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ABSTRACT

The aim of the present thesis is to perform ab initio no core shell model (NCSM) cal-

culations for lighter nuclei and to perform shell model calculations using valence-space

Hamiltonians derived with ab initio approaches like in-medium similarity renormal-

ization group (IM-SRG) and coupled-cluster effective interaction (CCEI) for heavier

sd shell nuclei.

A systematic study of low-lying energy spectrum for 18−23O and 18−24F isotopes

using NCSM is presented. We have used INOY potential, which is a two body interac-

tion but also has the effect of three body forces by short range and nonlocal character.

We have also performed calculations with N3LO, and N2LOopt interactions and cor-

responding results are compared with the experimental data and phenomenological

interaction USDB. The largest model space we have reached for 18−21O and 18−19F

is Nmax=6 and for other oxygen and fluorine isotopes is Nmax=4. We have also

discussed the binding energy for O and F chain. The over binding in ground state

(g.s.) energy in neutron-rich oxygen isotopes is observed in our largest model space

calculations.

We have calculated the energy spectra for 18−22N isotopes using NCSM. To calcu-

late the energy spectrum we have used three different NN potentials: INOY, N3LO,

and CDB2K. The calculations have been done at ~Ω=20 MeV, 14 MeV and 12 MeV
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using INOY, N3LO and CDB2K potentials, respectively. The results of INOY inter-

action are in reasonable agreement with the available experimental data.

We present ab initio shell model calculations for electric quadrupole moments and

magnetic dipole moments of sd shell nuclei with interactions derived from ab initio

approaches: IM-SRG and CCEI. The results are in a reasonable agreement with the

available experimental data as well as with the results from the phenomenological

USDB effective interaction. We have also calculated B(E2; 2+
1 → 0+

1 ) for Ne, Mg and

Si isotopes using ab initio interactions.

The Gamow-Teller transition strength B(GT ) distributions of sd shell nuclei for

thirteen transitions using ab initio effective interactions: IM-SRG and CCEI are

reported. The aim of the present work is to test the predictive power of ab initio ef-

fective interactions for available experimental data of B(GT ) distributions of sd shell

nuclei. The ab initio results of the Gamow-Teller (GT+/GT−) strength distribu-

tions reproduce the experimental data with reasonable agreement. We also calculate

the electron capture reaction rates for 23Na(e−, ν)23Ne and 25Mg(e−, ν)25Na using

ab initio and USDB interactions.

We have performed shell model calculations to describe the structure of 35,37,39S

isotopes using SDPF-U and SDPFMW interactions. Protons and neutrons are re-

stricted to the sd-shell for N < 20 and neutrons start to fill the pf -shell for N > 20.

The natural parity states are described by only in-shell mixing and unnatural par-

ity states with 1p-1h inter-shell neutron excitations. The calculated energy levels,

electromagnetic properties, and spectroscopic factors are in good agreement with the

recently available experimental data.

Finally, summary and future prospects are reported.
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CHAPTER 1

INTRODUCTION

One of the aims in nuclear physics is to study the structure and dynamics of nuclei

using available interactions between the nucleons. However, in doing so, we face sev-

eral difficulties while solving the nuclear many body problem. The main difficulty is

that the interaction between nucleons is complex. We do not know the exact form

of the interaction because it is not uniquely defined. Also, solving nuclear many

body problem is computationally challenging. This is because the quantum many

body particles interact very strongly and exhibit the single-particle, collective and

clustering correlations. So, there are two basic problems which we have to solve, first

is the nucleon-nucleon (NN) interaction between nucleons and second is the solving

the many body Schrödinger equation. For a realistic NN interaction, there are a

number of unanswered questions like what is the form and range of the potential,

mechanism behind the exchange force and the spin-isospin properties of the interac-

tion, etc. The behaviour of NN potential can be understood in terms of exchange

of mesons [1], where the long-range part of the NN interaction is governed by π−
mesons, medium range by scalar mesons like σ− mesons and the repulsive short range

by the ω− mesons. In the early 1960s and 70s, Quantum Chromo-Dynamics (QCD)

1
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was developed for explaining the nuclear force. In this theory hadrons are not fun-

damental, but they are made up of quarks which have color charge and interact by

gluons which are the exchange particles of the strong force. But at low energies, it

is very difficult to apply QCD because the interaction is very strong and we cannot

use perturbative methods. So, we have to use NN potential semi phenomenologi-

cally. More recently, the nuclear force from the chiral effective field theory (χEFT)

was introduced by Weinberg [2, 3]. The χEFT provides a bridge between QCD and

hadronic systems [4]. Using this theory we define different energy scales in nature.

It provides a cut off energy scale known as chiral symmetry breaking scale ΛQCD ≈
1 GeV below which the degree of freedom are pions and nucleons. At the present

time many high-quality NN potentials [5–8] are available with parameters fitted by

the NN scattering data and deuteron bound state. These NN potentials will now

be used as input in many body techniques to solve nuclear many body problem.

Now, we come to the second problem which is to solve the non relativistic quantum

many body Hamiltonian using NN potentials. Many body calculations with the

high-quality NN potentials are very difficult and require high computing power and

sophisticated method. With the recent advances in the computational facilities, it is

now possible to study the lighter nuclei using ab initio approaches. The aim of the

ab initio methods is to explain the nuclei from the first principle assuming interacting

nucleons as non relativistic point-like particles.

Recently, many body methods like, no-core shell model (NCSM) [9], Green func-

tion Monte Carlo (GFMC) [10], the coupled-cluster (CC) [11, 12] and in-medium

similarity renormalization group (IM-SRG) [13] are used to study the nuclear struc-

ture physics. In the present thesis, we focus on NCSM method to study the nuclear

structure properties of nuclei. In NCSM all the nucleons are active and treated on

equal footing. Lately, the NCSM has become a reliable tool to study the struc-

ture of nuclei microscopically. It gives good results where it is applicable and the

only method capable to solve Schrödinger equation using nonlocal interactions. This

method is limited to lower mass region (A∼ 20) of nuclear chart. To study heavier
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nuclei we use other methods.

Due to the limitation on Hilbert space, there is another method to study medium

and higher mass nuclei in which valence space Hamiltonians can be derived from

ab initio approaches and then used in the shell model calculations [14–19]. In this

approach, we start from a few body Hamiltonian which consists of two- and three

body interactions from χEFT. Stroberg et al. derived a mass-dependent Hamiltonian

for sd shell nuclei using the IM-SRG approach [13,20]. Similarly, an effective Hamil-

tonian for sd shell by applying a unitary transformation from the CC approach has

been developed [11]. The g.s. energies and low-lying spectra are well reproduced with

IM-SRG and CCEI [11, 20]. These effective interactions can be tested for recently

available experimental data for the electromagnetic moments, electromagnetic transi-

tions, B(GT ) strengths and electron capture rates. The shell model is also applicable

to study the pairing correlations for the sd shell nuclei [21].

In the next section we will discuss the evolution of NCSM and formalism in chapter

2.

1.1 Evolution of the ab initio NCSM

The single-particle shell model was initially used to study the structure of atomic

nuclei using NN effective interactions [22]. At the earlier stage, these effective inter-

actions were purely empirical and based on fitting methods but recently these effec-

tive interactions were obtained from microscopic approaches. In the starting, these

NN interactions from the microscopic approaches constructed from Bloch- Horowitz-

Brandow perturbation theory (BHBPT) [23]. This approach was a success but it has

also faced some problems such as

• the NN matrix elements of the G-matrix [24, 25] depending upon starting en-

ergy parameter was not well defined.

• contributions of the spurious center-of-mass (COM) motion.
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• negligence of the many body forces.

• because of the tensor part in the NN force, a poor convergence rate of the

intermediate-state summations for each term in the PT expansion (also called

Vary-Saur-Wong (VSW) effect) [26].

• non convergence (in reaction matrix G) of the PT series [27, 28].

Later the divergence in PT expansion for NN effective interaction was generalized

by Schuan and Weidenmüler [29,30]. After this, it was realized that a non perturba-

tive approach is required to study nuclear structure properties microscopically. With

the recent advances in computing power, a new approach like NCSM has been made

possible. In NCSM all the nucleons are active i.e. we have to solve the Schrödinger

equation for A nucleons numerically. In this method, we get rid of many problems

like excitations of nucleons from core such as VSW effect [26] and core-polarization

effects [28,31] as there is no core in NCSM. The NCSM being a non-perturbative ap-

proach, there are no issues regarding the convergence in this expansion. The spurious

COM motion has been also removed in this approach. The solutions of A = 3 and

A = 4 in NN coordinates were made possible in 1980’s and 1990’s, respectively. The

diagonalization of Hamiltonian with realistic NN interactions gives a convergent ap-

proach to study the structure of A = 3 and A = 4 nuclei microscopically [32–34]. In

2000 this approach was named “ab initio NCSM” where all the nucleons are impor-

tant in solving the problem exactly and all the underlying Hamiltonian symmetries

are preserved [35,36]. For the very first time, the NCSM calculations were performed

with real NNN interactions in 2002 [37]. Using NCSM approach, the g.s. energy and

the excitation spectrum were calculated. After this other physical observables like

electromagnetic moments, transition strengths of nuclei were calculated [38–41]. The

renormalization of all the operators was also needed after this work in a truncated

model space. Stetcu et al. [41] showed for the first time how renormalization of an

operator under a truncated model space is highly dependent on its range. The initial

NCSM calculations were focused to get the correct form of effective operators and
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the suitable set of basis configurations to use in the NCSM calculations. In Ref. [42],

the importance of using relative kinetic-energy operator, and in Refs. [43, 44], im-

portance of suitable set of basis configuration such as Hartree-Fock rather than a

single-particle HO were reported. The NCSM calculations were also compared with

other many body methods like BHB PT results, so that we can see up to which order

PT was breaking down or leading to a reasonable approximation of the “exact” re-

sults [45,46]. In the previous years, the progress of NCSM has been very fast with the

advances in computer resources. Now, the NCSM application in the nuclear reactions

is also under progress. In the chapter 2 we will discuss the NCSM formalism, the

effective NN interaction, and renormalization scheme.

1.2 Overview of the present work

The aims of the present thesis are as follows:

1. to perform ab initio NCSM calculations for lower mass sd shell nuclei 18−23O

and 18−24F and also locate the drip-line using NN INOY interaction.

2. to study N isotopes far from the stability line using NCSM.

3. to test the Hamiltonians derived from ab initio approaches like IM-SRG and

CCEI for the calculation of the electromagnetic properties of nuclei: the mag-

netic and quadrupole moments.

4. to calculate the GT- strengths of sd shell nuclei with ab initio interactions

which are applicable to evaluate the weak rates, important for astrophysical

processes.

5. to predict the energy spectrum for unnatural parity states of 35,37,39S isotopes

in sd − pf space and also to calculate the spectroscopic factor strengths and

electromagnetic properties for comparison with recently available experimental

data.



6 Chapter 1. Introduction

The research work in this thesis has been presented in the form of eight chapters.

The introduction to the historical development of no-core shell model (NCSM) is

presented in the chapter 1.

In chapter 2, we present the formalism of NCSM. In the Hamiltonian, we have

used up to two body interaction in the present thesis. The Hamiltonian used in

the calculations is an effective Hamiltonian in model space P and cut off by model

space size parameter Nmax. The Hamiltonian is dependent on variational parameter

harmonic oscillator (HO) frequency ~Ω and parameter Nmax. For the diagonalization

of the matrices, we have used pANTOINE code [47]. For diagonalization, it uses

Lanczos method to find eigenvalues and eigenvectors of a sparse and huge, Hermitian

matrix. This code can handle the dimensions up to ∼ 1010 in m-scheme. With this

code, we can calculate the wave functions, occupancies, the electromagnetic moments

and transitions, the proton and neutron radii. We also discuss the computational issue

for the diagonalizations in the calculations.

In Chapter 3, we have done the systematic study of the low-lying energy spec-

trum (positive parity) for oxygen (18−23O) and fluorine (18−24F) chain using ab initio

NCSM [48]. We have used inside nonlocal outside Yukawa (INOY) potential [8, 49],

which is a two body interaction but also have the effect of three body forces by short

range and nonlocal character. We have also performed calculations with next-to-

next-to-next-leading order (N3LO), and next-to-next leading order (N2LOopt) inter-

actions [50, 51] and corresponding results are compared with the experimental data

and phenomenological interaction USDB. The INOY and N3LO are the effective in-

teractions while N2LOopt is a bare interaction, i.e. this interaction is without the

Okubu-Lee-Suzuki transformation [52–54]. The largest model space we have reached

for 18−21O and 18−19F is Nmax=6 and for other oxygen and fluorine isotopes is Nmax=4.

The over binding in g.s. energy in neutron rich oxygen isotopes is observed in our

largest model space calculations. The results with INOY interaction show good agree-

ment with the experimental data. We have also shown the occupancy of different

orbitals involved corresponding to the largest model space in the calculations. The
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most important finding of the present study is the location of drip-line in oxygen

isotopes even using only two body interaction.

In Chapter 4, a systematic study has been done for 18−22N isotopes using

NCSM [55]. To calculate the energy spectrum we have used three different NN po-

tentials: INOY, N3LO from chiral effective field theory and charge-dependent Bonn

2000 (CDB2K) [7]. The calculations have been done at ~Ω= 20 MeV, 14 MeV and 12

MeV using INOY, N3LO and CDB2K potentials, respectively. Apart from this, we

have also performed shell model calculations with the YSOX interaction [56] which

includes (0-3) ~Ω excitations in full p − sd model space. The results with INOY

interaction show good agreement with the experimental data in comparison to the

other three interactions. The INOY interaction (~Ω= 20 MeV) gives correct g.s. for

all 18−22N isotopes. We have also shown the occupancy of different orbitals involved

corresponding to the largest model space (Nmax= 4) in the present calculations. We

also show the g.s energy of 18−22N isotopes corresponding to Nmax= 4 model space

size with INOY interaction at ~Ω= 20 MeV. The g.s. energy follows the same trend

as the experimental data.

In Chapter 5, we present ab initio shell model calculations for electric quadrupole

moments and magnetic dipole moments of sd shell nuclei using valence-space Hamilto-

nians derived with two ab initio approaches [57]: IM-SRG [20] and CCEI [11]. These

effective interactions are based on chiral effective field theory, where NN and 3N

parts are taken from a N3LO chiral nucleon-nucleon and a N2LO chiral three-body

interaction, respectively. The ~Ω values for IM-SRG and CCEI effective interactions

are 24 MeV and 20 MeV, respectively. For both IM-SRG and CCEI, we use ΛNN =

500 MeV for the chiral N3LO NN interaction, and Λ3N = 400 MeV for the chiral

N2LO 3N interaction. The results are in a reasonable agreement with the avail-

able experimental data as well as with the results from the phenomenological USDB

effective interaction. Using these ab initio interactions we have also reported the

B(E2; 2+
1 → 0+

1 ) for Ne, Mg and Si isotopes. This work will add more information

to the available ab initio results for the spectroscopy of sd shell nuclei.
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In Chapter 6, we have reported a systematic shell model study using ab initio

effective interactions for Gamow-Teller transition strength distribution of sd shell

nuclei [58]. The ab initio effective interactions are based on IM-SRG and CCEI ap-

proaches. The aim of the present work is to test the predictive power of ab initio

effective interactions for available experimental data of Gamow-Teller strength dis-

tributions of sd shell nuclei. In the present study, we perform calculations for 20Ne

→ 20F, 23Na → 23Mg, 23Na → 23Ne, 24Mg → 24Na, 24Mg → 24Al, 25Mg → 25Al, 26Mg

→ 26Na, 26Mg → 26Al, 26Si → 26Al, 27Al → 27Si, 28Si → 28P, 31P → 31Si, and 32S →
32P transitions. The results are also compared with the phenomenological USDB and

experimental data. The ab initio results of the Gamow-Teller (GT+/GT−) strength

distributions reproduce the experimental data with reasonable agreement. We have

also calculated the electron capture reaction rates for 23Na(e−, ν)23Ne and 25Mg(e−,

ν)25Na. The GT calculated strengths are found to be applicable to evaluate nuclear

weak rates for some lower-mass sd shell nuclei, such as 23Na and 25Mg, within a fac-

tor of 2-4 in stellar environments. These nuclear weak rates play important roles in

astrophysical processes.

In Chapter 7, the structure of 35,37,39S isotopes [59] is described by performing

comprehensive shell model calculations with SDPF-U [60] and SDPFMW [61] inter-

actions. Protons and neutrons are restricted to the sd-shell for N < 20, neutrons

start to fill the pf -shell for N > 20. The natural parity states are described by only

in-shell mixing and unnatural parity states with 1p-1h inter-shell neutron excitations.

With SDPF-U interaction, reported are the results for natural parity states only be-

cause this interaction is not suitable for cross shell excitations. Overall the SDPFMW

interaction is seen to be much better for describing simultaneously properties of levels

of both parities in 37,39S isotopes. We have also calculated the electric quadrupole

and the magnetic dipole moments for 35,37,39S and spectroscopic factors in 37S. The

shell model results are in good agreement with recently available experimental data.

In Chapter 8, an overall summary with future outlook is presented. Finally, we

provide bibliography of this thesis.



CHAPTER 2

NO CORE SHELL MODEL

FORMALISM

2.1 Ab initio NCSM Method

The no core shell model (NCSM) [35,36] is basically an extended version of standard

shell model. In NCSM, all the nucleons are treated as active and there is no inert

core, however in the standard shell model, a nucleus is treated as an inert closed shell

core and valence nucleons. Thus, there is no effective single-particle energies in the

NCSM and “no-core” in the name of approach. The powerful techniques which are

based on the second quantization and developed for standard shell model calcula-

tions used here, so “shell model” in the name of approach. In the NCSM model we

treat a nucleus as a system of A- point like particles, behaving non-relativistically

and interacting by realistic NN interactions. Meaning of “realistic NN interactions”

is that NN potentials fit the nucleon-nucleon phase shifts data with high precision

up to 350 MeV energy. In this approach, we work in truncated HO basis. The

reason behind choosing HO basis is that it allows for the use of single nucleon co-

9
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ordinate basis while the shortcoming in this basis is due to its incorrect asymptotic

behaviour. As we work in a truncated basis the standard accurate NN potentials,

such as ArgonneV18 (AV18) [62], CDB2K [7], INOY [63] and to some extent the

chiral N3LO [6,50] generate short range correlations that can not be accommodated

in many nucleon HO bases accessible at present computers. In order to include these

short range correlations and speed up the convergence with the enlargement of basis,

we use a renormalization procedure. This is a similarity transformation that soft-

ens the interactions and generate the effective operators for all the observables while

preserving all the experimental quantities in the low-energy domain. The derived “ef-

fective” interactions still act among all A nucleons and preserve all the symmetries

of the initial or bare NN interactions. There are two renormalization schemes that

currently in use, one is Okubo-Lee-Suzuki (OLS) scheme [52–54, 64, 65] and other is

Similarity Renormalization Group (SRG) [66]. In the present work we are using OLS

technique.

Now a days, a new type of soft potentials has been developed, by using uni-

tary transformations of the standard accurate NN potentials mentioned earlier like

Vlowk [67, 68] and the SRG NN [66] potentials. There is an another type of soft

phenomenological NN potentials which is based on inverse scattering named JISP

(J-matrix inverse scattering potential) [5]. For simplifying many body calculations,

JISP potentials are already normalized to some extent. So, we can perform NCSM

calculations with these potentials without modifying or “bare”.

2.1.1 NN interactions

An overview of some NN interactions is given below:

Chiral Potentials: these potentials are derived from χEFT. This theory acts

as a bridge between QCD and nuclear structure. In this theory, we get very clear

picture of the nuclear forces which are organized in terms of power counting scheme.
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Figure 2.1: Schematic diagram for chiral forces. Solid lines and dashed lines correspond to
nucleons and interacting pions, respectively. The solid dot starting from N2LO order at ver-
tices explain the low-energy constants (LECs). These LECs are obtained from experimental
data.

We can see the hierarchy of nuclear forces from Fig. 2.1 with a pictorial description.

In this figure, every order in the perturbation series is arranged with an expansion

in powers of ( Q
Λχ

) with Q as a pion mass and Λχ as a chiral symmetry breaking scale

of the order of 1 GeV. In this perturbation expansion the higher order term is lesser

than the previous terms e.g. VNNNN ≪ VNNN ≪ VNN . The important point in this

theory is the determination of low-energy constants (LECs). These LECs appear in

the diagram as a solid dot on vertical line. They appear because we are not dealing

with full QCD theory and can be calculated from the experiments not from theory.

CD-Bonn Potential: This is meson exchange based potential. The charge

dependent one boson exchange NN potential fitted to the proton-proton scattering

data below 350 MeV was available in the year of 2000 with χ2/datum of 1.01 for

2932 data and neutron proton data with χ2/datum of 1.02 for 3058 data [7]. This
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Figure 2.2: The CD-Bonn NN potential in terms of one-boson exchange Feynman dia-
grams.

potential reproduces the scattering data more accurately in comparison to the other

NN potentials available at that time. This potential is derived from the predictions

of the Bonn Full Model [69] where the charge symmetry and charge independence

breaking in all partial waves with J ≤ 4. This model includes all mesons π, η, ρ, ω

and scalar-isoscalar σ bosons. This potential can be written in terms of the nonlocal

covariant Feynman amplitudes for one-boson exchange. The one-boson exchange

Feynman diagrams for the CD-Bonn NN potential is shown in Fig. 2.2.

INOY Potentials: Due to the internal structure of nucleons, the nonlocality

is introduced in short range (1-1.5 fm) in NN interactions. The first nonlocal NN

interaction was developed by Machleidt et al. [69] which was in momentum space and

named as r-space long range nonlocal interaction [70]. The INOY NN interaction was

prepared in coordinate space. Because of in coordinate space it was easy to control

the range of local and nonlocal part. The INOY interaction was constructed in such

a way that it must reproduce the known NN phase shifts data and the deuteron

properties. The form of the INOY interaction is given as:

V full
ll′ (r, r′) = Wll′(r, r

′) + δ(r − r′)F cut
ll′ (r)V Y ukawa

ll′ (r), (2.1)
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where,

F cut
ll′ (r) =











1 − e−[αll′ (r−Rll′)]
2

for r ≥ Rll′

0 for r ≤ Rll′

Wll′(r, r
′) and V Y ukawa

ll′ (r) parts are the nonlocal and Yukawa tail (it is taken from

AV18 potential [62]), respectively. The F cut
ll′ (r) is the cut off function for Yukawa

tail. The αll′ and Rll′ are the fixed parameters which are 1.0 fm−1 and 2.0 fm,

respectively. The nonlocal form Wll′(r, r
′) with parameters is given in Ref. [8]. These

nonlocal INOY interactions are phenomenological and reproduces the 3N binding

energies without adding a 3N force.

In the present NCSM calculations, we mainly focus on INOYNN potential. There

are two reasons behind choosing this interaction 1) we can get converged results at

lower model space size in comparison to other interactions and 2) INOY interaction

has nonlocality character in its form. The nonlocality and three body forces are

correlated with each other. So, this interaction also give the effect of three body

forces without adding three body forces explicitly.

In the present thesis, we generate NN effective interactions using code which is

developed by P. Navrátil [71].

2.1.2 Hamiltonian

We start with the A− body Hamiltonian which is translationally invariant.

HA = Trel + V =
1

A

A
∑

i<j

(~pi − ~pj)
2

2m
+

A
∑

i<j

VNN,ij + ........ (2.2)

wherem is the mass of the nucleon (it is taken 938.92 MeV, the average value of the

proton and neutron masses) and A is the number of nucleons (i.e., the mass number).

The first term is relative kinetic energy defined in terms of momenta of each nucleon

(pi,j = 1, 2, 3...A), second term is nucleon-nucleon NN interaction having nuclear and
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Coulomb part both. We modify Eq. 2.2, by adding to it the HO center-of-mass term

HCM = TCM + UCM , where UCM = 1
2
AmΩ2 ~R2, ~R = 1/A

∑A
i=1 ~ri.

HΩ
A = HA +HCM =

A
∑

i=1

hi +
A
∑

i<j

Vij
Ω,A =

A
∑

i=1

[

~p2i
2m

+
1

2
mΩ2~r2i

]

+
A
∑

i<j

[

VNN,ij −
1

2A
mΩ2(~ri − ~rj)

2

]

. (2.3)

In the final calculations CM term will be subtracted out. This term does not

affect the properties of the system because the Hamiltonian (2.3) is translationally

invariant. Now, Eq. 2.3 depends on A and HO frequency ℏΩ. The choice of ℏΩ

affect the calculated g.s. energy. As we are using Slater determinant basis, so,

we also add the Lawson projection term [72] β(HCM − 3
2
ℏΩ) to shift the spurious

CM excitations (because of spurious CM excitations we get unnecessary state in low

energy spectrum). The eigenvalues of physical states are independent of the β. In

the present work we have taken β=10.

2.1.3 Basis

To describe the intrinsic motion of a nuclear system the Jacobi coordinate HO basis

[32–34] are the most favourable and it is easy to handle computationally only if the

number of nucleons are very few (A < 4). As the nucleons are fermions, so we need

to do the antisymmetrization of the basis but as the number of nucleons increases the

antisymmetrization becomes very difficult. Hence, in the NCSM calculations both

type of bases the Jacobi coordinate and single-nucleon Slater determinant HO basis

are used depending upon the number of nucleons present in the system. For nuclear

system (A > 4), it is more suitable to use Slater determinant HO basis. We use the

m-scheme basis, where the projection of total angular momentum and parity remain

conserved quantum numbers. Here, the antisymmetrization is easy but the dimension

becomes large due to the presence of CM degrees of freedom and no JT coupling.
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Here, one more thing is that we can use the powerful second quantization techniques

as used in the shell model codes.

2.1.3.1 Slater determinant basis

The basic equation which we have to solve:

H|ψα〉 = Eα|ψα〉, (2.4)

where, H = H0 + HI , the first term is the unperturbed Hamiltonian and second

term is the interaction. To solve this Hamiltonian we use HO basis. The eigenstates

of translationally invariant Hamiltonian are product of a wave function depending on

relative coordinates and a wavefunction depending on the CM coordinates.

The normalized wave function for A nucleons is given by [73]:

Ψ =
1√
n!

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

ψa1(x1) ψa1(x2) . . . ψa1(xn)

ψa2(x1) ψa2(x2) . . . ψa2(xn)

...
...

...

ψan(x1) ψan(x2) . . . ψan(xn)

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

(2.5)

Where, ψ′
is are the single-particle HO wavefunctions. With the help of second

quantization, the many body space can be created with annihilation and creation

operators. Let |Φα〉 represents a Slater determinant of single-particle states,

|Φα〉 = a†ia
†
ja

†
k...a

†
nα
|0〉 (2.6)

H0|Φα〉 = ǫα|Φα〉 (2.7)

ǫα = ǫi + ǫj + ǫk + ....+ ǫn. (2.8)
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The index carrying by creation and annihilation operator represents the location

of single particle in particular orbit. The full Hamiltonian is diagonalized in this

basis. After diagonalization we get

Ψα =
∑

β

Cαβ|Φβ〉. (2.9)

Here, exact solutions are represented by Ψα and many body basis states are

represented by |Φβ〉. The expansion coefficients can be calculated as:

Cαβ = 〈Ψα|Φβ〉, (2.10)

2.1.3.2 Parameters in NCSM calculations

The NCSM calculations depend upon two basis space parameters, Nmax and ℏΩ. The

Nmax parameter is defined as the maximum number of the total oscillator quanta

allowed in the many body basis space above the minimum HO configuration for a

particular nucleus followed by the Pauli principle. The ℏΩ is the HO energy which

is the spacing between major shells and each shell is defined by the quantum no.

N = 2n+ l with N = 0, 1, 2....

In Fig 2.3, the example of Nmax=2 configuration is shown for 6Li nucleus which

has 3 protons and 3 neutrons. According to the Pauli principle, the Nmax = 0

configuration corresponds to lowest configuration in which there is no excitation of

particles in the oscillator shells. The Nmax = 2 configuration gives the excitation

of 2 quanta in the oscillator shells. In NCSM, we want to reach Nmax as maximum

as possible, and after that extrapolates the g.s. energy as a function of Nmax for a

fixed value of ℏΩ. However, what proper value of ℏΩ will be used is not known before

hand. So, in practice, a series of calculations have been performed, with a range of ℏΩ

values. The optimal choice of ℏΩ is usually accepted for which the g.s. energy value is

minimum in the largest possible Nmax space. In the ab initio NCSM formalism, when

we use soft potentials we get converged NCSM results which means the g.s. energy
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Figure 2.3: Nmax = 2 configuration for 6Li using HO potential.

of a particular nucleus has been calculated (or estimated) without any dependence

on the NCSM parameters. But, situation is different when standard potentials that

generate short-range correlations are used or when a not enough Nmax truncation

can be reached. For getting convergence we adopt renormalization scheme specified

by a similarity transformation that softens the interactions. The derived “effective”

interactions still act among all A nucleons and preserve all the symmetries of the

initial or “bare” NN interactions. As mentioned earlier we use OLS scheme for

renormalization.

2.1.3.3 Okubo-Lee-Suzuki (OLS) similarity transformation method

The full Hilbert space which is made up of a finite model space (P-space) and its

complementary infinite space (Q-space). The P-space and Q-space are defined by

P and Q projector operator, respectively. These operators satisfy the conditions

P 2 = P , Q2 = Q, PQ = 0, and P + Q = 1. We introduce an operator, ω, which is

a transformation operator of similarity transformation of the Hamiltonian e−ωHeω,

satisfies the condition ω = QωP . This operator acts as a mapping between the P
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and Q spaces. The eigenstates of initial Hamiltonian can be denoted by |k〉 with

eigenvalues Ek.

H|k〉 = Ek|k〉. (2.11)

The basis states of P and Q spaces are expressed as |αP 〉 and |αQ〉. The |αP 〉
belongs to |αQ〉 and follow the relation Qe−ωHeωP = 0. The |αQ〉 states can be

expressed in terms of |αP 〉 states with the help of ω operator,

〈αQ|k〉 =
∑

αP

〈αQ|ω|αP 〉〈αP |k〉. (2.12)

The operator ω can be find out from Eq. 2.12. Let dP is the dimension of model

space P and K which is a set of the dP eigen vector vectors which satisfies the relation

2.12. The dP × dP which is a matrix having matrix elements 〈αP |k〉 for |k〉 ∈ K is

invertible, under this condition the operator ω,

〈αQ|ω|αP 〉 =
∑

k∈K

〈αQ|k〉〈k̃|αP 〉, (2.13)

where tilde denotes the matrix elements of inverse matrix 〈αP |k〉, e.g.,
∑

αP
〈k̃|αP 〉〈αP |k′〉 = δk,k′ , for k, k′ ∈ K .

For model space P, the Hermitian effective Hamiltonian is given by [53,64]

H̄eff = [P (1 + ω † ω)P ]1/2PH(P +QωP )[P (1 + ω † ω)P ]−1/2. (2.14)

This Hamiltonian can be rewritten by using properties of ω operator

H̄eff = [P (1 + ω † ω)P ]−1/2(P + Pω †Q)H(QωP + P )[P (1 + ω † ω)P ]−1/2. (2.15)
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The matrix elements of the effective Hamiltonian can be written as

〈αP |H̄eff |αP ′〉 =
∑

αP ′′

∑

αP ′′′

∑

kk′k′′∈K

〈αP |k̃′′〉〈k̃′′|αP ′′〉〈αP ′′|k̃〉Ek〈k̃′|αP ′′′〉〈αP ′′′|k̃′〉〈k̃′|αP ′〉.

(2.16)

Here the summations over Q-space basis are removed. We get the energies Ek, k ∈ K

in the model space using this effective Hamiltonian.

The Hermitian effective Hamiltonian (2.15) can also be obtained directly from

unitary transformation of the original Hamiltonian

H̄eff = Pe−SHeSP, (2.17)

where S is an anti-Hermitian operator S=arctanh(ω−ω†). The decoupling condi-

tions Qe−SHeSP = Pe−SHeSQ = 0 will be satisfied by this transferred Hamiltonian,

see Fig. 2.4. For an A nucleon system, all terms up to A-body will arise in the effective

Hamiltonian (2.16) even if the original Hamiltonian have just two-body or two-plus

three body terms. In the present thesis we are using two body NN interaction.

The OLS method is applied in NCSM as follows: first we add the the CM Hamil-

tonian to the initial Hamiltonian. In the final many body calculations, the effect

of CM Hamiltonian will be subtracted out. The CM Hamiltonian has in fact no

effect on the intrinsic properties of the system due to translational invariance of the

Hamiltonian. So, the modified Hamiltonian

HΩ
A = HA +HCM =

A
∑

i=1

hi +
A
∑

i<j

Vij
Ω,A

=
A
∑

i=1

[

~p2i
2m

+
1

2
mΩ2~r2i

]

+
A
∑

i<j

[

VNN,ij −
1

2A
mΩ2(~ri − ~rj)

2

]

+ ....

(2.18)

In A-nucleon Hamiltonian (2.18), the two-body part dominates so, two nucleon

correlations in full space Hamiltonian are important. Using OLS method we construct



20 Chapter 2. No Core Formalism

�

��������

��������

� ��

� �� � �� �� �� 	
�� ��

� ��

� �� ������

������

	
�� ��

�

�
� �

�

�


���

��������


	
��

Figure 2.4: Schematic representation of OLS transformation

two-body effective interaction. Using the notation of Eq. 2.18, the two-nucleon

effective interaction is given by

V2eff,12 = P2[e
−S12(h1 + h2 + V12

Ω,A)eS12 − (h1 + h2)]P2. (2.19)

with S12 = arctanh(ω12 − ω12
†) and P2 is a two-nucleon model space projector.

The two-nucleon model space is defined by a truncation N12max corresponding to the

A-nucleon Nmax. For example, for A=3,4, N12max = Nmax, for p-shell nuclei with

A > 5 N12max = Nmax + 2.

The two-body effective Hamiltonian in A- nucleon calculations is then

HΩ
A,eff =

A
∑

i<j

hi +
A
∑

i<j

V2eff,ij (2.20)

At this point we also subtract the HCM .
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2.1.4 Computational resources to diagonalize sparse Hamil-

tonian matrix

It is very difficult to solve nuclear quantum many body problem computationally as it

is large sparse matrix eigenvalue problem. In nuclear physics the nuclear interactions

are very strong, many body and complex. Our main aim is to get converge results as

much as possible to minimize the extrapolation uncertainties. For this, we have to

do calculations in a large basis space. The dimensions of the Hamiltonian increase

with increasing Nmax and A. In Fig. 2.5, we see how the dimension explodes with

increasing Nmax and A. All nucleus are taken under condition for the natural parity

basis space and this parity coincides with Nmax = 0~Ω configuration for that nucleus.

The figure represent the limit of up to four-nucleon (4N) interactions (near in future).

Although, we know the order of potentials is NN > NNN > NNNN , the four-

nucleon potential is relatively less important than NNN and NN . Higher order

potentials show their contributions with increasing number of nucleons. The memory

required to store the non zero matrix elements for different nuclei corresponding

to 2-body, 3-body and 4-body are shown in Table 2.1. Here, the notations GB

(109 bytes), TB (1012 bytes), PB (1015 bytes) and EB (1018 bytes) correspond to

Gigabytes, Terabytes, Petabytes and Exabytes, respectively. People are trying to

solve the nuclear sparse matrix eigenvalue problem with greater efficiency. The main

aim is to get the low energy spectra using Lanczos method in m-scheme of HO basis.

Further developments are in progress to solve this computationally hard problem.

2.2 Lanczos Algorithm

When we are interested in only few eigen values and eigenstates, then for diagonal-

ization Lanczos method [74] is employed. This method is a standard method for

diagonalization. The most of diagonalization technique whose CPU time increases

as N3, where N is the dimension of the matrix can not be used in large basis space
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Figure 2.5: Matrix dimension for N = Z nuclei with different Nmax using 2N , 3N and
4N interactions [9].

Table 2.1: Table for the required space to store the nonzero matrix elements corresponding
to 2N , 3N and 4N interactions for a given range of nuclei [9].

Nucleus Dimension (Nmax) 2N 3N 4N
6Li 4.9 × 106 (12) 0.6 GB 33 TB 590 TB
12C 6.0 × 108 (8) 4 TB 180 TB 4 PB
12C 7.8 × 109 (10) 80 TB 5 PB 140 PB
16O 9.9 × 108 (8) 5 TB 300 TB 5 PB
16O 2.4 × 1010 (10) 230 TB 12 PB 350 PB
8He 4.3 × 108 (12) 7 TB 300 TB 7 PB
11Li 9.3 × 108 (10) 11 TB 390 TB 10 PB
14Be 2.8 × 109 (8) 32 TB 1100 TB 28 PB
20C 2 × 1011 (8) 2 PB 150 PB 6 EB
28O 1 × 1011 (8) 1 PB 56 PB 2 EB



2.2. Lanczos Algorithm 23

calculations. In Lanczos method we construct a orthogonal basis in which the Hamil-

tonian matrix H is tridiagonal. We start with a normalized vector which is called

pivot state (Φ1) is applied by the Hamiltonian operator and we get a parallel and an

orthogonal components to this pivot vector.

H|Φ1〉 = E11|Φ1〉 + E12|Φ2〉, (2.21)

where, E11 = 〈Φ1|H|Φ1〉 and E12|Φ2〉 = H|Φ1〉 − E11|Φ1〉. We again apply H on

|Φ2〉, then a third state |Φ3〉 is created, which is orthogonal to |Φ1〉 and |Φ2〉.

H|Φ2〉 = E21|Φ1〉 + E22|Φ2〉 + E23|Φ3〉. (2.22)

Here, E21 = E12, because H matrix is real symmetric in our basis.

After n iteration, we get the form

H|Φn〉 = Enn−1|Φn−1〉 + Enn|Φn〉 + Enn+1|Φn+1〉, (2.23)

Enn−1 = En−1n, Enn = 〈Φn|H|Φn〉, and Enn+1|Φn+1〉 = H|Φn〉 − Enn|Φn〉 −
Enn−1|Φn−1〉.

At each iteration the matrix is diagonalized and the iteration continues until we get

all the converged eigenvalues. The computing time is directly proportional to number

of matrix elements (in standard methods cubic dependence on the dimension of the

matrix). For getting converged value, the choice of pivot state is very important.

The tridiagonal Lanczos matrix Ht in which the diagonal elements are denoted

by ai and subdiagonal and superdiagonal elements are denoted by bi+1, is given as:
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Ht =



























a1 b2 0 0 . . .

b2 a2 b3 0 . . .

0 b3 a3 b4 . . .

0 0 b4 a4 . . .

. . . . . . . . . . . . . . .



























(2.24)

2.3 pANTOINE

pANTOINE code (developed by B. D. Carlsson and coworkers) is an exact diago-

nalization code, based on NCSM version of ANTOINE (developed by Caurier and

coworkers) [75–77]. Basically pANTOINE is an advanced version of ANTOINE code.

For diagonalization, it uses Lanczos method to find eigenvalues and eigenvectors of a

sparse and huge, Hermitian matrix. It uses the same factorization scheme as in BIG-

STICK code [78]. Using pANTOINE code, for 6Li, the NCSM calculations increased

from Nmax = 18 to 22 with NN interactions, where Nmax = 18 was the previous com-

putational limit [79,80]. The model-space dimension is also increased from 2.7 × 109

to 2.5 × 1010. This code runs on single shared-memory machines in a very efficient

manner, although it needs large memory resources (≥ 32 GB). The operation y = Mx

can be factorized into subsets: yi = (Mi1x1 + Mi2x2 + .....) to handle vectors which

are much larger than the available memory [47]. In the case of NN interactions, this

code creates the Hamiltonian matrix on the fly so the distribution of matrix elements

over thousands of nodes is no longer needed. In Fig. 2.6, the results are shown on

a single compute node [47]. The current version of code needs node local disk space

for temporary storage. This code efficiently uses the local scratch space and carries

out streaming of multi-100 MB/s reads while maintaining full CPU load of multicore
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Figure 2.6: Plot for 6Li as a function of model space size. (a) shows the storage needed
for implicit matrix and Lanczos vectors. (b) shows the average speed of matrix data from
disk [47].

matrix-vector when the size job exceeds the available memory.

In Fig. 2.6(a) the example for 6Li is given. For storing the Hamiltonian matrix

and Lanczos vectors, almost 10 TB of storage is needed. In the case of Nmax ≥ 18,

the Lanczos vector is split in many blocks. With a split vector, mirror blocks are

taken care separately causing multiple passes over the same implicit matrix data.

The average read speed increases as more data is read in total, see Fig. 2.6 (b). The

main advancements made in pANTOINE are given in Ref. [47].

The other popular code developed by IOWA group for NCSM calculations is

Many Fermion Dynamics (MFDn) code [81] which is written in Fortran 90/95 based

on MPI.





CHAPTER 3

NO CORE SHELL MODEL STUDY

OF 18−23O AND 18−24F ISOTOPES

3.1 Introduction

Recent developments in computing power made possible to study the nuclei beyond

p shell from NCSM approach [35,36,82]. The NCSM is a basic tool for explaining the

nuclear structure and nuclear bound state problems, which uses nuclear interactions

from the first principle. Now, the calculations are also available with the contin-

uum effect in NCSM for explaining unbound states, scattering and nuclear reactions.

Recently, NCSM calculations with continuum effect for 11Be have been performed,

the parity inversion problem is solved for 11Be using NCSMC approach [83–85] with

chiral interaction N2LOSAT only [86]. Ab initio approaches give us opportunity to

calculate more precisely the electromagnetic properties of exotic nuclei [87]. The

NCSM calculations have various applications in nuclear structure as well as in nu-

clear reaction physics. New physics is coming out, e.g. N=8 magic number is no

more magic number when we increase neutron and proton ratio. There is another

27
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method which is named as no core shell model with core constructed for the heavier

nuclei [9,88]. To understand the details of fully open shell medium mass nuclei from

first principle is still a challenge. Research for open shell nuclei is still going on using

many ab initio approaches [20, 89]. The study of neutron rich nuclei from first prin-

ciples is a interesting topic now a days. The exact location of drip-line in neutron

rich oxygen isotopes can be explained using ab initio approaches using NN+3N(full)

chiral interactions where role of 3N forces is very important [90]. Still it is very

challenging to perform NCSM calculations for O and F chain. The NCSM with per-

turbation approach (NCSM-PT) results for low-lying states in 18−20O isotopes are

reported in Ref. [89]. In the present chapter our aim is to study systematically the

low-lying energy spectrum (positive parity) for oxygen (18−23O) and fluorine (19−24F)

chain using ab initio NCSM. We have used inside nonlocal outside Yukawa (INOY)

potential for NCSM calculations. In the present chapter we have also compared our

NCSM results with phenomenological USDB effective interaction [91]. In the present

chapter we have used the pANTOINE [47, 75, 76] shell model code which is adapted

to NCSM [92].

3.2 Effective interactions and details of the calcu-

lations

In NCSM, as we increase model space size, solving many body problem become

computationally hard. We want to do calculations with NN interactions in maximum

model space size but do not want to loose the effects of three body forces. Previously,

the INOY interaction is used in NCSM calculations to find the binding energies,

excited states of both parities, electromagnetic moments, and point-nucleon radii in

Be isotopes [87]. There are two reasons behind choosing INOY potential, first one

is that it contains three body effect through nonlocality in some partial waves so we

get the effect of three body forces also without adding three body forces explicitly
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and the second reason is that we get fast convergence for INOY interaction for a

given Nmax ~Ω in comparison to any other interaction. The nonlocality and three

body forces are deeply related to each other [93]. The INOY potential is a nonlocal

potential in coordinate space. Actually it is a mixture of local and nonlocal parts,

local Yukawa tail at longer ranges (> 3 fm) and nonlocal at short range. As we

know that nucleons have a internal structure, because of this a nonlocality character

comes at short range (up to 1-1.5 fm). The INOY NN interaction ( set of 1S0 and

3SD1 NN interactions ) is in coordinate space and it was constructed to see the

effect on triton binding energy. When we use the coordinate space, it is easy to

handle the ranges of local and nonlocal parts explicitly. In coordinate space, because

of the basic property (short range nature) of NN interaction, it should vary as an

exponential function at long ranges. The form of INOY NN interaction is given in

chapter 2 and details are given in Refs. [8, 49]. Apart from INOY NN interaction,

we have also used next-to-next-to-next leading order (N3LO) interaction which is

derived from chiral effective field theory. The NCSM calculations are done with this

interactions at ~Ω=14 MeV. Previously, the NCSM calculations are done using N3LO

NN interaction for 18F up to Nmax=4 [9]. In the present calculations we have reached

up to Nmax=6 in case of 18−21O and 18,19F and the dimensions of the matrices which

we have diagonalized for these isotopes are ∼ 108 − 109. The calculations with next-

to-next leading order (N2LOopt) interaction at ~Ω=20 MeV have been also included,

which is a bare interaction. In the bare interaction, OLS transformation is not used.

In the present calculations, we also see the difference between the results using bare

and all other interactions (N3LO, INOY and USDB). Please see chapter 2 for more

details about NCSM formalism.

3.3 Results and discussions

We have performed the NCSM calculations for oxygen (18−23O) and fluorine chain

(18−24F). As we know NCSM calculations are variational, depend on ~Ω, and size of
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INOY interaction.
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Figure 3.2: The energy spectra of 18−20O isotope with INOY and USDB interaction.
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Figure 3.3: The energy spectra of 21−23O isotope with INOY and USDB interaction.
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Figure 3.4: The variation of g.s. energy with different frequencies and model spaces for
INOY interaction. Similarly for other F isotopes.

model space Nmax. To see the dependence, first we do the calculations with different

frequencies for a given Nmax. We are interested to see that region in which the

dependence of g.s. energy on frequency is minimum (for largest model space). We

select that frequency for NCSM calculations. This procedure is called optimization of

frequency. When we use this frequency, we get faster convergence rather than other

values of frequencies. This is the benefit for doing optimization of frequency. We will

see when we go for higher model space, the dependence on frequency decreases.

In Fig. 3.1 and 3.4, we have shown the variation of g.s. energies with the HO

frequencies and different model space sizes. We can see the g.s. energy becomes less

dependent when we move to higher Nmax. We are getting a minima at ~Ω=20 MeV.

As we will go higher model space, we expect that this minima will shift at ~Ω=18

MeV. We pick up the frequency 18 and 20 MeV for the calculating another properties

like energy spectra, and occupancy. We have shown the energy spectra using different

interactions for oxygen and fluorine chain in Figs. 3.2-3.3 and Figs. 3.5-3.8, respec-

tively. We have also compared our NCSM results with phenomenological interaction

USDB and experimental data [94]. Here, we will discuss the results corresponding to

largest Nmax.

In the case of 18O, we can see as we move towards the higher Nmax from 0 to 6,
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Figure 3.5: The energy spectra of 18−20F isotopes with N3LO, USDB, INOY and
N2LOopt.
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Figure 3.6: The energy spectra of 21−23F isotopes with N3LO, USDB, INOY and
N2LOopt.
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Figure 3.7: The energy spectra of 24F isotope with N3LO, USDB, INOY and N2LOopt.
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Figure 3.8: The energy spectra of 18F with N2LOopt.
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Figure 3.9: Systematics of occupation numbers for even O and F isotopes.
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Figure 3.10: Ground state energies of O and F isotopes at ~Ω = 18 MeV. For 18−21O
and 18,19F, the g.s. energy corresponds to Nmax = 6 and for rest isotopes corresponds to
Nmax = 4.

the calculated results also improve in comparison to lower Nmax (however, 0+
2 is at

higher energy for Nmax=6 in comparison with the lower Nmax).

The gap between 0+
1 and 2+

1 increases smoothly as we move to higher Nmax.

The results with ~Ω=18 MeV are better than with ~Ω=20 MeV. At ~Ω=18 MeV,

the 2+
1 and 4+

1 states follow the same order but the 0+
2 and 2+

2 sates are in reverse

order in comparison to the experimental data. This reverse order is also seen with

USDB. In the case of 19O, we are not getting the correct g.s. 5/2+ with both the

frequencies. The 5/2+ state is at higher energy. The calculated 9/2+ state is near to

the experimental 9/2+ state. The 1/2+ state is going far for Nmax=6 in comparison

with the lower Nmax values. In case of 20O, low-lying spectra is in correct order

below energy ∼3.5 MeV for Nmax=6. The 4+
1 state is lower in energy in compared

to experimental data. For 21O, NCSM predicts g.s. 5/2+ (although it is tentative

experimentally). For 22O, we get slightly better results rather than previous oxygen

isotopes. Here, the calculated states are in the same order as in the experimental

data using NCSM calculations. The states 0+
2 and 3+

1 are in reverse order with USDB

interaction. For 23O, we get correct g.s. with the NCSM. The theoretical 5/2+ state



3.3. Results and discussions 39

is reaching close to the experimental 5/2+ state with increasing model space size.

In the case of fluorine isotopes (18−24F), we show the NCSM results using three

interactions N3LO, INOY and N2LOopt at ~Ω= 14 MeV, 18 MeV and 20 MeV,

respectively.

For 18F (see Fig. 3.5), we can see that the NCSM calculations using N3LO

interaction are better than INOY and N2LOopt interaction. The N3LO interaction

predicts correct g.s. 1+ while INOY interaction and N2LOopt fails to predict correct

g.s. The order of low lying states up to 5+
1 is correct using N3LO interaction while

other three interactions are not able to reproduce.

In case of 19F, the 5/2+
1 state is close to the experimental data for INOY interaction

and the order of 3/2+
1 and 9/2+

1 is reverse while for the N3LO interaction the 5/2+
1

state is at high in energy in comparison to the experimental data and it predicts the

correct order of 3/2+
1 and 9/2+

1 states. N2LOopt interaction fails to reproduce the

correct g.s. 1/2+. For 20F, all the three interactions reproduces the correct g.s. 2+.

The NCSM results using INOY interaction are better in comparison to N3LO and

N2LOopt. In the case of 21F and 22F the N2LOopt interaction reproduces the correct

g.s 5/2+ and 4+, respectively. In the case of 23F, all the interactions give correct g.s.

5/2+ except N3LO. In the case of 24F, the 3+ and 1+ states are very close using INOY

interaction. With the N3LO interaction the 2+
1 state is near to the experimental data.

The 1+
1 state is in low in energy with N3LO interaction while with INOY interaction

it becomes the g.s. The N2LOopt interaction gives 1+
1 state at very high energy. In

the case of all fluorine isotopes we see the energy levels are more spread using INOY

interaction in comparison with N3LO interaction. This is because of the strong l.s

coupling in INOY interaction.

For better description we need to go to higher model space size. Fig. 3.9 shows

the occupancies for the g.s. and first excited state in even oxygen and fluorine chain,

respectively. We have shown the occupation numbers up to fp shell. Above the fp

shell the occupation numbers are very small and very hard to visualize (in the present

figure). So, we have not shown the orbitals beyond fp shell.
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3.4 Location of drip-line in oxygen isotopes

As we know from the previous work in oxygen chain, the 3NF are needed to reproduce

the drip-line at 24O [90, 95, 96]. The calculations are done using chiral NN , NN +

NNN -induced and NN + NNN -full interactions. The NN interaction shows the

drip-line at 28O [89,90,97]. In the present work we have applied INOY NN interaction

which have effect of three body forces in terms of short range and nonlocality character

present in it and it also reproduces the correct binding energy of triton. In the left

panel of Fig. 3.10, we have shown the g.s. energies for oxygen isotopes using INOY

at ~Ω=18 MeV. We see the g.s. energy decreases as we reaches to 24O but we see a

kink after this. This shows the drip-line in oxygen isotopes at 24O. The g.s. energy

for fluorine isotopes is shown in the right panel of Fig. 3.10. Using INOY interaction

the g.s energies are quite good up to 21F.

3.5 Conclusions

In the present work first time we have reported NCSM results of oxygen and fluorine

chain using INOY NN interaction [48]. We see how ab initio results improve with

the increasing model space size. The INOY NN interaction is very important in the

calculation because it gives the effect of three body forces without adding three body

forces explicitly. NCSM calculations with INOY interaction also shows the correct

drip-line at 24O. We have calculated energy spectra for positive parity states and

neutron and proton occupancies for the maximum reached Nmax in our calculations.



CHAPTER 4

STUDY OF NEUTRON RICH

NITROGEN ISOTOPES USING NO

CORE SHELL MODEL

4.1 Introduction

At present NCSM is well established technique used in nuclear physics to calculate

nuclear properties. Here, we solve A-body Schrödinger equation for the particles

treated as non relativistically and interacted by realistic two plus three body forces.

With the NCSM, a detailed study has been done for even carbon isotopes where g.s.

energy, quadruple moment of 2+
1 state, some B(E2) transitions and occupancies of

0+
1 and 2+

1 are calculated [98] using INOY [8,49] and CDB2K [7] interactions.

In the present chapter we will study the nitrogen isotopes and mainly focused on

neutron rich side. The structure of neutron rich nuclei 19−22N has been studied by

in-beam γ-ray spectroscopy and spectra and other properties are compared with shell

model calculations using WBT and WBTM interactions, where N = 14 closed sub

41
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Figure 4.1: The variation of g.s. energy with different frequencies and different model
space sizes.

shell is discussed [99]. The 22N has halo structure in its g.s [100, 101]. Recently, the

point proton radii of neutron rich 17−22N isotopes have been measured from charge

changing cross section in Ref. [102].

The study of neutron rich nuclei is very important to know the behaviour of nu-

clear forces because many properties changed as we go away from the line of stability,

like disappearance of traditional magic numbers and appearance of new magic num-

bers. The halo character also comes into picture when we go away from stability

line [103]. Previously, the shell model calculations for nitrogen isotopes using full

psd shell with WBT interaction of Warburton and Brown are reported in Ref. [99].

More recently, Yuan and Suzuki et al . have done systematic study of B to O isotopes

with a interaction YSOX which include (0-3) ~Ω excitations [56] in full psd model

space. To the best of our knowledge for the first time we have done systematic NCSM

calculations for nitrogen isotopes.

For the NCSM calculations, we have used the pAntoine [47, 75] shell model code

which is adapted to NCSM [92]. In the case of 22N, for the largest model space Nmax=
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Figure 4.2: The energy spectra of 18,20,22N nitrogen isotopes with different model space
sizes. The experimental data is taken from Refs. [94, 104].
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Figure 4.3: The energy spectra of 19,21N nitrogen isotopes with different model space
sizes. The experimental data is taken from Ref. [94].
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Figure 4.4: The occupancy of different orbits for nitrogen isotopes using INOY, N3LO
and CDB2K interactions.
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Figure 4.5: Comparison of calculated and experimental g.s. energies of N isotopes.

4, the corresponding dimension is ∼ 6.4× 107. We have compared the NCSM results

with the naive shell model calculations using YSOX interaction. For shell model

calculations we have used KSHELL code [105].

4.2 Details of the calculations

In the present work we perform calculations for nitrogen isotopes. As we know

NCSM calculations are variational, depend on HO frequency ~Ω and size of the

model space Nmax. To see this dependence, we have calculated the g.s. energy

with different Nmax and ~Ω, see Fig. 4.1. We are interested to see that region

in which the dependence of g.s. energy on frequency is minimum (for largest model

space). We select that frequency for our NCSM calculations. This procedure is called

optimization of frequency. When we use this frequency, we get faster convergence

rather than other values of frequencies. This is the benefit for doing optimization of

frequency. So, we have done our calculations with frequency ~Ω= 20 MeV. For the

other interactions we have chosen the frequency from the literature which is suitable
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in this mass region. We have chosen the frequency ~Ω=20 MeV for INOY and ~Ω=14

MeV for N3LO interaction [9]. In the case of CDB2K, we have taken ~Ω=12 MeV [98].

4.3 Results and discussions

We have studied the neutron rich nitrogen isotopes with the three different NN in-

teractions: INOY, CDB2K and N3LO [6, 50, 106]. We have done calculations using

INOY at ~Ω= 20 MeV, CDB2K and N3LO interactions at 12 and 14 MeV, respec-

tively. We have also compared our INOY results at ~Ω= 22 MeV. The energy spectra

are shown in Figs. 4.2 and 4.3. In the case of 18N, the g.s. is correctly reproduced

by INOY NN and YSOX interaction, while other two interactions give 2− as a g.s.

The order of energy states are correct with the INOY (~Ω=20 MeV) and YSOX only.

The calculated 1−
2 state is at higher energy (> 2.5 MeV) with INOY interaction (ex-

cept for Nmax = 0). The NCSM results for Nmax = 4 with INOY (~Ω=22 MeV) are

compressed in comparison to the CDB2K interaction.

For 20N, the results with the INOY (~Ω=22 MeV) interaction are better than other

interactions. Although the g.s. is correctly reproduced by all the three interactions

but the higher states are not in agreement with the N3LO and CDB2K interactions.

The first 3− state is close to the experimental data with INOY (~Ω=20 MeV) and

1− is close to experimental data with INOY (~Ω=22 MeV).

In the case of 22N, only INOY interaction can reproduce the correct g.s. 0− and

level ordering with both the frequencies. All the other interactions are not able to

produce correct g.s. and level ordering of the energy states.

In the case of 19N, INOY (~Ω=20 MeV) and the other interactions reproduce the

correct g.s. 1/2−, though, all the states are not yet been confirmed experimentally.

The g.s. and first two excited states are very compressed with the INOY at both the

frequencies in comparison to the other interactions. The N3LO interaction gives the

energy states better and level ordering is correct with the experimental one. Overall

the INOY interaction gives compressed energy levels.
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Table 4.1: The g.s. energies (in MeV) for nitrogen isotopes using YSOX, INOY (~Ω=20
MeV), N3LO (~Ω=14 MeV), and CDB2K (~Ω=12 MeV) interactions.

Nucleus EXP YSOX INOY N3LO CDB2K
18N -126.695 -127.344 -121.782 -112.036 -102.979
19N -132.025 -133.083 -125.471 -117.084 -107.616
20N -134.180 -134.556 -128.788 -119.857 -109.921
21N -138.768 -139.637 -133.702 -124.769 -114.278
22N -140.052 -140.657 -136.560 -127.114 -116.052

For 21N, the g.s. is correctly reproduced. Higher states are not yet been confirmed

experimentally. All the interactions give first excited state as 3/2−. Similarly, the

second excited state seems to be 5/2−. For higher states, we are not sure for spin

prediction. So, from our NCSM calculations it is clear that INOY interaction which

has the effect of three body forces is suitable to study the neutron rich nitrogen

isotopes. The inclusion of 3N forces is important to reproduce correct spectra with

CDB2K and N3LO interactions.

In Fig. 4.4, we have shown the occupancy of first two states of nitrogen isotopes

with the INOY (~Ω=20 MeV), CDB2K, and N3LO interactions correspond to Nmax=

4 model space size. For Nmax= 4, we have taken 28 orbitals. Here, we have shown

the occupancy up to fp space because the occupancy of higher orbitals are very

small to visualize. Although, the magnitudes of occupancies of higher orbitals are

very small, still they are important in the calculation. The contribution of neutron

occupancy from 0d3/2 and 1s1/2 orbitals for CDB2K and N3LO interaction is larger

in comparison to INOY interaction. This larger occupancy is also reflected in the

energy spectra. The CDB2K and N3LO results are similar for the g.s. spin and first

excited state, however the occupancies for INOY interaction is different and for this

interaction we are getting results which differ from other two interactions. In Fig.

4.5, the calculated g.s. energy for 18−22N isotopes using INOY and YSOX interactions

follow the same trend as the experimental data. The g.s. energy for nitrogen isotopes

with the other interactions are given in the Table 4.1 in which results with N3LO
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and CDB2K are very far from the experimental data. If we go to higher Nmax, the

results will come closer to the experimental g.s. energies.

4.4 Conclusions

In the present work, we have performed NCSM calculations with different interactions

(INOY, N3LO and CDB2K) for neutron rich nitrogen isotopes [55]. We have also

compared our NCSM results with recently developed YSOX interaction for psd space

from the Tokyo group. We have drawn following broad conclusions:

• In 18N, the INOY and YSOX interaction predict second excited state as 2−.

• For 20N, the results of INOY (~Ω=22) interaction are much better than YSOX

interaction.

• For 22N, the INOY results for g.s. and first excited states are better than YSOX

interaction. The N3LO and CDB2K interactions are unable to predict correct

g.s.

• For 19N, the NCSM results with N3LO are much better.

• In the case of 21N, the INOY results (~Ω=22) are near to the experimental

data.





CHAPTER 5

FIRST-PRINCIPLES RESULTS FOR

ELECTROMAGNETIC PROPERTIES

OF SD SHELL NUCLEI

5.1 Introduction

The study of atomic nuclei using first principles is an important topic in nuclear

structure physics. The anomalous behavior for nuclei close to the drip-line can now

be explained using ab initio approaches. The inclusion of three-body forces was found

to be crucial for explaining the exact location of the drip-line for oxygen and calcium

isotopes [107, 108]. Although ab initio calculations are difficult for heavier nuclei,

recently spectroscopy of sd shell nuclei using different ab initio approaches has been

reported in the literature. Using the in-medium similarity renormalization group

(IM-SRG) approach, ab initio predictions for the g.s. and excited states of doubly

open-shell sd nuclei have been reported in Ref. [20]. Also ab initio coupled-cluster

effective interaction (CCEI) was derived and used to calculate the levels in p and sd

51
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shell nuclei successfully [11,12,19]. A mass-dependent effective Hamiltonian in a 0~Ω

model space for the sd shell nuclei, starting from a no core shell model Hamiltonian in

a 4~Ω model space with the realistic J-matrix Inverse Scattering Potential, fitted to

nuclei with masses up to A = 16 (JISP16) and chiral N3LO NN interactions, has been

reported in Ref. [88]. The recent experimental results of 24F have been theoretically

interpreted with IM-SRG in Ref. [109] and a coupled-cluster interpretation has been

presented for recently populated levels in 25F [110]. In all these papers, the focus was

on the spectroscopy of p and sd shell nuclei.

In the present chapter, our motivation is to test the ab initio Hamiltonians de-

rived from the two approaches, IM-SRG and CCEI, by calculating electromagnetic

properties of sd shell nuclei. The results of this work will add to the earlier studies

in Refs. [11,12,20,88], where only spectroscopic properties (spins, parities, and level

energies) of these nuclei were reported. We compare our results to the available ex-

perimental data as well as with the calculations using the phenomenological USDB

shell model interaction [91].

5.2 Details on ab initio calculations

In this work, we have performed shell model calculations for which the valence-

space Hamiltonian was derived using two modern ab initio approaches: IM-SRG

[20] and CCEI [11]. We have also compared the results with calculations using the

phenomenological USDB effective interaction [91]. For the diagonalization of the

matrices we have used the shell model code NUSHELLX [111].

5.2.1 IM-SRG

Stroberg et al. [20] derived a mass-dependent Hamiltonian for sd shell nuclei by using

the IM-SRG [13] based on chiral two- and three-nucleon interactions. In this method,

an initial Hamiltonian H, which is normal ordered with respect to a finite-density
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reference state |Φ〉 (e.g., the Hartree-Fock g.s.) is given as:

H = E0 +
∑

ij

fij{a†iaj} +
1

2!2

∑

ijkl

Γijkl{a†ia†jalak}

+
1

3!2

∑

ijklmn

Wijklmn{a†ia†ja†kanamal}, (5.1)

where, E0, fij ,Γijkl and Wijklmn are the normal ordered zero-, one-, two-, and three-

body terms, respectively [112]. The normal ordered strings of creation and annihila-

tion operators obey 〈Φ|{a†i . . . aj}|Φ〉 = 0. Now, a continuous unitary transformation

is applied to the Hamiltonian of Eq. 5.1. This unitary transformation is parameter-

ized by a parameter s which is called flow parameter:

H(s) = U(s)HU †(s) ≡ Hd(s) +Hod(s). (5.2)

Here, Hd(s) is the diagonal part and Hod(s) is the off-diagonal part of the Hamil-

tonian. As s→ ∞, the off-diagonal matrix elements become zero.

The evolution of Hamiltonian with the flow parameter s is given as:

dH(s)

ds
= [η(s), H(s)], (5.3)

where η(s) is the anti-Hermitian generator of the unitary transformation given by

η(s) ≡ dU(s)

ds
U †(s). (5.4)

The Hod(s) permits us to decouple the sd valence space from the core and higher

shells as s → ∞. The resulting Hamiltonian is used in the shell model calculations.

In the present calculations, we use the effective interactions with ~Ω=24 MeV.
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5.2.2 CCEI

For the Hamiltonian of the CCEI approach, we have used the following A-dependent

Hamiltonian as a starting point:

ĤA =
∑

i<j

(

(pi − pj)
2

2mA
+ V̂

(i,j)
NN

)

+
∑

i<j<k

V̂
(i,j,k)
3N . (5.5)

The NN and 3N parts are taken from a N3LO chiral nucleon-nucleon interaction,

and a N2LO chiral three-body interaction, respectively.

For both IM-SRG and CCEI, we use ΛNN= 500 MeV for the chiral N3LO NN

interaction [6, 50], and Λ3N= 400 MeV for the chiral N2LO 3N interaction [113].

One can perform a unitary transformation of the Hamiltonian (5.5) to obtain the

Hamiltonian used for the actual shell model calculations in the CCEI approach:

HA
CCEI = HAc

0 +HAc+1
1 +HAc+2

2 + . . . . (5.6)

Here, the first term HAc

0 stands for the core, the second term HAc+1
1 for the

valence one-body, and HAc+2
2 for the two- body Hamiltonian. The two-body term is

derived from (5.5) by using OLS similarity transformation [53,114]. By applying this

unitary transformation, we get a non-Hermitian effective Hamiltonian. The similarity

transformation is determined from the metric operator [S†S]= P2(1 + ω†ω)P2 (see

Ref. [115] for further details). Here, for making the Hamiltonian Hermitian, the

metric operator S†S is used. The Hermitian shell model Hamiltonian is then obtained

as [S†S]1/2 ĤA
CCEI [S†S]−1/2.

In the present chapter, the two-body matrix elements for IM-SRG and CCEI

ab initio approaches have been adopted from Refs. [20] and [11], respectively.

Finally, we have also compared our ab initio results with the shell model calcula-

tions using the phenomenological USDB interaction. The USDB interaction is fitted

to two-body matrix elements [91], originally derived from a G-matrix approach. This

interaction is fitted by varying 56 linear combinations of two-body matrix elements.
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The shell model code NUSHELLX@MSU is a set of wrapper codes written by

Brown. It uses a proton-neutron basis. With this code, it is possible to diagonalize

J-scheme matrix dimensions up to ∼ 100 million.

5.3 Results and discussions

The magnetic dipole moment is defined as the expectation value of the dipole operator

in the state with maximum M projection as

µ = 〈J ;M = J |
∑

i

gl(i)lz,i +
∑

i

gs(i)sz,i | J ;M = J〉. (5.7)

Here, gl and gs are the orbital and spin gyromagnetic ratios, respectively. By

applying the Wigner-Eckart theorem,

µ =
J

[J(J + 1)(2J + 1)]1/2
× 〈J ||

∑

i

gl(i)ji + [gs(i) − gl(i)]si || J〉. (5.8)

The spectroscopic quadrupole moment (Qs) is defined as

Qs(J) = 〈J,m = J | Q0
2 | J,m = J〉

=

√

J(2J − 1)

(2J + 1)(2J + 3)(J + 1)
〈J || Q || J〉. (5.9)

We have used the harmonic-oscillator parameter ~Ω = 45A−1/3 − 25A−2/3 MeV

for all the three calculations. The calculated values of the electromagnetic properties

of sd shell nuclei with ep = 1.5e, en = 0.5e, and geffs = gfrees using the two ab initio

interactions as well as the phenomenological USDB shell model interaction in the

sd model space, along with the experimental data, are shown in the Tables 5.1 and

5.2. In Ref. [116], the suitable values of g factors and effective charges for sd shell
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nuclei are given. However, in the present work, we have compared magnetic and

quadrupole moments with two ab initio effective interactions along with phenomeno-

logical USDB effective interaction using free-nucleon g factors and standard values of

effective charges in our calculations. The magnetic moments have been taken from

Ref. [117] and more recent data were obtained from a compilation maintained by

Mertzimekis under the IAEA auspices [118]. Recently, the experimental quadrupole

moments for sd shell nuclei have been evaluated and the recommended values were

presented in Ref. [119] along with shell model calculations using the USD and SDPF-

U interactions. We have used these experimental quadrupole moments in Table 5.2.

The values not available in this evaluation are taken from the specified references.

The experimental static and dynamic moments for Ne, Na, Mg and Al isotopes

up to 20 neutrons, at the borders of (or inside) the island of inversion, are reported in

Refs. [120–134]. For explaining the intruder configuration of neutron-rich nuclei (∼
N = 20), we need the sd− pf model space. Using the SDPF-U-MIX effective inter-

action in the Ref. [135], it was shown the island of inversion region emerges around

N = 20 and N = 28 for Ne to Al isotopes. The island of inversion is also known as

island of deformation, which is due to nucleon-nucleon correlations. Because of the

correlation energy, we get a deformed ground-state band and the spherical mean field

breaks. The normal-order filling of orbits in the case of island of inversion candidates

(30Na, 31Na, 31Mg, and 33Al) vanishes, where 33Al is found to be at the border of

the island of inversion [134]. The IM-SRG and CCEI ab initio effective interactions

contain excitations of particles within different shells (∼ 13 oscillator major shells),

projected to a particular sd model space. The static and transitional quadrupole

moments of nuclei lying in the island of inversion region show a drastic enhancement

of quadrupole collectivity compared to neighboring nuclei. This has been attributed

to a combination of a reduction in the N = 20 shell gap due to the tensor part of the

nucleon-nucleon monopole interaction and enhanced quadrupole correlations induced

by neutron excitations across this reduced shell gap. The moments of these isotopes

have been very well described using the phenomenological shell model interactions in
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an enhanced sd-pf model space where such neutron excitations are included, as illus-

trated e.g. in Refs. [126, 129, 134, 136]. The spectroscopy of other sd shell isotopes,

including their moments, has been very well described by shell model calculations

in the sd valence space using the phenomenological effective interactions, such as

USDB [116]. However, the recent ab initio calculations reproduce also very well the

spectroscopy of these sd shell isotopes, even improving an accurate description of

their structure. It will be interesting to see how well they reproduce the ground-state

static and dynamic moments.

For the oxygen isotopes, the calculated values of the magnetic moments with IM-

SRG and CCEI show almost similar results. We have reported the magnetic moments

for 17−20O and quadrupole moments for 17−19O isotopes. For 17O, the calculated mag-

netic moment and quadrupole moment values using all the interactions are similar,

because this is the single-particle moment (similarly for 17F). The calculated mag-

netic moment of the 4+
1 state of 18O and of the 5/2+ (g.s.) for 19O and 2+

1 state of

20O are showing negative sign, while the sign has not yet been confirmed experimen-

tally. For 19O, both ab initio interactions give the opposite sign of the quadrupole

moment with USDB interaction; however, the sign from an experiment is not yet

confirmed. The calculated value of magnetic moments for 17,18,20F isotopes (g.s. and

some isomers) are close to the experimental data. However, ab initio interactions give

slightly different values in comparison to the experimental data for 19,21F. In the case

of quadrupole moments, experimental sign of 17−22F isotopes are not yet confirmed.

All the interactions give the same sign.

The experimental data for magnetic moments of Ne isotopes are available from

19Ne to 25Ne, while the quadrupole moments are available for 21,22,23Ne. In Ref. [137],

shell model results of magnetic moments are reported with USD and CW interactions

for odd 23−25Ne isotopes. Shape changes are reported to occur from collective to

single particle in Ne isotopes when moving from 19Ne to 25Ne. It is shown that

the magnetic moment is more sensitive than the quadrupole moment for deciding

the structure of the nucleus. Our calculated results using ab initio approaches for
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Table 5.1: Comparison of the experimental magnetic dipole moments (µN ) with the the-
oretical values calculated using free g factors for sd shell nuclei. The experimental data are
taken from Refs. [117,138].

Nuclei State Ex (keV) µexpt µIM−SRG µCCEI µUSDB
17O 5/2+ 0 −1.89379(9) −1.913 −1.913 −1.913
18O 2+ 1982 −0.57(3) −1.094 −1.022 −0.799

4+ 3555 2.5(4) −2.455 −2.438 −2.172
19O 5/2+ 0 1.53195(7) −1.509 −1.518 −1.531

3/2+ 96 −0.72(9) −0.885 −0.869 −0.945
20O 2+ 1674 0.70(3) −0.921 −0.926 −0.716
17F 5/2+ 0 +4.7213(3) +4.793 +4.793 +4.793
18F 3+ 937 +1.77(12) +1.847 +1.826 +1.872

5+ 1121 +2.86(3) +2.880 +2.880 +2.880
19F 1/2+ 0 +2.628868(8) +2.917 +2.932 +2.898

5/2+ 197 3.595(13) +3.560 +3.611 +3.584
20F 2+ 0 +2.09335(9) +2.171 +2.183 +2.092
21F 5/2+ 0 3.9194(12) +3.393 +3.345 +3.779
22F 4+ 0 (+)2.6944(4) +2.535 +2.477 +2.540
19Ne 1/2+ 0 −1.8846(8) −2.060 −2.092 −2.037

5/2+ 238 −0.740(8) −0.608 −0.669 −0.673
20Ne 2+ 1634 +1.08(8) +1.036 +1.037 +1.020

4+ 4247 +1.5(3) +2.086 +2.095 +2.052
21Ne 3/2+ 0 −0.661797(5) −0.665 −0.586 −0.750

5/2+ 351 0.49(4) −0.350 −0.365 −0.574
22Ne 2+ 1275 +0.65(2) +0.616 +0.550 +0.748

4+ 3357 +2.2(6) +1.623 +1.332 +2.044
23Ne 5/2+ 0 −1.077(4) −0.854 −0.786 −1.050
25Ne 1/2+ 0 −1.0062(5) −0.657 −0.924 −0.928
20Na 2+ 0 +0.3694(2) +0.390 +0.330 +0.446
21Na 3/2+ 0 +2.83630(10) +2.445 +2.388 +2.489

5/2+ 332 3.7(3) +3.194 +3.196 +3.355
22Na 3+ 0 +1.746(3) +1.798 +1.806 +1.791

1+ 583 +0.523(11) +0.506 +0.529 +0.518
23Na 3/2+ 0 +2.2176556(6) +1.972 +1.887 +2.098
24Na 4+ 0 +1.6903(8) +1.377 +1.285 +1.631

1+ 472 −1.931(3) +0.908 −0.881 −1.865
25Na 5/2+ 0 +3.683(4) +2.934 +3.361 +3.367
26Na 3+ 0 +2.851(2) +2.296 +2.360 +2.632
27Na 5/2+ 0 +3.895(5) +3.230 +3.623 +3.647
28Na 1+ 0 +2.426(5) +2.146 +1.760 +2.081
29Na 3/2+ 0 +2.449(8) +2.181 +2.198 +2.438
30Na 2+ 0 +2.083(10) +2.245 +2.883 +2.418
31Na 3/2+ 0 +2.305(8) +2.535 +2.551 +2.614
21Mg 5/2+ 0 −0.983(7) −0.342 −0.351 −0.848
23Mg 3/2+ 0 −0.5364(3) −0.305 −0.218 −0.410
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Table 5.1: Continuation.

Nuclei State Ex (keV) µexpt µIM−SRG µCCEI µUSDB
24Mg 2+ 1369 +1.076(26) +1.050 +1.094 +1.026

4+ 4123 +1.6(12) +2.103 +2.169 +2.070
2+ 4238 +1.2(4) +1.072 +1.062 +1.037
4+ 6010 +2.0(16) +2.095 +2.115 +2.048

25Mg 5/2+ 0 −0.85545(8) −0.617 −0.197 −0.849
26Mg 2+ 1809 +1.0(3) +1.024 +1.281 +1.739
27Mg 1/2+ 0 −0.411(2) +0.197 −0.256 −0.412
29Mg 3/2+ 0 +0.9780(6) +1.114 +1.470 +1.071
31Mg 1/2+ 0 −0.88355(15) −0.563 +1.406 −0.923
23Al 5/2+ 0 +3.889(5) +3.716 +3.681 +3.866
24Al 1+ 426 2.99(9) +2.660 +2.071 +2.985
25Al 5/2+ 0 3.6455(12) +3.462 +3.142 +3.655
26Al 5+ 0 +2.804(4) +2.850 +2.907 +2.839
27Al 5/2+ 0 +3.6415069(7) +2.525 +2.461 +3.455
28Al 3+ 0 3.242(5) +2.718 +2.378 +3.098

2+ 31 +4.3(4) +1.044 +0.675 +3.215
30Al 3+ 0 3.010(7) +2.442 +3.455 +3.039
31Al (5/2+) 0 +3.830(5) +3.571 +3.863 +3.761
32Al 1+ 0 1.952(2) +1.485 +1.811 +1.612
33Al (5/2+) 0 +4.088(5) +4.012 +4.268 +4.224
27Si 5/2+ 0 (−)0.8554(4) +0.117 +0.337 −0.678
28Si 2+ 1779 +1.1(2) +1.040 +1.093 +1.031
29Si 1/2+ 0 −0.55529(3) −0.010 −0.575 −0.503
30Si 2+ 2235 +0.8(2) +0.839 +1.939 +0.732
33Si (3/2+) 0 1.21(3) +1.212 +1.803 +1.206
28P 3+ 0 0.312(3) +1.648 +1.076 +0.302
29P 1/2+ 0 1.2346(3) +0.558 +1.348 +1.133
31P 1/2+ 0 +1.13160(3) +0.081 +1.694 +1.087

3/2+ 1270 +0.30(8) +0.318 −0.063 +0.167
5/2+ 2230 +2.8(5) +1.260 +3.097 +2.218

32P 1+ 0 −0.2524(3) −0.764 +0.177 −0.021
31S 1/2+ 0 0.48793(8) +0.472 −1.003 −0.441
32S 2+ 2231 +0.9(2) +1.022 +0.980 +1.010

4+ 4459 +1.6(6) +2.046 +1.840 +2.028
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Table 5.2: Comparison of the experimental quadrupole moments (eb) with the theoretical
values calculated by using ep=1.5e and en=0.5e.

Nuclei State Ex (keV) Qexpt QIM−SRG QCCEI QUSDB Ref.
17O 5/2+ 0 −0.02558(22) −0.0302 −0.0302 −0.0302 [139]
18O 2+ 1982 −0.036(9) −0.0153 −0.0172 −0.0294 [140]
19O 5/2+ 0 0.00362(13) +0.0003 +0.0005 −0.0026 [119]
17F 5/2+ 0 0.0799(34) −0.0907 −0.0907 −0.0907 [119]
18F 5+ 1121 0.077(5) −0.1226 −0.1226 −0.1224 [140]
19F 5/2+ 197 0.0942(9) −0.1048 −0.01056 −0.1045 [141]
20F 2+ 0 0.0547(18) +0.0677 +0.0729 +0.0679 [119]
21F 5/2+ 0 0.0943(33) −0.1180 −0.1175 −0.1199 [119]
22F 4+ 0 0.003(2) −0.0167 −0.0249 −0.0078 [140]
20Ne 2+ 1634 −0.23(3) −0.1573 −0.1578 −0.1576 [140]
21Ne 3/2+ 0 +0.10155(75) +0.1127 +0.1109 +0.1119 [119,139]
22Ne 2+ 1257 −0.19(4) −0.1561 −0.1536 −0.1532 [140]
23Ne 5/2+ 0 +0.1429(43) +0.1728 +0.1699 +0.1629 [119]
20Na 2+ 0 0.1009(88) +0.0961 +0.100 +0.0946 [119]
21Na 3/2+ 0 0.137(12) +0.1224 +0.1216 +0.1218 [119]
22Na 3+ 0 +0.167(17) +0.2496 +0.2405 +0.2506 [119]
23Na 3/2+ 0 +0.104(1) +0.1217 +0.1246 +0.1180 [119,142]
25Na 5/2+ 0 0.00146(22) +0.0214 +0.0674 +0.0025 [119]
26Na 3+ 0 0.00521(20) −0.0056 +0.0239 −0.0051 [119]
27Na 5/2+ 0 0.00708(24) −0.0120 −0.0035 −0.0127 [119]
28Na 1+ 0 0.0389(11) +0.0539 +0.0368 +0.0495 [119]
29Na 3/2+ 0 +0.0842(25) +0.0737 +0.1046 +0.0791 [119]
30Na 2+ 0 +0.146(1.6) −0.1122 −0.1048 −0.1149 [143]
31Na 3/2+ 0 +0.105(2.5) +0.0465 +0.0920 +0.0583 [143]
23Mg 3/2+ 0 0.1133(37) +0.1285 +0.1322 +0.1229 [119]
24Mg 2+ 1369 −0.29(3) −0.1914 −0.1857 −0.1931 [140]
25Mg 5/2+ 0 +0.1994(20) +0.2235 +0.1809 +0.2243 [144]
26Mg 2+ 1809 −0.21(2) −0.1747 +0.1155 −0.1439 [140]
25Al 5/2+ 0 0.249(18) +0.1949 +0.1813 +0.2018 [119]
26Al 5+ 0 +0.259(29) +0.3260 +0.294 +0.3028 [119]
27Al 5/2+ 0 +0.1466(10) +0.1563 +0.091 +0.1803 [119,145]
28Al 3+ 0 0.172(12) +0.2289 +0.1388 +0.1877 [119]
31Al 5/2+ 0 0.1365(23) +0.1836 +0.1320 +0.1706 [134]
32Al 1+ 0 0.0250(21) +0.0370 +0.006 +0.0310 [119]
33Al 5/2+ 0 0.141(3) +0.1375 +0.1368 +0.1390 [134]
27Si 5/2+ 0 0.063(14) +0.1291 +0.072 +0.1409 [146]
28Si 2+ 1779 +0.16(3) +0.2332 +0.196 +0.2087 [140]
30Si 2+ 2235 −0.05(6) +0.0465 +0.1470 +0.0239 [140]
32S 2+ 1941 −0.15(2) −0.0140 −0.0801 −0.1283 [140]
33S 3/2+ 0 −0.0678(13) −0.1431 −0.0565 −0.0736 [147]
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Figure 5.1: Comparison between the experimental and theoretical magnetic dipole mo-
ments for F, Ne, Na, Mg, Al, Si, and P isotopes. The calculated shell model signs are used
in the cases when it was not measured.
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Figure 5.2: Comparison between experimental and theoretical quadrupole moments for
F, Ne, Na, Mg and Al isotopes. The calculated shell model signs are used in case when it
was not measured.
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Figure 5.3: Occupancies of d3/2, d5/2 and s1/2 proton and neutron orbitals for 19−22F,
19−23Ne, 20−31Na, 21−31Mg, 23,25−28,30−33Al, 27,29,33Si and 28−29,31−32P isotopes with CCEI
for the g.s. We have reported occupancies of those nuclei for which the quadrupole/magnetic
moments are calculated in the present work.
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magnetic moments are showing reasonable agreement with the experimental data

except for 23,25Ne isotopes. We have reported the quadrupole moments for 20−23Ne

isotopes. Both ab initio results are in good agreement with the experimental data. In

the case of 20Ne, the calculated Q2+ with all the three interactions is approximately

−0.15 eb, while experimental value is −0.23(3) eb.

In the 26−31Na chain [125], it is claimed that the experimental results of the

magnetic moments for 26−29Na are well described with sd model space using the USD

Hamiltonian. The disagreement appears for the 30−31Na magnetic moments. The

30,31Na isotopes are suggested to be members of the island of inversion, as shown

by Utsuno et al. [148]. We have calculated the magnetic moments for the g.s. for

20−31Na isotopes. In the case of 21,22Na and 24Na, the magnetic moments are also

given for the first excited state. The results obtained from ab initio approaches for

the g.s. are in reasonable agreement with the experimental values (Fig. 5.1). In

the case of 24Na, for the magnetic moment (for the first excited state), the sign is

reverse using IM-SRG while CCEI gives the sign which is in agreement with the

experimental data. We have calculated the quadrupole moments for 20−23Na and

25−31Na. For 26Na, ab initio IM-SRG interaction is giving same sign of the quadrupole

moment as in the phenomenological effective interaction. Experimentally, the sign

has not yet been confirmed. In the case of 30Na, the results obtained from theory

are far from the experimental value because 30Na is an element of the island of

inversion. To explain the quadrupole moment for 30Na we need pf model space.

Utsuno et al. [148], performed theoretical calculations in sdf7/2p3/2 model space using

SDPF-M interaction [149] for 27,29Na isotopes using the Monte Carlo shell model

approach.

For Mg isotopes, the sd shell model space is able to explain the experimental

data reasonably well up to 29Mg with all the three interactions. However, in the

case of 27Mg, IM-SRG interaction gives opposite sign with the experimental data.

In the case of 23Mg, for Q(3/2+), the experimental sign has not yet been confirmed.

Recently, the sign of magnetic moment has been measured using laser spectroscopy



5.3. Results and discussions 65

at CERN-ISOLDE [150]. Shell model calculations predict a positive sign for the

quadrupole moment. In the case of 27Mg, the negative magnetic moment for the g.s.

is dominated by the νs1/2 configuration. The IM-SRG fails to reproduce the correct

sign of its magnetic moment, although it is also predicting νs1/2 configuration for the

g.s. For 29Mg, the g.s. spin is I = 3/2 (νd3/2), and all interactions give the correct

sign of the magnetic moment. The sd model space is not able to reproduce correctly

the measured g.s. 1/2+ for 31Mg. For this isotope, a strongly prolate deformed g.s.

is reported in Ref. [122]. Recent theoretical results reveal the existence of 2p − 2h

and 4p− 4h configurations for 32Mg [151].

For 25−28,30−33Al isotopes, the sd model space is able to correctly reproduce the

magnetic moments. In most of the isotopes, CCEI results are in reasonable agreement

with the experimental data. For 25,28,30,32Al isotopes, the sign for the g.s. magnetic

moment is not yet confirmed, theoretically all the three interactions predict positive

sign. The calculated µ(2+) and µ(3+) for 28Al with IM-SRG and CCEI are not

showing good agreement with the experimental data. Also, ab initio interactions are

giving smaller values of the magnetic moment for 27Al. Experimentally, the sign of

the quadrupole moment is confirmed only for 26,27Al isotopes. For 26Al, the CCEI

result for quadrupole moment is in reasonable agreement with experimental data,

while for 27Al, the result of quadrupole moment with IM-SRG is better than CCEI.

In the Si chain, the magnetic moments for 27,29,33Si isotopes are calculated for the

g.s. while for 28,30Si isotopes they are for the first excited state. For 28,29Si isotopes,

the magnetic moments from the CCEI approach are in reasonable agreement. The

calculated µ(1/2+) for 29Si is suppressed with IM-SRG in comparison with the exper-

imental data. The ab initio interactions are giving smaller values with the opposite

sign of µ(5/2+) for 27Si in comparison to the experimental data and with USDB in-

teraction; however, the experimental sign is tentative. The quadrupole moment is

calculated for 27Si, 28Si, and 30Si. For 30Si, all the three interactions fail to reproduce

the correct sign of the quadrupole moment.

We have also reported the magnetic moments of 28,29,31,32P, and all the calculated
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results support positive signs for P isotopes in the g.s. except 32P. For 32P, IM-SRG

supports the experimental sign but the magnitude is larger in comparison with the

experimental value. We have also calculated the magnetic moment of 31,32S and the

quadrupole moment of 32,33S. The CCEI results for magnetic moments (32S) and

quadrupole moments (33S) are in reasonable agreement with the experimental data.

The calculated g factors with ab initio interactions for the yrast levels in even-

even N = Z nuclei are ∼ 0.5. Thus, the calculated value is in agreement with the

experimental value as reported in Ref. [152].

In Fig. 5.1, we have shown the comparison between the experimental and the-

oretical magnetic dipole moments for F, Ne, Na, Mg, Al, Si, and P isotopes. From

this figure, it is clear that ab initio interactions are not giving value close to the

experimental data for heavier Z nuclei. The deviation between the calculated and

the experimental data is large for P isotopes. In the Figs. 5.1 and 5.2, we have

shown comparison only for the g.s. of those nuclei which have confirmed experimen-

tal signs. Apart from this, we have also plotted the g.s. of those data for which all

the interactions are giving the same sign but their experimental signs are not yet

confirmed.

The g.s. quadrupole moments for F, Ne, Na, Mg and Al isotopes are shown in

the Fig. 5.2. All the interactions are giving reasonable results for the F isotopes.

For the 22Na, the calculated quadrupole moment is larger in comparison with the

experimental data for all the three interactions. For 25Na, ab initio interactions give

larger Q(5/2+) values in comparison with the experimental data; however, the result

with USDB interaction is reasonable.

The occupancies of d3/2, d5/2, and s1/2 proton and neutron orbitals for 19−22F,

19−23Ne, 20−31Na, 21−31Mg, 23,25−28,30−33Al, 27,29,33Si and 28−29,31−32P isotopes with

CCEI for the g.s are shown in Fig. 5.3. In general, the role of the d5/2 orbital is

important as neutron number increases.

For 30Na (expt. g.s. is 2+), IM-SRG and CCEI effective interactions predict g.s.

as 0+, while USDB predicts 2+. For 30Na, the calculated magnetic moment with
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IM-SRG interaction is in reasonable agreement with the experimental data; however,

all three interactions give opposite signs for quadrupole moment in comparison with

the experimental data. For 31Na (experimental g.s. is 3/2+), CCEI predicts the

correct g.s. while USDB and IM-SRG give 5/2+. For this nuclei, the magnetic

moments predicted by ab initio interactions are similar, whereas the quadrupole

moment predicted by CCEI is close to the experimental data. For 31Mg (experimental

g.s. is 1/2+ ), ab initio and USDB interactions give g.s. of 3/2+. The calculated

magnetic moment with CCEI is far from the experimental value and also the sign

is not correct. For 33Al, all the three interactions give the g.s. as 5/2+, although

experimentally it is not yet confirmed. The IM-SRG gives value of magnetic moment

close to the experimental data for this isotope. In the case of quadrupole moment, sign

is not yet confirmed experimentally, but the magnitude is in reasonable agreement

with experimental value with all the three interactions.

The wave functions of the nuclei which show disagreement between ab initio

results and with the experimental data and USDB results are shown in Table 5.3.

For 27Al, both ab initio interactions give same structure. The ab initio results for

µ5/2+ are not in a good agreement with the experimental data. In 28Al, the CCEI

result for µ2+
1

is very far from IM-SRG and USDB interactions as well as with the

experimental data; also, the wave function is different from IM-SRG and USDB. In

the case of CCEI interaction for the 28Al(µ2+
1

) result, we have one unpaired proton

and one unpaired neutron in s1/2 orbits whereas in USDB and IM-SRG interactions,

we have one unpaired neutron in s1/2 orbits, and one unpaired proton in d5/2 orbit.

USDB and IM-SRG are also not in very good agreement with the experimental data.

In 32Al, all the three interactions give same structure for the wave function but still

CCEI result for Q1+
1

is far from the experimental data. In 27Si, the structures of

wave function for CCEI interaction is due to two unpaired protons and one unpaired

neutron, whereas in IM-SRG and USDB interactions come from one unpaired neutron

in d5/2 orbit. In the case of 30Si, the CCEI result for Q2+
1

is very far from the

experiment, the structure comes because of the two unpaired protons which are in
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s1/2 and d5/2 orbits, while for IM-SRG and USDB interactions two unpaired neutrons

are in d3/2 and s1/2 orbits. For 31P (µ1/2+
1

, µ5/2+
1

), 32S (Q2+
1

) and 33S (Q3/2+
1

), the

structures of wave functions for IM-SRG are very different from USDB and CCEI

interactions. For these nuclei, we can see results from Tables 5.1 and 5.2 that show

the IM-SRG results are very far from the experimental data. For 28Na, 25Mg, 32Al,

29Si, and 29P all three calculations give the same structure of the wave functions. But

we can see from Table 5.1 a deviation of one of the ab initio results with the other

two interactions and the experimental data. For 28P, all the three calculations give

same structure but the magnitude of USDB result is closer to the experimental data.

However, the experimental sign has not yet been confirmed.
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Table 5.3: Dominant configuration of the wave functions with ab intio effective interactions and USDB effective interaction. In
these nuclei ab initio results are showing deviation with experimental data and USDB effective interaction results.

Nuclei Spin IM-SRG Probability CCEI Probability
28Na µ1+ π(d03/2,d

3
5/2,s

0
1/2) ⊗ ν(d13/2,d

6
5/2,s

2
1/2) 41.71% π(d03/2,d

3
5/2,s

0
1/2) ⊗ ν(d13/2,d

6
5/2,s

2
1/2) 43.52%

25Mg µ5/2+
1

π(d03/2,d
4
5/2,s

0
1/2) ⊗ ν(d03/2,d

5
5/2,s

0
1/2) 16.99% π(d03/2,d

4
5/2,s

0
1/2) ⊗ ν(d03/2,d

5
5/2,s

0
1/2) 18.14%

27Al µ5/2+
1

π(d03/2,d
4
5/2,s

1
1/2) ⊗ ν(d03/2,d

5
5/2,s

1
1/2) 6.46% π(d03/2,d

4
5/2,s

1
1/2) ⊗ ν(d03/2,d

5
5/2,s

1
1/2) 12.92%

28Al µ3+
1

π(d03/2,d
5
5/2,s

0
1/2) ⊗ ν(d03/2,d

6
5/2,s

1
1/2) 14.98% π(d03/2,d

5
5/2,s

0
1/2) ⊗ ν(d03/2,d

6
5/2,s

1
1/2) 29.47%

µ2+
1

π(d03/2,d
5
5/2,s

0
1/2) ⊗ ν(d03/2,d

6
5/2,s

1
1/2) 7.72% π(d03/2,d

4
5/2,s

1
1/2) ⊗ ν(d03/2,d

6
5/2,s

1
1/2) 11.66%

32Al Q1+
1

π(d03/2,d
5
5/2,s

0
1/2) ⊗ ν(d33/2,d

6
5/2,s

2
1/2) 71.50% π(d03/2,d

5
5/2,s

0
1/2) ⊗ ν(d33/2,d

6
5/2,s

2
1/2) 65.89%

27Si µ5/2+
1

π(d03/2,d
6
5/2,s

0
1/2) ⊗ ν(d03/2,d

5
5/2,s

0
1/2) 9.27% π(d03/2,d

5
5/2,s

1
1/2) ⊗ ν(d03/2,d

4
5/2,s

1
1/2) 13.24%

29Si µ1/2+
1

π(d03/2,d
6
5/2,s

0
1/2) ⊗ ν(d03/2,d

6
5/2,s

1
1/2) 11.62% π(d03/2,d

6
5/2,s

0
1/2) ⊗ ν(d03/2,d

6
5/2,s

1
1/2) 29.18%

30Si Q2+
1

π(d03/2,d
6
5/2,s

0
1/2) ⊗ ν(d13/2,d

6
5/2,s

1
1/2) 8.21% π(d03/2,d

5
5/2,s

1
1/2) ⊗ ν(d03/2,d

6
5/2,s

2
1/2) 33.80%

28P µ3+
1

π(d03/2,d
6
5/2,s

1
1/2) ⊗ ν(d03/2,d

5
5/2,s

0
1/2) 8.61% π(d03/2,d

6
5/2,s

1
1/2) ⊗ ν(d03/2,d

5
5/2,s

0
1/2) 29.43%

29P µ1/2+
1

π(d03/2,d
6
5/2,s

1
1/2) ⊗ ν(d03/2,d

6
5/2,s

0
1/2) 10.38% π(d03/2,d

6
5/2,s

1
1/2) ⊗ ν(d03/2,d

6
5/2,s

0
1/2) 28.56%

31P µ1/2+
1

π(d03/2,d
6
5/2,s

1
1/2) ⊗ ν(d23/2,d

6
5/2,s

0
1/2) 6.46% π(d03/2,d

6
5/2,s

1
1/2) ⊗ ν(d03/2,d

6
5/2,s

2
1/2) 66.90%

µ3/2+
1

π(d03/2,d
6
5/2,s

1
1/2) ⊗ ν(d23/2,d

6
5/2,s

0
1/2) 6.44% π(d03/2,d

6
5/2,s

1
1/2) ⊗ ν(d13/2,d

6
5/2,s

1
1/2) 22.13%

µ5/2+
1

π(d13/2,d
5
5/2,s

1
1/2) ⊗ ν(d23/2,d

6
5/2,s

0
1/2) 5.94% π(d03/2,d

5
5/2,s

2
1/2) ⊗ ν(d03/2,d

6
5/2,s

2
1/2) 53.89%

32S Q2+
1

π(d23/2,d
5
5/2,s

1
1/2) ⊗ ν(d23/2,d

5
5/2,s

1
1/2) 4.72% π(d03/2,d

6
5/2,s

2
1/2) ⊗ ν(d13/2,d

6
5/2,s

1
1/2) 36.14%

33S Q3/2+
1

π(d23/2,d
6
5/2,s

0
1/2) ⊗ ν(d13/2,d

6
5/2,s

2
1/2) 7.93% π(d03/2,d

6
5/2,s

2
1/2) ⊗ ν(d13/2,d

6
5/2,s

2
1/2) 77.18%
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Table 5.3: Continuation.

Nuclei Spin USDB Probability
28Na µ1+ π(d03/2,d

3
5/2,s

0
1/2) ⊗ ν(d13/2,d

6
5/2,s

2
1/2) 51.85%

25Mg µ5/2+
1

π(d03/2,d
4
5/2,s

0
1/2) ⊗ ν(d03/2,d

5
5/2,s

0
1/2) 26.20%

27Al µ5/2+
1

π(d03/2,d
5
5/2,s

0
1/2) ⊗ ν(d03/2,d

6
5/2,s

0
1/2) 27.19%

28Al µ3+
1

π(d03/2,d
5
5/2,s

0
1/2) ⊗ ν(d03/2,d

6
5/2,s

1
1/2) 37.28%

µ2+
1

π(d03/2,d
5
5/2,s

0
1/2) ⊗ ν(d03/2,d

6
5/2,s

1
1/2) 28.15%

32Al Q1+
1

π(d03/2,d
5
5/2,s

0
1/2) ⊗ ν(d33/2,d

6
5/2,s

2
1/2) 78.19%

27Si µ5/2+
1

π(d03/2,d
6
5/2,s

0
1/2) ⊗ ν(d03/2,d

5
5/2,s

0
1/2) 27.35%

29Si µ1/2+
1

π(d03/2,d
6
5/2,s

0
1/2) ⊗ ν(d03/2,d

6
5/2,s

1
1/2) 32.52%

30Si Q2+
1

π(d03/2,d
6
5/2,s

0
1/2) ⊗ ν(d13/2,d

6
5/2,s

1
1/2) 25.39%

28P µ3+
1

π(d03/2,d
6
5/2,s

1
1/2) ⊗ ν(d03/2,d

5
5/2,s

0
1/2) 37.24%

29P µ1/2+
1

π(d03/2,d
6
5/2,s

1
1/2) ⊗ ν(d03/2,d

6
5/2,s

0
1/2) 32.60%

31P µ1/2+
1

π(d03/2,d
6
5/2,s

1
1/2) ⊗ ν(d03/2,d

6
5/2,s

2
1/2) 34.38%

µ3/2+
1

π(d13/2,d
6
5/2,s

0
1/2) ⊗ ν(d03/2,d

6
5/2,s

2
1/2) 15.28%

µ5/2+
1

π(d03/2,d
5
5/2,s

2
1/2) ⊗ ν(d03/2,d

6
5/2,s

2
1/2) 19.05%

32S Q2+
1

π(d03/2,d
6
5/2,s

2
1/2) ⊗ ν(d13/2,d

6
5/2,s

1
1/2) 11.36%

33S Q3/2+
1

π(d03/2,d
6
5/2,s

2
1/2) ⊗ ν(d13/2,d

6
5/2,s

2
1/2) 47.69%
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5.4 Collectivity for sd shell nuclei

In this section, we have calculated B(E2; 2+
1 → 0+

1 ) for selected nuclei Ne, Mg and Si

isotopes with 10 ≤ N ≤ 20 using above ab initio interactions. We have also compared

results with a phenomenological USDB effective interaction and the recently derived

interaction from effective field theory, which will be referred to CEFT [153]. We

perform calculations with SDPF-MU interaction [154] in the sd − pf shell. For the

diagonalization of matrices, we have used shell model code KSHELL [105].

The B(E2) values are calculated with the formula:

B(E2) =
1

2Ji + 1
| (Jf ||

∑

i

eir
2
i Y2(θi, φi) || Ji) |2 . (5.10)

Where, Ji and Jf are the initial and final state spins, respectively. The B(E2) values

are calculated with the effective charges ep=1.35e and en=0.35e.

The E2+
1

and B(E2; 2+
1 → 0+

1 ) transitions using ab initio interactions and USDB

interactions along with experimental data for even Ne isotopes with N = 10 − 20

are shown in Fig. 5.4. The USDB results for E2+
1

are close to experimental data

up to N = 16 but above this, the results are deviating. The IM-SRG results are

the best and close to the experimental data from N = 10 to N = 18. At N = 20,

only CCEI shows the same pattern as the experimental data, while results of all the

other interactions go upward deviating from the experiment. Experimentally, N = 18

shows less collectivity in comparison to N = 16 and an enhancement in collectivity is

seen at N = 20. The B(E2) values obtained are not satisfactory especially at N = 20

for Ne and Mg isotopes. For all the interactions the collectivity is decreasing from

N = 18 to N = 20 in contrast to the experiment. From the literature the N = 20

lies on the boundary of “island of inversion” [155] and 0~ω shell model calculations

are not able to reproduce the enhancement in collectivity at N = 20. To see the

importance of neutron excitations from sd to pf shell, we have shown results with

2p − 2h and 4p − 4h excitations in Fig. 5.5. The results with 4p − 4h excitations
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show the same trends as in the experiment: there is an increase of B(E2; 2+
1 → 0+

1 )

from N = 18 to N = 20 though not enough to reproduce the experimental data. The

increase in the occupancy of pf orbitals is also confirmed from Fig. 5.6.

For the Mg isotopes, the energy of the 2+
1 state is near to the experimental data

with IM-SRG effective interaction except at N = 14 and N = 20. The CCEI results

are also good except at N = 14. At N = 20 the energy of the 2+
1 state is correctly

given by CCEI but B(E2) value is far from the experimental data. This shows there

is a problem with the wavefunction, that is, there is a large configuration mixing

in this wavefunction. Here, with ab initio interactions it is not possible to show

collectivity at N = 20. The shell model results with 2p− 2h and 4p− 4h excitations

for SDPF-MU interaction are shown in Fig. 5.5. They show a smooth decrease in

B(E2) values from N = 12 − 16 for both 2p− 2h and 4p− 4h excitations, however,

the results of 4p− 4h show the same trends as in the experiment at N = 20: there is

an increase of B(E2; 2+
1 → 0+

1 ) from N = 18 to N = 20. In the case of 34Si isotope,

none of the interaction explains properly the spectra. For Si isotopes the trend of

the energy of 2+
1 state for N = 10 to N = 18 isotopes are well predicted by CEFT

and USDB interactions. The B(E2; 2+
1 → 0+

1 ) the trend from N = 12 to N = 18

are showing reasonable agreement with the experiment for all the interactions. The

B(E2; 2+
1 → 0+

1 ) values for the case with 2p−2h and 4p−4h excitations show similar

results.

In the present calculations, the gap between d3/2 orbital and fp shell is large for

the SDPF-MU interaction compared with the interaction in Ref. [156], where the

neutron ESPE’s of pf -shell are very close to the sd-shell; the difference between f7/2

and d3/2 is as small as about 2 MeV for Z=12 (N=20). Therefore, even if we allow

4p− 4h excitation from sd to pf shell, the occupancy of fp-shell are around 2.23 in

32Mg. As we can see in Ref. [156], where energies and B(E2) are well reproduced

up to N = 20, the occupancy of fp-shell becomes as large as 3.5 for 32Mg. Thus,

our results might be improved if we reduce the gap between sd and fp shells for the

SPDF-MU interaction.
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Figure 5.4: The energy of 2+1 and B(E2; 2+1 → 0+1 ) values of Ne, Mg and Si isotopes.
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Figure 5.5: Comparison between calculated and experimental B(E2; 2+1 → 0+1 ) values of
Ne, Mg and Si isotopes for sd− pf shell with 2p− 2h and 4p− 4h excitations.
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5.5 Conclusions

In the present work using ab initio approaches, we have reported the quadrupole and

magnetic moments for sd shell nuclei with the shell model [57]. We perform calcu-

lations with effective interactions derived from in-medium similarity renormalization

and coupled-cluster approaches. Along with ab initio interactions, we have also com-

pared these results with the phenomenological USDB interaction. The results show

reasonable agreement with the available experimental data.

In the case of B(E2) values for open shell nuclei with 10 ≤ N ≤ 20 for Ne, Mg and

Si isotopes, we have also performed calculations in the sd and sd − pf spaces [157].

The results are also compared with the CEFT effective interaction based on chiral

effective field theory in sd space. The degree of freedom of sd and pf shells are

essential for the nuclei close to “island of inversion” so, we have also reported results

of sd−pf shell with SDPF-MU interaction. The results of ab initio interactions show

reasonable agreement with the experimental data except at N =20. For nuclei in the

island of inversion such as 30Ne and 32Mg, the admixture of pf shells is important to

explain the lowering of the energies of 2+
1 states and the enhancement of the B(E2)

values. The present study will add more information to earlier theoretical B(E2)

values of Ne, Mg and Si isotopes. This work will add more information to previously

known spectroscopic properties of sd shell nuclei from ab initio approaches.



CHAPTER 6

AB INITIO CALCULATIONS FOR

GAMOW-TELLER STRENGTHS IN

THE SD SHELL

6.1 Introduction

The Gamow-Teller (GT) transitions are one of the important tools to explore the

structure of atomic nuclei [158–167]. It has many applications, such as β-decay in

stellar evolution and electron capture [168–171]; double electron capture for heat-

ing of stars [172] and neutrino nucleosynthesis [173–176]. There are two types of

GT transitions: the GT+ transition where a proton changes into a neutron, and the

GT− transition where a neutron changes into a proton. The experimental B(GT )

strengths can be obtained from β-decay studies, but the excitation energies are lim-

ited by the decay Q-values in this approach. On the other hand, with the charge

exchange (CE) reactions, such as (p, n), (n, p), (d,2He) or (3He,t), it is possible to

access GT transitions at higher energies without the Q-value limitation. The experi-

77
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mental measurements at scattering angles around 0◦ and incident energies above 100

MeV/nucleon provide valuable information on the GT transitions.

There are various experimental probes for the measurement of the GT strengths

in sd shell nuclei in A = 20− 32 mass region. For the GT+ transition, the (n, p) and

(d,2He) reactions are mainly used to obtain the strength distribution. The (t,3He)

reaction is also an alternative tool. The GT transition strengths extracted from

β-decay and CE reactions provide also important tests for ab initio calculations.

Modern ab initio approaches, like the IM-SRG [177], the coupled cluster theory

[178] and the self-consistent Green’s function method [179], have been established and

provide accurate description of nuclear structure properties. The ab initio approaches

are more fundamental, although in many cases empirical interactions still are used as

benchmarks. The ab initio calculations can be used not only for spherical nuclei, but

also to predict the ground- and excited-state energies and deformations for doubly-

open-shell nuclei [20]. The yrast deformed states in 20Ne and 24Mg have been recently

reported in Ref. [20].

The aim of the present study is to calculate the GT strengths for sd shell nu-

clei using ab initio approaches. In Table 6.1, we give a list of sd shell nuclei and

corresponding types of reactions for which we perform the shell model calculations.

Thus, the present work will add more information to earlier B(GT ) results for sd

shell nuclei obtained by using phenomenological interactions. Previously, the B(GT )

strengths for A = 10 − 13 (p shell) nuclei, using the no-core shell model with two-

nucleon (NN) and three-nucleon (3N) interactions derived from chiral effective field

theory, were reported in Ref. [180]. Results for the GT strength in the 7Be(3/2−
g.s)

→ 7Li(3/2−
g.s,1/2

−
1 ) transition, obtained by using the no-core shell model with the

Argonne V8′ NN potential and the Tucson-Melbourne TM′(99) 3N potential, were

reported in Ref. [181].
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Table 6.1: List of the GT transitions studied in this work. The data types available and the types of theoretical calculations
used are given. In the last column are given the references for the data sets, which are used for comparison with the theoretical
calculations.

S.No. Initial Final β−decay (n,p) (d,2He) (t,3He) (3He,t) (p,n) CCEI IM-SRG USDB Ref.

1. 20Ne(0+) 20F(1+)
√ √ √ √

[182]

2. 23Na(3
2

+
) 23Mg(1

2

+
,3
2

+
,5
2

+
)

√ √ √ √
[183]

3. 23Na(3
2

+
) 23Ne(1

2

+
,3
2

+
,5
2

+
)

√ √ √ √
[184]

4. 24Mg(0+) 24Na(1+)
√ √ √ √ √

[185,186]
5. 24Mg(0+) 24Al(1+)

√ √ √ √ √
[187,188]

6. 25Mg(5
2

+
) 25Al(3

2

+
,5
2

+
,7
2

+
)

√ √ √ √
[189]

7. 26Mg(0+) 26Na(1+)
√ √ √ √ √

[190,191]
8. 26Mg(0+) 26Al(1+)

√ √ √ √ √
[190,192]

9. 26Si(0+) 26Al(1+)
√ √ √ √

[193]

10. 27Al(5
2

+
) 27Si(3

2

+
,5
2

+
,7
2

+
)

√ √ √ √
[194]

11. 28Si(0+) 28P(1+)
√ √ √ √ √

[187,195]

12. 31P(1
2

+
) 31Si(1

2

+
,3
2

+
)

√ √ √ √
[196]

13. 32S(0+) 32P(1+)
√ √ √ √

[197]
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In the present work to describe the measured GT strength distribution of sd

shell nuclei we performed shell model calculations with ab initio interactions with

two modern ab initio approaches: in-medium similarity renormalization (IM-SRG)

and coupled-cluster effective interaction (CCEI). Along with ab initio calculations, we

have also performed calculations with a phenomenological USDB effective interaction.

For the diagonalization of matrices we used the shell model code NuShellX. More

deatils about IM-SRG and CCEI are given in chapter 5.

6.2 Gamow-Teller B(GT ) strength

The Gamow-Teller strength B(GT ) is calculated using the following expression,

B(GT±) =
1

2Ji + 1
f 2
q |〈f ||

∑

k

σkτ k±||i〉|2, (6.1)

where τ+|p〉 = |n〉, τ−|n〉 = |p〉, the index k runs over the single particle orbitals,

and |i〉 and |f〉 describe the state of the parent and daughter nuclei, respectively. In

the present work we have taken the value of quenching factor as fq = 0.77 [91, 198].

To support our choice above, we show the calculated quenching factors for T = 1/2

sd shell nuclei with A = 17 − 39 [199] using the three different interactions in Fig.

6.1. These quenching factors are obtained by a chi-square fit of the theoretical GT

transition strengths to the corresponding experimental strengths. Note that the IM-

SRG interaction and corresponding theoretical transition strengths are available up

to A = 34. We can see that the quenching factors obtained are 0.79, 0.78 and 0.81

for the USDB, CCEI and IM-SRG interactions, respectively. Although these values

show a slight dependence on the interaction, in this work we adopt fq = 0.77 for all

three interactions, because this is more consistent with the value fq = 0.764 ± 0.013

obtained for USDB in Ref. [91], where more data have been used for the fitting. With

this choice fq = 0.77, the rms deviations from the experimental values are 0.088, 0.177

and 0.149 for USDB, CCEI and IM-SRG interactions, respectively. Compared with
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Figure 6.1: The calculated value of quenching factor for GT transitions in T = 1/2 sd
shell mirror nuclei with A = 17 − 39 (A = 17 − 33) using CCEI and USDB (IM-SRG)
effective interactions.

the USDB case, the enhancement of the rms deviations for CCEI and IM-SRG is

qualitatively similar to the deviations for the energy levels [11, 20]. In the case of

IM-SRG, the calculated B(GT ) values are very small and the deviations from the

experimental values become large for higher mass nuclei with A ≥27. In the case

of CCEI, large deviations are also seen in several nuclei with higher mass, A = 31,

27, 25 and 33 with descending order of magnitude. This tendency may be attributed

to the increasing number of three-valence-nucleon combinations interacting via 3N

forces [20], which we neglected in our calculation.

In the present work we have also checked the Ikeda sum rule [B(GT−)−B(GT+) =

3(N −Z)] for A = 23, 24 and 26. Both ab intio interactions used in the IM-SRG and

CCEI methods satisfy this sum rule, as does the phenomenological USDB interaction.

Thus we are confident that sufficient excited states are taken into account in the

calculation of GT strengths for sd shell nuclei in the two ab initio calculations.
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6.3 Comparison of the experimental and theoret-

ical GT-strength distributions

In this section we compare the theoretical results with the experimental data.

6.3.1 20Ne → 20F

In Fig. 6.2, we compare the B(GT ) strength distribution obtained from the two

ab initio effective interactions CCEI (Fig. 6.2 (b)) and IM-SRG (Fig. 6.2 (c)) and

the phenomenological USDB (Fig. 6.2 (d)) interaction with the experimental data

for the transition 20Ne → 20F. The B(GT ) values for these transitions are known

from Ref. [182], where the data is obtained from the reaction 20Ne(n,p)20F up to the

excitation energy Ex=10 MeV of 20F. On the horizontal axis the excitation energies

of different 1+ states of 20F are shown. In the experimental data the B(GT ) strength

is spread over a wide range of excitation energies of 20F. The theoretical calculations

for the B(GT ) strength have already been done [182] in the framework of the shell

model using the universal sd shell (SD) interaction of Wildenthal [200]. All three

interactions used here give the strongest peak around the excitation energy ∼ 1

MeV, and other strong peaks are observed around excitation energies ∼ 4 MeV and

∼ 8 MeV. The other peaks are small in strength. In Fig. 6.2 (c), the strongest

peak is observed around the excitation energy ∼ 1 MeV, but the strength is less

than that of the strongest peak in the CCEI. The USDB interaction also shows the

strongest peak at ∼ 1 MeV, but its strength is smaller than that obtained with both

ab initio interactions. In the experimental data shown in Fig. 6.2 (a), a wide spread

of the B(GT ) strength distribution is observed in the energy range 6-7 MeV and 8-9

MeV. However, theoretically very small B(GT ) strength is obtained in the energy

range 6-7 MeV. All three interactions also show zero strength in the energy range 2-3

MeV. From Figs. 6.2(b)-6.2(d), it is clear that, as we go towards higher excitation

energy, the B(GT ) strength decreases and then increases again at the excitation
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Figure 6.2: Comparison of the experimental and theoretical B(GT ) distributions for 20Ne
→ 20F.



84 Chapter 6. Ab initio calculations for Gamow-Teller strengths.....

energy around 8-9 MeV. All three interactions give the g.s. 2+ for 20F, in agreement

with the experiment. In Fig. 6.2(e), the accumulated sums of B(GT ) are shown

as a function of excitation energy of 20F. The CCEI gives better results compared

with the other interactions. The summed B(GT ) values at higher excitation energies

are lower than the experimental data for all three interactions used here. The small

calculated B(GT ) values in comparison with the experimental values at Ex > 5 MeV

can be attributed to the limitation of the configuration space within the sd shell.

The breaking of 16O core is important for the fragmentation of the GT strength.

Shell model calculations can be performed in p-sd model space to include the B(GT )

strength beyond Ex > 10 MeV. 20Ne is a well deformed nucleus and has admixtures

of g-shell components [201]. We should also keep in mind that the experimental data

have rather large errors; as large as 0.209 for the sum of B(GT ) [182].

6.3.2 23Na → 23Mg

Figure 6.3 shows the experimental and theoretical B(GT ) strength distributions for

the transition 23Na → 23Mg. Here, the experimental data is available from the

23Na(3He,t)23Mg reaction [183]. In this reaction the B(GT ) transitions were mea-

sured at the incident energy of 140 MeV per nucleon with the energy resolution of

45 keV. The 23Na and 23Mg are deformed nuclei with the static quadrupole moments

10.1 ± 0.2 fm2 [202] and 11.4 ± 0.3 fm2 [203], respectively. These nuclei are important

from an astrophysical point of view. In Fig. 6.3 (a) the experimental data are shown

up to the excitation energy 11.132 MeV of 23Mg. In Ref. [183], the strength of the

first transition (23Na(3
2

+
) → 23Mg(3

2

+
)) is 0.340, which is the mixture of B(GT ) and

Fermi transition strength. We have excluded the Fermi transition strength. Now,

the B(GT ) transition strength is 0.09. The largest B(GT ) strength is at the exci-

tation energy 8.168 MeV. Figure 6.3 (b) shows the B(GT ) strength obtained in the

CCEI. The CCEI gives a strong peak at the excitation energy 5.637 MeV, and the

magnitude of strength is also comparable with the strongest peak observed in the
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Figure 6.3: Comparison of the experimental and theoretical B(GT ) distributions for 23Na
→ 23Mg.
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experiment. This peak comes from the transition 23Na(3
2

+

1
) → 23Mg(5

2

+

4
). In the en-

ergy range 6-12 MeV, we see many B(GT ) transitions which are not observed in the

experiment. Figure 6.3 (c) shows results of the IM-SRG interaction. The IM-SRG

interaction gives the strongest peak of the B(GT ) strength at the excitation energy

5.826 MeV, and its strength is comparable with the strength of the strongest peak

obtained with the CCEI and observed in the experiment. The density of peaks is

smaller for the IM-SRG interaction compared with the CCEI. In Fig. 6.3 (d), we see

the strongest peak at the excitation energy 8.513 MeV. All three interactions give

the g.s. 3
2

+
for 23Mg, in agreement with the experimentally observed g.s. The distri-

bution of accumulated sums of B(GT ) for the experimental data and the theoretical

calculations is shown in Fig. 6.3 (e). The CCEI and USDB interactions show similar

trends for the summed B(GT ). The IM-SRG interaction gives larger values for the

summed B(GT ) strengths than the CCEI or the experiment.

6.3.3 23Na → 23Ne

In Fig. 6.4 (a) is shown the experimental B(GT ) strength distribution for the tran-

sition 23Na → 23Ne [184], observed in the charge exchange reaction 23Na(n, p)23Ne.

Previously, the shell model results for B(GT ) distribution were shown in Ref. [184],

and in the present work we show the calculations obtained by using the recent phe-

nomenological USDB interaction in comparison with the ab initio effective interac-

tions. The experimental B(GT ) strength (Fig. 6.4 (a)) is dominated in the excitation

energy-range 3.432-3.458 MeV. The other peaks outside this range have very small

B(GT ) values. With the CCEI (Fig. 6.4 (b)), we get the strongest peak at the

excitation energy 3.170 MeV, but its strength is approximately three times less than

the experimental value. We also see some other peaks with B(GT ) values below 0.1.

In the IM-SRG approach (Fig. 6.4 (c)), we get two peaks with strengths larger than

0.1. In Fig. 6.4 (d), the B(GT ) distribution is shown for the USDB interaction.

We see the strongest peak at the excitation energy 3.508 MeV. All strong peaks in
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Figure 6.4: Comparison of the experimental and theoretical B(GT ) distributions for 23Na
→ 23Ne .
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the theoretical calculations correspond to the transition 23Na(3
2

+

1
)→ 23Ne(1

2

+

2
). All

three interactions give the g.s. 5
2

+
for 23Ne, in agreement with the experiment. The

summed B(GT ) values (Fig. 6.4 (e)) obtained with USDB show a similar trend as

the experimental values up to the excitation energy 3.5 MeV. The theoretical B(GT )

strength is generally lower than the experimental one.

6.3.4 24Mg → 24Na

Figure 6.5 shows the B(GT ) strength distribution obtained from the shell model cal-

culations, and the experimental data for the transition 24Mg → 24Na. There are two

experimental data for the B(GT ) distribution available from the 24Mg(t,3He)24Na

and 24Mg(d,2He)24Na reactions. The 24Mg(t,3He)24Na reaction was performed at the

energy of 115 MeV per nucleon by using a secondary triton beam with an energy

resolution of about 200 keV [185]. The 24Mg(d,2He)24Na reaction was performed at

the energy of 170 MeV, and a good resolution of the order of 145 keV was obtained

in this reaction [186] . The shell model calculations with the phenomenological inter-

actions USDA and USDB have already been performed [185]. Figure 6.5 (a) shows

the data from 24Mg(t,3He)24Na reaction. In this case, we see the strongest peak at

the excitation energy 1.346 MeV of 24Na. We also find that the distribution of the

B(GT ) strength is in the energy windows from 3.14-3.94 MeV and 6.5-7.1 MeV for

this reaction. Figure 6.5 (b) shows the experimental information for the B(GT ) dis-

tribution from 24Mg(d,2He)24Na reaction. This reaction gives the strongest peak at

the excitation energy 1.35 MeV with nearly the same B(GT ) value as obtained from

the 24Mg(t,3He)24Na reaction. Some other peaks are also observed with less strength.

Figure 6.5 (c) shows the B(GT ) distribution obtained with the CCEI. The CCEI

predicts 1+ as the g.s. of 24Na, while the g.s. from the experiment is 4+. In Fig. 6.5

(c) we see the strongest peak at the excitation energy of 0.417 MeV, which comes

from the transition 24Mg(0+) → 24Na(1+
2 ). The B(GT ) distribution obtained with

the IM-SRG interaction is shown in Fig. 6.5 (d). The IM-SRG interaction gives the
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Figure 6.5: Comparison of the experimental and theoretical B(GT ) distributions for 24Mg
→ 24Na.



90 Chapter 6. Ab initio calculations for Gamow-Teller strengths.....

g.s. of 24Na as 2+. With this interaction we get the strongest peak at the excitation

energy 0.110 MeV, which comes from the transition 24Mg(0+) → 24Na(1+
1 ). Figure

6.5 (e) shows the B(GT ) distribution obtained with the phenomenological USDB

interaction. Here we see the strongest peak at the excitation energy 1.323 MeV and

the next strongest peak at 3.345 MeV, which come from the transitions 24Mg(0+)

→ 24Na(1+
2 ) and 24Mg(0+) → 24Na(1+

3 ), respectively. Figure 6.5 (f) shows the trend

of the accumulated sums of the B(GT ) distribution obtained from the experimental

data and the theoretical calculations. The USDB interaction gives a similar trend as

the experimental data for both reactions.

6.3.5 24Mg → 24Al

The experimental information on the B(GT ) strength distribution for the transi-

tion 24Mg → 24Al is available from the 24Mg(3He,t)24Al reaction observed at 420

MeV [188], and the 24Mg(p,n)24Al reaction observed at 136 MeV [187]. The results

of the shell model calculation for the B(GT ) strength have been previously reported

in Ref. [188], where the phenomenological interactions USDA and USDB were em-

ployed. Figure 6.6 (a) shows the data from the 24Mg(3He,t)24Al reaction. We see the

strongest peak at the excitation energy 1.090 MeV, and the next strongest peak at

3.001 MeV. Other peaks are also observed with less strengths. Figure 6.6 (b) shows

the data from the 24Mg(p,n)24Al reaction. In this reaction the strongest peak is ob-

served at the excitation energy 1.07 MeV, and the next strongest peak at 2.98 MeV.

In Fig. 6.6 (c) the theoretical B(GT ) distribution, obtained by using the CCEI, is

shown. The CCEI gives the g.s. 2+ for 24Al, whereas the experimental g.s. is 4+.

The CCEI gives the strongest peak at the excitation energy 0.615 MeV, which comes

from the transition 24Mg(0+)→ 24Al (1+
2 ). The second strongest peak is observed at

the excitation energy 3.205 MeV. In Fig. 6.6 (d) the theoretical B(GT ) distribution

is shown with the IM-SRG interaction. The IM-SRG interaction gives g.s. as 2+ for

24Al. The IM-SRG interaction gives the strongest peak at the excitation energy 0.077
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Figure 6.6: Comparison of the experimental and theoretical B(GT ) distributions for 24Mg
→ 24Al.
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MeV which comes from the transition 24Mg(0+)→ 24Al (1+
1 ). The second strongest

peak is observed at the excitation energy 3.486 MeV. Figure 6.6 (e) shows the theoret-

ical B(GT ) distribution obtained with the USDB interaction. The USDB interaction

gives the strongest peak at 0.783 MeV which comes from the transition 24Mg(0+)→
24Al (1+

2 ), and the second strongest peak at 2.805 MeV. The USDB interaction gives

the g.s. 4+ for 24Al, in agreement with the experiment. The summed B(GT ) strength

distribution is shown up to the excitation energy 7 MeV. The USDB interaction gives

a reasonable agreement with the experimental data, while the results from ab initio

interactions show smaller strength in comparison with the experiment.

6.3.6 25Mg → 25Al

The B(GT ) strength distribution for the transition 25Mg → 25Al is shown in Fig.

6.7 (a). This distribution has been measured via the 25Mg(3He,t)25Al reaction at the

energy of 140 MeV per nucleon [189]. The 25Mg and 25Al nuclei are known to be

strongly deformed, and the states of these mirror nuclei are well described in terms

of the particle rotor model [189]. In the experiment, the B(GT ) strength from the

transition 25Mg(5
2

+

1
) to 25Al(5

2

+

1
) is dominant, while the other B(GT ) strengths are

very much suppressed. The explanation of the suppression of B(GT ) transitions in

A = 25 system is given on the basis of the selection rules of the K quantum num-

ber in rotational bands, and also assuming the usual selection rule △Jπ=1+ for the

B(GT ) operator. Most of the observed B(GT ) transition strength is very small and

less reliable; see Ref. [189]. In particular, it is very weak in the ∼ 2 - 6 MeV energy

range. In Fig. 6.7 (b), which shows the theoretical results obtained by using the

CCEI approach, we see a considerable amount of B(GT ) strength in the 2 - 6 MeV

range. This method gives two dominant peaks at excitation energies 0.474 MeV and

1.847 MeV with smaller B(GT ) values than the experiment. The first peak comes

from the transition 25Mg(5
2

+

1
) to 25Al(5

2

+

1
), and the second one comes from 25Mg(5

2

+

1
)

to 25Al(7
2

+

1
). In Fig. 6.7 (c), which shows the results for the IM-SRG, we see a peak
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Figure 6.7: Comparison of the experimental and theoretical B(GT ) distributions for 25Mg
→ 25Al.
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as in the experiment around ∼ 6 MeV. The strength distribution calculated with the

IM-SRG interaction gives the first dominant peak at higher energy in comparison

with the experiment. Figure 6.7 (d) shows the B(GT ) strength distribution obtained

with the USDB interaction. The first two peaks show a reasonable agreement with

experiment. Above the excitation energy 6 MeV, we see a peak with smaller mag-

nitude in comparison with experiment. The accumulated sums from the theoretical

calculations and experimental data are shown in Fig. 6.7 (e). The USDB results

agree reasonably well with experiment, compared with the ab initio interactions.

6.3.7 26Mg → 26Na

The B(GT ) strength distribution for the transition 26Mg → 26Na is shown in Fig.

6.8. Figure 6.8 (a) shows the distribution observed with the 26Mg(t,3He)26Na reac-

tion at the energy of 115 MeV per nucleon [190]. From the experimental data for

26Mg(t,3He)26Na, we see the most intense peak at the excitation energy 0.08 MeV of

26Na. Figure 6.8 (b) shows the experimental information from the 26Mg(d,2He)26Na

reaction. This reaction also shows a strong peak at the excitation energy 0.08 MeV.

The B(GT ) strengths from the 26Mg(d,2He)26Na data are smaller in magnitude than

those from the 26Mg(t,3He)26Na data. Figure 6.8 (c) shows the distribution obtained

with the CCEI approach. This method gives the g.s. of 26Na as 2+, whereas the

experimental g.s. is 3+. With the CCEI, a strong peak is observed at the excitation

energy 3.894 MeV. Figure 6.8 (d) shows the theoretical calculations obtained with

the IM-SRG interaction. From this figure we see the strongest peak at zero excitation

energy, but the strength of this transition is less than half of the strength observed

for the strongest peak in the experiment. Other calculated strengths are also weak

in comparison with both the experimental data. The IM-SRG interaction gives 1+

as the g.s. of 26Na. Figure 6.8 (e) shows the distribution obtained with the USDB

interaction. It shows a strong peak which is comparable with both experimental data.

The USDB interaction gives 3+ as the g.s. of 26Na, in agreement with experiment.
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Figure 6.8: Comparison of the experimental and theoretical B(GT ) distributions for 26Mg
→ 26Na.
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The accumulated sums are shown in Fig. 6.8 (f). The results obtained from the

USDB interaction are much better than the ab initio interactions.

6.3.8 26Mg → 26Al

Figure 6.9 shows the GT strength distribution for the transition from 26Mg → 26Al.

Information on the B(GT ) strength is available from the 26Mg(3He,t)26Al [190] (Fig.

6.9 (a)) and 26Mg(p, n)26Al [192] (Fig. 6.9 (b)) reactions. The 26Mg(3He,t)26Al

reaction was observed at 140 MeV/nucleon with an energy resolution of 100 keV. In

Fig. 6.9 (c) the results obtained by using the CCEI are shown. In this case we see

a strong transition at the excitation energy 3.498 MeV of 26Al, which comes from

the transition 26Mg (0+) → 26Al (1+
5 ). The CCEI gives the g.s. 3+ for 26Al, while

the experimental g.s. is 5+. Figure 6.9 (d) shows the B(GT ) strength distribution

using the IM-SRG interaction. In this case we see a strong peak at the excitation

energy 1.849 MeV, which comes from the transition 26Mg (0+) → 26Al (1+
4 ). The

IM-SRG interaction gives g.s. 1+ for 26Al. In Fig. 6.9 (e) is shown the B(GT )

strength distribution obtained by using the phenomenological interaction USDB. This

interaction gives a strong peak at the excitation energy 1.034 MeV, which comes from

the transition 26Mg (0+) → 26Al (1+
1 ). The USDB interaction gives the 5+ g.s. for

26Al, in agreement with the experiment. Figure 6.9 (f) shows the accumulated sums

of B(GT ) strength for the theoretical calculations and the experimental data. The

IM-SRG and USDB interactions show almost the same trend as the experimental

data, while the CCEI interaction gives lower values.

6.3.9 26Si → 26Al

The experimental and theoretical information on the B(GT ) strength distribution

for the transition 26Si → 26Al is shown in Fig. 6.10. In Fig. 6.10 (a) is shown

the experimental data from β- decay [193]. We see a strong peak at the excitation

energy 1.0577 MeV of 26Al. The experimental data are very sparse. Only four peaks
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Figure 6.9: Comparison of the experimental and theoretical B(GT ) distributions for 26Mg
→ 26Al.
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Figure 6.10: Comparison of the experimental and theoretical B(GT ) distributions for 26Si
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are observed up to the excitation energy 3 MeV of 26Al. In Fig. 6.10 (b), the

theoretical B(GT ) strength distribution obtained by using the CCEI is shown. It

gives a strong peak at the excitation energy 1.403 MeV. The strength of this peak

is smaller in comparison with the strongest peak from the experimental data. The

CCEI gives 3+ as the g.s. of 26Al, whereas the experimental g.s. is 5+. Figure

6.10 (c) shows the B(GT ) strength distribution for the IM-SRG interaction. We

get a strong peak at the excitation energy 1.849 MeV. The strength of this peak

is comparable with the experimental data. The IM-SRG interaction gives 1+ g.s.

for 26Al. Figure 6.10 (d) shows the B(GT ) strength distribution from the USDB

interaction. The USDB interaction gives a strong peak at the excitation energy

1.034 MeV. The results from the USDB interaction are in better agreement with the

experimental data, compared with both ab initio interactions. The USDB interaction

gives 5+ g.s. for 26Al, in agreement with the experiment. Figure 6.10 (e) shows the

accumulated sums of B(GT ) strengths for the experimental data and the theoretical

calculations. The summed B(GT ) strength from the USDB interaction matches well

with the experimental data, whereas the IM-SRG interaction shows the same trend

after the excitation energy 2 MeV. The CCEI gives lower values in comparison with

the experimental data.

6.3.10 27Al → 27Si

The nuclei 27Si and 27Al are T=1/2 mirror nuclei. The information on the B(GT )

strength distribution for the transition 27Al → 27Si is given in Ref. [194]. For these

transitions only one experimental data set is available from the reaction 27Al(3He,t)27Si,

which was performed at 150 MeV/nucleon and at scattering angle 0◦. The B(GT )

strength distribution up to the excitation energy 9.95 MeV is shown in Fig. 6.11 (a).

In the experimental data, the strength of the transition 27Al(5
2

+

1
) → 27Si(5

2

+

1
) is larger

than the other B(GT ) strengths [At Ex(27Si)= 0.0 MeV, this strength is obtained by

removing the Fermi transition strength]. The experimental B(GT ) strength at the
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Figure 6.11: Comparison of the experimental and theoretical B(GT ) distributions for
27Al → 27Si.



6.3. Comparison of the experimental and theoretical GT-strength
distributions 101

excitation energies 0.98, 5.51 and 5.84 MeV are not very reliable, and those at 4.49,

5.30 and 6.06 MeV are less reliable [194]. Figure 6.11 (b) shows the results obtained

with the CCEI. At lower energies, the B(GT ) strength distribution is very small. We

get a strong peak at the excitation energy 9.195 MeV of 27Si, which comes from the

transition 27Al(5
2

+

1
) → 27Si(7

2

+

12
). In the region of the excitation energy range 5-10

MeV, the B(GT ) strengths are more dense as compared with below 5 MeV. For 27Si,

the CCEI gives 3
2

+
as the g.s. of 27Si, while the experimental g.s. is 5

2

+
. The B(GT )

strength distribution from the IM-SRG interaction is shown in Fig. 6.11 (c). The

IM-SRG interaction gives two strong peaks at energies 2.698 MeV and 7.387 MeV.

The IM-SRG interaction gives 3
2

+
g.s. for 27Si. Figure 6.11 (d) shows the B(GT )

distribution from the USDB interaction. In this case we also get two strong peaks at

0.0 MeV and 2.841 MeV in 27Si. The USDB interaction gives 5
2

+
as the g.s. of 27Si,

in agreement with the experiment. The comparison of accumulated sums of B(GT )

strengths for theoretical and the experimental values is shown in Fig. 6.11 (e). The

USDB and IM-SRG interactions give same trend as the experimental data, while the

CCEI method gives smaller values.

6.3.11 28Si → 28P

The experimental information on the distribution of B(GT ) strength is shown in Fig.

6.12. There are two experimental data sets available for the transition 28Si → 28P.

The charge exchange reaction 28Si(3He,t)28P was performed at 150 MeV/nucleon,

using the dispersion-matching technique [195] to get good energy resolution. In Fig.

6.12(a) the results for the 28Si(3He,t)28P reaction are shown up to the excitation

energy 5.57 MeV. The shell model study has already been carried out [195] by using

Wildenthal’s USD interaction. In this figure, a large B(GT ) strength is obtained at

the excitation energy 2.15 MeV, but this value is normalized to the (p,n) data which

is taken from Ref. [187]. The B(GT ) distribution from the 28Si(p,n)28P reaction

performed at energy 136 MeV per nucleon is given in Fig. 6.12(b). Here, a large
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Figure 6.12: Comparison of the experimental and theoretical B(GT ) distributions for 28Si
→ 28P.
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B(GT ) strength is obtained at the excitation energy 2.10 MeV of 28P. Figure 6.12(c)

shows the theoretical results by using CCEI. We get a strong transition at 2.562 MeV

with B(GT ) strength 0.82, which comes from the transition 28Si(0+) → 28P(1+
3 ). We

can also see many transitions above the excitation energy 4 MeV of 28P, but they are

very small in strength. The experimental g.s. of 28P is 3+, while the CCEI predicts 0+.

Figure 6.12(d) shows the B(GT ) strength distribution from the IM-SRG interaction.

Here, we see a strong peak at the excitation energy 2.056 MeV of 28P, which comes

from the transition 28Si(0+) → 28P(1+
3 ). The IM-SRG interaction predicts 2+ as the

g.s. of 28P. In Fig. 6.12(e), the B(GT ) strength distribution obtained with the USDB

interaction is shown. In this case, we can see two comparable peaks at excitation

energies 2.065 and 4.847 MeV of 28P, which come from the transition 28Si(0+) →
28P(1+

3 ) and 28Si(0+) → 28P(1+
7 ), respectively. The USDB interaction gives 3+ g.s.

for 28P, in agreement with the experiment. In Fig. 6.12(f), the accumulated sums

of B(GT ) strengths is shown. The USDB interaction shows a similar trend as the

experimental data. The IM-SRG interaction gives smaller value in comparison with

the other interactions and the experimental data.

6.3.12 31P → 31Si

The B(GT ) strength distribution for the transition 31P → 31Si is shown in Fig. 6.13.

In Fig. 6.13(a), the experimental data are shown for the reaction 31P(n, p)31Si [196].

In the experimental data, we see an intense peak at the excitation energy 5 MeV of

31Si. The charge-exchange reaction 31P(n, p)31Si was performed to find the double

differential cross section with the incident neutron energy of 198 MeV. By using

multipole decomposition techniques the B(GT ) strength distribution was extracted.

The shell model study using the universal sd (USD) interaction has already been

done in Ref. [196]. Figure 6.13(b) shows the B(GT ) distribution obtained with the

CCEI method. We see the strongest peak at the excitation energy 3.557 MeV of

31Si, which comes from the transition 31P(1
2

+

1
) → 31Si(3

2

+

2
). The strength of this
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Figure 6.13: Comparison of the experimental and theoretical B(GT ) distributions for 31P
→ 31Si.
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transition is very small in comparison to the strength of the strongest peak in the

experiment. The CCEI gives the 3
2

+
g.s. for 31Si, which agrees with the experiment.

In Fig. 6.13(c), the distribution of the B(GT ) strength is shown for the IM-SRG

interaction. Here, we see the strongest peak at the excitation energy 4.685 MeV of

31Si, which comes from the transition 31P(1
2

+

1
) → 31Si(1

2

+

3
), but also here the strength

is very small compared with the strongest peak in the experimental data. The IM-

SRG also reproduces correctly the experimental g.s. of 31Si. Figure 6.13(d) shows

the B(GT ) distribution from the USDB interaction. In this case the strongest peak

is observed at the excitation energy 4.661 MeV with strength 0.30, which is larger

than the strength of the peaks obtained in the ab initio interactions. This peak

comes from the transition 31P(1
2

+

1
) → 31Si(1

2

+

2
). The USDB interaction also gives the

correct g.s. of 31Si. Fig. 6.13(e) shows the accumulated B(GT ) strengths for all three

interactions and the experimental data. All three interactions give small values in

comparison with the experimental data.

6.3.13 32S → 32P

Figure 6.14 presents the experimental and theoretical information on the distribution

of the B(GT ) strength for the transition 32S → 32P. For the experimental data, the

charge exchange reaction 32S(d,2He)32P was performed at forward angles and at an

incident energy of Ed= 170 MeV with a resolution of 150 keV [197]. Figure 6.14

(a) shows the experimental data for B(GT ) strength distribution. Here, we see an

intense peak at the excitation energy 4.2 MeV of 32P. The experimental g.s. of

32P is 1+. Figure 6.14 (b) presents the results obtained by using the CCEI. Here,

we see three strong peaks at excitation energies 4.573 MeV, 5.494 MeV and 6.741

MeV in 32P, which come from the transitions 32S(0+) → 32P(1+
3 ), 32S(0+) → 32P(1+

4 )

and 32S(0+) → 32P(1+
5 ), respectively. The CCEI predicts the g.s. of 32P as 2+,

while the experimental g.s. is 1+. Figure 6.14 (c) shows the B(GT ) distribution

obtained by using the IM-SRG interaction. Here, we notice a peak at excitation
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Figure 6.14: Comparison of the experimental and theoretical B(GT ) distributions for 32S
→ 32P.
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energy 3.642 MeV of 32P, which comes from the transition 32S(0+) → 32P(1+
5 ), which

is weak in comparison with the strongest peak of the experimental data and the CCEI

results. The IM-SRG interaction gives 0+ as the g.s. of 32P. Figure 6.14 (d) shows

the B(GT ) distribution obtained by using the phenomenological USDB interaction.

This interaction gives two peaks with comparable strengths, but weak compared with

the strongest peak from the experimental data. The strong peaks with the USDB

interaction are at excitation energies 5.33 MeV and 6.019 MeV of 32P, which come

from the transitions 32S(0+) → 32P(1+
6 ) and 32S(0+) → 32P(1+

7 ), respectively. The

USDB interaction gives 3+ as the g.s. of 32P. Figure 6.14 (e) shows the accumulated

sums of B(GT ) strength. Among the three interactions, the CCEI gives better results

for the accumulated sums.

6.3.14 Centroid energies

In Secs. 6.3.1 - 6.3.13, we discuss GT distributions for sd shell nuclei obtained with

the two ab initio interactions as well as the USDB. Among the three interactions,

the USDB in general gives the best account of the experimental data. The ab initio

interactions give a rather reasonable account of the experimental data, although

there are deviations in many cases. In Table 6.2, we show a comparison between the

experimental and theoretical centroid energies of the GT distributions for sd shell

nuclei.

Ab initio interactions give larger GT strength than USDB and the experimental

data in the lower excitation energy region, for example, in the 23Na → 23Ne and

24Mg → 24Na (< 1 MeV) transitions. On the other hand, less GT strength is seen

in lower excitation energy region; for example, in the 25Mg → 25Al and 26Mg →
26Na transitions. This is also true for the 26Mg → 26Al and 27Al → 27Si transi-

tions in case of CCEI. These differences are reflected in the centroid energies of the

GT distributions. They are smaller (larger) when more (less) strength is found in

the lower-excitation-energy region as shown in Table 6.2. In case of the ab initio
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interactions, the single-particle energy gap between d3/2 and d5/2 orbits is large com-

pared with USDB, in particular for CCEI. This could explain the general feature that

ab initio interactions show much lower strength at low energies in higher-mass nuclei.

Especially small GT strengths for CCEI in the transitions shown in Figs. 6.9-6.11

can be attributed to insufficient contributions from d3/2 orbit due to the largest gap

among the interactions. As discussed in Sec. 6.2, deviations of the GT strength,

calculated by using the ab initio interactions, from the experimental data become

generally larger for the higher-mass nuclei because of the lack of three-body cluster

terms among valence nucleons.

In the present calculations, we used the one-body GT operator with a universal

quenching factor for both ab initio and phenomenological USDB interactions. How-

ever, the GT operator should be evolved in the same way as the Hamiltonians for the

IM-SRG and CCEI methods. This gives rise to induced two-body operators [204].

Although this effect is taken into account here by adopting a phenomenological uni-

versal quenching factor for the one-body operator, induced two-body operators can

lead to mass dependent quenching factors, which may also depend on the interac-

tions. The present calculation, therefore, has limitations because of the truncations

of the Hamiltonians up to the two-body terms, and the operator up to the one-body

term.
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Table 6.2: Comparison between the experimental and theoretical centroid energy of GT distributions for sd shell nuclei.

S.No. Initial Final β−decay (n,p) (d,2He) (t,3He) (3He,t) (p,n) CCEI IM-SRG USDB
1. 20Ne(0+) 20F(1+) 5.39 4.66 4.92 5.08

2. 23Na(3
2

+
) 23Mg(1

2

+
,3
2

+
,5
2

+
) 5.00 5.86 5.19 5.59

3. 23Na(3
2

+
) 23Ne(1

2

+
,3
2

+
,5
2

+
) 3.01 1.63 1.81 2.10

4. 24Mg(0+) 24Na(1+) 2.73 3.22 1.96 1.67 2.82
5. 24Mg(0+) 24Al(1+) 2.44 2.21 2.35 1.50 2.28

6. 25Mg(5
2

+
) 25Al(3

2

+
,5
2

+
,7
2

+
) 1.93 2.33 2.00 0.88

7. 26Mg(0+) 26Na(1+) 1.74 1.90 2.20 1.82 1.58
8. 26Mg(0+) 26Al(1+) 6.08 5.95 8.47 6.40 6.87
9. 26Si(0+) 26Al(1+) 1.44 1.24 1.37 1.32

10. 27Al(5
2

+
) 27Si(3

2

+
,5
2

+
,7
2

+
) 5.35 7.29 5.60 5.37

11. 28Si(0+) 28P(1+) 2.80 3.64 6.08 3.82 3.66

12. 31P(1
2

+
) 31Si(1

2

+
,3
2

+
) 3.53 2.61 4.19 3.39

13. 32S(0+) 32P(1+) 4.10 5.36 3.45 5.31
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6.4 Electron-capture rates in 23Na and 25Mg

In this section, we apply the GT transition strengths obtained by the ab initio ef-

fective interactions in sd shell nuclei to evaluate the electron capture rates in stellar

environments.

Electron-capture rates at high densities and high temperatures are evaluated as

[205–208]

λ =
ln2

6146(s)

∑

i

Wi

∑

f

B(GT ; i→ f)

×
∫ ∞

ωmin

ωp(Qif + ω)2F (Z, ω)Se(ω)dω,

Qif = (Mpc
2 −Mdc

2 + Ei − Ef )/mec
2,

Wi = (2Ji + 1)e−Ei/kT/
∑

i

(2Ji + 1)e−Ei/kT , (6.2)

where ω and p are electron energy and momentum in units of mec
2 and mec; Mp

and Md are the masses of parent and daughter nuclei, and Ei and Ef are excitation

energies of initial and final states. F (Z, ω) is the Fermi function, and Se(ω) is the

Fermi-Dirac distribution for electrons, where the chemical potential (µe) is determined

from the density (ρYe) by

ρYe =
1

π2NA

(
mec

~
)3
∫ ∞

0

(Se − Sp)p
2dp. (6.3)

Here NA is the Avogadro number, and Sp is the Fermi-Dirac distribution for positrons

with the chemical potential µp = −µe. Its value can become as large as 2, 5 and 11

MeV at high densities ρYe = 108, 109 and 1010 g/cm3, respectively, decreasing slightly

as the temperature increases. The reaction rates become larger at higher densities

because of the larger chemical potential.

Here, we evaluate the electron-capture rates on 23Na and 25Mg. These rates are

important in the study of the nuclear URCA processes that determine the cooling of

the O-Ne-Mg core of stars with initial masses of 8-10 M⊙ [209, 210]. The electron-
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Figure 6.15: Calculated electron capture rates on 23Na obtained by shell model calcula-
tions with different effective interactions.

capture rates for 23Na(e−,ν)23Ne are evaluated by using theB(GT ) strengths obtained

from the IM-SRG and CCEI methods for densities ρYe =108, 109 and 1010 g/cm3 and

temperatures T = 108.7-109.6 K. The GT transitions from 3/2+(g.s.) and 5/2+(0.440

MeV) states in 23Na are included. The calculated rates are shown in Fig. 6.15.

Here the same quenching factor fq = 0.77 is used for all three interactions. The

rates calculated by using the IM-SRG and CCEI methods are large compared with

the USDB results. In the USDB* interaction shown in Fig. 6.15, the available

experimental energies and B(GT ) strengths are taken into account, so the USDB* is

more realistic [210]. Our results for the IM-SRG are close to those for the USDB*.

This comes from the fact that the B(GT ) value for the transition from the g.s. of

23Na to the g.s. of 23Ne is close to the experimental value in case of IM-SRG, while

it is smaller (larger) in case of USDB (CCEI). Both IM-SRG and CCEI give larger

B(GT ) than USDB and the experiment for Ex = 0.5-3.5 MeV. Compared to USDB

and USDB*, this leads to an enhancement of the capture rates by about a factor two
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Figure 6.16: Calculated electron capture rates on 25Mg obtained by shell model calcula-
tions with different effective interactions.

at higher densities; ρYe =1010 g/cm3. Since the dominant contribution to the capture

rates for 23Na (e−, ν) 23Ne comes from the g.s.-to-g.s. transition [209, 210], IM-SRG

is practically applicable to the evaluation of the weak rates in stellar environment, in

spite of the enhanced B(GT ) strength at Ex = 0.5-3.5 MeV. The results calculated

from the CCEI are enhanced compared with the USDB* by a factor of 2-4.

Electron-capture rates for 25Mg(e−,ν)25Na are shown in Fig. 6.16. The GT tran-

sitions from 5/2+(g.s.), 1/2+(0.588 MeV) and 3/2+(0.975 MeV) states in 25Mg are

taken into account. The rates calculated with the CCEI and IM-SRG are close to

those of the USDB* within a factor of two. We thus find that the GT strengths

obtained by the ab initio interactions are reasonably valid for the evaluation of the

weak rates at high densities and high temperatures for the lower-mass sd shell nuclei

considered here.
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6.5 Conclusions

In the present chapter we used ab initio effective interactions to calculate the GT

strengths in the sd shell nuclei [58]. The results of the USDB interaction show rea-

sonable agreement with the available experimental data in comparison with ab initio

effective interactions. Our work adds more information on the GT strength distribu-

tions obtained in earlier work. In some cases shifting of energy levels occurs, because

ab initio effective interactions are not able to reproduce correctly the excited states

at the particular observed energies.

The GT calculated strengths are found to be applicable to evaluate nuclear weak

rates for some lower-mass sd shell nuclei, such as 23Na and 25Mg, within a factor

of 2-4 in stellar environments. These nuclear weak rates play important roles in

astrophysical processes. It is highly desirable to improve the ab initio method by

including further the three-body valence cluster terms, that is, the terms IM-SRG(3)

or HAc+3
3 .

Further, the GT strength results with ab initio interactions will be better by doing

following: (i) if we use evolve GT operator instead of bare operator in our calculations

(ii) adding the effect of two body currents (2BCs) in the quenching factor.





CHAPTER 7

35,37,39S ISOTOPES IN SD − PF

SPACE : SHELL-MODEL

INTERPRETATION

7.1 Introduction

The coexistence of normal and intruder (sometimes deformed) configurations in the

low energy region [211] around the shell gaps N = 20 and N = 28, and the evidence

of the erosion of these gaps [212], have been the focus of recent experimental inves-

tigations on Mg (Z = 12) [211], Si (Z = 14) [213], S (Z = 16) [214, 215] and Ar

(Z = 18) isotopes [216]. A strongly deformed intruder g.s. has been reported for

31Mg by the Leuven group [217]. The recent theoretical study of 30Mg(t, p)32Mg re-

action revealed that 0+ g.s. wavefunction is dominated by intruder (2p2h and 4p4h)

configurations up to 95% level [218]. On the other hand, for 33Mg the parity of the

spin I = 3/2 ground-state remains a puzzle [219–222]. For this region, a reduction

in the shell gap for the s1/2 and d3/2 proton orbitals has been reported for P, Cl and

115
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K isotopes [223–226]. The particle-hole excitations involving intruder states play an

important role in the study of nuclei lying between the island of inversion and the

valley of stability. In Ar, the development of collectivity near the N = 28 shell gap

has been reported in [227] where non-axially symmetric deformation was assigned to

48Ar. In analogy to 32Mg with N = 20, a new island of inversion around N = 40

has been predicted in Ref. [228]. Finally, the merging of the islands of inversion at

N = 20 and N = 28, with large scale shell model calculations using an extension of

the so called SDPF-U interaction was reported by Caurier et al. [229]. The focus in

the present article is on S isotopes.

Sulfur isotopes exhibit many interesting properties: (i) 40S [230] and 42S [231]

are deformed; (ii) 41S exhibits γ-soft properties and collectivity [232]; (iii) shape

coexistence in 43S [233] and shape and configuration coexistence in 44S is found [214,

234, 235]; (iv) experimental data indicate the erosion of N = 28 shell gap in the

42Si and 44S isotones [213, 236]. With all these, triple configuration coexistence has

become a topic of current research [237]. Fig. 7.1 shows the systematics for B(E2)

values (top) and the energies of the 2+
1 and 4+

1 states (bottom), as a function of the

neutron number, for even-even sulfur isotopes. A clear depletion in the B(E2) values

and a peak in the excitation energies are observed at 36S with N = 20. As the neutron

number increases, the corresponding B(E2) value also increases, and the excitation

energies assume nearly constant low values. These two observables are associated with

the development of collectivity. Sulfur isotopes have also an astrophysical importance.

In the nucleosynthesis of heavy Ca-Ti-Cr isotopes, neutron-rich sulfur isotopes play

an important role [238].

From the theoretical side, besides the shell model analysis with realistic inter-

actions presented in [60, 239, 240], Kaneko et al. [241] recently reported calcula-

tions for the positive parity states in even-even chain of sulfur isotopes using an

extended pairing plus quadrupole-quadrupole interaction including monopole inter-

actions (EPQQM).

In the present chapter, structure of the low energy states in 35,37,39S isotopes, with
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Figure 7.1: Experimental [94] B(E2) values (top) and 2+1 and 4+1 energies (bottom) for
even sulfur isotopes.

both positive and negative parities, are interpreted in the frame work of the shell

model (SM) in sd − pf space. For proper description of the states with opposite

parities which involves cross shell excitations, it is necessary to remove the spurious

center of mass excitations [242]. Present work will add more information to the earlier

works [239,240,243], as we have performed calculations with the effective interaction

SDPFMW that allows for the study of states of both parities. Thus, the present work

gives a more comprehensive SM study for these isotopes.

7.2 Effective interactions

We present SM calculations in the sd−pf space, with SDPF-U [60] and SDPFMW [61]

interactions using NuShell [244] and NuShellX [111]. In the SDPFMW interaction,

the sd part is the same as the original USD interaction [245]. These interactions are

designed to be used in the valence space spanned by the orbitals 0d5/2, 1s1/2, 0d3/2,

0f7/2, 1p3/2, 0f5/2 and 1p1/2, for both protons and neutrons. In the case of SDPF-U,

single-particle energies employed for the 0d5/2, 1s1/2, 0d3/2, 0f7/2, 1p3/2, 0f5/2 and
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1p1/2 orbitals are -3.699, -2.915, +1.895, +6.220, +6.314, +11.450, +6.479 MeV,

respectively. For the SDPFMW interaction, the single-particle energies are -3.948,

-3.164, +1.647, +14.008, +13.535, +18.524, +13.523 MeV, respectively. Protons and

neutrons are restricted to the sd-shell for N<20, neutrons start filling the pf -shell

for N>20. Natural parity states are described with only in-shell mixing, unnatural

parity states with 1p-1h inter-shell neutron excitations.

In general, the 1p-1h state can include large spurious center-of-mass components.

To remove this in the present SM calculations, we have followed the Gloeckner and

Lawson approach [246], by diagonalizing the modified Hamiltonian.

H ′ = HSM + βcmHcm (7.1)

= HSM + βcm

{

(
∑A

i=1 pi)
2

2Am
+

1

2

mω2

A
(

A
∑

i=1

ri)
2 − 3

2
~ω

}

, (7.2)

where HSM is the shell model Hamiltonian, Hcm is the center of mass operator with ri

and pi the coordinates and momenta of the individual nucleons. By taking large value

of βcm, Hcm contribution to the low-lying states is suppressed (essentially removed).

In the present work we have taken βcm = 10. We have also performed calculations

for all the three sulfur isotopes with different set of βcm values (5, 8, 10, 12, 15).

Convergence of the energy levels is obtained at βcm=10.

To obtain natural parity states we have done calculations with SDPF-U and

SDPFMW interactions but for the unnatural parity states with SDPFMW inter-

action only because SDPF-U interaction is not suitable for cross shell excitations.

This interaction is 0~ω interaction and cannot be used in other circumstances with

some 1~ω and 2~ω matrix elements are missing or zero in this interaction. For the

positive-parity levels in 35S we have performed 0p-0h calculations using SDPF-U and

SDPFMW interactions, i.e. both protons and neutrons are only allowed to occupy

the sd shell. Negative-parity levels can be obtained by exciting one neutron from the

sd shell to the pf shell using SDPFMW interaction. The parity of the g.s. becomes



7.3. Results and discussions 119

0

500
1000

1500
2000

2500

3000
3500

4000
4500

5000
5500

6000

6500
7000

En
er

gy
 (k

eV
)

35S

1418

2283

3369
3620

4360

5856

6352

5010

4023
3816

2348

1991

13/2-
13/2-

11/2-

11/2-

11/2-
11/2-

9/2-
9/2-

3/2-3/2-

7/2-

7/2-

6943
6776

4727

3471
3212

2680

1558

9/2+
11/2+

3/2+3/2+

1/2+

9/2+
11/2+6453

6272

4525

3304

11/2+

9/2+

7/2+
5/2+

5/2+

5/2+

1/2+

2959

2483

1427

5877

4823

3886
3595
3421

2717

0 0

EXPT SDPFMWSDPFMWSDPF-U EXPT

0

1572

3/2+

7/2+

5/2+

5/2+

5/2+

1/2+

7/2+

5/2+

5/2+

5/2+

Figure 7.2: Calculated and experimental level schemes of 35S. For the positive parity levels
of 35S the results with SDPFMW interaction are the same as with USD interaction. Here,
we have allowed only neutron excitations to the pf shell.

negative from 37S onwards, since one or more neutrons already occupy the pf shell.

Thus negative-parity levels are obtained by 0p-0h calculations and 1p-1h calculations

give the positive parity bands in case of 37,39S.

7.3 Results and discussions

The comparison of the calculated positive- and negative-parity states with the exper-

imental data for the odd 35,37,39S isotopes is presented in Figs. 7.2-7.4. Experimental

information for the energy levels in odd sulfur isotopes is available for 35S, 37S and
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39S isotopes in Refs. [239,240,243].

The angular momentum of the lowest energy states with both parities can be

given a simple qualitative interpretation, associated with the last uncoupled neutron.

In 35S, N = 19, it occupies the d3/2 orbital and corresponding g.s. is J = 3/2+.

For N = 21, the f7/2 orbital is occupied by one neutron and therefore the g.s. is

J = 7/2−. For 39S, though with the three neutrons in the f7/2 shell, the lowest

energy state does not necessarily have Jπ = 7/2−. The three neutron occupancies in

p3/2 orbital is important as discussed in [243]. As in many other chains of isotopes,

the energy of the excited state with J = 7/2− is high in the lighter isotopes and

decreases with increasing N until it becomes the g.s., while the J = 3/2+ becomes

the opposite parity excited state with the energy 1397-, and 864-keV for the 37S and

39S, respectively. In the case of 37S, the SDPF-U interaction gives J = 7/2− as a g.s.

and J = 3/2− as a first excited state. However, these levels are only at a difference

of 4 keV in 39S. One feature, where the relevance of using the full pf orbitals for the

1p-1h excitations can be seen, is in the energy of the excited opposite-parity states.

The inclusion of the full pf shell decreases the energies of the opposite parity states,

moving them towards the reported experimental values.

The calculated sequence of positive-parity levels has a clear correspondence with

the experimentally observed ones in 35S as is shown in Fig. 7.2. The results for 0~w

excitation given by SDPFMW interaction are close to the experimental values below

∼ 3.5 MeV. Negative parity states can be obtained using 1p-1h excitations. Previ-

ously shell model results for 35S use a state-of-the-art PSDPF interaction [242] are

reported in Ref. [239]. This interaction is for psdpf model space with 4He core. In

this, negative parity states are obtained by allowing one nucleon between major shells.

The PSDPF interaction predicts the experimental 1/2+
1 – 5/2+

1 – 5/2+
2 – 7/2+

1 states

at 1739, 2679, 3261 and 3544 keV [239], while corresponding values with SDPMW

interaction are 1558, 2680, 3212 and 3471 keV, respectively. In the calculation with

SDPFMW interaction the 1/2+
1 state is very close to the experimental value as com-

pared to PSDPF interaction, while PSDPF interaction gives much better agreement



7.3. Results and discussions 121

0

500

1000

1500

2000

2500

3000

3500

4000

4500

5000

(3/2+)

En
er

gy
 (k

eV
)

(13/2+)

13/2+4456
4196

3350

3636

4126

4583

7/2-
9/2-

7/2-

11/2-2888
3/2-

7/2-

3/2-

9/2-

7/2-

5/2-

4246

3448

3135
2927

2441

(7/2-)
3/2-

3442
3262

(11/2-)2776

(5/2-)2515

(7/2-)2023

37S

SDPFMWSDPFMWSDPF-U EXPT

3/2+

9/2+3638

1167

(9/2+)3120

1397

3/2-

5/2-

1/2-

2839
2660
2360

3988

2678
2610

3/2-

11/2-
1/2-1/2-

3/2-

3/2-
3/2-

     0 7/2- 7/2-     0

691624

7/2-0

646

1992

2638

3/2-

EXPT

Figure 7.3: Calculated and experimental level scheme of 37S.

0

500

1000

1500

2000

2500

3000

3500

4000 39S

En
er

gy
 (k

eV
)

7/2+

5/2+

3/2+

2351

1858

1036
864 (3/2+)

EXPT SDPFMWSDPFMWSDPF-U EXPT

9/2-1992

5/2-202

(9/2-)

(3/2-)

(5/2-)59

398

1656
9/2-1803

5/2-72
3/2-

15/2-

15/2-

1/2-
1/2-

11/2-

11/2-(11/2-)

3/2-

3/2-

3/2-

7/2-7/2-

3399

1729
1698

763

3206

1962

1500

1261

494
000

1517

(7/2-)

Figure 7.4: Calculated and experimental level scheme of 39S.



122 Chapter 7. 35,37,39S isotopes in sd− pf space : Shell-model........

with the measured negative parity states [239] than with SDPFMW interaction.

Experimental data are available up to ∼ 4.2 MeV for 37S in Ref. [240]. Com-

parison of the calculated excited state energies with experimental data are shown in

Fig. 7.3. The g.s. and first excited states have negative parities, and are correctly

reproduced by the calculations. Experimentally 7/2−
2 , 7/2−

3 , 5/2−
1 , 11/2−

1 , states are

not confirmed. Negative parity states are obtained by 0p-0h excitation using both

interactions and positive parity states by 1p-1h excitations using SDPFMW inter-

action. The positive parity states are well reproduced with SDPFMW interaction.

In Ref. [240], SM results are given only for the negative-parity levels and they are

the same as those shown for SDPF-U results shown in Fig. 7.3. However there the

positive-parity levels are not given as SDPF-U is not good for them and those in

Fig. 7.3 are the first SM results. It is useful to add that for the positive parity states

excitation from pf to 0g shell may contribute (also for 39S discussed below) but the

0g orbit is not included in the present study.

For 39S experimental and calculated results are shown in Fig. 7.4. The SDPF-U

calculations predict very good results for these levels. The 3/2−
1 level is predicted in

both calculations a few keV above the 7/2− g.s. The SDPFMW calculations predict

3/2+
1 level at 1036 keV, while corresponding experimental values is 864 keV. The order

of calculated levels with SDPF-U and SDPFMW interactions are 7/2−-3/2−-5/2−,

while the experimental one is as 7/2−-5/2−-3/2−. In the case of 39S, the shell model

results show large configuration mixing, this reflects that the 39S state is deviating

from the single-particle nature.

In case of 35S, with SDPFMW interaction, the dominant wave function for 7/2−
1 ,

3/2−
1 and 9/2−

1 is π(d65/2d
0
3/2s

2
1/2)⊗ν(d65/2d

2
3/2s

2
1/2f

1
7/2), π(d65/2d

0
3/2s

2
1/2)⊗ν(d65/2d

2
3/2s

2
1/2p

1
3/2)

and π(d65/2d
0
3/2s

2
1/2)⊗ν(d65/2d

2
3/2s

2
1/2 f

1
7/2) with probabilities 36%, 32% and 20%, re-

spectively. Wave functions of the natural parity states of 37S and 39S are discussed in

Refs. [240, 243]. In the present work, we have focused on unnatural parity states. In

the case of 37S, unnatural parity states 3/2+
1 , 9/2+

1 and 13/2+
1 are coming from the

dominant configuration π(d65/2d
0
3/2s

2
1/2)⊗ ν(d65/2d

3
3/2s

2
1/2f

2
7/2) with probabilities 43%,
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26% and 41%, respectively. In the case of 39S, the dominant wave function for the

unnatural parity state 3/2+
1 is π(d65/2d

0
3/2s

2
1/2)⊗ν(d65/2d

3
3/2s

2
1/2f

4
7/2) with probability

17% and next major one is π(d65/2d
2
3/2s

0
1/2)⊗ν(d65/2d

3
3/2s

2
1/2f

4
7/2) with probability 16%.

As we move beyond 35S, there are large number of configurations with very small

probabilities. The configurations are strongly mixed.

For 37S, the SDPFMW interaction predicts 11/2− state at 2888 keV, this state

correspond to 36S2+
1
⊗ νf 1

7/2 structure. The wave function of 2+
1 at 3269 keV is

dominated by the configuration π(d65/2s
1
1/2d

1
3/2)⊗ν(d65/2s

2
1/2d

4
3/2). The dominant wave

function of 37S11/2−
1

is π(d65/2s
1
1/2d

1
3/2) ⊗ ν(d65/2s

2
1/2d

4
3/2f

1
7/2) (87.6%). This supports

the nature of particle-core coupled state similar to the SDPF-U result reported by

Chapman et al., in Ref. [240]. In the case of 39S, the SDPFMW interaction predicts

11/2− state at 1698 keV. The wave function of 2+
1 at 1459 keV for 38S is dominated by

the configuration π(d65/2s
1
1/2d

1
3/2) ⊗ ν(d65/2s

2
1/2d

4
3/2f

2
7/2). The dominant wave function

of 39S11/2−
1

is π(d65/2s
0
1/2d

2
3/2) ⊗ ν(d65/2s

2
1/2d

4
3/2f

3
7/2) (24.75%). For the 39S the 11/2−

state also favours the particle-core nature but this is not pure particle-core nature as

compared to to 37S because of small component of the wave function.

In the Fig. 7.5, the decomposition of proton and neutron wave functions decom-

position is shown. For 37S, the 11/2− state corresponds to Ip = 2+⊗In = 7/2−

configuration with probability of 97% of the total wave function. As we move

to 39S, the 11/2− state shows many components: Ip = 2+⊗In = 7/2− (30%);

Ip = 2+⊗In = 9/2− (2.5%); Ip = 2+⊗In = 11/2− (7%): Ip = 2+⊗In = 15/2− (3%),

while the Ip = 0+⊗In = 11/2− corresponds to the largest component of the wave

function (53%). Thus, 11/2− state of 39S shows more mixed type of configuration.

This reflects weak particle-core type of structure.

For further understanding the structure of the levels, in Table 7.1, we present

the M1, E1, M2 and E3 reduced transition probabilities with SDPFMW effective

interaction. In this Table we have compared our calculated results with PSDPF

interaction (Ref. [239]) also. The predictions of the SDPFMW interaction are in

moderate agreement with B(M1) and B(E1) values. The B(M2; 7/2−
1 → 3/2+

1 ) is
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3.4 µ2
Nfm

2 with geffs = gfrees . Using the new g factor values geffνs = -2.869, geffνl = -0.1,

geffπs = 4.189, geffπl = 1.1 as suggested in Ref. [239], the B(M2) value for this transition

with SDPFMW interaction is 1.7 µ2
Nfm

2, corresponding to the experimental value

1.6 µ2
Nfm

2. The B(E3 : 7/2−
1 → 3/2+

1 ) is 26.64 e2fm6 with eπeff=1.5e, eνeff=0.5e.

The recent PSDPF interaction gives a much better value of B(E3 : 7/2− → 3/2+)

transition in 35S than does a calculation based on the SDPFMW interaction. It is

possible to get closer value by taking higher value of effective charges.

In Table 7.2, we have shown quadrupole and magnetic moments using ep=1.5e,

en=0.5e and geffs = gfrees for 35,37,39S. Our results are very close to the experimental

values for 3/2+
1 in 35S. In the case of magnetic moment for 35S , the sign is not

yet confirmed, our SM results predict the sign as positive. We have also predicted

quadrupole and magnetic moments for few low-lying states for 37,39S which are not

experimentally known. It may be useful to plan for future experiments. Finally,

for 37S presented in Table 7.3 are the calculated and recently available experimental

data [247] on spectroscopic factors (SFs) for single nucleon transfer. Results with

SDPF-U interaction are reported in the Ref. [240]. We have recalculated spectroscopic

factors with SDPFMW interaction. Both calculations give reasonable agreement with
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Table 7.1: Comparison of calculated and experimental values of B(M1), B(E1), B(M2)
and B(E3) transition rates for 35S isotope with effective charges eπeff=1.5e, eνeff=0.5e and
geffs = gfrees in µ2

N , e2fm2, µ2
Nfm2 and e2fm6 units respectively. Eγ is given in keV.

Nucleus Iπi → Iπf Eγ Expt. SDPFMW PSDPF [239]

B(M1)
35S 1/2+

1 → 3/2+
1 1572 0.004(1) 0.0407 0.020

5/2+
1 → 3/2+

1 2717 0.028(10) 0.0738 0.038
B(E1)
35S 3/2−

1 → 1/2+
1 775 32(6)×10−5 14.95×10−5 54×10−5

3/2−
1 → 3/2+

1 2348 31(6)×10−6 24.63×10−5 10×10−7

B(M2)
35S 7/2−

1 → 3/2+
1 1991 1.6(5) 3.4 2.11

3/2−
1 → 3/2+

1 2348 45(18) 0.0009 0.0044
B(E3)
35S 7/2−

1 → 3/2+
1 1991 115(86) 26.64 119

Table 7.2: Comparison of calculated and experimental value of quadrupole moments (with
ep=1.5e, en=0.5e ) and magnetic moments (geffs = gfrees ).

Q(eb) µ(µN)
Jπ Expt. SDPF-U SDPFMW Expt. SDPF-U SDPFMW
35S
3/2+

1 +0.0471(9) +0.055 +0.053 (+)1.00(4) +1.084 +1.060
5/2+

1 N/A -0.0038 -0.0067 N/A +1.787 +2.020
37S
3/2−

1 N/A -0.041 -0.039 N/A -2.002 -1.900
5/2−

1 N/A -0.022 -0.013 N/A -0.526 -0.613
7/2−

1 N/A -0.12 -0.11 N/A -1.512 -1.586
39S
3/2−

1 N/A +0.110 +0.098 N/A -0.820 -0.812
5/2−

1 N/A -0.058 -0.041 N/A -0.680 -0.704
7/2−

1 N/A -0.094 -0.081 N/A -1.127 -1.223

Table 7.3: Comparison of calculated and experimental value of spectroscopic factors for
37S with SDPFMW (SF1) interaction. SF2 is SDPF-U calculation [240]

Jπ E(SM) (keV) % [configuration] SF(exp) SF1 SF2
7/2−

1 0 77% [νf 1
7/2] 0.77 0.91 0.86

3/2−
1 691 75%[νp13/2] 0.65 0.86 0.75

1/2−
1 2360 87% [νp11/2] 0.77 0.97 0.88

5/2−
1 2660 79% [ν(d3/2s1/2)

−1 ⊗ ν(f 1
7/2)] 0.02 0.008 0.015

3/2−
2 2839 60%[ν(d3/2s1/2)

−1 ⊗ ν(f 1
7/2)] 0.15 0.12 0.20

7/2−
2 3350 41% [ν(d3/2s1/2)

−1 ⊗ ν(f 1
7/2)] 0.02 0.04 0.07
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the experimental data.

7.4 Conclusions

In the present chapter, we have made a comprehensive shell model analysis of the

latest experimental data on odd 35,37,39S isotopes [59], using SDPF-U and SDPFMW

effective interactions in the sd− pf valence space.

Following broad conclusions are drawn:

1. The low energy levels are successfully reproduced, employing 0p-0h excitations

for normal parity states and 1p-1h for opposite parity states.

2. Overall the SDPFMW interaction is seen to be much better for describing

simultaneously properties of levels of both parities in 37,39S isotopes.

3. We have also calculated the electric quadrupole and the magnetic dipole mo-

ments for 35,37,39S and spectroscopic factors in 37S. The shell model results are

in good agreement with recently available experimental data.



CHAPTER 8

SUMMARY AND FUTURE

OUTLOOK

8.1 Summary and conclusions

The focus of the present thesis is to perform ab initio no core shell model calcula-

tions (NCSM) for the lighter region of the nuclear chart. For this, we have performed

calculations for O, F and N isotopes with NCSM. For heavier sd shell nuclei, we have

calculated electromagnetic properties, GT strengths, electron capture rates using two

ab initio effective interactions which are based on in-medium similarity renormaliza-

tion group (IM-SRG) and coupled-cluster effective interaction (CCEI) approaches.

In the last chapter we have reported shell model analysis of the latest experimental

data for odd 35,37,39S isotopes.

We have done the systematic study of low-lying energy spectrum (positive parity)

for oxygen (18−23O) and fluorine (18−24F) chain using ab initio NCSM. We have used

INOY, N3LO, and N2LOopt interactions and corresponding results are compared

with the experimental data and phenomenological interaction USDB. The largest
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model space we have reached for 18−21O and 18−19F is Nmax=6 and for other oxygen

and fluorine isotopes is Nmax=4. We have also discussed the g.s. energy for O and F

chain.

We have calculated the energy spectra for neutron rich 18−22N isotopes using

NCSM. To calculate the energy spectrum we have used three different NN potentials:

INOY, N3LO and CDB2K. The calculations have been done at ~Ω=20 MeV, 14 MeV

and 12 MeV using INOY, N3LO and CDB2K potentials, respectively. Apart from

this, we have also performed shell model calculations with the YSOX interaction.

The results with INOY interaction show good agreement with the experimental data

in comparison to the other three interactions.

Using IM-SRG and CCEI approaches, we have reported the shell model results for

quadrupole and magnetic moments for sd shell nuclei. We have also compared these

results with the phenomenological USDB interaction. The results show reasonable

agreement with the available experimental data. The results for B(E2; 2+
1 → 0+

1 )

transitions are also reported for Ne, Mg and Si isotopes. The B(E2) results with

IM-SRG and CCEI are in reasonable agreement with the experimental data except

at N =20. This demonstrates the validity of ab initio description of deformation for

doubly open-shell nuclei for sd shell. To see the importance of pf orbitals, we have

also compared our results with SDPF-MU interaction by taking account of 2p − 2h

and 4p− 4h configurations in sd-pf -shell model space.

We perform a systematic shell model study of Gamow-Teller transition strength

distributions for thirteen sets of transitions in sd shell nuclei using IM-SRG and

CCEI approaches. For comparison, we also show the results obtained by using the

phenomenological USDB Hamiltonian. The phenomenological USDB results of the

Gamow-Teller (GT+/GT−) strength distributions show reasonable agreements with

the experimental data in comparison to the ab initio interactions. We also calculate

the electron capture reaction rates for 23Na(e−, ν)23Ne and 25Mg(e−, ν)25Na.

We have made a comprehensive shell model analysis of the latest experimental

data on odd 35,37,39S isotopes, using SDPF-U and SDPFMW effective interactions in
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the sd−pf valence space. Overall the SDPFMW interaction is seen to be much better

for describing simultaneously properties of levels of both parities in 37,39S isotopes.

We have also calculated the electric quadrupole and the magnetic dipole moments

for 35,37,39S and spectroscopic factors in 37S. The shell model results are in good

agreement with recently available experimental data.

8.2 Future directions

The present ab initio study can be extended to the followings:

• With the rapid progress in computational facilities, we can go for heavier nuclei

with new and improved interactions from chiral effective field theory.

• The NCSM wave functions can be used to get more precisely other properties

like proton charge radii and magnetic moments etc.

• The NCSM calculations can also be extended to calculate astrophysical spec-

troscopic factor strengths.

• Ab initio methods can be applied to double beta decay and neutrinoless double

beta decay which are a current research topics in nuclear physics.

• In the present work the operator is not evolved when we are doing calculations

with IM-SRG and CCEI for electromagnetic properties and GT-strengths. This

work can be extended by evolving the operator for electromagnetic moments,

GT-strengths and B(E2) transitions using these ab initio effective interactions.

• In future using shell model it is possible to study normal and isospin-rich nuclei

important for neutron stars [248].
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coupled-cluster effective interactions for the shell model: Application to
neutron-rich oxygen and carbon isotopes, Phys. Rev. Lett. 113, 142502
(2014).

[13] S. K. Bonger, R. J. Frunstahl and A. Schwenk, From low-momentum inter-
actions to nuclear structure, Prog. Part. Nucl. Phys. 65, 94 (2010).

[14] J. D. Holt, J. Menéndez, J. Simonis, and A. Schwenk, Three-nucleon forces
and spectroscopy of neutron-rich calcium isotopes, Phys. Rev. C 90, 024312
(2014).

[15] J. Simonis, K. Hebeler, J. D. Holt, J. Menendez, and A. Schwenk, Explor-
ing sd-shell nuclei from two- and three-nucleon interactions with realistic
saturation properties, Phys. Rev. C 93, 011302(R) (2016).

[16] K. Tsukiyama, S. K. Bogner, and A. Schwenk, In-medium similarity renor-
malization group for open-shell nuclei, Phys. Rev. C 85, 061304(R) (2012).

[17] S. R. Stroberg, A. Calci, H. Hergert, J. D. Holt, S. K. Bogner, R. Roth, and
A. Schwenk, Nucleus-dependent valence-space approach to nuclear struc-
ture, Phys. Rev. Lett. 118, 032502 (2017).

[18] H. Hergert, S. K. Bogner, T. D. Morris, A. Schwenk, and K. Tsukiyama, The
In-Medium Similarity Renormalization Group: A novel ab initio method for
nuclei, Phys. Rep. 621, 165 (2016).

[19] P. C. Srivastava and V. Kumar, Spectroscopic factor strengths using
ab initio approaches, Phys. Rev. C 94, 064306 (2016).

[20] S. R. Stroberg, H. Hergert, J. D. Holt, S. K. Bonger, and A. Schwenk,
Ground and excited states of doubly open-shell nuclei from ab initio valence-
space Hamiltonians, Phys. Rev. C 93, 051301(R) (2016).

[21] J. A. Sheikh, P. A. Ganai, R. P. Singh, R. K. Bhowmik, and S. Frauendorf,
Shell model study of pairing correlations, Phys. Rev. C 77, 014303 (2008).

[22] M. Hjorth-Jensen, Thomas T. S. Kuo and E. Osnes, Realistic effective in-
teractions for nuclear systems, Phys. Rep. 261, 125 (1995).



BIBLIOGRAPHY 133

[23] C. Bloch, and J. Horowitz, Sur la détermination des premiers états dún
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[130] M. Seidlitz, D. Mücher, P. Reiter, V. Bildstein, A. Blazhev, N. Bree, B.
Bruyneel, J. Cederkäll, E. Clement, T. Davinson et al., Coulomb excitation
of 31Mg, Phys. Lett. B 700, 181 (2011).

[131] J. A. Church, C. M. Campbell, D.-C. Dinca, J. Enders, A. Gade, T. Glas-
macher, Z. Hu, R. V. F. Janssens, W. F. Mueller, H. Olliver et al., Mea-
surement of E2 transition strengths in 32,34Mg, Phys. Rev. C 72, 054320
(2005).

[132] D. Borremans, S. Teughels, N. A. Smirnova, D. L. Balabanski, N. Coulier,
J.-M Daugas, F. de Oliveira Santos, G. Georgiev, M. Lewitowicz, I. Matea
et al., Spin and magnetic moment of 31Al ground state, Phys. Lett. B 537,
45 (2002).

[133] D. Kameda, H. Ueno, K. Asahi, M. Takemura, A. Yoshimi, T. Haseyama,
M. Uchida, K. Shimada, D. Nagae, G. Kijima et al., Measurement of the
electric quadrupole moment of 32Al, Phys. Lett. B 647, 93 (2007).

[134] H. Heylen, M. De Rydt, G. Neyens, M. L. Bissell, L. Caceres, R. Chevrier,
J. M. Daugas, Y. Ichikawa, Y. Ishibashi, O. Kamalou et al., High-precision
quadrupole moment reveals significant intruder component in 33

13Al20 ground
state, Phys. Rev. C 94, 034312 (2016).

[135] E. Caurier, F. Nowacki, and A. Poves, Merging of the islands of inversion
at N = 20 and N = 28, Phys. Rev. C 90, 014302 (2014).

[136] Y. Utsuno, T. Otsuka, T. Glasmacher, T. Mizusaki, and M. Honma, Onset
of intruder ground state in exotic Na isotopes and evolution of the N = 20
shell gap, Phys. Rev. C 70, 044307 (2004).

[137] W. Geithner, B. A. Brown, K. M. Hilligsøe, S. Kappertz, M. Keim, G.
Kotrotsios, P. Lievens, K. Marinova, R. Neugart, H. Simon, and S. Wilbert,
Nuclear moments of neon isotopes in the range from 17Ne at the proton drip
line to neutron-rich 25Ne, Phys. Rev. C 71, 064319 (2005).

[138] Data extracted using the NNDC World Wide Web site from the ENSDF
database.

[139] D. Sundholm, and J. Olsen, Finite element multiconfiguration Hartree-Fock
calculations on carbon, oxygen, and neon: the nuclear quadrupole moments
of carbon-11, oxygen-17, and neon-21, J. Phys. Chem. 96, 627 (1992).

[140] N. J. Stone, Atomic Data and Nuclear Data Tables 111-112, 1 (2016).

[141] A. Halkier, O. Christiansen, D. Sundholm, and P. Pyykkö, An improved
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Jänecke, K. Katori, C. Lüttge, S. Nakayama et al., Isospin and spin-orbital
structures of Jπ= 1+ states excited in 28Si, Phys. Rev. C 55, 1137 (1997).

[196] R. M. Sedlar, T. P. Gorringe, W. P. Alford, D. A. Beatty, J. Campbell, H. T.
Fortune, P. Hui, D. A. Hutcheon, R. B. Ivie, K. P. Jackson et al., Gamow-
Teller strength in (n, p) charge exchange on 31P, Phys. Rev. C 59,789 (1999).
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[236] D. Sohler, Zs. Dombrádi, J. Timár, O. Sorlin, F. Azaiez, F. Amorini, M.
Belleguic, C. Bourgeois, C. Donzaud, J. Duprat, et al., Shape evolution in
heavy sulfur isotopes and erosion of the N = 28 shell closure, Phys. Rev. C
66, 054302 (2002).

[237] D. Santiago-Gonzalez, I. Wiedenhöver, V. Abramkina, M. L. Avila, T.
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