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NOMENCLATURE

a • unit vector of electric field

aQ(t) « time dependent amplitude of wave function

a « radios of Bohr orbit

AtA- • denote constants in Eq (14«3) and(15#3)

oc a nonlinear mode coupling coefficient

o<.. « loss coefficient

b » confocal parameter of cavity resonator

B • Birefringence of crystal

B » used to denote a constant in Eq (14*3)

H • magnetic induction or flux density

jo * mismatch gradient

e i velocity of light * 3 x 10 m sec1

C * Capacitance

C » used to denote a constant in Eq (14*3)

d * spacing between resonator mirrors

dU« « piezo-electrlc tensor coefficient of third rank

3 * electric displacement vector

0,0. = denote constants in Eq (14*3) and (15*2)

& m angle of beam divergence

e • electronic charge « 1«6 x lC*^ coulomb

• m a superscript denoting extra-ordinary ray

E m electric field strength Cvolt/m or cm)

S » used to denote a constant in Eq (14*3)

€a * oenaittivlty of vacuum » 8*854 x 18
9 {rationalized aks unit)

€»tc"i * relative permittivity or dielectric constant at
* * the signal and idler frequency

<= * C/C0 * nonlinear coefficient

F0 m amplitude of the force function
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F * multiplying factor in Pig 19(a)

0 * phase angle in Art 9

0 m complement of angle • between the wave
vector and optic axis

0 • conductance (Art 9)

g » gain constant (Np/m or cm)

i mAw/wot fractional deviation of frequency

n » Planck*s constant (upon 2 n )

H » Hamiltonian

i • V~i

i « a subscript for Idler wave

1 * electric field intensity

i,J»k * subscripts with a tensor or vector

% mah/il, fractional deviation of refractive index

^ m a coefficient (vide Eq 3.1)

\ « a coefficient (vide Eq 3,1)

f « wave vector

K « a constant in Eq (4»!)

k * wn/c « wave number

y * susceptibility (polarizabillty)

/... a susceptibility tensor of third rank

£ m length of the crystal

jL m coherence length of signal wave

Ja*8'. « coherence length for a pencil of signal rays
con

L « loss by reflection in mirror (also b and S.
are used in Eq 17*11)

> » wavelength in free space

> • wavelength at degenerate frequency

a » coefficient of dielectric modulation

m,n,p = subscripts with w and P to denote
Fourier component
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f*- » damping rate (Art 10)

n • refractive index

n®(9) w refractive index of the extra-ordinary pump wave
* propagating at an angle 9 with the optic axis

N. m electron density

V e i/> • waves per meter or centimeter(1 or cm1)

w (omega) 1 angular frequency

wp»wa»¥i * frequency of pump, signal and idler modes

o m a superscript to denote ordinary ray

o » a subscript to denote degenerate condition

V mpolarization vector

f m electric power (watts)

P » momentum in Eq (4.1)

Q m electric charge, coulomb (Art 10)

$«t% * quality factor of resonator at the
signal and idler frequency

Q- • quality factor at the degenerate frequency

q m an integer denoting the number of nodes(Eq 17*13)

r * radius vector in cartesian coordinate

r^ * electro-optic tensor coefficient (Art 2)

r(w) » ratio of ordinary and extra-ordinary refractive
Indices at frequency w

R * reflectivity of the dielectric (multilayer)
film on mirrors

R^(W|) • reflectivity of mirror 1 at frequency v*

/° mradial distance from the beam axis

s m increment (or decrement) rate of the
field amplitude

y • wave function or probability amplitude

c~ m normalized frequency deviation 6 Art 10)

t a time (sec)
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~£ « normalized time variable

T • time period (sec)

9 a angle between the wave vector and optic axis

9 » phase angle in Art 10

9 » phase matching angle at the degenerate frequency

a « phase matching angle fcr any ratio of w^w^

u • time (or space) dependent electric field

dV » element of volume

v * velocity of propagation

X iiL.»Jh • radius of the pump, signal and idler beams*p«s'-*i at the waist

w a beam radius at the waist at the degenerate
^ frequency.



ABSTRACT

DRAR CHOUDHURY NIRMAL KUMAR j Parametric Process due to

Nonlinear Interaction of Laser Beams with Uniaxial Crystals,

Ph«D* September 1968$ Department of Electronics and Communication

Engineering, University of Roorkee, Supervisor s Dr. A.K. Kamal

Parametric amplification and oscillation due to

nonlinear interaction of laser beams with uniaxial crystals

have been known for sometime. Technical data required for

the design of these devices are still wanting. The scope of

this thesis concerns with the formulation and evaluation of

Design Data of Mechanically Tuned Parametric Amplifiers and

Optical Generators.

Design data on parametric amplifiers and tunable

oscillators using the three types of nonlinear uniaxial

crystals, KDP, ADP and LifJb03, were calculated by digital
o o

computer. Five laser frequencies from 3164 I to 5761 A

are taken for calculation of the phase-matching angles

in KDP and ADP crystals, both at the degenerate frequencies

and when ^(«Aw/w0) changes from 0 to 0.4 • Phase matching

angles have also been calculated for LiNb03 corresponding

to four laser pump frequencies from 6300 I to 11,523 A,

The refractive index data of KDP and ADP used were derived

by the computer from the equations by Zernike. These data

were then used by the computer to derive the phase match

angles from the equation

ne(9* =n° [l+(r2-l)sin2ft]

..



Ho attempt was made to approximate the equation, which may rosult

in difference between theoretical prediction and experimental

results* The curves between «0 and >p ore concave in shape
showing a minimum at about the middle of the range for >p

considered. This indicates that employing pump sources of

shorter wave-lengths are preferable* Because of larger variation

in refractive indices, LiBbQg, especially in shorter wave

lengths show greater angular spread A9 for a given &h.

Prom the plotted graphs for aach of these eases,

one can determine the phase matching angles corresponding

to any pump frequency and any eignal~to*idler frequency

ratio* Design Tuning curves are given from which one can

readily find the ^/^ ratio (or /) as the crystal is rotated
away from the degenerate angle #0* The mismatch gradients

(dk/d9) are derived wherefrom the power changes caused by

divergence of laser beams can be readily estimated*

User beams are essentially Gaussian in the trans

versal direction* The simpler theories of parametric processes

originated by plane waves are extended to Gaussian distribution

by adopting a simplified concept. Stationary modes of pulsed

oscillations are considered in Febry-Perot resonators with

plana parallel mirrors having mirror loss~eoeffieionts

ranging from 0*01 to 0.1 • The Q-values of resonators with

cavity length JL«lcm are obtained for different valuea of

>. and im These q-values are used to estimate the coefficient
P

of dielectric modulation m and consequently the threshold of

pump power required to excite oscillation in these resonators,

from Equations

m>2/(QtQi)*
EpaanJn°/2/



All these are programmed seriatim in digital computer. A set

of computed values are given for R«0.99(l percent loss

coefficient) of plane parallel mirrors spaced 1 cm apart.

For a KDP crystal at the degenerate wavelength Xo«1.06 u

and beam radius w^wl mm of plane waves,

(3 * 4*449 x 106
o

m » 4*496 x lG7

8 a 12.66 KVcm1

Ip • 0.317 MWcm2
Pp * 10 KW

The pump threshold increases as one tunes off the degenerate

frequency. Graphical plots are given from which one can readily

find out the single-pass parametric gain of amplifiers consisting

of KDP, ADP and LiNbOg for any intensity Ip of the exciting

laser pump source and any ratio of the signal and idler
—1frequency. As an illustration, the g values with E^lOO KVcm

in UNb03 (corresponding to I«30 MWcm2) range from 3.46 Np cm
at xai#06 u to 1.16 Np cm1 at A «2.3 u. The corresponding

signal-power gain are 24 and 4.7 db. The g values reduce with

tuning off the degenerate frequency.

CW oscillations caused by well-defined pump beams

from CW gas lasers are considered in the lowest modes of

confocal type resonators containing LiNbQg crystals in the

focal region. Beam radii at the beam waist are calculated

from the equation Js^oN/2*11© for tw0 typical values of
confocal parameter bQ=l and 5 cm at five laser frequencies.

These are then utilized to estimating the power required of
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the pump source* At the degenerate frequency

P
P ^irh&o^fP'

As an illustration, the pump power required of an Argon-ion

(5145 X) laser in order to commence parametric oscillation
in a confocal resonator with b0»l cm and containing LiNbOg

crystal 1»1 cm, is 5*27 mW at the degenerate wavelength

> *1*03 u*-The threshold level rises to 8*87 mW at V «0*4 •

In cw parametric amplifiers much smaller gains in

Idler modes are available* If bo«10 cm, the beam radii are

w^«7*33 x105 cm2 at X8«0*936 uand w|«3.66 x3/55 cm2
for i «0.1 and >q*1*03 u* With a pump power of 10 mW
<>3*5145 X), the idler-to-slgnal power ratio t±(!)/?,<©)
is 2.15 x lO5 in a1=1 cm long crystal. The corresponding

ratio for oscillator is 7.73 x l5.

The threshold pump power, power gain and other

useful design data for mechanically tuned CW oscillator/

amplifier with LiNbOg crystal are evaluated by computer

at five pump frequencies and given in Tabular form. MKS

system of units is used in this Thesis*



INTRODUCTION

Consequent on the development of Lasers the Nonlinear

Interaction of light with matter has become an extremely important

topic* It is now possible to have monochromatic light of

exceedingly high intensity in the order of MW/cm * At such

high order of intensity, the nonlinear properties of materials

make substantial contribution to be useful in the development

of optical sources, nonlinear devices and systems*

Nonlinear properties of materials have been known

during the last seventy years. The nonlinear permeability of

ferromagnetic materials or the familiar BE hysteresis loop

leads to considerable heat generation in electrical machinery*

Modulation and demodulation of radio waves are obtained from

nonlinearity in devices* Parametric amplification of microwaves,

although of recent origin, utilizes the basic nonlinearities

in certain materials. Nonlinearities in plasma has during the

current years offered the scope of gigantic power generation

and other applications*

The classical Maxwell*s equation

"5 a£(B)l 1« M(H)1

were applied to some nonlinear problems in 1900* Optical

properties of crystals were explained by Lorentz and Drude

by a model in which electrons were assumed to execute harmonic

vibrations in an electromagnetic field* But they did not

consider the anharmonicity of the electron oseillator caused

by the quadratic coulomb forces.

Thomson considered the response of an electron in

an electromagnetic wave and obtained the dispersion relation
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due to emission of light from the induced dipoles* The

Lorentz force on the oscillating electron induces a dipole

moment at the second harmonic frequency and is directed

along the direction of propagation. The second harmonic

intensity is much smaller than the fundamental. For small

field intensities this nonlinearity is absolutely negligible

at optical frequencies*

The diffused wave by each elementary oscillator

interferes in a destructive manner* The coherence and

interference of the scattered radiation are important in

nonlinear dispersion. One can describe them by nonlinear

polarization and studying its characteristics. The spatial

variation of the nonlinear polarization (1) caused by

waves Wt, and w2 is determined by the factor i(K^VKjr, When
fgejL+K^, the nonlinear waves at the sum or difference

frequency Wg^w,*^ «aanatlng from each element of volume,

produce coherence or phase matching•

Power in laser beams has been measured by Kamal and

Subramanian (2) by utilizing the dc polarisation In a nonlinear

medium owing to the incident beam. The dc polarisation is

given by

where E2 is the intensity to be measured!^g is the polarisation
coefficient and © the angle between the incident polarisation

and the crystal x - axis* The power meter developed is based

on a cylindrical quartz rod partially enveloped by a pair of

concentric electrodes having the shape,^"F cos 9, and placed

perpendicular to the x-axis*
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Advantage of the nonlinear polarization at the sum

frequency Is taken in the generation of second and third

harmonic. The parametric process on the other hand uses

the nonlinear polarisation at the difference frequency.

The second and third harmonic generators work at a few

spot frequencies whereas optical parametric generators

have been tuned continuously through the visible and

near infrared frequencies. Excitation of parametric

action in uniaxial crystals necessitate in general

pump power of the order of megawatts. Such power can

only be delivered by solid state pulsed lasers, such

as the ruby laser (6940 A) or Nd3+ glass laser (1*06 u)
Focusing of beams by confocal resonator considerably

reduces the power requirement. Confocal resonators

containing LiNbOg crystals have been excited by CW
gas lasers such as the Argon-Ion (5145 A) laser.



CHAPTER I

REVIEW OF EARLIER WORK

This chapter purports a review of the nonlinear

phenomena In dielectric media originated by concentrated

high power laser beams. Atomic origin of nonlinear suscep

tibility due to strong electro-magnetic field is examined

both from the classical and the quantum mechanical model.

Theoretical calculation is made of the magnitude of nonlinear

susceptibility and compared with experimental results*

Propagation of waves is described by combining Maxwell's

equations with P . Coupling of the fundamental mode with

its second harmonic or of the signal and idler with the

pump mode during their transit through the nonlinear

lossless dielectric is examined through two coupled-wave

equations.

The original experiments of Franken and his colleagues(3)

successfully demonstrated the second harmonic generation (SMG)

of coherent light. The electric field from a ruby laser q
(6940 %) having an output of one joule in one half millisee

was projected on the front surface of a crystalline quartz

plate. About l58 of the ruby radiation power was estimated as

converted to second harmonic at 3470 A.

A measure of the further progress in this field Is

the experiment of Terhune et al (4) with a one MW giant ruby

laser. A 15 cm focal length lens was employed to concentrate
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the laser radiation in the crystal. Second harmonic

conversion efficiency as high as 20 per cent was achieved

in ADP crystal.

Parametric amplification and generation of optical

frequencies is of comparatively recent origin. Nonlinear

uniaxial crystals, the KDP, ADP and LiNbOg have been utilized

for this process. Tuning of the oscillator around the

degenerate frequency has been achieved by three different

methods

1. rotation of the erystal

2. temperature tuning

3. electro-optic tuning

2. Nonlinear Dielectric Materials

Many crystalline dielectrics exhibit nonlinear

phenomena of sufficient magnitude to render them suitable

for optical harmonic and parametric generation of coherent

light. Amongst these KDP (Potassium dihydrogen phosphate,

type 42m), ADP (Ammonium dihydrogen phosphate, type 42m)

and LiNbOg (Lithium metaniobate, type 3m) have been widely

accepted for SHG and Parametric processes. Materials like

GaAs, InSb, etc. are under study.

The material for production of optical harmonic

must be relatively transparent to the fundamental and the

desired harmonicj besides, the symmetry properties of the

crystal also needs consideration. Let us express the optical

polarization P in the form

^2eo(^+^+j(3E3)
- ~ (2'1}
E = E^ cos wt

o
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where ^xf^2f^Z are ths dielectric susceptibility tensor.

The nonlinear term ^$1* produces the second harmonic and

e>e polarization components,

?(2w) mGoy2^C03 2wt

?dc *VtfC
Of course, the nonlinear susceptibility j*^ is a tensor of

the third rank.

The general expression for polarization is

♦ their derivatives which are smallj (2*2)

The nonlinear second order polarization Is thus

PNI*(r,t) n2^ •̂ 15k3i3<r,t)\(r,t) * (2.3) I
The factor 2 is included so as to conform to common usage.

The electric field and the nonlinear polarization Is expandable

in Fourier series(5) as

N

I(r,t) *It(o,r) ♦ ^^^(w^^exp^dEpr-w t)J (2.4)

P*(r,t) *^(o,r) ♦T^?1(wpfr)exp (lwpt) narrr (3.5)
From (2*3) and (2.4), we get

lfL(2w) -Vxjk *^tw)\(w)exp(12kpr) ^ (2*6)

This nonlinear polarization at 2w due to the fundamental

w will be responsible for second harmonic generation. At the



difference frequency w_ • vmm1*n*

If one of these electric field is a d.c. field, one

finds the well-known linear electro-optic effect, that is the

effect in whieh the ordinary optical polarizabllity of a medium

is modified by a strong d.c. electric field.

ff*(wp) *4^^ tlj(o)\(wp)exp(ikpr) (2.8)

The susceptibility tensor 7^,^ is found to have an intimate

relationship with the eleetroptlc tensor which is denoted here

by rj.. Bass (6) has derived the relation for the d.c. suscep

tibility

4

7im B ~"3#7Trmi

where n is the ordinary index of refraction. The equation

provides a method for experimental determination of the second

order nonlinear susceptibility.

The third-rank tensor vanishes for any system with centre

of inversion. The tensor elements In crystals without inversion

symmetry have in general the same form as the nonv&nishlng

elements of the piexo-electric tensor °d". For example in KDP

or ADP, the crystal symmetry leaves only three nonvanlshing

components d14, d14 and dgg (Appendix 1). Here Voigt notation

is used. The measured (approx.) values of the nonlinear

susceptibility are dgg»1.26 xlS12, d14«0.6 x3JB32 M/volt, \
Crystals with an inversion symmetry do not generate

second harmonic, although generation of third harmonic (TliG)
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is possible. Non-symmetry may however be Induced In these

crystals by the application of a strong d.c. electric field.

Marker at el (7) have observed production of optical third

harmonic in calcite, isotropic liquids and in cubic crystals.

In a classieal model for calculating linear polarisation

of a medium, Drude and Lorentz postulated the electrons as

harmonically bound particles. Actually the valence electrons

are loosely bound by the Coulomb field and the anharmonicity

of the electron oscillator should be taken into account for

calculation of nonlinear polarization*

Let us consider the motion of a one-dimensional

enharmonic oscillator with damping, and subjected to two

fields of frequencies gfct Wg and wave vectors ^i^g and
propagating in the z direction.

x+*;x +w^x ^x2 •*Re[Sjexp Kk^z-w^tHE^exp KkgZ-^t)] (3*1)

First linear approximation gives

x(w^) «s£%e[Ejexp Kk^a-w^t)]
Putting the value of sr in Iq (3*1) and equating the

coefficients of the Fourier terms, the various dipole

moments (e.x) become

IftWg^+Wjj) *Rel^^BgCXP KkgZ-Wgt)]
T^-*,-^) - h^^^^.^, i(k1«-«1«)J Wis)

where D* » wj«*w?-lw* , $ m1,2



From the last one of these equations, the nonlinear

susceptibility causing the second harmonic generation

is

£ /(2w) * • %ift /W 15 (3*3)
0 2l^(w)D(8w)

The ratio of the nonlinear polarization at the second

harmonic frequency and the linear polarization at the

fundamental Is

^^"d^D^ (3*4)

8

This ratio is Of the order of E/2Ba, where E^ is the atomic

field on an electron (8). Since £a«3 x108 volt/cm, we obtain,
even for an extreme field intensity E»2 x 10 volt/cm (power-

density of 79 x ID8 watts/era ) at the focus of a Q*switehed

laser, ?/2Ea » 3x 103. Inspite of this small order of the
* a

harmonic polarization, experimenters have detected (9) the

third harmonic ultraviolet radiation* A typical ruby pulse

laser of 1 joule contains 4 x 10"1" photons and third harmonic
15 3

conversion efficiency of It10 provided about 10 photons
o

at**2313 A which are readily detectable with optical

instruments*

Let us have an estimate of the nonlinear susceptibility

from the classical Bq»(3*3)

a 3 « H ijJ
y-(2w) <•' ""**'• Urn*" a " '"I'umMi \l&£ c^P*1 '-2

2<0(«sa)3 2<y£

For values Ne •2*6 x3028 I^e «1*6 xl5 Coulomb,
a^-lS m, and Em »3x3010 volt m1, one obtains

/(2w) «26*1 x id*12 M/volt
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This figure compares favourably with the experimental

values of nonlinear susceptibility in the optical region*

a similar computation of the linear susceptibility yields,

;c(w) m\**t/e&% • 1*6? M/voit

In these computations we have assumed that none of the

fundamental or harmonic frequencies is close to the atomic

resonance frequency, in the event of which the ratio in

Eq (3*4) increases by a factor w^^

If the atom is at a centre of BfmmtTf the nonlinearity

from the dipole term^x^ vanishes, but it may originate in

higher order sultipole terms like ^ar.

Investigation on the atomic origin of nonlinear

polarization from quantum mechanical consideration has

been conducted by a few workers in this field* The most

Intensive and interesting one is the *Throe Field Theory'

by Armstrong and Coauthors (10)* Here we shall adopt a

simplified procedure following Franken and Ward (11).

For an Isolated atomic system the Hamilton!an may

be written as
2

*t • h * **** <*•*>
Let tliis be subjected to a perturbing electric field,

S(t) » E cos wt. The perturbarbatlon Harailtonian in. dipole

approximation Is given by • ./•• ^ S *$.

H^ •oxEcos wt *J[iaxp(iwt)+exp(-iwt)] (4*2)

and the wave function fn "^ exp(-iwnt)
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Putting this in the Schrodinger wave aquation

The dipole moments at the fundamental and harmonic

frequencies

<^\*x\^v • -«£ I^s^^ngtwrJ** • wrW]*©* wt (4*4) h

i^¥\m$?) *I^>*(-V)(ex>wi^n>(v)ej^awmnt) • c"c* ^

W ?SUx)mg(<«)mn^*x)ng [(^Hw^l008 2* <*••>
(O) (2) 2 r- r I

^ •MVx,* i^r ^W1*3^1'**** [(V}{,^ ♦

'(»V»>ii^-ftr-> foo 2wt (4.6)
Far an approximate comparison of the polarization, we may

consider the states m and n very close so that «W*vUJNta

wo may also consider that the matrices (E*x) is simply Ex

i.e. a scalar quantity* Then

For 8»2x10 volt/em and x*a^ »lC^em, H(2w*w0) «6evolt,
the ratio of the moments at 2w and w Is ID*3*

If w«w0, we have from Eq (4*4,4*5,4*6),

T(w) **^~ «fif *fe •*b$qA *

T(w) **% -*f**

This about lS3 for E »8 x 108 volt/m. We may also obtain an

h



Idea of the order of nonlinear susceptibility from the

approximation of quantum mechanical derivations* From

H (4*7)

^(3,,) « ,. „jyfli a3.4 X 10 fv'volt.

This may bo compared with the measured nonlinear suscepti

bility

dggtew) »1*2 x 10*2 H/volt for KDP

5* Interaction of geetfromagnctic Radiation
-•Jf^WAi»!^*V'TT^"Ji^f^fir'iT5f»a?

Consider a nonlinear lossless dielectric medium (u * 1)

traversed by two laser-waves with frequencies w^ and Wg«

These two waves will generate nonlinear polarization at sum

and difference frequencies to*"*]^)* Maxwell*a equations

in :tbe medium can be written for each frequency as

^ll»^

where 1 • f0€«J

' •pJZ (V Up«l)

Vx I«-c2€0Y* p« l)dt C6*l)Then

The solution of the inhomogeneous equation in en infinite,

anisotropic dielectric medium are linearly polarised plane waves,

the amplitudes of which are slowly varying functions of distance

along the direction of propagation. The nonlinear polarization

F* say at (ww) created by the other two waves at w^ and wg will

12

<?
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interact with the wave at Wg* It will have a component parallel

to and in phase and a component parallel to but 90° out of

phase with Bg* The component in phase with the field 1 stores
an energy.

|j(I.T)dt *ilte [aJJ^Oaj)]
per unit volume* The out-of-phase components does work on

a****.,.,**

Nonlinear polarisation with a 90° lead in phase does

work on the wave and hence increases its intensity! if it

has a phase retardation of 00°, the work done is negative

and the wave at Wg will decrease In amplitude*

One can restrict himself only to throe waves* Although

Initially several other waves may be created, only those with

Ak«0 will continue to grow* Because of severe mismatch in a

dispersive medium, other waves will quickly dissipate their

energy*

6* SfftOBfl ItaWaaal ^BQJftttPft

Let us consider the simplest case of SiO in an anistropic

medium traversed by two waves, that is a second harmonic %•£*,

interacting with the fundamental w««v.

From Maxwell's equations (5.1) the growth rate of the

electric field due to nonlinear polarization 'r*1. Is described

by

^i<vptr) - %-rt^(w ,r)exp(-ik r) (6#1)
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Considering only the frequency component wx in Eq (2*4)

and (2*5), one obtains from (6.1) the coupled wave

equations

k

-J*-\(w) •i(^-52^ijk("¥*2%r»"ir>^(2w>^(w)exp(iAla?)

^l3(8w) ^(^-•)^ik(-2w,w,w)l1(w)^c(w)exp(-iAkr) (6.2)
where the momentum mismatch Ak • kg-2^. From permutation

symmetry relations

JC^Cav.Sv,-*) *^1k«-«w»w»w) (6.3)

Perfect matching i A,k«Q

With exact phase-match between the fundamental and the

second harmonic, kg*2k^9 alarge second harmonic generation

is possible* Assuming that the fundamental intensity remains

fairly undoploted, and that the second harmonic grows from

zero at r«Q, we have from (.6*2)

S.(2w) « %(w,o) tanh gr
3 W.4)

EL (w) « B^(w,o) sech gr

where the gain constant

k-

g »(^*)/1jk(-wt2w,w)BS1(w,o) (6.5)

The amplitude of the two waves plotted as a function of the

distance r Is shown In Fig. 6,1, with the growth of the second

harmonic the amplitude of the fundamental decreases. The

coherent length Is defined by

km g" a/rxffi,toV mm



n Is tho index of refraction in the medium at > the free

space wavelength of tho incident laser beam* After travelling

the coherent length ^ tho emergent light should contain

about 76 per cent of the fundamental power* Although such a
7

largo power conversion is perdietod by the theory, beam

divereonce and other factors Unit this figure to less than

30 per cent*

Of the various techniques used for increasing tho

coherence length, tho most ingenious one has boon tho

utilization of tho birefringence of uniaxial nonlinear

crystals* For instance* in KDP crystal the ordinary

refractive index n° at w equals n* at 2w*for the direction

of propagation SO0 (matching angle) with the crystallographio

S»axis* If we take n • 1*6,y « s x 3J51* ivVolt, EaJO7 volt S1
corresponding to a power density of 20 HWcS2 from a ruby
laser, X«694Q t9 wo calculate i, * 0*33 cm and a gain
g m 3$p el*

Incerfeflt mWteg f ^fc ,l4 Q

If the fundamental beam is assumed to remain undopleted,

Bq (6*2) may be Integrated

53(2W) «If \(*)\} " lg<iv^aU] (0,7)

This indicates a periodic variation of the amplitude of the

second harmonic with crystal length X* Wg« 6*2, due to

Marker at al (12) clearly demonstrates this periodic variation

In Intensity at the exit surface of the crystal*
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Kloinman (13) ha» evaluated the square of the function

within the parenthesis of Eq (6.7)* The average is

^tiSlff)9 x•tor *<*oh»thin cry8tai
* ieofe/Xt for JL»Jsirtta» thiok crystal

where the coherent length is defined as

A© measures the deviation of the beam from the matching

direction 9A* Hence from (6.8) the second harmonic intensity
o

become for a laser intensity 1^,

(a) TJUn iBatfaal

(b) jfljcft cryatfta

r.-VrA^iU ««•»>
Vn

2The average harmonic power Is proportional to 1^ and varies

as 1 in thick crystals* In ^-switched laser the conversion

efficiency is appreciable, and hence depletion of the

fundamental power cannot be neglected. If this Is taken

into account, the dependence of P is found (14) to be

proportional It; *VoT alaser Intensity of 103 MWBr,
Eq (6*10) pzssdicts a conversion efficiency of about

2*5 per cent in a 5 em long crystal at 0*347 u second

harmonic.

The theory of harmonic generation in beams of finite

divergence due to Klelnman predicts small conversion

efficiency. It was generalized by Akhmanov at el. for

large conversion efficiency (IS). The dependence of



conversion offieioncy on the incident power for different

values of mismatch gradient (Fig 6.3) eon bo oaloulatod.

Optical frequency oultlpliers made on tho basis of thoao

studios sho* largo conversion offioioney* For tstfosused

piano beams with Ftlw) »WO m$ thoir experimental results
(10) are *(«*> » So to 30 tor, H9*> • 8 to 10 M» sod

P(4w) « 3 to 4 MW.

In tho oapcrtaonts of Torhano and Coworkers* mora than

90 per oent of tho fundamental power froa a giant ruby laser

was converted to aooond hanaonie* Tho beam was slightly

focused and allgnod along tho phaoo matohod direction (30°
with tho a-oxis) of a Ifll3 crystal* Using toils phaoo matching

technique, Akhmanov at el (IS) obtained aooond harmonic

conversion efficiency upto 30*36 por oent in A3? and KDP

crystals* Saturation in tho conversion efficiency may bo

ascribed to beam divergoaoo, double refraction etc* which

cause tho power of tfc, laser beam and the aooond harmonic

to propagato along slightly different paths* Tho offset

of double refraction can bo reduced by affaoting phase-

matching at an angle 90° with optic axis*

Coupled growth of too waves in a nonlinear medium in

tho presence of a strong pump frequency w^ is known as
parametric generation* l*et us consider tho propagation of

a signal froquonoy wt and an idler frequency *4(»wp-wg)
generated in the anisotropic medium through nonlinear

interaction* Substitution of T from (2*7) in (5*1) loads

to coupled wave equations* which under phase-saetched

17
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condition become

s

"IrW *l(2^)a>ki3(*vi»Vw»> *VV^V (7*x>

The subscript i with w should not be confused with that

with S* When the waves are phase-matched, 1L »%*•** **
is essential in optical parametric generators that both

the frequency tuning w« « v^i m& ®oaentum matching

(or phase-matching) are simultaneously satisfied. Combining

the two equations of (7*1),

-4®*^) •(^)/8^S*(ws)

If we regard the pump amplitude «L as constant, we get

~4**<V »gV(w >
dr

(7.2)

-4b«<»1> •g2E(Wl)

where the gain constant or the coupling parameter g is given by

g a '«{) ' —•—••> \7*3}
sri c

Solution of (7*2) is

•*(w8fr) »Ss(w#fo) cosh gr

B^(wifr) *l(w1/w#rs*(wgfo) sinh gr (7*4)

These equations reveal the growth of the signal and idler

frequencies, the pump frequency supplying the
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requisite power. It can be shown that Manley-ftowe relations,

well known in the theory of microwave parametric amplifiers,

are obeyed*

Fig* 7.1 shows the schematic of a travelling wave

parametric amplifier where phase matching and consequent

tuning off the degenerate frequency may be obtained by

rotation of the crystal (16)* A lithium metaniobate parametric

oscillator has been tuned continuously through the infared

by Giordmaine and Miller (17). They have employed variation

of crystal temperature to obtain phase matching at 90* with
the optic axis for different ratios of wg and w^. This

parametric oscillator was pumpOd by a 7 KWt S290 A second

harmonic radiation from a neodymium-doped CaW04 laser*

Clergy conversion efficiencies of the order of 0.2 per

cent were obtained.

Parametric amplifiers and oscillators employing KDP and

A3P crystals have been worked by Akhmanov and his

colleagues (18). Continuous tuning is achieved through

rotation of the crystal about the optic axis. At tho

phase-matched angle the frequency condition Is also

simultaneously met with* It is to be noted that the

optical resonator must be simultaneously resonant to

signal and Idler frequencies, but relatively transparent

to the pump frequency 2wa, where w0 Is the subharmonic

or degenerate frequency.

Recently the method of electro-optic tuning (19) has

also been successfully achieved for continuous tuning of

XdHbQg parametric oscillator.
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It is evident that parametric oscillation will not

be initiated until the gain in the nonlinear medium overcomes

the resonator and bulk crystal losses. Thus the purap power

must exceed a threshold level, which in pulsed lasers may

be several hundred Kwatts. Pump power may be considerably

reduced by using confocal resonator. Only a few m-watts of

exciting power from CW gas lasers have hem found to eauso

oscillation In UKbOg with confocal resonator. The same

conditions apply to parametric amplifiers as well, in the

sense that there Is no amplification of the signal and

idler waves until the pump power is above the threshold*
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This chapter is devoted to the examination of

parametric oscillation in two - resonant circuit coupled

by a nonlinear capacitance, periodic variation of which

is caused by a pump voltage* Such a system bear strong

analogy with the parametric oscillation excited in nonlinear

crystals by laser field* The three frequencies are related

by Wp 9 w^+Wjg, vx mwo(1*t0, Wg » w0(l-*), where w0 » vJZ
and is a small faction* The conditions of oscillation

are derived and the "stability zones" of oscillation

calculated by digital computar*

Harmonic Generation in Honlinear circuits has been

known through several decades, but the phenomenon of

subharmonic generation is of recent origin, linear differen

tial equations of the form

x+\k +wfjX 9 FQ cos wt (8*1)

will have the solution whose period is T « 2 /w and is the

same as of the forcing function! in other words, If tho

unforced linear system has no periodic solution, then there

can never be an Isolated periodic solution of any period
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except 2Vv* In nonllnenr systems on the other hand, isolated

periodic solutions may exist whose least period is an integral

multiple n*27r/w of the period 2n/w of the forcing function.

For instance nonlinear differential equations of the form

£ *§f(x)x ♦ w^x 1 F0 cos wt (8.2)

may have solutions of period nT where the Integer n is

greater than 1* This phenomenon is known as "Sub-harmonic

Rosonance,, and the solutions describe sub-harmonies of

order n*

Little research has thus far been done on the generation

of powerful coherent infrared radiation* Giant laser

frequencies along with their 8UD and TIIG work mostly in the

visible and ultraviolet region. Since molecular vibrational

frequencies lie in the infrared, the coherent infrared

generators, if developed uill exert exceedingly strong

resonant interaction on substances. Glordmaine & Miller (17)

and Miller & Nordland (21) have utilized tho parametric

process in Lithium metaniobate LiNbOg, for design of

continuously tunable coherent infrared generators/
n

amplifiers* Akhsanov and Coworkers (22) have employed

tho same process in KDP and ADP* Sub-harmonic frequency

generation may be viewed as a special degenerate parametric

process wherein the signal, idler and the pump frequencies

are related through the expression w » w^ » w^/2* Para

metric down conversion and the consequent generation of

coherent optical frequencies utilizes the phenomenon of

nonlinear coupling in dielectric crystals like KDP, ADP

and LiNbOg*
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The following embodies an examination and discussion

of the phenomenon of subharmonic resonance in a typical lunged

nonlinear circuit. The process of subharmonic generation in

these parametrlcally excited systems is more or less identical

with those in nonlinear materials containing three collnear

phase-matched modes, whose frequencies are related by the

equation w+v* i w • Time variations of the amplitudes in

the former is analogous to the amplification of waves in

space by nonlinear interaction* As pointed out by Louisell

at el (23), the parametric equations in the time domain

have the saae form as the corresponding spatial equations in

the nonlinear dielectric material. Despite these close

analogies, however, there is an important difference that

optical subharmonic (or parametric) generators require

"optical tuning* as well satisfying the requirement

If+fL a 1L where K's represent the wave number. A simplified

theory of parametric amplification and oscillation in

nonlinear material Is given in Appendix II*

9* fiajrameftrilc. „98,gaUqtt9ff il £fW3P9a fflfflUMMT flLroifcU

Let us consider two resonant cavities coupled by a

nonlinear capacitance of the form

C(t) =C0[l ♦ eeos(wpt-H0)]

The time variation in the capacitance Is affected by a pump

source of frequency w_ » vi"*"w2* Tile Phase and amplitude of

the pump Is such as to cause parametric oscillation/amplifi

cation in the circuit. Frequencies of the resonant modes,
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w^ and w2, are related to the degenerate frequency wQ by

wx 9 w0(l+0 | w2 9 wQ(l-0 (9.2)

where V Is a small fraction. Oscillation/amplification in

this system is analogous to those in nonlinear crystals to

be considered In detail In subsequent chapters. The circuit

in Fig.9.j£a) may therefore be considered as an electrical

equivalent of the optical parametric generators. Following

Louisell (24) the coupled wave equations of this parametrlcally

excited system may be written as

dUl nl *
dT • iiui * °toy*p(lvPt)

d'
ji.iiim' -a C\dT 3 °WH* #°Satti«P<*ivpt)

where <*n * IWjU +̂ )

22 ••lv2*1 * 2Qg'

(9*3)

W1AC
32 * i5^IfST* oxp(^iiJ) (9.4)
* WgAC

To remove the time varying coefficients, let

i^ 9 U1(t)exp(iw1t)

Ug* * U*(t)exp(-iw2t)

<e resulting equations for mode amplitudes are

tfattvrv**4*^

(9.5)

(9.6)
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Solution of (9.6) vary as exp (st) where

8 n-l[i(w1-W2)-(o<u>c^)1

if^^^VW • ^21+<iwril)(iV°22>J}
(9.7)

Growing* oscillations will only occur, if the square-root-term

is larger than the decaying terms, i.e. if

•*• Va. ^SQ," (9-8)
In terms of the nonlinear coefficient, €mAC/C0,

24.C s 2
«8 / 111 i ii.i (9*9)

At the degenerate frequency w, * wg • w0 the conductance

G a Vq^/Q^, should satisfy the relation

This may be compared with the derivations in Appendix III.

10. iBMKMl So^Uffl I. aaaaaMttli ff^Sft

The equivalent lumped circuit is shown in Fig* 9.1(b).

The system differential equation is

•O + -g» m + ^(i^-S cos w t)Q « 0
dt^ Go a% ° co p

Putting q • x(t) exp(-l|t/2), ^a g/C0

cr2 »-4-(4w2-f)j c-a-^l2
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and replacing t by the normalized independent variable

taw t/2, one obtains the Mathieu Equation,
P

&-% ♦ {<£+ €cos 2T)x = 0 (10.1)

In the first unstable zone w_ • 2w_ while in the second
p o

»* • UL*
P o

Following Whittaker, the quasi-periodic solution of (10*1)

for small values of may be written for the first unstable

zone as

x i (exp UT)f(t)

f(r)a sln("-e)+a3Cos(3r-Q)+b3sin(3T-0)

♦■••»•

With the result (26),

3 3jx a i£sin29-||5gg € sin29+

o2 a l^cos29-»-^&2(-lHcos49)
°3 * 7j^g<?aln29+»,*. (10.2)
b3 s l©€+2"fe£cot29+*. • •

The boundaries of the first unstable region is obtainable

from the second of Equation (10.2) by putting 9=0 and -^2,

Then,to the first approximation,

<r «1±H (10.3)

the nonlinear coefficient £41 causing small detuning* These

are the transition curves separating the regions of stability

and instability in the (<3-2,£) plane. Within the unstable zone,
that is the zone of possible parametric oscillation, we have

\



from the first of equations (10*2)

u * i £ sin 29

Tho charge Q « f(^exp[(ja-g*p):|
o

For sustained oscillation of th» charge

a »l/8w0

Thus ^r« ±€ sin 29

or

27

or G 9 * %' oin29 (10*4)

This may be compared with (9.10). Thus in the neighbour-

2hood of parametric resonance o-^ • 1, the circuit sees a negative

conductance given by the above equation* 9 is the phase of the

stable oscillation.

With the help of a digital computer, the values of cos29

(and hence 9) for different values of cr2 and €have been computed

as shown in Table IV.1 (Appendix IV). These 9 values have been

used to compute the values of n and the coefficients ag,b3 ( q.lO.aj

Higher coefficients a5,bg are comparatively less significant

and hence not shown* It is observed that the presence of detuning

displaces the phase at the stable point by a small degree.

The oscillatory condition is given by Eq (10.4). The values

of u are given in Table IV.1, so that the stability of oscil

lation and hence the values of G required to substaln oscll-

ation may be ascertained.

Results of analysis by analogue computer of subharmonic

generation relating to the first unstable region is shown in



Fig* 10.1. Large build up of amplitude at the subharmonic

resonance (w /2) is markedly visible In the trace at the

bottom, a- 9 0*8, €» 0*B where tbs nonlinearity is within

the unstable zone, vide Hq (10.3).

28
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PARAMETRIC AMPLIFICATION AND OEKBBMIQlf

HEM OPTICAL «REQUENCISS

Five laser frequencies from 3164 A to 5761 A are

taken for calculation of the phase matching angles in

KDP and ADP crystals, both at the degenerate frequencies

and whan V(«aw/w^) changes from 0 to 0*4* Phase matching

angles for LiNbOg are computed at four pump frequencies

from 5300 Ato 11,623 X. The refractive index data of
KDP and ADP used are those obtained by computer from

the equations by Zernike* Tabular values are given and

graphs plotted from which one can readily find the phase

matching angles corresponding to any pump frequency and

any signal-to-ldler frequency ratio in KDP, ADP or LiNbOg*

Design Tuning curves given for each case show the values of

> and K as one rotates the crystal away from the degenerate
S 3.

angle 90*

Mismatch gradients (dk/d0) are derived wherefrom the

power changes caused by divergence of beams can be readily

estimated.

11 Preview of tha Parametric Process

Although studies have been made on the second and

Third Harmonic Generation of optical frequencies, compara

tively less investigation seems to have been directed

towards resonant nonlinear interactions in the infrared

region. The second and third harmonic generators and

amplifiers work at a few spot frequencies i.e. the harmonic
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frequencies of fixed ultronarrow loser frequencies. The problem

of achieving coherent optical oscillators, that could bo tuned

continuously over tho ultraviolet, entire visible and near

infrared frequencies pose an exciting proposition*

An effective method of obtaining "Tunable Oscillators

»w ^F ^a ga ^Fia*^***aMa* Oa 'WtSWIW—*wa)™w ^a^r aWa* ^a"^S^waWajJp wa«*a jpa—^paaapww'^Jw.^F'p^aa 1FO Sv^^O* ^WSSaSF OWp-aw 'a*

interaction of coherent light waves in a nonlinear transparent

dielectric medium* Powerful coherent beam of light from s laser

ia made to sot as the pump wove* Power from tho pump wove flow

by nonlinear coupling to tho signal end idler frequencies,

according to Manley-nowe relationship* The throe constituent

frequencies are related by

*p • V*i (U.D

This is the energy conservation equation* as would be dear

by multiplying through out by tho Planck's constant* Tho two

coupled wave equations at tho signal and idler frequencies

may bo written (vide Eq 7*1) as

or* • Tra-n^^^L1^^^*]
«a£ uau r __ m m _
ir - ♦i*u^[yss*^L^^i*Vf>]

where the coefficient of dielectric modulation m is given

m *
8jiy

It la evident from (11*2) that the interaction is maximum

when

Kp -K,^

(11*2)

(11.3)

(11*4)



This is the condition of phase matching or the law of

momentum conservation. Thus for parametric generation

of coherent light it is not only necessary to have the

"optical toning* of resonators Bq (11*1), but also to

satisfy "wave tuning" or phase matching of the wave

vectors (Eq 11*4)* The latter condition is also called

tho "synchronism condition"* Combining the two equations

of (11*2), we obtain

g i

d E_ SJB.XJL

-Jjt *4^s(K^foos(itiy35S (U'8>
•ata^^a* eB^O''*a*'™laaFTaV'Waaler WSat ^0

EgCr) * Js(o)exp(gr)

*£**) 9 E|(o)exp(gr)

where tho gain constant or growth rate

**̂ [ooefxj^oi^kyj] (XU6)
For oscillation, the gain constant must overcome the looses

in tho circuit*

Fig*(11*1) shows one scheme of achieving parametric interaction

in negative uniaxial crystals* here the pump wave is extra

ordinary while the signal and the idler waves are ordinary

all coupled together and propagating as one collinear beam

through the crystal at an angle *M with the optic axis*

Rotation of the crystal about the direction of the pump

wave will generate new pairs of x& and ^ Besides mechanical
tuning, which is ae laved by rotation of the nonlinear crystal,

two other types of tuning have been successfully tried*
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These are

1. temperature tuning (17), and

2* tuning with electro-optic effect (19)«

Because of the superiority of mechanical tuning, elaborate

design data for this system have been worked out in this

thesis.

12* SfegftUVl PaAflflAq aaaaJall * — *aaaaaatl

As Is known from studies of crystallography, the velocity

normal surface In uniaxial negative crystals is an oblate

ellipsoid of revolution about the s-axis with an Inscribed

sphere. Fig. 12.1 shows a section through the principal plane.

The vibrations, or the plane of polarisation of the ordinary

rays are in the equatorial direction (plane) while in the

extra-ordinary rays these are in the meridional direction}

these directions are shown feydots and dashes in the Figure*

The second order susceptibility tensors, which are the

same as the piezo-electrlc tensor coefficients, are given in

Appendix I for three types of crystals, KDP, ADP and LiNbOg.

These are the crystals which are todate usable for parametric

generation of optical frequencies.

If the pump beam propagates in the ax plane as an extra

ordinary wave at a phase-matched angle 9., with the optic s-axis,

the polarisation components of the ordinary waves

<a) U Bff TOfl AfflF

(b) In LiNbOg
"• iii'
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In order to determine the angle at which phase matching of

the three collinear constituent waves occur, it Is necessary

to determine the angular variation of refractive lndet of

the extra-ordinary rays.

In uniaxial crystals, the wave normal surface for the

ordinary rays Is a sphere

n°(9) « n°(o)

For the extra-ordinary rays the surface is an oblate ellipsoid

of revolution about the optic axis. The Fresnel equation for

this extra-ordinary wave normal surface in anisotropic crystals

is

where 9 Is the angle of the wave vector 1 with respect to

the optic axis. Note from Fig..12.1 that

n° 9 B*(o)

From Eq (12*1),

n*(9) 9 a0[mr2«l>sinS] (32.2)

where the ratio r(w) a nB
n*(90)

Further simplification of Eq (12*1) is possible.

If the complement 0 a wa| of the angle 9 is taken

X... j. m.L—<rir|2rf 4, ..1,1 .n.COS 0 (12*3)
;?W^"[T78^ n»(0)



„, ss-w-tf-Wn*(0) L I [a*]

^l1*^-^-*
a 1^^aVm.CQl'rf'fI*.WtB^anafr (32*4)

2(n°) s

Here the aero within parentheses means 0*0. Putting bire

fringence 3»n*(0)-nof "toe resultant equation is

n«(0) 2(n°P

X^ *idfa^***
or a*<*) «a^f2n°-a(2«4)sin2*l

2a° L n° J

A[2a0-B(2>-|)sin%1 (12.5)

Either the exact equation (12*2) could be used to compute

the extra-ordinary refractive inde* at an angle 9 from the

s-axis, or the approximate equation (12*5) where 0 is the

complement of the angle 9* It may be noted that the approxi-

mate equation (12*5) should be used only when sin 0 are

small, i*e., when the propagation is nearly at right angles

to the optic axis.

13. PhjifHr-lftTCMng Wtflft fttf tflWI gH^#TOTUg, rrMUgRfT

Subharmonic generation is a special degenerate case of the

general parametric process where w^way**^"*^. The phase
matching angle at the subhanaonic frequency ^fl/K will

be designated by 9-, measured from the optic axis. Usually
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for parametric generation of optical frequencies, the

monochromatic coherent light beam from a laser Is used

to function as the pump energy and Is made to propagate

through the crystal as extra-ordinary waves. The generated

subharmonlcs are ordinary rays. At the degenerate frequency,

we have from (11.1) and (11*4)

o"2>b »a6^ss nC

This equation may be satisfied in negative uniaxial crystals

where the refractive index surface is a prolate ellipsoid

of revolution inscribed in a sphere Fig* 13*1. For calculation

of ©Q, we need determining the direction of the ellipse

at w ich the extra-ordinary refractive index ne(2wQ) equals
the ordinary refractive index n°(we). This is done with
the help of Eq (12.2).

Phase matching angles 9Q at the degenerate frequency

have been calculated for a few laser pump frequencies in

the three types of crystals. These are tabulated in Table 13.1,

As subharmonic generation Is a special degenerate case of

general parametric process, these values will be again

seen in the general Tables for phase matching angles.

The first row for each pump frequency in the general

Tables show the value of 90* These values are also plotted

and shown in Fig. 13*2 (a) to (c) for the three types of

crystals, KB** fcflt and LiNbOg* Any slight deviation in the

values in the Table and the Fig. are due to the small,

but negligible, difference between the measured and computed

values of refractive indices of the nonlinear crystals*



l&B&S—12*1 fHA3g MATCHING AJjOJkgS AT ag—aPBHARMONic optical frbquisncy

(a)

(b)

(c)

(d)

(e)

(f)

(g)

£<A>

3,164

3,472

4,332

5,300

5,761

6,943

11,523

PUHP 3IGML,

^(A)

6,328

6,943

8,664

10,600

11,522

13,S36

23,046

15,802

14,401

11,542

9,434

8,679

7,201

4,339

56.12

51.04

42.78

41.37

41.97

46.66

57.77

52.18

43.38

41.57

42.29

47.12

83.91

66.51

52.27

44.56

(a) Ee - Ne gas laser, second harmonic } (b) Ruby laser second
h-rraonic j (c) A difference frequency j (d) Nd3+ glass laser,
second harmonic j (e) He - He gas laser, second harmonic s
(f) Ruby laser R^ radiation 5 (g) Ke - He gas laser.
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Pattern of the curves between v and BQ is similar,

although in LillbOg, it is more shallow and spread out.

Because of its larger refractive index values, LiNbOg

covers an extended range of wavelengths. These curves

also indicate that mechanical tuning of this type of

parametric oscillators will be easier at (siiorter) pump

wave-lengths whero the gradient AO^a> is steep; in other

words, employing pump sources having frequencies around

the cusp of the curve may better be avoided.

14. 3hase-natchlng /ingle for Optical

M*/»f::A^<!aH4l^V^iftJ^a!:-»^WJ5!T5If*

In order to obtain parametric oscillations at optical

frequencies, it is essential to have not only "Optical

tuningn of the resonators, but also to satisfy matching

between the wave vectors. Optical and wave tuning must

be simultaneously satisfied in order to design coherent

light generators that are continuously tunable over a

band of optical frequencies. The energy conservation

equation (11.1) may be written as

*«l-~* (14.1)
>» ^i

From the momentum conservation equation (11.4),

n*(@) »uJ^Us-aJ) (14.2)
Equations (14.1) and (14.2) are used to compute the extra

ordinary refractive index ne(9), that will satisfy the two

matching conditions. These values are then used in the
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following equation to calculate sIn9M and consequently 9M,
the phase matching angle for different pairs of > and ,\*

or ratios >*-/>*#

n®(9) » n°[l*(r2-l)sln29] (32.2)

Bere the superscripts e and o refer to extra-ordinary and

ordinary waves. The subscripts p, s and 1 refer to the pump,

signal and idler waves respectively* Computations of n*(9)

and sin9 were entirely programmed on and executed in digital

computer*

Refractive index data of Lithium metaniobate used are those

measured by 3oyd st el (26). The values of refractive index

vary to some extent depending on the preparation* In addition

to variation with temperature, it has been observed in phase-

matched nonlinear optical measurements that the refractive

index varies from sample to sauple. These variations are

related to the increasing purity of LiNbOg crystals sine©

the original measurement in multidoraain material (27).

Indices of refraction for the ordinary rays at the" signal

and Idler frequencies in KOP end ADP were computed by

Digital computer from the following empirical equation (28)

n2 Sj A+-&W *~2k (14*3)
I-)!, g-vr

where frequency Vwl/McS1). Values of the constants A,3,C,Dt and B
as given in ref (28) for the ordinary and extra-ordinary rays

in KDP and ADP, were used in computation.
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#h %ih ^U)

0 6323 6328 15,802 56.12 57.77
*1 5753 7031 17,383 55*80 57*45

3164 •2 6873 7930 18,963 54.87 56,49
O—^P* 4868 9040 20,543 e« aa

Oa*«JD 54*95
.4 4520 30,546 <5£s, lu«3 51.34 52.91

0 6943 6943 14,401 51.04 52.10
• 1 6313 7715 15,841 50.82 51*95

aUfcfo .2 5786 8680 17,281 50.15 51.29
.3 5341 9920 18,721 49.12 50*22
•4 4960 11,573 20,361 47.65 48.80

0 8664 8664 ti nifci s OtkS 42.78 43.38
• 1 7876 9626 32,696 42.71 43.24

4332 .2 7220 30,830 13,850 42.50 43*05
.3 6664 32,377 15,004 42.20 42*78
.4 6188 14,440 16,158 41.90 42*54

o :10.600 10,600 9434 41.37 41.57
«i 11,777 10,377 41.42 41.62

5300 •2 8833 13,250 11,321 41.59 41.82
•3 8154 15,143 Ju*,263 41.95 42.24
.4 7571 17,666 13,208 42.67 43.05

0 11,522 11,522 8679 41.97 42.29
.1 30,474 12,802 9547 42.08 42.40

37a"l •8 9602 14,401 10,414 42.41 42*77
•3 8863 16,460 11,232 43.07 43*50
•4 8230 39,203 32,151 44.87 44.80



TABLE 14*2 m
m

W rMfVjj^if«Mwa]
ii ii. ,9
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0 10,600
9686

30,600 9434 83*91
•1 11,777 30,377 80*25

5390 •2 8833 33,250 11,321 76*62
»3 3354 15,143 12,263 71.41
•4 7671 17,666 13,208 66*45

0 11,522 11,582 8678 66.51
.1 30.474

9602
12,802 9547 65*90

5761 •a 14,401 30,414 64*98
♦3 QQC.1

«W0 36,460 11,282 62*32
•4 fifty) 19,203 12,151 59.12

0 13,886 33,886 7801 52.27
•1 12,620 15,430 7984 52.00

6943 •8 11,671 17,367 8642 81*50
.3 10,681

993JB
39,837 9363 50.97

.4 83,343 30,082 49.71

0 23,046 23,046 j <-i «-. m

4338 44*56
.1 20,950 25,606 4773 44.85

COO •2 29,805 !o,807 5206
.3 17,727 32,922 5641 45*83
.4 36,461 38,430 6075 47.33
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The phase matching angles 9M thus computed are given in

Tables 14.1 and 14.2 for KDP, ADP and LiNbOg respectively.
All the computed matching angles are not given in these

Tables. For this, graphs are plotted for different pump

wavelengths and materials in Fig. 14.1 to 14.7. From these

curves, one may determine the matching angles for any pair

of values of v> and \J4 •
s i

It may be observed from these figures for matching

angles that while the general pattern Is the same, the slope

of the VgA^ and sin29 (or sin20) is higher in KDP and ADP
for a given pump wave-length. At > «0.S3 u, the average slope

is 2.8 in LiKb03 and 180 in ADP. Hence the matching angles

are limited vlthin a small region in KDP and ADP. Shorter

pump wavelengths reduces the slope in a given material. In

KD? the average slope is 4.6 for v =0.316 u -md 20 for

>pa0.433 u. In LiNbOg especially for shorter pump wavelengths

phase matching over a large deviation angle from 9 is possible.

For Instance, with a pump wavelength of 0.53 u, matching In

LiNbOg is possible from 84 to 60 deg, an angular spread of

24 deg, whereas the corresponding angles in K)P are 41*37

to 42 deg, a spread of hardly 0.6 deg. If a pump source of

the shortest possible wavelength of 0.316 u is used in KDP

the angles range from 56.12 to about 51 deg.

It is interesting to note that the matching angle

9Q is 84 deg for >y*0.53 u in LiNbOg. This has a definite
advantage.
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15 jaataal laatal aaaaaW

fhe design tuning curves for parametric oscillations

utilising the throe nonlinear dielectric crystals, KDP, ADP

and LiNbOg are contained in Fig* 15*1 to 15*7* These nave

been plotted from the values obtained with the help of digital

computer* It is observed that for shorter pump wavelengths, tho

traces are practically straight lines in all tho three crystals;

that is (AV)2 bears alinear relationship with sin2*, as is
predicted by the approximate equation (3S*3) given later* It

may also bo noted that with a pump wavelengthA •3364 i, the

Whole range of visible wavelengths may be covered by parametrio

tuning of KDP or ADP* Using a pump source >«5300 X, a portion
P

of near infrared may be covered by tuning of LiNbOg* Because

of large negative birefringence of LiHbOg, phase matching over

a wide range of optical wavelengths is possible* For this

crystal the matching angle 9Q«84 dog at the degenerate

frequency ^0«9434 em** Since it is almost at right angles
to the optic axis, the pump and the signal waves closely

interact.

It may be observed that the Figures 15.1 - 15*7 contain

signal wavelengths (/g) which lie between the pump and tho

corresponding degenerate frequency. In fact the signal and

idler waves aro interchangeable and either vL or \>* frequencies

could be picked up as both are tuned in the optical resonator.

In other words, the region of wavelengths between the subharmonic

and the upper limit where idler absorption commences could

also be covered provided the crystal is transparent in this

region and the resonators are of adequate sise and reflectivity

to contain them. For example when >^a0«53 u, the oscillator
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could be tuned at least theoretically over the entire

band of wavelengths from 0.63 m5 u. Miller and Nordland (21)

tuned it from 0.68 to 2.34 u, i.e. TO* of the theoretical

range*

It may be noted that because of the larger variation

of refractive Indices in LiNbOg, the angular spread is higher

for a given change in wavelength. The following comparison

would illustrate l

y*>

3364

&>m 9(deg)

KDP 1308 4.78

ADP 3364 3808 4.86

urnoa 5300 1767 7.28

Furthermore, the nonlinear susceptibility of LiNbOg is

at least an order of magnitude larger than those of KDP

or ADP. For instance,

LiNbOg ,dg^ *14*9 xIB22 H/volt
BJP i% • *-£67 *liO^VvoltCX-aJBS A)
ADP tdgg 9 0*57 x10*32 IS/volt

As will be shown later, this results in a large reduction

in the threshold pump power in LiNbOg parametric amplifiers

or oscillators*

An analytic expression for tho frequency changes

obtainable in parametric process may be deduced as follows.

For small deviations from the subharmonic (degenerate) frequency,

the signal and idler frequencies may be expressed by

wt 9 wo+$w

c (15.1)
Wi * *© v
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Eence vB+*i • 8w0(as before at the degenerate stage)

From Eq (11*4) one obtains

Vp<0) V. »!«?aaaaa'w*SaaMaaa*a* "*a ^^^J^^^^^jh^^. ^^^^a^^^jwiL

C CO

Expressing the refractive indices of the signal and idler

waves by the Taylor expansion series, and retaining only three

terms, we have,

Here nJJ is the ordinary index of refraction at V-, and tho

derivatives give dispersion of this index at the degenerate

frequency w0* Since »,♦*£ * wp and v,*"*^ » 2€w

Or, %0W) «"—"*1 "'jgO" •"•' a*""*

or.

where

an°N .*„, /^2nO
LMgHMM. I T*W*ir

^OV)* a Wllll.llA.«IIWMWIia»*W»i»Myj)

^[1^(0)^] (15.2)
••1

j^•HSft**W&5»]"

Iq (15*2) shows that there will be two frequencies, one above

and another below the degenerate frequency v_* These obviously

correspond to the signal and idler frequencies. SubstItuting



tho approximate expression for n9{0) from Sq (12*5)*

[Sv"{#)3 « j^a-^*^ sin8*]

whore An » a*(0)*nj* Usually ^a will be found negative*

Putting another constant

X ., Bar „o
/

3
Lb^W] » ^sH.jSiA] (16*3)

Thus <£v}* varies linearly with sin%, provided sina* is small*
£v» has boon computed for one such case and compared with tho

accurate values calculated from (12.2). This Is done in order

to exemplify the magnitude of error in Sq (15*3) and also to

assess the regime of its application for calculation of tho

frequency deviation $^#

For UHbft, .t yo.83 u, ^-8.385 •* {i»Aa, At th.
degenerate frequency Vtt«9434 el* (>o»l*06 u) n°«2.233.
Therefore

ab 9 nJiO)-*® •-0.001

r(w) 9 n°/n|(o) a1*04366

B-•{(a).** 9 aO*0»8

Hence A, * -0.08749

or sin%M «# «0.0U489

or 6j| • 83*87 dog

45
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This is slightly lower than the value in Table 14*2, because

of tho approximation in Aj* For a graphical plot of n° versus
v1 around the degenerate frequency J 9 2434 m\ wo compute

(<*ft-) ^0 »6i lEren

(' 7 |̂) «• 2 x 10 car

•*• \ 9 1.36 x 309 (oa3)
il C*^» 1.36 x 307(8*749sin^6-O*l) (15*4)

Tho results are plotted in Fig* 15*4(c) beside tho more accurate

values from (12*2)* In the figure (£>V)2 instead of (W)8 are
written* The linear relationship between {^)^ and siif% may
be noted* Tho slope of the straight lino (full line) between

(A^)a and sin% obtained from (15*4) is 1*178 a 308emX* This
may be compared with the slope (1*03 ♦ 0*02) x 308cra^ of the

a

experiaental and 1*17 x 30 of the theoretically computed

plots obtained by Miller and Nordland (21)* The slope of tho

dotted line computed by (12*2) Is 1*02 x 108 and agrees
excellently well with the figure (1*03 ♦ 0.08) x 308em8 in

the experiment of the above authors* The differences between

tho theoretical values from Sq (12*2) and (35*4) are due to

the approximations involved in the latter, and also due to

the inaccuracy in the calculation of tho derivatives in the

denominator of Dl*

Equation (35*3) when applied to calculate (*;) for £*>*•'«

fairly large values of sirs) yeilded enormously large errors \l$'{
and hence were not used in other cases* The design curves in

Fig* 14.1 to 14.7 and 15*1 to 15*7 are those computed from

Bq (12*2) with digital computer*
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TABLE 15.i Gradient (b^a) m UNbOg for \«0*53 u, '*9434 cm1
- in . P o

>;<*> #x>
x

A^em1
-(^^8)

cmx degx I cm1 rao*1

8636 11,777 943 366 2.10 x 304
8833 33,260 1887 246 1*41

8231 14,722 2641 225 1.29

7910 36,060 •mm
«WS0B 211 1*21

7571 17,666 3774 201 1*15
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i8

Curves have also boon plotted between A\J* At sad between

AX* ar so as to directly obtain the frequency or wave-length

deviations Fig* 15*8 and 15*9 * An approximate equation for

the slope of the a\)»a6 curve may be derived* From Eq (35*3)

OaaM* *B aaataaaaaaalaa) 4 VtfMaf•*T *"'£TT*il,W

°* T» *«^}e*see1 (15.5)

Table 15*1 shows tho gradient of tho a\>*a© curve calculated

for the parametric action in LiNbOg for a pump wavelength

hf**m u* la this case D^ *1*36 x100oaf» A% m-8.749 aHJ8,

Comparison of those slopes with the slope of tho trace

for Aj-8300 (A)in Fig#is*8(e), will reveal that these values
are higher* This is because of tho approximations containod

in Bq (15*5)* Nevertheless, tho general tread is the same*

The approximate curve takes off with an infinite slope at

Ave© end then gradually stoops downwards*

It would be apparent froa Fig* 15*8 and 15*9 that

larger angular spread and consequently superior mechanical

tuning is oehieveablo by using pump sources having shorter

wavelengths* Threshold of pump power required will also be

reduced, which is a distinct advantage*

It will be shown subsequently that the average signal

power la a parametric process is, among other things, proper*

tional to i^, the average coherence length far the pencil
of signal rays*

a ™trmj
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H.r» It 1. assumed that the crystal Is thick, 1 l^.k, sn«

a ^^^* *^MPivl *

that the sniaotropy in the crystal is of a small order of

magnitude* Kleinmau (13) has evaluated the effective coherence

length for the pencil of rays having an angular spread ss

^ J n |-% (w.wf)* ^ewhere *•' m 81. (|| )

Since, dk*/d9 «v^dnVda), we have

At the degenerate frequency wQ,

o **<$£)0 (U8.3)
o

Thus the signal power Is inversely proportional to the mismatch

gradient (dk*/ds)* • These have been calculated for tho crystals
KDPf ADP and LiNbOj. Tabular values may be seea in the last

columns of Table 36*1 * 36*3 . The (dn*/da)ft values from whisto
oj|

tho mismatch gradient have been evaluated are shown in the

fourth columns of these Tables*

Zt will be observed froa these Tables that variations

in the mismatch gradient with § are smell* In KDF and ADP the
gradient reaoh constant values at higher eigne! frequencies!

this is espoeially noticeable at longer pump wavelengths that

occur near the cusps of the 90»/<p curves in Fig* 13.2 *
Because of their comparatively larger refractive indices,

variations in the mismatch gradient are higher in LillbCu*

Since these changes are clearly discemable in LiRbOg, acre

0



TABLE 16*1 .ttmtgf^fr^nt fox

*?(!>
^(cm1)

3164 A*

35,802 cm1

3472 %

14,401 em1

4332 X

11,542 d4

6300 % 10600
9434 em1 7571

5753

5273

6943

5786

5341

4960

8664

7876

7220

6664

6188

5761 ft 11,522
8679 eil 8230

0

#3

•4

0

•1

•2

•3

•4

0

• 1

.2

•3

•4

0

.4

0

•4

7.37

7*40

7*44

7*66

8.00

7*58

7*69

7.8

7*83

7.9

»«•••«•«

8*05

7*90

7*78

7*65

7*50

7*35

ons in

1*463

1*469

1*477

1*521

1*588

1.371

1.391

1*411

1.417

Maw*>WWi

1.167

1*145

1*128

-1 * 1 fIV

1*087

•871

•785

* The values are same for all the ratios of ^/\) between
0 and 0*4 and thereafter.
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83*3

84.2

84*6

87*1

91.0

78*6

79*7

80.8

31.2

81.9

»*******»a

66.9

65*6

64*6

63*5

62*3

45.0
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TABLE 16•a Vg8tt3£BteEmEBmi

^(sS1)

%h i
4a* Xl04 (#) x 10*

rAj/vi
dog1

9 n

cm2* del1 j 9*r ra3

6328

3364 X 5753
5273

4868

4520

15,802 cm1

3472 J

14,401

6943

6333

5786

5341

4960

8664

4332 % 7876
7220

11,542 cSl 6664
6188

ajH*»a»a»a» aNHPaM* •***.•***•*•*«•

5300 J 30,600
9636

9434 gujl 8833

5761$ 11,522
10,474

8679 9602

0

.1

•8

.3

•4

w*aa»i

0

• 1

•2

•3

*4

0

•1

•8

•3

•4

0

•1

.2

0

.1

.2

7.85

7*93

8.00

8.35

8.66

8.2

3.26

3.35

8*6

o.yt>

8.73

8.49

8.24

8.0

8.10

8.05

8*00*

8.01

7*99

7.96*

1*559

1.575

1.588

1.638

1.73JB

1.484

1.495

1*511

1*522

1.538

1.30

1.266

1.231

1.395

1.160

•955

.873

.871

.868

* The values are the same for all the ratios of t^%
between 0.2 and 0.4 and thereafter.

89*3

90*2

91*0

92*7

98*4

85*0

85.6

86.6

87.2

88*1

74.6

72.5

70.5

68*5

66*5

»«•«#»«•«

55*0

54*7

54.6'

50.0

49.9

49.7'
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TABLB 16.3 sssrSig^sasts^^feparamo bO,
3*

#9/ •*

5300

9434

5761 1

8679

6943 A

10,600

9636

8833

8164

7571

11,522

10,474
9602

8863

8230

13,886

12,620

11,571
30,681

9918

-1
7201 era*

11,523 X 23,046
16,461i cm1

0*0

0.1

0.2

0*3

0*4

0*0

0.1

0.2

0.3

0*4

0*0

0*1

0*2

0*3

0*4

0.0

0.4

3.98

4.9

6.95

9*20

11*47

30.96

11.12

11.62

12.47

13*50

33*70

33.90

14*30

14.28

14.45

14*1

14* I4

cm* deg*

.468

•581

ajfqaMaVSS

1.090

1*360

1*194

1.212

1.267

1.360

1*472

1.240

1.258

1.292

1.307

.769

.769'

* The values are the same for all the ratios of h\)/^
In between and thereafter.

em* racr"

26*8

33*3

47.2

62.4

77.9

68.4

69.4

72.6

77*9

84*3

71*0

72*1

73.1

74.0

74*9

>•»•»•»

44.06

44.06*
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so at shorter pump wave-lengths, the mismatch gradient as

a function of AY\)0 have been plotted in Fig* 36.1 . Notice

from the trace for /_ • 0*53 u that if the decrease in the

signal power was solely due to the increase in the mismatch

gradient, we could define a bandwidth for the parametric

oscillator* The 3 db power reduction occurs at Av>/vo * 0*2

or at * 9 o*88 u for ^ * 0*53 u in LUfbO^.

Coherence length j^ have also been computed*
These are shown in Table 16.4 *
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mm mm coherence length, j^h m Kg>, AD? and UNDO, crystals

for beam divergence angle A «0.25 deg » 4.36 x 1^ *>a«1-

«»M«M»»»^^»»»»^^MW '̂<30gjjll[lJ^;

KDP A0P LLlibO.

6328 6328 0.109 0,303
3164 5273 7930 0*111 0*303

10,546 0*110 0*102

6943 6943 0*117 0*108 ~~

3472 5786
m^*^aWa* 0*136 0*308

4960 11,673 0*112 0*113

1—WX—iWM,!,•WM»—«p 11—.. m

8664 8664 0*137 0.123
4332 7220 10,830 0*145 0*133

6188 14,440 0*161 0*150

30,600 10,600 0*334 0*167 0*342
9636 11,777 0*185 0*168 0*278

5300 3833 33,250 0*188 0*172 0.198
8154 35,143 0.393 0.176 0.154
7571 17,666 0.201 0*383 0*328

11,522 11,522
•mnnimvnuMMmmt,

0*204 0.303 0.334
30,474 12,802 0*205 0*186 0*133

5761 9602 14,401 0.208 0*189 0.129
8863 36,460 0*214 0*193 0.124
8230 19,203 0.222 0.201 0.119

13,886 13,886
- 0.129

6943 11,571 17,357 m • 0,128
9918 23,143 a m 0.134

23,046 <23|04k5 .
- 0.208

11,523 19,205 28,807 «» m 0.232
36,461 38,430 m

- 0*227



OPTICAL CAVITY RESONATOR

This chapter is devoted to obtaining a relation between

the resonator losses and the gain in the nonlinear medium.

Consequently an expression is derived relating the coefficient

of dielectric modulation m with the resonator Q. By digital

computer Q values are computed for different mirror reflectivity.

Three types of media, the KDP, ADP and LiNbOg are covered. Threshold

values of m required to overcome the resonator losses are computed

therefrom. Beam widths of the resonant fundamental mode at the

focal region of confocal resonator are computed for two values

of confocal parameter*

17.1 Cavity Resonator of the Febry-Perot type

As stated In Article 11, nonlinear parametric oscillation

will occur when the growth rate g, Eq (11.6) Is greater than zero?

that is when exp (g*,) > 1. The distance d between the mirrors of

the resonator is related to the optical length of the cavity by

the expression

«i - cos^ty (*7*1)

when reflection losses on the surface of the two mirrors are

taken into account, the modified condition for the growth

rate g evidently is

for the signal, R1(wi)Bg(wg)exp(gi) >1
for the Idler , R1(w1)R2(w1)exp(gi)>. 1
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where 1 is the length of the crystal. Since g is small, gi

is a small quantity. The two inequalities above may bo

simplified and written as

RjU^BgW.Kl+gJL) >I

«1(w1)R2(w1)(l*gi)2 1

The quality factor Q of the optical cavity resonator with

plane parallel mirrors having coefficient of reflection

Hg^**) at w^(Fig.17.1) is defined by

Thus

«i • i. j«i>w (I7"a)
k d*

a1(ws)a8(w)|)gi >-#-*
\Jh <*7*3)

Hx(w1)ag(wi)gi2 •#*

In many practical situation, fL(v*) • ^fa*) * *S

Therefore, the condition of oscillation may bo simply

expressed as

i$V2z W * <17«4>
*Jk

or gX 7 2L

where the round-trip power loss 2L • 1-lr m 2(1-R).

At the degenerate frequency, one finds from (17.4)

T^f1en

when the space between the mirrors is filled with the

dielectric material, i.e. if we assume A • d, we obtain

(17*6)



5?
tnm Sq (11.6), (17.1) and (17.4),

3 1 1

^ . (17.6)
or f>i^q>

At tho degenerate frequency w0,

(17.7)

The condition m • 2/Q^ specifies the minimum values of m0 needed

for commencement of parametric oscillation. The analysis follows

the derivation by Akhmanov and Khokhlov (22) and (29). A complete

theory of the parametric process is given in Appendix XX*

It may be worthwhile digressing for a while and compare

some of the above results with those obtained In Chapter II for

subharmonic generation in paramotrieally excited nonlinear systems.

The condition of self oscillation in the neighbourhood of the

subharmonic frequency in a resonant circuit with a time-dependent

capacitance of the form

Cacp[ 1*A,§-oo« wt] (9.1)

was found to be

or

i2"t

it2*o

s 1 (9.9)
§->*

where € »AC/C is the nonlinear coefficient. This coefficient

Is analogous to the coefficient of dielectric modulation in



nonlinear material given by °°

* • £0 [l * » eos(wpt-k"pr)] (If .8)

The two equations (17.7) and (9.9) are identical. They differ

in that while c- is in the time domain, m is in tho space of the

nonlinear material. This is another instance proving the equi

valence of the coupled wave equations (9.3) in the time domain

and (11*2) in space. In fact one is convertible to the other

by interchanging t with r/c*

The stability analysis of the exponential growth of the

signal and idler amplitudes need not be separately carried out

"in space". By an analytical treatment similar to that for the

Mathieu equation in Art 9 (Ch II), it is possible to determine

the regions in the analogous B -Ak plane where parametric
p

oscillation will occur. In fact the curve separating the

unstable from the stable regions in the B^ -Ak plane is

identical with that in the analogous 6 -o* plane (CH.II).

It is observed that for the same detuning in a lossy medium

larger pump power is needed. Again, for greater mismatch,

evidently, higher pump excitation is called for parametric

oscillation.

xtevurting to the original discussion, the minimum

values of • required to induce parametric oscillation in KDP,

AD? and LiNbOg, may be calculated from Eq (17.6). From these

threshold values of the dielectric modulation, we may compute

the smallest growth rate possible in parametric oscillation

in nonlinear material.
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Assuming that aoaU^kp) • 1, vre obtain tram (17.4) * (17.6)

4flVg. (Jljl)* „(^\^)» (17,9)
At the degenerate frequency

k_ 2m°

If in Bq (17*4) the value of Q is substituted from

8q (17*2) the resultant equation is

«V> [1-R8(w,)] [l*4fe|jQ (i7#l0).
This expression obviously equates the gain in field

strength with the round trip reflection losses in the dielectric

layers of the mirror. Bulk losses in the crystal are neglected(30)*

By digital computer the quality factor | of cavity

resonators containing nonlinear crystals KDP, ADP and LiNbO*
3

have been calculated. Values t>r a few typical combinations of

Ag and ^ and at different pump wave-lengths are given in

Table 17.1 and 17.3* It may be noticed that there is a substantial

rise in Q values in resonators having mirrors of higher reflec

tivity* As one tunes off the degenerate frequencies Q and Q,
Changes are relatively small. If the variations in refractive

index with frequency could be ignored, the quality factor of

a resonator of a given reflectivity and having the same material

wDuld be Inversely proportional to the pump wavelength! i.e.

would be larger at shorter pump wave-lengths. This is another

advantage of using high frequency pump source. Of course attaining
high coefficient of reflection and simultaneous resonance at the

signal and idler frequencies with a given V i« more difficult
at shorter pump wave lengths.



TABLE 17.1 jvalues for different reflectivity of mirrors In plane
Parallel Febryw?*^ resonator filled with KDP. d aj ea 60

V i V ~
H a 0.90

H « 0*99

MQ.xl0 5
%**°

0*633

0.694

0
•1
*2
.3
.4

0
.1
•2
•3
*4

7.875
8*679
9.484

30.29
11.11

7.166
7*898
8*627
9*360

3/5.30
>-i1»«.SMun s.>wwwo>>|>»<H

0*866

1*08

1*15

0
•1
•2
.3
•4

5*722
66.304
6*887
7*471
8*056

aaww »•• ii in im !•!•«•<

0
*1
♦2

.3
• 4

0
•1
*2
•3
•4

4.660
5*135
5.6U
6.086
6*563

4.279
4*717
5*154
5.591
6.029

7.875
7.075
6*277
6*480
4.684

3*535 l#535
1*691 1.379
1*848 1*223
2*006 1.068
2*164 .913

1.396 1.396
1.539 1.255
1.581 1.133
1.824 .971
1.968 .830

""•—•- ••«"—«»I».HW»».»1

7*166
6.438
5*712
4.985
4.260

5.722
5*140
4.558
3.976
3.393

1*115
1.228
1.342
1*456
1.570

»•» -I."* •»«•!».»».»..».».„„.

4.660
4.384
3.708
3.230
2.750

.908

1.001
1*093
1*186
1.279

1.115
1*002
•888
.775
♦661
• •*•.«•

•9080
•8153
•723
•630
.5360

3.779
4.364
4.550
4.939
5.329

'»•—»•••«

3.438
3.790
4*339
4.491
4.844

2.745
3.025
3*305
3.585
3 »86*3

2.236
2.464
2.692
2.920
3.149

'••••.••»»,i..>M„..M„.

4.279
3.841
3.402
*r*S©«s

2.519

«•-..

.834
*919

1.004

1.090
1.175

.834

.749
*663
.577
•491

2.053
2.263
2*473
2*682
2.893

6^xlO

3.779
3.395
3.012
2.629
2*247

3.438
3.089
2.741
2.392
2*044

6

QS**°

7*519
S.286
9.055
9.827

30*60

6.841
7.541
3.236
8*937
9*640

eaaoa i -mf-rniraaj

2.745
2.466
2.187
1.90S
1.628

5.463
6.019
6.576
7.333
7.691

• •••••»m»»iMma.

2*6*36
2.007
1.779
1.550
1*320

2*053
1.843
1.632

1.209

4.449
4*903
5.357
5.810
6.266

4.085
4.503
4.920
5.338
5.756

7*519
6.755
5*993
5,232
4.472

6*841
6.147
5.454
4.759
4.067

5.463*
4*908
4.352
3.796
3.239

4.449
3.995
3.540
3.084

4.085
3.667

2*828
2.405
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TABLE 17.4

V*) Y
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Thraahold values of a for different reflect!vita
of mirrors In plane parallel Feprv-Perot resonator

tffflm
ttm iMiiana parallal

d—l ca

R • 0*90

a a l£r

R * 0.95

axlfl6
R 9 0.98

mxlC?
R » 0.99

1C7a x

0 2.540 1*303 5*293 2.660

•1 2.552 1.310 5.320 2.673

0.633 .2 2*592 1*330 5.403 2.715

•3 2.663 1.367 5.550 2.Y89

.4 2.773 1.423 5.780 2.904

m^mwtm-. mm•«^«M•i 4»i»'M'»mi <iifiiiiai.il . — —™—.•aa^neajaa* a* a*> m&w&49f

i 0 2.791 1*432 5.817 2.923

•1 2.805 1.439 5.846 2.938

0*694 .2 2.849 1.462 5*938 2.984

*3 2.928 1.502 6*102 3.067
.4 3.050 1.565 6.356 3,294

0 3*495 X«794 7.285 3.661

• 1 3*513 1*803 7.323 3.680
0*866 •2 3*570 1.832 7.440 3.739

•3 3.670 1.883 7.648 3.843
.4 3.826 1.963 7.973 4.007

0 4.292 2.203 8*946 4.496

• 1 4.315 2.214 8.993 4.519
1*06 •2 4.385 2.250 9.140 4.593

•3 4.611 2.315 9.402 4.725
.4 4.707 2.416 9.811 4.930

........*aa*aajpaji*in*» wn ii ••mwini — • * IIH IIII *••!!_* 1 III) ill $ •mi i»i.i • >a»

0 4.674 2*399 9.742 4.896

*1 4.699 2.411 9.794 4.922
1.15 •2 4.777 2.451 9.955 5.003

•3 4.915 2.522 10.24 5.148
•4 5.132 2.634 10.70 5.375



TABLE 17*5

\*W

Jbreebold values of m for different
reflectivity of o&rrora in plane
parallel Febry-Porot Resonator
filled with AUPt d 9 i

R »0*90

a x 30s

R a 0*98

-6
a x 10

64

R 9 0*99

m x 30^

0*633

0
• 1
•8
.3
.4

2*515
2.528
2.567
O s3<3Q
<3.0*X>

2.747

1*891
1.297
1.317
1.354
1.410

5*242
5*269
5*351
K ASMo.es?o

5*725

2*634
2*648
2*689
2.763
2.877

0*694

0
.1
.2

*4

2*756 1*439
2.779 1,426
2,823 1*448
2*901 1*488
3*022 1*551

5*763 2*896
5.792 2.931
5.883 2.956
6*046 3.038
6.298 3.365

0*866

0
.1
•2
.3
.4

3.464
3.482
we) OOO

3.637
3*793

1.778
1*787
1.815
1.867
1*946

7.219 3*628
7*257 3.647
7.374 3.705
7*581 3*830
7.905 3*973

mmm^mmmmmmmm imiioi iiiiiiiaiit -*————

1*06

0
•1
•2
.3
.4

4.256
a 9*m

4.348
4.474
4*671

2*334
2.195
2*231
2*296
2*397

8.869
8*917
9.063
9.325
9*735

4.457
4*481
4.554
4*686
4*882

1*16

0

.2

.3
♦4

4*635
4*660
4.738
4*876
5*094

2.379
2.391
2*431
2.502
2.614

9.661 4*855
9*733 4*881
9*875 4*962

30.15 5.307
30.62 6*336
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tUHsS 17*3 Threefcold values of a for different
reflectivity of stirrer* in plane parallel
Pabry-Porot resonator filled alta LiJfb03,d«lom*

Mn)

0

1*08 •£

•J

mil » •• •'• 'ii

R » 0*90

a x 3s#

2*878
8*888
2*930
3.052
3.132

c.

R 9 0.98
««• tft6

x MJ

1*474
as _**acafe

1*>4B1
1*504
"1 KM

1*607

R 9 0.98

.••lull •!•• lilllHliMI—I

5.987
6*034
6*197
6*861
oeflsi!a9^*T^B*i*^i^aa

mm mil mi mi . hi ««i» • • w •• ssi. .ii. s in I wsim rt in in Hn " r i ••— -~—-*••- ••"• ~ —•""• -•••'•• —.«

0
•1

aa

**

•3

ass*»ii.ia. .—'si •

1*39

0

.2
•3
•4

3*398

3*394

3.436

3.787

3*867
3*976
4*144

1*605
1*533
1*638
3*683
1*783

a*»Tav^^<a

1.953
1*964
3*040
oa^fi^ea^OF

6*563
6*657
6.837
7*330

7*0001

?!aS
8*089

3*636

».»,.. «>i|»»ssii,».si.«iMs»i™.mw«»«»«^.<«»^

2.8

3
.1
*2

.4

6*374
6*400
6*331
6*733
7*083

3*271
3*289
3.345
3*446
^p*area**sVTp

33*83

s3»eare> vO

*asCaW(P' 47**

34.64

hi. i mn.

8 «0*99

*". aaj aW

II ill I III II. I ••!

3*008

3*089
3*397

3*877

ewT^ej^^aae**

*s*^F"'*s. C asW

3*886

4*080
4*364
4*340

6*673
6*733

7!o31
7*386

mm
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The threshold values of the coefficient of modulation

m for the different values of Q in Table 17.1 to 17.3 are given
in tabular form In Table 17.4 to 17.6. Since a is inversely

proportional to Q, reduction in m occur in high Q resonators

or mirrors having high reflectivity. Because of comparatively
greater Q-values in resonators using LiNbOg, tht avalues for
a given pump wavelength are lower. In addition * in Lim>0. is

3

about ten times higher. It would therefore be desirable to use

LilfbOg for the design of a parametric oscillator pumped

preferably by a shorter wavelength source. It is further

interesting to note that, as one tunes the oscillator off

the degenerate frequency, the value of a rises, calling
thereby larger pump power.

i7.2 Confocal fteaonator

The merits inherent In confocal resonator offer the

pofsibility of CW parametric action when excited by CW gas

lasers. In a confocal spherical system the diffraction losses

Sd are orders of magnitude less than for plane parallel mirrors.
This is because of greater concentration of the field along
the mirror axis (31). For a given reflector Iocs & end

reflector radius a, Q is maximum es a function of the

confocal spacing bwhen C* is edefinite fraction (32) of
oF* If a/bA « I, %^im mo.l. This ratio decreases with
increasing a2/bA. The optimization, however, requires values
of b that are impracticably large. Since for the dominant
ta%. mode %A is of the order of lB5 for a2/bX «1, we may
ignore the diffraction loss in comparison with S which

r
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be of the order of 303* Consequently as may write

re r

The confocal parameter b is equal to the spacing d between
the mirrors* It is defined by

3? «| (17.12)
*»•*• *o ls the bt,m radius at the waist which in a confocal

system occurs in the focal region (33)* The multiple layers

of the dielectric coating on the mirror surfaces are coincident

with the phase fronts of the resonator modes, both the signal

and tho idler waves being simultaneously resonant in the lowest
mode*

The resonant mods frequencies are given by

*$* 9 2q ♦ (a+n+1) (17*13)

9tmi*9 q is an integer denoting the number of nodes of tho

axial standing-wave pattern (q*l i« the number of half wave

lengths)* a and n are the mode numbers* For tho TBJi^ mode
(i.e* »«0f n«0) Sq (17,33) yields

V. • *•V*
a^ -q^/a <l7-M>

the subscripts refer to the signal and idler modes*

By digital computer beam widths have been calculated for
two values of confocal parameter* Those are given in Table 17.7
for a HJfbOg filled confocal cavity. As is clear from (17.32) tho
beam diameter shrinks with shorter spacing of the spherical
mirrors*
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From the results on q end a values in Chapter 17,

we calculate by digital computer tho threshold levels of

the poop field £. sad the pump intensity lp for plena

waves* At the power Involved ere enormous, these are

strictly applicable to the design of raised parametric

oscillators and amplifiers. Use of focused beams considerably

reduces the power* Beam widths of the lowest resonant Tsr^

modes as calculated in Chapter 17 are employed to compute

the threshold level, 1th UNbOg the pump power P is

several aV froa 1*03 u to 2*3 u end hence within the

range of CW gas lasers*

Single-pass parametric amplifier gain is calculated

end graphical plots given froa which one can readily find

out the gain of amplifiers consisting of KDP, ADP or tilfbOU

for any pump intensity at any frequency* Power ratio

?£(J,)/P8(o) is calculated both for plane waves and for

focused Gaussian beams*

Za Article 17 wo had considered a cavity resonator

and derived tho condition of oscillation by equating tho

round-trip loss of the signal and idler to the one-way gain

assuming that the pump signal traverses the resonator only

once* The cavity is resonant simultaneously to tho signal

and idler modes, but transparent to the pump mode*
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Transverse intensity distributions of laser beams are

essentially Gaussian. The beam contracts to a minimum

diameter 2w^ at tho beam waist where the phase front

is plane. This aspect will be considered in later sections.

Initially, we imagine the nonlinear uniaxial crystal

of length j> to be located in a small region along the axis

of tho mirrors whore the wave-fronts are effectively parallel

and planer (Fig. 17.1). We consider only the lowest order

or tho fundamental TS^ modes of the signal and idler,

as higher order modes will not be phase-matched with the

pump node. Tho fundamental mode frequencies areV«qe/2d^,

where d^ is the distance between the plane mirrors and

q an integer. In the following, we derive in a very simplified

manner, an expression for the pump power required to induce

parametric oscillation in a resonant cavity. Me assume

piano waves of uniform cross section over the Interacting

region and that the beam radii are related by jnj aj? m2wr
although the latter stipulation may appear redundant.

The minimum pump power needed to excite oscillation

in a plane parallel Fobry-Porot Cavity resonator may be

estimated from the condition

•-a/W^)* (17*6)
Mere a moans the minimum quantity of modulation that must

bo caused by the pump intensity in the nonlinear material*

Since a• 2/Ep/e ,wo obtain for tho pump field

o omn^n
* m issjg*L*i (18*1)
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Taking the appropriate eoeffioients of susceptibility tensor

fi froa Art 32, we obtain

(e) For jytAjyai

(«

i_n.

*p " ^fttnlg <30»3>
of the absence of any exact value of these tensor

coefficients, only approximate values have been taken as

in computation of 8L. The values (SK8 units/volt)

(a) For KW f d^ • 6*0 x 3J313

(e) For AST , dj^ * 5*6 x 3013
(e) For UHbOg, dj^j « 6.6 x lO*2

The values of Bp for dlfforent values of Qy and nonce
reflectivity of the plane parallel Fobry-Perot cavity

resonator using the three uniaxial crystals have been

eoaputad by the help of digital computer. The values of

H chosen for computation are the same em in Tables 17.

The computed values of Q and a at different frequencies

in the throe types of crystals are given in Tabls 17.1 -

17.6 • The corresponding values of !«L are shown for each

values of a in Tables 13.1 - 36*3 *

The threshold pump intensity Ip may now be easily
obtained from the equation



For the parametric process under consideration

Ip «H«»pW^ (3S.4)

9 1.326 x3J53nJ(9)^ watts S8

94*36 x10^^(9)^^ watts
The BL values calculated above together with the appropriate

values nj(9) at different phase matching angles of the three
P

types of crystals wore fed to the digital computer* The

threshold pump power, thus computed, are shown in Table 23.I

38*3. Sq (18.4) may be expressed more convedsntly in terms

of the loss coefficients. From Eq (III.l), the pump field

» * T'Jj « ' (18*5)

Substituting this in (38.4) and writing n^ for n*(9), we
have for tho pump intensity

m-25<^)8(npngn1Ag>1) (18.6)

93.36 x l06(£)2(npnsniA8>1) watts m2
>v*s are the free space wavelength of the oscillating modes.

Substituting for g from Bq (17.4), the power required in the

exciting laser beam with radius jl is

>4.23 x10^(npngniA8A1)rf|)8 watts
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where 2L « 1-R Is the loss in the resonator during "a round

trip" of the signal and idler nodes.

An alternative approach leading to the estimation

of the threshold puap intensity required for exciting

oscillation in a cavity resonator with plane parallel

mirrors is given in Appendix III.

It is observed from the Table 13*1*3 that tho minimum

puap power required decreases with increasing Q or reflec

tivity of the resonator* Furthermore• the puap power

required is about two orders of magnitude lower in MJbCu

for the same mirror reflectivity. This is evident from

Sq (18*7) where it is shown that the minimum puap power

is inversely proportional to jrw Thus considerable

advantage may bo derived by using high Q resonator with

XsiNbO^ crystals.

It may also be observed that the threshold power

for sustaining the oscillation increases as one tunes

the oscillator off the subharmonic frequency. Again* the

use of higher frequency pump source yields an advantage.

It is evident froa Table 10*1 -18.3 that tho puap

power is significantly high and beyond tho limits of 04

power from gas lasers. Only pulsed solid state lasers

can meet such power requirement. Furthermore* beams from

these pulsed lasers diffuse enough to elevate tho

threshold*

Parametric oscillation In a Febry-Perot cavity

considered above requires a pump intensity significantly

higher than the minimum values shown in Tables 18.1 - 18.3
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This higher threshold occurs because of slight mismatch

introduced by beam divergence.

The frequency offset duo to mismatch of the oscillating

aades in the resonator is

aw -ap - (*w*wlo)

where v and w« are the resonant frequencies of the
SO *w

unperturbed modes and w^+aw/2 and w1o+aw/2 are the oscillation
frequencies (30). The modified phase mismatch is

kj^ • qn/dj. (17.14)

For the optimum case of exact phase matching, Ak»«0, of the

two modes, aw«0 and the threshold is, as stated before,

identical with the minimum value predicted by gq (18.7).

Then it can be shown that the pump intensity when ax« j* 0

increases by the factor

(as'j/2)2
in m •

sin2(^«2/2)

The maximum possible mismatch is ^'^aa*"7^2^ and h9nce tb#
threshold level of pump power increases by a factor of

1.24 maximum.

It may be interesting to compare this derivation with those

derived by Klelnman for second harmonic generation with

slightly divergent beams(13). The threshold pump power in

Table 18.1 - 18.3 should thoaaforo be increased by a factor

of 1.24 in order to estimate the minimum requireasent.
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18.2 Ctf Parametric Qscl lator wi1

»~jFir*m*i'"<t\^'lMiiS'&t85H5:

With a Febry-Perot typo of cavity resonator with

plane parallel mirrors, the pump power required to excite

oscillatory modes with common radius w^ is given by

Sq (18*7). As an illustration (34), consider a cavity

of lenrth £ * 1 •» with loss 21 * 0.01 (1 percent) and

containing modes of radius j^a am at ^-1 u. Using

KDP crystal (/« 0.85 x 1012 iVvolt) the threshold puap
power predicted by (18.7) is about 200 KW. This power

is immensely high for a CW oscillator* la*, therefore,

consider confocal type of cavity containing focused

beams interacting with a thin slab of uniaxial nonlinear

material inside the cavity. The oscillating modes w

and w«. (note that the subscript o has boon dropped)

are simultaneously resonant and are phase matched, such

that the dielectric planes on mirror surface are

coincident with the spherical phase planes of tho

resonator modes. The pump, as before, is assumed to

traverse the resonator only once and emerge undepleted.

Tho for sed beams are matched in the optimum condition

such tiiat their widths conform (34),(35) to the relation,

(38*8)

The threshold pump power for parametric oscillation

in this optimum situation is from Eq (II.7)
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where the boom widths jg*s are determined by the confocal

paroaeter b0 according to tho equations (see Sq 17*12)

o - -*H
a Kx»

** *b •Mm? ( oil at tho beam waist )

Farther*, v »

ng magU-S). a^ » n^l*^

sad froa (Bq (11*4) for phase matching a. » o^d*'!?)

*• -i -«o (^^Hl.^»j

Substitution of this in (18*9) yields

WO may write (18*9) in tho form

9p *HP* '' T| f (18*12)

where g -3ti ,„ «* ,,» « (18*13)

At the degenerate frequency

9 ^ a ma

lat us oatiaate tho pump power requirement of a CW oscillator

using a %m crystal* The confocal parameter approximately is

equal to tho radius of curvature of the mirrors, thus let

b0»JL«l ea* Then with IDP crystal i^lffim* at ^sflL u*



TABLE 18.4 Threshold Puap Power (Eq IS.12) in LiNbOg
Parametric Oscillator with confocal resonator.
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b0al-l. cm. 2L=10' mks/volt, for values of

*s'>% , in Table 17,7

y»> l
1

T JB. x 10' P_(mw)*

0

1 (MKS/watt) ! p
5.567 0.271

.1 5.464 5.478
1.03 .2

.3
• 4

5.321
5.089
4.709

5.987
6*981
8.870

IWMBstlH*******••*J*i*» *m iW***t*M*M» >m am m* •sWsmi -.«.»,«.m+WMmMmmwummm+wmmmmmwMm+mmvmmmmmmm — — ——-• — **•*—-••»-s~*»-»»-••-«• — ••*«•

0 5.208 5,801
.1 5.112 6.030

1.06 ♦2

.3
•4

4.975
4.709
4.398

6.594
7.769
9.782

mmmmmmmfmmM — «s» — — mm HI *»•*>•*»**••*»><***»«». is-**.**«*«*«»•)*,-*«•? _ »

0 3.775 8.718
.1 3.738 8.986

1.15 .2
.3

3.685
3,514

9.705
11.34

.4 3.297 14.22

"~o 1.958 20.35
.1 1.944 20.91

1.39 .2
•3

1.918
1.893

22.58
25.51

•4 1.829 31.10

0 .583 114.9
• 1 .590 116.0

2*3 ♦2
.3

♦600
.616

121.5
132.4

•4 .655 147.7

* The threshold power will increase by a factor of 2 if

/ is reduced by l/v2 to account for the lonGitudlaal
modes.

OffflTiAL LIBRAW WWWSITV OF WORKED
ROORKEE.
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Froa (18*12) the threshold puap power for 21*»1# is

computed sa 2*5 watts* Altough this is within tho range

of a COg»l^»!ia typo CW laser, <y«10*6 u) it is rathor
high for a Argon-ion laser at /yO.5146 u. If aUifbOg
crystal is used instead, tho puap power exciting oscillation

in on identical resonator would bo 7*7 aW (2d15»13.2 xID22
H/volt). CW power upto 1 watt is available froa argon-io-

CW laser*

Threshold puap power of tho oxoitlng CW laser bean

using confocal resonator with LiNbOg crystal is si:own in

Table 18*4 *

To date no systematic theory seem to have smsrged

with which one eon reasonably estimate tho power of tho

signal or idler wave in an optical parametric process* Tho

beam used as paap source is not a ray of light without

divergence* Within tho narrow pencil of rays the phase A.k

is not soro through tho cross-section of tho boost* At

a result tho signal power is lower than tho value of

AkoO along the beam axis* e shall derive expressions

for the power gain ia an optical parametric amplifier

in an ideal condition Uk*0) and in a practical situation

where Sue to boas divergence Afe'jl 0*

The coupled wave equations describing the growth of

tho signal and idler waves in a nonlinear medium pumped by

o strong lessor source are froa (11*2)
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s p

d3. inijk^
dr* " ,gc,ostk]kpTBse"

(19.1)

iAkr

where Ak »^p*X|*\ iIs the phase mismatch. Combining the
two equations,

d2^ mamikaki di?*
^F "*co^k^kpgoSt^kp)^ +Uk dr

d2jBe dBa j,or _a .. iAk ^-& . g^s> „0 (19#2)

where g is the gain constant given in Eq (11.6)

Assuming that (k*kp) i8 a small quantity

|»ttVfcW* (11.6)
The roots of the differential operator in (19.2) are

writing g» * y-^j*)1]* (19.3)

the solution of (19,2) is

8f(r) > t^w*'**^*'*)****** (19.4)

Here g* is the growth rate modified by the beam divergence.

To determine the constants, we put the boundary conditions



8°at r«0* This leads to °

k^ 9*[Vo)Tjmikt<Co)"; a!gK(o)

and Ag «*[l8(o>«^taalc|BB^(o)j 0$jjjfa*M

Hence

B§(r) »{sa(o)coshg»r- |yiikgsJ(o)*|̂ Si(o)jsinhg'r vml^r/2

«J(r) «{sj(o)cosh g«r*[^T«i1^Bt(o)*|̂ Nj[(o)]8inh g«r^ 5tAkr/S
i

(19.5)

The influence of the beam divergence and the consequent phase

aisaatch are contained in the exponential factor exp(lAkr/2)

and in g'. It would be exceedingly difficult to find an exact

analytic expression for the average of the terms involving Ak

so as to account for the variation of Ak across the beam section.

The growth rate g1 in divergent beams is lower than tho

unmodified g* Equation (19.3) suggests that there will be no

parametric amplification until the pump intensity is sufficiently

high such that gNAk/2* In the ideal case (<$d»0) g is only

required to be greater than sero for amplification*

3£*1 IWfts^Js^ssllsl frlrtft

When the throe waves are perfactly matched Sq (19*5)

becomes

8t(r) • Kfl(o)cosh gr-|p8kti^(o) sinh gr

sj(r) 9 ?sJ(o)eosh grma^k^S (o) sinh gr (19*6)
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With a signal input ss(o) at r=0, the idler field grows
from aero, so that Efi(o) f 0, but B*(6) * 0, Then

Efl(r) a Ss(o)cosh gr

E*(r) «^mik1E9(o)sinh gr (i9#7)

or ^(r) 3-i(^fi)£Sg(o)sinh gP
s i

Power in the travelling signal and idler waves are given by

Vl> KPg(o)eosh2 gi

W »(^)P8(o)sinh2 a (19.8)
where 1 is the length of the crystal, and Pg(o) is the initial
signal power at r*0. The coherence length for the waves is
defined by

s 1

At the degenerate frequency

g«172H^0nf2
Here * ls the tensor a^.d ia^, see Sq (11.3) in Appendix II,
HP" is the piezoelectric tensor coefficient. Thus Eq U9.8)
become

VD uV0)cosh8te/V
(19.10)

?tU> » <vina/wsn1)Ps(o)sinh2(JL/is)

The values of the gain constant gor the reciprocal of the coherence
length, are computed from Sq Q9.9) at a few subi ic frequencies,
These are given in t,e first throe columns of Table 19.1, for the



TABLE 19.1 Single-Pass Parametric gain Eq (19.9) and (19.10) at the subharmonic 85
frequency for a 1 cm long crystal. EL » 100 kv cm •

g(?J cm1)*
KM I ji^x, f W.™O i ^liL: I J .(do

I KDP 'V I LiMb03 KDP ADP LilfbOg" KDP~ [TaP, LiNbOg

.6328 .33 .308 - .113 .097 .41 .41

.6943 .28 .263 - .081 .071 .33 .33

.8664 ,196 .184 - .039 .034 .17 .17

1.06 .156 ,146 3.46 .025 .022 252 .08 .08 24

1.1522 .146 .136 2.94 .022 .018 88.9 .04 .04 19.5

1.3886 - - 2.12 - - 17.0 - - 12.5

2*3046 - » 1.15 - - 2.02 - - 4.7

* KDf d14 a 0.6 x lD12 MKS unit/volt
ADP dl4 a 0.56 x 1512 MKS unit/volt
LiNb03 2d15 x 10.2 x lS12 MKS unit/volt
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three crystals pumped by a laser field £p»100 kv cm

(about 20 MW cm2 in KDP and ADh, and 30 Jtf cm2 in LiNbOg).
Eq (19.10) indicates that under perfect phase matched

condition the signal intensity grows exponentially with

crystal length. Furthermore, larger growth rate and hence

larger power gain for a given length of crystal and pump

power are obtainable from LiNbOg. For instance, with

E*100 kv cm1 the power gain in a2 mm thick LiNbOg

crystal is 1.6 db at X-1.06 u the corresponding coherence

length 1« Is 2.9 mm. In KQt the power gain, with BLalOO kv cl
and 1a1en, is 0.41 db and Ig a3cm at AQ a6328 8. In
order to facilitate design work, the g values are plotted

as a function of pump intensity in Fig. 19,1. From these

curves, the gain constant may be found for any material

at any laser frequency by simply multiplying the values

in Fig. 19.1 (a) by the factor F.

si

19.2 ja.per.fect —isMsaf fllill

Due to finite width of the beam, Ak A 0 , except

along the axial line of the beam. We envision that the laser

beam has a small but definite angular width • Then from

Sq (19.5)

Eg(r) a [cosh g*r-|̂ Mnh g»r] Eg(o)elAkr/2 (19.11)

s!(r) « ifc^rMsinh g'r .
si

. (o)eiAkr/2
s

The second term inside the parenthesis of the flr3t equation

may be treated as negligible. Further the gal*i constant g* may
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also be assumed constant. For small values of phase mismatch

s'4s[l-»(5|)9J-E[W(VCh>8J
where ^^ is the coherent length at the degenerate frequency
according to the definition adopted in Sq (16*1)* For numerical

values of i»COQ, reference may be aade to Table 16.4 • Thus

*°* I^i^fct wo may find an expression for the average field
as follows t

a/i

<*1A*A/&) • J fexp[U(ak/da)oe/8] da
J-A/a A/3

sin KdKdQ) A/4
,,wI(d^/d9)0g/4 '

** *eoh

liere (dk/d»)0 » (dk/da)^ as per definition (ref.13) adopted
in Eq (16.3)* Thus Eq (19*11) yield

?g(D » Sg(o)cosh g*X • '

The expressions for power are

« sin3(l/i° fc)pga>«pg(o)cosh2 g«i T y
2/ / o (19*12)

P-U) a (457r*)Pft(o)sinh2 g*\ *? ^frmkml SOY nt s * q/4,h)2

According to this equation the power gain is reduced by the

factor sin2(V^h)/(Vi£oh)9* Beams froa solid stnte lasers
exhibit substantial divergence and hence account for low

parametric gain.

•V2

o
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19»3 fro.W G^4n Parametric -Maplftffor » Plafle Waves

For small gain in single-pass parametric amplifier

Iq (19,10) for plane waves may be approximated by

Pga)-Pg(o) a Pg(o)Q/V2
n (19.13)

As an illustration, let us take the experiment by Wang

and Hachetti (14), They used second harmonic (X»3470 t)
P

of a ruby laser, P «2 MW, and an input signal > »6328 t
p s

Pg(o)a8,2 mW. With an ADP crystal Jb«8 cm they obtained

pi&) * 1st aW* From Fig* U8.1, we observe for

Ip«2 "2 and AQa6940 8that g/F a0.095 Np cm*, and
F a 0,713, for kW at Va0.096 . (K U 7660 $).

Consequently gj,, a 0.542. hence from (19,8) we calculate

I signs! power gain of 1,2 db and an Idler power of

2.6 mW* The agreement between tho theoretical predication

and experimental result is good, considering especially

the inaccuracy involved in the value of / used.

In the above treatment we have assumed plane waves,

'-he field amplitude is uniform along the beam

v**e widths of the three beams as the same.

20 Low .Gain, Parametric Amplifier t Gaussian beam

The radial variation in the transverse electric

field of a Gaussian beam in the near field of the '
or-

mode is represented by

l0(r)e^ (aoa)



where ^0 is the amplitude at and p Is the radial distance

froa the centre of the beam. Consequently, the gain along

the transverse direction will be also of the form

From 3} (19.13)

2r\f>*p

or, ?f0(l)w| «(^ ^)|J|«4(o) jjjaL
Writing g2»I(l-^2)P|/2w2 (see Sq 11.11), and substituting
for P from equation

*» •i^onnw^^,

one obtains

"1 nl I*7'Mi ** ng {s 2,
^* HP

The constant

&•^5 S ^ ""' (2B.13)

After simplification,

*«.&> *i<i-*>%vo) —4
2 <##

(20.3)

psa)-p8(o)»£(i+*)apppg(o) if
2(w2*w2)

The £ values are computed at different frequencies for the three

types of crystals and given in Table 20.1, The power ratio



90

TABLE 20,1 Computed values of £(MK5/watt) Sq (13.13) for

different materials and at different frequencies

y»>

.6328

•6943

.8664

1.03

1.06

1.15

0
.1
•2

.3

.4

0

.1

.2

.3
•4

0

.1
•2
.3
.4

0

.1

.3

•3
.4

0

.1

.2

.3
•4

0

• 1
*2
• 3
.4

& x 13*
KDP

6.8416
6.7896
6,6372
6.3804
5.9518

5.005
4.9776
4.8B34
4.7304
4.5294

2.4828
2,4756
2,457
2.4324
2.4132

1.5876
1.59IS
1.6051
1.6326
1.6884

1.3372
1.3939

1.4157
1.4579
1.5329

3

ADP

6,0089
5,9674
5,8369
5.6268
5.3409

4.3774
4.3489
4.276
4.1433
3.977

i.1454
2.1409
2.1268
2.1098
^.0981

1,3678
1.3621
1.3746
1*4025
1.4555

1.194
1.1998
1.2198
1.2591
1.3299

mw^mmm iMpiM i*i mmtmmmmmiim m ismhh'H wwhssmiii— m. n*piiBi*M*SMiMi*ii mm i'WWsh ***n

KDP, d14 9 0,6 x IP*-2 M/vol*
AD: , d^ 9 0.56 x IS12 i'/volt
LiKb032d1|S 9 13.2 x 1J512 .Vvolt

ii x l0(
UNbO*

5.567
5.464
5.321
5.089
4,709

5,308
5,112
4.975
4.709
4.398

3.775
3*738
3.685
3.514
3.297
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P m)/P (0) for LiNbOg amplifier are given In Table 20.2 .

As an example, let us take the case of CW parametric

amplification in a LiNbOg crystal 1 * 1 cm, excited from a
argon-ion gas laser K m10 aw* The input signal is
P (o) = 1 mW, * 9 1*03 u,i 9 o.l. The beam radii for

bQ 9w cm are j^ - 6.65 xl55 cm2, y£ • 3.66 xlOf
From Table 18.4, j£ a 5.56 x lO7 M/watts. Thus the idler
power forV« 0.1 Is according to Eq(20.3), P± » 2.15 x 10**5
watts (see Table 20.2).

The above description pertains to travelling wave

parametric amplification. If a resonant cavity containing

nonlinear material is employed, parametric oscillation may

occur when the minimum gain exceeds the reflection and

propagation losses. A cavity resonator will also cause

a much lower threshold for gain.

Cftto of fa»Wfflefrlc, ..QasfrJlfltQr, wiJk
tooqcflt Confocal, Cavity

A parametric oscillator with a confocal resonant cavity

will have bettor gain. Inside the cavity the signal and idler

electric fields are in the lowest modes with beam radii

Jtg and j^. These will mix with the pump field In a mode of

radius w, to cause increments in the signal and idler fields

through the nonlinear coupling coefficient, With this mode

coupling taken Into account, the spatial rate of growth of

the signal and idler frequencies become (see Sq 11.12)

i5 2
cm .

<%(*) So {lsLlm\)iE *?/£
••< t'J 9 g __-vl+/ n.' asoe x

(21.1)



TABLE 20.2 Single-pass parametric gain of LIHbOg amplifier,
Eq (20.3), for confocal parameters b = 1 cm,
crystal length X m 1 ®H pump power P » 10 raW.

4T

Mu)
O

V pta)/ps(o)

0 2.530 x ID4
.1 2.146

1.03 ,2 1,749
• 3 1,349
.4 0.962

w^^

0
.1

1*06 .2
»n
.4

2.290 x 154
1*948
L . o * J

1.206
0.872

0
.1

1.15 .2
*3
•4

1.527 x 134
1.308
1.07/
0,828
0.599

0
.1

1,39 ,2
.3
.4

6,559 x l£55
5.607
4.640
3.678
2.739

ins •»• n««i i i iiwawa.—-' ii * i ii i in
0

,1
2.3 .2

.3

.4

1,16 x lS5
1*014
0.862
0.712
0.532

92
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We assume that the field is independent of r. For small gain

the incremental power gain in the idler mode can be written

OO

dP,

dr^ " HcW2%(Q>dl^W
<o °°

2/2

"2;itbcni8o^<^7 h\oEd**r 'V*?
^w gf * 1(1- ^

OO

or, ^ , (j^sPlPp)*( i. /) (^-*)*

dr4 * WAVVocrAf)1
(21.2)

*s

Integration of which will yield, with P. » P«, and when P , P,
• • s* 1

within the braces are regarded as constant,

^ «<ffD>*(^)(-Sa7j)*L (21.3)

Power gain Pi/Pf calculated from this equation for LiNbOg
parametric oscillator are shown in Table 21.1. Comparison of the

figures U this Tabic vlth the corresponding values in Table 20*2



TABL3 21.1 Power Gain APj[/Ps of LiNbOg Parametric

X„(u)

1.03

1.06

1.15

1.39

2,3

Oscillator Dq (21.33 with different

confocal parameter b • Crystal leng

i « 1 cm 5 Pump power 10 mW,

(APi/Pg) x IB2

I ° T
0

.1

.2

.3

.4

0

• 1
.2
,3
.4

0
• 1
.3
,3
,4

0
.1
.2
.3
.4

0
.1
.2
.3
•4

bQ m 1 <m

2.755
2.444
2.110
1*757
1.390

2,626
2.330
2.011
1,665
1.324

2,142
1,908
1.658
1.378
1.098

1.402
1.251
1.087

.919

.742

• 590
.531
.468
.403
.341

5 m

1.232
1.093

.944

.785

.622

1.174
1*042

• 899
.745
, o92

.958
853

.741

.616

.491

.627

.559

.486

.411
,332

.264

.237

.209

.180

.152

94

10 cm

,871
,773
,667
,555
,440

• 830
.737
,ooo

.419

.677
,603
.524
.436
.347

•443
•395
tCnnc

.290
,235

.187
,168
,148
.127
.108
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and also comparison of (21,3) with (20,3) will reveal that

the amplifier gain is approximately square of that of

oscillator. Hence for small gains (o <€&<;!), an oscillator

(with cavity resonator) offer higher gain for the same

pump power, In other words, threshold of pump power is

attained *t a lover level In oscillators.



CHAPTER VI

glMMAfg OF R STILTS AND CONCLUSIONS

1, The calculated values of phase matching angles are in

excellent agreement with the experimental results. The

factors that contribute to the prediction accuracy are

(a) the use of exact equation (12.2) ^A*'
(b) and putting the calculation on the digital computer

2t 5fhe\, • ®0 curves are concave in shape, suggesting the

merits of pump sources with shorteff wavelengths. The

curve for LiNbOg is more spread out? consequently

mechanical tuning by rotation of the crystal is more

conversant with this type of crystal.

The phase match angle Is about 90° at the degenerate

wavelength A • 1.03 u. Propagation at right angles to

the optic axis minimises the disadvantages of double

refraction and beam divergence,

3# The design tuning curves for shorter pump wavelengths
2

are straight lines? that is (aV) bear linear relationship

with sln20, A pump wavelength * * 3472 1 may initiate

parametric gain In R*W or IBf in the wavelength range

of 0,45 to 1.5 u. In LiNbOg with ,^ •5300 Imechanical
tuning may cover the r<ange 0.65 to 2,5 u,

4. The Q-valuas of optical resonators (d • 1 cm, S a 0,95) is
6

about 10 at 1 u. As Q is inversely proportional to the mirror

losses, reduction of the losses from 5 to 1 percent raises

the Rvalues 5 times. The corresponding threshold
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values of m are about 2 x 10* and 4 x 10* . The m values

show slight rise with increase In i • Consequently the

threshold level of pump increases as one tunes away from

the degenerate position.

Pump power required in exciting parametric oscillation

in resonators with plane parallel mirrors is enormous.

Pulsed solid state or glass lasers, having a few hundred

KW of power are capable of such action. Use of focused

beams reduces the power considerably. The pump power

for a confocal resonator bQ « d • 1 cm, and containing

LiNbOg is only 5.8 mtf at /^ O 1,03 u. although the

saving in pump power is enormous, the resulting power

gain Pi(i)/Ps(o) is also proportionately depleted.

This is because the power gain is proportional to P »

The single-pass parametric gain in LiNbOg amplifier

at 1.06 u are

Resonator P P*(l)/Pg(o)

1, Plane parallel 30 KW 252
d « 1 cm j^alcm

2. Confocal 10 mW 2.3 x 10*4
b « d a

J. 9 1 era

6 The simplified theory and its extension to the

travelling wave mode form the basis of calculation

of power by the digital computer.
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The subject of parametric amplification and

generation of optical frequencies is replete with

potentiality and raore research need be done on t

a) covering wider bandwidth with fewer resonators,

b) combining the three methods of optical tuning,
viz, the mechanical tuning, temperature tuning,
electro-optic toning, and

c) improving the power conversion efficiency*



MTsflPK I

Piezoelectric Tensor Coefficients and
Polarization of KDP,ADP and LiNbOg crystals

jCDP an^ ADP t (CI,ass, 32m>

o o o d14 0 0
^ij " hi * ° o o o d14 o

0 0 0 0

P-, * 2<Ld, -REx ott14Vi

py " 2od14SzEx
P. • 2C- S§Vr

UNbQg i (Class 3 m)

15 "2<i22
0 0 0 0

Uofi

7 tj " *!* * -^ d22 ° 2*1S 0 0
d3l d3i ^33 0 0 0

Pxa8(CL2d15Vx-2d22Ex^l
py "8oNrf8 +««< - ^isYV
?s-2o>3l^^^-d33^-]

9P
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Aj2pen.djjg I,X

Theory of Parametric Amplification and Oscillation in a

Cavity Resonator containing Nonlinear Material.

Let us consider a cavity resonator containing a thin

slab of uniaxial crystal of length X* v® consider the fundamental

TEM00 modes. The cavity Is resonant simultaneously at the mode

frequencies v> and ^., but is transparent to the pump mode V_•

The stationary field Inside the cavity may be expressed by

*p 9sv*1 *»
1, »aaus(t)e^/J4 (11*1)
\ 9a1u1(t)e*2/ai

where the subscript o denotes field amplitude at the axis of

the Gaussian beam, and a are unit vectors. In the above we have

omitted the terms like exp(*ik|>r) because of the assumption of

perfect phase matching* Owing to nonlinear coupling the field

amplitude varies slowly at a rate described by u (t) and u«(t)*

Extending Sq (9.6) for lumped circuit to the present

problem, the coupled mode amplitude equations may be written

as

I? •^si*! ' ss s

i 4 • CII-2)rr * ^i.us - *ii»i

If we envision thrtt perturbation of the cavity field is

caused by modulation of the dielectric constant i.e, by m

which is varied harmonically In time (Sq, 17.8),

du^
d*t
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we find

I 3* EX 4V via S>ri« dV
OC. a «.iw """^ ' » «.1»»»' ™ "' "• *' 9 (II.3)

*jTe v.* av "I*. Es8. d7
fie re the integration in the numerator Is over the volume Vm

of the material, while in the denominator it is over the

cavity volume V. Uriting dV o r * 2np*f , and considering
only the situation of small gain i,e,,Eg and JL approximately

independent of r, one obtains from (11,1) and (II.3)
CXI

r

exp

0gZj*
si m mlrr -f

yspo* j
[mf{i*i*i^ ^

f
T

exp (r*f/£)**?*(
d iti the spacing between the cavity mirrors, and i is the

length of the crystal. Performing the integration and assuming

the optimum value for w. (18.8), one finds

w ?F'po± £
(II.4)

We iilso note that the OOvity loss coefficient

^""^ ' 0\ gj mmAm
ii qx (11*5)

and
U

*• " "2T* »
k±d

Qi mw

The condition for oscill ation is from (II.2)

sa. is - ss 11
(II.6)
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Therefore

^•*—** >-*-. mm
<Vi>*a#s5 " (w*

At the degenerate frequency of the sanity modes with Gaussian

distribution, w. » w4. Hence
'8 1

njjd ' *o

This expression is valid for plane waves as well.

BSsgsaalsMflM MLt

As pointed out by Louisell et al* the parametric equations

in the time domain have the same form as the corresponding spatial

equations. Hence, the spatial equivalents of (II.2) are (36)

du„ „jf 9 ^ , C<saU8

du! m , <".9>

where the coefficients <* are 1/c times the coefficients in

Equation (II.3) in the time domain and the integration is over

the sectional area of the beams. Hence for the propagating

mode the gain coefficient is

or

9A
•*s-

where g<) . <.JLi)£/Epo {llmll)
S X
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Prom (11*9) the travelling-wave parametric equations for a

single pass through the nonlinear material inside the resonant

cavity may be written as

L " - «ML?J*fc} nf}\ (H.12)
jC*Jh i

Power in a mode is given by

Pi - *Vmi"*'klui

** Ir1 **W^ ui dS^
Substituting for du^/dr from (11.12)

£-%^*|^.vVs
or ^ 9(ffyy^ )*(!-*)JjH^ (II#X3)

t - *C-0cn1-|̂ L

This gives the spatial rate of growth of the idler mode as

it propagates during one travel through the nonlinear material

Inside the resonant cavity. A similar equation exists for the

signal mode. Since the gain coefficient is assumed small

Eq (11*13) may be integrataa by regarding Pg and P^ on the

right side as substantially constant*
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Plane Waves.

The minimum growth rate when equated to the losses by

reflection on the surfaces of the two mirrors of a Fobry-Perot

Cavity resonator containing the nonlinear material is given by

From Art ll,

g>&Jf& (17.4)

r mMmikski -i •*g a frl S * « * (11.6)
cos(kgk^cosd^k )J

L Oft <r

or, g 9 -3^««Ou)£ (III.l)

If we assume thr t the field amplitude is constant along the

radial direction, we have for the pump intensity

Ip *1.326 x103 npS^ watts m2 (III.2)

ft • *l72*6 <n^$?rqi*4 mm
Substituting from (17.4)

Ip =1.344 x^(n^ap^^XJjjp)2 (111*4)

All the parameters are in WEI units. Thus, for a given material,

the threshold pump power is inversely proportional to the

square of the susceptibility coefficient and to Q of the

resonator. Considerable advantage is thus derived by using

LiNbOg crystal in high Q resonator.
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Fig* 6.1 Amplitude of the second harmonic under

exact phase-matched condition.

Fig. 6.2 Second-harmonic intensity as a function

of inclination of quartz platelet with

respect to a ruby laser beam (12)

Fig. 6.3 Depletion in the conversion efficiency

of second harmonic due to beam divergence (15)

Fig. 7.1 Schematic of a travelling wave parametric

amplifier.

Fig. 9.1(a) Two resonant circuits coupled by a nonlinear

capacitance C(t). Electric analogue of an
optical cavity resonator simultaneously

resonant at w, and Wg and containing a
nonlinear crystal excited by a pump laser

beam.

Fig. 9.1(b) Single tuned circuit * electric analogue
of a degenerate parametric oscillator.

l'lg.10.1 Subharmonic generation by analogue computer.

Fig.11.1 Vector diagram showing a scheme for parametric

interaction in negative uniaxial crystals.

Fig.12,1 Section through a negative uniaxial crystal
showing the velocity surfaces.

Fig.13.1 Vector diagram for subharmonic generation
showing

a) Momentum m&toning, and

b) Matching for refractive indices.

Fig.13,2 Phase matching angle at subharmonic frequencies
a) in KDP

b) in ADP

c) in LiNbOg
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