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Abstract

Respiration is the act of breathing, which is not possible without respiratory system. The respiratory

system combines nose, throat, and lung. Lung 1 is the main organ, which performs the process of

respiration. Airways inside lung bifurcate from the trachea to terminal airways (known as alveoli) in

23 generations and are collectively termed as tracheobronchial tree. Generations 0 to 15 take part to

conduct air in other airways and generations 16 to 23 perform the process of gas exchange. When

we inhale, gases such as nitrogen (78 %), oxygen (21 %), argon (0.965 %), carbon dioxide (0.04

%), helium other gases, and water droplets present in the air enter our lungs. The hemoglobin in red

blood cells contains iron due to which oxygen is immediately absorbed whereas other gases remain

inert with respect to the blood’s constituents, and are sent out during exhalation. Not only gases

and water droplets but also other environmental particles with different shapes and sizes are inhaled

with air and flow with air stream in different generations of the lung. Deposition of these particles

causes various lung diseases such as asthma, chronic obstructive pulmonary disease, emphysema,

fibrosis, stenosis, atherosclerosis, cancer, apnea, etc. Because of the structural change during respi-

ration engineers, physicists, and mathematicians viewed lung as a mechanical system and performed

theoretical, experimental and mathematical studies [39, 179, 204, 225] by applying sophisticated

mathematical and computational methods over the past few decades.

In respect of particle deposition inside lung generations, many studies [27, 79, 141, 224] have fo-

cused on various sizes and shapes particles. In most of the studies, microparticles have been con-

sidered, while some studies focused on nanoparticles (average size of particles are below 100 nm).

But in real situations, many particles generated industrially are not necessarily spherical in shape.

Many particles found in industries (cosmetic, textile, timber, material, grinding and polishing, etc),

harvesting, coal mines, cigarette smoke, cooking smoke, incomplete combustion, organic fragments,

fine hairs from plants and animals, and atmospheric dust differ in their flow characteristics and can

1Combines left and right lungs
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be categorized as nonspherical nanoparticles. Due to the irregular shape and different flow charac-

teristic of nanoparticles such as stretched spheroid, elongated or oblate, pollen, it is not yet possible

to provide a single constitutive equation describing the properties of all shape nonspherical nanopar-

ticles. Because of this fact, several theoretical and stochastic models of nonspherical nanoparticles

have been proposed. To deal with the appropriate shape of nanoparticles, the ‘shape factor’ has at-

tracted the attention of many researchers [62, 177, 218, 225]. This is because of the reason that the

corresponding constitutive equation is comparatively less complicated and one can hope for the ana-

lytical and numerical solutions. In view of these facts, we consider the ‘shape factor’ of nonspherical

nanoparticles in this thesis.

In lung mechanics, one can use two types of elastic model i.e. linear or nonlinear. Many of the

earlier studies have considered nonlinear elastic model, but some of the living tissues and cells are

very soft and followed the linear postulate of elasticity that the stress tensor is directly proportional

to the deformation tensor. When working on the pulmonary region of lung the elasticity is controlled

by viscosity and named as viscoelasticity. In the pulmonary region, the gas is transferred not only by

fluid movement but also by the mechanical movement of tissues. Several models [52, 139, 164] of

viscoelasticity have been proposed in the literature. However, the simplest forms of the viscoelastic

material are defined by Kelvin-Voigt which has attracted the attention of several researchers. So, the

effect of viscoelasticity has been studied in the present work in order to show its effect on the flow

of fluid through parenchymal tissues.

Another way to makes the mathematical model more realistic is the use of the variable porous

medium. Alveoli, tiny bubbles with an interconnected void, are supplies a porous region (alveo-

lar region and parenchyma), where gas exchanges with the blood take place [42]. A few studies

focused on the variable porosity of lungs. The interest in this topic has been stimulated, due to its

three specifications: first, structural change in alveoli and lung volume during breathing; second,

a number of alveoli changes with respect to age. Third, the irregular motion of the nonspherical

nanoparticle around the individual alveoli responsible for deposition inside alveoli more effectively.

So, variable porosity has an obvious influence on the flow pattern. Thus in the present work, studies

are conducted involving variable porous media.

Many researchers have focused on capillary flow by using conventional Krogh cylinder model [195,

204, 247] while a few have considered exchange of species in between capillary blood and surround-

ing tissue or intercapillary flow. For better understanding, the process of gas exchange from alveolar

capillary to pulmonary capillary inclusion of intercapillary process is needed.
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Finally, the motivation behind the thesis is to make the mathematical model of lung mechanics more

realistic, by incorporating the idea of variable porosity of lung, shape factor of nonspherical nanopar-

ticle, viscoelasticity of parenchymal tissue, inter capillary gas transfer from alveoli to the pulmonary

capillary.

Numerical simulation of the problems is carried out by using conventional explicit finite difference

method [188]. Results are displayed in the form of graphs in Origin (8.0) and behavior of fluid par-

ticles are visualized by images generated in MATLAB R2013 and R2016. The whole work of the

thesis is divided into nine chapters and chapter-wise summary of the thesis is as follows:

Chapter 1 is introductory in nature and gives a brief account of the general theory of lung mechan-

ics, disease, human respiratory system, air flow in capillaries, deposition mechanism of various sizes

and shapes nanoparticles, mathematical modeling and numerical solutions in biology. It presents the

current status of the field, motivation to the investigations, a review of the available literature and

tools/techniques used in the study. It also includes objective and brief ideas about various concepts

used in the forthcoming chapters.

In Chapter 2, we investigate the flow dynamics of needle prolate nanoparticle from generations

5-16 under periodic permeability of airways with oscillatory boundary conditions. An appropriate

one-dimensional unsteady momentum equation in the cylindrical polar coordinate system is used by

incorporating the idea of the shape factor of needle prolate nanoparticles. Filtration efficiency of

the lung from generations 5-16 is also calculated using appropriate biofilter model. The effect of

various physical parameters, such as mean permeability of media (K0), the aspect ratio of particle

(β), the orientation of particle with respect to the flow stream, Reynolds number (Re), and frequency

of oscillation (f ) are analyzed on the flow dynamics of air, particles and filtration efficiency of lung.

Results show that the aspect ratio of a particle causes an increment in drag force and decrement

in pressure gradient; and for parallel orientation velocity of particles increases than perpendicular

orientation. Additionally, we obtained that the filtration efficiency of lung varies inversely with the

value of mean permeability.

In Chapter 3, we presented an age-based study of the human lung from childhood to the age of 30

by considering the growth of lung is caused by a progressive increment in a number of alveoli and

calculated its effect on airflow dynamics and filtration efficiency of the human lung. Incorporating

the idea of filtration through lung with respect to age biofilter model is extended for variable porous

media by assuming that the porosity of lung varies with the number of alveoli and their surface

area. Additionally, transportation and filtration properties of nanoparticles of various shapes during
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inhalation are calculated by using particle shape factor with and without orientation of the particles.

Generalized Navier Stokes’ equation is used for flow dynamics of viscous air and Newton second

law of motion is applied to study the flow of particles. Effect of aspect ratio (β), the orientation of

particles with respect to the flow stream, Darcy number (Da), and porosity (ε) are studied. Results

indicate that the filtration efficiency of lung decreases as age increases from childhood to 30 years;

additionally, nonspherical nanoparticles with high aspect ratio’s will take a longer time to be filtered

from the lung as compared to spherical nanoparticles.

In Chapter 4, we use a mathematical model to study the effect of homogeneous porosity of the

alveolar region on the flow dynamics of viscous air by considering a pulsatile pressure gradient due

to periodic breathing of respiratory system. Two-dimensional momentum equations are used with

Darcy law to show the flow through porous media. An extensive quantitative study is performed

through a finite difference technique to solve the governing equation. Effect of Reynolds number

(Re), Darcy number (Da), porosity (ε) are studied on air and particle velocities inside the alveolar

region. Results show that porosity is an active factor for deposition of nanoparticles and the fraction

of particles trapped in the alveolus increases by decreasing the Darcy number.

In Chapter 5, we consider lung as a porous permeable medium to build a mathematical model of

early-stage emphysema. The computational geometry utilized in this study spans one generation of

alveolar duct attached with alveoli. Two-dimensional generalized equation of momentum is used to

study the flow of air and equation of motion for elongated shaped nanoparticles. Variable poros-

ity is used by incorporating the idea of change in volume during ventilation together with a shape

factor of elongated shaped nanoparticles. Various parameters such as inlet Reynolds number (Re),

media porosity (ε), Darcy number (Da), breathing rate (f ), and particle shape factor (Sf ) are var-

ied to study the condition of the emphysematous lung. Results demonstrated that during inhalation,

breathing stress increases and the deposition of particles is smaller due to the rupture alveoli in an

emphysematous lung as compared to a healthy lung.

In Chapter 6, we focused on the flow through an axisymmetric constricted artery of the pulmonary

region to study the condition of stenosis. Theory of dust particles suspended in gas is applied on

blood flow through the artery, where the ‘particles’ represent ‘cells’ suspended in plasma. The flow

is governed by two dimensional Navier-Stokes’ equations by including Darcy-Forchheimer drag

force caused by non-Darcian effect. The material of the artery is approximated as a linear elastic

and simplest rheological equation that includes viscosity and elasticity (considered lung as a Voigt

body) is used. Effect of various parameters, such as Reynolds number (Re), Forchheimer number
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(Fs), Darcy number (Da), aspect ratio (β), shape factor (Sf ), porosity (ε), aerodynamic diameter

(dp), bulk compression (φ) of elasticity, shear (η) and bulk (ζ) coefficients of parenchymal viscosity

are obtained on the radial and axial velocities of blood and particles graphically. We found that the

fluid (blood) and particle (cells suspended in plasma) velocities along both the axes (axial and ra-

dial) increase by increasing Reynolds number, the pulsating amplitude, aspect ratio, and porosity of

walls. While by increasing Forchheimer number, velocities of blood and particles in both the axes

decreases gradually. The present analysis is also indicate that the viscoelasticity of walls are affected

by the amplitude of pulsatile flow of blood and for a large value of amplitude, the viscoelastic effect

decreases.

In Chapter 7, we analyzed the behavior of fluid flow through parallel walls, where both walls are

porous and flow is induced by the oscillation of walls and sinusoidal pressure gradient. Concept of

generalized Couette flow is applicable to model the flow of mucus through oscillatory walls, where

porous walls are partially filled with fluid (mucus). Mathematical modeling of the flow of viscous

fluid is done by using two-dimensional generalized momentum equations and flow of particle is done

by using Newton equation of motion. Finite difference method is used to solve the problem numeri-

cally. Effect of wall oscillation frequency (f ), wall porosity (ε), pressure (p), and particle aspect ratio

(β) are calculated to make various hypotheses related to clearance of mucus. Result show that high

frequency of breathing is applicable to clearance of mucus from the airways.

In Chapter 8, we worked on the effective area average concentration and dispersion coefficient asso-

ciated with the unsteady flow, to understand the dispersion in the fibrosis-affected lung. We assumed

that the tube wall (i.e. alveolar or pulmonary capillary wall) is thicker than its normal size due

to fibrosis and chemical species may go through linear first-order kinetic reactions, one is reversible

phase exchange with the wall material and other is irreversible absorption into the tube wall. By con-

sidering diffusivity as a function of thickness, the dispersion can be calculated by the distribution of

concentration of gas along a tube. Mathematical modeling is done by using diffusion equation; and

effects of various dimensionless parameters e.g., the Damkohler number (DA), phase partitioning

number (α), dimensionless absorption number (Γ), thickness and permeability of wall are observed.

Numerical simulation shows that the diffusion rate through the respiratory wall is decreased signif-

icantly as the thickness of wall increases, while it increased with the increment in the porosity of

wall, the concentration of species increased when the tube wall thickness increases; which cause re-

duction in the spread of the species; additionally, the dispersion coefficient achieves the steady-state

values in a very short time when 0 < Damkohlar number ≤ 1 and absorption rate < 1, while for 1 <

v



Damkohlar number ≤ 20 and absorption rate =1 long time dispersion is achieved.

In the last Chapter 9, we present a mathematical model of spatial and temporal variations in inhaled

gas partial pressure within the tissue and concentric blood capillary. Gas exchange between capillary

blood and surrounding tissue is take place through the combined effect of convection and diffusion.

We assumed capillary material is absorptive and reactive and the gas could bear linear first-order

kinetic reactions, one is reversible among capillary material and other is irreversible into the sur-

rounding tissue. Partial pressure distribution of gas between immobile (tissue) and mobile (blood)

phase (through the interface) is calculated with the help of Aris method of moments. Effect of vari-

ous non-dimensional parameters e.g., the Damkohler number (DA), phase partitioning number (α),

dimensionless absorption number (Γ) are analyzed. The inferences we have drawn are (i) partial

pressure of gas decreases inside tissue by increasing the value of porosity, (ii) by increasing breath-

ing rate, partial pressure of gas first decreases and after some time it increases with breathing rate

inside blood, (iii) under the consideration of tissue porosity or permeability, the convection speed

does not change but the diffusion of gas increases from tissue, which causes increment in pressure

gradient in mobile phase. Hence, these results can be helpful to optimize the reactive condition of

excessive permeability of tissue due to aging, emphysema, asthma, and tuberculosis.

The thesis, finally, ends with the future research directions regarding studies done in this thesis,

appendices, and bibliography.

vi



List of Publications

Journal Papers

1. Kori, J. and Pratibha (2018). Numerical simulation of mucus clearance inside lung airways.

Journal of Applied Fluid Mechanics, 11(5): 1163-1171.

2. Kori, J. and Pratibha (2019). Simulation and modeling for aging and particle shape effect on

airflow dynamics and filtration efficiency of human lung. Journal of Applied Fluid Mechanics,

12(4):1273-1285.

3. Kori, J. and Pratibha (2019). Numerical simulation of dusty air flow and particle deposition

inside permeable alveolar duct. International Journal of Applied and Computational Mathe-

matics, 5(17):1-13.

4. Kori, J. and Pratibha (2019). Effect of periodic permeability of lung tissue on fluid velocity

and nonspherical nanoparticle filtration. International Journal of Applied and Computational

Mathematics, 5(49):1-15.

5. Kori, J. and Pratibha (2019). Effect of periodic permeability of lung airways on the flow

dynamics of viscous fluid. Nanosystems: Physics, Chemistry, Mathematics, 10(3):235-242.

6. Kori, J. and Pratibha (2019). Mathematical modeling of pulsatile flow due to rhythmic breath-

ing through emphysema affected lung. Applications and Applied Mathematics: An Interna-

tional Journal, 14(1):296-311.

7. Kori, J. and Pratibha (2019). Effect of dynamic shape factor in alveolar region as a filtration

media. World Journal of Modeling and Simulation, 15(2):95-105.

vii



Conferences

1. Jyoti, Km. and Pratibha (2014). Simulation and modeling of lung mechanics: critical roles

of porosity and particle deposition-a review. International Conference on Recent Trends in

Mathematical Analysis and Its Applications, Indian Institute of Technology Roorkee, Roorkee,

India jointly organized with University of Central Florida, Orlando, USA, December 21-23.

2. Kori, J. and Pratibha (2016). A mathematical study on couette flow inside lung airways. Recent

Advances in Theoretical and Computational Partial Differential Equations with Applications,

Punjab University, Chandigarh, India, December 05-09.

3. Kori, J. and Pratibha (2018). Two dimensional mathematical modeling of viscous air flow

inside pulmonary region. Fourth International Conference on Mathematics and Computing

2018, Indian Institute of Technology BHU, Varanasi India, January 09-11.

4. Kori, J. and Pratibha (2018). Numerical simulation of dusty air flow and particle deposition

inside permeable alveolar duct. International Conference in Conjunction with 14th Biennial

Conference of ISIAM, Guru Nanak Dev University Amritsar, Punjab, India, Feb 2-4.

5. Kori, J. and Pratibha (2018). Mathematical modeling of nanoparticle removal efficiency of

different age group lung. International Conference On Mathematical Modelling And Compu-

tations In Biosystems, Indian Institute of Technology Roorkee, Roorkee, India, March 12-14.

6. Kori, J. and Pratibha (2018). Numerical study of deposition and clearance of inhaled elongated

nano particles through alveolar region. International Conference on Frontiers in Industrial and

Applied Mathematics, National Institute of Technology Hamirpur, Himachal Pradesh, India,

April 26-27.

7. Kori, J. and Pratibha (2018), Analysis of wall shear stress of stenosis affected artery by math-

ematical modeling and simulation, International Conference on Mathematical Methods and

Models in Biosciences (Biomath), Sofia, Bulgaria, June 24-29, abstracted in: Biomath Com-

munications Supplement, 5(1).

8. Pratibha and Kori, J. (2018). Effect of particle aspect ratio and shape factor on air flow inside

pulmonary region. 20th International Conference on Applied Mathematics and Engineering

Mathematics, Toronto, Canada, June 21-22, abstracted in: International Journal of Mathemat-

ical and Computational Sciences, 12(6).

viii



9. Kori, J. and Pratibha (2018). A study of movement of mucus inside lung airways through

generalized couette flow. National Conference on Modeling, Optimization and Computing for

Engineering Problems: Use of Technical Hindi Terminology, Indian Institute of Technology

Roorkee, Roorkee, India, October 12-14.

10. Pratibha and Kori, J. (2018). A study of particle deposition in emphysema affected lung.

National Conference on Modeling, Optimization and Computing for Engineering Problems:

Use of Technical Hindi Terminology, Indian Institute of Technology Roorkee, Roorkee, India,

October 12-14.

Communicated Papers

1. Kori, J. and Pratibha. Mathematical modeling and simulation of viscous fluid flowing through

porous and viscoelastic artery affected by stenosis. Journal of Computational Science (Elsevier

Publication).

2. Kori, J. and Pratibha. A mathematical study of first order chemical reactions in the fibrosis

affected lung. Computational and Applied Mathematics (Springer Publication).

3. Kori, J. and Pratibha. Mathematical modeling of partial pressure distribution of inhaled gas

through tissue-blood interface. Journal of Applied Mathematics and Computing (Springer

Publication).

ix



x



Acknowledgements

This Ph.D. thesis had been difficult to reach the final stage without the support and encouragement of

numerous people including my well-wishers, my friends, and family. It is a pleasing task to precise

my gratitude to each one of the individuals, who contributed in one manner or the other to offer the

final shape of the thesis which is a memorable experience for me.

First and foremost I would like to thank the Almighty God for being my strength and guide me

to write this thesis. Without Him, I would not have had the wisdom of the physical ability to do so.

It gives me immense pleasure to have the privilege of extending my heartfelt appreciation and

sincere gratitude to my esteemed supervisor, Dr. Pratibha, Associate Professor, The Department of

Mathematics, Indian Institute of Technology Roorkee, Uttarakhand, India. Being my supervisor, her

involvement with this work goes right from the begin with the choice of the topic and the suggestions

of the resource materials to the significant sources of info, checking and corrections of the initial and

subsequent drafts. I have learned extensively from her, including how to raise new possibilities, how

to regard an old question from a new perspective, how to approach a problem by systematic thinking,

and data-driven decision making. In every meeting, her positive and spiritual behavior gave me con-

fidence in myself to improve my work according to her suggestions. This thesis would not have been

possible without her valuable guidance, advise, constant encouragement, and support which she has

given me all through my Ph.D. work. Thank you for believing in me when I found it difficult.

I am highly obliged to Department of Mathematics, Indian Institute of Technology Roorkee, In-

dia and all faculties for providing the departmental facilities for carrying out my research work. I

sincerely thankful to Prof. Kusum Deep, DRC and my Student Research Committee (SRC) members

Prof. Rama Bhargava and Prof. Kusum Deep from the Department of Mathematics and Prof. M.

Parida from the Department of Civil Engineering, IIT Roorkee for their insightful comments and

encouragement that helped me in improving the quality of my research work. I express my earnest

regard to Dr. R. C. Mittal and Dr. V. K. Katiyar, the ex Heads and Dr. Nagrajan Sukavanam, Head

and Professor, Department of Mathematics, IIT Roorkee, Roorkee, India for providing computa-

tional and other infrastructural facilities during my thesis work. I am indebted to the ‘Ministry of

xi



Human Resource Development, Government of India’ for providing me financial support to carry

out my research work.

The administrative staff in the department has been continuously helpful. I especially thank Mr. Ved

Prakash Verma, Mr. Lekhraj, Mr. Kshitij Yadav, Mr. Rahul, Miss Ritu, Mrs. Pooja, Mr. Islam, Mr.

Javed for all their assistance.

Certainly, I would miss the company of my friends, colleagues and many others who had been in

my contact during my research. I would like to acknowledge my sincere thanks to my lab colleagues

including seniors and juniors Dr. Anju Saini, Dr. Dev Datta, Mr. Amit Kumar, Mr. Rahul, Miss

Manisha, Dr. Mania Goyal, Dr. Renu Rana, and Mr. Tajender have all extended their support in

a very special way and I gained a lot from them, through their personal and scholarly interactions,

their suggestions at various points of my research programme. I am also thankful for encouragement,

support and co-operation which I have received from my friends Alka, Neha Singhal, Sumit Malik,

Sumita, Ruchi Panwar, Kalu Ram, Avinash, Vanita, Rangoli, Anil Kori, Arshi, Rahul Saini and Pooja

Gupta are beyond the scope of my acknowledgment, yet I would like to express my heartfelt grati-

tude to them for their help and moral support.

Last but not least, I feel a deep sense of gratitude for my grandparents Late Shri. Sita Ram and

Smt. Shyama Devi, my father Shri. Sahadev Prasad, mother Smt. Daya Devi, my uncle (Chacha

Ji) Shri. Suresh Kumar who formed part of my vision, taught me good things and always provided

me a constant source of joy, moral support, love, encouragement, and aim throughout my study. The

time they spent, the opportunities they provided and the instructions they gave continuously to bless

my life. Their patience and sacrifice will remain my inspiration throughout my life. I am also very

much thankful to my brothers Umesh and Yash together-with my sister Chanchal for their impatience

that pushes me through and guides me to do work with positive thinking.

I cannot found words to express my love towards my uncle (Chacha Ji). His struggle and patients

always motivate me to do something better than today. This thesis is heartily dedicated to my Chacha

Ji, who has been the stirring source behind this research work. I find myself very lucky and heartily

thankful to God that I have an uncle like him.

At last, I am thankful to everyone including those whose name might have missed unknowingly.

Km. Jyoti

IIT Roorkee, Roorkee

May , 2019.

xii



Table of Contents

Abstract i

Acknowledgements xi

Table of Contents xiii

List of Figures xxi

List of Tables xxvii

Nomencleture xxix

Chapter 1 Introduction 1

1.1 Biomechanics . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1

1.1.1 Classification of biomechanics . . . . . . . . . . . . . . . . . . . . . . . . . 2

1.2 Human Respiratory System . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2

1.2.1 Process of respiration or mechanics of breathing . . . . . . . . . . . . . . . 4

1.2.2 Amount of oxygen and carbon dioxide used during alveolar ventilation . . . 5

1.2.3 Effect of dead space on ventilation . . . . . . . . . . . . . . . . . . . . . . . 6

1.2.4 Inert gases . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6

1.2.5 Function of respiratory system . . . . . . . . . . . . . . . . . . . . . . . . . 6

1.3 Human Lung . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7

1.3.1 Lung volumes and capacities . . . . . . . . . . . . . . . . . . . . . . . . . . 8

1.4 Lung Mechanics . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9

1.4.1 Anatomical characteristics of lung . . . . . . . . . . . . . . . . . . . . . . . 9

1.4.2 Factors affecting the lung mechanics . . . . . . . . . . . . . . . . . . . . . . 11

1.5 Diseases Affecting the Lung . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12

1.5.1 Emphysema . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13

xiii



1.5.2 Chronic bronchitis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14

1.5.3 Chronic obstructive pulmonary disease . . . . . . . . . . . . . . . . . . . . 14

1.5.4 Asthma . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14

1.5.5 Fibrosis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14

1.5.6 Stenosis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15

1.6 Mathematical Modeling . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15

1.6.1 Stages of modeling . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15

1.6.2 Classification of model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16

1.7 Fluid Dynamics in Lung . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17

1.7.1 Compressible and incompressible flow . . . . . . . . . . . . . . . . . . . . 17

1.7.2 Steady and unsteady flow . . . . . . . . . . . . . . . . . . . . . . . . . . . . 18

1.7.3 Laminar, transitional and turbulent flow . . . . . . . . . . . . . . . . . . . . 18

1.7.4 Pulsatile flow . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 18

1.7.5 Couette flow . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 18

1.7.6 Convection . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19

1.7.7 Diffusion of gas . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19

1.7.8 Dispersion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 20

1.8 Nanoparticle and Need of Shape Factor . . . . . . . . . . . . . . . . . . . . . . . . 20

1.8.1 Aerodynamic diameter . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 21

1.8.2 Cunningham slip correction factor . . . . . . . . . . . . . . . . . . . . . . . 22

1.9 Deposition Mechanism . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 22

1.9.1 Inertial impaction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 22

1.9.2 Gravitational settling . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 23

1.9.3 Diffusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 23

1.9.4 Interception . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 23

1.10 Some Dimensionless Numbers . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 23

1.10.1 Reynolds number . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 23

1.10.2 Peclet number . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 24

1.10.3 Darcy number . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 24

xiv



1.10.4 Womersley number . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 24

1.11 Conservation Equation of Momentum and Mass Transport . . . . . . . . . . . . . . 24

1.11.1 Conservation equation in porous media . . . . . . . . . . . . . . . . . . . . 26

1.12 Mathematical Method . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 26

1.12.1 Numerical method . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 26

1.12.2 Method of moment . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 27

1.13 Literature Survey . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 27

1.14 Objective and Scope of the Thesis . . . . . . . . . . . . . . . . . . . . . . . . . . . 32

Chapter 2 Mathematical study of needle prolate nano-particle flow, deposition and fil-

tration thro-ugh upper generation of periodically permeable lungs 35

2.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 35

2.2 Mathematical Formulation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 37

2.2.1 Governing equations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 37

2.2.2 Initial and boundary conditions . . . . . . . . . . . . . . . . . . . . . . . . 39

2.3 Methodology . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 40

2.3.1 Transformation of the governing equations . . . . . . . . . . . . . . . . . . 40

2.4 Numerical Scheme . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 41

2.5 Results and Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 42

2.5.1 Effect of aspect ratio (β) on the velocity profile of air and particles . . . . . . 43

2.5.2 Effect of Reynolds number (Re) on the velocity of air and particle . . . . . . 43

2.5.3 Effect of periodic permeability (K) on the velocity of air and particle . . . . 44

2.5.4 Effect of orientations of particle on the velocity profile of air and particle . . 44

2.5.5 Effect of diameter (d) of particle on the velocity profile of air and particle . . 44

2.5.6 Effect of breathing frequency (f ) on the velocity of air and particle . . . . . 45

2.5.7 Effect of particle shape factor (Sf ) on pressure of air . . . . . . . . . . . . . 45

2.5.8 Biofilter model for porous media . . . . . . . . . . . . . . . . . . . . . . . . 45

2.6 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 46

xv



Chapter 3 Mathematical study of various shapes nonspherical nanoparticle deposition

and filtration through alveolar region of human lungs of age 1-30 55

3.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 55

3.2 Mathematical Formulation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 57

3.2.1 Governing equations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 57

3.2.2 Initial and boundary conditions . . . . . . . . . . . . . . . . . . . . . . . . 60

3.3 Methodology . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 60

3.3.1 Transformation of the governing equations . . . . . . . . . . . . . . . . . . 60

3.4 Numerical Scheme . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 61

3.5 Results and Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 62

3.5.1 Effect of aspect ratio (β) on the velocity of air and particle . . . . . . . . . . 63

3.5.2 Effect of lung porosity (ε) on the flow dynamics of air and particle . . . . . . 63

3.5.3 Effect of particle orientations on the flow dynamics of air and particle . . . . 64

3.5.4 Effect of Darcy number (Da) on air and particle velocity . . . . . . . . . . . 64

3.5.5 Effect of porosity (ε) on pressure gradient . . . . . . . . . . . . . . . . . . . 64

3.5.6 Filtration efficiency of lung in respect of age . . . . . . . . . . . . . . . . . 65

3.5.7 Filtration efficiency of lung in respect of shape factor . . . . . . . . . . . . . 65

3.6 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 65

Chapter 4 Simulation and modeling of the flow of viscous air through homogeneously

porous al-veolar region of human lung 77

4.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 77

4.2 Mathematical Formulation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 78

4.2.1 Governing equations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 78

4.2.2 Initial and boundary conditions . . . . . . . . . . . . . . . . . . . . . . . . 80

4.3 Methodology . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 80

4.3.1 Transformation of the governing equations . . . . . . . . . . . . . . . . . . 80

4.4 Numerical Scheme . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 81

4.5 Results and Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 83

4.5.1 Effect of porosity (ε) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 84

xvi



4.5.2 Effect of Darcy number (Da) . . . . . . . . . . . . . . . . . . . . . . . . . 85

4.5.3 Effect of Reynolds number (Re) . . . . . . . . . . . . . . . . . . . . . . . . 85

4.6 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 85

Chapter 5 Two dimensional numerical study of the flow of viscous air from emphysema

affect-ed lung 93

5.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 93

5.2 Mathematical Formulation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 94

5.2.1 Governing equations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 94

5.2.2 Initial and boundary conditions . . . . . . . . . . . . . . . . . . . . . . . . 97

5.3 Methodology . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 97

5.3.1 Transformation of the governing equations . . . . . . . . . . . . . . . . . . 97

5.4 Numerical Scheme . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 98

5.5 Results and Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 101

5.5.1 Importance of aspect ratio (β) and comparison with published work . . . . . 101

5.5.2 Effect of Reynolds number (Re) on velocity . . . . . . . . . . . . . . . . . . 102

5.5.3 Effect of porosity (ε) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 102

5.5.4 Effect of Darcy number (Da) . . . . . . . . . . . . . . . . . . . . . . . . . 102

5.5.5 Effect of breathing rate (f ) . . . . . . . . . . . . . . . . . . . . . . . . . . . 103

5.5.6 Analysis of stress on normal and emphysemic lung . . . . . . . . . . . . . . 103

5.6 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 103

Chapter 6 Mathematical study of the flow of blood through stenosis affect-ed viscoelas-

tic arte-ry in two dimensional system 109

6.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 109

6.2 Mathematical Formulation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 111

6.2.1 Governing equations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 111

6.2.2 Initial and boundary conditions . . . . . . . . . . . . . . . . . . . . . . . . 113

6.3 Methodology . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 114

6.3.1 Transformation of the governing equations . . . . . . . . . . . . . . . . . . 114

6.4 Numerical Scheme . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 115

xvii



6.5 Results and Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 117

6.5.1 Effect of aspect ratio (β) . . . . . . . . . . . . . . . . . . . . . . . . . . . . 118

6.5.2 Effect of Forchheimer number (Fs) . . . . . . . . . . . . . . . . . . . . . . 119

6.5.3 Effect of Reynolds number (Re) . . . . . . . . . . . . . . . . . . . . . . . . 119

6.5.4 Effect of Darcy number (Da) . . . . . . . . . . . . . . . . . . . . . . . . . 120

6.5.5 Effect of porosity (ε) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 120

6.5.6 Analysis of viscoelastic stress . . . . . . . . . . . . . . . . . . . . . . . . . 120

6.6 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 121

Chapter 7 Numerical study of the mucus clearance from human lung airways by using

generalized couette flow 131

7.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 131

7.2 Mathematical Formulation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 133

7.2.1 Governing equations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 133

7.2.2 Assumptions for Couette flow . . . . . . . . . . . . . . . . . . . . . . . . . 134

7.2.3 Initial and boundary conditions . . . . . . . . . . . . . . . . . . . . . . . . 135

7.3 Methodology . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 135

7.3.1 Transformation of the governing equations . . . . . . . . . . . . . . . . . . 135

7.4 Numerical Scheme . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 137

7.5 Results and Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 138

7.5.1 Effect of porosity (ε) on the clearance of mucus . . . . . . . . . . . . . . . . 138

7.5.2 Effect of aspect ratio (β) on particle deposition . . . . . . . . . . . . . . . . 139

7.5.3 Effect of frequency (f ) on wall oscillation and fluid velocity . . . . . . . . . 139

7.5.4 Effect of porosity (ε) on air pressure . . . . . . . . . . . . . . . . . . . . . . 139

7.5.5 Comparison between air velocity obtained through oscillatory walls and non-

oscillatory walls . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 140

7.6 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 140

Chapter 8 Effect of first order chemical reactions on the dispersion coefficient associ-

ated with laminar flow through fibrosis affected lung 147

8.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 147

xviii



8.2 Mathematical Formulation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 149

8.2.1 Governing equations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 149

8.2.2 Initial and boundary conditions . . . . . . . . . . . . . . . . . . . . . . . . 150

8.3 Methodology . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 151

8.3.1 Transformation of the governing equations . . . . . . . . . . . . . . . . . . 151

8.4 Numerical Scheme . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 152

8.5 Results and Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 153

8.5.1 Mean breakthrough curves based on the area-mean concentration for differ-

ent axial points . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 154

8.5.2 Mean breakthrough curves based on the area-average concentration at dif-

ferent times . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 156

8.5.3 Effect of a thickness (l) and porosity (ε) on diffusion in mobile phase . . . . 156

8.6 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 157

Chapter 9 Effect of first order chemical reactions thr-ough tissue-blood interface on

the partial pressure distribution of inhaled gas 165

9.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 165

9.2 Mathematical Formulation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 167

9.2.1 Governing equations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 167

9.2.2 Initial and boundary conditions . . . . . . . . . . . . . . . . . . . . . . . . 168

9.3 Methodology . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 170

9.3.1 Transformation of the governing equations . . . . . . . . . . . . . . . . . . 170

9.4 Numerical Scheme . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 171

9.5 Results and Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 173

9.5.1 Mean breakthrough curves based on the area-average partial pressure for

different axial points . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 174

9.5.2 Mean breakthrough curves based on the area-average partial pressure at dif-

ferent time . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 175

9.5.3 Impact of breathing rate (f ) on partial partial pressure of immobile phase . . 176

9.5.4 Impact of porosity (ε) on partial pressure of immobile phase . . . . . . . . . 176

xix



9.5.5 Coefficient of dispersion of partial pressure from mean . . . . . . . . . . . . 176

9.6 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 177

Future Work 185

Appendix 188

Bibliography 191

xx



List of Figures

1.1 Anatomy of human respiratory system [21]. . . . . . . . . . . . . . . . . . . . . . . 3

1.2 Function of respiration during expiration and inspiration [78]. . . . . . . . . . . . . 5

1.3 Human lung as a branched network [114]. . . . . . . . . . . . . . . . . . . . . . . . 7

1.4 The pulmonary volumes and pulmonary capacities [78]. . . . . . . . . . . . . . . . . 9

1.5 (a) The cross-sectional view of human lung, and (b) the microscopic view of alveolar

region (https://antranik.org/the-respiratory-system/) . . . . . . . . . . . . . . . . . . 10

1.6 Diagrammatic view of the emphysema affected lung (on the left side) and normal

lung (on the right side) in the figure (https://www.mcw.edu/). . . . . . . . . . . . . . 13

1.7 Diagrammatic view of mathematical modeling process. . . . . . . . . . . . . . . . . 16

1.8 Diffusion of oxygen from the region of higher concentration, A, toward the lower

concentration, B. [78] . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19

2.1 Various mechanisms of fiber deposition ((1) Brownian diffusion, (2) interception, (3)

inertial impaction, and (4) gravitational settling (sedimentation)) on airways walls of

the human respiratory system, where v is the velocity of particle [225]. . . . . . . . . 48

2.2 Grid independency test when Re = 1, ε = 0.6, d = 10 nm, and β = 10. . . . . . . . . . 48

2.3 Comparison between published (Saini et al. [196]) and present results for air velocity

at Da = 0.1, d = 100 nm, and ε = 0.6. . . . . . . . . . . . . . . . . . . . . . . . . . . 49

2.4 Effect of shape and aspect ratio (β) on the velocity profiles of (a) particle and (b) air

at porosity (ε) = 0.6, K0 = 0.1, Re = 1, and d = 10 nm. . . . . . . . . . . . . . . . . 50

2.5 Effect of Reynolds number (Re) on the flow dynamics of (a) air and (b) particles

during generations 5 - 16 at K0 = 0.1, d = 10 nm, ε = 0.6, and β = 10. . . . . . . . . 51

2.6 Effect of periodic permeability (K) of media on (a) air and (b) particle by varying

mean permeability K0 of porous medium from 0.1 to 5 at Re = 1, d = 10 nm, ε = 0.6,

and β = 10. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 51

xxi



2.7 Effect of different orientations (‖,⊥) of needle prolate nanoparticles on velocity of

(a) air and (b) particle at K0 = 0.1, Re = 1, d = 10 nm, ε = 0.6, and β = 10. . . . . . . 52

2.8 Effect of particle diameter (d = 1 - 100 nm) on (a) air and (b) particle at K0 = 0.1,

Re = 1, ε = 0.6, and β = 10. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 52

2.9 Effect of frequency (0.2 ≤ f ≤ 0.5) on the flow profile of (a) air and (b) particle at

d = 1 nm, β = 10, K0 = 0.1, Re = 1, and ε = 0.6. . . . . . . . . . . . . . . . . . . . . 53

2.10 Effect of particle shape factor (Sf ) on air pressure at d = 1 nm, β = 7-1000, K0 = 0.1,

Re = 1, f = 0.2, and ε = 0.6. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 53

2.11 Overall filtration efficiency at average traveling time for mean permeability K0=0.1-5. 54

3.1 (a) Architecture of the tracheobronchial tree and the alveolar region [225] and (b)

simplified model of alveolar region for viscous air flow. . . . . . . . . . . . . . . . . 67

3.2 Comparison between published (Saini et al. [196]) and present work for air velocity

at Da = 0.1, d = 100 nm, and ε = 0.6. . . . . . . . . . . . . . . . . . . . . . . . . . . 68

3.3 Influence of aspect ratio (β) without orientation of particle at age = 15 on (a) particle

velocity, (b) air velocity and influence of shape factor with orientation of particle at

3 ≤ β ≤ 1000, age = 15 on (c) particle velocity, (d) air velocity. . . . . . . . . . . . 69

3.4 Effect of lung porosity on flow dynamics of (a) air and (b) particle at β = 10, d = 50

nm, and Da = 0.1. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 70

3.5 Significance of parallel and perpendicular orientation of particle at the age = 15, β =

10 & 1000, Da = 0.1, and d = 50 nm on (a) air velocity and (b) particle velocity. . . . 70

3.6 Effect of Darcy number (0.001 ≤ Da ≤ 0.5) on flow dynamics at β = 10, d = 50 nm

at age=15 on (a) air velocity and (b) particle velocity. . . . . . . . . . . . . . . . . . 71

3.7 Effect of porosity (0.2 ≤ ε ≤ 0.7) with respect to age on air pressure. . . . . . . . . . 71

3.8 Traveling time and filtration efficiency of lung for (a) age of 3, (b) age of 8, (c) age

of 13, (d) age of 30 at β = 10, d = 50 nm, and 10−1 ≤ Da ≤ 10−3. . . . . . . . . . . 72

3.9 Traveling time and filtration efficiency of spherical and nonspherical (10 ≤ β ≤
1000) nanoparticle at (a) β = 10, (b) β = 100, (c) β = 1000, (d) spherical particle at

age = 15, and 10−1 ≤ Da ≤ 10−3. . . . . . . . . . . . . . . . . . . . . . . . . . . . 74

3.10 Comparison between F.E. of spherical and nonspherical nanoparticle at Da = 0.1,

age = 15, and 10−1 ≤ Da ≤ 10−3. . . . . . . . . . . . . . . . . . . . . . . . . . . . 75

4.1 Architecture of the tracheobronchial tree [225] and alveolar duct. . . . . . . . . . . . 87

xxii



4.2 Comparison between present and published (Saini et al. [197]) results at Re = 30, d

= 100 nm, and a = 125 µ m. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 87

4.3 Effect of porosity on axial velocity of (a) air and (b) particles; and radial velocity of

(c) air and (d) particles at Re = 10, d = 50 nm, and a = 140 µ m. . . . . . . . . . . . 89

4.4 Effect of Darcy number on axial velocity of (a) air and (b) particles; and radial ve-

locity of (c) air and (d) particles at Re = 10, d = 50 nm, and a = 140 µm. . . . . . . . 90

4.5 Effect of Reynold number on axial velocity of (a) air and (b) particles; and radial

velocity of (c) air and (d) particles at Da = 0.1, d = 50 nm, and a = 140 µm. . . . . . 91

5.1 Schematic diagram of alveolar duct attached with a single alveoli. . . . . . . . . . . 105

5.2 Effect of spherical and nonspherical nanoparticles (3≤ β ≤ 1000) on the axial ve-

locity of (a) air and (b) particle at Re = 10, d = 100 nm, and ε=0.84. . . . . . . . . . 105

5.3 Effect of Reynolds number on the axial velocity of (a) air and (b) particle at β = 10,

d = 100 nm, and ε = 0.84. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 106

5.4 Effect of porosity on the axial velocity of (a) air and (b) particle at β = 10, d = 100

nm, and Re = 10. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 106

5.5 Effect of Darcy number on the axial velocity of (a) air and (b) particle at β = 10, d =

100 nm, ε = 0.84, and Re = 10. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 107

5.6 Effect of breathing rate on the axial velocity of (a) air and (b) particle at f = 12 -

30/min, β = 10, and Re = 5. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 107

5.7 Analysis of stress on emphysemic lung and normal lung with respect to axial distance.108

6.1 (a) Axial velocity profile of particle through straight constricted tube at grid size

10x10x1000 to 20x20x1000 and (b) radial velocity profile at ε = 0.7, Da = 0.05, and

Re = 10. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 123

6.2 Physical model of the axi-symmetric stenosis affected artery. . . . . . . . . . . . . . 124

6.3 (a) Radial velocity profile and (b) axial velocity profile of particle through straight

constricted tube at ε = 0.7, Fs = 1, Da = 0.05, Re = 10, and β = 10 - 1000. . . . . . . 124

6.4 (a) &(b) Radial velocity profile, (c) & (d) axial velocity profile of air and particle

respectively through straight constricted tube at ε = 0.7, Da = 0.05, Re = 10, β = 10,

and Fs = 1 - 18. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 125

xxiii



6.5 (a) &(b) Radial velocity profile, (c) & (d) axial velocity profile of air and particles

respectively through straight constricted tube at ε = 0.7, Da = 0.05, β = 10, Fs = 1,

and Re = 10 - 200. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 126

6.6 (a) &(b) Radial velocity profile, (c) & (d) axial velocity profile of air and particle

respectively through straight constricted tube at ε = 0.7, β = 10, Fs = 1, Re = 10, and

Da = 0.05 - 1. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 127

6.7 (a) &(b) Radial velocity profile, (c) & (d) axial velocity profile of air and particle

respectively through straight constricted tube at β = 10, Fs = 1, Re = 10, Da = 0.05,

and ε = 0.4 - 0.9. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 128

6.8 Effect of viscoelasticity at φ = 3000 Kg/(m s2), µ = 400 Kg/(m s), ζ = 10 Kg/(m s),

and η = 0.039 g/(cm s). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 129

7.1 Schematic diagram for oscillatory walls applicable to clear thin layer of mucus. . . . 141

7.2 Radial velocity profile at ε = 0.7, Fs = 1, Da = 0.05, and Re = 10. . . . . . . . . . . 141

7.3 Variation in (a) air velocity (u), and (b) particle velocity (v), with respect to porosity

(0.6 ≤ ε ≤ 1). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 142

7.4 Variation in (a) air velocity and (b) particle velocity with respect to aspect ratio (10 ≤
β ≤ 1000). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 143

7.5 Variation in (a) air velocity and (b) particle velocity with respect to frequency (0.2 ≤
f ≤ 1.2). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 143

7.6 Effect of porosity (0.6 ≤ ε ≤ 1) on air pressure. . . . . . . . . . . . . . . . . . . . . 144

7.7 Comparison of air velocity between oscillatory walls and non-oscillatory walls at ε

= 0.6, and β = 10. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 145

8.1 Schematic diagram demonstrating a blow-up sectional perspective of the tube wall,

where two reactions take place [159]. . . . . . . . . . . . . . . . . . . . . . . . . . 159

8.2 Time dependent variation of coefficient of dispersion for different cases as shown in

Figure 2. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 160

8.3 Breakthrough curves based on the area average concentration for short distance

development of dispersion in a circular tube, at dimensionless axial positions (a)

z = 0.05, (b) z = 0.01, (c) z = 0.15, (d) z = 0.3, with l = 4.5 ∗ 10−6, ε=0.5, and

Pe = 1000. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 161

xxiv



8.4 Breakthrough curves based on the area average concentration for short time devel-

opment of dispersion in a circular tube, at dimensionless time t = 0.05, t = 0.15, t =

0.3, t = 0.5, with l = 4.5 ∗ 10−6, ε = 0.5, and Pe = 1000. . . . . . . . . . . . . . . . . 162

8.5 Effect of wall (a) thickness, and (b) porosity on gas diffusion into mobile phase. . . . 163

9.1 Pulmonary region, (A) tissue-blood capillary model with the impact of first order

kinetic reactions between mobile (blood) and immobile phase (tissue), (B) cross sec-

tional view of tissue-blood interface [78, 159, 195]. . . . . . . . . . . . . . . . . . . 178

9.2 Result validation for partial pressure at breath rate f = 1 to 10. . . . . . . . . . . . . 178

9.3 Breakthrough curves based on the area average partial pressure for short distance

development of dispersion in a circular tube, at dimensionless axial positions (a) z =

0.05, (b) z = 0.01, (c) z = 0.15, and (d) z = 0.3,with Pe = 1000. . . . . . . . . . . . . 180

9.4 Breakthrough curves based on the area average partial pressure for short time devel-

opment of dispersion in a circular tube, at dimensionless time (a) t = 0.05, (b) t =

0.15, (c) t = 0.3, and (d) t = 0.5, with Pe = 1000. . . . . . . . . . . . . . . . . . . . 181

9.5 Area-mean partial pressure profile of immobile phase at (a) z = 0.5 and (b) t = 0.05

at ε = 0.9, for β = 1 to 9. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 182

9.6 Area-mean partial pressure profile of immobile phase at (a) z = 0.5 and (b) t = 0.05

at f = 1, for porosity ε = 0.4-0.9. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 182

9.7 Coefficient of dispersion of mobile phase at z = 0.05 for all cases (i)-(viii). . . . . . . 183

9.8 Computational uniform grid generation in finite difference method. . . . . . . . . . . 189

xxv



xxvi



List of Tables

2.1 Grid independency test when Re = 1, ε = 0.6, d = 10 nm, and β = 10. . . . . . . . . . 49

2.2 Values for numerical calculation. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 50

2.3 Filtration efficiency of lung at different value of mean permeability K0 = 0.1 - 5. . . . 54

3.1 Shape factors for special shapes [177]. . . . . . . . . . . . . . . . . . . . . . . . . . 67

3.2 Values for numerical calculation. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 67

3.3 Comparison between published (Saini et al.[196]) and present result. . . . . . . . . . 68

3.4 Correlation between traveling time (t′) and filtration efficiency (F.E.) of lung from

age 3 - 30. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 73

3.5 Traveling time (t′) and filtration efficiency (F.E.) of lung for different shape particles

at the age of 15 and 10−1 ≤ Da ≤ 10−3. . . . . . . . . . . . . . . . . . . . . . . . . 73

4.1 Comparison between present and published (Saini et al. [197]) results for axial ve-

locity of air with respect to axial distance. . . . . . . . . . . . . . . . . . . . . . . . 88

5.1 Numerical values used in the study . . . . . . . . . . . . . . . . . . . . . . . . . . . 105

5.2 Effect of emphysema on breathing. . . . . . . . . . . . . . . . . . . . . . . . . . . . 108

6.1 Grid independency test for radial velocity profile at ε = 0.7, Fs = 1, Da = 0.01, and

Re = 10. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 122

6.2 Comparison of present result with (Saini et al. [194]) at z = 20 mm. . . . . . . . . . 122

6.3 Numerical values of variables used in computational analysis with their correspond-

ing units . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 123

7.1 Comparison between present and published result (Saini et al. [194]) at z = 20 mm. . 142

7.2 Variation in velocities (air U , particle V )via time (t) for different values of wall

frequency (f ). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 144

xxvii



7.3 Variation in pressure via time for different values of wall porosity (ε). . . . . . . . . 145

8.1 Values of the controlling parameters considered for the present study. . . . . . . . . 159

8.2 Comparison between published (Lau and Ng [128]) and present results for dispersion

coefficients versus dimensionless time for different cases. . . . . . . . . . . . . . . . 159

8.3 Effect of wall thickness and porosity on diffusivity . . . . . . . . . . . . . . . . . . 160

9.1 Comparison of present results with published results (Saini et al. [193]) for various

values of breathing rate f . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 179

9.2 Numerical parameters with there units . . . . . . . . . . . . . . . . . . . . . . . . . 179

9.3 Values of the controlling parameters considered for the present study where cases

(ii)-(vii) correspond to the increase of phase exchange rate and cases (iii) and (viii)

correspond to the increase of absorption rate . . . . . . . . . . . . . . . . . . . . . . 179

9.4 Coefficients of dispersion versus dimensionless time for all cases (i)-(viii) . . . . . . 179

xxviii



Nomencleture

Roman Symbol Notation

a radius of duct

a0 pulsatile amplitude

b Forchheimer inertial resistance parameter

b1 biological degradation constant

c(z, r, t) concentration of the species dissolved per unit volume in the mobile phase of fluid

cs(z, r, t) concentration of the species in immobile phase preserved per unit area of tube wall.

c local concentration of solute

C Cunningham slip correction factor

d diameter of spherical particle

di inner diameter of alveolus

do outer diameter of alveolus

dp diameter of nonspherical particle

D Diffusion coefficient in blood

Da Darcy number

DA Damkohler number

DC diffusion coefficient in plasma

DT diffusion coefficient in tissue

f frequency

Fd drag force on nonspherical particle

Fs Forchheimer number

F drag force on spherical particle

gr axial component of gravity

gz radial component of gravity

xxix



k the reversible reaction rate

kf Stokes drag force

km partitioning coefficient

K0 mean permeability of media

m mass concentration of dust particle

N0 number density of the dust particles

Na number of alveoli in human lung

p fluid pressure

p(r, z, t) partial pressure inside blood

pt(r, z, t) partial pressure inside tissue

P (x, z, t) Partial pressure of air

P0 atmospheric pressure

Pe Peclet number

Pl particle load

Pt(X,Z, t) Partial pressure of blood

r radial axis

r′ radius of lung

ro radius of alveoli

Re Reynolds number

RC radius of the capillary

RT radius of the tissue

S surface area of spherical particle

S ′ surface area of nonspherical particle

sk Stockeian coefficient

S‖ parallel orientation of particle

S⊥ perpendicular orientation of particle

Sf dynamic shape factor

St Strouhal number

t stands for time

t′ dimensionless traveling time

u velocity of air or blood

u0 velocity of the flow at the center of the tube

xxx



ur velocity in radial direction

uz velocity in axial direction

v velocity of dust particles

vr particle velocity in radial direction

vz particle velocity in axial direction

z axial axis

zs initial slug length

Greek Symbol Notation

α the partition coefficient

αc Solubility of oxygen in plasma

αt Solubility of oxygen in tissue

β particle aspect ratio

ε porosity of media

f breathing rate or oscillation frequency

Γ irreversible absorption rate

λ mean free path of the gas

λ′ first order reaction rate constants for the mobile phase

µ coefficient of dynamic viscosity of the fluid

ν kinematic viscosity

ρ0 unit density

ρ air density

τe stress due to emphysema

τv stress due to viscoelasticity

xxxi



xxxii



Chapter 1: Introduction

1.1 Biomechanics

The motion and function of lifeless and biological systems are governed by mechanics. Many

scientist-philosophers (such as Leonardo da Vinci (1452-1519), Galileo Galilei (1564-1642), Jo-

hannes Kepler (1571-1630), Rene Descartes (1596-1650), and Isaac Newton (1642-1726)) had fo-

cused on the mechanical interactions between biological systems and the environment. The dis-

covery of these mechanical interactions has come to create a discipline of analysis known as biome-

chanics. Biomechanics is the study of mechanics that manages the flow of fluid in biological systems

together with the mechanical consequences of the body’s movement, with respect to size, shape, and

structure [142]. To demonstrate the inner mechanics of cells and the mechanical properties of soft

or hard tissue’s science of mechanics [83], engineering principles, and biological methods, physical

laws are applied and constitutive equations are derived which have their applications in physiology,

medicine, surgery, materials, and many others. Thus, biomechanics is the basic science for the ad-

vancement in biomedical engineering.

Biomechanics has been defined in many different ways but according to Fung et al. [65], research in

biomechanics needs knowledge of:

• The geometry of the system such as anatomical, morphological and histological studies

• The materials of the system and their mechanical properties

• The basic laws governing the system, and

• The boundary conditions
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1.1.1 Classification of biomechanics

Biofluid mechanics

Biofluid mechanics is a combined study of the flow of gas and liquid in or around biological system

[134] by using fundamental principles of fluid mechanics [145]. It is a conjunction of mechanical

engineering and biological engineering that varies from cells to organs and covering various aspects

of the functionality of general physiology such as blood flow within the human circulatory system,

air flow in human respiration, reproductive, urinary, musculoskeletal and neurological systems, etc.

To boot biofluid mechanics and its simulations, the concept of fluid dynamics are applied in internal

as well as external flow.

• Internal biofluid mechanics-Internal biofluid mechanics is basically concerned with fluid

flow, transport of mass and heat, blood flow in veins and arteries, peristaltic pumping flow,

urine, interstitial flows [136], within a living being flow of air in the respiratory system.

• External biofluid mechanics-External biofluid mechanics, however, concern with the flow of

fluids viz. air and water outside the living beings, e.g. flights of birds in the air and aquatic

locomotion such as swimming of fish in water [135].

Biosolid mechanics

Biosolid mechanics is the study of the mechanics of biological solid material such as bones and tis-

sues. For solid materials, the stress-strain curve is used which give information about their strength,

extensibility, and work of fracture. In general, biological tissues behave like a viscoelastic material

but a few biological materials (stress-strain relation may be linear or nonlinear), such as bones, the

linear elasticity is not applicable as long as the deformation is not small.

The range of biomechanics is too wide so we blend it into two sciences, i.e. physiology and mechan-

ics. The major physiological areas, which carries major difficulties are covered by the cardiovascular

system, the pulmonary system, muscle mechanics, nervous system, digestive tract, and endocrine

system.

1.2 Human Respiratory System

The human respiratory system extracts oxygen from the air and transfers it into the bloodstream, and

in return, release carbon dioxide from the bloodstream into the air. Respiratory system (Figure 1.1)
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includes nose, pharynx, larynx, trachea, and lungs (bronchi, bronchioles and their smaller branches

or duct), which contain the terminal air sacs, or alveoli. The respiratory system can be separated into

the following regions based on its functions and anatomy [21].

Figure 1.1: Anatomy of human respiratory system [21].

• Conducting zone-The conducting zone includes nose, trachea, upper respiratory system 0 to

16 and all those passageways, which are helpful in reaching the air to the gas exchange sites

but not in direct contact with the pulmonary capillaries. The passageways of conducting zone

clean, warm, and humidify the incoming air; so that very fewer particles of dust, bacteria, and
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other irritants are reaches in the deep lung generations as compare to initial inhaled air.

• Respiratory zone-The respiratory zone includes bronchioles, alveolar duct, alveolar sac and

alveoli (forms the end of the respiratory tract), through which air reaches to gas exchange area,

i.e. gas-blood barrier (pulmonary capillary network in their walls), where the process of gas

exchange takes place.

• The intermediate or transition zone-The transition zone of tubes very closely associated

with alveoli and forming a link between respiratory and conducting zones.

1.2.1 Process of respiration or mechanics of breathing

In the human body, the respiratory system provides oxygen to the tissues and removes carbon dioxide

from the blood. The lung is a main muscleless organ which is responsible for respiration [173].

Respiration is a process of inspiration and expiration. Inspiration and expiration are initiated by

the contraction and extraction of the diaphragm. The diaphragm lines the lower part of the thorax,

sealing it off air-tight from the abdominal cavity below. To perform the task of respiration some

sub-processes, which are collectively called respiration must be happened (Figure 1.2), such as:

• Pulmonary ventilation- Movement of air from the atmosphere to lung and lung to atmosphere

so that the gases (oxygen and carbon dioxide) are consistently exchanged and refreshed is

generally called breathing.

• Inspiration- During inspiration diaphragm contracts and descends from 10 cm to 1 cm, Its

contraction causes muscles in the thorax to pull the anterior end of each rib up and outwards

enlarging its volume, and the contents of the abdomen are pushed downward. This results in a

larger thoracic volume and negative pressure (with respect to the atmospheric pressure) inside

the thorax. The pressure inside the thorax, i.e. intrathoracic pressure, and inside the lungs,

i.e. intrapulmonary pressure, decreases relative to the atmospheric air pressure. Consequently,

decrement in the pressure of the chest is responsible for the movement of air into the upper

respiratory tract, where the air is filtered, warmed, and humidified.

• Transport of respiratory gases- Inhaled air includes, 78 % nitrogen, 21 % oxygen, 0.965

% argon, 0.04 % carbon dioxide, helium, water droplets, and other gases, which reaches to

the alveoli, where oxygen diffuses into the capillaries, while carbon dioxide diffuses back

into the air. This transport is accomplished by the cardiovascular system using blood as the

transporting fluid.
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• Expiration- The lungs have a natural elasticity, as they recoil from the stretch of inhalation,

air flows back out until the pressure in the chest and the pressure in the atmosphere reach

equilibrium. Expiration is generally a passive process, in which the lung and chest wall returns

to its equilibrium position and shape. During slow breathing, only the elastic recoil of the

lung and chest walls is needed to return the thorax to equilibrium, while in forceful expiration

additional muscles (intercostals) in the thorax and abdomen are also used for further increment

in the pressure.

Figure 1.2: Function of respiration during expiration and inspiration [78].

1.2.2 Amount of oxygen and carbon dioxide used during alveolar ventilation

Exchange of oxygen and carbon dioxide takes place all along the 2800 km length and 70 m2 of

the surface area of the pulmonary capillaries. The exchange is governed by the partial pressures

of oxygen and carbon dioxide in the alveoli and in the pulmonary capillaries, the diffusivity of the

walls and those areas of walls which are in contact with one another. The inspired air is at about 760

mm of Hg pressure and it contains about 20.95 % of oxygen so that the partial pressure of oxygen in

inspired air is (20.95/100) x 760 mm of Hg≈ 159 mm of Hg. Similarly, the partial pressure of carbon

dioxide in inspired air is (0.04/100) x 760 mm of Hg = 0.30 mm of Hg. A pressure difference of 60

mm of Hg drives oxygen from alveolar space to pulmonary capillaries [212]. Similarly, a pressure
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difference of 6-7 mm of Hg drives carbon dioxide from pulmonary space to alveolar space. Though

the pressure difference for carbon dioxide is much smaller than that for oxygen, yet its diffusivity

is equally important since the solubility of carbon dioxide in blood plasma is about 20 times that of

oxygen.

1.2.3 Effect of dead space on ventilation

A portion of the air an individual inhales never achieves the gas exchange areas but simply fills

conducting respiratory passages where gas exchange does not occur [104] is called dead space. In

the process of inspiration, a normal person takes about 0.5 litres or 500 ccs of air, of which about 350

ccs go to the alveoli and the remaining to dead space of airway segments and conducting proximal

air channels. On expiration, the air in the dead space is expired first, before any of the air from the

alveoli reaches the atmosphere. Hence, the dead space is very harmful to removing the expelling

gases from the lungs.

1.2.4 Inert gases

In nature, inert gases are found primarily in the atmosphere. Atmospheric nitrogen is the most

common example. Helium and argon are the other inert gases commonly used in breathing mixtures

for divers. Specific physiological processes inside the human body may be indicated by trace gases

originating from the lung. The mixing of inspired air with gas in the lungs is the initial step in the

procedure of gas exchange between the atmosphere and the tissues. It is a step which is critically

damaged by a wide range of pulmonary diseases. Inert gases have been shown to be useful for

quantitative analysis of gas exchange both in lungs and tissues.

1.2.5 Function of respiratory system

The major functions of respiration are [78]:

• The respiratory system is responsible for the first two steps in oxygen transport from inspired

air to muscle mitochondria: the bulk transport of oxygen from atmospheric air to alveoli and

the transfer of oxygen from alveolar gas to pulmonary capillaries.

• The respiratory system is also responsible for regulating carbon dioxide levels in the body and

for much of the regulation of pH.

• Importantly, arterial blood gas homeostasis maintained at a minimum energy expense to the

organism by the respiratory system.
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• Pulmonary vascular resistance and vascular pressures maintained low to limit the load on the

right heart and prevent trauma to the delicate alveolar-capillary interface.

• The ultimate importance of the respiratory system is to continually renew the air or regulate

ventilation in the gas exchange areas (air-blood barrier) of the lungs.

1.3 Human Lung

The lung is an important part of the respiratory system. Human lung is branched in two parts, left

and right. The lungs are enclosed within the pleural sac, which divides each lung into sections called

lobes. Pleural sac also protects the lungs and allows the lungs to expand and deflate, without much

friction. The right lung composed of three lobes whereas the left lung is slightly smaller consisting

of only two lobes. The right lung accounts for 55% of overall gas volume and the left lung for 45%.

The lung itself also consists of two parts: the leading air passages and the respiratory air passages.

Figure 1.3: Human lung as a branched network [114].

The leading air passages only transport the air deeper into the lungs and consist of the trachea and

its main branches, which is subdivided into secondary lobar bronchi. The lobar bronchi branch into

tertiary bronchi, which divide repeatedly into fourth-order, fifth-order, bronchi, etc. This process

continues for 20-23 generations, as shown in Figure 1.3. A perfect bifurcating system can be pro-

duced by 2n airway tubes at generation n.The generations 0≤ n ≤16, conduct the gas flow in and
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out, without having any special equipment to exchange oxygen and carbon dioxide between air-blood

barrier, named as conducting zone. However, from generations, 17 ≤ n ≤ 19, visibility of small air

sacs or alveoli (alveoli are thin-walled and compliant with rich capillary blood supply) start to ap-

pear on the airway walls which participate in the gas exchange process, named as a respiratory zone.

Airways smaller than 1 millimeter in diameter are called bronchioles, and the tiniest of these, the

terminal bronchioles, have a diameter between 75-300 micrometer [21] and named as alveoli. These

alveoli in the lungs account for most of the lung volume and provide a tremendous surface area for

gas exchange. Altogether, a healthy lung (both lungs) generally have about 2800 km of airways and

about 300-480 millions alveolar sacs or alveoli. So, the total surface area of both lungs is about 70

square meters.

1.3.1 Lung volumes and capacities

In Figure 1.4 left part is listed with four pulmonary lung volumes, which are accumulatively equal

to the maximum volume and are responsible for the expansion of the lungs. The significance of each

of these pulmonary lung volumes are as follows:

1. The tidal volume-The volume of air inspired or expired with each normal breath is known as

tidal volume and its amount for an adult lung is about 500 millilitres.

2. The inspiratory reserve volume-The amount of extra volume of air when a person inspires

with full force over and above the normal tidal volume is called inspiratory reserve volume

and normally equal to 3000 millilitres.

3. The expiratory reserve volume-The maximum amount of extra volume of air when a person

expires with full force after the end of normal tidal expiration is called expiratory reserve

volume and usually equal to 1100 millilitres.

4. The residual volume-The amount of volume of air remaining in the lungs after the most

forceful expiration is called the residual volume and averages 1200 millilitres.

The lung capacities are estimations of at least two volumes.

1. Inspiratory capacity-Sum of the tidal volume and inspiratory reserve volume is equal to in-

spiratory capacity.

2. Functional residual capacity-Sum of the expiratory reserve volume and residual volume is

equal to functional residual capacity.
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3. Vital capacity-Sum of the inspiratory reserve volume, the tidal volume, and the expiratory

reserve volume are equal to vital capacity.

4. Total lung capacity-Sum of vital capacity and the residual volume is equal to the total capacity

of the lung.

Figure 1.4: The pulmonary volumes and pulmonary capacities [78].

1.4 Lung Mechanics

Mechanical changes in lung structure during respiration, termed as lung mechanics [135], have been

usually talked about in the literature e.g. [14, 52, 131]. However, no established unifying theory

currently exists. Much of the uncertainty has been due to the difficulties in documenting alveolar

and capillary mechanics, given the small size and large movement during breathing. It describes all

those things that determine the relationships between pressure, flow, and volumes in the study.

1.4.1 Anatomical characteristics of lung

Porosity

The quantitative measurement of voids or emptiness in a material is named as porosity, which can

be calculated for biological tissues by the ratio of the volume of voids to the total volume. Porosity

varies between the limit of 0-1 or 0%-100%.
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Figure 1.5: (a) The cross-sectional view of human lung, and (b) the microscopic view of alveolar

region (https://antranik.org/the-respiratory-system/)

There are distinct holes inside alveoli and in between adjacent alveoli in the alveolar region of the

human respiratory system, which are entitled as pores of Kohn [116]. These pore of Kohn are very

helpful in collateral ventilation to some extent during the partial deflation of the human lung. In

addition, they equalize the pressure in adjacent alveoli or play an important role in the prevention of

collapse of the lung and provide a passage of other materials (fluid and bacteria). Overall, the pore

of Kohn is responsible for the porosity of lung [150] and play a significant role in cell survival and

gas exchange process. We can notice the thinness of the alveolar walls in Figure 3.4.

Permeability

Another important factor, responsible for tissue characteristic is its permeability. Permeability is the

measurement of the ability of a material to transmit the fluid. Tissue may be extremely porous but

if the pores are not connected, it will have no permeability. Likewise, a tissue has a few continuous

voids, it allows ease in fluid flow or obtains more permeability but does not seem very porous.

Biofilter

Biofiltration is an emerging technology to control pollution by using a bioreactor, which contains

living material to capture and biologically degrade pollutants. Biofilter commonly used in wastew-

ater, drinking water treatment. A biofilter is usually a porous media [206] through which flow of
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fluid is studied by established models, such as the Darcy model [37]. In human lung, the alveolar

region contains alveolar sacs, which can be considered as an internal biofilter media that capture dust

particles from the inspired air [196].

Elasticity and viscoelasticity of lung tissue

Elasticity is the tendency of an organ to return to its normal position or shape, while viscoelasticity

is the property of materials that exhibit both viscous and elastic characteristics when undergoing

deformation. Human lung have both properties i.e. elasticity and viscoelasticity. The aptitude of the

lung elastic tissues to retreat through expiration form elasticity and when exhibiting time-dependent

strain due to mucus or other biological fluid (periciliary liquid and blood), it forms viscoelasticity.

No slip

No slip is a condition for viscous fluids relative to the solid boundary of material, where the assump-

tion of zero velocity of the fluid can be applied. A boundary condition for viscous fluids at such a

wall is that there be no relative motion between the wall and the fluid immediately in contact with

the wall when there is no tangential motion of the fluid relative to the wall is called no-slip condition

[41].

1.4.2 Factors affecting the lung mechanics

Airway resistance

Resistance to flow in the airways confide, either the flow is laminar or turbulent with respect to the

dimensions of the airway, and viscosity of the gas. Airway resistance is the conflict to flow due to a

nonelastic source of resistance such as friction or drag encountered in the respiratory passageways.

It is described as the ratio of the driving pressure to the rate of air flow and represented in centimeter

water per litre per second as

R =
∆P

V̇
, (1.1)

where V̇ is volumetric airflow change constantly during the respiratory cycle, P is pressure, and R

is resistance. This equation shows that the flow of gas is reciprocal to the resistance or we can say

that the flow of gas decreases with respect to the resistance.

Resistance in the respiratory system also depends on the diameter of the conducting tubes. Initially,

the diameter of the conducting zone is very large for the primer branches, which causes low resis-

tance, while deep inside lung generations, the diameter of branches become small and the resistance
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on flow increases. Hence, maximum resistance is found in the medium-sized bronchi, because at the

terminal bronchioles also known as alveoli the process of gas exchange occurs through molecular

diffusion, which is not affected by resistance.

Alveolar surface tension

Due to the molecular attraction between liquid and gas a state of tension is ingrown at the liquid

surface of alveoli, this tension is termed as alveolar surface tension. So, alveolar surface tension is

the smallest edge between the liquid-gas boundary in the alveoli. The oxygen in the air must go

through the membrane to be absorbed by the blood vessels in the alveoli. The greater the surface

tension, the harder it is for the blood vessels to obtain oxygen from the air which causes lower the

pulmonary ventilation.

Lung compliance

Breathing is a mechanical process in which the muscles of the thorax and abdomen, functioning

jointly, generate the pressures necessary to inflate the lung [217]. These pressures must be enough to

overcome the inclinations of the lung and chest wall tissues to recoil. A pressure-volume curve is a

tool to monitor the deformation of the lung during breathing [4, 10]. It demonstrates the mechanical

behavior (elasticity, distensibility) of lung and chest walls during inflation and deflation. It is also

responsible for lung compliance (CL). The extent to which the lungs will expand for each unit in-

crease in transpulmonary pressure (if enough time is allowed to reach equilibrium) is called the lung

compliance. Specifically, lung compliance (CL) is the measurement of the change in lung volume

(∆VL) that occurs with a given change in the transpulmonary pressure (∆PL). This relationship is

stated as

CL =
∆VL
∆PL

. (1.2)

For lower compliance values, lung inflates stiffly, while for a greater compliance values lung expands

easily.

1.5 Diseases Affecting the Lung

Lung diseases are some of the most common medical conditions in the world, affecting millions

of people every year. Smoking, infections, genetics, and accidents are responsible for most lung

diseases and injuries. The lungs can be affected by a number of diseases, including pneumonia,
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chronic obstructive pulmonary disease (COPD), acute respiratory distress syndrome (ARDS), and

lung cancer [105]. Some of these diseases can lead to lung failure caused by the collapse of a lung

or parts of it, especially the alveoli.

1.5.1 Emphysema

Emphysema is a disease caused by cigarette smoke, deposition of irritants and dust particles. In

emphysema, lung loses its elasticity and require more energy to breath (15-20% vs 5% normal). In

complex situations, the bronchioles open during inspiration but collapse during expiration and trap

huge volumes of air in the alveoli, which make hyperinflation or permanent expansion of barrel chest

and flattens the diaphragm, consequently reducing ventilation efficiency. The physiologic effects of

chronic emphysema (Figure 1.6) are variable, depending on the severity of the disease and can are

described as below:

Figure 1.6: Diagrammatic view of the emphysema affected lung (on the left side) and normal lung

(on the right side) in the figure (https://www.mcw.edu/).

• Emphysema affects the normal protective mechanisms of the airways, such as partial paral-

ysis of the cilia of the respiratory epithelium which cause difficulty in movement out of the

passageways.

• The bronchiolar obstruction increases the airway resistance due to which some portions of the

lungs are well ventilated, whereas other portions are poorly ventilated.

• The marked loss of alveolar walls greatly decreases the number of pulmonary capillaries

together-with diffusing capacity of the lung, which reduces the ability of the lungs to oxy-

genate the blood and remove carbon dioxide from the blood.
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1.5.2 Chronic bronchitis

Chronic bronchitis is a lower respiratory disease, which occurs due to the inhalation of irritants,

cigarette smoking, environmental pollution, etc. and lead to excessive production of mucus, ibn-

flammation, and fibrosis in the lower part of the respiratory system. These response obstructions in

the airways or severely impair lung ventilation and gas exchange process [137].

1.5.3 Chronic obstructive pulmonary disease

Chronic obstructive pulmonary diseases (COPD), is a combination of emphysema and chronic bron-

chitis, which is a chronic disease that makes breathing harder eventually. Due to COPD, the airways

and air sacs lose their elastic quality, the walls between several of the air sacs are damaged, and the

walls of the airways turn out to be thick and inflamed. Usually, bronchodilators and corticosteroids

in aerosol form (inhalers) are used to heal this disease.

1.5.4 Asthma

Asthma is characterized by episodes of coughing, dyspnea, wheezing, and chest tightness alone

or in combination. The cause of asthma has been hard to pin down. Initially, it was viewed as a

consequence of bronchospasm triggered by various factors such as cold air, exercise, allergens, and

deposition of foreign substances. In asthma, the functional residual capacity and residual volume of

the lung become especially increased during the acute asthmatic attack because of the difficulty in

expiring air from the lungs.

1.5.5 Fibrosis

Fibrosis or scarring of the lungs describes a group of lung diseases in which scars are formed in the

lung tissues, leading to serious breathing problems [81]. Scar formation, the accumulation of excess

fibrous connective tissue, leads to thickening of the walls and causes a reduction in oxygen supply

in the blood. As consequence patients suffer from perpetual shortness of breath. Other effects of

fibrosis are given below:

• Breathing problem during expiration

• Chronic dry, hacking coughing

• Weakness

• Chest distress because of chest pain

• Loss of appetite and rapid weight loss
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• Reduction in lung volume and compliance

• Alterations in pulmonary hemodynamics and gas exchange

• Change in the shape and performance of the conducting airways in the gas exchange process

Idiopathic pulmonary fibrosis is the most common idiopathic interstitial 1 pneumonia and one of the

most frequently diagnosed interstitial lung diseases characterized by chronic, progressive scarring

accumulation of fibrotic tissue in the lung parenchyma, associated with significant morbidity and

poor prognosis [180].

1.5.6 Stenosis

In stenosis pulmonary valve (the valve that lets the blood flow from the heart to the lungs via the

pulmonary artery) become narrow due to abnormal constriction [207, 240]. Patients with significant

stenosis may present with dyspnea, wheezing, or stridor. Stenosis may occur in airway, pulmonary,

trachea which leads to the obstruction of the breathing airflow.

1.6 Mathematical Modeling

According to Stephen Smale (1930) “Good mathematical model do not start with the mathematics,

but with a deep study of certain natural phenomena”.

Mathematics is a very precise language, which helps us to formulate ideas and identify underlying

assumptions by using mathematical concepts and languages such as equations, inequalities, func-

tions, variables, and constraints. It is a concise language, with well-defined rules for manipulations.

A mathematician can divide the universe into two parts: mathematics, and everything else or the rest

of the world, also called ‘the real world’ [170]. To describe the function of real world mathematical

modeling is a powerful tool. Modeling is an abstraction of reality to present a simplified version of

something. It basically consists of transforming real-world problems into mathematical problems,

solving the mathematical problems either by hand or using computers and deducing these solutions

in the language of the real world [104].

1.6.1 Stages of modeling

Mathematical modeling is helpful to divide the process of modeling into four broad categories of

activity, such as building, studying, testing and use. In general, it is difficult to model a real-world

1Interstitial means the disease affects the interstitium, the lace-like network of tissue that supports the air sacs in the
lungs.
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problem from the first step to the last without any mistake. Defects found at any stage will affect the

other stages. So, it is necessary to correct the defect by returning back to that stage and repeat the

process for the other stages. A diagrammatic view of the modeling process is shown in Figure 1.7. In

‘Mathematical Biosciences’, we study the applications of mathematical modeling and mathematical

techniques to get an insight into the problems of biosciences. A mathematical modeling of the brain,

conduction of current in nerve cells [205], exchange of oxygen and carbon dioxide in the human

respiratory system and the functioning of various sense organs (eyes and ears), kidneys, blood flow

through heart and flow of gases in lung airways, plays a dominant role in control of diseases of the

above systems [79, 145, 157].

Real World Problem

Construction of Governing Equations

Simplification of
Governing Equations

Find Solution

Graphical
Interpretation

Solve

Revise

Evaluate

Figure 1.7: Diagrammatic view of mathematical modeling process.

1.6.2 Classification of model

Mathematical models in the mathematical biosciences may be classified according to their nature as

follows:

1. Linear or nonlinear-Depending on the nature of operator used in basic equations mathemat-

ical models may either be linear or nonlinear. If all the operators in a mathematical model

exhibit linearity, then the model is linear otherwise nonlinear.
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2. Static or dynamic-Depending on the time-variations in the system mathematical models may

be either static or dynamics. The dynamic model considered time-dependent changes, while

the static model does not consider time-dependent changes in the working system.

3. Explicit or implicit-In explicit scheme input parameters are familiar and output parameters

can be calculated by a finite series of computations, while such a case where the output pa-

rameters are familiar, respective inputs must be solved by an iterative procedure is known as

an implicit method.

4. Deterministic or stochastic-Depending on the chance factors mathematical models are con-

sidered as deterministic or stochastic.

5. Discrete or continuous- Depending on the variables involved mathematical models may be

discrete or continuous.

Linear, static and deterministic models are usually easier to handle than non-linear, dynamic and

stochastic models and in general, in any discipline, these are the first to be considered. Essentially

most realistic models are non-linear, dynamic and stochastic. Generally, linear, static or determin-

istic models are used because these are easier to handle and give good approximate answers to the

problems.

1.7 Fluid Dynamics in Lung

Fluid dynamics is a sub-discipline of fluid mechanics that deal with transactions of fluid either liquids

or gases inside or around the human body [145]. Fluid dynamics has a broad area of applications,

such as calculating the forces and moments on aircraft, formative the mass flow rate of petroleum

through pipelines, forecasting weather patterns, etc. Fluid dynamics propose a methodical arrange-

ment that motivates these practical regulations and holds empirical and semi-empirical laws resulting

from flow measurement and used to explain practical problems. The solution to a fluid dynamics

problem usually occupies calculating a variety of properties of the fluid, for example, velocity, pres-

sure, density, and temperature, as functions of space and time. Various flows used in fluid dynamics

are as follows.

1.7.1 Compressible and incompressible flow

When a change in pressure or temperature cause changes in density then the fluid is said to be com-

pressible, while in many situations the change in pressure and temperature are sufficiently small so
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that the change in density can be negligible; in this case, the flow can be modeled as an incompress-

ible flow. Gases are compressible with respect to change in temperature and density.

1.7.2 Steady and unsteady flow

Steady-state flow refers to the condition where the fluid properties at a point in the system do not

change over time or flow that is not a function of time is called steady flow. While time-dependent

flow is known as unsteady.

1.7.3 Laminar, transitional and turbulent flow

A flow can be laminar, turbulent or transitional in nature. This classification depends on the Reynolds

number. For low Reynolds number ≤ 2000, the flow seemed to follow a straight line in which each

particle of the fluid follows a smooth path (paths which never interfere with one another) and flow is

known as laminar flow. In laminar flow, the velocity of the fluid is constant at any point in the fluid.

Additionally, the flow between 2000 < Reynolds number ≤ 4000 is known as transition. While, the

flow of fluid for higher Reynolds number ≥ 4000 is known as turbulent flow, in which recirculation,

eddies, and apparent randomness occur. In the respiratory system during inhalation flow is turbulent,

while in the smaller airway (bronchi and even bronchioles), the small diameters will essentially damp

out the inertial effects and contribute towards a laminar flow.

1.7.4 Pulsatile flow

Several studies on unsteady viscous flows in either rigid or compliant tubes for identified periodic

function for the pressure gradient along the pipe axis have been made and the time-dependent flow

rate through the pipe has been obtained [122]. In fluid dynamics, a flow with periodic variations is

known as pulsatile flow or as Womersley flow [248]. Cardiovascular system, engines, and hydraulic

systems are a good example of pulsatile flow. Blood flow is pulsatile on account of the periodic

nature of heart action [194].

1.7.5 Couette flow

Couette flow, named in honor of Maurice Couette, is a flow of viscous fluid between two surfaces

or two parallel plates, one of which is moving tangentially relative to the other. The flow is driven

by the help of viscous drag force acting on the fluid and pressure gradient applied in the direction of

flow. The designing of journal bearings is a case, where Couette flow is applicable.
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1.7.6 Convection

The intensive, shared movement of ensembles of molecules within fluids (e.g., liquids, gases) is

called convection. Convection of mass cannot occur in solids, because neither bulk current flows

nor considerable diffusion occurs in solids. Process of inhalation and movement of air in conducting

zone performed by the virtue of convection [159, 206].

1.7.7 Diffusion of gas

Diffusion is an essential process for the respiratory system, which provides oxygen to and removes

carbon dioxide from the blood. The net movement of gas molecules moves from the region of higher

partial pressure to the region of lower partial pressure [85] (Figure 1.8). Since the process is at the

molecular level, the gas moves randomly in the direction of the partial pressure gradient until there is

an equilibrium condition. Diffusion process can be defined by Fick’s law. The rate of gas diffusion

is affected by several factors such as:

• Gas solubility in fluid

• Effect of the cross-sectional area

• Distance of gas diffusion

• Molecular weight of the gas

• Temperature

Figure 1.8: Diffusion of oxygen from the region of higher concentration, A, toward the lower con-

centration, B. [78]
However, the temperature remains reasonably constant and usually need not be considered. So, a

combined mathematical relation incorporating all the above factors is defined as

D ∝ ∆pAS

d
√
MW

, (1.3)
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where D represents the rate of diffusion, ∆p represents partial pressure difference between two re-

gions, A represents the cross-sectional area of the region, S represents the gas solubility, d represents

the distance of diffusion, and MW represents the molecular weight of the gas [78].

According to Fick’s law, diffusion of gas directly proportional to surface area, and difference of gas

partial pressure, and inversely proportional to the thickness (l) of the boundary [78] as follows

D ∝ ∆pA

l
. (1.4)

1.7.8 Dispersion

In fluid dynamics, dispersion is an effect named after G. I. Taylor [232], in which a shear flow can

increase the effective diffusivity of a species. In Taylor dispersion, when a nanoliter-scale sample

pulse is injected into the laminar flow of run buffer inside a microcapillary it then spreads out axially

due to the combined actions of convection and radial diffusion. Basically, the shear demonstrations

to spread out the concentration distribution toward the stream, improving the rate at which it spreads

toward that direction.

1.8 Nanoparticle and Need of Shape Factor

Nanoparticles are ultra small objects with dimensions measured in nanometers (nm). Nanoparticles

typically have at least one dimension less than 100 nm in size [129] and come in a range of different

types. Nanoparticles are found in the industries (cloth, wood, cosmetic, food etc.), atmosphere (in

form of dust and incomplete combustion) [140, 221], coal mines, harvesting, mammals hair, several

kinds of indoor activities such as smoking, cooking, candle-burning, etc. Major characteristics of

nanoparticles are selfly reassembling, high conduction, reliability, and sustainability. Nanoparticles

have many useful applications in the commercial, industrial and technological sectors, chemistry,

biology, computer and fiction sciences, mathematics, mechanical engineering, artificial intelligence,

garments, wear and tear, electronics, fertilization, purification and many more, while these parti-

cles cause several kinds of health issues if inhaled. The principal parameters of nanoparticles are

not only their size but their morphological sub-structure characteristics, defined by their different

shapes, aspect ratios. Depending on the shape related characteristics, nanoparticles can be zero, one,

two or three dimensional [234]. While in respect of aspect ratio’s particles are classified as high

and low aspect ratio’s particles. Nanoparticles of high aspect ratio’s can be in carbon nanotubes

[220], nanorods, nanocrystals, nanowires, nanoribbons, polyhedral, disk-like, helices, zigzags, belts,

nanotubes or perhaps nanowires shapes, while low aspect ratio’s can be in spherical, oval, cubic,
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prism, octal, hexagonal, tetrahedral, quantum dots, and pillar shapes. Different models have been

used to explain the shape-dependent properties [224, 225], where the nanoparticles are assumed as

ideal spheres. To characterize the nanoparticles with respect to their different shapes one quantita-

tive parameter is used named as ‘shape factor’. Shape factor (Sf ), the ratio of the surface area of a

nonspherical nanoparticle S ′ to the spherical nanoparticle (S), in the identical volume, was defined

by Qi et al. [177] as

Sf =
S ′

S
. (1.5)

Computation of the particle shape factor does not solely depend on particle shape but is also influ-

enced by the coordination of a particle relative to the direction of air flow. So, the dynamic shape

factor is defined by [90, 218]

Sf =
1

3

[
1

S⊥
+

2

S‖

]
, (1.6)

where S‖ represents the parallel orientation of particles and S⊥ represents the perpendicular orienta-

tion of particles with respect to the direction of flow. Both factors are defined by the equations for

the respective particles. In term of drag force, shape factor can be defined by the ratio of drag force

of nonspherical particle (Fd) to the drag force of spherical particles (F ) in the equivalent volume,

which is defined as [90, 218] follows,

Fd = SfF. (1.7)

1.8.1 Aerodynamic diameter

The aerodynamic diameter of an irregular particle [119], introduced in the 1990s [62], is defined as

the diameter of the spherical particle with a density of 1000 kg/m3 and the same settling velocity as

the irregular particle. Aerodynamic diameter is applied for particulate pollutants or inhaled drugs to

predict the place of deposition in the respiratory tract. Different shape particles will make different

drag forces with different particle terminal settling velocities; which might successively have an

effect on the aerodynamic behavior of particles [35]. In continuation, the aerodynamic diameter

determines how well the particles enter and how far they go in the lungs. Nonspherical nanoparticle

geometries are most reliably approximated with the help of the aerodynamic diameter (dp), which is

defined as [90, 218]

dp = d

√
ρ

Sfρ0

. (1.8)

where d is the diameter of spherical particle d and ρ0 is the unit density of particle.
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1.8.2 Cunningham slip correction factor

Cunningham slip correction factor (C), named after Ebenezer Cunningham [36], is applicable on

the continuum regime and free molecular flow to predict the drag force on the smaller and irregular

particles moving in a fluid.

C = 1− λ

dp

[
2.514 + 0.800exp

(
−0.55dp

λ

)]
. (1.9)

When particles become smaller than 15 micrometers, this factor becomes very significant.

1.9 Deposition Mechanism

Few irritants, for example, smoke, dust, sulfur dioxide and some of the acidic elements in smog fre-

quently act directly on the lung tissues to initiate local, non-nervous reactions that cause obstructive

narrowness in the airways. During inhalation velocity of air is very high (Reynold number is greater

than 4000), so that the flow field come under the turbulent flow range. Resultantly, particles having

size ≤ 6 µm may enter through the nose (inertial impaction), while remaining are catch by the cilia

of the nose. After getting entry from nose particle of size range 1-5 micrometers may settle down in

the smaller bronchioles by the mechanism of gravitational precipitation or sedimentation. The best

example found for this kind of deposition in coal mines. Those particles which have a diameter < 1

micrometer, deposit inside alveolar fluid by the mechanism of diffusion. However, most of the par-

ticles having a diameter less than 0.5 micrometers left suspended in the alveolar air and are expelled

out during expiration. Particles of cigarette smoke come in this range. Instead of expelling out all

the smoke particles, unfortunately, approximately one-third of them do deposit in the alveoli by the

process of diffusion. Most of the deposited particles in the alveolar region are cleared by coughing,

alveolar macrophages, and remaining are removed by the lung lymphatics. While, excess of particles

become the cause of scars and growth of tissues, also known as fibrosis along the wall of alveolar

septa, which leads shortness of breath.

There are four major deposition mechanisms: impaction, interception, sedimentation, and diffusion,

which contribute to fiber deposition with respect to fiber’s dimensions, the inspiration flow rate, and

the lungs’ geometry. In general, deposition occurs with the combination of these mechanisms.

1.9.1 Inertial impaction

Inertial impaction happens when airflow changes its direction then the particles, which are close to

the airway wall, follow it’s original direction instead of adjusting to the airflow.
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1.9.2 Gravitational settling

Settling or sedimentation is driven by the influence of gravity, which makes particles to depart their

original air stream. The probability of a particle to deposit due to gravitational settling depends on

the ratio of particle settling distance to airway dimensions at air stream’s velocity.

1.9.3 Diffusion

Diffusion is a disperse mass transfer that is caused by random molecular motions also called Brow-

nian motion. Small particles displace when they collide with air molecules. Diffusion is inversely

proportional to the particle diameter.

1.9.4 Interception

Interception is the result of physical contact of a particle with the airway surface because of geomet-

rical features. For pure interception particles follow the air stream and thus have negligible inertia,

settling and Brownian motion. The particle does not depart its original air streamline but makes

contact due to its physical size. Interception depends on the ratio of particle size to airway diameter

which means that interception is the most important for elongated particles, like fibers, which are

long in one dimension but have small enough diameters to reach the small airways.

1.10 Some Dimensionless Numbers

1.10.1 Reynolds number

The flow of air in the human respiratory system can be characterized in term of laminar, transition

or turbulent flow by the use of Reynolds number. Reynold number is the ratio of inertial force to

viscous force and can be defined as

Re =
ρdu

µ
, (1.10)

where ρ is the density, d is the hydraulic diameter, u is the average velocity, and µ is the dynamic

viscosity of air. For a low Reynolds number, i.e. Re <<2300, viscous force is stronger than inertial

force. In such cases, inertial forces can be neglected and flow behavior is named as Stokes or creeping

flow. While, at high Reynolds numbers, i.e. Re >>4000, where inertial force is more effective than

viscous (friction) force, the flow is often modeled as transitional or turbulent or inviscid.

1. laminar when Re ≤ 2300
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2. transient when 2300 < Re < 4000

3. turbulent when 4000 ≤ Re

1.10.2 Peclet number

Peclet number (Pe), named after the French physicist Jean Claude Eugene Peclet, is applicable in

fluid flow or transport phenomena. The peclet number can be defined as a similar quantity driven by

an appropriate gradient as

Pe =
Lu

D
, (1.11)

where L is the characteristic length, u is the flow velocity, and D is the mass diffusion coefficient.

1.10.3 Darcy number

The Darcy number, named after Henry Darcy, generally used for mass transfer through porous media

and defined as the ratio of the permeability of medium over the cross-sectional area or diameter as

Da =
K

d2
, (1.12)

where K is the permeability of media and d is the diameter of the particle.

1.10.4 Womersley number

The Womersley number (w0), named after John R. Womersley, is applicable in the pulsatile flow of

blood and air in biofluid mechanics. It can be defined as the multiplication of Reynold number (Re)

and Strouhal number (St, is a dimensionless number use in oscillatory flow mechanisms).

w0 =
√

2πReSt. (1.13)

1.11 Conservation Equation of Momentum and Mass Transport

For the momentum balance over a thin shell of fluid and for steady state flow, the equations are as

follows:

Momentum transfer

[rate of momentum in]− [rate of momentum out] + [sum of forces acting on system] = 0

(1.14)
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Mass transfer

[rate of mass of a substance in]− [rate of mass of a substance out]

+ [rate of production of mass of a substance by homogeneous chemical reaction] = 0 (1.15)

Navier-Stokes equation (for incompressible fluid) or Equation of Motion (conservation of mo-

mentum)

Cartesian coordinate system are as follows:

ρ

[
∂u

∂t
+ u

∂u

∂x
+ v

∂u

∂y
+ w

∂u

∂z

]
= X − ∂p

∂x
+ µ

[
∂2u

∂x2
+
∂2u

∂y2
+
∂2u

∂z2

]
, (1.16)

ρ

[
∂v

∂t
+ u

∂v

∂x
+ v

∂v

∂y
+ w

∂v

∂z

]
= Y − ∂p

∂y
+ µ

[
∂2v

∂x2
+
∂2v

∂y2
+
∂2v

∂z2

]
, (1.17)

ρ

[
∂w

∂t
+ u

∂w

∂x
+ v

∂w

∂y
+ w

∂w

∂z

]
= Z − ∂p

∂z
+ µ

[
∂2w

∂x2
+
∂2w

∂y2
+
∂2w

∂z2

]
. (1.18)

Conservation of mass or equation of continuity

∂u

∂x
+
∂u

∂y
+
∂u

∂z
= 0, (1.19)

where u, v and w are the velocity components along x, y and z axes respectively, p is pressure, ρ is

density, µ is viscosity, t is time and X, Y, Z are body forces along x, y, and z axes respectively.

Navier-Stokes equation (for incompressible fluid) or Equation of Motion (conservation of mo-

mentum)

Cylindrical polar coordinate system are as follows:

ρ

[
∂vr
∂t

+ vr
∂vr
∂x

+
vθ
r

∂vr
∂θ
− v2

θ

r
+ vz

∂vr
∂z

]
= Fr −

∂p
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,(1.20)
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where vr, vθ and vz denote the velocity component in radial (r), azimuthal (θ), and axial (z) directions

respectively.

Conservation of mass or equation of continuity

∂vr
∂r

+
vr
r

+
1

r

∂vθ
∂θ

+
∂vz
∂z

= 0. (1.23)

1.11.1 Conservation equation in porous media

Using Darcy model, momentum equation can be extended for porous medium [42, 160, 196]. Let ε

denotes the porosity of the material and K is the permeability of media then following conservation

of momentum equation in generalized form is used for porous media regime.

∂u

∂t
+
u

ε

∂u

∂z
= − ε

ρ

∂p

∂z
+ ν

(
∂2u

∂z2
+

1

z

∂u

∂z

)
− εν

K
u+ F, (1.24)

where, u is velocity of fluid and external forces acting in the porous medium is represented by F .

1.12 Mathematical Method

1.12.1 Numerical method

Numerical method is a mechanism of solution, which give solution closer and closer with each itera-

tion toward the exact solution. A number of problems related to the field of science and engineering

remain unsolved because it is impossible to get analytical solution of those problems. Moreover,

analytical approaches are suitable for linear problems but the governing equations related to air flow,

blood flow and heat transfer are mostly nonlinear in nature. Numerical methods are commonly used

to solve the nonlinear partial differential equations subject to the initial and boundary conditions.

Additionally, advancements in computer technology have enabled many in science and engineering

to apply numerical methods to simulate physical phenomena. Although there are various numerical

techniques. The most popular numerical methods used are as follows:

1. Finite Difference Method

2. Finite Element Method
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3. Finite Volume Method

4. Boundary Element Method

5. Spectral Element Method

To find the solution of problems related to air flow, blood flow and heat transfer different methods are

used [192, 237, 238]. Some researchers obtained theoretical, experimental and analytical solutions

[39, 46, 95, 219] and some of them used numerical methods i.e. finite difference method (FDM)

[44, 139, 210], finite element method (FEM) [2, 5, 56] and finite volume method (FVM) [123].

Many commercial softwares are also available based on the finite element method and used by many

authors for the analysis of blood flow in complicated geometries [179].

Moreover, the problem is related to the flow dynamics of air and particles in a circular cylinder, with

regular geometry. Among other methods, FDM is the most suitable technique for regular geometry.

So, we applied a finite difference technique to solve the present problems (see Appendix-A 9.6).

1.12.2 Method of moment

The method of the moment is probably the oldest method for constructing an estimator, which was

introduced by Pafnuty Chebyshev in 1887. The method of moments is a technique to estimate

population parameters, like the population mean or population standard deviation. The basic idea

is taking the known facts about the population, and extend those ideas to a sample. The advantage

of the method of the moment is that it is quite easy to use. Within a population, mth moment of a

distribution for a random variable X is defined as µm = E(Xm) and if X1, X2, X3,..., Xn be random

variables from the distribution then the mth sample moment is defined by following formula,

Mm = x̄ =
1

N

N∑
i=1

xmi . (1.25)

We can use Mm as an estimator (Poisson, Normal, Gamma Distributions) for µm and get sample

mean named as the first moment, x̄, while for the second moment we have to find the variance,

Var(x) = σ2, which is defined as follows,

σ2 = E(x−Mm)2 =
1

N

N∑
i=1

(xi −Mm)2. (1.26)

1.13 Literature Survey

Anatomy of the human respiratory system is an important aspect to analyze the applicability of flow

dynamics [149]. The human respiratory system is a control system [151] of body. The main organ of
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the respiratory system is lung, whose function is to take fresh oxygen from the air and remove waste

carbon dioxide from the blood. Human lung has a tree-like structure which facilitates gas exchange.

A quantitative morphological analysis of the architecture of the human lung presented by Weible in

1963 [245]. Lung volume, dead space volume, cardiac output, pressure, airway opening, and cere-

bral blood flow vary with breathing rate. Lung constrains air and blood to isolate compartments or

channels to lead air to and fro lung airways, and allow blood to move through pulmonary capillaries

[246].

In the literature, many approaches have been adopted to investigate the flow dynamics of vicious air,

gas transfer mechanism, deposition characteristics of particles through the respiratory system. Some

studies have utilized experimental approach to understand the mechanism of branching morphogene-

sis, such as, Guo et al. [71], who experimentally described an elegant pattern of branching (including

side branching and tip bifurcation) in the development of the lung. Miller et al. [152] have been used

three-dimensional reconstruction techniques, from individual cells, conducting airway and alveolar

duct branching systems, to examine various aspects of lung structure. An image-based model has

been developed via image registration and soft tissue mechanics by Tawhai and Lin [231] to analyze

the airflow pattern from mouth to the terminal bronchiole associated with physiological boundary

conditions. Also, a three-dimensional model is presented by Rosati et al. [186] which include whole

human respiratory system and found that the model is applicable in various states of lung disease.

However, some researchers developed mathematical models, which are reliable enough to make ex-

perimental predictions, for example, Peterman and Longtin [167] simulated the function of the lungs

by using multi-compartment model and stated that the model predicts the buildup of gases in the

lungs and the washout of gases from the lungs. Rozanek and Roubik [190] studied lung morphology

using an electro-acoustic analogy to deal with development, design and implementation of the hu-

man respiratory system and simulated distribution of important intrapulmonary parameters along the

bronchial tree such as pressure amplitude, tidal volume, and regional mechanical lung properties. Xu

et al. [252] and Varnera et al. [239] studied mammalian lung development using turing instability

analysis and found that wavelength affects the branching structure. The dynamics and thermody-

namics of gas flow in the human respiratory system discussed by Abrahamyan [1] to approximate

the time dependence changes of intrapulmonary pressure including the breathing process.

Every day billions of particles are inhaled with the ambient air flow by each human being [89]. The

flow of various types of particles are different have different characteristics for individual lung gener-

ations. The particle size [27], number density [96], airway geometry, inspiratory flow rate, breathing
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pattern, particle complex movement and Reynold number [6] are the controlling parameters to pre-

dict the location of deposition of a particle in the lung generations [90]. Deposition of particles with

diameters of 0.1 µ m - 10 µ m varies with flow rate from mouth to oropharynx [117] and particles

of range 10 µ m - 20 µ m are very likely to deposit in nasal cavity by combined action of facial

features [202], while particles of range 4.9 µ m - 44.3 µ m are deposited inside extrathoracic (i.e., in

the head and throat) region [213]. Nanoparticles are very small size particles and may reach almost

any region of human body [163]. Due to their small size and extremely high surface area to volume

ratio, these particles are very toxic for human lung and the toxicity of these particle depends not only

on its chemical composition but also on the quantity and position of the deposition [178].

Most of the aerosol particles are hygroscopic and nonspherical, such as fibers, droplets, and vapors,

and categorized as unconventional with respect to solid spheres [59]. Determination of the behavior

of inhaled unconventional particles in the human respiratory system has challenged the scientists for

the last few years. The complex movement of the particles makes it more difficult to predict the

pattern of their deposition in human airways than conventional spherical particles [225]. Further-

more, non-spherical particle deposition is enhanced as the breathing rate increases [59]. Asbestos is

a famous example of the dangerous nonspherical nanoparticle. Some kind of metallic nanoparticles

demonstrate prolonged tissue retention and presents serious concerns for toxicity [141]. Chena et al.

[31] experimentally carried out a study on lung model subjected to a single horizontal bifurcation

with different steady inhalation conditions and found that deposition of the fibrous particle was af-

fected by different body positions. Hussan [82] investigated the effect of different dry particle shapes

on flowability, aerosolization, and deposition properties and found that pollen-shaped particles ex-

hibit higher emitted dose, better flowability, and higher fine particle fraction than sphere, needle,

cube and plate particles in same size ranges. Also, Sturm [220] investigated the behavior of single-

walled and multiwalled carbon nanotubes of diameter ranges 10 to 100 nm by considering dynamic

shape factors of nanotubes with Monte Carlo method through the lung airways and concluded that

multiwalled carbon nanotubes have the tendency to be deposited in more distal lung regions than

single-walled carbon nanotubes. Balashazy et al. [11] presented the analysis on man-made mineral

fibers by a stochastic lung deposition model subjected to different flow rates and equivalent diam-

eters and found that thick and long fibers have the probability to penetrate central airways at low

flow rates and particles with parallel orientation have highest deposition efficiency. Recently, Feng

et al. [59] stated that nonspherical particles with higher aspect ratios are very hazardous as com-

pared to thicker particles and have the ability to penetrate lower lung generations if aligned with the
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flow stream. In continuation, Su and Cheng [226] experimentally observed that due to impaction, a

particle with lower inertia are more likely to be transported to deeper lung airways, while particle

with higher inertia is more likely to be deposited at the oropharynx wall. They also reported that the

particle deposition efficiency was generally lower than those of spherical particle.

Moreover, age is another factor that affects lung behavior in respect of both airway structure and

respiratory conditions. Pruthi and Multani [175] studied the effect of age on pulmonary function on

50 subjects under the age group of 25-75 years and found that the lung functions significantly decline

with age. Sharma et al. [203] stated that respiratory system undergoes various anatomical, physi-

ological and immunological changes with age. A study by Xu and Yu [251] found that deposition

in the head region is higher for children than that for adults. Recently, Kim et al. [108] presented a

study on human tracheobronchial (G1-G9), bronchioles (G10-G22) and alveolar sacs (G23) geomet-

ric models for subjects of age 50 and 80 years old and found a 38% decrease in pressure drop, 41%

increase in lung compliance and a 35% to 50% change occur in airway mechanical component for

the age of 80 as compared to age 50.

Lung disease refers to any disease or disorder in which lung do not function properly. Deposition

of various particles initiates numerous lung diseases, such as chronic obstructive pulmonary disease,

cystic fibrosis, tuberculosis, asthma, asbestosis, emphysema, and many more, which results in poor

air flow. Excess of mucus either due to aging or particle deposition is another reason for poor air flow.

Coughing [109] is a primary innate clearance (either deposited particles or mucus) mechanism in the

human airways, however in literature [88], some more airway clearance techniques are mentioned

i.e. nebulized medications, antibiotics [125], chest physical therapy or postural drainage, percussion,

oscillating positive expiratory pressure, active cycle of breathing technique and autogenic drainage

that help people stay healthy and breathe easily. Airway clearance techniques loosen thick and sticky

lung mucus, generates a burst of airflow, which creates shear stress at the air-mucus interface and pro-

vide an expiratory bias in airflow helped for effective mucus propulsion, so that mucus can be cleared

by coughing or huffing. A theoretical study was done by Sturm [223] on different ages from 1-20

years to find the clearance efficiency of lung of biogenic particles in four phases such as bronchial

clearance, slow bronchial clearance, fast alveolar clearance, and slow alveolar clearance associated

with stochastic modeling and concept of projective-diameter and found that very fine (<0.01 µ m)

and very coarse particles (>5 µ m) obtained highest clearance rates, while particles having large size

accumulated in the alveoli for a long time. Clearance and toxicity of iron oxide nanoparticles of

different sizes and coatings studied by Feng et al. [59] and found that 10 nm particles showed higher
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cellular uptake than 30 nm, and clearance of these particles from tissues will take a long time (>2

weeks). Also, Saini et al. [196] worked on a removal efficiency model for human lung and found that

the clearance of nanoparticle is low at lower Darcy numbers but very strong at higher Darcy num-

bers. Clearance efficiency of teflon particles for 46 healthy subjects of age ranging from 19 to 81

years was studied by Svartengren et al. [229] to find that clearance efficiency decreases with aging.

Moreover, Haik et al. [77] developed a filter for automotive exhausts and found that the synthesized

carbon nanotubes of the diameter of 20-50 nm and a length of 1-10 micrometers are purified using

ionic liquid solution up to 95%.

Some diseases are caused by loss of elasticity of lung tissues, which produce decrement in the total

volume of air including pulmonary fibrosis, pneumonia, and lung cancer. Idiopathic pulmonary fi-

brosis (IPF) is a disease of unknown etiology and life expectancy. The disease is characterized by

repeated injury to the alveolar epithelium, resulting in inflammation and deregulated repair, leading

to scarring of the lung tissue resulting in progressive dyspnea and hypoxemia [81]. To simulates the

effects of tissue elasticity and surfactant on the stability of human alveoli a mathematical model was

presented by Andreassen et al. [7] to demonstrate that due to a loss in surfactant and elasticity, lung

tissue always stayed at an unstable equilibrium state. Fung [64] has observed that alveolar geometry,

the elastic property of the alveolar walls (sheets, septa) and the surface tension characteristics of the

lung parenchymal tissue are related to each other with a nonlinear stress-strain relationship. Also,

by using contact impact analysis model, Ilegbusi et al. [98] presented a breathing-induced spatially

dependent lung deformation in association with the nonlinear elastic property of lung.

Moreover, atherosclerosis [133] is a disease, which creates constriction in lung airways or pulmonary

capillaries and arteries and significantly alter the local blood flow dynamics and sometimes becomes

a reason for stenosis. A number of literatures [24] are there on this disease such as a three dimen-

sional mathematical model of arteries structure with atherosclerosis is studied by Wong et al. [249].

Haghigh [76] presented a two dimensional mathematical model of pulsatile blood flow through over-

lapped constricted tapered vessels and found that by increasing the taper angle, the axial velocity and

volumetric flow rate increase and the micro rotational velocity and resistive impedance reduce.

Preceding respiratory diseases significantly affect the process of gas transfer. A number of studies

are concerned about the oxygen content of blood flowing along capillaries, intravascular resistance to

oxygen diffusion, and myoglobin facilitated diffusion. Goldman [70] presented a theoretical study

of oxygen transport in microvessels subjected to intravascular resistance between blood-tissue by

considering Krogh tissue cylinder model in a single capillary. Roy and Aleksander [189] developed
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a steady-state model to predict the minimum end capillary pressure of oxygen from the erythrocyte

to the mitochondrion by taking account the effects of oxyhemoglobin dissociation kinetics and dif-

fusion of hemoglobin and myoglobin. To investigate the binding and buffering effects, a model of

blood-tissue gas exchange is used by Carlson et al. [22] and it was stated that velocities of red blood

cells are higher than plasma in the flowing blood.

Aforementioned studies concern long time convection and diffusion process to formulate the gas

transfer process in association with conventional Krogh cylinder model [118]. However, some re-

searches [146] characterize the transport of oxygen in the intrinsic capillaries enclosing around the

tissue, the convective effect of the blood, the nonlinear effects of oxyhemoglobin, and the deple-

tion of oxygen within the biological process under consideration of dispersion. In dispersion, the

chemical species may spread out axially along the tube at a rate much larger than that given by

the molecular diffusion [168, 232]. When the dispersion has been developing on a time scale that

is shorter than or comparable to the diffusion time scale across the tube section then it is known

as short-time dispersion. Aris [8] extended Taylor dispersion theory by introducing the method of

moments, in which moments at different orders contain accurate information on the evolution of

the concentration distribution statistically. Based on the method of moments, Vedel et al. [241]

presented a theoretical expression for time-dependent dispersion of an initial point concentration in

steady and unsteady laminar flows via a long straight channel for a constant cross-section and found

time-dependent diffusion criteria before reaching steady Taylor-Aris limit. Salathe et al. [198] used

radial mixing between gas and fluid.

1.14 Objective and Scope of the Thesis

Lung mechanics is an important area of research due to its wide demand in biology, biotechnology,

medicine and many more. From the above literature review it is clear that problems, related to par-

ticle shape factor with media porosity, age-based study of particle filtration, flow of mucus through

airways using theory of Couette flow, effect of viscoelasticity on the flow of air and particles, flow

of chemical spices from fibrosis-affected lung and inter capillary gas transfer through pulmonary

region (tissue-blood barrier) are not considered yet. Therefore, the aim of the present study is to

investigate the effect of nonspherical nanoparticles on the flow dynamics of air from healthy lung

as well as diseased lung (emphysema, asthma, atherosclerosis, stenosis, fibrosis) by taking account

variable porosity and different boundary conditions.

The objective of the present thesis is planned under the following points.
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• To examine the effect of periodic permeability of lung and find filtration efficiency for needle

prolate nanoparticle through upper generations (Chapter 2).

• To examine the age-based filtration efficiency of the lung for various shapes nanoparticles

(Chapter 3).

• To study the flow of viscous air through homogeneous porous alveolar region of human lung

(Chapter 4).

• To study the nanoparticle deposition through emphysema affected lung (Chapter 5).

• To study the blood flow dynamics through stenosis affected viscoelastic artery (Chapter 6).

• To study the mucus clearance mechanism from human lung airways by using generalized

Couette flow (Chapter 7).

• To find the effect of first-order chemical reactions on the dispersion coefficient associated with

laminar flow through the fibrosis-affected lung by using the method of moment (Chapter 8).

• To analyze inter capillary gas flow by using the theory of dispersion from the pulmonary region

by using the method of moment (Chapter 9).
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Chapter 2: Mathematical study of needle prolate nano-

particle flow, deposition and filtration thro-

ugh upper generation of periodically per-

meable lungs

2.1 Introduction

Most of the air particulate (ozone, sulphur dioxide, nitrogen dioxide, carbon monoxide, lead, etc.),

industrial particles (such as cosmetic, textile, pulp and paper, timber industries, etc.), mines parti-

cles are nano-sized particles. Nanoparticles are frequently used in material design to enabling the

development of better products upon the existing ones, but these extremely small size particles can

be toxic and extremely hazardous to human health [47, 169] because there smaller size helps them to

easily suspend in the surrounding environment for a long time so the chances of inhalation of these

particles with the air stream increases and after inhalation they easily flow through the airways and

deposit in lung generations [93, 113].

Lung morphometry and its finite boundary condition make it more important to study particle depo-

sition in different lung airways [245]. Mina et al. [153] stated that nanoparticle of range 10 nm to

52 nm deposited in the upper portion of the human respiratory system. A study by Tian et al. [233]

described that the nanoparticles of range 5.52-98.2 nm are very risky for occupational workers and

developed various respiratory, cardiovascular, and neurological disorders. Rissler [184] studied the

adverse effect of nanoparticles of diameters 15-5000 nm and stated that particles less than 3500 nm

have the highest deposition capability.

While it is not necessary that nanoparticles are spherical in shape, asbestos [228], carbon nanotube, a

particle of gold, silver, titanium dioxide, etc. are some nonspherical shape nanoparticles used in the

most of the industries from the last few years. These particles have the capacity to deposit different
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places of lung generations [225]. An experimented study investigated that the effect of particle di-

mension and fiber inertia affect the deposition pattern of nonspherical particles in the human airway

replica [179]. Chena [31] et al. developed a lung model with a single horizontal bifurcated tube

under different steady inhalation conditions and explored the effect of fiber length, flow rate, orien-

tations, and body positions affect the deposition of carbon nanoparticles. In a theoretical study Sturm

[224] studied the deposition behavior for platelets ranging in thickness from 10 nm to 1 µ m with

diameter from 1 to 30 µ m for different breathing scenarios and found that during sitting position

platelets with a thickness of 10 nm deposited in the airways by 21% to 40%, and have potential to

act as serious health hazard. A study by Su and Cheng [226] demonstrated that most of the high

inertia carbon fibers deposited in the oropharynx and the carina ridges of the bifurcations in tracheo-

bronchial airways. Also, Belkaa et al. [15] stated fractional deposition of glass fibers was higher in

the first few generations (up to 7) of the tracheobronchial tree.

However, deposition of various size and shapes nanoparticles make inflammation or looseness of

airways, ruptures the alveoli and become a cause of various kind of lung diseases such as bronchi-

tis, emphysema, fibrosis, chronic obstructive pulmonary disease, asthma, etc. To analyze various

conditions of the lung due to diseases a number of researchers worked either mathematically or

theoretically on lungs, such as Kuwahara et al. [126], DeGroot and Straatman [43] considered the

lung as a sponge or porous media due to multiple bifurcations and microscopic cavities. Siddiqui

and Siddiqa [208] presented the effect of constant wall permeability and porous media on the creep-

ing flow passing through the rounded vessel and observed that low permeability of porous medium

slow down the velocity of the fluid, while constant wall permeability shows the opposite behavior

on the same properties. Kumari and Goyal [124] studied the effect of the oscillatory flow of a vis-

cous fluid between two vertical parallel plates with a porous medium. Chitra and Karthikeyan [32]

studied oscillatory blood flow in an inclined tapered stenosed artery with the permeable wall. A

three-dimensional study of a viscous, incompressible fluid for the highly porous medium is done by

Singh et al. [211] for time-dependent oscillation of velocity.

So, clearance of deposited nanoparticles is very necessary. Conventional filters are working well

against spherical the nanoparticle but filtration of non-spherical nanomaterials, such as carbon nan-

otubes and nanoparticle agglomerates, possesses different filtration characteristics compared to spher-

ical particles. In the bronchial airways and alveoli clearance partly takes place via transepithelial

routes, disintegration, mucociliary clearance, etc. but particles like asbestos and other nonsoluble

fibers are often difficult to remove by phagocytosis because the macrophage is unable to engulf the

36



entire fiber. Feng et al. [59] found that 10 nm size ion particles showed higher cellular uptake than

30 nm ones but biodegradation and clearance of these particles from tissues taking a larger amount

of time. Sturm [220] simulated clearance of single and multi-walled carbon nanotubes and found

that single-walled carbon nanotubes reside significantly longer time in the lungs than multi-walled

carbon nanotubes. In some study, Wang [243] studied that the filtration efficiency of fibers increases

as the size of fiber decreases down to 2-3 nm. Additionally, Yan et al. [253] considered lung as

biofilter media to filter air pollutants by comparing three biofilter models numerically by using lat-

tice Boltzmann method and stated that due to porous media there exists a strong flow heterogeneity

that degrades the removal efficiency of biofilters. After that Saini et al. [196] extended this model

and modeled alveolar sacs as a biofilter with constant porosity to filter inhaled spherical nanoparti-

cles and found that higher removal efficiency required a larger amount of traveling time.

We observed from the present state of the above studies that-(i) mathematical model dealing with the

effect of porous media with dynamic shape factor on breathing capacity of human lung is not consid-

ered yet, (ii) permeability of media either depends on the porosity or taken as constant (iii) reliable

studies to find the filtration efficiency of deposited nonspherical nanoparticles is not available. So,

the objective of this study is to comprehend the effect of media permeability together-with particle

shape on flow dynamics of fluid flowing through airway generations 5-16. The permeability of media

is defined as periodic due to an oscillation of velocity about a nonzero constant mean. The resulting

governing equations are solved subject to physically realistic oscillatory boundary conditions with

the finite difference method. Non-dimensionalized boundary value problem is shown to controlled

by various physical parameters, namely mean permeability of media, the aspect ratio of particle, the

orientation of particle with respect to the flow stream, Reynolds number, and frequency of oscilla-

tion. Effect of these parameters are found on velocity of air and particle. Filtration efficiency of the

lung is also analyzed for needle prolate nonspherical nanoparticles with respect to traveling time at

different values of mean permeability using biofilter model. A comparative study is also shown with

the published study.

2.2 Mathematical Formulation

2.2.1 Governing equations

An incompressible fully-developed, steady, laminar, and Newtonian fluid 1 is flowing along the axis

of the circular tube (airways of lung generations 5-16) of radius ‘a’. Axial axis measured along
1combines air and particles
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the tube and radial axis is normal to the flow direction, as shown in Figure 2.1. It is assumed that

the optimal particles are nonspherical needle prolate nanoparticle and are distributed homogeneously

throughout the inhaled volume. Due to various deposition mechanism, particles can be deposited and

accumulated either on the sides and turns of the airways or inside alveoli, which can be filtered by

the mechanism of mucociliary clearance or coughing. The possible orientations of particles before

the deposition are considered as parallel ‖ and perpendicular ⊥ with velocity ‘v’.

Also, we consider human lung as an internal biofilter 2 and periodic permeability of medium due

to an oscillation of velocity about a nonzero constant mean under oscillatory boundary conditions

is used. Mathematical equations proposed by Saini et al. [196] are extended by including periodic

permeability of porous media and shape factor of particle to analyze the flow dynamics of vicious

air and filtration efficiency during upper generations (from 5-16) of lung. The boundary value flow

governing equations in cylindrical polar coordinate system (r, z, θ=constant for axi-symmetry flow)

are defined as follows:

∂u

∂t
+
u

ε

∂u

∂r
= − ε

ρ

∂p

∂r
+ ν

(
∂2u

∂r2
+

1

r

∂u

∂r

)
+

(
−εν
K
u+ sk

N0

ρ
(v − u)

)
, (2.1)

m
∂v

∂t
= Sfsk (u− v) . (2.2)

Equation 2.1 represents the momentum equation of air and equation 2.2 represents the motion equa-

tion of particles. The first term in the left hand side of the equation 2.1 is for unsteady flow and

the second term is for convection. First, second and third terms in the right hand side of equation

2.1 are the pressure gradient, diffusion and the entire body force because of the existence of porous

media and additional external force fields respectively. The term in the left hand side of equation

2.2 represents the product of the mass times the acceleration and right hand side of this equation

represents the drag force on nonspherical needle prolate nanoparticle.

In equation 2.1, ε, denotes the porosity andK, denotes the periodic permeability of the media, which

is defined as

K =
K0

1− a0 cos(πr
a

)
, (2.3)

where K0 is the mean permeability of porous medium, a0 is the amplitude of oscillation. Also, in

equation 2.1, sk = 3πµdp/C is the drag force coefficient for nonspherical particles and C is the

2Biofilter is defined in Chapter 1, Subsection 1.4.1
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Cunningham slip correction factor, which is used for free molecular flow regime and defined as

follows,

C = 1− λ

dp

[
2.514 + 0.800 exp

(
−0.55dp

λ

)]
. (2.4)

here dp denotes aerodynamic diameter of nonspherical nanoparticle and defined [62] as follows

dp = d

√
ρ

Sfρ0

. (2.5)

In equation 2.2, Sf is the dynamic shape factor of particle, which can be written in terms of drag

force, as the ratio of the drag force on the nonspherical nanoparticle (Fd) to the drag force on the

equivalent spherical nanoparticle (F ) in the same volume and defined as [90]

Sf =
Fd
F
, (2.6)

while, in terms of particle orientation shape factor is defined by Stober [218] as follows,

Sf =
1

3

[
1

S⊥
+

2

S‖

]
, (2.7)

where S⊥ represents the perpendicular orientation of particle and S‖ represents the parallel orien-

tation of particle with respect to the air stream. In the present study, we used needle prolate non-

spherical nanoparticles, so the form of S⊥ and S‖ can be described by the following formulation

[113].

S⊥ =
(2/3)β2/3

ln(2β)− 1/2
,

S‖ =
(4/3)β2/3

ln(2β)− 1/2
,

 β > 6, (2.8)

where β is the aspect ratio of particle length to particle width or diameter.

2.2.2 Initial and boundary conditions

Initial conditions at t = 0, 0 ≤ r ≤ a are as

u(r, t) = v(r, t) = 0. (2.9)

Due to rhythmic breathing walls are oscillating along their own axis, so oscillatory boundary condi-

tions are used at t > 0, for r = 0 and r = a as(
∂u

∂r

)
r,t

=
u2

0

a
sin(2πfta/u0), (2.10)

where f is the frequency of breathing and u0 is the initial velocity of viscous air.
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2.3 Methodology

2.3.1 Transformation of the governing equations

To solve the governing equations 2.1-2.2 numerically we have to make them dimensionless, so we

used the following quantities:

x∗ =
r

a
, P ∗ =

pa2

ρu2
0

, T ∗ =
tu0

a
, U∗ =

au

ν
, V ∗ =

v

u0

,

∂U

∂T
+
U

ε

∂U

∂x
= −ε∂P

∂x
+

1

Re

(
∂2U

∂x2
+

1

x

∂U

∂x

)
+B (V − U)− ε

DaRe
U, (2.11)

∂V

∂T
=
Sf (U − V )

τ
, (2.12)

where

Da =
K

a2
, Re =

au0

ν
,B =

M

τ
=
N0ska

ρu0

,M =
N0am

ρ
, τ =

mu0

ask
,

where Da is Darcy number, Re is Reynolds number and B,M, τ are used for simplification.

Transformed initial conditions from equation 2.9, at T ≤ 0, 0 ≤ x ≤ 1 are as follows:

U(x, T ) = V (x, T ) = 0, (2.13)

Transformed boundary conditions from equation 2.10, at T > 0, for x = 0 and x = 1 are as follows,(
∂U

∂x

)
x,T

= u0 sin (2πfT ). (2.14)

In equation 2.1, due to the periodic breathing the pressure gradient is assumed in the non-dimensional

form as

− ∂P

∂x
= P0 sin(πfT ) + Sf , (2.15)

where f is the frequency of breathing.
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2.4 Numerical Scheme

Finite difference method [214] is the most suitable technique for nonlinear problems related to regu-

lar geometries so, to find the solution of the non-dimensional governing equations 2.11-2.12 subject

to the initial and boundary conditions 2.13-2.15 we used this method. The computational grid are

defined in the following form where the discretization of air velocity U(x, T ) is written as U(xi, tj)

or U(i, j) and similarly the particle velocity V (x, T ) is written as V (xi, tj) or V (i, j).

xi = i∆x, (i = 0, 1, 2, 3, ..., N), where xN = 1.0,

tj = (j − 1)∆t, (j = 1, 2, ..),

where i and j are the space and time indexes; ∆x and ∆t are the increments in axial direction and

time respectively.

We used central difference approximation at point (xi, tj) for all the spatial derivatives as follows:

∂U

∂x
=
Ui+1,j − Ui−1,j

2∆x
, (2.16)

∂2U

∂x2
=
Ui+1,j − 2Ui,j + Ui−1,j

(∆x)2
, (2.17)

and forward difference approximation for all the time derivatives as

∂U

∂T
=
Ui,j+1 − Ui,j

∆t
. (2.18)

Additionally, at x = 0, following approximation is applicable in equation 2.11, 3

lim
x→0

1

x

∂U

∂x
= lim

x→0

∂2U

∂x2
, (2.19)

so, the equation 2.11 at x = 0 becomes,

Ui,j+1 =

(
1−B∆t−

( ε

DaRe

)
∆t− 4r1

Re

)
Ui,j +

(
2r1

Re
− Ui,jr1∆x

2ε

)
Ui+1,j

+

(
2r1

Re
+
Ui,jr1∆x

2ε

)
Ui−1,j +B∆tVi,j + (P0 sin (πfj∆t) + Sf ) ε∆t, (2.20)

3When x → 0, we found that the denominator is also approaching to zero and make the term indeterminate, which
is inappropriate for the physical state of the respiratory system. Therefore, to remove this kind of inconsistency we used
L’hospital rule of limit here.
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and at 0 < x 6 1,

Ui,j+1 =

(
1−B∆t−

( ε

DaRe

)
∆t− 2r1

Re

)
Ui,j +

(
r1

Re
− r1∆x

Ui,j
2ε

+
r1

2iRe

)
Ui+1,j

+

(
r1

Re
+
r1∆xUi,j

2ε
− r1

2iRe

)
Ui−1,j +B∆tVi,j + (P0 sin (πfj∆t) + Sf ) ε∆t,

(2.21)

where
(

∆t
∆x2

)
= r1.

The equation 2.12 transforms as

Vi,j+1 =

(
1− Sf∆t

τ

)
Vi,j +

Sf∆t

τ
Ui,j, (2.22)

and the initial and boundary conditions from equation 2.13-2.14 are transform as follows:

Ui,1 = Vi,1 = 0,

U2,j = 2u0 sin(2πfj∆t)∆x+ U0,j; UN+1,j = 2u0 sin(2πfj∆t)∆x+ UN−1,j. (2.23)

So, we got velocity profiles from equations 2.20-2.22 at the (j + 1)th time level in terms of jth time

level.

2.5 Results and Discussion

In this section the effect of various physical parameters such as particle aspect ratio (β), orientation

(S⊥, S‖), diameter (d), Reynolds number (Re), periodic permeability (K), frequency of breathing

(f ), effect of shape factor (Sf ) are analyzed on the velocity profile of air and particles, pressure of

air, filtration efficiency of lung, and shown in Figure 2.4 - 2.11 by using the values defined in Table

2.2 [23, 38, 80, 115, 187, 211, 251].

To estimate the accuracy of the solution the grid independence test is performed at each time level

by varying the grid points between 10x105 - 25x105, using the following stability criteria for finite

difference explicit scheme so that less error occurred in the numerical computation, as shown in

Table 2.1 (Figure 2.2).

max

(
∆t

∆x2

)
≤ 0.5. (2.24)

and observed that no significant change is found beyond the grid points 20x105. Therefore, all the

computations are done by using the grid size 20x105 with the accuracy of 10−5.
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Before discussing the results of the present problem a numerical code validation and predictive ac-

curacy of the model are checked by comparing output data produced by the present model with

respective results generated by the model of Saini et al. [196] for air velocity at Da = 0.1, ε = 0.6

with the exponential pressure gradient and represented in Figure 2.3. Saini et al. [196] studied the

flow of viscous air through a circular tube by considering the alveolar region as a biofilter media with

constant porous media and exponential pressure gradient. Filtration of the spherical particle of d =

100 nm with ε = 0.6 of the lung by using removal efficiency model was calculated. In Figure 2.3,

a comparison of the present result with Saini et al. is shown and found that our result is very much

closer (≈ 99.9 %) with their result. So, we can say, our model is in excellent agreement with Saini

et al. [196].

2.5.1 Effect of aspect ratio (β) on the velocity profile of air and particles

Figure 2.4(a) - 2.4(b) show the effect of aspect ratio (β = 7 - 10000) on the velocity profile of air

and particles of spherical and needle prolate shapes at porosity (ε) = 0.6, mean permeability (K0) =

0.1, Reynolds number Re = 1, and diameter (d) = 10 nm. From Figure 2.4(a) we found the velocity

of the spherical particle is less than the velocity of needle prolate particle and by increasing value of

β from 7 to 10000, the velocity of needle prolate particle increases gradually with time. While in

Figure 2.4(b) air velocity due to spherical and needle prolate particles (β = 7 to 10000) first increase

and attain their maximum value at t = 0.6 and then decrease gradually with time. In this Figure, we

found that due to spherical and lower aspect ratio’s particle air velocity obtained its high values but

due to increment in aspect ratio velocity of air tends to its lower values. Overall from Figure 2.4,

we observed that high aspect ratio particles retain in the air stream for a longer time. which cause

decrement in air flow, while lower aspect ratio or spherical particles either deposited inside earlier

airway or generations and cause an increment in airflow. Hence, particles with high aspect ratio’s

(>100) have a tendency to go inside deep lung generations, however, particles with low aspect ratio’s

(<100) and spherical particles may be deposited in the primer or earlier airway generations.

2.5.2 Effect of Reynolds number (Re) on the velocity of air and particle

It has been known that the Reynolds number (Re) has a great influence on the flow field inside the

respiratory system because from the trachea to alveoli value ofRe decreases from 4000 to 0.001 with

respect to lung generations. In this study we focused on airway generations 5-16 and we chose Re =

1 - 10, K0 = 0.1 to 5, d = 10 nm, ε = 0.6, and β = 10, to study the flow dynamics of air and particles

during these generations. From Figure 2.5(a), we found that velocity profile of air at generation 5
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(at Re = 10) is highest due to the convection effect, which tends to decrease due to the diffusion

effect as the air flow down to the lung generations (at generation 16, Re = 0.1). Similar behavior is

found for the velocity of a particle in Figure 2.5(b), where the velocity of particles tends to decrease

from generation 5 to 16 by decreasing value of Re from 10 to 0.1. Consequently, we observed from

these figures that with respect to the time flow of air inside the lung generations decreases due to the

domination of the viscous effect over the inertial effect.

2.5.3 Effect of periodic permeability (K) on the velocity of air and particle

To find the effect of periodic permeability of media on air and particle velocity we varying the mean

permeability, K0, of the porous medium from 0.1 - 5 and fixed Re = 1, d = 10 nm, ε = 0.6 and β =

10. We found from Figure 2.6(a), at K0 = 0.1 velocity of air is lesser than velocity of air at K0 =

5. By increasing value of K0 = 0.1 - 5, periodic permeability of airway walls increased and due to

highly permeable walls, level of pressure inside airway tubes reduces, which increases the velocity

of air periodically. Similar behavior is obtained for the velocity of particles in Figure 2.6(b). So, we

can conclude from Figure 2.6 that the increment in permeability (K), increases the flow of viscous

air inside the lung airways.

2.5.4 Effect of orientations of particle on the velocity profile of air and particle

In Figure 2.7, we plotted the effect of different orientations of needle prolate nanoparticles on veloc-

ity of air and particles at K0 = 0.1, Re = 1, d = 10 nm, ε = 0.6 and β = 10. From Figure 2.7(a), we

found that the velocity of particle increases for parallel orientation and from Figure 2.7(b), we found

that the velocity of air decreases for parallel orientation. Similarly, from Figure 2.7(a), we found

that the velocity of the particle decreases for perpendicular orientation and from Figure 2.7(b), we

found that the velocity of air increases for perpendicular orientation. Overall, Figure 2.7 shows that

particle with perpendicular orientation gets deposited in former airway generations which causes an

increment in the velocity of air, while particles with parallel orientation flow with air and make the

air more viscous. Therefore, we can conclude, if particles are in parallel orientation then they may

have a tendency to go deep inside the lung generations with the air stream and have the possibility to

deposit there.

2.5.5 Effect of diameter (d) of particle on the velocity profile of air and particle

Figure 2.8 shows the effect of particle diameter (d = 1 - 100 nm) on flow dynamics of air and particles

at aspect ratio (β) = 10, K0 = 0.1 - 5, Re = 1, ε = 0.6, and β = 10. From Figure 2.8(a), we obtained

that at d = 100 nm velocity of the particle is very low and it increases as the diameter of particle
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decreases (up to 1 nm). Similarly, the velocity of air in Figure 2.8(b) obtained its higher values, at d

= 100 nm and tends to decrease by decreasing the value of d (up to 1 nm). So, from these Figures,

we found that particle with smaller diameter makes the air stream very slow as compare to larger

diameter.

2.5.6 Effect of breathing frequency (f ) on the velocity of air and particle

In Figure 2.9, we found the effect of breathing frequency (0.2 ≤ f ≤ 0.5) on the flow profile of air

and particles at d = 1 nm, β =10, K0 = 0.1, Re = 1 and ε = 0.6 with respect to time.

Figure 2.9(a) shows that due to a sinusoidal oscillation of wall, the velocity of air first increases and

attain its maximum values at t = 0.5 and then decreases with time gradually with time, however by

increasing frequency of breathing from 0.2 to 0.5 we obtained that velocity of air increased rapidly.

Also from Figure 2.9(b), we found that by increasing the value of breathing frequency velocity of

a particle increases gradually. Hence from these Figures, we concluded that when the frequency of

breathing increases from normal lung breathing frequency (12 - 20 breath per minute) to diseased

lung breathing frequency (21 - 30) then the velocity of particle increases and a chance of particles

deposition inside lung generations are also increases.

2.5.7 Effect of particle shape factor (Sf ) on pressure of air

Effect of particle shape factor (Sf ) on air pressure is shown in Figure 2.10 at d = 1 nm, β =7-1000,

K0 = 0.1, Re = 1, f = 0.2, and ε = 0.6. In Figure 2.10 level of pressure is visible on the whole length

of air velocity. By increasing the value of aspect ratio β from 7 - 1000 air pressure decreases with

respect to time, because higher aspect ratio applied a higher drag force on particles, which causes

decrement in pressure gradient and makes the process of breathing very difficult.

2.5.8 Biofilter model for porous media

In the biofilters, the traveling time of viscous air passing through lung (porous media) is an important

parameter to evaluate the filtration efficiency (F.E.) of lung. If the traveling time is too short, the

biofilter cannot filter the deposited particles effectively, and if the traveling time is too long, the

efficiency of biofilter would be too low. To calculate the traveling time, the porous media is divided

uniformly into N nodes, and the path-lines passing through the N nodes are traced to determine the

traveling time of each deposited particle. To analyze the performance of biofilter one of the main

parameter is finding its efficiency. For this purpose we used a steady-state first-order degradation
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rate model, which was defined and used by [33, 92, 196, 254] in dimensionless form as follows

F.E. = 1− exp[−b1kmt
′]. (2.25)

In above equation 2.25, b1 is the biological degradation constant, km is the partitioning coefficient

and t′ is the dimensionless average traveling time of viscous air. The product of b1 and km is constant.

Effect of periodic permeability (K) on filtration efficiency of lung

In this study we choose, ε = 0.6, Re = 1, K0 = 0.1, f = 0.5, and d = 100 nm, so, that we can found

the filtration efficiency of lung up to 90%. The time of travel of each particle is placed into equation

2.25 and the resultant F.E. is averaged. The average F.E. of the particles has been taken as the total

biofilter F.E. for this simulation. Figure 2.11 shows the variation in the F.E. of the lung to filter

needle prolate nanoparticle of aspect ratio (β) = 1000 by varying mean permeability (K0) from 0.1

to 5. Following observations can be made:

1. We obtained that the traveling time of particles increases when the value of mean permeability

(K0) decreases from 5 - 0.1 as shown in Table 2.3.

2. For a high value of mean permeability, traveling time is less and it increases by decreasing the

value of mean permeability.

3. High filtration efficiency costs a large amount of traveling time.

4. For K0 = 0.1, F.E. of needle prolate at aspect ratio = 1000 took much more traveling time as

compared to K0 = 5.

5. Thus we found that filtration efficiency of the lung under oscillatory boundary condition de-

pends on periodic permeability and is effective to filter deposited nonspherical nanoparticles.

2.6 Conclusion

To analyze the flow dynamics of viscous air and filtration efficiency of the lung to filter needle prolate

shaped nanoparticles from generations 5 to 16, we modeled lung as a porous media with periodic

permeability under oscillatory boundary conditions. Effect of various parameters such as aspect

ratio (β), particle orientation (‖,⊥), periodic permeability (K), frequency (f ), shape factor (Sf ) and

Reynolds number (Re) are studied. The results can be summarized as follows:
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1. The aspect ratio of particles causes an increment in drag force and decrement in the pressure

gradient of air. Additionally, for parallel orientation of particles velocity of fluid increases.

2. Particles with smaller diameter obtained higher aspect ratio, which easily flows with the air

stream and has a tendency to deposit deep generations of the lung.

3. Filtration efficiency and traveling time of particles varies inversely with the value of mean

permeability for needle prolate nanoparticles from generation 5 to 16.

4. It is found that by increasing the breathing frequency of lung, the velocity of air and particles

increases.

5. At low Reynolds number, the increase in the viscosity of fluid decreases the particle velocity

and causes the deposition of particles.
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Figure 2.1: Various mechanisms of fiber deposition ((1) Brownian diffusion, (2) interception, (3)
inertial impaction, and (4) gravitational settling (sedimentation)) on airways walls of the human
respiratory system, where v is the velocity of particle [225].
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Figure 2.2: Grid independency test when Re = 1, ε = 0.6, d = 10 nm, and β = 10.
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Figure 2.3: Comparison between published (Saini et al. [196]) and present results for air velocity at
Da = 0.1, d = 100 nm, and ε = 0.6.

Table 2.1: Grid independency test when Re = 1, ε = 0.6, d = 10 nm, and β = 10.
Grid points

Time 10x105 15x105 20x105 25x105

0.1 1.08 1.1 1.12 1.12
0.2 2.8 2.89 2.98 3
0.3 4.26 4.43 4.65 4.69
0.4 5.21 5.44 5.78 5.83
0.5 5.66 5.91 6.31 6.37
0.6 5.64 5.9 6.31 6.37
0.7 5.19 5.43 5.8 5.86
0.8 4.3 4.51 4.81 4.87
0.9 2.98 3.13 3.31 3.37
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Table 2.2: Values for numerical calculation.
Variable Value Variable Value

a 0.5µ m ρ 1.145 kg/m3

ν 1.52*10−5m2/s ε 0.6
m 0.00002 Kg/l K0 0.1 - 5
a0 0.1 Kg/m2s2 N0 0.02504*1012/m3
d 1 - 100 nm β 7 - 10000
P0 101.325 k Pa ρ0 1 kg/m3

λ 0.066 µm f 0.2 - 0.5 per minute
Re 0.1 - 10 - -
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(b)

Figure 2.4: Effect of shape and aspect ratio (β) on the velocity profiles of (a) particle and (b) air at
porosity (ε) = 0.6, K0 = 0.1, Re = 1, and d = 10 nm.
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Figure 2.5: Effect of Reynolds number (Re) on the flow dynamics of (a) air and (b) particles during
generations 5 - 16 at K0 = 0.1, d = 10 nm, ε = 0.6, and β = 10.
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Figure 2.6: Effect of periodic permeability (K) of media on (a) air and (b) particle by varying mean
permeability K0 of porous medium from 0.1 to 5 at Re = 1, d = 10 nm, ε = 0.6, and β = 10.
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Figure 2.7: Effect of different orientations (‖,⊥) of needle prolate nanoparticles on velocity of (a)
air and (b) particle at K0 = 0.1, Re = 1, d = 10 nm, ε = 0.6, and β = 10.
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(b)

Figure 2.8: Effect of particle diameter (d = 1 - 100 nm) on (a) air and (b) particle at K0 = 0.1, Re =
1, ε = 0.6, and β = 10.

52



0 . 0 0 . 2 0 . 4 0 . 6 0 . 8 1 . 0
0

1

2

3

4

5

6

7

0 . 4 5 0 . 4 8 0 . 5 1

6 . 2

6 . 3

6 . 4

Ve
loc

ity
 of

 Ai
r

T i m e

 f r e q u e n c y = 0 . 2
 f r e q u e n c y = 0 . 3
 f r e q u e n c y = 0 . 4
 f r e q u e n c y = 0 . 5

 

 

(a)

0 . 0 0 . 2 0 . 4 0 . 6 0 . 8 1 . 0
0 . 0

1 . 0 x 1 0 - 8

2 . 0 x 1 0 - 8

3 . 0 x 1 0 - 8

4 . 0 x 1 0 - 8

5 . 0 x 1 0 - 8

6 . 0 x 1 0 - 8

7 . 0 x 1 0 - 8

0 . 8 8 0 . 9 0 0 . 9 2

6 . 2 x 1 0 - 8

6 . 3 x 1 0 - 8

6 . 4 x 1 0 - 8

 f r e q u e n c y = 0 . 2
 f r e q u e n c y = 0 . 3
 f r e q u e n c y = 0 . 4
 f r e q u e n c y = 0 . 5

Ve
loc

ity
 of

 Pa
rti

cle

T i m e

 

 

(b)

Figure 2.9: Effect of frequency (0.2 ≤ f ≤ 0.5) on the flow profile of (a) air and (b) particle at d = 1
nm, β = 10, K0 = 0.1, Re = 1, and ε = 0.6.
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Figure 2.10: Effect of particle shape factor (Sf ) on air pressure at d = 1 nm, β = 7-1000, K0 = 0.1,
Re = 1, f = 0.2, and ε = 0.6.

53



3 0 . 0 3 0 . 5 3 1 . 0 3 1 . 5 3 2 . 0 3 2 . 5 3 3 . 0

0 . 0 5 6

0 . 0 5 7

0 . 0 5 8

0 . 0 5 9

0 . 0 6 0

0 . 0 6 1

1 2 3 4 5
6

7

8

9

1 01 .  K 0 = 5
2 .  K 0 = 4 . 5
3 .  K 0 = 4
4 .  K 0 = 3 . 5
5 .  K 0 = 3
6 .  K 0 = 2 . 5
7 .  K 0 = 2
8 .  K 0 = 1 . 5
9 .  K 0 = 0 . 5
1 0 .  K 0 = 0 . 1

Fil
tra

tio
n E

ffic
ien

cy

T r a v e l l i n g  T i m e

Figure 2.11: Overall filtration efficiency at average traveling time for mean permeability K0=0.1-5.

Table 2.3: Filtration efficiency of lung at different value of mean permeability K0 = 0.1 - 5.
Mean permeability K0 Traveling time Filtration efficiency of lung

5 30.2739 0.0559
4.5 30.3043 0.056
4 30.3423 0.056

3.5 30.3914 0.0561
3 30.4569 0.0562

2.5 30.549 0.0564
2 30.6879 0.0566

1.5 30.9213 0.0571
1 31.3951 0.0579

0.5 32.8741 0.0606
0.1 33 0.061
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Chapter 3: Mathematical study of various shapes non-

spherical nanoparticle deposition and fil-

tration through alveolar region of human

lungs of age 1-30

3.1 Introduction

Fiber is the most prominent and notorious nanoparticle which is an exposure of a different kind of

asbestos and found in irregular shapes such as curl stretched spheroid, elongated or oblate; one of

the best examples of this range is multi-walled carbon nanotubes [54, 95]. These fibers are responsi-

ble for occupational hazards for asbestos workers and increase the incidence of lung cancer because

these kinds of particles have a high probability to reach in the vulnerable gas exchange region in

deep lung generations. The structure and dimensions of airways, tidal volume of lung, breathing

frequency, fiber shapes and sizes, etc. [69, 192] are the most prominent parameters, which are re-

sponsible for penetration and deposition of particles in various generations (0-23, trachea to alveoli)

of the lung.

There are various studies [9, 49, 149, 185, 244, 251] suggesting that the deposition of particles as

well as human lung architecture and tissue parameters are varied with respect to age. Age is allied

to the development of the lung. In 1970, Davidson and Schroter [40] give age based study of hu-

man alveoli, in which they stated that a number of alveoli are closely related to total lung volume

with larger lungs having considerably more alveoli. Hislop et al. [91] suggested that at birth 24

million alveoli are present, and by the age of 8 years, these are increases up to 300 million. By using

design-based stereological approach Ochs et al. [162] calculated the mean alveolar number like 480

million. So, reconstruction would seem to indicate that the development of lung is due to increment

in a number of alveoli along with alveolar ducts. By using computational fluid dynamics DeGroot
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and Straatman [42] developed an approach based on the theory of volume-averaging by considering

smaller scale airways and alveoli as a porous domain. Consequently, for the structural determinant

of lung architecture number of alveoli, which varies with age, is a key parameter [55]. In addition,

aging causes variation in respiratory condition, due to which accurate information of aerosol deposi-

tion and clearance in the growing lung is critical not only for infants and children but also in adults.

According to Hofmann [94], total deposition inside human lung decreases with increasing age from

7 months to 30 years. In 2016, Sturm [222] presented work on the deposition of bioaerosols with

various shapes and sizes in the tracheobronchial tree of probands with different ages (1-20 yr) and

stated that bioparticles have higher possibility to reach and deposit in the alveoli of adults than in

infant’s and deposition of bioparticle is correlated positively with age. In the same year a numerical

prediction which was in support with vivo findings [13] given by Henry and Tsuda [86] on postnatal

development and particle deposition, according to the study, in humans, major structural change oc-

curs over the first 2 years of life and during this postnatal development the shape of alveolar affects

the rate of deposition of nanoparticles deep in the lung.

Moreover, Svartengren and Tsuda [229] observed 46 healthy subjects from 19-81 years and stated

that the clearance of deposited particles decreases with age. Sturm [220] simulated clearance of

single and multi-walled carbon nanotubes by using a mathematical approach and found that single-

walled carbon nanotubes reside significantly longer time in the lungs than multi-walled carbon nan-

otubes because for single-walled carbon nanotubes mucociliary clearance takes 24 hours after ex-

posure, compared to multi-walled carbon nanotubes, additionally, long size single-walled carbon

nanotubes have a higher probability of alveolar deposition than multi-walled carbon nanotubes. In

2017, Sturm [223] presented age (1-20 years) based theoretical study to clear biogenic particles and

found that very fine (<0.01 µ m) particles cost highest clearance rates than very coarse particles (>5

µ m).

So, from the literature review, we observed that there are various theoretical and experimental studies

on the effect of aging on particle deposition, clearance, and lung structure, while there are only a few

mathematical studies which observed the effect of nanoparticle deposition and clearance with re-

spect to aging. By considering lung as a variable porous media to calculate filtration efficiency using

a biofilter model to remove inhaled nonspherical nanoparticles with respect to aging is still unsolved.

The motivation behind this study is to comprehend the effect of age on flow, deposition and filtration

efficiency through alveolar region of lung. In this chapter, we present an age-based study of the hu-

man lung from childhood to age of 30 by considering the growth of lung is caused by a progressive
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increment in a number of alveoli and calculated its effect on airflow dynamics together-with filtration

efficiency of the human lung. Incorporating the idea of filtration through lung with respect to age

biofilter model is extended for variable porous media by assuming that the porosity of lung varies

with the number of alveoli and their surface area. Additionally, transportation and filtration proper-

ties of nanoparticles of various shapes during inhalation are calculated by using particle shape factor

with and without orientation of the particles. Generalized Navier Stokes’ equation is used for flow

dynamics of viscous air and Newton second law of motion is applied to study the flow of particles.

Finite difference numerical method is used to get simple discretized equations and computational

work is performed by using user-defined code at very fine grid. Effect of various parameters such

as aspect ratio (β), the orientation of particles with respect to the flow stream, Darcy number (Da),

porosity (ε) is analyzed. To validate the mathematical model a comparative study is also presented.

3.2 Mathematical Formulation

3.2.1 Governing equations

An incompressible fully-developed, steady, laminar, and Newtonian fluid is flowing along the axial

axis of the circular tube (alveolar duct ) of radius ‘a’ with terminal alveoli of radius ‘r0’. Axial

axis measured along the tube and radial axis is normal to the flow direction, as shown in Figure 3.1.

We assumed various shapes and sizes of nonspherical nanoparticles are distributed homogeneously

throughout the inhaled volume. Dirt can be accumulated either on the sides and turns of the ducts

or inside alveolies, which can be filtered by the mechanism of mucocillary clearance or coughing.

Consequently, we considered alveolar region as an internal biofilter media 1. Since number of alveoli

change with respect to age, therefore, we assumed porosity of lung is also change with aging and is

a function of number of alveoli or age. A mathematical model proposed by [196, 253] is extended

by including variable porosity and particle shape factor terms to find the filtration efficiency of lung

at different ages (1-30 years) subject to no slip boundary condition and time dependent sinusoidal

pressure gradient. One dimensional flow governing equations in cylindrical polar coordinate system

(r, z, θ) are given below:

∂u

∂t
+
u

ε

∂u

∂r
= − ε

ρ

∂p

∂r
+ ν

(
∂2u

∂r2
+

1

r

∂u

∂r

)
+

(
−εν
K
u+ sk

N0

ρ
(v − u)

)
, (3.1)

m
∂v

∂t
= Sfsk (u− v) . (3.2)

1Biofilter is defined in Chapter 1, Subsection 1.4.1
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Equation 3.1 represents the momentum equation of air and equation 3.2 represents the motion equa-

tion of particles. The first term in the left hand side of the equation 3.1 is for unsteady flow and

the second term is for convection. First, second and third terms in the right hand side of equation

3.1 are the pressure gradient, diffusion and the entire body force because of the existence of porous

media and additional external force fields respectively. The term in the left hand side of equation

3.2 represents the product of the mass times the acceleration and right hand side of this equation

represents the drag force on nonspherical nanoparticles.

According to Weibel [245] each of the structural components such as airways, alveoli, and blood ves-

sels have different growth patterns in number as well as in size. After using Weibel model, Hofmann

[94] defined an age dependent lung geometry from birth to adulthood in which the total number of

alveoli Na increase with age as follows,

Na = [37.6 + (1− e−0.4τ )286.21]106, τ = 1, 2, ...23..., 30 year. (3.3)

Since porosity is the measurement of vacant spaces and alveolies are the void spaces inside lung,

they can be approximated as spherical bubble and responsible for porousness an growth of lung [42].

Moreover there are theoretical, experimental and vivo studies [49, 108, 179] which showed that, not

only number of alveoli but their surface area also linearly associated with aging. So, by utilizing

equation 3.3 we modeled porosity (ε, in equation 3.1) of lung ≈ as the product of number of alveoli

and ratio of surface area of single alveoli to total surface area of lung as

ε = Na

(r0

r′

)2

, (3.4)

also, in equation 3.1, K, denotes the permeability of media, which is defined [57] in terms of ε as

follows

K =
ε3d2

p

150 (1− ε)2 , (3.5)

and sk, denotes the drag force coefficient for nonspherical particles and C is the Cunningham slip

correction factors used for free molecular flow regime 2. Additionally, in equation 3.5, dp, denotes,

aerodynamic diameter, which determines how well the particle enter and how far it go in the lungs 3.

In continuation, to analyse the filtration/clearance efficiency of lung the property of nanoparticles

such as size and shape [101] are also very important factors. There are different models in which

2see Chapter 2, Subsection 2.2.1, and equation 2.4
3see Chapter 2, Subsection 2.2.1, and equation 2.5.
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size dependent properties are explained, some assumed nanoparticles as ideal spheres [158] while

some model reported particle shape as an important property and worked on polyhedral, disk like

nanoparticles [209]. In equation 3.2, Sf is the particle shape factor, which is defined as the ratio of

the surface area of a nonspherical nanoparticle (S ′) to the surface area of spherical nanoparticle (S),

where both of the nanoparticle have identical volume [177]

Sf =
S ′

S
, (3.6)

generally, for polyhedral shape nanoparticle surface is composed of different planes. So, the surface

area of a nanoparticle is the sum of area of all the planes as

S ′ =
∑
i

Si, (3.7)

where Si is the area of the plane i.

In terms of drag force the dynamic shape factor can be described as shown in Chapter 2 4. However,

some authors [218, 225] mentioned the concept of particle orientation (parallel and perpendicular)

in their study 5. In the present study we used elongated particles, so the formulation for parallel S‖
and perpendicular S⊥ orientations can be described by following formulation [225]

S⊥ =
8
3

(β2 − 1) β
−1
3(

(2β2−3)

(β2−1)
1
2

)
ln
(
β + (β2 − 1)

1
2

)
+ β

,

S‖ =
4
3

(β2 − 1) β− 1
3(

(2β2−1)

(β2−1)
1
2

)
ln
(
β + (β2 − 1)

1
2

)
− β

,


β > 1, (3.8)

where, β is the aspect ratio of particle length to particle width/diameter. For extremely long fibers,

β >> 1 and for extremely thin disks, β << 1. In the case of oblate particle, the following equations

are commonly used

S⊥ =
8
3

(β2 − 1) β
−1
3(

(2β2−3)

(1−β2)
1
2

)
arccos β + β

,

S‖ =
4
3

(β2 − 1) β− 1
3(

(2β2−1)

(1−β2)
1
2

)
arccos β − β

,


β > 1. (3.9)

4Subsection 2.2.1 and equation 2.6
5see Chapter 2, Subsection 2.2.1, and equation 2.7
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3.2.2 Initial and boundary conditions

Initial conditions at t ≤ 0, 0 ≤ r ≤ a are as follows:

u(r, t) = v(r, t) = 0, (3.10)

Boundary conditions at t > 0, for r = 0 and a as(
∂u

∂r

)
r,t

= 0. (3.11)

3.3 Methodology

3.3.1 Transformation of the governing equations

To solve the governing equations 3.1-3.2 numerically we have to make them dimensionless, so we

used the following quantities:

x∗ =
r

a
, P ∗ =

pa2

ρν2
, T ∗ =

tν

a2
, U∗ =

au

ν
, V ∗ =

av

ν
,

∂U

∂T
+
U

ε

∂U

∂x
= −ε∂P

∂x
+

(
∂2U

∂x2
+

1

x

∂U

∂x

)
+B (V − U)− ε

Da
U, (3.12)

∂V

∂T
=
Sf (U − V )

τ
, (3.13)

where

Da =
K

a2
, B =

M

τ
=
N0ska

2

µ
,M =

N0m

ρ
, τ =

mν

a2sk

where, Da is Darcy number and B,M, τ are used for simplification.

Transformed initial conditions from equation 3.10, at T ≤ 0, 0 ≤ x ≤ 1 are as follows:

u(x, T ) = v(x, T ) = 0, (3.14)

Transform boundary conditions from equation 3.11, at T > 0, for x = 0 and 1 are as follows:(
∂u

∂x

)
x,T

= 0. (3.15)

In equation 3.1, the pressure gradient due to periodic breathing in non-dimensional form is assumed

as

− ∂P

∂x
= P0 sin(πfT ) + Sf , (3.16)

where f is the frequency of breathing.
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3.4 Numerical Scheme

Finite difference method [214] is the most suitable technique for nonlinear problems related to regu-

lar geometries so, to find the solution of the non-dimensional governing equations 3.12-3.13 subject

to the initial and boundary conditions 3.14-3.16 we used this method. The computational grid are

defined in the following form where the discretization of air velocity U(x, T ) is written as U(xi, tj)

or U(i, j) and similarly the particle velocity V (x, T ) is written as V (xi, tj) or V (i, j).

xi = i∆x, (i = 0, 1, 2, 3, ..., N), where xN = 1.0,

tj = (j − 1)∆t, (j = 1, 2, ..),

where i and j are the space and time indexes; ∆x and ∆t are the increments in axial direction and

time respectively.

We used central difference approximation at point (xi, tj) for all the spatial derivatives as follows:

∂U

∂x
=
Ui+1,j − Ui−1,j

2∆x
, (3.17)

∂2U

∂x2
=
Ui+1,j − 2Ui,j + Ui−1,j

(∆x)2
, (3.18)

and forward difference approximation for all the time derivatives as

∂U

∂T
=
Ui,j+1 − Ui,j

∆t
. (3.19)

Additionally, at x = 0, following approximation is applicable in equation 3.12, 6

lim
x→0

1

x

∂U

∂x
= lim

x→0

∂2U

∂x2
, (3.20)

so, the equation 3.12 at x = 0 becomes,

Ui,j+1 =
(

1−B∆t−
( ε

Da

)
∆t− 4r1

)
Ui,j +

(
2r1 −

Ui,jr1∆x

2ε

)
Ui+1,j

+

(
2r1 +

Ui,jr1∆x

2ε

)
Ui−1,j +B∆tVi,j + (P0 sin (πfj∆t) + Sf ) ε∆t, (3.21)

6When x → 0, we found that the denominator is also approaching to zero and make the term indeterminate, which
is inappropriate for the physical state of the respiratory system. Therefore, to remove this kind of inconsistency we used
L’hospital rule of limit here.
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and at 0 < x 6 1,

Ui,j+1 =
(

1−B∆t−
( ε

Da

)
∆t− 2r1

)
Ui,j +

(
r1 − r1∆x

Ui,j
2ε

+
r1

2i

)
Ui+1,j

+

(
r1 +

r1∆xUi,j
2ε

− r1

2i

)
Ui−1,j +B∆tVi,j + (P0 sin (πfj∆t) + Sf ) ε∆t, (3.22)

where
(

∆t
∆x2

)
= r1.

The equation 3.13 transforms as

Vi,j+1 =

(
1− Sf∆t

τ

)
Vi,j +

Sf∆t

τ
Ui,j, (3.23)

and the initial and boundary conditions from equation 3.14-3.16 are transform as follows:

Ui,1 = Vi,1 = 0,

U2,j = U0,j = 0; UN+1,j = 0. (3.24)

After applying above mentioned discretization technique we got velocity profiles at the (j + 1)th

time level in terms of the velocity at jth time level for equations 3.21-3.24 respectively.

3.5 Results and Discussion

The numerical computations have been carried out by using the values defined in Table 3.1 and

3.2 to analyze the effect of particle aspect ratio (β), orientation (S⊥, S‖), diameter (d), effect of

variable porosity (ε), Darcy number (Da), effect of shape factor (Sf ) on the velocity profile of air

and particles, pressure of air, filtration efficiency of alveolar region, and shown in Figure 3.3-3.10. In

addition, we calculated the effect of particle shape and variable porosity on the filtration efficiency of

the human lung with respect to age. To estimate the accuracy of the solution the grid independence

test is performed at each time level by varying the grid points ∆x ≥ 0.0014 and ∆t ≥ 10−6 by using

the following stability criteria so that less error occurred in the numerical computation

max

(
∆t

∆x2

)
≤ 0.5 (3.25)

and found result remains consistent beyond the grid points ∆x = 0.01 and ∆t = 10−5 in axial and ra-

dial directions respectively. Therefore, all the computations are done by using the grid size 100x105

with the accuracy of 10−5.

Before discussing the analysis of the present problem a numerical code validation and predictive
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accuracy of the model are checked by comparing output data produced by present model with re-

spective results generated by model of Saini et al. [196] for air velocity at Da = 0.1, d = 100 nm, ε

= 0.6 with exponential pressure gradient and represented in Figure 3.2 (see in Table 3.3).

Saini et al. [196] studied flow of viscous air through a circular tube by considering alveolar region as

a biofilter media with constant porous media and exponential pressure gradient. Filtration efficiency

of spherical particles of d = 100 nm was calculated using biofilter model at constant porosity (ε =

0.6) of filtration media. In Figure 3.2, comparison is shown between present result with published

results (Saini et al. [196]) and found that our result is quite similar (≈ 99.9 %) with the published

result. So, we can say, our model is in excellent agreement with Saini et al. [196].

3.5.1 Effect of aspect ratio (β) on the velocity of air and particle

In this study we used regular octahedral, regular hexahedral, regular tetrahedral particles without

orientations and prolate particles at diameter (d) = 50 nm and aspect ratio (β) = 3 - 1000 or disk

shaped particles at diameter (d) = 50 nm and aspect ratio (β) = 0.1 - 0.001 with orientation effect.

From Figure 3.3(a)- 3.3(d), we analyze the effect of various shapes and aspect ratios on the velocity of

air and particles at age 15. We found, from Figure 3.3(a), the velocity of regular tetrahedral particles

is higher than octahedral particles, which cause decrement in the velocity of air (see Figure 3.3(b)).

Additionally, in Figure 3.3(c), at β = 3, the velocity of the particle is very low correspondingly

velocity of air in Figure 3.3(d) is very high, while by increasing the value of aspect ratio velocity

of particle increases and the velocity of air decreases with time. So, from Fig 3.3, we observed that

particle with high aspect ratio remain in the air for a longer time and causes decrement in air velocity

or consequently, we can say that nonspherical nanoparticle with high aspect ratio slows down the air

flow and have the probability to trigger pro - inflammatory effects.

3.5.2 Effect of lung porosity (ε) on the flow dynamics of air and particle

From equation 3.4, we found that porosity of lung varying from 0.2 to 0.7 due to aging 1 - 30. Effect

of porosity (ε) on flow dynamics of air and particles are shown in Figure 3.4(a) - 3.4(b) at β = 10, d

= 50 nm, Da = 0.1. From these figure we found that at ε = 0.2 (age = 1) velocity of air and particle

are lesser than ε = 0.7 (age = 30) and with the increment in age (1 to 30 years) the porosity of lung

increases, therefore, velocity of air and particle increases gradually with time. Since, porous media

with higher porosity have large number of alveolies, which allow flow of air more freely as compare

to lower porous media. Consequently, we can say people with less porous lungs are face difficulty

in the process of breathing.
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3.5.3 Effect of particle orientations on the flow dynamics of air and particle

In Figure 3.5(a) - 3.5(b) we present the effect of different orientations of particles for aspect ratio’s

10 and 1000 on the velocity of air and particle at the age = 15, Da = 0.1, and d = 50 nm. At

β = 10, from Figure 3.5(b), we observed that velocity of parallel oriented particle is higher than

perpendicular oriented, while from Figure 3.5(a), we found velocity of air due to parallel orientation

of particle is lower than perpendicular orientation. As well as by increasing the value of β from 10

to 1000, we found similar effect of aspect ratio on air and particle velocities but value of velocities

are increases as compare to previous one. So, from these figures, we obtained that velocity of air

and particles are increases in parallel orientation by increasing aspect ratio from 10 - 1000. While,

velocity of air and particles are decreases in perpendicular orientation by increasing aspect ratios

from 10 - 1000. It may happen due to the alignment of parallel orientated particles with the direction

of flow stream, which cause increment in the drag force on flow stream. Consequently, the particles

with parallel orientation have tendency to flow with air stream deep inside the lung.

3.5.4 Effect of Darcy number (Da) on air and particle velocity

Darcy number (Da) is very important for flow in porous media. We observed the effect of Da from

0.001 to 0.5 on flow dynamics of air and particles at aspect ratio (β) =10, d = 50 nm, at age 15 in

Figure 3.6(a)-3.6(b). We found from these, figures that by decreasing the value of Da from 0.5 -

0.001, velocity of air and particles through porous media are decreases significantly. For smaller

values of Da, the porous layer is considered low permeable for penetration and the fluid experiences

pronouncedly larger resistance and hindrance through the porous matrix and the velocity of air and

particle decreases, while for large value of Da media become highly permeable to allow the fluid to

pass easily, which causes increment in the flow of air and particle. Additionally, due to increment in

Damedia pressure will be decreased; which cause increment in velocity of air and particles gradually

with time through porous region. So, Darcy number affect the flow-ability of fluid in a great extent.

3.5.5 Effect of porosity (ε) on pressure gradient

In Figure 3.7 effect of lung porosity (0.2 ≤ ε ≤ 0.7) is found on the pressure gradient of airflow.

From this figure we found that at ε = 0.2868 pressure is very high (for infant of 1 year = 346 Kpa),

while for ε = 0.7037 (for adult of 30 years), it is very low (i.e.142 Kpa) and with the increment in age

(or porosity) it decreases gradually with time. So, from this figure, we concluded that aging cause

gradually increments in an air pressure gradient inside the human lung.
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3.5.6 Filtration efficiency of lung in respect of age

To analyze the performance of biofilter one of the main parameter is finding its efficiency. For this

purpose we used a steady-state first-order degradation rate model, which is defined in Chapter 2 7.

We aimed to find the F.E. of the lung from age 1-30. For this purpose, we first calculated the porosity

of lung by Equation 3.4 associated with age 3, 8, 13, 30. As the traveling time of each particle is

identical, we try to optimize the biofilter model (equation 2.25) at β=10, 10−1 ≤ Da ≤ 10−3 in

respect of age, as shown in Figure 3.8(a)-3.8(d) (Table 3.4). From these figures we can see, for a

particular age (3, 8, 13, 30) there is discernible variation in the F.E. and traveling time of particles.

As age increases from 1 to 30 traveling time increases and F.E. decreases with a decrement in Darcy

number from 0.1 to 0.001. These results are compatible with the theoretical and physiological results

by Sturm [223] and can be useful to calculate F.E. of the growing lung.

3.5.7 Filtration efficiency of lung in respect of shape factor

In Figure 3.9, we show F.E. of lung for spherical (d = 100 nm) and nonspherical nanoparticles

(10 ≤ β ≤ 1000) by varying Darcy number (10−1 ≤ Da ≤ 10−3) in respect of age 15. For each

graph we found that at the same aspect ratio, the traveling time of particle increases when the Darcy

number is decrease from 0.1 to 0.001. As shown in Figure 3.9(a)- 3.9(d) (Table 3.5), traveling time

of particle and F.E. of lung increases by increasing β from 10 to 1000 and decreasing Darcy number

from 0.1 to 0.001. After analysis following observations can be drawn:

1. For spherical shape particles traveling time is less and it increases by increasing particle aspect

ratio from 10 to 1000.

2. High filtration efficiency costs a large amount of traveling time for nonspherical nanoparticle

of aspect ratio 1000.

3. For Da = 0.1 (in Figure 3.10), we found F.E. of nonspherical nanoparticle of aspect ratio =

1000 costs much more traveling time compared to the spherical nanoparticle.

3.6 Conclusion

Human lung goes through various anatomical changes from birth to adulthood. Development of

alveoli with age is one of the main factors of growth of lung. In this study, we carried out an

7Subsection 2.5.8 and equation 2.25
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age based study of nonspherical nanoparticle deposition and filtration effect of growing lung from

age 1 to 30. For this purpose, we model the lung as a variable porous media and porosity depend

on a number of alveoli. In addition, we analyzed the efficiency of the lung to filter nonspherical

nanoparticle of different aspect ratio with diameter = 50 nm. Computational study is done by using

various physical parameters such as: Effect of aspect ratio (β), the orientation of particle with respect

to flow stream, Darcy number (Da), porosity (ε) graphically. The important concluding remarks of

the conducted study are as follows:

1. In respect of shape factor, the velocity of particles related with this inequality, regular octahe-

dral < regular hexahedral < regular tetrahedral and velocity of air-related with this inequality,

regular octahedral > regular hexahedral > regular tetrahedral.

2. It is noticed that the air and particle velocity of elongated nanoparticles are affected by increas-

ing their aspect ratio from 3 to 1000.

3. Due to parallel orientation of particles we found an increase in the velocity of fluid was in-

creased.

4. Increment in Darcy number causes an increment in the velocity of fluid and decrement in

pressure gradient.

5. High porosity (during adulthood) will reduce the pressure gradient of the lung.

6. It is found that the fraction of particles trapped in the alveolus increase by decreasing the Darcy

number.

7. Due to aging, filtration efficiency of lung decreases and traveling time of particles increases.

8. Nonspherical nanoparticle of aspect ratio 1000 cost a large amount of time to filter from lung

as compared to the spherical nanoparticle of the same diameter. By this, we conclude that the

nonspherical nanoparticle with a high aspect ratio has the feasibility to hang in the air stream

and take a long time to deposit in deeper lung generations.
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Figure 3.1: (a) Architecture of the tracheobronchial tree and the alveolar region [225] and (b) sim-
plified model of alveolar region for viscous air flow.

Table 3.1: Shape factors for special shapes [177].
S.N. Particle Shape Shape factor (sf )

1. Regular tetrahedral 1.49
2. Regular hexahedral 1.24
3. Regular octahedral 1.18

Table 3.2: Values for numerical calculation.

Variable Value Reference
a 0.5µ m Saini et al. [196]
ρ 1.145 kg/m3 Saini et al. [196]
ν 1.52*10−5m2/s Saini et al. [196]
m 0.0002 Kg/l Saini et al. [196]
ro 0.11 mm -
N0 0.02504*1012/m3 Saini et al. [196]
d 50 nm Rissler et al. [184]
β 10 - 1000 for elongated and 0.1 - 0.001 for oblate Sturm [221]
P0 101.325 k Pa Saini et al. [196]
b1 0.0061 Hodge et al. [92]
ρ0 1kg/m3 -
λ 0.066 µm Sturm [221]
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Figure 3.2: Comparison between published (Saini et al. [196]) and present work for air velocity at
Da = 0.1, d = 100 nm, and ε = 0.6.

Table 3.3: Comparison between published (Saini et al.[196]) and present result.
Velocity of Air

Time Present Result Published Result (Saini et al. [196])
0.1 3.83 3.77
0.2 5.75 5.69
0.3 6.59 6.54
0.4 6.8 6.76
0.5 6.65 6.63
0.6 6.32 6.31
0.7 5.89 5.9
0.8 5.44 5.45
0.9 4.98 4.99

0.998 4.54 4.56
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Figure 3.3: Influence of aspect ratio (β) without orientation of particle at age = 15 on (a) particle
velocity, (b) air velocity and influence of shape factor with orientation of particle at 3 ≤ β ≤ 1000,
age = 15 on (c) particle velocity, (d) air velocity.
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(b)

Figure 3.4: Effect of lung porosity on flow dynamics of (a) air and (b) particle at β = 10, d = 50 nm,
and Da = 0.1.
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Figure 3.5: Significance of parallel and perpendicular orientation of particle at the age = 15, β = 10
& 1000, Da = 0.1, and d = 50 nm on (a) air velocity and (b) particle velocity.
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Figure 3.6: Effect of Darcy number (0.001 ≤ Da ≤ 0.5) on flow dynamics at β = 10, d = 50 nm at
age=15 on (a) air velocity and (b) particle velocity.
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Figure 3.7: Effect of porosity (0.2 ≤ ε ≤ 0.7) with respect to age on air pressure.
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Figure 3.8: Traveling time and filtration efficiency of lung for (a) age of 3, (b) age of 8, (c) age of
13, (d) age of 30 at β = 10, d = 50 nm, and 10−1 ≤ Da ≤ 10−3.
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Table 3.4: Correlation between traveling time (t′) and filtration efficiency (F.E.) of lung from age 3
- 30.

Age = 3 Age = 8 Age = 13 Age = 30
Da t′ F.E. t′ F.E. t′ F.E. t′ F.E.
0.5 17.5439 0.0328 14.3885 0.027 14.0845 0.0264 14.0845 0.0264

0.25 21.2766 0.0396 19.2308 0.0359 18.8679 0.0352 18.8679 0.0352
0.15 28.86 0.0534 26.2467 0.0486 26.0078 0.0482 26.0078 0.0482
0.1 37.9507 0.0696 35.7143 0.0656 35.461 0.0652 35.461 0.0652

0.05 67.5676 0.1205 66.0066 0.1179 66.0066 0.1179 66.0066 0.1179
0.025 129.0323 0.2174 127.3885 0.215 126.58237 0.2138 126.5823 0.2138
0.015 209.6436 0.3286 207.9002 0.3263 207.9002 0.3263 207.9002 0.3263
0.01 311.042 0.4462 309.5975 0.4447 309.5975 0.4447 309.5975 0.4447

0.005 615.3846 0.6894 617.284 0.6905 617.284 0.6905 623.053 0.6939
0.0025 12270 1 12270 1 12270 1 1242.2 0.9056
0.0015 20492 1 20492 1 20492 1 20492 1

Table 3.5: Traveling time (t′) and filtration efficiency (F.E.) of lung for different shape particles at
the age of 15 and 10−1 ≤ Da ≤ 10−3.

Spherical Particle [196] Aspect Ratio = 100 Aspect Ratio = 1000 Aspect Ratio = 10
Da t′ F.E. t′ F.E. t′ F.E. t′ F.E.
0.5 13.4228 0.0252 14.0845 0.0264 14.7059 0.0276 15.748 0.0295

0.25 18.3486 0.0343 18.8679 0.0352 19.6078 0.0366 20.8333 0.0388
0.15 25.7069 0.0477 26.0078 0.0482 26.738 0.0495 28.1294 0.052
0.1 35.5872 0.0654 35.461 0.0652 36.3636 0.0668 37.8072 0.0693

0.05 67.3401 0.1201 66.0066 0.1179 67.1141 0.1197 68.7285 0.1224
0.025 129.0323 0.2174 126.5823 0.2138 128.2051 0.2162 129.8701 0.2187
0.015 210.5263 0.3297 207.9002 0.3263 209.8636 0.3288 211.6402 0.3311
0.01 312.5 0.4477 309.5975 0.4447 312.0125 0.4472 314.4654 0.4498

0.005 621.118 0.6928 621.118 0.6928 623.053 0.6939 623.053 0.6939
0.0025 1234.6 0.9042 1227.0 1 1242.2 0.9056 1242.2 0.9056
0.0015 2061.9 0.9801 2049.2 1 2064 0.9802 2070.4 0.9804
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Figure 3.9: Traveling time and filtration efficiency of spherical and nonspherical (10 ≤ β ≤ 1000)
nanoparticle at (a) β = 10, (b) β = 100, (c) β = 1000, (d) spherical particle at age = 15, and 10−1 ≤
Da ≤ 10−3.
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Figure 3.10: Comparison between F.E. of spherical and nonspherical nanoparticle at Da = 0.1, age
= 15, and 10−1 ≤ Da ≤ 10−3.
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Chapter 4: Simulation and modeling of the flow of vis-

cous air through homogeneously porous al-

veolar region of human lung

4.1 Introduction

The deposition is a joint action of biological and physical aspects, which depends on some physio-

logical factors such as particle density, porosity, breathing frequency, lung morphology, respiratory

physiology [178], and Reynolds number [11] etc. Concerning the effect of inhaled nanoparticles

on different regions of the human lung, a number of studies are done. Tian et al. [233] stated that

nanoparticles of ranges 5.52 - 98.2 nm are very risky for occupational workers can develop various

respiratory, cardiovascular, and neurological disorders. A CT scanned images based study done by

Debo et al. [132] to find the effect of micron particles (1-10 µm) and nanoparticles (1-100 nm) in the

nasal cavity to upper six-generation of lung observed that deposition efficiency of micron particles

are much higher than nanoparticles in the nasal region. A theoretical study done by Sturm [221]

stated that due to very small size, nanoparticles are aggregates with highly irregular shape (chain-

like, loose, compact) and after inhalation these particles are taken up into the respiratory tract by

the mechanism of Brownian diffusion, sedimentation and being stored in epithelial cells for a longer

time span, which causes formation of cancerous cells. Chuang et al. [34] studied biomass burning,

which significantly affects the air quality and found its potential effect on the alveolar region of hu-

man lungs. Also, Seraa et al. [200] hypothesized that the particle deposition can be much influenced

by the complex acinar geometry. Recently, Saini et al. [197] studied the deposition of nanoparticles

of diameter 100 nm and found that nanoparticles have the capacity to go deeper in the lung genera-

tions and ultimately deposit in the alveolar ducts of the human lung.

Many researchers [42, 107] defined lung as a sponge or porous media, according to Haber et al.

[75] deposition of particles also depends on media porosity due to a large number of alveoli inside

77



human lung, Vafai and Tien [237] developed a set of governing equations utilizing the local volume-

averaging technique for the depth analysis of transport through porous media. By using the theory of

homogenization, Markus et al. [131] derived macroscopic equations for average air flows and solid

tissue displacements in respiratory lung tissue and considered full lung as a porous medium due to a

number of alveoli. Also, Kuwahara et al. [126] obtained mass transfer resistance between the inlet of

the trachea and blood in the capillaries using porous media approach. Khanafer et al. [107] studied

the flow of fluid within hollow fiber membranes of the artificial lungs by using Brinkman-extended

Darcy model and found that pressure drop across the artificial lung device increased with an incre-

ment in the Reynolds number and decrement in the Darcy numbers. Saini et al. [196] assumed the

alveolar region as a biofilter and found removal efficiency of the lung for nanoparticles by using

generalized Navier-Stokes equations. Recently, DeGroot and Straatman [42] worked on expansion

and contraction of the alveolar duct and assumed lung as a porous medium by using the theory of

volume-averaging technique for the unit cell of an alveolated duct to predict permeability of human

lung.

From literature review we found that there are various studies which stated the effect of nanoparticle

deposition on lung, however, there are a few studies which considered lung as a homogeneous porous

media. So, in this chapter, we used a mathematical model to study the effect of homogeneous poros-

ity of the alveolar region on the flow dynamics of viscous air flowing through circular tube subject

to pulsatile pressure gradient due to rhythmic breathing. To investigate the flow characteristics of

air, Navier Stokes’ equation with Darcy law of porous media and flow of nonspherical nanoparticle,

Newton equation of motion in two-dimensional system are used. Numerical solutions have been

computed via finite difference method. A comparative study between present study and published

study is also presented. After performing computational work graphs are drawn to examine the be-

havior of various physical parameters such as effect of Reynolds number, Darcy number, porosity on

flow and deposition of viscous air through alveolar region.

4.2 Mathematical Formulation

4.2.1 Governing equations

To understand the flow dynamics of an incompressible fully-developed laminar, Newtonian, vis-

cous air through alveolar region an extended horizontal cylindrical tube (representing alveolar duct)

is considered whose radius is ‘a’ and which is placed perpendicular to the incoming flow [11].

Schematic diagram is shown in Figure 4.1, where, z is the axial direction of flow along the tube
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and r is the radial direction of flow. We approximated alveolar region of lung as a porous medium

because it is viewed as a continuum which is homogeneous, and saturated with an incompressible

fluid. So, the porous medium has a unique or homogeneous porosity and permeability values. A

mathematical model proposed by Saini et al. [197] is extended by including Darcy law of porous

media and Newton second equation of motion used to find the adverse effect of nanoparticles on

alveolar region. The pressure gradient ia assumed as time dependent sinusoidal. Two dimensional

conservation equations of mass, momentum together with particle motion in the cylindrical polar

coordinates system (r, z, θ) are given below:

∂ur
∂r

+
ur
r

+
∂uz
∂z

= 0, (4.1)

∂vr
∂r

+
vr
r

+
∂vz
∂z

= 0, (4.2)

∂ur
∂t

+
ur
ε

∂ur
∂r

+
uz
ε

∂ur
∂z

= − ε
ρ

∂p

∂r
+ ν

(
∂2ur
∂r2

+
1

r

∂ur
∂r

+
∂2ur
∂z2

)
+

(
kf
N0

ρ
(vr − ur)−

εν

K
ur

)
, (4.3)

∂uz
∂t

+
ur
ε

∂uz
∂r

+
uz
ε

∂uz
∂z

= − ε
ρ

∂p

∂z
+ ν

(
∂2uz
∂r2

+
1

r

∂uz
∂r

+
∂2uz
∂z2

)
+

(
kf
N0

ρ
(vz − uz)−

εν

K
uz

)
, (4.4)

m

(
∂vr
∂t

+ vz
∂vr
∂z

+ vr
∂vr
∂r

)
= kf (ur − vr), (4.5)

m

(
∂vz
∂t

+ vz
∂vz
∂y

+ vr
∂vz
∂r

)
= kf (uz − vz). (4.6)

Equations 4.1 - 4.2 represent the continuity equation for air and particle respectively. Equations 4.3

- 4.4 represent the momentum equation of air in radial and axial direction respectively. Equations

4.5 - 4.6 represent the motion equation of particles in radial and axial direction respectively. The

first term in the left hand side of the equations 4.3 - 4.4 is for unsteady flow and the second-third

terms are for convection. First, second, third, and forth terms in the right hand side of equations 4.3 -

4.4 are the pressure gradient, diffusion, and the entire body force because of the existence of porous
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media and additional external force fields respectively. The term in the left hand side of equations

4.5 - 4.6 represents the product of the mass times the acceleration and right hand side of this equation

represents the drag force on the nanoparticles.

In equation 4.3-4.4, K is the permeability that depends on media porosity (ε), and defined [57] as

follows

K =
ε3d2

150 (1− ε)2 . (4.7)

In equation 4.5-4.6, kf , denotes the Stokes resistance coefficient for spherical particles and defined

as follows

kf = 3πµd.

4.2.2 Initial and boundary conditions

Initial conditions at t ≤ 0 are as follows:

• At rest, no flow takes place therefore

ur = vr = uz = vz = 0. (4.8)

Boundary conditions at t > 0, for r = 0 and r = a are as follows:

• The axial velocity gradient is equal to zero due to the assumption of no radial flow along the

axis of the alveolar sac

ur = 0; vr = 0;
∂uz
∂r

= 0;
∂vz
∂r

= 0. (4.9)

• Due to periciliary liquid layer, no-slip condition is applicable at the inner surface of the wall.

4.3 Methodology

4.3.1 Transformation of the governing equations

To solve the governing equations 4.1-4.6 numerically we have to make them dimensionless, so we

used the following quantities:

R∗ =
r

a
, Z∗ =

z

a
, P ∗ =

p

ρU2
0

, τ ∗ =
tU0

a
, U∗r =

ur
U0

, U∗z =
uz
U0

, V ∗r =
vr
U0

, V ∗z =
vz
U0

,

Da =
K

a2
, Pl =

N0

ρ
, Sm =

ak

U0

, Re =
aU0

ν
,
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∂Ur
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+
Ur
R

+
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= 0, (4.10)
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+
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+
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∂Z

= 0, (4.11)
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+
Ur
ε
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ε
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1

Re
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+
1

R

∂Uz
∂R
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∂2Uz
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+ SmPl (Vz − Uz)−

ε

DaRe
Uz, (4.12)

∂Vz
∂τ

+ Vr
∂Vz
∂R

+ Vz
∂Vz
∂Z

=
Sm (Uz − Vz)

m
. (4.13)

Transformed initial conditions from equation 4.8, at τ = 0 are as follows:

Ur = 0;Uz = 0;Vr = 0;Vz = 0, (4.14)

and boundary conditions from equation 4.9, at τ > 0, for R = 0 and R = a are as follows:

Ur = 0;
∂Uz
∂R

= 0;Vr = 0;
∂Vz
∂R

= 0;Uz = 0;Vz = 0. (4.15)

In equation 4.3, due to the expansion and contraction of alveolar duct and right heart pressure we

assumed time dependent pressure gradient within the alveolus in non-dimensional form as follows

− ∂P

∂Z
= a0 sinωτ, ω = 2πf (4.16)

where a0 is the amplitude and f is the frequency of breathing.

4.4 Numerical Scheme

To solve the non-dimensional equations 4.10-4.13 subject to two point boundary conditions (equation

4.14-4.15) we used finite difference numerical technique [214], which is the most suitable method

for nonlinear problems related to regular geometries. The computational grid are defined in the

following form where the discretization of air velocity U(R, T, τ) is written as Uz(Ri, Zj, τk) or

(Uz)i,j
k.

Ri = i∆R, (i = 0, 1, 2, ....,M), RN = 1.0,

Zj = j∆Z, (j = 0, 1, 2, ..., N),

τk = k∆τ (k = 0, 1, 2, ...),
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where i, j and k are the space and time indices; ∆x, ∆y, and ∆τ are the increments in axial, radial

directions and time respectively.

We used central difference approximation at point (xi, tj) for all the spatial derivatives, as

∂Uz
∂Z

=
(Uz)

k
i,j+1 − (Uz)

k
i,j−1

2∆Z
, (4.17)

∂2Uz
∂Z2

=
(Uz)

k
i,j+1 − 2(Uz)

k
i,j + (Uz)

k
i,j−1

(∆Z)2
, (4.18)

and forward difference approximation for all the time derivatives, as

∂(Uz)

∂τ
=

(Uz)
k+1
i,j − (Uz)

k
i,j

2∆τ
(4.19)

Additionally, at R = 0, following simplifications are applicable in equations 4.10-4.13, 1

lim
R→0

1

R

∂Uz
∂R

= lim
R→0

∂2Uz
∂R2

, (4.20)

lim
R→0

Ur
R

= lim
R→0

∂Ur
∂R

, (4.21)

lim
R→0

Vr
R

= lim
R→0

∂Vr
∂R

, (4.22)

so, the equation 4.10 at R = 0 becomes,

(Ur)
k+1
i+1,j = (Ur)

k+1
i,j −

∆R

2∆Z

(
(Uz)

k+1
i,j+1 − (Uz)

k+1
i,j

)
, (4.23)

and at 0 < R 6 1,

(Ur)
k+1
i+1,j = (Ur)

k+1
i,j

(
1− 1

i

)
− ∆R

∆Z

(
(Uz)

k+1
i,j+1 − (Uz)

k+1
i,j

)
, (4.24)

equation 4.11 at R = 0 transforms as,

(Vr)
k+1
i+1,j = (Vr)

k+1
i,j −

∆R

2∆Z

(
(Vz)

k+1
i,j+1 − (Vz)

k+1
i,j

)
, (4.25)

and at 0 < R 6 1,

(Vr)
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k+1
i,j

(
1− 1

i

)
− ∆R
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(
(Vz)

k+1
i,j+1 − (Vz)

k+1
i,j

)
, (4.26)

1When R → 0, we found that the denominator is also approaching to zero and make the term indeterminate, which
is inappropriate for the physical state of the respiratory system. Therefore, to remove this kind of inconsistency we used
L’hospital rule of limit here.
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equation 4.12 at R = 0 becomes,
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while, equation 4.13 transforms as follows,
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and initial and boundary conditions from equations 4.14-4.15 are transformed as follows,
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1
i,j = 0. (4.30)

After applying above mentioned discretization technique we got velocity profiles at the (j + 1)th

time level in terms of the velocity at jth time level for equations 4.23-4.30 respectively.

4.5 Results and Discussion

In this work we analysed the effect of homogeneous porosity of lung on the flow of viscous air

by using two dimensional pulsatile flow regime at different number of parameters involving, Darcy

number (Da), Reynold number (Re), and porosity (ε). To solve the governing equations 4.23-4.29
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subject to two point boundary conditions (equation 4.30) following default values of the parameters

[99, 104, 197] are used.

m = 0.0002Kg/l, d = 50nm, ρ = 1.145Kg/m3, N0 = 0.02504 ∗ 1012/m3, Da = 0.1− 0.001,

r = 140µm, a0 = 1Kg/m2s2, ν = 1.71 ∗ 10−5m2/s,Re = 10− 30, ε = 0.2− 1, f = 1.2hz.

Before analysing the present problem, a grid independency test and numerical code validation is done

to find the predictive accuracy of the model by comparing outcomes produced by present model with

published model (Saini et al. [197]) as shown in Fig. 4.5 (Table 4.1) at grid sizes 10x10, 50x50 and

100x100.

Saini et al. [197] studied the flow of viscous air and found location of deposition of nanoparticles

(diameter = 100nm) inside alveolar duct of the human lung without considering the porosity of lung.

The present study is compared with the results of Saini et al. [197] in Figure 2.8 for velocity of air

with respect to axial distance after removing Darcy term (porosity) at Re = 30, d = 100 nm, and a =

125 µ m. After comparison we found that our results for grid size 100x100 is compatible with their

results up to 99.8 %. Hence, a grid size of 100x100 is chosen for all the computations of this study.

The accuracy of the numerical method is also checked in each time level and found that results are

convergent of oder of 10−5 with following stability criteria so that less error occurred in the numerical

computation

max

(
∆τ

∆R2

)
≤ 0.5,

max

(
∆τ

∆Z2

)
≤ 0.5. (4.31)

4.5.1 Effect of porosity (ε)

In human lung alveolies are the vacant spaces, which increase with age. In Figure 4.3, we obtained

the effect of porosity (ε) by varying it from 0.2 to 1 on air and particle velocities at Re = 10, d = 50

nm, and a = 140 µ m in axial and radial directions respectively. We found from figures 4.3(a)-4.3(d),

at ε = 0.2 velocity of air and particle in axial and radial directions are lesser than velocities at ε = 1.

By increasing value of porosity (ε) from 0.2 to 1 permeability of terminal airways increase and due

to highly permeable walls level of pressure gradient of air inside the ducts reduces, which increase

the possibility of flow and deposition of nanoparticles deep inside the respiratory system. Therefore,

we observed by increasing the porosity of media fluid velocity increases with respect to distance or

more porous lung allow air to flow more freely.
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4.5.2 Effect of Darcy number (Da)

In porous media Darcy number (Da) is inversely proportional to media pressure. In figure 4.4, we

found the effect of Darcy number (Da = 0.001 to 0.1) on air and particle velocities at ε = 0.6,Re = 10,

d = 50 nm, and a = 140 µm in axial and radial directions respectively. From figures 4.4(a) - 4.4(d), we

observed that velocity of air and particle in axial and radial directions show parabolic profile for each

value of Da and increases by increasing the value of Da from 0.001 to 0.1. For smaller values of

Da, the porous layer is viewed as less penetrable or less permeable for fluid entrance and encounters

pronouncedly substantial obstruction as it moves through the porous matrix, which cause hindrance

in the stream activities. Additionally, due to the decrement the value of Darcy number, pressure

gradient increases, which also causes decrement in the velocity of air and particles through porous

region. However, with the increment in the value of Da media pressure decreases and permeability

increases; consequently, the velocity of air and nanoparticle increases gradually with distance and

allow particles to deposit deep inside the lung generations.

4.5.3 Effect of Reynolds number (Re)

It has been known that the Reynolds number (Re) has a great influence on the flow regime. The effect

of the Reynolds number on the unsteady pulsating flow are discussed in this study. The Reynolds

number (Re) of ranges 10 - 30 are considered here to show the flow of fluid inside the alveolar region,

with ε = 0.6, Da = 0.1, d = 50 nm, and a = 140 µm. The instantaneous streamlines for sinusoidal

pulsatile flow at Re 10 - 30 inside circular tube are shown in Figure 4.5(a)- 4.5(d) respectively. At

Re = 30, we found velocity profiles for air and particle in axial and radial directions show parabolic

profiles and these profiles are decreases by a decreasing Re up to 10 gradually with distance either

due to the random movement of nanoparticles and fluid viscosity or due to pulsatile nature of the

fluid. Hence, in alveolar region flow of viscous air decreases by decreasing value of Re.

4.6 Conclusion

The present work is dealing with the flow and deposition of nanoparticles through a circular tube

of alveolar region, with homogeneous porosity under pulsatile pressure gradient. Two dimensional

momentum equation with Darcy law of porosity together with Newton’s second equation of motion

are used for the flow of air and nanoparticles respectively. Effect of Reynolds number, Darcy num-

ber, and porosity are found on velocity of air and particle. After solving the governing equations

following conclusions are made.
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1. The physical flow parameter, Reynolds number (Re), is the most important factor affecting the

fluid velocity. When Re = 10, the results show that the fluid velocity is dominated by viscous

effect and when Re = 30, the fluid velocity is dominated by the inertial effect.

2. The Darcy number is found to be the most effective factor in flow through porous media as the

increment in the Darcy number is found to be the best for flow regime because the maximum

number of particles flow towards the alveolar region, where they can stuck or deposit and clear

either by simple exhalation process or coughing.

3. It is found that the fraction of particles trapped in the alveolus increase by decreasing the

Darcy number. However, by increasing the value of Darcy number flow become very smooth

and freely.

4. Increment in the homogeneous porosity decreases the pressure gradient of the lung.
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Figure 4.1: Architecture of the tracheobronchial tree [225] and alveolar duct.
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Figure 4.2: Comparison between present and published (Saini et al. [197]) results at Re = 30, d =
100 nm, and a = 125 µ m.
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Table 4.1: Comparison between present and published (Saini et al. [197]) results for axial velocity
of air with respect to axial distance.

Present result at grid Published result (Saini et al. [197]) at grid
Axial distance 10x10 50x50 100x100 100x100

0 0 0 0 0
0.1 0.0932 0.07347 0.05217 0.05129
0.2 0.105 0.07556 0.05472 0.0539
0.3 0.106 0.07591 0.05482 0.05401
0.4 0.106 0.07598 0.05482 0.05401
0.5 0.106 0.07598 0.05482 0.05401
0.6 0.106 0.07597 0.05482 0.05401
0.7 0.105 0.07591 0.0548 0.05399
0.8 0.0932 0.07347 0.05428 0.05345
0.9 0 0 0 0
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Figure 4.3: Effect of porosity on axial velocity of (a) air and (b) particles; and radial velocity of (c)
air and (d) particles at Re = 10, d = 50 nm, and a = 140 µ m.
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Figure 4.4: Effect of Darcy number on axial velocity of (a) air and (b) particles; and radial velocity
of (c) air and (d) particles at Re = 10, d = 50 nm, and a = 140 µm.
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Figure 4.5: Effect of Reynold number on axial velocity of (a) air and (b) particles; and radial velocity
of (c) air and (d) particles at Da = 0.1, d = 50 nm, and a = 140 µm.
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Chapter 5: Two dimensional numerical study of the

flow of viscous air from emphysema affect-

ed lung

5.1 Introduction

With ever-increasing environmental pollution, the first and the most important organ being affected

and afflicted is the lung. There are many common conditions that can affect the lung. Some make

breathing harder and some damages the lung’s ability to exchange carbon dioxide with oxygen. Em-

physema, along with chronic bronchitis, is one of the major obstructive lung diseases that fall under

the category of chronic obstructive pulmonary disease. It gradually destroys the air sacs (alveoli) or

forms holes in the inner walls of the air sacs in the lungs and makes it difficult to take enough oxygen

so that it can be delivered to the bloodstream. Over the time, it also destroys the elasticity of lung air-

ways, which cause a collapse of the air sacs and trap oxygen in the alveolar region (we cannot fully

exhale air from our lungs if we can not fully inhale air either). The main cause of emphysema is the

long-term exposure of airborne irritants and pollutants, such as tobacco smoke, air pollution, chemi-

cal fumes and manufacturing fumes, and cooking fires. It is believed that the most airborne particles

were derived from fossil, biomass, and solid fuels combustion [34, 67], traffic exhausts [112]. The

particles emitted by engines have a high proportion of nanoparticles, though most of them are in

accumulation mode [110]. Epidemiological studies have confirmed that air pollution makes adverse

health effect, especially the pollutant in nanoscale [111]. After deposition nano-sized particles have

the potential to migrate through the alveolar wall and into the bloodstream. Thus, nowadays most

attention is paid to airborne pollutants lies under nanoparticles and ultrafine particles range.

Due to very small size, nanoparticle adopts the ability to penetrate the lung epithelium and enter the

blood circulation within a rather short time span [67]. Besides particles with spherical or close-to-

spherical shape, there are also ones adopting the shapes of cylinders and platelets or disks [224].
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According to numerous experimental and theoretical studies [221, 225] transport of non-spherical

particles within the inspired air stream may significantly differ from ideal, spherical particles. It has

been seen in a theoretical work by Balashazy et al. [11] that wall motion is a vital element because

it drives alveolar flow. A study by Dutta et al. [50] found that alveolar deformation may ease the

flow of fluid but become a cause of circulatory flow behavior inside alveoli of a human lung. Tsuda

and Henry [236] investigated the effect of tidal breathing on particle deposition in an alveolated duct

model and demonstrated that due to tidal breathing and rhythmical movement there was a highly

complex and irreversible flow pattern inside the alveolated duct. Oakes et al. [161] and later Berg

and Robinson [16] measured flow fields in idealized and replica models, respectively, by particle

image velocimetry and found that flow of fluid tends to decrease the deposition of a particle in em-

physema lung than the healthy lung. Gefen et al. [66] presented an alveolar sac model for numerical

analysis of the internal stress distribution and septal displacement inside alveoli of both normal and

emphysematic saline-filled lungs and found that stress sites and cyclic loading of breathing explained

the observed progressive damage to elastin fibers in emphysematic patients.

In literature, most of the studies are based on the flow behavior of emphysema affected lung by

considering the ruptured septal wall, while some studies are centered on the deposition of spherical

particles inside emphysema affected lung. No attention has been paid to the porous characteristic of

emphysemic lung together with particle shape on the flow and deposition behavior of nanoparticles.

These fundamental facts are still very poorly understood. Therefore, in this study, we examined the

flow of viscous air through, emphysemic and healthy lung under the pulsatile flow of fluid due to

rhythmic breathing condition. The generalized Navier Stokes’ equations for variable porous media in

the two-dimensional system are used to describe the flow condition of an emphysema affected lung

and Newton second equation of motion is used to demonstrate the motion of nonspherical nanopar-

ticles. The effects of the embedded flow controlling parameters namely, Reynolds number, aspect

ratio, and breathing rate are analyzed graphically. Additionally, a comparison between normal to

emphysema affected lung is done in term of stress analysis.

5.2 Mathematical Formulation

5.2.1 Governing equations

To understand the flow dynamics of viscous air inside the alveolar region, an extended horizontal

cylindrical tube with radius ‘a’ hooked with a single alveolus of diameter ‘di’ placed perpendicular

to the incoming pulsatile flow [11]. The schematic of the problem is shown in Figure 5.1, where, z
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is the axial direction of flow and r is the radial direction of flow. The impedance effect generated by

emphysema lung is simulated by Darcy regime. We assumed that the fluid is Newtonian and viscous

with constant density and the flow is fully-developed, unsteady and laminar. So, the conservation

equations together with mass (continuity), momentum and motion in cylindrical polar coordinates

system (r, z, θ) are given below:

Equation of continuity for air,

∂ur
∂r

+
ur
r

+
∂uz
∂z

= 0, (5.1)

equation of continuity for particle,

∂vr
∂r

+
vr
r

+
∂vz
∂z

= 0, (5.2)

equation of radial momentum for air,

∂ur
∂t

+
ur
ε

∂ur
∂r

+
uz
ε

∂ur
∂z

= − ε
ρ

∂p

∂r
+ ν

(
∂2ur
∂r2

+
1

r

∂ur
∂r

+
∂2ur
∂z2

)
+(

−εν
K
ur + kf

N0

ρ
(vr − ur)

)
, (5.3)

equation of axial momentum for air,

∂uz
∂t

+
ur
ε

∂uz
∂r

+
uz
ε

∂uz
∂z

= − ε
ρ

∂p

∂z
+ ν

(
∂2uz
∂r2

+
1

r

∂uz
∂r

+
∂2uz
∂z2

)
+(

−εν
K
uz + kf

N0

ρ
(vz − uz)

)
. (5.4)

equation of motion for particles in the radial direction,

m

(
∂vr
∂t

+ vz
∂vr
∂y

+ vz
∂vr
∂r

)
= Fd1 , (5.5)

and the equation of motion for particles in the axial direction,

m

(
∂vz
∂t

+ vz
∂vz
∂z

+ vr
∂vz
∂r

)
= Fd. (5.6)

The first term in the left hand side of the equations 5.3-5.4 is for unsteady flow and the second-third

terms are for convection. First, second, third, and forth terms in the right hand side of equations 5.3-

5.4 are the pressure gradient, diffusion, and the entire body force because of the existence of porous

media and additional external force fields respectively. The term in the left hand side of equations

5.5 - 5.6 represents the product of the mass times the acceleration and right hand side of this equation
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represents the drag force on the nanoparticles.

In equation 5.3 - 5.4, K is the permeability of media, which depends on the porosity (ε) [57] as

follows

K =
ε3d2

p

150 (1− ε)2 , (5.7)

The lung volume at the maximum inspiration level is the total lung capacity (TLC) of normal lung,

while the volume of air inspire/expire normally is known as tidal volume. An emphysemic lung is

not able to inhale or exhale normally, which affect the tidal volume of the lung. In emphysema,

victim’s lungs are expanded and fill the chest before the required volume of air is inhaled and when

the victim exhales, he is not able to exhale properly because of the higher residual volume in his/her

lungs. So, in this study we assumed lung as variable porous media, which is a function of lung

volume and defined as follows

Porosity(ε) =
Tidal lung volume
Total lung volume

. (5.8)

Additionally, in equation 5.5 - 5.6, Fd and Fd1 are drag forces on nonspherical nanoparticles, and Sf
is the dynamic shape factor (see Chapter 2 1 and Chapter 3 2 with respect to particle orientation. Also,

Sf can be defined in term of drag forces as the ratio of drag force on the nonspherical nanoparticles

(Fd) and (Fd1) to the drag force on the related spherical nanoparticles (fd and fd1) with an equivalent

volume [90]. The relations between Fd, Fd1 with Sf and fd, fd1 are shown below

Fd = Sffd,

F d1 = Sffd1 , (5.9)

where

fd = sk (uz − vz) ,

fd1 = sk (ur − vr) ,

 sk = 3πµCdp, (5.10)

where C represents the Cunningham slip correction factor for thin particles 3 and dp is the diameter

of elongated nanoparticle that depends upon the particle shape factor, which is described in Chapter

2 4.
1Subsection 2.2.1, equation 2.7
2Subsection 3.2.1, equation 3.8
3see Chapter 2, Subsection 2.2.1, and equation 2.4
4Subsection 2.2.1, and equation 2.5
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Stress due to emphysema is defined as

τe = µ

(
∂Uz
∂r

+
∂Ur
∂z

)
. (5.11)

5.2.2 Initial and boundary conditions

Following initial and boundary conditions are subjected to equation 5.1 - 5.6:

• At rest (t = 0) there is no flow takes places therefore

ur = vr = uz = vz = 0. (5.12)

• We assumed that there is no radial flow along the axis of the alveolar tube so the axial velocity

gradient adequate to zero

ur = 0; vr = 0;
∂uz
∂r

= 0;
∂vz
∂r

= 0. (5.13)

• The no-slip condition is applicable at the inner surface of the wall.

5.3 Methodology

5.3.1 Transformation of the governing equations

To solve the governing equations 5.1 - 5.6 numerically we have to make them dimensionless, so we

used the following quantities:

R∗ =
r

a
, Z∗ =

z

a
, P ∗ =

p

ρU2
0

, τ ∗ =
t

t0
, U∗r =

ur
U0

, U∗z =
uz
U0

, V ∗r =
vr
Uo
, V ∗z =

vz
Uo
,

Da =
K

r2
, Pl =

N0

ρ
, Sm =

ak

U0

, Re =
aU0

ν
, St =

a

U0t0
,

where, a is the radius of circular tube, t0 is the initial time, U0 initial velocity, Re is the Reynolds

number and St is the Strouhal number.

By using the above quantities, together with our assumptions, we got the following dimensionless

equations

∂Ur
∂R

+
Ur
R

+
∂Uz
∂Z

= 0, (5.14)

∂Vr
∂R

+
Vr
R

+
∂Vz
∂Z

= 0, (5.15)
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St
∂Uz
∂τ

+
Ur
ε

∂Uz
∂R

+
Uz
ε

∂Uz
∂Z

= −ε∂P
∂Z

+
1

Re

(
∂2Uz
∂X2

+
1

R

∂Uz
∂R

+
∂2Uz
∂Y 2

)
+ SmPl (Vz − Uz)

− ε

DaRe
Uz,

(5.16)

St
∂Vz
∂τ

+ Vr
∂Vz
∂R

+ Vr
∂Vz
∂Z

=
SfSm (Uz − Vz)

m
. (5.17)

Transformed initial and boundary conditions from equation 5.12 - 5.13 are as follows:

Ur = 0;Uz = 0;Vr = 0;Vz = 0, (5.18)

Ur = 0;
∂Uz
∂R

= 0;Vr = 0;
∂Vz
∂R

= 0,

Uz = 0, Vz = 0. (5.19)

The Womersley number is responsible for the frequency of pulsatile flow. It is related to the Reynolds

number and is defines as

w0 =
√

2πReSt. (5.20)

The stress from equation 5.11 is transform as

τe = µ
u0

a

(
∂Uz
∂r

+
∂Ur
∂z

)
. (5.21)

In equation 5.3, due to the deformation of the alveolus wall and right heart pressure, we assumed a

time-dependent pressure gradient inside the alveolar region as follows

− ∂p

∂z
= exp(−fta/U0) + Sf . (5.22)

5.4 Numerical Scheme

To solve the non-dimensional equations 5.14 - 5.17 subject to two point boundary conditions (equa-

tion 5.18 - 5.19) we used finite difference numerical technique [214], which is the most suitable

method for nonlinear problems related to regular geometries. The computational grid are defined in

the following form where the discretization of air velocity U(R, T, τ) is written as Uz(Ri, Zj, τk) or

(Uz)
k
i,j .

Ri = i∆R, (i = 0, 1, 2, ...,M), RN = 1.0,

Zj = j∆Z, (j = 0, 1, 2, ..., N),

τk = k∆τ, (k = 0, 1, 2, ...),
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where, i, j, and k are the space and time indices, ∆x, ∆y, and ∆τ are the increments in axial, radial

directions and time respectively.

We used central difference approximation at point (xi, tj, τk) for all the spatial derivatives, as follows:

∂Uz
∂Z

=
(Uz)

k
i,j+1 − (Uz)

k
i,j−1

2∆Z
, (5.23)

∂2Uz
∂Z2

=
(Uz)

k
i,j+1 − 2(Uz)

k
i,j + (Uz)

k
i,j−1

(∆Z)2
, (5.24)

and forward difference approximation is used for all the time derivatives, which is defined as follows:

∂(Uz)

∂τ
=

(Uz)
k+1
i,j − (Uz)

k
i,j

2∆τ
. (5.25)

Additionally, at R = 0, following simplification are applied in equations 5.14 - 5.17, 5

lim
R→0

1

R

∂Uz
∂R

= lim
R→0

∂2Uz
∂R2

, (5.26)

lim
R→0

Ur
R

= lim
R→0

∂Ur
∂R

, (5.27)

lim
R→0

Vr
R

= lim
R→0

∂Vr
∂R

, (5.28)

equation 5.14 in discretization form can be written as

at x = 0,

(Ur)
k+1
i+1,j = (Ur)

k+1
i,j −

∆R

2∆Z

(
(Uz)

k+1
i,j+1 − (Uz)

k+1
i,j

)
, (5.29)

and at 0 < R 6 1,

(Ur)
k+1
i+1,j = (Ur)

k+1
i,j

(
1− 1

i

)
− ∆R

∆Z

(
(Uz)

k+1
i,j+1 − (Uz)

k+1
i,j

)
, (5.30)

equation 5.15 at R = 0 transforms as,

(Vr)
k+1
i+1,j = (Vr)

k+1
i,j −

∆R

2∆Z

(
(Vz)

k+1
i,j+1 − (Vz)

k+1
i,j

)
, (5.31)

5When R → 0, we found that the denominator is also approaching to zero and make the term indeterminate, which
is inappropriate for the physical state of the respiratory system. Therefore, to remove this kind of inconsistency we used
L’hospital rule of limit here.
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and at 0 < R 6 1,

(Vr)
k+1
i+1,j = (Vr)

k+1
i,j

(
1− 1

i

)
− ∆R

∆Z

(
(Vz)

k+1
i,j+1 − (Vz)

k+1
i,j

)
, (5.32)

equation 5.16 at R = 0 is transforms as,

(Uz)
k+1
i,j =

(
1− SmPl

∆τ

St
−
(

ε

DaStRe

)
∆τ − 2r1

ReSt
− 4r2

ReSt

)
(Uz)

k
i,j

− r2∆R

2εSt

(
(Uz)

k
i+1,j − (Uz)

k
i−1,j

)
(Ur)

k
i,j −

r1∆Z

2εSt

(
(Uz)

k
i,j+1 − (Uz)

k
i,j−1

)
(Uz)

k
i,j

+
2r2

ReSt

(
(Uz)

k
i+1,j + (Uz)

k
i−1,j

)
+

r1

ReSt

(
(Uz)

k
i,j+1 + (Uz)

k
i,j−1

)
+

∆τ

St
SmPl (Vz)

k
i,j − ε

∆τ

St

∂P

∂Z
, (5.33)

and at 0 < R 6 1,

(Uz)
k+1
i,j =

(
1− SmPl

∆τ

St
−
(

ε

DaStRe

)
∆τ − 2r1

ReSt
− 2r2

ReSt

)
(Uz)

k
i,j

− r2∆R

2εSt

(
(Uz)

k
i+1,j − (Uz)

k
i−1,j

)
(Ur)

k
i,j −

r1∆Z

2εSt

(
(Uz)

k
i,j+1 − (Uz)

k
i,j−1

)
(Uz)

k
i,j

+
2r2

ReSt

(
(Uz)

k
i+1,j + (Uz)

k
i−1,j

)
+

r1

ReSt

(
(Uz)

k
i,j+1 + (Uz)

k
i,j−1

)
+

r2

2iReSt

(
(Uz)

k
i+1,j − (Uz)

k
i−1,j

) ∆τ

St
+ SmPl∆τ (Vz)

k
i,j − ε

∆τ

St

∂P

∂Z
, (5.34)

equation 5.17 transforms as follows,

(Vz)
k+1
i,j+1 =

(
1− SmSf∆τ

mSt

)
(Vz)

k
i,j −

∆τ

∆RSt
(Vr)

k
i,j

(
(Vz)

k
i+1,j − (Vz)

k
i−1,j

)
+
SfSm∆τ

mSt
(Uz)

k
i,j −

∆τ

∆ZSt
(Vz)

k
i,j

(
(Vz)

k
i,j+1 − (Vz)

k
i,j−1

)
, (5.35)

and the equation 5.21 is converts as follows,

τv =
µU0

a

(
(Uz)

k
i+1,j − (Uz)

k
i−1,j

2∆R
+

(Ur)
k
i,j+1 − (Ur)

k
i,j−1

2∆Z

)
, (5.36)

The initial and boundary conditions from equation 5.18-5.19 in the discretized form are defined as

follows:

(Ur)
k
1,j = 0, (Uz)

k
0,j = (Uz)

k
2,j, (Ur)

k
N+1,j = 0, (Uz)

k
N+1,j = 0,

(Vr)
k
1,j = 0, (Vz)

k
0,j = (Vz)

k
2,j, (Vr)

k
N+1,j = 0, (Vz)

k
N+1,j = 0,

(Ur)
1
i,j = 0, (Uz)

1
i,j = 0, (Vr)

1
i,j = 0, (Vz)

1
i,j = 0. (5.37)

Equation 5.29 - 5.36 gives air and particle velocities at the (k + 1)th time level in terms of velocities

kth time level.
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5.5 Results and Discussion

The two-point boundary value problem, defined by equations 5.29- 5.36, is controlled by Reynolds

number (Re), Strouhal number (St), Womersley number (w0), Darcy number (Da), aspect ratio

(β), breathing rate (f ), and porosity (ε). Additionally, the effect of emphysema disease has been

analyzed on the lung and result is shown via graph. To calculate the effects of the above parameters,

the numerical values defined in Table 5.1 are used [18, 197, 245] and following graphs 5.2 - 5.7 are

obtained. Firstly, before performing the numerical computation we chose time step ∆τ = 0.001,

grid spaces ∆R = 0.01, and ∆Z = 0.01 in radial and axial directions, respectively and check the

stability in each time level as follows

max

(
∆τ

∆R2

)
≤ 0.5,

max

(
∆τ

∆Z2

)
≤ 0.5. (5.38)

We found that the results of the present study appear to converge with the accuracy of order 10−3.

So, all the computation are performed at 100x100x1000 uniform grid points.

5.5.1 Importance of aspect ratio (β) and comparison with published work

In the environment, it is not necessary that all the particles are perfectly spherical in shape, hence

to keep account of nonspherical nanoparticles, the aspect ratio is a key factor. We used elongated

nanoparticles from aspect ratio 3 ≤ β ≤ 1000, which covers a wide range of an inhalable nonspheri-

cal nanoparticles [222] and compared our result with (Saini et al. [197]) with spherical nanoparticles

at Re = 10, d = 100nm, and ε = 0.84.

We found that the axial velocity of the particle, in Figure 5.2(a), is very low for spherical nanopar-

ticles (Saini et al. [197]) and it increases due to increment in the aspect ratio from 3 to 1000. While,

axial velocity of air, in Figure 5.2(b), is very high for spherical nanoparticles and it decreases due

to increment in aspect ratio from 3 to 1000. From these figures, we observed that particles with

high aspect ratio applies a high drag force on the air stream, which causes decrement in the velocity

of air, however, spherical particle and low aspect ratio’s particles applies a low drag force on air

stream, which causes an increment in the velocity of air. Additionally, a comparison between spher-

ical and nonspherical nanoparticles shows that nonspherical nanoparticles affect the air stream to a

great extent.
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5.5.2 Effect of Reynolds number (Re) on velocity

In Figure 5.3, we found the effect of Reynolds number (10 - 30) at β = 10, d = 100 nm, and ε = 0.84

on the axial velocity of air and particles. From Figure 5.3(a), we found by increasing the Reynolds

number from 10 - 30, axial velocity of air and particle increases gradually with time (Figure 5.3(b)).

Since, a large value of Reynolds number results in the thinner concentration boundary layer on the

walls of airways, which promotes overall gas transfer while a lower value of Reynolds number causes

high concentration on the walls of airways and affect the gas transfer. So, at Reynolds number = 30,

the viscosity of the fluid is higher than at Reynold number = 10, which causes an increment in the

flow of fluid.

5.5.3 Effect of porosity (ε)

In Figure 5.4, we found the effect of porosity ε on normal as compared to emphysema affected lung.

In this study, we used porosity as a function of lung volume to analyze the impact of emphysema on

the flow of viscous air at β = 10, d = 100 nm and Re = 10.

From Figure 5.4(a) - 5.4(b), we found that the velocity of a normal lung is lesser than emphysema

affected lung because large pore size or highly permeable medium allows fluid to pass more easily.

Therefore, emphysema affected lung allows air to flow more easily as compared to a normal lung but

physiologically this behavior of an emphysema affected lung create a problem, since air is trapped

in the alveolar sac and a person is unable to exhale properly so in the cyclic breathing person face

breathing problem.

5.5.4 Effect of Darcy number (Da)

In Figure 5.5, we found the effect of the Darcy number on the flow regime at β = 10, d = 100 nm,

ε = 0.84, and Re = 10. We found from Figure 5.5(a) - 5.5(b) that by increasing the value of the

Darcy number from 0.001 to 0.1, velocity of air Uy and particle Vy due to emphysema are increased

gradually with time. Highly porous media or ruptured alveoli applies a high drag force on fluid

and lower pressure gradient on air as well as on particle, which cause increment in flow stream and

most of the particles inside the air stream go toward various lung generations. From this behavior of

ruptured alveoli inhalation become very easy but during exhalation a person face problem, because

he/she not have enough pressure gradient to exhale properly.
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5.5.5 Effect of breathing rate (f )

In Figure 5.6, we show the effect of breathing rate f from 12 to 30 breath per minute on the velocity

of air and particles axially at aspect ratio (β) = 10, diameter (d) = 100 nm, porosity (ε) = 0.84 and

Reynolds number (Re) = 10. We found for normal breathing rate (f=12/min), velocity of air (see

Figure 5.6(a)) and particle (see Figure 5.6(b)) increases up to the axial distance z = 0.5 and after that

it decreases with the axial distance down to zero but as we increase breathing rate in consideration

with emphysemic lung (f = 25 - 30/min), there is a decrement in velocity of air and particles. So,

we can conclude that due to emphysemic lung, a person can face breathing problem.

5.5.6 Analysis of stress on normal and emphysemic lung

We modeled the condition of the emphysemic lung by assuming lung as a porous media and porosity

as a function of lung volume. By altering the volume for healthy lung (Saini et al. [197]) and emphy-

sema affected lung results are analyzed. Typical breathing stress versus axial distance relationship

for inhalation and exhalation is given in Figure 5.7. From this figure we found that the inspiratory

breathing stress (in Table 5.2) depends on axial distance sinusoidally and increases linearly with the

axial distance until it reaches maximum inspiration; after that, it falls linearly to zero and takes a

pause during the elastic recoil, on axial distance = 0.5. It then starts decreasing and signaling the

end of expiration at axial distance = 0. The figure also shows the comparison between stress on

emphysemic lung and normal lung (Saini et al. [197]). We found due to the loss of elastic recoil

of emphysemic lung airways do not inflate properly and obtain higher stress rate at the end of in-

spiration as compared to normal lung; while during expiration, due to the distortion in septal wall

expiratory flow rate increases and simultaneous stress rate on the emphysemic lung decreased as

compare to normal lung.

5.6 Conclusion

To study the effect of early - stage emphysema on flow dynamics of viscous air a numerical simu-

lation is done. The computational geometry utilized in this study spans one generation of alveolar

duct attaches with alveoli. The effects of emphysema consist of the destruction of alveolar septa

and a reduction in airway flow rate. The gradual progression of these effects was investigated by

comparing the results of a healthy lung with diseased lung. The concluding remarks are as follows:

1. It is found that the overall air velocity can be significantly increased by increasing the aspect

ratio, alveoli size, Reynolds number, porosity, and breathing rate.
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2. Increment in Darcy number causes high drag force on viscous air and low pressure gradient

on lung.

3. We observed that emphysema produces decrement in oxygen transport through acinus. This is

primarily due to the drop in generated pleural pressures which in turn lead to lower flow rates

into the acinar branches.

4. In contrast, septal distortion has a notable effect on flow through acinus, where the loss of the

alveolar septa tends to decrease the overall resistance to the flow, and hence lower inspiratory

flow rates are observed in the ducts.

5. The particle deposition is smaller in the emphysematous lung as compared to healthy lungs

and this, in turn, means particle deposition will occur more quickly when lungs are healthy.

6. Comparison between emphysema affected lung and normal lung shows higher stress rate at

the end of the inspiration and lower expiratory rate due to septal destruction than the normal

lung.
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Figure 5.1: Schematic diagram of alveolar duct attached with a single alveoli.

Table 5.1: Numerical values used in the study
Variable Value Variable Value

m 0.0002 Kg/l d 100 nm
fp 1.2 hz ρ 1.145 kg/m3

N0 0.02504*1012/m3 r 125 µ m
a2 0.5 Kg/m2s2 ν 1.71*10−5m2/s
uin 0.3 m/s
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Figure 5.2: Effect of spherical and nonspherical nanoparticles (3≤ β ≤ 1000) on the axial velocity
of (a) air and (b) particle at Re = 10, d = 100 nm, and ε=0.84.

105



0 . 0 0 . 2 0 . 4 0 . 6 0 . 8 1 . 00 . 0 0

0 . 0 1

0 . 0 2

0 . 0 3

0 . 0 4

0 . 0 5

0 . 0 6

0 . 0 7

Ve
loc

ity
 of

 Ai
r

A x i a l  D i s t a n c e

 R e = 3 0
 R e = 2 0
 R e = 1 0

(a)

0 . 0 0 . 2 0 . 4 0 . 6 0 . 8 1 . 00 . 0

5 . 0 x 1 0 - 2 1

1 . 0 x 1 0 - 2 0

1 . 5 x 1 0 - 2 0

2 . 0 x 1 0 - 2 0

2 . 5 x 1 0 - 2 0

Ve
loc

ity
 of

 Pa
rti

cle
A x i a l  D i s t a n c e

 R e = 3 0
 R e = 2 0
 R e = 1 0

(b)

Figure 5.3: Effect of Reynolds number on the axial velocity of (a) air and (b) particle at β = 10, d =
100 nm, and ε = 0.84.
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Figure 5.4: Effect of porosity on the axial velocity of (a) air and (b) particle at β = 10, d = 100 nm,
and Re = 10.
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Figure 5.5: Effect of Darcy number on the axial velocity of (a) air and (b) particle at β = 10, d = 100
nm, ε = 0.84, and Re = 10.
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Figure 5.6: Effect of breathing rate on the axial velocity of (a) air and (b) particle at f = 12 - 30/min,
β = 10, and Re = 5.
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Figure 5.7: Analysis of stress on emphysemic lung and normal lung with respect to axial distance.

Table 5.2: Effect of emphysema on breathing.

Axial distance Stress on emphysema affected lung Stress on normal lung (Saini et al. [197])
0 0 0

0.1 1.54E-5 1.38E-5
0.2 9.45E-6 8.46E-6
0.3 5.13E-6 4.63E-6
0.4 1.81E-6 1.67E-6
0.5 -1.02E-6 -1.19E-6
0.6 -4.12E-6 -4.64E-6
0.7 -8.49E-6 -9.54E-6
0.8 -1.54E-5 -1.73E-5
0.9 0 0
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Chapter 6: Mathematical study of the flow of blood

through stenosis affect-ed viscoelastic arte-

ry in two dimensional system

6.1 Introduction

Biological tissue of lung is very soft or highly viscoelastic in nature that it exhibits a different type

of stress-strain relationships [3]. The lungs have thin walls and endothelial cells, containing ultra-

microscopic pores which makes the lung permeable and through which substances of various molec-

ular sizes being penetrated can penetrate inside and pass into the lumen of the arteries from the

surrounding tissues [106]. Moreover, lung contains several sources of viscoelasticity, namely the

recoil nature of parenchyma [63], deformation of the membrane during respiration, etc.

The mathematical modeling of lung deformation is, however, challenging due to structural complex-

ity, parenchymal heterogeneity, boundary conditions, and subject-specific breathing pattern [156].

Some study considered lung as a linear elastic substance [98] and some nonlinear hyperelastic [64]

with one-phase continuum material [56]. Additionally, modeling the general permeability of media

is not easy. In 1856, Sir Darcy [37] proposed a mathematical model, which applies to the perme-

ability of tissue. The model is useful under some constraints, where the viscous effect dominated

by inertial effect but due to high-pressure gradient or higher porous regimes, where inertial effect

dominated by the viscous effect the Darcian model is not applicable. In literature significant work

has been done by some authors considering mass exchange using an extended Darcy model [174],

studying non-Darcian transportation of blood perfusion in tissue [238] and analyzing blood flow in

cardiac vessels using Darcy-Forchheimer model [215]. However, Mehmood et al. [148] found that

due to suspension of cholesterol, deposition of dead tissues, carbohydrates, and fats in the lumen, per-

meability, and elasticity of lung decreases, which causes various cardiovascular or arterial diseases

such as thrombosis, erythrocytoses, atherosclerosis [138], and cancer, etc. Among these, disease
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atherosclerosis also known as stenosis is one of the dangerous disease, which causes constriction

in blood vessels. It develops inward into the lumen at one or more locations of the cardiovascular

system and reduces the regular blood flow and gas exchange in the pulmonary region.

There are various studies on tissue permeability, elasticity, deposition of nonspherical particles and

stenosis [24, 53, 171, 182]. A mathematical study of oscillatory flow through thin-walled elastic

tubes with small curvature is carried by Chandran et al. [25] and found that asymmetrical secondary

flow pattern induced by centrifugal effects due to curvature. The effect of non-Newtonian blood

and flow pulsatility stenosed tube have been studied by Chaturani and Samy [28] using perturbation

method and they found that that the mean and steady flow rates decrease as the yield stress increases.

Mathematical modeling of blood flow through an artery with multiple stenoses and poststenotic di-

latations is carried out Wong et al. [250] and found that variation in arterial wall geometry has a

great impact on the blood flow resistance. Alimohamadi and Imani [5] studied the effect of external

magnetic field on the pulsatile blood flow patterns in a stenosis artery by considering the fatty de-

posited lump through porous arterial walls. Also, the study of suspension flow of smaller particles

in a viscous fluid through constricted vessels have considerable significance in medical field [122].

Saffman [191] gave a simple analytical model for the motion of dusty fluid with a large number of

dust particles suspended in a fluid. Saini et al. [194] carried out two-dimensional natural convection

flow of a dusty fluid over a tube with axisymmetric constriction and found that stenosis affects the

pressure of blood drastically in the upstream region of the stenotic artery.

From the above literature review, we noticed that the studies related to shape and orientation of par-

ticles and their effect on the flow dynamics of viscous air through porous, elastic and stenosed artery

have not been considered yet. So, in this study, we include the shape factor of suspended particles

together with tissue porosity and analyze their effect on flow pulsatility through a viscoelastic artery,

which consists of axisymmetric stenoses of radius R(z). Theory of dust particles suspended in gas

on blood flow through the artery, where the ‘particles’ are cells suspended in ‘plasma’ is applied.

The fluid is percolating through the stationary porous wall and particles tumble continuously in the

bulk shear flow. In this way, the study will produce a more general description of the blood flow

through a stenosed artery. The flow of air is governed by two dimensional Navier-Stokes’ equation

by including drag force (Darcy-Forchheimer drag) caused by non-Darcian effect and flow of particle

analyzed by Newton second equation of motion finite difference scheme is applicable to solve the

governing equations and illustrations are presented through graphs in the form of radial and axial

velocities by taking cyclic mean. Additionally, the material of the artery is approximated as a linear
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elastic or Voigt body. We used the simplest rheological equation that includes viscosity and elasticity

and finds the effect of flow amplitude on the viscoelasticity of arterial walls.

6.2 Mathematical Formulation

6.2.1 Governing equations

Consider an unsteady, laminar, fully-developed, incompressible, viscous, Newtonian fluid is flow-

ing through axisymmetrical arterial segment having mild stenosis due to deposition of nonspherical

nanoparticles (cells suspended in plasma). The axial axis is along the tube and the radial axis is nor-

mal to the tube. To study the flow pulsatility a geometrical structure illustrated in Figure 6.2 in two

dimensional cylindrical coordinate system (r, z, θ) is defined by following mathematical formulation

R(z) = R0 −
C1

2
exp(−fr)(1 + cos(π

z − lc
lc

) 2|z − lc| ≤ ls, 0 ≤ z ≤ L,

R(z) = R0, 2|z − lc| > ls, 0 ≤ z ≤ L, (6.1)

whereC1 is dimensionless constriction ratio, lc is dimensionless distance to the centre of constriction,

ls is dimensionless length of the stenosis,R0 is radius of artery, f is rate change parameter, L is length

of arterial segment.

The wall of the artery is porous and viscoelastic and due to suspension of particles flow through

permeable artery is modeled using non-Darcian regime. Dynamic shape factor is used to show the

effect of nonspherical nano particles of shape elongated. We explored arterial wall dynamics for

a short time when there is no mass exchange (blood flow) within the macroscales. So, density is

changed only if there is a compression of medium as a whole. For this kind of condition arterial

wall may be considered as homogeneous medium, which mean the velocities of all phases are equal.

The continuity, motion, and Navier-Stokes’ equations with Darcy-Forchheimer drag force in two

dimensional cylindrical coordinate (r, z, θ) system are written as follows:

Equation of continuity for air,

∂ur
∂r

+
ur
r

+
∂uz
∂z

= 0, (6.2)

equation of continuity for particle,

∂vr
∂r

+
vr
r

+
∂vz
∂z

= 0, (6.3)
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equation of radial momentum for air,

∂ur
∂t

+
ur
ε

∂ur
∂r

+
ur
ε

∂ur
∂z

= − ε
ρ

∂p

∂r
+ ν

(
∂2ur
∂r2

+
1

r

∂ur
∂r

+
∂2ur
∂z2

)
+

(
−εν
K
ur −

εb

K
u2
r

)
+ sk

N0

ρ
(vr − ur) ,

(6.4)

equation of axial momentum for air,

∂uz
∂t

+
uz
ε

∂uz
∂r

+
uz
ε

∂uz
∂z

= − ε
ρ

∂p

∂z
+ ν

(
∂2uz
∂r2

+
1

r

∂uz
∂r

+
∂2uz
∂z2

)
+

(
−εν
K
uz −

εb

K
u2
z

)
+ sk

N0

ρ
(vz − uz) ,

(6.5)

equation of motion of particle in radial direction,

m

(
∂vr
∂t

+ vz
∂vr
∂z

+ vr
∂vr
∂r

)
= Fd1 , (6.6)

equation of motion of particle in axial direction,

m

(
∂vz
∂t

+ vz
∂vz
∂z

+ vr
∂vz
∂r

)
= Fd. (6.7)

The first term in the left hand side of the equations 6.4 - 6.5 is for unsteady flow and the second-third

terms are for convection. First, second, third, and forth terms in the right hand side of equations

6.4 - 6.5 are the pressure gradient, diffusion, and the entire body force because of the existence of

non-Darcian effect together-with external force fields respectively. The term in the left hand side of

equations 6.6 - 6.7 represents the product of the mass times the acceleration and right hand side of

this equation represents the drag force on the nanoparticles.

In equation 6.4- 6.5, K is the permeability of media, which depends on the porosity (ε) [107] as

follows

K =
ε3d2

p

150 (1− ε)2 , (6.8)

additionally, other variables, i.e. Sf , sk, Fd, and Fd1 , from equation 6.4 - 7.6, have similar descrip-

tions as defined in Chapter 5 1.

1Section 5.2 and equation 5.9 - 5.10
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Viscoelastic model

It is known that biological soft tissues demonstrate viscoelastic properties. Viscoelasticity is a com-

bination of two words i.e. viscosity and elasticity. Viscosity, a characteristic of the fluid, which is

used to calculate the resistance on flow. Besides this, elasticity is the characteristic of solid material,

which calculates how material returns to its normal form after deformation. So, a material, which

contains both properties (fluid and solid properties) is termed as viscoelastic material [164]. To study

the flow dynamics of a viscous fluid through stenosed artery we analyzed the viscoelastic property

of artery for small deformation and considered the medium as ‘Voigt body’ by applying the simplest

rheological equation that includes both viscosity and elasticity [52]. The two-dimensional viscoelas-

tic model introduced by the Kelvin-Voigt, which relates stress to strain and strain rate is used after

extending for non-Darcian porous regime as follows

τv =

(
φ+

4µ

3

)(
∂uz
∂r

+
∂ur
∂z

)
+

(
ζ +

4η

3

)
∂

∂t

(
∂uz
∂r

+
∂ur
∂z

)
, (6.9)

where φ is used for bulk compression, µ is used for shear modules respectively due to elasticity and ζ

is used for shear coefficients, η is used for bulk coefficient respectively due to parenchymal viscosity.

(∂uz
∂r

+ ∂ur
∂z

) is strain and ∂
∂t

(∂uz
∂r

+ ∂ur
∂z

) is strain velocity.

6.2.2 Initial and boundary conditions

Following initial and boundary conditions are subjected to equation 6.2-6.7:

• At rest (t = 0) there is no flow takes places therefore

ur = vr = uz = vz = 0. (6.10)

• We assumed that there is no radial flow along the axis of the alveolar tube so the axial velocity

gradient adequate to zero

ur = 0; vr = 0;
∂uz
∂r

= 0;
∂vz
∂r

= 0. (6.11)

• The no-slip condition is applicable at the inner surface of the wall.
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6.3 Methodology

6.3.1 Transformation of the governing equations

To solve the governing equations 6.2-6.9 numerically we have to make them dimensionless, so we

used the following quantities:

X∗ =
r

R0

, Y ∗ =
z

R0

, p∗ =
P

ρU2
0

, τ ∗ =
t

t0
, U∗x =

ur
U0

, U∗y =
uz
U0

, V ∗x =
vr
Uo
, R′ = R/R0,

V ∗y =
vz
Uo
, Fs =

b

R0

, Da =
K

R2
0

, Pl =
N0

ρ
, Sm =

R0k

U0

, Re =
R0U0

ν
, St =

a

U0t0
.

Pl is particle load, Da is Darcy number, Fs is Forchheimer number, ρ0 is unit density, Re Reynolds

number, St Strouhal number, and Sm is used for simplification.

∂Ux
∂X

+
Ux
X

+
∂Uy
∂Y

= 0, (6.12)

∂Vx
∂X

+
Vx
X

+
∂Vy
∂Y

= 0, (6.13)

St
∂Uy
∂τ

+
Ux
ε

∂Uy
∂X

+
Uy
ε

∂Uy
∂Y

= −ε∂P
∂Y

+
1

Re

(
∂2Uy
∂X2

+
1

X

∂Uy
∂X

+
∂2Uy
∂Y 2

)
+ SmPl (Vy − Uy)−

ε

DaRe
Uy − ε

Fs
Da

U2
y , (6.14)

St
∂Vy
∂τ

+ Vx
∂Vy
∂X

+ Vy
∂Vy
∂Y

=
SfSm (Uy − Vy)

m
, (6.15)

The Womersley number is responsible for the frequency of pulsatile flow. It is related to the Reynolds

number and is defines as

w0 =
√

2πReSt. (6.16)

T =
u0

R

[(
φ+ 4

µ

3

)(∂Uy
∂X

+
∂Ux
∂y

)]
+
u0

R

[(
ζ +

4η

3

)
∂

∂τ

(
∂Uy
∂X

+
∂Ux
∂y

)]
. (6.17)

Transformed initial and boundary conditions from equation 6.10 - 6.11 are as follows,

Ux = 0; Uy = 0; Vx = 0; Vy = 0, (6.18)
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Ux = 0;
∂Uy
∂X

= 0; Vx = 0;
∂Vy
∂X

= 0,

Uy = 0; Vy = 0. (6.19)

In equation 6.4 - 6.5, due to general physiological conditions flow properties of blood is based on the

pumping action of the heart, which thus delivers a pulsatile pressure gradient over the cardiovascular

system, so we assume pressure gradient as

− ∂P

∂Z
= a1 + a2 sin(ωτt0), ω = 2πf, (6.20)

where a1 is the constant amplitude of the pressure gradient, a2 is the amplitude of the pulsatile

component, u0 is reference velocity.

6.4 Numerical Scheme

The non - dimensional governing equations 6.12 - 6.17 subject to two point boundary conditions

(equation 6.18 - 6.19) are solved by using finite difference numerical technique [214], which is the

most suitable method for nonlinear problems related to regular geometries. The computational grid

are defined in the following form where the discretization of air velocity U(R, T, τ) is written as

Uz(Ri, Zj, τk) or (Uz)
k
i,j .

Xi = i∆x, (i = 0, 1, 2, 3, 4, ..., N), XN = 1,

Yj = j∆y, (j = 0, 1, 2, 3, 4, ...,M,

τk = (k − 1)∆τ, (k = 1, 2, ...),

where i, j, and n are radial, axial and time index; ∆X,∆Y , and ∆τ are the increments in the radial,

axial directions and time respectively.

We used central difference approximation at point (xi, yj, τk), for all the spatial derivatives, as fol-

lows:

∂Uy
∂Y

=
(Uy)

k
i,j+1 − (Uy)

k
i,j−1

2∆Y
, (6.21)

∂2Uy
∂Y 2

=
(Uy)

k
i,j+1 − 2(Uy)

k
i,j + (Uy)

k
i,j−1

(∆Y )2
, (6.22)

and forward difference approximation for the first order time derivative as

∂(Uy)

∂τ
=

(Uy)
k+1
i,j − (Uy)

k
i,j

2∆τ
. (6.23)

115



Additionally, at X = 0, following simplification are applied in equations 6.12 - 6.17, 2

lim
X→0

1

X

∂Uy
∂X

= lim
X→0

∂2Uy
∂X2

,

lim
X→0

Ux
X

= lim
X→0

∂Ux
∂X

,

lim
X→0

Vx
X

= lim
X→0

∂Vx
∂X

,

In order to handle the nonlinearity of partial differential equations numerically, the method of New-

ton’s linearization is applied as

(Ux)
k+1
i,j = (Ux)

k
i,j + ∆(Ux)

k
i,j, (6.24)

where, the first term of equation 6.24 represents the kth iteration of the dependent variables, which

is known and the second term represents the error at the kth iteration at point (xi, yj, τk).

So, the equation 6.12 in discretization form can be written as, at X = 0,

(Ux)
k+1
i+1,j = (Ux)

k+1
i,j −

∆X

2∆Y

(
(Uy)

k+1
i,j+1 − (Uy)

k+1
i,j

)
, (6.25)

and at 0 < X 6 1,

(Ux)
k+1
i+1,j = (Ux)

k+1
i,j

(
1− 1

i

)
− ∆X

∆Y

(
(Uy)

k+1
i,j+1 − (Uy)

k+1
i,j

)
, (6.26)

equation 6.13 at X = 0 transforms as,

(Vx)
k+1
i+1,j = (Vx)

k+1
i,j −

∆X

2∆Y

(
(Vy)

k+1
i,j+1 − (Vy)

k+1
i,j

)
, (6.27)

and at 0 < X 6 1,

(Vx)
k+1
i+1,j = (Vx)

k+1
i,j

(
1− 1

i

)
− ∆X

∆Y

(
(Vy)

k+1
i,j+1 − (Vy)

k+1
i,j

)
, (6.28)

equation 6.14 at X = 0 converts as,

(Uy)
k+1
i,j =

(
1− SmPl

∆τ

St
−
(

ε

DaStRe

)
∆τ − 2r1

ReSt
− 4r2

ReSt

)
(Uy)

k
i,j

− r2∆X

2εSt

(
Uy)

k
i+1,j − (Uy)

k
i−1,j

)
(Ux)

k
i,j −

r1∆Y

2εSt

(
(Uy)

k
i,j+1 − (Uy)

k
i,j−1

)
(Uy)

k
i,j

+
2r2

ReSt

(
(Uy)

k
i+1,j + (Uy)

k
i−1,j

)
+

r1

ReSt

(
(Uy)

k
i,j+1 + (Uy)

k
i,j−1

)
+

∆τ

St
SmPl(Vy)

k
i,j − ε

∆τ

St

∂P

∂Y
− εFs∆t

Da
(Uy)

2
i,j, (6.29)

2When X → 0, we found that the denominator is also approaching to zero and make the term indeterminate, which
is inappropriate for the physical state of the respiratory system. Therefore, to remove this kind of inconsistency we used
L’hospital rule of limit here.
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and at 0 < X 6 1,

(Uy)
k+1
i,j =

(
1− SmPl

∆τ

St
−
(

ε

DaStRe

)
∆τ − 2r1

ReSt
− 2r2

ReSt

)
(Uy)

k
i,j

− r2∆X

2εSt

(
(Uy)

k
i+1,j − (Uy)

k
i−1,j

)
(Ux)

k
i,j −

r1∆Y

2εSt

(
(Uy)

k
i,j+1 − (Uy)

k
i,j−1

)
(Uy)

k
i,j

+
2r2

ReSt

(
(Uy)

k
i+1,j + (Uy)

k
i−1,j

)
+

r1

ReSt

(
(Uy)

k
i,j+1 + (Uy)

k
i,j−1

)
+

r2

2iReSt

(
(Uy)

k
i+1,j − (Uy)

k
i−1,j

)
+

∆τ

St
SmPl(Vy)

k
i,j − ε

∆τ

St

∂P

∂Y
− εFs∆t

Da
(Uy)

2
i,j, (6.30)

equation 6.15 converts as,

(Vy)
k+1
i,j+1 =

(
1− SmSf∆τ

mSt

)
(Vy)

k
i,j + Sf∆τ(Uy)

k
i,j

SfSm
mSt

− r1∆Y

St
(Vy)

k
i,j(

(Vy)
k
i,j+1 − (Vy)

k
i,j−1

)
− r2∆X

St
(Vx)

k
i,j

(
(Vy)

k
i+1,j − (Vy)

k
i−1,j

)
, (6.31)

also, equation 6.17 as follows,

T =
(
φ+ 4

µ

3

)((Uy)
k
i+1,j − (Uy)

k
i−1,j

2∆X
+

(Ux)
k
i,j+1 − (Ux)

k
i,j−1

2∆Y

)

+

(
ζ +

4η

3

)(
(Uy)

k
i+1,j + 1− (Uy)

k
i−1,j + 1− (Uy)

k
i+1,j + (Uy)

k
i−1,j

2∆X∆τ

)

+

(
ζ +

4η

3

)(
(Ux)

k
i,j+1 + 1− (Ux)

k
i,j−1 + 1− (Ux)

k
i,j+1 + (Ux)

k
i,j−1

2∆Y∆τ

)
. (6.32)

The initial and boundary conditions from equation 6.18 - 6.19 are found as follows,

(Ux) 1,j
k = 0, (Uy) 0,j

k = (Uy) 2,j
k, (Ux)N+1,j

k = 0, (Uy)N+1,j
k = 0,

(Vx) 1,j
k = 0, (Vy) 0,j

k = (Vy) 2,j
k, (Vx)N+1,j

k = 0, (Vy)N+1,j
k = 0,

(Ux) i,j
1 = 0, (Uy) i,j

1 = 0, (Vx) i,j
1 = 0, (Vy) i,j

1 = 0. (6.33)

6.5 Results and Discussion

The two dimensional boundary value problem defined by equations 6.25 - 6.32 under initial and

boundary conditions (equation 6.33) are controlled by ten parameters, namely, Reynolds number

(Re), Forchheimer number (Fs), Darcy number (Da), aspect ratio (β), shape factor (Sf ), porosity

(ε), aerodynamic diameter (dp), bulk compression (φ) for elasticity, shear (η) and bulk (ζ) coefficients

of parenchymal viscosity. Effect of these parameters are found on flow and viscoelastic character-

istics and shown through graphs 6.3 - 6.8. For numerical computations values of parameters are
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defined in Table 6.3 [51, 100, 130, 194, 245, 255].

Before discussing the analysis of the present problem a numerical code validation and predictive

accuracy of the model are checked by comparing output data produced by present model with re-

spective results generated by model of Saini et al. [194]. The grid independence test is performed by

varying grid sizes between 10x10x103 - 20x20x103 by using following stability criteria at each time

level so that less error occurred in the numerical computation (shown in Figure 6.1(a) and Table 6.1).

max

(
∆τ

∆X2

)
≤ 0.5,

max

(
∆τ

∆Y 2

)
≤ 0.5. (6.34)

From Table 6.1 it is observed that no significant change is found after the grid size 15x15x103.

Therefore, all computations are made by using the grid size 20x20x103 as an optimal grid size.

For validation of model a comparative study is done between present study and Saini et al. [194] for

radial velocity profile at ε = 0.7, Fs = 1, Da = 0.01, and Re = 10.

Saini et al. [194] studied two-dimensional natural convection flow of a dusty fluid over a tube with

axisymmetric constriction. The present study is compared with the results of Saini et al. [194] in

Figure 6.1(b) and Table 6.2 for the radial velocity of air with respect to radial distance at z = 20 mm.

We found that our numerical result is validated with their result of up to 99.9%. So, we can say, our

results are in excellent agreement with those of Saini et al. [194].

6.5.1 Effect of aspect ratio (β)

We used Re = 10, Fs = 1, ε = 0.4, Da = 0.05, A2 = 2, the constriction ratio and the constriction

length = 0.4, and 0.74 respectively and considered diameter of particles d = 50 nm, and aspect

ratio 3 ≤ β ≤ 1000 which covers wide range of inhalable nonspherical nano particles. We found

the effect of aspect ratio β on axial (Vx) and radial (Vy) velocity of particles in Figure 6.3(a) and

Figure 6.3(b). The radial velocity profile increases from the origin on the axis with positive values

and keeps moving away with the increase in aspect ratio. Due to the diastole (blood in), the radial

velocity increases when β increases from 3 to 1000. It is due to the pumping action of heart creating

the pulsatile pressure gradient which is directly responsible for the flow profiles and increases the

radial velocity profile of particles. While, in axial velocity, due to systole (blood out) profile of

particles the curve begins beyond the origin and decreases monotonically, at last, it reaches some

finite value with respect to axial distance. The axial velocity profile increases in this manner by the

increase in aspect ratio. Since particles with high aspect ratio are very thin so when we increase
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aspect ratio from 3 to 1000, it causes high drag force on fluid so there is an increase in particle

velocity in both the directions. However, by comparing radial and axial velocity profiles we found

that axially (Figure 6.3(b)) particles tend to deposit more rapidly in the axial direction than radially

(Figure 6.3(a)) because the axial velocity of the particle is lesser than radial velocity profile.

6.5.2 Effect of Forchheimer number (Fs)

Forchheimer number (Fs) is used for the non-linear dependency of pressure drop on the velocity

profile and Darcy-Forchheimer equation is used in high-velocity profile inside porous media. We

used Re = 10, Da = 0.05, ε = 0.4, β = 10 with d = 50 nm, A2 = 2, the constriction ratio and the

constriction length being fixed to 0.4 and 0.74 respectively. In order to elucidate the effect of the

Forchheimer number (Fs), the details of flow fields for different Fs = 1 - 18 shown in Figure 6.4(a) -

Figure 6.4(d) respectively. The effect of Fs on the velocity of air and particle shown in radial (Figure

6.4(a) - Figure 6.4(b) ) and axial directions (Figure 6.4(c) - Figure 6.4(d)). In axial velocity profile

the curve begins beyond the origin and decreased monotonically and reaches some finite value while

the radial velocity profile increases from the origin on the axis with positive values and move away

with respect to distance; for both, air and particle. The higher Fs means higher drag values, which

results in higher velocities. We noticed by the increment in Fs from 1 to 18, axial and radial, both

velocity profiles for air and particles are increased.

6.5.3 Effect of Reynolds number (Re)

It has been known that the Reynolds number (Re) has a great influence on the flow field in the

constricted or stenosis affected artery for unsteady flow. The effect of the Reynolds number on

the unsteady pulsating flow is discussed in this study. Reynolds numbers (Re) ranging 10 - 200

is considered, with Fs = 1, Da = 0.05, ε = 0.4, A2 is set to be 2, the constriction ratio and the

constriction length being fixed to 0.4 and 0.74. So, the instantaneous streamlines for sinusoidal

fluctuated flow at Re = 10 - 200 through constricted for small artery are shown in Figure 6.5(a) -

Figure 6.5(d) respectively. We found that radial velocity profiles (for air and particles) increase up

to the local peak by the increment in Re, and then decrease gradually with radial distance either

due to the random movement of nonspherical nanoparticles or due to pulsatile nature of flow (see,

Figure 6.5(a) - Figure 6.5(b)). While axial velocity profiles (for air and particles) start from the local

peak values and increase by increasing the value of Re (see, Fig 6.5(c) - Figure 6.5(d)). Either due to

stenosis inside a tube or due to suspension of nonspherical nanoparticles, fluid faced wall shear stress

and hence the velocity of the fluid (air and particle) decreases with respect to axial distance gradually.
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Consequently, by increasing the range of Reynolds number (Re) the flow pattern is affected to a high

extent in both the directions axial and radial.

6.5.4 Effect of Darcy number (Da)

In Figure 6.6 graphs are obtained, for Re = 10, Fs = 1, ε = 0.4, β = 10 with d = 50 nm, A2 = 2,

constriction ratio = 0.4, constriction length = 0.74, and varying the Darcy Number (Da) from 0.05

to 1, between radial distance and radial velocity profile (see, Figure 6.6(a)- Figure 6.6(b)) as well as

axial distance and axial velocity profile (see Figure 6.6(a)- Figure 6.6(b)). By increasing the value

of Da from 0.05 to 1 medium becomes very porous or more fluidic increasingly. The fluid flow,

therefore, is accelerated and velocity profiles are amplified for air and particles in radial and axial

directions.

6.5.5 Effect of porosity (ε)

Figure 6.7 shows the effect of porosity (ε) on velocity profiles of air and particles by using Re = 10,

Fs = 1, Da = 0.05, β = 10, d = 50 nm, A2 = 2, the constriction ratio and the constriction length being

fixed to 0.4, and 0.74 respectively. When porosity (ε) of the wall increases from 0.4 to 0.9, there is

an increase in the velocity profile for both axial (Figure 6.6(c) - Figure 6.6(d)) and radial directions

(Figure 6.7(a) - Figure 6.7(b)). We observed that for highly porous medium number of pores are

increased which cause an increment in the fluidity of viscous fluid in both the directions, therefore

by increasing porosity of walls velocity of air and particles increases.

6.5.6 Analysis of viscoelastic stress

In order to characterize the elastic and viscous stresses for small deformations, we adopted a two

dimensional linear viscoelastic are model. Figure 6.8 shows the viscoelastic behavior of arterial wall

at φ = 3000 Kg/(m s2), µ = 400 Kg/(m s), ζ = 10, η = 0.039 Pascal second at room temperature, z =

20mm, Re = 10, Fs = 1, ε = 0.4, β = 10, d = 50 nm, A2 = 2, constriction ratio = 0.4, and constriction

length = 0.74. The figure shows that the viscoelasticity first exhibits stronger damping to zero in

the transient, and then oscillate sinusoidally and produces pulsation. This behavior continues with

the increasing amplitude of wave from 0.1 to 0.4. However, the value of viscoelasticity decreases

by increasing the amplitude of the wave from 0.1 to 0.4. Therefore, it appears that the amplitude of

oscillations is an intrinsic characteristic of the wall and is greatly influenced by the fluid properties.

Nevertheless, the presence of fluid stain and stain velocity allows for a larger value of the amplitude

decrement in viscoelasticity of the artery wall.
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6.6 Conclusion

In the present investigation, two - dimensional viscous boundary layer flow is analyzed through a

symmetrical constricted permeable and viscoelastic tube. Numerical results for two - dimensional

pulsatile blood flow due to stenosed artery are analyzed using a finite difference scheme. Addition-

ally, the effect of amplitude of flow on the viscoelasticity of arterial wall is obtained graphically

and behavior of various parameters such as Reynolds number, Forchheimer number, the pulsatile

amplitude, the aspect ratio of particle, porosity, and viscoelasticity of artery are investigated. After

investigation following conclusions can be drawn:

1. Smaller permeability decreases the flow, while by increasing permeability, pressure drops and

wall shear stress are decreases and flow velocity increases.

2. The variation in the Reynolds number affects the flow pattern of air and particles both the

directions, in (axial and radial).

3. We analyzed the effect of Forchheimer number and found that axial and radial velocity profiles

decrease for both air and particles.

4. It is found that the overall air velocity significantly increases through alterations in particle

aspect ratio, media porosity, Reynold number, and oscillatory amplitude.

5. Viscoelasticity is affected by the amplitude of pulsatile flow and for a large value of amplitude,

viscoelasticity decreases.

6. Our investigation is helpful to understand the flow condition of the lung, affected by stenosis,

emphysema, and cancer.
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Table 6.1: Grid independency test for radial velocity profile at ε = 0.7, Fs = 1, Da = 0.01, and Re =
10.

Grid points
t 10x10x103 15x15x103 20x20x103

0 0.341 0.148 0.221
0.1 0.0142 0.0134 0.015
0.2 0.0134 0.0134 0.0134
0.3 0.0134 0.0134 0.0134
0.4 0.0134 0.0134 0.0134
0.5 0.0134 0.0134 0.0134
0.6 0.0134 0.0134 0.0134
0.7 0.0134 0.0133 0.0134
0.8 0.0134 0.0133 0.0134
0.9 0.0133 0.0131 0.0134

Table 6.2: Comparison of present result with (Saini et al. [194]) at z = 20 mm.
t Saini et al. [194] Present Result
0 0 0

0.1 0.631 0.626
0.2 1.03 1.03
0.3 1.32 1.31
0.4 1.55 1.54
0.5 1.76 1.75
0.6 1.94 1.93
0.7 2.11 2.11
0.8 2.27 2.26
0.9 2.42 2.41
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Figure 6.1: (a) Axial velocity profile of particle through straight constricted tube at grid size
10x10x1000 to 20x20x1000 and (b) radial velocity profile at ε = 0.7, Da = 0.05, and Re = 10.

Table 6.3: Numerical values of variables used in computational analysis with their corresponding
units

Abbreviation Value Abbreviation Value
m 0.0002 Kg/l d 50 nm
ρ 1.06 g/cm3 N0 0.02504*106/cm3
a1 10 g/cm2s2 a2 0.2*a1

f 1.2 hz ν 1.71 ∗ 10−5m2/s
u0 0.3 m/s Re 10-250
Fs 1-15 Da 0.05-1
ε 0.4-0.9 β 3-1000
lc 2*R0 z 20 mm
R0 370 µ m λ 0.066 µm
φ 3000 Kg/(m s2), µ 400 Kg/(m s),
ζ 10 Kg/(m s), η 0.039 Kg/(m s),

123



Figure 6.2: Physical model of the axi-symmetric stenosis affected artery.
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Figure 6.3: (a) Radial velocity profile and (b) axial velocity profile of particle through straight con-
stricted tube at ε = 0.7, Fs = 1, Da = 0.05, Re = 10, and β = 10 - 1000.
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Figure 6.4: (a) &(b) Radial velocity profile, (c) & (d) axial velocity profile of air and particle re-
spectively through straight constricted tube at ε = 0.7, Da = 0.05, Re = 10, β = 10, and Fs = 1 -
18.
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Figure 6.5: (a) &(b) Radial velocity profile, (c) & (d) axial velocity profile of air and particles
respectively through straight constricted tube at ε = 0.7, Da = 0.05, β = 10, Fs = 1, and Re = 10 -
200.
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Figure 6.6: (a) &(b) Radial velocity profile, (c) & (d) axial velocity profile of air and particle re-
spectively through straight constricted tube at ε = 0.7, β = 10, Fs = 1, Re = 10, and Da = 0.05 -
1.

127



0 . 0 0 . 2 0 . 4 0 . 6 0 . 8 1 . 00 . 0 0

0 . 0 5

0 . 1 0

0 . 1 5

0 . 2 0

0 . 2 5

0 . 3 0

Air
 Ra

dia
l V

elo
cit

y

R a d i a l  d i s t a n c e

 e  = 0 . 4
 e  = 0 . 5
 e  = 0 . 6
 e  = 0 . 7
 e  = 0 . 8
 e  = 0 . 9

(a)

0 . 0 0 . 1 0 . 2 0 . 3 0 . 4 0 . 5 0 . 6 0 . 7 0 . 8 0 . 9 1 . 0
0 . 0

5 . 0 x 1 0 - 9

1 . 0 x 1 0 - 8

1 . 5 x 1 0 - 8

2 . 0 x 1 0 - 8

2 . 5 x 1 0 - 8

3 . 0 x 1 0 - 8

3 . 5 x 1 0 - 8

 e  = 0 . 4
 e  = 0 . 5
 e  = 0 . 6
 e  = 0 . 7
 e  = 0 . 8
 e  = 0 . 9

 

 
Pa

rti
cle

 Ra
dia

l V
elo

cit
y

R a d i a l  d i s t a n c e

(b)

0 . 0 0 . 1 0 . 2 0 . 3 0 . 4 0 . 5 0 . 6 0 . 7 0 . 8 0 . 9 1 . 00 . 0 0

0 . 0 2

0 . 0 4

0 . 0 6

0 . 0 8

0 . 1 0

0 . 1 2

 

 
Air

 Ax
ial

 Ve
loc

ity

A x i a l  d i s t a n c e

 e  = 0 . 4
 e  = 0 . 5
 e  = 0 . 6
 e  = 0 . 7
 e  = 0 . 8
 e  = 0 . 9

(c)

0 . 0 0 . 2 0 . 4 0 . 6 0 . 8 1 . 0
0 . 0

1 . 0 x 1 0 - 9
2 . 0 x 1 0 - 9
3 . 0 x 1 0 - 9
4 . 0 x 1 0 - 9
5 . 0 x 1 0 - 9
6 . 0 x 1 0 - 9
7 . 0 x 1 0 - 9
8 . 0 x 1 0 - 9
9 . 0 x 1 0 - 9
1 . 0 x 1 0 - 8
1 . 1 x 1 0 - 8
1 . 2 x 1 0 - 8
1 . 3 x 1 0 - 8

Pa
rti

cle
 Ax

ial
 Ve

loc
ity

A x i a l  d i s t a n c e

 e  = 0 . 4
 e  = 0 . 5
 e  = 0 . 6
 e  = 0 . 7
 e  = 0 . 8
 e  = 0 . 9

(d)

Figure 6.7: (a) &(b) Radial velocity profile, (c) & (d) axial velocity profile of air and particle re-
spectively through straight constricted tube at β = 10, Fs = 1, Re = 10, Da = 0.05, and ε = 0.4 -
0.9.
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Chapter 7: Numerical study of the mucus clearance

from human lung airways by using gener-

alized couette flow

7.1 Introduction

Respiratory tract secretions consist of mucus [63], surfactant, and periciliary liquid. The mucus helps

to humidify the passing inspired air and traps the dust particles, allergens, infectious agents, bacteria

and other inhaled debris [137]. Once particles are deposited into the mucus layer, it is extremely

necessary to flush out the mucus for airway integrity and pulmonary defense. Inside airways, there

are tiny hairs, called cilia, which line the bronchi. Mucus is carried on the top of these cilia [63]

and after capturing the aerocontaminers, mucus moves upward toward the oropharyngeal bifurcation

with the motion the cilia [127]. This movement, against the force of gravity, is sometimes called

mucus escalator. This event along with the continual movement of respiratory mucus layer toward

the oropharynx, prevent small foreign objects from entering the lungs during breathing. However,

to clear large particles and access of mucus of the respiratory system another mechanism such as

coughing [109], high-frequency chest wall oscillation [61] and vibration, etc are used.

Particle deposition and hypersecretion of mucus cause many common illnesses, such as common

cold, influenza, asthma, chronic bronchitis, and emphysema. Antibiotics treat infections and make a

patient feel better but over the time damage builds again, therefore, effective mechanism to clear the

pulmonary secretion and inhaled debris from the airways is needed.

There are some studies [26, 102, 199, 235] which are reported that tube wall oscillation may enhance

displacement of mucus during coughing such as Singh et al. [211] presented an oscillatory flow of a

viscous, incompressible fluid through a highly porous medium with periodic permeability and found

that Jones [103] worked on studied isotope mucociliary clearance rates from cystic fibrosis subjects

and found that the effective clearance occurred by increasing frequency of 10-15 Hz because at that
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frequency oscillatory flow was high. A study of the three-dimensional flow and heat transfer along

with a flat plate by applying periodic suction is done by [68] and found that the components of the

wall stress and the heat transfer depends on Prandtl number. A mathematical model is proposed by

Manhas and Pardasani [144] on calcium oscillations in the pancreatic acinar cells and found that

mitochondria uptakes calcium ion very fast to restrict calcium ion response on the pancreatic acinar

cell.

However, the mechanics of clearance of mucus between two surfaces, one of which is moving tan-

gentially relative to the other can be configured as two parallel plates, where the flow of fluid is driven

by virtue of viscous drag force acting on the fluid by an applied pressure gradient in the flow direc-

tion. This kind of virtue is applicable in Couette flow models [84]. There are some studies related

to Couette flow of such as Seth et al. [201] studied unsteady Couette flow of viscous incompressible

electrically conducting fluid, in the presence of a transverse magnetic field, between two parallel

porous plates, where fluid is flowing within the channel due to the impulsive and uniformly acceler-

ated motion of the lower plate. Fang and Lee [58] worked on the transient incompressible Couette

flow with and steady-state temperature profiles between two porous parallel plates for slightly rar-

efied gases and found that the slip parameters affect the temperature profiles and heat transfer greatly

at the walls. Additionally, Verma et al. [242] carried out steady state fully developed flow of a vis-

cous incompressible conducting fluid within a channel filled with a porous medium and bounded by

two infinite walls and stated that injection has accelerating whereas suction has to retard effect on

the flow. From the literature review, we found that there is no study done on lung airways by using

phenomena of Couette flow.

To understand the mechanism of airway mucus clearance, where the inner walls of the long tube

from the mouth to the alveoli are coated with a thin layer of mucus and flow of mucus is forced by

the oscillation of both walls with sinusoidal pressure gradient. Two dimensional generalized Navier

Stokes’ equations are carried out to model the flow field and Newton second law of motion is used

to study the movement of particles. Concept of generalized Couette flow is applicable to study the

effect of media porosity together with a shape factor of nonspherical nanoparticles on flow dynamics

of thin layer of mucus. Finite difference numerical scheme is used to solve the governing equations

numerically and all the results are shown in the form of the graph after performing all the compu-

tational work on MATLAB. The present problem finds its application in clearance of mucus layer

from lung airways.
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7.2 Mathematical Formulation

7.2.1 Governing equations

The graphical model is shown in Figure 7.1, where we supposed, that the airways are subjected to

oscillation due to periodic breathing or due to coughing and sinusoidal pressure gradient is appli-

cable on both the boundary walls due to surrounding forces and porous media, which helps in the

propulsion of mucus over the cilia. We consider the fluid as 1 incompressible, viscous, Newtonian;

and flow is unsteady, laminar, fully-developed and along the axial direction of tube, while radial

direction is perpendicular to the tube. In addition, cilia are assumed as a porous matrix which is cov-

ered by a thin layer of mucus. Fluid flow is modeled by the process of generalized unsteady Couette

flow. Initially, there is no pressure gradient so we assumed that the velocities and stresses are zero at

t = 0. The governing equations in polar coordinate system (r, z, θ) are given below:

Equation of continuity for air,

∇.u = 0, (7.1)

equation of continuity for particle,

∇.v = 0, (7.2)

equation of momentum in parallel (axial) direction for air,

∂ur
∂t

+
ur
ε

∂ur
∂r

+
uz
ε

∂ur
∂z

= − ε
ρ

∂p

∂r
+ ν

(
∂2ur
∂r2

+
1

r

∂ur
∂r

+
∂2ur
∂z2

)
+

(
−εν
K
ur + sk

N0

ρ
(vr − ur)−

εb

K
u2
r

)
+ gr

(
N0 − ρ
N0

)
, (7.3)

equation of momentum in perpendicular (radial) direction for air,

∂uz
∂t

+
ur
ε

∂uz
∂r

+
uz
ε

∂uz
∂z

= − ε
ρ

∂p

∂z
+ ν

(
∂2uz
∂r2

+
1

r

∂uz
∂r

+
∂2uz
∂z2

)
+

(
−εν
K
uz + sk

N0

ρ
(vz − uz)−

εb

K
u2
z

)
+ gz

(
N0 − ρ
N0

)
, (7.4)

the equation of motion for particle movement:

In axial direction,

m

(
∂vz
∂t

+ vz
∂vz
∂z

+ vr
∂vz
∂r

)
= Fd, (7.5)

1combines thin layer of mucus and nanoparticles

133



In radial direction,

m

(
∂vr
∂t

+ vz
∂vr
∂z

+ vr
∂vr
∂r

)
= Fd1 . (7.6)

The first term in the left hand side of the equations 7.3 - 7.4 is for unsteady flow and the second-third

terms are for convection. First, second, third, and forth terms in the right hand side of equations

7.3 - 7.4 are the pressure gradient, diffusion, the entire body force because of the existence of non -

Darcian effect and additional gravitational force fields respectively. The term in the left hand side of

equations 7.5 - 7.6 represents the product of the mass times the acceleration and right hand side of

this equation represents the drag force on the nanoparticles.

In equation 7.3 - 7.4, ε denotes the variable porosity of media and defined as [107] follows:

ε = 1−
N0d

2
p

(d2
0 − d2

i )
, (7.7)

and other variables, K, Sf , sk, Fd, and Fd1 , from equation 7.3 - 7.6, have similar descriptions as

defined in Chapter 5 2.

7.2.2 Assumptions for Couette flow

To solve the governing equation by using generalized Couette flow we assumed following points:

1. For fully developed flow,

∂u

∂r
= 0, (7.8)

2. For unsteady generalized couette flow,

∂

∂t

ur

vr

∂p

∂r


6= 0, (7.9)

uz

vz

 = 0. (7.10)

2Section 5.2 and equation 5.9 - 5.10
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7.2.3 Initial and boundary conditions

To solve the above defined equations following initial and boundary conditions are used:

1. Initial conditions at t = 0,

ur

vr

uz

vz


= 0, (7.11)

2. Boundary conditions at t > 0,

(a) Oscillation of top wall, when r = a:

ur =
u0ν

a
(1 + cos(2πft)), (7.12)

(b) Oscillation of bottom wall, when r = −a:

ur =
u0ν

a
(1 + cos(2πft)), (7.13)

7.3 Methodology

7.3.1 Transformation of the governing equations

To solve the governing equations 7.1 - 7.6 numerically we have to make them dimensionless, so we

used following quantities:

R∗ =
r

a
, Z∗ =

z

a
, P ∗ =

pa2

ρν2
, τ ∗ =

tν

a2
, U∗ =

ua

ν
,

V ∗ =
va

ν
, Fs =

b

a
, Pl =

N0

ρ
,Da =

K

a2
, Sk =

ka2

ν
,

By using above quantities together with our assumptions we got dimensionless equations, which are

written after dropping the stars as follows:

∂Ur
∂R

= 0, (7.14)

∂Vr
∂R

= 0, (7.15)
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∂Ur
∂τ

= −ε∂P
∂R

+
∂2Ur
∂Z2

+ SkPl (Vr − Ur)−
εUr
Da
− ε Fs

Da
U2
r , (7.16)

∂P

∂Z
=

1

ε

a3

ν2
gz

(
N0 − ρ
N0

)
, (7.17)

∂Vr
∂t

= SfSk
(Ur − Vr)

m
, (7.18)

Ur = Vr. (7.19)

Transformed initial and boundary conditions from equation 7.11 - 7.13 are as:

1. Initial conditions at τ = 0,

Ur

Vr

Uz

Vz


= 0, (7.20)

2. Boundary conditions at τ > 0,

(a) Oscillation of top wall, when R = 1:

Ur = u0(1 + cos(2πfτ)), (7.21)

(b) Oscillation of bottom wall, when R = −1:

Ur = u0(1 + cos(2πfτ)), (7.22)

where u0 is initial velocity.

The pressure gradient in equation 7.3 have following formulation,

− ∂P

∂R
= a0 sinωτ, ω = 2πf, (7.23)
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7.4 Numerical Scheme

To solve the non - dimensional equations 7.14 - 7.19 subject to two point boundary conditions (equa-

tion 7.20 - 7.22) we used finite difference numerical technique [214], which is the most suitable

method for nonlinear problems related to regular geometries. The computational grids used in a sim-

ilar way as we defined in Chapter 6 3, for both numerical computation and to tackle the nonlinearity

of particle differential equations. So, the discretized form of the equations 7.14 - 7.19 are found as

follows:

Ui+1,j = Ui−1,j, (7.24)

Vi+1,j = Vi−1,j, (7.25)

(Ur)
k+1
i,j = −ε∂P

∂R
∆τ + (Ur)

k
i,j

[
1− 2

∂τ

∂Z2
− SkPl∆τ −

ε

Da
∆τ

]
+

∆τ

∆Z2

[
(Ur)

K
i,j+1 + (Ur)

k
i,j−1

]
+ Sk.Pl(Vr)

k
i,j∆τ −

εFs
Da

((Ur)
2
i,j−1)k∆τ, (7.26)

Pi,j+1 =
a3

εν2
gz [1− Pl] ∆z + Pi,j−1, (7.27)

(vr)
k+1
i,j = (vr)i,j

[
1− SfSk

m
∆t

]
+
SfSk
m

(ur)i,j∆τ, (7.28)

(ur)i,j = (vr)i,j, (7.29)

The initial and boundary conditions from equation 7.20-7.22 in the discretized form are defined as

follows:

(Ur)
1
i,j = 0, (Uz)

1
i,j = 0, (Vr)

1
i,j = 0, (Vz)

1
i,j = 0,

(Ur)
k
0,j = u0(1 + cos(2πfk ∗ τ)), (Ur)

k
N+1,j = u0(1 + cos(2πfk ∗ τ)) .(7.30)

Equations 7.24 - 7.29 gives the velocity profile at the (k+ 1)th time level in terms of velocity profile

at kth time level.
3Section 5.4
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7.5 Results and Discussion

In this section we illustrated the influence of different values of aspect ratio of particle, porosity

of media, frequency of oscillation graphically on velocity and pressure gradient by using following

numerical values [197, 245].

ν = 1.71 ∗ 10−5m2/s, Sf = 1.54, ε = 0.6, r = 0.5µm,m = 2 ∗ 10−4Kg/l,

d = 50nm, fp ≤ 1.2hz, Fs = 1, ρ = 1.145, N0 = 2.504 ∗ 1010, a2 = 0.25Kg/m2s2,

β = 10− 1000, ε = 0.6− 1, f = 0.2− 1.2,

In order to validate the computed numerical solutions and check the predictive accuracy of the model

first, we did the mesh dependency test for various grid sizes, i.e. 10x10, 15x15, 20x20, 30x30, and

40x40, in the axial and radial directions to figure out the flow field, and we found that the results

remain consistent when the grid size is set to 20x20 and above. So, we chose ∆t = 0.001, ∆r = 0.05,

and ∆z = 0.05 respectively throughout the study by using following stability criteria at each time

level so that less error occurred in the numerical computation

max

(
∆τ

∆R2

)
≤ 0.5,

max

(
∆τ

∆Z2

)
≤ 0.5. (7.31)

and then we performed comparison between output data produced by the present model (after re-

moving the last term, media porosity and its respective terms) with published result [194] for radial

velocity profile at ε = 0.7, Fs = 1, Da = 0.01, and Re = 10.

Saini et al. [194] studied two-dimensional natural convection flow of dusty fluid through an axisym-

metric constricted tube. Comparison is shown in Figure 7.2 and Table 7.1. We found that our result

is compatible to their result up to 99.9%. So, we can say, our results are in excellent agreement with

the published result (Saini et al. [194]).

7.5.1 Effect of porosity (ε) on the clearance of mucus

Figure 7.3(a) - 7.3(b) depicted the behavior of transient velocity of air and particle for different value

of porosity (0.6≤ ε ≤1) at β = 10, Fs = 1, and f = 1.2 with respect to time. It can be seen from Figure

7.3(a) that velocity of air is very low at ε = 0.6 and it increases when we increase ε from 0.6 to 1.0

and attain its maximum value at ε = 1. Additionally, velocity of particle is also increased (as shown

in Figure 7.3(b)) with the increment in ε from 0.6 to 1 with respect to time and attain its maximum
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value at ε = 1. Due to oscillation velocity of air, along with wall increases with the increment in ε

and as we go far from wall, velocity values reaches its steady state values after t = 1. From these

figures, we found that both velocities (for air, and particles) are affected by the increment in ε and it

is interesting to observe that up to a particular time velocity of air increases and the time required to

attain a steady state is unbiased on the value of porosity.

Also, it can be correlated physically, as the void size of porous media increases breathing capacity

increases, which cause an increment in air velocity in either case, free flow allowed rise within the

velocity of the fluid, which give propulsion and useful to clear thin layer of mucus.

7.5.2 Effect of aspect ratio (β) on particle deposition

Figure 7.4(a) - 7.4(b) show the effect of velocity at different level of aspect ratio (10≤ β ≤1000)

at ε = 0.60, Fs = 1 and f = 1.2 with respect to time. It is evident in Figure 7.4(a) that velocity of

air is low at β = 1000 and it increases when we decrease aspect ratio of particle β from 1000 to 10.

While in Figure 7.4(b), velocity of particle increases with the increment in β from 10 to 1000 with

respect to time monotonically. Physiologically, we can say that particles are oriented along the air

and flow along with air stream in downward direction with time spherical particles and low aspect

ratio particles are deposited in former airways while particles with high aspect ratio have tendency

to go deep inside the lung airways with the air stream and affect the viscosity of airflow.

7.5.3 Effect of frequency (f ) on wall oscillation and fluid velocity

In Figure 7.5(a) - 7.5(b), we found the effect of frequency (0.2 ≤ f ≤ 1.2) on velocity on air and

particle at ε = 0.60, Fs = 1, and β = 10 with respect to time. From these figures we noticed that

the magnitude of the fluid velocity between airway walls depends on the frequency of oscillation

(0.2 ≤ f ≤ 1.2). In Figure 7.5(a), we observed that due to the increment in frequency from 0.2

to 1.2 velocity of air increases before t = 0.1 and after that it becomes steady. Also, from Figure

7.5(b), it is observed that the velocity of particle increases gradually as frequency increases from

0.2 to 1.2 and attain its maximum value at f = 1.2. We presented the numerical values obtained

after computation in Table 7.2, which depicts the transient velocity for air and particle via time for

different value of wall frequencies.

7.5.4 Effect of porosity (ε) on air pressure

The effect of wall porosity (0.6 ≤ ε ≤ 1) on air pressure (P ) is shown in Figure 7.6 with respect to

time at β = 10, Fs = 1, and f = 1.2. From this figure we noticed that for all the cases, the air pressure

increases by decreasing ε = 1.0 to 0.6 monotonically, because for low porosity pressure gradient
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is very high, which is responsible to remove thin mucus layer from airways and may improve the

function of lung. Increase level of pressure can often be visible on the whole length of the wall.

We can see the numerical values obtained after numerical computation in Table 7.3. In this table

pressure variation for different values of porosity (ε) is shown with respect to time.

7.5.5 Comparison between air velocity obtained through oscillatory walls and non-oscillatory

walls

Lung is one of the main organ in respiration and its airway walls are oscillate periodically during

breathing. Thus, we used a time dependent function to the show the oscillation of walls. Each wall

oscillates to and fro along its axis. The effect of wall oscillation on air velocity is depicted in Figure

7.7 with respect to time at β = 10, Fs = 1, f = 1.2, and ε = 0.60. In this figure, the velocity of air is

largely affected when walls are oscillating as compared to when walls are not oscillating along their

own axis. In addition, we found that the steady state of the air velocity is attained much earlier with

non-oscillatory walls than oscillatory walls.

7.6 Conclusion

The key findings of the present analysis are listed below.

1. It is observed that for high porosity (ε = 1) fluidity along the airway walls increased, which is

helpful to move the thin layer of mucus.

2. For small aspect ratio (β = 10) particles are deposited in former airways, while for high aspect

ratio (β = 1000) particles have tendency to go lower lung generations with air stream.

3. Velocity of viscous fluid is proportional to the breathing frequency or oscillation of airway

walls.

4. For all the cases, the air pressure increases by decreasing media porosity ε from 1 to 0.6

monotonically, which is responsible to remove mucus from airways and may improve lung

function.

5. Comparison of oscillatory wall to nonoscillatory wall show that high frequency breathing can

be applicable in the clearance of mucus.
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Figure 7.1: Schematic diagram for oscillatory walls applicable to clear thin layer of mucus.
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Figure 7.2: Radial velocity profile at ε = 0.7, Fs = 1, Da = 0.05, and Re = 10.
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Table 7.1: Comparison between present and published result (Saini et al. [194]) at z = 20 mm.
time Saini et al. [194] Present Result

0 0 0
0.1 0.631 0.626
0.2 1.03 1.03
0.3 1.32 1.31
0.4 1.55 1.54
0.5 1.76 1.75
0.6 1.94 1.93
0.7 2.11 2.11
0.8 2.27 2.26
0.9 2.42 2.41
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Figure 7.3: Variation in (a) air velocity (u), and (b) particle velocity (v), with respect to porosity
(0.6 ≤ ε ≤ 1).
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Figure 7.4: Variation in (a) air velocity and (b) particle velocity with respect to aspect ratio (10 ≤
β ≤ 1000).
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Figure 7.5: Variation in (a) air velocity and (b) particle velocity with respect to frequency (0.2 ≤
f ≤ 1.2).
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Table 7.2: Variation in velocities (air U , particle V )via time (t) for different values of wall frequency
(f ).

f=0.2 f=0.5 f=0.9 f=1.2
t U (10−5) V (10−9) U (10−5) V (10−9) U (10−4) V (10−9) U (10−4) V (10−9)

0.1 3.97423 0.626448 9.93324 0.156576 1.78686 0.281661 2.38078 0.375287
0.2 3.97930 0.137860 9.94590 0.344570 1.78913 0.619838 2.38382 0.825869
0.3 3.97931 0.213091 9.94593 0.532602 1.78914 0.958082 2.38383 0.127654
0.4 3.97932 0.288322 9.94595 0.720634 1.78914 0.129633 2.38383 0.172721
0.5 3.97933 0.363552 9.94597 0.908666 1.78915 0.163457 2.38384 0.217789
0.6 3.97933 4.38783 9.94598 1.09670 1.78915 1.97282 2.38384 2.62856
0.7 3.97934 5.14013 9.94600 1.28473 1.78915 2.31106 2.38384 3.07923
0.8 3.97935 5.89244 9.94602 1.47276 1.78915 2.64930 2.38385 3.52990
0.9 3.97935 6.64474 9.94603 1.66079 1.78916 2.98755 2.38385 3.98058

0.998 3.97936 7.38200 9.94605 1.84507 1.78916 3.31903 2.38386 4.42223
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Figure 7.6: Effect of porosity (0.6 ≤ ε ≤ 1) on air pressure.
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Table 7.3: Variation in pressure via time for different values of wall porosity (ε).

Value of Pressure
time ε=0.6 ε=0.7 ε=0.8 ε=0.9 ε=1
0.1 -7.6346909 -6.5440208 -5.7260182 -5.0897939 -4.5808145
0.2 15.269382 -13.088042 -11.452036 -10.179588 -9.1616291
0.3 -22.904073 -19.632062 -17.178055 -15.269382 -13.742444
0.4 -30.538764 -26.176083 -22.904073 -20.359176 -18.323258
0.5 -38.173455 -32.720104 -28.630091 -25.44897 -22.904073
0.6 -45.808145 -39.264125 -34.356109 -30.538764 -27.484887
0.7 -53.442836 -45.808145 -40.082127 -35.628558 -32.065702
0.8 -61.077527 -52.352166 -45.808145 -40.718352 -36.646516
0.9 -68.712218 -58.896187 -51.534164 -45.808145 -41.227331

0.998 -76.041522 -65.178447 -57.031141 -50.694348 -45.624913
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Figure 7.7: Comparison of air velocity between oscillatory walls and non-oscillatory walls at ε = 0.6,
and β = 10.
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Chapter 8: Effect of first order chemical reactions on

the dispersion coefficient associated with

laminar flow through fibrosis affected lung

8.1 Introduction

Human arteries, terminal airways, alveolar and pulmonary capillaries are thin tubes with small bores,

through which dispersion of oxygen and other gases (carbon dioxide, nitrogen, etc.) occurs via a

bridge known as a gas-blood barrier, lies between alveolar capillary and pulmonary capillary. These

barrier are very thin through which absorption of the material from mobile phase (gas or blood)

to immobile phase (tissue) be enriched, but some diseases such as chronic obstructive pulmonary

disease, interstitial pulmonary diseases, edema, fibrosis, and lung surgeries distort the structure of

capillary walls, which cause malfunction through gas-blood barriers. Among other diseases, fibro-

sis, an interstitial lung disease, is a physiological condition subjected to excessive production and

accumulation of collagen, which makes the tissue of gas-blood barrier harder and affects the process

of gas exchange [17].

In the gas exchange process, mass transport and reaction processes are more popular but the process

of diffusion becomes more difficult when fluid is chemically reactive. In the human body, there are

many reaction processes, which have broadly been attributed to biological or physiological transport

[39, 168] such as phase exchange, partitioning, boundary uptake, the process of oxygen binding to

hemoglobin [230], energy uptake by cells. These reaction process may occur in the bulk flow or at

the boundary and may be reversible or irreversible, linear or nonlinear in nature of the fluid.

In 1953, Sir Geoffrey Taylor [232] studied the dispersion of fluid in a constricted long straight tube

with a steady motion. Aris [8] include a method of moments and solved the equations partially for

integral moments of the cloud of contaminant by using Taylor’s explanation for the coefficient of

dispersion. Later, there were various studies which used Taylor’s long-time dispersion phenomena
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and various hypotheses. Chatwin [29] assumed that Taylor dispersion is eventually a Gaussian func-

tion of distance along the pipe axis and derived an asymptotic series based on the assumption that

the diffusion of solute obeys Fick’s law. Barton [12] modified Aris method of moments at short and

moderate times for those parallel flows for which an associated eigenvalue problem has a discrete

spectrum of eigenvalues. Purnama [176] applied Taylor dispersion of contaminant in association

with reactions and retention at the boundaries, where mass is linearly related to the concentration

and obtained that for homogeneous reaction effective Taylor diffusion coefficient reciprocally linked

with the reaction rate constant.

When the dispersion has been developing only for a time scale that is shorter than or comparable to

the diffusion time scale across the tube section then it is known as short-time dispersion. A number

of studies focused their attention on short time dispersion and linear reversible or irreversible reac-

tions at the boundary wall [74, 216]. Such as Davidson and Schroter [39] have used reversible phase

exchange while Jiang and Grotberg [102] considered irreversible phase exchange, to deal with the

problem of gas flow between the lumen and stationary bronchial wall tissue. A computational model

has been developed by combining immunotherapy, radiation therapy, and estrogen inhibition to treat

breast cancer using eight nonlinear reaction-diffusion equations and was solved numerically by [45]

perturbed functional iterations. Lau and Ng [128] investigated the combined effect of the reversible

and irreversible wall reactions on the early phase development of the dispersion coefficient by us-

ing flux-corrected transport algorithm and found that the dispersion coefficient may approach to its

steady-state in a short time for Damkohler number ≥10 and absorption rate ≤ 0.5. Further, Ng and

Rudraiah [159] reworked on Lau and Ng and generalized the dispersion model by using Damkohler

number, absorption rate and phase partition number of any magnitude. Saini et al. [195] is also ex-

tended the work of Lau and Ng [128] by including first-order chemical reaction with linear reaction

rate. Recently, Rana et al. [181] explored the transport of unsteady blood flow through small arteries

of different radii with and without absorption at the wall by using the generalized dispersion model.

We observed that the present state in the above studies have the following limitations - (i) the models

do not permit changes in the structural properties of the tube wall, therefore incapable of simulating

how the properties change with, e.g., wall thickness (fibrosis) and (ii) the models do not take into

account the wall porosity effect on reaction parameter and dispersion by altering porosity. There-

fore, in this study, we provide a correlation between the structural change occurs in the tube wall

due to some disease like fibrosis or other interstitial pulmonary diseases and the simultaneous effect

on the dispersion coefficient is obtained. It is assumed that the tube wall is coated with a thin liquid
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layer in which the solute may go through a first-order chemical reaction within the bulk flow and

on the boundary. We discussed how the variations in the wall thickness and porosity affect the short

time and short distance transient dispersion with the combined effects of kinetic reversible phase

exchange and irreversible absorption by using method of Moments. Comparative study is also done

with published result.

8.2 Mathematical Formulation

8.2.1 Governing equations

We considered the dispersion of a chemically reactive solute is initially distributed in a straight

circular tube 1 of internal radius ‘a’, as shown in Figure 8.1 [159]. The thickness of the wall is, ‘l’ ≤
3 radius/2 and is made of absorptive and reactive materials. The alveolar wall is semi-permeable so

there is a constant permeability (K) and porosity (ε) through the wall. The transport of a completely

soluble chemical species may undergo linear chemical reaction at the tube wall. Two types of first-

order reactions occur on the tube wall; irreversible and reversible. The part of the solute consumed by

the wall material is considered under irreversible reaction and the part engaged in the phase exchange

process with the flowing fluid is considered under reversible reaction. The phase of the solute that

flows with the fluid is called a mobile phase and that clings to the boundary is termed as an immobile

phase. Initial description about boundary conditions can be seen in the study of Ng [159] and Lau

and Ng [128]. Fluid is Newtonian and flow is unsteady, fully - developed, axisymmetric, laminar.

In this study, we assumed that the alveolar wall is thicker than its normal size 2. We updated the

convection-diffusion model used by Saini et al. [195] by the inclusion of diffusion formula in terms

of wall thickness and permeability, which was defined in Equation 8.3 to show the effect of wall

thickness on diffusion and absorption. The transport of chemical species through this wall is defined

by the two - dimensional unsteady convection - diffusion model as follows:

∂c

∂t
+
u

ε

∂c

∂z
= D

∂2c

∂z2
+
D

r

∂

∂r

(
r
∂c

∂r

)
− λ′c

ε
, −∞ < z <∞, 0 < r < a, (8.1)

for laminar flow velocity profile of air is taken as below:

u = u0

(
1− r2

a2

)
, (8.2)

1alveolar or pulmonary duct
2Fibrosis increases the thickness of airways/alveoli wall about two to three times of the normal size. It interferes

significantly the normal respiratory gas exchange process of gases [78]. Hence the rate of diffusion through the wall is
inversely proportional to the thickness of the wall.
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where u0 is the initial velocity of the flow at the center of the tube. Then, equation 8.1 becomes as

∂c

∂t
+
u0

ε

(
1− r2

a2

)
∂c

∂z
= D

∂2c

∂z2
+
D

r

∂

∂r

(
r
∂c

∂r

)
− λ′c

ε
, −∞ < z <∞, 0 < r < a.

(8.3)

Equation 8.3, represents the convection - diffusion equation for species. The first term in the left

hand side of the equation is for unsteady flow and the second term is for convection. First, second

and third terms in the right hand side of equation are diffusion, convection, and first order kinetics

in porous media and D is the molecular diffusion coefficient of the chemical in the fluid. According

to the Fick’s law, diffusion is inversely proportional to the thickness of the wall and proportional to

the permeability (K) of the wall so we assumed that the diffusion of the chemical is related to the

thickness as follows,

D =
Ku0

l
, (8.4)

and permeability (K) depends on the porosity (ε) of the media as follows [57]

K =
ε3d2

150 (1− ε)2 , (8.5)

where d is the diameter of alveoli.

8.2.2 Initial and boundary conditions

We proceed with an initial condition of an impulse input in term of real part of eir at t = 0, due to

distribution of chemical species in between of mobile and immobile phases:

c(z, r, 0) = cos(r) |z| ≤ zs, 0 < r < 1,

c(z, r, 0) = 0 |z| > zs, 0 < r < 1,

cs(z, r) = 0, ∀ z, (8.6)

where, zs is the length of the slug input.

The following two boundary conditions are relevant for the present study:

For axial distribution,

c(z, r, t) = 0, z → ±∞, (8.7)

Condition for two reactions occurring on the tube wall are,

−D∂c

∂r
− Γc−K (αc− cs) =

∂cs
∂t

= k (αc− cs)− λscs, r = a, (8.8)
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Condition due to symmetry at the tube center,

∂c

∂r
= 0, r = 0, (8.9)

In equation 8.8 - 8.9, λ′ and λs are the first order reaction rate constants for the mobile and immobile

phases respectively [166].

8.3 Methodology

8.3.1 Transformation of the governing equations

To solve the governing equations 8.3 numerically we have to make above equations dimensionless

by using following quantities.

c∗ =
c

c0

, c∗s =
cs
ac0

, r∗ =
r

a
, z∗ =

z

a2u0/D
, t∗ =

t

a2/D
,DA =

ka2

D
,

α∗ =
α

a
,Γ∗ =

aΓ

D
,Pe =

au0

D
,λ∗ =

λ′a2

D
,λs∗ =

λsa
2

D
,

where c0 is the initial concentration.

After dropping the star (∗) above equation are written as follows:

∂c

∂t
+

(1− r2)

ε

∂c

∂z
=

1

Pe2

∂2c

∂z2
+

1

r

∂

∂r

(
r
∂c

∂r

)
− λc

ε
, (8.10)

− ∂c

∂r
− Γc− Ka2

D
(αc− cs) =

∂cs
∂t

= DA (αc− cs)− λscs, r = 1, (8.11)

∂c

∂r
= 0, r = 0, (8.12)

In a convection controlled problem a fine gradient is required, otherwise the gradients will become

contaminated by numerical dispersion errors. Therefore, we examined the corresponding curves

based on the area average concentration. The mobile-phase concentration in terms of the area average

concentration (c̄) is defined by the function of axial coordinate as follows:

c̄(z, t) = 2

∫ 1

0

crdr, (8.13)

In equation 8.13 integral is calculated by Simpson’s 1/3 rule. Based on c̄, the spatial moments of the

concentration distribution for the mobile phase are specified as follows

µm =

∫ ∞
−∞

zmc̄dz, m = 0, 1, 2..., (8.14)
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The variance of the distribution is defined as follows,

σ2(t) =
µ2

µ0

− µ2
1

µ2
0

, (8.15)

the coefficient of dispersion, cd, is change with respect to time. So, we formulate cd in terms of the

rate of change of the variance of the distribution, σ2, as follows

cd(t) =
1

2

dσ2

dt
, (8.16)

8.4 Numerical Scheme

Finite difference method [214] is the most suitable technique for nonlinear problems related to reg-

ular geometries so, to find the solution of the non - dimensional governing equations 8.10 subject

to the initial and boundary conditions 8.11 - 8.12 we used this method. The computational grid

are defined in the following form where the discretization of concentration, c(r, z, t), is written as

c(ri, zj, tn) or cni,j .

ri = i∆r, (i = 0, 1, 2, 3, 4, ...N), rN = 1

zj = j∆z, (j = 0, 1, 2, 3, 4, ...M),

tn = (n− 1)∆t, (n = 1, 2, ...), (8.17)

where i, j and n are the space and time indexes, ∆r,∆z, and ∆t are the increment in radial, axial

and time respectively. We used central difference approximation, for all the spatial derivatives, as

follows:

∂c

∂z
=
cni,j+1 − cni,j−1

2∆z
, (8.18)

∂2c

∂z2
=
cni,j+1 − 2cni,j + cni,j−1

(∆z)2
, (8.19)

and forward difference approximation for all the time derivatives, as

∂c

∂t
=
cn+1
i,j − cni,j

2∆t
, (8.20)

moreover, at r = 0 equation 8.10 converts as follows 3

lim
r→0

1

r

∂c

∂r
= lim

r→0

∂2c

∂r2
, (8.21)

3When r → 0, we found that the denominator is also approaching to zero and make the term indeterminate, which
is inappropriate for the physical state of the respiratory system. Therefore, to remove this kind of inconsistency we used
L’hospital rule of limit here.
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we got its discretized form of equation 8.10 as follows

cn+1
i,j =

(
1− 2r1

Pe2
− 4r2 − ελ∆t

)
cni,j +

(
r1

Pe2
− ∆zr1

2ε

)
cni,j+1

+

(
r1

Pe2
+

∆zr1

2ε

)
cni,j−1 + 2r2

(
cki+1,j − cni−1,j

)
, (8.22)

and at 0 < r ≤ 1 we got

cn+1
i,j =

(
1− 2r1

Pe2
− 2r2 − ελ∆t

)
cni,j +

(
r1

Pe2
− (1− r2) ∆zr1

2ε

)
cni,j+1

+

(
r1

Pe2
+

(1− r2) ∆zr1

2ε

)
cni,j−1 + r2

(
cni+1,j + cni−1,j

)
+

∆rr2

2

(
cni+1,j − cni−1,j

)
, (8.23)

where

r1 =
∆t

∆z2
, r2 =

∆t

∆r2
.

The initial and boundary conditions are found as

cni,1 = cni,M+1 = 0, cn2,j = cn0,j. (8.24)

We got concentration distribution at the (n+ 1)th time level in terms of the concentration at nth time

level in equation 8.22 - 8.23 respectively.

8.5 Results and Discussion

The initial slug length (zs) is varied from 0.008 to 0.02. So, in this study we fixed zs at 0.02, in all the

cases. To examine the conjugated effect of the reversible phase exchange and irreversible absorption

of species through fibrosis affected tube walls, we used thickness of alveolar wall (l) ≤ 3 radius of

alveoli (a)/2 (ranged 0.5 - 4.5 micrometer), ε = 0.5 and Pe = 103 in all the cases. Problem is solved

for six different combinations of α, DA and Γ as listed in Table 8.1, where case (i) narrates inert

gas case, cases (ii), (iv) and (vi) correlate increment in phase exchange rate, DA; and cases (iii) and

(v) correlate increment in absorption rate, Γ. First, we tested the grid dependency for different grid

sizes in both the spatial directions, r, and z; and found that the result remains consistent and grid

independent, when the grid size is 40x1000 and beyond. So we chose ∆r = 0.025, ∆z = 0.001

along the radial and axial directions and time step ∆t = 0.0001 and did entire calculation for grid

size 40x1000 uniformly. In this manner the result appeared to converge with the accuracy of the
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order 10−4 by using the following stability criteria at each time level so that less error occurred in

the numerical computation

max

(
∆t

∆z2

)
≤ 0.5. (8.25)

For accuracy and numerical code validation, we compared our results with the published results

[128], for five cases (case (i) - (v)) as shown in Figure 8.2 (see, Table 8.2). The following interpreta-

tions can be drawn:

1. The dispersion coefficient tends to steady value very rapidly, after t = 0.2 in Lau and Ng [128]

but in our results, it reaches to its steady state after t = 0.45 in case (i) by the inclusion of wall

thickness (l), variable diffusion with semi-permeability.

2. Cases (ii) and (iii) consequent to the very slow phase exchange rate, the dispersion coefficient

in these cases does not achieve the steady-state values in a short time due to the slow absorption

effect.

3. Results of Lau and Ng [128], for case (iv) consequent to fast phase exchange rate, where the

dispersion coefficient goes up to a local peak at t = 1 and then it decreases to move towards a

steady value whereas in our result diffusion through thick wall delayed the local peak time and

curve goes to steady state after t = 1.5. This means that the dispersion coefficient can move

towards a steady-state limit in a longer time limit if the wall thickness is considered with the

increment in Damkohler number (1 < DA ≤ 20).

4. By evaluating cases (iii) and (v) from Lau and Ng [128], it is found that the dispersion coeffi-

cient in case (v) is slightly higher but finally smaller than that in case (iii) but in our result the

dispersion coefficient in case (v) is very smaller than the case (iii).

Hence, we observed by this comparison that our results performed slightly different behavior due

to the inclusion of equation (8.3) consequently, we found that thickness of alveolar wall affect the

coefficient of diffusivity, which is physically true by the Fick’s law.

8.5.1 Mean breakthrough curves based on the area-mean concentration for different axial

points

For six particular cases of short distance development of the mean breakthrough curves are obtained

through the area-mean concentration and shown in Figure 8.3(a)-8.3(d) for four dimensionless axial
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positions, ranging from short distance, z = 0.05− 0.3.

In Figure 8.3(a), during the early phase (z = 0.05) from the injection point (zs = 0.02), the transport

is largely kinematic, and the solute spread is dominated by convection, the curve is strongly asym-

metric, exhibiting a peak upon its initial sharp rise, followed by a gradual decline first according

to the kinematic limit at time, t = 0.05, and then branching out from this limit because of radial

diffusion, as shown in cases (i)-(iii) and (v). The concentration then decreases and the curve has

an infinitely long tail either due to increase in absorption rate (Γ from 0.1 to 1) or due to diffusion

(compare cases (iii) & (v)). As soon as the near-wall solute diffuses inward into the faster moving

inner part, as shown in case (iv) and case (vi), the breakthrough curve deviates from the kinematic

limit (i.e. convection limit), giving rise to a point of inflection or a shoulder in the curve. Here, the

emergence of the shoulder is stronger than the other cases; either due to the accumulation of species

or low diffusion due to high 1≤ DA ≤ 20 (compare cases (ii), (iv) & (vi)). Now, if we focus on

convergence, case (i) converges to zero faster i.e. t = 0.15 than other cases, however, cases (iv) and

(vi) become constant after t = 0.17.

At a farther distance from the injection point (z = 0.1), in Figure 8.3(b), the shoulder part of the

curve becomes more developed and sharp as compared to the previous graph. Trends are the same

for Figure 8.3(c) (z = 0.15), convection peak decreases in case (i) and the diffusional peak becomes

the main feature of the mean breakthrough curve with the last residue of a convection regime appear-

ing as a shoulder on the left of the curve in cases (ii)-(vi). The second peak becomes wide and high

due to relatively fast retentive or absorptive effects (in cases (ii), (iii) & (v)). Due to the thickness of

the wall, very few chemical species from the immobile phase will be dispersed back to the mobile

phase and hence we get high concentration values in cases (iv) & (vi).

At a sufficiently long distance from the injection point (z = 0.3), the sharp initial rise decreases

gradually, while the rounded second peak is fully developed to become the center broadened peak

due to high retention and absorption (cases (ii), (iii) & (v)). Value of concentration in mobile phase

becomes very high (cases (iv) & (vi)) comparable to other cases (may be due to low diffusion, high

Damkohler number or accumulation of species cause of thickness (l) of the wall), see Figure 8.3(d).

This is the onset of the Taylor and Aris regime; as the axial distribution becomes increasingly sym-

metrical about its peak approaching a Gaussian distribution. In a compact view, we found by the

increment in Damkohler number (0.1≤ DA ≤20), the second peak becomes wider and higher or

diffusion becomes low. Further, by the increment in axial position (z = 0.05 to 3) with respect to

time, concentration becomes high gradually due to low diffusion and accumulation of species caused
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by the thickness (l) of the wall.

8.5.2 Mean breakthrough curves based on the area-average concentration at different times

The area-mean concentration is plotted in Figure 8.4(a)-8.4(d) to exhibit the dispersion effect of the

chemical species for four dimensionless moments of time after dropping star at t = 0.05, t = 0.15, t

= 0.3, and t = 0.5 respectively.

During the early phase development or at short time (t = 0.05) from the injection point, the transport

is balanced by two peaks, first due to convection and second due to radial diffusion in all cases (i)-

(vi), in Figure 8.4(a), area under the distribution curve is markedly increased from cases (ii) to (vi)

might be due to increment in DA = 0.1-20 (emergence of accumulation of species or low diffusion).

While in this figure we noticed by increasing absorption rate (Γ = 0.1 to 1) area average concentration

is decreased (compare cases (iii) & (v)). In Figure 8.4(b), larger spread of the distribution in cases

(i)-(vi) arise from the interaction of convection with radial diffusion, and diffusional peak decreased

from the previous state. The increase of area under the distribution curves and decline of diffusional

peak is a result of releasing species which has been stored as an immobile phase on the wall, back

to the flow; clearly seen in cases (iv) and (vi). Figure 8.4(c) shows that, for cases (i)-(iii) & (v),

the distribution curves are single-peaked. However, the diffusional peak becomes more developed in

cases (iv) & (vi), due to increment in DA (accumulation of species).

In Figure 8.4(d), it can be seen in cases (i)-(iii) & (v), that the curves become symmetrical about the

z-axis, supporting the Gaussian form, which is readily developed in this case. While, in cases (iv)

& (vi), the diffusional peak continues to broaden to become the dominant feature of the distribution.

This is because a long time is required to approach the fully-developed state if 1< DA ≤ 20.

Furthermore, it is obvious that the area under the concentration distribution curve in case (v) is not

much different than the case (iii). This follows from the fact that for a very high absorption rate

(Γ = 1), the long-time dispersion will be accomplished because all species are taken away from the

system.

8.5.3 Effect of a thickness (l) and porosity (ε) on diffusion in mobile phase

An interstitial lung disease in which scar tissue is accumulated is termed as fibrosis. As the disease

develops the alveolar-capillary units are impacted and exchange of oxygen and carbon dioxide gases

is impaired, eventually leading to respiratory failure [81]. In addition, fibrosis causes an increment in

the thickness of the alveolar wall, which decreases the rate of diffusion. Hence, when the thickness

of the alveolar wall increases two to three times, the rate of gas exchange remarkably decreases.
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From Figure 8.5 we found the effect of increment in thickness and decrement in porosity on the

diffusion of species. Figure 8.5(a) shows that the diffusion rate through the respiratory wall is de-

creasing significantly as the thickness of the wall increases. However, the diffusion rate increases

significantly as the porosity of the wall increases; Figure 8.5(b). Table 8.3 shows numerical values

of diffusivity for different values of wall thickness.

8.6 Conclusion

The short distance and short-time dispersion of a substance in the unsteady flow of reactive solute

through a circular tube (e.g. human airways, arteries, air-blood barrier, alveolar duct, pulmonary

membrane, etc.), whose wall is thicker than its normal size and lined with a thin liquid layer are

examined. At the end, the plot of the dispersion coefficient as a function of the reaction parameters

have been examined. The essential conclusions of the present research are stated below:

1. We found that with convection, the solute cloud is completely spread out of a channel in a

finite time and get its steady state very rapidly.

2. The second peak of the diffusion regime becomes developed by a high value of the Damkohler

number.

3. When we decreased porosity and increased the thickness of the wall from its normal size

(thickness ≤ 3a/2), diffusion is decreased and area average concentration distribution in-

creased due to the accumulation of species.

4. Long time dispersion will be achieved due to the diffusion of all the species for the system, for

a very high absorption rate (Γ = 1).

5. If DA ≤ 1 and Γ < 1, it needs less time to advance toward a long-time dispersion.

6. It will take a longer time to approach towards a fully-developed state if 1 < DA ≤ 20.

7. The dispersion coefficient advances toward its steady-state limit in a short time at: (i) absorp-

tion rate (Γ < 1); (ii) Damkohler number (0 < DA ≤ 1).

8. Diffusion rate through the respiratory wall is diminished as the thickness of the wall increases.

9. Diffusion rate increases with the increment in the porosity of the wall.
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10. According to our assumption, by considering the tube wall thickness, the connection speed

is not changed, but the diffusion speed is decreased. This will, of course, reduced the spread

of the species as well. We conclude from this study that fibrosis will prevent or reduces the

exchange of species.
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Figure 8.1: Schematic diagram demonstrating a blow-up sectional perspective of the tube wall, where
two reactions take place [159].

Table 8.1: Values of the controlling parameters considered for the present study.
Case DA α Γ Remarks

(i) 0 0 0 Inert gas case
(ii) 0.1 0.5 0.1 Slow phase exchange rate
(iii) 1 0.5 0.1 Moderate phase exchange rate
(iv) 10 0.5 0.1 Fast phase exchange rate
(v) 1 0.5 1 Fast absorption rate
(vi) 20 0.5 0.1 Very fast phase exchange rate

Table 8.2: Comparison between published (Lau and Ng [128]) and present results for dispersion
coefficients versus dimensionless time for different cases.

Cases Author t = 0.2 t = 0.4 t = 0.6 t = 0.8 t = 1 t = 1.2 t = 1.4 t = 1.6 t = 1.8 t = 2 t = 2.2 t = 2.4

Case 1 Lau et al. [128] 0.00385 0.0029 0.00228 0.00197 0.0018 0.00168 0.00157 0.00146 0.00135 0.00122 0.00111 9.84E-04
- Present result 0.00529 0.00259 0.00216 0.00215 0.00215 0.00215 0.00215 0.00215 0.00215 0.00215 0.00215 0.00215

Case 2 Lau et al. [128] 0.00355 0.00252 0.00212 0.00201 0.00198 0.00197 0.00197 0.00197 0.00197 0.00197 0.00198 0.00198
- Present result 0.0041 0.00511 0.00385 0.00372 0.00379 0.00386 0.00393 0.00401 0.00409 0.00417 0.00424 0.00433

Case 3 Lau et al. [128] 0.00895 0.01671 0.02333 0.02921 0.03506 0.03989 0.0433 0.04493 0.04541 0.04538 0.04523 0.04509
- Present result 0.01 0.0187 0.0269 0.0343 0.0369 0.037 0.0373 0.0378 0.0384 0.0391 0.0397 0.0403

Case 4 Lau et al. [128] 0.01751 0.01754 0.01706 0.01679 0.01662 0.0165 0.01639 0.01626 0.01614 0.016 0.01586 0.01571
- Present result 0.02301 0.03401 0.03775 0.03745 0.03541 0.03389 0.03311 0.03266 0.03225 0.03182 0.0314 0.03096

Case 5 Lau et al. [128] 0.00329 0.00299 0.00415 0.01596 0.04014 0.05895 0.06474 0.05818 0.04567 0.0322 0.02185 0.01392
- Present result 0.00365 0.00778 0.01227 0.01684 0.02087 0.02382 0.02616 0.02767 0.02796 0.02618 0.02154 0.01205
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Figure 8.2: Time dependent variation of coefficient of dispersion for different cases as shown in
Figure 2.

Table 8.3: Effect of wall thickness and porosity on diffusivity
Thickness (l) in µm Diffusivity (D) Porosity (ε) Diffusivity (D)

0.5 5.40E-10 0.5 4E-11
1 2.70E-10 0.55 6.57E-11

1.5 1.80E-10 0.6 1.08E-10
2 1.35E-10 0.65 1.79E-10

2.5 1.08E-10 0.7 3.05E-10
3 9.00E-11 0.75 5.4E-10

3.5 7.71E-11 0.8 1.02E-9
4 6.75E-11 0.85 2.18E-9

4.5 6.00E-11 0.9 5.83E-9
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Figure 8.3: Breakthrough curves based on the area average concentration for short distance develop-
ment of dispersion in a circular tube, at dimensionless axial positions (a) z = 0.05, (b) z = 0.01, (c)
z = 0.15, (d) z = 0.3, with l = 4.5 ∗ 10−6, ε=0.5, and Pe = 1000.
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Figure 8.4: Breakthrough curves based on the area average concentration for short time development
of dispersion in a circular tube, at dimensionless time t = 0.05, t = 0.15, t = 0.3, t = 0.5, with l =
4.5 ∗ 10−6, ε = 0.5, and Pe = 1000.
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Figure 8.5: Effect of wall (a) thickness, and (b) porosity on gas diffusion into mobile phase.
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Chapter 9: Effect of first order chemical reactions thr-

ough tissue-blood interface on the partial

pressure distribution of inhaled gas

9.1 Introduction

Diffusion is a process which causes gas transportation between alveoli and pulmonary capillary

blood through surrounded tissue. Typically, concentration difference or concentration gradient acts

as a driving force for movement due to diffusion. However, concentration is not a suitable factor to

work as a driving force when considering the migration of gases. This is because much of the gas

may be powerless by binding or changing into another chemical form when dissolved in body fluids.

In continuation, concentration includes certain molecules that are not absolved to diffuse. So, we

need another estimate of the tendency for the diffusion of gases, which can be provided by partial

pressure.

In human respiratory system pressure is caused by the movement of molecules against the surface,

and in the process of diffusion of gas in blood, or tissue-blood capillary. The pressure exerted by the

gases (i.e. oxygen, carbon dioxide, nitrogen, and helium), alone is defined as the partial pressure of

that gas, which can be used to estimate the diffusion of a gas. Partial pressure is controlled by the

solubility of a gas in lipid, the cross-sectional area of the tube, the distance through which the gas

must diffuse and the molecular weight of that gas, in the fluid. Additional factors on which diffusion

of the inhaled gas through the membrane depend are thickness and surface area of the membrane, the

diffusion coefficient of the gas in the material of the membrane, and the partial pressure difference

of the gas between two sides of the membrane [78].

Typically, gas exchange process between blood and tissue is modeled by Krogh cylinder model

[118], in which blood is flowing through a cylindrical capillary within a co-axial cylindrical tis-

sue. There are various studies, where Krogh’s cylinder model is used in the transportation process.
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Whiteley et al. [247] studied spatial as well as temporal variations of inhaled gas partial pressure

using Krogh cylinder model and observed that the ordinary differential equation does not provide a

good approximation of gas exchange and stated that for gas exchange between blood and tissue the

partial differential equations provide a more realistic approximation. Sharma and Jain [204] used

Krogh cylinder for exchange of oxygen in peripheral nerve with forward and backward chemical

reactions and stated that chemical reactions affect the time profiles of tissue oxygen tension together

with the rate of capillary blood flow. Goldman [70] discussed intravascular oxygen transport by us-

ing Krogh tissue cylinder model for single capillary and highlighted the physiological importance

of intravascular resistance to blood-tissue oxygen transfer. Roy and Aleksander [189] developed a

steady-state model to predict the minimum end capillary pressure of oxygen from the erythrocyte to

the mitochondrion. McGuire [147] studied oxygen transport from capillaries to exercising skeletal

muscles by using a Krogh-type cylinder model. Whereas, most of the modifications in the Krogh

model keep the idea of zero radial flux on the outer boundary of the tissue cylinder but this state-

ment is not purely valid due to the irregular arrangement of alternative vessels, which encompasses

capillary. Several investigators have extended this model such as Fletcher [60] discussed about the

flow of blood in capillary, intra capillary blood kinetics, capillary wall permeability, capillary-tissue

geometric relationships, and tissue diffusion properties Popel [172] formulated important features of

oxygen transport, intra capillary resistance to transport, myoglobin facilitation of oxygen diffusion,

and intracellular heterogeneities due to nonuniform distribution of mitochondria using a mathemati-

cal model. By keeping the flow conditions in the capillary, Reneau et al. [183] developed a numerical

model for transport of oxygen between capillary and tissue by considering intra capillary diffusion,

convective of blood and axial diffusion in the tissue. Blum [19] considered capillary wall resistance

for oxygen transport and has solved the steady state problem analytically for zero and first order

dissipation of oxygen in the tissue.

Conventionally, the transport of species (either gas or liquid) processed either by convection or by

diffusion [97]. However, when both are included with the flow, it is characterized as dispersion

[85, 232]. Dispersion happens through the combined effect of convection and molecular diffusion

[8] and it is directly proportional to convection and reciprocally proportional to diffusion. Taylor

dispersion is eventually a Gaussian function of distance along the pipe axis and derived as an asymp-

totic series based on the assumption that the diffusion of solute obeys Fick’s law [30]. It depends on

the diffusivity, aspect ratio, the cross-section of the passage, flow characteristics and characterized

through the dispersion coefficient [20]. The dispersion coefficient is a function of the Peclet number,
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based on the diameter for circular cross-section and varies with the aspect ratio of the cross-section

for rectangular channels. Doshi et al. [48] studied the effect of side walls on the dispersion pro-

cess in open and closed rectangular ducts and found that as the aspect ratio increases, the steady

state convection coefficient approaches an asymptotic value, obtained by neglecting side wall ef-

fects. Additionally, Parks and Romero [165] generalized the results of previous studied [29, 48] by

considering Taylor-Aris dispersion in columns of a nearly rectangular cross-section of large aspect

ratio. Lucker et al. [143] studied the impact of blood flow heterogeneity on oxygen partial pressure

in the tissue due to moving red blood cells inside microvessels. Sun et al. [227] measured oxygen

diffusion for time-dependent diffusion and consumption for small tissue regions containing a single

capillary.

The literature sincerely reveals that traditional models (i.e. Krogh cylinder model [118]) did not

consider fluid transfer through the interface of a tissue - blood or inter capillary. Additionally, short

time dispersion through Krogh cylinder model is not studied yet. So, the aim of this study is to find

the effect of the partial pressure distribution when inter capillary oxygen gradients, radial mixing,

axial diffusion, and temporal dispersion affect the transportation of gas (oxygen) passing through

small diameter blood capillary surrounded by porous tissue, and the capillary material is absorptive

and reactive. A mathematical model is used to calculate the coefficient of dispersion by the method

of moments for both time and spatial distributions of the partial pressure of inhaled gas inside a

respiratory system with the coupled effect of convection and diffusion, where a first-order chemical

reaction taking place in the bloodstream.

9.2 Mathematical Formulation

9.2.1 Governing equations

The geometry of the model is shown in Figure 9.1 [78, 159, 195]. The z-axis is positioned along

the centerline of the cylinder (alveolar or pulmonary duct) and the circulation of blood flow inside

the body section is homogeneous while there is radial symmetry on the axis. We assumed flow is

unsteady, laminar through a small diameter long regular straight tube 1. We applied short time dis-

persion proposed by (Lau et al. [159] and Saini et al. [195]) in traditional Krogh [118] cylinder

model and assumed surrounded tissue is porous and capillary material is absorptive and reactive.

Also, due to porosity of tissue, we used flow through interface between tissue and blood, where first

order kinetic reactions, reversible and irreversible, are taken under consideration. Due to rhythmic
1tissue-blood capillary
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breathing, exponential decay is assumed as a initial condition. Pure convection in the axial direction,

and pure diffusion in the radial direction are taken into consideration. The partial differential equa-

tions are used to model inhaled gas transfer in tissue-blood capillary. Gas passes between capillary

and tissue by the combined effect of convection and diffusion. Because of radial symmetry, we used

cylindrical polar coordinate system. The equation of transport of a species with first order kinetic

reactions in terms of the partial pressure inside blood (p(r, z, t)) and inside tissue (pt(r, z, t)), in two

dimensional form are as follows:

Equation of partial pressure of gas,

in blood,

∂p

∂t
+ ux

∂p

∂z
= Dc

∂2p

∂z2
+
Dc

r

∂
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(
r
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)
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in tissue,
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where ux = u0

(
1− r2
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x

)
. We take, x = c for blood and x = t for tissue.

Then, equation 9.1 and 9.2 becomes
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(9.4)

Equation 9.3 and 9.4, represents the convection - diffusion of species in blood and tissue respectively.

The first term in the left hand side of both the equation is for unsteady flow and the second term is

for convection. First, second and third terms in the right hand side of equation 9.3 are diffusion,

convection, and first order kinetics in blood, while in tissue pure convection is considered.

9.2.2 Initial and boundary conditions

Initial condition, p(z, r, t0), for t = t0 for 0 ≤ r ≤ Rt are as follows:

p(z, r, t0) = exp(−fr), |z| ≤ zs,

p(z, r, t0) = 0, |z| > zs,

pt(z, r) = 0 ∀ z, (9.5)
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where zs is the length of initial slug input and t0 ≈ 0.

The following boundary conditions are relevant for the present study:

1. For radial symmetry,

∂p

∂r
= 0, r = 0,−∞ < z <∞, (9.6)

2. No flux beyond closed boundaries,

∂pt
∂r

= 0, r = Rt,−∞ < z <∞, (9.7)

3. Assuming, first order kinetic reactions occur between tissue-blood capillary interface so,

−Dcαc
∂p

∂r
− αcΓp−K (ααcp− αtpt) = αt

∂pt
∂t

= k (ααcp− αtpt)− λtαtpt,

r = Rc,−∞ < z <∞.

(9.8)

4. Boundary conditions for tissue,

pt = 0, Rc < r < Rt, z → −∞, (9.9)

∂pt
∂z

= 0, Rc < r < Rt, z → +∞. (9.10)

5. Boundary conditions for blood,

p = 0, 0 < r < Rc z → −∞, (9.11)

∂p

∂z
= 0, 0 < r < Rc, z → +∞, (9.12)

6. Pressure continuous beyond the interface so,

p|z=R−
c

= p|z=R+
c
, (9.13)

αcDc
∂p

∂r
|z=R−

c
= αtDt

∂p

∂r
|z=R+

c
. (9.14)
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In the above equations the coefficients λ′ and λt are the first order reaction rate constants for mobile

and immobile phases respectively [166].

According to Henry’s law [87], diffusion coefficient incorporates diffusivity, solubility, cross sec-

tional area and tissue thickness. Among these factors, we focused only on tissue porosity. To imple-

ment this assumption we used a relation between porosity (ε) of tissue and its permeability (K) in

equation 9.8, which is defined by Ergun and Orning [57] as follows:

K =
ε3d2

150 (1− ε)2 , (9.15)

where, d is the diameter of tube.

9.3 Methodology

9.3.1 Transformation of the governing equations

To solve the governing equations 9.1 - 9.4 numerically we have to make above equations dimension-

less by using following quantities:

P ∗ =
p

P0

, P ∗t =
pt

RtP0

, x∗ =
r

Rc

, X∗ =
r

Rt

, z∗ =
z

R2
cu0/Dc

, Z∗ =
z

R2
tu0/Dt

, t∗ =
t

R2
c/Dc

,

T ∗ =
t

R2
t /Dt

, DA∗ =
kRc

Dc

, α∗ =
α

Rc

,Γ∗ =
RcΓ

Dc

, P e =
Rcu0

Dc

, λ∗ =
λ′R2

c

Dc

,

where P0 is the initial pressure by surrounding organs.

After dropping asterisk (*) we got non-dimensional equation for blood as

∂P

∂t
+
(
1− x2

) ∂P
∂z

=
1

Pe2

∂2P

∂z2
+

1

x

∂

∂x

(
x
∂P

∂x

)
− λ′P, (9.16)

for tissue,

∂Pt
∂t

+
(1−X2)

ε

∂Pt
∂Z

=
1

Pe2

∂2Pt
∂Z2

+
1

X

∂

∂X

(
X
∂Pt
∂X

)
, (9.17)

Transformed initial and boundary conditions from equation 9.5 - 9.14 are defined as

P (z, x, t0) = exp(−fx), |z| ≤ zs, 0 ≤ X ≤ 1,

P (z, x, t0) = 0, |z| > zs, 0 ≤ X ≤ 1,

Pt(z, x) = 0, ∀ z, (9.18)

∂P

∂x
= 0, x = 0,−∞ < z <∞, (9.19)
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∂Pt
∂X

= 0, X = 1,−∞ < Z <∞, (9.20)

− Dcαc
Rc

∂P

∂x
− αcDcΓP

Rc

−K (ααcRcP − αtPt) =
αtDt

Rt

∂Pt
∂t

= k (αRcαcP − αtPt)

− λtDcαtPtP

R2
c

, x = 1,−∞ < z <∞,

(9.21)

∂Pt
∂z

= 0, X = 1, z → ±∞, (9.22)

∂P

∂z
= 0, 0 ≤ x ≤ 1, z =∞, (9.23)

A convection controlled problem requires a sharp gradient. So, we calculated the integral for the

sectional average by using Simpson’s 1/3 rule for partial pressure distribution P̄ at each time level,

since P̄ is a function of axial coordinate so, the term can be defined as follows

P̄ (z, t) = 2

∫ 1

0

prdr, (9.24)

additionally, the spatial moments of the partial pressure distribution for the mobile phase are specified

as

On =

∫ ∞
−∞

znP̄ dz (n = 0, 1, 2...), (9.25)

where the, variance of the distribution is found by following formulation,

σ2(t) =
O2

O0

− O2
1

O2
0

. (9.26)

The coefficient of partial pressure dispersion Pd, which varies with time, is specified by half the rate

of change of the variance of the distribution, σ2, so the term is defined as follows

Pd(t) =
1

2

dσ2

dt
. (9.27)

9.4 Numerical Scheme

Finite difference method [214] is the most suitable technique for nonlinear problems related to reg-

ular geometries so, to find the solution of the non - dimensional governing equations 9.16-9.17
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subject to the initial and boundary conditions 9.18 - 9.23 we used this method. The computational

grid are defined in the following form where the discretization of concentration, P (r, z, t), is written

as P (ri, zj, tn) or P n
i,j .

xi = i∆r, (i = 0, 1, 2, 3, 4, ...N) rN = 1,

zj = j∆z, (j = 0, 1, 2, 3, 4, ...M),

tk = (k − 1)∆t, (k = 1, 2, ...),

where i, j and k are the space and time index; ∆r,∆z, and ∆t are the increment in axial, radial

and time respectively. We used central difference approximations, for all the spatial derivatives, as

follows:

∂P

∂z
=
P k
i,j+1 − P k

i,j−1

2∆z
, (9.28)

∂2P

∂z2
=
P k
i,j+1 − 2P k

i,j + P k
i,j−1

(∆z)2
, (9.29)

and forward difference approximation for first order time derivative at point (xi, zj, tk) as follows

∂P

∂t
=
P k+1
i,j − P k

i,j

2∆t
. (9.30)

moreover, at r = 0 equation 9.16 - 9.17 converts as 2

lim
r→0

1

r

∂p

∂r
= lim

r→0

∂2p

∂r2
, (9.31)

P k+1
i,j =

(
1− 2r1

Pe2
− 4r2 − λ′∆t

)
P k
i,j +

(
r1

Pe2
− ∆zr1

2

)
P k
i,j+1 +

(
r1

Pe2
+

∆zr1

2

)
P k
i,j−1

+ 2r2

(
P k
i+1,j − P k

i−1,j

)
,

(9.32)

and at 0 < x ≤ 1, as follows:

P k+1
i,j =

(
1− 2r1

Pe2
− 2r2 − λ′∆t

)
P k
i,j +

(
r1

Pe2
− (1− x2) ∆zr1

2

)
P k
i,j+1

+

(
r1

Pe2
+

(1− x2) ∆zr1

2

)
P k
i,j−1 + r2

(
P k
i+1,j + P k

i−1,j

)
+

∆xr2

2

(
P k
i+1,j − P k

i−1,j

)
, (9.33)

2When r → 0, we found that the denominator is also approaching to zero and make the term indeterminate, which
is inappropriate for the physical state of the respiratory system. Therefore, to remove this kind of inconsistency we used
L’hospital rule of limit here.
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equation 9.17 for tissue, at x = 0, get its discretized form as follows

P k+1
ti,j

=

(
1− 2r1

Pe2
− 4r2

)
P k
ti,j

+
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2ε

)
P k
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+ 2r2

(
Ptki+1,j

− P k
ti−1,j

)
,

(9.34)

and at 0 < x ≤ 1, as follows

P k+1
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=

(
1− 2r1

Pe2
− 2r2

)
P k
ti,j

+

(
r1

Pe2
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2ε

)
P k
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2ε

)
P k
ti,j−1

+
∆xr2

2

(
P k
ti+1,j

− P k
ti−1,j

)
,

(9.35)

where

r1 =
∆t

∆z2
, r2 =

∆t

∆x2
.

The initial and boundary conditions from equation 9.18 - 9.23 in discretized form are as follows:

P k
i,1 = 0, P k

i,2 = P k
i,0, P

k
ti,1

= 0, P k
ti,2

= P k
ti,0
, P k

2,j = P k
0,j, (9.36)

Equation 9.32 - 9.35 gives partial pressure distribution at the (k + 1)th time level in terms of partial

pressure at kth time level.

9.5 Results and Discussion

In this study we fixed some parameters in all the cases (see, Table 9.2). Problem have been solved

for eight different combinations of α, DA and Γ as listed below in Table 9.3, where case (i) no gas

exchange case, cases (ii) to (vii) correspond to the increase of phase exchange rate, DA, and cases

(iii) and (viii) correspond to the increase of absorption rate, Γ. The initial slug length (zs) is varied

from 0.008 to 0.02.

First, we tested the grid dependency for different grid sizes in both the spatial directions, r and z;

and found that the results remain consistent and grid independent, when the grid size is 40x1000,

for ∆r = 0.025, ∆z = 0.001 along the radial and axial directions by choosing the time step ∆t =

0.0001. The grid mesh is uniform both axially and radially. In this manner, entire calculations are

done by taking the grid size 40x1000. The result appeared to converge with the accuracy of the order
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10−4. Following stability criteria is used to deal with the accuracy at each time level so that less error

occurred in the numerical computation

max
(

∆t

∆x2

)
≤ 0.5. (9.37)

Before discussing the analysis of the present problem a numerical code validation and predictive

accuracy of the model are checked by comparing output data produced by present model removing

radial mixing and intra capillary gas transport with respective results generated by model of Saini et

al. [193] for partial pressure at breath rate (f ) = 1 to 10 and represented in Figure 9.2.

Saini et al. [193] studied unsteady partial pressure of inert gas by generalized diffusion equations

without considering radial mixing and intra capillary flow. Figure 9.2 shows variation in partial

pressure with axial distance. We found that our numerical result is validated with their result of up

to 99.9%. So, we can say, our results are in excellent agreement with those of Saini et al. [193].

9.5.1 Mean breakthrough curves based on the area-average partial pressure for different ax-

ial points

For eight particular cases of short distance development of the mean breakthrough curves are ob-

tained through the area-mean partial pressure and shown in Figure 9.3 for four dimensionless axial

positions, ranging from a short distance, z = 0.05 to 0.3. The following observations are made.

In Figure 9.2, during the early phases (z = 0.05) from the injection point (zs=0.002), the transport is

largely kinematic, and the solute spread is dominated by convection, the curve is strongly asymmet-

ric, exhibiting a peak upon its initial sharp rise, followed by a gradual decline first according to the

kinematic limit at time, t = 0.075, and then branching out from this limit because of radial diffusion

from blood to tissue, in all the cases (i)-(viii). As soon as the gas diffuses outward from the faster

moving inner part, the breakthrough curve deviates from the kinematic limit, and giving rise to a

point of inflection or a shoulder in the curve, as in cases (ii)-(viii). However, the emergence of the

shoulder is stronger in cases (vi), (vii) than in cases (iii), (viii). The reason of increment in the partial

pressure of the gas in blood might be the higher value of DA, 50 ≤ DA ≤ 100, which cause lower

diffusion of diffusion (cases (vi)-(vii)). After this at t = 0.10, the partial pressure of gas in blood

starts decreasing and curve infinitely long tail after t = 0.20, either due to increment in absorption

rate (0.1 ≤ Γ ≤ 1) or due to continuous diffusion (case (ii)-(v) & (viii)).

At a farther distance from the injection point (z = 0.1), in Figure 9.3(a), convection peak is reduced

and the shoulder part of the curve becomes more developed and sharp as compared to the previous

graph. A similar trend emerges in Figure 9.3(b) (z = 0.15), where convection peak decreases in all
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the cases and the diffusional peak become the main feature of the mean breakthrough curve. Due to

highly permeable tissue, a large quantity of gas from the immobile phase will be dispersed back to

the mobile phase and hence we got high partial pressure of the gas in blood in cases (vi) & (vii).

At a sufficiently long distance from the injection point (z = 0.3), the sharp initial rise gradually re-

placed by a gentle rise, while the rounded second peak is fully developed to become the broadened

peak in cases (i)-(iv) & (viii). Value of partial pressure of the gas in mobile phase becomes very

high (cases (vi) & (vii)) comparable to other cases (may be due to low diffusion, high Damkohler

number or backflow of gas caused by a highly permeable wall, (Figure 9.3(c)). This is the onset

of the Taylor-Aris regime, as the axial distribution become increasingly symmetrical about its peak

approaching a Gaussian distribution (in cases (i), (iii) & (viii)).

9.5.2 Mean breakthrough curves based on the area-average partial pressure at different time

Graphs of area-mean partial pressure are plotted in Figure 9.4 to demonstrate the dispersion effect of

the chemical species for four dimensionless moments of time at t = 0.05, t = 0.15, t = 0.3, and t =

0.5 respectively.

During the early phase development or at short time (t = 0.05) from the injection point (zs = 0.002),

the transport is balanced by two peaks, first due to convection and second due to radial diffusion in

all the cases (i)-(viii), in Figure 9.4(a), area under the distribution curve is markedly increased form

cases (iv)-(vii) due to decrement in diffusion rate (increment in DA 10 to 100). While in this figure

we noticed by increasing absorption rate (Γ = 0.1 to 1) area average partial pressure of gas in blood is

decreased (compare cases (iii) & (viii)). In Figure 9.4(b), the larger spread of the distribution, in all

the cases, arise from the interaction of convection with radial diffusion through permeable tissue, and

diffusional peak decline from the previous state. The increase of area under the distribution curves

and decline of the diffusional peak is a result of releasing gas which has been stored in immobile

phase, back to the flow due to highly permeable tissue shown in cases (vi) and (vii).

Figure 9.4(c) shows that, for cases (i)-(iii) & (viii), the distribution curves are single-peaked. How-

ever, diffusion peaks become more developed at this stage. In cases (v)-(vii), due to increment in the

partial pressure of the gas in the blood.

In Figure 9.4(d), it is clear that the skewness is very small in cases (i)-(iii) & (viii), supporting that

the Gaussian form is readily developed in this case. In case (v) & (vii), the diffusional peak con-

tinues to broaden to become the dominant feature of the distribution. This is because a long time is

required to approach the fully-developed state if 10 < DA ≤ 100. In addition, it is clear that the

area under the partial pressure distribution curve in case (v) is not much different than the case (iii).
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This follows from the fact that for a very high absorption rate (Γ = 1), the long-time dispersion will

be attained because all the gas is taken away from the system.

9.5.3 Impact of breathing rate (f ) on partial partial pressure of immobile phase

Figure 9.5(a) showed the variation in area average partial pressure with respect to axial position (at

t = 0.05, porosity (ε) = 0.9) and Figure 9.5(b) showed the variation in area average partial pressure

with respect to time (on axial position = 0.05, ε = 0.9) at breathing rate (f ) = 1-9 per minutes. From

these figures, we observed that the partial pressure of gas first decreased in immobile phase with

respect to axial position and time by increasing value of f up to 5 and after that partial pressure is

suddenly increased by increasing value of f . The sudden change in the distribution of partial pressure

might be due to highly porous tissues ε = 0.9, since the over-inflation of the alveoli (air sacs in the

lung) involve impaired exchange of gases, therefore, as the breathing rate increased partial pressure

increases.

9.5.4 Impact of porosity (ε) on partial pressure of immobile phase

In Figure 9.6(a), single peak appears when ε = 0.4 and it becomes double as we increase ε up to 0.9.

The appearance of second peak is due to increment in diffusion which causes continuous exchange

of gases from tissue to blood. Consequently, there is a decrement in area average partial pressure in

tissue. Similar results are found with respect to time in Figure 9.6(b). Hence, by increasing porosity

of tissue, exchange of gas increases between immobile and mobile phases. Consequently, from

Figure 9.6, we observed that by increasing porosity of tissue, partial pressure of immobile phase or

tissue with respect to time and axial distance is decreased.

9.5.5 Coefficient of dispersion of partial pressure from mean

Results obtained by present analysis (Table 9.4) are shown in Figure 9.7. The following interpreta-

tions are drawn.

1. The dispersion coefficient tends to a steady value after t = 0.25 in cases (i) to (v) and (viii),

however for cases (vi) and (vii) it decreases with respect to time.

2. In cases (ii)-(iv) & (viii), the dispersion coefficient achieved steady-state values in a short time

due to fast diffusion; DA ≤ 10.

3. Cases (v)-(vii) consequent to slow diffusion and high absorption rate (1 < DA ≤ 100 and

Γ ≥ 1), where dispersion coefficient moves towards steady-state limit in a long time. In other

way we can say that long time dispersion is achieved under this cases (v)-(vii).
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9.6 Conclusion

In this work we calculated the partial pressure distribution through a circular cylinder in which blood

capillary is surrounded by tissue (i.e alveolar region, human airways and pulmonary membrane etc.)

and undergoes linear first order kinetic reaction to exchange gas through the interface (tissue-blood

barrier). We assumed porosity or permeability of tissue due to aging, emphysema, asthma or tuber-

culosis through which reversible and irreversible reactions occur (exchange of gas).

The governing equations are solved numerically by applying the finite difference method, we have

examined short distance and short-time dispersion of gas in unsteady flow. The mean breakthrough

curves are drawn with respect to axial distribution and time progression for partial pressure disper-

sion. The essential conclusions of the present work are stated below:

1. The second peak of the diffusion regime become more developed by the higher value of the

Damkohler number (10 < DA ≤ 100) and a higher retention rate (Γ = 1).

2. We found that with convection, the solute is completely spread out in a finite time and get its

steady state very rapidly.

3. By increasing the value of porosity, the partial pressure distribution decreases in tissue because

of most of the gas transfer to the mobile phase.

4. If the phase exchange rate is higher (10 < DA ≤ 100 ) and porosity (ε) = 0.9, it need more

extended time to advance toward a long-time dispersion.

5. In the accompanying circumstances, the dispersion coefficient advanced toward its steady-state

limit in a short time at absorption rate (Γ ≤ 0.1) and Damkohler number (1 ≤ DA ≤ 10).

6. As the breathing rate increases the partial pressure of the gas inside tissue first decreases and

after some time it increases gradually with breathing rate.

7. Under the consideration of wall porosity or highly permeable wall, the convection speed is not

changed but the diffusion of gas through tissue increases, which causes an increment in the

partial pressure gradient of gas in blood phase.

Therefore, results obtained in this article regarding dispersion through circular is helpful to optimize

the reactive condition of tissue-blood capillary inside the pulmonary region of the lung, where sur-

rounded tissue of blood capillary become loose or excessively permeable due to aging, emphysema,

asthma, and tuberculosis [155] etc.
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Figure 9.1: Pulmonary region, (A) tissue-blood capillary model with the impact of first order kinetic
reactions between mobile (blood) and immobile phase (tissue), (B) cross sectional view of tissue-
blood interface [78, 159, 195].
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Figure 9.2: Result validation for partial pressure at breath rate f = 1 to 10.

178



Table 9.1: Comparison of present results with published results (Saini et al. [193]) for various values
of breathing rate f

Breath Rate=1 Breath Rate=5 Breath Rate=10
Distance Saini et al. (2010) [193] Present Result Saini et al. (2010) [193] Present Result Saini et al. (2010) [193] Present Result

0 1 1 1 1 1 1
0.1 0.90484 0.90483 0.60653 0.60652 0.36788 0.36786
0.2 0.81873 0.81872 0.36788 0.36787 0.13534 0.13533
0.3 0.74082 0.74081 0.22313 0.22303 0.04979 0.04979
0.4 0.67032 0.67031 0.13534 0.13533 0.01832 0.01831
0.5 0.60653 0.60652 0.08209 0.08207 0.00674 0.00674
0.6 0.54881 0.5488 0.04979 0.04979 0.00248 0.00248
0.7 0.49659 0.49658 0.0302 0.03016 9.11882E-4 9.11881E-4
0.8 0.44933 0.44932 0.01832 0.01831 3.35462E-4 3.35461E-4
0.9 0.40657 0.40656 0.01111 0.0111 1.2341E-4 1.234E-4

Table 9.2: Numerical parameters with there units
Variable Name Value unit
D Diffusion coefficient in blood 1.62 ∗ 10( − 9) m2/s
a Radius of blood capillary 2.5 ∗ 10( − 6) m
ε Porosity of alveoli 0.7 -
f Rate change parameter 1 /min
αc Solubility of oxygen in plasma 2.49 ∗ 10( − 2) mol/m3

αt Solubility of oxygen in tissue 2.78 ∗ 10( − 2) mol/m3

zs Initial slug length 0.02 -
Pe Peclet Number 103 -

Table 9.3: Values of the controlling parameters considered for the present study where cases (ii)-(vii)
correspond to the increase of phase exchange rate and cases (iii) and (viii) correspond to the increase
of absorption rate

Case α DA Γ Remarks
(i) 0 0 0 No gas (oxygen) exchange
(ii) 0.5 0.1 0.1 Very Slow phase exchange rate
(iii) 0.5 1 0.1 Weak absorption rate
(iv) 0.5 10 0.1 Slow phase exchange rate
(v) 0.5 20 0.5 Moderate phase exchange rate
(vi) 0.5 50 1 Fast phase exchange rate
(vii) 0.5 100 1 Very fast phase exchange rate
(viii) 0.5 1 1 Fast absorption rate

Table 9.4: Coefficients of dispersion versus dimensionless time for all cases (i)-(viii)
time(t) Case 1 Case 2 Case 3 Case 4 Case 5 Case 6 Case 7 Case 8

0.1 5.75E-10 6E-10 6E-10 7.65E-10 9.45E-10 1.485E-9 2.335E-9 6.15E-10
0.2 1.2E-10 1.505E-10 1.505E-10 4.015E-10 6.75E-10 1.46E-9 2.65E-9 1.595E-10
0.3 1.705E-12 3.13E-11 3.13E-11 2.93E-10 5.75E-10 1.365E-9 2.52E-9 3.45E-11
0.4 1.335E-15 2.985E-11 2.985E-11 2.93E-10 5.75E-10 1.345E-9 2.425E-9 3.405E-11
0.5 3.605E-17 3.015E-11 3.015E-11 2.945E-10 5.75E-10 1.325E-9 2.33E-9 3.56E-11
0.6 3.6E-17 3.04E-11 3.04E-11 2.96E-10 5.75E-10 1.305E-9 2.24E-9 3.72E-11
0.7 3.6E-17 3.07E-11 3.07E-11 2.97E-10 5.75E-10 1.285E-9 2.15E-9 3.885E-11
0.8 3.6E-17 3.1E-11 3.1E-11 2.985E-10 5.75E-10 1.265E-9 2.07E-9 4.06E-11
0.9 3.6E-17 3.13E-11 3.13E-11 3E-10 5.75E-10 1.25E-9 1.985E-9 4.24E-11
1 3.6E-17 3.16E-11 3.16E-11 3.015E-10 5.75E-10 1.23E-9 1.91E-9 4.43E-11
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Figure 9.3: Breakthrough curves based on the area average partial pressure for short distance devel-
opment of dispersion in a circular tube, at dimensionless axial positions (a) z = 0.05, (b) z = 0.01,
(c) z = 0.15, and (d) z = 0.3,with Pe = 1000.

180



0 . 0 0 0 . 0 5 0 . 1 0 0 . 1 5
0 . 0

0 . 1

0 . 2

0 . 3

0 . 4

P h a s e  E x c h a n g e

Ar
ea 

Av
era

ge 
Pr

ess
ure

D i m e n t i o n l e s s  A x i a l  P o s i t i o n

 C a s e  1
 C a s e  2
 C a s e  3
 C a s e  4
 C a s e  5
 C a s e  6
 C a s e  7
 C a s e  8

(a)

0 . 0 0 . 1 0 . 2 0 . 3
0 . 0

0 . 2

0 . 4

0 . 6

0 . 8

P h a s e  E x c h a n g e

 C a s e  1
 C a s e  2
 C a s e  3
 C a s e  4
 C a s e  5
 C a s e  6
 C a s e  7
 C a s e  8

 
 

Ar
ea 

Av
era

ge 
Pr

ess
ure

D i m e n t i o n l e s s  A x i a l  P o s i t i o n

(b)

0 . 0 0 . 1 0 . 2 0 . 3 0 . 4 0 . 5
0 . 0

0 . 5

1 . 0

1 . 5

P h a s e  E x c h a n g e

 

 

 C a s e  1
 C a s e  2
 C a s e  3
 C a s e  4
 C a s e  5
 C a s e  6
 C a s e  7
 C a s e  8

D i m e n t i o n l e s s  A x i a l  P o s i t i o n

Ar
ea 

Av
era

ge 
Pr

ess
ure

(c)

0 . 0 0 . 1 0 . 2 0 . 3 0 . 4 0 . 5
0 . 0

0 . 6

1 . 2

1 . 8

2 . 4

P h a s e  E x c h a n g e

 

 

 C a s e  1
 C a s e  2
 C a s e  3
 C a s e  4
 C a s e  5
 C a s e  6
 C a s e  7
 C a s e  8

Ar
ea 

Av
era

ge 
Pr

ess
ure

D i m e n t i o n l e s s  A x i a l  P o s i t i o n

(d)

Figure 9.4: Breakthrough curves based on the area average partial pressure for short time develop-
ment of dispersion in a circular tube, at dimensionless time (a) t = 0.05, (b) t = 0.15, (c) t = 0.3, and
(d) t = 0.5, with Pe = 1000.
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Figure 9.5: Area-mean partial pressure profile of immobile phase at (a) z = 0.5 and (b) t = 0.05 at ε
= 0.9, for β = 1 to 9.
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Figure 9.6: Area-mean partial pressure profile of immobile phase at (a) z = 0.5 and (b) t = 0.05 at f
= 1, for porosity ε = 0.4-0.9.
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Figure 9.7: Coefficient of dispersion of mobile phase at z = 0.05 for all cases (i)-(viii).
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Future Work

In the present thesis, the research carried out is a step taken forward in the direction to get the numer-

ical simulation of various nonlinear problems arising due to inhalation of nonspherical nanoparticles

utilizing conventional finite difference methods by assuming flow in regular geometry (airway, alve-

olar duct). Various conditions arise due to deposition of particle which is taken under consideration

by incorporating the idea of particle shape factor and variable porosity. Effect of short time disper-

sion to understand the gas exchange and chemical species transport process are also considered. The

present work for respiratory and lung mechanics can be extended further as:

1. Filtration efficiency of the lung with respect to other shapes and types of nonspherical nanopar-

ticles such as (copper, silver, gold, titanium, etc.) in two or three-dimensional flow may be

calculated.

2. Problem related to Couette flow can be extended to study the flow through lower airways or

whole lung generations which may lead to a more general solution. Additionally, we can take

other cases such as the movement of only one wall, when there is no pressure gradient, etc.

3. It is worth extending the study by analyzing the pressure of gas exchange between blood and

tissue with other parameters such as variable porosity, solubility, and cross-sectional area.

These parameters can be individually described within the model and may lead to a more

general solution.

4. For problems related to nanoparticle deposition we have considered flow in the axial direction,

but it can be extended by considering flow in radial direction too.

5. We can use two phases of gas transportation and carry out stability analysis between gas-blood

barrier.

6. We can perform particle deposition and filtration efficiency analysis at a different height,

weight, temperature, and gravity.
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Appendix-A

Finite difference method

During the era of 1950 - 1970 finite difference method (FDM) was the most popular numerical

technique applied to get solution of real life and practical problems where the domain is simple

and structured. In this method simple arithmetic and finite discretization techniques were applied

to solve complex differential equations mathematically; afterward, those mathematical equations are

solved by developing computational code on C, C++, MATLAB, FORTRAN, etc. However, various

numerical methods appeared to solve nonlinear complex partial differential equations but due to the

simple applicability of finite difference method, it is still the most relevant method to get solution of

these equations. FDM is used for solving different kind of boundary value and practical engineering

problems that occur in many fields such as, heat transfer [120, 121, 154], stress or strain mechanics,

fluid dynamics in river and air, biological system (immersed boundary cells), chemical processing,

electromagnetics, and many other problems [72, 73]. It has been applied to a number of physical

problems, linear or nonlinear, steady or unsteady, different boundary shapes and conditions, and

many more. The most important aspect in FDM is to utilize a Taylor series expansion to discretize

the differential equations of initial values and/or boundary values problems. The essential steps

of this method are first chosen as an appropriate FDM scheme and replace every derivative of the

equation directly by an algebraic expression. In this way, complex nonlinear ordinary or partial

differential equation converts into a system of linear (non - linear) equations, which is solved by

using computational programming. To solve the problem computationally one can the grid size

should be very fine so that the error in the solution can be minimized to an acceptable level.

Process of applying FDM in the physical problem

The central theme in the finite difference simulation is the conversion of a physical problem involving

the continuous variation of a field variable f(x, y, z, t), into an approximate numerical formulation

containing discrete value of f at spatial points (xi, yj, tk) and the time levels tp [214]. The spatial

points are called nodes of the finite difference grid. The governing differential equations of the

physical problem are approximated at the nodes, to generate algebraic equations for the nodal values

of f . Finite difference method can be explained briefly in the following steps:

• Divide the whole domain into n regular nodes of equal length h (Figure 9.8)

• Replace the derivatives of different order in differential equation by using appropriate finite
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difference approximation at each internal node by using following Taylor series of approxima-

tion as defined below,

f(x+ h) = f(x) + hf ′(x) +
h2

2
f ′′(x) + .... (9.38)

Forward difference equation,

f ′ =
fi+1 − fi

h
+ O(h), (9.39)

f ′′ =
fi+2 − fi+1 + fi

h2
+ O(h). (9.40)

Backward difference,

f ′ =
fi − fi−1

h
+ O(h), (9.41)

f ′′ =
fi − fi−1 + fi−2

h2
+ O(h). (9.42)

Central difference,

f ′ =
fi+1 − fi−1

2h
+ O(h2), (9.43)

f ′′ =
fi+1 − fi + fi−1

h2
+ O(h2), (9.44)

• Apply the boundary conditions

• Solve the discretized (set of algebraic) equations by a suitable matrix inversion or iterative

technique.

Finite difference methods using enthalpy formulation of phase change problems include explicit

method, semi implicit method, and fully implicit method. The explicit method is conditionally stable,

while others are unconditionally stable.
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Figure 9.8: Computational uniform grid generation in finite difference method.
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