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Abstract

In the practical world of everyday life, full of complexities, we face baffling problem of making
the myriad of judgments. Every situation needs formulation of the problem under an appropriate
theoretical model followed by sifting and a careful analysis of the evidence leading to a conclusion
whose validity is based on reason. In the progression of scientific reasoning, statistical inference
provides the methodology developed to meet these requirements. In many practical situations it may
be of interest to select the best (or worst) of k (> 2) available populations (or options), where the
quality of a population is defined in terms of unknown parameters associated with it. In the statistical
literature, these type of problems are classified as “Ranking and Selection Problem”. A problem of
practical interest after selection of the best (or worst) population, using a given selection procedure,
is estimation of the worth of the selected population. In the statistical literature, these problems are
called “Estimation After Selection Problems”. In this thesis, we study this problem of estimating
parameters of the selected population(s) for certain distributions. An application of this theory is
shown in this thesis. Most of the previous works are studied under the squared error loss function.
In this thesis, some problems are studied under some other loss functions.

In this thesis, we study this problem of estimating parameters of the selected population(s) for
certain distributions. A brief summary of the thesis is give below.

In chapter 1, a review of available work on the problem of estimation after selection is given. A
summary of the results in the thesis is also given.

In Chapter 2, some basic definitions results and techniques are explained which are of use in
this thesis.

In Chapter 3, two normal populations with different unknown means and same known variance
are considered. The population with the smaller sample mean is selected. Various estimators are
constructed for the mean of the selected normal population. Finally, we are compared with respect
to the bias and Mean Squared Error (MSE) risks by the method of Monte-Carlo simulation and their
performances are analyzed with the help of graphs.

In Chapter 4, we consider two competing pairs of random variables (X,Y;) and (X,Y;) satis-

fying linear regression models with equal intercepts. We describe the model which connects the
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selection between two regression lines with the selection between two normal populations for es-
timating regression coefficients of the selected regression line. We apply this model to a problem
in finance which involves selecting security with lower risk. We assume that an investor being risk
averse always chooses the security with lower risk (or, volatility ) while choosing one of two secu-
rities available to him for investment and further is interested in estimating the risk of the chosen
security. We construct several estimators and apply the theory to real data sets. Finally, graphical
representation of the results is given.

In Chapter 5, independent random samples are drawn from two normal populations with same
unknown mean and different unknown variances. The population corresponding to the smallest sum
of the squared deviations from the mean is selected as the best population. We consider estimation
of quantiles of the selected population. Admissible class of estimators for the quantile of the selected
population is found in certain subclasses of estimators. The biases and mean squared error risks of
these estimators are compared numerically by Monte-Carlo simulation. Finally, the biases and risks
of different estimators are represented by graphs.

In Chapter 6, we consider independent random samples X;i, . . ., X;, drawn from k(k > 2) popula-
tion I1;,i = 1,...,k. The observations from I1; follows Pareto distribution with an unknown scale (6;)
and common known shape parameters. In this chapter, estimation of an unknown scale parameter of
the selected population from the given k Pareto population are discussed. The uniformly minimum
risk unbiased (UMRU) estimator of scale parameter of the population corresponding to the largest
and smallest 0;, are determined under the Generalized Stein loss function. Sufficient condition for
minimaxity of an estimator of 6y (scale parameter of the population corresponding to the largest 6;)
and Oy (scale parameter of the population corresponding to the smallest 6;) are given, and we de-
termine that the generalized Bayes estimator of g is minimax for k = 2. Also, found the class of
linear admissible estimators of 6y (6ys). Further, we demonstrate that the UMRU estimator of 6y is
inadmissible. Finally some results and discussions are reported.

In Chapter 7, we consider I1y,...,I1;, k£ (> 2) independent populations, where I1; follows the
uniform distribution over the interval (0, 6;) and 6; > 0 (i = 1,...,k) is an unknown scale parameter.
The population associated with the largest scale parameter is called the best population. The prob-
lem of estimating the scale parameter 0; of the selected uniform population when sample sizes are
unequal and the loss is measured by the squared log error (SLE) loss function is considered. We
derive the uniformly minimum risk unbiased (UMRU) estimator of 6; under the SLE loss function
and two natural estimators of 6y are also studied. For kK = 2, we derive a sufficient condition for
inadmissibility of an estimator of ;. Using these conditions, we conclude that the UMRU estimator
and natural estimator are inadmissible. Finally, the risk functions of various competing estimators of

0; are compared through simulation.
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In Chapter 8, k(> 2) independent uniform populations, over the interval (0, 6;) and 6; > 0 (i =
1,...,k) be an unknown scale parameter, are considered . In this chapter, we consider the problem of
estimating the scale parameter 6y, of the selected uniform population when sample sizes are unequal,
and the loss is measured by the generalized stein loss (GSL) function. The uniformly minimum risk
unbiased (UMRU) estimator of 6; is derived, and two natural estimators of 6; are also studied under
the generalized stein loss (GSL) function. The natural estimator &y » is proved to be the generalized
Bayes estimator with respect to a noninformative prior. For k = 2, we give a sufficient condition
for inadmissibility of an estimator of 6y and show that the UMRU estimator and natural estimator
are inadmissible. A simulation study is also carried out for the performance of the risk functions of
various competing estimators. Finally some results and discussions are reported.

Finally, Chapter 9 presents the summary and concluding remarks of this thesis and the possible

directions of the future scope.
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Chapter 1

Introduction

1.1 Introduction

Let I1y,...,II; be k populations with associated probability distribution being characterized by the

parameters 01, ..., 6, respectively. Frequently, one is interested in selecting the best population or a

subset of populations containing the best. The population is termed the best according to some char-

acteristic such as the largest mean or the smallest variance etc. Some typical examples of practical

interest are:

1.

Out of different surgical strategies offered for the treatment of a particular disease, a surgeon
would like to use that surgical methodology on patients that have the highest success rate.
Here, the success rate of the strategy is measured by the time required for the patient to ensure
the disease and be cured or on the proportion of the patients successfully recovered from the

disease.

. A farmer having many choices of fertilizers accessible to him would like to pick the one which

can offer him the maximum yield.

An army chief will prefer to choose the most effective quality guns for his army, here the best
may be decided on the basis of the proportion of successful hits or simple maneuverability of

the gun carriage.

. An investor would like to buy stocks of the companies which are expected to yield higher

returns over next few years.

There are number of organic and chemical fertilizers that can be used for some crop. An agri-
cultural farm proprietor wants to select a fertilizer for his /her crop that will provide maximum

yield and also preserve the soil quality over a period of time.

1



In the statistical literature, these type of problems are commonly classified as Ranking and Selection
Problems. The initial formulation of the ranking and selection problem was given by Bechhofer [23]]
and Gupta [48]]. For a detailed discussion of the literature of these type of problems one may refer
to Gibbons et al. [43] and Gupta and Panchapakesan [54]. A complete bibliography of the literature
on these problems is given in Kulldorf [64] and Dudewicz and Koo [39]. Estimating parameters of
the selected population (representing the best population I1;) or to estimate a characteristic of the
selected subset of the populations (the subset that involves the best population I1;) is an important

practical problem. For example:

1. The surgeon, after selecting the best surgical strategies for the treatment of a particular disease,
would naturally be interested in having an estimate of the average success rate of the selected

surgical procedure.

2. The farmer whereas applying the most effective chosen fertilizer to the forthcoming crop,

would undoubtedly be keen to estimate the yield.

3. Similarly, the army chief would like to have an estimate of the effectiveness of the gun he has

selected.

4. An investor will like to know the estimated returns from his/her investments are the best se-

lected shares of the companies.

5. The farm proprietor will like to have an estimate of the expected yield if he/she is using the

best fertilizer.

Therefore, for all such real-life applications, there’s a requirement to develop estimators of
parameters of the selected population from the populations under consideration. These type of prob-
lems are commonly referred to as “Estimation After Selection”.

The problem of estimation after selection differs from the classical estimation problem in
some basic sense. In the classical estimation problem, we are to estimate the parameter of the given
population on the basis of a random sample from that population itself. The parameter to be estimated
is a fixed quantity, and so for an unbiased estimator 7 of g(0) we must have Eg(7T) = g(6). However,
the parameter to be estimated in the estimation after selection problem is a random quantity say 6y,
where 6y is parameter of the selected population. Therefore in the case of selection problem, for an
unbiased estimator 7' of 6; we must have E(T — 6;) = 0. Thus implying that the unbiased estimator
of 0 is nothing but the unbiased estimator of E(6;) and a UMVUE of 6; is a UMVUE of E(6y).
Moreover, In classical estimation problem, the mean squared error (MSE) of an unbiased estimator

say, Uy of 0y is its variance. That is,



MSE(Up,00) = Eg,(Up— 6)>
- VG()(UO)

Therefore, if a UMVUE of 6 exists, then it is uniformly better than any other unbiased estimator.
While in estimation after selection problem, the MSE of an unbiased estimator 7" of 6; is not same

as its variance. In fact

MSE(T,0;) = E(T —6,)?
= Vo(T)+Ve(6y) —2Cov(T, 6)),

where Cov(T, 0;) is the covariance between T and 6.

For uniformity in our presentation we will adopt the following notations throughout the thesis:
(i) ®(.): Distribution function of normal distribution with mean 0 and variance 1.
(ii) ¢(.): Standard normal density function.

(iii) 7(A): Indicator function of statement A, i.e.,

1 if Ais true
1(A) =

0 otherwise

(iv) R: The real line, i.e., (—co,00).
(v) RF: The k-dimensional Euclidean space.
(vi) R.: The positive real line, i.e., (0,00).

(vii) R,*: product space R x --- x R, i.e., (0,00)k.
—_————

k—times

1.2 A Review of the Literature

In this section, we present the literature survey, in brief on the problems of estimation after selection
that are related to our study. In this review, we have also included few papers which may not be
directly related to our study. The problem of estimation after selection was initially formulated and

investigated by Rubinstein [[111}112]. He studied the problem in the context of reliability estimation



where the problem considered by him is in connection with a particular sequential scheme for select-
ing the components in a manufacturing process. The unbiased estimators were derived by him for
the failure rates of the selected components. The generalized method given by him obtains unbiased

estimators of selected Poisson parameters corresponding to a broad class of selection procedures.

1.2.1 Normal Population

The problem of estimating mean of the selected normal population was considered by Stein [122]
with independent normal populations having unknown means and common known variance. One
observation is taken from each of these k populations, and the population corresponding to the largest
observation was selected. He considered estimating mean of the selected normal population with
respect to the squared error loss function. He noted that X(;) is a generalized Bayes estimator when
the generalized prior distribution is the Lebesgue measure. For k = 2, Stein showed that X(;) =
max(X;,X;) is admissible as well as minimax estimator, where X; is N(6;,1),i = 1,...k. However,
Stein remarked for k = 2 and especially for k > 2, the estimator X(y is positively biased and that
its bias tends to infinity where the means of the populations are equal or close. The inadmissibility
of X(1) was also conjectured in general for k > 3. However, this conjecture was later disproved by
Brown in 1987. Brown proved that X is admissible for any k.

Sarkadi [116] introduced the fixed-sample selection approach of one out of two populations
and derived the unbiased estimator for parameter of the selected Poisson population. He also dis-
cussed the estimation of mean M of the selected normal population. For this, he took two normally
distributed populations with common known variance and selected the one with the smallest sample

mean. For estimating mean M of the selected population, he proposed an estimator z. of the form

Y Y
fo = Y2+YCI><C—) —co (C—) e>0,
(0} (0}

where, c is an arbitrary constant, and Y; is the mean of the sample drawn from the normal population
N(6;,7%),i=12.Y =Y -V, 02 =V(Y) = zniz, and ¢ (x) and ®(x) are the probability density func-
tion and cumulative distribution function of standard normal variate respectively. The expectation of
the estimator . is given by
Oc
E(t) = 6,+6® (m> )

where 6 = 6; — 6, is the mean of the variable Y. Also, he pointed out that E(¢.) approaches to
EM)=6,+0® (%) where ¢ approaches to a large value. Hence showed that the bias of 7. as
an estimator of M can be controlled by making c¢ large. Hence, for large values of c, 7. becomes
unbiased estimator of M. Sarkadi also provided a lower bound for the mean squared error (MSE) of

the proposed estimators and stated that an exact expression is hard to obtain.



Putter and Rubinstein [[105] considered estimating mean of the selected normal population
studied out of £ normal populations I1;,II,,...,II;. Let ¥; denote the mean of the random sample of
size n from the population IT; (i = 1,2,...,k) and suppose the population corresponding to ¥,y =
max(Y1,Ys,...,Y;) is selected. Putter and Rubinstein showed that Y,,,,, is a positively biased estimator
of M, the mean of the selected population. They also proved that the bias of Y4, for k =2 is a
decreasing function of |6 — ;| for the symmetric location parameter family. Further, for the case
of two populations, they proved the non existence of unbiased estimator of M. The authors also

proposed estimators of the form

My, = Yyu—AGo (g) L, A>0,
which is just a decrement of Y.« by the A multiple of its estimated bias. Also, it was shown that
Ymax 1S the unique minimax estimator of M under the MSE criterion, whose MSE never exceeds o2.
Dahiya [36] also studied the problem of estimating mean of the selected normal population
under the same model as was considered by Sarkadi [116]. He selected the population corresponding
to the largest sample mean. He proposed some more estimators for the mean of the selected normal
population. Dahiya noticed that the maximum likelihood estimator (MLE) of E(M) = 6, + 6 ® (£)
sT =Y+YP (%) for estimating mean of the selected population. Motivated by the concept of
Putter and Rubinstein [[103]], used to obtain the estimator M ,, from the estimator Y,,,,,. Dahiya studied

a more general estimator 7 :

=12 () e (s ) 2 (6)))

where A > 0 is an arbitrary constant. The concept of estimator T}, is similar to M, . He obtained from

the estimator 7 by subtracting a A multiple of the estimated bias Bg(T) of T from itself.
Blumenthal and Cohen [26] proposed an estimator H, to estimate 6,,,, = max (0, 6,) and some

times H, is called the hybrid estimator. Dahiya [36] also studied the hybrid estimator H, having the

form
o Wity -l < co
L=
Yiax if‘Yl —Yz’ > co,

where ¢ > 0 is an arbitrary constant. For ¢ = 0, H.. reduces to ¥4, the same way as M, reduces to
Yyax for A = 0.

Dahiya also derived the exact expressions for the biases and MSE’S of the five estimators
te .M, ,T,T) and H, and compared them numerically.

The above estimation problem was extended by Hsieh [58]] for common but unknown variance

72. The author used the natural selection rule and selected the population yielding the largest sample



mean and studied estimators similar to those in Dahiya [36]]. Mainly, he modified the estimators of
Dahiya by replacing the minimum variance unbiased estimator (UMVUE) of ¢ in place of 6. The
modification of 7 of Dahiya [[36] was not included as there is no immediate justification for using

2 is unknown. Derivations for the biases and MSE’s of the estimators were

this estimator when 7
obtained and compared numerically. His conclusions were close to those reported by Dahiya.

The problem of estimating mean of the selected normal population was extensively studied
by Cohen and Sackrowitz [34]] for general k normal populations with the common known variance
o2. Authors mainly studied for the cases k > 3 and a family of estimators dj(x) has been produced,

where dj(x) is of the form
k

di(x) =) ¢k X1y, (1.1)

i=1
with ¢(1)x = ¢k = ... 2 ¢ depending upon 7; which are non-negative functions of x;j — x;
and X(1) 2 X(2) = -+ = X() are the ordered statistics of xy,x3,...,x;. Authors also proved that the
estimators dj(x) as expressed in possess some desirable properties. Further, they are empirical
Bayes estimators with respect to multivariate normal priors having the mean vector zero and the
covariance matrices members of a set of k possibilities. For every possible covariance matrix is such
that the means are correlated in a way to reflect the possibility that some or all of them are close
together. In particular, they considered six types of 7; and numerically studied the corresponding six
estimators 7; (i = 1,2,...,6) and X(1) with respect to the bias and MSE’s using Monte Carlo Method
for the values of k = 3(2)7. Based on numerical values, authors concluded that 75 is performs
better than any other estimator from several points of view and hence recommended it for practical
use. It was also shown that the risk of X() is maximized when the means 6;’s are equal. For
k = 2, the estimator M, (by Putter Rubinstein) and the estimator Tj (by Dahiya) were proved to be
inadmissible.

Further, a general problem of estimating mean of the selected normal population was intro-
duced by Hwang [00]. Actually, he completely studied on this problem. Let X(; be the ith order
statistic and 6;) the mean associated with X(;). He considered estimation of 6;)’s and introduced
three natural selection criteria: the large sample consistency, the large population consistency and
the boundedness of the risk for any fixed k. It is detected that the existing estimators by Dahiya [36],
Hsieh [58]] and Cohen and Sackrowitz [|34] for G(k) do not satisfy a minimum of one amongst these
three criteria. Hwang proposed an empirical Bayes estimators for ;) for the case of common known
variance 6. The empirical Bayes estimator is given as follows
(k—3)c?

EB __ o
qg_x+b SX X7

|+ 0 -1), 12

where for any number a,a; = max(a,0). The author showed that this empirical Bayes estimator



satisfies all the three criteria as described above. Further author proved that when 6;)’s are equal, the
estimator has zero bias. That is, the estimator 55)3 18 the unbiased estimator when the means
are equal. Also, its performance is better than all the existing estimators for most of the parameter
values that he considered.

Venter [133] introduced a new problem for estimating mean of the selected population. He
considered k normal populations and ith population which is distributed N(6;,62),i = 1,...,k where
o2 is known. He took a classical approach and proposed some new estimators. Let X; denotes the
largest sample mean, where X; = max; X;, where X; denotes the sample mean of the ith population.
Then author reduced the bias of X; by estimating the bias and then subtracting it from itself. This
leads to a new class of estimators of mean of the selected normal population and called bias reducing

(BR) estimators which are defined as X; — b(X,a), where

k oo
b(X,a) =a)] / 20 ()T, P(z+ a(X; — X)) dz. (1.3)
I

These estimators depend upon the term b(X,a) which in turn depends upon the constant ‘a’ as is
mentioned in (I.3). Therefore, the amount of bias reduction of X; while using BR estimators is
controlled through the constant ‘a’. Constant ‘a’ also effects the mean squared error (MSE) of BR
estimators. For k = 2, Venter selected some values of ‘a’ such that the MSE of X; — b(X,a) did not
exceed by a preselected amount. The author also compared the MSE’s of BR estimators X; —b(X ,a)
to that of cohen and sackrowitz’s estimators. Further, he reported that the performances of both the
classes of estimators are quite similar and no class dominates the other class.

Let X1,X>,...,X; be k independent random variables with distributions of X;(j = 1,...,k)
belonging to one parameter families f; (xj,6;),j=1,2,... k. Estimating mean of the selected pop-
ulation was introduced by Cohen and Sackrowitz [35] and derived some new estimators for the
problem under consideration. They selected the population corresponding to the maximum X;. That
is, the population M is selected if X = max(Xj,...,X;). Estimators based on a two-stage sample
are offered that are conditionally unbiased where the conditioning is on the ordering of the sample
means (Xi,...,X;) computed from the first stage of sampling. Conditionally unbiased estimators
are also unconditionally unbiased. Cohen and Sackrowitz [35] proposed a two-stage sample where
observations at stage two are taken from the selected population only. They obtained the uniformly
minimum variance conditionally unbiased estimators for the normal (with known and unknown vari-
ance) and gamma cases. Further, in one parameter family cases, they observed that the uniformly
minimum variance conditionally unbiased estimators depend only on X(;) and X(5).

The above estimation problem was continued to study by Sill and Sampson [[118] for the bi-
variate normal distributions where mean vector [JiT = (U1, Up;) and the covariance matrix is X/ng.

Let the vector XiT = (X1;,X7;) denote the mean responses based upon n4 experimental units from



the population where A is called the first stage of data collection 7;. Let M be the population corre-
sponding to the largest value of the sample means of the surrogate variables, X;,i = 1...,k, which
is used for population selection. The population 7, is selected if it yields the largest response, i.e.,
Xy = max{Xj,X2,...,X1x}. After making this selection, np the collected additional independent
observations from population M and B are called the second stage data collections. Let YiT =(11,Y)
be the mean response from population 7y, in Stage B then that Y follows the bivariate normal distri-
bution with mean vector ty = (L1, hoy)” and the covariance matrix X/ng. They found the good
unbiased estimators of the parameter Uyy; associated with the primary outcome variable, X;y,.
Further, estimating mean of the selected population from two normal populations with un-
known means and common known variance has been addressed by Parsian and Farsipour [104]
under the criterion of bias and LINEX loss function. They proposed seven different estimators for
the mean of the selected population. They found expressions for the biases and risk functions of
these estimators and compared numerically. Their results were further extended by Misra and van
der Meulen [87]. They provided some admissibility results for a subclass of equivariant estima-
tors, and a sufficient condition for the inadmissibility of equivariant estimators. It was proved that
several estimators proposed by Parsian and Farsipour [[104] were inadmissible and better estimators
were obtained. Some further work on normal populations has been done by Qomi et al. [106] and

Mohammadi and Towhidi [93]].

1.2.2 Nonnormal Populations

The discussion so far was on normal populations only. The major work on estimating mean of
the selected negative exponential population was developed by Sackrowitz and Samuel-Cahn [[113]].
Suppose there are k observations X;,i = 1,...,k which are independent negative exponentially dis-
tributed with unknown expectations A4;,i = 1,... k. They define the random variables J(Xi,...,Xy)
and M(Xj,...,X;) of maximal and minimal observations, respectively. Authors considered estima-
tion of A; and Ay, which denote the scale parameters associated with the largest and the smallest of

the observations X1, ..., X;. Authors also studied the class of linear estimators of the form
0 (X) =ZF aiX(j),

where «,...,q; are fixed constants. They also found that the estimator ¢;(X) = Xy — X2 is
conditionally unbiased estimator as well as unique uniformly minimum variance unbiased estimator
of Ay, for k = 2. Tt is also shown that the estimator @, (X) = kXjy is the unique uniformly minimum
variance unbiased estimator for A; and proved that no conditionally unbiased estimator for A; exists.
Further, authors have investigated some admissibility and minimaxity results in a certain class of

estimators as well as discussed some other intuitively appealing estimators.



Sackrowitz and Samuel-Cahn [114] developed some general results for Bayes and minimax

estimators of parameters of the selected population.

The problem of estimating mean of the selected uniform population has been investigated by
Vellaisamy et al. [130]. Let IT; be uniform population over the interval (0, 6;),i = 1,...,k. Random
sample of size n is drawn from each of the k populations and let ¥; denotes the largest observation
of the sample drawn from the ith population. For selecting the best population, that is the one
associated with the largest 6;, the natural selection rule is to select the population corresponding to
the largest ;. They estimated mean M of the selected population and found that the natural estimator
T1(Y) = (n1)Y(1)/2n is positively biased and derived the UMVUE of M using the (U,V) method
of Robbins [[110] and also studied its asymptotic distribution. They obtained a generalized Bayes
estimator of M and shown its minimaxity for the cases k < 4 and a class of admissible estimators.
Further, the improvement over UMVUE was also found for the case k = 2. Song [121] extended the

minimaxity and inadmissibility results of [[130] for the case k < 2.

Nematollahi and Motamed-Shariati [102] estimated scale parameters of the selected uniform
population under the entropy loss function. They selected the population corresponding to the largest
as well as the smallest scale parameter. They generalized the (U,V) methods of Robbins [110] as
well as derived the uniformly minimum risk unbiased (UMRU) estimators for both the cases. They
characterized the admissible estimators and derived minimax estimator, as well as inadmissibility
result for the scale-invariant estimator of 07 (scale parameter of the selected population when the
population corresponding to the largest scale parameter is selected) and the dominated estimator was

obtained for the case k = 2. The risks of all proposed estimators were compared numerically.

The problem of estimating mean of the selected gamma population has been initiated by Vel-
laisamy and Sharma [131]. They considered two gamma populations II; and II, with unknown
scale parameters ¢ and o and common shape parameter p where p is taken to be a known positive
integer. Let Y; denotes the sample mean based on a random sample of size n from the ith popula-
tion. Following natural selection rule, the population corresponding to the larger Y; is selected. The
problem considered is to estimate mean M of the selected population. Authors showed that ¥(y) is
positively biased and obtained the UMVUE of M. Improvements over the natural estimator and the
UMVUE were obtained. Minimaxity and non-minimaxity of these estimators were also examined.

They proved that UMV UE is not minimax estimator.

Later on, these results are further generalized for k(> 2) gamma populations by Vellaisamy
and Sharma [[132]]. Further dominating estimators have been obtained in Vellaisamy [125]]. He used

the method of differential inequalities to derive these estimators.

Vellaisamy [[126] has also derived some general results concerning the UMV UE of the selected
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parameter. For the squared error loss, the conditions under which the UMV UE is also uniformly min-
imum mean squared error unbiased estimator (UMMSEUE), have been obtained. As an application,
the UMVUE of 6y, the reciprocal of the natural parameter of the population selected from k indepen-
dent populations where densities were belonging to one parametric continuous exponential family,
has been also derived. Vellaisamy has found that the UMVUE of 6; is a UMMSEUE. He also gave
some examples.

Misra et al. [88] considered the problem of estimating scale parameter of the selected gamma
population out of the gamma populations with unknown scale parameters and common known shape
parameter under the scale invariant squared error loss function. Authors characterized admissible
estimators within certain subclass of equivariant estimators. Sufficient conditions for the inadmissi-
bility of invariant estimators of selected scale parameters were obtained. As a consequence, various
natural estimators were found to be inadmissible and the sufficient conditions were used to improve
various natural estimators. Some problems have been continued the study by Misra et al. [89] under
the squared error loss function and analyzed results of Misra et al. [88]].

Motamed-Shariati and Nematollahi [95]] obtained the minimax estimator for scale parameter of
the selected gamma population under the scale-invariant squared error loss function , where the shape
parameter o > 0 is arbitrary. This is generalization of the result obtained by Vellaisamy and Sharma
[131] for integer value . Estimating scale parameters of the selected gamma populations were
studied by Nematollahi and Motamed-Shariati [101] under the entropy loss function. The Uniform
Minimum Risk Unbiased (UMRU) estimator for the selected parameter was derived. For k=2, a
certain class of linear admissible estimators was investigated, and inadmissibility of UMRU estimator
was also proved. Qomi et al. [106] also considered the problem of estimating scale parameter of the
selected gamma population under the reflected normal loss function.

The problem of estimating scale parameter of the selected Pareto population has been inves-
tigated by Kumar and Kar Gangopadhyay [66]]. They considered k Pareto distributed populations
with IT; having unknown scale parameter ¢; and known shape parameter ;; i = 1,...,k and se-
lected the population with the largest X;, where X; is the smallest observation of the sample from the
ith population. Assuming the shape parameters to be equal, they derived the uniformly minimum
variance unbiased estimator(UMVUE) for the scale parameter ¢¢; of the selected population. An
admissible class of linear estimators was derived in the class . = ¢ X; with respect to the squared
error loss function. Further, they also proved a general inadmissibility result for the scale equivariant
estimators.

Al-Mosawi and Khan [5]] studied the case of Pareto populations with the same known shape
parameter and different scale parameters. For the best population, they used the natural selection

rule, which selects the population associated with the largest X;, where X; is the smallest observation
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of the ith sample from the population I1;,i = 1,...,k. They estimated the moments of the selected
population with respect to asymmetric scale invariant loss function. They showed that natural esti-
mators are consistent estimators and considered a class of linear estimators of the moments of the
selected population and derived the admissibility of natural estimators. Further, they investigated the
performance of the estimators through the simulation study and compared for the selected values of
the order of moments and shape parameter.

Nematollahi [99] has considered k independent Pareto populations with 6;’s, unknown scale
parameters and B common known shape parameter and estimated parameter of the selected popu-
lation under the squared log error loss function. He found the uniformly minimum risk unbiased
(UMRU) estimator of selected parameters. A sufficient condition for minimaxity of estimators was
obtained for the case kK = 2. It is also proved that the UMRU and natural estimators of 6; are minimax
estimators. He also studied a subclass of admissible linear estimators and derived the sufficient con-
dition for 6; and the UMRU estimator of 8; to be inadmissible. The risks of the proposed estimators
were compared numerically.

Tappin [[123] has considered discrete distributions for the problem of estimation after selection.
She estimated the parameter of the selected binomial population. The selection rule considered is
to select the population with the greatest number of successes and, in the case of a tie, to follow
one of the two schemes: either choose the population with the smallest index or randomize among
the tied populations. Tappin employed the second stage of sampling scheme and took additional
observations on the selected population. She obtained the UMVUE under the first tie break scheme
and proved that no UMVUE exists under the second. Further, an unbiased estimator is found in the
case where no UMVUE exists.

Vellaisamy and Jain [129] have estimated parameter of the population selected from the dis-
crete exponential family under the ¥-normalized squared error loss function. They considered the
estimation of 61y and 6, ) for the special cases ¥ = 0 and ¥ = 1, which respectively correspond
to squared error loss and normalized squared error loss. They proved that the natural estimators
are inadmissible as well as dominating estimators were obtained by solving certain difference in-
equalities. For special cases, the improved estimators for the selected Poisson and negative binomial
distributions were also produced.

Vellaisamy [128]] established that the unbiased estimator of selected mean for normal popula-
tion and some other distributions belonging to a one-parametric exponential family do not exist. He
showed that whenever an unbiased estimator exists, it should be a function of order statistics. Further,
Al-Mosawi and Vellaisamy [7]] have discussed estimation of parameter of the selected binomial pop-
ulation. Based on single- stage sample scheme, it is proved that neither unbiased nor risk-unbiased

estimator exit. They considered the situation where additional observations are available from the
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selected population, and an unbiased, risk-unbiased, and two-stage uniformly minimum variance
conditional unbiased (UMVCU) estimators were obtained. They compared the bias and the risk of

the derived estimators through the simulation study.

1.2.3 Estimation of Quantile

Sharma and Vellaisamy [[117] first introduced the problem of estimating quantile of the selected
population. They considered the problem of estimating quantile of the selected normal population.
k normal populations with unknown means p;;i = 1,...,k and common unknown variance 6> were
considered. A quantile of the selected population is 8y = p;+no ,for  # 0. Sharma and Vellaisamy
selected the population corresponding to the largest sample mean. They considered two estimators,
one based on Y; and S; and another one based on Y; and S. Y; and §; are the sample mean and the
sum of squared deviations from the mean of the selected population respectively. S; = S;if ¥; > Y,
for j#iand S = Zf.‘:lSi. The two estimators proposed by them are

Ty = Yi+nc,S)>

and
T =Y +1ncySY2,
with ¢;, defined as
I'(m/2)
Cp=——""—.
" 2aC(m+1)/2

When 1 <0, T, always improves T1. However for n > 0, it is not the case. Sharma and Vellaisamy
also gave a sufficient condition for an estimator of 6; in a certain class to be inadmissible. As a
consequence, the natural estimator 7, of 6; is proved to be inadmissible.

Kumar and Kar [67]] estimated quantiles of the selected normal population when the underlying
populations are normal with different unknown means and variances. The loss function is taken to
be squared error.

Estimating a quantile of the selected exponential population has been studied by Kumar and
Kar [68]. They considered k exponential populations with different scale parameters and a com-
mon location parameter. The population corresponding to the largest sample mean is selected. The
problem is to estimate a quantile of the selected population. Kumar and Kar derived the uniformly
minimum variance unbiased estimator (UMVUE) by using (U-V) method of Robbins [110] and Rao-
Blackwellization. Further, using the Brewster and Zidek technique [27]], they improved the UMVUE
with respect to the squared error and the scale invariant loss functions. They also obtained a gen-
eral inadmissibility result for affine equivariant estimators. Further, the bias and risk functions of

proposed estimators were compared numerically.
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Vellaisamy [127] has studied the problem of estimating quantile of the selected exponential
population. He considered k exponential populations with I; having an exponential distribution with
unknown location parameter &; and common scale parameter 6. Let X; denotes the minimum of a
random sample of size n from IT; and X; = max{Xj,...,X;}. The population corresponding to Xy is
selected. The problem is to estimate quantile 6; = 5+ b o ,b > 0 of the selected population. It is
shown that the best affine equivariant estimator (BAEE) does not exist. The method of differential
inequalities has been used to derive a sufficient condition, for an estimator in the class of scale-
equivariant estimators to be inadmissible. As a special case, he obtained improved estimators over
the natural estimators of 6y, for all values of b > 0. For more results on quantile estimation one can

refer to Wang et al. [[134].

1.2.4 Under Heteroscedasticity

Gupta and Miescke [52] have discussed the problem of selecting the normal population associated
with the largest mean under the heteroscedasticity (unequal vaiances) when the population variances
are known and unequal. Under the O — 1 loss function, the risk of a selection rule d is measured by

the probability of incorrect selection, i.e.,
R(6,d) =1—Py(CS|d). (1.4)

Under the risk function R(0,d) in (1.4)), Gupta and Miescke showed that the natural selection rule
dy 1s minimax if and only if (712 =...= sz. Moreover, the minimax value of the problem is 1 — % It
is observed that the natural selection rule dy is not minimax if the variances 612, ceey sz are unequal.
However, in this situation no alternative of dy is presented and Bayes rules with respect to various
priors are studied.

The selection problem involving k(> 2) binomial populations ITj,...,II; with unknown suc-
cess probabilities 0y, ..., 6, and sample sizes ny,...,n; was considered by Sobel and Huyett [[120].
For n; = --- = ny = n (say), Sobel and Huyett [120] considered the goal of selecting the binomial
population associated with 6; = max{6y, ..., 6;} under the indifference-zone approach of Bechhofer
[23]. They have suggested selecting the population corresponding to the largest observed frequency
of success, with ties broken at random. Hall [S7]] showed that Sobel and Huyett [120] selection rule
is minimax for equal sample sizes.

Risko [[107] investigated the problem of selecting the better of two binomial populations for
unequal sample sizes n; and ny, where the population associated with the larger probability of success
max{0;,0,}. Assume that the risk is measured by the probability of incorrect selection and the

selection problem is formulated under the indifference zone approach of Bechhofer [23]. The author
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has seen that the intuitive selection rule performs very bad when one sample size is large in relation
to the other. For this case, author procured a selection rule which is minimax in the limit as one
sample size goes to infinity while the other’s size is kept fixed. It is showed that this newly obtained
selection rule also gives a suitable alternative to the intuitive selection rule for samples whose sizes
differ slightly. For the cases where both the sample size are finite, a class & of the selection rules
is developed. The minimax selection rule in the class &, obtained here, is called restricted minimax
selection rule. In certain small sample configurations, and when one of the sample size is very large,
as demonstrated by them, this minimax selection rule is globally minimax.

The problem of finding a minimax selection rule for the selection of the better of two binomial
populations with unequal sample sizes are constructed by Dhariyal et al. [37]. The authors found
some necessary conditions for selection to be globally minimax and demonstrated that the restricted
minimax selection rule developed by Risko [[107] satisfies these conditions.

Abughalous and Miescke [3] considered the problem of selecting the best binomial population
with unequal sample sizes ny,...,n; where the population associated with the largest probability of
success is selected. The authors showed that under the 0 — 1 loss, the necessary and sufficient condi-
tion for natural selection rule of selecting the population that corresponding to the largest proportion
of successes (with ties broken at random) to be minimax is that ny = - - - = ny. This result is similar to
the result obtained by Gupta and Miescke [52]]. The authors also discussed some properties of Bayes
selection rule for various prior distributions under the linear loss function and monotone permutation
invariant loss function.

Misra and Dhariyal [83] generalized the results of Gupta and Miescke [52] and Abughalous
and Miescke [3] to general probability distributions. Suppose that the observation X; is from the
population IT; having a cumulative distribution function (c.d.f.) Fy,(x|6;), where 6; being unknown
parameter and o;(i = 1,...,k), known nuisance parameter. Misra and Dhariyal [83] considered
the goal of selecting the population associated with 0 = max{6y,...,0;}. The risk function of a

selection rule d € ¥ assumed to be measured by the probability of incorrect selection as
R(8,d) =1—Py(CS|d). (1.5)

Under the risk function (1.5) authors proved that the minimax value is 1 — % The random variables
Xi,..., Xy are statistically independent and observations X; is from II; with cumulative distribution
function (c.d.f.) Fy (x|6;) having stochastically increasing property. Under the risk function (1.5),
authors proved that the natural selection rule dy which selects the population corresponding to the
largest observation is minimax if and only if ¢&¢; = --- = 0. For k = 2, the natural selection rule dy
is minimax showing that the underlying distributions are symmetric.

The problem of selecting the population with the smallest scale parameter from k independent
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populations from gamma, exponential and Weibull populations have been studied by Abughalous
and Bansal [2]. The O — 1 loss function is used (here loss is O if correct selection is made and
is 1 otherwise). The authors showed that the natural selection rule dy is minimax if and only if
ny = --- = ng. Moreover the minimax value is 1 — % Abughalous and Bansal [2] also discussed the
Bayes selection rule under the 0 — 1 loss function and linear loss function.

Misra and Arshad [82] examined the problem of selecting the better of two gamma popula-
tions with unequal shape parameter ; > 0 and unknown scale parameter 6; > 0, i = 1,2. Under the
indifference zone approach of Bechhofer [23], the authors considerd the goal of selecting the popu-
lation associated with max{ 6, 6,}, when the quality of a selection rule is assessed in regard of the
infimum of the probability of correct selection over the preference-zone. This goal is equivalent to
deriving the minimax selection rule when (6, 6,) lie in the preference-zone and 0 — 1 loss function
is used (here loss is O if the correct selection is made and 1 if the correct selection is not made) for
decision-theoretic framework. The authors proposed a class of natural selection rules and derived
restricted minimax selection rule. This restricted minimax selection rule was proved to be globally
minimax, generalized Bayes and admissible. Various natural selection rules are outperformed by the
minimax selection rule, as can be observed by numerical comparison. Similar problem for the case
of two independent exponential populations have been considered by Arshad and Misra [10].

Arshad et al. [13] estimated the largest mean of the selected gamma population under the
assumption that the k populations have unequal known shape parameters. Arshad and Misra [9] ini-
tiated the work on estimation of the largest (smallest) mean of the selected uniform population. They
obtained the UMVU estimators and considerd the three natural estimators @y 1, @y 2 and @y 3 of se-
lected parameters, based on the maximum likelihood estimators, UMVU estimators, and minimum
risk equivariant estimators for component estimation problems. They proved that the natural esti-
mator @y 3 was the generalized estimator with respect to a non informative prior. Further, a general
result for improving scale-invariant estimator and some better estimators are discussed. The UMVU
estimator as well as natural estimator @y > are shown to be inadmissible.

Arshad et al. [12] derived the UMRU estimator under the entropy loss function and also
obtained some inadmissible results for largest scale parameter of selected uniform population.

Under the decision theoretic framework, although large literature by Bahadur and Goodman
[16], Hall [S6, 57], Eaton [40], Mieseke [/8, [7/9], Risko [107], Mulekar [96], Gupta and Miesecke
[52], Dhariyal et al. [37]], Abughalous and bansal [1} 2], Misra and Dhariyal [84], Bansal et al. [20],
Miesecke and Park [81]], Gupta and Liang [S1l], Mulekar and Matejcik [98], Bansal and Miescke
(18, 19], Miescke [80], Gupta and Li [50], Al-Mosawi and Shanubhogue [6], Misra and Gupta [90]
and Arshad and Misra [11] on the treatment of ranking and selection problems is available, still

not much work has been done involving heteroscedasticity (unequal sample size and /or unequal



16

nuisance parameters). In this thesis we make an attempt in this direction. In Chapter 7, we have
considered the problem of selecting the uniform population under the squared log error (SLE) loss
function when sample sizes are unequal. In Chapter 8, we have considered the problem of selecting

the uniform population under the Generalized Stein Loss (GSL) function with unequal sample sizes.

1.3 A Summary of the Results in the Thesis

In this section, we give chapter wise brief description of this thesis. In Chapter 2, some basic
definitions, techniques and selection rule required for this thesis are presented.

In Chapter 3, suppose Xy, ..., X, i = 1,2, be pair of random samples from populations which
are normally distributed with mean ¢;, and common known variance 72 . The selection procedure is
that the population giving the smallest sample mean is selected. In this chapter, the aim is to examine
different estimators for the mean of the selected population from two normal populations. With the
help of Mote-Carlo simulation method, the bias and mean squared errors of the various estimators
are computed as well as their performances are compared with the help of graphs and tables.

In Chapter 4, two competing pairs of random variables (X,Y;) and (X,Y>) satisfying linear
regression models with equal intercepts are considered. The model which connects the selection
between two regression lines from two normal populations for estimating regression coefficients of
the selected regression line is described. This model is applied to a problem in finance which involves
selecting security with lower risk. We assume that an investor being risk averse always chooses the
security with lower risk (or, volatility ) while choosing one of two securities available to him for
investment and further is interested in estimating the risk of the chosen security. Several estimators
are constructed and their developed theory is applied to real data sets. The bias and mean squared
error (MSE) risk performances of the estimators of volatility of the selected security are numerically
compared, and the graphs representing the bias and MSE risks of the estimators are drawn. The
results has been discussed.

In Chapter 5, we take up the problem of estimating quantile of a selected normal popula-
tion. Suppose independent random samples (Xii,...,Xi,,),n1 > 2 and (X21,...,X2,,),n2 > 2 are
available from these two normal populations with same mean and different variances where both
are unknown. The population corresponding to the smallest sum of the squared deviations from the
mean is selected as the best population. We address estimation of quantiles of the selected popula-
tion. Several estimators are proposed. The problem is formulated and the admissibility of a natural
estimator within a class of linear estimators is proved. We consider a more general class of esti-
mators and found a class of admissible estimators. The biases and mean squared error risks of the

proposed estimators are compared numerically by Monte-Carlo simulation. Finally, the biases and
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risks of different estimators are represented by graph.

In Chapter 6 suppose Xji,...,X;, be an independent random sample drawn from k(k > 2)
populations I1;,i = 1, ..., k having Pareto distributions with different and unknown scale and common
known shape parameters. Let X; = min{X;y,...,Xin},i=1,...,kand X(1) < Xpp) < --- < X be the
order statistics of X, ..., X;. The population corresponding to the largest X;)(or the smallest X))
is selected as the best population. In this chapter estimating scale parameter of a selected population
is considered under Generalized Stein loss (GSL) function. The uniformly minimum risk unbiased
(UMRU) estimator of scale parameter of the population corresponding to the largest and the smallest
0;’s, are obtained. Sufficient condition for minimaxity of an estimator of 0;(scale parameter of the
population corresponding to the largest 6;) and Os (scale parameter of the population corresponding
to the smallest 6;) are obtained. We show that the generalized Bayes estimator of 6g is minimax for
k =2. Also, we have found the class of linear admissible estimators of 6y (6s), respectively. The
technique of Brewster and Zidek [27]] is employed to provide a sufficient condition for inadmissibility
of some scale and permutation invariant estimators of Os and the UMRU estimator of Os is shown to
be inadmissible and some better estimators are provided. Finally, the results have been discussed.

In Chapter 7 suppose I1;,...,II; be k (> 2) independent populations, where I1; denotes the
uniform distribution over the interval (0, 6;) and 6; > 0 (i = 1,...,k) is an unknown scale parameter.
The population associated with the largest scale parameter is called the best population. For selecting
the best population, we use a selection rule based on the natural estimators of 6;,i = 1,...,k, for the
case of unequal sample sizes. Consider the problem of estimating scale parameter 6y of the selected
uniform population when sample sizes are unequal and the loss is measured by the squared log error
(SLE) loss function. We derive the uniformly minimum risk unbiased (UMRU) estimator under the
SLE loss function. Two natural estimators Wy ; and Wy >, which are respectively the analogs of the
maximum likelihood estimator (MLE) and the UMRU estimator of 6;’s for the component problem,
are studied. For k = 2, we derive a sufficient condition for inadmissibility of an estimator of 8;. Using
these conditions, we show that the UMRU estimator and natural estimator Wy ; are inadmissible.
Some results for estimating scale parameter of the selected uniform population when the goal of
selection is to select a population associated with the smallest scale parameter are provided. Finally,
the risk functions of various competing estimators of 8; are compared through simulation.

In Chapter 8 we consider k(> 2) independent uniform populations over the interval (0, 6;)
and 6; >0 (i=1,...,k) be an unknown scale parameter. For selecting the best population associated
with the largest (or smallest) scale parameter, we have considered a class of selection rules based on
the natural estimators of 6;,i = 1, ..., k. In this chapter, we have considered the problem of estimating
scale parameter 6y, of the selected uniform population when sample sizes are unequal, and the loss

is measured by the Generalized Stein Loss (GSL) function. The UMRU estimator of 6y, is derived.
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Two natural estimators &y ; and Ey », which are respectively the analogs of the maximum likelihood
estimator (MLE) and the UMRU estimators of 6;’s for the component estimation problem, are stud-
ied. The natural estimator Ey > is proved to be the generalized Bayes estimator with respect to a
noninformative prior. For k = 2, we give a sufficient condition for inadmissibility of an estimator
of 6; and show that the UMRU estimator and natural estimator 51\1,1 are inadmissible. A simulation
study is also carried out for the performance of the risk functions of various competing estimators of
0r based on minimax selection rule, and it is found satisfactory. Finally some results and discussions
are reported.

In Chapter 9 the work of this thesis is concluded and the possible directions of the future

scope is provided.



Chapter 2

Some Basic Definitions and Techniques

2.1 Introduction

In this chapter, we discuss some of the basic definitions related to this study, results and techniques
which will be used in the sequel for estimating parameter(s) of the selected population. For more
study on these topics one may refer to Ferguson [41], Gupta and Panchapakesan [S5], Lehmann [[73]],
Berger [24], Casella and Berger [30], Gibbons et al. [43] and Bain and Engelhardt [17].

2.2 The Standard Estimation or the Component Problem

In the theory of estimation, the fundamental problem is to make a presumption about the values of
a specific characteristic, called parameter, of a given population. Usually, presumption depends on
a sample from that population itself. Let X = (X1,...,X,) be a random sample from a population
with distribution Py, which is a member of the family of probability distribution &2 = {Py : 6 € Q}.
The set Q is referred as the parameter space and the set of all possible values of the random variable
X is called the sample space and is denoted by ¥, taken to be a finite dimensional Euclidean space.
In general, we are interested in estimating some function 4(60) of 6. The statistic 6(x) used to
estimate /(0) is called an estimator of 2(0) and the particular value of J(x) is known as an estimate
of h(0). The estimates lie in a space <7, which is usually taken as the convex closure of the set
{g(0): 6 € Q}. o is the set of actions available to the statistician. The L(6,6(x)) denotes the
loss incurred when £(0) is estimated by 8(x), where x = (xy,...,x,) is the observed value of the
sample. The loss function is assumed to be nonnegative. Usually the loss function is considered to
be a convex and increasing function of the Euclidean distance |2(0) — &(x)|. A loss function is said
to be convex if it is a convex function in the argument §. Some examples of loss functions are as

follows:
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1. The most widely used loss function is squared error

Li(g(6),8) = (g(8)— &) 2.1)

2. Absolute error loss function

Ly(¢(8),6) = |g(6) — 9| (2.2)

3. Generalized stein loss (GSL) function

w) ( 5 )
L 0),0)=|——) —pln|—)—1, 0. 23
(6020 = (5 ) ()1 07 23)
4. Squared log error (SLE) loss function

L4(g(8),8) = (In(8) —In(g(0)))> 2.4)

The expected value of L(6,0(x)) with respect to probability distribution Py is known as the risk

function of the estimator §(x) and its risk function is denoted by

At a given 6, the risk function is the average loss function that will be incurred if the estimator 0 is

used. For squared error loss, the risk function (2.3) is called the mean squared error (MSE).

2.3 Ciriteria for Selecting an Estimator

The merit of an estimator is measured by its risk function and the estimator having the minimum
value of the risk is treated as the best estimator. That is why the statisticians like to find such an
estimator 8 for which R(0,6) is minimum for all 8 € Q. This would mean that, regardless of the all
values of 0, the estimator § will have a minimum expected loss. Unfortunately, this is not possible
in most of the practical cases, since it depends on the unknown parameter 0 itself. But it may be
possible to determine such an estimator 8 in a subclass of estimators. Let &y and d; be two estimators
for h(0) and if the efficiency of these estimators are to be compared, then they will be analyzed by
comparing their risk functions. An estimator &y is said to be better estimator than 0y, if it satisfies

the following conditions
R(6,00) <R(60,9;) forall 6 € Q (2.6)
and

R(6.,8)) < R(04,6;) for some 6, € Q. (2.7)
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This can also be interpreted that &y improves upon 8, or that 0; is dominated by Jy.
The two estimators &y and 0; are said to be equivalent if the their risk functions are equal. That

is, if
R(6,8)) =R(0,6;) forall 6 € Q. (2.8)

Further, an estimator dy is said to be at lest as good as 0; if either d is better than §; or it is equivalent

to 9.

2.3.1 Admissible Estimators

Let & denotes the class of all estimators for an estimation problem and % be a subclass of Z.
Consider an estimator 6 such that there exists no other estimator &, in % which is better than §.
Then, an estimator & is said to be inadmissible in the class ¥ if there exists another estimator 0, in
% such that R(0,9,) < R(6,9) for all 8, with strict inequality holding for some 6. An estimator is
said to be inadmissible if it is not admissible. Thus if 0 is an inadmissible estimator, then there must

exist at least one 8, which is better than J.

2.3.2 Complete and Essentially Complete classes

The subclass € of class Z is said to be complete (essentially complete) class of estimators if for
any estimator 0; ¢ ¢, there exists an estimator &, € % such that &, is better than (as good as) ;.
Considerably naturally, in the problems of estimation, it is desirable to obtain complete (essentially
complete) classes of estimators, for we need not look outside these classes for obtaining good esti-
mators for the estimation problem in hand.

Let % be the class of all nonrandomized estimators (one may refer Ferguson [41]] for a defi-
nition of randomized estimators). When the loss function is convex, then Z* is essentially complete
in Z. Further, let T(X) be a sufficient statistic and 2*r denote the class of all nonrandomized

estimators based on 7. Then Z*r is also essentially complete.

2.3.3 Minimaxity Criterion

An estimator 8y, is said to be minimax if

supR(6,0y) = inf supR(6,0).
6cQ €7 9cn

In other words an estimator Oy is said to be minimax with respect to the risk function R(6,0) if oy

minimizes the maximum risk amongst all estimators in Z. If 8y is a minimax estimator than the
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values of supg.q R(6,0)) is said to have minimax value of the selection problem. The right side

portion in the above expression as the minimax value or the upper value of the estimation problem.

2.3.4 Bayes Criterion

A measure T on (Q,B(Q)) is said to be proper prior if T(Q) < oo, where B(Q2) is a o-filed of subsets

of Q. The measure 7 is said to be improper prior if 7(Q) = e and
/ Po(x)dt(0) < oo for almost all x.
Q

Where, pg(x) is the density of Py with respect to a - finite i on the measurable space of X- values.
According to Bayes criterion, the parameter 0 itself is assumed to be a random variable with some
known prior 7(6). The conditional posterior probability distribution of 6 given x is defined as
po(x)dt(0)
Jape(x)dT(6)
is known as the posterior or formal posterior distribution according as 7 is proper or improper prior
respectively. The posterior or formal posterior risk of an estimator 0 is then described as

JoL(8,8(x))pe(x)dz(6)
Japedt(6) '

An estimator o, which minimizes the above expression of risk is called the Bayes or formal Bayes

(or generalized Bayes) estimator with respect to the prior 7. The Bayes risk of an estimator 6 with

respect to a prior 7 is defined as
r(t,0) = E.R(0,9).
If 7 is defined as proper prior then &, also minimizes the Bayes risk

r(z,8) = /QR(Q,S)dT(B).

Here, it should be noted that when the loss function is proportional to squared error loss function then
Bayes estimator is the mean of the posterior distribution and when the loss function is proportional to
absolute error then the Bayes estimator is the median of the posterior distribution. Next, we address
the property of invariance in estimation problems. It is one useful way of restricting the class of

possible estimators so that one can view for the best estimator in this class.

2.3.5 Invariance

Let G denote a group of transformations from the sample space into itself. The operation on the group

is considered to be the composition of functions. The family of distributions &2 = {Py : 6 € Q} is
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said to be invariant under the group G, if for every g € G and every 0 € Q there exits a unique 8* € Q
such that the distribution of g(X) is given by Py~ whenever the distribution of X is given by Py, where
0* is uniquely determined by g and is denoted by g(0).

In estimation problem, if the family of distributions &2 = {Pg : 6 € Q} is invariant under the
group G, the loss function L(0,a) is said to be invariant under the G, if for every g € G and every

a € o/, there exits a unique a* € o7 such that
L(6,a) =L(g(0),a") forall 6 € Q.

In this condition, the action a* is uniquely determined by g and is denoted by g(a).

Here, it is observed that if &2 is invariant under the group G, then set G = {g: g € G} is a
group of transformations on Q and G = {g : g € G} is a group of transformations on the action space
o

An estimation problem is said to be invariant under the group G if the underlying family of
distributions and the loss function are invariant. For an invariant estimation problem, it is natural to

use estimators which show symmetry. A nonrandomized estimator § € Z* is said to be invariant if
0(g(x))=2(6(x)), forall x€y,g€eG.

Let two points 8; and 6, belongs to parameter space Q are said to be equivalent if there exits ag € G
such that 6, = g(6;). This is an equivalence relation and the partitions of the parameter space into
equivalence classes are called orbits. An important property of an equivariant estimator is that its

risk function is constant on orbits, that is,
R(0,8) =R(3(0),5) forall 6 €0 and g<G.

Thus if Q has only one orbit, then the risk function of an equivariant estimator is independent of the

parameter.

A function 7T (x) is invariant with respect to the group G if
T(x)=T(g(x)) forall x and g€ G.
A function T (x) is maximal invariant if it is invariant and 7 (x;) = T (xz) implies x; = g(x;) for some

g € G. An important property of maximal invariants is that if g(0) is maximal invariant under G,

then the distribution of 7'(x) depends on 6 only through g(6).
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2.4 The Brewster-Zidek Technique for Improving Estimators

An interesting and appropriate technique for improving on equivariant estimators have been pre-
sented by Brewster and Zidek [27]. However, their method as such can be employed in other sit-
uations also. The technique may be implemented on all the families of underlying distributions.
The loss function must satisfy a natural conditions but may otherwise be arbitrary. We discuss two
methods of using this technique.

Suppose we want to improve an estimator dy of g(6), 6 € Q. Consider a class of estima-
tors C = {0, : ¢ is real}, where ¢ = ¢( corresponds to the estimator &y. Minimize the risk function
R(6,8,) with respect to ¢ for each 6 € Q. If the minimizing choice ¢ is independent of 6 and ¢ # ¢y,
then clearly the estimator §; improve . For instance, consider translation equivariant estimators of
the form X + ¢ for estimating normal mean. Hear, clearly, ¢ = 0 is the minimizing choice, say, when
the loss is squared error.

However, in most reasonable situations ¢ depends on 6, call it ¢(0). Improvement of J is
still possible if R(0, d,) is strictly convex function of ¢ and either cp > supg.q ¢ or ¢o < infgeq ¢(0).
Also the class of estimating {9, : infé(0) < ¢ < supé(60)} is essentially complete in C.

This method can readily be generalized to cases, where we consider classes of estimators
characterized by two or more constants. The risk function need to be strictly bowl-shaped (For a
definition of bowl-shaped functions, refer to Brewster and Zidek [27]). A second approach involves
reducing the risk of an equivariant estimator on the orbits of some invariant statistics W. Usually W
is taken to be a maximum invariant estimator. Consider estimator of the form &y, where ¢ (W) =
¢o(W) corresponds to the estimator dy. One can then apply the Brewster and Zidek technique as
described in the preceding paragraph on the conditional risk function of 5¢(W) given W = w, that is,

on
R(8,8(w)) = E [L(8,85(w)) [W = w].

Let R(0,6;(,)) be a strictly convex function of ¢(w) and do(w) be the choice of ¢ minimizing
R(8,6,)) for given w and 6. Define ¢.(w) = infgeq do(w) and ¢*(w) = supgeq Po(w). Then if
Po(w) < @« (w), we have R(6, 8y (,)) > R(0, 6y, () and if go(w) > @ (w), R(0, S (,y) > R(0, 6, (1))-

This leads us to estimators 6(5(W), where

P(w) = 9. (w), if weA,
= ¢*(w), if weB,

= ¢p(w), otherwise
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and A and B are given by

A={w:do(w) < ¢.(w)} and B={w:go(w) > ¢*(w)}.
Then the estimator g (w) Will improve upon Op if Py (AUB) > 0 for some 0 € Q.

2.5 The Problem of Selection

Let IT,...,IT; be k(> 2) independent populations such that the characteristic of the population IT;
described by a random variable X; having the probability density function fx,(.|6;); where 6; € O(i =
1,...,k) is an unknown parameter. Saying that the populations I, ..., IT; are independent we mean
that the random observations from these populations are independent. Quite often, one is interested
in selecting the best population or a subset of populations containing the best population from among
the given k population. A population may be called the best according to some characteristic such
as the largest mean, the smallest variance, the largest quantile etc. For the goal of selecting the best
population, a most commonly used selection procedure is the “Natural Selection Rule”, which is

explained in the following subsequent section.

2.5.1 The Natural Selection Rule

Suppose we have k populations from Iy, ..., II; being characterized by the parameters 0, ..., 6;. Let
® = (01,...,6¢) and g(.) is a real valued function such that g(6;) < g(0;) whenever 6; < 0;,i # j.
Suppose the problem of interest is to select the population associated with ng?zk g(6;). Normally T =
(t1,...,t;) is an appropriately chose sufficient statistics based on a random sample from population
I1y,...,II;. Then the natural selection rule says to select the population I1; if #; is the unique largest
among ?1, ..., and chose populations I1;;,I1;,, ..., I1; each with probability % if t— values equal to
max ¢;.

Bahadur [[15] and Bahadur and Goodman [[16]] have analyzed the optimality properties of the
natural selection rule. They have discussed that the natural selection rule minimizes the risk in the
class of impartial decision rules or permutation invariant rule and proved that, for certain families
of distributions, the natural selection procedure uniformly minimizes the risk among all symmetric
procedures for a wide class of loss functions. Lehmann [72]] provided alternative proof of this result
by applying some invariance arguments. He also indicated several other optimum properties of the
natural selection rule. Further, Eston [40] generalized the result by Lehmann [72] to cover the case
of distributions having a generalization of the monotone likelihood ratio property of densities.

In this thesis, we use natural selection rule for selecting the best population when the underly-

ing populations are Normal, Pareto and Uniform.
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2.6 The Problem of Estimation After selection

Let I1;,I15,...,I1; be k independent populations with IT; having associated the probability density
function f(x,6;), i =1,...,k. Suppose X be the sample observations from ITj,... ,IT;. Further
suppose /(X)) denotes the selection procedure according to which a population is to be selected. The
selection procedure /(X) can be explained as follows:

I(X) is a discrete valued random variable such that
I(X)=jif X €A;.

where Aj,As,... Ay is a partitions of the sample space of X. The population II; is selected when
I(X) = j. The parameter corresponding to the selected population is denoted by 6;. In the stan-
dard estimation problem presented in section 2.1, the parameter to be estimated is a fixed quantity,
whereas 6y is a random quantity which depends upon the outcome of the selection procedure. An
estimator U(X) is said to be unbiased estimator of 6 if it is unbiased for expectation of 6y, that is if

satisfy
E(U(X))=E(6;), forall 8 =(61,...,6)
or equivalently if

EQ(U()_() - 91)7 forall 6 = (617"'79k)'

Similarly, a uniformly minimum variance unbiased (UMVU)estimator of 6; is actually a UMVU
estimator of E(6;). Also it is interesting to note that, as in case of component problem the mean
squared error (MSE) of the unbiased estimator is defined to be its variance, it is not the case in the

problem of estimation after selection, if U is the unbiased estimator of 6;. Then,
MSE(U)=E(U —6;)*> =V(U)+V(6;) —2Cov(U, 6;),

where V(U) and V(6;) denotes the variance of U and 6y, respectively.

For more discussion, on unbiased estimation following selection one may refer to Vellaisamy
(126, 1128].

Now we present a general technique to derived unbiased estimators for the problem of estima-

tion after selection by Robbins [[110]. We illustrate this technique underneath.

2.6.1 (U, V) Method of Robbins

This method is utilized to derive unbiased estimators of the random parameters of the selected pop-

ulation. For the component problem too, this method is used for detecting unbiased estimators of
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the random parameters. Let a random variable X with associated the probability density function
f(x,0), 6 € Q where f(x,0) is a parametric probability density functions with respect to some

o-finite measure u, for a given function v(x), one must find a function u(x) such that
Eo [u(X)] = 0Eg [v(X)], V 0 € Q.

then u(X) is an unbiased estimator of OEg (v(X)). For example, if we consider an exponential

distribution with scale parameter 0 and location parameter zero, that is

e 5, x>0, 6>0. (2.9)

CDIH

f(x,0) =

We can easily see that for a given function v(x), u(x) can be defined as

Next, we generalize for the k populations. Suppose we have k populations Iy, ..., IT; with Il; having
the density function f(x,6;). We select the random sample X; form IT;, i = 1,...,k. We may be

interested in estimating

k
0 = Zvi(ﬁ)el
i=1

here v;(x), i = 1,...,k are the functions of x = (x1,...,x;). If we obtain functions u;(x) such that
Eoui(X) = 6;Egvi(X) fori=1,...,k, then Y¥_, u;(X ) is an unbiased estimator of 6;(x). For example,
Let X1,...,X; be exponential random variable with associate densities f(x,6;),..., f(x, 6;), where
f(x,0) is defined in (2.9). Then for a given function v;(x), u;(x) defined as

X1
Mi()_6)=/0 Vi(X15 s X 15y X 1y -5 X )dE

satisfies the condition Eu;(X) = 6;Ev;(X), hence Y, #;(X) will be unbiased estimator of 6;.
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Chapter 3

Estimation of Mean of the selected

Population

3.1 Introduction

Suppose we have two securities and we choose the security which is less risky. Then what can we
say about the estimate of the risk of the selected security? For tackling this kind of situation we
may consider the following model. Suppose we have two normal populations with means o, i = 1,2
respectively, and each having the same variance 7. A random sample of size n is drawn from each
of the populations. Let Xiq,...,X), and X51,...,X>, be the two random samples drawn from the
first and second population respectively. Let Y; and Y> be the sample means of {X;;} and {X;},
Jj=1,...,nrespectively. Then the expectation of ¥; is o; and the variance of ¥; is %2 Now we are
interested in selecting the normal population with the smaller mean. For this purpose we select the
population with smaller sample mean. The problem corresponding to higher mean was studied in
[36]. So, in the current problem the first population is selected if Y; < ¥> and the second population

is selected otherwise. Hence we define I; and I, as

{ 1 ify <Y
I =

0 otherwise

and I = 1 —I;. Therefore, the mean of the selected population is
M = ouli + opl,

where Yy = min(Y,Y2).
In this chapter, we derive four various estimators and the improved estimator of the mean of the

selected population from two normal populations with unknown mean and common known variance

29
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under the squared error loss function. In section [3.2] we present these estimators. In section[3.3] we

found the bias for the four estimators which are discussed in computable forms and also obtain MSE

for M), and determine the improved estimator in section In section the comparison of bias

and MSE risks of proposed estimators are analyzed through Monte- Carlo simulation technique.

3.2 Derivation of the estimators

In this section we consider the analogous estimators to the proposed estimators in [36]. The natural

estimator of M is Y.

The bias of Y,i, as an estimator M is

B(Ymin) = E[Ymin _M]a
- E[Ymin] _E[M]7

where

E[Ymin] = E[Ylll +Y212];
:E[Ylll] —f—E[YzIz],

o v oy
= / / Ilylf(YIayZ)d)’ldYZa+/ / Ly f(y1,y2)dy1dya,
=A-+B.

Here, we evaluate A as

V2 (v — 2 n —(vn 2
A= / / ——e ( (ylznial)> ;nTexp (_(yzz%zaz) )d)ﬂd)’z,
_/ /yz \/_ (yl OC1>£¢ ()’2— > vidys,
Lo ()2 L (5o o

Using the transformation ¥'1=% =y, we obtain
\/ﬁ/” V2 — _/yzra' T
A=— " —+o du|d
=] ¢ 5 ”\/ﬁ+ 1) ¢(u)du | dyr,

ﬁ
Y2~ Y2~
n [  — 0 T T T
:%/ i) 4 _n/ n u¢(u)du+0£1/ v q)(u)du] dy;,

S

=8
8

(3.1)

(3.2)

‘/ﬁ/w¢ R /yz_ﬁal ( : ( ”2>)d +ad 224
= — nou| —exp| —— u :

S
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. 2
Further Putting 5 = v, we get

() [

B 2
\/ﬁ/oo y2— 0 1 I {y>—o y2— 0
=— [0] —————=exp | —z | = +od dyy,
T Joco \/iﬁ V2m/n 2 \/iﬁ \/iﬁ

= \/Tﬁ/_ifl) yz—ioa) —%05 <y2;a1> +oy® (yz—Lm)] dy).

vz i vz

¥
T
n

2
ol 04

> exp(—v)dv+ o ® (yz - 1> dys,
Jn

Again letting 2% = y and A simplifies to
7

A= —%/_Zmu)q) (u+a\/—ﬁ) du+ oy /_iq)(u)q: <u+a4> du,

T
where @ = ap — 0.

For assessing the integral on the right side of A, we use the identity

B (a*+c?)x+ab+cd (ad—bc)
o(ax+Db)p(cx+d)=¢ ( N ) Jara) (3.3)
and the following integrals
* b a
/_mxcb(a—l—bx)q)(x)dx: \/1+—bZ¢ (\/W) , (3.4)
/_Z¢(a+bx)¢(x)dx _® (ﬁ) , (3.5)

and obtain A as

T [ o (04 o
A=—— | o | Vou+——|9¢ du+ oy ® ,
\/ﬁ —° »L-\/Z T 2 T 2
n n n

R L I “). (3.6)

we e\

Similarly, B can be obtained as
B:/M /y1 Vs —on—e)) 1 I (02— 22) 02— 00)” dyidy,
—oJ—oo A2 T % N2 T 272 ’
o

o
— — . 3.7
v\ L ] Wg) G
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Addition of (3.6) and (3.7)), because of (3.2)), gives

1 7 o

1 7 o o
E(Ymin):—ﬁﬁ¢ T\/% +oy®P % +a2_ﬁﬁ¢ T\/g

a
—od (3.8)

2

r\/;

The expected value of the mean of the selected population is defined as
E[M] =F [Otlll + 06212] ,

=F [06111] +E [06212] ,
(3.9)

= OC1P(Y] < Y2) + op P (Y] > Yz) .

where
2 —(y1—ay)
Y Y
em [ e ()
vn exp< 02— ) ) [ vn Cexp (‘ (y121206_1) >d)’1] dys,

N V2n T

272

Letu= 5% and dy; = \/iﬁdu,

7

P(Yl < Yz) =

Again let u = #, and dy, = \/iﬁ
® o
P <1) = / 0 (u)® (u+ T\/ﬁ) du,

o

=
2
r\/;

Similarly, we obtain the expression for P (Y, < ;) as

I S L VT ~i—a)’) 1 —(y2—)?
P<Y2<Yl>—/_m/_w¢777€xp< 2 vam e P\ T dyrdyz,

(3.11)

, where ¢ = o, — Q. (3.10)

(04

—1-o| ==
2

AV
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Substituting the values of (3.10) and (3.11)) in (3.9), we get the expected value of M as

(04 (04
E[M]ZO!]CD — |+t —0p® | —— | . (3.12)
T \ﬁ T4/ 2
n n
Using the equations (3.8) and (3.2), and (3.1]) we get the bias of Yy, as
I T o

1 =

B(Ymin) = _E%(I’ - =
T

+ 0p

o
+od ﬁ —ﬁ%‘P ;

n

&\Q
S

o

+ o0 — onpd

a
— P — oy P

a
o
Q
=
Q
&\Q
—

_ ol ot
=5t e NN i)
__ 2T a

-5t )

= - 2%¢ T“% ,

=-00 ().

where 0 = T\/%.

Now, we get the estimator M ,, of the random variable M as

A Y
M;L = Ymin‘i‘)«G(l) (E) )

where Y =Y, —Y; and A > 0 is an arbitrary constant. Note: Y ~N(a,62) and E[Y, — Y| = ap — ot =

o,Var(Y) = Zniz = o2

Next, we propose an estimator 7. for the mean of the selected population according to Sarkadi

Y Y
te=Y,— YD (C—) tLco (C—> :
(0} (o)

where ¢ > 0 is an arbitrary constant and ®(u) is the standard normal cdf. Now

Elt)=E {Yz —Y® (%) +cod (%)} :

£l =& |ye ()| e |eoo ()], (3.13)

[116], is given by
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where
EN] = o, (3.14)

and

— Let %Ta = u, then dy = odu,

E {ch (%)} - /_i (ou+a) () (cu+ ) du,

o co o co
:G/_wu(p(u)cb(cu+?>du+a/_m¢(u)d><cu+?>,
oc co ca
= +oP| —— | . 3.15
\/1+c2¢<6 1+c2) (6 1+c2> G-
Further, we obtain the expression of £ [ccq) (%)] as
cY\| 1 ° 1 /(y—o 2 cy
{cmp ( p. )] = g /_Ooexp (—5 (—G ) ) coP <E> dy,
1 e 1<y—oc)2 1 ( 1<cy>2)d
=c exp| —= exp| —=|— \
V21 - Pl72 o V27 P\"2\% Y

c [ 1
=55 e (——2 (2 (1+c2)+062—2y06))dy,

oo 20
o 2 22
c 1 o o“c
- — — 7/ 1 2 _ = d
2 —wexp[ 202{(y e \/1+c2) +1+c2} >

Let yV'1+c2 =u, and dy = ﬁdu we obtain

leoo (5)] = sevrrmer [z ()| Lo [—2%2 (- JT)

1 /w 1( a )2
ex ——F= | U—
V210 J—c P17 262 V1+c2

|

co ac
= ) 3.16
\/1+62¢<G\/1+c2) (3.16)

_co ¢( oc )
RV AR N
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From (3.13), (3.14), (3.13) and (3.16), we get expected value of ¢, as
o
Elte] = 0p— ad <C—) :

oV1+c?

. . . . _ Ca .
So, we can say that estimator 7. is an unbiased estimator of o, — a® (—G \/1+7>’ which approaches
to EM] = —ad (%) for large c. Hence, if c is large then the bias of 7. as an estimator of M is
controlled.

Here, we can consider an estimator T of E [M] given by

T=Y,-Y®P <Z) (3.17)
(o)

and propose to use it to estimate M. The estimator T, actually, is a maximum likelihood estimator
of E [M] and its bias will be the same whether we can use it as an estimator of E [M] or M. A more

general estimator of this type is given by

norab ) o)) )] e

where A > 0 is an arbitrary constant. The estimator of 7} is the same as that of M and is obtained
on subtracting a A multiple of the estimated bias of T from itself.

Another estimator that we intend to investigate here is given by

hih, if |Y|—Y|<co

H. = (3.19)
min(Yy,Y,), if |¥)—Yz| >co.

where ¢ > 0 is an arbitrary constant. Note that for c=0 we get Y,;, which is the same as M 5, for
A =0. Then H, is sometimes called an hybrid estimator. Finally, it may be mentioned that the Bayes
estimator of M, for squared error loss with uniform prior distribution on @; and o, turns out to be

min(Y,Y>) which is the same as M, for A = 0.

3.3 Suitable formulae for Biases and MSE M,

Since M is random variable, the general definition of the bias of an estimator M of M as E(M) — M

has to be converted in a rather obvious way i.e. the Bias of estimator M is defined as

and similarly, the MSE of estimator M is defined as
MSE(M)=E(M —M)>.

In the following theorem, we present the bias of the proposed estimators.



36

Theorem 3.3.1. The respective bias of My, t., T and H, are as follows

(a)

B(M))=—0¢ (y)+ 67 (\lf) (3.20)

(b)
B(zc) { ( )} (3.21)

(c)
R ) T

(d)

B(H) = S [H{20(N - @(y—c) ~@(c+ 1)} —9(c=1) =9 (c+7)], (323

where y = 2.

Proof. (a) The bias of M, :

B[M,| =E M, —M| =E [M,] —E[M)]. (3.24)

Now, we define expectation M),

E [M)] = E [Yuin| + E l/"tcrq) (g)] : (3.25)

where

elpos ()] e Lo 3 (75°) Jpos ()

A

2 o \2
_— — ] —= —= dy.
\V2r\/ 21 \/E) 2 (\/§G> g
Let \/iy =u,and dy= %, we obtain

E {MF(P (g)} = \/Z_Z'mexp[ ! (quﬂ /_iexp [—2%_2 <u—%)2] %,
- 2
(i) Lo (- ) o

_ ot ( \/_G) (3.26)

Il
—
3 8

3

i~

|

‘H
/N —

5
|
Q

S| -
SN

S
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where

/:oexp [—2%2 (u—%)zl du=1.

Using the equations (3.8)) and (3:26)) in the equation (3.23)), we get the expectation of M, as

~ T Oh — O On — O T (04
E\M;| =— + o P —
- VZ"")(rﬁ) | ( ;) V2”¢(r 2)
n n n
o oA o
+tH®| —— | +—F7=0(— . 3.27)
’ (T\ﬁ) ﬂ¢<ﬁc) (
Using the expressions of the equations (3.12) and (3.27) in (3:23)), we get the bias of M), as
. 27 o oA o
B[M;| = ——— + 22— ),
M) m¢(fﬁ> adt
n

oA o 272

a
=-09¢ (E) + E(P (E) . where 6% = —

—— oA Y o«
B[M;]=-0¢(y) —1—5(]) (E) ,  where y= 5

(b) The bias of ¢,

Blt]=Et.— M) =E[t.] — E [M],

_E {YI—YCI) (%) +eod (%)} _EM),

cY

Blt)=EV]|—E {ch (?)] +E {cmp (%)] —E[M]. (3.28)
Use equations (3.12), (3.14), (3.13) and (3.16) in (3.28), we obtain the bias of 7. as

o2+ (52
B[] = yo [cb(y) _® (C—y)] . where = % (3.29)

V142

(c) The bias of T:

BT =E[Y)]—E {qu(g)] _EM]. (3.30)
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Now, we find the expression for E [Y® (L)] as
Y 1 = 1 (y—a\>
Elva(=)|= (==
{ (Gﬂ 2%6/wex‘pl 2( o )
L/~ (y—«a y
—— A q>(— dy.
G/w¢< o )y o)

Let u = =% then we obtain

E{ch (g)] :/_Z(Gu+a)¢(u)d><u+g>du,
=0 U_o;uq) (u)CID(u+}/)du+1//:o¢(u)@(u%—]{)du} ,

where y= 2.

Use of equations (3.4) and (3.5) we yields
Noo|l Lol L v
ol (B)m () e
Using the equations (3.12), (3.14), (3.31) and (3.30), we lead to the bias of 7" as
_ La(r TN oy — o (&
air=m-a| o () +10(J5)] - [m-oe(3))

B[T|=oc {y{cp(y)—cp(\%)}—\%q) (\%)} , where y = % (3.32)
(d) The bias of H,:

B[H]=E[H.—M|=E[H]-E[M], (3.33)
Here,
Y14Y .
H. = 1—52, 1f‘Y1—Y2|<CG
min(Yy,Y»), if |[Y] —Y2| > co.

. Y, —Y-
where min(Y;,Y>) = # — %

LetY ~ Y| — Y5, and Y ~ N(«,o?), therefor E [YIQYZ] = al;%.

Now, we find the expectation,

Y|+ Y -
E[H| =E{ ! 2} —// i y2|f(y17)’2)d)’1d)’27
2 Yi-Yy|>co 2

Q)+ / B2
St S i) dy,
> Vioeo 2 y (v)dy

1 —co —co
—are 2 snma- [ o).

L[y [y—o 1 —co y—ao
2 5{/ 5"’(7)”‘5—/_00 y“’(T)dy}-
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Next, let u = *-%,and dy = odu, and we simplify
E[H,] :@_% /(:a)(u6+a)¢(u)du—/_; (uG—i—Ot)(P(u)du] ,
ot 1 [ e o —(%5*)
=—% "3 G/(maa)uq)(u)du—l—a/(maa) (])(u)du—c/_oo ud (u)du

—a/_;(w;a) ¢)(u)du] .

Since, we solve the following integrals

o | A _a?
/(“’G‘") ud(u)du = \/T_ﬂ:/(“’a"‘)ue du,

Similarly
(<5%) co+
|7 uwbdu=—g(<°5),
Using these integrals, we obtain
_a + (07 co+a
) o5

(Z

—af@(}| L%

o)

As, ®(—u) =1 —D(u),P(0) = 1 and P(—e0), we obtain

o+ 0

EH] =02 =20 (c=n+9(c+n - r{®le-n-D(c+7}], (34

QIQ E

where y =
Using the equations (3.12)) and (3.34)) in ( , we obtain the bias of H,,
Bmaz%w&¢m—¢w-a—¢w+wr¢w—w—¢@+m.
The proof of this theorem is complete. [

For finding the MSE expression of the proposed estimator M; we give the following theorem

and its proof.
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Theorem 3.3.2. The MSE of M, is,

[N AN l)
2+\/ﬁ¢<ﬁ> wo( )1 (J5)

Proof. First, we consider Ypin = Y — 28 and M = @ — %Y where Y = y'%, Y =y1 — 2,

2 2
&:@and

MSE [M,] = o*

—1 ifx<O
sgn(x) =<0 ifx=0

1 if x > 0.

Therefor M) = Yiin +AG¢ (%) =Y — % +A00 (%) we have

MSE [M;] =E [M, - M),

[ YsgnY Y osgnY
efr- T o (1) - (a- 2

+
~
)
Q
)
ey
<
VR
Q=
N——
r
+
>~
Q
ey
—N—
~i
|
2
|
=
|
\_/h
o | %
h<
——
<
N
Q=
N——

Since Y and Y are independent, so E [(Y — G) i) (%)] =0, then we obtain

{(Y —a) Sg;Y }2 +A26%E {¢ (g)r

_2AGE [(Y—oc) sent (Z)] (3.35)

MSE [Vt;) =E [(7—@)*| +E

2 o]
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and v ~ N (7, 1). Therefore, we evaluate the following expression

Eo (Z)Tﬂ[w -E [M] ,

c V21
- %ﬁp (w2) o (v
1 Y2
_ \/ﬁq) (W) , (3.36)
EY-a]’ = %2, (3.37)
E [(Y—a)%YrZE ¥ —a)?
2
_ %, (3.38)
| =& |(ov- @) p ™
— Z(G —a)p(v)p(v—1y) sgnécv) dv (we use the identity (3.3)),
:/:O(Gv—oc)q) (\fzv—\%)qs %) 8 ;G )
:% [/:ov(]) (\/iv— %) ) (% sgn (Gv)dv}

2 L2o (v 5o (35 ).
2o () [ L (v g)are [P (V2
() Lol o3

(V2) 2] 2o () 12 () -1
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Putting the expressions given in the equations (3.36)), (3.37), (3.38) and (3.39)) in the equation (3.35)),

and simplifying it, then we get the following result

e () (B () 3G+ ()Y

]

MSE [M,] = o*

3.4 Improvement upon M)

Consider the group G = g(x). = x+c,c € R of affine transformations. Under this transformation
:X;j — Xij+¢,Y; — Yi+cand M — M +c, if we take the the squared error loss L(d,M) = (d — M)?

then estimation problem is invariant.

Theorem 3.4.1. Let us consider the class of estimators of the form M 2 =Ymint+ACQ (%) Further,
define the estimator My, by
Ml* = Mlalf A< Y*
= MY*; lf 2’ > Y*>
where yx = */73 Then M), improves My, with respect to the squared error loss if A > y* > 0 for some
n={a,x}.

Proof. The mean squared error risk of M, is given by

MSE[M,] E | (Yoin+ 200 (%) ~M)?]

o2 c?

e (5) () 0 ()5 () D)
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which is the minima of y(4). We know ®(0) = % When 7 is positive, q)(%) is greater than %,
that is & <\/l§> — %> 0. Thus, %{Cb (%) — 1} is positive. If y is negative, %{Cb (\%) — 1} is

positive. Therefore, f(y) has the maximum value at y = 0 and we obtain

f(y) < ?e‘“ < ?

Thus, Supycpf (y)= \/T§ = v*. According to Brewster-Zidek technique [27] we can say that if 1 > yx
then M), can be improved by My* as in that case the risk of My* will be less than that of M and this

completes the proof of the theorem. ]

3.5 Comparison of different estimators based on bias and MSE

The biases and mean squared error risks are calculated for the above estimators by the method of

, where ¥y = @. The bias and MSE risks of M;L,

Monte-Carlo simulation for different values of |y
T, t. and H, are calculated for several values of A and ¢c. Among these values the values of A and
¢ which give better results are chosen to be presented in the thesis. The graphs of these biases and
MSE risks are drawn for the above estimators. In these graphs the X axis represents |y| and Y axis
represents the bias or MSE risks. The bias performances of the above estimators are given in Table
From Table 3.1 we observe that as || increases the value of absolute biases of all the estimators
decrease excluding the estimator 7). The MSE risks performances are given in Table [3.2] From
Table it is observed that the risk performances of the estimators become better as the value of
|7| increases. It should be noted that 1\7[,1 reduces to Yy, for A = 0 and the other suitable choices
of A are V3 /2,4 — 2+/2 and /2. It is also observed that in most of the cases the risk of M;L, for
A=3 /2 is lower than the other estimators. The bias and risk of 7 are considered for the values
of A =+/3/2,1.0,1.25,1.50. From Table it can be seen that for all values of |y
T), has the best bias performance than M; most of the cases when A = 1/3/2. Also observed from
the Table and Fig. the estimator 7, perform best for smaller values of |y

T perform the best for moderate values of |y|. From the graphs also it is clear that as the value of |7

, the estimator

, Whereas estimator

tends to oo the bias and risk values tend to 0, hence, all the estimators are consistent. From the Fig.
[3.6]and Table[3.2]it is observed that the risk performance of the estimator T is better than 7} . In fact,
as the value of A increases the bias and risk values increase. Bias and risk computations were made
for estimator 7, for 1/3,1/2,1,+/3, and for hybrid estimator H, for ¢ = 0.5,1,1/2,2. From Table
and Fig. it can be seen that for all values of |y, bias of the estimator 7. decreases as ¢ increases.
Other hand, From Table[3.2]and Fig[3.7] we see that the MSE of 7, is increases for small values of |y],

whereas, for moderate and larger values of |y|, the MSE of 7. is decreases. Estimator ¢, with ¢ = V3
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seem to be a good choice if bias of an estimator is the main criterion. On the other hand, if MSE risk
is the main criterion, H.(c = 0.5) seem to be reasonable good choice. It is observed that the values

of |y < 1.0 and ¢ = 0.5 and ¢ = 1.0, the bias performances of the estimator 7. is better than estimator

H,., whereas H, performs better for moderate and large values of |y|. When the values of |y]| takes

below 1.0, the MSE risk of the estimator H,. is decreases as ¢ increases, whereas the MSE risk of the

estimator H, is increases as ¢ increases for all moderate and larger values of |y

We present below the tables and graphs of biases and mean squared error risks of different

estimators.
Table 3.1: Bias performances of various estimators of M
M, T e H
17l T A=0 A=+3/2 A=4-2V2 A=v2 A=+3/2 A=1 A=125 A=15 c=1/3 c=1/2 c=1 =3 ¢=05 c¢=1 =2 c¢=2
0 -0.3622  -0.5077 -0.2048 -0.0979 -0.0130 -0.1710 -0.1414  -0.0862  -0.0310 -0.0059 -0.0078 -0.0124  -0.0163  0.7629  0.6950  0.6082  0.4810
05 -02230 -0.3369 -0.1048 -0.0229 0.0421 -0.0783 -0.0559  -0.0142  0.0276  0.0762  0.0656  0.0451 0.0336 04826 0.4643 04372 0.3843
1.0 -0.1190  -0.2008 -0.0499 0.0033 0.0455 -0.0313 -0.0177  0.0076 0.0329  0.1676  0.1274  0.0552 0.0183 03258 0.3384 0.3557 0.3671
1.5 -0.0391  -0.0991  -0.00069 0.0340 0.0616 0.0119 0.0198 0.0346 0.0493  0.2535 0.1844  0.0746 0.0255 02516  0.2753  0.3185  0.3742
2.0 00118 -0.0251 0.0285 0.0474 0.0625 0.0333 0.0366 0.0428 0.0490  0.2967 02026  0.0737 0.0295  0.1832  0.2037 0.2398 0.3186
2.5 0.0098  -0.0058 0.0148 0.0221 0.0279 0.0147 0.0154 0.0168 0.0182  0.2096  0.1269  0.0337 0.0109  0.0798  0.0848 0.0983  0.1364
3.0 0.0027 -0.0014 0.0035 0.0053 0.0067 0.0024 0.0024 0.0023 0.0022  0.1016  0.0524  0.0084 0.0014  0.0199  0.0206 0.0224  0.0295

3.5 -0.00005 -0.00056  0.00002 0.00022 0.00038  -0.00029 -0.00033  -0.0004 -0.00047 0.0229  0.0097 0.00062 -0.00034 0.0013  0.0013  0.0013  0.0016

4.0 -0.00002 -0.0001  -0.00001 0.00002 0.00004  -0.00012  -0.00013 -0.00016 -0.00019 0.0081  0.0028 0.00008 -0.00008 0.00019 0.00019 0.0002 0.00022
4.5 0.00001 0.00000  0.00001 0.00001 0.00001  -0.00001  -0.00001 -0.00002 -0.00002 0.0017 0.00049 0.00002 0.00000 0.00001 0.00001 0.00001 0.00001
5.0 -0.00002 -0.00002 -0.00002 -0.00002 -0.00002  -0.00003  -0.00003 -0.00003 -0.00003 0.00054 0.0001 -0.00002 -0.00002 0.00000 0.00000 0.00000 0.00001
6.0 0.00000 0.00001  0.00001 0.00001 0.00001  0.00001  0.00001 0.00001 0.00001 0.0001 0.00002 0.00001 0.00001 0.00000 0.00000 0.00000 0.00000

Table 3.2: Risk performances of various estimators of M

M;, T, 1. H,
17 T A=0 A=v3/2 A=4-2V2 A=v2 A=V3/2 A=1 A=125 A=15 c¢=1/3 ¢=1/2 c¢=1 c¢=/3 ¢=05 c¢= c=V2 =2
0 06572 07767  0.6659 0.6776 07058  0.6432  0.6494 06671 0.6926 04249 04765 0.6523 08718 0.7629 0.6950 0.6082 0.4810
0.5 04331 04866  0.4479 0.4650 04901 04428  0.4494 04653 04859 03326 03627 04640 05818 04826 04643 04372 03843
1.0 03136 03239  0.3301 0.3472 03663 03364 03424 03551 03701 02932 03091 03597 04012 03258 0338 03557 03671
1.5 02594 02485  0.2759 0.2933 03100 02870 02925 03035 03156 02950 02985 03132 03139 02516 02753 03185 0.3742
20 01971 0.1804  0.2094 0.2228 02345 02187 02224 02298 02375 02665 02538 02403 02250 0.1832 02037 02398 03186
2.5 0.0858 0.0791  0.0888 0.0929 0.0964  0.0916  0.0926  0.0945 0.0965 0.1291 0.1154 0.0992 0.0902 0.0798 0.0848 0.0983 0.1364
3.0 00210 00198  0.0213 0.0219 00224 00216 00217 00219 00221 00334 00283 00229 00211 00199 00206 0.0224 0.0295
35 00013 00013  0.0013 0.0013 0.0014 00013 00013 00013 00013 00021 00017 00014 00013 00013 00013 00013 0.0016
4.0 00002 0.00019  0.0002 0.0002 0.0002 00002  0.0002 0.0002 0.00019 0.00031 0.00025 0.0002 0.00019 0.00019 0.00019 0.0002 0.00022

4.5 0.00001 0.00001  0.00001 0.00001 0.00001  0.00001  0.00001 0.00001 0.00001 0.00002 0.00001 0.00001 0.00001 0.00001 0.00001 0.00001 0.00001
5.0 0.00000 0.00000  0.00000 0.00000 0.00000  0.00000  0.00000 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000
6.0 0.00000 0.00000  0.00000 0.00000 0.00000  0.00000  0.00000 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000
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Chapter 4

Estimating Volatility of the Selected Security

4.1 Introduction

All through this chapter we assume that investors avoid risks while taking investment related deci-
sions and therefore when compelled to choose between two securities one with the lower volatility,
or risk, is chosen. Typically a selection rule is used for this purpose. Given two populations (e.g., the
two securities) and a selection rule, it is natural for the decision maker (in this case, the investor) to
look for an estimate of the parameters (e.g., volatility) of the population which is eventually selected
by using the specified selection rule. It is noteworthy that this estimate is computed before any actual
selection is made, by using the samples from both populations and the selection rule under consider-
ation. As an outcome of this exercise the investor gets an idea of the expected risk involved with the
selection rule employed on the populations under consideration.

In this chapter we use the model developed in Gangopadhyay et al. [42]] a model is developed
for selecting the regression line with higher slope to estimate the risk of the security selected with
the goal of risk-minimization. For this purpose we use Capital Asset Pricing Model (CAPM). In this
model the rate of return (y) of a security relates to regression coefficient B of the security as given

below:

y—rr=Bx—rf)+e€

where r is the risk-free rate of return, for example, the return on short-term bonds, B is the market
risk of the security, x is the rate of return on the market portfolio and € is the random error. Some
works related to regression models are available in Chaturvedi and Shalabh [31]], Chaturvedi and
Wan [32], Singh et al. [119], Bastien et al. [21]], Magnanensi et al. [[75], Meyer et al. [[/7], Ageeva
and Kharin [4]], Kharin [62]], Maevskii and Kharin [[74], Kumar et al. [65]] and Misra et al. [91]].
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In this chapter, the model is described in Section [4.2] Here we have discussed how the prob-
lem of selecting the regression line with lower slope is converted to the problem of selecting the
normal population with lower mean. In Section this model is applied to the decision problem
of an investor in stocks considered in this chapter. Constructions of the estimators are described in
Section[d.4] Here, we construct the estimators for volatility of the selected security when the security
corresponding to lower volatility is selected. Finally in Section [4.5|the developed theory is applied
to real data. The bias and mean squared error risk performances of the estimators of volatility of the
selected security are numerically compared and the graphs representing the bias and MSE risks of

the estimators are drawn. Section 4.6 is the discussions of results.

4.2 Description of the model

Let X, Y} and Y; be three random variables. Suppose we choose n values xj] < X < ... < x|, of X.
The density function of ¥;, where i € {1,2}, given X = x;), where j € {1,2,...,n}, is denoted by f;;

and the corresponding random variable by Y; ;. For each pair (i, j), fi)j 1s assumed to be normal with

lj*

mean L;; and known standard deviation 6. We assume that the dependence of each Y; on X satisfies

lj
the linear regression model with the regression line ¥; = a; + B;X, for each i € {1,2}. Consequently,

Wij = 0+ Pixpj, forall j € {1,2,...,n} and i € {1,2}. Itis realistic to assume that ;| ;’s are mutually

lj
independent.

Consider the problem of selecting the population having regression line with the lower slope
between two available populations. Therefore, our problem is to select the population corresponding
to lower ;. Further, we assume that the intercepts a; = o = «. This assumption is acceptable
because in Capital Asset Pricing Model (CAPM) of the securities, which is our application domain,
the intercepts are the risk free rates of returns which are assumed to be the same for all the securities
under consideration. Suppose that we have independent random samples Y;y|;, Y|, ..., Yy ; Of size

mwhere i € {1,2} and j € {1,2,...,n} from the two populations. Since each Y;; is a normal variate

lj

and known standard deviation o, the random variable Z; = X" | X"

with mean y; 1Y) /m is normal

lj
with mean };_, ;; and variance no?/mfori € {1,2}. So, we can say that selecting the regression
j where i € {1,2}. That

means we have to select the normal population with lower mean for which we can use the results

line with lower slope is same as selecting the population with lower Z?: 1M

obtained by Dahiya [36]]. The connection between the problem of selecting the regression line corre-
sponding to higher regression coefficient and the problem considered in Dahiya [36] was established
by Gangopadhyay et al. [42]]. The optimality properties of the natural selection rule are discussed in
Bahadur and Goodman [16], Lehmann[72] and Eaton [40]. The natural selection rule says that for

choosing the population corresponding to lower mean we have to select the population corresponding
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to lower sample mean because sample mean is the sufficient and complete statistic for the population
mean. Let us denote the population with mean Z’}Zl H;; as I1; where i € {1,2}. So, according to the
natural selection rule we select the population I1; if Z; < Z, and select the population I, otherwise.
Further, we have to estimate the regression coefficient of the selected population. So our parameter
of interest is

By, where J =1 if Zy <Z, and J =2 otherwise.

In the next section we apply this model to the problem of estimating risk of the selected security.

4.3 Application to finance

Suppose that an investor decides to purchase common stocks or securities whose annual rates of
return can be related to the annual rate of return from a market portfolio (e.g., S&P BSE Sensex
Index[India], S&P 100 composite stock index etc.). Let Y;, be the rate of return (in percentage) on
the ith security or common stock at time ¢ and X; be the rate of return (in percentage) on the market
portfolio at time ¢. In modern portfolio theory, the “characteristic line” relating these rates of return

for the ith security, i € {1,2}, is of the form
Yi‘t:ai+BiXt+8i|t7t:17"'7T7 (41)

where the regression coefficients f; and o; are the slope coefficient and the intercept coefficient
respectively and g, is the random error. The regression coefficient f3; is also referred to as the beta
coefficient of the ith security which is a measure of the market risk of a security.

Without loss of generality, we set the intercept term to zero. At this point, let us consider the
Capital Asset Pricing Model (CAPM) of modern portfolio theory which represents the relationship

between Y, and regression coefficient Bi of security i as given below:
Y —rf) = Bi(Xe —rp) + &t =1,...,T,i € {1,2} 4.2)

where ry is the risk-free rate of return, for example, the return on short-term bonds, which is not
random. The intercept coefficient o; = 0 for i = 1,2 for the CAPM. For detailed discussion we refer
to [46][Pages 165-166]. The beta coefficient, 3; is a measure of the systematic risk during time ¢
which cannot be eliminated or minimized by diversification. It also provides an idea of the strength
of the relationship between the security under consideration and the market portfolio. If the value of
beta is more than one, then the corresponding security is volatile, or aggressive, because in that case,
a one percent transformation in the market rate of return leads to more than one percent transforma-

tion in the ith security’s rate of return. If the value of beta is lower than one, then the corresponding
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security is conservative and if the value is equal to one, then the corresponding security is neutral.
An investor interested in choosing the security with the lower volatility chooses the one with the
least value of the beta coefficient according to the selection rule. The estimate of the beta coefficient
of the selected security is obtained by relating the technique developed in Gangopadhyay et al. [42]]
to CAPM. This is reasonable, since CAPM is a linear regression model. Suppose that (rm;, ri| j) are
ordered pairs of observations with the rate of return on the market portfolio as the first coordinate and
the rate of return on ith security as the second coordinate at time j = 1,...,n, for i = 1,2. Without
loss of generality, we can assume that all rm;’s are distinct, and our x[; = (rmj—rys), j=1,...,n,
where r¢= risk-free rate of return (eg. return on short-term bonds). Our Y ; = (ri| j— 1), which is
assumed to have the density function f; ; for each pair (i, j) where f;; is normal with mean ;; and

known standard deviation o. Then according to equation (4.2]), we can write
Hij = By

where i € {1,2} and j € {1,...,n}. We assume that r;;’s are mutually independent. So, Y;;’s are also

lj lj
mutually independent, because r is a constant. From the above discussions it is clear that selecting
the security with lower regression coefficient is the same as selecting the security with lower p; ;.
Yjii=1,2;j=1,...,n;t = 1,...,m, an independent random sample of size m is drawn from each
of these two security returns. Then the “natural selection rule” in Bahadur and Goodman [16] for
selecting a security will be as follows:

“Select the security 1 if Z1 < Z» and security 2, otherwise”.

Our objective is to estimate 37, where J = 1, if Z; < Z, and J = 2, otherwise. Since, each Yy;

is normally distributed with mean y;; and known standard deviation o, the probability distribution

lj
. . . . 2
of the random variable Z; is normal with mean 6; = };_; w;; = BiX_,x(; = ¢f; and variance 7~ =

no?/m, fori=1,2.

4.4 Construction of the estimators

For finding the estimators of parameters of the selected population we always start with the com-
ponent problem, i.e. in case, we have only one population then we find the maximum likelihood
estimator, take the analogue of that estimator and call it a natural estimator. This approach is fol-
lowed by several previous investigations, such as Dahiya [36], Hsieh [58]], Vellaisamy et al. [130],
Vellaisamy and Sharma [131]], Vellaisamy [125]], and Kumar and Gangopadhyay [66l]. We consider
the component problem and obtain the maximum likelihood estimator of 3; as follows

Lt (V) = Zhm Yi) (1) — 2 D Xi0)

b = 1 -
MIRNCTED VIRE)
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Let, cj =xp; — X{_ Xy /nand d = 1/21 1( Zkl ) Here, it is to be noted that )./}

0. Therefore we obtain
n n n
bi=d Z m—— Z Y Vi
j=1 j=1 k=1

(g

= ZWjYi|j’ where wW; = de
j=1

Therefore, we get a natural estimator of c¢f3; as Y./ Z';:l wi¥y /m. Below we list the other estima-

tors of ¢f3; based on the derived estimators in Chapter 3.

1.

N YA
M, =Z;+Ao,¢ (;)
Z

where A > 0 is an arbitrary constant, Z =7, —Zy and Z; = Z, if Z; < Zp and Z; = 7,
otherwise, 62 = Var(Z) = 27%, and ¢(x) is the standard normal density function given by
o(x) = e_%/\/ﬁ, where —eo < x < oo and the bias of Z; is E(Z;) — E(B;) = —0;9(6/0;),
where 6 = 6, — 6; . The estimator M} is obtained by subtracting a A multiple of the estimated

bias of Z; from itself.

2. te =2y —Z®(cZ/o;) + co,9(cZ/o;), where ¢ > 0 is an arbitrary constant and ®(x) is the

standard normal cdf. The estimator ¢. is an unbiased estimator of 6, — 6P ( c6 2), which
o;V1+c
approaches E[0;] = E[6,} + 6,1, = E[01P(Z, < Z) + 6,P(Z; > Z5)] where 6 = 0, — 6, for

larger c. Hence the bias of 7. as an estimator of 6; can be controlled by making c large.

Z
T=2,—7P <—>
GZ

and propose to use it to estimate 6;. The estimator T, actually, is natural estimator of E[6]

3. The estimator T of E[6;] given by

and its bias will be the same whether we use it as an estimator of 6; or E[6].
4. Another estimator of this type is defined as

e b (D) ()} ()

where A > 0is an arbitrary constant. The estimator 7}, is the same as that of M, and is obtained

on subtracting a A multiple of the estimated bias of T from itself.
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5. An hybrid estimator is considered as

ats if |Z) — 2| < co.

H. =
min(Zy,7,), if|Z, — 2| > co;.

where ¢ > 0 is an arbitrary constant. Note that for c=0 we obtain Z; which is the same as M),
for A =0.

6. Finally we have an improved Estimator: Let us consider the class of estimators of the form

M) =Z;+ Moo (%) . Further, define the estimator M, by

X My, if A < yx
M/l* - R
My, if A > px,

where 7% = v/3/2. Then M, , improves M, with respect to the squared error loss if 1 > y* > 0
for some n = {6;,6,}.

Consider the group G = g(x). = x+c,c € R of affine transformations. Under this transforma-
tion X;; — Xij+c¢,Zi— Z;+c and 0y — 6; +c, if we take the squared error loss L (d, 0y) = (d — 6,)°,

then the estimation problem is invariant.

Theorem 4.4.1. Let us consider the class of estimators of the form My, = Zj + A 0. ¢ (%) Further,

define the estimator My, by
. Mla lfz' < Y
M, = )
MY*7 lf)“ > Y*v
where Y% = /3 /2. Then M, improves M, with respect to the squared error loss if A > y* > 0 for

some 1 = {0y, 00}

Proof. We refer proof of Theorem in Section 3.4 U

4.5 Application to real data and comparison of estimators

We have considered the data for the returns of a market portfolio (rm;) (BSE SENSEX) and two
securities (Reliance Industrial Infrastructure Ltd (RIIL.BO) -BSE (rﬁ.l)) and Reliance Industries Ltd
(RELIANCE.NY)) (rg.z)) from 07 July 2014 to 24 November 2014 for n = 20 weeks (data retrieved
from https://in.finance.yahoo.com). We take that the risk-free rate of return (ry) is 8.50% according

to the current interest rate of short term bonds. We calculate that the value of B; = 1.290 and 3,
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=1.177 through the CAPM model for the considered data using the least squared error estimates.
We compare the bias and risk values of the estimators of ;. For this purpose, we have generated
random samples of size m = 20 from both the normal populations with means ﬁlx[ ;) and ﬁzx[ i
respectively, for different known variances, where j = 1,...,20. These samples are denoted by Yj(ti)
for j=1,...,20;t =1,...,20;i = 1,2. We have calculated Z; = ng@?g]Yj(f)/ZO,i = 1,2. We repeat
this process 5000 times. The biases and mean squared error risks are calculated for all the above
estimators using Monte-Carlo simulation for different values of 72, where 7> = no? /m. The values of
A and ¢ are chosen in such a way that they give better results. The biases and mean square error risks
performances for the various estimators are given in Tables The graphs representing biases
and mean squared error risks of the estimators mentioned above are displayed in Figure @d.1]{4.§]
In these graphs the X axis represents T , which is the standard deviation of Z;,i = 1,2 and Y axis

represents the bias or MSE risks.

Tables and Graphs of Biases of different estimators:

From Figure the X axis represents 7, standard deviation of Z;,i = 1,2 and the Y axis
represents the bias values of the estimators. In the graphs of biases,we observe that with respect to
bias M 5 for A = V2, T, for A = 1.5, H, for ¢ = 2 are better than other cases.

From Table it can be observed that for all values of 7, the estimator 7} is better than M, for
A =3 /2. The estimator M 5 is dominated by 7' for A = 0. From Table it can be seen that for
all value of 7, the estimator H, is dominated by estimator 7. for values ¢ =0.5,1. Also observed from
Table [.1] the bias performance of the estimator 7. is better than all other estimators for all values of
T. As we decrease the value of standard deviation then bias performances become better for all the
estimators. We see that the estimator 7. is overall a good estimator based on the biases performances.
Graphs of Mean squared error risks of different estimators:

In Figure[4.5]{4.8] the X axis represents 7, standard deviation of Z;,i = 1,2 and the Y axis represents
mean squared error risks of different estimators. In the graphs of mean squared error (MSE) risks,
we observe that with respect to risk M for A = \/§/2, T for A = \/3/2, T.forc=1/3,H, forc =2
perform better among all cases.

From Table it can seen that for all values of 7, the estimator 7} is better than the estimator M 2
when value of A = /3 /2. From Table we observe that for all values of 7, the estimator ¢, is
better than the estimator H, for value ¢ = 1/2 and 1. For all values of 7 and for A = 0, the estimator
M), is dominated by T. From Table it can be seen that for all values of A, the estimator T) has
the smallest risk for all values of 7. From Table we observe that the estimator 7. and H,. have
smaller risk for c=1/3 and c=2, respectively. As we decrease the value of standard deviation then risk

performances become better for all estimators.
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Table 4.1: Bias of various estimators

59

M, T fe H,
T T A=0 A=+V3/2 A=4-2V2 A=V2 A=+V3/2 A=1 2A=125 A=15 c¢=1/3 c¢=1/2 c=1 c=V/3 ¢=05 =1 c=V2 c=2
0.04 -0.01565 -0.02226 -0.00824  -0.00368  -0.00024 -0.00704 -0.00539 -0.00318 -0.00104 0.00054 0.00057 0.00016 -0.00056 -0.01960 -0.01319 -0.00798 -0.00246
008 -0.03223 -0.04542 -0.01722  -0.00747  -0.00193 -0.01483 -0.01156 -0.00633 -0.00343 -0.00015 0.00037 0.00033 -0.00233 -0.04032 -0.02729 -0.01628 -0.00701
0.12 -0.04695 -0.06667 -0.02692 -0.01103 -0.00291 -0.02085 -0.01833 -0.00939 -0.0053 0.00116 -0.00048 0.00065 -0.00344 -0.05859 -0.04180 -0.02354 -0.01060
0.20 -0.08050 -0.11374 -0.04356 -0.02017 -0.00667 -0.03708 -0.02882 -0.01774 -0.01058 -0.00017 -0.0001 -0.00109 -0.00761 -0.10082 -0.06758 -0.04303 -0.01893
028 -0.11570 -0.16146 -0.05387  -0.02423  -0.00106 -0.05517 -0.03351 -0.02045 -0.00687 -0.0028 0.00654  0.0029 -0.00183 -0.14307 -0.08818 -0.05461 -0.02000
0.36 -0.14334 -0.20277 -0.07659 -0.04113 -0.00571  -0.06503 -0.05016 -0.03637 -0.01248 0.00095 0.00477 -0.00632 -0.00706 -0.17939 -0.11871 -0.08112 -0.02938
0.50 -0.21392 -0.29624 -0.11316 -0.05436 -0.00018  -0.10563 -0.07718 -0.04694 -0.01061 -0.01262 -0.00386 -0.00515 0.00071 -0.26342 -0.17496 -0.10542 -0.04088
0.65 -0.25752 -036506 -0.15019  -0.05329  -0.00805 -0.11498 -0.10359 -0.04416 -0.02165 0.00104 -0.00571 0.01004 -0.00992 -0.32102 -0.23029 -0.12207 -0.05400
0.85 -0.35190 -0.49287 -0.18983 -0.08668 0.00357  -0.16809 -0.12831 -0.07698 -0.01259 -0.00941 -0.00485 -0.00629 0.00189 -0.43813 -0.29539 -0.18358 -0.06006
1.05 -0.41838 -0.59261 -0.23285 -0.10804 -0.01094 -0.18709 -0.15763 -0.09289 -0.03129 -0.00244 -0.00317 -0.00551 -0.01299 -0.52343 -0.36461 -0.22064 -0.08459

Table 4.2: Mean Squared Error of various estimators

M, Ty 1o H,
T T A=0 A=+V3/2 A=4-2V2 A=v2 A=V3/2 A=1 A=125 A=15 c¢=1/3 c=1/2 c¢=1 c¢=/3 ¢=05 c¢=1 c¢=/2 c¢=2
0.04 0.00137 0.00160  0.00141 0.00146  0.00147 0.00135 0.00139 0.00144 0.00144 0.00092 0.00105 0.00142 0.00181 0.00158 0.00147 0.00132 0.00101
0.08 0.00543 0.00638  0.00547 0.00553  0.00583  0.00531 0.00537 0.00546 0.00573 0.00360 0.00402 0.00536 0.00721 0.00626 0.00574 0.00498 0.00399
0.12 0.01225 0.01434  0.01291 001278 001372 001210 0.01268 0.01261 0.01352 0.00819 0.00945 0.01239 0.01679 0.01416 0.01351 0.01159 0.00961
0.20 0.03452 0.04056  0.03325 003578  0.03765 0.03378 0.03251 0.03521 0.03723 0.02302 0.02423 0.03451 0.04609 0.03979 0.03474 0.03202 0.02613
028 0.06934 0.08117  0.06583 0.06851  0.07313  0.06838 0.06447 0.06754 0.07181 0.04500 0.04901 0.06637 0.09012 0.08004 0.06854 0.06051 0.05055
036 0.10924 0.12853  0.11227 0.11483  0.12275 0.10710  0.11005 0.11332 0.1209 0.07256 0.08193 0.11075 0.15017 0.12640 0.11687 0.10327 0.08578
0.50 021431 025306 0.21722 022258 022782 0.20658 021250 021932 022349 0.13857 0.15697 0.21458 028121 0.24766 0.22651 0.19611 0.15623
0.65 035659 0.41905 0.37881 037151 03992 034961 037152 036629 039196 023783 027503 036025 0.49084 041223 039467 0.32801 0.27855
0.85 0.61074 072300  0.63315 0.64077  0.66612  0.59561 0.61908 0.63040 0.65484 0.39492 0.46097 0.61739 0.81786 0.71149 0.65952 0.57034 0.46107
1.05 094372 1.10985  0.93801 097437 099851 092515 091811 096231 098031 0.62789 0.68408 0.94425 123441 1.09101 0.98044 0.86743 0.68601

4.6 Results and Discussions

From all the figures and tables, we observe that as 7 increases the value of absolute biases and risks

of all the estimators increase. From Figure 4.5|we observe the risk performance of M, for A = +/3/2

is lower than the other estimators in this class. As we decrease the value of standard deviation then

bias and risk performances become better for all the estimators. From Figure we observe that

as we reduce the value of ¢ the MSE risk performance of 7, becomes better. Figure [4.§] shows the

improvement of the risk performance of H, as the value of ¢ increases. Figure [d.1]—{4.4] show that

the bias performance of M for A = /2 is better than all the other estimators. Risk performance of

T, for ¢ = 1/3 and H, for ¢ = 2 are better than other estimators.



60



Chapter 5

Estimating Quantile of the Selected Normal

Population

5.1 Introduction

Let IT; and IT, be two normal populations with unknown mean p and unknown variances 7 and o5
respectively. Suppose independent random samples (Xj1,..,X1,,),n1 > 2 and (Xp1,..,X0p,),n2 > 2
are available from these two normal populations I1; and I, respectively. Further, let the mean and
the sum of squared deviations from the mean for the two samples are denoted by X; = %Z']“: 1X1j
and §7 = 2?1:1 (X1;—X1)? and X, = %Z?;ij and §3 = Z;fzzl(ij —X>)? respectively.

For the first population, (Xl,S%) is the complete and sufficient statistic for (u, 612). Similarly,
for the 2nd population, (X2,S3) is the complete and sufficient statistic for (11,03). X; and X, have
N(u,o?/n1) and N(u, 07 /ny) distributions respectively. $7 and S5 have 7 x,%l_l and o7 x,i_] dis-
tributions respectively. We would like to select the population with smaller variance. For this, we
select the population corresponding to the smallest Siz, i=1,2, that is, I; is selected if S% < S% and
I, is selected if S% < S%. In this chapter, we consider the problem of estimating a quantile of the

selected normal population.

6y =u+n oy, (3.1

where J =1 if S% < S% and J = 2, otherwise and 7 is any constant . For 1 # 0, the only works
available so far are Sharma and Vellaisamy [117], who have considered the case of different means
and equal variances and Kumar and Kar [67], who have considered the case of different means
and different variances. Some inadmissibility results of affine equivariant estimators of quantiles of

normal populations have been discussed by Kumar and Tripathy [69] and Tripathy and Kumar [[124].

In this chapter, we consider the problem of estimating quantile of a selected normal population
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when mean is same and unknown but variances are unknown and different. In Section [5.2] several
estimators are proposed. In Section [5.3] we formulate the problem and prove the admissibility of a
natural estimator within a class of linear estimators. In Section we consider a more general class
of estimators and found a class of admissible estimators. In Section [5.5] the numerical comparisons

of the estimators are obtained.

5.2 Some Improved Estimators

In this section, we propose several estimators for 8y = u +1n oy, where J = 1 if S% < S% and J = 2,
otherwise and 7 is a constant.

It is to be noted here that the minimal sufficient statistic is not complete statistic. We consider
the problem of estimating a quantile 6; = y + noj of the first population with respect to the scale
invariant loss function. The form of an affine equivariant estimator of 0; is X; + nbS; where b is

real. The choice of b minimizing the risk of X; + 1bS| is b,,, where

r(y)

by, = m
The analogue of the best affine equivariant estimator is o = X + b,,S;, where n; = nj if
S;=S81and ny =ny if Sy = 9,.
In this kind of situation, a natural estimator of u is I = %
Graybill and Deal [45]], Khatri and Shah [63], Brown and Cohen [29], Cohen and Sackrowitz [33],

and Moore and Krishnamoorthy [94]. We propose some estimators of 8; having smaller risk than o

, obtained and studied by

by replacing X by [l and these estimators are as follows:

_ nl(nl — 1)S%X1 +n2(n2 — 1)S%X2
ny(ng —1)85+nz(ny — 1)82

+ nanS]7

_m (n1 —3)S5X) +na(n2 — 3)S2X;
ni(ny —3)S3 +na(na —3)82

+ nbn]SJ7

bls%/nl(l’n — 1)
S /ni(n —1)+83/(n2+2) + (Y = X)?/(n2+2)

Oy :X1+(X2—X1) { :| —|—T]anSJ,

bzl’lz(l’lz — 1)5%
nz(l’lz — 1)5% —|—n1(n1 — 1)5%

Ols5 :Xl—l—(Xz—X]){ :|+nanSJ,

2(np+2)
npE{max(V-1v-2)}°

it is seen that V has an F distribution with (n, +2) and (n; — 1) degrees of freedom.

s = (1= 8, H(y)) X1+ 6, H(y)X2 + Nbn, Sy,
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Where
(n2 —5)
On, = (3 = 1)2, if ny is odd
4 _
= _ (m=4)(m ), if ny is even
ny(ny —2
and
1
Hy)=F(1,1-"2"2""y) ifo<y<1
27 2
1
(np—3) 3—ny ny 1 .
= 2T p (1,222 ) ify > 1
m—1y "2 '22) "7

2
where F is the hypergeometric function(Lebedev, [70]) and denoted by »F7, and y = S—%
l

= \/nl(nl—I)SzXl—f-\/nz(nz—l)Sle+nb s,
= ny9J s
\/nl(l’ll—1)52—1—\/712(712—1)51 /

Vbp, 15X1 +/naby, 151X
Vibp, 182+ /naby, 181

and the estimator oig depends on the grand mean,

oy = +nby,Sy,

_ mXp +mXp

b,,Sy.
ny+ny 0 Lt

5.3 An Inadmissible Class of Estimators

Here, we consider the group G = {g. : g.(x) =x+¢,—o0 < ¢ < o} of location transformations.
Under this transformation, X; — X; +c¢, Xo — Xo +c, S% — 52, S% — 2, u— U—+c, oy — oy and

07 — 05+ c. The estimation problem will be invariant if we consider the following loss function

§—6,\
L(5,6;) = ( ’) . (5.2)
oy
Under this loss function the equivariant estimator is given in this form
8y = X1 +6(2), (5.3)
where, Z = (U,$%,53), U = X, — X;. We define the following functions for a function ¢(z), z =
(u,57,53)

¢o(z) = min{u,0}, if ¢(z) <min{u,0},
= ¢(z), if min{u,0} < ¢(z) < max{u,0},
= max{u,0}, if ¢(z) > max{u,0}, (5.4)
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¢1(z) = max{min{u,0},¢(z)}, (5.5)

and

¢2(z) = min{max{u,0},¢(z)}. (5.6)

Then we get the following inadmissibility result of estimators which are equivariant under location

groups of transformation.

Theorem 5.3.1. Let 8y be a location equivariant estimator of ;. Let us define the functions ¢o, ¢1
and ¢ as in (5.4), (5.3) and (5.6) respectively. Then with respect to the loss function (5.2)) or squared

error loss function we can show the following results.
(i) Form =0, 8y is improved by &y, if Pg(9(z) # ¢o(z)) > 0 for some values of .
(ii) Form >0, &y is improved by Oy, if Pg(¢(z) < min{U,0}) > 0 for some values of B.

(iii) For 1 <0, 8y is improved by &, if Pg(¢(z) > max{U,0}) > 0 for some values of B, where,
B ={u.01,0,}.

Proof. Let us consider the conditional risk function of the estimator 5¢ givenZ =z,
R(B,8y|z) = E{(X1 +¢(2) — 6,)*1Z =z}. (5.7)

It is easily seen that, the right hand side of the above equation is a convex function of ¢ (Z). There-

fore, minimum choice of ¢(Z) is attained at
¢(2) = —E[(X1 —6y)|Z=2]. (5.8)

Since (X1,X>) and (S7,53) are independently distributed, the required conditional distribution of X;

given Z = z 1s same as that of X; given U = u, which can be shown after some simplification to be

2 2
normal distribution with mean u — HL/I and variance %, where A = %. This gives,
u .
#(z,p) = no +1+—}L,1f ST <83
= noy+ H—%’ otherwise (5.9)

Now, we find the infimum and supremum values of ¢ (z, B) with respect to  for all choices of
n and z. After some calculations from equation (5.9), we get the following consequences.

Case-I: when n =0,

infg(z,B) = min{u,0} and supﬁq)(g,ﬁ) = max{u,0}. (5.10)
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Case-1I: when 1 > 0,

supéq)(g,ﬁ) = —}—oo,
and infgd(z,) = 0, if u>0,

= u, ifu<0 5.11)
Case-III: when 1) < 0,
lnfﬁqj(évé) = =%
and supg¢(z,f) = u, if u>0,
— 0, ifu<0 (5.12)

In Case-I to Case-III, we apply the orbit-by-orbit improvement technique of Brewster and Zidek

technique [27]. It proves the theorem. ]
We conclude this section with the following remark.

Remark 5.3.2. It is noted from theorem a location equivariant estimator &y as defined in (5.3)
lying outside the interval (min{X;,X>}, max{X,Xo}) with a positive probability is inadmissible.

5.4 A general inadmissibility result for affine equivariant esti-

mators

In this section, we first discuss the idea of invariance to the problem of estimating quantiles under
the loss function (5.2) with the common location parameter @. Also we show some inadmissibility
results for estimators which are equivariant under the location and affine group of transformations.

Let us define the affine group of transformations G, = {gap : 8ap(x) = ax+b,a>0,b € R}.
Under g, 5, (X1,X2,5%,53) — (aXi +b,aXa+b,a’S3,a*S3), (1, 6%,03) — (ap+b,a*c},a°03),60; —
a6; + b. The loss function (5.2) remains invariant under g, ; if 8 — ad + b. The estimation problem
is invariant if we choose the loss function (5.2). Therefore, an affine equivariant estimator satisfies
this relation,

d(aX| +b,aX> +b,a*S3,a*S3) = ad(X,,X,,57,53) + b.
The choice of b = —aX) and then a = Sl—l give us the form of an affine equivariant estimator for 6; as,

d(X17X2>S%>S%) = X1+S1(P<Q)7
= dy (say), (5.13)
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2
where U = (U,U,), Uy = XZS;IX‘ and U, = i%
1
Next, we apply the orbit-by-orbit improvement technique of Brewster and Zidek [27] to prove
a general result which provides a sufficient condition for the inadmissibility of an affine equivariant

estimator (5.13)) under the loss function (5.2)).

Theorem 5.4.1. Let dy = X1+ S19(U) be an affine equivariant estimator of 6y as in (5.13)) for esti-
mating 65 and the affine invariant loss as defined in (5.2)) is considered. Let us define the following

functions
¢o(u) = min{uy,0}, if @(u) <min{u,0},
= @), if min{u;,0} < @(u) <max{u;,0}
= max{u,0}, if @(u)> max{u;,0}, (5.14)
@1(u) = max{min{u1,0} + Nby;+n,, P(u)}, (5.15)
and
(PZ(Z) = min{max{ulvo} + nbnl-l-nzv (P(ﬂ)} (5.16)

Then the following results can be shown:
(i) Forn =0, the estimator dy is improved by dg, if Pg(¢(U) # ¢o(U)) > 0 for some values of .

(ii) For n >0, the estimator dg is improved by dg, if Pg(¢(U) < min{U,0} +Nby, 1n,) > 0 for

some values of 3.

(iii) For n <0, the estimator dy is improved by dg, if Pg(¢(U) > max{Uy,0} +Nby,4n,) > 0 for

some values of .

Proof. Let us consider the conditional risk function of dy given U = u, given by

R(E,dﬂg) = E{d<p—9J)2|Q:Z}-
= E{Xi+$19(U)—6,)’|U = u}. (5.17)

Being a convex function of ¢(z) the above risk function attains its minimum value at

_ E{(6,—=X)S1|U = u}

u,fB)= 5.18
Y T 7 19

It can be written in this form,

EP0)|U = u) E(%{Q}/zﬂzz)

TUmE@U=w " E@U=1)

Qx(u,A)= (5.19)
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\[1(X1 N) _ Vv (Xo—p) _ moy
P o Q1= Q2 = 62’ no?’

Here, we evaluate the conditional expectations in the above expression. For that, we are re-

where, P| =

62’

quired the conditional density functions of (P, Q1) given U = u and Q; given U = u. It can be easily
seen that P; follows the standard normal distribution, P> follows the normal distribution with mean
zero and variance A and Q1, Q; follows the chi-square distribution with (n; — 1) and (ny — 1) degrees
of freedom, respectively. Let P;,P>,Q and Q, are statistically independent random variables. So,

the joint density function of Py, P>, 01, Q> is given by

n =3 np—3

912 422

(p1+ +q1+qz)

f(p1,p2,91,92) = Ke™ ,—00 < pp < o0, —00 < py < oo,

q1 > 07512 > 07

where
1

T(U0(1)

Let us consider the transformation U = B-h 11 ,Ur= '%—QQIZ, Us = Q1 and U4 = P;. Then making the
a3

inverse transformation is P} = U4, P = \/_ (n1)U; U3 +Uy, Q1 =Usz,and Q> = ”1U2U3 . The Jacobin of

the transformation is J = ("LA Therefore, the joint probability density function of (U, U,,Us,Us)
is given by
1+A C1/14A Vi %2 _u3v np—3 nyptnp-3
fur,up,u3,us) = Ky me 2 (Gt 17 mus ) =5 uzz Uy 2 oo <1 < oo,

—oo < up <oo,up >0,uz >0, (5.20)

where K| = K"—‘,Z,H/ lzj’fﬁ and v = ﬂ_”i + 212 "‘tz 74 1.
(mA) "2~

Thus, we obtain marginal distributions of (U1,U2, U3) and (Uy,U,) from (5.20), respectively as

uzv np—3 np+np—3

flur,up,uz) =Kie” 2 uy* uy >, —oo<up <oo,up>0,u3>0,

and

+ny—1 —1
f(ul,uz) K121 = F(%

+ny—1
(%)

V-

,—oo < up < oo uy > 0.

Therefore, we can easily verify that the conditional distribution of Uy given (Uy,U,,Us) = (uy,uz, u3)
and U3 given (Uy,Us) = (u,us) as

—x u4+1+lu1u3

fU4|(U1,U2,U3)(u4‘(u17u27u3)) = 27T e T ) (521)

—o0 < Y < o0, —o0 < Uy < oo uy >0,u3 >0,
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and

V il 1 % _uzv
fus)wr,vp) W3] (1, w2)) = (5)7 72 =N r, (5.22)
2

—oo < up < oo,up > 0,u3 > 0.

respectively. Here the conditional density function of Uy|(Uy,U,,Us) follows normal distribution

_\/’Tl’““%
1+A 1+)L

(u1,up)) is gamma distribution with scale parameter V and shape parameter ngl This gives

function with mean and variance Also the conditional distribution of Us|((U;,U,) =

n+n—1

E(QIIQZE):E{Uﬂ(Ul,Uz):(m,uz)}:#» (5.23)
P 1
E{(GJ) Q%\Q:g} - E{ <2> UZ|(Uy,Uy) = (ul,uz)},
(o] o1
ni+ny—1 ]
= T e SIS
oxny+ny—1 .
- é%bnl—knz otherwise (5.24)

1 1
EPQIIU=u) = EUU3|U=u),
1
= EU3|Q |:E {U4U32 | (U17U27U3 = (M],MZ,M3))}:| )

)

B \/_1(n1+n2—1)u1
= — v+ 4) . (5.25)

Substituting the expressions from equations (5.23)) , (5.24) and (5.25)) in equation (5.19) , and sim-

plifying we have the minimizing choice as

ox(u,A) = Vb, 1n, if S7<83

1+/I

02 \/_ Vby, +n, otherwise (5.26)

1+7L

2
__ muy njuy :
where, v = T ) + 1. So, @ can be rewritten as,

ox(u,A) = 1+7L Vb, 1n, if S7<83
73] nzﬂ. .
= 132 +nVv n—lbn1+n2 otherwise (5.27)

Now, we have to find the minimum and maximum values of @« with respect to A for all values of 1

and u. The optimum choices for ¢x* give us the following cases:
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Case-I: When n =0,

inf), @ x (u,A) = min{u;,0} and sup, ¢ * (u, L) = max{u;,0}.

Case-II: When 17 > 0, u; >0, ¢ x (u, A ) is a decreasing function of A and so

inf @ (u,4) = limy .. @ % (1, 1) = by 1, and supy 9 (1, A) = limy g @ (1, 4) = +oo.

Case-III: When 1 <0, u; <0, infy @ * (u,A) > u; , (using lower bounds for both terms),
and sup, @ (u,A) > uj = +-oo.

Case-IV: Whennn <0, u; > 0,
supy, @ * (u,A) < uj +Nby, 4n,, (using upper bounds for both terms),
and inf @ * (u,A) = —oo.

Case-V: When 1 <0, u; <0, ¢ (u,A) is an increasing function of A and therefore,
infy @ (u,A) = —co and supy @ * (u, A) < uy + Nbp;4n,-

Using the above cases the orbit-by-orbit improvement technique of Brewster and Zidek [27] proves

the theorem. ]

Remark 5.4.2. Above results say that an affine equivariant estimators of the form (5.13) lying out-
side the interval (min{X1,Xo} 4+ Nby,+n,S1,max{X;, X2} + Nby,1n,S1) with a non zero probability

is inadmissible.

5.5 Numerical Comparisons

In this section, we numerically compare the bias and mean squared error risk values of the various
estimators ¢; (in section 2), i = 1,2,...,9. It is easily seen that the bias and mean squared error
risk functions of estimators o;,i = 1,...,9 depends on p = %,nl,nz, and |n|. For simulation, we
consider various values of 17 and p, but results for selected values are reported here. Brown and
Cohen [29] have given maximum acceptable limits of b and b, for the estimators o4 and os. The
estimators 0y, Q5 of the maximum values b and b, are improvements over X| of byax(n1,n2) and
bmax (n1,n2 — 3), respectively. If we take the values of by and b; close to zero, then estimators oy
and o5 tend to ;. If we can take the values of b, close to one, the estimator o5 tends to o. For
numerical comparisons, we select by and b, as %bmax(l’l],l’lz) and %bmax(l’ll,nz — 3), respectively.
The numerical values have been calculated using simulations based on 10,000 random samples of
size n; and ny, from two normal populations N (i, 67), and N(i, 67) respectively. In Tables|5.1|and
the bias and risk values have been presented when n; = n;. We notice that for equal sample size,

o = a3 and o7 = og. In Tables[5.215.3]and [5.4H5.6) we report the biases and risk performances of
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estimators when sample sizes are unequal, i.e n; # ny. If ny # ny, then estimator @ is not defined,
so, its bias and risk values are not reported for n; # ny. Furthermore, if n; = ny = 6 the coefficient
Op, equals to zero, therefore the estimator o is the same as ¢;. In Tables to bias and risk
performances of the estimators o;,i = 1,...,9 are presented. Three values in each cell represent bias
and risk values corresponding to three selection of choices of (n;,n,) mentioned above each table.
From tables we observe that all the absolute biases decrease as n; and n, increase. The absolute
bias values of the estimators ¢;,i = 1,...,9 increase as the value of p increases. From the tables and
graphs it is also observed that all risk values decrease as both n1 and n; increase. Risk values of the
estimators ¢;,i = 1,...,9 increase as p increases. From Tables and the graphs the following

conclusions can be made.

(a) (i) Absolute bias comparisons when sample sizes are equal (n; = ny)

From Table[5.1]and corresponding Figure it is observed that for small p(0 < p < 1.5)
the absolute biases of the estimators are almost same. The bias curves are not visible separately.
But when the value of p > 1.5, the absolute bias performances are visible separately and it is
observed that for small p (0 < p < 1) and sample sizes say n; > 6, the absolute bias of the

estimator oy is better than other estimators.

But when the value of p > 1, the absolute bias performance of o4 becomes better for ny > 6. As
the values of p and n; increase the performance of o; becomes better and in fact for p > 1 it
performs better than other estimators according to absolute bias. Another observation is that for

1 < p <2 and n; = 12 the performance of oy is better than all the other estimators.
(ii) Absolute bias comparisons when sample sizes are unequal (n| < ny)

From the Table [5.2] and Figure [5.4|—{5.6] we observe that for small p the bias curves of all
the estimators coincide and are not visible separately. But as p increases they become visible
separately. It is also observe that for higher values of sample sizes and p is small then the
performances of o, and a3 are better than other estimators. It is also observed that the estimator
0l behaves better than other estimators in few cases as the value of p increases. When n; and
ny increase the variability of the bias performances of all the estimators increase. They become
zig-zag. For n = 18, np =30 when 1 < p < 2.25 the bias of ¢ is smaller than other estimators.
Further, we noticed for (ny,n;) = (12,20) as p increases from 3.5 the bias performance of ¢

become better than other estimators.
(iii) Absolute biases comparisons when sample sizes are unequal (n; > n,)

From Table [5.3| and Figure we see that when 0 < p < 3 the bias performances of all

the estimators are more or less same and so the curves are not visible separately in this range of
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all the cases of (n1,n;). It is also observe that as the value of p increases the performances of the
estimators 0, ..., 0l become better and in fact, for p > 1 the estimators 0, 03, 07, 0ig and O
perform better than other estimators. For (n1,n;) = (10,6), o) and o are the same performance

for all the value of p.

(i) Risk comparisons when sample sizes are equal (n; = ny)

From Table and Figure we observe that for 0 < p < 2.5 the performances of
all the estimators are more or less same and the curves coincide. We also observe that for small
values of p the estimator o performs better than other estimators. As the value of p increases the
performances of the estimators &7 and 09 become better and in fact, for p < 1.50 the estimator
07 has smaller risk than other estimators in most of the cases. For 2 < p < 4 the estimator o

performs better than other estimators. This trend is observed for all three cases of (ny,ny).
(ii) Risk comparisons when sample sizes are unequal (n; < ny)

From Table[5.5|and Figure[5.13]—[5.15] it is observed that for 0 < p < 2 the risk performances of
all the estimators are almost same and the curves coincide. It is also observed that for all values
of p the performances of o and o3 are good and in fact for small p they perform better than
the other estimators. But as p increases the performances of o; and g become better and they
behave better than other estimators for 1 < p < 2. For p > 2.5 the risk values of a7, og and
09 become larger than other estimators. In this range the risk performance of all the estimators
excluding oy, ag and o are more or less same. As p increase the risk value of o9 becomes vary

high. This trend is observed for all three cases of (n1,n;).
(iii) Risk comparisons when sample sizes are unequal (n; > ny).

From Table[5.6and Figure [5.16]—5.18] we find that for any p the estimators ¢ and a3 perform
well and in fact for small p they perform better than other estimators. In general if we see, for any
p the estimators Q, ..., 0 perform better than other estimators. For p < 1.5 the performances
of o7, oy and o are better than other estimators. As p increase the risk value of o9 becomes

vary high. This tendency is seen for all three cases of (ny,n)).

Similar Risk and bias behavior are observed during simulation for various other values of ny,n,, p
and 1. We omitted the tables and comments for the sake of brevity. The absolute biases and risks
of all estimators are plotted for equal and unequal sample sizes. It is noticed from the figures

[5.1]5.18] that as the values of sample sizes increase the risks and absolute bias values decrease.
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Table 5.1: Bias values for (n,n;)= (6,6), (12,12), (18,18),n =1

% 21 o Ol 05 O 07 Oy
0.25 | -0.008464 | -0.008620 | -0.008496 | -0.008486 | -0.008464 | -0.008561 | -0.008522
-0.003694 | -0.003439 | -0.003683 | -0.003562 | -0.003591 | -0.003505 | -0.003524
-0.001966 | -0.001942 | -0.001961 | -0.001951 | -0.001952 | -0.001946 | -0.001950
0.50 | -0.036403 | -0.034263 | -0.036068 | -0.036100 | -0.036403 | -0.034417 | -0.034584
-0.010745 | -0.010064 | -0.010587 | -0.010393 | -0.010472 | -0.010187 | -0.010338
-0.006716 | -0.006333 | -0.006629 | -0.006472 | -0.006490 | -0.006405 | -0.006510
0.75 | -0.07715 | -0.078017 | -0.077421 | -0.077273 | -0.077150 | -0.077621 | -0.077070
-0.041462 | -0.039372 | -0.041191 | -0.040381 | -0.040652 | -0.039511 | -0.039662
-0.027363 | -0.026472 | -0.027261 | -0.026795 | -0.026850 | -0.026580 | -0.026695
1.00 | -0.129924 | -0.129845 | -0.129923 | -0.129913 | -0.129924 | -0.130103 | -0.130335
-0.081513 | -0.081521 | -0.081471 | -0.081517 | -0.081501 | -0.081575 | -0.081633
-0.061168 | -0.062342 | -0.061290 | -0.061917 | -0.061837 | -0.062318 | -0.062294
1.25 | -0.162436 | -0.160816 | -0.162212 | -0.162207 | -0.162436 | -0.160998 | -0.161284
-0.086936 | -0.086802 | -0.086914 | -0.086866 | -0.086887 | -0.086781 | -0.086726
-0.058719 | -0.059444 | -0.058770 | -0.059182 | -0.059104 | -0.059523 | -0.059602
1.50 | -0.167978 | -0.166697 | -0.167794 | -0.167797 | -0.167978 | -0.166637 | -0.166924
-0.078275 | -0.076475 | -0.078132 | -0.077344 | -0.077654 | -0.076226 | -0.076144
-0.043995 | -0.042951 | -0.043927 | -0.043329 | -0.043440 | -0.042490 | -0.041925
1.75 | -0.174916 | -0.173440 | -0.174778 | -0.174707 | -0.174916 | -0.171989 | -0.169846
-0.060646 | -0.061128 | -0.060720 | -0.060896 | -0.060838 | -0.060815 | -0.060355
-0.035611 | -0.034476 | -0.035548 | -0.034886 | -0.035008 | -0.033837 | -0.033006
2.00 | -0.175163 | -0.178630 | -0.175443 | -0.175654 | -0.175163 | -0.180133 | -0.182130
-0.057495 | -0.056359 | -0.057424 | -0.056907 | -0.057116 | -0.055666 | -0.054909
-0.027501 | -0.027527 | -0.027501 | -0.027517 | -0.027511 | -0.027533 | -0.027478
2.25 | -0.172052 | -0.171405 | -0.172075 | -0.171960 | -0.172052 | -0.170051 | -0.168733
-0.056142 | -0.055510 | -0.056078 | -0.055815 | -0.055921 | -0.055547 | -0.055879
-0.028608 | -0.028609 | -0.028594 | -0.028608 | -0.028600 | -0.029027 | -0.029663
2.50 | -0.170321 | -0.169440 | -0.170204 | -0.170196 | -0.170321 | -0.171371 | -0.176265
-0.056161 | -0.056027 | -0.056155 | -0.056091 | -0.056116 | -0.055447 | -0.054163
-0.025318 | -0.026295 | -0.025371 | -0.025942 | -0.025835 | -0.027060 | -0.028092
3.00 | -0.149662 | -0.151044 | -0.149749 | -0.149858 | -0.149662 | -0.152188 | -0.151752
-0.056717 | -0.056565 | -0.056697 | -0.056639 | -0.056663 | -0.056927 | -0.058129
-0.037370 | -0.039008 | -0.037448 | -0.038415 | -0.038225 | -0.041483 | -0.045563
3.50 | -0.162461 | -0.157308 | -0.161814 | -0.161731 | -0.162461 | -0.153834 | -0.149550
-0.058882 | -0.058272 | -0.058837 | -0.058566 | -0.058674 | -0.057475 | -0.055502
-0.033778 | -0.032104 | -0.033691 | -0.032710 | -0.032896 | -0.030670 | -0.028943
4.00 | -0.157353 | -0.158004 | -0.157352 | -0.157446 | -0.157353 | -0.158861 | -0.157696
-0.061539 | -0.060918 | -0.061486 | -0.061217 | -0.061321 | -0.061185 | -0.062013
-0.042517 | -0.044561 | -0.042617 | -0.043821 | -0.043589 | -0.046715 | -0.048939
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Table 5.2: Bias values for (n1,n;)= (6,10), (12,20), (18,30), n =1

% ai (0%] o3 Oy Os Og 07 og Cly

0.25 | -0.003302 | -0.004695 | -0.004716 | -0.003621 | -0.003839 | -0.003674 | -0.004466 | -0.004472 | -0.004222
-0.002319 | -0.001811 | -0.001807 | -0.002185 | -0.002002 | -0.002050 | -0.001894 | -0.001893 | -0.001967
-0.002203 | -0.001343 | -0.001342 | -0.001842 | -0.001609 | -0.001595 | -0.001446 | -0.001445 | -0.001651
0.50 | -0.026044 | -0.024196 | -0.024165 | -0.025643 | -0.025332 | -0.025573 | -0.024577 | -0.024570 | -0.024884
-0.005773 | -0.007001 | -0.007016 | -0.006063 | -0.006539 | -0.006387 | -0.006815 | -0.006818 | -0.006683
-0.003682 | -0.003682 | -0.003679 | -0.003753 | -0.003682 | -0.003741 | -0.003687 | -0.003687 | -0.003629
0.75 | -0.068119 | -0.065450 | -0.065309 | -0.067573 | -0.067091 | -0.067556 | -0.065788 | -0.065771 | -0.065858
-0.035911 | -0.033534 | -0.033463 | -0.035677 | -0.034428 | -0.035058 | -0.033808 | -0.033799 | -0.033645
-0.019157 | -0.019828 | -0.019838 | -0.019210 | -0.019621 | -0.019476 | -0.019717 | -0.019719 | -0.019711
1.00 | -0.110170 | -0.111675 | -0.111925 | -0.110263 | -0.110749 | -0.110299 | -0.111867 | -0.111889 | -0.112682
-0.069570 | -0.068917 | -0.068910 | -0.069457 | -0.069162 | -0.069251 | -0.069039 | -0.069038 | -0.069094
-0.053704 | -0.053172 | -0.053166 | -0.053656 | -0.053336 | -0.053445 | -0.053289 | -0.053289 | -0.053346
1.25 | -0.133040 | -0.134447 | -0.134731 | -0.133112 | -0.133582 | -0.133136 | -0.134786 | -0.134810 | -0.135662
-0.071287 | -0.070900 | -0.070913 | -0.071203 | -0.071046 | -0.071060 | -0.071197 | -0.071198 | -0.071586
-0.049003 | -0.050228 | -0.050260 | -0.049075 | -0.049851 | -0.049473 | -0.050237 | -0.050241 | -0.050550
1.50 | -0.131831 | -0.132025 | -0.131996 | -0.131854 | -0.131906 | -0.131846 | -0.131745 | -0.131742 | -0.131366
-0.056531 | -0.056010 | -0.055968 | -0.056510 | -0.056206 | -0.056425 | -0.055671 | -0.055665 | -0.054949
-0.028610 | -0.029298 | -0.029334 | -0.028620 | -0.029086 | -0.028757 | -0.029687 | -0.029691 | -0.030465
1.75 | -0.119030 | -0.121362 | -0.121674 | -0.119263 | -0.119928 | -0.119320 | -0.121627 | -0.121658 | -0.122952
-0.045879 | -0.046238 | -0.046269 | -0.045877 | -0.046103 | -0.045930 | -0.046363 | -0.046366 | -0.046629
-0.022554 | -0.023814 | -0.023868 | -0.022592 | -0.023426 | -0.022901 | -0.024361 | -0.024368 | -0.025577
2.00 | -0.123298 | -0.119987 | -0.119475 | -0.123010 | -0.122023 | -0.122928 | -0.119754 | -0.119713 | -0.118900
-0.047283 | -0.046332 | -0.046283 | -0.047214 | -0.046690 | -0.047011 | -0.046206 | -0.046200 | -0.045788
-0.023030 | -0.024025 | -0.024069 | -0.023061 | -0.023718 | -0.023304 | -0.024676 | -0.024682 | -0.026073
2.25 | -0.126571 | -0.123326 | -0.123036 | -0.126137 | -0.125322 | -0.126085 | -0.123672 | -0.123645 | -0.123230
-0.046341 | -0.046483 | -0.046455 | -0.046382 | -0.046430 | -0.046472 | -0.045897 | -0.045893 | -0.045066
-0.032609 | -0.030488 | -0.030410 | -0.032524 | -0.031142 | -0.031941 | -0.029870 | -0.029860 | -0.028348
2.50 | -0.125539 | -0.123653 | -0.123442 | -0.125323 | -0.124813 | -0.125291 | -0.123573 | -0.123550 | -0.122416
-0.049896 | -0.047534 | -0.047378 | -0.049775 | -0.048422 | -0.049330 | -0.046477 | -0.046457 | -0.043912
-0.034373 | -0.034272 | -0.034270 | -0.034365 | -0.034303 | -0.034327 | -0.034233 | -0.034232 | -0.034097
3.00 | -0.122881 | -0.123638 | -0.123815 | -0.122927 | -0.123173 | -0.122936 | -0.122671 | -0.122659 | -0.118841
-0.058227 | -0.053376 | -0.053051 | -0.057982 | -0.055201 | -0.057068 | -0.051123 | -0.051080 | -0.046071
-0.033617 | -0.034397 | -0.034431 | -0.033643 | -0.034156 | -0.033834 | -0.035106 | -0.035113 | -0.036823
3.50 | -0.125889 | -0.123904 | -0.123414 | -0.125754 | -0.125125 | -0.125733 | -0.122063 | -0.122004 | -0.117349
-0.058542 | -0.059140 | -0.059184 | -0.058568 | -0.058915 | -0.058674 | -0.059467 | -0.059473 | -0.060615
-0.038507 | -0.036201 | -0.036094 | -0.038433 | -0.036912 | -0.037878 | -0.033636 | -0.033615 | -0.027136
4.00 | -0.127738 | -0.127552 | -0.127543 | -0.127720 | -0.127667 | -0.127718 | -0.127498 | -0.127494 | -0.123952
-0.052955 | -0.056041 | -0.056276 | -0.053095 | -0.054880 | -0.053641 | -0.059765 | -0.059813 | -0.069960
-0.043361 | -0.043611 | -0.043625 | -0.043367 | -0.043534 | -0.043419 | -0.044260 | -0.044265 | -0.045625
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Table 5.3: Bias values for (n1,n,)= (10,6), (20,12), (30,18), n =1

P (291 (2%} o3 Oy s Og o7 o3 09

0.25 | -0.007091 | -0.007325 | -0.007319 | -0.007127 | -0.007129 | -0.007091 | -0.007304 | -0.007304 | -0.007185
-0.003136 | -0.003677 | -0.003673 | -0.003326 | -0.003435 | -0.003362 | -0.003600 | -0.003599 | -0.003353
-0.001334 | -0.002083 | -0.002079 | -0.001569 | -0.001834 | -0.001800 | -0.001963 | -0.001962 | -0.001645
0.50 | -0.022872 | -0.023270 | -0.023227 | -0.022972 | -0.022937 | -0.022872 | -0.023257 | -0.023254 | -0.023141
-0.008830 | -0.008436 | -0.008441 | -0.008739 | -0.008612 | -0.008657 | -0.008516 | -0.008517 | -0.008671
-0.004564 | -0.004700 | -0.004698 | -0.004597 | -0.004655 | -0.004652 | -0.004679 | -0.004679 | -0.004627
0.75 | -0.064712 | -0.063960 | -0.064055 | -0.064558 | -0.064590 | -0.064712 | -0.063870 | -0.063880 | -0.063978
-0.032263 | -0.031337 | -0.031365 | -0.032111 | -0.031751 | -0.031782 | -0.031433 | -0.031437 | -0.031730
-0.021177 | -0.020586 | -0.020596 | -0.021104 | -0.020782 | -0.020727 | -0.020637 | -0.020638 | -0.020814
1.00 | -0.111381 | -0.111484 | -0.111468 | -0.111327 | -0.111398 | -0.111381 | -0.111594 | -0.111591 | -0.111626
-0.070306 | -0.069636 | -0.069677 | -0.070254 | -0.069935 | -0.069840 | -0.069481 | -0.069486 | -0.069575
-0.053460 | -0.053155 | -0.053170 | -0.053451 | -0.053256 | -0.053087 | -0.052933 | -0.052936 | -0.052873
1.25 | -0.138266 | -0.137758 | -0.137789 | -0.138200 | -0.138184 | -0.138266 | -0.137960 | -0.137961 | -0.138217
-0.071055 | -0.071143 | -0.071147 | -0.071073 | -0.071103 | -0.071051 | -0.070979 | -0.070980 | -0.070869
-0.050957 | -0.051066 | -0.051067 | -0.050973 | -0.051030 | -0.051003 | -0.050902 | -0.050903 | -0.050766
1.50 | -0.137209 | -0.139476 | -0.139123 | -0.137396 | -0.137577 | -0.137209 | -0.139504 | -0.139477 | -0.138784
-0.061067 | -0.059947 | -0.060021 | -0.060975 | -0.060447 | -0.060271 | -0.059209 | -0.059221 | -0.058956
-0.028101 | -0.028454 | -0.028439 | -0.028121 | -0.028337 | -0.028507 | -0.028751 | -0.028748 | -0.028916
1.75 | -0.135426 | -0.135457 | -0.135359 | -0.135374 | -0.135431 | -0.135426 | -0.136632 | -0.136609 | -0.137576
-0.042238 | -0.043873 | -0.043774 | -0.042382 | -0.043143 | -0.043390 | -0.044747 | -0.044732 | -0.045119
-0.022115 | -0.021298 | -0.021335 | -0.022073 | -0.021569 | -0.021138 | -0.020511 | -0.020518 | -0.020074
2.00 | -0.125822 | -0.124019 | -0.124348 | -0.125587 | -0.125530 | -0.125822 | -0.121946 | -0.122006 | -0.120421
-0.035953 | -0.036249 | -0.036236 | -0.035985 | -0.036116 | -0.036121 | -0.036223 | -0.036222 | -0.036076
-0.019032 | -0.018998 | -0.018998 | -0.019029 | -0.019009 | -0.019028 | -0.019205 | -0.019204 | -0.019519
2.25 | -0.130787 | -0.132194 | -0.131914 | -0.130942 | -0.131015 | -0.130787 | -0.133397 | -0.133357 | -0.133955
-0.035683 | -0.036058 | -0.036027 | -0.035705 | -0.035891 | -0.035982 | -0.036745 | -0.036737 | -0.037396
-0.014677 | -0.013159 | -0.013224 | -0.014592 | -0.013663 | -0.012954 | -0.012080 | -0.012090 | -0.011764
2.50 | -0.109167 | -0.110303 | -0.110111 | -0.109284 | -0.109351 | -0.109167 | -0.111542 | -0.111505 | -0.112956
-0.036525 | -0.036074 | -0.036104 | -0.036492 | -0.036275 | -0.036160 | -0.035133 | -0.035144 | -0.033635
-0.017960 | -0.019731 | -0.019649 | -0.018051 | -0.019144 | -0.020142 | -0.021951 | -0.021933 | -0.023550
3.00 | -0.095615 | -0.094135 | -0.094430 | -0.095509 | -0.095375 | -0.095615 | -0.092944 | -0.092984 | -0.092848
-0.026985 | -0.026303 | -0.026343 | -0.026928 | -0.026608 | -0.026530 | -0.026054 | -0.026059 | -0.025964
-0.023927 | -0.023752 | -0.023759 | -0.023917 | -0.023810 | -0.023747 | -0.023790 | -0.023791 | -0.024004
3.50 | -0.095304 | -0.097202 | -0.096812 | -0.095423 | -0.095612 | -0.095304 | -0.100323 | -0.100239 | -0.104164
-0.036275 | -0.037663 | -0.037557 | -0.036375 | -0.037043 | -0.037421 | -0.040036 | -0.040008 | -0.042621
-0.020150 | -0.020855 | -0.020820 | -0.020184 | -0.020621 | -0.021111 | -0.022940 | -0.022926 | -0.026114
4.00 | -0.090968 | -0.088980 | -0.089305 | -0.090829 | -0.090646 | -0.090968 | -0.089689 | -0.089696 | -0.094040
-0.037401 | -0.037206 | -0.037225 | -0.037391 | -0.037293 | -0.037180 | -0.035226 | -0.035245 | -0.030129
-0.022520 | -0.024099 | -0.024021 | -0.022598 | -0.023576 | -0.024646 | -0.028507 | -0.028477 | -0.035465




Table 5.4: Risk values for (n1,n7)= (6,6), (12,12), (18,18), n =1
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0.021855
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0.157845
0.071167
0.045373
0.213531
0.089411
0.057703
0.277318
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0.086572
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0.447051
0.188371
0.119065
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0.214208
0.142006
0.587802
0.249218
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0.001732
0.000708
0.000457
0.009974
0.003877
0.002361
0.024921
0.010956
0.007020
0.052461
0.024320
0.015491
0.093786
0.041949
0.026655
0.140465
0.061571
0.038314
0.203656
0.079563
0.050116
0.269186
0.104669
0.064409
0.335313
0.129145
0.079450
0.393206
0.151180
0.096742
0.446622
0.182913
0.113634
0.535883
0.209898
0.137212
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0.246472
0.161711

0.010373
0.00378
0.002524
0.020875
0.008900
0.005989
0.035421
0.016732
0.011364
0.064619
0.031620
0.020686
0.106749
0.050078
0.032187
0.151653
0.069038
0.044316
0.207712
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0.056640
0.271067
0.113044
0.071137
0.335399
0.135244
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0.394355
0.160144
0.102284
0.441195
0.186653
0.118247
0.510993
0.212681
0.141301
0.582242
0.247963
0.165484

0.012149
0.002309
0.001078
0.022026
0.005746
0.003084
0.035846
0.012703
0.007744
0.064606
0.026221
0.016076
0.106083
0.043589
0.027067
0.150549
0.062333
0.038654
0.206247
0.079841
0.050403
0.269268
0.104740
0.064534
0.333173
0.127861
0.079215
0.391812
0.151128
0.096120
0.438435
0.180270
0.112930
0.509292
0.206890
0.136535
0.580010
0.243304
0.161084

0.015795
0.003168
0.001273
0.026258
0.006762
0.003312
0.040138
0.013860
0.008035
0.070030
0.027813
0.016510
0.112517
0.045542
0.027594
0.157845
0.064318
0.039246
0.213531
0.081993
0.051039
0.277318
0.107118
0.065178
0.341344
0.129834
0.079782
0.401355
0.153685
0.096635
0.447051
0.181829
0.113352
0.515584
0.208262
0.136916
0.587802
0.244328
0.161432

0.002085
0.000865
0.000567
0.010082
0.004025
0.002496
0.023919
0.010750
0.006988
0.050290
0.023749
0.015205
0.090046
0.041125
0.026379
0.137214
0.061510
0.038386
0.201607
0.081070
0.051223
0.272184
0.108641
0.067673
0.343820
0.138650
0.086113
0.418073
0.163622
0.107504
0.490892
0.213103
0.133069
0.620946
0.253788
0.165588
0.735302
0.308911
0.201048

0.004726
0.002182
0.00148
0.011628
0.004848
0.003089
0.023744
0.010895
0.007160
0.049371
0.023559
0.015101
0.089236
0.041358
0.026662
0.141709
0.064910
0.040531
0.216380
0.090803
0.057665
0.312887
0.130613
0.083206
0.418437
0.183719
0.116046
0.570204
0.234294
0.158728
0.773488
0.378538
0.242797
1.178648
0.542979
0.361855
1.692821
0.784411
0.512820
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Table 5.5: Risk values for (n1,n2)= (6,10), (12,20), (18,30),n =1
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0.015472
0.007516
0.005251
0.024630
0.011213
0.007286
0.037807
0.018353
0.011317
0.063526
0.031040
0.020485
0.097406
0.045953
0.030525
0.136209
0.064572
0.041307
0.175592
0.083282
0.055012
0.221332
0.104804
0.069227
0.274996
0.129970
0.083367
0.331730
0.156888
0.102586
0.387588
0.178306
0.120676
0.452634
0.219954
0.145883
0.513660
0.248650
0.165830

0.001020
0.000421
0.000283
0.007057
0.002520
0.001475
0.018799
0.008360
0.004885
0.039643
0.018337
0.011938
0.069820
0.031324
0.020627
0.108786
0.048305
0.030603
0.149679
0.066727
0.043292
0.194637
0.087690
0.056691
0.247009
0.111204
0.072522
0.307564
0.139989
0.089960
0.367343
0.165346
0.111796
0.444953
0.205710
0.137662
0.510280
0.237772
0.156613

0.000999
0.000420
0.000282
0.006950
0.002513
0.001473
0.018607
0.008331
0.004881
0.039510
0.018307
0.011932
0.069920
0.031338
0.020619
0.109418
0.048349
0.030628
0.151807
0.066866
0.043338
0.198070
0.087982
0.056752
0.252354
0.111595
0.072686
0.314990
0.140570
0.090111
0.376571
0.166096
0.112050
0.457122
0.206412
0.137948
0.524454
0.238781
0.156799

0.008450
0.003259
0.002377
0.017956
0.008071
0.005509
0.031963
0.015918
0.010083
0.057189
0.028648
0.019278
0.090680
0.043592
0.029421
0.129870
0.062274
0.040221
0.169141
0.081104
0.053928
0.214641
0.102574
0.068162
0.267690
0.127675
0.082411
0.324715
0.154800
0.101571
0.381570
0.176679
0.119919
0.448086
0.218344
0.145186
0.509535
0.247224
0.165173

0.006604
0.001426
0.000763
0.01391
0.003803
0.002018
0.026084
0.009827
0.005491
0.048370
0.020133
0.012715
0.078972
0.033030
0.021508
0.116744
0.050043
0.031314
0.154605
0.068156
0.044006
0.198257
0.088649
0.057417
0.249609
0.112296
0.072514
0.306321
0.140074
0.090292
0.364354
0.164643
0.111400
0.434718
0.205625
0.137089
0.497625
0.236434
0.156714

0.008743
0.001686
0.000761
0.017698
0.004869
0.002463
0.031451
0.012034
0.006569
0.056419
0.023784
0.014763
0.089595
0.038000
0.024437
0.128687
0.056200
0.034842
0.167783
0.074938
0.048176
0.213123
0.096050
0.062181
0.266050
0.120662
0.076901
0.323015
0.148212
0.095510
0.379911
0.171373
0.115293
0.446823
0.212940
0.140846
0.508369
0.242461
0.160917

0.001352
0.000551
0.000376
0.007524
0.002783
0.001627
0.018783
0.008474
0.004981
0.038727
0.018171
0.011892
0.067105
0.030687
0.020329
0.104857
0.047255
0.030253
0.145031
0.065972
0.043227
0.191439
0.087889
0.057228
0.248650
0.114190
0.075025
0.313384
0.145344
0.094433
0.391112
0.179374
0.123058
0.491261
0.229508
0.155476
0.587909
0.277441
0.182036

0.001336
0.000548
0.000374
0.007488
0.002776
0.001624
0.018735
0.008463
0.004977
0.038680
0.018160
0.011888
0.067086
0.030685
0.020327
0.104924
0.047269
0.030261
0.145288
0.066020
0.043249
0.191932
0.087991
0.057269
0.249532
0.114368
0.075107
0.314694
0.145617
0.094549
0.393292
0.179828
0.123261
0.494560
0.230169
0.155775
0.592594
0.278406
0.182429

0.002760
0.001276
0.000893
0.008158
0.003168
0.001877
0.018410
0.008345
0.004950
0.038178
0.017879
0.011777
0.067247
0.031280
0.020612
0.110424
0.050337
0.032757
0.163732
0.075767
0.049993
0.233111
0.109731
0.071727
0.335855
0.158229
0.104427
0.453290
0.217730
0.143818
0.693887
0.328623
0.225988
1.031217
0.496192
0.339231
1.493094
0.720735
0.479984




Table 5.6: Risk values for (n1,n,)= (10,6), (20,12), (30,18), 1 =1
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0.009409
0.004685
0.003118
0.016022
0.007489
0.004916
0.025768
0.012343
0.008267
0.047141
0.023038
0.014778
0.079046
0.034794
0.023433
0.115481
0.049883
0.029373
0.151629
0.060392
0.035400
0.195467
0.070657
0.041424
0.238609
0.079166
0.050036
0.281060
0.093216
0.061847
0.298901
0.110558
0.073995
0.345083
0.133090
0.086218
0.363403
0.150150
0.099292

0.001462
0.000687
0.000450
0.007543
0.003244
0.002203
0.018677
0.008323
0.005492
0.040409
0.018777
0.011857
0.073070
0.031329
0.020510
0.110384
0.044879
0.026404
0.147603
0.057566
0.032977
0.195539
0.069202
0.038705
0.242195
0.076614
0.046935
0.287455
0.089623
0.058546
0.301331
0.106652
0.071761
0.351117
0.130844
0.083606
0.367875
0.147671
0.097485

0.001499
0.000689
0.000450
0.007684
0.003256
0.002204
0.018726
0.008332
0.005494
0.040141
0.018760
0.011853
0.072382
0.031228
0.020487
0.109098
0.044810
0.026364
0.145740
0.057324
0.032909
0.192256
0.068836
0.038635
0.238033
0.076267
0.046874
0.282618
0.089296
0.058487
0.296859
0.106374
0.071673
0.344989
0.130524
0.083560
0.362398
0.147393
0.097409

0.006012
0.002595
0.001796
0.013028
0.006082
0.004180
0.023297
0.011314
0.007740
0.044565
0.022081
0.014311
0.076425
0.033938
0.022990
0.112527
0.048901
0.028945
0.148769
0.059616
0.035025
0.192592
0.069988
0.041035
0.236165
0.078399
0.049632
0.278291
0.092341
0.061436
0.296613
0.109726
0.073677
0.342627
0.132484
0.085914
0.361385
0.149573
0.099041

0.007042
0.001489
0.000740
0.013426
0.004072
0.002466
0.023267
0.009018
0.005752
0.044241
0.019299
0.012047
0.075835
0.031289
0.020572
0.111808
0.045323
0.026410
0.147875
0.056888
0.032751
0.191646
0.067760
0.038558
0.235049
0.075598
0.046884
0.277375
0.088994
0.058544
0.295152
0.106333
0.071523
0.341354
0.130040
0.083621
0.360035
0.147143
0.097294

0.009409
0.001993
0.000822
0.016022
0.004285
0.002361
0.025768
0.008918
0.005494
0.047141
0.018920
0.011703
0.079046
0.030876
0.020334
0.115481
0.044672
0.026360
0.151629
0.056475
0.032968
0.195467
0.067502
0.038913
0.238609
0.075275
0.047234
0.281060
0.088642
0.058994
0.298901
0.105940
0.072527
0.345083
0.129907
0.084248
0.363403
0.147109
0.098463

0.001660
0.000794
0.000519
0.007429
0.003266
0.002213
0.017895
0.008161
0.005417
0.039262
0.018510
0.011735
0.072378
0.031632
0.020747
0.111059
0.045992
0.027668
0.153188
0.061619
0.035600
0.208539
0.076623
0.043522
0.263541
0.088243
0.054091
0.318231
0.106360
0.068685
0.352237
0.132436
0.088675
0.434534
0.166140
0.105386
0.472602
0.196573
0.129095

0.001673
0.000797
0.000520
0.007448
0.003270
0.002214
0.017896
0.008162
0.005418
0.039205
0.018500
0.011731
0.072218
0.031596
0.020733
0.110731
0.045930
0.027638
0.152608
0.061489
0.035547
0.207519
0.076418
0.043441
0.262108
0.087954
0.053978
0.316269
0.105973
0.068531
0.349512
0.131872
0.088442
0.430469
0.165402
0.105089
0.467681
0.195587
0.128692

0.004113
0.002048
0.001356
0.009055
0.004120
0.002740
0.018097
0.008459
0.005629
0.038111
0.018205
0.011564
0.070475
0.031092
0.020457
0.109865
0.046522
0.028247
0.158176
0.065403
0.038172
0.224707
0.086485
0.050780
0.298954
0.109602
0.068826
0.383941
0.144480
0.094185
0.500422
0.218686
0.146123
0.723293
0.315817
0.207402
0.948421
0.457667
0.302410
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Graphs of absolute Bias values for n; = ny, ny < np and n; > np with n = 1.
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Figure 5.1: Comparison of Bias values of different estimators for n; = 6,n, = 6.
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Figure 5.2: Comparison of Bias values of different estimators for n; =
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Figure 5.3: Comparison of Bias values of different estimators for ny = 18,1, = 18.
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Figure 5.5: Comparison of Bias values of different estimators for n; = 12,n, = 20.
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Figure 5.6: Comparison of Bias values of different estimators for ny = 18,1, = 30.
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Figure 5.8: Comparison of Bias values of different estimators for ny = 20,n; = 12.
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Figure 5.9: Comparison of Bias values of different estimators for ny = 30,1, = 18.
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Figure 5.10: Comparison of Risk values of different estimators for n; = 6, ny = 6.
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Figure 5.11: Comparison of Risk values of different estimators for n; = 12, np = 12.
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Figure 5.12: Comparison of Risk values of different estimators for n; = 18, np = 18.
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Figure 5.15: Comparison of Risk values of different estimators for ny = 6, ny = 10.
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Chapter 6

Admissible and Minimax Estimators of
Parameter of the Selected Pareto Population

under the Generalized Stein Loss Function

6.1 Introduction

The Pareto distribution has been commonly used for approximating the right tails of distributions
with positive skewness. This is also used to model the distribution of income, geophysical, migration,
size of cities and firms, engineering field, property values, insurance risk, word frequencies, business
mortality, etc. Such types of applications and estimation of parameters in the context of Pareto
distribution have been discussed by many authors such as Malik[76] and Kern [61], Asrabadi [14],
Amin [8]], Dixit and Nooghabi [38]], Bhattacharya et al. [25]] and Mulekar and Fukasawa [97]].
Let ITy, ..., IT; be k(> 2) populations with IT; having Pareto distribution, with associated prob-
ability density function(p.d.f.)
f(x]@i,ﬁ)zﬁﬁi’ﬁ, 0;<x<oo, 0<PB, i=1,...,k, (6.1)
xB+1
where, 6;’s and 3 are unknown scale and the common known shape parameters respectively. Suppose
we have random sample Xy, ..., Xj, from the population IT;,i = 1,...,k, and let X; = min{X;;, ..., Xi },
i=1,...,k. The statistic X = (Xy,...,X}) is sufficient and complete statistics and the density of X; has
the monotone likelihood ratio property in (6;,X;). Then clearly X; follows Pareto (6;,nf3) distribution

and the corresponding density function is

np Oi"ﬁ

g(x\@i,ﬁ)zxnﬁH, 0, <x<o, 0<pB, i=1,..k (6.2)

85



86

Let X(1) < X(3) <,...,< X() represent the order statistics of {X1,X3,...,X;}. In this problem, for
selecting the best population, we use natural selection rule, according to which the population as-
sociated with the largest or smallest X; is selected as the best population. Let 6y (6s) be the scale
parameter of the selected population corresponding to the largest (smallest) X;. We are interested in
estimating 67 and O, which can be written as
k k
0 = Z 0;1 (Xi,maij> and 05 = Z 0,1 <Xi,mian> . (6.3)
i=1 J# i=1 J#
Here, we use the indicator function /(a,b) defined by
I, if a>b
I(a,b) =
0, if a<b.

For our convenience, throughout this chapter we denote the population corresponding to the largest
X; as the largest population and the population corresponding to the smallest X; as the smallest
population. Recently, some authors have carried out studies on estimating scale parameter of the
selected Pareto population under various loss functions. The Uniformly Minimum Variance Unbi-
ased (UMVU) estimator was obtained by Misra and van der Meulen [86] under squared error loss
function. They also compared performances of three natural estimators and UMVU estimator under
the mean squared error criterion. The UMVU estimator and an admissible class of linear estimators
of selected scale parameter, as well as a general inadmissibility results from Pareto family for the
scale-invariant estimators, were discussed by Kumar and Gangopadhyay [66] under squared error
loss function. Nematollahi [99] considered estimation of scale parameters of selected Pareto popu-
lation under the squared log error loss function. He obtained the UMVU estimator, and presented a
sufficient condition of minimaxity of an estimator of scale parameters, as well as proved that natural
estimators and UMRU estimator are minimax for smallest population. He has obtained the general
class of linear admissible estimators of selected scale parameters and obtained a general inadmis-
sibility result for the scale invariant estimators of the selected smallest population. Al-Mosawi and
Khan [3] considered the case k > 2 Pareto populations and estimated the moments of the selected
population. They proposed minimum risk equivariant (MRE) estimator of the scale parameter for
the component problem when no selection is involved. They also constructed risk-unbiased esti-
mators and studied consistency and admissibility of the natural estimators under the asymmetric
scale-invariant loss function. For selected values of the order of moments and shape parameter, they
further obtained the biases and risks of the natural estimators and compared the performance of the
estimators through the simulation study as well.

Estimation after selection has been studied under various loss functions, either symmetric or

asymmetric. Quadratic , squared error, Scale invariant squared error loss functions have been used
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in the literature. These loss functions are symmetric about the parameter value. Symmetric loss
(Squared error loss) function assigns the same penalties to over-estimation and under-estimation of
the same magnitude (Gupta and Miescke [S3]; Parsion and Sanjari Farsipour [[104] etc.). The uti-
lization of the symmetric loss functions is not appropriate for estimation of the selected parameters,
because it is not a scale-invariant loss function. So, an asymmetric loss function is needed to be
applied (this kind of loss function has been implemented by some researchers such as Zellner[135]],
Sadooghi-Alvandi [115], Basu and Ebrahimi [22], etc.). This loss is useful in situations where un-
derestimation appears to have greater significance than over-estimation. Zellner [[135] expressed that
in the dam construction, an underestimation of the peak water level is commonly much more serious
than an overestimation. One famous asymmetric loss function that has been considered for handling

such situations is the generalized Stein loss (GSL) function given by

L(g(0),%) = (%)p—pln (%) —1, p#o0. (6.4)
¥

This loss function is not symmetric but convex in A = 20 when p=1 and quasi-convex otherwise,
and has a unique minimum at A = 1, GSL is scale invariant and also is useful in situations where
under-estimation and over-estimation do not have the same penalty. The GSL function with negative
p values penalizes over-estimation more than under-estimation and with positive p values it acts

vice-versa. It is worth mentioning that near A = 1,

() (i) 1~ (1)

and for small |p| values,

(%)p—mn (o)1= 2 (¥~ ng(6)).

The remainder of the chapter is organized as follows. In Section the uniform minimum risk
unbiased (UMRU) estimator of 0; and Og are derived based on the results of Nematollahi and Jafari
Jozani [100]. In Section we have proved a sufficient condition for minimaxity of estimators of
0 and 6Og, and shown that the generalized Bayes estimators of 5 are minimax for k =2. We have ob-
tained a class of admissible linear estimators of 6;, and 6s in Section [6.4] The technique of Brewster
and Zidek [27] is employed to provide a sufficient condition for inadmissibility of some scale and
permutation invariant estimators of 6g and the UMRU estimator of 6s is shown to be inadmissible
and provided some dominated or better estimators. Finally, some results and discussions are given

in section [6.3]
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6.2 UMRU Estimation

In this section, we introduce the concept of the general form of uniformly minimum risk unbiased
(UMRU) estimator of 6; and obtain the conditions for the risk-unbiased estimator under the GSL
function (6.4). Then we derive the UMRU estimators of 6y and s given in (6.3)). The following

definition of risk-unbiased estimator is adopted from Lehmann [71]].

Definition 6.2.1. [Lehmann [71]] An estimator W(X) of the parameter g(0) is said to be risk-

unbiased if it satisfies the inequality

/

Eo[L(5(0),¥(X))] < Eg[L(3(6),¥(X))],  forall 0 £6'.

A decision-theoretic approach of unbiasedness that mainly depends on the type of loss func-
tions is applied. Using the definition and the GSL function (6.4), an estimator ¥(X) is a

risk-unbiased estimator of the parameter g(0), if it satisfies the following condition
Eg[PP (X)) = g”(0), forall @. (6.5)
So, the condition for being risk-unbiased estimator of 6y is given by
Eq[¥"(x)| =Eg [6)], for all 6.

Nematollahi and Jafari Jozani [100] introduced the concept of UMRU estimation for the random

parameter g(0)(= O.or Os) under the general &-loss function

L(g(0).'¥) = (£(¥) —£(5()))%,

while it has risk-unbiased condition Eg[& (W(X))] = Eg[E(g(6))]. They have shown that for Pareto

distribution under the £ — loss function, the UMRU estimators of 6, and 6y are given by

W) = & | EX) = = Y€ (X)X, (—X@)nﬁ 6.6)
L(X)= W)~ p &S Xo)Xo | x :
and
U | / X() X() e
Ys(X)=E&" | E(X1)) —& (X(l))_nﬁ 1— (X_(2)> (6.7)

respectively. Since the unbiased condition under GSL function, is equivalent to unbiased condition
under &-loss function with & (x) = x?, then from (6.6)) and the UMRU estimators of 6 and 6y
for Pareto population under the GSL function (6.4) are given by

1/p

U p (X"



89

and
X0 )"
W) —xy [1- 24 2 (g> ©9)

respectively.

Remark 6.2.1. Let X} < --- < Xy denote the ordered values of random variable X1,X, ..., X. For
p = —1, it should be mentioned from and (6.9), that the UMRU estimators of scale parameters

0, and Os under the entropy loss function are given by

X
¥ (X) = hiaal0 (6.10)
k X(i) np—1
"B+ (51
and
X
WU (x) = np “)X = 6.11)
(nB+1)— (52)
respectively.

6.3 Minimax estimation

In this section, we deal with minimax estimation of selected scale parameters when we have two
independent populations II; and Il, i.e. kK = 2. We are able to provide a sufficient condition for
minimaxity of estimators of 67 and 65 under the GSL function as defined in (6.4), and next we prove

that generalized Bayes estimators of 6 is minimax.

6.3.1 Sufficient condition for minimaxity

We use some results of Sackrowitz and Samuel-Cahn [114] for finding the sufficient condition of

minimax estimation. We state the following theorem for the desired sufficient condition.

Theorem 6.3.1. Suppose X;1,...,Xi, denotes a random sample of size n from Pareto population and
having the density (6.1). Let X(; =min(X1, ..., Xin),i = 1,2, and X1y < X(5) are the ordered statistics
of X1,Xa. An estimator ¥*(X1,X) is minimax for g(0) = 6y, or 65 under the GSL function as defined
in if its risk satisfies

. nf p
R(g(6),%*) <In <nﬁ_p) ~B 6.12)
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Proof. To establish the inequality (6.12)), the consequences of Sackrowitz and Samuel-Cahn [114]
are applied to determine the minimax estimator in the component problem for 6;,i = 1,2. Nematol-

lahi [99] considered the following prior for 6;,i = 1,2,

L
G.m
(6)=—~——, 0<6 <a (6.13)

mam

Since X;|6; has pareto pdf (6.2)), the posterior density can be effortlessly obtained, that’s defined as

1_
(”B —|—%)91nﬁ+m 1

(ag)"P

Hf”(91|x,) = R 0<6 < min(x,-,a) = a}". (6.14)

It is straightforward to see that the Bayes estimator of 6; under the GSL function is identical to

1
p

1
1 o nB—p+i
Wi (x;) = |E | =5 |xi =a |——— 2 6.15
) = | (Q-"‘xl)] R o
and the posterior risk of W (X;) is given by
[ ¥ m |\ X; p ¥ m\X;
r(x,’,‘PH;n(x,-)) =F < Hle( l)) —pln( Hle( l)> — l‘xi]
i i i
[ 1
=In|E (?|x,)} + pE (11’1 Bi‘x,-)
L i
- 1
=In ik |~ £ 1
_nB —p+ P nﬁ + m
Since the posterior risk does not depend on x;, therefore the Bayes risk of Wy (x;) is also
+1
r (H;-”,‘{‘Hm> | P m |- P 12 (6.16)
’ (nB—p+5)| nB+y,

Now consider the Bayes estimator of 6 and 65 under the GSL function (6.4). Suppose 6; and
0, are independently and identically distributed (i.i.d.) random variables with prior, whose density
is (6.13)) with a = m. Then using the result of Sackrowitz and Samuel-Cahn [114] (from lemma 3.2)
and equation (6.13), the unique Bayes estimator of 6;, and 6 under the GSL function, and the prior
IT" = (I17},I15) are given by

1
_ nB—p+L|”
lp’l”(xl,xz) = mm(X(z),m) [% (617)
and
1
" . nB—pty |’
‘PZ (Xl,Xz) = mln(X(l),m) [é}ﬁT (618)
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respectively. Since the posterior risk of the component problem is independent of x = (x1,x,), there-
fore by using the result of Sackrowitz and Samuel-Cahn [[114] (from Theorem 3.1), the Bayes risk
ri(IT", W) of W' (X1,X2),i = 1,2, are the same as the one given in (6.16)), i.e.,

rp (17 9Y) = ry (I, W) = (IT7, W)

L1
=1In nB ml — P 1,121,27
mB—p+5)| nB+,,
and hence
lim 7 (IT", ™) = In I A (6.19)
R (O N

Now, we apply result of Sackrowitz and Samuel-Cahn [114] (from Theorem 3.2), the estimator

W1 (X1,X>) and Ws(X;,X>) are minimax for 6, and 6g, respectively, if

: * m my\ __ nﬁ . p
R(6.,¥) < ,,lll_r&rl (I, ¥7") = In {—(nﬁ —p)] _nﬁ (6.20)
and
. * m my\ __ I’lﬁ . p
R(65,¥s) < n%g)riorz(n ,P5) =1n [—(nﬁ —p)} —nB, (6.21)

where R(6.,¥;) and R(6s,¥s) are the risk functions of ¥, and Wy under the GSL function, re-

1
spectively. We should note that the limiting Bayes estimators W{ (X;,X>) = X2 <”ﬁ—_”> " and

np
1
Y3 (X1,X0) = X <"ﬁ—gp) " of 6, and Oy are Generalized Bayes estimators of 6; and 6g under the
noninformative prior I1;(0) = 9%7 6;>0,i=1,2. O

6.3.2 Minimax estimators of Selected Parameters

Consider the assumption of Theorem [6.3.1] and with respect to the group of scale transformation

G={gc:gc(x1,x2) = (cx1,cx2),¢ > 0}. It is easy to verify that the best invariant estimator of 6; is
1

¥Y(X;) =X; <"€l l;” ) ? ,i=1,2. Therefore, the natural (generalized Bayes (GB)) estimators of 8 and

Og are given as

WEB(X) = X (nlil;p)f’ and WEB(X) = X (”il;py (6.22)

respectively. We further try to find that the the GB estimators of 6s is minimax. We need the

following lemma, which will be helpful in acquiring the results.

Lemma 6.3.2. Under the assumptions of Theorem let A = min(0y,0,)/ max(6,,6,) and nf3 >
p then
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)ﬁ p (nﬁ)zﬂ,”ﬁ p np_ nﬁl”ﬁ
(a) E [( eL) ] 7 ey Rl 2yl 7y

o £[n ()] -

X \PT _ _npare nf__ (np)ABp
(c) E [( 6s> ]— @B ) T B (B p) @B )

i <# —ln(l)> + %

w 5[] -

P (n(2) — 5 ) +

Proof. LetY, =+, Yo = — , W= % and W* = % Then Y; and Y, are independent with pdf

fr(vi) = nﬁy?ﬁ 1,0 <yi< 1,1 =1,2. Let I(A) be the indicator function of the set A.
(a) If 6 < 6; ie. A = g < 1, then
Xy \ P p p
EL(Z2Y | e[ (2) rw<n|+e[(2) 1ws1)
oL 0, 61
1 1
=E | SIA<W)|+E|HI(A>W"
v el v
= / nBys 7! { / nBy,P dyl} dy
Ay
nB— Ay2 nB—p—
+/ nBys’ [/0 nBy,P " 1dyn}dyz
I np\ ! np—p
nf—p—1 y -1
[t (), Jone o o (35

Ayz

Z)Vnﬁ—p 1 o
—/ nﬁynﬁ p-l 1—(ly2)nﬁ)dyz+%/o y%"ﬁ P ]dyz.

Integrating the terms and simplifying further we get

Xo)\"] __ (mB)*A"P~r nB npA"P
k [( eL) ] “B—p)2B—p)  B—p) @aB—p)

Similarly, for 6; > 6, ,i.e. A = % > 1, we have

Xo\']_ (nByABr B npAs
EK 0L> ] T WB-p)B—p) " wB-p) @B-p)

-



(b) If 6, < 6y, i.c., g < 1.

e ()] =5 i (22) s < ] () 001
= [m (Yiz) I(A < W*)} +E {ln (%) (A > W*)}

:_/0] nﬁygﬁ’lln(yz) {/;yz nﬁy’fﬁldyl} dy>

—/0 nBy; ! [/O)Lyz nBy;P (yl)dYI] dys

_ ! nﬁ—l nB
- /0 1By~ n(y )[nﬁ( ﬁ)lyj dys

_/ nBys’ ! _ np (ln(yl)y?ﬁ ﬁﬁ dy>
B~ (B)?),

:—/ nBy"ﬁ "In(y,) [1—(3&2)"[3]01)/2

np
—/ nﬁynﬁ ! (lyz)”ﬁln(lyz)—(lyz) ]dyz.

np

Integrating the terms and simplifying further we get

o ()] 22 ()

Similarly, for 8; > 6,,i.e, A = % < 1, we have
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_ {Yilpm < W*)] +E {Yl

2

1 np— [ n )LyZ np—
= [ npyrP! A Mﬁﬁ"dm}ﬁa+/rﬂyﬁpl{A rﬂhﬁlwqdm
L/ AY2

g yB\
- ol’”’ﬁygﬁ_1 " (nﬁ P) ]dy2+/ G 1[,43( ﬁ) ]dy2

I(A>W* )}

Aya 0
nB)? nf— nBA"B-P ln,, " ln,,

B> (¥ nparer yi"ﬁ PN (2
“(B—p) (E)O‘w-p) <2nl3 p) b (2nﬁ ,,)

Therefore, after the simplification, we give

X\’ _ npAP nB_ (nB)*ArP-r
E[( 95) ] “@nB—p)  B-p) P-p)@nB—p)

Similarly, if 6; > 6, A = 92 < 1, we have obtained

X\']  nBAP aB (nB)*ArBr
k K 65 ) ] “@B—p) wB—p) mB—p)@nB—p)

(d) If 6, < 6y, ie, A = % <1,

E [m (%)1 _E [m ()9(1 ) 1w < 1)] VE [m ()52) w> 1)1
_E [m (Yil) I < W*)} +E [m (Yiz) 10> W*)]

-~ LBy { / nBy <y1>dy1] dy»

__/lnﬁ 81| 5 W) P 1 p
= 0 Nb) nﬁ (nﬁ)z - Y2

] nB Ay2
- /0 By n(y >[n/3< 5) ]dyz

0
1 1
/ np— dyz—{—nﬁ)unﬁln( )/0 ygnﬁ—ldyz—)wﬁ/ Znﬁ—ldy2

y " yZanl g Znﬁ
72 n "P1n 2 n
(), (5), 2 (5),
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Therefore, after the simplification, we obtain

o ()] 22 o]

Similarly, if 6; > 6,, A = % < 1, we have obtain

oo ()] 22 -]
]

Theorem 6.3.3. Let X| and X, be two independent random variables where X; having a Pareto
distribution defined in (6.2). Then, GB estimator W$8(X) defined in (6.22) is minimax estimator of
Os under the GSL function (6.4), when nf3 > p.

Proof.
R (95,‘1153) —E (Te—‘iB)p—pln (T—%B) 1
r L\ P |
nB—p\ 7 nB—p\ ?
_E X <9:ﬁp) ~pln X(1)<9:l3p> |
1;[3— X\’ X, np —
(") Car) o) (557)
:<nﬁ—p>[ nBA B (nB)A" ]
nf ) |2nB—p) (B—p) (nB—p)2nB—p)
o[ (5 5] )
_ np np | (B —p) np In(4)
0 (i555) a5t Gy s 2 2]
- (n[:[jp) - %+Mﬁgm'
We observed that g (1) = £ (W%w) — %) >0for0 <A <1,2nf > p, therefore g(A) is a strictly

increasing function of A and g(1) < g(1) = Wfl’ﬁ_m < 0. Thus it satisfies the following inequality

R (95,\11?3) <In (n;[jp) —ﬁ.

This, completes the proof of theorem. ]
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6.4 Admissibility of Estimators

Let random samples X, ..., Xj,, be available from the ith population IT;,i = 1,2, and having pdf (6.1)
as well as X; = min (Xj1, ..., Xin) ,i = 1,2,n > 2 and X(;) < X(») be the order statistics of X1, X>. In this
section we study the class of linear admissible estimators of the form cX(,) and ¢X/) for 6 and 6,
respectively. Also, we derive a sufficient condition for inadmissibility of a scale invariant estimator

of scale parameter 05 under the GSL function (6.4).

6.4.1 Characterization of linear admissible estimators

Let G4 = {ga : ga(x1,x2) = (cx1,¢x2),¢ > 0} be a scale group of transformations. Under this trans-
formations (X1,X2) — (cXj,cXa),c > 0. The given problem is invariant if we take the scale invariant

loss function (6.4). Then , we define the following subclasses

Dy = {¥ic: ¥1c(X1,X2) = cXp),¢ > 0} (6.23)
and

Dg = {¥s : W2 (X1,X2) = cX),c >0} (6.24)

of invariant estimators for 67 and Os, respectively. The following theorems, we characterize the

admissible estimators of 6, and g, that belongs to the class Dy, and Dy, respectively.

1
Theorem 6.4.1. Under the assumptions of Theorem (6.3.1) and let di = <%) 'ody =
1

1 1 1
(%) 'od; = (1 - ﬁ) "and di = (%) ". Then under the GSL function hold follow-

ing results,

(a) When c € [d},d5]| and 2nf3 > p, then the estimators W1.(X1,X2) = cX(») are admissible within

the class Dy of invariant estimators of 0.

(b) When ¢ € [a’;,dﬂ and 2nf3 > p, then the estimators ¥o.(X1,Xz) = cX(1) are admissible within

the class Dy of invariant estimators of 6s.

Proof. (a) Let us consider the risk function of ¥, = cX(z) which is defined as

_ Wi g Wi
Re ) =5 | (<)~ () 1]
cXn\? cX
_ @\ _ @\ _
o [( oL pln( oL ) 1}
X p X
=cPEg {(9(—?) ] —pEy {ln (%)] —pln(c) — 1.
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For fixed A, this risk function is a convex function of ¢, and takes its minimum at ¢ = K(4),

where

Using the Lemma (6.3.2)), we have obtained

WBPAP T ap A ]
nB—p)2nB—p) (mB-p) (2nf-p)|

It is to observe that K(A) is a continuous function of A and is a strictly decreasing on (0,1].

K(A) = [(

Therefore, we have

| (nB—p)(2nB—p)\7 .,
N G 7 I

and
1
sup K(A) = lim K(A) = (M)p =d;.
0<A<1 A—0* np

It is clear that K(A) is continuous function of A, it follows that K(A) assumes all values in the
interval [d},d5). Therefore, any value of ¢ € [d},d5) minimizes the risks function R(6r,¥.),
for some values of 0 < A < 1, and hence such ¢ corresponds to an admissible estimator. This
shows that the estimators W, are admissible within the subclass Dy, for any c € [d{,d5). The

admissibility of the estimator ‘Pld; follows from the continuity of the risks function.

Notice that, for every fixed 0 < A < 1, the risk function R(6z,%¥.) is an increasing function
of ¢ if ¢ > K(A) and it is a decreasing function of ¢ if ¢ < K(A). Since df < K(A) <dj, V
0 < A <1, and can drew the conclusion that the estimators ¥, = cX(z), within the subclass Dy,

for ¢ € (0,d;)U(d5,0) are inadmissible in estimating 6, hence complete the proof.

(b) The proof is similar to the proof (a)) and therefore is omitted here.
[]

Remark 6.4.2. It follows from Theorem (6.4.1)), and under the entropy loss function, i.e., p = —1 and
the estimators ¥ 1.(X1,Xz) = cX(2), for <%) <c< < ﬁﬁ1> are admissible in the class of
linear invariant estimators of 0y, and the estimators Wy, (X1,X>) = cX for <225ﬁ1 ) <c< (%)

are admissible in the class of linear invariant estimators of 0s.

Remark 6.4.3. The above theorem basically tells that the natural estimators (GB estimators) ‘PgB (X1,X2)

np
linear and invariant estimators Dy, and Dgs of 0, and s, respectively.

1 1
= X(2) (nli—[;p> " and ‘PgB(Xl,Xg) = X() <nﬁ7p> " of Or and Og are admissible within the class of
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6.4.2 Sufficient condition for inadmissibility

In this subsection, for kK = 2, we will provide sufficient condition for inadmissibility of selected scale
parameter O5. Consider a general class of scale and permutation invariant estimators for 6g, defined

as

Dy = {¥ : ¥y (X1,X2) =X1y¢(Y) },
where Y = i% and ¢(.) is some real valued function defined on [1,). Let T = %, then

qu)(ﬁ—f), if Xi<X, [xo@), if T<1,
Yo (X1,X) =X1)9(Y) = =

Xz¢>(§%), if X;>X;, (XiT¢(7), if T>1
Therefore, ¥y (X1,X) = X, y(T), where
o(T), if T<I,

y(T) =
T (5), if T>1.

Next, we use the idea of Brewster and Zidek [27] to obtain estimators of the from Wy, = X(1)¢.(Y) =
X1 y.(T), which are dominate the estimators in class Dy and Wy = X(1)¢(Y) = X, y(T). The fol-

lowing theorem provides a sufficent condition for inadmissiblity of the estimators Wy € Dy .

Theorem 6.4.4. Let X| and X, be two independent random variables where X; has a pareto distri-
bution as defined in (6.2)). Let Wy(X1,X2) = X1W¥(T) € Dy be an invariant of 6s. Define

1
T(”ﬁ—g”)p, iFO<T<1,
vi(T) =

1
(2E2)", =1

and Py (y(T) > w1 (T)) > 0,V0 = (61,6,) € RZ = (0,)?, then under GSL function the invariant
estimator Wy (X1,X>) = X1 y(T) is inadmissible for estimating g and is dominated by Wy, (X1,X>) =
Xuwe(T), where i (T) = min(w(T), ya (T)).

Proof. Consider the risk difference of the ¥y and Wy, is
A :R(QS7lP¢) _R(OS7\P¢*)
ol (U57) (5T e [(5E) e (M)
. X1 P l[/(T)
~zo | (v(r) - w2(r) () o (L)

=Eg [Do(T)],
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where

-t viorn((3) o) (3

It is easy to find the conditional pdf of X; given T = X2 =1 1s given by

2nf
e i > % 0<i<
Sy r(xalt) = 1 (6.25)
2n[3612nﬁ . 6,
x%nﬁ+l ) if X1>91,9—1<t.
Note that,
X \” G%E(XﬂT:t), if 1<1
Eg {(9-) }T:t} = (6.26)
> LE(XP|T =1), if t>1.
From (6.25)), we have
2136 .
f62 2n[;lﬁp+212ﬁd'xl7 lf 0<t<%
E(x}|T=1)=
oo 2nfO2"P . 0
f@] 2nB p+1dx17 if t> '
( P
(2,12;;[;) (72) it 0<r<®
- (6.27)
2np : 6
\<2ngfp> o7, if 1>%
For 6; > 6, (l = 9—? < 1), from (6.26) and (6.27)), we conclude that
bk, it 0<r<A
X ! 2nf 1\P .
Eo|lg ) IT=t|=Vaip @) if A<i<i (6.28)
2nf .
Also note that, for 0; < 6, (k = % < 1) , from (6.26)) and (6.27)), we conclude that
sabsk, i 0<i<]
Eo [( X p}T:r =q 2B (LY g g ! (6.29)
0 Os (2nB—p) (J) y 1 <t x .
2nf . 1
\ (2nf—p)’ if 1> 7.
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In either cases, for p < 0, using (6.28) and (6.29), we get

p p)lp if 0<r<1

E ((Xl)p ‘T r) 2B
sup — = = n .
0<A<1 Os appy i t>1

1
= w0 (6.30)
and for p > 0, we get
(
G, i 0<i<1
: X\’
f E — ’T =t] = 2np .
0<hs1 ((9s) ) g 1>
\
1
wi () (©3D
It follows from (6.30)) and (6.31)) that, if y;(7T') (T) then
T
Do(T) = (WP(T) — (1)) Eg K ) ] pln("’ ))
«(T)
Da(r) = (W(1) (1)) s = pin () ).
( ) ey ™ )
-(m) () -
wi(T
>0,
with strict inequality holding for some 6 = (6, 6,) € ]R%r.
If yi(T) > y(T), then Dy(T)=0. Therefore
R(937ly¢) > R(QS7IP¢*)7 forall, 6= (61792) < Ri?
where strict inequality holds for some 6. Hence, this completes the proof. [

Corollary 6.4.5. For k =2, the UMRU estimator ‘PSU (X), under the GSL function, is inadmissible

and dominated by
1
) 2np—p\r
W2 (X) = min (X(l) ( 2[31[3 ) ,‘Pg(X))
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Proof. Let

(6.32)

nB\ 7 N
Then WY (X) = X)) (( —%) +5 (—) )p = Xy w(T) = Wo(X). Now, if () <T <1

Therefore, from (6.30) and (6.31)) and (6.32)), P (w(T) > w1 (T)) > 0, and from theorem
(X) = W4(X) is inadmissible estimator and is dominated by

X
1 1 | 1
then 7 (1= ) + 578)" > 7 (2£52)" and it 1 <7 < 29 then ((1-5)+54)" >
1
)p

pid v

S

Thus the proof is completed. []

6.5 Results and Discussions

In this chapter, we have considered the problem of estimating the scale parameter of the selected
population from Pareto population with respect to Generalized Stein loss function. Firstly, we have
studied Uniform minimum risk unbiased(UMRU) estimator, Bayes estimator, generalized Bayes es-
timator and limiting generalized estimator and also obtained sufficient conditions for minimaxity of
selected scale parameter from the Pareto population. It is shown that generalized Bayes estimator is
minimax of scale parameter 65 for k = 2. we have also obtained some admissible all class of linear
estimators. Under the Generalized Satin loss function, the sufficient condition for inadmissibility of
some scale and permutation invariant estimator of selected scale parameter Os is obtained by Brew-
ster and Zidek [27] technique. It is also found that the UMRU estimator is inadmissible and is a

dominated estimator of y. It should be noted that for p = 1, the GSL function converts to Stein loss
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function, and in this situation, we have reported the following results

(a)

W (X) =X |1 -

is the UMRU estimator of 6;.

(b)

nf
1 I (X
\ng(X) :X(l) <1 — %) + % (@)

is the UMRU estimator of 6.

(c) The natural estimators (generalized Bayes estimators) of 6y and 6s are given by

WE(X) = X o) <”igl) and P§P(X) = X)) (”i;)

respectively, and also noted that Generalized estimator of Og is minimax.

(d) The estimators W, (X1,X2) = cX(y), for % <c< ( "lfl ﬁ_l ), are admissible in the class

of linear invariant estimators of 6;.

(e) The estimators Wi, (X1,X>) = cX(1), for <1 — ﬁ) <c< (1 — #) , are admissible in the class

of linear invariant estimators of Os.

(f) For k =2, the UMRU estimator of Oy is inadmissible and dominated by
2nf —1
WY2(X)=min ( X | =—— |, ¥Y(X) ).
s (X) mm( (1)( 2B )a s ))

For the future research, one can consider another loss function and study all the results afresh.



Chapter 7

Estimating parameter of the selected
uniform population under the squared log

error loss function

7.1 Introduction

Let Iy, ..., IT; be k(> 2) independently and identically distributed uniform populations such that the
observation X; from population I1; has the probability density function (p.d.f.)

&, if 0<x<6

g(x[6;) = (7.1)

0, otherwise.
where 6; > 0,(i = 1,...,k) is an unknown scale parameter. The population II; is called the best
population if 6; > 6, for all i, j, i # j i.e., the best population is a population corresponding to the
largest scale parameter ) = max{0y,..., 6 }. In case of tie, it is assumed that one of the populations
is arbitrarily selected as the best population. Let X1, ...,X;, denote a random sample of size n; from
the population IT;,i = {1,...,k}. Let X; = max {X;i, ..., Xi, }, therefore X = (Xj, ..., X) is a complete
and sufficient statistic for @ = (0, ...,6;) € Rﬁ; here R’_i = {(x1,..,x) ER* :x; >0V i=1,2,....k}
denotes a subset of k— dimensional Euclidean space R*. Clearly, X, ..., X; are independent random

variables and X; has the following probability density function

nixn[—l

o if 0<x<6;
fi(x|6;) = i (7.2)
0, otherwise.

where 6; > 0, (i = 1,...,k) is an unknown scale parameter. It is appropriate to use the complete and

sufficient statistic X for selecting the best population, and for estimating parameter of the selected

103
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population. Now, we define a selection rule for selecting the best population. “A non-randomized
selection rule d = (dy,...,dy) is defined on the sample space ¥ to {0, 1}¥ such that ¥* | d;(x) = 1,
for all x € x”. For a given observation x, the selection rule d = (dj, ..., d;) selects the population IT;
as the best population if d;(x) = 1 and d;(x) = 0 for j € {1,...,k} \ {i}. For the goal of selecting the

best population, the natural selection rule is d" (x) = (d,dY,....d} ), where

I, if x;>maxx;

df'(x) = 7
0, otherwise.
It is known that for n; = ny = --- = ny, the natural selection rule d"(x) is minimax under the 0 — 1

loss function (see Misra and Dhariyal [83]]). Misra and Dhariyal [83] that have shown if the sample
sizes are unequal, then the natural selection rule d” (x) is no longer minimax under the 0-1 loss
function, and has many undesirable properties. The problem of selecting the best population was
studied by Bechhofer [23], employing the indifference zone approach by Robbins [108, [109] using
empirical Bayes approach while by Gupta [47, 48] employing the subset selection approach. These
methodologies have been developed by many statisticians, one may refer to Gupta and Hsu [49],
Huang and Lai [59], Misra et al. [85] and Golparvar and Parsian [44]]. Golparvar and Parsian[44]]
developed empirical Bayes procedure for identifying the best exponential population under Type-II
progressive censored data. Recently, Arshad and Misra [[13] have proposed a class C of selection

rules for selecting the best population when sample sizes are unequal. The form of the selection rule
isd*(X) = (df,...,d}), where

1, if aX;> maxanj
di (X) = i# (7.3)
0, otherwise.

and a = (ay,...,a;) € Rﬁ. For k = 2 and n; # ny, it follows from Arshad and Misra [[11] that the

selection rule d* = (d{ ,ds"), where

. 1, if X;>da'Xp . 1, if X;<da'Xp
di (X) = ; dy (X) =
0, if X;<a'X,. 0, if X;>da'Xp.

and

1
ni+n n :
(5722) , if nm <mp
*

a*=a*(ny,my) =

1
2 mo
<nlfnz> , it np >n,
is generalized Bayes rule, admissible and minimax under the 0 — 1 loss function. For selecting the

best population, we use a fixed selection rule d* € C, defined in Eq. (7.3). Then, the scale parameter
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0 of the selected population is given by

k
6L =) 6:di(X).
i=1

Fori=1,...k letA;={x € x :amx; >ajxj Vj#i,j=1,2,...k} and let Is(.) be an indicator func-
tion of the set A. The scale parameter 0, can be written as

k

6L =) 6ily,(X). (7.4)
i=1

Most of the works have been done to construct a good estimator of scale parameters of se-
lected uniform populations under the various loss functions. For example, Vellaisamy et al. [130]
proved that the natural estimator is positively biased and inadmissible. They obtained the uniformly
minimum variance unbiased (UMVU) estimator and a generalized Bayes estimator of mean of the
selected population, when the sample sizes are equal. For k = 2, the UMVU estimator has been
improved under the squared error and scale-invariant squared error loss functions. Song [121] ex-
tended their results to k uniform population. Nematollahi and Motamed-Shariati [102] obtained the
uniformly minimum risk unbiased (UMRU) estimator under the entropy loss function. They shown
that the UMRU estimator is inadmissible and generalized Bayes estimator is minimax. Arshad and
Misra [[13] extended the results of Vellaisamy et al. [130]] and Song [121] by considering the prob-
lem of estimating the scale parameter of selected uniform population when sample sizes are unequal.
They derived UMVU estimator and a general result for improving a scale invariant estimator of se-
lected population under the scale invariant scale squared error loss function. They showed that a
subclass of natural estimators is inadmissible under the scaled-squared error loss function. Arshad
and Misra [12] obtained the uniformly minimum risk unbiased (UMRU) estimator under the en-
tropy loss function and also derived some inadmissible results for scale parameter of the selected
population. Mohammadi [92] obtained the UMRU estimator under the squared log error (SLE) loss

function, which is proposed by Brown [28]] and is given by

T 2
Le(0).) = () - ne@)F = (oo )| ecawee, a9
where C denotes the class of all estimators of g(6) which is some function of parameter 6. This loss

function is convex when % < e and concave otherwise, and has unique minimum at g(6) =¥. The

SLE loss function is useful in situations where underestimation appears to have more significance
than overestimation. Mohammadi [92] also studied a class of linear estimators of scale parameter of
selected uniform population. Nematollahi [99] studied the problem of estimating the scale parameter
of selected Pareto population under the SLE loss function. They derived the UMRU estimator under
the SLE loss function. For k = 2, the minimaxity and inadmissibility of the UMRU estimator have
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been shown. It is worth to mention that the works of Mohammadi [92]] and Nematollahi [99] have
done under the SLE loss function and in case of equal sample sizes. In this chapter, we address
the problem of estimating scale parameter of the selected uniform population, under the SLE loss
function, in case of unequal sample sizes.

For the component problem, the maximum likelihood estimator (MLE) and the UMRU esti-
mator under the SLE loss function of 6; are X; and e"Lin-, (i =1,...,k), respectively. Consider two

natural estimators of the 67 based on the these estimators, (under the SLE loss function) are given by
k ko
Wn1(X) =Y Xily(X), and Wyo(X) =) e Xily,(X). (7.6)
i=1 i=1

In Section we determine the UMRU estimator of 87 under the SLE loss function. In Sec-
tion we derive a sufficient condition for inadmissibility of scale parameter 6, under the SLE
loss function and also shown that the natural estimator Wy ; and the UMRU estimator are inadmis-
sible for estimating 6. In Section [/.4], we provide some results for estimating scale parameter of
the selected uniform population when the goal of selection is to select a population associated with

the smallest scale parameter. A simulation study on performance of various competing estimators is
provided in section

7.2 UMRU Estimator

In this section, we study uniformly minimum risk unbiased estimator of 67 under the SLE loss
function (7.5)). We first obtain the conditions for the risk-unbiased estimator under the SLE loss
function. The definition[6.2.1]is used to find the condition of the risk-unbiased estimator.

Using the Definition and the SLE loss function (7.5)), an estimator ¥(X) is a risk-

unbiased estimator of the parameter g(0), if it satisfies the following condition
Eg[In(¥(X))] =1In(g(@)), forall 6. (7.7)

Since 6;, depends on X1, ..., X}, the modification to risk unbiased condition (7.7) is required. Follow-
ing Nematollahi and Jafari Jozani [100], the condition for the risk-unbiased estimator of 6 is given
by

Eg [In(¥(x))] = Eg [In(6.)], for all 6.

To find the UMRU estimator of 67, we use the following lemma given in Nematollahi and Jafari

Jozani [100].

Lemma 7.2.1. Suppose X1, ...,X; be k independent random variables such that X; has p.d.f. (7.2)).
Let Uy(X),...,Ux(X) are k real valued functions on RX. such that
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(i) Eg [|In(X;)Ui(X)|] < oo, forall@ €cQ, i=1,...,k.
(ii) fo' In(x;)Ui(x1, ..., Xi 1,8, %41, X )l dt < o) forall x € Rﬁ, i=1,..,k.

(iii) ]jmxiﬁo [ln(x,-) fgl Ui(xl,...,xi,l,t,xiﬂ, ...,xk)ln"ildl} =0, forall x € RI_{‘_,] 7& ii=1,...,k.
Then, define the function V;(X) such that

Lo —
%(X):ln<Xi)Ui<X)+WA U,-(xl,...,xi,l,t,xiﬂ,...,xk)t"’ ldl‘,
i
satisfy

k k
Ee ZV,(X) :Eg ZIH(OZ)UZ(X>
i=1 i=1

Theorem 7.2.2. Under the SLE loss given in ([/.J)), the uniformly minimum risk unbiased estimator

of the scale parameter Oy, of the selected population is given by

k 1 maxa;X;\ "
JF#I
i i i

Proof. Fori=1,...,k, let V;(X) be a function defined on the sample space ) such that E [V;(X)] =
E[In(8))14,(X)].
Using Lemma|(7.2.1| fori =1,...,k, we have

1 (X _
Vi(X) :ln(Xi)IAi(X)-i_ﬁ/O IA,.(xl,...,xi,l,t,xiﬂ,...,xk)t"’ Ldr
i

1 X
— In(X;)Ly,(X) + < / T (X)
Xil max —-2
e
maxa;X;\ "
) X) +~ [1- [P )
maxa;X;\ "
— )+ 24— [ 2 Iy,(X)
' n; a,'X,' Ai '
Clearly,
k
In [ 0)] = Y Vix)
i=1
It follows that
k
Eg [In (W5(X))] = Eg | ) Vi(X)
i=1
k
=) Ee[In(6:)I4,(X)]
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Hence, the estimator W5 (X) is a risk unbiased estimator of 6. [

Remark 7.2.3. Let Xy < - < X denote the ordered values of random variable X1,X>, ..., Xy. For
ag=ay=--=a =1, and ny =ny = --- = ny = n (say), it follows from Theorem that the

UMRU estimator of scale parameter 0, is given by

whx) = xe )

This UMRU estimator depends only on two largest order statistics. This result is due to Mohammadi

[92] and also reported by Nematollahi [99)].

7.3 Inadmissibility results for scale invariant estimators

In this section, for the case of k = 2 uniform populations, we will provide some sufficient conditions

for inadmissability of a scale invariant estimator of scale parameter 8y under the SLE loss function

[73).

Definition 7.3.1. An estimator W¥(X;,X,) of the scale parameter 6 of the selected population is

scale-invariant if

‘P(CXI,CXQ) = C‘P(Xl,Xz) forall ¢ > 0.

L

Letc = X;

and letY = )X% Then an invariant estimator (X1, X5 ) of 6 can be written as
Y(X1,X2) =Xiy(Y),

where y/(.) is a real valued function defined on R;. Now, we consider a general class Dy =
{Py:Py(X,X2) =Xy (Y)} of scale invariant estimators of 6. The following theorem provides
a sufficient condition for inadmissible of an estimator of 6; under the SLE loss function for selected

populations.

Theorem 7.3.1. Suppose Wy (X1,X2) = X1y(Y) € Dy, is a scale-invariant estimator of 6r, where
Y = )X% and y(.) is a function defined on R. Define the function y; on Ry as

1

entm  jf 0<Y <a
vi(Y) = ,
Yentn if 'Y >a.

where a = L. If Py (y1(Y) > y(Y)) > 0 for all 0 = (6,,62) € R%, with strict inequality hold for

az

some @ € Ri. Then, under SLE loss function, the estimator Wy, is inadmissible for estimating 6
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and is dominated by estimator ¥y, (X1,X2) = X1y, (Y), where

w(Y), if y¥)<w()
y(Y) = (7.9)

v(Y), if w()>wyl(Y).

Proof. Consider the risk-difference of two estimators ¥y, and Wy,

A:R(Oalpllf) _R(evlpllf*)

()] b ()]
= Eg[Dp(Y)],

where, fory € R, and 0 € R?,

y X
Do) = [ (L) |26 (1 () [r =>) +mworweon] . a0
The conditional p.d.f. of Xj, given Y =y, is given by
%x’{l*’”‘l, if 0<x <6, y<g

1

Txy(xaly) =

nitny nj+np itm—1l . 6, 6
Wyl 2X1 , if 0<x1<7,y29—1

Let A = %’ and leta = % In calculation of £ <ln (%) )Y = y), the following two cases arise:

Case-I: when y < a

1

X i it y<4
L .
ln(),)—ln(y)—ﬁ, if y>A.

Case-II: wheny > a

1 .
Xl —m—ln(l), if y<7L
L .
—ln(y)—nﬁl_m, it y>A.

It follows from Case-I and Case-II that, for A < a

;

1 .
SRS it O0<y<A
Xi
—_— = p— — _; 1 .
E (ln (9L> ‘Y y) In(A) —In(y) i f A<y<a (7.11)
\—ln(y)——nlinz, if 0<a<y,
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and, for A >a

(o))

Now, using (7.11) and (7.12)), we get

It follows from (7.9) and (7.10) that, if y;(y) > w(y) then

20 (1n () [ =) + (v ()

where strict inequality holds for some 0 € ]Ri.

If yi(y) < y(y), then Dg(y)=0. Therefore

Dy (y)

sup E

A€(0,0)

>

>0

(&) =)-

vi(y)

vi(y)

vi(y)

—In(y1(y)).

v() ]
v(y) ;

v() )

if O0<y<a
if a<y<A

if 0<A<y

[=2In(y1 () +1In(y(y)) +1n (1 (y))]

R(6,%y) > R(0,%¥,,), forall, 8 cR%,

where strict inequality holds for some 6. Hence, this complete the proof.

Corollary 7.3.2. For k = 2, under the SLE loss function (T.3)), the UMRU estimator P¥ (X) is in-

admissible for estimating scale parameter 0y, of selected population and is dominated by ‘PiU (X)

Ximax{y¥ (v), y1(y)}, where
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and vy (y) is defined in Theorem

Corollary 7.3.3. For k =2, under the SLE loss function (1.5)), the natural estimator ¥y 1(X), given
in (1.6)), is inadmissible and is dominated by

1

‘Pf\,l(X) =enmWy (X).

Remark 7.3.4. For k =2,n = ny =n and a; = ay = 1, it follows from Corollary that the
UMRU estimator of 0 is inadmissible under the SLE loss function (/.5). This result is due to
Nematollahi [99]. Thus, Corollary generalizes their result.

Remark 7.3.5. For k =2, nj = np =n and ay = ar = 1, it follows from Corollary that the
natural estimator Wy 1, corresponding to the largest MLE, of O is inadmissible under SLE loss

Sfunction. This results is also reported in Nematollahi [99].

Theorem 7.3.6. Let ¢ and c; be two possible constants and let ¢ = (cy,c3). Consider the natural

estimators

aXy, if XeA
\PC(XDXQ,):

X, if X €A,

_1 1
Assume that c; € (0,e"172)J(e"i ,00), for i = 1,2. Then, the estimators ¥ are inadmissible under

the SLE loss function.

Proof. 1t is easy to see that the sufficient condition for inadmissibility given in Theorem [/.3.1] is

1
satisfied by the estimators ¥, if ¢; € (0,e™72),i = 1,2. Thus, it follows from Theorem [7.3.1|that

the estimators W, are inadmissible and are dominated by

1
. e Xy, if X €A
ch(X): 1
e X, if X €A,

L . . . .
Further, assume that ¢; € (e”i,0) for i = 1,2. Note that the risk function of the estimator ¥, is a

function of A = % € (0,00). The risk function of ¥, is given by

R(A,¥.) = Eq [m (‘Z—l)r
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where

Rj()u,cj):Eg

cjX;j 2
(ln (%) IAj(X)) ] j=1,2.
J

For a fixed 4 € (0,) and fixed € {1,2}, R;(4,c;) takes its minimum at c}(4) = e KiA),
where
EOM&MMH)
9‘/' J
E (Iy,(X))

Using the p.d.f. of X;, given in (7.2), we get

Ki(A) = j=1..

()" [ (25)mC) e
CERYZED , if A<a
Kl(l) == 1_(n1+n2>(5)
1
S if A>a
and
(4~ )n) |4
TRYEED , it A>a
k(L) = 1= (7285 ) ($)
\_(m—}—nz)’ if A{ < a.

It is easy to check that Kj(A) and K>(A) are continuous and non-decreasing function of A € (0,00).

1
Therefore, ¢} (A4 ) and ¢5(A) are non-increasing functionsof A, and sup c¢j(A)=e" and sup c3(A)=
)«E(O,w) 16(0700)

1

e™ . Note that, for fixed A € (0,e0) and fixed j = {1,2}, R j(4,¢) is a decreasing function of ¢ € (0, ¢})
1

and is an increasing function of ¢ € [c ,00) with c < e"i . Therefore, for ¢ j=e',

1
Ri(A,c;) > Rj(Ae") YA € (0,00)

This implies that

J

i

where

1
eWXl, if XeA
Yi(X1,X5) =

1

eEXz, if XeA,.
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Hence the results follows.

Note: The choices of ¢;’s are arbitrary, so any value of ¢; in the interval (0,e) correspond to an
1 1

estimator. It follows from the Theorem [7.3.6| that ¢; € {e (n1+m3) ,e"i} minimizes the risk function

I 1
R(A,¥.) for some values of A > 0. Therefore, under the SLE loss function, ¢; € {e (n1+n2) ,e”z}

correspond to an admissible estimator within a class of linear estimators. L]

7.4 Results for the worst uniform population

In this section, we consider the problem of estimating the scale parameter of the selected uniform
population when the selection good is to select a population associated with the smallest scale pa-
rameter 6[j) = min{ 0y, ..., 6;}. We call the population associated with 6/1], the worst population. For
selecting the worst population, we consider a class D = {d? : d* = (d%,...,d?),a € RX } of selection
rules, where
1, if bX; <minb;X;
di(X) = s

O, if bin' > minijj,

J#i
and b = (by,...,b;). We estimate the scale parameter associated with the population selected by the
selection rule d* € . Thus the scale parameter of the selected population is given by
k
OS = Z el'IBi(X)u
i=1

where B; = {x € R : bix; < bjx;,Vj#i,j=1,...k},i=1,..,k.

Based on the MLE, a natural estimator of 6y is given by
k
WY1 (X) = ) Xil, (X). (7.14)
i=1

Similarly, another natural estimator of 85 based on the UMRU estimator, under the SLE loss function

of 6;, in component estimation problem, is given by
ko1
WL (X) =) e Xl (X). (7.15)
i=1

Now we will provide some results (without proofs) similar to the results derived in the above
section[7.2] and section The following theorem is an analog of Theorem|[7.2.2]

Theorem 7.4.1. Under the SLE loss function, the uniformly minimum risk unbiased estimator of the

scale parameter Og of the selected population is given by

1 X n;
mina;X;

1 j 1
ln(Xi)IBi(X)+— min 1, i’

WS (X) = ex
U( ) 14 1 . a:X;

(7.16)

-



114

Remark 7.4.2. Let X[] < --- < X} denote the ordered values of random variables X1,X3, ..., Xy. For
ay=ay=---=a=1,and ny =ny = --- = ny = n, it follows from Theorem [1.4.1| that the UMRU

estimator of scale parameter Og is given by
ot ()
PH(X)=Xqe' N0/ (7.17)
This result is due to Nematollahi [99]]. Thus, Theorem generalizes their results.

The following theorem is an analogs of Theorem

Theorem 7.4.3. Let ¥y (X1,X2) = X1y(Y) be a given scale-invariant estimator of scale parameter
of 6s, where Y = % and y(.) is a real -valued function defined on (0,). Define

1

Yenr jf 0<Y <b
wl)=q |
en1+n2, lf YZb,

where b = IZ—;. If Py (W(Y) < yu(Y)) >0 for all = (6,,6,) € R, with strictly inequality hold for

same @ € ]R%r. Then, under SLE loss function the scale-invariant estimator Wy, is inadmissible for

estimation s and is dominated by estimator Wy, (X1,X>2) = X1y, (Y) where

vo(Y), if w()<wy(Y)
v, (Y) = (7.18)

y(), if w)>wn().
Corollary 7.4.4. For k = 2, under the SLE loss function ((1.5]), the natural estimator ‘P]SV | (X), given
in (7.14), is inadmissible and is dominated by

IS =y
W (X) = enrm W, | (X). (7.19)

Remark 7.4.5. For k =2, aj = ap = 1, and n; = np = n, it follows from Corollary that the
natural estimator Wy 1, corresponding to the smallest MLE, of Os is inadmissible under the SLE loss

function.

7.5 Numerical Comparison

In this section, for k = 2, we compare the performances of UMRU estimator ‘Pg (X), the improved
estimator ¥¥/(X) upon the UMRU estimator, natural estimators Wy |, Wy » and the improved esti-
mator ‘P]IV | upon natural estimator Wy ; of scale parameter 6;, of selected uniform population. For

the goal of selecting the best uniform population, we consider the minimax selection rule d* , where
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a* = a*(ny,ny) defined in Section It is easy to see that the minimax selection rule d* is not
same for different configurations of (nj,n;). We compare the risk functions of the five competing
estimators of 6y, for different values of A = % and different configurations of sample sizes. For nota-
tional convenience, let R (1) = R(A,PY (X)), R2(A) =R(A, PV (X)),R3(A) = R(X, ¥y 1),R4(1) =
R(A,‘P{VJ) and Rs(A) = R(A, ¥y 2) represent the risk functions of the various estimators. The risk
functions of these estimator are plotted for (n1,n2) € {(2,3),(3,2),(4,5),(5,4)}. We observed from
the figures that the the natural estimator Wy | is dominated by all other estimators except
the natural estimator Wy >. The improved estimator ‘Pf\m provide significant improvement over the
natural estimator Wy ;. The improved estimator ‘Pgl provide marginal improvement over the UMRU

estimator ‘Pg . The performance of the improved estimator ‘PJIV | 1s satisfactory and hence the im-

proved estimator ‘PII\, | 1s recommended for practical applications.

Risk Values

Values of A

Figure 7.1: Risk performances of different estimators for (ny,n2) = (2,3).
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Figure 7.2: Risk performances of different estimators for (n,ny) = (3,2).
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Figure 7.3: Risk performances of different estimators for (ny,ny) = (4,5).
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Figure 7.4: Risk performances of different estimators for (n,n;) = (5,4).



Chapter 8

Estimating Parameter of the Selected
Uniform Population Under the Generalized

Stein Loss Function

8.1 Introduction

Let Xj1,Xp2, ..., X, be independent random sample of size n; from the population IT; (i = 1,2... k)
which are individually uniformly distributed over the interval (0, 6;) with unknown scale parameter
6; > 0. Let X; = max{Xjy, ..., X, }, therefore X = (X|,...,X}) is a complete and sufficient statistic for
6 =(6y,...,6) € RE; here RE = {(x1,...,54) € RF:x; >0 V i=1,2,...,k} denotes a subset of k—
dimensional Euclidean space R¥. Let Xi,...,X; denote independent random variables and X; has the
following probability density function

nxti— !

eni 5 lf O <x < 6[
filx[6) = (8.1)
0, otherwise.

where 0; > 0, (i = 1,...,k) are an unknown scale parameter. Then it may be interest to identify the
best populations. The population IT; is called the best population if 6; > 8;, for all i, j, i # j i.e.,
the best population is a population associated with the largest scale parameter 6y = max{0y,..., 6 }.
If more than one of the 6; are tied at the largest value, it is assumed that one of the populations is

arbitrarily tagged as the best population.

According to Arshad and Misra [9] the natural selection rule for the goal of selecting the best

population is 8" (x) = (8,80, ...,8)), where

117
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I, if x> maxx;

5 (x) = 7
0, otherwise.
For samples of equal sizes i.e. n; = ny = --- = n, the natural selection rule 8" (x) is known to be

minimax under the 0 — 1 loss function (Misra and Dhariyal [83]). It follows from Misra and Dhariyal
[83] that if the sample sizes are unequal, then the natural selection rule " (x) is no longer minimax
under the 0-1 loss function, and has many undesirable properties. Recently, Arshad and Misra [9]
proposed a class C of selection rules for selecting the best population when sample sizes are unequal.

The from of the selection rule is %(X) = (87,...,67), where

1, if aX;> maxanj
5% (X) = J# (8.2)
0, otherwise.

and a = (ay,...,a;) € R’L For k = 2 and n; # ny, it follows from Arshad and Misra [[11] that the

selection rule §¢ = (8¢, 85" ), where

. 1, if X;>a'Xp i 1, if X;<a'X
o6f (X) = 105 (X) =
0, if X;<a'X,. 0, if X;>aXp.
and 1
) <%> i om<mp

a*=a'(n;,ny) = N
()™, it m>m,
and it is admissible and minimax under the 0 — 1 loss function, and it is a generalized Bayes rule
with respect to non-informative prior.
In this chapter, we consider the problem of estimating the scale parameter 6 associated with
the population selected by a selection rule 8 given in (8.2)). LetA; = {x cx:aixi>apx; Vj#i,j=

1,2,...,k} and let I(.) be the partition of sample space . Then scale parameter 6 can be given by

k

0L =) 6ily,(X). (8.3)
i=1

where I, (.) denotes the indicator function of the set A. Arshad and Misra [[12] obtained the uni-
formly minimum risk unbiased (UMRU) estimator under the entropy loss function and also derived

some inadmissible results for scale parameter of the selected population. Pagheh and Nematollahi
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[103]] obtained the UMRU estimator and also derived some inadmissible estimates for scale param-

eter of selected papulation, under the Generalized Stein (GSL) Loss function, which is given by

te06)- (3)'-an(3) 1. ocogecaro ot

where C denotes the class of all estimators of g(6) and g(0) is some function of parameter 6. This
loss function is asymmetric and convex when A = % and quasi concave otherwise, but its risk
function has unique minimum at A = 1. Being scale invariant, the GSL function is suitable for
estimating a scale parameter. Further, it is useful where under estimation and over estimation are
assigned unequal penalties. In upcoming discussion, we exploit this property of GSL to estimate the
parameter of the selected uniform distribution from samples of unequal sizes.

For the component problem, we define two natural estimators of 6; based on the maximum

likelihood estimator (MLE) and the UMRU estimator, under the GSL function of 6; as X; and
1

(%) *X;,(i = 1,...,k), respectively. Therefore one may consider natural estimators of the 6, of

the selected population as:

k ko /. ;
€N71(X) = ZXiIAi(X),and €N72<X) = Z (nl +(]> X,'IAi(X). (85)
i=1

i=1 \ T

The rest of this chapter is arranged as follows. In Section we determine the UMRU and
prove that the natural estimator {y o (X) is the generalized Bayes estimator of 6, under the GSL
function. In Section (8.3 we derive a sufficient condition for inadmissibility of scale parameter 6y,
under the GSL loss function and also show that the natural estimator &y ; and the UMRU estimator
are inadmissible for estimating 6. In Section |8.4] we conducted a simulation study on performance

of various competing estimators is provided. Finally some results and discussions are reported in

section

8.2 UMRU Estimator and Generalized Bayes Estimator

In this section, we discuss the general form of uniformly minimum risk unbiased estimator of 6,
under the GSL function (8.4)). We first introduce the concept of risk-unbiased estimator to our prob-
lem of estimating scale parameter 67, under the GSL function. The definition given by Lehmann [71]]
and presented in[6.2.1]is a key in obtaining the condition of risk-unbiased estimator of 6;..

Using this Definition and the GSL function (8.4), an estimator & (X) is a risk-unbiased estima-

tor of the parameter g(0), if it satisfies the following condition

Eg[€9(X)] = g%(0), forall 6. (8.6)



120

Since 67, depends on X1, ..., X}, the modification to risk unbiased condition (8.6) is required. Follow-
ing Nematollahi and Jafari Jozani [100], the condition for the risk-unbiased estimator of 6 is given

by
Eg[£9(x)] = Eg [6]] forall 8.

To find the UMRU estimator of 6, the following lemma is an application of the (u,v) method of
Robbins(1988) which is given in Nematollahi and Jafari Jozani [[100].

Lemma 8.2.1. Suppose Xi,...,X; be k independent random variables, where X; has a probability
density function as given in (8.2). Let Uy(X),...,U(X) be k real valued functions on R such that

(i) Eq [|XIUi(X)|] <oo, forall® € Q, i=1,...k
(ii) fgixl‘-’U,-(xl,...,xi_l,t,x,~+1,...,xk)t”i_]dt < oo, forall x € Rﬁ, i=1,.. k.
(iii) limy,_0 [x] [3 Ui(xl,...,x,-,l,t,x,url,...,xk)t”i’la’t] =0, forall xeRE [ j#ii=1,..,k
Then, the function V;(X) defined as
Vi(X) =XUi(X) +gx?™ /OXi Ui(X1 5 ooy Xi 151, Xig 15 -, X ) N

satisfies

k

Y Vi)

i=1

Eg =Eyg

k
Z quUi (X)
i=1

Now, we propose and derive the UMRU estimator of 05 under the Generalized Stein loss

function.

Theorem 8.2.2. Consider the GSL function, as defined in (8.4)), then the uniformly minimum risk

unbiased estimator of the scale parameter 0y, of the selected population is given by

X mixanj i %
q J#L
X)) =Y X;|1+—<1—-[| ——u—ro Ly x. (8.7)
Su(X) l; L X, 4:(X)

Proof. Fori=1,...,k, let V;(X) be a function defined on the sample space  such that E [V;(X)] =
E[6]14,(X)].
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Using Lemma|(8.2.1| fori = 1,...,k, we have
Xi
Vi(X) :XinAi(X)JFqX,g_ni/ L, (X1 oy Xi 15y X 1y o Xp )£ Nl
0

Xi
= X1y (X) +gX? " / T (X)

max -1
A
maxa;:X;\ "™
qX{' #
=XnX)+ = [1-| Z—— Ii.(X
l Al( )+ ni CliXi Az( )
J maxa;X;\ "
—x7 |1 +L1 = I (X).
! +l’l,‘ a;X; A'< )
Clearly,
k

It follows that

Eq [6/].

Since X = (X, ..., X)) is a complete and sufficient statistics. Hence, the estimator &y (X) is a risk

unbiased estimator of ;. O]

Remark 8.2.3. Let X|j) < --- < Xy denote the ordered values of random variables Xy, Xy, ..., Xy. For
aj=ay=-=a,=1,and ny =ny = --- = ny = n (say), it follows from Theorem that the

UMRU estimator of scale parameter Oy is given by

1
Xe ) )]¢
n X[k]

This UMRU estimator depends only on two largest order statistics. This result is due to Pagheh and
Nematollahi [103)].

Su(X) = Xy

Remark 8.2.4. Arshad and Misra [12] obtained UMRU estimator of 0p under the entropy loss
function. Their result can be obtained from (8.7) by taking g = —1, i.e.,

k niX;

~ maxa;Xj "
o0+ (B ]

I, (X). (8.8)
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In the following proposed theorem by us, we obtain the generalized Bayes estimators of 6,

under the Generalized Stein loss function given in Eq. (8.4).

Theorem 8.2.5. Consider the GSL function (8.4), then the natural estimator &y »(X) is the general-

ized Bayes estimator of 0y, with respect to the noninformative prior distribution

1 .
1 if 0cQ
70(61,..0) = G U (8.9)

0, otherwise.

Proof. Consider the noninformative prior distribution (8.9) for 8 = (6y,...,6;), then the posterior

distribution of 0, given X = x has the density function

nj
ko MX; . .
ni:lﬁ? if 6;>x;, i=1,..k
i

7 (61,..., Ok|x) = (8.10)

0, otherwise.

The posterior risk of an estimator £ under the GSL function (8.4) which can be written as

e [{(E) -an(E) - 1hix= a1

It is clear that the generalized Bayes estimator & “B(X), which minimizes the posterior risk (§.11)), is

as follows

£0B (x) :i:zkll [Eﬂp (eilq]X :x)] 14,(X)

So, the generalized Bayes estimator of 6 with respect to the posterior density (8.9) is obtained as

=

B =Y [M] "1 (X) = Ena(X).

i=1 i

Hence, the result follows. ]

8.3 Inadmissibility results for scale invariant estimators

In this section, for the case of two uniform populations (i.e. for k = 2), we will provide some
sufficient conditions for inadmissability of a scale invariant estimator of scale parameter 6; under the
GSL function (8.4). It also gives dominated estimators in these cases where the sufficient conditions
of the results are satisfied. To do this, we employ the orbit-by-orbit improvement technique of

Brewster and Zidek [27]].
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Using the definiation|7.3.1{and let ¢ = X% andletY = % Then an invariant estimator & (X;,X>)

of 6;, can be written as

§(X1,X2) =Xy(Y),

where y(.) is a real valued function defined on R ;. Now, we consider a general form of the class of

any scale invariant estimators of the scale parameter 6y defined as

Dy ={8y: Sy(X1,X) =Xy (Y)}.

The following theorem is to study sufficient condition for inadmissible of an estimator of 67 under

the GSL function for selected populations.

Theorem 8.3.1. Consider that 51,,(X 1,X2) =Xoy(Y) € Dy is a scale-invariant estimator of 6, where
Y = % and Y (.) is a function defined on R ;. Define the function y; on R, given by

1

(%)5, if 0<Y<a
vi(Y) = |
Y(w)q if Y>a.

ni+np

where a = Z—? If Pg (y1(Y) > w(Y)) >0 for all @ = (6,,6,) € R2, and strict inequality holds for
some 0 € ]R%r. Then, under GSL function, the estimator 51,, is inadmissible for estimating 0r, and is

dominated by estimator &y, (X1,X2) = Xo i, (Y), where

vi(Y), if w()<y(Y)
Ve(Y) = (8.12)
v(), if wy()>y(Y).

Proof. Consider the risk-difference of estimators &y and &y,

A=R(0,5y) —R(0,5y,)

= (%57) - (%57) (v

Do () = (w9(Y) — y) Eq [(%)q % =y] —gln (://(Y) ) . (8.13)
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The conditional p.d.f. of X3, given Y =y, is given by

(n1+n2)x;1+n2_] ) o,
W, if O<x2<92,y<9—2
2
le|y(X1’y)= nptny—1
(n1+mp)y" "2yt - 6 0
6,,1+,,22 , if 0<xz<71,y29—;
1

q
Let A = %, and leta = Z—? In calculation of Eg [(%) ‘Y = y} , the following two cases arise:

Case-I: when y > 22

+m 1
X\ 4 %ﬁ, if y<A
E((5) Ir=)-
L + 1 .
—nln-}-nznj-q)ﬁ’ it y>A.

Case-II: wheny <a
+ .
E ((Xz)q y ) njinzn}rq’ it y< A
E— :y g
3 ) nj+n A\ :
b (3)" i vz

It follows from Case-I and Case-II that, for A < a

(
e if 0<y<aA
X, 4 q
E((e—L) ’Y:y): %(%) if A<y<a (8.14)
+ny 1 -
\%y—q, it 0<a<y,
and, for A >a
( ny+n .
n]jrnziq, if O<y<a
(2 y=y) =4 om0 8.15
0, =Y) T\ mimigaa if a<y<A (8.15)
tny 1
\nln‘}‘nzniqﬁ7 if O<A{§y

In either cases, for ¢ < 0 using (8.14) and (8.14), we get

(
ni+ny
nitnyt+q’

inf E( (2 q)Y tny 1
1 —_— = = n n .
A€(0,00) 3 Y nl—lknziqy_q’ if a<y

if O<y<a

= —. (8.16)
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and for g > 0, we get

.
ni+ny
nm+ny+q’

E ( (X2 ) ! ‘Y ) + 1
Sup n = y - ni+ny 1 .
2’6(0700) GL n1+n2—|—q y‘/’ lf a S y

\

o
i)

It follows from (8.12), (8.13), (8.16) and (8.17) that, if y;(y) > y(y) then

Do(y) = (Wi(Y)—wi!)Eq [(%)ﬂy] _gln (i(é)))

D)= () i) a0,
v\ (Y)Y
2(1;/1(Y)) l (‘Vl(y)) 1
0

. . . 2
and strict inequality holds for some 6 € R7.

if 0<y<a

) (8.17)

If yi(y) < w(y), then Dg(y)=0. Therefore
R(6,Ey) > R(0,&y,), forall, 8 c R,
and strict inequality holds for some 6. This completes the proof. ]

Corollary 8.3.2. For k = 2, under the GSL function 8.4), the UMRU estimator Ey(X) is inad-

missible for estimating scale parameter O of selected population and is dominated by 55 (X) =

Xomax{y" (), y1(v)}, where

[1+%(1—(§)’”)}‘1’, if 0<y<a

(-0 7 o=

and () is defined in Theorem[8.3.1]

=

Corollary 8.3.3. For k =2, under the GSL function (8.4), the natural estimator &y 1 (X), given in
(8.5), is inadmissible and is dominated by

1
X)=——""— X).
N,l( ) ( n+ny ) éN,l( )
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Corollary 8.3.4. g <0, For k=2, under the GSL function (8.4), the natural estimator Ey »(X), given
in B.3)), is inadmissible and is dominated by

En2(X) = Xomax{En2 (), w1 (3)}.

Remark 8.3.5. For k =2,n; = ny =n and a; = ay = 1, it follows from Corollary that the
UMRU estimator of 0y, is inadmissible and is dominated under the GSL loss function (5). This result
is due to Pagheh and Nematollahi [103]. Thus, Corollary generalizes their result.

Remark 8.3.6. For k =2,ny = n, =n and ay = ap = 1, it follows from Theorem that the
UMRU estimator of 0y, is improved and dominates under the entropy loss function. This result is due
to Nematollahi and Motamed-Shariati [102)]. Thus, their results can be derived from Theorem [8.3.1]
by taking g = —1.

Remark 8.3.7. For k =2, ny = ny = n and ay = ay = 1, it follows from Corollary that the

natural estimator &y 1, corresponding to the largest MLE, of 0y, is inadmissible under GSL function.

Theorem 8.3.8. Let ny +ny+q > 0. Let ¢1 and c; be two possible real constants and let ¢ = (c1,¢).

1 1
Suppose that c; € <0, (%) 4) U ((%) g ,oo), for i = 1,2. Define the natural-type estima-

tors

aXy, if XeA
Ee(X1,X5) =
Xy, if X€A;.

Then, under the GSL function (8.4), the natural-type estimators . are inadmissible for estimating
Or.

Proof. It is easy to see that the sufficient condition for inadmissibility given in Theorem [8.3.1]is
1

satisfied by the estimators &, if ¢; € (0, (%) q) ,i = 1,2. Thus, it follows from Theorem

that the estimators &, are inadmissible and are dominated by

1

ni+np+q\ ¢ .
g*(X) B (W) X], if X €A1
- =

1
(W) qu, if XeA,.

ni+np

nj

1
Now, assume that ¢; € <(w) ! ,oo) for i = 1,2. Note that the risk function of the estimator &, is a

function of A = % € (0,00). Therefore the risk function of &, is given by

s [(£) - (£) 1] oo

2
=Y Rj(A,cj) (say),
=1
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where

c:X;: q c:X;
Ri(A.cj) = Eg [{(9—) _gln (T) —1}IA,<X)]
J J

Note that the risk function is a convex function of ¢, for a fixed A € (0,00) and fixed € {1,2},

Rj(A,c;) achieves its minimum at c(4) = M;(A), where

Now, using the p.d.f. of X;, given in (2), we obtain,

Q=

(o) ()" ] if A>a
Mi(A) = [(4’;){1—(@@)(;)"“"} ’ ]

1
nit+ny+q \ 4 .
\ (W) s if A S a.
and
( 1
1— ny A np q
[ " ("1"’71%1)(0) - n2+q ] , if ), S a
) = { L G- Gs) (7
1
nitny+q\ 4 .
\ (—1111+2712 ) , if A>a.

It is easy to check that M} (A) and M, (A ) are continuous and non-increasing function of A € (0, o).

1
Therefore, ¢j(A) and ¢5(A) are non-increasing functions of A, and sup ¢j(A) = (”1—“1) * and

ny
A€(0,00)
1

sup ¢5(A) = (%) “. Note that, for any fixed A € (0,00) and fixed j = {1,2}, the risk function
A€(0,0)
of Rj(A,c) is a decreasing function of ¢ € (0,c7}) and is an increasing function of ¢ € [c},e0) with

1 1
+ aq i+ q
< (u) ?. Therefore, for cj > (—n’ ,q) ‘
J nj nj

Ri(A,c;) > R; (/l, (”“Lq);) ¥ A € (0,00)

nj

This implies that
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where ]
(nanqu)le, if XeA
Ea(X1,X2) = 1
(") X2, if X
Hence, the proof of the theorem. [

8.4 Numerical Comparison

In this section, we present a numerical study to evaluate and compare the risk functions among vari-
ous estimators under the GSL function. Fork=2and A = %, it can be observed that the risk function
of all the estimators depend on (6y,6,). Here the risk function of the UMRU estimator &y (X), the
improved estimator éllj) (X) upon the UMRU estimator, natural estimator &y ;, the improved estimator
51{,D1 upon natural estimator &y 1, natural estimator &y - and the improved estimator 61{,% upon natural
estimator &y o of scale parameter 6y, are compared. For selecting the best population, we consider
the minimax selection rule d , defined in Section Recall that a* = a*(ny,n,) is a function of n;
and ny. So a* depends on the different sample sizes n; and n,. It is clear that the minimax selection
rule d*" is not same for different configurations of (11,n,). We compare the risk functions of the five
competing estimators of 6, for different values of A and different configurations of sample sizes.
Ri(A) = R(A,Ey(X)). Ra(A) = R(A,ER (X)), Ra(R) = R(X,&n,1(X)),Ra(A) = R(A,&lB, (X)), and
Rs(A) = R(A,Ey2(X)) denote the risk functions of the various estimators. The risk functions of
these estimator are plotted for (n1,n2) € {(2,3),(3,2),(4,5),(5,4)}. The following conclusions can
be drawn from the figures [8.1]—[8.8]as well as table from 8.1 — 8.8.

(a) For g = 1, the natural estimator &y ; is dominated by all the other estimators.

(b) For g = —1, the natural estimator J,‘N,l is dominated by all the other estimators except §N72.

(¢) The improved estimator 5,? provides marginal improvement over the UMRU estimator & .

(d) The improved estimator 51{,D1 provides significant improvement over the natural estimator Ey ;.

(e) For0 <A < 0.8, 1.4 <A and g = 1, the estimator &y » becomes better than all other estimators

for all values of ny,n;.

(f) For0 <A < 0.6, 1.6 < A4 and ¢ = —1, the estimator &y » becomes better than all other estimators

when the values of n; and ny are (3,4) and (4,3).

(g) ForO0< A <0.8,1.4 <A and g = —1, the estimator §N72 performs better than other all estimators
when (n1,n) is (5,8) and (8,5).
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(h) The estimators &y, &7 and &} perform better for moderate values of A.

Here, it is noted from the over all performance of all the estimators that the performance of

J{,Dl is satisfactory. Therefor, estimator &1{,1)1 recommended for use in paretical applications.

Risk Values

0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2
Values of A

Figure 8.1: Risk performances of different estimators for (ny,n;) = (3,4) and ¢ = 1.

Risk Values

0.005 L
0.2 0.4 0.6 0.8 1 12 14 1.6 18 2

Values of A

Figure 8.2: Risk performances of different estimators for (ny,n2) = (4,3) and g = 1.
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Risk Values

0.2 0.4 0.6 0.8 1 1.2 14 1.6 1.8 2
Values of A

Figure 8.3: Risk performances of different estimators for (n,n;) = (5,8) and g = 1.

Risk Values

0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2
Values of A

Figure 8.4: Risk performances of different estimators for (n,n;) = (8,5) and ¢ = 1.
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g
<
Z
5
0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 18 2
Values of A
Figure 8.5: Risk performances of different estimators for (n,n;) = (3,4) and ¢ = —1.
g
<
Z
,&ﬁ

0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2
Values of A

Figure 8.6: Risk performances of different estimators for (ny,ny) = (4,3) and g = —1.
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Risk Values

%.2 0%4 Of6 OfB Z;. 1%2 1%4 1%6 1.8 2
Values of A
Figure 8.7: Risk performances of different estimators for (ny,n2) = (5,8) and g = —1.

Risk Values

0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2
Values of A

Figure 8.8: Risk performances of different estimators for (ny,n2) = (8,5) and g = —1.
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Table 8.1: Risks of the UMRU estimator & (X), the estimator {7 (X) improved upon the UMVUE,
and the natural estimators &y ;, the estimator 5,{,D1 improved upon the natural estimator &y | and &y o

at different values of A = ’1—? and g = 1.

(I’ll,l’lz) = (3,4);61* = 0.9565
A [ R(A,E) | R(A,ED) | R(A,8na) | R(ALED) | R(A, v )
0.2 | 0.04416 | 0.04399 | 0.07833 0.05248 0.04189
0.4 | 0.03598 | 0.03520 | 0.06086 0.03748 0.02994
0.6 | 0.02600 | 0.02419 | 0.04094 0.02228 0.02040
0.8 | 0.01690 | 0.01445 | 0.02487 0.01227 0.01711
1.0 | 0.01188 | 0.01041 | 0.01769 0.00908 0.01726
1.2 ] 0.01318 | 0.01128 | 0.01999 0.01011 0.01534
1.4 ] 0.01572 | 0.01363 | 0.02471 0.01219 0.01442
1.6 | 0.01796 | 0.01634 | 0.02970 0.01505 0.01526
1.8 | 0.02022 | 0.01895 | 0.03356 0.01785 0.01701
2.0 | 0.02230 | 0.02124 | 0.03798 0.02086 0.01881

Table 8.2: Risks of the UMRU estimator &y (X), the estimator &f(X) improved upon the UMVUE,
and the natural estimators &y j, the estimator 51{,D1 improved upon the natural estimator &y | and &y o

at different values of A = ’l—f and g = 1.

(n1,nmp) = (4,3);a* = 1.0455
A | R(A,Ey) | R(ALED) [ R(AEna) | R(ALEN) | R(A,En2)
0.2 | 0.02773 | 0.02769 0.05062 0.03123 0.02724
0.4 | 0.02479 | 0.02427 0.04360 0.02525 0.02212
0.6 | 0.01927 | 0.01774 0.03137 0.01639 0.01625
0.8 | 0.01347 | 0.01138 0.02086 0.01018 0.01447
1.0 | 0.01209 | 0.01063 0.01824 0.00939 0.01732
1.2 | 0.01585 | 0.01339 0.02359 0.01158 0.01703
1.4 | 0.02043 | 0.01810 0.03080 0.01555 0.01762
1.6 | 0.02426 | 0.02234 0.03792 0.02010 0.01923
1.8 | 0.02892 | 0.02724 0.04580 0.02583 0.02235
2.0 0.03185 | 0.03051 0.05172 0.03026 0.02500
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Table 8.3: Risks of the UMRU estimator & (X), the estimator 7 (X) improved upon the UMVUE,
and the natural estimators &y , the estimator 61{,D1 improved upon the natural estimator &y ; and Ey »

at different values of A = ’l—? and g = 1.

(n1,m2) = (5,8);a" = 0.9593
A | R(A,8u) | RAED) | R(A,Eva) [ R(ALED) | R(AEn2)
0.2 | 0.01753 | 0.01753 | 0.03305 | 0.02306 | 0.01743
0.4 | 0.01696 | 0.01690 | 0.03102 | 0.02117 | 0.01575
0.6 | 0.01388 | 0.01352 | 0.02335 | 0.01466 | 0.01091
0.8 | 0.00781 | 0.00708 | 0.01174 | 0.00606 | 0.00649
1.0 | 0.00384 | 0.00332 | 0.00576 | 0.00287 | 0.00607
1.2 | 0.00441 | 0.00380 | 0.00713 | 0.00343 | 0.00440
1.4 | 0.00579 | 0.00539 | 0.00994 | 0.00510 | 0.00490
1.6 | 0.00665 | 0.00649 | 0.01209 | 0.00665 | 0.00595
1.8 | 0.00705 | 0.00697 | 0.01308 | 0.00745 | 0.00660
2.0 | 0.00692 | 0.00688 | 0.01312 | 0.00751 | 0.00665

Table 8.4: Risks of the UMRU estimator & (X), the estimator &f(X) improved upon the UMVUE,
and the natural estimators &y , the estimator 51{,?1 improved upon the natural estimator &y ; and &y »

at different values of A = )”—? and g = 1.

(n1,mp) = (8,5);a" = 1.0424
A [ R(A &) | R(ALED) | R(A,En) | R(ALEP) | R(A,En2)
0.2 | 0.00730 | 0.00730 0.01401 0.00825 0.00729
0.4 | 0.00710 | 0.00709 0.01365 0.00794 0.00702
0.6 | 0.00674 | 0.00659 0.01221 0.00680 0.00610
0.8 | 0.00475 | 0.00417 0.00773 0.00374 0.00436
1.0 | 0.00382 | 0.00331 0.00566 0.00285 0.00613
1.2 | 0.00704 | 0.00622 0.01038 0.00520 0.00624
1.4 | 0.01077 | 0.01015 0.01702 0.00974 0.00796
1.6 | 0.01333 | 0.01295 0.02217 0.01371 0.01030
1.8 | 0.01447 | 0.01422 0.02493 0.01600 0.01195
2.0 | 0.01549 | 0.01534 0.02761 0.01819 0.01340
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Table 8.5: Risks of the UMRU estimator &y (X), the estimator {7 (X) improved upon the UMVUE,
and the natural estimators &y ;, the estimator 5,{,D1 improved upon the natural estimator &y | and &y o

at different values of A = ’1—? and g = —1.

(I’ll,l’lz) = (3,4);61* = 0.9565
A [ R(A,E) | R(A,ED) | R(A,8na) | R(ALED) | R(A, v )
0.2 | 0.06931 | 0.06828 | 0.14297 0.08734 0.05885
0.4 | 0.05672 | 0.05410 | 0.10120 0.05575 0.04033
0.6 | 0.03794 | 0.03388 | 0.05882 0.02787 0.03015
0.8 | 0.02378 | 0.01952 | 0.03437 0.01493 0.02961
1.0 | 0.01644 | 0.01412 | 0.02420 0.01141 0.02989
1.2 | 0.01752 | 0.01472 | 0.02680 0.01225 0.02425
1.4 ] 0.02091 | 0.01738 | 0.03342 0.01448 0.02087
1.6 | 0.02451 | 0.02141 | 0.04130 0.01841 0.02069
1.8 | 0.02726 | 0.02486 | 0.04800 0.02236 0.02208
2.0 | 0.03001 | 0.02793 | 0.05467 0.02637 0.02373

Table 8.6: Risks of the UMRU estimator & (X), the estimator &f(X) improved upon the UMVUE,
and the natural estimators &y j, the estimator 51{,D1 improved upon the natural estimator &y | and &y o

at different values of A = ’l—f and g = —1.

(n1,nmp) = (4,3);a* = 1.0455
A | R(A,Ey) | R(ALED) [ R(AEna) | R(ALEN) | R(A,En2)
0.2 | 0.03704 | 0.03691 0.07942 0.04393 0.03524
0.4 | 0.03339 | 0.03194 0.06345 0.03242 0.02735
0.6 | 0.02546 | 0.02262 0.04328 0.01961 0.02119
0.8 | 0.01794 | 0.01474 0.02800 0.01230 0.02259
1.0 | 0.01608 | 0.01390 0.02382 0.01122 0.02987
1.2 | 0.02157 | 0.01764 0.03102 0.01351 0.03004
1.4 | 0.02931 | 0.02505 0.04336 0.01938 0.02954
1.6 | 0.03642 | 0.03224 0.05578 0.02612 0.02993
1.8 | 0.04241 | 0.03875 0.06792 0.03344 0.03153
2.0 | 0.04534 | 0.04243 0.07561 0.03846 0.03338
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Table 8.7: Risks of the UMRU estimator & (X), the estimator 7 (X) improved upon the UMVUE,
and the natural estimators &y , the estimator 61{,D1 improved upon the natural estimator &y ; and Ey »

at different values of A = ’l—? and g = —1.

(n1,m2) = (5,8);a" = 0.9593
A | R(A,8u) | RAED) | R(A,Eva) [ R(ALED) | R(AEn2)
0.2 | 0.02231 | 0.02231 | 0.04886 | 0.03275 | 0.02201
0.4 | 0.02175 | 0.02157 | 0.04328 | 0.02814 | 0.01892
0.6 | 0.01716 | 0.01656 | 0.02927 | 0.01719 | 0.01255
0.8 | 0.00976 | 0.00868 | 0.01460 | 0.00706 | 0.00863
1.0 | 0.00435 | 0.00374 | 0.00649 | 0.00306 | 0.00844
1.2 0.00517 | 0.00436 | 0.00838 | 0.00380 | 0.00543
1.4 | 0.00687 | 0.00634 | 0.01217 | 0.00589 | 0.00573
1.6 | 0.00769 | 0.00740 | 0.01443 | 0.00742 | 0.00660
1.8 | 0.00802 | 0.00788 | 0.01586 | 0.00841 | 0.00726
2.0 | 0.00830 | 0.00823 | 0.01666 | 0.00906 | 0.00779

Table 8.8: Risks of the UMRU estimator & (X), the estimator &f(X) improved upon the UMVUE,
and the natural estimators &y , the estimator 51{,?1 improved upon the natural estimator &y ; and &y »

at different values of A = )”—? and g = —1.

(n1,mp) = (8,5);a" = 1.0424
A [ R(A &) | R(ALED) | R(A,En) | R(ALEP) | R(A,En2)
0.2 | 0.00846 | 0.00846 0.01783 0.00993 0.00846
0.4 | 0.00868 | 0.00864 0.01777 0.00991 0.00846
0.6 | 0.00790 | 0.00766 0.01535 0.00796 0.00688
0.8 | 0.00555 | 0.00481 0.00930 0.00422 0.00524
1.0 | 0.00437 | 0.00377 0.00655 0.00310 0.00845
1.2 | 0.00830 | 0.00724 0.01231 0.00567 0.00841
1.4 0.01279 | 0.01193 0.02033 0.01072 0.00956
1.6 | 0.01669 | 0.01597 0.02824 0.01631 0.01184
1.8 | 0.01895 | 0.01840 0.03340 0.02030 0.01414
2.0 | 0.02062 | 0.02020 | 0.03794 0.02381 0.01609
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8.5 Results and Discussions

In this chapter, we have addressed the problem of estimating the parameter of 6y of the selected
uniform population under the GSL function. We have derived the UMRU and generalized Bayes
estimators for scale parameter of the selected uniform population under the GSL function. We have
shown that the scale invariant estimators are inadmissible. Also, UMRU and natural estimators are
inadmissible and dominated. Further, the risk of these estimators are compared numerically. In
the literature, some other types of loss functions are used to estimate parameters of the selected
population. These loss functions are considered for further research works. If we consider g = 1,
then GSL function becomes Stein loss function and using similar technique in this chapter, we can

conclude the following results

@)
K ! maxa;X;\ "
X)=Yx |1+—{1- [ Z— I,
&u (X) ; o X, AiX)

is the UMRU estimator of 0;..
(i1)

EOB (x) = 21 R

n;
are the generalized Bayes estimator and natural estimator &y »(X).

(iii) It should be noted here that we obtained the theorem [8.3.8] corollary [8.3.2]and corollary [8.3.3]

in this case.

(iv) The natural estimators & (X1,X5) which is defined in theorem[8.3.8] it is inadmissible for esti-

mating 6y, if and only if % <c< ”in—tl, fori=1,2.

Remark 8.5.1. Let X< <Xy denote the ordered values of random variables X1,X3, ..., Xy. For
aj=ay=---=ap=1,andny =ny =--- =n =n(say), it follows from (1) that the UMRU estimator

of scale parameter 0 is given by

This UMRU estimator depends only on two largest order statistics. This result was derived by Misra
and Mulen [86].
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Chapter 9

Conclusions and Directions for Future

Research

In this thesis, we have considered some problems on estimation after selection.

We have considered the problem of estimating mean of the selected population under the
squared error loss function when the underlying distributions are normal with unknown mean and
common known variance. The population yielding the smallest sample mean is selected. We have
derived four different estimators and an improved estimator for the mean of the selected population.
An application of this work is shown in finance, which is presented in the next chapter. We demon-
strate that selecting the security with lower risk is the same as the selection of the population with
the lower mean. We have obtained the estimators for the risk of the selected security and apply the
theory to real data sets. Moreover, it is shown that the improved estimator performs better than the
other estimators with respect to the bias and the mean squared error risk. It will be an interesting
practical problem if this problem can be studied further when there are k(> 2) securities.

We have considered the problem of estimating quantile of the selected normal population from
two normal populations with same mean and different variances where both are unknown. We have
proposed some estimators and obtained admissible classes estimators. A detailed simulation study
has been carried out in order to numerically compare the bias and risk performances of all proposed
estimators. Generalizing the above results for k(> 2) populations is an interesting problem for further
research.

The problem of estimating scale parameter of the selected Pareto population among k(> 2)
Pareto populations with common known shape parameter and different unknown scale parameters
is considered. The population corresponding to the largest (smallest) scale parameter is selected
and named as the largest (smallest) population. The uniformly minimum risk unbiased (UMRU)

estimators of 6 and O, scale parameters of largest and smallest populations respectively, are derived
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under the Generalized Stein loss function. Sufficient condition for minimaxity of estimators of 67 and
Os are given, and it is shown that the generalized Bayes estimator of g is minimax for k = 2. Also,
a class of linear admissible estimators of 6; and Og are found. Further, it is shown that the UMRU
estimator of Os is inadmissible. Studying this problem when the shape parameters are different and
unknown is an open problem.

Next, we have considered k(> 2) independent uniform populations with unequal sample sizes
and an unknown scale parameter. For selecting the population associated with the largest scale
parameter, we have considered a class d“(X) (see (7.3)) of natural selection rules. We have addressed
the problem of estimating scale parameter 0, of the selected population by a fixed selection rule in
d*(X) under the squared log error loss function. We obtain the uniformly minimum risk unbiased
(UMRU) estimator of 6; and two natural estimators of 6; are also studied. We have shown that
the UMRU estimator as well as natural estimator are inadmissible and better estimators are obtained.
Furthermore, we produce related results for the problem of estimating scale parameter of the selected
population when the selection goal is that of selecting the population corresponding to the smallest
scale parameter. Finally, the risk functions of various competing estimators of 6; are compared
through simulation. Based on this simulation study the natural estimator ‘P{VJ is recommended. One
may study the above problem for other populations.

In the last chapter, we have addressed the problem of estimating scale parameter of the selected
uniform population when sample sizes are unequal under the generalized Stein loss (GSL) function.
The UMRU estimator of scale parameter is obtained and two natural estimators §N71 and §N72 (see
Eq. (8.5)) are also studied. The natural estimator Ey » is shown to be the generalized Bayes estimator.
The UMRU estimator as well as natural estimators are inadmissible and dominating estimators are
also obtained. A numerical study on performance of various natural estimators is carried out. The

above problem for some other population and under some other loss function can be studied further.
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