x(t) < kexp (/Otf(s) dS) :

Theorem 2.3.6. [88]. Let 9 > 0, £(t) be nonnegative, nondecreasing and locally in-
tegrable on [0,7) (some 7 < 00) and x(t) be a nonnegative, nondecreasing, bounded
continuous function defined on [0,7), and let 1) (t) be nonnegative and locally inte-

grable on [0,7) with

o) < €W+t [ LTy by

Then
b(t) < E(t) By (x ()T (9)).



Chapter 3

Approximate Controllability of
First-Order Retarded Semilinear
Systems with Fixed Delay in

Control

In this chapter, we prove the controllability of a class of retarded differential equa-
tions with fixed delay in control. First we prove the existence of mild solution by
applying fixed point theorem and Gronwall’s inequality. For this, the nonlinear
function is supposed to be locally Lipschitz. Then the approximate controllability
of the system is deduced via approximate method. Finally, an illustrative example

has been described.

3.1 Introduction and preliminaries

Let V and V' be Hilbert spaces and Z = Ly([0,c|; V), U = Ls([0,c|; V') be the

function spaces. Let € = C([—a,t]; V') be the space of continuous functions from

[—a,t] to V with the norm ||z|l¢, = sup ||z(0)|lv. Consider the retarded differential
t

—a<p<
system

£(t) = Az(t) + Bou(t) + Buu(t — a) + F(t, z,u(t), t € (0,d, (3.1.1)

2(t) = p(t), u(t) =0, t € [-a,0],

29
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where the state z € Z, the control u € U, A is a densely defined closed linear op-
erator generating a Cy-semigroup T'(t), By and B; are continuous linear maps from
V'toV, g [—a,0] — V is continuous and F : [0,c] x € x V' — V is a nonlinear
map. If z € &, then z; : [—a,0] — V is defined as z,(0) = z(t + 0) V 0 € [—a,0].

Many natural incidents embrace a significant memory effect. Retarded systems
express the mathematical model of such real life problems. For example, many prob-
lems occurring from medicine, biosciences, chemical sciences, physical sciences, eco-
nomics are affected by their previous results at major scale. Therefore for the study
of controllability, it becomes much important to select retarded systems. Klamka
[46] studied the controllability of linear systems with time-variable delays in control.
In [55] Kumar et al. obtained a set of sufficient conditions for exact controllability
of semilinear retarded systems.

The system admits the concept of distributed delay z;, € C([—a,0]; V),
where delay is incurred as mentioned in above paragraph. The study of such systems
covers a wide range of applications. Sukavanam et al. [82] studied the controllability
of a semilinear delayed system with growing nonlinear term. In [23], Davies et al.
deduced the results for null and exact controllability of linear systems with delay in
both state and control. Utilizing sequence method and the concept of fundamen-
tal solution Anurag et al. [80] investigated the controllability of semilinear systems
with state delay. In [37], Jeong and Roh obtained some results for the approximate
controllability of the semilinear retarded control system of first-order under Lips-
chitz continuity of the nonlinear function. In this chapter, we extend the results for

semilinear delay system with control in nonlinearity term.

Definition 3.1.1. A function z € €, is said to be a mild solution of ([3.1.1]) corre-

sponding to a control function u € U, if it satisfies

(T(t)p(O) + /0 T(t— s)(Bou(s) + Biu(s — a))ds
2(t) = § + tT(t — $)F (s, 25, u(s)) ds, t € (0,c, (3.1.2)
L0(1), t € [~a,0].

Definition 3.1.2. The system given by (3.1.1]) is said to be approximately control-

lable on [0, ¢], if for every given € > 0 and a final state z., one can find a control
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u € U such that the mild solution of corresponding to u satisfies
[2(c) — z| <e.
For the system , the systems
#(t) = Az(t) + Bou(t) + Biu(t —a), te (0,4,

2(0) = p(0)

(3.1.3)

and

Z(t) | Az(t) + Bgu(t), te (O’CL (3.1.4)

are the associated linear systems with delay and without delay, respectively.
Throughout this chapter, we assume that there is a constant kr > 0 satisfying

IT@)| < kr for 0 <t<ec.

3.2 Existence of mild solution

To derive the existence result, we assume the following:

(Hy) Fis continuous in ¢ and locally Lipschitz in z that is there is a constant A,
such that
||F(t’ Zl7u) - F(tv ZQ?“)HV < /\erl i ZQHQO

holds for all z, € €y with ||z]| <r ({ =1,2),u € V' and t € [0, ¢];
(H,) there is a positive constant kg such that
It z,w)llv < ke (L + 12l + lully)
holds for all z € €, uw € V' and t € [0, ¢].
Firs we prove the next lemma.

Lemma 3.2.1. Let z(t) be continuous on [0,¢) (0 < ¢ < 00). If k1 and ko be two

positive constants such that

¢
2Oy < k1 + kg/ |zslle, ds YVt €0, c).
0
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Then
[2(@)lv < (k1 + k) exp(kac) Vit € [0,0),

where z(t) = p(t) on [~a,0] and k, = || plle,-

Proof. Let t' € [0,c) be arbitrary but fixed. Then there is a t* € [—a, t'] such that

sup |zt +0)[lv = [|z(¢)llv-
0c[—a,0]

Now if t* € [—a, 0], then

sup ||2(¢' + 0)[lv = [[(t)llv
0€[—a,0]

<k

t/
<3 kfp—f—kl—f—kg/ ”ZSHQ:O ds.
0

If t* € (0,#], then

sup [[2(' 4 0)llv = l=2(E")llv
0€[—a,0]

t*
gm+@/ummw
0

t/
S k?@+k71—|—k’2/ ||Zs||¢0 dS.
0

Thus ’
12(t)lv < sup [l2(t' +O)llv < ky+ k1 +k2/ 25| e, ds,
0

€l—a,0

which gives

t
2Ol < flzille, < ko + K +kz/ 2slle; ds V't € [0, ¢).
0

Using Gronwall’s inequality, we have
Iz(Ollv < llzelley < (k1 + kp) exp(kee) VT € [0,¢).
This proves the lemma. [ |

Theorem 3.2.2. Under hypotheses (Hy) and (Hs), the semilinear system

admits a unique mild solution in €. for each control u € U.
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Proof. Let max {||Bo||, ||Bi||} < kp. Define a mapping Q : €., — €, as

(T(t)p(O) + /0 T(t — s)(Bou(s) + Biu(s — a)) ds
(Q2)(t) = —|—/tT(t — $)F(t, 25, u(s)) ds, t € (0,1,
\p(t)a t e [—CL,O].

Consider the ball

Bay = {7 € €., | |2lle., < a0,2(0) = p(0)}.

For any z € B,, and 0 < s < ¢4

[25]lee = sup |[[z(s +0)|| < sup [[z(0)] < ao.
9€[—a,0] 0€[—a,c1]

Thus
Q)0 < kallpO)l + ek [ s+ [ Juts =l )
L /Ot |, 2, ul8) — F,0,uls)]]| ds
ke [ 1P, 0,uts)) ds
< kel (O + ZhrkavElul + ke, | Nl ds

t
+mm/ﬂ+Mth
0
< kr|lp(0)|| 4+ 2krkpv/cl|ullu + krAayaoer + krkr (c1 + v/cil|ullo)
= kr(lp(0)|| + 2kpvellullu + (Aaaov/er + krllullu + krv/c1)v/er).

Now choosing ag = 2kz(||p(0)|| +2kp+/c|lully +1) and 0 < ¢; < ¢ small enough such
that

(Aagaov/er + krllully + kryver)v/er < [lp(0)]| + 2ksVelullu + 1.

Then

1(Q2) )|l < 2kz(llp(0)| + 2kpv/cllully + 1)

= ao (say).
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Therefore Q maps B,, into itself.

Now we show that Q™" is contraction on B,,. Take z,z € B,,, then

1(Q2)(t) — ()] < /fT/ |7 (s, (2)s,u(s)) = F (s, (2)s, u(s)) || ds

<kT)‘a0/ ” H@o ds

<kt Agotlz — Zlle,, -

Further,

H(sz)(t)—(Q25)(t)|!SkT/O |7 (s, (Q2)s, uls)) = F(s,(Q2)s, uls)) | ds
L drad / 1(Q2), = (Q2); e, ds

%0 / sup (9 (o-t-a) = (Q3)(s "k o)[bS

—a<0<0

T / ( sup 11(22)(0) — (@2)(0)]

—a<0<0

+ sup (Q2)(e) - <Qz><@>u) s

0<o<s

L / sup [1(Q2)(0) — (Q3)(0)| ds

0<e<s

t
S kT)\ao/ kT)\aOSHZ = 2”@01 ds
0

Loldlir A (kT)\aot) 2= &les
Repeating the above process, we have
n ) kT)\a t
@t — (@) < Loy 5,
Sgiﬁfﬁwz_gq.
n! &
Therefore
n n~ kT)\a C " -
I(2%2) — (@), < Fr2m Ty 5y

which shows that Q™ is a contraction map for sufficiently large value of n. By
Banach fixed poin theorem, Q has a fixed point in B,,. So (3.1.2)) is a mild solution
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on [—a, ci]. In similar way, the existence of mild solution on [¢1, ¢5], where ¢ < ¢,
can be shown. Applying the above technique, one can deduce that (3.1.2)) is a mild

solution on the maximal existing interval [—a, ¢*), ¢* < c.

Next, we show the boundedness of solution. Clearly z(t¢) is bounded on [—a, 0].

For t € [0, ¢*), one has
t t
=01 < krllpO)l 4Rk [ u(s)] s ks | lluts — o)l ds
0 0
t
+ka;F/ (1 Nzslles +dlu(s)llv) ds
0
t
< ke (00O + Vellullo (ks T Fr) = hirc) + hoke / alleo ds.
0
By Lemma |3.2.1] we have
Iz(@)]| < (kr (0] + Vellullu(2ks + ki) + kpe) + k) exp (krkec),

which shows that z(t) is bounded on [—a, ¢*) and hence it is defined on [—a, c|.
For uniqueness, let z; and 2z, be any two solutions of (3.1.1). Since z(t) =

25(t) = p(t) on [—a, 0], therefore the solution is unique on [—a, 0]. For ¢t € [0, ], set

¢ }-

a* :maX{Hzl ¢, |22

Then
I23) 220l < b [ 1P, z)eruls) = F s el s
< krde /O t [[(21)s = (22)s| &, 5-
Therefore

|(21): — (Zz)tHco < sup ||zi(0) — 22(0)llv + sup “21(9) — z(0)|lv
—a<0<0 0< o<t

= sup HZI<Q)'_ ZQ(Q)HV
0< o<t

t
< szAa*/ [(21)s = (22)s][ ¢, ds-
0

By Gronwall’s inequality it follows that (z1); = (22); for all ¢ € [0, ¢]. Hence z; =

29. [ |
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3.3 Controllability results

For further discussion, we suppose the following conditions:
(Hj3) the system is approximately controllable;
(Hy4) there exists a function ¢ € L4[0, ¢] such that
B, zu)ll < q(t)
for all (¢, z,u) € [0,¢] x € x V.
First we prove the controllability of the linear delay system .

Theorem 3.3.1. Under the hypothesis (Hs), the system s approximately

controllable.

Proof. Let € > 0 be given. Since (0 < ¢ < oo therefore there is a positive integer ¢
such that ¢ € ((¢ = 1)a, fa]. Suppose z1, 2o, ..., 2,1 are given in V. Now consider

the system

§(t) = AL(t) + Bou(t), te€(0,a],
£(0) = p(0).

Set & = z;. By assumption (Hj3), there is a control u; such that the mild solution

&(t) of (3.3.1)) is given by

(3.3.1)

and it satisfies ||£(a) — & || < e.

Define

0, t € [—a,0],
7"1(t> =
uy(t), te€(0,al.

2(t) =T(t)p(0) + /OtT(t — s)Bori(s) ds + /OtT(t —s)Biri(s —a)ds, 0<t<a.

12(a) = 21 = [|€(a) = &l



37 3.3. Controllability results

<e.

Denote £(a) by &, and consider the system

§(t) = A¢(t) + Bou(t), t € (a,2a],
§(a) = &

(3.3.2)

Set & = 29 — Xon, Where yq, = fo% T(2h — s)Byri(s — a)ds is known. Again by
assumption (Hs), there is a control uy such that the mild solution £(¢) of (3.3.2) is
given by

and it satisfies ||{(2a) — & < e.
Define

e ri(t), te]|0,al,
us(t), t € (a,2al.

z(t) = T(t)p(0) + /OtT(t — 8)Bora(s) ds + /OtT(t — 8)Byra(s —a)ds, a<t<2a.

12(2a) = 2|l = [[£(2a) + Xaon — 2|
= [[£(2a) - &

<e.

Continuing in similar way, at the ¢-th step, we get

£(t) = A&(t) + Bou(t), te(({—1)a,d,
§((€ = 1)a) = &u-1)a-

(3.3.3)

Set & = z. — X., where x. = foc T(c— 8)Biry_1(s — a) ds is known. Then there is a
control u, such that the mild solution £(t) of (3.3.3)) is given by

£(t) = T(H)p(0) + /0 Tt — ) Bous(s)ds, (- Da<t<c
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and it satisfies ||{(c) — & < e.
Define

) = re-1(t), te(({—2)a,(l—1)adl,
w(t), te((f—1)a,cl.

Z@)=:T@%ﬂo%ﬁAtT@—ﬁ)Bmw@)d&f%ﬁT@—s)Bﬂus—aﬁ%, ((—1)a<t<ec.

I2(c) =zl = l1§(e) + xe — =
= [1€(c) = &l

<e.
Now if we define the control r on [—a, c| as

0, t € [—a,0],
Gl )| = ri(t), te((i—1a,ial, i=1,2,...,((—1);
w(t), te((l—1)a,c.

Then we can write the mild solution z(¢) of (3.1.3)) corresponding to the control (%)

as
t t
z(t) = T(t)p(0) +/ T(t — s)Bor(s)ds + / T(t—s)Bir(s—a)ds, 0<t<c
0 0
and it satisfies ||z(c) — z.|| < e. |
Next, we show the controllability of the original system using the above theorem.

Theorem 3.3.2. Under hypotheses (Hy)-(Hy), the semilinear system is ap-

proximately controllable.

Proof. : Since q € L]0, ¢, we are able to find an increasing sequence (c,) in [0, c]
such that ¢,, — ¢ and

/q(t)dt—>0, as n — oo.
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Now by Theorem [3.3.1} for any given ¢ > 0 and 2. € V, we can select a control
ty € U satisfying

<

20 — T(0)p(0) — /OCT(C— $) Byios) ds — /OCT(C— $) Byiios — a) ds

l\.')l(‘f)

Let 23 = z(ey, p(0), 7). Again by Theorem [3.3.1} we can select a control u; €
Lo([e1, c]; V') satisfying

<

2o — T(c — er)h — /CT(C— ) Boiia Bl — /CT(C— $) Biiin (s — a) ds

C1 C1

DO ™

Define

ao(t), t e [O,Cl),
'[Ll(t), te [Cl,C].
Evidently, w; € U. Continuing in same manner we obtain three sequences z,, i,

and w,, such that u, € Ly([c,, c]; V'), w, € U given by

Un—1(E) -t € [0,cn),

Un(t), t € [en, ]

ﬁjn(w =i

and z, = z(cy, p(0), Up—1) with

<

e /C:T(c— o BN A /C:T(c— o5, s atis

wlm

Now, if z(c, W, ) be the mild solution of for the control w,, then
z(c,wy) =T(c—¢p) (T(cn)p(O) + /Ocn T(¢n — 8)Bowy(s) ds
+ /Ocn T(c, — $)Biw,(s — a)ds + /Ocn T(cn, — 8)F (s, 25, Wy(s)) ds)
+ /C T(c — s)Bow,(s) ds + /C T(c — s)Biw,(s — a) ds
+ /C T(c— S)F(s, zs,wn(s)) ds
= 2e— ) (Tle)ol0)+ [ T(es = 9)Butaa(s) s
+/0‘Cn T(cy, — $)Bitp-1(s —a ds—l—/o T(c S Zsaﬁ'n—l(s)) ds)
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+ /c T(c— s)Bouy(s)ds + /c T'(c— 8)Byiy(s —a)ds
+ /CT(C — S)F(s, zs,ﬂn(s)) ds
=T(c—cp)zn + /C T(t — s)Botn(s)ds + /C T(c— 8)Byuy(s —a)ds

+ /c T(c— s)F(s,zs, n(s)) ds.

Therefore
(€, W) — 2|
H / T(c —8)Boty,(s) ds + / T(c = 8)Biy(s — a)ds — z.
‘ / T(c—= s)F(s, 2, Un(s)) ds
< g+kT/ P (5, 2, i (3))]| €5
€ (&
< §+/€T/ q(s)ds
£
= S kT2kT
=g

for sufficiently large value of n. Hence the systen (3.1.1)) is approximately control-
lable. |

Remark 3.3.3. Under hypotheses (Hz) and (Hy), the semilinear system is

approzimately controllable if it has a solution for each controlu € U.

3.4 Example

Example 1. Consider the semilinear heat equation for 0 < x < 7 with control delay

;. o~
O2(tw) _ PEtw) | Byu(t,z) + u(t — a, z)

ot T 0x2
+ F(t,2(t +0,x),4(t, x)), t € (0,4, (3.4.1)
2(t,0) = 5(t,7) = 0, te 0.

| 2(t2) = Bt 2), t € [~a,0].
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To write it in abstract form, we make the following setting
(i) V = Ly[0,7] and define A: D(A) CV — V by Ay = 2% with domain

2

0
v, 8_532 are absolutely continuous, 7Y ¢ L[0, 7]

D(A) — {y € L[0, ] 922

and y(0) = y(7) = O}.

(i) Let &(z) = (2)?sinlx, 0 <z < m,£=1,2,..., then \, = —(? is the eigenvalue
of A with corresponding eigenfunction & and the family {&;}sen form a complete
orthonormal set for V' and exp (Ast) is the eigenvalue of the Cp—semigroup 7'(%)

generated by A.
(7i7) Define

V& {U & LQ[O,W]

= f:ag& with ia? < oo}

=2 =2

with the norm

ol =

Let By : V! — V be a continuous linear map defined as
o0 (e o]
Bov = 20261 + Z e, Z & eV
=2 =2

The abstract form of (3.4.1)) is

2(t) = Az(t) + Bou(t) + Biu(t — a)

+ F(t,2(t + 0),u(®)), t e (0,d, (3.4.2)
A0 = o), b€ [a,0]
where By = I, 2(t)=3(t4), u(t).= A(t, ) and () = B(t,)
If we take
F(t, 2 ult)) = (%gu + %@(@) |
then
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< c(l+0) (1+ lztlle, + l[u(®]) -

Hence (H,) and (H,) are satisfied. Also,

1£(2, (z1)e u(t)) = F (¢ (z2)eu(®) || < e (1)ille, + 1 (2)ille,) (1) = (z2)ille,
< 2er [[(21) = (22)¢lle,

= A [[(21) — (22)ell

for any (z1), (22): € B(0,r) € €, and u(t) € V'. Hence (H;) is satisfied. Since the
hypothesis (Hj) is satisfied [I8], therefore approximate controllability of the system

(3.4.2) follows from Theorem [3.3.2}

3.5 < Concluding remarks

In this chapter, the concept of approximate controllability of first-order retarded
semilinear system has been presented. Here, the nonlinear function is assumed to
be locally Lipschitz continuous. The result of existence has been deduced by utilizing
iterative technique and a fixed point theorem. For this, we proved the Lemma [3.2.1]
The controllability results have been deduced by assuming that the associated linear

system without delay is approximately controllable.



Chapter 4

Controllability of Second-Order
Nonlocal Retarded Semilinear
Systems with Fixed Delays in

Control

This chapter contains two sections. The first section deals with the approximate
and exact controllability of second-order nonlocal retarded semilinear system with
control delay. In this section the existence of mild solution is derived applying fixed
point approach and cosine family. The controllability of the associated linear system
with delay is proved by the method of steps and then the controllability of actual
system is shown by proving that the reachable set of semilinear system contains the
reachable set of the associated linear system without delay. In the second section,
the approximate controllability of second-order nonlocal retarded semilinear system
with multiple delays in control is discussed in Banach spaces. The existence of
solution is derived under locally Lipschitz continuity of nonlinear function. Then
the approximate controllability of associated linear system and actual system is
proved by assuming that the associated linear system without delay is approximately
controllable. The Banach fixed point theorem combined with the theory of cosine

family and iterative technique, are the main tools used in this chapter.

43
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4.1 Controllability of second-order nonlocal re-
tarded semilinear systems with delay in con-

trol

4.1.1 Introduction and preliminaries

Let V and V' be Hilbert spaces and U = Ly([0,c]; V') be a function space. Let
¢ = C([—a,t]; V) denotes the set of all V-valued continuous functions defined on

[—a,t] with the norm ||z||¢, = sup |[|z(0)||. Consider the following second-order
—a<p<t
retarded semilinear control system:

(

Z(t).= Az(t) + Bou(t) + Biu(t — a)
—i—F(t,zc(t),u(t)—i-u(t—a)), t € (0,d, (4. 1)

¥(z) =h, wu(t) =0, t € [—a,0],

£(0) = w1,

where the state z takes its values in the space V; the control u takes its value in

\

the Banach space V'; a > 0 represents the delay. A generates a strongly continuous
cosine family {C(t)}:cr on V; By, By are continuous linear maps from V' to V; the
map ¢ : [0,¢] — [0, ] is nondecreasing and nonexpansive such that ¢(t) < ¢; the
delay function 2.y € €y defined by 2. (0) = 2(s(t) +6), 6 € [—a, 0], monitors the
retarded state; and F' :.[0,¢c] X € x V' — V is nonlinear. The functions ¢ and h
together represent the nonlocal delay condition.

The field of nonlocal differential systems has been observed and expeditiously
growing after the great work by Chabrowski [15], who introduced the concept of
nonlocal condition about three decades ago. The physical significance of nonlocal
condition was given by Byszewski [13]. nonlocal initial conditions have a lot of appli-
cations in areas such as population dynamics, blood flow problems, thermo-elasticity,
underground water flow, chemical engineering, etc. Controllability of nonlocal re-
tarded semilinear stochastic system was studied by Shukla et. al. [79]. Utilizing a
fixed point theorem, Urvashi and Sukavanam [I] deduced that nonlocal semilinear
stochastic system of second-order is approximately controllable under some condi-

tions. Utilizing a fixed point theorem, Kumar and Sukavanam [54] analyzed the
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controllability for nonlocal differential systems of second-order. Kumar and Tomar
[56] proved the contollability of second-order nonlocal retarded semilinear systems
without converting them into first-order systems. However, as for as we know, there
is no discussion on controllability of nonlocal semilinear retarded systems of second-

order with control delay.

Definition 4.1.1. Let p € & be such that ¢(p) = h. A function z € €, is said to
be a mild solution of (4.1.1)) if it satisfies

(C(t)p(O) + S(t)yr + /0 S(t — s)(Bou(s) + Biu(s — a))ds
z(t) = +/0 S(t — 8)F (s, 2(s), u(s) + u(s — a)) ds, t € (0,¢,
[ 0(8), t € [—a,0].

Moreover, if ©(0) € Vi, z is continuously differentiable on [0, ] and
t
2(t) =AS(t)p(0) + C(t)y1 + / C(t — s) (Bou(s) + Biu(s — a)) ds
0

t
=y / C(t — s)F (s, ze(s), u(s) + u(s — a)) ds.
0
Here, the set Vi is given by

Vi={yeV|C{t)y isonce continuously differentiable w. r. to t}.

For the system (4.1.1)), the corresponding linear systems with delay and without

delay are
Z(t) = Az(t) + Bou(t) + Biu(t —a), t.€ (0,d,
2(0) = (0), (4.1.2)
2(0) =

and

Z(t) = Az(t) + Bou(t), t € (0,d],
2(0) = p(0), (4.1.3)
2(0) = w1,

respectively, provided that ¥ (p) = h.
We define the following sets:
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(7) The reachable set R.(F') for (4.1.1) is given by

Re(F) ={z(c,u) €V | z is a mild solution of (4.1.1)) associated withu € U}.

(17) The trajectory reachable set SR(F') for (4.1.1)) is given by

R(F) = {z(-,u) € € | z is a mild solution of ([4.1.1]) associated with u € U}.

(#4) The reachable set JR.(0) for (4.1.2) is given by

R(0) = {z(c,u) € V| z is a mild solution of ([#.1.2) associated with u € U}.

(iv) The trajectory reachable set K (0) for (4.1.2) is given by

R(0) = {z(-;u) € €. | 2 is a mild solution of [£.1.2) associated with u € U}.

(v) R(0) = {w(-,u) € & | w is a concatenation of 1 and z, where z € R(0)}.

Definition 4.1.2. The system (4.1.1) is approximately (exactly) controllable if
R(F) =V (Re(F) =V).

Definition 4.1.3. The system (4.1.2]) is approximately (exactly) controllable if
R(0)=V (R0 =V).

For further discussion we assume that there are constants ke and ks satisfying

IC(@H)|| < ke and S]] < ks for 0 <t < e.

4.1.2 Existence of mild solution
To deduced the existence results we make the following hypotheses:

(Hy) ¢ : C([—a,0];V1) = C([—a,0]; V1) and for each given h there is a unique
function p € C([—a,0]; V1) such that ¥(p) = h;

(Hy) the nonlinear map F' : [0,¢] x € x V' — V is continuous in ¢ and there is

a constant A > 0 such that
|F(t,z,u) — F(t,z,a)|| < X(||z — 2, + lu—al])

for all t € [0,¢]; 2,2 € €y and u,u € V.
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Theorem 4.1.1. If hypotheses (Hy) and (Hy) are true, then the system
admits a unique mild solution for every w € U and y, € V. Moreover, the map
o — z from C([—a,0; V1) to €, is Lipschitz and it induces the uniqueness of the

solution.

Proof. For the existence and uniqueness of mild solution, it is sufficient to show that
the map Q : €, — €&, defined by

;

C(t)p(0) +S(t y1+/ S(t — s)(Bou(s) + Biu(s — a)) ds
(Q2)(t) = / S(t="s)F (s, 2(s), u(s) + u(s — a)) ds, t e (0,4,

t €[—a,0]

\

has a unique fixed point in €.. Clearly, Q has a unique fixed point for ¢ € [—a, 0.
Therefore proof is needed only for ¢ € [0,¢]|. Let z,Z € C([0,¢]; V), then

1(Q2)(#) = (L&) < ks/o |7 (5, 2¢(s), u(s) + u(s — a))

— F(s, %), u(s) + u(s — a))|| ds
t
= kSA/O |2c) = Zstall, 8

t
< kg)\/ |z — 2|, ds
0

— ksMt ]|z = 2.

Since —a < ¢(s)+ 0 < s < cfor s € [0,c] and 0 € [—a, 0], therefore we have

1(Q%2)(8) — (Q*A) (@) < ks/o 17 (5,(Q2)c(s), u(s) + u(s — a))
— F (5,(Q2)(s), u(s) + u(s —a)) || ds
< kg)\/o 1(©2)u0 = (@2)utal, 5

< ksA/O sup [(Q2)(s(s) + o) — (Q2)(s(s) + 0)| ds

—a<0<0

smaﬂg(sw>wgwwwwga@w

—a<0<0

+wwn@mm—@mm0@

0<e<s
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~ ks / sup [(Q2)(0) — (Q2)(0)l| ds

0<p<s
t
< ks)\/ kshs|z — le, ds

(krs)\t) (k)

Repeating the above process, we obtain

2 e ksAt)"
(@2 (@A) < E ) 2,
(k’g/\C)n )
S r— Iz = Zll, -
Therefore
" . ksAc)” ~
[or: - il < B2y

But (ks)‘c) < 1 for n to be large enough. Therefore by generalized Banach contrac-
tion prln(nple Q has a unique fixed point in C([0,c]; V).

Next, let z1, 2o € €. be any two solutions of associated with the nonlocal
delay functions hq, hs € €, respectively. Then by hypothesis (H;), one can find
o1, P2 € €y such that g(ps) = hy, ¢ =1,2. Now, one can write

(

C(t)pe(0) +S(t)y1 + /Ot S(t — s)(Bou(s) + Biu(s — a)) ds
z(t) = —|—/0 S(t— 8)F (s, (2)s(s)s u(s) + u(s — a)) ds, t €(0,d,
| we(t), t € [~a,0].

For t € [—a, 0], the case is trivial. Therefore we discuss only for ¢ € [0, ¢].

I24(8) = 221 < O(E) 01.0) = 2O + ks [ A1) (ol
< e o1 = Balle, ks | ko =G, ds. (41.0)

Now,
[1)sts) = (22)s(9)|l, = _sup 121((s) 4+ 6) — 22(<(s) + 0) |

< sup |lz1(0) — 22(0)|| + sup [[z1(0) — 22(0)|l

—a<p<0 0<p<s
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= sup |pi(e) — p2(0)ll + sup [[z1(0) — 22(0)|
—a<p<0 0<o<s

N

< o1 — p2lle, + sup [[z1(0) — 22(0)]| -
0<0<s
and hence from (4.1.4))

sup ||z1(0) — 22(0)|| < (ke + ksAc) [[o1 — 2],
0<p<t

+ kg)\/ sup ||z1(0) — 22(0)]| ds, 0<t<c.
0

0<o<s

Applying Gronwall’s inequality, we obtain

21 — 22lle, < (ke + ksAc) exp(ksAc) |lp1 — pall, -
This completes the proof. [ |

Remark 4.1.2. [t is easily seen that if the map 1 is not injective, then the system
may have more than one solution for a fized control v € U.

4.1.3 Controllability results

First we prove the controllability of linear delay system (4.1.2). For this, we derive

a new form of the mild solution of the system

§(t) = AL(t) + Bou(t), t € (to,d,
£(to) = 2(to) = & (4.1.5)
E(ta) = 2(to) = &,

where ¢y € (0, ¢) is fixed and z(¢) is the mild solution of the system
Z(t) = Az(t) + Bou(t), t € (0],
(0) = ©(0), (4.1.6)
Y

(0) =

Lemma 4.1.3. If p(0) € V4, then the mild solution of can be expressed as

E(t) =C(t)p(0) +S(t)y: + /OtS(t — 8)Bou(s)ds, <ty<t<ec.
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Proof. We know that the mild solution of is
E(t) =C(t —to)z(to) + S(t —to)2(to) + /tS(t — s)Bou(s)ds, to <t <ec. (4.1.7)
to
But z(t) is the mild solution of therefore we have
+(to) = Clte)p(0) + Sto)yr + /0 " S(ty — ) Byuls) ds (4.1.8)
and
5(to) = AS(to) 9(0) + Clto)yi + /0 " Cto = 5)Bou(s) ds. (4.1.9)

Using (4.1.8) and (4.1.9) in (4.1.7), we get

E(t) = (C(t — to)C(to) +AS(t— to)S(to)) (0) + (C(t — to)S(to) + S(t = 1o)C(to)) 3

i /to (C(t - to)S(tO = S) + S(t T tQ)C(tO = S))Bou(S) ds
+ /tS(t — $)Bou(s) ds

t
—C(t)p(0) +S(t)yr + / S(t = 5)Bou(s) ds,
0
which completes the proof. [ |

Theorem 4.1.4. Under the hypothesis (Hi), the associated linear delay system
is approzimately (exactly) controllable if the associated linear system

is approzimately (exactly) controllable.

Proof. Let the linear system (4.1.3) be approximately controllable and & > 0 be
given. Since 0 < ¢ < oo, there is a positive integer ¢ such that ¢ € ((¢ — 1)a,{al.
Suppose Zi, Za, ..., 21 are given in the Hilbert space V. Now consider the linear

system

E(t) = AL(t) + Bou(t), t € (0,al,
£(0) = p(0), (4.1.10)
£(0) =& =ur.
Set 51 = Z;. By approximate controllability of there is a control u; such that
the mild solution £(t) of is given by

E(t) =C(t)p(0) +S(t)ys + /OtS(t —8)Bouy(s)ds, 0<t<a
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and it satisfies ||€(a) — & < e.

Define
0, t €[—a,0],
ri(t) =

ui(t), te(0,al.

z(t) = C(t)@(0)+5(t)yl+/otS(t—S)Borl(S) d8+/0t3(t—s)317“1(3—a) ds, 0 <t <a.

l2(a) = 21l = ll€(a) = &

<e.
Denote &(a) by & and £(a) by &,, and consider the system

E(t) = A&(t) + Bou(t), t€ (a,2dl,

£(a) = &, (4.1.11)
£(a) =&
Set 52 = Z3 — Xoa, Where xo, = 02a8(2a — 8)Biri(s — a)ds is known. Again

by approximate controllability of (4.1.3|) there is a control uy such that the mild
solution £(t) of (4.1.11]) is given by

£(t) =C(t)p(0) + S(t)y: + /OtS(t = 8)Boua(s)ds, a<t<2a

and it satisfies ||£(2a) — &|| < e.

Define
L {rl(t), tel0,a,

ug(t), t € (a,2al.

z(t) = C(t)p(0)+8(t)y1+/0tS(t—s)Borz(S) ds—l—/OtS(t—s)Blrg(s—a) ds, a <t < 2a.

12(2a) = Z2|| = [[£(2a) + X2a — 2|
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= [|€(2a) — &

<e.

Continuing in similar way, at the /-th step, we get

£(t) = AL(t) + Bou(t), te ((¢—1)a,c],
§((0—T1)a) = &u-1)a; (4.1.12)

§(0 — 1)a) = -1y

Set & = 2. — Ye, where Yo = foc To(ec — s)Byre—1(s — a) ds is known. Then, there is a
control u, such that the mild solution £(t) of (4.1.12)) is given by

&(t) = C(t)p(0) +S(t)y: + /OtS(t — 8)Boug(s)ds, ({—1)a<t<c

and it satisfies [|€(c) — & < e.

Define
o {m(t), te((€=2)a,(0— 1),
w(t), te((¢—1a,c.
Let
z(t) =C(t)p(0) + S(t)yr + /o S(t — s)Bore(s) ds
+ /tS(t —s)Bir(s —a)ds, ({—1)a<t<ec
Then

[2(e) = zel| = [1€(e) + X — z|l
=[l&(c) = &ll

<e.
Now, if we define the control r on [—a, c| as

0, t € [—a,0],
r(t) = r(t), te((i—1ayial, i=1,2...,(0—1);
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then the mild solution z(¢) of associated with r(t) is given by
¢ t
2(t) = C(t)p(0)+3(t)y1~|—/ S(t—s)Bor(s) ds—l—/ S(t—s)Bir(s—a)ds, 0 <t <c¢
0 0

and it satisfies ||z(c) — z.|| < e. Hence (4.1.2) is approximately controllable. The

proof for exact controllability is similar. |
The forthcoming discussion obeys the following conditions:
(H3) R(Bo) 2 R(B1) 2 R(F);
(Hy4) there is a 6 > 0 such that

| Bou(t) + Byu(t — a)|| > ollu(t) + u(t —a)|| Y u(t) € V'

(H5) A< 0.
Following lemma shows that the iterative formula
Boun(t) + Biun(t — a)

= Bou*(t) + Biu*(t — a) — F (2, 2ty n—1(t) + un_1(t —a)), m=1,2,...
(4.1.13)

makes sense for each given u* € U and 2y € €.

Lemma 4.1.5. Under the hypothesis (Hs), the iterative formula given by (4.1.13)
1s well defined for each given u* € U.

Proof. Since 0 < ¢ < oo therefore ¢ € ((¢ — 1)a, fa] for some ¢ € N.
Let ug € U, then for ¢ € (0, a

Bou*(t) + Biu'(t — a) — F(t, 2z, uo(t) + uo(t —a)) — Biui(t — a)
= Bou*(t) — E(t, 2(t), uo(t) + uo(t — a))
= B()UH(t) (S&y).
If we take wuy(t) = u1(t) for t € (0, al, then for ¢ € (a,2d]
Bou*(t) + Biu*(t — a) — F(t, 2z, uo(t) + uo(t — a)) — Biwi (t — a)
= Bou*(t) + Biu*(t — a) — F(t, 2z, uo(t) + uo(t — a)) — Biuii (t — a)
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= B[)Ulg(t) (say).

Further, if we take uy(t) = u12(t) for t € (a,2al, then in similar fashion, one can
obtain wu; (t) = u3(t) for t € (2a, 3a]. Repeating the above process, at the ¢-th step,
we get

ur(t) = uye(t) for te ((¢—1a,c.
Clearly, the function u; given by

0, t € [—a,0],

ur(t) = quyt), te((i—1layial, i=1,2,..:,(£=1);

wnelt), - £ € (£ = 1)a,d,
satisfies
Boui (t)+Biui(t—a) = Bou* (t)+Biu*(t—a)—F (t, 2, wo(t)+uo(t—a)), 0<t<e.
This proves the lemma. [

Remark 4.1.6. By a similar argument, it is easy to verify that every u* € U can
be uniquely expressed as u* = u + u(- — a), where u € U. Moreover, if a sequence

Up + (- —a) = u+u(- —a) then u, — u and u,(- — a) = u(- — a).
In the next lemma, we prove that the operator equation
Bou(t) + Byu(t —a) = Bou*(t) + Byu*(t — a)
— F(t,zw),u(t) +ult —a)), 0<t<e (4.1.14)
admits a solution u € U for each v* € U and z) € €.

Lemma 4.1.7. Under hypotheses (H3)-(Hs), the operator equation (4.1.14}) is solv-
able in w € U for each given u* € U and z4) € €.

Proof. Let ug € U then by above lemma and assumption (Hy)
[tn41(E) + tni1 (t — a) — un(t) — un(t —a)
1
< 5 1Bo (a1 (t) = un(t)) + Bi (na (t — a) = un(t — a))|

1
== |7 (¢, Ze(eys ttn—1 () + un—1(t — @) — F(t, z(0), un(t) + un(t — a))||
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<

| >

[n(t) + un(t = a) = una () = tna (t = a).

Hence

“un—l—l + un-‘rl(' - CL) = Up — un( - a)HU

A
< gHun + un( r a) — Un—1 — un( = Q)HU

3\ 2
< (E) lun1 + Un-1(— @) — Up—2 — Up-a(:. — a)||y

< () o+ - =) = o) =t -

—0 as n— oo,

which shows that (u,, + u,(- — a)) is a Cauchy sequence in U. It means there is a

uw € U satisfying lim (u, + u,(- — a)) = v+ u(- — a). Now,
n—00

| F (¢, 2¢tys un(t) + un(t — @) = F(t, 20y, u(t) + u(t — a))||
< AMlun(t) + un(t = a) — u(t) — u(t — a)|

—0 as n— oo.

Thus
P (b, 2.y u(t) + u(t — a))
= nh_)ngo F(t, 2¢(t), un(t) + un(t — a))
= nh_)rgo (Bou*(t) + Biu*(t —a) — Byup41(t) — Biuyi1(t — a))
= Bou*(t) + Biu*(t — a) — Bou(t) — Biu(t — a),
which proves the lemma. [ |

Theorem 4.1.8. Under the hypotheses (Hy)-(Hs), the semilinear system is
approzimately (exactly) controllable if the associated linear system without delay is

approximately (exactly) controllable.

Proof. Tt is enough to prove that R(0) C R(F). Let x € 9R(0), then there is a
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u* € U satistying
t
® C(t)p(0) + S(t)yr + / S(t — s)(Bou*(s) + Biu*(s — a)) ds, t € (0,d,
x(t) = 0
@(t), t e [—CL, 0]
By Lemma [4.1.7] one can finda control v € U such that

Bou(t) + Biu(t — a) = Bou*(t) + Biu*(t — a) — F(t, zey, u(t) + u(t — a)).

Let z € €. be the mild solution of (4.1.1f) corresponding to u. Then we can write

#(t) = C()p(0) + S(t)m + / S(t — 5)Bou*(s)ds

=C(1)
+/O S(t—s)Blu*(s—a)dS—l—/o S(t — 8)F (¢, zo(s), u(s) + u(s — a)) ds
_/OtS(t—S)F(t7xg(s),u(s)+u(s—a))ds, 0<t<cg,

which gives
z(t) — x(t)
= /0 S(t—5) (F(t, 2(s), u(s) + u(s — a)) — F(t, x5, u(s) + u(s — a))) ds.

Taking norm, we get

12(t) — =(t)]]
< kg/ | F (¢, 2¢(s), u(s) + uls — a)) — F(t, 2o, u(s) + u(s — a))|| ds
< ksA/ | 2e(s) = To(s)]| ds. (4.1.15)

Now,

26t = Zstapller =sup 2(s(s) +0) = (< (s) + )

0<0

< sup |lz(e) = z(0)|| + sup [[z(0) — x(0)]-

—a<0<0 0<p<s

Also z(p) = ¥(0) = z(p) for o € [—a,0]. Thus (4.1.15)) leads to

sup [12(0) — #(0)]| < ks / sup [|(0) — 2(o)|| ds.

0<o<t 0<o<s

Applying Gronwall’s inequality, we have ||z — ||¢, = 0. Hence R(0) C R(F). H
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4.1.4 Example
Consider the following wave equation on [0, ¢] for 0 < z < 1:

(
9%z(t,x) _ 9%2(t,2)
= o

¢ U Lt x) + ult — a, z)

+ F(t,2(s(t) + 0,2),a(t,x) + U(t — a,x)), te€(0,d,
g_iﬁz 0) = g_i(t’ 1)=0, t € (0,q, (4.1.16)
Zaﬁ(ti,m) =% (),

L %f(ou x) =72 (:C),

where —a <ty <ty <---<t, <0.
The equation (4.1.16) takes the abstract form (4.1.1)), if we set
(i) V = Ly[0,1] and define A: D(A) CV — V by Ay = 2y with domain

dx?
dy ] 2y
D(A) =4y € Ls[0,1] | y, 5, 2T absolutely continuous, 92 € L0, 1]
dy dy
d =(0)==(1)=0;.
and 3200) = 52(a) =0}

Let &(x) = v/2cos frx and Ay = (€m)%, £ = 1,2, ..., then 0, Ay, Ay, - - - are eigenvalues
of A with corresponding eigenfunctions 1,&;,&s,- -+ and the family {1,&,&, -}

form a complete orthonormal set for V. Define the control space

u:ia@ with i&ﬁ < oo},

A= {U c LQ[O, 1]
(=2 =2

and the linear operators By, B; from V/ to V' given by Bjv = v, j = 0,1. Evi-
dently, By and B; are bounded and satisfy assumption (Hs).

(13) s(t) = tj%, t € [0, c], which satisfy delay property and Z) (0, z) = 2 <tj% +0, x)
(173) P (2)(t) = y(2) for z'€ &, t € [—a,0]; h(t) = yo = Zo(x), where v : € — V' is
given by

v(z) = Z ;z(t;)

and
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Therefore hypothesis (H;) is satisfied.
The spectral representation of A is

o0

Ay ==Y () (v, &) & yeV.

(=1

A generates a cosine family {C(t)},_x defined by

Oy =Y cos(trt) (y,&) & y €V,
=1

with corresponding sine family

SOy =3 7= sin(lat) (5.6) &y V.
{51

If we consider the nonlinear part

F(t, 24, u(t)+ ut —a)) = (H olle, &5(2) +llu(t) + u(t = @) &(x))

Then by Minkowski’s inequality we obtain

I

(t 2400 w®) + ult — a)) = F(t, &, t) + ilt — o)) |
< 2 (e = el o Tte) -t — a) =7i(e) = e — )}

for any z), Zew) € €o and u(t), u(t) € V'

Above shows that F' is Lipschitz with constant A = § and hypothesis (Hj5) is satisfied.
Further, if we take a3 = 3|zt lle,s @4 = 5 and rest a; = 0, then the hypothesis
(Hj) is satisfied. The linear part of without delay is controllable [I8]. Thus
by Theorem , the system (4.1.16)) is exactly controllable.
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4.2 Approximate controllability of second-order
nonlocal retarded semilinear systems with mul-

tiple delays in control

In this section, we consider the semilinear system with control delays in Banach
spaces. Here the inclusion condition among the range sets of the operators has been

dropped and the nonlinear function has been considered in more general form.

4.2.1 Imntroduction and preliminaries

Let Z = L,([0,¢]; V) be a function space, where p > 1 and V is a Banach space.

Consider the semilinear system

(

£(0) = Az(t) + ) Bault - @)

+F(t,zg(t),u(t),u(t—&\1),...,u(t—/a\ﬁl)), t € (0,¢], (4.2.1)
W(z) =h, "u(t) =0, t € [—a,0],
2(0) = y1,

where the state z(¢) € V and the control uw € U = L,([0, ¢]; V'), V' is another Banach

space; a; and @;, j = 1,2,...,m are fixed delays such that 0 = ap < a; < ay < --- <
Uy < ¢, 0 <@ <@g < -+» < am < ¢ and a = max{a,,,am}. Bo,Bi,..., B, are

continuous linear maps from V' to V and F : [0,¢] x € x V' x V' x - - x V! 5V

o
(m+1) times
is nonlinear. The other notations are similar as in previous section.

Controllability results for semilinear and linear systems with delays in state or
control in finite and infinite dimensional spaces have been analyzed by many re-
searchers. Among them, Klamka [48] investigated the stochastic controllability of
linear systems with multiple delays in control in finite dimesional Hilbert spaces.
Controllability of linear systems with multiple delays in state was proved in [47].
Klamka [45] considered a finite dimensional system described by semilinear differ-
ential equations with control delays and determined the constrained controllability
using rank condition. In [60], Liu et al. analyzed the controllability of time-varying

systems of linear equations with impulsive effects and delays in control. Sukavanam
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et al. [82] studied the controllability of a semilinear delayed system with growing
nonlinear term. In [23] Devies et al. deduced the results for null and exact control-
lability of linear systems with delay in both control and state. Applying sequence
method and the concept of fundamental solution Anurag et al. [80] analyzed the
controllability of semilinear systems with state delay.

Up to now, there is no result on controllability of semilinear systems of second-
order with control delays. To fill this gap, the present section is devoted to analyze
the controllability of nonlocal retarded semilinear systems of second-order with mul-

tiple delays in control.

Definition 4.2.1. Suppose p € €y satisfies 1(p) = h. ‘A function z € €, is said to
be a mild solution of (4.2.1)) if it satisfies

[ Ct)p(0) 4 Sty + /0 “S(t—s) (f; . ai)> s

ol +/0 S(t — 8)F (s, 2o(s), u(s), u(s = @), ..., u(s —@gm)) ds (4.2.2)

for ¢ e (0,d],

p(t) for ¢t € [—a,0].

\

Moreover, if ©(0) € V4, then 2 is continuous on [0, ¢] and is given by

2(t) = AS(t)p(0) + C(t)y1 + /0 C(t—s) ( Z Biu(s — ai)) ds

+ /0 C(t— S)F(S, Ze(s), u(s), u(s — ar), ..., u(s — 6m)) ds.

Here, V] is defined as in previous section.

Definition 4.2.2. The system given by (4.2.1)) is said to be approximately control-
lable on [0, ¢|, if for every given € > 0 and a final state 2. € V one can find a control

u € U such that the mild solution z(¢) of (4.2.1)) corresponding to u satisfies
[2(c) — 2|l < e.
For the system (4.2.1)), the systems

(é(t) = Az(t) + zm: Biu(t —a;), te€(0,c,
= (4.2.3)
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and

Z(t) = Az(t) + Bou(t), te€ (0,¢,
+(0) = (0). (4.2.4)

Z(O) =l

are associated linear systems with delays and without delay, respectively, if 1 (p) =

h.
Throughout this section, we again suppose that ||C(t)|| < k¢ and [|S(t)| < ks,

0 <t < ¢, where ke and ks are constants.

4.2.2 Existence of mild solution

To discuss the existence result we suppose the following:

(Hy) ¢ : C([—a,0]; V1) — C(|—a,0]; V1) and for each given h there is a unique
function p € C([—a,0]; V) satisfying 1 (p) = h;

(Hy) F'is continuous in ¢t and locally Lipschitz in z, that is, there exists a constant

A > 0 satisfying
”F(tv 21, Up, Uy - - - 7uT?L) = F(ta 22, Up, Uy - - - ,Um)” <A\ Hzl n zQHCO

for all ¢ € [0,¢]; 20 € € with ||z¢|e, < 7, £*= 1,2 and u; € V', j =
0,1,2,....

(Hs) there exists akp > 0 satisfying
(2, u0, un, - um) [ < ke (Lt fl2lle + luoll + [Juall + - - + [luml])
forallt € [0,c]; z€ € and u; € V', j=0,1,2,...,m.

Theorem 4.2.1. Under hypotheses (Hy)-(Hs), the system has a unique mild
solution for each uw € U and y; € V.
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Proof. Let 0 < ¢; < ¢ and max {||Bo||, || B, ---,||Bmll} < kp. Define a mapping
Q:¢, =+ €, by

(C(t)p(O) + Sty + /Ot S(t—s) ( é Byu(s — ai)) ds

(02)(t) = —I—/O S(t — s)F (s, ze(s), ul(s), u(s — @), ..., u(s — dgz)) ds (4.2.5)

for ¢t € (0,c],

o(t) for ¢ € [—a,0]

\

and consider the ball
By, = {2 € €, ||2lle- < 70, 2(0) = p(0) and 2(0) =y}

Then, for any z € B,, and 0 < s < ¢

e llo = max flz(c(s) +0)| = max |iz(o)] < ro.
€[—a,0] 0€[—a,c1]

Thus
(@O < FellpO)+ ksl + ks ([ 3= 1t — ol ds)

¢
+ kS/ HF(t, Zo(s), u(s), u(s — @), ..., u(s — Zim))
0
— F(t,0,u(s),u(s — @1),...,u(s — am)) H ds
¢
+ kg/ HF(t,O,u(s),u(s —a1),...,u(s — am))H ds
0
¢
< kellp(O) || + ksllw [l + (m + 1)kskpc " |[ully + ksAr / 126s) [l e ds
0

v
5 o / [+ [+ fuls — @)l + -+ Tu(s =@n) ] db
0

< kel -+ ksllyall + (m +1)ksksc "7 |Jully + ksAnroci

+ kshr (e 4 (4 e lulo)

1

= kell@(0)|| + ksllw |l + (m + Dkskge' "7 ||ullo

+ ks </\m7”001 + kp (Cl + (m + 1)011_%||U||U>> -

Now choosing ry = 2 <kch(O)H + ksllya || + (m + 1)k5k301_%Htu> +1 and ¢; small
enough such that

ks (Amrocl + ke (cl + (4 1)611*%||u||U))
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_1
< kellp(O) ]| + Ksllyal + (m + Dkskae'™* Jully +1.
Then
_1
1(@)®I < 2 (kellp(O)| + ksllya | + (m + sk~ |lully) +1
= ro (say).

Therefore Q maps B,, into-itself.
Now, take z, zZ € B,,, then

1(Q2)(t) = (Q2)(t H<ks/ 17 (5, 2(s), u(s), uls = @), - o u(s.— m))

_’}?(S7Z§@)7U(s)uu<8'_>a1)7"-au<s'_>aﬁﬂ)“dS

0
< ks / ze(s) = Zeglles ds
0

o

Further,

1(Q22)(t) — (@22)(h) |<ks/HF (O8) ey, u(s); ulE=Tr), ... Juls = Bn))
57(42 )<&)> u(s), u(s —a),...,u(s ——Z@ﬁ))“ds

t

< ksAy /OH Q2)q(s) — §(5)HQ‘0 ds

<k / sup [[(Q2)(<(8) + o) — (Q5)(s(s) + o)ds
—a<g<0

< ks, / ( aup [1(22)(e) —(22)(@)l

—a<p<0

Ceser= <Qs><@>||) s

0<e<s

— ksh, / sup /(Q2)(0) — (%) (o)l ds

0<o<s

¢
< /{;g)xm/ ksArsllz = Z|le,, ds

< W87t (k?g/\mt) H

Repeating the above process, one can obtain

1(Q72)(t) — (@2)(1)]| < w

Zlle., -

12 = Zle.,



Chapter 4. Controllability of Second-Order Nonlocal Retarded Semilinear Systems
with Fized Delays in Control 64

(ksArgc1)"” ~
< Sl = e

Therefore

(ks)‘mcl)n

n nz
Q"2 — Q"Z|¢,, < py

HZ-% Cep -

which shows that the Q" is a contraction map for sufficiently large value of n. By
Banach fixed point theorem, Q has a fixed point in B,,. Hence is a mild
solution on [—a, ¢1]. In similar way, the existence of mild solution on [y, ¢o], where
c1 < ¢, can be shown. Applying the above technique, one can deduce that
is a mild solution on the maximal existing interval [—a, c¢*), ¢* < c.

Next we show the boundedness of solution. Clearly z(¢) is bounded on [—a, 0].

Now for ¢ € [0, ¢*)
12| < kellpO)Il + ksllyall + (m + 1)ksks /Ot lu(s)]| ds
rhokr [ (L ol + @+ D))
< kellp(0)]l + ks (Hyln + ((m+ kg + (@ + Dkp)c " Jully + kFc)

U
+kskF/ 29[l ds-
0

Therefore

12O < 2o lles
< kellp(0)|| + ks <||y1|| + ((m + kg + (M + 1)]€F)017%HU||U ol kFC)

t
+ ]\/[p - ksk‘p/ HZg(S)HQjO ds.
0

By Gronwall’s inequality, one has

W@HsGNMWH%JMJ+«m+D@+G%H%ﬂ8HMM+@Q

+ ]\/[p) exp(kskrc),

which shows that z(t¢) is bounded on [—a, ¢*) and hence it is defined on [—a, ¢].
For uniqueness, suppose z; and 2, be two solutions of (4.2.1]) for the same control
function u. Then 2 (t) = 22(t) = p(t) for t € [—a,0]. Now for t € [0, |, set

¢}

a" = max {|[z ., |22



4.2.  Approximate controllability of second-order nonlocal retarded semilinear
65 systems with multiple delays in control

Then
a9 = (Ol < bs | NIE (s, (21 )ugosus), s — @), (s — )
- F(Sa (22)c(s), u(s), u(s — @), ..., u(s — am)) H ds
<ot [ e = (2ol o

< ksAg /0 ”(Zl)g(S) I (Z2><(5)||¢0 ds.

Therefore

H(Zl)c(t) - (ZZ)c(t)”% < ksAar /0 H(zl)c(S) = (ZQ)C(S)“CO ds:

By Gronwall’s inequality, one has (1)) = (22)c) forall t € [0, ¢] and consequently

21 = Z9. [ |

4.2.3 Controllability results

The subsequent discussion needs the following hypotheses:

(Hy) the system (|4.2.4) is approximately controllable;
(Hs) there exists a function g € L]0, ¢] satisfying
|E(t, 2, up, w1, ..., uz)|| < q(¢)
for all (¢, z,ug, U1, .+ . um) € [0,¢] X € x V! x V! x -+ x V.

Theorem 4.2.2. Under hypotheses (Hy) and (Hy), the corresponding linear delay
system 15 approximately controllable.
Proof. Set ¢ = ayy1 and r = min{ay, ay — aj,a3 — as, ..., Ami1 — G b Since 0 =
ag < ap < ag < -+ < @y < Qpyy. Lherefore for each a;1; one can find a positive
integer n; and a constant «; € [0,r) satisfying a;11 = a; + nir + «;, i =1,2,...,m.
Case 1: When oy, as, ..., a,, are positive.

Let Zo; Z11, 212+ - -, Z1ny 5 51@3 2915292, + vy 22ny, 52@? 0 Zmls Zm2s - s Zmng, DE

given in V' and z. € V be the final state. Consider the system

§(t) = A&(t) + Bou(t), t € (0,a],
£(0) = p(0), (4.2.6)
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Set & = %. By (Hy) one can find a control ug such that the mild solution £(t) of
(4.2.6) is given by

() =C(t)p(0) + S(t)y: + /OtS(t —8)Boug(s)ds, 0<t<a

and it satisfies ||€(a1) — &l < e.
Let

0, t.€ [—a,0],
wo(t) =
Uo(t), t e [O, al]

2(t) = C(t)p(0) + S(t)y +/0 S(t— S)(ZBﬂUo(S - ai)) d% 08 1< af

12(a1) — Zoll = [|€(ar) — &ll

=0a.

Denote &(aq) by &, and S(al) by &, , and consider the system

£(t) = AE(t) + Bou(t), te (ay,a1+7],
§(ar) = &ay, (4.2.7)
é(al} — Sal'

Set 511 = Z{v— Xay+r» Where xo,4r = 0a1+T3(a1 +7r— 8)(2:’;1 Biwo(s = ai)) ds =
f0a1+7’ S(a; +r — s)Bywo(s —'ay) ds is known. Again by (Hy) one can find a control

uq1 such that the mild solution £(t) of (4.2.7) is given by
t
£(t) = C(0p(0) + Sty + | Slt = 9)Baunals) sy <t <an 47
0

and it satisfies ||€(ay 4+ 1) — &1]| < e.
Let

won(t) = wo(t), te€[0,a1],
uu(t), t e (Cll, aq + T]
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z(t) = C(t)p(0) + S(t)y1 + /OtS(t - S)(ZBiwu(s - ai)) ds, a; <t<a;+r.

|z(a1 +7) = Zull = [|€(as + 1) + Xay 4 — 211l
=m||&(a; +r) & 511”

<e.

Continuing in similar fashion, at the (n; + 2)-th step (if g > 0), we get

E(t) = A&(t) + Bou(t), t € (a1 + nir,asl,
€<a1 1= TL17") = €a1+n1ra (428)

é(al <In 7”L17") = Sal-l—nlr'

Set élm F Zini X eWhere X, 5 f0a2 S(ay — 3)(2111 Biwin, (s — ai)) ds =
Jo? S(az — s)Biwipn, (s — a1) ds is known. Then one can find a control w57 such
that the mild solution £(t) of (4.2.8)) is given by

E(t) =C(t)p(0) + S(t)y1 + /0 S(t = s)Bouyr(s)ds, a1 +nmr <t <ap

and it satisfies ||£(az) — flmH <e.
Let

Win, (1),  t € (a1 + (n1 — L)r,aq + nyr],
w1n1+1(t) —=
u1n1+1(t)7 le (Uq + nqr, a2]

2(t) = C(t)p(0)+8(t)y1+/OtS(t—s)(ZBiwlmH(s—ai)) ds, aj+nir <t<as.

1=0

|z(az) — 21n1+1|| = [|§(a2) + Xay — 21n1+1||

= |€(a2) = &l

<e.



Chapter 4. Controllability of Second-Order Nonlocal Retarded Semilinear Systems
with Fized Delays in Control 68

Repeating the above process, at the last step, that is, (ny+ns+- - -+ n, +m+1)-th
step (if a; >0, Vi=1,2,...,m), we get

() = AL(t) + Bou(t),  t € (am +nmr,d,
g(am + an) - gam—l—nmra (429)

é(anl + nmr) = éam,“l‘nmr'

Set € = Z. — Yo, where y, = fOCS(c = 3)(221 Biwmn,, (s — ai)) ds is known from
previous step. Then one can find a control u,—— such that the mild solution &(¢)

mnm—+1
of (4.2.9) is given by
1
£(t) =C(t)p(0) + St)y +/ S(t — 8) Botypmrgi(s) ds,  am +npr <t <c
0

and it satisfies [|€(c) — &|| < e.

Let
Win (t),  t € (am + (N — V)T, @ + 0],
wmm(t) =

s —1(t), ~ieadit ol C|

and

t m

2(t) = C(t)p(O)—i—S(t)yl—i-/ S(t—s)(z Biwmnmﬂ(s—ai)> ds, ay+n,r <t<ec.
@ i=0

Then

12(¢) = zell = 1€(c) + xe = 2|l

= [I€(c) = &l
<e.
Now, define the control w on [—a, c] as
wo, t € [—a,ay],
w(t) =
wz(t)a le (ai7ai+1]7 2217277m7
where
Wiy, t€<a’b+(.]_1)r7a’l+jr]7 ]:1727an2a

w;(t) =
Uir(t), t € (a;+nr,ai1].
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For other cases, the proof is similar. [ |

Theorem 4.2.3. Under hypotheses (Hy)-(Hs), the semilinear system is ap-

proximately controllable.

Proof. : Since q € L1]0,¢|, one can find an increasing sequence (¢,) in [0, c| such
that ¢, — ¢ and

/q(t)dt—>0 as m — 00.

Now by approximate controllability of (4.2.3)), for any given ¢ > 0 and z. € V', one

can find a control 4y € U satisfying

€
< -.
2

2= C()p(0) — S(c)yr — /0 Aoy ( f; By ai)) d}

Denote z; = z(cq, 9, Uo) and 2 = Z(eq, g, Ug), where z(t, p,Ug) is the mild solution

of (4.2.1]) for the control @y. Again by approximate controllability of (4.2.3), one
can find a control @, € L,([c1, c]; V') satistying

<

2i—Cle=c1)z — S(c— 1) = /CS(C = g(f; Byiia(s — ai)) ds

C1

| ™

i=

Define

ao(t), te€l0,c)
ﬁl(t), te [CI,C].

Clearly, wy € U. Continuing in this manner, one can obtain three sequences z,, i,

and w,, such that @, € L,([c,, c]; V'), W, € U given by

wn(t) _ {Ln_l(t), t S [0, Cn),

Un (), t € [en, (]
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and z, = z(¢n, ©, Un_1), 2n = 2(Cn, ©, Up_1) With

ze—C(c—cp)zn —S(c— 1)z /Sc—s(ZBuns—az)

Let z(t, o, W,) be the mild solution of (4.2.1)) associated with w,.

IA
N).I ™

Denote

= Z B, (s — a;) + F(S, Ze(s), Wn(8), Wn(s—a1),. .., Wn(s — am)).
i=0

Then
z(¢, 9, Wn)
= C(c)p(0) + S(c)ys + /0 S(ec—s)G(s)ds
=C(c—ocn+ cn)p(0) + Sle — cp + cn)n
+/CRS(c—cn+cn—s ds—ir/cSc—s ds
= (C(c— cn)Clcn) + AS(c — ¢,)S(cn)) 9(0)
+ (S(c— cn)Clcp) + S(cn)C cn))

/ (S(c = ca)Clcn = 5) + S(en — $)Clc = ca))G(s) ds

n

Ao o) (c<cn>p<o> # S + [ (e =9)5(5)ds)

(g, (AS(cn)p(O) L Cle T + /0 " Clen — £)0(s) ds)

+ /C:S(c —5)G(s)ds

 cle—ea) (Clen)ot0) + Steam [ Sten =9 (fj Biia(s — )

+S(c—cn)<A8(cn) )+ C(cn y1+/ Clen, —s) (zm:Bl Wy (s — a;)
)

+ F(s, Ze(s), Wn(8), Wy (s — @1), ..., Wn(s — ?im))) ds
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/Sc—s<i n(s — a;)

:C(c—cn)<C( o(0) +80ny1+/ S(en — ) (i (s — ap)
T (5, 200, T — il - B aA)))
+ Sloc &y <A8(cn)p(0) edy) /0 TG, — 5) ( zm: Byiin (5 — as)
(s, 2 TSN T~ @) a5 = ) )
—5—/6:8(0—5)(;3@-&”(5—@1»)
+ F (s, 2(5), an(s;an(s — @), ..., 0n(s —@m)) | ds
— (el . el S8 For)s s / S(e—s) (ig s—ai)) ds
+/cn8(c—S)F(s,zg(s),an(s),ﬂn(s—61),...,an(s—6m))ds.

Now,

”Z(C7 £ UN)TL) u ZCH

< lze=Clc=cn)zn — S(e— ¢n)in /Sc—s(ZBuns—az)d
+‘ /‘S(c—s)F(s,qu),an(s),an(s—al),...,an(s—am)) ds
£ 4 - . = R e
< §+k5/ HF(Sazc(s)aun(S)aun(s—al)v-'wun(s_a'fﬁ))HdS
6 @
§§+k3/ q(s) ds
€ €
S ke
=g T hsg
=c

for sufficiently large value of n. Hence the systen (4.2.1)) is approximately control-
lable. [



Chapter 4. Controllability of Second-Order Nonlocal Retarded Semilinear Systems
with Fized Delays in Control 72

Remark 4.2.4. Under assumptions (Hy), (Hy) and (Hs), the system is

approximately controllable if it has a solution for each given w € U and y; € V.

4.2.4 Example

Consider the semilinear wave equation for x € [0, 1]

( m

22(t,x 22(t,x ~
g 85‘/2 ) - aaS;7 ) +ZBZu(t_a27x)

+J%Lﬂq&+ﬁﬂ%ﬂ@ﬂma@—ab@w.wmt—@ﬂ)

% (¢,0) = BZ(t 1 0 for t €(0,d,
Zo(z) = Zﬁj/z\(tj 45
j=1

L g_f(oa x) . :/U\l (I)>

where —a <t; <ty <---<t, <0 andg(t)zli%,()gtgc.
Clearly, ¢ satisfies ¢(¢) < t and

g R t3
Zel 0, W~ Z (1 T +(9,:17) ;

The equation (4.2.10]) can be converted in the abstract form (4.2.1), if we make

the setting similar to the previous example.

If we take

F(t, 20y, ult), ult — @), ..., u(t — Gs))
t |20 || 2(|u u(t = @)+ -+ [ult = as
:( (201 P ()+t(“ O 4w = @)l + - -+ [lu >”>g(:p)>,

3T — -
L+ ||z o T [Ju() ]| + fJult = @)l + - - 4+ lJu(t = @)l
®1le,

then

F(t, 2, ul(t), u(t —ar), ..., u(t —ag)) |

< (tlésllv + lléallv)

(t+t%)

<c(l+¢) (L+ lzgmllen + @l + llult = @) +- -+ [Ju(t —az)]) -
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Hence (H3) and (Hjs) are satisfied.
Also,

HF(t, (21)s@y, u(t), u(t —ay), ..., u(t — am))
— F(t, (22)sty, w(t), u(t —a), ..., u(t — am)) H
<e([Eswlle, + 1l ) [0 = @l

< 2cr H(Zl)g(t) - (22)';(0“@0
= A ||(Z1)g(t) o (22)<(t)H¢o

for any (21)sw), (22)s) € B(0,7) C € and u(t) € V'. Hence F is locally Lipschitz,
that is, (Hz) is satisfied. The linear part of (4.2.10)) is approximately controllable (in
fact, it is exactly controllable) [I§]. Thus by previous theorem, the system (4.2.10)

is controllable.

4.3 Concluding remarks

In this chapter, the existence and approximate controllability of second-order non-
local retarded systems have been analyzed. In first section, we determined the
approximate and exact controllability of second-order nonlocal retarded semilinear
systems with fixed delay in control under Lipschitz assumption. Utilizing a fixed
point theorem, the result of existence and uniqueness has been deduced. The con-
trollability of associated linear delay system has been proved by the method of steps
and then the controllability of actual system is shown by proving that the reachable
set of semilinear system contains the reachable set of the associated linear system
without delay. In second section, the approximate controllability for retarded sys-
tems of second-order with control delays and nonlocal conditions has been discussed
by assuming that the nonlinear term is locally Lipschitz which is a weaker condition
than Lipschitz continuity. Using fixed point approach, the existence and unique-
ness results have been derived. Then, under some assumptions, we proved that the
controllability of the corresponding linear system without delay implies the control-
lability of the corresponding linear delay system and the actual system by applying
an iterative technique. Here, the results have been proved without assuming the

inclusion condition among the range sets of the operators. But conditions (H3) and
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(Hs) are very strong and may not be easily satisfied in many practical problems.
For this reason, an study on approximate controllability of the same system without

assuming the conditions (H3) and (H,) is a matter of next investigation.



Chapter 5

Partial Approximate
Controllability of Nonlocal
Riemann-Liouville Fractional

Semilinear Systems

In this chapter, we investigate the partial approximate controllability of nonlo-
cal Riemann-Liouville fractional systems with integral initial conditions in Hilbert
spaces without Lipschitz condition on nonlinear function. We also exclude the con-
ditions of Lipschitz continuity and compactness for the nonlocal function. The
existence results are derived by applying Schauder’s fixed point theorem, then the
partial controllability result is proved by assuming that the associated linear system
with local initial condition is partial approximately controllable. Lastly, an example

is provided to apply our results.

5.1 Introduction and preliminaries

Let V and V' be Hilbert spaces with the corresponding function spaces Z = La([0, c|; V)

and U = Ly([0, ¢]; V') respectively. Consider the semilinear system
DY=(t) = As(t) + Bu(t) + F(t,2(¢)), t € (0,¢],

(i772(t)) g = w0 — 0(2),

(5.1.1)

5
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where 0 < ¥ < 1 and DY denotes the Riemann-Liouville fractional derivative of
order ¥. The state z € Z, the control u € U and yy € V is given. The linear map
A: D(A) CV — V generates a Cy- semigroup T'(t). B is continuous linear map
from V' to V. F :[0,¢] x V — V is nonlinear and g is a function to be specified
later.

In last few decades, controllability results for various types of semilinear and
linear differential systems of fractional order have been analyzed in many articles.
Among them, Kumar et al. [53] investigated the approximate controllability for
nonlinear systems of fractional order with bounded delay by applying fixed point
theorem. Tai and Lun [83] proved controllability of impulsive fractional neutral in-
tegrodifferential equations by applying fractional calculus and resolvent operators.
Liu and Li [61] determined the controllability of Riemann-Liouville fractional sys-
tems in infinite dimensional Banach spaces by using Cy-semigroup and Lipschitz
nonlinearity. In [02], Zhu et al. analyzed the controllability of Riemann-Liouville
fractional nonlinear systems using itegral contractor. Mahmudov [65] is the one who
analyzed the partial controllability for semilinear equations of fractional order with
Caputo derivatives. However, the partial controllability of fractional systems with
Riemann-Liouville derivatives is still untreated topic in the literature so for.

Our aim is to analyze the partial approximate controllability of the fractional
system without Lipschitz condition or compactness of nonlocal function. For
this, we make an approximate problem of the fractional system and prove
the compactness of the set of its solutions. Then we prove that it is possible to steer
the system to any open set containing any given final state in a closed subspace.

To define the mild solution of (5.1.1]), consider the Banach space C1_y([0, c]; V) =
{z]t'72(t) € C([0,¢]; V) } with the norm ||z|l¢,_, = supepq{t' "Nz(t)[lv}. For
Co-semigroup T'(t), we set sup,eio q [|T(t)|| < kr < oo and || B||-< kp. Let V4 be the
closed subspace of V', P be the projection from V' onto V.

Definition 5.1.1. ([61]) A function z € C,_y([0, ¢]; V') is said to be a mild solution
of (5.1.1)) if it satisfies

2(t) = " Ty(t) (o — (=)

4 /0 (L — )" " Ty(t — s)(Bu(s) + F(s, 2(s))) ds, (512)
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where
Ty(t) = 19/00 ay(a)T (1) da,
0
Eo(a) = %aléwg (a’%> ,

1 L0+ 1
wy(a) = - Z(—l)e_loz_w_l% sin(¢md), « € (0,00)
(=1 '

and &y is a probability density function defined on (0, 00).

Definition 5.1.2. The system ({5.1.1) is said to be partial approximately control-
lable on [0, ¢] if for any given € > 0 and 2. € V{, one can find a control w € U such

that the mild solution z(t,u) satisfies
| Pz(c,u) — 2| <e.

Lemma 5.1.1. ([61)]) For each fizedt > 0, Ty(t) is continuous linear map satisfying

k-

T < £y

lyll vz € V.

Remark 5.1.2. [t is notable that Ty(t) is point wise bounded. Therefore by uniform

boundedness theorem, there is a constant kr > 0 such that SUPefo.q 1T (1)]| < k.
Throughout this chapter, we suppose the following conditions:
(Hy) the semigroup T'(t) generated by A is compact;

(Hjy) the function F': [0,¢] x V' — V is jointly continuous and there is a g €
C([0, c]; RY) satisfying

IEE I < g(8), ¥V (£y) € [05¢] x V;

(H3) the function g : C1_y([0,¢}; V) — V is continuous and there is a constant
k,, satisfying
lp(2)[| < Ky

(H4) there exists a b € (0,¢) such that for any 2,2 € C1_y([0,c]; V) satistying
z(t) = 2(t), t € [b,c], we have p(z) = p(2);
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(Hs) the linear system

t
2(t) = t" " Ty(t)yo + / (t — )" Ty(t — s)Bu(s) ds (5.1.3)
0
is partial approximately controllable.

Remark 5.1.3. The system is partial approzimately controllable iff B*T}(c—
s)P*y =0, 0 < s < c implies that y = 0.

For € > 0 and n > 1, define the functional

el =3 [ (e B T3 = 9Py ds el = (1 0u(2) e 5214

where

0,(:) =PI (=T (5 ) o)) + [ (=0 TPTife= )P (s 2061 ds 2

and the operator G : C1_y([0,c]; V') — V4 given by

62 =P (=7 (1) o2)) + [ (= 9" PTafe= )EG, () s

Consider the ball
B(0,)) = {z € Cron((0,; V) | [I2lle,_, < A}
Then, it can be easily prove that the set

{ePrife (=7 (3) 2

is relatively compact in V' and hence the map G : B(0,\) — Vp is compact [65].

z€ B(O,)\)}

5.2 Existence of mild solution

Lemma 5.2.1. For any B(0, \),

. e Canlys2)
L T TR

> e, 5.2.1
=eB800.0) |yl ( )
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Proof. First we prove 6, : B(0,\) — V4 is continuous for any n > 1. For this
take z,,z € B(0,\) satisfying lim, ,o |2, — 2|lc,_, = 0. In view of (H;) and
continuity of norm, one can get lim,_. ||[F(z,) — F(2)|¢,_, = 0 where the map
F:C_y([0,c]; V) = C1_y([0,¢]; V) is defined by (F(2))(t) = F(t, 2(t)). Now,

16262 = 822l < [P Tate)T (1) (0020 - o)

+

/Oc(c — 5)""'PTy(c = s)(F(s, 2,(s)) — F(s,2(s))) ds

= krkr || Pllllo(z) = o)
/k,\TC219—1(F<19))2
T'(29)

— 0 as v — o0.

1PINE () = ElMlle,,

Now, suppose (5.2.1)) does not hold. Then one can select sequences v, in V and z,
in B(0, A), with ||y, || = oo satisfying

Cen(Wv; 20)

<e. (5.2.2)
llyo |

lim, ,

Since {5n(zl,) | v > 1} C Range(G) is relatively compact. Therefore by taking a

subsequence, one can assume that
On(2)) = 0, €V. (5.2.3)

Denote 7, = h Boundedness of 7, enables to select a subsequence (still denoted

by 9,) such that ¢, — g € V. Since T'(t) is compact, one can see that
B*T*(¢ = )P*g, —» B*T*(e¢—-)P*j in C1_y([0,c|; V). (5.2.4)

From ([5.2.1]), one can obtain

C&n(yl/;zl/) Hyl’H 1 — g Aty * A A~ ~
w2 ) (=)’ IB T (c = §)P*9 > ds + el|gll — (G, Gu(20)).

Since ||y, || — oo, using Fatou lemma and ([5.2.2)-(5.2.4)), one can obtain
¢ v—1 * Tk * A2 . ¢ v—1 * Tk * A~ 12
[ o= B T e~ 9P gl ds <l o [ (e 9 BT - )P ds
0 0

=0.
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By (Hs), § = 0 and hence ¢, — 0 € V.
Thus

Cen (s 20)

lim
A

B Zunde o}

Z h—muaoo&j”@l/” - <gl/7 fsn(zv»)
— 6’
which is a contradiction. [ |

Remark 5.2.2. [t is easy to verify that for any fized z € B(0,\), the map y —

Conly; 2) is strictly conver and continuous.

Remark 5.2.3. For every fivzed z € Cy_y([0,c]; V), the functional (. .(-;2) has
a unique minimizer Y., that defines a map X.,n : Ci—9([0,c];V) — V given by
Xen(2) = Yen, where Gop(Yen:z) = mingey (., (y; 2); which is bounded on B(0,\)
for each fized € > 0, that is there is a constant ke such that ||x..(2)|| < ke for any
z € B(0,A), n>1.

Lemma 5.2.4. If z,,z € B(0, \) such that
lim [z, = 2l¢,_, =0,
V—r00

then
lim |[Xen(20) = Xen(2)|lv = 0.

V—r00
Proof. Boundedness of §.,, = Xn(z,) enables to assume that §.,, — J.,. By
the definition of (., and the optimality of ¥. ., = Xen(2,) and e, = Xen(2), one

obtains

ConFeni2) < Cen(Dem; 2)
< b, NECKERY; Z,)
=T, e, (78 12.)
< lm G (Gen; 20)
= Cen(Tens 2)-

Above shows that 9., also minimize (. ,(-; 2), which means 9., = 7. ,. Therefore

1/11—{20 Cs,n(ge,n,u; Zl/) = Ca,n (gs,n; Z),
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C

lim (c— 5)19—1||B*T{,f(c — S)P*j&a,n,yﬂ2 ds

vV—r00 0

— [ BT e = )P g s,
0

lim (gj&n,y, on(2v)) = <g€,n> 6(2))

V—r00
and
[Fem |l < 1M ||Fe |-
V—00

From above relations, one has

“ga,nH = lim ”ge,n,un' (525)
V—r0Q
Since V is a Hilbert space and ¥, , — ¥en, therefore the result follows. [ |

In the next theorem, we show that the map V. ,, : C1_y([0,c|; V) — C1_y([0,¢]; V)
defined by

(Wen)0) = 5500 (0~ 7 3) 1)
+ /Ot(t — 8)" ' Ty(t — ) (Buen(s, z) + F(s, 2(s))) ds (5.2.6)
with
Uen($, 2).= B*F5(c— 8)P*Xem(2) = B*T; (€ —8)P*Jein, (5.2.7)
hae¥ Tixed Bt

Theorem 5.2.5. The operator V. ,, has a fized point in Cy_y([0,c|; V'), for n > 1.

Proof. Claim 1: ¥, is continuous.
Let z; € C1_([0,d; V) with z; — z € C1_y([0,¢]; V) as j — oco. Since F and

Ue,, are continuous, therefore

N (W) () — (Ve n2) ()]
Erc?(D(9))?

F(27.9) ||F(Z]) - F(Z>||Cl—19

< krkrllp(z) — o(z)]| +

krkpc®(D(9))2
T'(20)

Uep\*y Z5) — Uen\"s Z)||C1_y-
[t (- 25) (5 2)l
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Hence ||V, ,z; — V. n2|lc,_, — 0 as j — oc.
Claim 2: There exists a positive number A(¢) > 0 such that U, ,(B(0,\(¢))) C
B(0,\(g)).

~

_ ~ ~ ck —~
E(Wen2) DN < Rallyoll + krkrk, + S (llgll + Frkd| Pl

= A(e).

Claim 3: ., is compact for n > 1.

Hence by Schauder fixed point theorem, V., has a fixed point. [ |

Suppose that z., € B(0,A(¢)) be a fixed point of V., and x¢ (2. ,) minimizes

Cen(y; 22), and
Usin (S, Zen) =B L5(C £ SYP Xem(Ze.n)

is the associated control. Further, suppose that
Zem — 2 10 C1_9([0,c]; V) as n — o0
and x.(z.) minimizes (. (y; 2.), and
Ue(S, 2e) = B*T5(c — 8) P x:(2¢)
is the associated control.

Lemma 5.2.6. If

3im [ze = Zllor_, =0,

then
Jm ein(zen) = xe(ze) =0
and
nlggo Hua,n(sa Ze,n) = u6(57 ZS)H =0

Proof. By definition x.,(z.,) and x.(z.) minimize

Con(y 7em) = / (c— )" YBT3 (c — 5)Pyl2ds + ellyll — (4, 6n(2em))
0

and

C(y, z) :/0 (c = )" BTy (c— s)Pry|*ds +ellyll — (y, 6u(22)),
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respectively. The boundedness of x.,(z.,) enables to suppose that xe,(z:,) —
Xe € V. Therefore the optimality of x.,(2.,) and x.(z.) give

Ce(Xe(2e); 22) < Ce(Xes 2e) < limy, Ce(Xem (2em)s 22) (5.2.8)

and

h_mn—>oo<€,n(X€,n(Zs,n>; Zg,n) < mn%oogs,n(X&"(ZEv"); Zs’n)
< lim G2 22,1

— Ce(Xs(Zs); Z€>‘ (529)
From and , one has
gE(XE(Z€>; zs) — Ca()%a; Za)

and

h_mnaooCE,n<Xs,n(Ze,n); Zs,n) = mn—)oo(s,n(Xa,n(Zs,n); Zs,n) =i Ca(Xs(ze); 26)7

which shows that x. is also a minimizer of (.(-;z.). From the uniqueness of the

minimizer X. = X<(z:). Therefore

lim <€,n(Xs,n(zs,n); Zs,n) = CE(XE(Z€>; Z€>’

n—oo
C

lim (c— s)ﬁ_1||B*T5(c =S P X (2 1) H2 ds

n—oo 0

= [ (=9 B Ty - )PP d,
0

lim <X€,n(Z€,n)7 5n(ze,n)> . <Xe(ze)> 5(Zs)>

n—oo

and
ezl < lim [lxenes )l

From above relations, one has

Ixe(ze)ll = lm {lxen(zen)ll (5.2.10)

Since V' is a Hilbert space and xcn,(%:n) — Xe(2c), therefore we obtain the strong

convergence. [
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In the next theorem, we show that the map ¥, : C1_y([0,c}; V) — C1_4([0, ¢]; V)
defined by

(U.2)(t) = "7 Ty(t) (o — p(2)) + /0 (t — )" ' Ty(t — ) (Bug(s, z) + F(s, z(s)))ds
with

us(s,2) = B*Ty(c = s)P*x.(2) = BTy (c — s) Py,
has a fixed point.

Theorem 5.2.7. The operator V. has a fized point in Cy_y([0,c]; V).

Proof. Define the following sets

= {Ze,n € leﬂ([oa C]; V) I ‘Ije,nzs,n =Zen, N P 1}7
Elfﬁ . {ws,n ’ wz—:,n(t) = tliﬁzs,n(t)a Zen € E}

Breof0) = {02n(0) = To0) (0= (5 ) o220 ) |-

Claim 1: E;_4(0) is relatively compact in V.

and

For w., € E1_y, n > 1, define

wen(t), teb,cl,

w.,(b), te€l0b).

We () =t""2. () =

Clearly, {wm ’ n > 1} is uniformly bounded and equicontinuous on [0, ¢| therefore
by Arzela theorem it has a subsequence which converges in C([0,¢|; V). Without
loss of generality, one can suppose that w., — w. € C([0,c];V). -Then z.,, —
2. € C1_9([0,c]; V), where 2.(t) = t""140.(t). By hypothesis (Hy), one has p(z.,) =
P(Zen) = p(Z).

Now,

[[wen(0) = Ty(0) (o — p(2))

10 (107 (3 ) o)) = To0)n — o122
T (%) P(zen) — 9(2)

kr

IN
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<Fr (|7 (2) e =1 (2) ot + 7 (3) o0 - ot
< B (B lloteen) - ozl + 7 (3 ) oz — ot20) )

From above inequality, one has ||w.,(0) —Ty(0)(yo — ©(2:))|| — 0 as n — oo. Hence

1

E1_4(0) is precompact in V.

Claim 2: For fixed t € (0,c], the set E1_y(t) = {wen(t) =t "2 (1), 2., € E} is
precompact in V.

Claim 3: At t =0, F1_y is equicontinuous.

For t € (0, c), one has

[[ten () = we,n (0]

Ty(t) (yo -T (%) p(ze,m)) — T5(0) (yo X <%> p(ze’”))) ”

t
+ krt' = sup | Bug (8 2en) + F(S, ze n(8))| / (t — 5)19’1 ds
0

S ‘

< B (0)= To0) wl + | Tot) = TN T (1) o)
+ 2 Rk 11P. + i)

From above inequality, one has ||w.,(t) — w.,(0)|| = 0 as ¢ — 0. Hence Ej_y is
equicontinuous at t = 0.
Claim 4: E,;_y is equicontinuous on (0, ¢].

Take 7,7 € (0, c] with 7 > 7 and h € (0,71). Then for w,, € F;_y, one has
Hwa,n(7—2) i | wa7n<71)||
1
(To(r) = o)) (=1 (1) ot )|

T2
/ 7y 1z — )" (72 = 8) (Buien(s, 2e) + F(5, 2(5))) ds

:

_|_

+ / 721_19(72 - S)ﬂ_lTﬁ(TQ —3) (Buw(s, Zem) + F (s, zen(s))) ds
0

— / 711’19(7'1 — s)ﬁ’lTﬂ(ﬁ —s) (Busyn(s, Zem) + F(s, zs,n(s))) ds
0

which gives

||w€,n(7_2) - we,n(Tl> |
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< )~ Tty (=7 (3 ot |

+ / 7'21’19(7'2 — 8)19711—19(7—2 — s)(Bum(s, Zen) + F(s, zw(s))) ds
T1
T1
+ ’ / (7‘21_’9(7'2 — s)’g_1 — 7'11_’9(7'1 — s)ﬁ_l) Ty(10 — 3)(Bu5,n(s, Zem)
0

+ F(s,220(5))) ds

g

/ = — 8P (To(r2 — ) — To(r1 — 5))-

(Bug,n(& Zen) %L, zm(s))) ds||.

By assumption (Hj) and continuity of Ty(t), one has

H(Tﬁ(@) — Tylm) (yo _T (%) p(zm)) H o (5.2.11)

as 7o — 1 — 0 for all w,, € Ei_y.

Now,

T2
/ 7370 (12 — 8)° ' T(2 — 8)(Btie(s, 2en) + F (5, 2:4(5))) ds
T1

~

k. ~
< Lty = 1)? (RekBIPlwe + llglc) i

and

/ (721”9(7'2 — 3)‘9*1 = 711’19(71 — 3)19’1) Ty(m0 — s)(Buw(s, g%
0

|(r =) = 73" %m — 71)?) (ET/C%HPHRE v ngc) . (5.2.13)

For 71 — h > 0, one has

/OT1 7'11’19(7'1 — 8)" Y (Ty(1y = 5) = Ty(m, = 5)) (Bus,n(s, Zea) + F (s, zm(s))) ds

_ H ( / "y / ) 71— 8" (To(m — 8) = To(r1 — ) (Bt (s, 22)

+ F(s, 2:n(5))) ds

o =h k2l P Tt — 5) — T —
5T (krkgllPlise +lglle)  sup |To(rz = s) = To(n = s)l|

s€[0,71—h]

<
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2k ~
+ =LA R (Rek | Plse + llglle ) (5.2.14)

Since Ty(t) (¢t > 0) is continuous in operator norm therefore from inequalities

(5.2.11)-(5.2.14) with h — 0", one can conclude that F;_y is equicontinuous in

(0,c]. Hence F;_y is relatively compact in C([0,c]; V') and one can suppose that
Wep — we € C([0,¢];V) as n — oo. It means that z., — z. € C1_y([0,c];V) as
n — oo, where z.(t) = t?"tw.(t). Letting n — oo in ¥_,z., = 2., and applying

Lebesgue dominated convergence theorem, one can get

we(t) = Ty(yo — p(z2)) + tl_ﬁ/o (t—s)""'Ty(t — s)(Bue(s, 2.) + F(s, 2:(s))) ds

for 0 <t <e.
Thus

2:(t) =t Ty (yo — p(2)) + /0 (t — 8)P 71 Ty(t — 5) (Bua(s, ze) + F(s, za(s))) ds

which is a mild solution of the original system ({5.1.1)). [

5.3 Controllability result

By previous theorem for given £ > 0 there is a z. € C;_y([0, ¢]; V) satistying

ze(t) = 27 Ty(yo — p(2:)) + /0 s 5 el e s)(Bua(s, ze)+ E(s, za(s))) ds,

with u.(s,2.) = B*T3(c — s)x:(2).

Next, we show the partial controllability of the original system.

Theorem 5.3.1. The semilinear system 1s partial approximately control-
lable.

Proof. Since (. is strictly convex therefore (.(y, z.) has a unique minimizer . € V
satisfying
Cs (gs; Zs) = Iyrél‘I/l C&: (y; Zs)-

Now, for any y € V and r € R one can write

Cs(ge; Zs) < Cz—:(gs +1Y; Zz—:)a
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which means
2

il < [ e 9 BT - )Pyl ds
0
+ r/ (c — 8)""YB*T;(c — s)P*jj., B*T;(c — s)P*y)ds
0
+ ellge + ryll = r{y, 6(z2)).

Dividing by r > 0 and taking » = 0", one can get

(y,0(z¢)) < /Oc(c — §)P B Ty (c — 8)P*§e, BT (c — 8)P*y)ds

17 + ryll — 117l
iy

+ elim, 4+
3 /C(C = 5)"THB T (c — 8)P"fe, B*Tj(c — )P y)ds +€lly].-

In similar fashion v:ith r < 0, one can get
(y,0(z)) = /OC(C — 8)""YBT;(c — 8)P"Ye, B'Tj(c = 8) P*y)ds — elly]).

Thus

[te— B T =) i BT e = ) Pys = (06| < el 63
But for'u, = B*T}(c — s)P*j., one can get
[ =8 B Ty~ )P BT - 9)Pru)ds = (. 0()
~( [ te- 1 PLe = 9BET e~ 9P iuds ~3(:2) )
= (Pz:(c) — 2, y), (5.3.2)
where
(= 7o = BV M) 0 — o)
E /0 e — 8" I PTy(c — 5)F(s, 2(s))ds. (5.3.3)

From ({5.3.1)) and (5.3.3]), one has

[(P2(c) = ze; )| < ellyl| for any y € V.

Hence

|P2(c) - =)l <.

This proves the theorem. [
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5.4 Example

Consider the following initial-boundary value problem with Riemann-Liouville deriva-

tive for z € [0, 7]:

thQ/gg(t’x) 8 ’Z\(t ZL’) + Bu<t J;) + F(t z(t x)) te (O,C]>
2(15, 0) _ /Z\(t, ﬂ.) =0, te (Oa C]? (5.4.1)
(1720t . = (o)~ Z/O w(z, s)2(7;8)ds, "7 € (0,0),

wheremeN, 0 <19 <7 < <7 <cand w(-,-) € Ly([0, 7] x [0;7]; Ry).
Take V' = L5[0, 7] and the operator A : D(A) C V — V is defined as
Ay=y
with the domain
DA)={yeV ’ y and y' are absolutely continuous, y” € V, y(0) = y(r) = 0}.

Then A can be expressed as

[e.9]

Ay =) (-0)(y, €)%, y <€ D(A)

=i

and it generates a compact semigroup 7'(t) given by

y=> ey &%, yeV with |TEI<e™, kr=1;

=T

where &(x) = \/g sin fx are eigen functions of A corresponding to the eigenvalues
A= —0 0=1,2, ... and the set {& } A S } form an orthonormal basis for
V. Now, define the space

= {v = ak(x)
(=2

oo
D ap < o0
(=2

o0 2
ol = (z) |
/=2

with
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and the operator B : V' — V as
Bu = 2a36,(x) + Y ary(w).
=2
Then the system ([5.4.1]) takes the form
D?2(t) = Az(t) + Bu(t) + F(t,2(t), te (0,d,

(B2:0) =m0 —p(2)

t=0

(5.4.2)

where z(t) = Z(t,-), u(t) = u(t,-), yo = yo(-) and p : C1/3([0,c|; V) = V is defined

p(z) = Z/Oww(-, s)z(Tj, ) ds.

Clearly, (Hs) is satisfied [18]. If (H,)-(H,) are satisfied, then the partial approximate
controllability of the system (5.4.2)) follows by previous theorem.

5.5 Concluding remarks

In this chapter, the partial approximate controllability of nonlocal Riemann-Liouville
fractional systems with integral initial conditions in Hilbert spaces has been studied.
Here, we used the continuity of nonlinear function. For the nonlocal function g, the
conditions of Lipschitz continuity and compactness have also been dropped. For
the function p, the assumption (H4) means that o does not depend on the value of
z for t € [0,b). Applying these ideas and techniques, one can analyze the partial

controllability of fractional systems with impulses or control delay.



Chapter 6

Approximate Controllability of
Riemann-Liouville Fractional

Semilinear Systems of

Higher-Order

The objective of this chapter is to analyze the approximate controllability of Riemann-
Liouville fractional evolution equations of order ¥ € (1,2). First we deduce the
existence of solutions using fractional Riemann-Liouville family and fixed point ap-
proach. We make use of iterative and approximate technique to prove the control-

lability of the system. Finally, an illustrative example has been provided.

6.1 Introduction and preliminaries

Let V be a Banach space and Zy_1 = {z | (c—1)""'2(t) € L,([0,c]; V)} be a function
space with the norm ||z||z,_, = ([ I(c — )"z (¢)|I% dt)f%, Consider the fractional

order system

D?z(t) = Az(t) + Bu(t) + F(t, 2(t)), te (0,
(1772(t)),_y = w0 € D(A), (6.1.1)
(DI12(t)),_ = €V,

91
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1
2—9°

Y. The state z € Zy_1, the control u € U, where U = L,([0, ¢|; V') with the norm
1

lullo = (fy lu(®)][}» dt)? and V" is another Banach space. A : D(A) CV — V is

densely defined and it generates a fractional cosine family Cy(t). B is the continuous

where p > 1 <9 <2 and D} stands for Riemann-Liouville derivative of order

linear map from U to Zy_1. F :[0,¢] x V' — V is nonlinear.
Liu and Li [61] developed approximate controllability results for Riemann-Liouville
fractional equations of the form DPz(t) = Az(t) + F(t, 2(t)) + (Bu)(t), 0<9 <1,

with integral initial condition (Itl_ﬂz(t)) = 1o in Banach spaces. Here, the theory

t=0
of Laplace transform together with probability density function were used to analyze
the existence of solution and controllability for the system. Ibrahim et al. [33] deter-
mined the existence and controllability results for the same system with the initial
condition lim,_,o+ I'(9)t1772(2) = yo using the concept of J-order resolvent rather
than Cp-semigroup. Mahmudov and McKibben [64] determined the approximate
controllability of fractional systems with generalized Riemann-Liouville derivatives.

In this chapter, we extend the existence and controllability results for fractional

systems of order ¥ € (1,2) with Riemann-Liouville derivatives.

To define the mild solution of (6.1.1]), we derive the next lemma.

Lemma 6.1.1. Let ¥ € (1,2) and g € L,([0,¢]; V). If 2(t) € L1([0,c]; V), z2—s(t) €
AC*([0,c]; V) and z is a solution of the system

DY=(t) = Ax(t) + g(t),  t (0,4

(ItQ_ﬂZ(t))t:() =yo € D(A), (6.1:2)

(Df_lz(t))tzo =y €V.
Then :

oAt) =Rl + RolOhy + [ Raft = 9)g(o)ds, 0. <<
0

Proof. From Lemma [2.2.1| of Chapter 2, one can obtain
-1 219
(Dt Z(t))t:Otﬁfl + (It Z<t))t:0

2(t) = —Tw) Tw—1) 92 L TP AZ(t) + TP g(t)
-1 02 5 )
= F(ﬁ)yl + T — 1)90 + 17 Az(t) + I g(1).
Taking Laplace-transforms, one has
1 1 1

Q¢

(p) = Fyl + F@/o + p—ﬁ(Aé(P) +9(p))
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= (0" — Ay + p(p°T — A)yo + (p°1 — A) ' g(p).

If ¢ is the unit impulse function, then by inverting the Laplace transform on both

sides and using ([2.2.13]), one can obtain

2(t) = Ry(t)yr + Ro(t)yo + Ry(0)yod(t) / Ry(t —s)g(s)ds
=— Rﬁ(t)yo & Rﬂ(t)yl + /0 Rﬂ(t = 8)g(8) ds.

This completes the proof. [ |

Since Ry(t)y is continuously differentiable on (0, 00) for all y € D(A) and

lim Ro(t) 4

Jim =55y T(0) or yeV (see [2)

Therefore .
lim Rﬁ(t)y = y
t—0+ 102 F(ﬁ — 1)

for ye D(A),

which shows that ng(t)y has singularity at ¢ = 0 and there is a constant k%, > 0
such that 77| Ry(t)y|| < ki||y|| for y € D(A). For this reason, to define the mild
solution of (6.1.1), we consider the Banach space Co_g([0,c];V) = {z [t*772(t) €
(10, ¢f; } with the norm ||2||¢,_, = = SUPye(o () {27220 |lv}.

Definition 6.1.1. A function z € Cy_y([0,¢]; V) is said to be a mild solution of
(6.1.1)) if it satisfies

2(t) = Ro(t)yo + Ro(t)ys + /Ot Ro(t — s)(Bu(s) + F(s,z(s))) ds.

Definition 6.1.2. Let z(¢,u) be a mild solution of (6.1.1]) associated with a control
u € U. The set given by

Re(F) = {z(c,v) EV‘uEU},

is known as the reachable set of (6.1.1). Moreover, if R.(F) is dense in V, then we
say that the system (|6 is approximately controllable on [0, ¢].
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6.2 Existence of mild solution

To derive the existence result we suppose the following conditions:

(Hy) Ry(t) is the fractional Riemann-Liouville family associated with the frac-

tional cosine family Cy(t) and there exists a constant kg > 0 satisfying

IRo()]| <kr, 0<t<q

(H,) there exists a constant kr > 0 satisfying

Hs) there is a function h € L,([0,c|; R) and a constant &% > 0 such that
P 0 F
1F @ o)l < h(t) + Kpt*lyll
for a.e. t€[0,c¢] and all y € V.

Theorem 6.2.1. Under hypotheses (Hy)-(Hs), the semilinear system has a

unique mild solution in Ca—y([0,c|; V') for each control u € U.
Proof. Theorem will be proved if we show that the map Q : Cy 4([0,c;V) —
Cy—9([0, c]; V) defined by

(Q2)(1) = Ry(t)yo + Ro()yr + /O Ry(t — s)(Bu(s) + F(s, 2(s))) ds,

has a unique fixed . point in Cy_»([0, c]; V).
By above assumptions it is easily seen that the map Q is well defined.

For any z,Z € Cy_y([0,¢]; V), one can obtain
*77(Q2)(t) — (QB) () < t2_§/0 [Ro(t = )(F(s,2(s)) = F(s,2(5))]| ds

t
ikt / =252 sV = 5(s)|| ds
0

kpkrt
—(W-1)

Iz = 2lle, -

Further,

270(Q%2) () — (Q*2) ()] < kphrt*™ /O t s"7257[(Q2)(s) — (Q2)(s)]| ds
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krpkrs
Ska"th_ﬁ/ 92 TR |z — Z|lc,_, ds

0 (¥ —1)
kpkgt
< Bt~ e
By inductions, one can obtain
2—19 n nz (kaRt)n =
e ) ~ (QDON < gy~ e
(k’pl{?RC)n

=@ D=1y e

which gives
Rt
CESV(CRD L

Q"> — Q"Z]lc,_, <

But the exponential series exp(kpkgrc) = > 2, kF(l;Rlc;, is convergent. Therefore

- (’Z)ﬁc)n < éi klc for some positive integer n. Hence by generalized Banach contrac-
tion theorem, Q has a unique fixed point in Cy_y([0, c]; V). |

6.3 Controllability results

In the next lemma, we prove some properties of the space Zy_1.
Lemma 6.3.1. The space Zy_1 has the following properties:

(1) Zy_1 is a Banach space;

(17) C([0,c]; V) is dense in Zy_.

Proof. (i) Let {z,} be a Cauchy sequence in Zy_;. Then it follows that {y,} is a
Cauchy sequence in L, ([0, c]; V), where y,(t) = (¢ — ¢)""2(t). But L,([0,c]; V) is

complete, therefore y, — y € Ly([0,]; V). If we take 2(t) = —29_ then z € Zy_,

=)
and z, — 2.
(1) First we show that L,([0,c|; V) is dense in Zy_;. For this, take any z € Zy_;.
Then for any ¢ € (0,¢), z € L,([0,c]; V). Define the following sequence:
2(t), 0<t<.24,

(c—1)"12(t), 2 <t<c¢ n=12....
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Clearly, z, € L,([0,c]; V).

Now,

C

e 2 = [ om0 o) - fe- 0P <), a

n+1

—0 as n — oo,

which shows that the space L,([0,c|; V') is dense in Zy_,. Since C([0,c|; V) is dense
in L,([0,c]; V), therefore for any given ¢ > 0 and a f € L,([0,¢|;V), there is a
g € C([0,c]; V) satisfying

If = gllz, <.
Therefore
1= 9llzo—, = </O (e = 8’71 [f(2) = 9@l dt)
<"~ gllz,
<E.
Hence C([0,c]; V) is dense in Zy_;. |

Remark 6.3.2. [t is notable that, inclusion maps I, : C([0,c];V) — Zy_1 and
Ty : Ly([0,c]; V) = Zy_y1 are continuous. But the density result makes it clear that

the norm || - ||z,_, is not equivalent to any of norms || -||c and || -z,

We define the following operators:
The Nemytskii type operator F : Co_g([0,¢]; V) — Zy_y is defined as

(Fz)(t) = F(t,2(t)), z € Co_yp([0,c]; V)
and the linear operator ¢ : Zy_; — N is defined as

8z = /C Ro(c—s)z(s)ds, z € Zy_;.
0

We observe that

I6ellv < ke [ (= 8~ 0 a(o) v ds

2p—pY¥—1 p—l R 1
<k —_— > —.
<k () el > gty

Hence the operator ( is bounded.

The subsequent discussion needs the following hypotheses:
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(Hy4) there exists a constant kp >0 satisfying

IF(t,y) — F(t,9)| < ket* |y —gll Yy,5€V;

(Hs) for each e > 0 and ¢ € Zy_4, there is a u € U such that

I€¢ — C(Bu)lly <e

and

1Bullz,_, < bl¢llz,_,,

where the constant b is independent of ¢;

p—1

(Hg) bk:REpc?’*ﬁ( e ) " exp (k:Rzpcij’*ﬁ) < 1.

2p—pi—1

Remark 6.3.3. [t is easily seen that (Hy) is stronger condition than (Hy). Therefore
by previous theorem, the system has a unique mild solution in Cy_y([0,c]; V)
for each given u € U if conditions (Hy), (Hs) and (Hy) are satisfied.

Lemma 6.3.4. Under hypotheses (Hy), (Hs) and (Hy), any mild solutions of the
system satisfy the following:

(i) ll2(,w)lle,_y < orexp (krkpc®™), weU;

(@) ||21(5 w) — 22, ug)les_y < T2 exp (krkpc®?)||Buy = Bug|lz,_,, t,us €U;

where

1 p—1

n 4p—2p9—1 p — P
71 = W lgoll + b ( Ml + <2 (2 ) (1Bl uhuzﬂ_l)>
and
p—1
. 4p—2p9—1 p— 1 p
T PRC 2p —p — 1 '

Proof. (i) Let z € C1_y([0, ¢]; V') be a mild solution of (6.1.1]) associated with u € U,
then

2(t) = Ro(t)yo + Ro(t)yr + /0 Ry(t — s)(Bu(s) + F(s, z(s))) ds.

We have

2@l < 7 Ro (ol + 7 I Ro ()|
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+ t2_19/0 |Ro(t — s)(Bu(s) + F(s, 2(s)))|| ds
< krllyoll + kr (t2_ﬂ||y1|| + t2_ﬁ/0 (t =)'t = )" (Bu(s)| ds
- tQ_ﬁ/o (h(s) + kps®|12(s)|lv) ds)

p—2pd— —1 v
o ) p w21 p—1
<k llvoll + R<C [yl +¢ 2p— 9 — 1

t
x (I Bul z,, + th\z“)) +knk%0”/o s*"||2(s)llv ds

t
=01+ kRk}cgﬁf §*77||2(s)||v ds.
0

In view of Gronwall’s inequality, one can obtain
70 2(0)|lv < o1 exp (krkipc®™).
Therefore
2(,u)llcy_y < o1 exp (krkpc®™").
(17) Let z, € Cy_y([0,¢]; V) be the mild solution of (6.1.1) associated with u, €

U, ¢=1,2. Then

ze(t) = ng(t)yo + Ry(t)yr + /0 Ro(t — s)(Buz(s) + F(s, Zg(S))) ds.

We have
201 (1) = 2a8)v & knt( J1Bu(s) - Busts)) s
AL F<S,z2<5>>||ds)

< kpt*™? (/0 (c = 5)'7(c — 8)"7|| Bua(s) — Buy(s)|| ds

t
+ kp/ 32_19”21(3) — 29(s)]| ds)
0

4p—2p9—1 p—1 P
<kge v %01 |Buy — Bus|z,_,

t
+ kg / 2021 (s) — za(s)]| ds
0
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= 05| Buy — Bus| z, , + krkpc®™? /O t §270|z1(s) — 2a(s)|| ds.
In view of Gronwall’s inequality, one can obtain
12721 (t) — 2(t)|lv < o2 exp (krkpc®™?)||Buy — Busl|z, .
Hence
l|21(-5 u1) = 22(-,u2)||ey_, < 02exp (kJR/k\Fc?’_ﬁ) |Bur — Busl|z,_, -
This proves the lemma. |

Lemma 6.3.5. If Ry(t) is the fractional Riemann-Liouville family associated with
the fractional cosine family Cy(t) generated by A, then for any y € D(A), there is a
© € Zy_1 such that Cp =y.

Proof. Since for any y € V', lim,_,o+ 7;99—,(?3/ = %ﬁ). Therefore (c — ) ""Rg(c —t)y €
L,([0,c]; V) and (c — )23 Ry(c — t)y € Zy_1. Now, if we take

pr(t) = ———(c~ t)*IRy(c — t)y,
then
Cpo1 = (P(f»z /OcRﬂ(C —5) ((c = ) Ry(c — s)y) ds

3 (F(f))2 (s(c— s)2"DR3(c — s)y)
- @ /OC S% ((e— IR (c— 5)y) ds
: d% ((c— )" Ry(c - s)y) ds

=y — (pa

= (p =1y,

where py(s) = 2L 5(c — )DL (¢ — 5)1 Ry (c — s)y) and p = g1 + . W

Theorem 6.3.6. Under hypotheses (Hy) and (Hs)-(Hg), the semilinear system
is approzimately controllable.
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Proof. 1t is sufficient to show that D(A) C R.(F), i.e, for any given ¢ > 0 and
y € D(A), one can find a control u. € U satisfying

(F(Zs)) - C(BUE)HV <g,

where y* = §j — Ry(c)yo — Ry(c)yy and z.(t) = z(t,u.). Since yo € D(A), it can be
seen that Ry(c)yo + Ry(c)y1 € D(A). By previous lemma, there is a p € Zy_; such
that (p = y*.

Let € > 0 be given and w; € U. Then by hypothesis (Hs) , there is a us € U
satisfying

i e =Bl <,
where z1(t) = z(t,u1). Denote 25(t) = z(t,us), again by hypothesis (Hs) there is a
wo € U satisfying
[C(F(22) = F(z1)) = ((Bwa)||y < 33

and

HBUJQ S bHF(ZQ) = F(Zl)

Zy—
¥—1 Zﬁ_1

3=

=0 (/OC (=) HIF (2, 22(t) — F(tzl(t))Hv)pdt)
< bkpc’! (/OC (7 llz2(t) - Zl(t)Hv)pdt);

—~ Y—p+1
< bkpc 7 |22 = zilles,

~ pd—p+l 5
< bkpc v U2eXP(kRkFC )” — Bus||z,_,

~ iy | P re
ke () 7 o e~

Now, if we define

us(t) = ug(t) —wa(t), us €U,

then

Yy = ((F(21)) = ¢(Bu)|,,

O () = Fa) = (Bws),

y* = ((F(2)) — ((Bus)]|,, <
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Applying inductions, one can obtain a sequence {u,} in U such that

where z,(t) = 2(t,u,), and

- 1 1 1
= ) = By < (55 550+ ) &

”Bun+1 - BunHZﬁq
p—1

. E | D ~
< bkpkpc®™” (m) exp (kRkch_ﬁ) | Buy — Bun-1l|z,_,-

Above shows that {Bun}neN is a Cauchy sequence in Zy_;. Since Zy_, is a Banach
space and (¢ is continuous therefore the sequence {C (Buy,) }neN is Cauchy in V. Thus

one can find a positive integer ng satisfying

1¢(Bttng 1) = C(Buny)l,, < =.

B3
Now,
Hy* . C(F(Zno)) = <<Buno)||v < ‘ = <(ﬁ1('zno)) o C(BunoJrl)HV
&L ||C(Bun0+1) - §<Bun0)}|v
1 il 1 €
< §+§+"'+3n0+1 S‘Fg
< €.
This proves the theorem. [

Corollary 6.3.7. Under hypotheses (Hy), (Hs) and (Hy), the system is

approzimately controllable if Range(B) is dense in Zg_;.

Proof. Let € > 0 be given. Since Range(B) is dense in Zy_; therefore for any ¢’ > 0

and a nonzero function g € Zy_1, one can find a control u € U satisfying

Hg — Bu |Zq9—1 < E/”gHZﬁ—r

Now,

I¢g — C(Bu)llv < kr / = 8 (c— 5" lg(s) — Bus)|lv ds

p—1

2p—pi—1 p—1 P
<k _— - B
<t F (L) T g Bl
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p=1
< (2 ) T Ll
<e.
Thus

I1Bullz,_, < |1Bu—=gllzoy + 9z,
< €'llgllzy s+ N9l 2o
= (¥ 1)llgllz,_.-
Hence the condition (Hs) is satisfied. If we choose &’ in such a way so that (Hpg) is

satisfied. Then by previous theorem, the system (6.1.1) is approximately control-
lable. [ |

6.4 Example

Consider the following initial-boundary value problem with Riemann-Liouville deriva-
tive for = € [0, 7]:

/

D3, x) = o3t x) + G(t, x) + F(t, 3¢, x)), t€ (0,1],

(12t z))t:() = %), (6.4.1)
(Di2(t)) = Til),

[ 2(t,0) = 0 =3(¢, ), te (0,1].

where

2

0
D(A) = {y eV ’ v, 8_i are absolutely continuous, a—xz eV

and y(0)=0= y(ﬂ)}.

Then, A can be expressed as

[e.9]

Ay =) (=), €)%, y € D(A)

(=1
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and it generates a cosine family {C(¢) }er € B(V') defined by

C<t)y - Z COS(Et) <y7 §f>§f7 Yy e V7
=1
where &(x) = \/% sin fx are eigen functions of A for the eigenvalues \, = —¢2,
¢ =1,2,...; respectively and the orthonormal set {{;,&s, ...} is a basis for V. The
sine family {S(t) }er associated with {C(t) }ier is defined as

="l
S(t)y = Z 7 sin(0t)(y, §e)ée, y €V
/=1

Asd = % € (1,2); in view of subordinate principle A also generates an exponentially

bounded strongly continuous fractional cosine family Cy/3(t) satisfying Cy/3(0) = Z,

and -
Cay3(t) :/0 tr,2/3(s)C(s) ds, ¢ >0,
where
pia2y3(5) = 73y 5(t7%s)
and L ,
Yaly) = ;0<_1)££!r(—a£y+ Ry B

Clearly, the corresponding Riemann-Liouville family R4/3(t) satisfies (H,).
The abstract form of (6.4.1)) is

D}P2(t) = Az(t) + Bult) + F(t, 2(t)), te(0,1],

(12/3 )t X (6.4.2)

=0

(D1/3 ) B | yl;
t=0

where z(t) = Z(t,-), u(t) =u(t,-), yo = 9(-), y1 = 71(*) and B is the identity map.
If we take
F(t,2(t,2)) = (1 + %) + kot™*||2(t, ) v Es(2),

then

1F(t, () = F(t.2(t) v < [kolt™?|12(t) — 2(1)|lv
< [kol[[2(2) = 2(#)[lv-
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Thus the hypothesis (Hs), (H;) and (Hy) are satisfied with kr = kp = K = |kol.

Since p = 2, therefore p > ﬁ. By (éi) of Lemma|6.3.1/ and Theorem [6.3.7, we see

that (Hs) is satisfied. Now, if we take ko satisfying

1
1+ \/gbk’R exp(kR) ’

|ko| <

then
p—1

~ -1 P L8
bkgkpc®? (p—) exp (krkpc®™) = V/3bkpkr exp(kpkz)

2p —pU—1
k
- V/3bkr exp (WM)

1 4+ /3bkg exp(kr)
V3bkr exp(kr)
1= \/§ka eXp(kR)

< 1.

Above shows that (Hpg) is satisfied. Hence the approximately controllability of the

system ([6.4.2)) follows from Theorem if yo € D(A).

6.5 Concluding remarks

In this chapter, approximate controllability result for semilinear fractional systems
of order ¥ € (1,2) with integral initial conditions has been presented by assuming
that the nonlinear term is Lipschitz continuous. Using fixed point approach, the
results of existence and uniqueness have been derived. Here, we introduced a bigger
state space Zy_; containing L,([0, c]; V') as a dense subspace. Controllability of the

system is shown using sequence method.



Chapter 7

Approximate Controllability of
Riemann-Liouville Fractional
Semilinear Integrodifferential

Systems with Damping

This chapter is concerned with Riemann-Liouville fractional semilinear integrodiffer-
ential systems with damping in Banach spaces. First we prove the existence of mild
solutions of the system using fixed point principle. Then we establish new sufficient
conditions for the approximate controllability of the system by means of iterative
and approximate technique. Finally, an example is provided for the illustration of

the obtained results.

7.1 Introduction and preliminaries

Let V' be a Banach space and Z = L,([0, ¢|; V') be the function space. Consider the
fractional order system

(

D?z(t) + ADf (1)
= Az(t) + Bu(t) + F (t, 2(t), /t O(t,s, z(s)) ds) , t€(0,c, (7.1.1)

|((172(0) _y = € V.

105
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where p > %, 0 <p<®¥ <1and \is areal number. DY and Df stand for
Riemann-Liouville derivative of order ¢ and ¢ respectively. The state z € Z and
the control u € U, where U = L,([0,¢]; V). A: D(A) CV — V is densely defined
and it generates a Riemann-Liouville fractional (1, ¢, A) resolvent Ry, A(t). B is
the linear map from U to Z. F : [0,c] x V xV — Vand © : Q x V — V are
nonlinear, where ) = {(t, s) ! 0<s<t< c}.

The existence of damping is inevitable in real material. For this reason, in the
field of applications, anomalous diffusion equations with damping became an active
area of research. The tuned mass dampers provide an effective and relatively simple
way of reducing excessive vibrations of chimneys, towers and buildings. For example

the damped differential equation of integer order corresponding to a simple linear

oscillator system,
2(t) + 2a2(t) + K22(t) = Y(¢), (7.1.2)

where z(t) is the displacement of structure, ¢(t) is the external force which is sup-
posed to be white noise, a is the damping ratio and « is the natural frequency of
the structure. However, to describe a damped system with a viscoelastic damping
elements, fractional order damping gives a better model. Therefore, it is reasonable

to introduce the fractional derivatives of orders ¥ and ¢ to the displacement. Thus,

the equation ([7.1.2) can be converted into the form
D?2(t) + 2akDY 2(t) + K22(t) = (1) (7.1.3)

If 9 = ¢ =1, is a linear restoring model. In last few years, the dynamics
and vibration analysis of damped systems of fractional order have been of great in-
terest for researchers [12; [I'7; [19; 27]. In [89], Zarraga et al. analyzed the dynamical
behavior of fractional damped systems for mechanical engineering applications. In
[68], Mei and Peng obtained the existence results for the abstract fractional Cauchy
problem with damping using fractional (v, ¢, \) resolvent Ry, (¢). In [7§], Sheng
and Jiang derived the existence of solution for semilinear fractional systems with
damping.

In many fields such as thermoelasticity and nuclear reactor dynamics, we need

to reflect the memory effect of the systems in model. If differential equations are
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used in the modeling of such systems which embraces functions at any given space
and time, the impact of previous results is neglected. Therefore, in order to incor-
porate the effect of memory in such systems, an integral part is introduced in the
basic differential equation, which leads to integrodifferential equation. To model
dynamical systems, integrodifferential equations are utilized in many problems of
applied sciences. The integrodifferential equations have poured many applications
in aerospace systems, chemical kinetics, biological models, financial mathematics,
industrial mathematics, heat conduction, control theory, thermo elastic contact, vis-
coelastic mechanics and fluid dynamics etc. (see [32F B8] and references therein).
In integrodifferential models of many real life problems, the integral part may not
appear linearly. Therefore, it is important to consider an integrodifferential system
in which the integral term is introduced in nonlinear function.

The existence of mild solutions and controllability for different types of nonlin-
ear and linear systems by applying various techniques have been discussed by many
researchers. Among them, Liu and Li [6I] proved the approximate controllability
of Riemann-Liouville fractional semilinear systems in infinite dimensional Banach
spaces by using Cyp-semigroup and Lipschitz nonlinearity. In [92], Zhu et al., proved
the approximate controllability of Riemann-Liouville fractional semilinear systems
using itegral contractor. Using fractional resovent, Ji and Yang [38] obtained the
solution to fractional semilinear integrodifferential systems with Riemann-Liouville
derivative without Lipschitz nonlinearity. In finite dimensional spaces, Balachan-
dran et al. 7] analyzed the controllability of fractional damped dynamical systems.
He et al. [30] obtained necessary and sufficient conditions for the controllability of
dynamical systems of fractional order with damping and control delay. However,
to the best of our knowledge, there is no result on the controllability of Riemann-
Liouville fractional integrodifferential systems with damping in infinite dimensional
spaces and this fact is the motivation of this chapter.

To define the mild solution of in terms of Riemann-Liouville fractional
(9, , A) resolvent Ry, » (see Section , we consider the damped system

D?2(t) + ADf2(t) = Az(t) +(t), te€ (0,

(L772(1),_y = €V,

(7.1.4)
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where 0 < ¢ <9 <1 and ¢ € L,([0,c]; V).

Definition 7.1.1. A function z € C1_y([0,¢]; V) is said to be a mild solution of
(7.1.4)) if it satisfies

2(t) =17 By (M) o + AETTEU T2 (1) + )70 (1),

where
n

Eoolx ZFﬂn—i—gO

n=0

and

t
EPPrF(ty = / (t —8)* By, (At —s)”) f(s)ds, t>0.
0
Theorem 7.1.1. A function z € C1_y([0,¢c]; V) is a mild solution of if and
only if it satisfies
t
Z(t) = R797<p,)\(t)yo + / Rﬁ./%)\(t = S)¢(8) ds. (715)
0

Proof. Let &y (t) = t* "' Ey_y 9 (—At"%). By Lemma one has

Eo.o(t) = Ropa(t) = (Agpr * Ropn) ()

Now

Eo,on ¥ 2 = (Ropr — Ao or * Ry o) * 2
=Ropr*2—Rypxr* (Aly o, * 2)
=Ry * (2 — Ay * 2)
= Ropn * (L9080 + Eo,o0 % V)
= &0, * (Rop Yo + Ropp * ).,

which implies
t
A) = Roaltin + | Rooalt = 5)0(s)ds.
0

Conversely, suppose z satisfies ((7.1.5)). By Lemma z is well defined on (0, ¢].

One can write

(817797?,19’@7)\(8) — Eﬁ_@ﬂg (—)\Sﬁﬂp)) Stﬂi%ﬁ’i)\,z@)
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= (" "Ropn(s) = By (-1"7%))
x EVPP (R&%,\(t)yo + /O t Rt = s)ib(s) ds)
= (57" Rypa(s) = By_p (—As"7%))
x (&7 Ry oy + €0 (Ra o +0) (1))
= 5" Ry o ()E P Ry pa(B)yo = Bompuo (=25 7%) " R o (Do
+ s Ry o (s) (5;97“0’19"’\7319,%)\ g ¢> (t)
B () (BT R )
=5 (R%A(S)f‘?f TRy oAt — ST By (—2s7 )
X 529_%1977)\7319,@,)\(?5)190) + st (Rﬁ,go,/\(S)EEW’ﬁ’*ARﬁ,w,A(t)
— " By L9 (=Xs"7%) Sf_w’ﬁ’_ARg,cp,A(t)) * (1)
=s'"" <5§9 TN Ry X () Ro0A (8o — £ Eg_g (A7)
< EITRe (o) +1 77 (8 Rop (R ()
— 19 By (—A07%) 5;9*%19"*7%19,¢,A(8)) * (1)
= s'VENT PN ARy 41 (5) (Rﬁ,w,A(t)yo A ST C VA BT
+ (Rypp #) (8) = 82777 7(1))
= SEHIEI IRy L () (2(8) = 107 By g (<M ) o — E I (1)),

Therefore

AglaL O ()

(Sl_ﬁRg,%)\(S) == Elg_ﬁpﬂg (—)\Sﬁ_@)) gf_@’ﬁ’_AZ(t)
519

=TI1'(29) lim

a0+
= D(20) lim 8" €297 Ry, pa(5) (2(8) — 8" Ba= (~X6") 3o
&), (7.1.6)
Now, for any y € N
"F(219)51’2198;9"‘“9”’\72797%)\(S)y — yH

_ Hmm |57 = 0 Bl =X = 0 Ra ey do - yH
0
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1
= [re0) [ 50 0 Bl 0 R0l
0

_ H% /01 0" 11— 0)" " Ey_pu(—A(s — s0)"7%)

1-9 _ L) [ W—1/1 _ \O—1
x I'(9)(s0) ""Ropa(s0)y do (F(ﬁ))Q/oQ (1-0) yd@”

< sup ||T(0)Ey—po(=A(s — 50)" )L (0)(s0)' "Ropal(so)y —yl|  (7.1.7)

0€(0,1]
Since Ey_,9(0) = 1/T'(09) therefore from and (7.1.7), we have
AE)TOP 1) = 2(8) =7 By (M) o — £ 00T ().
This implies
2(t) =" Bysypn (M) yo + AETTPU T a(t) + £ 7HTT Y (8):
This proves the theorem. |
In view of above theorem, we give the following definition:

Definition 7.1.2. A function z € Cy_y([0,¢]; V) is said to be a mild solution of
(7.1.1) if it satisfies

2(t) = Ropa(t)yo + /0]t 95 el b.—15) (Bu(s) + F <s, 2(s), /OS O(s, 0, 2(0)) dQ)) ds.

Definition 7.1.3. Let z(t,u) be a mild solution of ((7.1.1]) associated with a control
u € U. The set given by

Re(F) = {z(c,u) e V|u e U}

is known as the reachable set of (7.1.1)). Moreover, if R.(F') is dense in V', then we
say that the system ([7.1.1]) is approximately controllable on [0, ¢].

7.2 Existence of mild solution

To derive the existence result we suppose the following conditions:

(H1) Rupa(t) is differentiable and there exists a constant kg > 0 satisfying

[t "Ry on )| < kg, 0<t<g
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(Hj) there is a constant kp > 0 satisfying

IE(t y151) = F(Ey2,92) | < ke (lyr — el + 151 — 221)
for all yp, 5, €V, £ =1,2;
(Hs) there is a function h € L,([0,c|;Ry), and a constant k% > 0 satisfying
1F(t 9 9)| < h(t) + et (llyll =+ [171])
for a.e. t € [0,¢] and all y,§ € V;
(Hy) there is a constant kg > 0 satisfying

||@(t7 s7y1> - @(t7say2)“ S k@“yl il y2|| vyﬁ = V7 L = 172a

(Hs) there is a function g € L,([0, c]; R]) satisfying

16(t, 5, )|l < g(s)
for a.e. (£,s) € and all ye V.

Theorem 7.2.1. Under hypotheses (Hy)-(Hs), the semilinear system has a

unique mild solution in Cy_y([0,c]; V') for each control v € U.

Proof. Theorem will be proved if we show that the map Q : Ci_4([0,c]; V) —
C1-4([0,¢]; V) defined by

(Q2)(t) = Ropxr(t)yo + /0 Ryt — s)Bu(s)ds

+/0tm,¢,x<t—s)F (s,z(s)j/os@(s,é),z(g))dg) s,

has a unique fixed point in Cy_»([0, c]; V).
By above assumptions, it is easily seen that the map Q is well defined.

Now, for any z,Zz € C7_4([0,¢]; V'), one can obtain

£=2)(Q2)(1) — (Q2)(0)
<0 [ Rusate= (P (5560, [ 05005000 o)
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ds

- F(s, Z(s), /0 O(s, 0,%(0)) d@))

<kRkFt“9/(t—s> (H (s) = Z(s)l

+ [ 1805, 0.5(0) ~ (5,020 do ) s

< kehpt'? / (t— ) (sﬂflsl-ﬁnas) _5(s)]
O W EERE] d@) ds

t 9
Lkt 0507 (07 ko) dslla 2l
0

S (C@) koD@ + 1)t 1
= bkt < T(29) emwﬂ) )”’Z_Z”Cl—ﬁ
(T(9))?

< kpkpt’ T(20) ( + /{2&190) |z — Z||ciey-
Further,
10(Q%2) (1) — (Q22)(0)]
S (s“slﬂu@zxs) (@)

T ke / “ 1 (02)(0) — (25)(@)] d@) s
@Y ko) 15
< (krkp) T(29) (14—%)25
t 209
X /D [t )01 ( Zar 1+k@@) ds- ||z — Zl|gs_,

1] Q(F(ﬁ))2 koc\ o
= (krkr) g <1+%)tﬁ

T@)I(29)  keD(9)T(20 + 1)t .
X( I39) | 20130+ 1) )“Z_chl—ﬂ

<kt SO 20 (L By e 5,

By induction, one can obtain

t0(Q2)(1) — (Q"2)(t)]

S (H( et ))nz—suclﬂ
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T'(W) (krkrt’T(9) (14 222))"

< N{(n + 1)0) e
§ L'(9) (krkpc’T(9) (14 kec)) |z — 2|
S (RS -

Therefore
T'(¥) (hrkpc’T (W) (1 + ko))"

n, Nz < —Z .
||Q z Q Z||Cl—19 = F((n—l—1)19) ||Z ZHC1_19

But the Mittag-Leffler series

4
koc > kRkFcﬂr (9) (1+ %))
E v Lk 2
9,9 (k?RkFC P(l?) <1 = >> éz(; £+ 1)19)

(krkre?r(0) (14287))"
T((nF1)9) < 19

generalized Banach contraction theorem, @ has a unique fixed point in the space
C1-4([0,c]; V). [ |

is convergent. Therefore for n large enough. Hence by

Remark 7.2.2. Here, we assumed the Lipschitz continuity of both the nonlinear
functions © and F . To prove the existence results for semilinear systems, the Lip-
schitz continuity of nonlinear functions is broadly used by researchers. For example,
Liu and Li [61] proved the existence of solutions for Riemann-Liouville fractional
systems using Lipschitz continuity of nonlinear function. Recently, Li et al. [57]
proved the existence of solutions for Caputo fractional systems with damping by as-
suming Lipschitz continuity.

The conditions (H3) and (Hs) guarantee that the map Q is well defined, that is
Qz e C1_4([0,¢]; V') whenever z € C1_y([0,¢]; V).

7.3 Controllability results

We define the following operators:
The Nemytskii type operator F' : C1_([0,¢]; V) — Z is defined as

(F2)(t) (t At / Ot 5, 2(s s>, 2 € Ciy((0,d; V)

and the linear operator ¢ : Z7 — V is defined as

(z = / Ropn(c—s)z(s)ds, z € Z.
0

We observe that the operator ( is continuous.
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Remark 7.3.1. In view of Definition[7.1.3, the reachable set R.(F) is dense in V
if and only if for each ¢ > 0 and ay € V, one can find a control u. € U such that

the mild solution z. associated with the control u. satisfies

1Y = Ropa(c)yo — C(F(z)) — ((Bue)|| <e.

The subsequent discussion needs the following hypotheses:

(Hg) there exists a constant kp >0 satisfying

1F (tan, 51) = (b y2,92) || < ket ™" ([l = gell + |91 = 5211)
forall'ye, v, €V, £ =1,2;
(H7) there exists a constant ke > 0 satisfying

“@(t, 3,91) 1 @(t> 3,?}2)” S k®81_19”y1 L= yQH v Y1,Y2 € V7

(Hg) ]{ZR/I{Z\F%@C37191971E19(]CR?C\FCF(ﬂ)) <g
(Hy) for each e > 0 and ¢ € Z, there is a u € U such that

IC¢ = C(Bu)lly <e

and

|Bullz < bl|¢]|z,
where the constant b is independent of ¢;

ke Rpbe(14F0c2 ) (224 ) 7 By (kpRper(9))

(H10> 17kREFE@CS_19I9_1E19(kREFCF(ﬁ)) 5 1

Remark 7.3.2. [t is easily seen that (Hg) and (Hy) are stronger conditions than
(Hs) and (Hy), respectively. Therefore by previous theorem, the system ad-
mits a unique mild solution in Cy_y([0,c|; V) for each given u € U if conditions

(Hy), (Hs) and (Hs)-(H7) are satisfied.

Lemma 7.3.3. Under hypotheses (Hy),(Hs) and (Hs)-(Hs), any mild solutions of
the system satisfy the following:

(@) 2wl < prEs (krkipcl(9)), ueU;
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(ZZ) ||21(',U1) — ZQ(~,U2)||01_79 S ngﬁ(kR/l%FcF(ﬁ))HBul — Bu2||Z7 Uy, U S U;
(7.3.1)

where

p—1

p—1Y\ 7 p=1 k}cg_ﬂ_%
pr=e (ol + (5=5) 7 WBullz + bl )™ + 25— gl

1

and
p—1

kRCijl (ﬂ> r
g pU—1
1-— kni{?\Fi{?\@CS_ﬁﬁ_lEg (kRi{?\FCF(ﬁ)) ‘
Proof. (i) Let z € C1_5([0, ¢]; V') be a mild solution of ([7.1.1)) associated with u € U,
then

= Rogald+ [ Rasali=9 (B + 7 (5.500), [ 005 3(0)da) ) as.

We have

P2

Pl < U RogaOol + 0 [ WRagoalt =)
- HBu<s> # P (5200, [ 00s.0.5(0)) do) \
<l + 0 [ (6= 9 Bue)ds 4670 [ (657

(09 + s a0l + ke [0 o) )

ds

p—1

T .,
< kR<||yo|| #(B25) T (Bl + il )e

t
_9y9_1 =
+ ki 1’/(15—8)19 tds|gllz,
0

t
= k}cl‘”/o (t —8)" s 0| 2(s)]||v ds)

t

< py + e / (£ — )7 161 2(8) v ds.
0

From Theorem [2.3.6, we obtain
0 2(t) v < 1By (krkipcl (9))

Therefore
||Z<.7 u)HCl,ﬂ S plEﬂ (kRk}?CF(fl?))
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(i7) Let z, € C1_9([0,¢]; V) be the mild solution of (7.1.1]) associated with u, €
U, ¢=1,2. Then We have

a1 (t) — 2 ()l
< kpt'™ (/0 (t — 8)"7||Buy(s) — Buy(s)|| ds + /0 (t—s)"1

- HF(s,m(S),/OS@(S, 0,21(0)) dg) — F(S,22(3>,/OS@(S, 0,7%(0)) dg) H ds)

D

p— —1 P ~ 4
e |Buy — Busl|z + kRkFclﬁ/ (t %)% Le!?
pU =1 0

p—1

p—1 = P P t
S k'RCT ( P ) ||Bu1 -3 BUQ”Z = ICRICFCI_& (/ (t — 8)19_131_19
pt =1 0

t S
wvms»—zx$nds+ke/”@——@ﬂ*skﬂ/"dgdﬂul—zﬂwhﬂ)
0 0
p—1

- £\ 7 ~ 5
< krc'F ( 4 ) | Buy — Bus||z + krkpc ™ </ (t - s)°ts!E
0

p¥—1

t
“Nlz1(s) = 22(s)ll ds + ke/ (t =)' ds|zr — ZQHC'119>
0

p=1 1\ B e N
-q ]{ZRCPP (p% [ 1) ||BU1 5 BUQHZ + I{ZRI{ZF]{?@C3 19?9 1||21 =5 ZQHCl_ﬁ

¢
+ krkpc™? / (t — ) N2y (5) — 22 (s)|| ds
0

p—1

p—1 -1 p e IS 5
< bue'? (220 ) T 1B - Bualls + kafekoc 9 = sl

t
+ k:Rk'Fcl_ﬁ/ (t = 8)P 7 s 0 l21(s) — 22(s)| ds.
0

From Theorem [2.3.6], we obtain

p—1

) ||BU1 —BUQHZ

p=l —1
#%mw—@@mz<mcpgg_l

+ ]{37375\1:'/]{\3@03_1919_1 ||Zl — 29 ||0119> Eﬁ (I{JR//;FCF(QSI)) .

Therefore

p—1

=1 (p—11Y\ 7
o1 = 2llewy < { krer { J5— ) [1Bur = Busllz
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+ krkrkod® 97|21 — zzucw> Ey(kpkpel(9)),

which gives

p—1

k'RC%1 (%) v Eﬂ (]{IREFCF@?))
1— kR//%FE@C‘g*ﬁﬁ*lEg (I{TR/]{?FCF(@))
= ,02E19 (kR/I;FCF(’ﬁ)) HBUI - Bu2“z.

210+, u1) = 22(+, u2) |y, < ||Bu; — Busl|z

This completes the proof. [ |

Theorem 7.3.4. Under hypotheses (Hy), (Hs) and (Hs)-(Hyo), the semilinear sys-
tem 18 approximately controllable.

Proof. 1t is sufficient to show that D(A) C R.(F), i.e, for any given ¢ > 0 and
y € D(A), one can find a control u. € U satisfying

where y* =y — Ry (c)yo and z.(t) = z(t, u.).

v = C(F () = ¢(Bu)|, < &

It can be seen that there is a p € Z such that (p = y*, if we take
(C(9))* (c =)'

©

+ Qti ((c — t)l_ﬁng%,\(c — t)y*) )

olt) = (<c — Ry (c = )y

dt

Let € > 0 be given and u; € U. Then by (Hy), there is a us € U satisfying

where z1(t) = z(t,u;). Denote z3(t) = z(t,us), again by (Hg) there is a wy € U

y —CFE) =B, < =,

satisfying
€

HC(F(Z2) — F(z)) - ¢(Bws)]|,, < =

and

| Bwallz < 0| F(22) — F(21)]|,

=0 (/0 [ (22)(t) = (1) @) dt>;
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_ ( [ |7 (20, [ 0tt.0.000) a0
e s[4
< sz< [ (270 - w0
+Tot'? [ e a@)lde) dt)

% ] o 2-9\" ’
< e ([ (14Re ) dt) =2l
0

— bkpcr <1 + @902*19> |22 —21llcy_s

=

S =

p—1

krkpbe (1+Rec®) (22) 7 By (krkrel (9)
3 1— kngngcgfﬁﬁflbjg (/{R/];FCF@?))

HBUl = BU2||Z.

Now, if we define

us(t) = ua(t) —wa(t), us €U,

then

y* = C((F(22)) = C(Bus)||,, < ||y = ¢(F(z1)) = ¢(Bua)|,,
+ [|¢(F(22) — F(21)) = ¢(Bws) ||,

: 1 1
< §+§ e.

Applying induction, one can obtain a sequence {u,} in U such that

where z,(t) = z(t,u,), and

- il 1 1
y* —C(F(Z”)> _C(Bun+1>HV < (@ +§—i—-..—|— W) £,

||Bun+1 - BunHZ

p—1

krkpbe (1+Foc® ) (£2) 7 By (krkrel (9))

< = =
- 1-— k’Rk'Fk’@C:gfﬁﬁflEﬁ (kRkFCF("ﬁ))

HBun - Bunfanv
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which shows that {Bun}neN is a Cauchy sequence in Z. Since Z is a Banach space
and ( is continuous therefore the sequence {C (Bun)}neN is Cauchy in V. Thus, one

can find a positive integer ng satisfying

HC(Bun0+1> - C(Buno>HV S %
Now,
ly" = C(F(z00)) — C(Bttny )|y, < || = C(F (200)) = C(Bting1)] ]y,
o ||C(Buno+1) - C(Buno)HV
1 1 1 €
< §+§+"'+3n0+1 €+§
< &
This proves the theorem. [ |

Remark 7.3.5. If krkrkec®0~1E, (kREFcF(ﬁ‘)) > 1, then the inequality (7.8.1

of Lemma which 1s used in the proof of above theorem, doesn’t make sense.

Corollary 7.3.6. Under hypotheses (Hy) and (H3)-(H7), the system is ap-
prozimately controllable if Range(B) is dense in Z.

Proof. Let € > 0 be given. Since Range(B) is dense in Z therefore for any & > 0

and a nonzero function g € Z, one can find a control v € U satisfying

lg — Bullz < €'llglz-

Now,
I — CBully < Fr / to— 8)*|g(s) = Bui(s) |y ds
0 1 !
_1 — p
S kf]gcﬁ P (p]; ) 1) Hg | BUHZ
L NE
<t (220)7 2ol
<e.
Thus

[1Bullz < |[Bu—gllz + llgllz
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<&llgllz +llgllz
= (& + Dlgllz-

Hence the condition (Hy) is satisfied, if we choose €’ in such a way that (Hg) and
(Hyo) are satisfied. Then by previous theorem, the system (7.1.1)) is approximately
controllable. [ |

7.4 Example
Consider the following initial-boundary value problem with Riemann-Liouville deriva-
tive for x € [0,7):
(sz(t, x)+ ADfz(t, x)
= ,@5’)_;2@,1:) +u(t,r) + F (t, 2(t, z), /t@(t,s, 2(s, 7)) ds>
0
for ¢ € (0,1], (7.4.1)

(Itlfﬂz(t, x))tzo = yo(x),
[ 2(t,0) =0 = 2(t,1) for te (0,1].

Take V = V' = L,[0,1], B = Z, the identity map and A : D(A) C V — V is
defined as

where

D(A) = {y € W**(0,1)[y(0) = 0=y(1)}.

Then, A generates a Riemann-Liouville fractional (9, ¢, X) resolvent Ry, (t) given

by

(Ropa(t)y)(z) = Z (Z (—/<;2n27r2)ztﬂ(”l)’lqu_Wg(gH) (—)\tﬁ‘p)> Kp sin(nmrz),

n=1 =0

where &,(z) = sin(nmz) are eigen functions of A for the eigenvalues \, = —r?n?m?,
n=1,2,...and y(z) = > 07 kysin(nmzx) (see [68]). It is easily seen that (H;) is
satisfied.

If we take

é(t,x):/o O(t,s, z(s,x))ds
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and
F(t,z(t,x),2(t,z)) = F (t, 2(t, x), /Ot@(t, s,z(s,x)) ds)
= (14 %) + kot (z(t,x) + /Ot O(t, s, z(s,x)) ds),

where
O(t, s, z(s,x)) = ki (£ + s%) s* cos(ts)sin(z(s, z)).

and ap > 1 — 19, £ = 0,1. Then (Hs), (H3) and (Hg) are satisfied with kr = k. =

kp = |ko|, because

1, y1, 51) — F (v, Go)|| < [kolt™ (llyr — vall + |51 — %2l])
< kot (|lyr — wall + |51 — B2l)
< Jkolt" " (llyr = yall + 151 — =)

< lkol(llyr = w2l + lon — B2]|)
and
IE v, )l < (1+8%) + [kolt = ¢ =" ([lyll + [|7]])
< (1 46%) + kol =" (NIl + 1F11)-
Also, the conditions (Hy) and (H;) are satisfied with kg = /k?@ = 2|k, because
O3, 91).— Ot 5,2 < Kal( + 5™ cos(ts) | sinon) = sinfys)]
< k|t 4 5%) s [lyr — w2l

< 20k 18" (lyr — gell)
< 2k1|||lyn — 2|

Now,

10, s, 2(s,2)) || < k1] (1 + 5%) s
= 9(s).

Hence (Hsj) is satisfied. If we choose the constants kg and kp sufficiently closed to

zero so that (Hg) and (Hjo) are satisfied, then approximate controllability of the

system ((7.4.1)) follows from Theorem
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7.5 Concluding remarks

In this chapter, existence and approximate controllability results for semilinear frac-
tional integrodifferential systems with damping have been presented. To prove our
results, the concept of Riemann-Liouville fractional (1, ¢, ) resolvent has been used.
Using fixed point approach, the results of existence and uniqueness have been de-
rived. For this, we derived the definition of mild solution in terms of Riemann-
Liouville fractional (1, ¢, X) resolvent Ry, ». Controllability result has been derived
using sequence method. For this, the Lamma has been proved. The study
of such systems covers a broad area of applications. However, from physical view-
point, it is more appropriate to study the higher order fractional damped systems.
For this reason, we are committed to analyzing the existence and controllability for

Riemann-Liouville fractional integrodifferential systems of the form

D?2(t) + ADf2(t) = Az(t) + Bu(t) + F (t, 2(t), /Ot O(t, s, z(s)) ds) , e (0, ]

(IF7%2(),.y =% €V,

(Df_l"“'(t))t:o =n eV,

\

with 0 < <1 < v <2, in future.



Chapter 8
Conclusion and Future Directions

In this thesis, the approximate controllability of semilinear control systems of var-
ious types with local and nonlocal conditions have been investigated. Particularly,
the retarded systems of integer order with fixed point delays in control, and the
fractional systems of order ¥ € (0,1] and order ¥ € (1,2] have been considered.
Main assumptions made on nonlinear operator are continuity, locally Lipschitz con-
tinuity and Lipschitz continuity. Various inequality conditions have been obtained
on the systems constants. For obtaining the main results, we have used fixed point
theory, sequential approach along with Gronwall’s inequality. Moreover, a weaker
notion of approximate controllability, namely partial approximate controllability for
fractional systems has been discussed.

Some possible directions, in which the obtained results can be extended, are

described below:

e Utilizing the techniques and ideas of Chapter 3 and Chapter 4, one can deter-
mine the controllability of nonautonomous systems or systems with non in-
stantaneous impulses assuming the continuity of the nonlinear operator rather

than assuming the locally Lipschitz continuity.

e The results of Chapter 5 can be extended for the partial controllability of frac-
tional systems of order ¥ € (1,2] with Riemann-Liouville or Caputo deriva-
tives. Also, these results can be extended for the retarded systems or systems

with control delays.

123
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e The results of Chapter 6 and Chapter 7 can be extended for the controllability
of nonlocal fractional systems. Also, one can drop the assumption of Lipschitz
continuity and investigate the controllability of the same systems considered
in these chapters. If nonlinear operator is not Lipschitz, then even existence
of mild solution is the matter of investigation. Further, one can investigate

the partial controllabiliy of the semilinear damped systems.

e There is not much research work on trajectory controllability, null control-
lability, constrained controllability and complete controllability for Riemann-
Liouville fractional systems. Thus, there is a lot of scope in this area of
research.. Also, this research work can be extended for higher order (bigger

than two) systems.
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