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Abstract

The present thesis deals with the study of direct and inverse problems for certain sumsets in
additive number theory. Let A and B be two nonempty finite sets of integers. Let 4 and r be two
positive integers. The first sumset considered is the sumset of the form A + r- B, called the sum
of dilates of the sets A and B. The second sumset considered is the h-fold generalized sumset
YA with Y > 1 an integer, which is a generalization of the h-fold sumset A and the h-fold
restricted sumset 4" A. The third sumset considered is the h-fold signed sumset 4-A. The fourth
sumset considered is the h-fold restricted signed sumset 4 A. The last sumset considered are
the subset and subsequence sums, where the subset sums are actually the unions of restricted
sumsets and the subsequence sums are the unions of generalized sumsets.

The sumset A+r-B:={a+rb:a € A,b € B} is called the sum of dilates of A and B. For
r =1, the sum of dilates A + r- B coincides with the Minkowski sumset A+ B :={a+b:ac
A,b € B}. The direct problem for the sum of dilates A + r- B is to find the minimum number of
elements in A+ r- B in terms of number of elements in the sets A and B. The inverse problem
for A+ r- B is to find the structure of the finite sets A and B for which |A 4 r- B| is minimal. In
this thesis, we solve both direct and inverse problems for A +r- B.

Let A = {ag,ay,...,a;_1} be a nonempty finite set of integers. The h-fold sumset hA is the
set of all sums of 4 elements of A, and the h-fold restricted sumset h™A is the set of all sums of

h distinct elements of A. More precisely,

k—1 k—1
hA:z{ Aiai: A€ Nfori=0,1,...,k—1and Z)Li:h},
i=0 i=0

and

1= l

k—1 k—1
WA = { Aia; - A; € {0,1} fori=0,1,...,k— 1 and Zli:h},
—0 i—0

where N denotes the set of nonnegative integers, and 1 < & < k in case of hA.



il

We define the h-fold signed sumset of A, denoted by htA, by

k—1 k—1
hiA = Aiai - A € Zfori=0,1,....k—1land Y |A|=h;.
=0 i=0

l
We also define the h-fold restricted signed sumset of A, denoted by h@A, by

hiA = {ki:lliai A €{-1,0,1}fori=0,1,...,k—1and ki:l || :h} ,
i=0 i=0
where 1 < h <k.

The direct problem for the sumset A (similarly for AL A) is to find the minimum number of
elements in h+A (respectively, #/}A) in terms of number of elements in A. The inverse problem
for hiA (similarly for h}A) is to determine the structure of the finite set A for which |hLA|
(respectively, |hLA|) is minimal. In this thesis, we study the direct and inverse problems for
both the sumsets i+A and i/} A.

In the next part of the thesis, we consider the following generalized sumset. As the name sug-
gests, this sumset generalizes both regular sumset #A and restricted sumset 2" A. For a nonempty

finite set A of k integers, and for positive integers /i, y with 1 <y < h < kY, the h-fold generalized
sumset VA is defined by

k—1 k-1
A = {inaim[e {0,1,...,y} fori=0,1,...,k—1 and Z)g:h}.
i=0 i=0

Clearly, the h-fold sumset hA and the h-fold restricted sumset h"A are particular cases of the
h-fold generalized sumset hA for Y= h and y = 1, respectively.

Let A=1{0,1,...,k—2,k— 1+ b}, where b is a nonnegative integer. We investigate the
behaviour of |2(Y)A| with respect to b, by finding the exact cardinality of A(Y)A.

Let A be a nonempty finite set of k integers. Given a subset B of A, the sum of all elements
of B is called the subset sum of B. Let S(A) be the set of all subset sums of A. The subsequence
sum of a given sequence .o/ of integers is defined in a similar way.

We consider the following subset and subsequence sums with some restriction on the number
of elements of the set A (or sequence 7). For a nonnegative integer o (< k), we define Sy (A)

to be the set of subset sums of all subsets of A that are of the size at least . More precisely,

Sa(A) ::{Zb:BCA, \Byza}.

beB



il

Similarly, for a nonempty sequence <7 = (a, ..., dg,ai,...,da1,...,d;_1,-..,ax_1) of k distinct
——— —— —_—

r copies r copies r copies
integers each repeating exactly r (> 1) times, and for a nonnegative integer o (< rk), we define

Sa(r, /) to be the set of subsequence sums of all subsequences of .27 that are of the size at least

o.. More precisely,
Sa(r,d) = { Z b : A is a subsequence of <7 with |%| > a},
be#

where | 4| is the number of terms in the subsequence %.
We find the minimum cardinality of the set of subset sums Sy (A) and the set of subsequence
sums Sq(r,.27). We also find the structure of the finite set A (or sequence «7) of integers for

which [Sy(A)| (or |Sg(r,<7)|) is minimal.
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Chapter 1

Introduction

1.1 Basic definitions

Additive number theory is primarily the study of sumsets of subsets of additive abelian groups.
An additive abelian group is a commutative group under addition. Let G be an additive abelian
group. Let 4 > 2 be an integer. Let Aj,A»,...,A; be nonempty subsets of G. The Minkowski
sumset or the regular sumset or simply, the sumset A; +A +---+ Ay, is defined by A1 + A, +
o+ Api={ar+ar+---+ay:a; €A; for i =1,2,... h}. Similarly, the restricted sum-
set AjFAx+---FAy is defined by Aj+Ar+---FA, = {a1 +ary+---+a, :a; € A; for i =
1,2,...,h, anda; #ajfori# j}. If A;=Afori=1,2,... h, then the sumset A| + Az +---+ A,
is denoted by hA and the restricted sumset A|+A,+--- +A,, is denoted by A" A. Thus, the h-fold
sumset hA is the set of all sums of & elements of A, and the h-fold restricted sumset h" A is the
set of all sums of £ distinct elements of A.

Let A = {ag,ay,...,a;_1} be a nonempty subset of G. Let h and ¥ be positive integers
such that 1 <7y < h < ky. Observe that, in the sumset #A an element of the set A appearing in
a h-fold sum may be repeated at most 4 times, while in the sumset 4" A an element of the set A
may repeat at most once. Consider the following sumset, that generalizes both regular sumset

and restricted sumset. The h-fold generalized sumset, denoted by hVA is defined by
k—1 k—1

hYA:={ Y La;:0<A <yfori=0,1,....k—land ¥ Ai=h;.

i=0 i=0

So, the h-fold generalized sumset h(Y)A is the set of all sums of / elements of A, where each

1



element appearing in a h-fold sum may be repeated at most y times. Therefore, hA and h"A are
particular cases of hYA for Y= h and y = 1, respectively.

Leth > 2,and let A1,A,,...,A;, be nonempty subsets of G. Let o1, 0, ..., 0y be positive
integers. The sumset a; A+ 0 -Ar+- -+ 0y, -Ap = {oa; + ay+---+oyay, - a; € A fori =
1,2,...,h} is called the sum of dilates of the sets Aj,A,...,A;. Clearly, if o =1 for i =
1,2,...,h, then the sum of dilates ¢t -A; + 0y - Ar + - - - + @, - Aj, coincides with the Minkowski
sumset A; +Ay +---+Ay.

There are some other special type of sumsets, for example, subset sums and subsequence
sums. These sumsets are defined as follows. Let A be a nonempty finite subset of G. Given a
subset B of A, the sum of all elements of B is called the subset sum of B. The set of all subset
sums of A is defined by

S(A) := {Zb:BCA},
beB
where s(0) = 0.
The subsequence sum of a given sequence of elements of G is defined in a similar way.

Let o = (ag,...,a0,a1,...,a1,...,ax_1,-..,d;_1) be a nonempty sequence in G with k distinct
—— —— N————

rp copies r| copies rx_1 copies
elements, where r; > 1 fori=0,1,...,k— 1. Given a subsequence & of .<7, the sum of all terms

of A is called the subsequence sum of Z. The set of all subsequence sums of <7 is defined by

S(F, o) := { Z b : % is a subsequence ofgf} ,
be#B

where 7 = (ro,r1,...,7k—1)-

Two main problems associated with these sumsets are the direct and inverse problems.
A direct problem is a problem where we have the information about the set(s) or sequence(s)
and we try to describe the sumset. An example of a direct theorem is Lagrange’s four-square
theorem, which states that “every nonnegative integer can be written as the sum of four squares”.
Thus, if A is the set of all nonnegative squares, then the sumset 4A is the set of all nonnegative
integers. An inverse problem is a problem where we have the information about the sumset, from
which we try to determine the structure and the properties of the underlying set(s) or sequence(s).
An example of an inverse theorem is “if A is a nonempty finite set of k integers such that the

2-fold sumset 2A contains exactly 2k — 1 integers, then A is an arithmetic progression”.



1.2 Motivation and objectives

Let r > 1 be an integer. Let A and B be nonempty finite sets of integers. The sumset A+r-B :=
{a+rb:a € A,bc B} is called the sum of dilates of A and B. If r = 1, then the sum of dilates
A+ r- B coincides with the Minkowski sumset A+ B. For B=A wehave A+r-A CA+rA =
(r+ 1)A. Moreover, if A is an arithmetic progression with |[A| > r, then A+r-A = (r+ 1)A.
Further, inverse results for sums of dilates in integers have a natural connection with inverse
results in noncommutative groups such as the Baumslag—Solitar group BS(1,n) := (a,b : ab =
ba") (see [39,40]). So, it is a natural problem to find the minimum cardinality of the sum of
dilates A + r- B in terms of cardinalities of A and B. It is also equally important to describe
the sets A and B for which the minimum cardinality of A+ r- B is achieved. In fact, several
results about the minimum cardinality of the sum of dilates and its inverse that if the minimum
cardinality is achieved, then the characterization of individual sets have been obtained by now.
For example, for r = 1,2,3 the direct and inverse problems for A + r-A are completely settled
(see [27,139,182]]). We study similar direct and inverse problems for the sum of dilates A+r-B
in Chapter 2|

Let h > 1, and let A = {ag,ay,...,a;_1 } be a finite subset of an additive abelian group G.

The h-fold sumset hA and the h-fold restricted sumset 4"\ A respectively, are

k—1 k—1
hA::{ Aiai: AieNfori=0,1,...,k—1and Z/I,:h},
=0 i=0

1

and
1 k—1

k—
A=Y Nai:Aie{0,1}fori=0,1,....k—1land Y Ai=hg,
i=0 i=0
where N={0,1,2,...}, and 1 <h < k in case of h"A.
Observe that, in the sumsets hA and A"'A the variables A; only assume nonnegative integer

values. On the other hand, we define the following A-fold sumset in which A; may take negative

integer values. Define the h-fold signed sumset of A, denoted by hA, by

k—1 k—1
hiA::{ Aiai: A € Zfori=0,1,....k—1and ) |7 :h}.
=0 i=0

1=

Clearly, hAUh(—A) C htA C h(AU—A). Thus, if A is a symmetric set, i.e., for all a € A,

—a € A, then hiA = hA. Further, the signed sumset have a connection with some other problems



in number theory, such as the “independence number” of a subset A of a group G (see [11]), and
the “diameter” of G with respect to the subset A (see [63}164]). So, it is natural to find the
minimum cardinality of A+ A in terms of cardinality of A, and to classify the underlying sets
for which the minimum cardinality of 44A is achieved. Recently, Bajnok and Matzke [9, [10]
have studied the direct and inverse problems for #+A in some finite abelian groups. Inspired by
Bajnok and Matzke’s results, we study both direct and inverse problems for 4+ A in the group of
integers in Chapter 3]

Motivated by this signed sumset 411+ A, we further define the h-fold restricted signed sumset
of A, denoted by h/ A, by

k—1 k—1
WA = { Aiai: A € {—1,0,1} fori=0,1,...,k—1 and Z || :h},
=0 i=0

i
where 1 < h < k. Similar to the signed sumset 411 A, we study the direct and inverse problems
for 1/} A in the group of integers in Chapter

Let A be a nonempty finite set of k integers. Let A, ¥ be positive integers such that 1 <
y<h <ky. Let m = |h/y|. Finding the exact cardinality of h-fold sumsets hA, h"A and h(Y)A
of a given set A is a difficult problem. But, it may be comparatively easy to find the exact
cardinality of these sumsets in some special cases. For example, if A = {0,1,...,k— 1}, then
hA ={0,1,...,h(k— 1)}, WA = (M0 D) oy g — MDY and p0A = (=l
(h—my)m, ™20 o (h—my)ym+1,...,mhy— "2 o (h— my)(k—m—1)}. Hence, |hA| =
hk—h+1, |hW"A| = hk — h*> + 1, and |hVA| = my(k —m) + (h— my)(k—2m — 1) + 1. In 1996,

Nathanson [81] proved that, “if A= {0, 1,...,k—2,k— 1+ b}, where b is a nonnegative integer,
then |hA| is a strictly increasing piecewise-linear function of b for 0 < b < (h—1)(k—2) and
that |hA| is constant for b > (h— 1)(k—2)”. It is natural to derive a Nathanson’s type theorems
for the restricted sumset 4"°A and the generalized sumset hYA too. We study these problems in
Chapter [5]

The subset and subsequence sums are fundamental in additive number theory, in partic-
ular, in the study of the zero-sum constants, such as Noether number, Davenport constant and
some variations of these constants [, [2, [3} 4] |5, 16} 13} 14} [16} [17, [18}, 28], 36} 141}, 142, 143|155 83
93]. It is necessary to bound the subset and subsequence sums in order to ensure the existence of
a nontrivial zero-subset sum or nontrivial zero-subsequence sum of a set (or sequence). In these

problems, apart from the regular subset and subsequence sums, the subset and subsequence



sums with some restriction on the number of elements have been appeared several times (see
(20, 44, 145, 146, 49, 50, 154]]). Very recently, Balandraud [12] have studied similar subset sums
and obtained the minimum cardinality of these subset sums in finite fields. This motivates us to
study the following subset sums, as that considered by Balandraud, in the group of integers.
Let A be a nonempty set of k integers. For a nonnegative integer a (< k), let S¢(A) be the

set of subset sums of all subsets of A that are of the size at least &. More precisely,

Sa(A) ::{Zb:BCA, |B]2a},

beB

Clearly, S¢(A) C S(A). Moreover, Sq(A) may be considered as a generalization of the usual
subset sums S(A), as for @ = 0, we have So(A) = S(A). Therefore, it makes sense to study both
direct and inverse problems for Sy (A).

Since a finite set is a particular case of a finite sequence, the subset sum problems may
be viewed as a particular case of the subsequence sum problems. This motivates us to study the
analogues subsequence sums of the subset sums Sy (A). We study these subset and subsequence

sum problems in Chapter [6]

1.3 Notation

Throughout the thesis, we follow the following notation. Let N = {0,1,2,...}. For a finite set
S, let |S| be the number of elements in S. Let S denote the complement of S in G. For an integer
c,letc-S={cs:s€St,c+S={c+s:seStandc—S={c—s:5€S}. Wesay that the
set S is symmetric, if for all s € S, —s € S. For a real number x, we use the standard notation
|x] for the greatest integer less than or equal to x, and [x| for the smallest integer greater than
or equal to x. We also agree with the convention that (Z) =0, if @ and b are two nonnegative
integers with a < b. For any two integers a, b (b > a), we let the interval of integers [a,b] =
(a,a+1,...,b). For anonempty set A = {ag,ay,...,ar_1 } of integers with ap < a; < --- < ay_1,
we let d(A) := ged(a; —ap,ar —ag, ..., a1 —ap), £(A) := max(A) —min(A), the length of A,
and hy :=¢(A) + 1 — |A| the number of holes in A.

Let & = (ag,...,a0,ai,...,a1,...,ax_1,-..,ax—1) be a nonempty sequence in G with k
—_——— —— —_——
9 copies r| copies Ix—1 copies

distinct elements, where r; > 1 fori = 0,1,...,k— 1. We denote this sequence alternatively by



o/ = (ag,ay,...,ax_1)r where 7 = (rg,r1,...,r,_1) be the ordered k-tuple. For a positive integer
c and for a sequence 7 = (ap,ay,...,ar_1)7 we let

c- o = (cag,cay,...,car_1)s.
For integers a, b (b > a), we let the sequence interval |a, b]; to be the sequence (a,a+1,...,b);.

Some other specific notation are introduced at appropriate places.

1.4 Some preliminary results

The direct and inverse problems for the sumsets (mentioned in section 1.1 and 1.2) are exten-
sively studied in the past. The first result in this direction dates back to 1813, and is due to
Cauchy [24]. But, the result of Cauchy was not familiar to the mathematical community, until
Davenport [29] rediscovered Cauchy’s result in 1935 (see also [30]). Then, it started getting at-
tention of several mathematicians, who are mainly responsible for developing the subject called
Additive number theory, includes Chowla [25], Kneser [65], Vosper [105], Erdos [37], Heil-
bronn [37]], Mann [73} [74], Freiman [38]], Kemperman [62], Szemerédy [98, 99], Dias da Silva
[32], Hamidoune [32], Lev [67,[71]], Alon [7,18], Nathanson [81], Ruzsa [7, 8], and many others.
Most of these classical results may be found in the text books of Nathanson [81] and Mann [74].
Freiman’s monograph [38] provides a structural approach to these problems in additive number
theory. Tao and Vu’s [100] book Additive Combinatorics provides analytical aspects of these
problems. While these books are mainly responsible to popularize the subject of additive num-
ber theory, there are other books of Geroldinger and Halter-Koch [47], Geroldinger and Ruzsa
(48], Grynkiewicz [51]], Halberstam and Roth [52]], which are also equally informative for this
subject. In the last few decades, there have been remarkable progress in the subject of additive
number theory. Now, it is one of the active area of research. Bellow, we discuss some direct and

inverse results in additive number theory related to our work in the present thesis.

1.4.1 Direct and inverse results for Minkowski sumset

The direct problem for the A-fold sumset hA is to find the minimum number of elements in
hA in terms of number of elements in A. The inverse problem for /A is to find the structure

of the finite set A for which |hA| is minimal. The direct and inverse problems for the sumset



A;+Ar+---+ Ay are defined in a similar way. The following direct theorem is for the sumset

hA, when A is a finite set of integers.

Theorem 1.4.1. [81, Theorem 1.3] Let h > 1, and let A be a nonempty finite set of integers.
Then
|hA| > h|A| —h+1.

This theorem is a particular case of the following direct theorem for the sumset A| +A, +

C 4 Ay,

Theorem 1.4.2. /81, Theorem 1.4] Let h > 1, and let A{,A,,...,A, be nonempty finite sets of
integers. Then

’Al +A2—|—"‘—|—Ah‘ > |Aq] —I—‘Az‘ +-- ’Ah’ —h+1.
The next theorem is an inverse theorem for #A in the group of integers.

Theorem 1.4.3. [§1, Theorem 1.6] Let h > 2. Let A be a nonempty finite set of integers such
that

|hA| = h|A| —h+ 1.
Then A is an arithmetic progression.

This theorem is a particular case of the following inverse theorem for the sumset A; +

A4+ Ay

Theorem 1.4.4. [81, Theorem 1.5] Let h > 2. Let A1,As,..., A, be nonempty finite sets of

integers such that
A1 +Ax + -+ Ap| = |Ar| +|A2| 4+ Ay =R+ 1.
Then A1,A3, ..., Ay are arithmetic progressions with the same common difference.

The following theorem due to Cauchy [24] in 1813, is believed to be one of the oldest
and classical theorem in additive number theory, which finds the minimum cardinality of the
sumset A + B, where A and B are nonempty subsets of residue classes modulo a prime. In
1935, Davenport [29]] rediscovered Cauchy’s result, and later, in 1947, Davenport acknowledged

Cauchy’s work (see [30]). This result is now known as the Cauchy-Davenport theorem.



Theorem 1.4.5 (Cauchy-Davenport [24, 29]). Let g be a prime number, and let A, B be two
nonempty subsets of the group 7./qZ. Then

[A+B| = min{q, |A| +|B| — 1}.
The following theorem is the h-fold generalization of this theorem.

Theorem 1.4.6. /81, Theorem 2.3] Let h > 2, and q be a prime number. Let A be a nonempty
subset of the group 7./qZ.. Then

|hA| > min{q,h|A| —h+1}.

Immediately, after Davenport, Chowla [25] extended the Cauchy-Davenport theorem to
the group Z/mZ, where m may be a composite integer. Several generalizations of this famous
Cauchy-Davenport theorem are available now. Some of them are due to Pillai [86], Shatrowsky
[94], Kneser [63]], Pollard [90, 91], Mann [73], Hamidoune [S3]], Devos et al. [31]], Karoly [60],
and Wheeler [[107]].

The following theorem due to Vosper [103] is the inverse theorem of the Cauchy-Davenport

theorem.

Theorem 1.4.7 (Vosper [105]). Let g be a prime number, and let A and B be nonempty subsets
of 7./ qZ with A+ B # 7/ qZ. Then

|A+ B| = min{q, |A|+|B| — 1}
if and only if at least one of the following three conditions holds:
(i) min(|A],|B]) =1,
(ii) |A+B|=q—1and B=c—A, where {c} = (Z/qZ)\ (A+B),
(iii) A and B are arithmetic progressions with the same common difference.

Some generalizations of Vosper’s theorem are due to Kemperman [62], Brailovsky and
Freiman [21]], Karoly [60], and Hamidoune [55! 56].
Several partial results about the minimum cardinality of the sumsets and its inverse that

if the minimum cardinality is achieved, then the characterization of individual sets have been



obtained by now. Eliahou, Kervaire and Plagne (see [34, 135} 187, 188, [89]) finally settled the
direct problem by obtaining the minimum cardinality of A-fold sumset hA in abelian groups.

The theorem of Eliahou, Kervaire and Plagne is given bellow.

Theorem 1.4.8 (Eliahou, Kervaire and Plagne [35]]). Let G be an abelian group of order n, and
let A be a nonempty subset of G. Then

|hA| > min{(h[|A|/d] —h+1)-d: d € D(n)},
where D(n) is the set of positive divisors of n.

The problem of finding the structure of sets A and B such that |A + B| < f(|A|,|B|), where
f(JA],|B]) is a small diversion from the usual lower bound, is called an extended inverse problem
for the sumset A + B. The following theorem is an example of an extended inverse theorem,

popularly known as the Freiman’s 3k — 4 theorem [38, 81]].

Theorem 1.4.9 (Freiman [38]). Let A be a finite set of k (> 3) integers. If |2A| =2k —1+b <
3k — 4, then A is a subset of an arithmetic progression of length k+b < 2k — 3.

The following theorem is a combined result of Lev and Smeliansky [71], and Stanchescu

[95]], which generalizes the Freiman’s 3k — 4 theorem to the sumset A + B.

Theorem 1.4.10 (Lev, Smeliansky and Stanchescu [[71,95]). Let A and B be finite subsets of N
such that 0 € AN B. Define

5A7B:{ 1, ifl(A) =
Then the following statements hold:
(i) If{(A) =max(¢(A),{(B)) > |A|+|B| —1— 04 g and d(A) = 1, then
|A+B| > |A|+2|B| —2— 64 5.
(ii) If max(¢(A),¢(B)) < |A|+ |B| —2— 8ap, then

A+B| > (JA|+ |B| — 1)+ max(ha, hg) = max(€(A) + |B|, £(B) + |A]).
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1.4.2 Direct and inverse results for restricted sumset

The direct problem for the h-fold restricted sumset 4"A is to find the minimum number of
elements in 4"A in terms of number of elements in A. The inverse problem for 4"\A is to find the
structure of the finite set A for which |h"A| is minimal. The following theorem due to Nathanson

[80] is a direct theorem for ~"*A in the group of integers.

Theorem 1.4.11. /80, Theorem 1] Let A be a nonempty finite set of integers, and let 1 < h < |A|.
Then
|"A| > h|A| — R +1.

This lower bound is best possible.

The following theorem due to Nathanson [80] is an inverse theorem for 4#"A in the group

of integers.

Theorem 1.4.12. /80, Theorem 2] Let A be a finite set of integers with |A| > 5. Let 2 < h <
Al-2.1f
W A| = h|A| —h? +1,

then A is an arithmetic progression.

Here, we note that not all extremal sets, i.e., the sets where the minimum cardinality of
h"A is achieved, are arithmetic progressions.
The following theorem due to Dias da Silva and Hamidoune [32] is a direct theorem for

the restricted sumset 4"'A in the group Z/qZ, where g is a prime number.

Theorem 1.4.13 (Dias da Silva and Hamidoune [32]]). Let A be a nonempty subset of the group
Z./qZ, and let 1 < h < |A|. Then

|h"A| > min{q,h|A| —h? +1}.

This theorem is popular as the Erdds-Heilbronn Conjecture, as it was first conjectured by
Erdos and Heilbronn [37]] in 1964. Three decades later, in 1994, Dias da Silva and Hamidoune
[32] first proved this conjecture in its general form using some ideas from the exterior algebra

and representation theory. A year later, it was re-proved by Alon, Nathanson and Ruzsa [7, 18]



11

using the polynomial method. In the last few years, a large number of articles have been pub-
lished concerning possible extensions and generalizations of the Erdos-Heilbronn conjecture.
Some of them are due to Hou and Sun [57]], Liu and Sun [[72]], Pan and Sun [84, [85]], Sun and
Zhao [96], Lev [68, 169, 70]], Karolyi [S9], Balister and Wheeler [[15].

Till date, several attempts are made towards the inverse theorem of the Erdés-Heilbronn
conjecture. Some of them are due to Karolyi [61], Vu and Wood [[106], and Bilu, Lev and Ruzsa
[19].

1.4.3 Direct and inverse results for generalized sumset

The direct problem for the A-fold generalized sumset hYA is to find the minimum number of
elements in 4(YA in terms of number of elements in A. The inverse problem for (YA is to find
the structure of the finite set A for which |h(7)A| is minimal. The following two theorems are

direct and inverse theorems for h(Y)A, respectively, and are due to Mistri and Pandey [75]].

Theorem 1.4.14. [75] Theorem 2.1] Let A be a finite set of k integers. Let Y and h be positive
integers such that 1 <y < h <ky. Setm= |h/y|. Then

IhYA| > my(k—m)+ (h—my)(k—2m—1)+1.

Theorem 1.4.15. [75| Theorem 3.1, Theorem 3.2] Let k > 3. Let Yy and h > 2 be integers such
that 1 <y<h<ky—2and (k,h,y) # (4,2,1). Set m = |h/y|. If A is a finite set of k integers
such that

IhYA| = my(k—m)+ (h—my)(k—2m—1)+1,

then A is an arithmetic progression.

Clearly, Theorem |1.4.1{and Theorem [1.4.11|are particular cases of Theorem [1.4.14] and
Theorem[I.4.3]and Theorem[I.4.12]are particular cases of Theorem|[I[.4.T5] Furthermore, similar
to the restricted sumset 4"\A, in genaralized sumset hA also, not all extremal sets are arithmetic
progressions.

The following theorem due to Monopoli [[79], is a direct theorem for #(VA in the group

7./qZ., where g is a prime number.
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Theorem 1.4.16. [[79 Theorem 1.3] Let A be a nonempty subset of the group 7./ qZ with |A| = k.
Let y and h be positive integers such that 1 <7y < h <ky. Setm = |h/y|. Then

1KV A| > min{q,my(k —m) + (h—my)(k—2m—1)+1}.

1.4.4 Direct and inverse results for sum of dilates

The direct problem for the sum of dilates A 4 r- B is to find the minimum number of elements in
A+r- B in terms of number of elements in A and B. The inverse problem for A+ r- B is to find
the structure of the finite sets A and B for which |A + - B| is minimal. Till date, several direct
and inverse results for the sum of dilates A + r - B are known, here we mention few of them.

For r = 1, the sum of dilates A + r - B coincides with the sumset A + B. So, the direct
and inverse theorems for the sum of dilates A 4- 1 - B are the direct and inverse theorems for the
sumset A + B. For r =2 and B = A, Nathanson [82], Cilleruelo et al. [27], and Freiman et al.
[39] completely solved the direct problem by showing |A+2-A| > 3|A| — 2. Further, Nathanson
[82] settled the inverse problem for r = 2. Their results can be summarized by the following

theorem.

Theorem 1.4.17. [27, Theorem 1.1] For any nonempty finite set A, we have |A+2-A| > 3|A| —2.

Furthermore, if |[A+2-A| = 3|A| —2, then A is an arithmetic progression or a singleton.

The sharp lower bound and the description of the extremal set(s) for the case r = 3 have

been settled by Cilleruelo et al. [27]. In particular, they proved the following theorem.

Theorem 1.4.18. [27, Theorem 1.2] For any nonempty finite set A, we have |A+3-A| > 4|A| —4.
Furthermore, if the equality holds, then A = {0,1,3} or A ={0,1,4} orA=3-{0,1,...,n} +

{0,1} or A is an affine transformation of any of these sets.

The following theorem due to Du et al. [33]], solves the direct problem for the sum of

dilates A +4 - A.
Theorem 1.4.19. /33, Theorem 3] For any finite set A of integers with |A| > 5, we have
IA+4-A| > 54| —6.

For r > 3, Nathanson [82] obtained the uniform lower bound, “|A+4r-A| > L%|A| — %J 7,

Later, Freiman et al. [39] extended Nathanson’s result by proving the following theorem.
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Theorem 1.4.20. /39, Theorem 5] Let A be a nonempty finite set of integers, and let r > 3. Then
|A+r-A| > 4|A| —4.

Several other direct and inverse results for A + - A are available for large sets and fixed r.

For example, Cilleruelo et al. [26] proved the following theorem.

Theorem 1.4.21. [26| Corollary 1.3] Let r be a prime number. Let A be a finite set of integers
with |A| > 3(r—1)>(r — 1)\. Then

A+r-Al> (r+1)|A] - [’(’:ﬂ .

Moreover, up to affine transformations, equality holds only ifA=r-{0,1,...,n}+{0,1,...,(r—
1)/2}, for some n.

Later, Du et al. [33], generalized this result to product of primes and to powers of a fixed

prime.

1.4.5 Direct and inverse results for subset and subsequence sums

The direct problem for the subset sums S(A) is to find the minimum number of elements in S(A)
in terms of number of elements in A. The inverse problem for S(A) is to determine the structure
of the finite set A for which |S(A)| is minimal. For a nonempty finite sequence <7 of integers, the
direct and inverse problems for the subsequence sums S(7,7) are defined in a similar way. The

following theorem due to Nathanson [80] is a direct theorem for S(A) in the group of integers.
Theorem 1.4.22. /80, Theorem 3] If A is a nonempty finite set of positive integers, then
Al+1
IS(A)| > (’ |2 ) +1.

If A is a nonempty finite set of nonnegative integers with O € A, then
A
IS(A)| > (' l) +1.
2
These lower bounds are best possible.

The following inverse theorem of Nathanson [80] classifies all possible sets where the

lower bound for S(A) is exact.
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Theorem 1.4.23. [80, Theorem 5] Let A be a finite set of positive integers. If |A| > 2 and
S(A)] = (“5") +1, then
A=d-[1,]|A]],
for some positive integer d.
Let A be a finite set of nonnegative integers with 0 € A. If |A| > 3 and |S(A)| = (@') +1,
then

A=d-[0,|A|—1],
for some positive integer d.
The aforementioned direct and inverse theorems for the subset sums S(A) have been gen-

eralized to the following direct and inverse theorems for the subsequence sums S(7, <7 ) by Mistri

and Pandey [77].

Theorem 1.4.24. [77, Theorem 3.1] Letk > 2. Let of = (ay,ax, . ..,a;)7 be a nonempty sequence
of integers with a; < ay < --- < ay and ¥ = (ry,rp,...,r;), where r; > 1 for i =1,2,... k. If

a; >0, then

k
|S(F, o) > Y iri+1.
i=1

Ifay =0, then

k
S(F, )| > Y (i—Dri+1.
i=1
These lower bounds are best possible.

Theorem 1.4.25. [77, Theorem 3.2] Let k > 5, and let ¥ = (r1,ra,...,ry), where r; > 1 for
i=1,2,...k If o = (ay,aa,...,a;)5 is a nonempty sequence of integers with 0 < a; < ap <

- < ay, and |S(F, )| = XK _|ir;+ 1, then
of = aj - [l,k]f

If o = (ay,ay,...,a;)F is a nonempty sequence of integers with 0 = a; < ap < --- < qi,

and |S(7,. )| = X5, (i— 1)r; + 1, then

o =ay-0,k—1].
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Clearly, Theorem [.4.22] and Theorem [I.4.23] are particular cases of Theorem [[.4.24] and
Theorem respectively, for 7 = (1,1,...,1).

Very recently, Jiang and Li [58] have settled the direct and inverse problems for S(7, <)
in the remaining case, i.e., when the sequence ./ contains positive integers, negative integers
and/or zero. The following two theorems due to Jiang and Li [38], are direct theorems for the

subsequence sums S(7,.o7).

Theorem 1.4.26. [58, Theorem 3.1] Let k, I be two positive integers and F = (r_y,...,r—1,r1,...,rx),
withr; > 1 fori=—1,...,—1,1,....k. Let &/ = (a_y,...,a_1,ay,...,a;)s be a nonempty se-
quence of integers witha_; < --- <a_1 <0<aj < --- < ag. Then

!
Y iri+1.
=1

1=

k
[S(F, )| = Y iri+
i=1
This lower bound is best possible.

Theorem 1.4.27. [58, Corollary 3.2] Let k, | be two positive integers and F = (r_;,r_j11,...,rx),
withr; > 1 fori=—1,—1+1,....k. Let &/ = (a_j,a_;y1,...,ax)7 be a nonempty sequence of
integers witha_; <a_j;1 <---<a_1<ap=0<a; <---<ay. Then

k l
|S(f,£7)| > Zil’i—l—Zil’_l’—l—l.
i=1 i=1

This lower bound is best possible.

The following two theorems due to Jiang and Li [S8]], are inverse theorems for the subse-

quence sums S(7,.o7).

Theorem 1.4.28. /58, Theorem 3.3] Let k, | be two positive integers withk > 2 orl > 2, and ¥ =
(F_gyeeosr—1yF1y ooy b)), withri > 1 fori=—1,...,—1,1,....k. Let &/ = (a_y,...,a_y,ay,...,a;)s
be a nonempty sequence of integers witha_; < --- <a_; <0<a; < - <a. If|S(F, )| =

Z;‘Zl ir;+ Zle ir_;+1, then
a =ay - ([—l, —l]r‘u U [1,k]l:,) ,
where ¥’ = (ry,...,r;) and ¥ = (r_;,...,r_1).

Theorem 1.4.29. [58, Corollary 3.5] Let k, | be two positive integers and F = (r_j,r_j11,...,rx),

withr; > 1fori=—1,—1+1,... k. Let & = (a_j,a_;y1,...,a;)7 be a nonempty sequence of
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integers with a_; < a_j.1 <--<a_1<ay=0<a < - <a. If|SFA)| = Z;‘:liri—k
Yl ir_i+1, then
o = aj - [—l,k]f

1.5 Results and the overview of the contents

In Chapter [2, we solve some direct and inverse problems for the sum of dilates A 4-r - B, where
A, B are finite sets of integers and r is a positive integer. In particular, we present a new proof of
the direct theorem, Theorem [1.4.20] due to Freiman et al. [39], for the sum of dilates A 4 r-A.
Our method of proof of this theorem is elementary and self-contained.

We also generalize the following extended inverse theorem of Freiman et al. [39]] to the

sum of dilates A + 2 - B of two sets A and B.

Theorem 1.5.1. [39, Theorem 4] Let A be a finite set of integers with |A| > 3. If [A+2-A| <
4|A| —4, then A is a subset of an arithmetic progression of length |[A+2-A| —2|A|+2 < 2|A| —3.

In Chapter [3| we solve both direct and inverse problems for the signed sumset 4+A in the
group of integers. One of the theorem we prove is the following direct theorem, when A contains

only positive integers.

Theorem 1.5.2. Let h > 1. Let A be a nonempty finite set of positive integers. If h < 2, then
|htA| > 2(h|A| —h+1).

If h > 3, then
|htA| > 2h|A| —h+1.

These lower bounds are best possible.

We also prove the following inverse theorem for A1 A, when A contains only positive

integers.

Theorem 1.5.3. Let h > 2. Let A be a finite set of positive integers with |A| > 3. If |h+A| =
2(h|A| —h+1), then h =2 and

A=d-{1,3,... 2|A| -1},
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for some positive integer d.

Ifh >3 and |h+A| =2h|A| —h+1, then
A=d-{1,3,...,2|1A| — 1},
for some positive integer d.

Similar direct and inverse theorems for 41A have been proved, when the set A contains (i)
nonnegative integers with 0 € A (ii) arbitrary integers.

In Chapter @ we study both direct and inverse problems for the restricted signed sumset
I} A in the group of integers in two separate cases, such as the set A contains (i) only positive
integers, (ii) nonnegative integers with 0 € A. For h = 1,2 and |A|, we prove the direct and
inverse theorems for hLA. For 3 < h < |A| — 1, we conjecture similar direct and inverse results
for K/} A. We also verify our conjectures for the case h = 3.

In Chapter |5, we find the exact cardinality of the generalized sumset hYA for A =
{0,1,...,k—=2,k—1+b} =[0,k—2]U{k—1+b}, where b is a nonnegative integer. We prove
that “]h(V)A\ is a strictly increasing linear function of b for 0 < b < N; and is a strictly increasing,
piecewise-linear function of b for N < b < N, and that |h(7’)A| is constant for b > N,, for some
positive integers Ny and N>”. Our result is analogues to the Nathanson’s result for the regular
h-fold sumset kA (see [81]), which says that “|hA| is a strictly increasing piecewise-linear func-
tion of b for 0 < b < (h—1)(k —2) and that |hA]| is constant for b > (h— 1)(k —2)”. Further,
as a corollary of our result, we obtain a similar result for the restricted sumset 4"*A, which says
“\hAA| is a strictly increasing linear function of b for 0 < b < N and that ]hAA] is constant for
b > N, for some positive integer N”.

In Chapter@ we consider the subset sums Sy (A) of a finite set A of k integers and nonneg-
ative integer o < k. We find the minimum cardinality of Sy (A) in terms of number of elements
in A and a. We also find the structure of the finite set A of integers for which |S¢(A)| is mini-
mal. Further, we generalize the subset sums Sy (A) by defining the following subsequence sums.
For a nonempty sequence < = (ag,ay,...,a;_1), of k distinct integers each repeating exactly r

times, and for a nonnegative integer & (< rk), we define
Sa(r, ) :={s(B) : A is a subsequence of &7 with |B| > o},

where | 4| is the number of terms in the subsequence 2.
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Similar to the subset sums Sy (A), we find the minimum cardinality of the subsequence
sums Sq(r,7) also. We also find the structure of the finite sequence <7 of integers for which
|Se.(r,.27)| is minimal.

We conclude the thesis in Chapter[7, with a summary of results proved in this thesis. We

also propose some unsolved problems for future work.



Chapter 2

Direct and inverse problems for sum of

dilates

In this chapter, we study both direct and inverse problems for the sum of dilates A + r - B, where
A, B are finite sets of integers and r is a positive integer. In particular, when B = A, we prove a
direct theorem which gives a uniform lower bound for the sum of dilates A +r- A, for all r > 3.

We also prove a Freiman’s 3k — 4 type theorem for the sum of dilates A+ 2 - B.

2.1 Introduction

Let A and B be nonempty finite sets of integers. Let r > 1 be an integer. The sumset A+r-B :=
{a+7rb:acA,b e B} is called the sum of dilates of A and B. For r = 1, the sum of dilates
A+ r- B coincides with the Minkowski sumset A + B. The direct problem for A+ r- B is to find
the minimum number of elements in A + r- B in terms of number of elements in A and B. The
inverse problem for A + r- B is to find the structure of the finite sets A and B for which |A +r- B]
is minimal. Several direct and inverse results for the sum of dilates A 4 r - B have been obtained
by now, few of them are mentioned in Chapter[I] In particular, Freiman et al. [39] proved the

following direct theorem in 2014.
Theorem 2.1.1. [39, Theorem 5] Let A be a nonempty finite set of integers, and let r > 3. Then
|A+r-Al > 4|A] —4.
In this chapter, we present a new, self contained, elementary proof of this theorem.

19
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An extended inverse problem for the sum of dilates A 4 r- B is the problem of finding the
structure of the finite sets A and B such that |[A +r-B| < f(r,|A|,|B|), where f(r,|A|,|B]) is a
small diversion from the usual lower bound. For example, when r = 1, we have the celebrated
Freiman’s 3k — 4 theorem, i.e., Theorem|1.4.9| In the same essence, Freiman et al. [39]] obtained

the following extended inverse theorem for the sum of dilates A 42 - A.

Theorem 2.1.2. /39 Theorem 4] Let A be a finite set of integers with |A| > 3. If |A+2-A| <
4|A| —4, then A is a subset of an arithmetic progression of length |[A+2-A| —2|A|+2 <2|A|-3.

In this chapter, we also prove the following theorem, which generalizes Theorem [2.1.2]to

the sum of dilates A +2 - B of two sets A and B.
Theorem 2.1.3. Let A and B be two nonempty finite sets of integers with |A| > 3 such that
(i) d(A) =d(B) = 1,
(ii) {(A) < {(B), and
(iii) ha < hp.

If
|A+2-B|=|A|+2(|B|—1)+h < 2(|A|+ |B| - 2), (2.1)
then both A and B are subsets of arithmetic progressions of length |B|+h=|A+2-B| — |A| —

|B|+2 < |A[+ B[ -3.

Further, at the end of this chapter, we present some examples which show that the condi-

tions (ii) and (iii) of Theorem [2.1.3]are sufficient but not necessary.

2.2 Direct problem

Proof of Theorem[2.1.1) LetA = {agp,ay,...,ax—1}, where ap < a; < --- < a;_;. Then

agt+rag<ait+rag<apgtrag <ait+rag<aytrag<aytrap<---<
(2.2)

g2 +rag—1 < ag—1+rag—i.

For each 0 < i < k— 2, there are three distinct integers in the above list, satisfying a; + ra; <

ai+1 +ra; < a;+ra;;1, with one extra integer a;_| + ra;_;. So, we have |[A+r-A| > 3|A| —2.
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It remains to exhibit |A| — 2 more integers of A+ r-A. Consider the following string of

six consecutive integers of (2.2), foreachi=1,2,...,k—2,
ai—1trai—1 <ajtrai—1 <aji—1+tra;<a;t+ra;<ajy)1tra;<a;+rapr. (2.3)

We claim that for each string of type (2.3) there exists an extra element of A+ r-A which
is not in the list (2.3)) but in between a;_| + ra;—1 and a; 4 ra; ;. Once the claim is established,

we have the theorem. To prove the claim, we first check
Subclaim: for every sequence of type (2.3)), either

aj+raj—1 <ajy+raj— <aj-1+ra,
or

ait1tra;i < aj—1+rajy) < ai+rajyg.

Since foreach 1 <i<k—2,a;+ra;—1 <aj+1+raj—; and a;— +raj+1 < a;+rajy1, SO
we only need to show that either a; | +ra;—1 < aj—1 +ra; or aj;1 +ra; < aj—1 +rajy1.
If ajy1 —a; < (r—1)(a;—a;—1), then clearly a; +ra;—1 < a;— +ra;. If not, then a;| —

a; > (r—1)(a; — a;—1), which implies
(r— 1)(a,~+1 —a,') > (r— 1)2(01,- —ai,1> >a;—dai_1.

This is equivalent to

ai—1+rajy1 > ajy +ra;.

Hence, the subclaim is proved.
Next, we show that for any two consecutive strings of six integers of the form (2.3)) one
can always find two distinct elements of A+ r-A, that have not been previously included in (2.2).

This proves our main claim. Consider two consecutive strings of six integers

ai_1+rai_ 1 <ai+rai | <ai1+ra; <ai+ra;<aprp+rap<a+rap, (2.4)

and

ait+ra; < ajy1+ra; < ai+rajpy < ajp+rapp < a2 +rap < appg +rapg. (2.5)

By the subclaim, there exist xi,x; in A+ r-A such that a;_| +ra;—1 < x; < a; + raj+1

and a; + ra; < xp < ajt1 + raj+2, with x1,x; not in the lists (2.4)) or (2.5). We show that either
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X1 # x or there exists an x3 # x1 (= x;) such that x3 € A+ r- A and it lies between a;_1 + ra;_

and a;41 +rajyo.

Any one of the following four cases may arise.

Case 1: If a1 —a; < (r—1)(a; —a;—1) and a;2 — a;11 < (r—1)(aj+1 — a;), then we
get two new distinct elements x; = a; 1 +ra;—1 and xp = a;12 +ra; of A+ r-A, not previously

included in (2.4) or (2.5).

Case 2: Ifa;1 —a; < (r— 1)(61,' —ai,l) and a2 —ajr1 > (r— 1)(ai+1 — a,'), then we get
two elements x; = a;;1 +ra;—1 and xo = a; +ra; 2 of A+r-A, not previously included in (2.4))

or (2.5). Clearly, x| # x;, because

ait1trai—1 <ajy1+ra; < ajpr+ra; < aj+rajyo.

Case 3: Ifaj1 1 —a; > (r—1)(a;—a;—1) and a;12 —aj+1 > (r—1)(a;+1 — a;), then also we
get two new distinct elements x; = a;_1 +ra;+1 and xp = a; 4+ ra;12 of A+ r-A, not previously

included in (2.4) or (2.5).

Case 4: Let ajr1 —a; > (r—1)(a; —a;—1) and a;12 —ajr1 < (r—1)(ai+1 — a;). Then
we have integers a;_ + raj;1, aj+2 + ra; such that a;+ | +ra; < a;_1 +raj+1 < a; + ra;+1 and
aiy1tra; <ajyy+ra <aj+raj.

If a;_1 +rajy1 # aj+2 + ra;, then we get two distinct extra elements x; = a;_| +ra;;1 and
Xp = ajy2 + ra;, not previously included in (2.4)) or (2.5).

If not, then
X1 = Qi1 +traj;1 = ajp+ra; =Xx;. (2.6)
In this case, we show that there exists a new integer x3 = a; + ra;;» in the list (2.5, which

is different from x; = x,. Clearly, x3 > x» = x1. So we only need to show that a; + ra; 1, >

ai42 +raiq1, Or

(r—1)ajyo —raiy1 +a; > 0.
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Using (2.6) together with the inequality a;1 —a; > (r—1)(a; —a;—1), we get

(r—=1ajp2 —raip +a; = (r—1)(raiy1 —ra;+ai—1) —raiy1 +a;

r —2r)ajs — (r2 —r—1aj+ (r—1)aj—

(
> (r2 —2r)aj;) — (r2 —r—1)a;—aj41 +ra;
(P —2r—1)(ajs1 — a;).

Since r >3 and a;, | —a; > 0, we get (r> —2r — 1)(ajy1 —a;) > 0.

Thus, in each case, we get two distinct elements of A + r- A, which are not in @]) or

(2.5). Hence, we get |A| — 2 extra distinct elements of A + r- A, which are not in (2.2). Hence,
|A+r-A| > 4|A| —4. This completes the proof of the theorem. N

2.3 Inverse problem

We start with the following simple corollary of [27, Lemma 2].

Corollary 2.3.1. Let A be a finite set of integers with |A| > 3 and d(A) = 1. Then for any

nonempty finite set B of integers, we have
|A+2-B| > |A|+2(|B]—1).

Proof. Since the translation of A does not change the cardinality of A 42 - B, without loss of
generality we may assume that A C N and 0 € A. Let A denote the natural projection of A onto

Z,/27. Since 0 € A and d(A) = 1, we have |A| = 2. Hence, by [27, Lemma 2],
|A+2-B| > |A|+2(|B|—1).
]

Proof of Theorem[2.1.3] LetA ={ap,ai,...,ar—1}and B={bg,by,...,b;_1}, where ap < a; <
- <ag—1and by < by < --- < b;_1. Since translating A or B does not change the cardinality of
A +2- B, without loss of generality we may assume that ag = by = 0. Hence ¢(A) = a;_; and
¢(B) = b;_1. Now, write

A=AgUAy,
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where Ag C 2Z and A| C 2Z+ 1. Since 0 € Ag C A and d(A) = 1, it follows that both Ay and A}

are nonempty. Let |[Ag| =m and |[A|| =n. Som,n> 1 and k = m+n. Let

Ag={0=2x0 <2x] <+ <2xp-1},

1
Aj=5-Ao={0=x0 <x < <o},
Al={200+1 <2 +1< - <2y, +1},

Al=z-(Ai—1)—yo={0<yr—yo<y2—y0 <+ <Yn-1—Yo}

| =

Then
0(A]) = xm—1 < ax_1 =L(A) and £(A]) =yn—1—Yyo < ar_1 =L(A).

So,
|A+2-B|=|(AgUA|)+2-B]
=|Ao+2-B|+|A;+2-B]
= [2-A5+2-B|+]2- (A} +y0)+1+2-B|
= |Ag+B|+|A] +B]. (2.7)
We will use two inequalities, stated as Claim 1 and Claim 2 below.

Claim 1.
¢(B) <l+4+max(m,n)—2<k+1[-3. (2.8)

Since {(B) > £(A) > ((A()) and £(B) > £(A) > {(A]), we have 6p 42 = dp 2+ = 0.

Suppose first that m < n. If the claim is false, then
(B)>1+n—1=|B|+|A]|—1>14+m—1=|B|+|Ap| — 1.
Hence from Theorem [I.4.10(i), we have

IB+AS| > |B|+2(A5 — 1) =1+2m—2 and |[B+A%| > |B|+2(|AT| — 1) =1+2n—2. (2.9)

A+2-B| > 2(JA| + |B| — 2), which contradicts our hypothesis

Using (2.7) and (2.9), we get,
&0,

Similarly, if n <mand ¢(B) >l+m—1>1+n—1, then d(A) = 1 and Theorem|1.4.10(i)
again imply the inequalities (2.9), which together with (2.7) yields |A +2-B| > (JA| + |B| — 2),

a contradiction.
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Hence, ¢(B) <I+max(m,n)—2. Since k =m+n and m,n > 1, it follows that max(m,n) <

k—1 and hence ¢(B) < [+max(m,n) —2 < k-+1—3.
Claim 2.
|A+2-B| > |A|+2(|B| — 1) + hp.
For the proof of Claim 2, we consider two cases.

Case 1: Suppose m < n. By (2.8)), we have ¢(B) <1+ n—2. So, it follows from Theorem

[TZ-T0(Gi) that
|B+A1| = (|B| +|Af] = 1) + hp.

Therefore,
\A+2-B\ = ]A8+B] + |A]k+B|
> (|B[+ Aol = 1)+ (|B| +|AT| = 1) + hs
=(m+Il—-1)+(n+1—1)+hg

=|A|+2(|B|— 1)+ hp.

Case 2: Suppose that n < m. By (2.8)), we have ¢(B) < [+m— 2. It follows from Theorem

T4.T0{i) that
B+Agl = (m+1—=1) +hp = (|B[ + |Ag| = 1) + I

Therefore,
|A+2-B| =|Ay+B|+|A] + B|
> (1Bl + 140l = 1) +hs+ (|B[ + A1 = 1)
=(m+I1—-1)+hg+(n+1-1)
=|A|+2(|B|— 1)+ hp.
In both the cases, we see that
0<hp<|A+2-B|—(JA|+2|B|—-2)=h<k—3=|A]-3.

Thus, B is a subset of the arithmetic progression {0,1,...,b; 1} of size b;_1+ 1 =1+ hg <
I+h<k+1-3.
Similarly, since ¢(A) < ¢(B), the set A is a subset of an arithmetic progression of size

k41— 3. This completes the proof of the theorem. 0
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2.4 Remarks

The following remarks show that the conditions (ii) and (iii) of Theorem [2.1.3]are sufficient but

not necessary.

Remark 2.4.1. The condition ¢(A) < ¢(B) is not necessary, as can be seen by the following

example.

Example 2.4.1. Let k > 3 be a fixed integer. Let A = [0,2k — 1]U{2k+ 1} and B = [0,2k — 2] U
(2k}. Clearly, d(A) = d(B) = 1, hy = 1 = h and £(A) = 2k + 1 > 2k = {(B). Since 4k < 6k — 4

for all k > 2, we have

A+2-B=([0,2k—1JU{2k+1})+ ({0,2,4,...,4k —4} U {4k})
= [0,6k —5|U{2k+1,2k+3,...,6k—3}U[4k,6k — 1] U {6k + 1}
=1[0,6k—1]U{6k+1}.

Thus, |A+2-B| =6k+1 < 8k—2=2(|A|+|B|—2) and the sets A and B are subsets of arithmetic
progressions of length at most 2k +2 = |A+2-B|—|A| — |B|+2 < 4k—2 = |A| + |B| - 3.
Remark 2.4.2. The condition h4 < hp is not necessary, as can be seen by the following example.
Example 2.4.2. Letk > 6 be an integer. Let A = [0,k—2]U{k+ 1} and B= [0,k —2]U{k,k+1}.
Clearly in this case, d(A) =d(B) =1, {(A) =k+1={(B) and hy =2 > 1 = hp. Since 2k <
3k —5 for all kK > 5, we have

A+2-B=([0,k—2]U{k+1})+({0,2,4,...,2k — 4} U {2k, 2k +2})
= 10,3k — 6] U{k—+1,k+3,...,3k— 3} U [2k,3k — 2] U [2k + 2, 3K]
U{3k+1,3k+3)}
— 0,3k U {3k + 1,3k +3}.

Thus, |[A+2-B| =3k+3 <4k—2 =2(|A|+|B|—2) and the sets A and B are subsets of arithmetic
progressions of length at mostk+4 = |[A+2-B| — |A| — |B|+2 <2k—2 = |A|+|B| - 3.



Chapter 3

Direct and inverse problems for signed

sumset /1. A

In this chapter, we study the h-fold signed sumset 7+ A. We solve both direct and inverse prob-
lems for the sumset 41+ A by considering three different cases, namely (1) A contains only positive

integers, (i1) A contains nonnegative integers with 0 € A, and (iii) A contains arbitrary integers.

3.1 Introduction

Let G be an additive abelian group, and let A = {ag,ay,...,a;_1} be a nonempty subset of G.

Let 4 > 1 be an integer. Recall that, the /4-fold sumset hA is defined by
k—1 k=1

hA:=< Y Awaj:dieNfori=0,1,....k—land Y Ai=h.
i=0 i=0

Define the h-fold signed sumset of A, denoted by h+A, by

k—1 k—1
hiA = {Z/l,-ai:/liEZfori:O,l,...,k—l and Y |2 :h}.
i=0 i=0

Clearly,
hAUh(—A) C htA C h(AU(—A)),

and for any integer «,

hi(a-A)=o-(hiA).

27
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The signed sumset #+A was first appeared in the work of Bajnok and Ruzsa [11] in the
context of the “independence number” of a subset A of G and in the work of Klopsch and Lev
(63, 164] in the context of the “diameter” of G with respect to the subset A. The first systematic
and point centric study appeared in the work of Bajnok and Matzke [9] in which they studied
the minimum cardinality of Ai-fold signed sumset 41A of subsets of a finite abelian group. In
particular, they proved that the minimum cardinality of 4.A is the same as the minimum cardi-
nality of #A, when A is a subset of a finite cyclic group. One year later, they [[10] obtained results
regarding cases where the minimum cardinality of 41+A coincide with the minimum cardinality

of hA, when A is a subset of an elementary abelian group.

The direct problem for 4. A is to find the minimum number of elements in 41+ A in terms
of number of elements in A. The inverse problem for 4. A is to find the structure of the finite set

A for which |h1A| is minimal.

The direct and inverse theorems for #A are well established in the group of integers, which
are mentioned in Chapter (I} In this chapter, we solve similar direct and inverse problems for
h+A in the group of integers. This study is done by considering three different cases, viz.; (i)
A contains only positive integers, (ii) A contains nonnegative integers with 0 € A, and (iii) A

contains arbitrary integers, in the sections and respectively.

3.2 A contains only positive integers

Theorem 3.2.1. Let h > 1, and let A be a set of k positive integers. We have

heA| > 2(hk —h+1).

This lower bound is best possible for h < 2.

Proof. Let A ={ag,ay,...,a;_1}, where 0 < ag < aj < --- < ay_1. The sumset 1A contains at
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least the following 2(hk — h+ 1) integers.

hay < (h—1)ag+a; < (h—2)ag+2a; < -+ <ag+ (h—1)a; < ha;

<(h—Naj+ay<(h—=2)ay+2a, <---<a;+ (h—1)ay < ha

<(h—Nar2+ar 1 < (h—=2)ar 2+ 2a 1 < <ar2+(h—1)ar

< hay_4 (3.1)
and

—hay_; < —(h - l)ak,l — Qg < - < —Qp—1— (h— l)ak,z < —hay_»

<—(h—1)ag2—ar3 << —axo—(h—1)a_3 < —hay_3

< —(h=1)ay—ag < --- < —aj; — (h—1)ag < —ha. (3.2)

Hence,

lheA| > 2(hk—h+1).

Next, we show that this lower bound is best possible. If 2 = 1, then |11 A| = 2k. Hence

the lower bound is tight for every finite set A. Next, let h =2 and A = {1,3,5,...,2k— 1}. Then
2.A={—(4k—-2),...,—4,-22.4,. .. (4k—2)}.

Hence,

2+4-A| = 4k — 2. This completes the proof of the theorem. U

Theorem 3.2.2. Let h > 2, and let A be a set of k positive integers. If |hp Al =2(hk—h+1),
thenh=2and A=d-{1,3,...,2k — 1}, for some positive integer d.

Proof. LetA ={ap,ai,...,ar_1}, where 0 <ag <aj <---<ag_;. Since |hpA| =2(hk—h+1),
it follows from Theorem [3.2.1] that the sumset 21 A consists precisely the integers listed in (3. 1])
and (3.2). Foreachi=1,2,...,k—2, we have

a1+ (h— l)ai < ha; < (h— l)ai—l—aiH.

Also,
ai—1+ (h— 1)Cli < aj—1+ (h — 2)a,- tair < (l’l — 1)a,~—|—a,~+1.
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Thus,
ha; = a1+ (h—2)a; + ajt1.

This is equivalent to

ait] —4ai=da; —dj—1.
Therefore, the set A is an arithmetic progression, i.e., a; — a;—1 = d, for some d > 0 and for all
1<i<k—1.
Again,
—ha; < —(h—1)ay—ap < —(h—1)a;+a9p < —(h—2)a; +2ap < --- <
—ay+ (h—1)ag < hay. (3.3)

Thus, from (3.1)), (3.2) and (3.3)), it follows that, fori =1,2,...,h—1,
—(/’L— i)a1 +iag = —(h—i— 1)a1 - (i—|— l)a().

So, the common difference d = a; — ag = 2iag, fori =1,2,...,h— 1. This is possible, only if
h = 2. Hence
A=d-{1,3,...,2k—1}.

This completes the proof of the theorem. [

Theorem 3.2.3. Let h > 3, and let A be a set of k (> 3) positive integers. Then
|hyA| > 2hk —h+1. (3.4)
This lower bound is best possible.

The above theorem does not hold for k = 2, as it can be seen by taking A = {1,2}, h = 3;
A={1,3},h=4;and A ={2,3}, h=5.
Further, if A = {ag,a;}, where 0 < ap < a; and h < %ao“‘, we observe in the following

remark that |hLA| = 4h.

Remark 3.2.1. Let A = {agp,a;}, where 0 < ap < aj. Let 3<h < % Then, every summand
in htA is either of the form (h — i)ag + iaj, or (h—i)ag — iaj, or —(h —i)ag + iaj, or —(h —

i)ag — iay, where 0 < i < h. Hence, the maximum possibility of integers in hA is 44, i.e.,

hiA| < 4h. (3.5)
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On the other hand, as h < %, ie., 0 < (2h—1)ag < aj, we have

hagy < —(h—l)a0+a1 < (h—l)ao+a1 < —(h—2)a0+2a1 < (/’1—2)610-1-2611 <0 <K

—apg+ (h—1)a; < ag+ (h—1)a; < ha;.

Since each of the above 2/ signed h-fold summand is positive and in A+ A, their negatives are

also in hyA. Hence, |hyA| > 4h. This together with (3.5) give |hrA| = 4h.

Proof of Theorem[3.2.3] Let A = {ag,ay,...,a;—1}, where 0 < ap < a; < --- < ax—;. From
Theorem it follows that the sumset 4+ A contains at least 2(hk — h+ 1) integers listed in
(3.1) and (3.2). So, it remains to show at least (h— 1) extra integers in h+A different from the
integers in (3.1)) and (3.2)). To show this, we consider three cases depending on a; —a; < a; —a,
a, —ay > ay —aop, and ap —a; = a; —ap. Except in a subcase of the last case, namely, a, —a; =
ai — ag = 2ap, which will lead to present the example for the best possible bound, we show
much more extra summands than # — 1 in AA.

Case 1. (ap —a; < aj —ay, i.e., ay < 2a; — ap). Consider the following sequence of integers,

which is taken from (3.1)).
(h—1)ag+a; < (h—2)ap+2a; < (h—3)ap+3a; <---<ap+ (h—1)a; < ha; (3.6)

We shall insert an extra signed h-fold summand between each pair of successive integers

of (3.6) as follows:

(h—1)ag+a; < (h—1)ag+az < (h—2)ag+2a; < (h—2)ap+a; +a < (h—3)ag+ 3a;
< (h—3)a0—|—2a1 +apy < (h—4)ao—|—4a1 AGERE <2ao+(h—3)a1 +ay <a0+(h—1)a1

<ap+ (h—2)a;+ay < ha;.

Thus, we get h — 1 extra positive integers of A1 A. Similarly, taking the negatives of these
h — 1 summands, we get another set of 4 — 1 integers of 41 A. Hence, we get a total of at least
2(h— 1) extra integers of h1A, not already listed in (3.1) and (3.2).

Case 2. (ap —ay > ay —ay, i.e., 2a; < ap + ag). Similar to the Case 1, we have

hay < (h—2)ay+ay+ag < (h—1)a;+a, < (h—3)a; +2a, +ap < (h—2)a; +2a,

<(h—4Naj+3ar+ap< (h—3)a;+3a <--- < (h—1)ay+ap < a;+ (h—1)ay.
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So, we get i — 1 extra summands in 1A between ha; and a; + (h — 1)ay. Hence, taking
negatives of these 4 — 1 positive summands, we get a total of at least 2(h — 1) extra integers of
hiA.

Case 3. (ap —aj; = a; —ay, i.e., ay, aj, ap are in arithmetic progression). Let a; = ag +d,
ap = ap + 2d, for some positive integer d.

Subcase 1. (d > 2ag). Consider the following integers of (3.1))

hag < (h—1)ag+a; < (h—2)ap+2a; < ---<ap+(h—1)a; < ha; < (h—1)a; +a

<(h=2)a1+2a; <--- <ay+ (h—1)ay < hay.
Rewrite the list as

hay < hag+d < hag+2d < --- < hag + (h— 1)d < hag+ hd < hag+ (h+1)d

<hay+ (h+2)d < --- < hap+ (2h—1)d < hao+2hd.

Foreachi=0,1,...,h—2, we insert an extra summand between hag + 2id and hao+ (2i +

1)d. We have
hao+2id < (h—2)ag+ (2i+1)d = (h—2—i)ag —a; + (i+ 1)ay < hap+ (2i+1)d.

Each of these & — 1 extra signed A-fold summand (h —2 —i)ag —aj + (i+ 1)ay, is positive.
So, we get h — 1 extra positive integers of h1A. The negatives of these & — 1 integers are also
signed h-fold summands, hence are in the set #+A and different from the summands in (3.2).
Hence, we get at least 2(h — 1) extra integers of 11 A, which are not listed in and .
Subcase 2. (d < 2ap). We use induction argument on 4 to write [gJ extra positive integers of
hiA.

If h = 3, then

apg < ax—ay+ayg=ay+d < 3ay.

If h = 4, then

2a9 < ar —ay +2ag = 2a9+d < 4ay,

and

0 < —ay+3ag =2a9g—d < 2ayp.
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If h =5, then
3ap < ap —ay +3ag = 3ap+d < Say,
and
ap < —ay1 +4ag = 3ag —d < 3ay.
If h = 6, then
day < ap —ay +4ayg = 4apg+d < 6ay,
2a9 < —ay +5ag = 4ag —d < 4ay,
and

0 <2ay—3ay+ag=d < 2ayp.

In all the above cases we get exactly [%j number of extra positive signed h-fold sum-
mands, which are not included in and (3.2). Now, let & > 7 and assume that the result is
true for h— 1. If h =4k +1 or h = 4k +3 for some k > 1, then 4] = |251| = 251, By the
induction hypothesis, Lh;zlj extra positive integers as signed (h — 1)-fold summands may be
obtained in (72— 1)1A. Adding a single copy of ag to all these (h — 1)-fold summands, we can
obtain | 251 |(= | %]) extra positive signed /-fold summands. This completes the induction in
this case.

Now, let h =4k, k > 1. Then Lh;zlj extra positive integers may be obtained from the

L%J extra positive summands of (2 — 1)-fold signed sumset of A by just adding ag to it and
one more summand is given by 0 < (k— 1)ap — (2k — 1)a; + (k+2)ag = 2ap — d < 2ayp. Hence,
we get L%j extra positive integers.

Similarly, if A =4k +2, k > 1, then L%j extra positive integers may be obtained from
the Lh%j extra positive summands of (i — 1)-fold signed sumset of A by just adding ag to it and
one more summand is given by 0 < (k+1)ay — (2k+ 1)a; +kap = d < 2ay.

Since, the negatives of these L%j integers are also in the set 71 A. Hence, we get a total of
at least 2 L%J extra integers in 1 A.

Further, in both the above subcases 1 and 2, we get even more 2 L%j integers. Let m be the

largest integer such that 3m < h, i.e., m = [%J orh=3m+e¢€,e€{0,1,2}. Then,

(h—3)ap+2a; —ay = (h—2)ay,
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(h - 6)610 +4ay —2a; = (h—4)a0,

(h—9)ag+6a; —3az = (h—6)ao,

€ap+2may; —may = (m+ €)ay.

So, there are m = L%j further extra positive signed h-fold summands which are multiples
of ap, between 0 and hag. Thus, including negatives of these integers we get, 2m = ZL%J even
more extra integers in both the subcases d > 2ag and d < 2aq. Hence, in both the subcases 1 and

2, we get a total of at least 2( L%J + L%J) extra signed h-fold summands neither included in 1)

nor in (3.2).
Subcase 3. (d = 2ayp). In this case we show that —(h —2)ag, —(h — 4)ag, —(h — 6)ag, ..., (h—
6)ag, (h—4)ap, (h —2)ag are signed h-fold summands, which are neither included in nor
in (3.2). Clearly, their number is & — 1.

If h =3, then 2a; — ap = ap, and ay — 2a; = —ayp. So, we get (h— 1) = 2 distinct integers
which are previously not included.

Now, let i1 > 4. Rewrite the summands of (3.1)), which are between hag and ha; as follows:
(h— 1)a0+a1 < (h—2)610+2611 < (h—3)a0+3a1 <---<ap+ (h— l)al. 3.7

Adding —(a; + ap) to the first three successive integers (h — 1)ag + ai, (h—2)ag + 2ay,
(h—3)ap+ 3a; of (3.7), we get

(h—1)ap+a; — (a1 +az) = (h—1)ag —ap = (h—6)ay,

(h—2)ag+2a; — (a1 +az) = (h—2)ag+a; —ay = (h—4)a,

and

(h—3)ap+3a; — (a1 + a2) = (h—3)ao+2a; —ap = (h—2)ap.

Now leave the first term of (3.7)) and add —2(a; +ay) to the next three successive integers
(h—2)ao+2ay, (h—3)aog+3ai, (h—4)ag +4a; of (3.7), we get

(h— 2)(10 +2a; — 2(611 +a2) = (/’l— 2)61() —2ap = (/’l — 12)(1(),

(h—3)ao+3a; —2(a; +az) = (h—3)ap +a; —2a; = (h—10)ay,



35

and

(h—4)a0 +4a; — 2(611 —l—a2) = (h—4)a0+2a1 —2ar = (/’l — 8)61().

We continue this process up to the last triplet 3ag + (h — 3)ay, 2ag
+ (h—2)ay, ap+ (h—1)a; of (3.7) by adding —(h —3)(a; +a2), to get

3ap+ (h—3)a; — (h—3)(a; +az) =3a9— (h—3)ar = —(5h — 18)ay,

2ap+ (h—2)a; — (h—3)(a1 +a2) = 2ap+a; — (h—3)ay = —(5h—20)ay,

and

ap~+ (h—1)a; — (h—3)(a1 +a2) = ap+2a; — (h—3)ay = —(5h—22)ay.

The above process covers all the 4 — 1 integers —(h—2)ag, —(h—4)ag, —(h—6)ag, ..., (h—
6)agp, (h—4)ap, (h—2)ag as signed h-fold summands with some other possible negative integers
which are already counted in . One may stop this process till one gets —(h — 2)ag. Thus,
we get exactly & — 1 extra integers of 41+ A, not already included in and (3.2).

Thus, in all the above cases 1, 2 and 3, we get at least 7 — 1 extra integers of LA, which

are not included in (3.1)) and (3.2). Hence,
|hiA| > 2hk —h+1.

Next, we show that the lower bound in (3.4) is best possible. LetA = {1,3,5,...,(2k—1)}

for some integer kK > 1. If & is even, then
hiA C{—h(2k—1),...,—4,-2,0,2,4,... ,h(2k—1)}.
If 4 is odd, then
hiA C {—h(2k—1),...,—5,-3,—1,1,3,5,... ,h(2k—1)}.

In both these cases, |htA| < 2hk —h+ 1. Hence, together with (3.4), we get, |hiA| =
2hk — h+ 1. This completes the proof of the theorem. [

Theorem 3.2.4. Let h > 3, and let A be a set of k (> 3) positive integers. If |htA| =2hk —h+1,
then A=d-{1,3,...,2k— 1}, for some positive integer d.
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Proof. LetA = {ao,al,...,akfl}, where 0 < ap < a; < -+ < ag_1. Since |hiA| =2hk—h+1,
from the proof of Theorem [3.2.3]it follows that ap —a; = a; —ap = d = 2ap. Again, by the
similar argument used in Theorem [3.2.2] we get, foreachi=1,2,...,k—2
ai—1+ (l’l — l)ai < ha; < (/’l — 1)a,~ +ai+1,
and
a1+ (h — 1)61,’ < aj_1+ (h — 2)a,~+ai+1 < (l’l— 1)al~+al~+1.

Thus,
ha; =a;—1+ (h—2)a; + ajy1.

This is equivalent to

di+1 —ai =a; —aj—1.
Therefore, the set A is an arithmetic progression, and hence
A=d-{1,3,...,2k—1}.

This completes the proof of the theorem. 0

3.3 A contains nonnegative integers with 0 € A

Theorem 3.3.1. Let h > 1, and let A be a set of k nonnegative integers with O € A. Then
|hiA| > 2hk —2h+ 1. (3.8)

This lower bound is best possible.

Proof. Let A ={ag,ay,...,ar_1}, where 0 =ap < a; < -+- < a;_;. From (3.1)) and (3.2), it is
clear that h1A contains at least hk — h positive integers (h —i)a; +ia;j1 and hk — h negative

integers —(h —i)aj—iaj;1, for 0 <i<h, 1 < j <k—2,and one extra integer zero. Thus,
hsA| > 20k —2h+ 1.

Next, we show that the lower bound in (3.8)) is best possible. Let A = {0,1,2,...,k— 1} =
[0,k — 1]. The smallest integer of h+A is —h(k — 1) and the largest element of 41 A is h(k—1).

Therefore,

hiA C [—h(k—1),h(k—1)].
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So
|htA| <2h(k—1)+1.

This inequality together with (3.8)), implies
|hiA| =2hk —2h+ 1.
This completes the proof of the theorem. [

Theorem 3.3.2. Let h > 2, and let A be a set of k nonnegative integers with 0 € A. Then
|hiA| = 2hk —2h+ 1 if and only if A = d - [0,k — 1], for some positive integer d.

Proof. Let A ={ap,ay,... a1}, where 0 =ag < a; < --- < ag_1. Since |htA| =2hk —2h+
1, it follows from Theorem that the sumset 41 A consists precisely the integers listed in
equation (3.1) and (3.2)). By the similar argument as used in Theorem [3.2.2] and Theorem [3.2.4]

we obtain that the set A is an arithmetic progression. Hence A =d - [0,k — 1]. ]

3.4 A contains arbitrary integers
Theorem 3.4.1. Let h > 1, and let A be a set of k integers. Then

|hyA| > hk—h+1. (3.9)
This lower bound is best possible.

Proof. The lower bound is trivial and it follows from (3.I). To see that the lower bound is

optimal, consider the interval of integers A = [— L%j, L%H , where k > 3 is an odd integer. Then,
k k
hiA —h|=|,h|=]].
ac 5] 5]

k
lheA| < 2h EJ +1=(k=1D)h+1=hk—h+]1.

Thus,

This inequality together with (3.9) gives |h+A| = hk —h+ 1. This completes the proof of the

theorem. O

Theorem 3.4.2. Let h > 2, and let A be a set of k (> 2) integers such that |h+A| = hk —h+ 1.

Then A is a symmetric set, which is also an arithmetic progression.
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Proof. Let A = {agp,ay,...,ax_1}, where ap < a; < --- < ap_;. Let |htA| = hk —h+ 1. Since
hA C h+A, Theorem [[.4.1] implies that hA = h+A. Thus, by Theorem [I.4.3] the set A is in
arithmetic progression. Again, since |h+A| = hk —h+ 1, the sumset 1A contains precisely the
(hk —h+ 1) integers listed in (3.1)). It also contains the (hk —h+ 1) integers listed in (3.2). Thus,
foralli=0,1,...,k— 1, we have

]’la,' = —hak_l_i.

This is equivalent to a; = —ay_;_;, for all i = 0,1,...,k— 1. This completes the proof of the

theorem. O



Chapter 4

Direct and inverse problems for restricted

signed sumset //} A

In Chapter (3| we studied both direct and inverse problems for the signed sumset 4.+A in the
group of integers. In this chapter, we consider the signed sumset 41 A by restricting the weights
of a h-fold sum to at most the absolute value 1. We study both direct and inverse problems for

this sumset in the group of integers.

4.1 Introduction

Let G be an additive abelian group, and let A = {ag,ay,...,a;_1} be a nonempty subset of G.
Let & > 1. Recall that, the h-fold sumset kA, the h-fold restricted sumset 4"A, and the A-fold

signed sumset s+A of the set A are defined by

k—1 k—1
hA::{ Aiai - A e Nfori=0,1,...,k—1 and Zli:h},
—0 i=0

1

k—1 k—1
h/\A = {Zlia,-:l,-e {O,I}fori:O,l,...,k—land Zli:h},
i=0 i=0

and

k—1 k—1
hiA = {Z/’L,-a,-:/"tiGZfori:O,l,...,k—l and Y |2 :h},
i=0 i=0

where 1 < h < k in case of h\A.

39
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We define the h-fold restricted signed sumset of A (for 1 < h < k), denoted by h’ A, by

k—1 k—1
hA —{Z?La, A €{-1,0,1} fori=0,1,...,k—1 and Z\M:h}.

li l:0
Clearly,
W"AUR"(—A) C h}A.

Also, for an integer o, we have
i(o-A) = a- (hLA).

The direct problem for A}A is to find the minimum number of elements in A} A in terms
of number of elements in A. The inverse problem for 4/ A is to find the structure of the finite set
A for which |h/}A| is minimal.

The direct and inverse theorems for #A and h"A are well settled in the group of integers,
which are mentioned in Chapter |II We settled the direct and inverse theorems for 4.LA in the
group of integers in Chapter[3] In this chapter, we prove similar direct and inverse theorems for

h/}A in the group of integers.

4.2 A contains only positive integers

Theorem 4.2.1. Let A be a set of k positive integers, and let 1 < h < k. Then

\WYA| > 2(hk — h*) + (h;rl)ﬂ. (4.1)

This lower bound is best possible for h =1, 2 and k.

Proof. Let A = {ag,ai,...,ax—1}, where 0 < ap <a; <---<ay_y. Fori=0,1,....k—h—1
and j=0,1,...,h,let

h
Sij = Y. it (4.2)
I#h=j
Let
h—1
Sk—h0 ‘= ;{)ak—h+z~ (4.3)

Each s; ; is a sum of A distinct elements of A, and hence it is in h A. Moreover, for i =

0,1,....k—h—1and j=0,1,...,h— 1, we have

sij <Sij+1 and s;p =Siy10-
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Thus, we get at least hk — h” + 1 positive integers in #)A. Since h} A is symmetric, the
inverses of these hk — h* + 1 integers are also in h: A with —sg 0 < s0.0- So, we get 2(hk — h? + 1)
integers in A} A.

Fori=0,1,...,h—1and j=0,1,...,h—i— 1, define the sequence of integers

h—i—1 i
=Y, (—a)+aj+ Y, apm. (4.4)

=0 m=1
I#j

Clearly, each t; ; € h’y A. Moreover, for j =0,1,...,h—i—2, we have
lij <tij+1,
and fori=0,1,...,h—2, we have
tin—i—1 <tit+1,0-
Also,
—50,0 <foo and 7,10 =500-

Therefore, we get (hH) — 1 more integers in h2!A which are listed in 1} Further, these

elements are different from the elements in (4.2)) and (.3)). Hence, we get
h+1
\W)A| > 2(hk —h*) + < er ) +1.

Next, we show that the lower bound in (4.1) is best possible for 4 = 1, 2 and k.

Let &1 = 1. Then for any finite set A of k positive integers |1} A| = 2k and 2(hk — h?) +
("3") +1 =2k

Now, let h=2 and A = {1,3,5,...,2k— 1}. Then

2NA ={—(4k—4),—(4k—6),...,—2,2,4,... 4k — 4},

and hence |2} A| = 4k — 4 = 2(hk — h?) + (h+1) 1

Finally, let # = k and A = [1,k]. Itis easy to see that kA contains either odd integers or

even integers. Since k) A C [— (1, (kgl)}, we get

k-+1
|k§A|§( er )+1.

This together with 1| give [KLA| = (kgl) + 1 =2(hk—h?) + (h+]) + 1. This completes the

proof of the theorem. 0
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The next two theorems give the inverse results for the cases 7 = 2 and h = k, respectively.

For h = 1, any set with k elements is extremal, i.e., where the lower bound is achieved.

Theorem 4.2.2. Let A be a set of k (> 2) positive integers such that |2} A| = 4k — 4. Then
A ={ag,a\} withag < ay, ifk=2,and A =d-{1,3,...,2k — 1}, for some positive integer d, if
k> 3.

Proof. LetA ={agp,ay,...,ar_1}, where 0 < ap <aj; <---<a;_1. Let
|24 A| = 4k — 4.
First, let k = 2. Then
20A = {ag+ay,a0 —ay, —ag+ay,—ap —ai },

where

—q—a<ay—a1 < —ag+a; <ap+ai.

Thus, for every set A of two positive integers |20 A| = 4 = 4k — 4.
Next, let k = 3. Then

A
20A ={ap+ai,a0 —ar,—ap+ai,—ap—ay,ap + az,ap — az, —ap + az, —ap — az,a + az,

ay —ay,—ay+az,—a; — a},
where
—a1—m < —ayg—ay < —ag—ay1 <ap—a; < —apt+a; <apta; <aptay <ay+a. (4.5)
If |2 A| = 4k — 4 = 8, then 2/ A contains precisely the integers listed in . Since
—ap—ax <ap—az <ap—aj,

we get ag —ar = —ap —ay, 1.e., ap —ay = 2ay.
Similarly, as

ag—ay1 <ay—ay <a;—ap=ap+ai,

we get ap —a; = a; — ag. Hence, A = ap-{1,3,5}.
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Now, let k = 4. Then

A
20A ={ag+ay,ap —ay,—ap+ay,—ap — ay,ap + az,a0 — az, —ag + a2, —ap — a2, ap + as,
ap—az,—ap+as,—ap —as,ay; +az,ay —az,—ai +az,—ay —az,a; +asz,a; —as,

—ay+az,—a; —az,ay+az,ap —az,—ax+az,—a, —az},
where

—h—mn<—a— < —a— @< —ag—am<—ay—a; <ag—a; < —ap+a

<agtar<apyt+ay<ar+a <ay+az <ay+as. (4.6)
If |2 A| = 4k — 4 = 12, then 2/} A contains precisely the integers listed in . Since
ap+ax <ap+az <aj+tas,

it follows from that ag + a3 = a; + ap, which is equivalent to az — ay = a; — ay.
Similarly, since

—ag+a) < —ag+a; <ag+ap,

we have —ag+ap = ag+ay, or ap — a; = 2ay.

We also have
—a)—ay=—ay—az<aqp—az<ap—ax=—ap—4aj.

Therefore, ag — a3 = —ap — ay, or a3 — a, = 2ap. Hence, A = ag-{1,3,5,7} is the extremal set
for all ag > 0.

Finally, let k > 5, and |2} A| = 4k — 4. From Theorem it follows that the sumset
h.A contains precisely the integers listed in (4.2), and (@.4), for h = 2. Since 2"A C
[agp + ay,ax_» + ai_1] and there are exactly 2k — 3 integers in and between ag + a;
and ag_» + ay_1, Theorem[I.4.12]implies that the set A is in arithmetic progression. That is, the
common difference d =a; —ag=ay —a; = -+ = ay_1 — Ag_».

Again, since

—ap—ay < —ap—a; <ap—aj,

and

—ap—ay <ap—ax <ap—aig,
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we get ap —ay = 2ap. Hence A = ap-{1,3,...,2k— 1}. This completes the proof of the theorem.
O

Theorem 4.2.3. Let A be a set of k (> 3) positive integers such that
k+1
kL A| = ( er )+1.

Then A ={ag,a1,a0+ay } with ag < ay, if k =3, and A = d - |1, k| for some positive integer d, if
k> 4.

Proof. First, letk =3 and A = {ag,a;,az}, where 0 < ap < a; < a. Then

3/ﬂ\:A = {ap+a)+az,ap+ay —ar,ap — ay +az,ap —a; —a,—ap+ay +az, —ap+a; —ay,

—ap—ay+ay,—ag—a —az},
where, we have

—aqo—ar1—am<aqg—a—m < —aytar—ar < —ap—ay+a<ayg—a;+a

< —apg+ta+a<ay+a+a. “4.7)
If |30A| = (g) +1 =17, then 3} A contains precisely the seven integers in lb Since
—apt+a1—ay <apg+a; —arx <ag—ay+as,

we have ap+a; —ap = —ap — a; + ap, i.e., ap —a; = ap. Hence, A = {ag,a;,a0+a,} is an
extremal set.

Next, let k =4 and A = {ag,a;,az,a3}, where 0 < ap < a; < a; < az. Let [4}A| =
(;) +1 = 11. Then 4} A contains precisely the following sequence of integers written in an

increasing order.

—apg—a)—ay—azy<ap—a)—ay—az < —ap+ay—ax—az < —ap—ay+a —as
<—aqp—a1—mtauy<ay—a—ar+az3 < —ap+a—ar+az3 < —ap—a;+a+a3

<ap—ajt+a+az3 < —ap+a;+ax+az <apg+ay+ax+as. 4.8)
Since the sumset 4/ A is symmetric, from (4.8)) it follows that

—ap—ay+ay—az=—(—ap—a) +a +a3),
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—ap—a)—ay+az = —(—a0+a1 —a2+a3),

and

apg—a;—ar+az=0.

These above three equations give a3 —a, = a, —a; = a; —ap = ag. Hence, A = ag - {1,2,3,4}.

Finally, let k > 5 and A = {ag,ay,...,ar_1}, where 0 < agp < a; < --- < a;_1. Let

k+1
|k§A\:( er )+1.

Then, kA contains precisely the integers listed in (4.4) (for & = k), with one more integer

—ap—a)—---—ay_1. For j=1,2,... k—1, set
k=1
uj=ao+ Y (—a;)+aj. (4.9)
=
Clearly,

fo <up <up < - <o <Up1=1I1p0-

So, there are exactly k — 2 distinct integers in (@) between 7o ; and 11 9. Therefore, (@)
and (.9) implies that, for j =1,2,...,k—2,

10,j+1 = Uj.
This is equivalent to a1 —a; = ag, for j=1,2,...,k—2. That is
Aj_1 — Qg = -+ = a3 —ay = a; — a| = a.
Again, since kQ\EA is symmetric, we have —f o = fx_3 0, 1.€.,
—(—ap—a1—ay—az+as—--—ar1)=ap—ay—ay+az+as+---+ag.

In other words,
as =ay +ar.
Since a3 — ay = ap, we get as — a3z = a; — ag. Hence, A = ag - [1,k]. This completes the proof of

the theorem. [

For h > 3, we believe that the sumset thEA contains at least 2hk — h% + 1 integers. So we

conjecture that
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Conjecture 4.2.4. Let A be a set of k (> 4) positive integers, and let 3 < h < k— 1. Then
\h2A| > 2hk — R + 1.
This lower bound is best possible.

The following example confirms the conjecture in a special case. Also in Theorem 4.2.5}
we prove the conjecture for 7 = 3. Moreover, we also give the inverse result in this case.
Example 1 (Super increasing sequence). Let A = {ag,ay,...,a;_1}, where k > 6, ap > 0, and
a;>Y'_paj,fori=12,.. k—1.

Let i > 5. Clearly, the sumset ) A contains at least 2(hk — h?) + (hjgl) + 1 integers, which
are listed in (4.2)), and (@.4).

For j=1,2,...,h—2, consider the integers —2ag + s¢ ;. Clearly

h
—2ay +80,j = —aop + Z a € h/j\:A,
sy

and
50,j—1 < —2ay + 50,5 < 50,j-
So, we get h — 2 extra positive integers h'A, which are not present in (#.2), (4.3) and (4.4).
Since
—50,j < —(—2a0+50,;) < —50,j—1,

we get h — 2 further extra integers in AL A.

For j =2,3,...,h—3, consider the integers
foh—j—1 < —ljp—j2<—tjpj3<-<—tjo<—lji_1pj<Ilop—j (4.10)

Then, for each j =2,3,...,h—3, we get h — j extra integers. Therefore, we get 3+4+---+
(h—2) = (5) — h—2 more integers in /A which are listed in (4.10) and never counted before.
We also get one more integer, i.e., —#;_3 > such that 7 | < —1,_3, <192. So, we get 2(h—2)+

(g) —h—-2+1= (3) + (h—5) extra integers. Hence, by and large, we have

\WYA| > 2hk —h? +h—4 > 2hk — h* + 1.
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Theorem 4.2.5. Let A be a set of k (> 4) positive integers. Then
|3}A| > 6k —8. (4.11)
Moreover; if |3} A| = 6k — 8, then A =d - {1,3,5,...,2k — 1} for some positive integer d.

Proof. Let A = {ag,ai,...,ak—1}, where 0 < agp < aj < --+ < ag_;. From Theorem 4.2.1 we
have [3}A| > 6k —11.
Next, we show that there exist at least three extra integers in 3/i\A which are not counted

in Theoremm Consider the following thirteen integers of 3/ A:

—a1—a@—a3< —ay—a—az3< —ap—a1—az3< —ap—a1—a<ap—ay1—a
<—apt+a1—amy<—aq—at+tar<ay—ar+a < —apt+a+a <ag+a+ap

<ag+tay+az<ag+ay+az <a+a+as. (4.12)

We exhibit at least three extra integers between —a; —ay — a3z and a; +ap + a3 in all
possible cases.
Case 1: Let a3 —ap < a3 —aj < 2ag. Then, we get at least two extra positive integers

—ap + ay + a3 and —ag + ap + az which are not present in (4.12)) such that
—ap+a)+ay < —apg+ay+az < —ap+ay+az <ap+a+ap.

Case 2: Let a3 —ar < 2ag < a3 —ay. Then, we get at least two extra positive integers

—ap — a1 +az and —ag + a; + a3 which are not present in (4.12)) such that

—ap—a1tamr < —ay—a)1t+az<ap—a)+a < —ap+ay+a < —ap+ai+as

<ap+ta;+a.

Case 3: Let az —a; > az —ap > 2ag. Then, we get an extra positive integer —ag+a; + a3
such that

ag+ay+ay < —ap+aj)+az <apg+aj+as.

To exhibit one further extra positive integer consider the following subcases
Subcase (i) (a; —a; < 2ag). We get one more extra positive integer —ag + a; + a3 such
that

agtayt+ay < —ap+ay+az < —apg+ax+asz <ag+a+as.
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Subcase (ii) (a; —a; > 2ap). We get one more extra positive integer —ag + as + asz such
that

apt+ajtay < —ap+tay+az<apta;+az < —ap+ax+az <ayp+az+as.
Subcase (iii) (ay —a; = 2ag). In this subcase, we get two positive integers ag — aj + a3
and ag — ap + a3 such that
ag—ar+a=3ay<ay—ar+az<ag—a;+az < —ag+ay+az <ag+ai+as.
But, we already have

ag—ar+ay < —ap+ay+a<ap+ay+ay < —apgp+a; +az < ag+ay +as.

Thus, except in the cases ag —ar + a3 = —ap+a) +az and agp — a; +az = ap+a; + az,
we get at least one extra positive integer and hence we are done.
So, let

ap—ax+az = —ap+ap+a,

and

ap—a)+azy=ap+a+as.

These two equations imply
2(ay —ap) = a3 —a; = a; +ay.
Consider the integer —ay — ay + az. We have
—aqy—a1t+ay=ay< —ag—ar+az < —ag—ay+az = —ag+a; +a.

If —ag —ay + a3 # ag — a; + ay, then we are done, as we get one extra positive integer.
Otherwise, let

—ap—ay+az3 =ag—a; +an,

or

az —apy = 2ag—a; + ar = 4ay.

Therefore, we have

a3 —ay = az—ax+ax —ay = 6ay,
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and

ay —ag = 5((13 —al) = 3a0.

Solving these equations we get a; = 2aq, a; = 4ap and a3 = 8ag. Thus, we get one extra

positive integer —a; + a + a3 such that
—ap+ay+a3 =99 < 10ag = —ay +ar +az < 1lag = ap+a; +as.

Hence, we get at least two extra positive integers in every case.
Case 4: Let a3 —a» < a3 —aj; = 2ap. Then we get at least two extra positive integers

—ap — ay + a3 and —agp + a; + az which are not present in (4.12)) such that

—aqy—a+tam < —aqp—a1t+az=aqyp<ap—ay+a < —ap+a+a < —ap+a+a3

<ap+a+a.

Case 5: Let a3 —aj > a3z —ar = 2ap. We consider the following three subcases:
Subcase (i) Let ap —a; < 2ap. Then, we get at least two extra positive integers —ag —

a> +az and —ag + ap + a3 such that

—aqp—ar+ar<ay=—ap—ar+az<ap—a1+ay < —ap+ai+ay<apg+ai+ap

< —ap+ax+a3z <ap+ai+as.

Subcase (ii) Let a —a; > 2ag. Then, we get two extra positive integers —ag — a + a3

and —aq + a + az such that

apta—an<—aqp<aqg=—aqy—ar+az< —ap—ar+a<ay—a1+ay < —apg+a+a

<agt+ar+ay<apta+az < —ag+ay+az <apg+az+as.
Subcase (iii) Let a; —a; = 2ap. We get an extra positive integer a; — a + a3 such that
apg—aj+a) =3ag <2ap+ay =a; —ax+az <apg+2a, =—ap+a; +as.
If a1 — ap > 2ag, then we get one more extra positive integer ag — a; + a3z such that
ag—a)+a<ap—a;+az < —2ap+a3=a1—ar+az < —ap+a; +as.
If a; —ap < 2ap, then we get one more extra positive integer —a; + a» + a3 such that

ay—a1tay<ay—aytaz< —apt+ayt+a<aptat+ay<—ay+ax+az <ap+ai+as.
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Let a; —ag = 2ag. Then, the integer —ag — aj +az = ag is positive. So, the inverse of this

integer gives one more extra integer with
—aptar—am<agta—ary < —ag—ai1+a <apg—a;+a.

From the above discussion, we conclude that except in the case a; —ag = a; —a; =
az — ap = 2ay, we get at least two extra positive integers in 3} A, which are not present in (4.12).
Since, the inverses of these integers are negative, we get two more extra integers. So, total we get
at least four extra integers in 3/j\EA, which are not included in . Incasea; —ag=ar —a; =
asz —ay = 2agp, we get at least three extra integers. Therefore, in each case we get at least three
extra integers in 3/} A, which are not present in . Hence, |3/} A| > 6k — 8. This establishes
(4.11).

Moreover, if |3}2A| = 6k — 8, then a; —ag = ap — a; = a3 — a = 2ay.

Now, let [32A| = 6k — 8. If k = 4, then we are done, as A = {ag,3a9,5a9,7ag} = ag -
{1,3,5,7}.

Letk >5,and let A’ = A\ {ap}. Therefore, A’ is a nonempty set of k — 1 positive integers
with 3"A" C [a; +az + a3,a;_3 +ax_» +a;_1]. Since |3}A| = 6k — 8, from the above proof
it follows that |[3"A’| = 3k — 11. Thus, Theorem implies that the set A’ is in arithmetic

progression, i.e.,

a1 —ax2=--=ap—a; =d.
Hence
A=ap-{1,3,5,...,2k—1}.
This completes the proof of the theorem. [

Now, we conjecture the inverse result as follows:

Conjecture 4.2.6. Let A be a set of k (> 4) positive integers, and let 3 < h < k—1. If |h}A| =
2hk —h>+ 1, then A =d-{1,3,...,2k — 1}, for some positive integer d.

Theorem confirms Conjecture for h = 3.
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4.3 A contains nonnegative integers with 0 € A
Theorem 4.3.1. Let A be a set of k nonnegative integers with 0 € A, and let 1 < h < k. Then
A 2 h
|h}A| > 2(hk —h°) + (2> +1. (4.13)
This lower bound is best possible for h =1, 2 and k.

Proof. Let A = {ag,ay,...,ax_1}, where 0 =ag < a; < --- < a;_;. From and (4.3), it
follows that 1/} A contains at least ik — h? + 1 positive integers and hence including their inverses,
W/ A contains at least 2(hk — h” + 1) integers.

Again, since ag = 0, from it follows that, for i = 0,1,...,h—2, we have #;;,_; 1 =
tit1,00 —S0,0 = to,0 and 1,19 = sp0. Thus, we get (S’) — 1 extra integers in h}'A from the list
(4.4). Hence

\W)A| > 2(hk —h?) + (Z) +1.

Next, we show that the lower bound in is best possible for 4 =1, 2 and &.

If 4 = 1, then for any finite set A of k nonnegative integers with 0 € A, we have [12A| =
2k—1and 2(hk—h?)+ (5) +1 =2k 1.

Now, let h =2 and A = [0,k — 1]. Then

20A = [—(2k—3), (2k—3)]\ {0}.

So, [20A| = 4k — 6 = 2(hk— k) + (*) + 1.
Finally, let h = k and A = [0,k — 1]. Then, it is easy to see that k) A contains either odd

integers or even integers. Since kA C [— (]2‘), (I;)} , we get

kLA| < (]2‘) +1.

This together with (4.13) give [KAA| = (8) +-1 = 2(hk — h2) 4 (%) + 1. This completes the proof

of the theorem. L]

We now give inverse results for 2 = 2 and h = k in theorems [4.3.2|and [4.3.3] respectively.

Theorem 4.3.2. Let A be a set of k (> 2) nonnegative integers with 0 € A and |2}A| = 4k — 6.
Then A ={0,a} witha >0, ifk =2, and A = d - [0,k — 1] for some positive integer d, if k > 3.
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Proof. Let A={0,a;,ay,...,ax_1}, where 0 < a; <ay < --- <ay_. Let
20A| = 4k —6.

First, let k = 2. Then 2} A = {a;, —a; }. So, |2} A| = (%) + 1. Thus, every set A of two
integers with 0 € A is an extremal set.

Next, let Kk = 3. Then
2MA ={ay,—ay,ay, —ar,a; +az,a) — az,—ay +ax,—a; — az },
where
—a—ap<—@p<-—a<a <a<a +a. 4.14)

If |22 A| = 6 = 4k — 6, then 2/L A contains precisely the integers listed in - Since
—ay <ay—ay<ai,

from (4.14) it follows that a; —a, = —ay, i.e., ap —a; = a;. Hence, A = {0,a;,2a, }.
Now, let k = 4. Then

2iA ={ay,—ai,ay,—a,asz,—az,a; +ay,a; —a,—a, +ax,—a, — ap,a; +az,a; —as,
—ay+a3,—a) —az,a +az,ar — az,—ax +az,—ax — as},
where
—)— < —a— < —a— < —am<—aq<ag<agmg<ata<a +az<ax+a;s.
(4.15)
If [2/A| = 10 = 4k — 6, then 2/} A contains precisely the integers listed in (4.15). Since

a) < az <ay+as,

from (@.15)) it follows that az = a +ay, or a3 —ap = aj.
Similarly,
—ay < a)—ay <a
imply a; —ay = —ay, or ap —a; = a;. Hence, A = {0,ay,2a;,3a, }.
Finally, let k > 5, and |2/, A| = 4k — 6. From Theorem[1.4.11|we know that [2""A| > 2k —3,
and since 2"A N (—2"A) = 0, we get |2"A| = 2k — 3. Therefore, by Theorem[1.4.12] the set A is
an arithmetic progression with the common difference a;_| —ay_» =--- =a; —ag = a;. Hence,

A =a; -[0,k— 1]. This completes the proof of the theorem. O
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Theorem 4.3.3. Let A be a set of k (> 3) nonnegative integers with 0 € A and |k} A| = (];) +1
Then

p
{07a17a2}7 0< ay <aa, l.fk: 3,

A= {07a17a27a1 +a2}, O<Cl] < ap, lfk:4,

d -0,k — 1], for some positive integer d, ifk > 5.
\

Proof. Let A ={0,ay,az,...,ar_1}, where 0 < a; <ap <--- <ai_1. Let

k
LAl = 1.
= (5) +

First, let Kk = 3. Then
A ={a)+ay,a1 —ay,—ay +ax,—a; —a},

where

—a)—ay<ay—ay<—aj+ay<ai+a.

So, |34A| =4 = (3) + 1. Thus, A is an extremal set.
Next, let k = 4. Then

A
40A ={ay+ay+a3z,a1 +ax—az,a;1 —ar+az,ay —ay — a3, —ay +ax + a3, —ay +a; — as,

—ay—ay+az,—ay —ay —as},
where

—a1—am—az3<al—adm—az< —a|t+a—az3< —ay—ay+az<ay—ay+az

< —ai+a+taz<a+ay+as. (4.16)

If [40A] = (3) +1 =7, then 4} A contains precisely the above seven integers in (4.16).

Since

—a1+ay—az<ay+a—az <ay—a+as,

we have a) +a; —a3 = —a; —ap +as, i.e.,, a3 —ay = a;. Hence, A = {0,a;,az,a; +ay} is an
extremal set.

Finally, let k > 5, and |k} A| = (g) +1. LetA"=A\ {0}. So, A’ is a nonempty set of k — 1
positive integers with kK4 A = (k — 1)} A", Since |(k— 1)}A'| = [KhA| = (§) +1, Theorem
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implies that the set A’ is in arithmetic progression with the common difference a;, the smallest
elementin A’. Hence A = a; -{0,1,2,...,k— 1} = ay - [0,k — 1]. This completes the proof of the

theorem. L]

For h > 3, we believe that the sumset h}A contains at least 2hk — h(h+ 1) + 1 integers.

So, we conjecture that

Conjecture 4.3.4. Let A be a set of k (> 5) nonnegative integers with0 € A, and let 3 <h <k—1.
Then
\WLA| > 2hk —h(h+1) + 1.

This lower bound is best possible.

We confirm Conjecture for h = 3. Moreover, we also give the inverse result in this

case.
Theorem 4.3.5. Let A be a set of k (> 5) nonnegative integers with 0 € A. Then

130A| > 6k—11. (4.17)
Moreover; if |3} A| = 6k — 11, then A = d - [0,k — 1].

Proof. Let A =1{0,a;,ay,...,a,—1}, where 0 < a; < ay < --- < ay_;. From Theorem (4.3.1} it
follows that |3} A| > 6k — 14,
Next, we show that there exists at least three extra integers in 32.A which are not counted

in Theorem 4.3.1] Consider the following twelve integers of 3} A:

—a1—@m—au<—a—a—a3<—a—az3<—a—az3<—a—ap<a—a<-—ata

<amt+am<ata<amtaz<a+a+az<ay+ax+ay. (4.18)

We exhibit at least three extra integers in between —a; —ay; — a4 and a; +ap + a4 in all
possible cases.

Case 1: Let az —ap < aj. Then, we have
ar—ay < —ap+az < —ay+az <ay+ap,

and

ar—ay < —ay+ay < —aj+as.
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If —ay +az # —a; + ap, then we get two extra positive integers —ap + a3 and —a; + a3.
So, let —ar + a3z = —a; +ay. If a3 —a; < a;, then we get two extra positive integers —a; + a3

and —aj + ay + a3 such that
-t <-—ataz<—a+a+taz<a+ar.

If a3 — a; > ay, then we get two extra positive integers —a; + a3 and —a; + a + a3 such

that
-t <-—-atay<at+a<—a+a+az<a+as.

If a3 —a; = ay, then also we get two extra positive integers —aj + a3 and a; — az + a3

such that
-1+ <—ataza<a—axtaz<a+a.

Case 2: Let a3 —ap = a;. Then, by similar arguments to Case 1, unless —a; + a3 =

—aj +ap, we get two extra positive integers —as + a3 and —a +as.

Let —a> + a3z = —a; + a>. Then we get an extra positive integer —a; + a3 such that
—agt+ap<—ataz<a+ap.
Again, we get one more extra integer —a; — az + a3 = 0 such that
ar—ay < —ay—ay+az < —a)+as.

Case 3: Letaz —a > a;. So,az —a; > aj.

Subcase (i). Let —a; +a3 < a; +ap. Unless —ay + a3 = —a; + ap, we get two extra
positive integers —as + az and —aj + a3 which are not included in (4.18).

Let —ar + a3z = —aj +a;. Then also we get two extra positive integers —aj + a3 and

—aj + ay + asz such that
-t <-—-ata<ataom<ata<—a+a+az<ay+as.

Subcase (ii). Let —a; +a3 > a; +a,. Then, we get an extra positive integer —a; + a3
such that
a)+ay < —aj+az <ag+as.
If —ay +a3 # —ay +ap and —ap + a3 # a; + a, then we are done as we get one more

extra positive integer —as + as.
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If —ay + a3z = —aj + ay, then we get an extra positive integer —a; — az + a3z such that
al—ar < —ay—ay+az < —ap +ax.

If —a> + a3 = a1 + ay, then also we are done as we get an extra positive integer —aj —
as + a3 such that

—a1t+ay < —ay—ax+az < a;+ax.

Subcase (iii). Let —a; +a3 = a; +ap. If —ay + a3z < —a; + ay, then we get two extra

positive integers —ay + a3 and —a| — ap + a3 such that

a—n<—a—ataz<—ar+az < —a;+ar.

If —ay +a3z = —aj +a», then a, = 3a; and a3 = 5a;. We get two extra positive integers

—aj —a +asz and a; — ap + a3 such that
aq— < —a—amptay<—a+ta<ar—amtaz<a+a.
Now, let —ay + a3z > —aj + ay. Then we get an extra positive integer —ay + a3 such that
-+ < -—atay<—a+az3=a+a.

If ay —a; # ay, then —a; + ar + a3 # a; + az. So, we get one more extra positive integer

—aj + az + a3 such that

at+ay=—at+taz< —ay+ary+az <ar+as.

Letay, —a; = a;. So, a, = 2a; and a3 = 4a;. If ay — a3 > a;, then we get an extra positive

integer a; + a4 such that
a1 taytaz<ax+ag <ay+ax+aq.
If a4 — a3 < ap, then we get an extra positive integer a; + a4 such that
a+az < ar+ag <ay+a+as.
If a4 — a3 = ay, then also we get an extra positive integer a; — ap + a4 such that

al+a <ay—ay+aq <ap+as.
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Thus, in Case 1 and Case 3, we get at least two extra positive integers. As the inverses of
these extra integers are also in 3/ A, so we get four extra integers in these two cases, which are
not present in (4.18]). In Case 2, we get at least three extra integers. Therefore, in each case we

get at least three extra integers in 3/,A which are not present in - Hence
I32A| > 6k —11.

This establishes (.17).

Now, let |3/} A| = 6k — 11. From the above discussion it is clear that we are in Case 2 with
a3 —a;=ax—aj; =ai.

Let A = A\ {0}. Then, A’ is a nonempty set of k — 1 positive integers with 3"A’ C
l[a1 +ay +az,ar_3 +ar_2 +ay_1]. Since |3 A| = 6k — 11, it follows from the above discussion
that |[3"A’| = 3k — 11. Thus, Theorem implies that the set A’ is in arithmetic progression,
ie.,

a1 —ag2=-=ay—a; =d.
Hence, A =a;-{0,1,2,...,k—1}. This completes the proof of the theorem. [

We observe in the following theorem that the minimum requirement of five elements in

the set A in Theorem [4.3.5]is the best possible.
Theorem 4.3.6. Let A be a set of four nonnegative integers with 0 € A. Then

I3%A] > 12. (4.19)
Moreover; if |3} A| =12, then A =d - {0,1,2,4}.

Proof. Let A = {0,ay,az,a3}, where 0 < a; < ap < az. From Theorem [4.3.1] it follows that

3/} A contains at least the following ten integers.

—ar—m— < -—a@p-—an<—a—an<-—a—@p<a—ap<-—at+a<a +a

<ar+az<ar+taz<a;+ar+as. (4.20)

Again, from the proof of Theorem #4.3.5| ‘ it follows that the sumset 3} A contains at least
three extra integers, except when ay = 2ay, a3 = 4a;. In the case a; = 2ay, a3 = 4a;, we get
two extra integers. Therefore, we always get two extra integers in 3/!A which are not present
in (4.20). Hence [32.A[ > 12. This establishes (4.19). Moreover, if [32A[ = 12, then we have

ay =2aj and a3 =4a;. Hence A = a; - {0, 1,2,4}. This completes the proof of the theorem. [
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We finally conjecture the inverse problem as follows:

Conjecture 4.3.7. Let A be a set of k (> 5) nonnegative integers withQ € A, and let 3 <h<k—1.
If |W}A| = 2hk —h(h+ 1)+ 1, then A = d - [0,k — 1] for some positive integer d.

Theorem |4.3.5| confirms Conjecture for h = 3.



Chapter 5

Counting the number of elements in /#(VA:

A special case

Let k > 2. Let h and 7y be positive integers such that 1 <y <h < yk. Set m = |h/y|. Let
A = [0,k — 1] be an interval. Then the h-fold generalized sumset h(YA = [w + (h—
my)m,my (k— ") + (h—my)(k—m—1)]. Hence, |hAVA| = my(k — m) + (h — my)(k — 2m —
1)+ 1. In this chapter, we find [2(YA| forA={0,1,...,k—2,k—14+b} =[0,k—2]U{k—1+b},

which is an almost interval, where b is a nonnegative integer.

5.1 Introduction

Let A be a nonempty finite set of integers. Let 4 and 7y be positive integers such that y < h.
Recall that, the h-fold generalized sumset h(Y)A is the set of all sums of 4 elements of A, where
each element appearing in a sum may be repeated at most y times. So, the regular sumset ZA
and the restricted sumset h"\A are special cases of the generalized sumset hA, for Y= h and
Y = 1, respectively.

Let A = [0,k — 1]. Then hA = [0,h(k —1)], and hence |hA| = hk —h+ 1. Now, let A =
{0,1,...,k—2,k—14+b} =[0,k—2]U{k— 14 b}, where b is a nonnegative integer. Nathanson
[81], proved that “|hA| is a strictly increasing piecewise-linear function of b for 0 < b < (h—
1)(k—2) and that |hA| is constant for b > (h— 1)(k—2)”. The following theorem gives the

precise statement of Nathanson’s result.

59
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Theorem 5.1.1. /81| Theorem 1.11] Let h >2 and k > 3. Forb >0, let A= [0,k—2|U{k—1+
b} and b= q(k—2)+r,where q > 0and 0 <r <k-—3.
Ifb < (h—1)(k—2), then

q(2h—gq—1)(k—2)

|hA| = hk — (h—1) + 5

+(h—g—1)r

Ifb> (h—1)(k—2), then

|hA| :hk—(h—1)+h(h_1§(k_2).

In this chapter, we prove an analogue of Nathanson’s theorem to the general 4-fold sumset

h(7A. Furthermore, as a particular case, we obtain a similar result for the restricted sumset 4"\A.

Let & and 7 be integers such that 1 <y < h < yk. Let m be a positive integer such that
h=my+¢€,where0<e<7vy.Leth>2andk>m+2. Forb>0,letA=[0,k—2]U{k—1+b}.
For [ =0,1,...,¢, the smallest element of 2(Y)A including [ copies of {k— 1+ b} is

Y-O+y- 14 ty-(m=1)+(e—1)-m+1-(k—1+b)

_ my(m—1)

2 +em+1(k—1+b—m),

and the largest element of (YA including [ copies of {k — 1+ b} is
Y- (k=2)+v- (k=3)+---+y-(k—m—1)+(e=1)-(k—m—2)+1-(k—1+D)
—1
:m'y<k—2—(m2—)) +elk—m—=2)+1(b+m+1).
Forl' =&+ 1,e+2,...,7, the smallest element of (YA including I’ copies of {k — 1 +b} is

Y-O+y- 144y (m=2)+(y+e="0)-(m—1)+1"-(k—1+b)

_ my(m—1)

5 +e(m—1)+1'(k—m+b),

and the largest element of hMA including I’ copies of {k — 1+ b} is
v (k=2)+y-(k=3)+-+y-(k—m)+(y+e-=10)-(k—m—1)+1"- (k—1+b)
—1
:m}/(k—Z—%> +etk—m—1)+1I'(b+m).

Thus,

£ Y
Wa=Jn U
=0 [l'=e+1
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where

-1 —1
L= [%—I—em—i—l(k—1+b—m),m}/(k—2—%)—i—e(k—m—Z)—H(b%—m—H)],
and

-1 —1
Jl,_[’"y(”; )+8(m—1)+l’(k+b—m),m}/(k—2—(m2 ) s e(k—m—1)+1(b+m).
We have,

|1 |[=mylk—m—1)+ 1+ (e — ) (k—2m—2),

and

| Ty |l=mytk—m—1)+ 1+ (e =1")(k—2m).
Since k > m+2 > 3, the intervals I; and Jy are shifting towards right in the sense that the
sequence of the left end points and the sequence of right end points are increasing as [ and [/’
increase, respectively. Also the left end point of J¢, | is greater than the left end point of I and

the right end point of J¢ is greater than the right end point of /.

Forl=1,...,¢&, the set [;_ U] is the interval,

(m—1)
2 2

+em+(I—1)(k—14+b—m),my(k—2— )+e(k—m—=2)+1(b+m+1)]

if and only if

b < mylk—m—1)—m+(e—1)(k—2m—2)
= (ky—my—1)(m—1)+y(k—2m)—1+(e—=1)(k—2m—2).

For!'=€+2,...,v, the set Jy_; UJy is the interval,

5 +8(m—1)+(l/—1)(k—|—b—m),m}/(k—2—Q)—i—s(k—m—l)—i—l'(b—f—m)]

if and only if

b < mylk—m—1)—m+1—('—¢€)(k—2m)

= (ky—my—1)(m—1)+ (y+e—1")(k—2m).

Also, I UJgy is the interval

my(m—1)

[ (I’I’l—l)
2 2

+ek—14b),my(k—2— )+e(k—1+b)+b+m]
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if and only if
b< (my—1)(k=m—1) = (ky—my—1)(m—1)+(y—1)(k—2m).

We find the cardinality of KA according as k > 2m+2, m+2 <k <2m,and k =2m+ 1
in Sections [5.2] [5.3] and [5.4] respectively. In section [5.5] as concluding remarks, we conclude
that |"A| is a strictly increasing linear function of b for 0 < b < (h—1)(k—h—1) and |h"A| is
constant for b > (h— 1)(k — h —1). Further, we also conclude that all the results are also valid

for almost arithmetic progressions.

52 The Casek >2(m+1)

Theorem 5.2.1. Let k> 2(m+1) and M = my(k—m)+e(k—2m—1)+1. If0 <b < (ky—
my—1)(m— 1)+ &(k—2m), then |h\"VA| = M + by.

If (ky—my—1)(m—1)+¢ek—2m) <b < (ky—my—1)(m—1)+(y—1)(k—2m), let b=
(ky—my—1)(m—1)+¢€(k—2m)+q(k—2m) +s, where ¢ > 0 and 0 < s < (k—2m), then

q(2y—q—1)(k—2m)

WA =M+ y{(ky—my—1)(m—1)+e(k—2m)} + 5

+(y—q—1)s.
If (ky—my—1)(m—1)+(y—1)(k—2m) <b < (ky—my—1)(m—1)+y(k—2m) — 1, then

WVA| =M+ (y—€){(ky—my—1)(m— 1)+ (y—1)(k—2m)}

_r=gly—e-Dk=2m)
2

Ifk>2m+2and (ky—my—1)m—1)+yk—2m)—1<b< (ky—my—1)(m—1)+y(k—
2m)—1+(e—1)(k—2m—2),letb = (ky—my—1)(m—1)+7y(k—2m)—1+q(k—2m—2) +s,

where ¢ > 0 and 0 < s < (k—2m —2), then

WA =M+ y{(ky—my—1)(m—1)+y(k—2m) — 1} — (y—€)(k—2m —1)
(y—¢e)(y—e—1)(k—2m) qRh—2my—q—1)(k—2m—2)

- —g—1)s.
> + > +(e—qg—1)s

Ifb> (ky—my—1)(m—1)+7y(k—2m) — 1+ (¢ — 1)(k—2m—2), then

WAl =M+ y{(ky—my—1)(m—1)+y(k—2m)— 1} — (y—€)(k—2m—1)
(y—€)(y—e—1)(k—2m) N e(e—1)(k—2m—2)
2 2
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Proof. For k >2(m+ 1), we have the following

0 < (ky—my—1)(m—1)+¢e(k—2m)

< (ky—my—1)(m—1)+(e+1)(k—2m)

< (ky—my—1)(m—1)+(y—2)(k—2m)

< (ky—my—1)(m—1)+(y—1)(k—2m)
(ky—my—1)(m—1)+y(k—2m)—1
( )(m—1)

4
+7y(k—2m)—14 (k—2m—2)

IN A

< (ky—my—1)(m—1)+yk—2m)—1+(e—1)(k—2m—2).

Case 1. Let 0 < b < (ky—my—1)(m—1)+&(k—2m). Clearly, Iy U--- Ul UJey1U---UJyis
the interval [my(m—1)/2+em,my(k—2—(m—1)/2)+&(k—m— 1)+ y(b+m)]. Therefore,

1WA =M +by.

Case 2. If (ky—my—1)(m—1)+¢e(k—2m) <b < (ky—my—1)(m—1)+ (y—1)(k—2m), then
there exists a unique z € [e — 1,y — 1] such that (ky—my—1)(m— 1)+ (y+e—t—1)(k—2m) <
b<(ky—my—1)(m—1)+(y+€e—1)(k—2m). So Iy Ul U--- Ul UJg1U---UJ; is the interval
J=[myim—1)/2+emmyk—2— (m—1)/2)+¢e(k—m—1)+1(b+m)] and the intervals

J,Jis1,...,Jy are pairwise disjoint. Hence,

y
DA =171+ Y ]

I'=t+1

=M+tb+(y—t){(ky—my_1)<m_1)+8(k_2m)}+(Y—t)(y—t—l)(k—Zm)_

2
Letb= (ky—my—1)(m—1)+¢e(k—2m)+q(k—2m)+s, where ¢ > 0 and 0 < s < (k—2m).

If s =0, then t = Yy — ¢q. Hence,

q2y—g—1)(k—2m)
5 :

WA =M+ y{(ky—my—1)(m—1)+e(k—2m)} +

If0<s< (k—2m),theng=7y—t—1ort=7y—qg—1. Hence,

q(2y—q—1)(k—2m)

WAl =M+ y{(ky—my—1)(m—1)+e(k—2m)} + 5

+(y—q—1)s.
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Case 3. Let (ky—my—1)(m—1)+(y—1)(k—2m) <b < (ky—my—1)(m—1)+y(k—2m) — 1.
Clearly, IpUI} U--- Ul is the interval J = [my(m—1)/2+em,my(k—2 — (m—1)/2) + €(k —

m—2)+&(b+m+1)]. Moreover, the intervals J,Je1,. . .,Jy are pairwise disjoint. Hence,

WA=+ Y
I'=e+1
=M+ (y—e){(ky—my—1)(m—1)+ (y—1)(k—2m)}
(y—¢e)(y—e—1)(k—2m)

— eb.
2 +

Case 4. If k = 2m+ 2, then we arrive in Case 3. So, letk > 2(m+1) and (ky—my—1)(m—1)+
Y(k—2m)—1<b<(ky—my—1)(m—1)+7y(k—2m)—1+ (€ —1)(k—2m —2). There exists a
unique 7 € [1,€ — 1] such that (ky—my—1)(m—1)+y(k—2m)—14+(e—t—1)(k—2m—2) <
b<(ky—my—1)(m—1)+y(k—2m)—1+ (e —t)(k—2m—2). So IyUL,U---UI is the
interval J = [my(m—1)/2+em,my(k—2—(m—1)/2) +e(k—m—2) +t(b+m+1)]. Clearly,

the intervals J,I;y1,...,Ie,Je 11, . .., Jy are pairwise disjoint. Hence,

€ Y
KA = |J]+ Y i+ Y
[=t+1 l'=e+1
:M+(y_t){m'}/<k—m—1>—m}+tb_ ('}/_8)(’)/—82—1)(](_2,,”)
(e—1)(e—t—1)(k—2m—2)

—(y—¢&)(k—2m—1)+ 7 :

Letb=(ky—my—1)m—1)+7y(k—2m)—1+q(k—2m—2)+s, where ¢ > 0 and 0 < s <
(k—2m—2). If s =0, then ¢ = € —t. Hence,

WAl =M+ y{(ky—my—1)(m—1)+y(k—2m)— 1} — (y—€)(k—2m—1)
(y—e)(y—e—1)(k—2m) N q(2h—2my—q—1)(k—2m—2)
2 2

If0<s< (k—2m—2),then g =€ —t— 1. Hence,

WA = M+ y{(ky—my—1)(m—1)+y(k—2m) — 1} — (y— &) (k—2m—1)

B (}/—8)(}/—82— 1)(k—2m) n q(2h—2m}/—q2— 1)(k—2m—2) te—g—1Ds.

Case5. Leth > (ky—my—1)(m—1)+y(k—2m)— 1+ (e —1)(k—2m—2). Clearly, Ip, I, ..., Ie, Jes 1, . .-
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are pairwise disjoint intervals. Hence,

e Y
KA =Y I+ Y, 1]
=0 r=et1

=M+ y{(ky—my—1)im—1)+y(k—2m)—1} —(y—€)(k—2m—1)
(v—€e)(y—e—1)(k—2m) ¢e(e—1)(k—2m—2)
+
2 2
This completes the proof of the theorem. 0

5.3 TheCasem+2<k<2m

Theorem 5.3.1. Let m+2 <k <2m. I[f0<b < (ky—my—1)(m—1)+y(k—2m)—1+ (¢ —
1)(k—2m—2), then |h\"VA| = M + by.

If (ky—my—1)(m—1)+y(k—2m)—1+(e—1)(k—2m—2) <b < (ky—my—1)(m—1)+y(k—
2m)—1, letb=(ky—my—1)(m—1)+y(k—2m)— 1+ (e — 1) (k—2m—2) +q(2m+2 —k) +s,
where ¢ > 0and 0 < s < (2m+2 —k), then

WA = M+ y{(ky—my—1)(m—1)+y(k—2m) — 1+ (e = 1)(k—2m —2)}

qQ2y—q—1)(k—2m-2)
2

If (ky—my—1)m—1)+y(k—2m)—1<b<(ky—my—1)(m—1)+ (y—1)(k—2m), then

+(y—q—1)s.

IKDA| =M+ e{(ky —my—1)(m—1)+y(k—2m) — 1+ (e = 1) (k—2m — 2)}
_g(e—1)(k—2m-2)
2

Ifk<2mand (ky—my—1)(m—1)+(y—1)(k—2m) <b < (ky—my—1)(m—1)+¢&(k—2m),
letb=(ky—my—1)(m—1)+(y—1)(k—2m)+q(2m—k)+s, where g > 0and 0 < s < (2m—k),

+(y—¢€)b.

then

(e—1)(k—2m—2)
2

IKDA| = M+ y{(ky—my—1)(m—1)+ (y— 1)(k—2m)} + =

q2y—2e—q—1)(k—2m)

+ek—2m—1)— 5

+(y—e—qg—1)s.
Ifb> (ky—my—1)(m—1)+¢&(k—2m), then

(r—&)(y—e—1)(k—=2m)
2

BVA| =M+ y{(ky—my—1)(m— 1)+ (y—1)(k—2m)} -

+e(k—2m—1)+8(8_1>(kz_2m_2).
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Proof. For k <2m, we have

0 < (ky—my—1)im—1)+y(k—2m)—1+(e—1)(k—2m—2)
< (ky—my—1)(m—1)4+7y(k—2m)—1+4 (e —2)(k—2m—2)

< (ky—my—1)(m—1)+7y(k—2m)—1
< (ky—my—1)(m—1)4(y—1)(k—2m)
< (ky—my—1)(m—1)+(y—2)(k—2m)

< (ky—my—1)(m—1)+¢e(k—2m).

Case 1. Let 0 < b < (ky—my—1)(m—1)+ y(k—2m) — 1 + (¢ — 1)(k— 2m — 2). Clearly,
IpU---UlgUJe 1 U---UJyis the interval [my(m —1)/24+em,my(k—2—(m—1)/2) + &k —
m— 1)+ y(b+ m)]. Hence,

IhYA| = M +by.

Case2. Let (ky—my—1)(m—1)+7y(k—2m)—1+(e—1)(k—2m—2) <b < (ky—my—1)(m—
1)+ y(k—2m) — 1. There exists a unique ¢ € [1,€ — 1] such that (ky—my—1)(m—1)+ y(k —
2m) 1+ (e—1)(k—2m—2) <b < (ky—my—1)(m—1)+y(k—2m) —1+ (e —t — 1) (k—2m—
2). So Iy, Iy,...,I;—1,J are pairwise disjoint intervals, where J = [ U--- Ul UJg g U--- UJy =
my(m—1)/2+em+t(k—1+b—m),my(k—2—(m—1)/2)+€e(k—m—1)+y(b+m)]. Hence,

—1
KAl = |+ Y 4]
=0

=M+ (y—0)b+t{(ky—my—1)(m—1)+y(k —2m) — 1+ (€ — 1)(k—2m —2)}
(1) (k—2m—2)
: .

Letb= (ky—my—1)(m—1)+y(k—2m)—1+(e—1)(k—2m—2)+g(2m+2 —k)+s, where
g>0and0<s< (2m+2—k). If s =0, then r = g. Hence,

WAl =M+ y{(ky—my—1)(m—1)+y(k—2m)—1+ (e — 1) (k—2m —2)}

g2y—q—1)(k—2m-2)
) |
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If0<s< (2m+2—k), thent = g+ 1. Hence,

WA = M+ y{(ky—my—1)(m—1)+y(k—2m) — 1+ (e — 1) (k—2m —2)}

qQ2y—q—1)(k—2m-2)
2

Case3. Let (ky—my—1)(m—1)+7y(k—2m)—1<b < (ky—my—1)(m—1)+(y—1)(k—2m).

+(y—q—1)s.

Clearly, Iy, I1,...,Ic_1,J are pairwise disjoint intervals, where J = [ UJg 1 U+ --UJy = [my(m—

1)2+¢ek—1+b),mylk—2—(m—1)/2)+¢e(k—m—1)+y(b+m)]. Thus,
WA =1+ Y i
[=0

=M+e{(ky—my—1)(m—1)+7y(k—2m)—1+4+(e—1)(k—2m—2)}
_g(e-1)(k—2m—2)

2
Case 4. If k = 2m, then we are in Case 3. Therefore, we let k < 2m and (ky—my—1)(m—1)+

+(y—¢€)b.

(y—1)(k—2m) <b < (ky—my—1)(m—1)+&(k—2m). There exists aunique z € [e+1,y— 1]
such that (ky—my—1)(m—1)+(y+e—1t)(k—2m) <b < (ky—my—1)(m—1)+(y+e—1t—
1)(k—2m). So Iy, I,...,Ig,Jet1,-..,Ji—1,J are pairwise disjoint intervals, where J = J; U--- U
Jy=my(m—1)/24+em—1)+t(k+b—m),my(k—2—(m—1)/2) +e(k—m—1)+y(b+m)).
Therefore,

£ t—1

DAl =1+ Y 1+ Y, Wil
1=0 I'=g+1

e(e—1)(k—2m—2)
2

=M+ (y—t)b+t{(ky—my—1)(m—1)+ (y—1)(k—2m)} +

be(k—2m—1)— (t—e)(t—ez—l)(k—Zm)'

Letb=(ky—my—1)m—1)+(y—1)(k—2m)+q(2m —k)+s, where ¢ > 0 and 0 < 5 <

(2m—k). If s = 0, then r — € = ¢. Hence,

ele—1)(k—2m—2)
2

[KVA] = M+ y{(ky —my—1)(m— 1)+ (y=1)(k—2m)} +

+8(k—2m—1)—q(2y_28_‘12_ 1)(k—2m)

If 0 <s< (2m—k), thent —&—1=q. Hence,

(e—1)(k—2m—2)
2

KD A] = M+ y{(ky—my— 1) (m— 1)+ (y— 1) (k—2m)} + =

_q(2y—2e—gq—1)(k—2m)

+e(k—2m—1) 5

+(y—e—q—1)s.




68

CaseS. Letb > (ky—my—1)(m—1)+¢&(k—2m). Clearly, Iy, 1, ..., I¢,Je41, . .., Jy are pairwise
disjoint intervals. Hence,

(y—¢€)(y—€—1)(k—2m)

[RDA] = M+ y{(ky —my—1)(m— 1)+ (y— 1) (k—2m)} - 7

+s(k—2m—1)+8(8_1>(]‘2_2m_2).

This completes the proof of the theorem. 0

5.4 TheCasek=2m-+1

Theorem 5.4.1. Let k=2m+ 1. If0<e<y/2with0<b< (my+y—1)(m—1)+¢, then
\hMA| = M + by.
Ife <y/2with(my+y—1)im—1)+e<b< (my+y—1)(m—1)+y—¢g, then

\h(Y)A] =M+ y{(my+y—1)(m—1) +8}+@,

where b= (my+7y—1)(im—1)+e+q 0< g <y—2e.
If my+y—1)m—1)+y—e<b<(my+y—1)m—1)+y—2letb=(my+y—1)(m—1)+
Y—€+q, where 0 < g < €—2, then

q2y—q—1)

WPA] =M+ y{(my+y=1)(m—1) +y—1- (e~} + =

(y—2e+q)(y—2e+g+1)
5 :
Ife>y/2with0 < b < (my+y—1)(m—1)+y—¢, then |h\VA| = M +by.

Ifimy+y—1)(m—1)+y—e<b<(my+y—1)(m—1)+¢, then

HA] = M4 -t 7= ) m— 1) 4 ey 4 D27,

where b= (my+y—1)m—1)+y—€+¢q 0<qg<2e—7y+1.
If imy+y—1)(m—1)+e<b<(my+y—1)m—1)+y—2,letb=(my+y—1)(m—1)+€+gq,
where 0 < g < y—¢€—2, then

0] = M-+ {7 D= 1) e 2T A=) =2l Z2e 202 D)

Ifb> (my+r—1)(y—1)4+7y—1, then

(WDA| = M+ y{(my+y—1)(m— 1) +y—1} - 8(82— D_ (7—8)(7;—8— n
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Proof. 1f b =0, then h(Y'A = [0,h(k — 1)]. Hence, |h(Y/A| = M. Now let b > 0. For k = 2m+1,

we have the following two sets of integers with their corresponding orders:

0 < (my+y—-1)(m—-1)+y—¢

< (my+y—1)(m—-1)+y—¢e+1

< (my+y-1)(m—-1)+y—1,
and

0 < (my+y—1)(m—1)+e¢

< (my+y—1)(m—1)+e+1

< (my+y—1)(m—1)+y-2.

We have (my+y—1)(m—1)+e < (my+y—1)(m—1)+y—¢eifandonly if 0 < & < y/2.
Assume that 0 < & < /2.
Casel.Let0 < b < (my+7y—1)(m—1)+e. Clearly, Iy U--- Ul UJgi U---UJy is the interval
my(m—1)/2+em,my2m—1—(m—1)/2)+em—+y(b+ m)]. Hence,

1WAl =M +by.

Case 2. Since € = y/2 is covered in Case 1, let € < y/2 and (my+7y—1)(im—1)+e<b <
(my+7y—1)(m—1)+y— €. There exists a unique ¢ € [2€,y— 1] such that (my+y—1)(m—
D4+ (y+e—t—1)<b<(my+y—1)m—1)+(y+e—t). So, [hULU--- Ul UJer1U---UJ;
is the interval J = [my(m—1)/2+em,my(2m —1— (m—1)/2) + em+1t(b+m)|. Moreover, the
intervals J,J;1,...,Jy are pairwise disjoint. Therefore,

Y
KA =111+ Y, Uyl
I'=t+1

(y—)y—1-1)

=M+tb+(y—t){(my+y—1)(m—1)+€e}+ 5

Letb= (my+y—1)(m—1)+€e+gq, where 0 < g < y—2¢. So y—1t = q. Hence,

IKDA| =M+ y{(my+y—1)(m—1)+¢&}+ w.
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Case 3. Let (my+y—1)(m—1)+y—e <b < (my+y—1)(m—1)+y—2. There exists a unique
t € [l,e—2]suchthat (my+y—1)(m—1)+y—e—1+t<b<(my+y—1)(m—1)+y—e+t.
So, [U---UlgUJgr1U---Uldpe_y is the interval J = [my(m—1)/2+em+1(b+m),my(2m —
1—(m—1)/2) +em+ (26 —t)(b+m)]. Moreover the intervals Iy, I,...,Li—1,J,Joe—1,...,Jy

are pairwise disjoint. Hence,

t—1 r
KA =+ Y o+ Y
[=0 [

'=2e—t+1
2e —t+1
:m2Y+1—t(b+m—m2y—1)_w+y(m2r+l)
—t+1)(y—2
—|—(2e—t)(b+m—m2y_1)_(7 r+ )gi’ e+1)

Letb= (my+y—1)(m—1)+y—€+q, where 0 < g < e—2. So g =t. Hence,

DAl B B B q2y—g—1) (y—2e+q)(y—2e+q+1)
WA =M+ y{(my+y—1)(m—1)+y—e}+ 5 5 .

Now assume that € > /2.
Cased. Let 0 <b < (my+y—1)(m—1)+y—e¢. Clearly, hU---UlgUJgp1U---UJy is the
interval [my(m—1)/2+em,my(2m—1— (m—1)/2)+ em+ y(b+ m)]. Therefore,

IhYA| =M +by.

Case 5. Let (my+y—1)(m—1)+y—e <b < (my+7y—1)(m—1)+¢&. There exists a unique
t€[1,2e —y] suchthat (my+y—1)(m—1)+y—e+t—1<b<(my+y—1)(m—1)+y—e+t.
So, UL 41U---UlgUJgq 1 U---UJyis the interval J = [my(m — 1) /2 +em~+t(b+m), my(2m —
1 —(m—1)/2)+em+ y(b+m)]. Moreover, the intervals Iy, I}, ...,I,_1,J are pairwise disjoint.

Hence,

—1
WA= |+ Y 10|
1=0

t(e—t+1)

=M+by—t(b+m—m*y—1)— 5
Letb= (my+y—1)(m—1)+y—€+gq, where 0 < g <2e —y+ 1. Sot = q. Therefore,

WA = M+ y{(my+y—1)(m—1) +y—£}+w.

Case 6. Let (my+7y—1)(im—1)+€ <b < (my+7y—1)(m—1)+y—2. There exists a unique
t€le+2,y—1]suchthat (my+y—1)(m—1)+(y+e—t—1)<b< (my+y—1)(m—1)+
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(y+e—t). Sohe_U---UlgUJe 1 U---UJy is theinterval J = [my(m—1) /2+em+ (2e —1)(b+
m),my(2m—1—(m—1)/2)+em+t(b+m)]. Moreover the intervals Iy, I, ..., loe—s—1,J, Jy41, - -

are pairwise disjoint. Hence,

2e—t—1

KDA| = 1J]+ Z \Iz!+ Z |
=t+1
:m2y+1—(28—t)(b+m—m2}/—1)— +y(m*y+1)

(y—1)(y—2e+1t+1)
5 )

(2e—1)(r+1)
2

+t(b+m—mPy—1)—

Letb= (my+y—1)(m—1)+€e+q,where0 < g <y—e—2.Soqg=7y—t. Hence,

q2y—q-1) (r=2e-q)(y-2e—q-1)

WA =M+ y{(my+y—1D(m—1)+¢€}+ 5 5

Case 7. Let b= (my+y—1)(m—1)+vy—1. So Ip,I,...,lg—2,J,Je12,...,Jy are pairwise
disjoint intervals, where J = I, Ul UJey) = [my(m—1)/2+em+ (e — 1)(b+m),my(2m —
1—(m—1)/2)+em+ (e+1)(b+m)|. Therefore,

= [J[+ Z VZH Z |y

=e+2

=M+y{(my+y—D)(m—1)+y—1}— ge—1) (r-gy-e-1)

2 2

Case 8. Let b > (my+y—1)(m—1)+y—1. Clearly, Iy, I1,...,I¢,Je41,- - ,Jy are pairwise
disjoint intervals. Hence,
hVA| = Z 1] + Z |
1=0 I'=e+1

=M+y{(my+y-1(m-1)+y—1} -

ee—-1) (r=-elr—e-1
2 2 ‘

This completes the proof of the theorem. [

5.5 Remarks
1. If e =0 and y = h, we get Theorem of Nathanson.

2. If y=1, we get the following;
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Letk>3and2<h<k.Forb>0,letA=1[0k—2]U{k—1+0b}. f h<k—1 and
b<(h—1)(k—h—1), then

|W"A| = hk — k> +1+b.
Ifb> (h—1)(k—h—1), then
\WA| = hk—h? + 14 (h—1)(k—h—1).

If hh = k, then |/ A| = 1.

Thus, we observe that |h"A| is a strictly increasing linear function of b for 0 < b < (h—

1)(k—h—1) and |h"A| is constant for b > (h—1)(k—h—1).

. LetA={a,a+d,a+2d,...,a+ (k—2)d,a+ (k—1+b)d} is almost an arithmetic pro-

gression, where b is a nonnegative integer. Then A =a+d - ([0,k—2]U{k—1+b}).
Set A’ = [0,k—2]U{k—14b}. Then hVA = {ha} +d-hMA'. Thus, |h(VA| = |hVA/|.

Hence, our result also holds for the set A.

. For € =0, 1.e., h = mYy one requires to consider only two cases; kK > 2m and k < 2m. In

both the cases |h(Y)A| is a strictly increasing linear function of b for 0 < b < Nj and is a
strictly increasing piecewise-linear function of b for N; < b < N, and |h(Y)A| is constant
forb > Ny; Ny = (ky—my—1)(m—1), N, = (ky—my—1)(m— 1)+ (y—1)(k—2m), if
k>2mand Ny = (ky—my—1)(m—1)+ (y— 1)(k—2m), No = (ky —my—1)(m — 1), if
k <2m.



Chapter 6

Direct and inverse problems for certain

subset and subsequence sums

In this chapter, we consider certain subset and subsequence sums in the group of integers. We
solve the direct and inverse problems for the subset sums. We also solve the direct and inverse
problems for the subsequence sums, when all the distinct integers of the sequence have the
same multiplicity. Moreover, as corollaries of direct and inverse results for these subset and
subsequence sums we obtain already established direct and inverse results for the regular subset

and subsequence sums.

6.1 Introduction

Let A be a nonempty finite set of integers. Given a subset B of A, the sum of all elements of B is

called the subset sum of B. Let S(A) be the set of all subset sums of A, i.e.,

S(A) ::{Zb:BCA},
beB

where s(0) = 0.
The subsequence sum of a given sequence of integers is defined in a similar way. Let &7 =
(ap,ai,...,ar_1)7 be anonempty sequence of k distinct integers with repetition 7 = (rg,ry,...,re_1).

Given a subsequence # of .27, the sum of all terms of A is called the subsequence sum of A.

73



74

Let S(7, <) be the set of all subsequence sums of <7, i.e.,

S(F,o) = { Z b : % is a subsequence of%} .
be#

The direct problem for S(A) is to find the minimum number of elements in S(A) in terms
of number of elements in A. The inverse problem for S(A) is to find the structure of the finite
set A for which |S(A)| is minimal. The direct and inverse problems for the subsequence sums
S(7, o) of the sequence <7 = (ag,ay,...,ar_1)7 are defined in a similar way.

The direct and inverse theorems for the subset and subsequence sums are well established
in the group of integers (see [38, [76} [77, /8, 180]). In a recent study, Balandraud [[12] finds the
minimum cardinality of certain subset sums with some restriction on the number of elements,
in finite fields. We study the same subset sums in the group of integers, as that considered by

Balandraud. We also study the analogues subsequence sums.

Definition 6.1.1 (Balandraud [12]). Let A be a nonempty finite set of k integers. Let o € [0, k]
be an integer. We define Sy (A) to be the set of subset sums of all subsets of A that are of the size
at least o, and S*(A) to be the set of subset sums of all subsets of A that are of the size at most

k — o.. More precisely,

Sa(A) ::{Zb:BCA, \Byza},

beB

and

S*(A) ::{Zb:BCA, |B|§k—a}.

beB

It is easy to see that these subset sums have the following properties:
e If o =0, then Sy(A) = S°(A) = S(A).
e For every o € [0,k], we have the symmetric relation

Sa(A) =) a—S*A).

acA

Thus, |Sa(A)] = [S*(A)].

o If o < o, then Sg/(A) C Sg(A) and S¥ (A) C S*(A).
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Definition 6.1.2. Let 7 = (ag,ay,-..,ax_1)7 be a nonempty sequence of k distinct integers with
repetition 7 = (rg, r1,...,r¢—1). Let @ € [O, Zé:ol r,-] be an integer. We define Sy (7, 27) to be the
set of subsequence sums of all subsequences of <7 that are of the size at least ¢, and S*(7,.27) to
be the set of subsequence sums of all subsequences of <7 that are of the size at most Zf.‘;ol ri—o.
More precisely,

Sa(F, o) = { Z b : A is a subsequence of .7 with | 2| > a} :
be#

and

k—1
S*(F, ) = { Z b : A is a subsequence of &7 with |A| < Z ri—oc}.
be%# i=0

These subsequence sums also satisfy similar properties as that satisfied by the aforemen-

tioned subset sums.
o If & =0, then Sy(7,.7) = S(7, /) = S(F, o).
e For every a € [O,Zf;ol r,}, we have
Sa(F. ) =Y a—S*(F, ).

acel
Thus,

SOC(E”Q{” = |Sa(’77'@{)‘
o If a < o, then Se(F,.o7) C Sg(F, o) and S¥ (F,.o7) C S*(F, o).

If ;=rfori=0,1,...,k—1, then we use the notation Sy (r, &) for S¢ (7, <7) and S*(r, <)
for S¥(7, o).

The direct problem for Sy (A) is to find the minimum number of elements in S (A) in
terms of number of elements in A and . The inverse problem for Sy (A) is to find the structure
of the finite set A for which [S¢(A)| is minimal. Similarly, the direct problem for Sy (7, 7) is to
find the minimum number of elements in Sy (7,.27) in terms of number of distinct elements in
o/ and . The inverse problem for Sy (7, 27) is to find the structure of the finite sequence <7 for
which |S¢(7,<7)| is minimal.

In this chapter, we solve both direct and inverse problems for the set of subset sums Sy (A)
in Section[6.2] We also solve both direct and inverse problems for the set of subsequence sums
Sa(r,47) in Section Furthermore, as particular cases of our results we obtain the direct and
inverse results of Nathanson [80] on regular subset sums, and the direct and inverse results of

Mistri and Pandey [[77]] on regular subsequence sums.
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6.2 Subset sum

Theorem 6.2.1. Let k > 1 and a € [0,k]. Let A be a set of k positive integers. Then

k+1 o+1
|sa<A>|z( ! )—( . )+1. 6.1)

This lower bound is best possible.

Proof. First, let k = 1. Then A = {a} for some integer a > 0. Clearly, Sy(A) = {0,a} and
S1(A) ={a}. Thus, holds for k = 1. So, we may assume that k > 2.
Let A = {ap,ay,...,ar_1}, where 0 < ap < a; < -+ < ar_1. If o« =k, then Sy(A) =
{ap+a;+---+a,_1}, and hence |Sq(A)| = 1. This satisfies (6.1).
So,let0<a<k—1.Forh=1,2,...,k— o, define

By, := {ai+ak—a—h+l +ak—gq-hi2t+ o Fa—gq-1:1=0,1,... k-« —h}. (6.2)

Each element of By, is a sum of at most k — o distinct elements of A. Therefore, B, C S*(A).

Moreover, for h =1,2,....,k—a — 1, we have

max(By) = ar—q-p+ak—aq—ni1+ -+ a-q-1

<ag+a—q—n+ak—q—he1+- -+ ar_q—1 = min(Byy1).

Therefore, the sets B, B>, ...,Bj;_ are pairwise disjoint.

Fori=0,1,...,—1and j=0,1,...,k— «, set

k—a

Siji= Y. ditl; (6.3)
=0
I#k—a—j

and

k—a—1

So,0 - = Z Ao+1- (6.4)
=0

Each of these sums in and is a sum of k — o distinct elements of A, and hence

sij € S*(A). Moreover, fori =0,1,...,a—1and j=0,1,...,k— o — 1, we have
Sij <Sij+1;

and

Sik—a = Si+1,0-
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Therefore,

Si0 <81 < <Sik—a—1 < Sik—o = Si+1,0-

Thus, the total number of integers mentioned in (6.3)) and (6.4)) is a(k — o) + 1.

Since, max(By_¢) = 50,0, and 0 € S*(A), we have
[Sa(A)] = [S%(A)|

k—a
> | Byl +ak—a)+1
h=1

T

o

|Bp| +o(k—o)+1

I
o
[T

(k—oe—h+1)+ak—a)+1
1

()

Next, we show that the lower bound in (6.1)) is best possible.

w
= i

Let k > 2 and A = [1,k|. Then

S*A) C[0,k+(k—1)+---+ (a+1)]

(50 -(%51)]
59(4)] < (kgl) - (“;1) .

This together with gives

sual=ls"l= (“31) - ("3 1)+t

This completes the proof of theorem. 0

Therefore,

Corollary 6.2.2. Let k > 2 and o € [0,k|. Let A be a set of k nonnegative integers with 0 € A.

Then
k o
SalA)] > (2) - (2) "y 6

This lower bound is best possible.
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Proof. LetA ={ag,ai,...,a;_1}, where 0 =apg < a; < --- <aj_1. Let A=A\ {0}. So, A’ is

a nonempty set of k — 1 positive integers. It is easy to see that if o = 0, then
$°(A) = S(4) = S(4") = $°(A),
and if o > 1, then
S*(A) = S*1(A)).
Hence, by Theorem [6.2.1] we have
500 =15 = 5°) = () + 1.
and for o > 1, we have

[Sa(A)] = [5%(A)]

= 51 (4

> () () +1

—\2 2 '
Next, we show that the lower bound in (6.9) is best possible.
Letk >3, and A = [0,k — 1]. Then

S*(A) [0, (k— 1)+ (k—2)+ - +a]

-l (5)-(5)]
5%(4)] < (’;) - (‘;) .
This together with (6.3) gives

sual =I5l = (5) - (5) +1

This completes the proof of the corollary. [

Therefore,

As a consequence of Theorem [6.2.1] and Corollary [6.2.2] for o« = 0, we obtain Theorem
1.4.27

Theorem 6.2.3. Letk >4 and 0 < o < k—2. Let A be a set of k positive integers such that

saal=(5) - (%3 1) 41

Then A = d - [1,k] for some positive integer d.
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Proof. LetA = {ao,al,...,akfl}, where 0 < ap <a; < --- <ay_;. Let

st =lsawl= (5 - (7 1) 41

Then, Theorem implies that S*(A) contains precisely the integers listed in (6.2)), (6.3) and

(6.4), with one more integer, 0. For h =1,2,...,k— o — 1, we have

A—o—h—1+—q—h+1+G—q-h2+ -+ A_o-1

<—o—ht+k—q-ni1 TG —oa—ni2+F a1 =max(By)

<ao+ar—on+ak—a—ht1 + k- hi2+ -+ ag_q-1 =min(By, 1),

and
Ak—a—h—1 1 Ak—o—h+1 T Qk—o—h+2 T+ Ak—a—1

< a0+ ag—q—h—1 1 Gk—aq—h+1 T QGk—a—h+2 T+ Qk—a—1

< ao+ag—g—p + k—gq—ht1 T Gk—q—p+2 + -+ Ag_q—1 = min(Bj41).
Therefore,

max(Bp) = ar—q-h+@Gh—a-ht1+@G—qni2+ -t g1
= a0+ Ak—o—h—1 1 Qk—o—h+1 T Qk—q—h+2 T+ Ak—a—1-

That is

Ak—a—h — Ak—a—h—1 = A0

forh=1,2,....,k— o — 1. Thus
Af—q—1 — Af—q—2 = Af—q—2 — Qg3 = "+ = a] —dy = dg. (6.6)
If o = 0, then we are done. So, we may assume that o > 1. Then

max(By_1) =aj+ay+az+---+ar_q_1
<ap+aj+ay+---+ag_q—1 =min(B;) = max(Bp) = 50,0

<ap+ar+ay+--+ap-—gq-2+ak—o = 950,1,
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and
max(B,_1)=ai+ay+az+--+ar_q_1

<artart+az+---+ap—q-2+ar—q

<aytar+axy+---+a-gq-2+ak—q=>50,1-
Therefore,

max(By) =ap+ay+ar+--+ar_q-1
=a1taytaz+---+a_g-—2+ak_q-

That is

Ag—o — Af—q—1 = Ao (6.7)
Again, if & = 1, then we are done, as the result follows from (6.6)) and (6.7). So, let o > 2.
Then, fori=1,2,...,a— 1, we have
Si—lk—a—1=0ai—1Tai+1+ai+2+ -+ aitrk—a-1
<aitait1+aip2+ -+ Aivk—o—1 = Si—1k—a = Si0

<aitait1 a2+ T Aivk—a—2 1 ditk—a = Si,1;

and
Si—1k—a—1 = di—1 +ait1 +ait2+ - +ditk—a—1
<@j—1 +aip1 +aip2+ T Aipk—aq-2 T ditk—a
<a;+ajy1 +ai2+ -+ Aitk—g—2 T ditk—a = Si1-
Therefore
$i0=a;i+tait1+taip2+ -+ aditk—a—1
=aj—1+ai+1 + a2+ +aAitk—o-2 + ditk—a-
That is
Aitk—a — Aitk—a—1 = Ai —di—]- (6.8)
Since, o0 < k—2, we get i+k— ot > i+ 2. Hence, from (6.6), and it follows
that

Ag—1 —Ax—2 =+ =da1 —ap = ap.
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This completes the proof of the theorem. [

Corollary 6.24. Let k > 5 and O < < k—2. Let A be a set of k nonnegative integers with

0€Aand
saai=(5) - (5) 1

Then A =d - [0,k — 1] for some positive integer d.

Proof. Let A ={agp,ay,...,ar_1}, where 0 =ag <aj; <--- <a;_1. Let

sl =Isal= (5) - (5) +1

LetA’=A\ {0}. So, A’ is a nonempty set of k — 1 positive integers. First, let o = 0. Since
SO(A) = S(A) = S(A") = S°(A’), we have

(A7) = |$°(A) = @ i

Therefore, by Theorem|6.2.3| the set A’ is an arithmetic progression with the common difference
ay, the smallest integer in A’. Hence, A is an arithmetic progression with the common difference
ay, i.e.,A =dai- [O,k— 1].

Now, let & > 1. Since S*(A) = S*~1(A’), we have

el =ls = (5) - (5 )+

Therefore, by Theorem|6.2.3] the set A’ is an arithmetic progression with the common difference
a;. Hence, A is an arithmetic progression with the common difference ay, i.e., A =a; - [0,k —1].

This completes the proof of the corollary. 0

As a consequence of Theorem and Corollary for oo = 0, we obtain Theorem
1.4.23

6.3 Subsequence sum

Let &/ = (ag,ay,-..,ar_1), be a nonempty sequence of k distinct nonnegative integers each
repeating exactly r times. Let 0 < o < rk be an integer. If o = rk, then Sy (r, 7)) = {rag+ra; +

-++4ray_1}, and hence |Sq (1,7 )| = 1. So, we assume that 0 < o0 < rk— 1.
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Theorem 6.3.1. Letk>2, r > 1and 0 < a < rk. Let m € [1,k| be an integer such that (m—1)r <

o < mr. If o/ is a nonempty sequence of k distinct positive integers each repeating exactly r

BdmﬂﬂerkH>—(m+v}+mWan+L 6.9)

times, then

2 2

This lower bound is best possible.

Proof. Let & = (agp,ay,...,ar_1)r, Where 0 < ap < aj < --- < ag_1,k>2and r > 1. First, let

m = k. Since (k—1)r < o0 < rk, we have 0 < rk — o < r. Define
Ag:={iag: i=1,2,...,rk—a}, (6.10)
and for j=1,2,...,k—1, set
Aji={(rk—a—i)aj_1+iaj: i=12,...,rk—o}. (6.11)

Clearly, for j =0,1,...,k— 1, the sets A; are subsets of S*(r,.o7), with max(4;) <
min(A ;1) for j =0,1,2,...,k —2. Therefore, the sets Ag,A,...,A;_; are pairwise disjoint.
Since 0 € S%(r,.o/),but 0 ¢ A for j =0,1,2,...,k—1, we have

|Sa(r, )| = |S*(r, )|
k—1

Z!UA,-|+1

k—1
= Z |Aj| +1
=0

=k(rk—a)+1

B k+1 m+1 o o)+ 1
=r 5 5 m(mr :
Thus, is true for m = k.

Now,let 1 <m<k—1.For j=1,2,...,mr— o, define
Bj:={ai+(j—1D)ax_pm: i=0,1,....k—m}, (6.12)

andfor/=1,2,...,k—mand j=1,2,...,r, define also

m+l—1

By ji= {ai—l—(j—l)ak_m_l—i— Z rag_;+ (mr—o)ag_p : izO,l,...,k—m—l}. (6.13)
t=m+1
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Next, for [ = 1,2,...,k—m, define

k—m
C = Z raj+(r—i)ag_m—;+ (mr—o+i)ag_py—11: i=0,1,....r—mr+a
J=0
jAk=m=1
JFk—m—I+1

(6.14)

Clearly, the sets defined in (6.12)), (6.13) and (6.14) are subsets of S%(r, <7 ), with

max(Bj) <min(Bjy) for j=1,2,....mr—a—1,
max (Byy—¢) < min(B,1),
max(B;) <min(Bj;1) for j=r+1,r+2,...,(k—m+1)r—1,
maX(B(kfanl)r) = min(Cy),
and
max(C;) = min(Cyy ) forl=1,2,....k—m—1.
If m=1,ie., 0 < a < r, then the largest integer of the set S*(r,.«7) is (r — o&t)ag + ra; +
ray + -+ rag— = max(Cy_,,). Observe that 0 € S*(r,.</), and 0 < ap = min(B;). Thus, by

(6.12)), (6.13)) and (6.14) we have
|Sa(r, )| = |S%(r, )|
mr—o k—m r k—m
Z (k=m+1)+Y Y (k—m—I+1)+ ) (r—mr+oa)+1

=1 j=1 I=1
r(k—m+1)(k—m)

| \/

=(mr—o)(k—m+1)+ +(r—mr+oa)(k—m)+1

2
k(k—1
Z(r—a)k+%)+a(k—l)+1
k(k—+1

()5

So, (6.9) is true for m = 1.
Now, let2 <m<k—1.Forx=0,1,....m—2and [ =0,1,...,k—m— 1, define

k—m+x+1
D =S (mr—a)ac+ Y. raj+(r—agmixi+ig—mix—ii1: i=12,...,r 5,

Jj=x+1
JjFEk—m~4x—1
J#k—m—+x—1+1

(6.15)
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and
k—m+x+1
Dy_,, =< (mr—a —i)ay+iay ) + Z raj: i=12,....mr—a ;. (6.16)
J=x+2
The sets defined in (6.15)) and (6.16)) are subsets of S*(r,.<7), with
max (Cy_,,) < min(DY),

max(D;) <min(Dy, ) for=0,1,....k—m—1,
and

max(D}_,,) < min(D§™) forx=0,1,...,m—3.

Hence, by (6.12)), (6.13), (6.14), (6.15) and (6.16) we have

|Sa(r; )| = [S%(r,. )|
mr—o. —m r k—m
> Z (k—m+1)+ Z Z (k—m—1+1) —|—Z(r—mr+a)
j=1 =1 j=1 =1
m—2k—m—1 m—2
L ox ot pmea
x=0 [=0 x=0

r(k—m—+1)(k—m)
2

+(m—-1)(k—m)r+(m—1)(mr—a)+1

_, [(k;1> _ (’";1)} m(mr— o)+ 1.

Hence, holds for all 1 <m < k.
Next, we show that the lower bound in (6.9) is best possible.
Let k > 2 and 7 = [1,k],. Then

+ (r—mr+a)(k—m)

S¥(re?) C0,r(k+ (k—1)4---+ (m+1)) + (mr— o)m].

Therefore
1S%(r )] < r Kk;l> - (’"2“)} Fm(mr— o)+ 1.

This together with (6.9) gives

IS (r, )| = |S%(r, )| = r Kk;l) - (’";1)} m(mr—a) + 1.

This completes the proof of the theorem. 0
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Corollary 6.3.2. Let k>3, r > 1 and 0 < o0 < rk. Let m € [1,k| be an integer such that (m —
D)r <o <mr. If o is a nonempty sequence of k distinct nonnegative integers each repeating

exactly r times and 0 € o7, then

\Sa(r,d)‘zr{(];>—(Z)}%—(m—l)(mr—oc)—l—l. 6.17)

This lower bound is best possible.

Proof. Let o = (ag,ay,...,ax_1)r, where 0 =ap < a; < -+ <ar_j and r > 1. Let &' =
o/ \ {0}. So, &/’ is a nonempty sequence of k — 1 distinct positive integers each repeating
exactly r times.

First, let m =1, 1.e.,0 < o < r. Then
S*(r, o) = 8°(r, ). (6.18)
Hence, by Theorem [6.3.1 we have
|Sac(r, )| = |S%(r, )
O(r,.a")|
k
> 1
> (2> ;
(m

Now, let m > 2, i.e., r < a < rk. Clearly,

—1)r < a < mr implies that (m —2)r <
o —r < (m—1)r. Thus,
S (r, o) =S*"(r,o"). (6.19)

Hence, by Theorem we have

Salr )| = I5%(1.7)
=[5 (")

1 (5) - (5)] + om0ty (a1
=r K];) — (';1)1 +(m—1)(mr—a)+1.

Next, we show that the lower bound in (6.17)) is best possible.
Let k > 3, and &/ = [0,k — 1],. Then

v

S*(r, ) C0,r((k—1)+ (k=2)+---+m)+ (mr—a)(m—1)].
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Therefore

k
IS¥(r, )| <r {(2> — (’:)] +(m—1)(mr—a)+1.
This together with (6.17) gives

Sa(r, )| = |S%(r, )| = r Kk) - (mﬂ +(m—1)(mr—a) + 1.

This completes the proof of the corollary. [

As a consequence of Theorem[6.3.1]and Corollary for ¢ = 0, we obtain the follow-

ing corollary, which is a particular case of Theorem|[1.4.24]

Corollary 6.3.3. [[77, Theorem 2.1] Let k > 3 and r > 1. Let &/ be a nonempty sequence of k

distinct positive integers each repeating exactly r times. Then

S(r,<7)| > r(k;r 1) +1. (6.20)

Let o/ be a nonempty sequence of k distinct nonnegative integers each repeating exactly

r times and 0 € <7. Then

2
The lower bounds in (6.20) and ((6.21)) are best possible.

|S(r, )| > r(k> +1. (6.21)

Theorem 6.34. Let k>4, r>1and 0 < o <rk—2. Let 1 <m <k be an integer such that
(m—1)r <o <mr. If & is a nonempty sequence of k distinct positive integers each repeating

exactly r times such that

Sa(r )| =r Kk;1> _ (’";1)} Fm(mr— o) +1,

then o/ = d - [1,k|, for some positive integer d.

Proof. Let & = (ag,ay,...,ax_1)r, Where 0 < ag <a; <---<ay_;andr> 1. Let

IS%(r, )| = [Sa(r, )| = Kk;l) - (’”;1)} tmmr—a) ¥l (6.22)

First, let m =k, i.e., (k—1)r < a < rk—2. Then, equation (6.22)) and Theorem [6.3.1]
implies that S%(r,.«7) contains precisely the integers listed in (6.10) and (6.11) with one more

integer, 0. We have

(rk—o—1)ag < (rk — ot)ap = max(Ag) < (rk—a —1)ag+a; = min(Ay),
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and
(rk—a—1)ag < (rk—a—2)ag+a; < (rk—o—1)agp+a; =min(Ay).
Thus,
(rk—a—2)ag+a; = (rk— at)ap.
That is

ay —ap = ap. (6.23)
Again, for j =1,2,...,k—2, we have
aj_1+(rk—a—1)a; < (rk—a)aj =max(A;) < (rk—o—1)aj+ajr; =min(Ajq1),
and
aj_1+(rk—a—1)a;<aj_1+(rk—o—2)aj+aj1 < (rk—a—1)aj+aj1 =min(Aj).
Therefore,
aj_1+(rk—a—2)a;j+aj1 = (rk—o)aj for j=1,2,... . k—2.

That is
ajr1—aj=aj—ajq for j=1,2,... . k—2.
In other words

A1 —Ap—p = - =da1 — qy. (6.24)

Hence, from (6.23) and (6.24) it follows that .o/ = aq - [1,k];.
Now, let 1 <m <k—1,ie,0<a<r(k—1)<rk—2. Equation (6.22) and Theorem

implies that S*(r,.<7) contains precisely the integers listed in (6.12)), (6.13)), (6.14), (6.153)
and (6.16) with one more integer, 0. We have

Ag—m—1+ (mr—o—V)ag_,, < (mr—a)ag_, = max(By,—q)

< ap+ (mr—o)ay_, = min(B,41),
and

Af—m—1 + (mr— o — 1)Clk_m <ag+tag_m-1-+ (mr— o— l)ak_m

< ap+ (mr—o)ag_, = min(B,41).
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Therefore,
ap~+ ag—m—1+ (mr—o— 1)ag_, = (mr— ot)ag_p.
That is
Aj—m — Af—m—1 = 4. (6.25)
Similarly, form <k—2and [ =1,2,...,k—m— 1, we have
Ak—m—i—1+ (r =Dk +r(ax—mip1+ -+ 1) + (mr — &) ag_,
<r(@G—m1+@—mis1+ -+ @ p1) + (mr — &)ag_, = max(B(; 1))

<ag+r(x—m—1+ak-m-141+ -+ am1) + (mr— o)ag_, = min(B(l—H)r—i-l)a

and

Ak—m—i—1 + (r =V ag—m—i +1r(a—m—ir1+ -+ A1) + (mr — &) ar_p,

<ao+a—m-1-1+ (=D mg+r(@—mis1+-+ @G p1)+ (mr—o)ag_,

<ao+7(ar—m—i+@G—m-t111 4+ am-1) + (mr — )ag_p = min(B 4 1),41)-
Therefore,

ao+ax-—m—1-1+(r—Dax—mi+r(@—mis1+-+a—pm1)+ (mr—a)ag_,
= r(@g—m—1 + —m1 41+ F A1) + (mr — ) ag_ .
That is
Afe—m—] — Ak—m—1—1 — AQ forl = 1,2,. ..,k—m— 1.
In other words
A—m—1— Qf—m—2 = Qk—m—2 — Qg—p—3 = =~ = d1] — do = - (6.26)

If m = 1, then (6.25)) and (6.26) imply that & = ag - [1,k]. Hence, we are done. So, we

may assume that2 <m <k—1. Forx=0,1,...,m—2, we have

(mr - a)ax + r(ax—i—l +ayp++ ak—m+x—1) + Qk—m4x T (l’ - 1)ak—m—i-x—i-l
< (mr—a)ax+ (a1 +axo+ -+ @Gmix—1) + rak—mix+1 = max(Dg)
< (mr - a>ax + r(ax—i—l +axip++ akfm+x72) + (r - 1)akfm+x71 + Qk—myx

+rag—mixt1

= min(D)lc)v



89

and
(mr - a)ax + r(ax—i-l +axip+ akfm+xfl) + Ag—mtx + (r - l)akfm+x+1
< (mr - a)ax + r(ax+l Faxpp+ - +akfm+x72) + (r - 1)akfm+x71 + 20— m+x
+ (r = D ax—m+x11
< (mr - a)ax + r(ax—i-l T Ayt +ak—m+x—2) + (l’ - 1)ak—m—o—x—l + Ak —mx
+ rag—mix+1
=min(Dy).
Therefore,
(mr - a)ax + r(ax—H +ayio++ ak—m+x—2) + (I” - l)ak—m—i-x—l + 20— x
+ (r - 1>akfm+x+l
= (mr - a)ax + r(aerl +axip -+ akfm+x71) + g —m4x+1-
That is

Ak—m+x+1 — Ak—m+x = Ak—m+x — Ak—m+x—1 forx=0,1,...,m—2.
In other words
Qg1 — A2 ="""=0k—mi1 — G—m = A—m — U—m—1- (6.27)

Hence, for m = k — 1 the result follows from (6.23)) and (6.27)), and for 2 < m < k — 2 the result
follows from (6.25]), (6.26) and (6.27). This completes the proof of the theorem. O

Corollary 6.3.5. Let k> 5, r>1and 0 < o <rk—2. Let 1 < m <k be an integer such
that (m— 1)r < oo < mr. If & is a nonempty sequence of k distinct nonnegative integers each

repeating exactly r times and O € <7, such that
k m
sl =r | (3) = (5) |+ on= a1
then of =d [0,k — 1], for some positive integer d.

Proof. Let & = (ag,ay,...,a_1)r, Where 0 =ag <a; <---<a;_;and r > 1. Let

8% (r, )| = |Sa(r, )| = r Ki) - (?)1 +(m—1)(mr—a)+1.
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Let o' = o7 \ {0}. So, </’ is a nonempty sequence of k — 1 distinct positive integers each

repeating exactly r times. First,letm=1,1.e.,0 < a <r. Let
o k
IS¥(r,o )| =r 5 +1.
By (6.18)), we have S*(r,.o7) = S(r,</"). Therefore,
] k
IS(r,e?")| =r 5 +1.

Hence, by Theorem (for @ = 0), the set .’ is an arithmetic progression with the com-
mon difference a;, the smallest integer in .<7. Hence, .27 is an arithmetic progression with the
common difference ay, i.e., & = a; - [0,k — 1],

Now, let 2 < m <k, i.e., r < o < rk. Thus, by (6.19) we have S%(r, &) = S* " (r,o").

1S (r,.a)| = r K';) - (”’2")] (m—1)(mr—a)+1

Therefore,

implies that

©”
R
l
—~
S
—
1
~N
| — |
N
[\)

Hence, by Theorem (for o — r), the set &/’ is an arithmetic progression with the com-
mon difference a;, the smallest integer in «/. Hence, <7 is an arithmetic progression with the

common difference ay, i.e., & = ay - [0,k — 1],. This completes the proof of the corollary. ]

As a consequence of Theorem[6.3.4]and Corollary[6.3.5] for a = 0, we obtain the follow-

ing corollary, which is a particular case of Theorem [1.4.25]

Corollary 6.3.6. /77, Theorem 2.3] Let k > 5 and r > 1. If &7 is a nonempty sequence of k

distinct positive integers each repeating exactly r times such that

1
st =r(*5 1) 41

then o/ = d -[1,k|, for some positive integer d.
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If < is a nonempty sequence of k distinct nonnegative integers each repeating exactly r

times and 0 € & such that
k
st =r(3) +1

then o/ =d -0,k — 1], for some positive integer d.



92



Chapter 7

Conclusions and future scope

7.1 Conclusions

The work done in this thesis are mainly concerned about new results on direct and inverse
problems for certain sumsets in the group of integers. The results of the present thesis can be
summarized by the following notes.

The following conclusions can be drawn from Chapter [2}

e The sum of dilates A 4 r- A contains at least 4k — 4 distinct integers, for all » > 3 and for

every finite set A of k integers.

e The Freiman’s 3k — 4 type theorem for A 42 - A can be extended to A 42 - B, under some

conditions on the sets A and B.

e The conditions under which the Freiman’s 3k — 4 type theorem for A + 2 - B holds are

necessary but not sufficient.
The following conclusions can be drawn from Chapter 3}

e If A is a set of k positive integers, then the h-fold signed sumset 4+ A contains at least
2(hk — h+ 1) distinct integers. Moreover, if &2 > 2 and this lower bound is exact, then

h=2and A=d-{1,3,...,2k— 1} for some positive integer d.

e For h > 3, this bound can be improved to 2hk — h+ 1. Moreover, if |hiA| =2hk —h+1,
thenA =d-{1,3,...,2k— 1} for some positive integer d.
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e Similar direct and inverse results also holds for 41 A, when A contains (i) nonnegative

integers with O € A, and (ii) arbitrary integers.
The following conclusions can be drawn from Chapter [}

e If A is a set of k positive integers, then the i-fold restricted signed sumset A} A contains at

least 2(hk — h?) + (thr]) + 1 distinct integers. This bound is optimal for 4 = 1, 2 and «.
o Ifk>4and |2}A| =4k —4,then A =d-{1,3,...,2k— 1} for some positive integer d.
o If k>4 and |k}A| = (k;l) + 1, then A = d - [1,k] for some positive integer d.

e If A is asetof k (> 5) positive integers, then the lower bound 6k — 11 for the sumset 3iA
can be improved to 6k — 8. Moreover, if |3} A| = 6k — 8, then A =d - {1,3,...,2k— 1} for

some positive integer d.

e Similar direct and inverse results also holds for 4} A, when A contains nonnegative integers

with 0 € A.
The following conclusions can be drawn from Chapter [5

e IfA={0,1,....,k—2,k—1+b} =[0,k—2]U{k— 14D}, where b is a nonnegative integer,
then |h(Y)A| is a strictly increasing linear function of b for 0 < b < N; and is a strictly
increasing, piecewise-linear function of b for Ny < b < N, and that |h(7’)A| is constant for

b > N,, for some positive integers Ny and N,.

e A similar result also holds for the restricted sumset 2" A, which states that |"A| is a strictly
increasing linear function of b for 0 < b < N and that |h/\A| is constant for b > N, for some

positive integer N.
The following conclusions can be drawn from Chapter [0}

e If A is a set of k positive integers and o € [0, k], then the subset sums Sy (A) contains at
least (szrl) — (“;1) + 1 distinct integers. Moreover, if this lower bound is exact with k > 4

and 0 < a < k—2, then A =d-[1,k| for some positive integer d.

e If A is a set of k nonnegative integers with 0 € A and « € [0,k], then S¢(A) contains at
least (12() — (g) + 1 distinct integers. Moreover, if this lower bound is exact with k > 5 and

0<a<k—2,then A=d-|[0,k— 1] for some positive integer d.
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e Similar direct and inverse results also holds for the subsequence sums Sy (r, &7) in both
the cases, when the sequence <7 contains (i) only positive integers, and (ii) nonnegative

integers with 0 € o7

7.2 Future plan

This thesis is focused on the direct and inverse problems for certain sumsets in the group of
integers. There are several unsolved problems related to the sumsets considered in this thesis.
For example, the sumsets considered in Chapter [3|and |4 are certainly new and not much known
about these sumsets. The same can be said for the subset and subsequence sums considered in
Chapter|6] It would be interesting to extend the study of these sumsets in to finite abelian groups.

Bellow, we discuss some unsolved problems which we shall try to solve in the near future.

7.2.1 Some unsolved problems from the thesis

As mentioned in the Conclusion section, in ChapterEf], we settled the direct and inverse theorems
for the h-fold restricted signed sumset A2 A in the group of integers in the cases 4 = 1,2 and k.

In all other cases, i.e., for 3 < h < k— 1, we conjectured the following direct and inverse results.
Conjecture 7.2.1. Letk > 5and3 < h < k— 1. If A is a set of k positive integers, then
\h)A| > 2hk —h? +1.
If A is a set of k nonnegative integers with 0 € A, then
\WLA| > 2hk —h(h+1) 4 1.
These lower bounds are best possible.

Conjecture 7.2.2. Let k > 5 and 3 < h < k—1. If A is a set of k positive integers such that
|W)A| = 2hk — h* + 1, then

A=d-{1,3,....2k— 1},
for some positive integer d.

If A is a set of k nonnegative integers with 0 € A and |h} A| = 2hk — h(h+ 1) + 1, then

A=d-[0,k—1],
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for some positive integer d.

We also verified the conjectures and[7.2.2] for the case i = 3 by solving the direct and
inverse problems for 3/ A, that are Theorem and Theorem respectively. We observed
that, the technique used for the case & = 3 is also applicable for # > 4, but the computational
complexity increases with the increasing value of 4. So, it would be interesting to furnish a new

technique which will establish our conjectures in all the cases.

7.2.2 Generalized signed sumset

Let G be an additive abelian group. Let A = {ag,ay,...,a;_1} be a nonempty subset of G. Let
h > 1. Recall that, the h-fold signed sumset s-A and the h-fold restricted signed sumset A2 A are
defined by

k—1 k—1
hiA:{Zl,-ai:l,-erori:O,l,...,k—land ZM,":}Z},
i=0 i=0

and

k—1 k—1
A = {inaizxi € {-1,0,1} fori=0,1,....k—1land Y |A,] :h},
i=0 i=0

respectively.

Observe that, in the sumset 1A the variables A; can assume any integer value between
—h and h, while in the sumset hlA the variables A; can assume the integer values —1, 0 and 1.
One can generalize these two sumsets by defining a s-fold sumset, where in a h-fold sum the
variables A; can assume any integer value between —7 and 7, where 1 < y < h. For integers h, ¥

with 1 <y < & < kv, define the h-fold generalized signed sumset of A, denoted by h\V'A, by

k—1 k—1
hVA = {Zzia,- :di€ [~y fori=0,1,....k—1land Y | :h}.
i=0 i=0

So, the signed sumset 2+A and the restricted signed sumset 7/, A are particular cases of the
generalized signed sumset hg_zl )A, for y = h and y = 1, respectively. Therefore, the generalized
signed sumset provides a unified theory for the signed sumset and restricted signed sumset. It
would be interesting to study both direct and inverse problems for this generalized signed sumset

similar to those in Chapter 3] and
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7.2.3 Other combinatorial problems

I would like to study an interesting diophantine problem due to Frobenius. The Frobenius Prob-
lem is to determine the largest positive integer that is not representable as a nonnegative integer
combination of a given set of positive integers that are coprime. More formally, given a finite
setA ={ay,...,a;} of positive integers with gcd(ay,...,a;) = 1, let T(A) :={ajx; + - -+ apxy -
x; > 0}. Tt is well known that I'(A) := N\ I'(A) is finite. The Frobenius number of A is defined
by g(A) := maxI“(A). It is also equally important to determine the number n(A) := |T°(A)|.
Although, it was Sylvester [97] who first showed that g(a;,a2) = (a; —1)(a — 1) — 1 and
n(ay,ay) = %(al — 1)(ap — 1), it was Frobenius who was mainly responsible to give a recog-
nition and it is after him that the problem is also named. Determining the exact value of g(A)
and n(A) is a difficult problem in general; there is no general formula for |[A| > 2. There
are only a few cases other than when |A| = 2 where g(A) or n(A) have been determined (see
(22,92, 101} (102} 103} [104]).

I would also like to study the diophantine equations arising from some well-known se-
quences, such as Fibonacci sequence, Lucas sequence, and Pell sequence etc. One can see for
example, the Fibonacci numbers that are representable in the form x/ & x™ + 1 considered in
[66]. See also [23] for some other diophantine equations arising from Pell’s and Pell-Lucas

sequences.
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