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Abstract

This work deals with analysis and approximations of some non-linear parabolic partial dif-
ferential equations (PDEs) using finite element method. Such differential equations arise
frequently in science and engineering. For instance, heat conduction, weather prediction,
option pricing, gas dynamics in an exhaust pipe, waves in deep water, some chemical re-
actions like BZ reaction, iodine clock reaction etc. give rise to non-linear parabolic PDEs.
The non-linearity in these equations poses a difficult task in analysing and approximating
the solutions to such differential equations. With the advent of high speed computers, how-
ever, engineers and mathematicians are devising techniques which enable us to approximate
solutions to such differential equations to a sufficient degree of accuracy. In this work, we
consider some problems of non-linear nature and try to establish their existence, uniqueness
and also approximate their solutions using Galerkin finite element method. A priori error
estimates are also derived for such approximations.

In Chapter 1, some basic concepts regarding this work are introduced and a brief literature
survey is presented.

In Chapter 2, we consider Burgers’-Fisher equation. The existence and uniqueness of the
solution is proved using Faedo-Galerkin approximations. Further, some a priori error esti-
mates are given for semi-discrete and fully-discrete solutions. Also, since we often model a
physical situation by this differential equation, it is, therefore, desirable to require a positive
solution in such cases. Hence, we present a positivity analysis of the solution and give a
bound on time step to ensure the solution remains positive if started with a positive initial
solution. The time discretization of the system is done using Euler backward scheme which
is unconditionally stable. The non-linearity in the system is resolved by lagging it to the
previous known level. Some numerical examples are also considered and the results are

compared with the results from literature.



In Chapter 3, a coupled version of the non-linear parabolic PDEs is considered. Using
Banach fixed point theorem, the existence and uniqueness of the solution is established.
We also prove an a priori error estimate for the approximation. Neumann type boundary
conditions are taken in this chapter. The time discretization of the system is done using
Crank-Nicolson scheme (C-N scheme) and the non-linearity is resolved by the predictor-
corrector scheme (P-C scheme). Since the C-N scheme and the P-C scheme are second order
convergent, we get an overall second order convergence which is demonstrated in numerical
examples.

In Chapter 4, we consider the Brusselator model where the cross-diffusion is allowed. The
presence of cross-diffusion affects the stability of equilibrium. As we know, the diffusion
in reaction diffusion equations may destabilize the equilibrium, which is called ‘Turing in-
stability’. Similarly, we investigate the effect of cross-diffusion on the stability. We find
that the cross-diffusion increases the wave number associated to the solution. Some Turing
patterns of the model are also plotted in the chapter.

In Chapter 5, we consider the Schrodinger equation. Some new soliton-type solutions are
given for the equation. Further, since these soliton-type solutions peter out for large spatial
values, we may truncate the infinite domain to some finite sub-domain. Therefore, the trun-
cation analysis is performed for the soliton solutions so that we may truncate the domain
without loosing much information about the solution. Some examples are also considered
in this chapter where we see the interaction of solitons. The C-N scheme together with P-C
scheme is used for this purpose.

In Chapter 6, a general reaction diffusion advection equation is considered and is analyzed
for the existence of solution. Further, a priori error estimates are discussed for approxima-
tion error and second order convergence is found. Some 1D and 2D examples are considered

in this chapter and their computational aspects are discussed.
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Notations

Abbreviations:

PDE(s) Partial differential equation(s)
RDE(s) Reaction diffusion equation(s)
FEM Finite element method
Fig./Figs. Figure/Figures

Eq./Egs.  Equation/Equations

Sec. Section
C-N Crank-Nicolson
P-C predictor-corrector
w.r.t. with respect to
Notations:
Q a domain in R", n =1,2; i.e., an open bounded connected set with sufficiently

regular boundary 0f2
Qrp =10,T]xQ,T>0
LP(Q)  set of measurable functions {f : Q@ — R} s.t. [,|f(2)[PdQ < oo
-1 ze () :(fﬂ|f(x)]pd§2)1/p, norm for LP(2) space
.| norm for L*()

(.,.) inner product on L?
L}, ={f:Q = Rs.t flge L'(K) for each compact set K C Q}
Def(x) = Wigé%, ot derivative of f, for multi-index o = (ay, o, ..., ),

supp f = closure of {z : f(x) #0, f:Q — R}

X



C=(Q) = {f € C*(2) : 3 a compact set K C  such that supp f C K}

Wr(Q) Sobolev spaces of order k in LP(€)
H*(Q) Hilbert spaces of order k in L?(Q)
1/2
I-1]& = <Z|a<k fQ(DO‘f)MQ) , norm for H*(Q)
1/2
||k = <Z|a:k fQ(DO‘f)QdQ> , semi-norm for H*(Q)
H}(Q) completion of C2°(€) in H' norm
H7Y(Q) dual space of H}(£2)
<. > duality product on Hilbert spaces, particularly between H}(Q2) and H~(Q)

LU0, T;WF(Q)) = {f :(0,T) — WE(Q) s.t. f is measurable and f0T||f(t)||%/k(Q)dt < oo}

for every integer k > 0,1 < g < o0, 1 <p< o0

1/q
lheoragon = (KO 0)
wo.riH@) = {7ePOTm@)  gie 0. @)

1/2
I llwormen = U1z I oz

' _ du
u = a-

2 . .
We usually use u; and u,, to mean aa? and % respectively. However, u,, represents semi-

Oum

discrete solution in finite dimensional space V,. Furthermore, u,,; and u,, , stand for <

and 85‘—;” respectively. Since, we use t, x and y as the independent variables in problems,
therefore, partial derivatives of unknown function w.r.t. these variables figure in the prob-
lems. Therefore, wherever z,y,t appear in the subscript these always represent partial
derivatives unless mentioned otherwise.

For computational purpose, we have used MATLAB 2012B on an i5 personal computer

with 4GB RAM to run the simulations.



Chapter 1

Introduction

1.1 A General Introduction

Analysis of partial differential equations (PDEs) in general and of nonlinear PDEs in partic-
ular poses a challenging task to the mathematicians. Many theories in the present form, for
instance, functional analysis, Fourier analysis etc., are the consequences of developing tools
to analyze such PDEs [18]. The finite element method (FEM), though initially developed
by engineers for solving problems of engineering and mathematical physics, later proved to
be a crucial tool for solving such PDEs. FEM originated around 1960’s when structural
engineers combined the well established framework analysis with variational methods in
continuum mechanics into a discretization method in which a structure is thought of as
consisting of elements with locally defined strains or stresses [113]. The method was ap-
plied to elliptic problems at first but later extended to parabolic problems also in 1970’s
holding time fixed at different levels.

While approximating solution of a partial differential equation (PDE) by finite element
method, there are three main components which we need to have a clear understanding of
— Variational formulation; finite element space and its basis; and norm for error estima-
tion.

A solution is said to be the classical solution or the strong solution if it has the enough
regularity and it satisfies the differential equation at each point of its domain. However, in
many practical situations, as demonstrated in [95] (Chapter 3), a function may satisfy a dif-

ferential equation at each point but may not have enough regularity. Therefore, it becomes
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necessary to seek an alternative formulation which weakens the regularity requirement for
solutions. This is achieved by interpreting a given equation in distributional sense, i.e.,
converting a differential equation into its weak form or variational form.

The standard solution spaces for weak formulations of PDEs are the Sobolev spaces of dif-

ferent orders depending upon the derivatives involved in the weak form.

General procedure:

After having the weak form and the appropriate solution space, we prove the existence of
the solutions to the problems taken up in this work. To accomplish this, two strategies
are used. First, by showing convergence of Faedo-Galerkin approximations to the original
solution. Second, by applying the Banach fixed point theorem in appropriate setting.

We take a finite dimensional subspace of the solution space where the existence is estab-
lished. And approximate the solution in the subspace. We find a priori estimates for the
error committed in such an approximation for semi-discrete solution and fully discrete so-
lution.

Finally, some numerical examples are considered in each chapter to verify the results proved
theoretically in the respective chapters. Since, our problems have non-linearity, therefore,
it must be removed to find an approximation. Two techniques are used in this regard: first

by lagging the non-linearity and second by using the P-C scheme.

Demonstration of the procedure to a general problem:

In this work, we consider the following non-linear problem in different forms:

ur — Au = f(t,x,u,Vu), (t,z) € (0,T] x Q, (1.1)

u(0, ) = ug, x € Q, (1.2)

with some Dirichlet or Neumann boundary conditions to be specified wherever required.

For Dirichlet case, we may always consider homogeneous boundary conditions, since non-
homogeneous boundary conditions are reducible to the homogeneous case by some appro-
priate transformation [95]. Therefore, for Dirichlet problem we seek a space in which the

functions vanish at boundary. We will elaborate it later.
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To interpret the Eq. (1.1) in the distributional sense, let us first define distributions.
Distributions: [95]

Let T be a linear transformation from C¢° to R and < 7', ¢ > represents the value taken by
T on the element ¢ € C°. We call distributions on 2 any linear and continuous transfor-
mation 7" from C¢° into R. The space of distributions is therefore given by the dual space
(C=(9))' of C().

To each function f in L? or L},., we may associate a distribution T} defined as

Ty(9) = /Q fodQ, Vo € C.

This calls upon us to multiply the equation (1.1)-(1.2) by ¢ € C2° and integrate over .

We consider only 1D case. A 2D case is considered in coming chapters. Thus we get,

/(Zutgbdﬂ—l—/(ZVuV(bdQ:/QﬂbdQ, (1.3)
/Qu(a:,O)gbdQ:/QuoqﬁdQ, (1.4)

for every ¢ € C2°. In obtaining (1.3), we have used the integration by parts formula and the
compactness of ¢, hence the boundary term does not appear. The formulation (1.3)-(1.4)
is called the weak form of the problem (1.1)-(1.2) under homogeneous Dirichlet conditions.

In the inner product form, (1.3)-(1.4) may be written as,

(ut, #) + (Vu, Vo) = (f, ¢), (1.5)
(u(0,2), ¢) = (uo, 9), (1.6)

for every ¢ € C'°. We see that this formulation involves only one derivative of functions,
therefore, the space H' is enough to discuss the existence of solution for (1.5). We have seen
for the case of Dirichlet boundary conditions the solution vanishes at boundary, therefore,
we consider H{ as the required solution space and for Neumann boundary conditions we
consider H' as the solution space to make sure the boundary conditions are satisfied, since
functions of H} space do not see boundary values. It is opportune to point out that these
are the spaces for spatial discretization. Since we are considering time dependent problems,

therefore, time dependent Sobolev spaces will be used. However, the above calculations are
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done by fixing time at a particular instant. Therefore, we only need to worry about the
spaces used for spatial discretizaton.

Since u(t) € H', implying Vu(t) € L? and since ¢ € C® C H}(Q), so we have V¢ € L?,
therefore from Cauchy-Schwartz inequality VuV¢ is in L'. Similarly, if we take u;(t) € L?,
we get u;¢ € L'. Moreover, we may take a much bigger space for u, that is, W (0, T; H(2)),
where u;(t) € H™', for which we have to replace the inner product (uy, ¢) by the duality
bracket < ug, ¢ >. We also want f¢ € L'. For f € L?, this is easily accomplished; but, if

f depends on u non-linearly then the issue complicates.

Theorem 1.1.1. [95] If Q is open set of R, n > 1 provided with a sufficiently smooth
boundary, then

HE(Q) c C™(Q), if m <k — g

We see from Theorem 1.1.1 that if u € H'(Q) then u € C°(Q) for n = 1. In fact, in
1D, H! functions are absolutely continuous. And therefore by the algebra of continuous
functions, f(u) is continuous and hence integrable. For higher dimensions, say in 2D, H*
functions are not continuous, therefore, we must ensure that f(u) is L? for such cases to
ensure integrability of non-linear part. This will be seen in Chapter 3.

Now we have the appropriate setting to discuss existence. But before that, first we look

into the literature for existence of solution.

1.2 Literature Survey

Existence:

Existence and uniqueness of the reaction diffusion equation u; —dAwu = f(u) with f(u) being
Lipschitz continuous in « is discussed using Banach theorem in appropriate Sobolev spaces
by Evans [30]. For a more general case b(u); = V.a(u, Vu) + f, existence and uniqueness
is studied in [4, 14] under some conditions on a and b, using the concept of mild solutions
and weak solutions. We may note that f is not non-linear so this is still not very general
case. Further, Friendman gave a semigroup approach for existence of at most one solution
to even more general equation u; —dAu = f(u, Vu), with f being Lipschitz continuous in u
or monotonically decreasing in « or Holder continuous in u [32]. The semi-group approach

depends on establishing complicated a priori estimates for the solution. This again is not
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very general as f(u, Vu) varies w.r.t. first argument only. A more recent work on existence

of solution to a semi-linear PDE may be found in [73].

A priori error estimates:

Next, we consider the approximate problem of (1.5)-(1.6) in a finite dimensional subspace,

say Vi, of the solution space, say S. V,, is such that, for small h [113],
nf {[Jo = X[[+2]IV (v =)} < CR?[[v]2, (1.7)
for all v € H? N H}. The discretization parameter h in 1D is given by:

h= max (21— ),
1€{1,2,....m—1}

where {x;}, is a partition of 2 = (a,b), say. In 2D, for some triangulation 7}, of Q, h is
maximum of diameters of triangles {T" : T" € T,,}. Therefore, the approximate version of

(1.5)-(1.6) becomes,

(um,ta ¢m) + (vuma V¢m) = (fa gbm)a (1'8)
(Um(oax)a ¢m) = <u0m7¢m>a Vom € V. (1-9)

We take a basis for V,,, say {¢1, @2, ..., dm }, then u,, may be written as

m

Um = Y ci(t)éi(x). (1.10)
i=1

Our task now reduces to finding out the coefficients ¢;s. The Eq. (1.8) is true for every
Om € Vi so it will be true in particular for every ¢; and hence putting from (1.10) into
(1.8), we get a system of ordinary differential equations in ¢. The wu,,(t) so obtained is
called the ‘semi-discrete’ solution. The error u,, — u is known as the semi-discrete error.
We attempt to find a bound on this error for our particular problems in the chapters to
come. The pervading strategy is to break u,, —u into (u,, —U)+ (U —u), where U is some

element of V,,. There are two strategies to proceed further. Either we take U to be the
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elliptic projection of u [113], defined as
(V(U = u),V¢) =0, Yo € Vi; (1.11)

or we take U to be an arbitrary element of V,,, and use the orthogonality of Galerkin method
to derive an error estimate in terms of U [27]. For the former case, we have estimates of
(U —u) quoted in the following theorem. For the latter case, we will see in Chapter 2 that
U will be replaced by interpolant of u and again available estimates of (U — u) are used to

derive an estimate for (u — w,,).

Theorem 1.2.1. For the space V,, which satisfies (1.7), and for the projection U of u
defined in (1.11), we have

U — || +h||V (U — w)||< Ch2|[ulls, Yu € H? N HL. (1.12)

We have used here that u € H?; but we had only assumed u to be H'. This is answered

by the following theorem [30]:

Theorem 1.2.2. Assume f € L*(Q2). Suppose that u € H(Q) is a weak solution of the

elliptic boundary value problem,
—Au=f, z€Q; u=0, z €.

If O is C? then u € H?.

Further, if u is not vanishing on the boundary, so u € H', then u € H},.
In this work, our aim will be to establish an estimate of (1.12) type for ||u,, — u|| when
f(u, Vu) is non-linear. Let us look into some of the developments in literature regarding a
priori error estimates for non-linear f(u).

The first comprehensive a priori error estimate for semi-linear parabolic problem was found
by Douglas and Dupont in [27]. These estimates were in H' or the energy norm. Wheeler
[123] extended these results to L? norm and found the optimal order convergence. The
effect of non-smoothness in initial data for Galerkin approximations and associated errors

was studied by Thomée et al. in [58]. The book by Thomée [113] gives a good account of

the results in this direction.
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Fully-discretization:

Lastly, we perform time discretization of (1.8) by using some time stepping scheme. For
instance, in Chapter 2 we use Euler backward method for the purpose and in later chapters,
we use C-N scheme. The crucial part in these calculations will be to resolve the non-linearity.
In this regard we resort to two techniques — the first being lagging of non-linearity and the
second by using P-C scheme.

Next, we list some inequalities and formulae which will be used throughout the thesis.

1.3 Inequalities

Generalized Hélder inequality: For r € (0,00] and py,pa,...pn € (0,00] such that

no 1 _ 1
> k1 e = po then

foe LP(Q), k=1,2,...n = ﬁfk e 1'(9). (1.13)

k=1

For r = 1, the above inequality is the Holder inequality. Also, the inequality (1.13) reduces
to Cauchy-Schwarz inequality for n = 2 and p; = 2 = ps.
Gronwall inequality: Let a(s) be a non-negative integrable function in [0, T]. Suppose f

and g be two continuous functions on [0, 7. If f satisfies
t
£ < g0)+ [ al)r(ds. Ve € 0.7,
0
then, if g is non-decreasing,
f(t) < glt)elo s, vt e [0,7].
Young inequality: For every a, b € R,
ab < Sa? 4 1P, Ve >0
— 2 2¢ '

Poincaré inequality: Let 2 be a bounded set of R™, then there exists a constant C(2)
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such that,
A< CIIV AL Vf € Hy ().

Some Embedding Results

A topological space X is said to be embedded into another space Y if there exists a continu-
ous injective structure preserving map f from X to Y. Since we primarily work with Sobolev
spaces in this work, therefore, the Sobolev embedding theorem is particularly important to
us. Essentially we want to see if a function belongs to a Sobolev space W}/ (£2), Q@ C R”
then what other spaces this function may also belong to. This is given by the Sobolev
embedding theorem and depends on four factors: n, p, k and bounded /unbounded-ness of
Q.
Case 1: 1 <p<n
Assume © is a bounded open subset of R™. Suppose u € W,?(Q) for some 1 < p < n.
Then

|ulLa@) < Cl[Dul| e (o)

*

for each ¢ € [1,p*], p* = n”—i, the constant C' depending only on p, ¢, n, Q). In other words,
in this case W, ?(Q) < L() holds.

Case 2: p=n

Let 2 C R" be a regular bounded domain. Then, for u € W1(Q),

||| La) < Ollullwin

for some fixed ¢ € [1,00). Note that g can not be co, for example f(x) :loglog(l + ﬁ)
belongs to W™ (Q), n > 2, but does not belong to L>(12).

Case 2: p>n

Let €2 C R™ be a domain with at least Lipschitz boundary. Suppose p > n and =1 — %.

Then WHP(Q) € CO*(Q). C%* are p-Hoélder continuous maps, which are contained in the

class of continuous maps.
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Error formulae

L? error in an approximation u,,(t) of the solution u(t) is defined by

ut) = wn ()] = / (ult, 2) = un(t,2))*da

1

3

i

/ %i“(u(t, 2) — up(t, 7)) 2dx

3

Q

(i1 — @) (ult, 23) — wm(t, 2:))*.

=1

If the exact solution is known at the mid points also then we can use even more accurate

approximation for L? error as

T+ Tipry Ut 1) + Ut 2ig0)
i - 4y ta - .
> (ries — ) (e, :

L error in an approximation wu,,(t) of the solution wu(t) is defined by

[[u(t) = wn ()] = ess_supq [u(t, z) — un(t, )|

~ 1r£ia§>7<n\u(t, x;) — um(t, z;)|.

Relative error for an approximation u,, of a solution wu is given by

m

oo (B - (BRmset)

We frequently calculate the order of convergence for the schemes proposed in the chapters,

the following formula will be used:

log(Error, ) — log(Error, )
oC = ! 2
log(h1) — log(h2)

If hy = }‘2—1, the above formula reduces to

0 — log(Error,, ) — log(Error, )
log(2)

As noticed in Eq. (1.12) and will observe further in the chapters to come that the second
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order convergence is obtained in L? norm. This is optimal order convergence which is

proved in [17].

Some Advantages of Finite Element Method

Non-linear PDEs have also been solved and analyzed by several other methods, for instance,
Finite difference method, Differential quadrature method, Adonian decomposition method,
collocation method etc. The advantage of finite element method over other methods lies
in the fact that this method is strongly consistent, which eases our labor to show only the
convergence of the scheme, for, by the Lax-Richtmyer equivalence theorem, the stability
is automatically implied. Another advantage is that the method can deal with complex
domains easily by breaking it down to simpler triangles or rectangles. Also, the method gives
solution at all points of the domain with the help of interpolation. Despite all these niceties
there are some drawbacks too. The method can be applied to boundary value problems
only. Also, the method is best fit for even order problems, since the weak formulation yields

heterogeneous spaces for solution space and the test space for an odd ordered problem.



Chapter 2

Burgers’-Fisher Equation

In this chapter, we discuss existence, uniqueness; a priori error estimate and convergence
of semi discrete and fully discrete solutions to Burgers’-Fisher equation. Existence and
uniqueness of weak solution is proved in Sec. 2.3 by Galerkin finite element method for
non-smooth initial data. A priori error estimates of semi-discrete solution are derived
in L>°(0,T; L*(Q)) norm and the convergence of semi-discrete solution is established in
Sec. 2.4. Then, fully discretization is done with the help of Euler backward method.
The non-linearity is removed by lagging it to previous time instant. Positivity of fully
discrete solution is discussed in Sec. 2.5 and bounds on time step are discovered for which
the solution remains positive if started with a positive initial solution. Some numerical

examples are considered in Sec. 2.6 to demonstrate the effectiveness of the scheme.

2.1 Introduction

The Burgers’-Fisher equation is
Up — Uz + auu, +bu(l —u) =0, (t,x) € (0,T) x Q, (2.1)

where Q C R, a and b are advection and source/sink constants.

The equation describes a nonlinear parabolic mathematical model of various phenomena
arising in different fields of science and engineering such as gas dynamics, heat conduction,
nonlinear optics, chemical physics etc. It models velocity profile in fluid dynamics for

viscous fluid [23], gas dynamics in an exhaust pipe [35] etc.

11
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The Burgers’-Fisher equation takes into account the effects of non-linear advection, linear
diffusion, and non-linear logistic reaction. The equation (2.1) is a combination of the
Fishers’ equation,

up — Dugy = ku(l —u),

proposed in the context of population dynamics to describe the spatial spread of an advan-

tageous allele [31] and the Burgers’ equation

uy — Dy, + uu, =0,

introduced by Bateman and later studied by Burgers as a mathematical model of turbulence
in 1948. Burgers’ equation is one of the easiest model to understand the physical proper-
ties of phenomena such as sound and shock wave theory, wave processes in thermo-elastic
medium, vorticity transportation, dispersion in porous media, mathematical modeling of
turbulent fluid, hydrodynamic turbulence, elasticity, gas dynamics, heat conduction etc.
[40, 54, 60, 87].

We supplement the problem (2.1) with the following initial and boundary conditions,

u(0, x) =ugp(x) for z € ),
(0, z) =uo(x) 2.2)
u=0on (0,7) x 09,

where the initial data wug(z) is considered non-smooth.

Recently, researchers have paid considerable attention to study solution of Burgers’-Fisher
problem. There are many analytical as well as numerical solutions to the problem. For
example, Adomian decomposition method (ADM) [49], homotopy perturbation method
(HPM) [97], variation iteration method (VIM) [29], Exp-function method [78] etc. are
some of the analytical methods which provide analytical solutions whereas Haar wavelet
method [44], spectral collocation method [51], collocation method using radial basis [111],
spectral domain decomposition approach [38], finite difference method [76], finite difference
based pseudospectral approach [91] etc. are some of the numerical methods proving ap-
proximations to the solution of the problem.

Out of analytical methods, some of them give series solution using iterating polynomi-

als which converge to the solution, some others use transformations which linearize the
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non-linear problem and yet others utilize trial functions on iterating scheme to arrive at a
solution. The methods of first kind suffer from the problem of complexity, that is, after
a stage iterating polynomials become too complex to consider any further iterations. The
second kind of methods suffer from the fact that each transformation loses some informa-
tion. The accuracy of third-type methods depend upon the suitability of trial functions.
Accuracy and simplicity are two critical issues for any solution. We want the solution to
be accurate and seek to achieve it by a computationally efficient method. This is the mo-
tivation for the present work: to reduce complexity and to improve accuracy.

In some mathematical models, the property of non-negativity of solution is significant. For
instance, if the model represents some population evolution or the chemical concentration
of a reaction etc. Among all the above mentioned methods, finite difference method has
the property of preserving non-negativity of solutions [100]. The finite difference method,
though easy to comprehend and simple to implement, has some shortcomings. Other than
the finite difference method, only the finite element method preserves this property of so-
lution [29].

The Fishers” and Burgers’ equations have been solved by the Galerkin finite element method

[110, 133]. Further, the forced Fisher equation

Up — Uz — Au(1 —u) = (1 —u)f(x), (t,z) € (0,T) x Q,

is also analyzed by the Galerkin method [42]. But, to the best of our knowledge, the
Burgers’-Fisher equation has not been attempted by finite element method (FEM) so far.
There are some advantages of FEM which tempts us to solve the problem by this method.
Besides it being preserving positivity of solution, the method is strongly consistent and can
handle complex domains. The method offers good accuracy as we will see in numerical

examples where we compare the results with the earlier results.

2.2 Weak Formulation

The weak formulation to the problem (2.1) with initial and boundary conditions (2.2), is
obtained by multiplying the equation (2.1) by some function ¢ € H}(Q2) and then integrating

w.r.t. space variable x over ). The use of integration by parts yields the following weak
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formulation:

Find a u(t,z) € W(0,T; H(2)) such that

(u(t), @) + (ug, ¢z) + ((auuy, + bu(l —u)),¢) =0, t € (0,7T), (2.3)
(u(0,2),0) = (uo(z), @), (2.4)

for all ¢ € HJ(2). We may recall the definition of W(0,T; H(Q)) given in ‘Notations’ as

W(0,T; H(Q)) = {f € L*(0,T; Hy(Q)) : f; € L*(0,T; Hl(Q))}.

2.3 Existence and Uniqueness of Weak Solution

Theorem 2.3.1. Ifug(z) € L*(R), Q = (0,1), then the problem (2.3) with initial condition
(2.4) has a unique solution in W (0,T; H(2)).

Proof. Proof of theorem is divided in the following parts,
(i) approximation of solution in a finite dimensional subspace V,,, of W(0,T; H(f2)).

(i) The approximate solution, say u,,(t), obtained in part (i) is bounded in L*(0,T; H}(92))

space.
(iii) Limit of the sequence {u,,(t)} is a solution to the problem (2.3) and (2.4).
(iv) Uniqueness of the limit.

We prove these parts one by one.
(i) A finite dimensional subspace V;,, of W(0,T; H(2)) is chosen in a manner as pointed
out in the previous chapter, which satisfies (1.7). Let the dimension of V;, is m. Suppose

a basis for V,,, is {¢1, ¢9,..., &m}. For fixed m, let
U (t) = ch(t)¢k, (2.5)
k=1

where u,,(t) = un(t, .).

Let gm = > 4o, ukey, an L? projection of initial data ug onto the space V,,, uf = (ug, ¢).
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Now, we solve the following approximate problem,

Find u,, € V,, such that V i = 1(1)m,

(it (£), 91) + (2 (1), Pie) + (@t ()t (£) + bt () (1 = (1)), ¢4) = 0, (2.6)

with 1,,(0) = gp,.

The solution u,,(t), given in (2.5), is called a Galerkin approximation of w.

Putting wu,,(t) from (2.5) into (2.6), we get a system of non-linear differential equations in
cx(t), the solution for which exists by theory of differential equations [46].

(ii). In this part, we will show that the solution u,,(t) of (2.6) is bounded in L(0, T; H3(92)),

Since the system (2.6) is true for every ¢;, hence it will hold for u,,(t) as well, therefore,

(tm ¢ (£), i (1)) + |[1tm.0 ()220 (@2t (E) im0 (£), i (1)) + (bt (£) (1 = i (£)), i (1)) = 0.

Using generalized Holder inequality, we have

1d

5 77 e (D[220 1t 2 (D[220 < lall ()] 32t 2 ()] 20| 2t (8} | 400

+ bl [ ()| T2 0l ()73 (2.7)

If the basis functions {¢}s} are polynomials, we obtain ||tum,(t)|[r2()< K since Q is
bounded.
The embedding H} () — L4(Q) for ¢ = 3,4 implies [42, 62]

[tm @)]|Lo(@) < elfum[1 < Cllum |20,

for some constants ¢ and C. We used the fact that the semi-norm and norm are equivalent
on H;(Q) space.

Using these inequalities in (2.7), we get

d
E||um(t)||%z(m+||um,x(t)||%2(g)§ Ala, b, K) + [bl][um ()][72(0), (2.8)

for some constant A depending upon a, b and K only.
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Integrating (2.8) in time and noting that ||u,.(¢)||* is non-negative,

t
[l ()] 2 < \|um(0)\|ig(9)+At+/0 (bl (5] 2 () ds- (2.9)

Applying Gronwall inequality to (2.9), we obtain

[l ()1 722) < (1 (0)][72 (0 +AtJexp([b]2).

Hence,

sup ||um(t)||%2(m§ C(T), independent of m.
te[0,7

Thus, {u,,}>_; is bounded in L>(0,T; L*(Q)).

Using (2.8), we see that {u,,}>_, is bounded in L*(0,T; H}(Q2)).

(iii) As {u,}2_; is bounded in L*(0,T; Hi(2)), which is a Hilbert space, hence we can
extract a subsequence which is again denoted by w,,, without loss of generality, converging
weakly in L?(0, T; H}(Q)) tou € L*(0,T; H}(Q2)) by property of weak convergence in Hilbert
spaces.

Now, let ¢ (t) € C°[0,T] with ¢»(T) = 0. Multiplying equation (2.6) by this time depending

test function and integrating in time and using integration by parts, we obtain the following;:

T

— (g 5)06(0) — / (o (1), 1 (1))t + / (s (£), (1))l

n / (@t (Bt (1) + Dt (1) (1 — e (1)), ()5}l = 0. (2.10)

From the estimates calculated in part (ii), following can be established,

(g @:)1(0) = (uo, :)1(0), (because ||gm||< ||uol|, being L* projection)

[ 0o [ o, mwoa

/0<um<> de/ i (6) (1))t

/O (um (1), ¥ (t)pi)dt — /O (u(t), ¥(t)d;)dt.

Next, if we could show the convergence for ufn and Uy, Uy, », we will be done.
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Making use of Holder inequality and the Sobolev embedding theorem, we can write,

[ k0 0,000 < [ W01 [ i~ i+ ol
< [ 1 On®) = )+

< ClI9 1z om il [ llwm = ] 220,220 ([ 20,2 HIwl | 220mimy))- (211

From this inequality, we get

/O (us, (), (1) i) dt — /0 (u2(t), 1 (t)¢;)dt.

Similarly, for w,,t,, »,

r/zmzmx—w@wm mmm</er/h%xuw—
T lulluma (t) — 1 (6)]) ||t
Sbﬁ 0 (E) (et (8) — ) et () g0 el g

+ [l @y fum () = wa (O[] [03] 1))

Since ||wm . (t)|| is bounded, therefore, ||y, (t)||z4 is bounded. Hence

l[wm%a @ﬁ+/ B()do)dt

Taking limit in (2.10) and noting the fact that (2.10) is true for every ¢;,

4wmwm<AW®wwmm+A@m>wwg

+ /0 (au(t)uu(t) + bu(t)(1 — u(t)), p(t)d)dt = 0. (2.12)

Since (2.12) is true for every ¢ € C2°(0,T"), hence u satisfies (2.3).
Now, we establish that u satisfies the initial condition as well. To that end, we multiply

equation (2.3) by 1 (t) and integrating by parts in ¢,
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~ (u(0), 6)(0) — / (ult), v (£)6)dt + / (1 (1), (1)) dt

+ /0 (au(t)ug(t) + bu(t)(1 — u(t)), ¥ (t)p)dt = 0. (2.13)
From (2.12) and (2.13), we have
(uo — u(0), 9)¥(0) =0V ¢ € Hy(Q), Vv € C(0,T),

whence descends u(0) = ug a.e. in . This completes the proof of existence of weak solu-
tion.
(iv) To prove the uniqueness, suppose there are two solutions u; and wus to the weak for-

mulation (2.3) and (2.4). Then u; — uy satisfies

((wr — u2),, @) + (w1 — u2),, ¢z)
= —a(ugy ; — UgUo g, @) — b(ur (1 —uy) — uz(l — ug), ), V ¢ € HS(Q).

Taking ¢(.) = ui(t,.) — ua(t,.) and using the assumption on boundedness of u; , and g,

d
Tl =l lfa @ HlI(wn = w2)el L) < Kllur = wsl ooy +blllun = wllfoy,  (2:14)

for some constant K depending solely on a and b.

Using the embedding H'/2(Q) < L3(Q) [42], we can write:

bl (1) < et

< b(cz||um|]L2(Q || mHHl(Q)) (using interpolation between L?(Q) & Hj(Q))

3/2
< bles| w1300 |ttm o170
C
<b- |rum<t>||Lz<m+er|um,z<t>r|%2<m. (2.15)

We used Young inequality for p = 4 and ¢ = 4/3 to get the last inequality.
Using (2.15) in (2.14) for € = 1, and integrating in time

(1 (t) = w2 (B)] |2 < (1 (0) = u2(0)[[ 72y
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t
T / (1L + 6 [un(5) — ()| [0 [ta () — () 2 ds.

Since both the solutions satisfy initial condition, therefore ||u;(0) — u2(0)||= 0. Using

Gronwall inequality, we have ||u; — u2||%2(ﬂ)§ 0 implying u; = us a.e. [

2.4 Semi-discretization of the Problem

We have established that the solution to the problem (2.3) exists uniquely under some
assumptions. Moreover, the way to approximate this solution is also pointed out in the
proof of the first part of the existence theorem. The approximate solution is called the
Galerkin approximation and can be obtained from solving nonlinear ordinary differential
equation (2.6) for ¢.s. The error committed in such an approximation is important to
demonstrate the efficiency of the method.

From (2.6), we have the following equation for semi-discrete Galerkin approximation u,,,

(Um (1), Om) + (Umz(t), Pmz) + (AU () U 2 (t), Om) + (bum (E) (1 — up(t)), dm) = 0, (2.16)

for all ¢,,, € V,, C HY(Q) and u,,(t) is as given in (2.5).

In (2.16), () stands for the derivative of u,,(z,t) w.r.t. ¢ evaluated at ¢.

2.4.1 A Priori Error Estimates

Theorem 2.4.1. Let u satisfies (2.3)-(2.4) and u(t),u,(t) € L=(Q). Also, let u,,(t) satis-
fies (2.6) and u,,(t) € L>®(Q). Then, for ug € L*(9),

Ju — um||%°°(0,t;L2(Q))+a||u - Um“%Q(O,t;Hé(Q))S Ayflu = U[P(0) + Agl|(u — U)t||2L2(o,t;L2(Q))
+ A3||u - U’|i2(o,t;Hg(Q))+A4||u - UH%OO(O,t;LQ(Q))? (2-17)
where U is some element in V,, of the form (2.5).

Note: u,, is a Galerkin approximation of u in V,, whereas U is some element of V,, of a

particular form, i.e. (2.5). Therefore U may not be a solution to (2.3)-(2.4).

Proof. Since u,, € V,, and suppose U is another element in V,,, then U — u,, € V,,. Taking
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¢ =U —uy, in (2.3) and ¢,, = U — u,, in (2.16), then subtracting (2.16) from (2.3), we get

(= um)e, U = ) + (4 — U ), (U — i) a) + (a(vtty — Uy, z)
+b(u(l —u) = Up (1 — up)), U — up) = 0.

Writing U — u,, as u — u,,, + U — u,

((U — U ), U — um> + ((u — U )z, (U — um)x) = ((u — Uy ), U — U)
+ ((U — Um)z, (U — U)m) — a(uux — U U g5 U — um) + a(uux — U Uy 5 U — U)

- b(u(l —u) — Uy (1 — up),u— um) + b(u(l — ) — U (1 — U ), u — U)) (2.18)
To avoid confusion, we take up term by term simplification of (2.18).

((u — U ), U — um> = ——||u — up|[*.

(0 = ) (1 = ) ) = [0t = el

Since u € H} () and u, € V,, C Hy(Q). Since, semi-norm and norm are equivalent in H}

space, therefore,
(= )| = alle = | o)
The Cauchy-Schwartz inequality and the Young inequality for € = a//c give,

(=t (0= U)) < 1w = ol 112 = Ol | < el = gyl = Ul

(07 2 2
< EHU - Um||H5(Q)+C||U - UHH&(Q)’
2
where C' = -

a<uuw — Uy U 5 U — um> < a|||uty — pmtm o] |||t — |
< €] Jutty — Ut | [P+C1(a)|[u — um||?

< e(|lu = v | ua| |+ [ |1tz — tmall) + Cr(@)]u — wml[*.
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The constant C; depends on a alone. Assumptions ensure that the quantity in parenthesis

is bounded. Similarly,

a(utly — Uy e, u — U) < €||uu, — umum7$||2+C’2(a)||u - U||2,
b(u(l — ) — Up (1 — Upy), u — um) < el|u(l — u) — (1 — up) [P +Cs(b) | |u — uml |,

(01 = 1) = (1 = ), 0= U) ) < ellu(l = ) = (1 = ) |[P+Ca(0) | = U
These simplifications reduce the equation (2.18) into the following form,

d
e = ] Pl = [y o) < (0 = )i, w = U) + el = [

+allu—UlP+ellu — Ul ) (2.19)

where constants ¢ and ¢; depend solely on a and b.

C

Multiplying (2.19) by integrating factor e~ and integrating in time, we get

t
—ct 2 2 —cs 2
e “flu — um|[*(t) — [lu — unl| (0)+a/0 e “llu = uml[31 o) ds
t

t t
< / ((u—upm)p, e (u—U))ds + / cre”||lu — Ul|[*ds + / coe”|u — U|\12LIS(Q)ds,
0 0 0

(2.20)

for t € (0,T) a.e. Now, applying integration by parts to the first integral on the right of

the above inequality,

/0 (u = Um)t, e (u—U))ds = e “(u—U,u—up) — (u—U,u— uy,)(0)

t t

—/ e_cs(u—um,(u—U)t)dS—l—/ ce”“(u — upm,u — U)ds
0 0

< {1 = wnl2(8) + i = wl2(0) + 1t = i F20 20 |

+ C/{Hu - U||%2(0,t;L2(Q))+H(u - U),tHZLQ(O,t;LQ(Q))_'—Hu — U[]*(t) + [Ju - UH2(O)}~ (2.21)

Using estimate (2.21) in (2.20) and observing the fact that ||u — u,,||?(0) < |[Ju — U|[*(0),
um being Galerkin approximation and ||u — U||%2(07t;L2(Q))§ [lu— U||i2(0,t;H01(Q))’ we get the

estimate (2.17). n
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2.4.2 Convergence Analysis of Semi-discrete Solution

Theorem 2.4.2. Let u satisfies (2.3)-(2.4) and u,, satisfies (2.6). Under the assumptions
of theorem (2.4.1), semi-discrete solution u,, converges to the weak solution u as V,, fills

the space W(0,T; H(2)).

Proof. Suppose the interpolant of u(t) in V,, is denoted by I,u(t) for each t. Then, from
theory of finite elements [95, 113],

||u — Iyul|+h||Ju — Ll < Ch?|ul,.

Since (2.17) is true for every U € V,,,, therefore, putting U = [,u(t), we get
for t € [0,7

ou |2

t t
4 — | P / [t — [y ds < Arh*u(0) 2 g+ Agh? / Qu
0 0 0 8t

H2(Q)

t
+A3h2/0 |u| g2y ds +A4h4|u|fq2(m(t). (2.22)

As we see from (2.22), h — 0 gives u,,(t) — u(t) for each t € [0, 7. [

2.5 Fully Discretization of the Problem

The problem (2.6) is called the semi-discrete problem because the time is still a continuous
variable. In this section, we discretize the time variable.

Suppose N represents the number of instants when we want to record our solution. Let
At = T/N, the time step, then the homogeneous discretization for time is 0 < t; < ... <
ty_1 < T, where t;, = kAt.

Using Fuler’s backward method to discretize the time derivative and lagging nonlinearity

to the previous level of time, we have the following fully discrete problem:

k k—1
<um A:m_, ¢m> (U g Ome) + (aul, Mk, o+ bul (1= ul ™), ) = 0, Vo, € V,,(2.23)
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k

where u;,

= Uy, (7,1;). The semi-discrete solution at t = #, is u(x, ;) or u*. From (2.3), u*

satisfies the following equation,
(ug, 6) + (u, b)) + (auuf +bu (1 —u*),6) = 0, ¥ ¢ € Hy(9). (2.24)

2.5.1 Convergence Analysis of Fully Discrete Solution

We will use the following lemma to prove the convergence of fully discrete solution,

Lemma: If u; € L*(0,7T; L*(2)), then

k k—11|2

At
e ™ T Ay =7

ty
< 3/ g [2d. (2.25)
te—1

Proof. See [101]. ]

Theorem 2.5.1. Suppose |a|< 1. If u* is a solution of (2.24), u(t), u.(t) € L=(Q) and
uy € L*(0,T; L*(Q)). Moreover, let u¥, is a solution of (2.23) and ||ul,|| )< 1, then

N N T
I[N —ul| < o<h4|u(t)|§+At(F2+F4)h4ZW §+AtF6h2Z|uk|g+(At)2F3/ |y ||?dt
k=1 k=1 0
A 2 T T
(;) / ||utt||2dt+F9h4/ |uf§dt>,
0 0

where u™N () = u(t,.), uN () = un(tV,.) and C, Fy, F3, Fy, Fs, Fx, Fy are some positive fived

m

+ Fy

quantities independent of h and At.

N

Proof. To estimate the error v’ — )Y, it is written in following manner,

u —ul =N —UN  UN — ) = el 4 ef, (2.26)

where ey and ep represent interpolation and discretization errors respectively.
It is clear that ep € V;,, therefore taking ¢ = e, in (2.23) and (2.24), and subtracting the

two, we have

k
(uf = =€) + (U = g €p,) + a(ufug — My, o €p)

+b(uF(1 —uF) —uf (1 —ub ), eh) =0, (2.27)
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Next, we take up term by term simplification of (2.27).
First term yields,

k k-1 ko k-1 ko k-1 ok k-1
B R 2 WO e N (0 T = K
t At 'y D t At »©“D At y ©“D

Second term can be written as,

(ul; - U’]:n,:m 61;7,:6) = (elj,r + ell%,m? ekD,x)'

Adding and subtracting v*~!u* and u®!u¥, third term can be written as,

a(ufuy =y, o ep) = a((u’ —utug, ep) + (W — Ny, ep)

+ (auy, (€], +ep ), ).

Fourth term is written as,

b(u (1 — ) — up, (1 — ), elp) = b((e] + ) (1 —u"™), elp)

= bup, (e +ep ), ep) = b(u(ut —utTh), ep). (2.28)

Using these values in (2.27), we have

ko k-1
(b — eyt ehy) + At(ely 5.y ,) = —A (u vt e%) — At(ef ,.eh)
—(ef — e eh) — adt(ub(ut —uF ), o) — adt(ub (u ! —ul ), ey)

—alt(uy (€], + €p ), €h) — DAL((ef + ep) (1 —u* ™), ep)

FOAL(uF (et 4 ebTY) eh) 4 bAt(uF (uF — ut T eh). (2.29)

We again simplify the terms of this inequality one by one. Young inequality and Cauchy
Schwartz inequality imply,

(eh —ep ' eb) = lleplPP—(e ' ) = llep *=llen llllep |
1

5 UlebllP=llen " IP)-

V

IV
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Utilizing (2.25) with Cauchy-Schwartz inequality, we see

uf — uF1 & AN 1
S <= 2dt + =k |2
(= —eeb) < 5[ e S

The Cauchy Schwartz inequality and the Young inequality for e = 5/2 yield,

5 1
[(€far€ba) < Mlefalllleb 1< FlleralPH<llenll*

From [101], using Cauchy-Schwartz inequality and Young inequality for e = At, we have

1 [t
(¢ = b el < Allehlag [ ek Pt

tk—1

Again taking recourse to Young inequality, we simplify the term (u*(u* — u*=1) ek as

aAt(uf (uF —uh 1), k) < |a|At/ uf (ub — uF el da
Q

< |a|At|[uf] | oo (@ ||uF — u*H|||ef|| (Cauchy Schwartz inequality)

a —
= %Aﬂluﬂlmm)ﬂluk — uF Y P [ek|2) (for e = 1)

tg
a
SHAW@MmeU/ mmew%W)

2 th—1
Proceeding in similar fashion for other terms,

Jo
2
a

< 0 A iy (= — 01 91—l P )

a ; :
< LAt e Pl P+ | 2).

alt(ug(uh ™ —up) el) < A ug] | ([Jut ™ — P+ lep )

Using Young inequality for e = 7/2 and the triangle inequality yield,
_ _ 1 1 7
ANt o+ ehy), ) < lal Atk ey (116 P 5 b P b ).
Similarly, the following inequalities follow,

_ _ 1
bAH((e7 +€p)(1 —u" ), ep) < [blAtmax{L, [[u* ] Hlep [P+ lleF ),



26 2.5 Fully Discretization of the Problem

- _ b _ _
DA (up, (7" + e ), €) < %Atllummm)(lle% PHler P lebl 1),

ti
B (i — w5 1), ) < [l AHIH ey (At [l + ||e93||2).

tk—1

The choices of specific €s in Young inequality are made so that the cancellation of some
terms could be possible.

Using all these inequalities in (2.29), we have

t

k
bl [P =[leh HP+ALFF||eh | < AtF§|!€]B\|2+AtF§|\€IB1\|2+At2Ff/ ||| dt
tp—1
T ALEH Y P ALER K L AL PR [ P+ 2 [ ek P (2.30)
51161 6 11€1 71CrIz 6 J, tt 2/, €It ) .
k—1 k—1
where Ff' = £ — 2|af||ul ],

Ff = 3+ ol (20[uf] oo+l gy ) + 101kl +21 [0 [+ 2mas{ 1, [ [ | ),
FE = [alllub| o 40l [uH| e, FF = FE = Jall [kl 20bl [, B = [bmax{1, [luf="}

Ff =3+ lallJu; ||~

k—1

k=1 we conclude FF > 1.

Under the assumptions on |a| and u

Now, summing (2.30) over k = 1(1)N, and representing supremum of FF by Fj, we obtain

N N T
lep|P+At > lleh, |[P< At(F + Fy) ZII@'E||2+(N)2F4/ ||| [P dt
k=1 k=1 0

N N (At>2 T 1 T
+ AL(Fs + Fo) ) _|lef|P+AtF; Z|l€'?x||2+—/ g | |*dt + —/ |lef | [Pdt. (2.31)
k=1 — 6 0 2 Jo

Taking At small enough to make sure that At(F, + Fy) < 1 and applying discrete form of
Gronwall inequality to (2.31), we have

N T N
leBIP+At Y lleh . |*< K((At)2F4/ [l [Pdt + At(Fs + Fs) Y _|lefI?
0

k=1 k=1

N (At)Q T 1 T
b oty YNk P S [P 5 ek ipa)., 232
k=1

B T(Fa+Fs)
where K —exp(m)
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From the theory of finite element interpolation [113],
ezl +hlle] o< h?[utl2. (2.33)

From (2.26), (2.32) and (2.33), and using the triangle inequality, we obtain the error of full

discretization, which can be written as,

[ — | P< {lep |[*+]er ||

T N N
< 0(h4|u|§+(At)2F4/ [lue|[*dt + At(Fs + Fo)h* > [uF3+AtFR? > 3
0 k=1 k=1
6 /. \|uft\|2dt+§h4 i ugl3dt ), (2.34)

where C' is some constant independent of h and At.

+

From (2.34), it follows that as h — 0, At — 0, uY — «”, that is, for any time 7', the fully

N

. converges to the weak solution at that time. n

discrete solution u

2.5.2 Positivity of the Approximate Solution

In this sub-section, we investigate the positivity of solution to (2.23). The domain is
discretized uniformly in time and space. The time step is At > 0 and space step length is

h. For a generic element e; = (z;, x;11),
ub (@)= Y digi(a), z e, (2.35)
jefiit1}
where linear basis ¢}s are given by

Tiy1 — T r—x;

pi(z) = — bir1(x) = — o TEe

h = Tip1 — Ty

Theorem 2.5.2. For a uniform discretization of the domain [0,T] x Q with respect t and

z, the sufficient condition on At for positivity of uk , the fully discrete solution, is given by:

3
~ 2 Dokt okt 4 b(

a ?)le_1 + Cg_l 1) < 1
h?  2h

4
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k—1 k—1
Cq + Co 1
- 5 Y

2t p(4

6 _a
w2 h

where c1, ¢y are the values of u¥, at node points of e;.

Proof. From (2.23) and (2.35), we have

i+1 i+1 i+1 i+1
(Z 105, ¢l> + ( > e, ¢l,x) +a ( > ey e, ¢l>

J=i J=t Jj=i j=i
i+l i+1 i+1
+b<zc§¢j,¢l) —b(zc§—1¢jzc§¢j,¢l> 0, =i i+1.
j=i j=i j=i

We get the following system from above,
Al (t*) + (B + aC + b(A — D))e(t*) = 0, (2.36)

where matrices A, B,C' and D are given by

h/3 h/6 1/h —1/h
A= /3 : B = / / , (2.37)
h/6 h/3 ~1/h  1/h
O = 1 _(QCf_l + Ci‘:ll) 2C§_1 + Cf:ll _ ﬁ 3C§_1 + Cﬁ:ll Cf_l + C?J:f
O | (=t padhily it ack] ’ 120 bt gl bty gkl

(2.38)

and ¢(t) is an unknown vector. Discretizing (2.36) by Euler backward difference scheme in

time, we see the following system,

Ac A L for A = it + B +aC +b(A - D). (2.39)

BN A

We observe that A has positive entries. Then, for ¢f=1 > 0, the right hand side of (2.39)
is non-negative. A sufficient condition for ¢* to be non-negative is that the matrix A is an
M-matrix [101]. M-matrix is a matrix whose diagonal entries are positive and off-diagonal
entries are non-positive. The reason to show A is M-matrix lies in the fact that M-matrices

have inverse matrices with every entry positive.
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We have

o bh bh . .
Qa7+t g - plaT v e, (2.40)

h 1 a
A =5t TG

Similarly, we can write an expression for any A;;, keeping assembly of diagonal elements in

mind. A;; > 0 implies

1 3 a 3Ck’—1 +Ck—1
_ o — (2 k—1 k—1 b( 1 2 . 1> 941
At> h2+2h( 1 +02 )+ 4 ( )
Further,
h 1 a _ _ bh  bh, ,_ _
Az = @_E+E<2Cl{: Lt b 1)+€_E(le L ch=hy,
for ./412 S O,
1 6 a.p1 | k1 '+
S CdT AT+ b<—2 -1). (2.42)

The matrix A is not symmetric, due to non-symmetry of matrix C, therefore, A, should
also be looked into. But, we find A, < 0 implies Ay < 0.
Combining (2.41) and (2.42), we have the result. ]

2.6 Numerical Examples

In order to check the accuracy and efficiency of the proposed scheme (2.23), we have con-
sidered the problem (2.1) over the domain [0, 7] x [0, 1] with following initial and boundary

conditions,

u(0,2) = ug(x) = % + %tanh( — %)7
u(t,0) = = + 1tanh(%{ﬂ _ %b}t>

The exact solution of (2.1) for these initial and boundary conditions, is given by wu(t,x) =

1+ ltanh(=2{x — (¢ — %b)t}) [122].
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Figure 2.1: For parameters a = 0.01,b = —0.01 at time T =1 (Example 1)

In order to find numerical solution, the element matrices given in (2.37)-(2.38) are assem-
bled. And the proposed scheme is applied to find the solution upto the desired time level.
We take the space parameter h = 0.1 and time step At = 107° for all examples.

Example 1: Taking advection coefficient a = 0.01, source coefficient b = —0.01, the ap-
proximate solution is computed and compared with the exact solution in Table 2.1. Table
2.1 gives solution as well as absolute error at grid points for the time 7' =1 and T = 50.

Fig. 2.1a compares approximate solution with exact solution and Fig. 2.1b depicts error

at time 7" = 1.

Table 2.1: Computation of solution and absolute error for a = 0.01,b = —0.01

T=1

T=50

Exact

Approx

Error

Exact

Approx

Error

0.10
0.20
0.30
0.40
0.50
0.60
0.70
0.80
0.90

0.5023812320
0.5022562346
0.5021312370
0.5020062392
0.5018812411
0.5017562427
0.5016312442
0.5015062454
0.5013812464

0.5023812320
0.5022562346
0.5021312371
0.5020062392
0.5018812411
0.5017562427
0.5016312442
0.5015062454
0.5013812464

7.42 x 10712
1.29 x 1011
1.71 x 10711
1.96 x 10~11
2.04 x 10711
1.96 x 1011
1.71 x 10711
1.30 x 10~ 11
7.27 x 10712

0.6226355677
0.6225180803
0.6224005784
0.6222830622
0.6221655316
0.6220479866
0.6219304273
0.6218128536
0.6216952657

0.6226355442
0.6225180567
0.6224005549
0.6222830387
0.6221655080
0.6220479631
0.6219304037
0.6218128301
0.6216952421

2.35 x 1078
2.35 x 1078
2.35 x 1078
2.35 x 1078
2.35 x 1078
2.35 x 1078
2.35 x 1078
2.36 x 10~8
2.36 x 1078
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Example 2: In this Example, results are computed for a = 0.001,0.01 and b =
—0.001, —0.01 at different times. The Table 2.2 compares absolute errors of the present
scheme with VIM [88] and ADM [88] schemes at different times. It is observed that though

the errors are of same order for small times but for large times the present scheme performs

better and maintains accuracy to a far greater extent.

Table 2.2: Absolute Error Comparison of proposed scheme with VIM and ADM

a = 0.0001,b = —0.0001

a=0.01,b=—0.01

x T FEM VIM [88] ADM [88] FEM VIM [88] ADM [88]
01 1 979x107™ 177x107 1.77x1071% 742%x10712 178 x10~8 1.78 x 108
0.5 762x1071% 521 x107% 521 x107¥® 204x 107 529x 1072 5.29x 1077
0.9 145 x 107 729x 10715 7.29x 1071 727x10712 7.28x107? 7.28 x107?
0.1 10 321 x107™ 205x10~" 205x 10711 6.06 x 10712 207 x10~® 2.07x10°°
0.5 1.74x 107 1.93x 1071 193 x 10711 183 x 10711 194x107° 1.94x10°°
0.9 1.71 x 107 180 x 1071 1.80 x 107! 626 x 10712 1.81 x107° 1.81x107°
0.1 50 250x10719 260x107° 2.60x107°? 2.35x10°8 0.002522 0.002522

0.5 250 x 10719 257x1077 260x107? 2.35x 1078 0.002522 0.002522

0.9 250x 10719 253 x107° 2.53x107% 2.36x 1078 0.002522 0.002522

Example 3: In this Example, we compare absolute error of the present scheme with the
Exp-function method [78] for different set of values of a,b : a = 0.001,b = —0.001; a =
0.1,b = —0.1 and a = 0.5,b = —0.5. The comparison is presented in Table 2.3.

Example 4: This Example compares the present scheme results with HAM [10] for a =
—1,b=—1 at times T"'= 0.5, T'=0.7 and 7' =1 in Table 2.4.

Example 5: In this Example, we compare the present scheme results with that of results
by compact finite difference scheme (CFDG6) [102] for a = 0.001,b = —0.001. at different
times in Table 2.5.

Example 6: This example validates the theory developed in sub-section 2.5.2 for the
bounds of At. If h =0.1, a = 0.01 and b = —0.01, then we have from the condition (2.42),
At > 0.0016. The implication of this threshold on At is that for all At > 0.0016, the
matrix A will have positive inverse, which ensures the positivity of solution. However, the
condition is only sufficient and smaller At’s than the threshold limit can also offer positive

solution as we saw in the aforementioned examples where we took smaller value of At. It
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can be easily checked for smaller At, say At = 0.001 the inverse of A has some of entries

negative, for example A(2,1) = —0.07735.

Table 2.3: Absolute Error Comparison of present scheme with Exp-Function method at

time T = 0.1
a=0.001,b = —0.001 a=01,b=—0.1 a=050b=—05
x FEM Exp-Fun [78)] FEM Exp-Fun [78)] FEM Exp-Fun [78]

0.0 1.40x107" 223x107% 4.75x107 801 x107% 267x10713 1.67x107°
0.1 3.66x1071° 198x1078 3.83x107% 7.00x107% 3.02x107" 1.16 x 1076
0.2 6.97x1071 1.70x107% 7.29x107% 598x10® 561 x1077 7.77x 1077
0.3 9.60x10719 1.39x107% 1.00x 1077 497x107% 7.62x1077 4.84x1077
0.4 1.12x107% 1.04x107% 1.18x1077 3.95x107% 892x1077 2.67x 107"
05 118x107% 654 %1077 1.24x1077 295x10°% 943 %1077 1.12x 1077
06 1.12x107% 235x107% 1.18x1077 1.97x107®% 9.10x107%  6.85x 107°
0.7 9.60x1071% 218x1072 1.01x1077 1.02x107% 7.92x10"7 597 x 1078
0.8 6.97x1071° 7.06x107 7.39x107% 9.79x 107 594 x10°7  9.57 x 1078
0.9 3.66x1071° 1.22x107% 392x10°% 7.78x107% 3.26x10~7  1.07x 1077
1.0 1.40x 107 1.78x107% 1.66 x 107 1.60x 1078 8.32x 10716  9.90 x 1078

Table 2.4: Absolute Error Comparison of proposed scheme with HAM

T=0.001 T=0.005 T=0.010

x  (a,b) FEM HAM [10] FEM HAM [10] FEM HAM [10]

0.1 (-=1,-1) 191 x107% 932x107% 7.08x1077 890x107° 4.99x 10~7 9.09 x 10~*
0.5 4.72x 1077 4.73x107% 169 x107% 544 x 1075 1.08x 1075 5.03x 1074
0.9 1.72x 1076 1.32x107% 511x 1077 1.90 x 107® 3.54 x 10~7 3.09 x 10~*

Table 2.5: Absolute Error Comparison of proposed scheme with CEFD6

T=0.001 T=0.005 T=0.010

x (a,b) FEM CFD6 [102] FEM CFD6 [102] FEM CFD6 [102]

0.1 (0.001,—-0.001) 1.21 x1072 1.01 x 1077 1.69x107° 4.38x 1077 1.28x1079 7.53x10~7
0.5 228 x 10712 1.04x 1077 249x1079 521 x1077 250x10"9 1.04x10°6
0.9 1.20x 10719 1.01x 1077 1.69x 1072 438x1077 1.28x1079 7.53x 107




Chapter 3

Coupled Reaction Diffusion Models

In this chapter, we establish the existence and uniqueness of weak solutions to the coupled
reaction-diffusion models using Banach fixed point theorem (Sec. 3.3). The Galerkin finite
element method is used for the approximation of solutions, and an a priori error estimate is
derived for such approximations in Sec. 3.4. A scheme is proposed by combining the C-N
and the P-C methods for the time discretization in Sec. 3.5. Some numerical examples are
considered to illustrate the accuracy and efficiency of the proposed scheme in Sec. 3.6. It is
found that the scheme is second-order convergent. In addition, nonuniform grids are used

in some examples to enhance the accuracy of the scheme.

3.1 Introduction

The coupled reaction-diffusion models frequently arise in the field of chemistry, biology,
sociology, physics, geology, ecology, etc. [41, 94]. These models are naturally applied
in chemistry, for example, the Brusselator model, Gray-Scott model etc. However, such
models can also describe dynamical processes of non-chemical nature, for instance, the
predator-prey model. In 1952, in his pioneering work on morphogenesis, Turing [116] first
proposed that the reaction-diffusion systems may be used to study the replicating patterns
such as stripes, spots, dappling, etc., seen on the skin of many animals like zebras, lions,
cats, and so on. In [116], Turing explained that the involvement of diffusion, under some
circumstances, could lead to pattern forming instability, called ‘Turing instability’.

A general one dimensional two species (chemicals) coupled reaction-diffusion model may be

33
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defined as:

g — dytize = f(u,v), (t,2) € (0,T] x Q, (3.1)

vy — dyUge = g(u,v), (t,z) € (0,T] x Q, (3.2)

where d, and d, are the diffusion coefficients for v and v respectively. The most general

forms of f and g for these models are as follows:

f(u,v) = a; + agu + azv — myuv — mouv — mauv?,

g(u,v) = by + by + b3v + myuv + meu*v + mauv®.

Some well-known forms of this model, such as the Gray-Scott model, Brusselator model,
Schnakenberg model, prey-predator model, etc., have gained much attention from the re-
search community due to their important applications to biology and chemistry. These
models have been studied at length in literature [53, 55, 57, 68].

A more general form of the model (3.1)-(3.2) is solved by Xiao et al. [124]; however,
some important questions of existence, uniqueness and error bounds etc. are not discussed.
The main focus of Xiao et al. [124] was to develop one step and multi-step finite element
schemes for delayed predator-prey competition reaction-diffusion systems. The existence
and uniqueness for a more general model is discussed by Almeida et al. [2] for non-local
diffusion — but only for linear reaction.

The special cases such as the Gray-Scott model, Brusselator model, Schnakenberg model
etc. of the system (1.1)-(1.2) lack the element of generality in themselves. For instance,
Gray-Scott, Brusselator and Schnakenberg models take g(u,v) = —Bv + uv?, fu — u®v
and 3 — u?v, respectively. But, none of these models consider the case where v has a
positive net birth rate (birth-death), because in this case, g will have some formula like
g(u,v) = pv — u™v™, for some m,n > 1. Therefore, an attempt is made in this chapter to
study the system in generality.

Moreover, these systems possess high order non-linearity, which makes it difficult to find
analytical solutions of such systems. Therefore, efforts have been made to propose numeri-
cal schemes to approximate solutions accurately. Some of the important schemes developed

so far include finite difference schemes [34], implicit-explicit time-stepping schemes [77],
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positive finite volume methods [36], discontinuous Galerkin methods [128], finite volume
spectral element methods [105], differential quadrature methods [55], variational multiscale
element-free Galerkin and local discontinuous Galerkin methods [24] and meshless local
Petrov-Galerkin methods [48], to name to a few.

The present scheme differs from the other variants of the finite element methods in the
sense that the classical Galerkin method with the C-N and P-C techniques is considered.
The proposed scheme is fast, easy and accurate, which is established by comparing the
results by the proposed scheme with the earlier ones.

For numerical simulations, we consider a linear model with an exact solution to check the
competence of the proposed approach by calculating L?, L> errors and order of conver-
gence. Furthermore, two well-known nonlinear models — the Gray-Scott and Brusselator

models, are simulated to capture their pattern formations.

3.2 Weak Formulation

The weak formulation to the problem (3.1)-(3.2) with initial conditions u(0,z) =
up(x), v(0,2) = vo(x), is obtained by multiplying the equations (3.1) and (3.2) by some
function (called test function) ¢ € H'(2) and then integrating them w.r.t. space variable
x over 2. Using integration by parts together with homogeneous Neumann boundary con-
ditions, we define the weak solution of our problem as follows:

We say that the functions (u,v) such that
u, v € L*(0,T; L¥(Q) N HY(Q)) with ', v' € L*(0,T; L¥(Q)) (3.3)
is a weak solution of (3.1)-(3.2) if

(u, 0) + du(uz, ¢2) = (f(u,v), 8), (3.4)
(v, 9) + do(ve, d2) = (9(u,v), 9), (3.5)

hold for every ¢ € H*(Q), and

u(0,z) = up(x), v(0,z) = vo(x). (3.6)
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Here, v’ represents the derivative of u with respect to t.

Theorem 3.2.1. Suppose u € L*(0,T;X) with v’ € L*(0,T;X). Then u € C([0,T]; X)

and
o [|u(t)llx < K([lull 2000 Hlwllz2070))-
Proof. See [30], Chapter 5, Section 5.9. n

Taking X = L¥(Q)NH'(2), we conclude from the Theorem 3.2.1 that u,v € C([0, T]; L¥(2)N
H'(9)), and hence Eq. (3.6) makes sense. The space C([0,T]; L¥(2) N H'(2)) is our solu-
tion space, let us call it S.

Note: To clarify the use of space L¥(2) in the above formulation, we note that in earlier
chapters 2 C R and in R, H' functions are continuous which makes the non-linear func-
tion f(u) integrable; however, in 2D, we need to ensure the function f(u) is integrable.
In this case, the highest order non-linearity in the formulation is cubic, that is u?v, where
u is the first chemical, v is the second chemical. To make u?v¢ integrable in the weak
formulation, where ¢ is a test function, we take u(t),v(t) € L%(€2). In such a space, u?(t)
belongs to L*(€2), by generalized Holder inequality and v(t) € L*(2), since € is bounded,
hence of finite measure. Therefore, the product u?(t)v(t) belongs to L% again by gener-
alized Holder inequality. Since ¢ comes from H'(€) space which is contained in L?((2),
hence [, u*(t)v(t)pdz exists by Holder inequality. It may be pointed out that we may take
examples of 1D, but this theory extends to 2D and applies for 1D as well.

3.3 Existence and Uniqueness of Weak Solution

In this section, we establish the existence and uniqueness of the weak solutions to the weak
problem (3.4)-(3.5). Existence of semi-linear and quasi-linear systems has been discussed
in literature by many techniques. For instance, Amann [5] showed the existence of solution
to such systems by the semi-group technique. More details related to this technique may
be found in Pazy [93]. Another technique is due to Friedman [32], where a series of a priori
estimates on unknown function are derived. Contrary to these works, this study attempts

to minimize the effort by applying Banach fixed point theorem.

Theorem 3.3.1. Let ug(z), vo(z) € HY(Q) and u, v satisfy (3.3)-(3.5). If u and v are
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bounded functions in 2, then the coupled system of equations (3.1)-(3.2) has a unique solu-

tion.

Proof. The proof of existence of the solution follows from Banach fixed point theorem as

demonstrated in [30] for the semilinear case. To apply the theory to the present case, we

put our problem in the following form:

d
—X -AX =FX
dt ( )7

u
where S x S5 X = and R? 5 F(X) =
v 9(X)
Now, we show that F'(.) is Lipschitz continuous. We find that

|F(X1) — F(X)|= /(f(ur,v1) — fluz,v2))2 + (g(ur, v1) — g(ua, v2))2.

Direct calculation shows that,

flur,v1) — f(ug,va) = (u1 — up){as — myvy — movy (uy + ug) — mav3}
+ (v1 — v2){as — miuy — moui — mauy (vy + v2)}
= &i(ur — uz) + & (v1 — v2),

g(uy,v1) — g(ug, v2) = (uy — ug){ba + myvy + Mmovy(uy + uy) + msvs}
+ (v1 — vo){bs + myuy + moui + maus (vy + v2)}

= &(uy — ug) + &(v1 — va),

(3.7)

(3.9)

where &1, &, &3 and &4 are some non-constants which may depend on wy, us and vy, vs.

For a realistic model, & and & have the same sign, since as and a3 are unlikely to have the

opposite signs simultaneously. For example, for an auto-catalytic population, ay > 0, and

then az will be zero in this case, since the mutual effect of v on w is captured in mq, mq, m3.

Therefore, applying (a + b)? < 2(a® + b?), we find

(f(ur,v1) = fluz, v2))* < 267 (w1 — uz)* + 263 (v1 — v2)*.
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Similarly, &3 and &4 have the same sign, and hence

(g(ur,v1) — glug, v2))? < 265 (uy — ug)® + 265 (v — v3)%.

From Eq. (3.7), we obtain,

F(X0) — F(X)] < /262 + D) (s — ua)? +2(63 + E3) (02 — va)2.

Whence, |F(X)) — F(&)|< 2¢/& + 1/ (ur — u2)2 + (v1 — 12)2 = 20/& + &|X — ], if
GHa<a+&,

or [F(X) = F(X5)|< 2/&5 + &/ (un —u2)? + (01 — 12)? = 20/& + |0~ [, i 465 <
G+

Since u and v are assumed bounded, therefore, &7 + &2 + &2 + &2 < K, for some K. This

renders F'(.) Lipschitz continuous.

Since § is a Banach space. Appealing to a result of [30], Chapter 9, page 503, we are
through.

Uniqueness: Suppose there exist two solutions (u1,v1) and (ug,ve) of (3.4)-(3.5), where

uy # ug and/or vy # vy, then

(u/h ¢) + du(ul,xa ¢x> = (f(ula Ul)7 ¢)7 (310)
(Uiagb) +dv(v1,m7¢x> = (g(u17vl)>¢)’ (3'11)

for every ¢ € H*(Q2) and

(u/27 Qb) + du(“Q,xa gba:) = (f(uQ’ UQ)a gb)v (3'12)
(Ué,gﬁ) +dv<v2,m7¢z) = (Q(UQ,U2)7¢), (313)

for every ¢ € H*().
Subtracting (3.12) from (3.10) and (3.13) from (3.11), we have

((ur —u2), @) + du((ur — u2)e, &) = (f(ur,v1) — flug, v2),0), Vo € H(Q), (3.14)
((Ul - 02)/%25) + dv((Ul - U2)z,¢x) = (Q(Ul,vl) - 9(“2702)7 Gb)v Vo € HI(Q)- (3-15)
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Under the assumption of boundedness of the solutions, we get from equations (3.8) and (3.9)
that [ f(ur,v1) — f(uz,v2)|< Kifup — ug|+Kalvr — v] and [g(ur,v1) — g(uz, v2)|< Kslup —
Us|+K4|vy — vo|. Taking ¢ = u; — us in (3.14) and ¢ = v; — v9 in (3.15), we obtain

d
%Hul — ws|]’< Killur — ua| P+ K| (wr — u2) (v1 — v2)|[ 11,

d
%H"Ul — 0o |P< Ksllvr — vo| PH Ky (w1 — u2) (v — v2) || 11(0)-

Using Young inequality ab < (a®+b%)/2, and taking K to be the maximum of the constants
K, Ky, K3 and K4, we have,

d
E(Hul — || |vr — va[?) < K(JJur — ual]*+|[vr — va|[?),

d _
prat B (lluy = wal P+or — v %)} < 0.

Integrating from 0 to ¢, we get |[lui(t) — ua(t)||?+||vi(t) — v2(®)|P< e®¥(]ur (0) —
u2(0)][2+]]v1(0) — v9(0)]]?). Since u1(0) = uy(0) and v1(0) = v5(0), implying u(t) = ua(t)

and vy (t) = vy(t) a.e. [

3.4 A Priori Error Estimates and Convergence

The process of finite element approximation starts by the selection of a finite dimensional
subspace V,, of the solution space S, followed by the selection of a basis for the finite
dimensional space. Subsequently, we approximate the solution by solving the system of
equations, which are non-linear in our case. In this process, some error is committed. We
derive an a priori error estimate for such error in this section. Furthermore, the a priori
estimate allows us to understand the order by which the approximation converges to the
solution. A priori error estimates are available for linear, semi-linear and even quasi-linear
problems [113]. However, such results are not achieved for the coupled systems, which
this study attempts to prove. We find that the second order convergence for quasi-linear
systems is also valid for nonlinear coupled systems.

Consider a partition of Q as (x;,2;41), ¢ = 1,...,m — 1 with the discretization parameter
h = maxi<;<m-1(Ti+1—2;). The subspace V,,,, characterized by h, satisfies (1.7). A Lagrange

basis of linear continuous Lagrange polynomials {¢;}7, for V,, is chosen, where ¢;(x) =1
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if v = x; and ¢;(x) = 0 for x = z;, j # 4. If u,, and v, denote the approximations of u and
v in V,,, we intend to find out the semi-discrete errors ||u,,(t) — u(t)|| and ||v,(t) — v(¢)]].
Towards that end, we write u,,(t) — u(t) = (un(t) — U(t)) + (U(t) — u(t)) = 0(t) + p(t),
where U(t) is the elliptic projection of u(t) onto V,, defined by (1.11).

The error estimates for p(t) are available to us from literature, as noted in (1.12).

Therefore, we need to find error estimates only for 6(¢). To accomplish this, we calculate

(0)s; @) + du(0(t)z, p2) = (U (t)e, @) + du(tim ()2, d2) — (U(t)s, ¢) — du(U(t), b2)
= (f(um(t), v (1)), @) — (us + pr, @) — dultz, ¢z), ¥ ¢ € Vp
= (f(um(t), vm(t)), @) — (f(u(t),v(t)), ¢) — (pi, ),

using (1.11). Taking ¢ = 6(t), we have

Ld

5 7 10OIPFAul 10 < |1 (wn (), v (8)) = (@), v @O @+ eelHIOO]]

< K([lum(t) = w@)| |+ [om(E) = o@DIO+ o [IO@]] - (3.16)
< K([[01[+Iloll+o: D011 (3.17)

It is assumed in (3.16) that w(t) is bounded. Moreover, this assumption leads to the
boundedness of u,,(t) as well. Next, in (3.17), the norm ||v,,(t) — v(t)|| has been dropped

because of its similar nature to ||u,,(t) — u(t)||. Therefore,

d
S10@I= K((6]]+1pll+ e,

d

S BN < K(loll+1ai]): (3.18)

Integrating (3.18) w.r.t. ¢ from 0 to ¢,

t
16@)]1< eKt||9(0)||+K6Kt/D (lpll+lpel)els,

1@< K [[6(0)] |+ £, /Ot(||p|l+Hpt||)d8,

where ¢t € (0,7] and the constants K; and K, depend on T
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Theorem 3.4.1. Under appropriate assumptions on u and p defined as above, we have
o1+l K (w)h?, for t € [0,T]. (3.19)

Proof. See [113], Chapter 13. ]

Based on the smoothness available on ugy(z), we see ||6(0)||< Kh% And therefore, ||0(t)]|<
Kh?.

3.5 Fully Discretization

So far, we have discretized space variable only. In this section, we discretize time variable
too using C-N scheme. Following from the previous section, u,,, v,, are the approximations

of u, v in V,,, having the Lagrange basis {¢;}", as described earlier, then

m

U = Y ci(t)di(x), (3.20)

=1

= > dionta), (321)

for some unknown vectors ¢ = (¢;)7, and d = (d;)™ ;. (um, vym) of Egs. (3.20)-(3.21) satisfy
(3.4)-(3.5). Therefore,

i(ci(t)@(x)a@(x)) ui(ci(t>¢i,xa¢]m = (f<iq ,idl > ),
> 0.0 + o S h0)012,050) = (3( 00, 3 060)). ),

for every 1 < j < m. The above systems can be written in the following matrix form:

Al + dy,Be = p(c(t),d(t)), (3.22)
Ad' + d,Bd = q(c(t),d(t)), (3.23)

where p and q are the vectors involving unknown vectors ¢ and d. For non-uniform grids,

the above matrices A, B are to be assembled from the element matrices A® and B¢, which
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are given by,

h;/3 h;/6 1/h;  —1/h;

A° = / / , B¢ = / / , (3.24)
hi/6 hi/3 —1/h; 1/

where h; = ;01 — 2,0 =1,2,....m — 1.

Matrices A, B are assembled diagonally from the element matrices A¢, B¢. To make the

assembly process more clear, we give the assembled matrix A here,

hi/3 /6 0 .0
hi/6 hi/3+hy/3 /6 .0
A= o ha/6  ha/3+hs/3 ... 0
0 0 0 /6 hun/3

The exact forms of matrices p and ¢ are described in the next section, where we consider

examples. Discretizing (3.22) and (3.23) by C-N scheme at time level t*72 we get:

A(%) + duB(#) — p(e(t*3), d(t*3)), (3.25)
A(dk_T‘ZH) + dUB<%> — g(c(t* ), d(t"3)), (3.26)

where ¢* and d* denote c(t*) and d(t*) respectively. Subjected to further discussion, we

1

point out that ¢(t*~2) and d(t*~2) inside the matrices p and ¢, are to be reduced to the

known terms ¢*~', ¢#=2 and d*~!, d*~? respectively. Since, p and ¢ are non-linear in ¢ and

d, we apply P-C method for such reductions. The algorithm is precisely discussed in the

upcoming section sub-headed as ‘Gray-Scott Model’.

3.6 Numerical Demonstrations and Discussions

3.6.1 Coupled Linear Model

Starting with a simple linear model, we consider the following example:

Uy — duurx = —5U + v,

Uy — dypUpe = —Y0.
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For d,, = d,, the system has the following exact solution [130],
u = {e a4 o= cog(3), v = (B — y)e” 0 H4)t cos ().

Taking initial conditions from the exact solution, we test the proposed scheme for accuracy,
convergence and computational cost (CPU time).

We observe from the Table 3.1 that the present scheme is fast, accurate and offers consistent
second order convergence (Fig. 3.3). In Tables 3.2 and 3.3, we compare the FEM results
with [20, 28, 57, 85| for different parameters. FEM results are better and the method is
computationally efficient.

Table 3.1: Comparision of L?, L™ errors in P, their orders of convergence and CPU

Times (in Seconds), Parameters: Q =1[0,1], T=1, B=1, y=1, d, =d, =
1, h==L1 At=21

Nonlinear Galerkin method [129] Present scheme with uniform grid
m Lo Order L Order CPU Lo Order L Order CPU
10 2.719e-2 - 1.749e-2 - 0.09 2.016e-5 - 2.774e-5 - 0.0049

20 1.237e-3 4.46 1.176e-3  3.89 0.17  5.045e-6 1.998 6.944e-6 1.998 0.0111
40 2.228e-4 247 3.064e-4 1.94 0.37  1.258e-6 2.004 1.735e-6 2.001  0.0332
80  5.408e-5 2.04 1.065e-4 1.52 0.73  3.141e-7 2.002 4.331le-7 2.002 0.142
160 1.145e-5 2.24 3.210e-5 1.73 2.74  7.849e-8 2.001  1.082e-7 2.001 0.711

Table 3.2: Comparison of L™ Errors of different methods. Parameters: = [0,1], h =
L om=100, At =2,d,=d, =1, #=0.1, v =0.01.

ECSCM[28]  CN-MG[20] 1IF2[20] BS-DQM[85]  DQM][57] Present
T m=>512 m=512 (Sec) m=512 (Sec) m=200 m=100 (Sec) m=100 (Sec)
0.04 1.10e-4 1.09e-4 1.02 2.73e-1 0.065 2.29e-5 2.02e-5 0.94  5.485e-7 0.013
0.02  2.84e-5 2.67e-5 0.57  6.40e-2 0.033 3.66e-6 2.07e-5 0.42  2.947e-7 0.0089
0.01 7.91e-6 6.30e-6  0.32 1.20e-2  0.017 4.47e-6 2.09e-6 0.24  1.503e-7 0.0057

0.005 2.80e-6 1.70e-6  0.16  1.10e-3 0.009 4.90e-6 2.10e-6 0.12  7.711e-8 0.0045
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Table 3.3: Comparison of L™ Errors of different methods. Parameters: 2 = [0,1], h =
L m =100, At = 0.01h, d, = d, = 0.001, 3 = 100.0, v = 1.0.

ECSCM|[28] CN-MGJ20] ITF2[20] BS-DQM][85] DQM]I57] Present
T m=>512 m=512 (Sec) m=512 (Sec) m=200 m=100 (Sec) m=100 (Sec)
0.04  4.87e-3 4.87e-3 0.25  4.89e-3 1.63  2.90e-b 2.79e-5 1.34  6.255e-7 0.053
0.02 1.21e-3 1.22e-3 0.16 1.21e-3 0.81  2.9le-b 1.45e-4  0.68  2.393e-6 0.028
0.01 3.04e-4 3.04e-4 0.10 3.03e-4 041  3.79e-5 2.77e-4  0.33  3.523e-6 0.015
0.005 7.08e-4 7.60e-5 0.06 7.58e-5 0.21  6.18e-5 6.16e-5 0.16  3.015e-6  0.0099

3.6.2 Gray Scott model

The Gray-Scott model [41] illustrates an irreversible chemical reaction of two reagents and
two products. One of the product is a reagent itself, while the other is an inert product
that does not take part in further reaction processes and must be taken out of locale. The
mechanism is represented by P + 2() — 3Q) and () — I, where P, () are chemical species
and [ is an inert product. The proportion of consumption of P and @) is noteworthy.
Representing the concentrations of chemicals P and () by u and v respectively, the non-

dimensional form of the model is given by the following system:

U — dylyy = 00 — QU — UV, (3.27)

U — dyUgy = uv® — Pu. (3.28)

It is assumed that the chemical P is fed from an infinite capacity reservoir at a constant
rate a and is extracted at the rate au. P is consumed in a ratio of one to two, with Q).
This justifies the appearance of —uv? in (3.27). @ is produced in P+ 2Q — 3Q and is lost
in Q — I, with a rate 3, proportional to its concentration.

Converting the equations (3.27)-(3.28) into weak form and then applying the C-N scheme,

we obtain the following matrix form:

2 a2 102
Ar g eyt

<£+d §+ﬁé>d’“

(A S +ag C<d)>ck At T T T>6k_1+ap’

A st sdye o

(A duE_ A C(d)
B
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where A, B are assembled from A¢, B¢ which are given in (3.24), p is assembled from the

element vector p® = [h;/2, h;/2]', C is assembled from the following element matrix,

h

Cf =~

60
12(dk 1/2) 4 Q(ditllﬂ) n 6dk 1/2dic+11/2 S(dk 1/2) n 3(df;11/2) +4dk 1/2df+11/2

?

3(dk 1/2) i 3(df;11/2) . 4dk 1/2df+11/2 2(df_1/2) n 12(df;11/2) i 6dk 1/2df+11/2

and ¢ is assembled from the element vector ¢¢, given by:

he ({02572 1 2(dl5) )2 + 6l 2l Py

O | B2 + 3+ 4d T P Py

k 1/2 k—1/2 k—1/2 ;k—1/2 k—1/2
HB3(d )2 3(di) ) ady T P Py e
H{2(d] V)2 12(dl ) ) - 6d Pl Py

where c ~1/2 denote the value of unknown ¢ at node x; for time t*~1/2. As, the matrix C
and the vector ¢ contain the unknowns ¢ and d and are nonlinear nature, we apply P-C

method in an appropriate way. The steps of the algorithm are as follows:
i. we have ¢, d° from the initial solution,
#. find d*?, indicating d* predicted, by replacing d'/? with d° and ¢"/? with ¢,
i. find ¢'? by replacing d*/? with W,
. find d' by replacing d*/? with W and ¢'/? with COJFTCLP,
v. find ¢! by replacing d'/? with %,

0

)

vi. find d? by replacing d*/? with 3d1 d and ¢*/? Wlth

N[ =
9}

vii. find ¢ by replacing d®/? with d1+d2

repeating the steps vi. and vii. for d and ¢, we can find ¢ and d to any level of time.
Demonstration:

A pulse in one dimensional space may loosely be defined as an interval of high v and low
u. Outside of such an interval u is near one and v is near zero (Fig. 3.1). Therefore, we

see that the variation in a pulse is limited to a short interval, where a proper observation
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is needed and for the rest of interval, we may relax our attention. Secondly, since we want
to observe the splitting of pulse, we can not reduce the domain €2 considerably. A way out
of this situation is found by using the non-uniform grids (Fig. 3.2).

For the nonuniform grids, the method of geometric progression is used. Therefore, a typ-

ical grid pattern for 2 = [0, 1], which is dense at the end z = 0 will be generated as

x = [0, fd* cumsum(r®™~1)|, where fd = ’"_11, the first difference, r is some number near

rm_—

0.9, chosen according to our requirement of mesh, i.e.

mesh than what » = 0.90 will give.

09+ 1
08+ 1
07+ 1
06 1
05 1
04 1
031 1
021 oy 1

01r ’ \ 4

0 10 20 30 40 50 60 70 80 90 100

Figure 3.1: Initial values of species u and v.
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Figure 3.3: The L? and L™ orders of conver-Ftgure 3.4: Pulse state at T' = 12 for different

gence.

Taking the initial solution ug(z) = 1 — Jsin(7%

ﬂ)lOO

d,’s and d,’s.

and vo(z) = 1sin(££)' (Fig. 3.1), we

100

apply the above algorithm to obtain the results at different times in the domain © = [0, 100].
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Due to the feed from P, chemical () increases in the beginning. But increase in () requires
more P, and if P becomes insufficient to sustain a high ), the middle of () quickly caves in,
meaning pulse splitting occurs and the two pulses now move apart from the center. In this

new location, the presence of enough P causes () to increase once again and the process

repeats (Fig 3.5).
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Figure 3.5: The Gray Scott solution u,v ford, =1, d, = 0.01, a = 0.01,8 = 0.05.

The factor uv — [ is crucial for the growth of ). Pulse splitting occurs when this factor

becomes negative (Figs. 3.6 and 3.7). With this in mind, we note that parameter § affects
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the processes of splitting. The smaller 5 quickens the splitting process and the larger 3
delays it (Fig. 3.8b). The effect of variation in « is the opposite but lesser than ’s. This
is due to the fact that a represents the rate of replenishment of P from the source, whereas

the extraction rate is au. Therefore, a net positive infusion of P occurs (Fig. 3.8a).

T=1

T T T T T T T T
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A 04f
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Figure 3.7: Splitting of pulse (Q) at differ-
ent times taking m = 200, d,, =
L, d, = 001, o = 001,B =

Figure 3.6: Variation of uv— [ for different
times taking m = 200, d, = 1,
d, =0.01, « = 0.01,5 = 0.053.

0.053.
18 T T T T T T T T T 16
16 a=0.1 5 O 3=0.1
oo M o
141 1 12k
12 b
Al
W
> > 08
0.6 [ ‘ 7 oer l.l“-
it
04t 1 04r i "
1 )
02r | 4 02r :' l\_\
0 L L L L / \ L L L L 0 i & & ', L 3
0 10 20 30 40 50 60 70 80 90 100 0 10 20 30 40 50 60 70 80 90 100
X X
(a) with respect to o, taking B = 0.53. (b) with respect to (3, taking o = 0.01

Figure 3.8: Effect of a and [ on pulse splitting (V), taking d, = 1, d, = 0.01, T = 15,
m = 200.

Further, the diffusivity also affects the pulse splitting. If there is no diffusion of either
chemical, then the process of splitting occurs much sooner than if there was a diffusion
of chemicals. Because if there is no diffusion, the flux gradients will be sharper since the
chemical P cannot move to fill in at the positions of high @), therefore, caving in starts
quickly (Fig. 3.4).

The benefits of non-uniform grid are briefly highlighted. In Table 3.4, CPU times (in

seconds) for different data sets at several times are compared to show that the time taken
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in uniform and non-uniform grids is almost the same, but the accuracy is far better in
the case of non-uniform grids (Figs. 3.9a and 3.9b). If we treat the solution for m = 800
as the exact solution, then the error in the solution for m = 400 is negligible in case of

non-uniform grids (Fig. 3.9a) whereas the error is considerable in the case of uniform grids

(Fig. 3.9b).
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Figure 3.9: Q) for different number of nodes under uniform grid taking d, = 1, d, = 0.01,
a=0.01,=0.053, T = 1.

In Figures 3.10a and 3.10b, peaks are plotted against ¢ for two domains 2 = [0, 100] and

2 = [0,200] respectively. It is observed that a large domain can sustain a large number of

peaks.
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Figure 3.10: Peak splitting of Gray Scott solution v n Q taking d, = 1, d,

= 0.01,
a = 0.01,3 = 0.06.
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3.6.3 Brusselator Model

The Brusselator model represents a sequence of four irreversible chemical reactions viz.
S1— P, So+P—Q+55 2P+Q — 3P and P — S4. It is assumed that the chemicals S;
and Sy are available in abundance and the changes in their concentrations remain insignif-
icant throughout the course of the experiment. Representing the concentrations of P and
@ by u and v respectively, we have the following governing equations for the mechanism of

these reactions

U — dylzy = o+ u*v — Bu — u,

2
Ut — dvvxac = —u"v+ 5“’7

where «, J are some reaction parameters.

Following the scheme as pointed out in the previous example, we work out the matrix form
of this system.

In contrast to the Gray-Scott model, the constraint on supply of either chemical in this
model is non-existent. Therefore, the pulse splitting phenomenon observed in the Gray-
Scott model is unavailable. However, an interesting phenomenon of oscillations of u, v
near the equilibrium point is observed. (a, g) is the equilibrium point for the system if
f < a?+1 holds. The condition 3 < a?+1 is crucial for oscillations. If it holds, the system
attain equilibrium. If the condition does not meet, the oscillations occur about («, g) (Figs.
3.11a and 3.11b). In this model, another important observation is regarding diffusivity. In
the Gray-Scott model, the diffusivity played a significant role for splitting; however, here
the diffusivity has little effect on the equilibrium because of the abundant availability of

chemicals. Figs. 3.12a and 3.12b plot the relative movement of chemicals P, () with respect

to each other before reaching equilibrium.

Table 3.4: Comparision of CPU times (Sec.) for uniform and non-uniform grids

Grid type a=0.01,3=0053,d,=1,d, =001 «=0.01,3=100.0,dy, =1, d, = 0.01

T=1 T=10 T=50 T=100 T=1 T=10 T=50 T=100

Uniform 0.0335 0.184 0.847 1.680 0.0336 0.183 0.848 1.670
Non-uniform 0.0374 0.189 0.858 1.694 0.0373 0.189 0.856 1.684
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Figure 3.11: Variation of u,v with time in Q = [0,1] taking Uy = 1,V = 1,d, = 1,
dy,=1, a=1.
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Figure 3.12: u vs. v for time t € [0,20], Q = [0,1] taking d, =1, d, =1, a = 1 for
different initial solution Uy, Vj.






Chapter 4

Brusselator Model

In this chapter, we approximate solution to the Brusselator model when cross-diffusion is
present. Since this model is a coupled reaction diffusion model for which the existence
and uniqueness has been discussed in the previous chapter, therefore, we would not repeat
that part. Instead, we would like to discuss the stability issues regarding the model since
stability is particularly important for this model, which has been studied earlier for without
cross-diffusion cases. Thus, we extend the stability analysis to the cross-diffusion cases in
this chapter in Sec. 4.4. A priori error estimate for the approximation is presented in Sec.
4.3, though a priori error for coupled systems has been discussed in the previous chapter
but a different approach is adopted here. Next, using C-N method with P-C scheme for
discretization of time, we propose an algorithm for numerical simulation of the solution
in Sec. 4.5. Lastly, some numerical examples are considered in Sec. 4.5 to illustrate the

efficiency and accuracy of the method and to plot the Turing patterns of the model.

4.1 Introduction

The phenomenon of chemical oscillations like iodine clock reaction, Belousov Zhabotin-
sky(BZ) reaction etc. is remarkable and fascinating. If one of chemicals has visible color,
then after crossing a certain concentration threshold, the color of chemical composition
abruptly changes. The first homogeneous isothermal chemical oscillation was observed by
William C. Bray in 1921 [16]. However, it was contested and refuted at the time, for a
misunderstanding that it is against the second law of thermodynamics, which says that the

entropy of any isolated system must increase. The entropy of any system at equilibrium

53
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is considered the maximum. Therefore, if oscillations were to occur, entropy can not be
always increasing. Later, the lacunae in this argument was found and it was observed that
the oscillating system never passes through its equilibrium state. We take up this issue
further in numerical simulations section. Later, chemical oscillations were studied in detail
and several oscillating reactions were discovered. For instance, Lotka-Volterra model which
is a oscillating population model of prey (yeast) and predator (paramecia), Bray reaction,
Briggs Rauscher reaction, BZ reaction and its many variants. A crucial element in these
oscillating reactions is involvement of process of auto-catalysis. Auto-catalysis process oc-
curs when a chemical changes its concentration by itself. In such reactions some reagents
are also products in the reaction.

Brusselator model is also an oscillating auto-catalytic model, which was proposed by Pri-

gogine and Lefever in 1968. The model is a series of chemical reactions [94],
PY%X, Q+X DY +R 2X+Y 253X, X 2 8 (4.1)

where P, ), R, S, X, Y represent some chemicals. The numbers written over arrows
represent the rate of that reaction. We may observe that the chemicals X, Y are reagents
as well as products, that is, these chemicals are auto-catalytic and play a major role in
oscillation of the reaction. Therefore, these chemicals are our main objects of study. An
illustration of the Brusselator model is the BZ reaction which is composed of several reac-
tions, but the essence of these intermediate reactions can be summarized in the following

processes,

(a) reduction of bromate to bromine, the bromide ion acts as the reducing agent

BrO; +5Br~ +6H" — 3Bry + 3H,0, (4.2)

(b) when the concentration of the bromide ion Br~ becomes low, cerium catalyst gets

converted to its oxidized form. This is a consequence of auto-catalysis.
BrO; +3H"' +2Ce(III) + HBrOy — 2Ce(IV) + 2H BrOy + H,O. (4.3)

Sharp color change is witnessed.
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(¢) Third process includes

Ce(IV)+ CHBr(COOH)y — Ce(I11) + Br~ + other products. (4.4)

(4.3) is auto-catalyzed by BrO; and strongly inhibited by Br~ ions [61]. As reaction (4.3)
takes place Ce(IV') is produced, which pushes more production of Br~ from reaction (4.4)
and that causes slowing down of reaction (4.3). This slow down of (4.3) results in reduction
of Br~ production and when Br~ becomes low, reaction (4.3) again gets activated. The
whole process of auto-catalysis results in chemical oscillations.

Taking concentrations of chemicals P, @), R, S fixed throughout the reaction process and
assuming that u and v represent the concentrations of the chemicals X and Y respectively,

we may write equations of the rate of change of u, v as

u = a — bu + \utv — \au, (4.5)

vy = bu — \jutv. (4.6)

We see here that there is no diffusion involved in these equations. The equilibrium point
for the equations (4.5)-(4.6) can be obtained by setting u; = 0 = v;, which comes out to be
(,\%? %‘i) Eigenvalue analysis reveals that for \; = 1 = )y, if b < 1 + a2, the equilibrium
point is stable and unstable otherwise. If the diffusion of these auto-catalytic chemicals be
allowed then stable equilibrium may become unstable. This diffusion induced instability is
called the Turing instability.

In this chapter, we see how diffusion and cross-diffusion affects stability of equilibrium

point. The system under consideration is the following,

wy — (di Au + digAv) = a — bu + \u*v — A, (4.7)

vy — (dyr Au + dos Av) = bu — M\u’v, (4.8)
ou ov

u(x,0) = ug(x), v(x,0) = vo(x), (4.10)

where dy; and dys denote the diffusion coefficients for the chemical X and Y respectively;

dys is the cross-diffusion coefficient of chemical X in the presence of chemical Y and sim-
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ilarly ds; represents the cross-diffusion coefficient of chemical Y due to the presence of
chemical X; a, b, A\ and A\ are the rate of chemical reactions describing Brusselator model
as depicted in Eq. (4.1).

The term “Brusselator” was coined by Tyson [118], combining Brussels and oscillator. Pri-
gogine and Lefever belonged to Brussels school. Though some qualitative analysis was done
for the model in 1970’s, but the first approximate solution was given by Adomian in terms
of a series of Adomian polynomials using decomposition method in 1995 taking only initial
solution [1]. This was followed by Twizell proposing a second order finite difference scheme
to approximate the solution for given homogenous Neumann conditions in a rectangular
domain [117]. Ang extended this result to arbitrary domain by boundary element method
[6]. Twizell argued that the behavior of reaction terms in the model are important for nu-
merical treatment. Preying upon this idea, Kang analyzed when these reaction terms are
bounded and when they are not [61]. This model has also been discussed and simulated by
several other techniques such as finite difference scheme [26], meshfree technique developed
by collocation method using radial basis functions [119], variational multiscale element free
Galerkin (VMEFG) and local discontinuous Galerkin (LDG) methods [24] ete. Differen-
tial quadrature method with polynomial basis was applied in [83] for approximation of the
solution, this was improved further by using modified cubic B-splines in [53]. Recently,
Algahtani [3] extended the discussion using modified trigonometric B-splines and studied
different types of patterns of the model. Lin et al. introduced cross-diffusion in the inho-
mogeneous Brusselator model and applied finite volume element method to approximate
the solution and to depict beautiful pattern formation [72].

In this regard, we see that the stability analysis has very limited literature that too for dif-
fusion only. Further, cross-diffusion is recently introduced. We try to discuss these topics in
this chapter. Since the system under consideration is a coupled system and is similar to the

system discussed in the previous Chapter, the existence may be referred to that Chapter.

4.2 Weak Formulation

The weak formulation to the problem (4.7)-(4.8) with boundary and initial conditions (4.9)-
(4.10), is obtained by multiplying the equations (4.7) and (4.8) by some function (called

test function) ¢ € H'(Q) and then integrating w.r.t. space variable z over 2. The use of
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integration by parts together with homogeneous Neumann boundary condition (4.9) yield
the following weak formulation:

We say that functions (u,v) such that
u, v € L*(0,T; H'(Q)) with o/, v € L*(0,T; L*(Q))

is a weak solution of (4.7)-(4.10) if

(', @) + di1(Vu, Vo) + dia(Vv, Vo) = (f(u,v),¢), Yo € H'(Q), (4.11)
(Ula gb) + d21 (VU, ng) + d22(vv7 ng) = (g(u7 U)) ¢)a Vﬁb € Hl (Q)v (412)
where
flu,v) = a—bu+ \u*v — du,and g(u,v) = bu — M\uv, (4.13)
and
u(0,2) = up(x), v(0,z) = vo(z). (4.14)

Here, v’ represents derivative of u with respect to t.

Theorem 4.2.1. Suppose u € L*(0,T; X) with v € L*(0,T;X). Then u € C([0,T]; X)
and

o [u(®)llx < K(llullz20r0 Hlw 22 07:0),

for some positive constant K.
Proof. See [30], Chapter 5. n

Taking X = L?*(€2), by Theorem 4.2.1, we see Eq. (4.14) makes sense.

4.3 A Priori Error Estimate

We find from Theorem 4.2.1 that C([0,T]; L*(£2)) is our solution space, let us call it S,
which is infinite dimensional space since all polynomials are members of it. We intend to
approximate the solution (u,v) € § X § in a finite dimensional space. Therefore, we take
a subspace V,,,, say, of S. V,,, satisfies (1.7).

Suppose u,, and v,, are the approximations of v and v in V,,, then u,, and v, satisfy
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(4.11)-(4.12). Since V,, is a finite dimensional space, we can choose a basis for it. Choosing
the Lagrange hat functions {¢;}™,as basis functions, we may write u,, and v,, as,
un(t) =Y ()i, vm(t) =Y dilt)es,
i=1 i=1

where ¢;(t) and d;(t) are unknown vectors. Since u,, and v,, satisfy (4.11)-(4.12), we have,

N N N

Z(% ﬁbj)%ci(t) + dn Z(V% V;)ei(t) + dia Z(V% V;)di(t)
= (f (Z Ci(t)¢iazdk(t)¢k) >¢j> ; (4.15)
(6069 1)+ dn S (V0 V0,)e0) + s S (V6 V)0
- (g (Z e(t)o, de@)m) ,<z>j> . (4.16)
=1 i=k

Clearly, Eqgs. (4.15)-(4.16) are first order ordinary differential equations. From (4.13), we
see that if v and v are bounded, f and g can be rendered Lipschitz continuous. Therefore,

the functions w,, and v,, exist [46].

Theorem 4.3.1. Suppose u,v are the solutions of (4.11)-(4.12). Let uy,, v, denote
the Galerkin approximations of w,v. Further assume that ||[u(t)||pe< K, ||t/ (t)||pe<

K, g, (D) oo < K3, |[0()][ oo < K, |[0' ()] 2oe < K, |0, ()| Lo < K, and the Lipschitz
constants for f and g are £, and %, that is,

|f(u,v) = fU, V)< A(lu = Ul+|o = V),
|9(u, v) = g(U, V)< L(Ju = Ul+|v = V).

Then,

() = (OI*+ v () —vm ()< Ko ([[u(0) = wm(0)[[*+][0(0) = vm (0)[*) +Kula, b, Ar, Ao, T,

T T
Zl,fg)h2(1+h2)/ l|u(s)||ads 4+ Ky(a,b, A\, Ay, T, L1, L5)h*(1 +h2)/ [v(s)||3ds,
0 0

where K, and K, are some positive constants depending only on T and the parameters of
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the model.

Proof. u,, and v, satisfy the following equations,

(U, &m) + di1 (Vi Vo) + dia(Vum, Vo) = (f (Um, Um), Om)s Yom € Vin, (4.17)
(U:m ¢m) + d21 (vuma VQbm) + d22(vvm7 v¢m) = (g(uﬂ"w Um)v qu)? v¢m S Vm- (4'18)

Since V,,, is contained in &, we may take ¢ in (4.11) as ¢,,, similarly in (4.12). Now
subtracting (4.17) from (4.11) and (4.18) from (4.12), we get

(w— ), dm) + di1(V(u — ), Vo) + dia(V(v — vy), Vo)

= (f(u> 'U) - f(um’ Um)v ¢m)7 (4'19)
(v =)' Om) + do1(V(u — tm), Vo) + daa(V(v — ), Vi)
= (g(u,v) = g(tm, Um), Om)- (4.20)

Suppose U, V are some other elements in V,,,, which may not be solutions of (4.11), (4.12)
respectively. Then, taking ¢,, = U — u,, in (4.19) and ¢,,, = V — v,, in (4.20). Further,

writing U — u,, as (4 — u,,) + (U — u) and using Cauchy-Schwartz inequality, we obtain,

1d ,
5 g7l = wnl PHdulIV (u = wn) [P< {1 =, [T = wl[+du ||V (u = wn) [V = w)]
+ dia||V (v — v |[[|V (= )| |[+di2| [V (v = 0 [[[[ V(U = ) ||+ (][ — |

o = om|ll[lu = wm[+|lu = un[|[|[U = ul[+|Jv = on[|[[U = ul]). (4.21)

Similarly, writing V' — v, as (v — v,,) + (V —v), we get

1d
5 770 = oml P4 dnl [V (0 = on) [P< [ = v IV = vl|+dar ||V (u = wn) [V (0 = o)
+dan [V (u = un ) |[[[V (0 = V)|[+do2| [V (v = v [[[[V(V = 0)[[+Za([[u = tnm][[|v = vm]]

+ [0 = v [P+ = un[[[V = vl +H [ = v [V = v]]). (4.22)

Adding (4.21) and (4.22), and using Young inequality, we get

1d
g zpllu = | 4[]0 = 0 [*) + A1 ||V (= ) [P +daa] [V (v = v ||
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€ 1
<l = T =l = [V = oll+ [ (14 L+ )
2 268
€10 1 2 diy di2€2 dar€3 da 2
A1+ % 4 )l (2 Y 9~
+ 1+ 5 )|l =l P (50 + =57+ 2 4 52 ) IV (=)

1 1 1 1 dig  dyi  dy  dig
A ) (o )l S22 s
+ |: ! 267 + 269 + 2 2610 + 2612 HU v H + 262 + 263 + 264 + 266 || (U v )||

A2+ D) + A (D + 2]l -l (B2 + B @ -

2 2 2 2
+ [.zl(%?’ + %) +$2(%5 + %)} - UH2+<€4§” + 65;[21) IV (V —0)|2. (4.23)

Now a term by term treatment yields, ||u' — u! ||||U — u||< (Ks + K3)||U — ul| and |[v" —
vV —o]|< (K5 + Kg)||V — v||. Making appropriate choices for €'s, the terms dy; ||V (u —
um)|| and daa||V (v — vp,)|| cancel out from both the sides of (4.23). Further, suppose of
maximum of coefficients of ||u — u,||? and ||v — v,|| is K,,. And lastly, U and V are
elements from V,,, therefore, we may take them as interpolants of u and v respectively.

From literature [113], we have the following error estimates for these choices of U, V'

1U = ull+h[IV (U = w)||< Kh?|Jul]2,

for u € H?. Similarly for V.
Using all this information in (4.23), we have the following highly simplified form of (4.23),

d , _
(= Pl = ) < (1) ulla+ KB+ ) oo
Integrating from 0 to 7', we obtain the desired estimate. [ |

4.4 Stability Analysis

To study the stability of system (4.7)-(4.9), we apply the concept of linear analysis [67].
The linearized system can be put in the form U; = (D + A)U, that is

Uy di1 A dipA n fu fu U
Uy dn A dypA Ju  Go v

(u0,v0)
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where (ug, vg) is the equilibrium point of diffusionless system (4.7)-(4.8), given by < a by >

A27 aki

To find out eigenvalues of the above system, we consider the following trial solution,
U(t,z) x Rtk

where k* = k.k represents the modulus of the wave vector. This yields the following

characteristic equation,

fu_d11k2_)\ fv_d12k2
Gu — d21]€2 v — d22]<?2 - A

which can be simplified as

N4+ a A+ ay =0, (4.24)

where a; = (dll + d22)k2 — fu— 9o and ay = (d11d22 - 61126121)]f4 - (gvdll + fude — fodor —
Gud12)k? + fugo — fugu. Note that fu, f,, gu, go are all evaluated at (ug,vp). There will
be two roots of equation (4.24), say A1, Ao. If max {A;, Ay} < 0 or real parts of the roots
Re(\;) < 0,14 = 1,2, we have the stable equilibrium point. Therefore, we see the onset of

instability will occur at A = 0, whence as = 0, that is for those k’s such that

(dy1dag — d12d21)k4 — (gvdi1 + fudoo — fodor — gud12)k2 + fugo — fogu = 0. (4.25)

To get a unique wave number for onset of instability, we must have the discriminant of

equation (4.25) zero, hence

(gvdn + fudaa — fudor — gud12)2 = 4(d11d22 - d12d21)(fugv - f’ugu)- (4-26)

The roots of Eq. (4.25) are given by —2Z =+ ‘2/—1?, where A, B are coefficients of k* and k?

respectively in Eq. (4.25) and D represents the discriminant of it, which is zero by Eq.

(4.26), therefore
2 _ Gudir + fudaz — fodor — gudia

k
2(dy1dag — diaday)

(4.27)

Since, f, = 2\ iuv — b — Xy, f, = \u?, g, = b — 2X\juv and g, = —\;u?. At the point of

equilibrium, these values will be f, = b— Xg, f, = aQ%, gu = —band g, = —az’;—%. Using
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these values in (4.27) and making use of (4.26), we have k* = \/did: ”2:\1/;;21121. Clearly, if
dis = 0 = dy;, then k? = oy /A which is lesser than the former. Therefore, the wave

Vdiida2
number increases when the cross-diffusion is present.

4.5 Numerical Demonstrations and Discussions

Taking Ay = 1 = Ay, the two-dimensional Brusselator model under consideration is:

wy — diy Au — dipAv = a — (b + 1)u + u’v, (4.28)

vy — doy Au — dos Av = bu — u?v, (4.29)

with initial conditions (4.10) and homogeneous Neumann boundary conditions (4.9),

(x,y) € Q, t €[0,T]. The weak formulation of this model is given by:

(ug, d) + d11(Vu, Vo) + dia(Vo, Vo) = (a,d) — (b+ 1)(u, ¢) + (UQU, b),
(vg, @) + do1 (Vu, Vo) + daa(Vv, Vo) = b(u, ¢) — (u’v,¢), ¥ ¢ € H'(Q).

Taking a Lagrange basis of linear continuous polynomials, we find the solution in finite

dimensional space. To do that, we convert this weak formulation into matrix form,

Acd + dy Be+ disBd = aD — (b+ 1)Ac + p(c, d),
Adl -+ dngC -+ dQQBd = bAc — Q(C)d

Applying Crank-Nicolson method at ¢t = tk’%, we get

A B A A B A
<— +dug + b+ 1)—) ct = (— —dn5 —(b+ 1)—) HF L paD — dy,Bd*Y? 4 f,

dt 2 2 dt 2 2
A B E)\ » (A B E(©)\ s k—1/2
(a + d225 + 5 ) d" = (% — d22§ T d"" + (bA — dg1 A)c ’

where matrices A, B and others can be calculated by inner product method as pointed out
in earlier chapters.
To resolve the problem of non-linearity involved in f and E, predictor corrector method is

used. The following algorithm is proposed,
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(i) find ¢? by replacing c¢!/2, d/? with ¢, d°, to be obtained from the initial profile,
(ii) find dP by replacing c¢'/? with CO%CP,
(iii) find ¢' by replacing ¢'/2, d'/? with co%cp, w respectively,
(iv) find d' by replacing c¢'/? with %,
(v) find ¢® by replacing ¢/2, d*/? with #, W respectively,
(vi) find d? by replacing ¢*/? with <<,

repeating steps (v) and (vi), we reach to any time level.

Example 1.

As a first example, we take the model (4.28)-(4.29) without cross diffusion and with following
initial profiles [82]

ug(z,y) = 0.5 +y,

vo(z,y) = 1.0 + bz,

with a = 1, b = 3.4 and di; = 0.002 = day, dis = 0 = dy;. Clearly, b > 1 + a?, hence
convergence does not occur and oscillations are seen in Fig. 4.1, 4.7 and Table 4.1. We
may observe that the solutions v and v show a periodic repetition after every six seconds
(t=6). This may be seen from Fig 4.1. The particular choices of dj; and dyy are to make
the 3D demonstration of u, v pleasing to eye, otherwise, low or high diffusivity causes the
flux gradients to become sharper or flatter. Fig. 4.2 plots solution w versus v at point
points (0.3,0.7) and (0.6,0.4). The figure shows that the solution pair (u,v) never passes
through equilibrium point (a,b/a). Clearly, when u is a; b is far away from b/a. This is the
reason why oscillations are permitted as no law of thermodynamics stands violated. Had
the solution pair passed through the equilibrium point, the entropy of the system could
not have an always increasing nature thereby making a case for violation of second law

thermodynamics.
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Example 2.

Taking same initial profiles as in previous example, we change a and b to make this time the
condition of stability true. Therefore, we take a = 2, b =1 and dy; = 0.002 = dy, di2 =
0 = dy;. Clearly, b < 1+ a?, hence the solution converges to the equilibrium point (2, 0.5)
which may be seen in Figure 4.4 and Table 4.2.

Example 3.

In this example, we consider the Brusselator model (4.28)-(4.29) with initial conditions,

1 1
U'O(xvy) = 5172 + §y37

1 1
vo(z,y) = §y2 + §$3

Taking parameters a =1, b = % and di; = 0.002 = dyy, di2 = 0 = dyq, we see the condition
of convergence is met, hence convergence is possible, which is evident in Fig. 4.5 and Table

4.3.

Example 4.

Fora=0,b=1,dy = i = dgg, dio = 0 = dyy, an exact solution to (4.28)-(4.29) is given
by [53]

u(z,y,t) = e_x_y_%t,
o(@y.t) = e

Taking initial profile from the exact solution, we test the accuracy and rate of convergence
of the proposed scheme. The result are plotted in Fig. 4.6 and are tabulated in Tables
4.4-4.6. Figure 4.6 and Table 4.4 show that the solution converges to the equilibrium point
(0,00). Fig. 4.3 shows the second order convergence for L> error as well as for relative
error. Tables 4.5 and 4.6 compare L* and relative errors respectively for u,v with the
collocation method having multiquadric (MQ) radial basis function and thin plate spline
(TPS) radial basis functions [119]. The results by the proposed scheme are better than

TPS. Moreover, the rate of convergence of MQ is very slow, whereas the proposed scheme
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gives a consistent second order convergence.

Example 5.

In this example, we have considered cross-diffusion Brusselator model with a = 6, b = 1,

dy1 = 0.4, diy = 24, dyy = 0.02, dys = 2 and a randomized initial profile [72]:

1
uo(x,y) = 5.8+ grand(:v),

1
vo(z,y) =0.13 4+ Erand(x).

Through this example we demonstrate that the cross-diffusion driven patterns predominate
the initial patterns and therefore even starting with some random initial structure the final
patterns that emerge are intermix of spots and stripes.

The approximations u,, and v,, are plotted in Fig. 4.8. Evidently, the randomness in the
initial solution settles down and an equilibrium pattern appears. These patterns are very

similar to the patterns obtained in earlier works [24].

Table 4.1: Approzimate solution u, v at different points. Parameters: Q@ = [0,1] x [0, 1],

h = 6L4’ At == 0008, a = ]_, b= 34, d11 = 0.002 = d22’d21 =0= d12'

(z,y) — (0.2,0.3) (0.6,0.6) (0.7,0.4)

td u v u v u v

0.3170 3.0156 0.8439 3.2690 3.2312 1.4597
0.3005 3.7299 0.6672 3.5402 1.6068 1.7114
0.3262 4.3949 0.4303 4.1423 0.5870 2.7854
0.4682 5.4855 0.4270 5.2682 0.3355 4.2497
1.8689 1.5311 3.6852 0.9001 0.4368 5.3233
0.3413 3.5219 0.4902 2.9096 2.7502 1.1383

i 1 + 1 1 S

B +— © N o w o =
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Table 4.2: Approximate solution u, v at different points. Parameters: € = [0,1] x [0, 1],

h=4;, At=0.008, a=2,b=1, d; =0.002 = dy.

(z,y) — (0.2,0.3) (0.6,0.6) (0.7,0.4)

tl u v u v u v

2.4995 0.4558 2.9387 0.3283 3.5450 0.2723
2.1761 0.4490 2.2880 0.4230 2.4995 0.3849
2.0449 0.4840 2.0760 0.4743 2.1413 0.4564
2.0019 0.4992 2.0034 0.4986 2.0071 0.4971
2.0001 0.5000 2.0001 0.5000 2.0002 0.4999
2.0000 0.5000 2.0000 0.5000 2.0000 0.5000

4 + + + ¢ +
2.0 0.5 2.0 0.5 2.0 0.5

B+ © N o w e

Table 4.3: Approzimate solution u, v at different points. Parameters: = [0,1] x [0, 1],

h=&, At=0008, a=1,b=0.5, d =0.002 = dy.

(z,y) — (0.2,0.3) (0.6,0.6) (0.7,0.4)

tl u v u v u v

0.5390 0.2020 0.5895 0.3567 0.6149 0.3370
0.7135 0.3954 0.7688 0.4943 0.7740 0.4817
0.8305 0.5068 0.8883 0.5449 0.8864 0.5386
0.9788 0.5284 0.9998 0.5179 0.9974 0.5184
1.0065 0.5026 1.0057 0.4995 1.0056 0.4999
1.0017 0.4989 1.0006 0.4991 1.0007 0.4991

+ + + + + +
1.0 0.5 1.0 0.5 1.0 0.5

B+ © N o w N e
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Table 4.4: Approximate solution u, v at different points. Parameters: Q@ = [0,1] x [0, 1],
h=2LX At=0.008 a=0b=1,d =0.002=d,

64’

(z,y) — (0.2,0.3) (0.6,0.6) (0.7,0.4)

tl u v u v u v

1 0.3689  2.7741  0.2243  4.5509  0.2240  4.5364

2 0.2234 45162  0.1356  7.4320  0.1355  7.4229

3 0.1354  7.4101  0.0822 12.2086 0.0821  12.2031
5 0.0498  20.0932 0.0302 33.1250 0.0302  33.1230
7 0.0183  54.6009 0.0111  90.0205 0.0111  90.0198
9 0.0067 148.4139 0.0041 244.6926 0.0041 244.6925
3 \ 3 1 1 1 \

00 0 00 0 00 0 00

Table 4.5: Comparision of L™ errors with collocation method. Parameters: @ = [0, 1] x
0,1, T=2,a=0,b=1,dy =1 =dy, dip=0=dn

Present Method MQ [119] TPS [119]

m h At u v m At u v u v

81 0.125  0.001 8.34e-5 1.50e-3 100 0.001 5.20e-6 2.86e-7 7.64e-5 3.68e-3
289  0.0625 0.005 2.11le-5 3.74e-4 400 0.005 2.64e-6 1.45e-7 2.35e-5 1.28e-3
1089 0.03125 0.01 3.86e-6 9.13e-5 900 0.01 1.81le-6 7.94e-7 9.03e-6 5.95e-4

Table 4.6: Comparision of relative errors u” with collocation method. Parameters: ) =
[071] X [0,1], T:2, CLZO, bzl, dn:}l:dQQ, dgl :Ozdlg

Present Method MQ [119] TPS [119]

m h At u v N At u v u v

81 0.125  0.001 2.53e-4 8.16e-5 100 0.001 9.89e-6 9.53e-6 2.98e-4 2.29e-4
289  0.0625 0.005 6.75e-5 2.22e-5 400 0.005 4.49e-6 4.4le-6 2.12e-5 2.04e-5
1089 0.03125 0.01 1.28e-5 5.65e-6 900 0.01 2.85e-6 2.6le-6 6.89e-6 6.95e-6
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Figure 4.1: Convergence of approximate solution u,v at (z,y) = (0.2,0.3) (left), (z,y) =
(0.6,0.6) (right)
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Figure 4.2: u versus v at (z,y) = (0.3,0.7) (left), (x,y) = (0.6,0.4) (right)
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Figure 4.3: Order of convergence of approzimate solution u,v of L* error (left), relative
error (right)
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Figure 4.4: Convergence of approximate solution u,

(0.6,0.6) (right)
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v at (z,y) = (0.2,0.3) (left), (x,y) =

(0.2,0.3)
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Figure 4.5: Convergence of approrimate
(b) (z,y) = (0.6,0.6) (right)
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Figure 4.6: Convergence of approzimate solution u,v at (z,y) = (0.2,0.3) (left), (z,y) =

(0.6,0.6) (right)
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Figure 4.7: Approrimations v at different times for Example 1. Parameters: a = 1,
b= 34, d11 = 0.002 = dzg, d12 =0= d21, Q= [0, 1] X [0, 1], At = 0008,
h=1/64
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(9) (h)

(%) (1)

@) (@

Figure 4.8: The approzimations u (left) and v (right) at different times for Example 5,
Parameters: a = 6, b = 1, dyy = 04, dis = 24, do; = 0.02, dyy = 2,
At = 0.005, h = 1/128.



Chapter 5

Schrodinger Equation

In this chapter, we study some soliton-type analytical solutions of Schrodinger equation,
with their numerical treatment by Galerkin finite element method. Since the equation yields
a coupled system of reaction diffusion model (RDM) on separating real and imaginary parts
and the analytical questions relating to existence and uniqueness etc. of RDM has already
been discussed at length in the earlier chapters, therefore, we would not discuss such issues
here. Instead, we focus on soliton solution of the equation which is particularly important
for the equation. Thus, some analytical solutions to the equation are obtained for different
values of parameters in Sec. 5.2, thereafter the problem of truncating infinite domain to
finite interval is taken up in Sec. 5.3 and truncation approximations are worked out for
finding out appropriate intervals so that information is not lost while reducing the domain.
The benefit of domain truncation is that we do not need to introduce artificial boundary
conditions to find out numerical approximations. To verify theoretical results, numerical
simulations are performed by Galerkin finite element method in Sec. 5.4. C-N method is
used for the time discretization and non-linearity is resolved using P-C method, which is

second order accurate and computationally efficient.

5.1 Introduction

Just as Newton’s second law of motion is important to predict the path taken by a physical
system under some given initial conditions, so is important the Schrodinger equation to
quantum theory of matter to study the changes over time of a physical system possessing

quantum effects such as wave-particle duality. It was named after Erwin Schrdinger, who

73
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derived the equation in 1925 and published it in general form in 1926 [103]. One example of
this equation has wide ranging applications and hence has attracted much attention from
the mathematical research community. The example possesses cubic non-linearity and is

given by the following equation, for an open subset ) of R,

10u 0% 9
~3 " 32 +vjulfu =0, (t,z) € (0,T] x Q, (5.1)

where i = v/—1, v is some real parameter and the complex function u(t,z) governs the
evolution of slowly varying waves in a stable dispersive physical system with little dissipa-
tion, for example waves in deep water [90]. The Eq. (5.1) is supplemented with sufficiently
smooth initial condition u(0,x) = ug(x) and boundary conditions u(¢,z) = 0 on 0f2.

This equation has applications in optical pulses, plasma physics, water waves, particle-in-
a-box, harmonic oscillator, hydrogen atom, rigid rotator and bimolecular dynamics etc. [7,
90]. Existence of solution is discussed in literature in two cases — when v > 0 and when
v < 0. For v > 0, Pazy (see [93], page 233) has given existence and uniqueness of global
solution for ug(z) € H?(€2). For v < 0, a soliton-type analytical solution is derived by Scott
et al. [104]. Zakharov and Shabat [125, 126] derived soliton-type analytical solution for
v < 0 (self-focusing) and v > 0 (de-focusing) for an initial condition u(ty, z) = f(z), where
ug(tg, ) — 0 for |z|— oco. These solutions are valid under the localized traveling wave
assumption. Another soliton-type solution for ¥ = —1 is obtained by Argyris and Haase
[7] for u, u, — 0 whenever |z|— oco. Some other authors also have solved the equations
analytically using several other techniques, for example, inverse scattering transformation,
Bécklund and Darboux transformations, bilinear and Lie group methods [75, 89], symbolic
computation aided transformations [80], representation of solution in terms of Volterra se-
ries [43]. The solutions obtained by these methods are often too complicated and involved.
This acts as a constraint on their applicability to physical situations. However, the soliton
solutions have fairly simple form. Therefore, in the first part of this chapter, we obtain
soliton solutions of the equation for all cases of parameters.

Due to involvement of non-linearity, either the exact solutions are not possible to obtain
or these are too complicated to derive any physical significance out of them. Most of the
solutions obtained so far have some particular form like soliton-type. Numerical solutions

provide a way out of this situation. Different methods and techniques are used to find out
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numerical solutions of the equation to sufficient degree of accuracy. In this order, some
of the important works include finite difference method [121], Petrov-Galerkin finite ele-
ment method [7], discontinuous Galerkin method [74], local discontinuous Galerkin method
[47], adaptive Galerkin method [9], improved complex variable moving least-squares Ritz
method [127], cubic B-spline functions based collocation method [33], modified cubic B-
spline differential quadrature method [11], quadratic B-spline finite element method [22],
orthogonal spline collocation method [98], differential quadrature method [64], dynamic
adaptive wavelet method [13].

Ismail [50] discussed stability and accuracy of Galerkin finite element solution of this kind of
equations. He used Newton’s method to resolve non-linearity in the equation. However, as
may be noticed the method is quite involved and computationally costly. Petrov-Galerkin
method used in [7] to solve the equation is a non-conforming method, that is, the space in
which the solution is approximated may not be a subspace of the original solution space.
Petrov-Galerkin method is suitable for the differential equations which have odd order spa-
tial derivatives. In such a case, the test space and the solution space may not be the same.
However, the Eq. (5.1) does not involve odd order space derivatives. Therefore, the hard-
ship and the extra computational cost incurred while applying Petrov variant of Galerkin
method is not compensated for. On the contrary, classical Galerkin method is easy to work
with and offers fairly good accuracy.

To overcome the cubic non-linearity involved in the equation, several techniques are used
in literature, for instance, the Euler modified method, lagging the non-linearity to previous
known level etc. These techniques are only first order accurate which makes the calculation
inefficient. Therefore some more efficient second order accurate techniques like Newton’s
method (secant scheme) are better suited for good results [50]. Further, the extra cost of
computation involved in Newton’s method is minimized by using the P-C scheme, which is

also second order accurate.

5.2 Some Soliton-Type Analytical Solutions

Before, we proceed to find out analytic solutions to the equation, it is important to state a

comprehensive result by Pazy [93] about existence and uniqueness of global solution of Eq.

(5.1).
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Theorem 5.2.1. Let ug(z) € H*(R?). If v > 0 then the initial value problem (5.1) with
u(0,x) = uo(x) has a unique global solution u € C([0,00); H*(R?)) N C ([0, 00); L*(R?)).

Proof. See [93], page 233. ]

In order to obtain an analytical solution, we set u(t, z) = % (t, x)e®**) in Eq. (5.1),

- b%ei(am—i-bt) + i%ei(ax+bt) + gz/mmei(ax—i-bt) + 2ia%16i(az+bt) . GQ%ei(az—&-bt)

. V%3ei(ax+bt) —0.
Equating real and imaginary parts to zero separately, we have
U + Uy — *U —VvU> =0, (5.2)

and

U, + 20U, = 0. (5.3)

Eq. (5.3) is a transport equation, the solution to which may be given in terms of a function
as,

U =U(x — 2at). (5.4)

Plugging in % from Eq. (5.4) into Eq. (5.2), for £ = z — 2at, we have

Use = kald + VU, (5.5)
where k1 = b+ a®. Multiplying Eq. (5.5) by U and integrating w.r.t. £, we obtain,

U = kald® + gu‘*. (5.6)
Since u and u, goes to zero as |x|— oo, we take constant of integration as zero.

Case 1: v =0

This case reduces Eq. (5.1) to a linear partial differential equation for which solution may

be easily worked out by some technique, for example, separation of variables technique.
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Case 2: k1 >0, v >0

For this case, we follow from Eq. (5.6) that,

dau S
U2k + 2 /2

Substitution U = 2’“ tan 0 yields,

cscOdf = / kqdE,

=—> cscl 4 cotf = e_mg,

\/2k1 HU A V2R e
v ’

= Uzy/—csch \/_§

From Eq. (5.4), Z = y/#2csch (—v/ki(z — 2at)). Finally, the solution becomes

[2k .
u(t,z) = L esch <_‘/'I€1($ — 2at)) 61(am+bt)7
v

where k; = b+ a?.

Case 3: k1 >0, v <0
Replacing v by —\ in Eq. (5.6),

du S
U2k — N2 V2

Substitution U = 2’“ sin 6 yields,
csc0df =/ kq1dE.

=— cscf +cotf = e‘mg,

L VRV -NE e
VU ’

— U= \/:sech (\/_g)
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Therefore, the solution in this case is
2k i(az+bt)
u(t,z) = Tsech (vkl(x — 2at)) e : (5.7)
where k; = b+ a?.

Case 4: k1 <0, v>0

Replacing k; by —m; in Eq. (5.6),

Substitution U = 2% sec B yields,

0 = \/mde.

= U = ql@sec(\/m_lﬁ).

Thus, the solution becomes,

2 .
u(t,z) =/ T e (\/ ky(x — 2at)) eilazttt),
v

where k; = b+ a?.
Remark: Tt may be noted that these cases are exhaustive since k; < 0, v < 0 is not possible

from Eq. (5.6).

5.3 Truncation of Domain

The boundary conditions w, u, — 0 for |x|— oo need to be replaced by some bound-
ary conditions on a finite interval. For example, Wang and Liang [121] achieved this by
introducing artificial boundary conditions. The solution (5.7) is a soliton solution which
diminishes fast as |z| becomes large. We utilize this fact and try to observe that how big

an interval we need to consider for making sure that |u|< ¢, for some given small € > 0.
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From (5.7), |u|< € implies

sech <\/k_1(x - 2at)) <e 2%;1 (5.8)

Taking k; # 0, since k; = 0 may be considered separately and |u,|< e implies

\/a2 + kytanh? <\/k_1(x - 2at)> sech <\//<;—1(x - 2at)) <€ (5.9)

2k

If \/a2 + kytanh® (v/Ei (z — 2at)) > 1, the Eq. (5.9) is redundant and we proceed with Eq.

(5.8). In this case, using expansion of sech upto two terms,

1
1 — =Fki( —2t
21]7 G

or 2at—1/ —ﬁ<x<2at—|—1/ k2'

If € is arbitrarily small, then 2at — 4 /k,—21 < x < 2at+ ﬂ/k%'
If \/a2 + kytanh® (V&1 (z — 2at)) < 1, then Eq. (5.8) is redundant and we may proceed

with Eq. (5.9). Since, v/kitanh (vE (z — 2at)) < \/a2 + kytanh?® (v/ki (z — 2at)), we have
from Eq. (5.9),

tanh <\/k_1(a: - 2at)> sech <\/k_1(x - 2at)) < k’i %

1

Using expansions for tanh and sech upto second degree,

[ A A
2at — € 2—k?<x<2at+6 Q_k%

5.4 Numerical Demonstrations and Discussions

In this section, we find out numerical solution of Eq. (5.1). First, we split the solution into
real and imaginary parts, that is, u(t,z) = uy(t, ) + iuz(t, z) and then approximate these

parts treating them as coupled components of the consequent reaction diffusion equations:

U g+ Un gy — V(U3 + u3)ug = 0, (5.10)
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Ut — Uy gz + V(W + ud)uy = 0. (5.11)

We consider the domain for the problem big enough so that u(¢, ) may be taken zero on

boundary of domain as discussed in the earlier section. Thus, we take @ = (a,b) and
ui(a,t) =0 =wus(a,t) =0 and uy(b,t) = 0 = uy(b,t) = 0. (5.12)

Furthermore, suppose the initial conditions are u; (0, z) = ujo(x) and us(0, ) = ugg(x), for
x € .

We reformulate the problem (5.10)-(5.11) with boundary conditions (5.12) in its weak form.
The weak form essentially weakens the regularity requirement on the solution, and thereby;,
enabling us to try even those functions as potential candidate for solution which lack enough
regularity. In other words, this formulation broadens the solution space. To evaluate weak
form, we push the derivatives of solution to a chosen smooth test function.

The weak formulation to the problem is obtained by multiplying the Eqgs. (5.10) and (5.11)
by some function (called test function) w € Hj(Q2) and then integrating w.r.t. space variable
x over ). The use of integration by parts together with homogeneous boundary conditions
(5.12) yields the following weak formulation:

We say that functions (ug, us) such that

ur, ug € L*(0,T; Hy () with oy, uby € L*(0,T; H *(Q)) (5.13)

is a weak solution of (5.10)-(5.11) if

(ulla (b) - (u2,x7 ¢x) - V(U%UQ, (b) - V(“%? ¢) = 07 v¢ € H&(Q)v (514)
(U3, ) + (U1, 00) + v(ui, 6) + v(urus, ¢) = 0, Vo € Hy(Q), (5.15)

and
u1(0,2) = uio(x), uz(0, ) = ugg(x). (5.16)

Here, u’ represents derivative of u with respect to t.

Theorem 5.4.1. Suppose u € L*(0,T; H} () with ' € L*(0,T; H'(Q)). Then u €



Chapter 5: Schrodinger Equation 81

C([0,T]; L*(2)) and

e [Ol1< Cfullzaoramy HIe ).

Proof. See [30], Chapter 5, Section 5.9. n

By Theorem 5.4.1, we see the point values in Eq. (5.16) make sense.

In view of (5.13) and Theorem 5.4.1, the solution space of the problem is & =
C(0,T; L*(Q)), which is infinite dimensional space since it contains polynomials of all
degrees. To get an approximation of the solution by Galerkin method, we take a fi-
nite dimensional subspace V,, of &, characterized by discretization parameter h, which
is maxjeq12,. m—1}(Tj41 — x;) for a discretization {z;}2; of Q, where a = 2; < 2y < ... <
Ty = b.

Taking a Lagrange basis {¢;}!", of linear polynomials for V,,,, we write

m m

=1 =1

where ¢;(x) = %, for z; 1 <x <2, 2 <i<mand ¢;(z) = ﬁ for x; < x < 441,

1 <i<m—1. Putting uy and us from Eq. (5.17) into (5.14)-(5.15) and taking ¢ = ¢;(z),

we get the following matrix form,

Acd — Bd — ve(e,d) — vp(d) = 0, (5.18)
Ad' + Be+vf(e) +vq(d,c) =0, (5.19)

where matrices A and B are assembled from element matrices A¢ and B¢, which are given
in earlier chapters. The vector ¢ which depends on unknowns ¢ and d and is assembled

from the following element vector

(6.0 ( h ) 12¢12d1 + 3¢22d2 + 2(c22d1 + 2¢1c2d2) + 3(c12d2 + 2¢1c2d1)
q \C, = i
60/ | 3d1c12 4 12d2c22 + 3(c22d1 + 2¢1c2d2) + 2(c12d2 + 2¢1c2d1)

where ¢l and ¢2 represent the values of ¢ at end nodes of an element e = [z;, z;11], d1 and

d2 represent the values of d at end nodes of the element e. The vector p which depends on
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unknown d only, is assembled from the following element vector

) ( h ) 12d13 + 3d2% + 9d12d2 + 6d1d2>
pid) = | =
60/ | 3413 + 12423 + 6d12d2 + 9d1d22

Matrices A, B are assembled diagonally from element matrices A€, B¢. To make the assem-

bly process clear, we give the assembled matrix A here,

W3 mf6 0 ... 0
h/6 21/3 /6 ... O

A= 0 h/6 2n/3 ... 0

0 0 0 h/f6 h/3

Applying C-n method at t*~1/2 to Eqgs. (5.18)-(5.19), we get

A A
_dtCk = —dtck’1 + Bd* 1?2 4 pq(FY2, qu/z) + l/p(dkfl/Q), (5.20)
A A
—dtdk = _dtdk_l — B2 l/q(ck_l/2) - J/p(dk_l/2, ck_1/2). (5.21)

To resolve the problem of non-linearity involved in vectors p and ¢, P-C method is resorted

to, which is illustrated in the following algorithm:

(i) having ®, d° from the initial profile, put k& = 1 in (5.20)-(5.21) and replace c!/2,
d'/? with °, d°; denote ¢' and d' so obtained by ¢'? and d'? respectively, indicating
predicted values of ¢! and d!,

(ii) again put k = 1 in (5.20)-(5.21) and now replace c'/2, d'/? with W, W; the
values of ¢! and d' so obtained may be treated as correct values of ¢! and d*,

(iif) put & = 2 in (5.20)-(5.21) and find ¢® and d? by replacing ¢*/?, d*/? with 3¢ 3d=d®

respectively,
repeating step (iii), we reach to any time level.

Example 1.

In this example, we consider Eq. (5.1) for v < 0. The solution in this case follows from Eq.



Chapter 5: Schrodinger Equation 83

(5.7),
2k, i(az+bt)
u(t,z) = Tsech (x/kl(x — 2at)) e : (5.22)
where v = =\, k; = b+ a® and a, b are independent parameters. If we write axz + bt as
a(x — _Tbt), then %b represents soliton wave speed. Taking A = 2, a = 2, b = —3, then

ki1 = 1. Taking initial and boundary conditions from this solution, we plot the solution in
Fig. 5.1. We observe in the Fig. 5.1 that the wave speed for the real and imaginary parts
is %b; however, the wave speed for |u| is 2a, i.e., 4 in this case. As we see in time t = 4,
the wave reaches to x = 16. This speed 2a is also evident from Eq. (5.22), where |u| has a

factor (z — 2a) in the argument of function.

Example 2.

In this example, we observe the interaction of two solitons. We consider two soliton-
type solutions just like in the previous example. If u(¢,x) is solution of Eq. (5.1), then
u*(t,z) = u(t,z — x4) for some fixed x;, is also a solution of Eq. (5.1), since u{ = u; and

s __
u = uy. Therefore,

2ky; A
u(t,x) = lesech (x/klj((x —z;) — 2ajt)> eilai(@=a;)+b;t) (5.23)

are also solutions of Eq. (5.1), where j = 1,2 and ky; = b; + a?. Taking z; = —10,
ro =10, A =2, a1 = 2, ap = =2, b; = =3, for both j's. Therefore, ky; =1, j = 1,2.
Considering the initial conditions u(0, z) = u1(0, z) 4+ u2(0, z), we plot interactions between
solitons in Fig. 5.2. We note that at time ¢ = 0 solitons peaks are at x+ = —10 and
x = 10. As time progresses solitons begin to move towards each other with wave velocity
a;(= 2) and az(= —2) and at ¢ = 2.5 the super-imposition kind of situation observed. The
opposite direction of movement of solitons is accounted for by the opposite sign of a; and
as. Thereafter, the solitons move apart. 3D plot of the absolute value of the solution |u| is

plotted in Figure 5.3 and its contour version is Figure 5.4.

Example 3.
In this example, we demonstrate that the proposed computational scheme works well even

with the case where the coefficients of the Eq. (5.1) are time dependent. Therefore, we
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consider the following problem,

) 1 cost 9

Considering homogeneous boundary conditions on the domain €2, an exact solution is given
by [25],

1 T 1(7?2—1 )
t - h - 2(sin t+3) X 525
u(t, x) —sint+3sec (sint+3> e (5.25)

Taking initial conditions from the exact solution, the numerical simulations are plotted in
Fig. 5.5 for different times. 3D plot of the absolute value of the solution |u| is plotted in
Figure 5.6 and its contour version is Figure 5.7. We do not see any movement of solitons in

this example because the effect of time is being modulated by the presence of sine function.
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Figure 5.1: Soliton solution of Example 1 for different times. We note from Section J
that \/a2 + kytanh? (\/kr_l(x — 2at)) >1sincea=2 and ky =1 > 0. There-
fore, the domain should include the interval [At — /2,4t + /2]. This figure

validates this result as most the variation in U is confined to this interval.
Computational parameters: At = 0.0001, h = %.
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Figure 5.2: Soliton solution of Example 2 at different times. The solitons in (a) starts
moving towards each other, interacts at t = 2.5 in (c), then move away. We
observe that solitons switch positions in (a) and (e)— the left one in (a) is
the right one in (e). Computational parameters: At = 0.00001, h = %.
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where uy,uy represent real and

imaginary parts of the solution

w.r.t. space v € [—20,20] and Figure 5.4: Contour plot of Figure 5.3
time t € [0,2], At = 0.00001,

h=1.
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Figure 5.5: Soliton solution of Example 3 at different times. Computational parameters:
At = 0.00001, h = %.
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where uy,uy represent real and
imaginary parts of the solution
w.r.t. space x € [—20,20] and Figure 5.7: Contour plot of Figure 5.6.
time t € [0,5], At = 0.00001,
_ 1
h= 5.




Chapter 6

Reaction Diffusion Advection Models

In this chapter, we present finite element approximation of generalized semilinear reaction-
diffusion-advection equation u(t, ) —dAu(t, x)+ f(u, Vu) = 0, where f is Lipschitz contin-
uous in both of its arguments. In Sec. 6.3, existence of the solution is discussed by Banach
fixed point theorem and uniqueness is done by using a simple transformation. Then, a priori
L? error estimates of a Galerkin finite element approximation to the solution is given for
semi-discrete in Sec. 6.4. In Sec. 6.6, computational modeling is done using C-N method

and the non-linearity is handled by P-C scheme .

6.1 Introduction

Non-linear reaction diffusion (RD) equations are one of the most important classes of PDEs
modeling real world problems from different disciplines of the science and engineering. For
example, Sherratt and Murray [107] describe how modeling of wound healing process gives
rise to RD equations. Chaplain [19] studies role of the reaction diffusion equation in the
process tumor invasion. In an another article, Harrison [45] explains the mechanism of
pattern formation in living organisms. The models used in these pattern-forming dynamics
are usually described by non-linear RD equations.

We wish to analyze the following semi-linear unsteady reaction-diffusion-advection equation:

u(t, x) — dAu(t,x)+f(u, Vu) =0, (¢t,x) € (0,T] x £, (6.1)
u(t,z) =0, (t,x) € (0,T] x 09, (6.2)

87
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u(0,2) = up(x), z € Q, (6.3)

where d is the diffusion coefficient, ug(z) € H}(€) vanishes on the boundary 99, Q is a

domain of R", n = 1,2 and f(u, Vu) is Lipschitz continuous in u and Vu, that is,

|f (o1, w1) = f (02, w2)|< CV/Jvr — val >+ wy — wal, (6.4)

for v1,v9 € R and w € R™.

Here, u : {0}URT x R"” — R represents an unknown function to be evaluated, ug : R™ — R,
a given initial data and f : R x R®™ — R, a source function.

Existence and uniqueness of u; — Au = f(u) has been surveyed in introduction. In this
chapter, we prove existence and uniqueness of the equation w; — dAu = f(u, Vu) under
the more generalized assumption on f, taking f(u, Vu) Lipschitz continuous in u and Vu.
Besides, the Banach fixed point theorem is used here to prove existence of the solution
under suitable assumptions, which uses theory of partial differential equations and does not
require a priori estimates.

The important works regarding the approximation of solution by Galerkin method and a
priori estimates for such error of approximation are [27, 66, 123]. In these works, the error
estimates are derived for nonlinear equations in divergence form, that is, u; — V(a(u)Vu) =
f(u), for f being Lipschitz continuous in u. However, the divergence form can not lead to
an arbitrary order of Vu in the problem. Therefore, we take general f which depends on u
and Vu. Under some restrictions, we establish a priori estimates and found second order
convergence in space variable.

With regard to fully discritization, there are different schemes which have been used in
literature such as explicit scheme, Euler implicit scheme, C-N scheme, § methods etc [123].
Amongst these schemes, only CN scheme has second order convergence and unconditional
stability. But, due to nonlinearity in f, we get a system of nonlinear equations. To resolve
this problem, the predictor corrector (PC) method is proposed [27, 113]. In the numerical
experiments, we will use this CN cum PC method to get a scheme. Lastly, we consider

some examples in 1D as well as in 2D to show the second order convergence.
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6.2 Weak Formulation

The weak formulation to the problem (6.1) with boundary condition (6.2), is obtained by
multiplying the equation (6.1) by some function v € H{(€2) and then integrating w.r.t. space
variable x over ). The use of integration by parts yields the following weak formulation:

We say that a function
w € L*(0,T; H*(Q) N Hy () with v’ € L*(0,T; H (1)) (6.5)
is a weak solution of (6.1)-(6.3) if
<, >+d(Vu, Vo) + (f(u, Vu),¢) =0 (6.6)

holds for every ¢ € Hj(f2), and
u(0,x) = ug(x). (6.7)
Theorem 6.2.1. Suppose f € L*(0,T; H} () with f' € L*(0,T; H'(Q)). Then [ €

O([0, T): L*(R)) and

aax [LF(Oll< Clllull 2o,y HI ez ozm-1@p)-

Proof. See [30], Chapter 5, Section 5.9. [

In view of the above theorem, the point values in Eq. (6.7) make sense.

For the space S = C([0,T]; L*(f2)), we associate the following norm

lu(®)ls= max] u(t)]

6.3 Existence and Uniqueness of Solution

Theorem 6.3.1. If ||[Vuy(t) — Vus(t)||s< |[(ui(t) — ua(t))||s, then there exists a weak
solution of (6.1)-(6.3).

Lemma 1. For u satisfying (6.6) and having regularity as in (6.5), u and Vu belong to S.
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Proof. From Theorem 6.2.1, we deduce that u € S.

As u € L*(0,T; H*(2) N H(R2)), this implies u,, € L*(0,T; H}())) and hence Vu €
L*(0,T; H}(Q)). The assumption (6.4) on f implies f € L?(0,T; H}(2)). Therefore Vf €
L*(0,T; L*(Q)). Thus, from (6.6), component-wise differentiation yields,

(Vug(t), 6) + d(V*u, Vo) + (V f,¢) = 0.

From characterization of H~! [30], we see that since ||Vu,(t)||g-1(q)< 0o, therefore Vu, €

L2(0,T; H1(22). Now, we call upon Theorem 6.2.1 to see Vu € V. n

Proof. Continuing with the proof of the theorem, we set h(t) = f(u(t), Vu(t)), 0 <t <T.
From the Lemma 1, we may note that h(t) € L2(0,T; L*(Q)).
From the theory of linear PDEs [30], the problem

wy(t,r) — Aw(t,z) = h(t,z) (t,z) € (0,T] x 9, (6.8)
w(t,x) =0, (t,z) € (0,T] x 09,

w(0,2) = uo(z), 7€ 2,

has a unique weak solution in L*(0,T; Hg(2)) with w' € L*(0,T; H*(2)). This implies w

belongs to S and w satisfies
<wi, ¢ > +(Vw, Vo) = (h,¢), ¥ ¢ € Hy (), (6.9)

for a.e. 0 <t <T and w(0,x) = uy(z).
Defining operator A such that Au = w, we need to show that A is contracting in order
to apply Banach fixed point theorem. Towards that end, we start by controlling w; — ws.

Taking v = w; — wy in (6.9), we have

1d
§%||w1 — wa|* 4wy — wz”?qg = (h1 — hg, w1 — wy)

1
<c|[h — h2H2+EHw1 — wy|[?

C
< cf[hy — h2’|2+@||w1 — ws |7
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For ¢ = C'/4, appropriately large, 0 <t < T

d
Eﬂwl(t) —wy(1)|[* < C||f(ur, Vur) = f(ua, V)|

< C([Jur — ua|]*+||Vuy — Vus|[?).
t t
Jwi(t) — wa (1)]|* < C(/ ||ur(s) — ua(s)|[*ds +/ [Vuy(s) — Vug(s)||?)ds
0 0
< Ct(ggéHul(S) — ua(s)| P+ ggj%HVUl(S) — Vua(s)|?)

< OT||juy — ugl|%, 0<t < T,

therefore

|lwi — wa|s< (CT)?[Juy — us|s.

Therefore, ||Au; — Aug||s= ||wi — ws||s< (CT)Y?||uy — up||s. For sufficiently small T such
that (CT)'? < 1, we conclude A is a contracting operator. Appealing to Banach fixed
point theorem, we observe that there exists a w such that w = w in (6.8) implying existence

of a function satisfying (6.9). [
Theorem 6.3.2. The problem (6.1) has a unique solution.

Proof. Transformation v = ue™* takes Au — u; = f(u, Vu) to
Av — v, = e M fve, Vo) + I = f(t, z,v, Vo).
To check if f is monotonically increasing in v, we see, for v; < vy

f(t,x,01, Vo) — f(t, 2,00, Vo) = e X f(t, 2, Moy, V) — f(t, 2, My, V) 4+ Ay — )
< e M f(t, x, eMuy, MV) — Ft, 2, Mg, MV0)|[FN v — 1))
(since = < |z|)
< e MM |eMu; — eMuy|+A(v) — vy), from (6.4)

= —M(v1 — v2) + AMv1 — v2) = (A = M)(vy — vy). (6.10)

Therefore, we see from (6.10), f is monotonically increasing in v for A > M.
Suppose u; and uy are two solutions of (6.1), which are not identically same, then without

loss of generality we can assume u; > us at some points in the domain. Let u = u; — uo.
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Clearly, u takes positive maximum in the domain Q. Denoting by (¢, zo) a point where the

maximum is obtained, then Vu(ty, o) = 0 implying Vu; = Vus at (tg, zg). For L = A— %,

we have

Lu(to,fﬂo) = (Lu1 — LUQ)(tO, ZEQ)

= f(to, xo, w1 (to, To), Vuy(to, zo)) — f(to, xo, Uz (to, To), Vua(to, zo)) > 0.

But, for linear operators Lu(ty, z¢) < 0 for every point of maxima. Hence, a contradiction.

6.4 A Priori Error Estimates

In this section, we present a priori error estimates and its order of convergence for Galerkin
finite element approximation of the solution u € §. A finite dimensional subspace V,,, of &

is chosen using a discretizing parameter h such that, for some integer r > 2,

Vigxﬁ {|Jv = V||+h||V(v =V)||} < CR%||v]||s, for 1 < s <, (6.11)

where v € H* N H}.
The semi-discrete problem of (6.6) by Galerkin method is given by: Find u,,(t) € V,,, with
some suitable choice of u,,(0) according to the regularity available on ug, which in most of

the cases obtained by interpolation, such that
(Umty Om) + AV, Vo) + (f (U, V), ¢m) =0, ¥ ¢ € Vi (6.12)

As described in earlier chapters, error w,,(t) — u(t) is written as (u,,(t) — U(t)) + (U(t) —
u(t)) = 0(t) + p(t), where U(t) is an elliptic projection of exact solution u(t) onto V,,, for
which the error estimates are available.

To control 6(t), we see from (6.6) and (6.12), Vo,,, € Vyy,,

(O, o) +d(VO, Vo) = (umt, Om) + AV, Vo) — (Ur, om) — d(VU, V)
= _(f<um7 vum)a ¢m) - (pt + Uy, ¢m) - d(vu> V¢m)
since (Vp, V) =0
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= (f(w, Vu) = f(tm, V), om) = (pi, o).

Since 6 € V,,, therefore, taking ¢,, = 0, we have

MIIQII “+d|[VOI* < C(llu — unll+IVu = V| [)[10]]+]2:]1]16]

< C10 + pll+[[VE + Vpl|+[p:|D]1]]
< d[[VOIP+C 101+l + ol PV AI)-

=161 < 01+l >+ o>+ Tl

16®)1* < \|9(0)H2+/0 CU1OSP+pP+lpe()P+V p(s)[[*)ds

Using Gronwall inequality,

1o@)1* < eCt(||9(0)||2+/0 C’(II,O(S)I|2+|Ipt(S)||2+IIVP(S)I|2)d8>-

16@)1* < K1H9(0>||2+K2/O (o)1) P+ Vo(s)|*)ds, (6.13)

where constants K; and K, may depend on T

Theorem 6.4.1. Under appropriate assumptions on u and p, we have

[p(8)||+h[|Vp(t)||< Ci(u)h®, fort € [0,T],
| pe (D] [+R| [V pe(8)|| < Ca(w)h?, for t € [0,T).

Proof. See [113], Chapter 13. [

In view of the assumption for existence of solution that ||[Vu — VU||s< ||lu — Ul|s, we
see that [|[VO + Vpl||< |10 + p||< [10]]+]|pl|. From (1.12) and Theorem 6.4.1, we obtain
[|[Vp||< Ch?, and hence ||0(t)|| has convergence of order h?.

6.5 Fully Discretization of the Problem

Applying C-N method to (6.12), we obtain

uk —uk- uk +ult
(T n) + (T’Wm)
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§ k—l_l k—2 § k—1_1 k—2 -
+ (f (2um 2um .V 2um 2um yOm | =0, ¥ ¢ €V, (6.14)

for k > 2. Here, u* stands for u,,(t*). We must specify u! to apply (6.14). To do that,
we use P-C method,

1p _ .0 1,p 0
(M5 00 )+ d (TS 90, ) (068, T 60) =0

ul —ud Vul + Vul ul? + 0l Vul? + Vil
(ot ) (PO g, ) (20, PR )

We obtain the following semi-discrete system from the analysis presented above.
Acd + Be = CO(c),

where ¢ is a column vector containing values of unknown at node points. Here, the element

matrices A and B in 1D are

h/3 h/6 1/h  —1/h

: : (6.15)
h/6 h/3 ~1/h 1/h

where h represents step-length for space parameter. For 2D case, these matrices are

1/6 1/12 1/12 Cl%—Fb% a1a9 +b1b2 a1a3+b1b3
Ae 1/12 1/6 1/12 ) Ae a1ao + ble CL% + b% aoa3 + b2b3 )
1/12 1/12 ]_/6 aias —I—blbg QaoQs +b2b3 CL% —f—b%

where A, is elemental area. The matrix C' depends on ¢, nonlinearly. Applying C-N scheme

at time (k — 3),
ko k-1

s (550 4B (SR = o). (.10

The scheme in (6.16) is of second order in time. Resolving non-linearity by using

2

But, we must start from k > 2. Therefore, we need ¢ and ¢' to have ¢?. ¢ is known to us

from u® by interpolation. But in going from " to ¢!, we use P-C method as pointed out in
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previous chapters.

6.6 Numerical Demonstrations

The spatial domain €2 is discretized into elements. For 1D problems, the elements will
be intervals. For 2D problems, the right angled isosceles triangles are taken as elements.
Uniform griding is used for both 1D and 2D problems.

We have given L? formulae for 1D, corresponding formulas for 2D can easily be arrived at.

The L? error will be given by

al T+ xo+x3 1 +y2tys, Uz, 1) + Ut 20, y2) + U(t, 23, y3) ?
> bl ult, ; : : )— ; . (6.17)
=1

We have implemented the scheme described in the previous section to some problems and
found the result fitting to the discussion, that is, second order convergence is observed. To
test the accuracy of the scheme, initial and boundary conditions are taken invariably from

exact solutions.

Example 1

Consider the Burgers’ problem in 1D:
up — Ay, + quu, =0, (t,z) € [0,T] x (—10,10). (6.18)

The initial and boundary conditions are taken from exact solution of (6.18) [84]. A traveling
wave solution to (6.18) is given by u(t,z) = £ — 2¢tanh(z — vt), where the parameter
v represents wave speed. Taking v = 1/2, we explain how the approximate solution is

obtained. After applying Galerkin’s finite element method, we obtain the following matrix

form of (6.18),

Ad +dBc+ aC(c) =0, (6.19)
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where A and B are given as in (6.15). And

C(Z) = / m((ci@ + Cz‘+1¢z‘+1>(cz¢z‘,x + Ci+1¢i+1,2)7 ¢i)d$,

i

where ¢; and ¢; 1 are the hat functions, given by

for the generic element (z;,z;41). Taking the parameters d = 1, « = —1, Q = (—10, 10)
and T' = 1, the exact and the approximate solutions are plotted in Fig. 6.1a and order of
convergence is depicted in Fig. 6.1b. The L? and L™ errors with their order of convergence
are tabulated in Table 6.1.
Another solution to (6.18) is

2dre " dtginTx

t,xr) = , a> 1.
u(t, z) a + 2dme—"dtcosTx @

Taking initial and boundary conditions from the exact solution, we evaluate the Galerkin
finite element approximation of w(t) for different parameters. The results are compared
with the results available in literature and we find the proposed scheme offering slightly
better results. Table 6.2 presents the comparison of the present results with the results
obtained by semi implicit finite-difference method (SIFDM) [96] and the results obtained
by modified cubic B-splines collocation method (MCSCM) [84].

Example 2.

Consider 2D Burgers’ problem given as follows
U — d(Ugy + Uyy) + u(uy +uy) =0, (t,z,y) €[0,7] x (0,1) x (0,1). (6.20)

Following exact solution to (6.20) is considered [86],

(t,y) = —
ull, r,Y) = —axg—2 -
Y 1+ e 5
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The parameter h, to refine the mesh, is taken as square root of area. On each refinement the
parameter h is halved. Time step At is taken as proportional to h. Taking the parameters
d = 0.05, T = 1, the order of convergence is shown in Figure 6.2. The L? and L* errors

are tabulated in Table 6.3.

Example 3.

Consider 2D Burgers’-Huxley problem of the form,
Up— (U FUyy ) Fau(uz+uy ) —u(l—u)(u—y) = 0, (t,z,y) € [0,7]x(10,20)x(10,20). (6.21)

An exact solution to (6.21) is given by [29],

1 1 — vt
u(t,z,y) = = — —tanh(z V),

where a@ = av/2, r = Va2 +8 and v = (2a + (& — 7)(2y — 1))/4. Taking the parameters
a=04,7=04,T =1, At = 0.1h, the order of convergence is depicted in Figure 6.3. The
L? and L™ errors are tabulated in Table 6.3.

Table 6.1: L? and L™ Errors and their Orders of Convergence

m h L2 Order L Order
100 0.2 8.887e-3 - 2.036e-3 -
200 0.1 2.222e-3  1.99 5.129e-4 1.99

400  0.05 5.575e-4  1.99 1.279e-4  2.00
800  0.025  1.393e-4 2.00 3.202e-5 1.99
1600 0.0125 3.482e-5 2.00 8.016e-6 1.99

Table 6.2: Comparison of L* and L™ errors (d = 0.01, « = 100, T = 1, h = 1/m,
At =0.01)

SIFDM [96] MCSCM [84] Present Method

m L2 L™ L? L™ L? L

10 3.454e-7 4.88le-7 3.284e-7 4.628e-7 3.25le-7 4.587e-7
20 1.012e-7 1.430e-7 8.192e-8 1.164e-7 8.110e-8 1.148e-7
40 4.003e-8 5.668e-8 2.047e-8 2.907e-8 2.027e-8 2.874e-8
80 2.471e-8 3.499e-8 5.119e-9 7.271e-9 5.068e-9 7.187e-9
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Table 6.3: L?> and L™ errors with their orders of convergence for 2D Burgers’ and

Burgers’-Huxley problem

Burgers’ Problem Burgers’-Huxley problem

h At L? Order L Order L2 Order L™ Order

3.828e-7 - 2.645e-8 -
2.02 6.690e-9  1.98

0.1250 0.0125  8.397e-3 - 1.361e-3 -

0.0625 0.00625 2.125e-3 1.98 6.504e-4 1.94 9.401e-8
5.336e-4  1.99 9.104e-5 1.99 2.349e-8  2.00 1.714e-9  1.96
2.15

0.0313  0.00313
0.0156  0.00156 1.336e-4 2.00 2.647e-5 1.99 5.989%-9 1.97 3.851e-10
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Figure 6.1: 1D Burgers’ equation (Ex 1)
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Chapter 7

Conclusions and Future Scopes

7.1 Conclusions

In this thesis, we analyze and approximate some non-linear parabolic PDEs using Galerkin
finite element method. Existence of solutions to such PDEs is proved and a priori error
estimates for these approximations are also given in most cases. Some examples are also
considered in each chapter to validate the analytical findings and to compare the FEM
solution with the solutions available in literature.

In Chapter 2, we extend finite element analysis available for forced Fisher equation to
Burgers’-Fisher equation. We establish existence, uniqueness of solution, a priori error
estimate for the approximation and propose a finite element scheme which preserves the
positivity of the solution. The scheme offers a good accuracy and efficiency. Other meth-
ods available for such equations, for example, Adonian decomposition method, homotopy
analysis method, variation iteration method etc. use complicated iterations on polynomials
to get numerical solutions. But, the present scheme is free from this drawback. Therefore,
the scheme offers a good alternative to find approximations of nonlinear problems.

In Chapter 3, coupled reaction diffusion equations are analyzed for which the error analysis
is not available for a general case. We also prove the existence and uniqueness of the solu-
tions using Banach fixed point theorem, and observe that if the solutions remain bounded in
the domain, the solutions exist. Next, we observe second-order convergence of the approxi-
mate solutions u,,(t) and vy, (t), i.e. ||ty (t) —u(t)||< Kih? and ||v,(t) —v(t)]|< Koh?. This

is verified in MATLAB simulations. Furthermore, it is demonstrated that the non-uniform

99
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grids improve the accuracy considerably without much extra computational cost for the
kinds of problems considered in this chapter. Numerical results are compared with those
available from literature and we find that the proposed method offers better results. Turing
patterns are also plotted for some cases, which are found similar to the earlier patterns.
In Chapter 4, we approximate Brusselator model when cross-diffusion is present. We know
the diffusion in the model induces instability of equilibrium state. This diffusion driven in-
stability is called ‘the Turing instability’. We study the effect of cross-diffusion on the
stability of the model. We find that the wave number associated to the solution increases
in case of cross-diffusion. Approximate solution is obtained and an a priori error estimate
for approximation is given. Numerical simulations of some examples are also presented to
corroborate the analytical findings.

In Chapter 5, we consider the Schrodinger equation with cubic non-linearity. The equa-
tions is convertible to a coupled form of the reaction diffusion equation. We obtain some
new soliton-type analytical solutions of the equation for all ranges of parameters. Further,
some issues related to truncation of domain to finite interval are discussed and the esti-
mates are found. These estimates are verified in the numerical simulations presented by
using Galerkin method for spatial discretization and C-N method with P-C scheme for time
discretization.

In Chapter 6, reaction-diffusion-advection equation is considered for analysis and approx-
imation. The existence and uniqueness of solution to the generalized equation is proved
under the assumption that solution varies moderately, that the Lipschitz type condition
holds. A priori error estimates are also discussed in the chapter and second order conver-
gence is observed. Some numerical examples are considered and the results are compared

with the results from literature, and found slightly better convergence and accuracy.

7.2 Future Scopes

We briefly outline some interesting aspects that may be studied in future.
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7.2.1 Adaptivity Analysis

In most of the chapters, we find a priori error estimates for approximations. These bounds
serve the purpose of establishing convergence and order of accuracy. However, the estimates
usually contains some parameters and constants for which the estimates are usually not
available or the estimates are largely coarse and imprecise. Therefore, we intend to find error
estimates which are achievable and more importantly refinable. Such estimates are obtained
in terms of approximate solutions. Such analysis is called the adaptivity analysis. This type
of error estimates are known as a posteriori error estimates. These errors may be refined
by either refining the mess (h-adaptivity) or by increasing the degree of basis polynomials
(p-adaptivity) or by using some combination of these two (hp-adaptivity). These issues are

available for exploration in future.

7.2.2 Extension to 2D

We considered some 2D examples in Chapter 6 and we saw that method may be extended
to 2D problems. Further, we may extend the method to some other problems like coupled

problems in 2D. This may be studied with higher degree basis as well.

7.2.3 More general basis

As we pointed out, we considered linear continuous Lagrange polynomials as basis V,,,. The
space V,, satisfies (1.7), which is second order accurate. However, if higher order basis be
chosen then the order of accuracy can be improved. In this way, we can take a quadratic

basis for V,,, and V,,, satisfies
nf {[Jo = X[[+2]IV (v =)} < CR?[|olls, (7.1)

for all v € H® N H}. If the solution has enough regularity, say H3, we get more accuracy.
But in this case, we also need to take a third order accurate scheme for time discretization.

Taking a cue from the P-C scheme
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we plan to use the following scheme:

k k—1 k—2 k—3
C 3 C 40 —+ 80 y 3

But, we have ¢ only and need to supply ¢! and ¢? to evaluate ¢3. We may use some other
third order accurate method like one of the Runge-Kutta methods to find ¢! and ¢?. Once
we have these starting values, the rest process is easy and computationally efficient. These

schemes could be considered in future.
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