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Abstract

The work presented in this thesis deals with the investigation of the existence of
mild solutions and approximate controllability of some fractional and integer order
differential and integro-differential equations. To prove our results, we will use semi-
group theory, evolution system, fixed point theorems, fractional calculus, measure of
noncompactness, basic theory of functional analysis, and monotone iterative tech-

nique. The present work consists of the following eight chapters.

Chapter [1] contains a brief introduction to the problems which are discussed
in the consecutive chapters and provides a motivational background to study the
problems which are discussed in this thesis. Further, it contains a review of relevant

literature and an outline of the thesis.

Chapter [2| contains some basic concepts of fractional calculus, functional anal-
ysis, semigroup theory and measure of noncompactness that will be required in the
subsequent chapters.

Chapter [3| concerns with the study of a fractional nonlocal neutral integro-
differential equation having flux type integral boundary conditions. The existence
and uniqueness results are proved by using Banach and Leray-Schauder nonlinear
alternative fixed point theorems.

Chapter [4 contains fractional integro-differential equations having non-instantaneous

impulses. The existence result is obtained by the help of fixed point theorem and

1l



noncompact semigroup.

Chapter [5| consists of fractional nonlocal semilinear integro-differential equa-
tions having impulsive conditions for which the impulses are not instantaneous. The
approximate controllability is proved via semigroup theory, Kuratowski measure of
noncmpactness and p-set contractive fixed point technique, without imposing the
condition of Lipschitz continuity on nonlinear term as well as the condition of com-
pactness on impulsive functions and nonlocal function.

Chapter [6] contains deformable fractional differential equations. The results

of existence and approximate controllability are obtained via semigroup theory,

Schauder and Banach fixed point technique.

Chapter [7] considers non-autonomous semilinear differential equations having
nonlocal conditions. The existence and uniqueness are obtained via monotone itera-
tive method with the upper and lower solutions in an ordered complete norm space,
using evolution system and measure of noncompactness.

Chapter [§|extends the results of chapter 7 for non-autonomous integro-differential

equations having nonlocal conditions.

The relevant references are appended at the end.
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Notation

W ([a, b], X)
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J4
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ifft

Description
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Set of Natural numbers
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Ball centered at x with radius r in X
Set of all continuous maps from [a, b]
into X

Set of all piecewise continuous maps
from [a, ] into X

Sobolev space

Euler’s continuous gamma fuctions
Riemann-Liouville (in short RL) frac-
tional integral operator of order g
Riemann-Liouville fractional differen-
tial operator of order g

Caputo fractional differential operator
of order ¢

Kuratowski measure of noncompact-
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if and only if
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Chapter 1

Introduction

By the evolution equations, we mean the abstract formulation of the prototype of
several problems of similar kind. In an infinite dimensional space of functions, an
ordinary differential equation which is generally associated with a partial differen-
tial equation modeling a physical phenomenon may be considered as an evolution
equation. Laser optics, reaction diffusion equations, climate models, control theory,
neural networks, heat conduction and wave propagation in materials can be modeled
as abstract evolution equations in a Hilbert space or in a Banach space. In model-
ing a real world problem as an evolution equation, initial conditions are managed as
essential conditions while the boundary conditions are treated as natural conditions
because those are fused with the domain of the operator and therefore do not ap-
pear in the abstract formulation. In this way, we able to focus on certain invariant

properties of a class of such problems instead of examining individual problems.

Researchers in applied mathematics and engineering have found differential
equations having nonlocal conditions invaluable because of their practical applica-
tions to various physical problems such as heat conduction, nonlocal reactive trans-
port in underground water flows in porous media, biotechnology, population dynam-
ics, investigation of pollution process in rivers, seas etc. Particularly, introduction of
nonlocal conditions into a system can improve its qualitative and quantitative char-

acteristics. These nonlocal conditions come into picture while taking measurements



at regular intervals rather than continuously over the history period. Therefore, the
analysis can be presented more practically by using nonlocal conditions instead of

using classical initial conditions.

A differential equation in which the highest order derivative of the unknown
function appears with and without deviations is called neutral differential equation.

For example,

Z(t)—c(t—0)—dz(t—0) =0, 0>0,c#0, (1.0.1)

is a neutral differential equation of first order. Neutral differential equations appear

in problems dealing with electric networks involving lossless transmission lines.

Fractional calculus, the generalization of traditional calculus, deals with the
investigation and applications of derivatives and integrals of non-integer order. In
particular, in this branch of mathematics, we study the methods of solving dif-
ferential equations containing fractional derivatives of the unknown function, such
equations are called fractional differential equations (in short FDEs). The analysis
of nonlinear oscillations of an earthquake, continuum and statistical mechanics, re-
laxation in fluid polymers and the modeling of visco-plasticity are some of the fields
in which employment of differential equations involving fractional derivative gives a

more realistic analysis of the problem considered.

Due to involvement of integral operator in the definition of fractional derivative,
fractional differential operator is a non-local operator. That is, a fractional deriva-
tive at a certain point in space or time consists of information about the function
at previous points in space or time, respectively. Therefore, fractional differential
equations describe the hereditary and memory properties of various materials and
phenomena. For example, viscoelastic materials and polymers which are related to
systems with memory can be efficiently described with fractional differential equa-

tions.

Various evolutionary processes such as population dynamics, orbital transfer of



satellites and sampled-data systems are characterized by the abrupt changes in their
state. These abrupt changes occur for a very short interval of time and can be ap-
proximated in terms of instantaneous changes of state, i.e., impulses. Such processes
can be appropriately modeled by impulsive differential equations. In past few years,
the theory of impulsive differential equation have been emerged as a beneficial tool,
which can precisely define mathematical model of various realistic situations, for
example biological phenomena which involves optimal control models in economics,

thresholds, bursting rhythm models in medicine.

Generally, the impulses start abruptly for very short duration of time that can
be negligible in comparison to the overall process. But instantaneous impulses are
failed to describe the certain dynamics of evolution processes in pharmacotherapy.
The introduction of the drugs in the bloodstream and the resultant absorption to
the body are gradual and continuous processes. To characterize these type of situa-
tions, Hernandez and O’Regan [95] introduced new type of impulses which triggers
abruptly and remains active during finite time. These type of impulsive conditions

are called non-instantaneous impulsive conditions.

For most of the differential equations, it is difficult to find exact solutions in
closed forms. To overcome this difficulty, many numerical and analytical techniques
have been designed for example, the homotopy analysis method and the Adomian
decomposition method have been applied to integrate various systems of fractional
order. However, in recent years, considerable work has been done using monotone
iterative technique (in short MIT), which is a productive procedure for proving exis-
tence results in a closed interval formed by the lower and upper solutions. In MIT, by
choosing upper and lower solutions as two initial iterations, one may construct two
monotone sequences which converge monotonically from above and below, respec-
tively, to a solution of the problem. Ladde et al. [120] has described a comprehensive

introduction to the monotone iterative techniques in their book “Monotone iterative



techniques for nonlinear differential equations”.

Process of influencing the behavior of a dynamical system to achieve a given
goal can be described as the concept of control. Many physical systems can be
controlled by manipulating their inputs based on the observation of the outputs, for
example an airplane is controlled by the pilot’s action based on instrument reading
and visual observations. The control problem is to determine the necessary input
to achieve a desired goal.

Consider the case of the vibrating system consisting of a single mass on linear

spring , we obtain the differential equation of motion

o
dt?

where z is displacement from equilibrium at time ¢. Can we introduce a control

force u depending on x and ‘fl—f so that every solution of

returns to the rest equilibrium state z = 0, Cull—f = 0 after a finite duration? This

is the problem of controllability.

Controllability theory originates from the famous work done by Kalman [107]
which leads to very important conclusion regarding the behavior of linear and non-
linear dynamical systems. In case of infinite dimensional systems, basically there are
two main concepts of controllability i.e. exact (complete) controllability and approx-
imate controllability. Exact controllability steers the system to arbitrary desirable
state while approximate controllability means that the system can be steered to ar-
bitrary small neighborhood of desirable state. The exact controllability is stronger
notion than approximate controllability, but approximate controllability is com-
pletely adequate in applications. However, in case of finite dimensional systems

notions of exact and approximate controllability coincide.



1.1 Literature Survey
1.1.1 Existence of solutions

Many physical phenomena such as flow of fluid through fissured rocks [25], non-
linear oscillations of earthquake, relaxation phenomena in complex viscoelastic ma-
terial [86], propagation of waves in viscoelastic media [I36] can be described by
fractional differential equations. Fractional derivative was first mentioned in a letter
correspondence between Leibniz and L’Hospital in 1695. Later on, many famous
mathematicians e.g. Euler, Laplace, Fourier, Abel, Grunwald, Riemann, Liouville,
Caputo etc. provided a lot of contribution in this field. For basic theory of FDEs

one may see the books [114} [T40); [158; 167].
In [76], author studied existence, uniqueness and some properties of the solution

of the equation

dix(t)
dtd

= f(t,z(t)), t>0, (1.1.1)

where ¢ € (0,1). El-Sayed [77] studied existence, uniqueness, smoothness and con-
tinuation to the solution of initial value problem corresponding to for ¢ > 0.
Delbosco [67] reduced equation into an integral equation with weak singu-
larity and applied basic techniques of nonlinear analysis to discuss the existence
results. El-Sayed [78] studied the existence results for the diffusion wave equation

of fractional order
Diz(t) = Az(t), t>0, q€(0,2], (1.1.2)

where A is generator of an analytic semigroup S(¢). Equation ([1.1.2)), represents

the diffusion equation when ¢ — 1 and the wave equation when ¢ — 2.

In [75], El-Borai introduced mild solution in terms of probability density func-

tion with Laplace transform to Cauchy problem in a Banach space X. El-Borai [74]



studied the existence results for the FDE
Diz(t) = Az(t) + F(t, Bi(t)z(t),..., Bn(t)z(t)) t>0,q¢€(0,1], (1.1.3)

where A generates an analytic semigroup, function F' satisfies uniformly Holder con-
tinuity in ¢ and B;(t),j = 1,2,...m are densely defined closed linear operators on
X. In [I53] Nyamoradi et al. investigated results for a fractional order differential
inclusion via suitable fixed point theorems. In [203] and [204], Zhou obtained var-
ious results on solutions for fractional evolution equations. Later on, utilizing the
concept of mild solution introduced by Zhou [203], many authors studied different
type of fractional differential equations, see [Ii 8} [19; 28} 40} 43; 45} ©65; [T, [72; 83
00}, [135; 146} 162, 190] and the references therein.

Recently, Khalil [T12] introduced a new fractional derivative named as con-
formable fractional derivative which seems to be a natural extension of the classical
derivative. In [I12], authors gave the definition of conformable fractional deriva-
tive and corresponding fractional integral also they proved the basic properties of
conformable derivative, Rolle’s Theorem and Mean Value Theorem for conformable
derivative. For more details one may see [2; B} 14} [15; B0; O3 T01E 1545 193} 199
and the references therein. In [205], authors defined a new derivative called as de-
formable derivative which is simpler than conformable derivative and ranges over

wider class of functions.

The nonlocal problem was motivated by physical problems. It is used to repre-
sent mathematical models for evolution of various phenomena such as nonlocal neu-
tral networks, nonlocal pharmacokinetics, nonlocal pollution and nonlocal combus-
tion (see [I38]). The nonlocal problem was first studied by Byszewski [37]. Deng [68]
used the nonlocal conditions to describe diffusion phenomenon of an small amount
of gas. Byszewski [37], Byszewski and Lakshmikantham [38] and Jackson [100] have
generalized the Cauchy problem with classical initial condition to the Cauchy prob-

lem with nonlocal initial conditions. Later, many authors stududied the differential



equations with nonlocal conditions, see [8; [16; 22 28}, 40 [45; [65; [70; 7T 152} 186}
187] and references therein.

Boundary value problems (in short BVPs) concerning fractional differential
equations having integral boundary conditions are applicable in several fields such
as thermoelasticity, chemical engineering, blood flow problem, underground water
flow, cellular systems, heat transmission, plasma physics, population dynamics and
so on. For more details regarding these boundary conditions, one may see the papers
[65; 17, [ 105 B5% B9; B0; 105 106} [119).

Mouffak [142] considered neutral impulsive differential equations of first and
second order to investigate the existence of solutions. He used Schaefer fixed point
theorem to obtain the results. In [5], Shruti considered a class of neutral differ-
ential equations with nonlocal conditions to investigate the existence of solution.
She proved the results with the help of Schauder fixed point theorem. Zhou [203]
obtained various results for the existence and uniqueness associated to neutral dif-
ferential equations of fractional order. Alka [41] discussed the existence of solutions
for fractional neutral delay differential system having nonlocal conditions by using
resolvent operator, Banach and Krasnoselskii fixed point theorems. In [202], Zhou
investigated the existence, uniqueness and dependence of solution on initial value by
iterative technique for linear neutral fractional differential equations with constant
coefficient. Malik [I37] considered non-autonomous neutral differential system of
fractional order and studied the existence results via resolvent operators and Ba-
nach contraction principle. In [97] results are obtained for neutral delay differential

equations via contraction mapping fixed point theorem and semigroup theory.

In the past decades, many researchers paid attention to study the differential
equations with instantaneous impulses, which have been used to describe abrupt
changes such as shocks, harvesting and natural disasters. Particularly, the theory

of instantaneous impulsive equations have wide applications in control, mechanics,



electrical engineering, biological and medical fields. In order to solve impulsive frac-
tional differential equations there are two main approaches. The first approach (also
called multiple base point approach) was introduced by Benchohra and Slimani [33]
in which they considered a fractional Cauchy problem with impulsive effects, and
developed the method to find the existence and uniqueness of solutions by using
several fixed point theorems. The second approach (also called the single base point
approach) was introduced by Feckan et al. [81] in which they developed single base
point approach to find existence results via fixed point techniques. Wang [160]
considered semilinear fractional differential equation with impulsive conditions, and
introduced the new concept of mild solution using semigroup, Laplace transform
and probability density function. For more details, one may see the monographs
[3T; 122; 168], papers [42} [43; [44; BTE 63} 103 125; 126} 170, 171; 183].

Herndndez et al. [95] initially studied Cauchy problems of first order with non-
instantaneous impulses. Pradeep et al. [I17] considered fractional non-instantaneous
impulsive system to investigate the existence results. In [I16] results of [I17] are
extended for non-instantaneous impulsive integro-differential equations of fractional
order. Muslim [I47] considered second order differential equations with deviated
argument having non-instantaneous impulses, and results are obtained by using
strongly continuous cosine family of linear operators and Banach fixed point the-
orem. The recent results for evolution equations with non-instantaneous impulses
can be found in [I7; [I8; A7 57 113}, 117 1515 157; 185 19T} 194] and the references

therein.

Du [69] proposed a monotone iterative technique (in short MIT) for ordinary
differential equations in an ordered Banach space X. He proved the existence of min-
imal and maximal mild solutions lying between the lower and upper solutions. In
[98] and [99], Hristova and Bainov applied MIT to functional and impulsive differen-

tial equations. In [I73], Sun improved the result of Du [69] by removing the measure



of noncompactness condition on function f. In [I74], Sun and Zhao improved the
result of [I73] further and investigated the results for integro-differential equations
in a weakly sequentially complete Banach space X to find extremal solutions. In
[89], Guo and Liu used MIT to find the existence of extremal solutions of mixed
type impulsive integro-differential equation. Later, Li [124] improved the result of

Guo and Liu [89] by using Bellman inequality.

Chen and Li [52] used monotone iterative technique for nonlocal differential
equations. Chen and Mu [56] considered impulsive integro-differential equations
and obtained results via monotone iterative method. Mu [143] applied MIT for
fractional differential equations. In [I45], Mu and Li used MIT for impulsive dif-
ferential equations of fractional order. Later on, the result has been extended for
nonlocal condition by Mu [144]. Chen et al. [54] considered nonlocal impulsive
semilinear system and applied perturbation method and MIT to obtain the results.
In [53] a differential equation with mixed monotone nonlocal conditions of frac-
tional order is considered to study the existence results via coupled lower and upper
mild L-quasi solutions and monotone iterative technique. Kamaljeet [I09] and Renu
[49] used MIT for nonlocal differential equations having finite delay and for neutral
differential equations having infinite delay of fractional order respectively. Chen
et al. [61] used perturbation method and iterative technique for evolution equa-
tions involving non-instantaneous impulses. For more details on MIT, one may see
[55); 128; 139 17 [188; 197].

Yan [I89] considered non-autonomous integro-differential equations involving
nonlocal conditions to study the existence results via theory of evolution system,
Banach and Schauder fixed point theorems (in short FPTs). Haloi et al. [92] stud-
ied existence, uniqueness and asymptotic stability of non-autonomous differential

equations with deviated arguments via Banach fixed point theorem and theory of
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analytic semigroup. In [46], Alka et al. established the existence and uniqueness re-
sults for non-autonomous differential equations having iterated deviating arguments
and instantaneous impulsive conditions. Borai [73] first derived the sufficient condi-
tions for the existence of solution for a fractional non-autonomous Cauchy problem.
Li [123] considered fractional non-autonomous integro-differential equations involv-
ing nonlocal condition. Chen et al. [58] generalized the results of [73] for fractional
non-autonomous evolution equations with delay by using FPT with respect to p-set
contractive operator. Nieto [32] considered second order non-autonomous evolution
equations having nonlocal conditions, and established the sufficient conditions for
the existence of solutions by using measure of noncompactness and Tikhonoff fixed
point theorem. In [60], Chen et al. considered fractional nonlocal non-autonomous
differential equations, and established the existence of mild solutions via theory of
evolution families and FPT with respect to p-set contractive operator. In [59], au-
thors first studied the local existence of mild solutions, then obtained a blowup alter-

native result for fractional non-autonomous integro-differential equation of Volterra

type.

1.1.2 Controllability

The theory of controllability is introduced by Kalaman (1960) [107]. For the ba-
sic theory of controllability in finite and infinite dimensional spaces one may see
[20; 26; 34; ©2; 195]. Fattorini (1966) [79] studied approximate controllability of
linear control system z/(t) = Ax(t) + Bu(t) in infinite dimensional reflexive Banach
space, by assuming that A is a linear densely defined closed operator which gener-
ates a Cj semigroup. In [80], he discussed approximate controllability in separable

Hilbert space by assuming that A is self adjoint and semibounded above operator.

Triggiani (1975) [179] considered infinite dimensional linear control system to
study the approximate controllability in separable Banach space under the assump-

tion that the operator A is bounded. He also proved that infinite dimensional linear
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control system can never be exactly controllable in finite time by using L, controls,
if either the operator B is compact and the state space has a Schauder basis or
range space of B is of finite dimension. In [I80], he improved the results of [I79] by
removing the assumption that the state space has a basis. In [I81], author proved
that linear control system in infinite dimensional space can never achieve exact con-
trollability in finite time by using L; control, if Cy semigroup generated by A is

compact.

Zhou (1983) [200] considered a class of semilinear system z'(t) + Axz(t) =
F(z(t)) + Bu(t) in a Hilbert space, where —A generates a differentiable semi-
group. He assumed that the function F satisfies Lipschitz continuity, and obtained
approximate controllability of the system by imposing an inequality condition on
the range of operator B as well as approximate controllability of associated lin-
ear system. In [201], he studied approximate controllability for generalized system
o' (t) + Az(t) = F(z(t),u(t)) + Bu(t).

Naito (1987) [148] proved approximate controllability for semilinear system un-
der the assumptions that —A generates a Cy semigroup, nonlinear function is uni-
formly bounded as well as Lipschitz continuous, and some condition on the range of
operator B. In [149], he removed the condition of uniformly bounded from nonlinear
function and introduced an inequality condition containing the parameters: K > 0
(Lipschitz constant of F ), T'> 0 (control time), M > 1 (bound of Cj semigroup),
and ||P|| > 1 (norm of projective type operator P introduced by estimating the
control efficiency of operator B) with the assumption that F(0) = 0.

Joshi et al. (1989) [104] considered non-autonomous semilinear control system
in finite dimensional space. They discussed the controllability of the system by us-
ing contraction mapping principle, monotone operator theory, and nonlinearities of
both Lipschitian and non-Lipschitzian types. George (1995) [85] investigated the ap-

proximate controllability of infinite dimensional non-autonomous semilinear control
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system by using monotone operator theory, evolution operator, and nonlinearities of
both Lipschitian and non-Lipschitzian types. Bashirov et al. (1999) [29] determined
new necessary and sufficient conditions for a linear system to be approximately and

exactly (complete) controllable.

Dauer et al. (2002) [64] considered semilinear system to study approximate
and complete controllability. The approximate controllability is proved via compact
semigroup and Schauder fixed point technique, complete controllability is attained
with the help of non-compact semigroup and Banach contraction principle. Mahmu-
dov (2003) [131] obtained the approximate controllability for semilinear determin-
istic and stochastic systems by using compact semigroup, properties of symmetric
operators, Banach and Schauder fixed point theorems with the assumption that
associated linear system is controllable. Sakthivel et al. (2010) [164] considered
semilinear impulsive control system with state delay, to investigate the approximate
controllability. Haloi (2017) [91] considered non-autonomous delay system having
deviated arguments. He used Krasnoselskii fixed point theorem and evolution sys-

tem to prove the approximate controllability.

Balachandran et al. (2009) [21] studied controllability for fractional semilinear
integro-differential equations by using Banach contraction principle, semigroup the-
ory, and theory of fractional calculus. Tai et al. (2009) [I75] considered fractional
semilinear neutral impulsive integro-differential system having infinite delay. They
determined sufficient conditions for the controllability of the system with the help of
Krasnoselskii fixed point theorem, theory of fractional calculus and semigroup. Sak-
thivel et al. (2011) [I66] discussed approximate controllability for a class of fractional
semilinear system. They obtained the results by using theory of fractional power,
semigroup, and Schauder fixed point theorem. In [165] (2012), authors studied exact
controllability for semilinear fractional neutral delay differential system with local

and nonlocal conditions by using Banach contraction principle, semigroup theory,
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and approximate controllability of corresponding linear system.

Kumar et al. (2013) [I18] discussed the exact controllability of fractional semi-
linear system. To obtain the results, they used regular integral contractor, iterative
technique, and the controllability of corresponding linear system. Mahmudov et
al. (2014) [132] considered fractional semilinear integro-differential system, and es-
tablished sufficient conditions for the approximate controllability by the help of
Schauder fixed point theorem, theory of semigroup and fractional calculus. In [23]
(2014), Balasubramaniam et al. generalized the results of [132] for fractional impul-
sive integro-differential equations with nonlocal conditions, by assuming the com-
pactness of impulsive and nonlocal functions in a Hilbert space. The results are
proved with the help of Darbo-Sodovskii fixed point theorem, theory of semigroup
and fractional calculus. Zhang et al. (2015) [198] discussed the approximate con-
trollability of fractional impulsive integro-differential equations in a Hilbert space
with the help of Krasnoselskii fixed point theorem and comapact analytic semigroup
theory. In [169] (2015), authors determined sufficient conditions for the controllabil-
ity of fractional semilinear non-autonomous neutral differential system. They used
Krasnoselskii fixed point theorem, theory of semigroup and fractional power of op-

erators.

In [I27] (2015), Liu et al. considered fractional semilinear control system with
Riemann-Liouville fractional derivative first time. They derived the expression of
mild solution, and established sufficient conditions for the approximate controllabil-
ity via generalized Banach contraction theorem by assuming that the semigroup is
differentiable. Dong et al. (2016) [84] studied approximate controllability of semilin-
ear impulsive fractional evolution equations via approximate technique. Kamaljeet
et al. (2016) [T10] considered fractional neutral semilinear integro-differential equa-
tions having nonlocal conditions and finite delay. They proved approximate control-

lability of the system via fractional power of operators, semigroup, and Krasnoselskii
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fixed point technique. Urvashi et al. (2017) [I3] dealt with fractional nonlocal semi-
linear delay differential system. They proved exact controllability by the help of
Nussbaum fixed point theorem, fractional calculus and semi group theory. Wang
et al. (2017) [184] studied the approximate controllability of Sobolev-type nonlocal
fractional semilinear system. For more literature on controllability, one may see [4}
07 (108 48 [TITE 102 [T15; 129 1305 133 134% 41 155; 159 I6T: 172 176; 182 192]

and the references therein.

1.2 Organization of Thesis

In this thesis, we divide our research work into three main parts.

In first part, we investigated the existence results to integro-differential equa-
tions of fractional order having nonlocal conditions. The main tools for this part

are fixed point theorems, measure of noncompactness and semigroup theory.

In second part, we discussed the approximate controllability of differential sys-

tems with Caputo and deformable fractional derivative.

In third part, we studied the existence of extremal mild solutions to integer or-
der non-autonomous nonlocal differential systems with the help of evolution system

and monotone iterative technique.
The thesis contains following chapters.
Chapter [1] provides a brief introduction and motivational background to the

problems considered in the consecutive chapters. Literature review associated to

the work done in this area also has been discussed.

Chapter [2| contains some basic concepts of fractional calculus, semigroup the-
ory, functional analysis and measure of noncompactness that are basically prerequi-

sites for our work.

Chapter (3| concerns with the study of existence results for fractional neutral

integro-differential equations having nonlocal flux type integral boundary conditions.
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The contents of this chapter are published in Malaya Journal of Matematik.

Chapter [4] consists of fractional semilinear integro-differential equations hav-
ing nonlocal and non-instantaneous impulsive conditions, and the existence result is
obtained via noncompact semigroup and fixed point theorem.

The contents of this chapter are published in Arab Journal of Mathemati-

cal Sciences (Elsevier Publications).

Chapter [5| contains fractional semilinear integro-differential equations having
nonlocal and impulsive conditions for which the impulses are not instantaneous.
The existence result and approximate controllability are obtained by using semi-
group theory, Kuratowski measure of noncmpactness and p-set contractive fixed
point theorem, without imposing the condition of Lipschitz continuity on nonlinear
term as well as the condition of compactness on impulsive functions and nonlocal

function.

The contents of this chapter are accepted in Journal of Fractional Calculus

and Applications.

Chapter [6] contains deformable fractional differential equations. The existence
and approximate controllability results are obtained via semigroup theory, Banach

and Schauder fixed point theorems.

The contents of this chapter are accepted in Journal of Nonlinear Evolution

Equations and Applications.
Chapter [7] consists of non-autonomous semilinear differential equations having
nonlocal conditions. The existence and uniqueness results are established via mono-

tone iterative method, using evolution system and measure of noncompactness.

The contents of this chapter are published in Demonstratio Mathematica
(DE GRUYTER).
Chapter [8| consists of non-autonomous integro-differential equations having

nonlocal conditions. The monotone iterative method is applied to get the existence
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and uniqueness results.

The contents of this chapter are accepted in Filomat.



Chapter 2

Preliminaries

In this chapter, we provide some basic concepts of functional analysis, fractional cal-
culus, semigroup theory and measure of noncompactness which serve as prerequisites

for subsequent chapters.

2.1 Basic Concepts of Functional Analysis

Let (X, ||x) and (Y, || -|¥) be two Banach spaces. (B(X,Y), || -||gx,v)) denotes the
space of all linear bounded operators from X to Y and for Y = X, we write B(X). In
similar fashion, (£(X,Y), || - ||zx,v)) stands for the space of all linear operators from
X to Y. In the case Y = X, we write L(X). If A denotes the linear operator on X,
then the domain, null and range space of A are denoted by D(A), N(A) and R(A)
respectively. Let us denote LP(Z,X) for Banach space of all Bochner-measurable
functions F' : Z — X with the norm
(7 IF(s)|l5eds) /P, 1 < p < oo,

[\l oz ) == (2.1.1)
supier [|[F'()]lx,  p=o0,

where Z = (a,b) with —oo < a < b < 0.
The notations C'(Z,X) and C™(Z,X) stand for the space of all continuous and

m-times continuously differentiable functions, respectively. Set J = [0,T], T < co.

17
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Then, C(J,X) and C™(J,X) are the Banach spaces equipped with the norm
IFllc = sup |E@) ]z, 1Fllom :=sup d_ [F* (D)l (2.1.2)
ted ted 1o
respectively.
Now, we state some important inequalities :

e Holder inequality: Let p € [1,00) and ¢ is such that 1/p+ 1/¢ = 1. Then

[(FG)rzx) < I1Fllr@xlGlliazx), (2.1.3)
where F' € LP(Z,X), G € LY(Z,X).

e Young inequality: Assume F € LP(Z,X), G € LY(Z,X) and 1/q+ 1/p =

1/r + 1 such that 1 < ¢,p,r < co. Then

| F* Gllzrzx) < [|1Fl|lee@xllGllrezx), (2.1.4)

(13

where “x” denotes the convolution.

e Gronwall’s inequality: Let F' and G be the non-negative continuous func-

tions for each t >ty and 3 be a constant. Then the inequality
t
Fl)y< 8+ / G(s)F(s)ds, 1> 1o, (2.1.5)
to
implies the following inequality

F(t) < ﬂexp(/tG(s)ds), t > to. (2.1.6)

to
e Generalized Gronwall’s inequality [90]: Let F(¢) and G(¢) be locally
integrable nonnegative functions on 0 <t < 7T < oo and a > 0, § > 0 be two

constants with

F(t) <G(t) +a /0 t(t — 0)*"'F(0)do. (2.1.7)
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Definition 2.1.1. Suppose that I = (0,T), or [ = R, or I = R", m € N and
1 <p<oo. The Sobolev spaces W™P is defined as

tk
WmP([,X): = {F: there exists z € LP(1,X): F(t) = kg
k=0 '
tm_l
— t),tel 2.1.9
(0. e ) (2.1.9)

where z(t) = F™(t), cx = F*(0). Also
WP (I, X) .= {F e W™(I,X): F¥(0)=0, k=0,1,--- ,m—1}.  (2.1.10)

Definition 2.1.2. The Laplace transform of a function G € L*(R",X) is defined
as

G(\) = /OOO e MG(t)dt. (2.1.11)

Definition 2.1.3. Suppose that X and X be Banach spaces. A mapping F : X = X
is known as Lipschitz continuous if there exists a constant L > 0 such that

| F(v1) = F(v2)||x < Lljvy — vallg, for all vy, vy € X. (2.1.12)

Definition 2.1.4. A function F : X — X is said to be a Holder continuous if
there ezist nonnegative real constants C' and 6 € (0, 1] such that

|F(z1) — F(2z0)||x < C|lz1 — zgﬂ% Jor each z1, 7z € X. (2.1.13)

The number 6 is called the exponent of the Holder condition. If & = 1, then
the function satisfies a Lipschitz condition. If § = 0, then the function is simply
bounded.

Definition 2.1.5. A family of functions F defined on a set E in X is called equicon-
tinuous on E if for given € > 0, we can find a 6 > 0 in a way that

lf(z0) = f(2)]| <€ whenever ||zo—z|| <96, 20, 2 € E and f € F.  (2.1.14)

Definition 2.1.6. Suppose that F' : X — X be a nonlinear operator. Then solution

of the equation
F(z) =2 z€X, (2.1.15)

15 called a fized point of operator F.

Definition 2.1.7. A mapping F from a subset B of a normed space X into X is
called a contraction mapping if we can find a number 0 < C' < 1 in a way that

|F(z1) — F(20)|| < Cllz1 — 22|, for all z1,25 € B. (2.1.16)
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Note that contraction mappings are continuous.

Definition 2.1.8. Suppose that X and X be normed linear spaces. An operator
T : X — X is called compact if it maps every bounded subset of X into a relatively
compact subset of X.

Theorem 2.1.1. (Arzela-Ascoli theorem) Let N be a compact metric space and
B C C(N). Then, B is totally bounded in C(N) if and only if B equicontinuous
and pointwise bounded on N.

Theorem 2.1.2. Let X and X be two normed linear spaces. A linear operator
T : X — X is compact if and only for every bounded sequence (z,) in X the sequence
(T(2,)) in X has a convergent subsequence.

2.2 Semigroup Theory

Definition 2.2.1. A one parameter family {S(t)}t>0, of bounded linear operators
from Banach space X into X is called a semigroup if

(1) S(0) =1 (I is the identity operator on X).
(2) S(t1 +t2) = S(t1)S(t2), V ti,ta > 0.

Definition 2.2.2. A semigroup {S(t)}1>0 is called strongly continuous semigroup
or Cy-semigroup if

l}igS(t)z =z, forevery z € X. (2.2.1)
Definition 2.2.3. Iflimy, 4, | S(t1) —S(t2)|| = 0, the semigroup {S(t) }i>o is called
uniformly continuous semigroup.

Definition 2.2.4. A linear operator A on X defined by

o i 1 S22

in ; , forz € D(A), (2.2.2)

is named as infinitesimal generator of a semigroup {S(t)}>0 whenever the above
limit exists. The domain of A is
| St)z — |

D(A) = {z € X : lim

in exists}. (2.2.3)

Theorem 2.2.1. If S(t) is a Cy-semigroup, then we can find constants 6 > 0 and
M > 1 in a way that
IS < Me, ¥ t>0. (2.2.4)

Remark 2.2.2. If 6 =0, S(t) is called uniformly bounded, and if M =1, S(t) is

called Cy-semigroup of contractions.
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Theorem 2.2.3. [1506] Let S(t) be a Cy-semigroup of bounded linear operators on
X which is generated by A. Then,

(1) there is a > 0 such that ||S(t)| is uniformly bounded on [0, al,

(2) for each z € X, limy, ft+h S(s)zds = S(t)z,

t

(3) forall z €X, [, S(s)zds € D(A) and

A( /0 tS(s)zds) — S(t)z — 2, (2.2.5)
(4) for z € D(A), 8(t)z € D(A), moreover
—8(t)z = S(t)Az = AS(1)z, (2.2.6)
(5) for all z € D(A),

S(t)z —S(s)z = /tS(T)Asz = /t AS(7)zdr. (2.2.7)

s

Corollary 2.2.4. [150] Suppose that A is the infinitesimal generator of a Cp-
semigroup. Then, A is a linear closed operator and D(A) is dense in X.

The resolvent set p(A) of a linear operator A consists all A € C such that
(M — A)~! exists and is a linear bounded operator on X. R(A, A) = (A\[—A)"!, A e
p(A) is known as family of resolvent operators of A.

Theorem 2.2.5. [150/(Hille- Yosida Theorem) A linear operator A is the in-
finitesimal generator of an strongly continuous semigroup S(t) (t > 0) satisfying
IS#)|| < Med, iff A is densely defined in X and closed, p(A) contains (§,00), and

for A > 6

M
k
< — = 2.
[R(A, A < oo V k=12, (2.2.8)

Theorem 2.2.6. [156/(Hille- Yosida Theorem for Contraction Semigroups)
Suppose that A : D(A) C X — X is a linear operator. Then, A is the infinitesimal
generator of an strongly continuous semigroup of contraction iff A is densely defined
in X and closed, p(A) contains R*, and

1
(A — A)7H| < T for all positive . (2.2.9)

Now, we state the following results which provide the representation of the semi-

group generated by a bounded linear operator.
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Theorem 2.2.7. Suppose that A be a linear operator and densely defined in X which
satisfies the following two conditions :

(1) >, ={A:]argA| < 5+ pt U{0} C p(A), for some 0 < pp < 7/2;

(2) there is a constant L in such a way that

(M- A1 < £

N e and X>0.
W

Then, A generates a Cy-semigroup S(t) fulfilling ||S(t)|| < N for some constant

N >0 and .

S(t)=— [ e? (ol — A) 'dp,
(1) = 5z [ el =) dg
where T is a smooth curve contained in Yy, starting from coe™? to coe' for some
/2 < ¢ < w2+ p, the integral converges in uniform operator topology for t > 0.

2.3 Basic Concepts of Fractional Calculus

In literature, there are more than fifteen definitions of fractional derivative. But the
most commonly used definitions are the definitions given by Caputo and Riemaan-

Liouville, as these two definitions coincide with the ordinary derivative at integers.

Definition 2.3.1. For a function F € L'(R",X), the Riemann-Liouville (in short
RL) fractional integral of order q > 0, is defined as

JIF(t) = ﬁ /Ot(t —0)7 ' F(0)do, for t>0. (2.3.1)

We set J° = I (the identity operator).

Definition 2.3.2. For a function F', the Riemann-Liouville fractional derivative of
order ¢ > 0, is defined as

LDIF(t) = D™J™1F(t)

= —1 d—m /t(t — s)m_q_lF(s)ds
~ T(m—q)dtm J, ’

where t >0, m=[q] =min{z € Z: 2z > ¢}, D™ = 4= We set "D’ = I

Definition 2.3.3. The Caputo fractional derivative of fractional order ¢ > 0 of a
function F is defined as
YDF(t) = J™ID™F(t)
1 /t ot
= — t— )" I F™(s)ds,
T —a ), (t—s) (s)

fort >0, m=/|q].
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Comparing this definition with the Riemann-Liouville one, we see that the defi-
nition given by Caputo is more restrictive as it requires the absolute integrability of
m'™ order derivative of the function and therefore functions which are derivable in
the Caputo sense are much “fewer” than those which are derivable in the Riemann-
Liouville sense.

The main advantage of the Caputo derivative is that the form of initial condi-
tions for FDEs are same as that of integer order differential equations and Caputo
fractional derivative of constant function is zero, which does not hold for Riemann-

Liouville definition.

2.3.1 Solutions of Caputo Fractional Differential Equations

Let us consider the homogenous problem
“Diy(t) =0, t>0. (2.3.2)

Then solution of the above problem is

y(t) = do + dit + dot® + - - - 4 dpy 1", (2.3.3)
and
JT-CDy(t) = y(1), (2.3.4)
where d; € R, i = 1,--- ,n— 1 and n = [¢]. For the nonhomogenous fractional
differential equation
“Diy(t) = F(t), t€0,b], bcR". (2.3.5)

From the equation ({2.3.5)), we get following integral equation

y(t) = do + dit +dot® + -+ d, 1"

1 -
o [ = P (23.6)
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Now, we consider the following fractional order problem

“Diy(t) = Ay(t), t € (0,T), (2.3.7)

y(0) = yo, (2.3.8)

where 0 < ¢ < 1, y takes its values in X, A is densely defined from D(A) C X to
X, and is a closed linear operator which generates Cy-semigroup of bounded linear

operator S(t), t > 0.

The equation (2.3.7)) is equivalent to the following

o0 =m+ o | (¢ — o) Ay(o)de. (2.8.9)

The solution to (2.3.7)-(2.3.8) is a function y € C([0, T], X) that satisfies the follow-
ing

(1) y(t) € D(A), t € (0,T],

(ii) “D(t) exists and continuous on (0, T] with 0 < ¢ < 1,

(i) y satisfies the equations (2.3.7)-(2.3.8).

Applying the Laplace transformation of the equation on both sides

Lly(®) = Liyo] + L[ﬁ / (t — o)™ Ay(o)da]
1

ALy

= XY NI — A) Yy = XH/ e "2S(0)yodo. (2.3.10)
0

= Llyo] +

Let one-sided probability density

Dy(() = % Z_f—l)’“cm“w sin(mmq), ¢ € (0,00),  (2.3.11)

whose Laplace transform is given by

/oo e P, (Q)d¢ = e, qe(0,1). (2.3.12)
0
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Therefore, we get
)\ql/ e 5S(s)yods
0
:/ g\ e A S () yodt,  (put s = 1)
0

= / _—li[ei(At)q]S(tq)yodt
0

A dt
_ / N / T, () MO8 (19)yodt,
0 0
_ / e / B,()S (1)) yodc] dt. (2.3.13)
0 0
From and , we get
Lly(t) = / | / B,(C)S 1/ Yyod] . (2.3.14)

Taking inverse Laplace transformation of above equation
)= [ @ISt /cmc
0
| woseom
0

S,()vo (2.3.15)

where ¥, (¢) = 1§717%(I>q((*1/‘1) with ¥, (¢) > 0, and [;° ¥, (¢)d¢ = 1. Therefore,

T q

the solution of (2.3.7)) is

y(t) = Sq(t)yo, (2.3.16)
where S,(t) is defined by
S,(t)yy = / U, (Q)S(t¢)yd¢, ye D(A), t>0. (2.3.17)
0
The Laplace transform of ¥, is given by
_ [T _ R U G
LI, (8)] _/0 e (1)dt = Fy(\) = mzzof(qm+ 5EEY. (@318)

for 0 < ¢ < 1. Next, we consider the following inhomogeneous FDE
“Diy(t) = Ay(t) + F(t), tec(0,T], 0<T < o0, (2.3.19)

y(0) = o, (2.3.20)
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where F' € L'([0,T],X).

Taking Laplace transformation of the equation (2.3.19)) on both sides and getting

Lly(t)] = M (N — A)"lyo + (N — A) 7 L[F (1))
:)\ql/o e’\qu(s)yods—i—/O e S (s)L[F(s)]ds. (2.3.21)

Now, we estimate

Jo e S(s)L[F (s)]ds
[
[ siorsenty

b

Il

/ / oA+ g tq/gq)tC_F( s)d¢dsdt
:/ | // =9 1)F(3)(tzq8)qd§ds]dt

gt e M S (1) e F () dsdt

~O) S (1) e A1 F (s)d¢dsdt

Thus, we get
Liy(t)] = / T / " 0,08 (190 yodC de

/ // (=) 1)F(s)(tzq8)qd§ds dt

Taking inverse Laplace transformation of the above equation and obtaining

y(t) = / 0, (08 (1 ¢T)yodc +

- (t —s)
+q/ / )F(S)C—dCds
:/0 S(t1¢) yodg+q/ / C(t = )T W, (O)S((t — 5)7 ) F(s)dCds
— Pl + /O<t—s>q R(t — 5)F(s)ds (23.22)

where, the operator P(t) and R(t) are defined by

P(t) :/Ooo Vo (OS(¢)d¢,  R(1) Iq/ooo (U, (O)S(#¢)dC. (2.3.23)
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Remark 2.3.1. U (¢) > 0,¢ € (0,00), [7U,(Q)d¢ = 1, [;7CT,(¢Q)d¢ =
1

T(1+q)"

Definition 2.3.4. A function y € C([0,T],X) is called a solution to the problem
(12.5.19)-(2.5.20) if the following integral equation

o) = PO+ [ (= /IRt — o) Flo)de. (2.3.24)

is verified.

Lemma 2.3.2. [203] The operators {R(t),t > 0} and {P(t),t > 0} are linear
bounded, and

(i) IR(#)zll < g llzll and |P(H)2]] < M|1z], = €X.

(ii) The families {R(t) : t = 0} and {P(t) : t = 0} are continuous strongly.
(iii) If S(t) is compact, then R(t) and P(t) are compact fort > 0.

(iv) If S(t)(t = 0) is an equicontinuous, then R(t) and P(t) are continuous for
t > 0 by the operator norm, which means that for 0 <t <t’" < a

HR(t”) - R(t,)H —0 and ||'P(t”) — ’P(t’)” 50 as t"—t.

2.4 Basic Concepts of Measure of Noncompact-
ness

Assume that (X, d) be a complete metric space, denote Bx for the family of all
bounded subsets of X. Now, we have some notations which will be used in the
subsequent chapters. If U is a subset of a metric space (X,d), then diam(U) =
sup{d(y,y') : y, vy € U} is called the diameter of U.

Definition 2.4.1. [178] Suppose that X is a complete metric space. A function
p o Bx — [0,00) is said to be a measure of noncompactness on X, if it satisfies
the following :

(i) wW(W) =0 iff W € Bx is precompact [Regularity];

(i) u(W) = u(W), where W denotes the closure of W € Bx [Invariance under
closure];

(13i) p(Wy U Wy) = max{u(Wy), u(Ws)}, ¥V Wy, Wy € Bx [Semi-additivity/.
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Proposition 2.4.1. [T78] For bounded sets W, W1, Wy € Bx, a measure of noncom-
pactness function p fulfills the following conditions

(i) w(Wh) < u(Wy), when Wy C Wy, [Monotonicity];
(@) p(Wr N Wa) < min{u(Wh), u(Wa)};
(1ii) (W) =0 for each finite set W, [Non-singularity/.
Definition 2.4.2. [T78] The function ( : Bx — [0,00) as following
BU) :=inf{k >0:U C U}_ Uy, Uy C X, diam(Uy) < k, k=1,2,--- ,n € N},
1s known as Kuratowski measure of noncompactness.

Definition 2.4.3. The Hausdorff measure of noncompactness y : Bx —
[0,00) is defined as

XWU):=inf{k >0: U CU_ By, (zx), o, € X, < Kk, k=1,--- ,n €N},
where B, (xr) = {v € X : d(x,x) < ri}.
Proposition 2.4.2. Let u denotes both Hausdorff and Kurtatowski measure of non-
compactness. Then for sets W, W1, Wy € Bx, we have

(1) W is relatively compact iff n(W) = 0;
p(Wy 4+ Ws) < u(Wh) 4+ w(Wa) (Algebraic semi-additivity);

Wy) < u(Ws) when Wy C Way;

(

(- W) =la| - u(W), a is a number (Semi-homogeneity);
(W + 2) = (W) for each z € X (Translation invariance);
(

W) = u(W) = u(conv(W)), where W and conv(W) denote the closure and
onvex hull of W respectively.

Lemma 2.4.3. [2]] Let X and E be Banach spaces and F : D(F) C E — X satisfies
Lipschitz continuity with constant L, then u(F(V')) < Lu(V') for any bounded subset
V C D(F).

Lemma 2.4.4. [2]] For any W C C(la,b],X), set W(t) = {w(t) : w € W}. I
W is equicontinuous and bounded, then ﬁ( (t)) is continuous on [a,b], moreover

BW) = sup S(W(t)).

t€la,b]

Lemma 2.4.5. [9]] If {w,}°, C C([a,b],X) is a bounded sequence, then B({w,(t)}>2,) €
LY([a,b],X) and

s({ [ wiois) Yo B({wn())0ds

Lemma 2.4.6. [30] If W is bounded subset of X, then there exists a sequence
{wp}e2, € W, such that B(W) < 28({w, }52,).



29

2.5 Fixed Point Theorems

Theorem 2.5.1. (Banach fized point theorem) Let I be a contraction mapping
from X into X, where X is a complete metric space. Then, X has a unique point z
such that F(z) = z.

Theorem 2.5.2. (Leray-Schauder nonlinear alternative) [87] Let B is a
nonempty, convexr and closed subset of a Banach space X, and U is an open subset
of B such that 0 € U. If F : U — B is a compact and continuous map. Then only
one of the following holds :

(i) F has a fized point in U,

(ii) there is a point ug € OU ( boundary of U) for which ug = eFug holds, for some
0<e<l1.

Definition 2.5.1. [66] Suppose that S be a nonempty subset of the Banach space
X. A continuous map F : S — X is called p-set contractive if for some constant
p € 0,1), we have

B(F(Q)) < pB(Q), for all bounded subsets Q in S.

Theorem 2.5.3. (p-set contraction mapping fixed point theorem) [60] Let
be a closed bounded convexr subset of a Banach space X, and the operator F' : Q0 — ()
18 p-set contractive, then there exists a fixed point of F' in €.

Theorem 2.5.4. (Schauder) If Q) is a convex closed bounded subset of a Banach
space X, and F : Q — Q 1s completely continuous. Then F' has a fived point in 2.

For more details on fixed point theorems, we refer [12 [66; 87 [88; [150], and the

references therein.
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Chapter 3

Fractional Neutral
Integro-Differential Equations
involving Nonlocal Integral
Boundary Conditions

3.1 Introduction

This chapter concerns with the following fractional integro-differential equations of

neutral type having nonlocal flux type integral boundary conditions :
t
“DUa(t) - g(t,z(t))] = f(t,fv(t),/ Y(t,0,2(0))do), 0 <t <1,1<g<2,
0
3
20 = o [ #ede. 2(1) =16 (0),
0
1
!

where f and g are real valued functions defined over [0,1] x R x R and [0,1] x R
respectively, T : DX R - R, ¢ : R > R, and D = {(r,7) : 0 <, <7 < 1}. In
(3.1.1]), the first of nonlocal boundary condition relates the flux at the initial point

0 with the continuous distribution of flux on an interval of arbitrary length &, and

The contents of this chapter are published in Malaya Journal of Matematik as Arshi Meraj
and Dwijendra N Pandey: “Existence result for neutral fractional integro-differential equations
with nonlocal integral boundary conditions”, Vol. 6, No. 1, 21-27, 2018.
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the second condition expresses that the value of unknown function at final point is
proportional to a nonlinear function ¢ of flux.

Motivated by the work done in [6} 9} [10; [50] for various type of integral boundary
value problems, we considered the above mentioned problem , to investigate
the existence results. The remaining part of the chapter is arranged as following: The
next section contains a lemma concerning the solution of linear system associated
to , and introduce the assumptions which are required to obtain our main
results. Section 3.3 consists of the proof of the main results via Leray-Schauder
nonlinear alternative and Banach contraction theorem. Finally, in section 3.4, we

will present some examples to illustrate our results.

3.2 Preliminaries and Assumptions

Lemma 3.2.1. For R-valued function f continuous on [0,1], and g € C*([0,1],R),
solution of the following fractional linear BVP

“Dix(t) —gt)] = ft), t€(0,1),1<qg<2 (3.2.1)

13
£(0) = o / Y(o)do, #(1) = 16(@(n), 0< En< 1, (32.2)

ot) = / %f( Jdo + g(t) — g(1) — / %ﬂg)d@

+1t_ 02 {a(g(ﬁ) —9(0)) = 4'(0) + a/ / (g — 1 )deQ]
+v¢>((—€(g(€) ~90) = g0 + 50

/ / )deQJr/n(n_—Q)Hf(@)dQ) (3.2.3)
1—045 q—l o Tlg—=1)
Proof. From [I58], it is known that the solution of (3.2.1)) is

o) = er kst +0) - 9(0)+ [ T

@ f(o)do. (3.2.4)

On applying the conditions (3.2.2)), we find that

= e (a© 900 - g0 4o [ [T ) (329
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and

. / K (77 - Q)qu

a=1¢\c2tgd )+ | F——flo)de)+g(0) —g(1) —c
o Tlg—1)
1 -1
(1— o)
- ———f(0)do,
/0 I'(q) ()

where ¢, is given by ([3.2.5)). Substituting the values of ¢; and ¢, in (3.2.4]), we get
B23). u

Let us denote C := C([0,1], R) equipped with the norm ||z|| = sup,¢o ) |2()],
and P := C'([0, 1],R) equipped with norm ||vc1 = sup,cpo 1y {lv(t)], [v' ()]}
By the help of Lemma [3.2.1, we define F': P — P as

(Fo)(t) = / EZ " 4y (o), Ko())do + g(t, (1)) — 9(1,v(1))

1 I'(q)
—/0 %JC(Q,U(Q%KU(@)M@
1 atate o) 900,000 - g 0.000)
o OE 0@ <§;iq12 v(ﬂ,Kv(T))deQ]
”d)(W( (& v(8) - 9(0, U(O)))_ﬁg/(o,wo))w,(w(m)

(n—0)"
+ T)f(g’ v(o), Kv(o))do

0 _

= ag / / T(q - 1 7,v(7), KU(T))de@>, (3.2.6)
where Ku(t) == [; T(t, 0,v(c))do.

Now, we state the required assumptions :

(A1) There exist continuous nondecreasing functions ¢, 1,13 : Rt — RT and

continuous positive functions py, pe, ps defined on [0, 1] satisfying :
@) [f(my 2l <p(ealllyl), V(ry,2) €[0,1] xR xR,
(ii) [g(7, 2)| < pa(T)a(llzl), 19'(7, 2)| < ps(T)s(llzl]), V(7. 2) € [0,1] x R.

(A2) The function ¢ is continuous, and |p(v)| < |[v|, Vv € R.
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(A3) There is a positive constant 91 satisfying W > 1, where ||p|| = max{||p;|| :

i=1,2,3}, A = gy |24 Pl + (1+ |v|)|la§5,] +2+4 [yl + 2 201+
|’7|) |1|_ac|yg| and d)(’l“) = maX{?/Jl(T),%(T)’ 77/}3(7“)} :

(B1) The function f is continuous and satisfying :

|f(7-7 U17y1>_f(7—7 U27y2)| < L1{|U1_02|+|y1_y2|}7 TE [07 1]7U17U27y17y2 € R,

for some positive constant L.

(B2) The function g is continuously differentiable and satisfying :

l9(m,v1) = g(7,v2)] < Lafvr = val, 1g'(7,v1) = ¢'(7,v2)| < Lafor — va,

T € [0,1],v1,v2 € R,
for some positive constants Lo, L3.
(B3) The function T is continuous and the following holds :
T (m,0,91) = V(7 v, 92)| < Lalyr — 2|, 7,0 €[0,1], 41,92 €R,
for some positive constant Ly.

(B4) Let p = max{p1, p2} < 1 where

o= (2 D ) B

1 - ag] I(g+1)
o

1
#2420+ Pz (b4 0 B g ) 2o

and

B || €1 Li(1+ Ly) o 1
P = (‘” |1—aa\) T+ D @ —ag 7 (“ \1—a51)L3‘
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3.3 Existence and Uniqueness Results

The following theorem is proved via Leray-Schauder nonlinear alternative.

Theorem 3.3.1. Suppose that the function f, T are continuous and g is contin-
uously differentiable. Assume that the assumptions (Al)-(A3) hold. Then, there
exists a solution to the boundary value problem (3.1.1]).

Proof. Observe that the operator F' defined in is continuous. Now, we check
that the image of a bounded set in P under F' is a bounded setin P. Let B, = {v €
P |jv|lcr <7} (r > 0), then for v € B,,

(Fo)(t)] < / E 2 (g u(0). Ku(e))lde + lg(t,v(e))] + la(L. v(1)

X0
-
+ [ BB et Kololae
[ @ar (€ 0()] + I9(0,0()]) + |9/ (0,v(0))
+al / / 0 o). Kot)rde
e ,<|g<f (€)1 +1(0,0(0))
=gl 000+ 1o vl
"(n=0o)"
+/ T )If(@, o), Kole))lde
A / D (). Kot arde
< 2fpallen(r )mﬂ%”pz“%( r)
1 ¢!
e (2lallpalatr) + Il + ) s )

(2L Bl + () + ()

" . rargq
Hipda g+l )<|1 )

Choosing 1(r) = max{x (r), a(r), ¥s(r)}, we get

[(Fo)®)] < llplle(r) Ay (3.3.1)



36

On differentiating equation (|3.2.6|) with respect to ¢, we get

o) = [ elo), e

F(0000) + o | o6 (€)= 9(0,0(0)) = (0, 0(0)
S [ (e—1)"7
—I—Oz/0 /0 Tlg— 1) f(r,v(r), Kv(r))drdo]|, (3.3.2)

by (3.3.2)), for each v € B, we have

(FoY ()] < Hm”%(”ﬁ + ||psl|vs(r) + m(ﬂa\“pzﬂ%(ﬂ + |Ipslls(r)
Hall () 5 )
1 142/ |af€*
< lpllv(r) (1 T "TToag T —ad)Ta 1))’

. B 1, 142]a| g
by denoting Ay = (1 + 1t oeg T (|1—a$|)f‘(q+1))’ we have

[(Fv)' (8)] < [lplle(r)As, (3.3:3)
observe that Ay < Ay . Thus by (3.3.1)) and (3.3.3)), we have
[Fvller < lplly(r)As. (3.3.4)

Next, we check that bounded sets are taken into equicontinuous sets of P by F'. For



ty < tgin [0,1] and v € B,

|[(Fv)(t2) = (Fo)(t)] <

Therefore, |(Fv)(tz) —

N

for the derivative term

|(Fv)'(t2) —

So, |(Fv)'(ts) —

(Fo)'(t)]
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2 (ty — )17t
| = e te) Ko

Bty — )7t
-/ Wf(w(g),m(g»dg\
(s, o(ta)) — gltr, v(t)]

|t2 t| a(g(&,v(€)) — g(0,v(0))) — ¢'(0,v(0))

T
/ / q—l (), Ko(r ))deQ'

/1[(2—9) =t = 0)" I f (e, v(e), Kv(o)lde

o / (tz — 071 (0, v(0), Kv(0))|do
Hlg(ta, v(t2)) — glts, v(tr))

I alo(6,(6) ~ 9(0.0(0) — ¢ 0,0(0)
+a// q—l (), Ko(r ))deQ'. (3.3.5)

(F'v)(t1)| — 0 independently of v € B, as ty — t1, similarly

2 (ty — )72
< | [ S et Kulo)ie
"ty — )72
- [ feato) ot
+g' (2, v(t2)) — ¢'(t1,v(t))]
1 o q—2 q—2
< m/{) [(t2—0)"" = (t1 — 0)*7]

| f(0,v(0), Kv(o))|do

g [ (= e o(o) Koo g
+g'(t2, v(t2)) — ¢’ (t1,v(t1))]- (3.3.6)

(F'v)'(t1)] — 0 independently of v € B, as ty — t1, therefore by

(13-3.5)), (3.3.6) and Arzela-Ascoli’s theorem it follows that F' is completely continu-

ous.

Now, let v = AF'v where A € (0, 1), then ||v||c: < [|[Fv|c:. Using (3.3.4)), we have

lvlley < lpllv(]|v]le,)Ar. Consequently, we have

Elo(vlena; S Lo By assumption
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(A3), we have positive constant 9t with ||v||c, # 9%. Suppose that S = {v € P :
|v]|cr < 9M}. Observe that F' : S — P is continuous and compact. Moreover, there is
no v € 95, satisfying v = A\F'v for some A € (0,1). Thus, Leray-Schauder nonlinear
alternative theorem implies that F has a fixed point v € S, hence a solution to the
problem (3.1.1]). [

Theorem 3.3.2. Assume that the hypotheses (A2), (B1)-(B4) hold. Then, the
system (3.1.1)) has a unique solution.

Proof. For t € [0,1] and v,w € P, we estimate

gt

[(Fv)(t) = (Fw)(®)] < /0 T (0, v(0), Kuv(e)) — f(e,w(o), Kw(e))|de
+g(t,v(t)) = gt w(®))] +[9(1,0(1)) = g(1,w(1))]

i /01 %U(g,v(@), Kv(o)) — f(o, w(e), Kw(g))|do

1
+r——ahmw@v<»—mgman

+lal(lg(0,v(0)) = g(0, w(0))]) +19'(0, v(0)) = ¢'(0, w(0))|

Hol [ "D (e Kot

(o), wvmmd4

#h(
0,v

+19(0,

"ﬁ@@,<»—maw@m

(0)) = 9(0.w(O)]) + = 1s(0.0(0)

¢(0,0(0))] + |9/ (7,0() — g'(n, w(n))|
o ﬁ@@)\ﬂ@<> (o)
—f(o,w 0))|deo

Hfiﬂ/°/ 2 o(r). Kol)

—f(r,w(7r), w(T))]deg)
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< L(1+ Ls)+ 2L
{F(Q+1) L1+ L) + 2Ly
Y (alLs + Ly + ol (1 + L) —2
1 g \Z1olbe st lalbal L) se 2
N 1
L L L
+|W’|( 1= ag) 2+| = af] 3+ L3
! || )
+L (1 +Ly)— +L(1+L
W L) + L+ L) (i e
]nv—wn
< plv—wl. (3.3.7)

Similarly, for the derivative term we have

(Fo)(t) — (Fu)(t)] < / (1’1(; 0" )|f<@, o(0), Kv(2)) — f(o.w(e), Ku(e))lde
' 0(0)) — g/ (8 w(®))] + |1 ! = [mng(av(@)
g w(©))] + [a]lg(0, v(0) < w(O)] +lg0,0)
—g/(0, w(0) |+|a|// IfTv( ), Ko(r))
—f(T,w(T),Kw(T>)|deQ:|
< [ﬁL1(1+L4)+L3
+|1——1a§| <2[o¢]L2 + L3+ || Ly (1 + L4)%)
}Hv—wu
< pollv =l (3.3.8)

By (3.3.7) and - we estimate
|Fv— Fwller < pllv —wller, v,w e P,

since p < 1 by assumption (B4), consequently F' is a contraction. By Banach
contraction fixed point theorem, we conclude that there exists a unique solution to

the problem ((3.1.1]). O
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3.4 Examples

Example(1): Consider the following fractional BVP

3 et _ —o |=(t) .
{ “Difa(t) ~ gt ()] = e+ 55 o T de. L€ OL: g,
2'(0) = 5 [ @' (0)do, (1) = 3¢(2'(}))-
Hereq_% :%752%77:%777228““1
Vil ol = 1
o(v) = { ) (3.4.2)
v, lv| < 1.
With the given values, we find that A; &~ 9.45. Clearly,
Fltw, Ko) = —tgla(f)] + o K,
r, Kr)= —— x(t
o (t+4)? 16
t e—*S 67t
where Kz(t) = [ % 1+‘$(t)lds and g(t,7) = g5 2(t)-
1 1 ("1
t,x, K < —lz(t — —e °d
o Kol < ol + 55 [ geas
1 1
< 1—6(||57U||O1 + 5)7
6—t
t < PN )
1 [e (2 —2) — 222 + 112/
gl(t, {L_) — . ( ) G ,
35 (14 11et)
therefore, we have
1
19'(t, )] <

m”ﬂfﬂm-

Hence, pi(t) = &, po(t) = gﬁ(fT_ltlet),p:a(t) = m7 Ui(r) = r+ 3, ha(r) =
r, ¥3(r) = r, and ||p|| = 55, ¥(r) = r + 5. Now using the condition in (A3) that is

W > 1, we find that 9t > 0.1603. Hence, Theorem |3.3.1| tells that the BVP

(3.4.1) has a solution.

Example(2): Consider the following fractional BVP

(t+6)? 1+[z(2)]

{CDz[ 2(t) — teta(t)]) = e il 4 L [TeT e 0)ds, t € (0,1); (343)
2(0) = § i a/(s)ds, x(1) = Lo(2'(2)). -
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Here, ¢ = %, a = %,f = %, v=1n= % and ¢ is given as 1’ Clearly,
flt,z, Kz) = (t+16)2 1f‘(;()l) + L Kx(t), where Kx(t) = fot e ds and g(t,x) =

(¢, 5,0(s)) — Y(t,s,w(s))| = |es ™ —eswl)

— ||V w
X 5 c1,

1 lv — wll

0, Ko) = fltow, Kol < e @ o @ + ol

1
+ %HKU — K’LUH

1
< 5[l wller + 150 - Kuler]
1

|g(t,v)—g(t,w)\ < §HU—U)H01,
1
g/(t,U) — §€_t(v’—v),
1
(t0) = el < g{I = wl+ o - ull]
2

< §||U —wller.

Therefore L; = 3—16, Ly, = %, Ly = %, L, = %, and we get p; = 0.893 < 1 and

p2 = 0.662 < 1. Hence, by Theorem |3.3.2] we have a unique solution to the BVP
(13.4.3)).
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Chapter 4

Fractional Non-Instantaneous
Impulsive Integro-Differential
Equations with Nonlocal
Conditions

4.1 Introduction

In [95], Herndndez et al. introduced first order non-instantaneous impulsive differen-
tial equations and the concepts of solutions for it. They established the existence of
solutions by the help of compact semigroup and fixed point theorems. Further, Ku-
mar et al. [117] generalized the problem of [95] for fractional order non-instantaneous
impulsive evolution equations. Chen et al. [57] established the existence of mild so-
lutions for first order non-instantaneous impulsive differential equations by using
noncompact semigroup, Kuratowski measure of noncompactness and p-set contrac-
tion mapping fixed point theorem.

Therefore inspired by the above works, we considered the following abstract

integro-differential systems of fractional order with non-instantaneous impulses and

The contents of this chapter are accepted in Arab Journal of Mathematical Sci-
ences as Arshi Meraj, Dwijendra N Pandey: “Existence of mild solutions for fractional
non-instantaneous impulsive integro-differential equations with mnonlocal conditions”, DOI:
10.1016/j.ajmsc.2018.11.002.
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nonlocal conditions in a Banach space X :

“Dis(t) + Ax(t) = f(t,x(t),/o K(t, s)x(s)ds), t € Upto(Sks thta)s
x(t) = vt z(t), te Ui (t, sk,

z(0) +g(z) = o, (4.1.1)

where 0 < ¢ < 1, A is closed linear operator defined on D(A) C X, —A generates an
equicontinuous and uniformly bounded Cj semigroup S(¢)(t > 0) on X, J = [0, al,
0 <tg <ty <...<ty <tn1 :=a,s =0 and s € (tg,trs1) for each k =
1,2,...,m, f and g are X-valued functions defined over J x X x X and PC(J, X)
respectively, ¢ : (g, s] X X — X are non-instantaneous impulsive functions for all
k=1,2,...,m, f belongs to C(D,R") with D := {(7,v) : 0 < v < 7 < a} and
Ty € X.

We conclude this section by summarizing the contents of this chapter. Section 4.2
consists of some basic notations, definitions, preliminary lemmas and assumptions.
Section 4.3 contains the proof of main result without assuming that semigroup is

noncompact. Section 4.4 consists of an example.

4.2 Preliminaries and Assumptions

Suppose that X be a Banach space and PC(J, X) = {v : J — X : v is continuous at ¢ #

tr, v(te—) = v(tr) and v(tgy) exists for all k = 1,2,....m}, which is a Banach space,

we use 6 to denote the zero function in PC(J,X). For each finite constant r > 0,

let B, = {v € PC(J,X) : |[v] < r}. Denote Fu(t) := [y &(t, 0)v(o)do, and let

G* = 21615) /t R(t, 0)do < co. Let M = sup,c; ||S(t)|lpx), note that M > 1. A Cop-
0

semigroup S(t)(t > 0) is called equicontinuous if for every ¢t > 0, the operator S()

is continuous by the operator norm.

Definition 4.2.1. ([117]) A function v € PC(J,X) is known as a mild solution to
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the system (4.1.1)) if v(0) = zg — g(v), v(t) = Y (t,v(t)) for all t € P (tk, sk], and

P(t)(xo — g(v) + [yt — 0) ' R(t — 0) f(0,v(0), Fv(0))do,  t € (0,t];
v(t) =4 P(t— Sk)%(é’k’ s)) + fst t—o0)" IR(t —0)f(0,v(0),Fv(0))do,
te (Sk7tk+1] k‘ = 1 2

Let us introduce the assumptions which are needed to prove our main result :

(H1) The function f(t,-,-) is continuous on X x X for each t € J, and f(-, z,v) is

Lebesgue measurable on J for each (z,v) € X x X.

(H2) For some nondecreasing continuous function 1 : [0,00) — (0,00), and func-

tion ¢ € Li(l], R*) where ¢; € (0, q), the following holds

17z o)l < o@®)w(=l), Vz,yeX;tel

(H3) g is continuous, and
l9(2) — g()|| < a”|lz —vl|, V=z,vePC(]X),
for some constant a* > 0.

(H4) 7 : [ty, si] x X — X are continuous and there exist constants K, >0, k =

1,2,...,m such that
[7e(t, 2) — vt y)l| < Ky llz —yll, Ya,yeX;telt, s

(H5) For any countable sets Dy, Dy C X, assume that
ﬂ(f(t’ Dl’ DQ)) < Lkﬁ(Dl) + Nkﬂ(D2)7 Vit e (skytk+1]7 k= 07 17 27 cee, M,
for some positive constants Ly and Ng, k=0,1,2,...,m.

Let us denote :

K = max K%, K* = max{K, o},
k=12,..,

L= _max (L + NeG*) (trr1 — si)". (4.2.1)
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4.3 Main Result

Theorem 4.3.1. If the semigroup S(t)(t > 0) is equicontinuous, the functions g(0)
and Y (-, 0) are bounded for k = 1,2,...,m, and the assumptions (H1)-(H5) are
satisfied. Then the system ({.1.1)) has a PC- mild solution, provided that

maX{Al, A2} < 1, (431)
where Ay = M(o* + K) and Ay = M (K* + F(z—LH))'

Proof. Let us define an operator F' on PC(J,X) as

(Fx)(t) = (Fiz)(t) + (Fax)(1), (4.3.2)
where
P(t) (w0 — g(x)), t €0, t];
(Fiz)(t) = < Y(t, z(t)), t € (tg,s], k=1,2,...,m, (4.3.3)
P(t — Sk)’}/k(sk,$(8k)), t e (Sk, tk+1], k= 1, 2, o, Mm.
St = 0" R(t = 0)f (0, 7(0), 2(0) )do,
(Fyx)(t) = t € (sp ], k=0,1,2,...,m, (4.3.4)

0, otherwise.

It is easy to see that F'is well defined. From the Definition [4.2.1] one can easily see
that the PC-mild solution of the system (4.1.1)) is a fixed point F.
Let x € By for some R > 0, g3 = ﬁ € (—1,0) and M; = ¢¥(R)||¢||

using Holder inequality and (H2), we obtain

Lﬁ(J,Rﬂ’ by

/0 It — 0 F(o.2(0). (o)) ldo < ( / <t—g>q2dg) TR

L1 (JR+)
My

(I+g2)(1-q1) (4.3.5)
a : 3.
(1 + q2)1*Q1

For our convenience, we divide the proof into following steps :

Step I: We prove that F(Bg) C Bg, for some R > 0.
If this is not true, then for each r > 0, there will exist x,, € B, and t, € J such that

|(Fz,(t,)|| > r. If t, € [0,¢], then by (4.3.2)), (4.3.5)), and (H3) we have
M M,

(@) (14 g2)' o

MM, a(ta)-a) (43 6)
@)1+ )™

q(1te)(1-a1)

1(Fz) (@)l < M([lzoll + a2 = 0 + llg(O)I)) + &

< M+ [lzoll + 9O + ¢
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If t, € (tg,s), k=1,2,...,m, then by (4.3.3) and (H4), we obtain

[(F) (&) [ (Ers 0 (21))
K [le @)+ [t O)
K, r+a, (4.3.7)

NN

—

{SUPH’Yk(ta 9)” If tT € (Skvtk+1]7 k = 1727"'7m7 then by
""" moteJ

[{33), [E35), and (H4) we have
tr

I(Fae) )] < ME,r+a)+M [t —s) [1f(s,2,(s), §ar(s)) | ds

M M,
L)1+ g)t
Combining (4.3.6)), (4.3.7) and (4.3.8]) with the fact r < ||(F'z,)(t,)||, we obtain

< MK, r+a)+ a(Ite)d-a) (4.3.8)

MM, a(1+q2)(17q1)_

r < ||(Fz,)(t.)|| < M(a*r—l—HxOH—i-Hg(@)||)+M(Kr+a)+F<q)(1 T

(4.3.9)
Dividing by 7 to the both sides of (4.3.9) and taking limit » — oo, we get
1< M(o* + K), (4.3.10)

which gives contradiction to (4.3.1)).

Step II: We claim that F : B — Bpg is Lipschitz continuous.
For t € [0,t1] and v, z € Bg, using (4.3.3)) and (H3) we have

[(Fro)(t) — (Fi2)@)]] < Mllg(v) — g(2)|| < Ma*[jv — z|. (4.3.11)
Ift e (te,sx), k=1,2,...,m and v,z € Bg, by (4.3.3) and the assumption (H4),

we obtain
[(Fro)(t) — (Fi2) ()] < K, [lo(t) = 2(@0) ]| < MK|lv — z]. (4.3.12)
For t € (sg,txs1], k=1,2,...,m and v, z € Bg, using (H4), we get

[(F1o)(t) — (F2) (O] < Mllve(sk, v(se)) — ik 2(se)) |

< MKl|v — z]. (4.3.13)
From (4.3.11)), (4.3.12)) and (4.3.13)), we obtain
| Fiv — Fiz|| < MK*||v — z]|. (4.3.14)

Step III: In this step, we prove that F5, is continuous on Bp.
Let {v,,} be a convergent sequence in By with lim,, ., v, = v. Since, f is continuous
with respect to second and third variables, for each p € J, we have

lim (e, va(0), Fvn(0)) = f(o,v(0), Fv(0))- (4.3.15)
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So, we can conclude that

sup || f (0, vn(0), Svn(0)) — flo,v(0),Fv(0))[| =0 as n — oo. (4.3.16)

oeJ

For ¢ € [si,t] and t € (sp, tgr1], K =0,1,2,...,m, by (4.3.15)) and m we get

[(F2vn)(t) = (Fo)@)]| - < /(t—Q)q_le(Q,vn(Q),Svn(Q))

I(q)
—f(0,v(0),Fv(0))l|de
< Foy o (e (). 3. (o) — flono(e)- 5ol
— 0 as n— oo. (4.3.17)
Hence,
| Fov, — Fyv|| = 0 as n — oo, (4.3.18)

which means that F5 is continuous on Bpg.

Step IV: Now, we show {Fyv : v € Bg} is equicontinuous. For any v € Bg and
Sp St< 7T <Lty for k=0,1,2,...,m

[(Fyv) (1) — (Fpo)(@®)]] = | /T(T — 0)"'"R(1 — 0) f(0,v(0), Fv(0))do
- /t(t —0)" 'Rt — 0)f (0, v(0), Fv(0))dol|

N

H / = O R(r — 0)f (0, v(0). Fo(0))dal

+||/ T—0)"t —(t— 0" IR(T — o)
0), 50(0))del

+||/t—gq1 (r— o)~ R(t - 0)

flo,v(0), Sv(e))dol|
= L+1+ 13

where,
L = | / T —0)"'R(1 — 0) f(0,v(0), Fv(0))dol|,
L = | / o) — (t— )" R(r — o) f(0.0(0). Bu(2))del.

I - ||/ (t— )" '[R(r - 0) - R(t — o)) (0, v(2), 0(0))del].
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Now, we only need to check that I, I; and I3 tend to 0 independently of v € Bp
when 7 — t. By (4.3.5)), we have

MM
P(g)(1+g2)'—

For I, by (H2), Lemma Hoélder inequality, and [196], we get that

Y : - q_1ﬁ 1-q1
Bo< g ([le- o= omieran) i,y

I <

(1 —t)IFe)-a) 50 as 7t

/

MM t © ()2 o
< T [10=0m =t griae)
MM 14+q2 1+q2 14+g211—q1
S T+ gm0 (=) = (=
MM

T s e O 20 e Tt

For t = s, I3 = 0. For t > s, and € > 0, by (H2), equicontinuity of S(t), and
Lemma [2.3.2 we estimate

Lo< | / St O R(r — 0) — R(t — 0)]f (0, v(0). Fo(0))del
+H/ (t— )" [R(r — 0) — R(t — )] f(0.v(0). F0(0))de]

< / It — 0" o, 0(0). Bu(@))llde sup [R(r — o) — Rt — o)

[4S [sk 7t_€}

oM [t
T(q) /t_ It = 0)*" (0, v(0), Fv(0))lIdo
My 1+ 14-go\1—
< ———((t— 2 _ a2\1-q1 R(r— R
(1 + qz)lfql (( Sk) € ) QE[SST;E] || (7’ Q) ( Q)H
2M M

te)-a) 0 a5 7 ¢,

As a result, ||(Fyv)(T) — (F2v)(t)|] — 0 independently of v € Bg as 7 — t, hence
{F3(Bg)} is equicontinuous.

Step V: We show that F': Bg — Bpg is a p-set contractive map.

For any bounded set D C Bg, by Lemma [2.4.6, we have a countable set Dy =
{vn} C D such that

B(F2(D)) < 2B8(F(Dy)). (4.3.19)
Since Fy(Dy) C Fy(Bg) is bounded and equicontinuous, by Lemma [2.4.4 we get
BRMD)) = max  BEDW). (43.20)

te[sk,tk+1},k:0,l,2,...,m
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For every t € [sg,trs1], k = 0,1,2,...,m, by the assumption (Hb5), Lemma [2.4.5]
and (4.2.1), we get

sron0) = 5({ [ - 0 R - 00000 Fun(ode

Sk

< % / (0 Ao (0) Funlo) Do
< 1%%/Skﬁf — 0)" ' [LkB(Do(0)) + NiB(FDo(0))]do. (4.3.21)
Meanwhile, we have
B(FDo(0)) < B(FDo) < |IF]18(Do) < G*B(Dg) < G*B(D). (4.3.22)
Therefore,
BR(DOD) < Ty (Lo NGtk = 50)*6(D)
oML
< frnt @ (4.3.23)
From and (4.3.23), we obtain
B(Fx(D)) < Pi]]\iLl)ﬂ(D). (4.3.24)

From Lemma [2.4.3 and (4.3.14), for any bounded set D C Bg,

B(F\(D)) < MK*B(D). (4.3.25)

Therefore, by (4.3.24) and (4.3.25]), we obtain

BF(D)) < BA(D)) + A(F(D))

. 4L B
< M(K e 1))5(0) — A,B(D). (4.3.26)

Now combining (4.3.26|) with (4.3.1]) and Definition we get that F': B — Bp

is a p-set-contractive map with p = A;. Hence, Theorem [2.5.3] implies that F' has a

fixed point in Bpg, hence a PC-mild solution to (4.1.1)). O
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4.4 Example

Consider a partial differential system with non-instantaneous impulses and nonlocal
conditions of fractional order as :
( CD%v(t,y) + 88—;2v(t,y) = ietv (t,y) + fo e *v(s, y)ds,

€ (0,1),t € (0,3] U (3,1;
v(t,0) = UEZ}B) =0, tel0,1]; (4.4.1)
w(ty) = S ve @) te Gk

v(0,9)+ Y —M% y) ==zo(y), y€l0,1].

=

Let X = L?[0,1], zo(y) € Xand Av = v" with D(A) = {v € X : v, v are absolutely continuous
and v" € X,v(0) = v(1) = 0}. By [156], —A is generates an equicontinuous Cj-
semigroup S(t)(t > 0) on X, with ||S(?)|] < 1, forany ¢t > 0. Let a =ty = 1, tg =

so=0,t; = %, 51 = % By putting
U(t) = U(t>')7
00, 500) = e olt )+ [ e ol )
olt).Solt)) = gegavlh )+ | gge ulen)de,
t
1
Su(t) = . 50° ~%v(o,-)do,
e =5 Ju(t, )]
£ u(t)) = )
’71( 7U( )) 4 1+‘U(t,)”
2
11
g(’l)) = ng(;7 )7
=1

the parabolic partial differential equation (4.4.1) can be transformed into the ab-
stract form (4.1.1) for m = 1. Observe that the assumptions (H1)-(H5) and condi-

tion (1.3.1) hold with

1 1 et 1
—— M=1 — —
q 27 7¢() 251+ t+507,¢)(7’.) T’
4 1
o= K=Ky = L=002, A =069 <1, Ay =053 < 1.

Therefore, Theorem is applicable, so the system (4.4.1]) has a PC-mild solution.
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Chapter 5

Approximate Controllability of
Nonlocal Non-Instantaneous
Impulsive Integro-Differential
Equations of Fractional Order

5.1 Introduction

Controllability is one of the most important issue in mathematical control theory and
engineering. The problem of controllability for various kinds of differential, integro-
differential equations and impulsive differential equations are studied. In case of
controllability, the literature on abstract impulsive differential equations consists
of problems involving instantaneous impulses. In [23], Balasubramaniam studied
the approximate controllability of impulsive integro-differential system of fractional
order having nonlocal conditions, by assuming the compactness of impulsive and
nonlocal functions in a Hilbert space. Zhang [198] considered fractional impulsive
integro-differential equations in a Hilbert space to study the approximate control-

lability. Dong et al. [84] also considered fractional impulsive evolution equations

The contents of this chapter are accepted in Journal of Fractional Calculus and Appli-
cations as Arshi Meraj, Dwijendra N Pandey: “Approximate controllability of fractional integro-
differential evolution equations with nonlocal and non-instantaneous impulsive conditions”.

93
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having nonlocal conditions, and studied the approximate controllability via approx-
imate technique.
This chapter deals with the approximate controllability of a certain class of ab-

stract fractional evolution equations of the form :

“Dig(t) = Ax(t)+ f(t,z(t), Ho(t)) + Bu(t), t € Uro(sk, trsl,
l’(t) = rYk(ta x(t))v te U;cn:1<tk7 Sk]v

2(0) +g(z) = o, (5.1.1)

where 0 < ¢ < 1, J = [0,b], the variable z assumes values in a reflexive sep-
arable Banach space X, A is linear closed operator defined on D(A) C X, and
generates a Cy semigroup S(¢)(t > 0) on X, u € L*(J,U) is control function,
B is X-valued bounded linear operator defined on U, which is a Banach space.
0 <t <ty<...<ty <tm1: =05 =0, s € (th,tgs1); k=1,2,....m, f
and ¢ are given X-valued functions defined on J x X x X and PC(J,X) respec-
tively, v : (tg, sk] X X — X are non-instantaneous impulsive functions for all
k=1,2,....,m, Hx(t) := f(f h(t,0,2(0))do, h : D x X — X is continuous func-
tion where D := {(7,v) : 0 < v < 7 < b} and zy € X.

To the best of our knowledge, there is no work yet reported on the approximate
controllability of fractional non-instantaneous impulsive integro-differential equa-
tions. Therefore inspired by this fact, we consider the system to investigate
the approximate controllability via Kuratowski measure of noncompactness and p-
set contraction mapping fixed point theorem without assuming the compactness
condition on impulsive and nonlocal functions.

The remaining part of the chapter is arranged as following: Section 5.2 consists
of basic definitions, notations and theorems. Section 5.3 concerns with the main

results. Finally, section 5.4 deals with an example to illustrate our results.
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5.2 Preliminaries and Assumptions

Let X be a separable reflexive Banach space, and PC(J,X) = {v : J — X :
v is continuous at t # ty, v(tx_) = v(ty) and v(tgy) exists for all k = 1,2,....m},
which is a complete normed space with supremum norm. Let B, = {v € PC(J,X) :
|lv]] < r}(r > 0), we use 0 to denote the zero function in PC(J,X). Let M =
supye s [|S(t)[|B(x), note that M > 1.

Definition 5.2.1. ([117]) A function v € PC(J,X) is known as a mild solution of

the problem (5.1.1) if for any w € L*(J,U), v satisfies v(0) = xo — g(v), v(t) =
Ye(t,v(t)) for all t € UP (t, sk], and

P(t)(x0 — 9(v)) + [yt — Q)" R(t — 0)[f (0, v(0), Hv(0))
+Bu(p)]do, t € (0 tl]

g(v)

v(t) = )
Pt — si)m(se, v(se) + [ (= )7 "R(t — 0)[f (0, v(0), Hv(0))

)

+Bu(o)|do, t € UL I(Skutk—l-l]

(5.2.1)

Let 2°(xg,u) be the value of state at time b for the initial value o and control
u. Denote R(b,r9) = {2°(z¢,u) : u € L?(J,U)}, which is reachable set for ((5.1.1)
at time b.

Definition 5.2.2. ([132]) If R(b, o) = X, the system (5.1.1)) is called approzimately
controllable on J.

Now, consider the linear control system of fractional order
“Diz(t) = Ax(t)+ Bu(t), teJ,

z(0) = . (5.2.2)

The controllability and resolvent operators associated with linear system (/5.2.2))

are mentioned below :

b
s = /O (b—0) " 'R(b— 0)BB*R*(b — 0)do, (5.2.3)

RI\TY) = (M +T5)7H A>0, (5.2.4)

respectively, where (-)* denotes the adjoint operator of (). Observe that the operator

' is linear and bounded. Now, we state the following hypothesis :
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(HO) AR(A\,T%) — 0 as A — 0T in the strong operator topology.

Theorem 5.2.1. ([131]) Let Z is a reflexive separable complete norm space and Z*
denotes dual space of Z, I : Z* — 7 is a symmetric map. Then the statements given
below are equivalent :

(i) T is positive map, which means (v*,I'v*) > 0 for all nonzero v* € Z*.

(ii) MM +I'J) "' (v) converges to zero strongly as X\ — 0%, Yv € Z, here J is the
duality map from 7. — 7.*.

Lemma 5.2.2. ([132]) The linear control system (5.2.2) is approzimately control-
lable on J iff (HO) satisfies.

Proof. The system (5.2.2)) is approximately controllable on J iff (v,I'jv) > 0, for
each nonzero v € X (see Theorem 4.1.7 of [62]), so the lemma is straightforward
consequence of Theorem 5.2.1] O

Remark 5.2.3. Notice that the system ((5.2.2)) is approximately controllable on J iff
(v,Thv) = fob(b— 0)7 | B*R*(b— o)v||*do > 0, for all nonzero v € X, this is further
equivalent to B*R*(b—p)v=0,0< o< b= v =0.

Now, let us state the basic assumptions which are useful to prove our main results:
(H1) S(t)(t > 0) is a compact semigroup.

(H2) The function f(¢,-,-) is continuous on X x X, for every fixed ¢ € J, and

f(+,v, z) is Lebesgue measurable on J, for all (v,z) € X x X.

(H3) There exist a nondecreasing continuous function ¢ from R* to R*, a constant

0 < g1 < q, and a function ¢ € Li(J, R™) satisfying
17,0 2 < o@)((ol]), Vv, zeX;te
(H4) The function g is continuous and

lg(v) =g <eflv—=zll, Vv, zePC(J,X),

for some constant o > 0.
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(H5) ~; are continuous and
||’7k(tav> - ’Yk(t,Z)H < K%HU - ZH’ Vo, zeX;te [tk‘ask]a
for some constants K,, >0, k=1,2,...,m.

For our convenience, we use the following notations :

K = ,nax K, , Ky=max{K,a}, Mg:=|B|,
— bIM?(Mp)? q—1
M = —, = € (—1,0), M, =
q)\(r(q))z az 1— ¢ ( ) 1= ( )H¢Hqu (JR+
M, = MM, e -a), (5.2.5)

F(g)(1+ )
For any v € PC(J, X), we choose the control function for the nonlinear system (|5.1.1])

as given below :

u(t) = ur(t,v) = B*R*(b—t)R(\, T)p(v), (5.2.6)

2 — P(b)(wo — g(v)) — J5(b— 0)T ' R(b — o) f(0,v(0), Hv(0))do, t € (0,t],
p(v) = 2 =P = si)nlsr v(se) = [ (b= o) "R(b = 0) f(0,v(0), Ho(0))do,
t e Uzlzl(sk, tk+1].

By using the control function (5.2.6), for any A > 0 define the operator F\ on
PC(J,X) as following :

(Faw)(t) = (Dr0)(£) + (D) (1), (5.2.7)
where
P(t)(xo - g(v)), te [07t1]7
(Pr0)(t) = w(t, v(t)), t € Ul (tr skl (5.2.8)

P(t - Sk)’)/k(Sk-,/U(Sk)), te U;anl(sk'ytk-ﬁ-l]a

Ji(t =)' R(t - 0)[f (0, v(0), Hu(0)) + Bux(e,v)]de,
(Pav)(t) = t € Upto(Sks trral, (5.2.9)

0, otherwise.
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5.3 Main Results

5.3.1 Existence of mild solutions

Theorem 5.3.1. Let the hypotheses (H1)-(H5) are satisfied, the functions g(0) and
V(- 0) are bounded for k = 1,2,...,m. Then the system (5.1.1)) has a PC- mild

solution, provided that
p=MK; <1. (5.3.1)

Proof. First let us observe that, for v € Bg (R > 0) with the help of (H3) and
Holder inequality, we have

/0 It = 0" f (o, v(0). Ho(@))lde < ( / <t—@>q2dg) BN

LT (JRT)
M,

(1 " )1—q1 pitaz)(1—a1) (5.3.2)
q2

We divide the proof into following steps :

Step 1: For any A > 0, we want to show that there exists a constant R = R(\) > 0,
satisfying F\(Bgr) C Bg. Let v € B, for any positive constant r. If ¢ € [0, ], then

by using (5.2.6) and (/5.3.2)), we have

ur(tv) = B*R*(b—t)R(A,r3>[xb—7><b><xo—g(v))

- / (b— o) "R(b— g)f(g,v<ng<@>>dg]

ol < Spe [”‘"”b“ + M([lzo]) + allo — 6] + [l9(6) ) +Mb]
MMpg
S AT (q) [beH + M(ar + ||zol| + [[g(O)]) + Mb], (5.3.3)

and from , , we obtain
(Bo)(O) = Plt)an o)+ [ (6= 0" "Rt = 0)f(e.v(0) Hulo)do
+/0 (t — o) 'R(t — 0)Bux(p,v)do

()@ < M(ar + [lzoll + [[g(O)]]) + My + /Ot(t — )" HIR(t = o)

[ Bun(0,v)||do

M (ar + [[zoll + [lg(O)]]) + M,

bIM2(Mp)?
gA(T'(q))?

N

[beu T Mar + ool + 9@ + M|, (5.3.4)
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For t € (ty, sk]; k=1,2,...,m, then by (5.2.7) and (H5), we estimate

[(Fxo) (@] 7k (t, v(E)]
< Ko@)+ [l 0)]]
< Kr+a* < M(Kr+a*), (5.3.5)

{sup || (t,0)||}. Ift € (s, tgra); K =1,2,...,m then (5.2.6),
77777 m e
(5.2.7) and (5.3.2)) yield the following estimations

st ol < Spee [l + 0 a4 00), 530)
. bIM?*(Mp)?
(BoXO < MKr+a7)+ My + )
{beu + M(Kr+a*) +Mb]. (5.3.7)

Combining (5.3.4), (5.3.5) and (5.3.7)), we obtain

I(Fx0)@)|] < My + M(Kr+a*) + M(ar + ||zo]| + [|g(0)]]) + MM (Kr + o*)
—l—M{beH + M(ar + ||zo|| + [|g(9)]) + Mb} . (5.3.8)

Then, we get that for large enough R > 0, F\(Bg) C Bg holds.

Step 2: We show that ®, : B — Bp is Lipschitz continuous. Let v,z € Bpg, for

t € [0.1], using (FZ8) and (H4)
[(@rv)(E) = (Pa2) ()] < Mllg(v) — g(2)[| < Mallv—z|, (5.3.9)
for t € (tg,sk], k=1,2,...,m, by (5.2.8)) and the assumption (H5)
[(@a0)(t) = (Pa2) (D) < K, [[v(t) — 2(8)]] < MK|lv — 2], (5.3.10)
for t € (sg,tgy1], K =1,2,...,m, using (H5), we have

[(@rv)(t) — (PAz) (D) < Mll(sk, v(sk)) — (ks 2(s2)) |
< MEK|o—z|. (5.3.11)

From (5.3.9)), (5.3.10)) and (5.3.11]), we obtain

|Prv — Poz|| < MK;y||v— z]|. (5.3.12)

Step 3: Let {v,} be a sequence in By such that lim,_, v, = v in Bg. Since, f is
continuous with respect to second and third variables, for each ¢ € J, we have

Tim_ f(e, vn(0), Hon(0)) = f(e,v(0), Ho(e)). (5.3.13)
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So, we can conclude that

sup || (0, vn(0), Hun(0)) — f(o,v(0), Hv(0))|| = 0 as n — oco. (5.3.14)

o€J

For t € (s, tkt1] , (H5) and (5.3.14) yield the following

Ip(vn) = p()I < Ml (s, vnlsk)) = e (5K, vsr)) |

b
*%) / (b= o) [1f (0, val0), Hun(0)) — F(o.v(0), Hol0))|do

< Ml on(s1) — w50 0(s))]
+% sp /(0.3 ). o ) = S o:0(0) Hol)|
— 0 as n — oo. (5.3.15)

Therefore, (5.2.6) and (5.3.15]) imply that

[ur(0,vn) —ur(o,v)| >0 as n— oo, (5.3.16)

also (5.2.9)), (5.3.14)) and ([5.3.16)) yield

1@xen)(t) — @)D < % / :<t 017 (2, val0). Hunl2))

—f(o,v(0), Hv(0))||do
+% / (= 0 Bl 1) 0. v) o

Mb1
< su ,Un(0), Hop — ,v(0), Hv
Tl +1) QEIJDIIf(Q (0), Hun(0)) — f(o, v(e), Hu(o))
bIM Mp
+ yUn) )
g1 1) b lluale:vn) = uale vl
— 0 as n— oo, (5.3.17)

which means that ®, is continuous in Bpg.

Step 4: We claim that a\ : Bgp — Bpg is compact, this result will be proved by
using Arzela-Ascoli theorem. For this we need to prove :

(i): For any t € J, the set {(P\v)(t) : v € Bg} is relatively compact in X. For
t & (sk,ter1], E=0,1,2,...,m, obviously the set {(C/}i\v)(zﬁ) : v € Br} = {0} which
is compact in X. Let t € (sy,tgr1], & = 0,1,2,...,m be fixed. For any e € (sy,t)
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— ’5 .
and 6 > 0, we define an operator (IDAs on Bg as following :

—~e,0

@ 00 = o f h / Tt — o) (@)S((t — 0)') [ (o, v(0). Ho(o))
+Buy(0,v)]|dwdp
= S(99) /ta/ w(t — 0)1 ', ()S((t — 0)%w — £%6)

[f (o, (0)) + Bux(o,v)]dwdo
- 5(sq5>( )

Since y(t,e) is bounded on Br and S(c%9)(% > 0) is compact on X, we conclude
—~e,0
that the set {(P) v)(t) : v € B,} is relatively compact in X. Now, observe that

//wt—e“%(w S((t - 0)')
0), Hv(e)) + Bux (o, v)|dwdp

(
// B(t — o)W, (2)S((t — o))
Ho(0)) + Bux(o, v)]dwdo

// ot — o) Uy (@)S (¢ — ')

[F(0,v(0). Holg)) + Busle, v>dedQH

/Sk/w 0)1 1, ()S((t — o)1)

Hu(0)) + Bux(e, v)|dwde

// o{t — o)W (@)S((t — o))

F(o,o(0). Holo)) + Buse. v)]dwd@H
q(I1 + 1), (5.3.18)

—~e,0

[(@x0)(t) = (@1 “0)(B)]] =

N

where

L= | / / w(t — 07Uy (@)S((t — 0)')[f(, v(0), Ho(0))

+Buy(0,v)]dwdpl],

L = | / / 0, (@)S((t - 0)'m)[f (0, v(0), Holo))

+Buy (o, v)]dwwdo||.
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Now, by (5.3.2)) and (5.3.6) we have

«M(/ﬁwWAWMW)L/%ﬁ—m“Wf@w@%HMwNW@+Mﬂww%-

Sk

(/ w\If dw) {—Ml p(1+a2)(1—q1)
(1+ gt

S b
+ﬁTTMH+MmHm»+M%] (5:3.19)

Stmilarly using Remark we can obtain

> Ml _ M(MB)2
L, < M L d 1 Ota)(-q) o
2 (/5 w q(w) ?IJ) {(1 +QQ)1_‘11€ )\F(q)

HMW+AﬂK¢+a)+AMj]

M [ M, 6(1+Q2)(1—(I1) + M(MB)2
N(g+1) [(1+g) Al'(q)
q
MM+MM+M+MQ} (5.3.20)

Therefore by (5.3.18), (5.3.19), and (5.3.20) we conclude that

1(@r0)(t) — (Bx ) (B)| =0 as &—50,6 0.

This implies that the set {(®v)(t) : v € Bg} is relatively compact in X for t €
(Sk,tk+1], k= 0, 1, 2, .o,
(i1): The family of functions {® v : v € Bgr} is equicontinuous. For any v € Bpg



63

and s, <tV <t" <ty fork=0,1,2,...,m, we have

—

(@) — @) < ‘ / <t"—g>q1R<t”—g)f(g,v@),w@))dgH

+\ / "~ TR~ ) Busle v)d@H
+‘ /S:/[(t” — o) = (' = )" JR(t" — o)

f(w(g)ﬂv(g))dgH

+’ /S:I[(t” o) = (' = )" IR(" — 0)
B (2,00
+’ /S:I(t/ —0)" ' R(" = 0) = R(t' - 0)]

f<@,v<g>,Hv<g>>dgH

+’ /S:/(t' —0)" ' [R(" — 0) = R(t' — 0)]

i

= Ji+ S+ I3+ I+ J5 + Jg,

Now, we only need to check that Jy, Js, J3, Js, J5 and Jg tends to 0 independently of
v € Bg when t" — t'. By (5.3.2)), we have

N < MM ___ o pyea)i-a) 0 g5 ¢ S ¢
D(q)(1+ gp)t— |
MM

Jy < Bt —tYlur| =0 as " — 1.

I(g+1)
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By (H3), Lemma and Holder inequality, we get that

J < M (/tl[(t// )q—l (t/ )q—l]#d )1(111/](R)||¢||
X T/ N — — — 1-q1 1
’ L(g) \ Js, ¢ ¢ ¢ LT (JR)
oo o)™
S Ty [(t' =) — (1" — 0)"]do
L(q) \ /s,
M, M
< ¢ g )t (¢ g e _ (¢ _ phte]l-a
T 4 gyl o) TP 4 (=) = (= )]
M, M
< " —)Ire)=a) g g5 "t
PETAEETAE
and
MMpg
Ji < o= |[(t" —sp)' = (' —s) " — (t" = t')" — 0 t" =t
! T(q+1) {( si) = (0= s1)" = ( )]”U/\H as

For t' = sy, it is easy to see that Js = 0. For t' > s and € > 0 (small enough), by
Lemma and (H3), we obtain

t'—e

Js < | (' — o) '[R(t" — 0) = R(t' — 0)] f (0, v(0), Hv(0))dol|

[ =0 R 0 = RI = o)l (e 0(0). Hul0)dl

N

/ It — 0" f(0, v(a), Ho(e))|lde

Sk

sup  [[R(t" — 0) = R(t' = 0|

QG[S,wt/fE]
oM [V ~
i [ I = 0l vl) (o)) g
t'—e
< G (s -y
g2 !
[Sug | IR(" — o) = R(t' — o)
o€ [k, t'—€
i )(Zf\ilM)l_ql cIte)-a) g 45 ¢ t', e—0,
q q2
simalarly
Mp / q q " /
Jo < —[(t' —sp)! = elual] sup R — o) —R(t' — o)
q 0E€[sk,t'—€]
2MM
F(—_i_]f)eqﬂu,\“ —0 as t"—t,e—0.
q

So, ||(¢f;;v)(t”)—(<f};\v)(t’)|| — 0 independently of v € Br ast” — t', hence {@(BR)}

—~

15 equicontinuous. So, ®y is compact on Br by Arzela-Ascoli theorem.
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Step 5: We show that Fy is p-set contractive map. For any bounded set D C Bp,
by Lemma we have a countable set Dy = {v,} C D such that

B(®A(D)) < 28(®(Dy)).

Since EE;\(D()) C @\(BR) is bounded and equicontinuous, by Lemma we obtain

B(@A(Dy)) = max B(®@A(Dy)(t))-

te[8k,tk+1],k:0,1,2,...,m

By Proposition M(z) and Step 4izi we have B( Dy)(t)) = 0 for allt € J,

therefore B(®A(D)) = 0. From (5.3.12) and Lemma .2.4.3 we know that for any
bounded set D C Bp

B(@,(D)) < MK, 8(D).
Thus, by Proposition [2.4.2)(it)

BFA\(D)) < B(®x(D)) + B(BA(D))
< MK B(D) = pB(D). (5.3.21)

Now combining (5.3.21)) with (5.3.1) and Definition we conclude that F) :
Br — Bpg is a p-set-contractive map with p = MK,. Hence from Theorem

it follows that there exists a fized point of F\ in Bg, hence a PC-mild solution of
(5.1.1)). O]

5.3.2 Approximate controllability

Theorem 5.3.2. Assume that the assumptions (H0)-(H5) are satisfied. Moreover,
assume that the functions f, g, v (k = 1,2,...,m) are uniformly bounded by positive
constants L1, Ly and Ny(k =1,2,...,m). Then, the system 18 approximately
controllable on J.

Proof. Let x) be a mild solution of the problem (|5 under the control
ux(t,zy) = B*R* (b — t)R(A, Tg)p(x),
and satisfies the equality
z(b) = 2° — AR\, TH)p(z), (5.3.22)
where

—P) (o — g(2)) — Ji (b — )" R(b — 0)f (0, 21(0), Hxx(0))do,
t € (0, tl]
— P(b— si)m(se, 2alsw) — [2.(b— )T R(b— o)

(97 J/’)\(Q) 'HZL')\( ))dQ7 le U;cnzl(skvtk-i-l]'

p(il?,\) =
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Since, P(t)(t > 0) is compact, and g is uniformly bounded, we see that there exists
a subsequence of {P(b)g(xy,) : A > 0}, still denoted by it, converges to some z, € X
as A — 0. Similarly there exists a subsequence of {P(b— sg)Vk(sk, zA(sk)) = A > 0},
still denoted by it, converges to some z,, € X as A — 0. Since f is uniformly
bounded, we have

b
| 1sento) s Pde < 2
0
Hence the sequence f(-, zx(-), Hzx(+)) is bounded in L?(J,X). Then there exists a

subsequence of {f(-,z(+), HxA(+)) : A > 0}, still denoted by it, converges weakly
to some f(-) € L?(J,X). Define

L] @ = PO)w) + 2, — [{0— 0" RO~ 0)f(e)de, t € (0,t];
2~ — [o (b= 0)" 'R0~ 0)f(0)do t e UL (s, trra].

It follows that for t € (0,¢;] and t € (sp, tpy1], k= 1,2,...,m,
Ip(zy) —w|| =0 as X —0F, (5.3.23)

because of compactness of the operator (see [166])

) = / YITIR(- — 0)l(0)do : L*(J,X) — C(J,X).

Then, from ({5.3.22)), (5.3.23)), and (H0), we obtain

lza(0) = 2" < AR T)p(z) |
< RROASTOw] + AR T [ lp(2a) —
< AR THw]| + |Ip(xy) —w| — 0as A — 0.
It concludes that the system ({5.1.1)) is approximately controllable on J. O

5.4 Example

Consider a control system as following :

( ra et Doty L [t 1o lo(ew)l
“Dio(t,y) = Fro(t.y) +ult,y) + g5 e i + s e Ty de:
€ (0,1),t € (0,35] U (3,1],
v(t,0) =v(t,1) =0, te€]l0,1]

’ (5.4.1)

=5 o,
v(t,y) = 43%, ye(01),te (3,

Y)
v(0.y) +Z311+v

0 zo(y), y€[0,1],
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where X = U = L?(0,1], J = [0, 1], zo(y) € X. Define Av = v” with

D(A) = {v € X: v,v  are absolutely continuous and v” € X,v(0) = v(1) = 0}.

Then
Av = Z —n? < v, > n, vE D(A), (5.4.2)
n=1
where ¥, (y) = \/gsin(ny), 0<y<1n=12... and A is generator of a

compact semigroup S(t)(t > 0) on X, and
St = e <v,, > 1, vEX, (5.4.3)

with |S(#)]] < 1, for any t > OLetb—tQ—ltO—SO—Otl—% 1:§. Put
v(t) = v(t,-), means v(t)(y) = v(t,y), t,y € [0,1]. Let u(t) = u(t,-) is continuous,
and Bu(t) = u(t,-). Further

1 et ot "1, Jule)l
f(tv(t), Ho(?)) 251 +etl+ |v(t,-)] + 0 %6 1+ |v(o, )| &,
Ho(t) = t 1 e _lole)]

— 40,
6_(t_%) |U(t7 >|

nto®) = —; 1+ Ju(t, )|’
2 1 v 17)
10 = D F Ty

Then the system ([5.4.1]) can be rewritten into the abstract form of (5.1.1)) for m = 1.
Easily we can verify that the assumptions (H1)-(H5) as well as condition (5.3.1)

hold with
1 1 e*t 1
4 1 4
K =-<1
I A R
Also f, g and ~; are uniformly bounded with L; = 50, Ly =3, 4 N, = %1 respectively.

Moreover, (H 0) also holds based on the argument in [132]. Thus by Theorem [5.3.2]

the system (5 is approximately controllable.
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Chapter 6

Fractional Evolution Equations
with Deformable Fractional
Derivative

6.1 Introduction

There are several generalization of the notions of derivative to fractional deriva-
tive so far, however only few of them become popular namely Riemann-Liouville,
Caputo, Caputo-Fabrizio , Hilfer (Riemann-Liouville generalized), and Hadamard
fractional derivatives. These definitions of fractional derivatives are based on inte-
gral form. Khalil [T12], first introduced limit based definition of fractional derivative,
and named it conformable fractional derivative, which looks a generalization of clas-
sical derivative and satisfies the classical properties that is linearity, product rule,
quotient rule, Rolle’s theorem, and mean value theorem. However this definition
lacks to include zero and negative numbers. In [205], another limit based definition
of fractional derivative is introduced by the authors and named as deformable frac-

tional derivative, which is simpler than conformable fractional derivative and ranges

The contents of this chapter are accepted in Journal of Nonlinear Evolution Equations
and Applications as Arshi Meraj, Dwijendra N Pandey: “Existence and uniqueness of mild solu-
tion and approximate controllability of fractional evolution equations with deformable fractional
derivative”.
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over a wide class of functions, and also satisfies the classical properties.
Motivated by the fact that there is no work yet available on deformable fractional
differential equations, in this chapter, first we discuss the existence and uniqueness

of mild solution for the following fractional system

D%x(t) = Ax(t)+ f(t,z(t)), teJ,

z(0) = . (6.1.1)

In recent years, controllability of various fractional differential equations, fractional
integro-differential equations, fractional impulsive evolution equations has been stud-
ied where the fractional derivative is taken as either Caputo, Riemann-Liouville or
Hilfer sense. However the controllability of fractional differential equations with
local fractional derivative is still untreated topic. Motivated by this fact, next we
establish the sufficient conditions for the approximate controllability of the following

abstract deformable control system

D%x(t) = Ax(t)+ f(t,x(t)) + Bu(t), te€J,

z(0) = o, (6.1.2)

where D* denotes the deformable fractional derivative with order o € (0, 1) which is
introduced by Zulfeqarr et. al. [205]. The operator A defined from D(A) C X to X
generates a C semigroup S(¢)(¢ > 0) on a Banach space X, zy € X, J =[0,b], b > 0
is a constant, u € L*(J,U), B : U — X is a bounded linear operator, U is a Hilbert
space, and f : J x X — X be a given function satisfying certain assumptions.

The remaining part of the chapter is organized as following: Section 6.2 contains
some basic notations, definitions and theorems. Section 6.3 is further subdivided
into two subsections. In first part, we will obtain the expression for mild solutions
for the system and discuss the sufficient conditions for the existence and
uniqueness of mild solution. In second part, we will prove that the system

is approximately controllable on J. Finally, in section 6.4, we will present some
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examples to illustrate our results.

6.2 Preliminaries

Now, we recall definition of deformable fractional derivative, its fractional integral
and some theorems, which are needed to prove our results. For more details regard-
ing deformable fractional derivative, we refer [205].

Definition 6.2.1. The deformable fractional derivative of order a for a function
f:(a,b) = R is given as
1 _
D 1) — tig (L DS+ c0) = ()

e—0 €

where a +v=1,0< a < 1.
Remark 6.2.1. Ifa =0, Df(t) = f(t), and if « =1, Df(t) = f'(t).

Definition 6.2.2. The a-fractional integral of a continuous function f on [a,b] is
defined as

1 - t
ITf(t) = aeojt/ e=*f(s)ds, where a+~ =1, a € (0,1].

Theorem 6.2.2. A differentiable function f at a point t € (a,b) is always «-
differentiable at that point for any . Moreover,

DEf(t) =7 f(t) + aDf(t),
where Df(t) = 4 f(t).

Theorem 6.2.3. Let a function f is defined on (a,b), then f is a-differentiable for
any o € (0,1] if and only if f is differentiable

Theorem 6.2.4. The operators D and [* posses the following properties
(i) D*(af +bg) = aD*f +bD%g. (Linearity)
(i) D¥.D* = D* .D* . (Commutativity)
(iii) D*k = ~vk, where k is a constant.
(iv) D*(f.g) = (D*f).g + af.Dyg.
(v) I3(bf +cg) =bISf + cllg. (Linearity)

(vi) IS I8 = [22]2 . (Commutativity)



72

Theorem 6.2.5. (Inverse Property) If f is a function defined on [a,b] and is con-
tinuous also, then 1 f is a-differentiable in (a,b). In fact, we have

DUIZ () = f(1).

Conversely, suppose g is a continuous anti-c-derivative of f over (a,b), that is
g=D*f, then

o

I3 (Df(1) = I3 (g(1)) = f(t) — =" f(a).

6.3 Main Results
6.3.1 Existence and uniqueness

Let C(J,X) be the Banach space of all continuous maps from J to X with supremum
norm. Denote M = sup,c; ||S(t)||sx), note that M > 1.
Lemma 6.3.1. Let A generates a Cy-semigroup S(t)(t = 0) on X, then

DeS(t)x = (vI + aA)S(t)x, = € D(A).

Proof. By [156], we know that S(t)z € D(A) and £8(t)z = AS(t)z = S(t) Az, for
z € D(A). Now using Theorem [6.2.2] we get

DeS(t)x = 78(t)x+ai8(t)a:

dt
= S(t)r + aAS(t)x
= (I +aA)S(t)z.
O
Consider the following linear deformable fractional Cauchy problem
D%x(t) = Ax(t), teJ,
z(0) = x. (6.3.1)

Definition 6.3.1. A function v is called solution to the problem (6.3.1)), if the
following hold

(i) ve C(J,X), and v(t) € D(A) for allt € J,
(i) D*v ezists and continuous on J,

(iii) v satisfies (6.3.1)).
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Theorem 6.3.2. Let A be infinitesimal generator of a Cy-semigroup S(t)(t = 0).
If zo € D(A), then e 'S(L)xg is a solution to the problem (6.3.1)).

1
o'

Proof. Let z(t) = e%tS(é)mo. Since zp € D(A), z(t) is differentiable. Now using
Lemma Theorem and Theorem we get

Dz(t) = {(Do‘egt)S(é) + aea”%é’(é)} T

= [T o TheTS ) + Ao

t
o} o}

- t
= AG%tS(E)iUO
= Ax(t).
O
Now, we consider the inhomogeneous initial value problem
Dx(t) = Ax(t)+ f(t), teJ
z(0) = =, (6.3.2)

where A generates a Cy-semigroup, zp € X, and f : J — X be a suitable function.

Theorem 6.3.3. Let x is a solution to the problem (6.3.2) and f € L'(J,X), then

x satisfies t
ot 1 Y t—
o(t) = eSS(D)y + e / e08(——2)f(o)do

Proof. Since z be a solution of the problem ([6.3.2)), so we have

D%x(t) = Ax(t) + f(t). (6.3.3)
Also by Theorem [6.2.2] we know

Dx(t) = ya(t) + ax'(t). (6.3.4)
From and easily we can conclude that

#(t) = S[(A —yD)a(t) + 71 (6.3.5)

Let h(0) = S(=2)z(0), 0 < 0 < t, since z(0) € D(A) therefore h is differentiable
and hence a-differentiable by Theorem [6.2.2l Now using Theorem [6.2.4] Lemma
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6.3.1, and (6.3.5) we get

Do) = (08 Jato) + oS0

= s +ags (SO eto) + ST - 2Dt0) + Flo)

= |82 - asZh ot + A5 a(0) - 25 et

(0%

+8(E=9) (o)

«

— sE=9 0. (6.3.6)

«

By Theorem we obtain

I“(Dh(t)) = h(t) —e=th(0)
é)xo. (6.3.7)

Since f € L'(J,X), so S(*=2) f(o) is integrable. Integrating (6.3.6)

T

P(Dh(t)) = 2o = /0 Cetes(L0) f(0)do. (6.3.8)

« (0%

From (6.3.7)) and (6.3.8]), we obtain

o(t) = =S (Lyro + e / e225(L=2) f(0)do.
0

«

]

Theorem 6.3.4. Let A generates a Cy-semigroup S(t) and f € C(J,X). If f(o) €
D(A) for 0 < o <t and Af(o) € L*(J,X), then for every xo € D(A) the function
x:J — X defined by

(t) =e?’*8(3>a:o+le?t /0 e2e8(1=9) f(0)do, (6.3.9)

(0% (0% (07

is a solution to the problem (6.3.2]).

Proof. Let u(t) = e='S(L)xo and v(t) = Le= [ eaeS(=2) f(0)do, therefore x(t)
given in (6.3.9)) is rewritten as z(¢) = u(t) + v(t). Since zo € D(A), u(t) is differen-
tiable and by Theorem we know D%u(t) = Au(t). From the assumptions it is
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easy to conclude that v(t) is differentiable, and

0 = L e | tea@S( oo+ e [ s oo
= e [ paer te] [ ls e
et t)]
e / 05(" ) floydo + e { /Ote”%AsﬁTQ)f(g)dg
+eltf(t)]
= e [ e+ AT [ s o+ (0
— é(—w(tnAv(tHf(t))- (6.3.10)

Now, by Theorem [6.2.9] and we get
Dou(t) = yu(t) + av'(t)
= u(t)+ (=000 + Au(t) + 100))
— Ao(t) + f(). (6.3.11)
So,

D%x(t) = D%u(t) + Dv(t)
Au(t) + Av(t) + f(t)
= Ax(t)+ f(t), (6.3.12)

also, z(0) = u(0) + v(0) = zo. Thus z(t) given by (6.3.9)) is a solution to inhomoge-
neous problem (6.3.2)). O

Now, we will study the semilinear initial value problem (6.1.1]).

Definition 6.3.2. A continuous solution of the following integral equation

vyt 1 -, [ t—
ot) = e S(Dpan + et [ edeS(—2) fle.a(e)de, (63,13
a « 0 a
is named as mild solution to the problem (6.1.1).

Now, we state the basic assumptions required to prove the main result :
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(HA) A generates a Cy-semigroup of bounded linear operators S(¢)(t > 0) on X.

(Hf) The function f from J x X to X is continuous and satisfies

(8 0) = f(t, )l < Lllo = 2], Vv, zeX,

for some positive constant L.

Theorem 6.3.5. Let the hypotheses (HA) and (Hf) are satisfied, then for every
xo € X, the system 1} has a unique mild solution, provided that % < 1.

Proof. Let us define a map F: C(J,X) — C(J,X) as

(Fo)(t) = =8 ( D)o + e / e2es(" ) (o, 2(0))do, te U

o
Let z, v € C(J,X), it follows readily by the definition of F'

IF0 - Foll < e [ DS =0 - Felelde

ML -, [ [t 4
( / ea@dg)nz—vn
« 0

ML [ -
= —eat{eat—l]Hz—vH
fy

ML .
= — [1 - eat} |z — v
fy

ML
— Mz =]l
gl

N
l
Q

N

Hence, F' is contraction map. Banach contraction fixed point theorem implies that
F' has a unique fixed point x € C'(J, X), hence a unique mild solution to the system
(6.1.1).

O

6.3.2 Approximate controllability

Throughout this subsection, we consider X is a Hilbert space.

Definition 6.3.3. A function v € C(J,X) is known as a mild solution of (6.1.2)), if
for any v € L*(J,X), the following holds

o) = 8o+ Lo [ s r(00) + Bulolde, e

0
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Let 2°(z,u) be the state value of (6.1.2) at time b with respect to the initial
value zo and control u. Let R(b, zo) = {2°(wo,u) : u € L?(J,U)}, which is named

as reachable set to the system ([6.1.2) at time b.
Definition 6.3.4. ([132]) If R(b, z¢) = X, the system 1) is called approzimately

controllable on J.
Now, Consider the linear control system corresponding to (6.1.2))
D%x(t) = Ax(t)+ Bu(t), teJ,

z(0) = . (6.3.14)
Definition 6.3.5. (a) A controllability map for the system (6.3.14) on J is a linear
bounded map B : L*(J,U) — X, defined as

b L " e b0
By = —e@ e=?S(——)Bu(p)do. (6.3.15)
o 0 a
(b) The system (6.3.14)) is called approximately controllable on J, if the range space
of B is dense in X i.e.

ran®Bb = X.
(c) The controllability gramian of on J is defined by
b= B°(B°)*. (6.3.16)
Lemma 6.3.6. The controllability map and controllability gramian satisfy the fol-

lowing :
(a) (B%)*z(0) = B*S*(%):p, foroe J, zeX.
(b) Ty € B(X), is symmetric, and has the representation
1 — b ol b— Y% b— 1Y
Ig=—ea’ | ea®S(—=)BB*S*(—=)d 3.1
j= e [ RSCOBES (T hd  (637)
and Ty > 0, where (-)* denotes the adjoint operator of (-).

Proof. (a) : The way of proof is based on [62] (Lemma 4.1.4, page 144). For x € X
and u € L*(J,U)

(u, (B")"z) =




78

and this proves (a).

(b) : From (6.3.16)), it is easy to see '} is symmetric, and T} > 0. Equation

(6.3.17)) follows easily by (6.3.15)), (6.3.16)) and (a). O

Theorem 6.3.7. ([62]) The system (6.3.14)) is approximately controllable on J iff
any one of the following hold :

(i) TY is positive operator, that means (T3x,z) > 0, for all 0 # z € X.
(ii) ker(B®)* = {0}.
(iii) B*S*(E)z =0 on J = 2 =0.

Theorem 6.3.8. ([132]) Let Z be a reflexive separable complete norm space and Z*
denotes the dual space of Z, I : Z* — 7 is a symmetric map, then the statements
given below are equivalent :

(i) T':Z* — Z is positive.

(ii) A\ +T3) "' (v) converges to zero strongly as A — 07, Yv € Z. Here J is the
duality map from 7. — 7.*.

Lemma 6.3.9. The linear control system (6.3.14)) is approximately controllable on
J iff AR\ TS) — 0 as A\ — 0% in strong operator topology, where R(\,T%) =
(A +T5)~L.

Proof. The proof is straightforward from Theorem and Theorem [6.3.8| m

To investigate the approximate controllability of (6.1.2)), we impose the following

assumptions :
(H1) A generates a Cp-semigroup S(t)(t > 0) on X, and S(¢)(t > 0) is compact.

(H2) The function f is continuous on X for each ¢ € J, and is Lebesgue measurable

on J for all z € X.

(H3) There exists a function ¢ € L‘Tll(J, R*) where oy € (0, ) such that

1f(t.2)] <o), VzeX, tel

(H4) The linear control system (6.3.14)) is approximately controllable on J.
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We will use the following notations :

B, = {veC(J,X):|v|| <r}, for each finite constant r >0,
1 1/ a\s
Mg = ||B|, My= = N=—(—) M,.
B = 1B M=ol s 0= 1o V= ()

For an arbitrary function v € C(J,X), we consider the control function for the

nonlinear system (6.1.2)) as :

u(t) = ux(t, v) = B*S*(%)R(A, )p(v), (6.3.18)

where

p(v) =z — 6‘“”’3(2) To — le ayb/o 6298(%)f(9,v(g))d9. (6.3.19)

(07

For any A > 0, define F) : C(J,X) — C(J,X) as following :

(Fyv)(t) :e‘JtS(é)xﬁée‘Jt /0 elgS(t?Tg)[f(g,v(g))—i—BuA(Q,v)]dQ. (6.3.20)

Lemma 6.3.10. If the assumptions (H1)-(H3) hold, then for any t € J we have
(i) Le= fyea|S(5)f(o,v(0))lde < MN.
() (0 < 28 a7 + (ol + )|

Proof. (i): By (H3) and Hélder inequality, we get

1 -, [t t— M —, [t
Lo / oS f(o,0()llde < L / e226(g)do
« 0 a 0

M - b e
< et =
< = ( / e dg) 1911, 2 e

1 é fia gyt 1
< (&) T - i,
a\qy
1
< l(g)qeojteltMM¢
a\qy
1 a
< —<3) MM, = MN
a\qy
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(77): Using (6.3.18]), (6.3.19)), and () we obtain

lustt. )l < B8 (RO Tp()]
< ()]
< M arfeol + e [ oS e vtenlias
< 20 12+ Ml + )

]

Theorem 6.3.11. If the hypotheses (H1)-(H3) hold, then the fractional semilinear
control system (6.1.2)) has a mild solution.

Proof. For convenience, we divide the proof into several steps :

Step I: For given A > 0, we want to show that there exists a constant R = R(\) > 0,
satisfying F\(Bg) C Br. Let v € B,, for any positive constant r. If t € J, then by
using Lemma [6.3.10] we have

IEO0] < SOl + e [ IS (e + Busle.v)llde

1 = t o t— 1%
< Mol 4+ —e at/ ea?|S(—=) f(0,v(0))||do
a 0 a

+1{”/1%w@lﬁmu<vmd
o o o )\Qv Q

1 o
< Mllxo||+MN+;MMBeTt[eat— lJual

MQ(MB>2
< Mllaall+ 3 + S5 4 0l + )

This implies that for large enough R > 0, F)\(Bgr) C Bg holds.

Step II: For any t € J the set {(F\v)(t) : v € Bgr} is relatively compact in X. If
t =0, clearly {(F\v)(0) : v € Br} = {0}, which is compact in X. Let 0 <t < b
and 0 < e < t. For v € Bp, define
1 = b= Yo t— 1Y
o+~ [ e2es(E ) (0, 0(0)) + Bus(o.v)ldo
0

7S [ e fa 0l

v)]do

1 = 3
oo+ eSSyt ),

it

(Fo)(t) = e='S(

;’YtS(

I
)
Q

—|—BU)\<

Cl+ Q=+ Q=
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since y(t,¢) is bounded on Br and S(t) is compact for (¢ > 0), we obtain that the
set {(F5v)(t) : v € Br} is relatively compact in X. Also, observe that

c 1 = ¢ ¥ t—Q
[(E)(®) ~ FoO] = lye™ [ et )(f(e.vle) + Bus(e.o)ldel
t—e
< L+, (6.3.21)
where
. 1 fanie 393 ! do t_Q
ho= Ie® [ s (vl
o 1 7y t 2, t—Q
o= le® [ s Buo el

Now, proceeding in the same way as Lemma [6.3.10] yields

I, < MN[e¥t—dt=2)]q, (6.3.22)
M?2(Mpg)? . s
b %{beIHM(lldeM [en — a9 (6.3.23)

Therefore, by (6.3.21)), (6.3.22)) and (6.3.23)) we conclude that

|(Fyv)(t) — (F5v)(t)|| =0 as e —0.

This implies that the set the set {(Fy\v)(t) : v € Br}, t € (0,b] is relatively compact
in X.

Step III: The family of functions { F\v : v € Br} is equicontinuous on J. For any
O<t1<t2<b,andvEBR

[(Exv)(t2) = (Fv)(t)] - <

«

1 -y 2 o lo —
| e / eieS(2 Q)f(e,v@))d@H
t1

1oy [ 4, o ta—
+ —eatz/ = Q)Bu,\(g,v)dQH
a 4 a

e [ 1S - S0 (o, o0

(0% o o

t1 . _
+ legtl/ ciors(2 Q>_5(t1a Q)]Bu,\(g,v)dQH
0

« (0%
= Ji+ o+ I3+ s+ Js.
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Now, using Lemma [6.3.10] we get

) - S

5 < MM (3) e - eWha,
a \vq
MQ(MB)Q
Ay

5o s

< hfwwﬂmw+N$&”—&%

For t; = 0, it is easy to see that J; = 0. For ¢; > 0 and € > 0 ( small enough ), we
obtain

1 — t1—e 5 t2 — 0 tl 0
< —e « t1 Y o
Ji < Oée /0 € [S( o ) S( a )]f(Q,U(Q))dQ
1 20 ! dgroitz — 0 th—o0
+ ae /tl_ee [S( o ) —S( - £ (0, v(0))do
t1—e B B
< le;n/ eolode s |S(EY) —sch Q)H
. 0 QG[O,tl—e] « o

oM -, [T,
el
a t1—e

- t - t - 9 9 L
< New¢ sup ||S(2 Q) —S(= Q)H +2MN[ew™ —e?(“_e)]}z,

0€[0,t1—¢] @ @
similarly
Js Ll —ew|uy|| sup  ||S(Z—5) — S(= )H
7 0€[0,t1—¢€] « «
2M M
+ Zleatt — ea I |luy|.
fy

Using (H1), it is clear that J; — 0 (i = 1,2,3,4,5) as to — t1, ¢ — 0. As a result
|(FA\v)(t2) — (Fyv)(t1)|| — 0 independently of v € Bg as to — t1, which means that
{F\(Bgr)} is equicontinuous.

Thus, combining Stepll and SteplIl, we conclude F) is compact on Bg by
Arzela-Ascoli theorem.

Step IV: F) is continuous in Bg. Let {v,} be a sequence which converges to v in
Bpg. Since, f is continuous in second variable, for each p € J, we have

Tim f(o,va(0)) = f(o,v(e))- (6.3.24)

So, we can conclude that

Sup 1/ (0, vn(0)) = flo.v(0)] = 0 as n — oc. (6.3.25)
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From (6.3.19)), and (6.3.25]) we obtain that

Loz /Obeles(b%fﬂf(g, vu(0)) - f(p,v(@))]dQH

Ip(e) = p) = |~

n
|

Q)
Q

( /Obelgde) sup | (0,vn(0)) = S (o, ()]

/A

7[1 — e "sup || f(o,va(0)) — f(0,v(0))]]

oeJ

< %g 1£(2,va(0)) — F(0.0(0))]

— 0 as n — oo, (6.3.26)

therefore, (6.3.18]) and (6.3.26)) imply that

ur(o,vn) — ux(o,0)|| = 0 as n — oo, (6.3.27)

and (6.3.25), (6.3.27) yield

(R = (Rl < e [ el (e n(e) = flee)ldg

MMpg -, [t 4
+TBe a t/ ex®|lux(o,vn(0)) — ur(o,v(0))||do
0

< %s;eu; 1£(2va(2)) — f(2,0(0))]
MMz sup [us 0. 0(0)) — s (0.v(0))]
— 0 as n— oo, (6.3.28)

which means that F) is continuous in Bp.

Hence, by Schauder fixed point theorem there exists a fixed point of F), thus a

mild solution to (6.1.2)). O

Theorem 6.3.12. Suppose that the hypotheses (H1)-(H4) hold. Moreover, assume
that f is uniformly bounded by a positive constant K. Then, the fractional semilinear
system (6.1.2)) is approzimately controllable on J.

Proof. Let x) is a mild solution to the problem (6.1.2)) with the control

it 2n) = B8 (U RO T (),

(07

where

b —_
p(ea) = 2 — WS Dyzy — Lo / 225" 2) f(0,2:(0))do.

(0% o «
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and satisfies

b 1 *’Yb

na(t) = €S+ e [ S 2)(f(0.22(0)) + Bus(o,22))de

0

1 - b 0 - -
= 2 —plzy) + <aeab/ eEQS(—b Q)BB*S*(—b - Q)dg) R(\, Fg)p(x)\)
0

= 2’ —p(zy) + TR, TG)p(x)
= 2 = AR\, TH)p(x). (6.3.29)

Since, f is uniformly bounded, we have

b
/0 10 2r(0))2de < K.

Hence, the sequence f(-,x(+)) is bounded in L?(J,X). So, we have a subsequence
of {f(-,zx()) : A > 0}, still denoted by itself, converges weakly to some f(-) €
L*(J,X). Define

b _
o=t =TS~ e [ eis( ) f(ode
It follows that
1 oy [ o, b—
(o) el = |67 [ iSO e ol - fiolde]
| -
< sup| e [ ctes( ) p(on (o) - S|

By the proof of Theorem [6.3.11] it is easy to observe that the operator

« o

() = LeT0) / e20S( i 0)do : I2(J,X) = C(J,X),

is compact, consequently

Ip(xy) —w|| =0 as X — 0T, (6.3.30)

Then, from (6.3.29)), (6.3.30]), and Lemma [6.3.9, we obtain

lza(®) = 2" < AR\ To)p(a)|
< AR To)wll + AR, T [[lp(za) — w
<

INROL T w| + |lp(2)) — w|| — 0 as A — 0.

It proves the approximate controllability of (6.1.2]). O
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6.4 Examples

Example(1): Consider the deformable fractional partial differential equation as

given below

D2z(t,v) = %x(t, v) + isintlﬁg(’:’l”, ve(0,1),0<t<1;
vt 1) = 2(t,0) =0, 0<t<t: (6.4.1)
x(O,v) :iEo(U), GRS [071]7

where X = L?[0,1], zo(v) € X. Define Aw = w” with
D(A) = {w € X : w,w are absolutely continuous and w” € X, w(0) = w(1) = 0}.

Then
Aw = Z —n? <w, e, > e, we D(A), (6.4.2)

n=1

where e,(v) = \/gsin(nv), 0 <v < 1l,n=12...1Itis well known that A

generates a Cy-semigroup S(t)(t > 0), on X and is expressed as

S(t)w = Ze‘"zt <w, e, > e, wEX, (6.4.3)

n=1
with ||S(t)]| < 1, for any ¢ > 0. Put «(t) = z(t, ), that means z(t)(v) = x(t,v), 0 <
t,v < 1. Further

F(t2(t) = isint%,

then, the system ([6.4.1]) can be rewritten into the abstract form of (6.1.1)).

B 1 |21 — 22|
1f(t, 1) = f(t22)]| < A1+ [l [[) (X + [z
1

< ZH% — 2.

Therefore L = }l, also we have o = v = % and M = 1. So % = % < 1. Hence
the required assumptions for Theorem [6.3.5] are fulfilled, and we have a unique mild

solution for the system (|6.4.1]).
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Example(2): Let a control system governed by a deformable fractional partial

differential equation as

Dix(t,z) = Zpa(t,2) +ult,2) + db el 2 € (0,1),t € (0,4

x(t,0) = z(t,1) =0, t €[0,0]; (6.4.4)
x(0, 2) = xo(2), z €10,1],

where X = U = L?[0,1], zo(2) € X, J = [0,b]. Define Aw = w” with
D(A) = {w € X : w,w are absolutely continuous and w” € X, w(0) = w(1) = 0}.

Then, A generates a compact semigroup S(¢)(t > 0) given by expression (6.4.3),
clearly assumption (H1) holds. Let B : U — X is defined as Bu(t) = u(t, -), which
is linear bounded operator. It is easy to observe that the assumptions (H2) and
(H3) hold with ¢(t) = £

By Theorem the linear system corresponding to ((6.4.4]) is approximately

controllable on J iff

and K = =

b—1

B'S (=

Jer=0,teJ=2=0. (6.4.5)
Using ((6.4.3)), observe that

b
BS* x—Ze’”T<x,en>en,xEX,tEJ

Therefore the condition (6.4.5) hold, and hence the assumption (H 4). Thus by

Theorem [6.3.12] we have approximate controllability of the system (6 on J.



Chapter 7

Monotone Iterative Technique for
Non-Autonomous Nonlocal
Differential Equations

7.1 Introduction

Monotone iterative technique is an effective method to find the existence and unique-
ness of mild solutions. Using this method, we get monotone sequences of approx-
imate solutions that converge to maximal and minimal mild solutions. Du [121],
first used this technique to find extremal mild solutions for a differential equation.
Recently, in [49; (52F (6, T09] MIT has been used to established the existence and
uniqueness results for various differential systems. The technique has been used for
autonomous systems till now. Motivated by this fact, in this chapter, we will study
monotone iterative method to find the existence and uniqueness of extremal mild

solutions for the following non-autonomous system in an ordered Banach space X :
() +A)x(t) = F(t,z(t)), 0<t<b, (7.1.1)

z(0) = Zfim(ti)—i‘xo, (7.1.2)

The contents of this chapter are accepted in Demonstratio Mathematica as Arshi Meraj
and Dwijendra Narain Pandey: “Monotone iterative technique for non-autonomous semilinear
differential equations with nonlocal condition”, DOI: https://doi.org/10.1515/dema-2019-0005.
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where A(t) : D(A(t)) € X — X is a linear operator, J = [0,b], f is a given function
from J x X to X satisfying certain assumptions, t; € (0,b), for ¢ < j, t; < t;, 0 #
&LGeR i=1,2,...,keN, zgeX.

We organize the chapter as following: in section 7.2, we will recall some basic
definitions, notations and theorems. In section 7.3, we will show the existence of
extremal mild solutions for the system —, and also we will show the
uniqueness of extremal mild solutions with the help of evolution system and Kura-
towski measure of noncompactness. Section 7.4 contains an example to illustrate

our results.

7.2 Preliminaries

Let (X, | -], <) be a partially ordered complete norm space, P = {z € X| z > 0}
(0 is the zero of X) is a positive cone of X. The cone P is called normal if there is a
real number A > 0 such that 0 < xy < x5 = ||21]| < N|22||, for all 21,25 € X, the
smallest value of such N is called normal constant. For z1, 2, € C(J,X), 21 < 27 &
x1(t) < x9(t), t € J, we denote the intervals [v,w] = {z € C(J,X) : v <z < w} in
C(J,X), and [v(t),w(t)] = {r € X : v(t) < z < w(t)}(t € J) in X. Let us denote
CHJ,X) ={z € C(J,X) : 2exists on J ,2’ € C(J,X), z(t) € D(A) (t > 0)}. For
more details related to ordered spaces and cone one may see [L1}; 66} [163].

First, we recall the definition and some basic properties of evolution system. For
more details, we refer [82] and [I56].
Definition 7.2.1. [156] Let X be a Banach space. A two parameter family of
bounded linear operators U(t,s),0 < s < t < b on X is called an evolution sys-
tem, if the following conditions are satisfied :

1. U(s,s) = I, where I is the identity operator.

2. U(r, p)U(p,s) = U(r,5) for 0 < s <p <7 < b

3. (t,s) = U(t,s) is strongly continuous for 0 < s <t < b.
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For the family of linear operators {A(¢) : ¢t € J} on X, we impose the following

assumptions :

(A1) The domain of A(¢) is dense and independent of ¢, and A(¢) is a closed oper-

ator.

(A2) The resolvent of A(t) exists for Re(d) < 0, ¢t € J, and || R(J,A(t))| < FIESE

for some constant ¢ > 0.
(A3) There are positive constants K, and p € (0, 1] such that

I[A(T) = A(r)]A™ (1) || < K|mi — mlf, for any 71,7, 75 € J.

The above assumptions imply that, —A(¢) generates a unique evolution system
U(t, s)(0 < s < t < b) of linear bounded operators on X, which satisfies the following

properties (see [82} [150]) :

(i) U(ty,t2) € B(X) the space of bounded linear operators on X, and is continuous

strongly for 0 <ty <ty < b.
(ii) Ulti,t2)z € D(A), 7 € X, 0 < to <t < b.
(iil) U(tq,t2)U(ta,t3) = U(ty,t3), 0 <tz <tg <ty <.
(iv) U(r,7) = I the identity operator on X, for each 7 € J.
(v) There is a positive constant M such that |[U(¢1,t2)|| < M, 0 <ty <ty < b.

(vi) For each fixed s, {U(7,s), s < 7} is continuous in 7 in uniform operator

topology.
(vii) The derivative % exists in strong operator topology for 0 < s < 7 < b,

and strongly continuous in 7, where 0 < s < 7 < b.

(viit) 22U 4 A(7)U(7,5) = 0,0 < s < 7 < b.
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Lemma 7.2.1. ([82): Lemma 14.1) Let assumptions (A1)-(A3) hold. If 0 < v
L0<Sw<i<l4+a,0<d—y<1, then forany0 <7<t <t+ At <ty 0
C < tO;

IAY(Q)[U(t + At 1) = U, )]A7 ()] < (e, 7, 8)(A) |t — 77",

<
<

Definition 7.2.2. An evolution system U(t, s) is called positive if U(t,s)y = 0, for
yeP and 0 < s <t <b.

Definition 7.2.3. wy € C'Y(J,X) is called lower solution for the system ([7.1.1)-
12, i

Wh(t) + ADwo(t) < Flt,wolt)), 0<t<b,

If the inequalities of (7.2.1)) are opposite, solution is known as upper solution.

Theorem 7.2.2. ([82; [156]) Suppose that the assumptions (Al)-(A3) hold and f
satisfies uniform Holder continuity on J with exponent v € (0, 1], then the unique
solution of the following linear Cauchy problem

'(t) + At)x(t) = F(t), 0<t<b,
z(0) = z9€X, (7.2.2)

18

z(t) = U(t,O)IEQ—i-/OtU(t, 0)F(o)do. (7.2.3)

7.3 Main Results

Let us introduce our basic assumptions :

(HO) The evolution system U(t, s) is positive.

k
(H1) &>0,i=12,. .. kand M> & <1

=1

k k

Assumption (H1) implies that || Z&-U(ti, 0)]| <M Zfi < 1, by operator spec-
i=1 i=1

trum theorem, we know that

B:= (1 - Z &U(t;, 0)) B (7.3.1)
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exists, bounded and can be expressed as

53 (Sevto) -

=0 N i=1

Since U(t, s) is positive, so is B and

18] < ZHZ& tz,OHJ<Z(MZ&) _ 1 sy
. - 1-MY &

Definition 7.3.1. A function x € C(J,X) is called mild solution of the system
(7.1.1)-(7.1.2)), if x satisfies the following integral equation :

k 4
o) = V(0B + Y &0 08 / U(ts, o) F (o, 2(0))do

+/0 U(t, 0)F (0, z(0))do. (7.3.4)

Lemma 7.3.1. If the assumptions (A1)-(A3) and (H1) hold and F € C(J x X, X),

then a mild solution of (7.1.1)-(7.1.2)) is given as

o) = V0B + S 608 [ Uit o) F(o.x(o)ido

i=1
t
+ [ Ut Fo.alo)de (7.3.5)
0
Proof. By Theorem the mild solution of problem ([7.1.1)-(7.1.2)) can be ex-
pressed as
t
ot) = U(t.0(0)+ [ Ut F(e.ale))de (7.3:6)
0
So,

o(t) = U(ti,O):v(())nL/OtiU(t,,g)]-"( 2(0))do, i=1,2,3,... k. (7.3.7)

By using (7.3.7)) in 1|7.1.2|) we get
t;
Z@ (. 0)2(0) + [ Ults 01 (e, a(e)ldo + 20
0

Now, assumption (H1) and (7.3.1)) imply that
©(0) = Bry+ Z& [ 0t 07wt (733)
Hence and (| - 7.3.8)) imply that ( - is satisfied. O]
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Let us define Q : C(J,X) = C(J,X) as :

Qult) = Uit 0)Br+ > EUEOB [ Uit 01 (e.s(0)de

=1

—l—/ot[U(t, 0)F (0, z(0))do. (7.3.9)

To prove that the system ([7.1.1))-(7.1.2) has a mild solution, we need to show

the operator Q has a fixed point.
Theorem 7.3.2. Suppose X is a partially ordered complete norm space with normal

positive cone P, the assumptions (HO),(H1) and (Al)-(A3) hold, F is continuous
from J x X — X, 2y € X, and wy, vo € CH(J,X) are lower and upper solutions

respectively for (7.1.1)-(7.1.2)). Moreover, assume the following :

(H2) Forte J, and y1,ys € X with wo(t) < 11 < y2 < vo(t);

F(t,y1) < F(t,y2).

(H3) There is a constant L > 0 such that for t € J, and monotone sequence {x,}
in Jwo(t), vo(t)];

BUAFEz)}) < LB({wn}).

(H4) Suppose w, = Qu,—1 and v, = Qu,_1, n € N with {w,(0)} and {v,(0)} are
convergent.

Then, the system (7.1.1)-(7.1.2]) has extremal mild solutions in the interval [wo, Vo),
provided that K :=2MLb < 1.

Proof. Let us denote D = [wy, vp]. For any = € D, (H2) implies
F(t,wo(t)) < F(t,x(t)) < F(t, vo(t)).
Therefore, from the normality of P we get a constant ¢ > 0, such that
| F(t,x(t)| <ec, z€D. (7.3.10)
First, we will prove that the map Q : D — C(J,X) is continuous. Let {z,} be a

sequence in D such that z, — x € D. Since F is continuous, so F(o,z,(0)) —
F(o,x(p)) for p € J, and from ([7.3.10]) we get that ||F (o, x,(0)) — F (0, x(0))| < 2c.
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So, by Lebesgue dominated convergence theorem, we estimate

Q2. (8) ~ Qs Zanw OB [ 106 o, a0 - o) o
+ / 0t )1 (e, 70(2)) — Flora(0)de
< M HBHZ& / |F (0. 2(0)) — Flo.2(0)) de

M / |7 (0, 2n(0)) — F(o,7(0)) | do

— 0 as n— oo.

Thus Q is continuous map on D.
Next, we will prove @ : D — D is monotone increasing. Let 1,25 € D, x1 < 9.
Since U(t, s) is positive evolution system and the hypothesis (H2) holds, it is easy

to see Qr; < Qxo. Suppose w((n) + A(n)wo(n) = h(n), Definition implies
h(n) < F(n,wo(n)), for n € J. From Lemma and the positivity of evolution
system, we have

k ti
wo(n) = U(n,O)on+Z§iU(n70)B/O U(t;, 0)h(0)do

n / U, o)h(e)do

N

k ¢
U0, 0)B0 + 32 &0, )8 / U(ts, o) F (0. w0(0))do

T / "V, 0)F(0,00(0))do
= Quy(n).

Hence, wy < Quwy. In the same way, we get Quy < vy. For u € D, we have wy <
Quwo < Qu < 9y < 1. Therefore, Q@ : D — D is monotone increasing.
Now we will show Q(D) is equicontinuous on J. For x € D and ny,ne € J with
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m < 12 we have

1Q2(me) — Qe(m)| < [U(rz: 0) — U, 0)]| Bl o]
+||B||(Z@ / 10t D1 F (o, 2l >>||dg)
1U(,0) — Uy, 0)]] + / 1UC, ) — U, o)

(e a(@)lde+ [ 100 I F(e.sle)de

m

U2, 0) = U, O[] B[l xo]|

cniBire( 36 ) I5.0) - 06,0

N

1
T / 1U(s, 0) = Ulms, o)1 F (0, 2(0)) ldo + Me(ns — my).
< LT+ L+ I3+ 1y

For n; = 0, it is easy to see that I3 = 0. For n; > 0 and € > 0 small enough, we
obtain

I < /Om_enwm, o) — U, o)1 F (2. 2(0)) | de

N / U2, 0) — Ulm, o) |1 F (0, 2(2)) |1 de

m-—e

< c(m—e) sup  ||U(na,0) — Ui, 0| +2Mce.
96[0777176]
— 0 as m =, € =0,

using the continuity of {U(n,0) : n > o} in uniform operator topology. By using
Lemma [7.2.1] it is easy to see that I; — 0, Iy — 0 as 2 — n;. Also it is clear from
the expression of I, that I, — 0 as 7o — m1. As a result ||Qz(n2) — Qx(m)]| — 0 as
12 — 11, independently of x € D. Hence Q(D) is equicontinuous on J.

Now we define the sequences

wp = Quwp_1 and v, =Qu,1, neN, (7.3.11)
monotonicity of Q implies
wWo Swip - wy <o Ky <o < vp < . (7.3.12)

Let S = {w,} and Sy = {w,_1}. Then Sy = SU{wo} and B(So(t)) = 5(S(t)), t € J.
Since the sequence {w,(0)} is convergent, so 8({w,(0)}) = 0. From Lemma 2.4.5
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(H3), and (7.3.11)), we get
BS(t) = B(Q(S(t)))

= ﬁ({U(t,O)BmO%—Z&U(t,O)B/OiU(ti,Q)}"(Q,wn_l(g))dQ

i=1

+ [ 0 0F i ()e})
< MB{wn(0)}) + 2M /0 tﬁ(f (0,wn-1(0)))do
< 2M£/Otﬁ({wn—1(9)})d9
< 2ML /0 tﬁ(So(g))dQZ ML /0 tﬁ(S(m)d@- (7.3.13)

Since {Qw,,—1} i.e. {w,} is equicontinuous, by Lemma and ([7.3.13)), we obtain
B(S) = supB(S(t))

ted
< 2MLbsup 5(S(t)) = 2MLLB(S) = KB(S).
ted
Since K < 1, therefore 5(S) = 0. Hence the set S is relatively compact in D, so

there is a convergent subsequence of {w,} in D. From (7.3.12)), it is easy to see
that {w,} itself is a convergent sequence. Let w,, — w* as n — oco. By (7.3.9) and

(7.3.11)
wp(t) = Quwn_1(t)

— D0Bn+ Y E0(08 " Ut 0)F(orn1(0))do

n / U(t, 0) F (0, wn1(0))do.

*

Let n — oo and using Lebesgue dominated convergence theorem, we get w* = Quw
and w* € C(J,X). Hence w* is a mild solution for (7.1.1)-(7.1.2). In the same way
there is v* € C(J,X) with v, — v* asn — oo, and v* = Qv*. If z € D and = = Qx,
then wy = Quy < Qx = x < Quy = v4. From the process of induction w, < x < v,
and wy < w* <z < v* <1yasn — oo. That means w* is the minimal and v* is the

maximal mild solution for ((7.1.1)-(7.1.2)) in [wy, 1) O

Corollary 7.3.3. Suppose X is a partially ordered and weakly sequentially complete
Banach space with normal positive cone P, the assumptions (HO),(H1),(H2) and
(A1)-(A3) hold, F is continuous from J x X — X, zg € X, and wy, vy € C1(J,X)

are lower and upper solutions respectively for (7.1.1)-(7.1.2)), then the system ([7.1.1)-
(7.1.2) has extremal mild solutions in the interval [wy, Vo).
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Proof. Since the assumptions (H1), (H2) hold, by the proof of Theorem we
have the sequences {w,(t)} and {v,(¢)} defined by (7.3.11)) satisfying (7.3.12). So,

{wn(t)} and {v,,(t)} are monotone and bounded, hence are precompact on X for X is
weakly sequentially complete Banach space. Therefore, the sequences are convergent
uniformly. Let w*(t) = nh_{go wy(t) and v*(t) = 7}1_)11;10 vn(t), for t € J. By Lebesgue
dominated convergence theorem, we get w* = Quw* and v* = Qv* with w*, v* €
C(J,X). Hence w* and v* are a mild solutions for (7.1.1)-(7.1.2). If z € D and
r = Q, then w; = Quy < OQr = = < Qry = ;. From the process of induction
wp, < <V, and wy < w' < x < v <1yasn — oco. That means w* is the minimal

and v* is the maximal mild solution for (7.1.1))-(7.1.2)). O
Theorem 7.3.4. Suppose X is a partially ordered complete norm space, with normal
positive cone P and normal constant N, the assumptions (HO),(H1),(H2),(H4)
and (A1)-(A3) hold, F € C(J x X, X), zg € X, and wy, vy € C'(J,X) are lower and
upper solutions respectively for (7.1.1)-(7.1.2). Moreover, assume the following :

(H5) There is a constant Ly > 0 such that, fort € J, and z1, 2y € X with wy(t) <
21 < 29 < 1p(t),

]:(t,ZQ) — f(t, 21> < [,1(2’2 — 21).

Then, the system (7.1.1))-(7.1.2)) has a unique mild solution in [wy, 1], provided that

k
2-MY &

Ky = —/\/’ﬁ Mb < 1.

1—MZ§Z

Proof. Let {x,} C X be an increasing monotone sequence, and n,m € N with
n>m. (H2) and (H5) imply

0 < Ft,xn) — F(t,xm) < Ly(xy — T).
From the normality of P
[F(t,@n) = Ft, wm)| S NL(2n — 2m)]]- (7.3.14)
So by Lemma [Z4.3] we get
BUF(t 2a)}) S NLiB({za}).

Hence the assumption (H3) holds, and Theorem is applicable. Therefore,
(7.1.1)-(7.1.2)) has minimal mild solution w* and maximal mild solutions v* in [wy, vp].
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By (7.3.9), (H5), and the positivity of the operator U(t, s), we get
0 < v (t) —w'(t) = Qri(t) — Qu*(t)

= Y6008 [ Ut 0l () — Fle (o)
+ [ Ut 01F (e (0) = Flo.w (@)ldo

k

L {Zw(n 05 [ U, 0)(v* () — (@) do

/A

+ [ 0000 - (0]

Now using (H1), (7.3.3), and the normality of positive cone, we get
k b
-l < e (S6)aesl [ v - vl
i=1

b
+M/ ||V*(@)—W*(@)||d9}
0
< NLMD(||B]| + 1)|[v" — w™||

k
2-M3D &

< —— L NLMD|Y — o' = K[l — w"||.
L-M} &
=1

Since K; < 1, so [|[v* —w*|| =0, i.e. v*(t) = w*(¢) for all ¢ € J. Hence v* = w* is

the unique mild solution for ([7.1.1))-(7.1.2)) in [wp, o). O
7.4 Example

Now we consider an example to show how our abstract results can be applied to a

concrete problem. Consider the following partial differential equation :

2t 2) +alt,z) La(t, z) = Y2a(t,2), z€(0,7], teJ=][0,0]

x(t,0) = O,kx(t,ﬁ) =0 teJ; (7.4.1)
x(0,2) = Zflx(tz,z) + xo(2), z € 0,7,

where X = L%([0, 5] x [0, 7], R), z¢(2) € X, a(t, 2) is continuous function and satisfies

uniformly Holder continuity in ¢, and 0 < t; < to < ... < t; < b, & # 0 (1 =
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1,2,...k) are real numbers. Define
2

A(t)x(t, z) = a(t, z)%x(t, z), (7.4.2)

with domain
2

0 0
D(A) ={w e X : w, a_w are absolutely continuous, a—f € X, w(0) = w(mr) = 0}.
z z

Then, —A(t) generates a positive evolution system of bounded linear operators
U(t,s) on X with [|U(t, s)|| < M and satisfies the conditions (A1)-(A3) (see [150]).
Put z(t)(z) = z(t,2),t € [0,b],z € [0,7] and f(¢t,z(t))(z) = 1t%x(t, 2), then the

system ([7.4.1)) can be rewritten into the abstract form of ([7.1.1))-(7.1.2). It is easy

to check that assumption (H2) holds. Now, assume the following :

1. xo(2) > 0 for z € [0, 7], and there exists a function v(¢, z) > 0 such that

It 2) + Aot 2) > %tzv(t,z), ted zelo,n),

v(t,0) = o(t,m)=0, teJ,
k

v(0,2) = ) &ultiz) +ao(z), z €07,

=1

k
2.6>0,i=12.  kand M> &<1.

i=1
From the above assumptions it is clear that (H1) holds, and wy = 0 and vy = v(t, 2)
are the lower and upper solutions for the system ([7.4.1]). So, by Corollary we
conclude that the minimal and maximal mild solutions for ([7.4.1)) exist between the

lower solution 0 and upper solution v.



Chapter 8

Monotone Iterative Technique for
Non-Autonomous Nonlocal
Integro-Differential Equations

8.1 Introduction

In this chapter, we extend the result of chapter 7 for the following non-autonomous

integro-differential system involving nonlocal condition in an ordered Banach space

() + Al)z(t) = ]—“(t,x(t),/o k(t,s)x(s)ds), t € (0,0],
z(0) = zo+G(z), (8.1.1)

where A(t) is an X-valued linear operator defined on D(A(t)) C X, zy € X, F is X-
valued function defined over J x X x X G is X-valued function defined over C(J, X)
with J = [0, 8], and k is continuous function from D to R* where D := {(7,s) : 0 <
s <1 < b}

We organize the chapter as following. In section 8.2, we will recall some basic

theory. In section 8.3, we will establish the existence of extremal mild solutions for

The contents of this chapter are accepted in Filomat as Arshi Meraj, Dwijendra Narain
Pandey: “Existence and uniqueness of extremal mild solutions for non-autonomous nonlocal
integro-differential equations via monotone iterative technique”.
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the system (8.1.1)), and also we will show the uniqueness of extremal mild solutions
with the help of evolution system and Kuratowski measure of noncompactness by

MIT. In last section, we will discuss an example to illustrate our results.

8.2 Preliminaries

Let (X, - ||, <) is a partially ordered complete norm space, P = {x € X : = > 0}
(0 is the zero element of X) is a positive cone of X. The cone P is known as normal
if there is a real number A/ > 0 such that 0 < 21 < 29 = ||21]| < N|a2]|, for all
x1,72 € X, the smallest value of such N is called normal constant. For z;,z, €
C(J,X), z1 < 29 & 21(t) < 2a(t), Vt € J. For v, w € C(J,X) with v < w, we will
use the notation [v,w] ;= {z € C(J,X) : v < z < w} for an interval in C'(J, X), and
w(t),w(t)] ={reX : v(t) <z <w(t)}(t € J) for an interval in X. Let us denote
CHJ,X)={z € C(J,X) : 2exists on J ,2’ € C(J,X), z(t) € D(A) (t > 0)}. For
our convenience, we denote Kx(t) := fot k(t,s)x(s)ds, and K* := sup k(t,s).
First, we recall the definition and some basic properties of evol(fl’:)i(e)ﬂr); system. For

more details, we refer [82] and [156].

Definition 8.2.1. ([150]) Let X be a Banach space. A two parameter family of
bounded linear operators U(ty,t2),0 < to < t; < b on X is known as evolution
system, if :

1. U(s,s) = I, where I is the identity operator.
2. U(tl, tQ)U(tg,tg) = U(tl,tg) fOT’ 0 < t3 < tg < tl < b.

3. (t1,ta) = U(ty, ta) is strongly continuous for 0 <ty <t < b.

For the family of linear operators {A(t) : ¢ € J} on X, we impose the restrictions

given below :
(A1) The operator A(t) is closed, the domain of A(t) is independent of ¢, and dense

in X.

(A2) The resolvent of A(t) exists for Re(d) < 0,t € J, and |R(9,A(t))| < FIESE

for some positive constant <.
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(A3) There exist positive constants K, and p € (0, 1] such that ||[A(7)—A(7)]A™ ()] <
K| — 1o|? for any 71,79, 13 € J.

Theorem 8.2.1. ([150]) Suppose that the assumptions (A1)-(A3) hold, then —A(t)
generates a unique evolution system {U(t1,t2) : 0 < to < t1 < b}, which satisfies the
following properties :

(i) There exists a positive constant M such that ||U(t1,t2)|| < M, 0 <ty <ty <b.

(ii) For 0 <ty <ty < b, the derivative %};tz) exists in strong operator topology,

is strongly continuous, and belongs to B(X) (set of all bounded linear operators
on X). Moreover,

dU(t1,t2)

ot +A(t1)U(t1,t2) = 0, 0<ty<t; <b.
1

Proposition 8.2.2. ([189]) The family of operators {U(ty,ts), to < t1} is continu-
ous in t1 uniformly for ty with respect to operator norm.

Theorem 8.2.3. ([150)]) Suppose that the assumptions (A1)-(A3) hold and F sat-
isfies uniform Holder continuity on J with exponent o € (0,1], then the unique
solution of the following linear Cauchy problem

() +Alt)z(t) = F(t), 0<t<b,
z(0) = z9€X, (8.2.1)

1S given as
2(t) = U, 0)zo + /0 U(t, ) F(n)dn. (8.2.2)

Definition 8.2.2. A mild solution of (8.1.1)) is a function x € C(J,X) satisfying
the following integral equation

2(0) = Ulg,0)(x0 + G(x)) + / "o, m)F (. 2(n), Kx(m))dn, o€ .

Definition 8.2.3. An evolution system U(t, s) is called positive if U(t, s)y = 0, for
ally e P and 0 < s <t <b.

Definition 8.2.4. wy € C'(J,X) is called lower solution for the system (8.1.1), if

wo(t) + At)wo(t) < F(t,wo(t),/o k(t, s)wo(s)ds>, t € (0,5,
wo(()) < x0+g(w0). (823)

If the inequalities of (8.2.3)) are opposite, solution is known as upper solution.
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8.3 Main Results

First, we will show the existence of extremal mild solutions for (8.1.1)), then the
uniqueness will be discussed.

Let us define Q : C(J,X) — C(J,X) in the following way :

Qu(0) = Ulo,0)(zs +Glx)) + / (o, mF (. x(n). Kx(m)dn.  (8.3.1)

To prove that the system (8.1.1)) has a mild solution, we need to show the operator
Q has a fixed point.

Theorem 8.3.1. Suppose X is a partially ordered complete norm space with normal
positive cone P, the assumptions (Al)-(A3) hold, the evolution system U(t,s) is
positive, F is continuous from J x X x X — X, g € X, and wy, vy € C*(J,X) with
wo < Vg are lower and upper solutions respectively for . Moreover, assume the
following :

(H1) Fort e J, we have
F(taylaxl) g f(t,y2,$2):

where y1,y2 € X with wo(t) < 11 < y2 < w(t), and Kwo(t) < o1 < 29 <
Kuo(t).

(H2) There ezists a constant L > 0 such that for all t € J,

BUF(E yn, xn)}) < LIBEwn}) + B{n})),

where {y,} C [wo(t), vo(t)] and {x,} C [Kwo(t), Kvy(t)] are monotone increas-
g or decreasing sequences.

(H3) G: C(J,X) — X is a continuous increasing compact function.

Then, the system (8.1.1)) has extremal mild solutions in the interval [wo, vo], provided
that
Ay = 2MLh(1 +bK™) < 1.

Proof. Let us denote I = |wy, 1p]. For any = € I, (H1) implies
F(o,wo(0), Kwo(o)) < F(o,2(0), Kx(e)) < F(o, vo(0), Ko (0)).

Therefore, from the normality of P we get a constant ¢ > 0, such that

[F (0, 2(0), Kz(0))|| < e, z € 1. (8.3.2)
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First, we will prove that the map Q : I — C(J,X) is continuous. Let {z,} be a
sequence in [ such that x, — x € [. Since G, F are continuous, so Gz, — Gz,

and F (o, x(0), Kan(0)) = Fle,2(0), Ku(0)) for ¢ € J, and from (8.3.2) we get
that || F (o, zn(0), Kzn(0)) — F(o,2(0), Kz(0))|| < 2¢. So, by Lebesgue dominated

convergence theorem, we estimate

1Q2a(t) — Qz()| < MGz, — Ga|
M / | F(0,2(0), Kza(0)) — F(o, 2(0), Ka(0))||do

— 0 as n— .

Thus @ is continuous map on I.

Next, we will prove Q : I — [ is monotone increasing. Let xy,x9 € I, 11 < 9.
Using the positivity of U(t,s), the hypotheses (H1) and (H3), it is easy to see
that Qz; < Qzy. Suppose wy(n) + A(n)wo(n) = h(n), Definition implies
h(n) < F(n,wo(n), Kwo(n)) for n € J, and wy(0) < xo + G(wy). Therefore, for any
t € J, Theorem [8.2.3| yields

wolt) = Ut 0)wo(0) + / U(t, m)h(n)dn

< 000+ G + Ut ) F (1, c00(n), Ko ()
= Qup(t).

Hence, wy < Quwyp. In the same way, we get Qry < 1y. Let v € I, so we have
wy < Quwp < Qu < Quy < 1y, that means Qu € I. Therefore, Q : I — [ is
monotone increasing.

Now, we will show Q(I) is equicontinuous on J. For z € I and n,n, € J with
m < 1m2, we have

1Qe(n) — Q)| < [U(na, 0) — U, 0) 10 + G|
n / UG, 0) — Ui, o) |17 (e, 2(0), Kex(0)) | de

72
+ / 10U, o)1 F (0, 2(0), K (0))l|do
7
< L+ L+ 1.

For n; = 0, it is easy to see that I, = 0. For ; > 0 and € > 0 small enough, we
obtain

Lo< [ 1000 - Ul ol (e a(0) Kolo) Ide
[ 10, 0) ~ Ul )1 (e, 2(0). K)o

m—€

< ce(m—e) sup  [[U(na, 0) — Uln, o) + 2Mce.

96[07771_6}
— 0 as 1 =, e—0,
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by using the continuity of {U(n, 0) : ¢ < n} in 1 in uniform operator topology. Also
It is clear from the expression of Iy, I3 that Iy — 0, I3 — 0 as s — 1;. As a
result |Qz(n2) — Qx(m)| — 0 as ne — ny, independently of x € I. Hence Q(I) is
equicontinuous on J.

Now we define the sequences

Wn = an—l and Up = QVn—la ne N7 (833)
monotonicity of Q implies
Wo SwWp < Wy L SV - <V < U (834)

Let S = {w,} and Sy = {w,_1}. Then Sy = S U {we} and B(Se(t)) = B(S(1)),
t € J. Observe that B(U(¢,0)(zg)) = 0 = B(U(t,0)G(wn-1)) for {zo} is compact set,
G is compact map and U(¢,0) is bounded. Also, with the help of Lemma and

Lemma [2.4.5] we observe that

o(taamt) = a( [ b onstoris)
K*ﬁ( /0 nwn_l(s)ds)

2K* /Onﬂ(wn_l(s))ds
2K™n sup B(So(s))-

s€[0,n]

Now, from Lemma 2.4.5, (H2), (H3), and (8.3.3)), we get
BS(t) = B(Q(S(1)))
= ﬁ(U(tO)(xo +G(wn)) + /0 U(t,n)F (mwn—l(n),/Cwn—l(n))dn)

N

N

N

< B(U(tv O>x0) + 6(U(t7 O)Q(wn—1>) + 2M /0 6 (.F(U, wn—l(n)a ’Cwn—l(n))dﬁ>
< o {ﬁ({wn_m}) . ﬂ({mn_mn)})] d
< 2MLH(1+ bE*) sup (S (t)). (8.3.5)

Since {Qw,_1} i.e. {w,} is equicontinuous, by Lemma [2.4.4| and ({8.3.5]), we obtain

B(S) = Stlelg)ﬁ(s(t))
< 2MLH(1 + bE*)sup B(S(t)) = 2MLb(1 + bE*)B(S) = A B(S).

teJ

Since A; < 1, therefore 5(S) = 0. Hence the set S is relatively compact in I, so
there exists a convergent subsequence of {w,} in I. From (8.3.4)), it is easy to see
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that {w,} itself is a convergent sequence, let w,, — w* as n — oo. By (8.3.1]) and
®33)

wy(t) = Qup_1(t)
U(t,0)(zo + G(wn-1))

+ /0 Ut 0)F (0, w1 (1), K1 (n)) . (8.3.6)

In (8.3.6)), let n — oo and use Lebesgue dominated convergence theorem, we get

S0 = U0+ 0 + [ UGt ) F (.05 (), Ko ()

So, w* = Quw* and w* € C(J,X). Hence w* is a mild solution for (8.1.1). In the
same way there exists v* € C(J,X) with v, — v* as n — oo, and v* = Qv*.
Now we show w*, v* are extremal mild solutions. Let x € [ and x = Qu, then
w; = Qwg < OQr = = < 9y = v;1. From the process of induction w, < x < v, and
wop K w* < x < v <yyasn — oo, That means w* is the minimal and v* is the
maximal mild solution for (8.1.1)) in [wy, 1) ]

Theorem 8.3.2. Suppose X is a partially ordered complete norm space, with normal
positive cone P and normal constant N, the assumptions (H1),(H3),(Al)-(A3)
hold, the evolution system U(t,s)(0 < s < t < b) is positive, F is continuous from
I xXxXtoX, 79 € X, and wy, vy € CY(J,X) with wy < vy are lower and upper
solutions respectively for . Moreover, assume the following :

(H4) There is a constant Ly > 0 such that fort e J
F(t,y2,w2) — F(t,y1,21) < Lal(y2 — v1) + (22 — 11)],

where y1,ys € X with wo(t) < y1 < y2 < (t), and Kwo(t) < 21 < 22 <
K:V()(t).

(H5) There ezists a constant Lo > 0 such that
Gy) — G(x) < Loy — x), forx,y € I with z < y.
Then, the system has a unique mild solution in [wo, vo|, provided that
Ny := NM | Ly + L1b(1+0K™)| < 1.
Proof. Let {y,} C |wo(t), n(t)] and {x,} C [Kwy(t), Kro(t)] be increasing monotone
sequences. For t € J and n,m € N with n > m, the assumptions (H1) and (H4)

imply
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Since the positive cone is normal, therefore
IF (s s @n) = F (& yms @) | SN Ll (yn = ym) + (20 — 2 |- (8.3.7)
So by Lemma [2.4.3] we get

pEF(E yns n)}) S NLi(p({yn}) + p({zn}))-

Hence the assumption (H2) holds, and Theorem is applicable. Therefore (8.1.1))
has minimal mild solution w* and maximal mild solutions v* in [wy, 1p]. From (8.3.1]),
(H4), (Hb), and the positivity of the operator U(t, s), we get

0 < () - W) = Q) — Q)
= VOG0 ~ 6 + [ Ul nF ).k o)

—F(n,w*(n), Kw*(n))ldn

LU0 —w)+ £ [ Um0 )

N

HIC (1) = K ()
Since the positive cone is normal, therefore
" —w'[| < N|:£2MHV* — W + Mﬁlb(Hu* — W+ ||Kv* — ICw*H)}
< NM |:£2 + L1b(1 + bK*)} Il — w*|| = Ag|lv* — w*].

Since Ay < 1, so ||[v* —w*|| =0, i.e. v (t) = w*(t), Vt e J. Thus v* = w* is the
unique mild solution for (8.1.1)) in [wo, o). O

8.4 Example

Now we consider an example to show how our abstract results can be applied to a

concrete problem. Consider the following partial differential equation :

(. 92 1 e~

2'(t,z) +alt, 2) 5z2(t, 2) = 5510 <l x(t, 2) + fo ¢ "w(s, 2)ds,
zel0,n], teJ=10,0],

x(t,0) =0, z(t,7) =0, ted,

ZE(O,Z)—%—FZ‘O( ) KAS [0’77]7

(8.4.1)
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where X = L?([0,b] x [0, 7], R), zo(2) € X, a(t, z) is continuous function and satisfies

uniform Hélder continuity in ¢. Define

2

A(t)x(t, z) = alt, z)w

x(t, z), (8.4.2)

with domain

T e X, w(0) = w(r) = 0}.

ow
DA)={weX:w, — 5.2

0z

are absolutely continuous,

Then, —A(t) generates a positive evolution system of bounded linear operators

U(t, s) on X and satisfies the conditions (A1)-(A3) (see [156]). Put

w(B)(z) = alt,2), te[0,b], = € [0,7],
Flt,2(t), Ka(0)(z) = 2151+t /—e 2(s, 2)ds,
Ka)e) = [ e et s,
G = T 8.43)

Then the system (8.4.1) can be rewritten into the abstract form of (8.1.1)). Now,

assume that x¢(z) > 0 for z € [0, 7], and there exists a function v(t,z) > 0 such

that

V(t,2) + Aot z) > f(t,v(t, ), Ko(t, z)), teJ, zel0,7],
v(t,0) = o(t,m)=0, teJ,

v(0,2) = G(v(2))+zo(2), =ze€]0,7].

From the above assumptions, we have wy = 0 and vy = v(t, z) are the lower and
upper solutions for the system (8.4.1). By (8.4.3), it is easy to verify that the
assumptions (H1) and (H3) hold. Suppose {z,} C [wo(t),v0(t)] be a monotone

increasing sequence. For n < m

| F(t, 2, Kxp) — F(t, 20, K2y)|| < % (||xm — x| + || K, — lenH), hence
p(F(tanicn)) < g (80 + 80D ).
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Therefore, assumption (H2) is satisfied. So, by Theorem we conclude that the
minimal and maximal mild solutions for (8.4.1)) exist between the lower solution 0

and upper solution v.
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