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Abstract

In the present thesis, we study the degree of approximation of functions belonging to
certain Lipschitz classes and subclasses of L, (p > 1)-space (written as L? throughout
the thesis) through trigonometric Fourier series. We also study the approximation
properties of some functions by means of Walsh—Fourier series and Fourier-Laguerre

series. This thesis is divided into six chapters.

Chapter 1 is introductory in nature and includes the introduction of different
Fourier series, basic definitions, concepts and the literature review. The objective

of the work done and layout of the thesis is also given in this chapter.

In Chapter 2, we estimate the pointwise approximation of periodic functions
belonging to LP(w)g(or LP(@)s)-class, where w(orw) is an integral modulus of con-
tinuity type function associated with f, and its conjugate function using product
summability generated by the product of two general linear operators. We also mea-
sure the degree of approximation in the weighted norm for a function f belonging
to weighted Lipschitz class W (LP £(t)) and its conjugate f, respectively. We prove
the following theorems in this chapter:

Theorem Let f e LP(w)pgwith0 < 8 <1— zla’ p > 1, and the entries of the

lower triangular matrices A = (a,, ;) and B = (b, ;) satisfy the following conditions:

RS n € Ny, (0.0.1)

n+1’

bnm
1brm @m0 — bpms1@mi11] < (m—i-—2 for 0<m<n-—1 (0.0.2)

1)

and

—_

m—

|<bn,mam,m—k - bn,m—l—lam—l—l,m—i-l—k) - (bn,mam,m—k—l - bn,m+1am+1,m—k)|
k=0



i

bn,m
<<m for O§m§n—1, (003)

with A,,,, = B,, =1 forn =0,1,2,... . Then the degree of approximation of f by

BA means of its Fourier series is given by

|t (fr2) — f(z)| = (Z Onm (n+ 1) w(1/(n + 1))) ,

m:Om—l—l

provided that the positive non-decreasing function w satisfies the following condi-
tions:

w(t)/t is a non-increasing function, (0.0.4)

1/p
7/(n+1) |p(z, t)|sm (t/2) B . L
{/0 ( (D) ) dt} =0, ((n+1)77), (0.0.5)

{/W(nﬂ) (t‘v p(z,1)| sinﬁ(z/z)>pdt}1/p o (tnr ), oo

7/ w(t)
where 7 is an arbitrary number such that 1/p <y < 8+ 1/pand p~' + ¢! =1.
Theorem [2.3.2| Let f be a 27-periodic function belonging to the class LP(@)g, 0 <

f < 1/p, p > 1 and the entries of the lower triangular matrices A = (a, ;) and

B = (b,,) satisfy the following conditions:

1
bpn < n € Ny, (0.0.7)
n

+1’

bnm
|bn7mam’m_l — bn7m+1am+17m+1_l| <K m for 0 S [ S m S n — 1. (008)
with A,, = B,, = 1for n = 0,1,2,... . Then the degree of approximation of f,

conjugate of f, by BA means of its conjugate Fourier series is given by

iB4(fi2) = f@)| = 0 ( (1) <1/<n+1>>>

provided that the positive non-decreasing function @ satisfies the following condi-
tions:

)/tﬁJrl  is non-decreasing for § < o < 1/p, (0.0.9)

o i 1/p
{/ /( >(t |¢(x,t)] sin (t/2)> dt} =0, ((n+1)7"7) | (0.0.10)

0

{/7r/ (n+1) (t e (t/2>> dt}l/p = O, ((n+1)7717), (0.0.11)
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where 7 is an arbitrary number such that 1/p <y < S+ 1/pand p~' + ¢! = 1.
We discussed the case p = 1 separetly and two more theorems are proved for p = 1
(Theorem and Theorem [2.6.2).
In weighted LP-norm, we prove following theorems:

Theorem Let f be a 2m-periodic function belonging to W (LP,£(t)) with
p>1, 8> 0 and let the entries of the lower triangular matrices A = (a, %) and B =
(by1) satisfy the conditions - of Theorem with A, = B, =1
for n = 0,1,2,... . Then the degree of approximation of f by BA means of its

Fourier series is given by

n

|67 (f52) = f@)], 5= O (5(7T/(n +1))+(n+ 10> —£HI1> ,

provided that the positive non-decreasing function £(t) satisfies the condition:
&(t)/t° is non—decreasing function for some 0 < o < 1. (0.0.12)

Theorem Let f be a 2m-periodic function belonging to W (LP,£(t)) with
p > 1, B > 0 and let the entries of the lower triangular matrices A = (a,) and
B = (b,) satisfy the conditions (0.0.1) — (0.0.3) of Theorem with A,, =
B, ,=1forn=0,1,2,... . Then the degree of approximation of f, conjugate of f,

by BA means of its conjugate Fourier series is given by

n

i (fix) = @) =0 (gm/(n +1)+ 1)y bn_m>

m—+1

m=0

p,B

where £(t) and o are the same as in Theorem [2.10.1]

In Chapter 3, we determine the degree of trigonometric approximation of 2-
periodic functions and their conjugates, in terms of the moduli of continuity associ-
ated with them, by matrix means of corresponding Fourier series. We also discuss
some analogous results with remarks and corollaries.

Theorem Let f be a 2m-periodic function belonging to the class LP(w)g, 8 >
0 and let 7" = (a,x) be a lower triangular regular matrix with non-negative and
non-decreasing (with respect to 0 < k < n) entries with A4, ,_, = O (1/t(n + 1)).

Then the degree of approximation of f by matrix means of its Fourier series is given

by
I t
[tn(f;2) = f(@)]l, = O <n—+1 /1/( o %dt) )



v

provided that w is a function of modulus of continuity type such that

/U ﬂdt:O(M) , 0<wv <. (0.0.13)

0 tﬁ'f‘l Uﬁ

Theorem Let f be a 2m-periodic function belonging to the class LP(@)g, 8 >
0 and let 7" = (a,x) be a lower triangular regular matrix with non-negative and
non-decreasing (with respect to 0 < k < n) entries with A4,,,,_, = O (1/t(n+ 1)).

Then the degree of approximation of f, conjugate of f, by matrix means of conjugate

1 T o(t
:O( / wdt>7
P n+1 1/(n+1) tﬁ+2

provided that @ is a function of modulus of continuity type such that

/U “W g~ 0 (a’(”)) L 0<v<T. (0.0.14)

0 tﬁ'f’l U’B

Fourier series is given by

b(f; ) = ()

Theorem Let f be a 2m-periodic function belonging to Lip(w(t), p)-class
with p > 1 and let T" = (a,x) be a lower triangular regular matrix with non-
negative and non-decreasing (with respect to 0 < k < n) entries with A, ,,_, =
O(1/t(n+1)). Then the degree of approximation of f by matrix means of its

Fourier series is given by

' B 1 ™ w(t)
i) = g, =0 (5 [ Sipar).

provided w(t) is a positive non-decreasing function satisfying the following condition:

Cw() o (w(v)
/0 t1+1/pdt_0(vl/p ,0<v <. (0.0.15)
Theorem [3.10.2| Let f be a 2m-periodic function belonging to Lip(w(t), p)-class
with p > 1 and let 7" = (a,x) be a lower triangular regular matrix with non-

negative and non-decreasing (with respect to 0 < k < n) entries with A, ,,_, =
O (1/t(n+1)). Then the degree of approximation of f, conjugate of f, by matrix

means of its conjugate Fourier series is given by

1 T t
) / MUIAY
P n+1J1 /e ¢2+i/p

provided w(t) is a positive non-decreasing function satisfying the condition ((0.0.15)

of Theorem [B3.10.1]

b(f;2) = f(2)




In Chapter 4, we generalize the definition of Lip («, p, w) defined by Guven [30]
to the weighted Lipschitz class Lip(£(6), p, w), where £(9) is a positive non-decreasing
function, and determine the degree of approximation of f € Lip(£(d), p, w) through
matrix means of its trigonometric Fourier series. We note that some earlier results
are particular cases of our following result:

Theorem Let 1 <p<oo,we A, fe Lip(§(d),p,w) and A = (a, ) be a
lower triangular regular matrix satisfying one of the following conditions:

(i) {ank} € AMDS in k and (n+ 1)a,o = O(1),

(17) {ank} € AMIS in k,

(iii) Y | Ay (M)' = 0(1/n).

k
k=0
Then

1 () = ta(f; 2)llpw = O(E(1/n)),

where £(0) is a positive non-decreasing function satisfying
€(1/6)0° is an non-decreasing function for some o > 0. (0.0.16)

Chapter 5 deals with the approximation by triangular matrix means of Walsh—
Fourier series in LP[0,1)-space, where {a,;} is almost monotone sequence. We
generalize some earlier results [91}; O3} [105] under less conditions on a, ;. We prove
the following:

Theorem Let f € LP[0,1), 1 < p < oco. Let T = (a,4) be a lower triangular
regular matrix with non-negative entries, where n = 2™ + k for 1 < k < 2™ and
m > 1. Then

(¢) if {anr} € AMIS in k and na,,, = O(1), then

m—1
[ta(f;2) = f(@)ll, = O (Z D ap g1 16p(f5277) + @y (f; z—m>> 7

=0
(i7) if {anr} € AMDS in k, then

m—1

[tn(f;2) = f(@)llp = O (Z 2 an200p(f1277) + dp(f;27)
j=0

N——

Theorem Let f € Lip(a,p), @« > 0 and 1 < p < oo. Let T" = (a, ) be a

lower triangular regular matrix with non-negative entries, where n = 2™ + k for
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1<k<2™and m > 1. Then
(i) if {anr} € AMIS in k and na,, = O(1), then

O(n™?), if0<a<l1
Itn(fi2) = f(2)]l, =< O(ntlogn), if a=1
O(n™1), if a>1,

(1) if {anr} € AMDS in k, then

m—1
[ta(f;2) — Hp—O(Z21 a]anza + 27 ma) .
7=0

Chapter 6 deals with the approximation properties of f € L]0, 00) by Cesaro
means of order A > 1 of the Fourier-Laguerre series of f for any x > 0. We prove
the result for z = 0 separately.

Theorem Let f be a function belonging to L[0,00). Then the degree of
approximation of f by the Cesaro means of order A > 1 of the Fourier-Laguerre
series of f is given by

Co(fi2) = f2)] = 0 (&(n)),
where £(t) is a positive non-decreasing function such that £(¢) — oo as ¢ — oo and

satisfies the following conditions:

o) = [ v oy =o(€1/). 0. (007
t
* [(z,w)
/ g = o (c1/0)), t 0, (0.0.18)
and t
/OO e~V y 27812 61 ) |dy = o (n_l/Qg(n)) , = 00, (0.0.19)
where 0 is a fixed positive constant and o > =*. This holds uniformly for every fixed

positive interval 0 < e < x < w < o0.

For z = 0, we prove the following theorems:
Theorem Let f be a function belonging to L[0,00). Then the degree of
approximation of f at x = 0 by the Cesaro means of order A > 1 of the Fourier-

Laguerre series of f is given by

(Ca(£:0) = f(O)] = o (n*/***/ ¢ (n))



Vil

where £(t) is a positive non-decreasing function such that £(t) — oo as t — oo and

satisfies the conditions ((0.0.17) and (0.0.19) of Theorem forz =0, e > 0 and
ael-1/2, 1/2].
Theorem The degree of approximation of f € L[0,00) at = 0 by the

Hausdorff means of the Fourier-Laguerre series generated by H € H; is given by

[Hn(f50) = F(0)] = o(§(n)),

where £(t) is a positive non-decreasing function such that £(¢) — oo as t — oo and

satisfies the following conditions

B(y) = /0 o(y)ldy = o (1*HEL/1)) , £ 0, (0.0.20)
/ " v y~ (Do (y)|dy = o (n~ T/ Ne(n)) (0.0.21)

and o
/ /2 y ) p(y)ldy = olE(n)), 1 — oo, (0.0.22)

where € is a fixed positive constant and o > —1/2.

We also discuss some particular cases of Theorem [6.7.1}
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Chapter 1

Introduction

Approximation theory is a vast field of mathematical territory which works out to
approximate a typically unknown function [i.e. we have limited information about
the function in terms of its properties] by some simple function, e.g. algebraic or
trigonometric polynomials. Intuitively, Fourier approximation is the study of error
estimation of functions through their Fourier series (which may be trigonometric,

Walsh, Laguerre etc.) using summability techniques.

As we know that the Fourier Series of a function need not to be convergent to
the function everywhere in the domain, the summability methods play key role to
find the sum of non-convergent series which in turn approximate the function under

consideration.

1.1 Fourier Series

A Fourier series has been defined to be a series in terms of orthogonal elements in
the space, and this orthogonality property is attractive due to its computational
aspects. Corresponding to different orthogonal sets, we can define several Fourier

series. Some of them are discussed here:



Trigonometric Fourier Series:

Let f be a 27 periodic function belonging to L* := LP[0,2x|(p > 1)-space. The
trigonometric Fourier series of f is defined as

o0

flx) ~ %—FZ(akcoskijbksinkx). (1.1.1)

k=1
The n'™ partial sum of the Fourier series (1.1.1)), i.e.,
sn(fr2) = % + Z(al, cosvx + b, sinve), Vn € N with so(f;2) = %, (1.1.2)
v=1
is also called trigonometric polynomial of degree (or order) < n.

Consider the power series E c,2”, z € C, where
v=0

a, —1ib,, v>1
C, =
ap/2, v =0.

If z = €™, then

icyz”:icyei —a0/2+2 v)(cosvr + isinvr)

v=0 v=0
o0 o0
=ap/2+ E (a, cosvx + b, sinve) +1i E (a, sinvx — b, cosvr).
v=1 v=1

oo
The imaginary part of chei” is called conjugate Fourier series and its n™

v=0
partial sum is defined by

n

So(f;7) = Z(a,, sinve — b, cosvz), Vn € N with §(f;x) = 0. (1.1.3)

v=1

The conjugate of f, denoted by f, is defined as

f(z) = ——hm/ (x,t) cot(t/2)dt, (1.1.4)

2T €

where (x,t) = f(x +t) — f(x —t). We also write ¢(x,t) := f(z+1t)+ fx —t) —
2f(x) [152].



It is known that the series conjugate to a Fourier series is not necessarily itself a

Fourier series, e.g. the series

is a Fourier series but the corresponding sine series is not a Fourier series. Therefore,

a separate study of conjugate Fourier series is required.

Walsh Fourier Series:

Consider a sequence of functions {r,(z)} on the interval I := [0, 1) defined as:

1, o0<a<2
ro(z) = 1, 2 l<a<l

Now, extend it to the real line by periodicity of 1, i.e., ro(z + 1) = ro(x) and set
ro(x) = 1r9(2"z), n > 1, x € R. These functions are known as Rademacher’s func-
tions.

The Walsh system {w, (x)} is obtained by taking all possible products of Rademacher’s
functions. For this, we use the Paley enumeration of the Walsh system [99]. Set

wo(x) =1 and if

n:ijQj, ki =0orl
5=0

is the dyadic representation of n € N, then w,(x) = H[rj (z)]* for n € N.

The Walsh system is complete orthonormal system.

The dyadic addition of z, y € I with dyadic expansions © = Zka’k’l and y =
k=0

Z Y2 "1 is defined as

k=0
Z | Tr — Y|
TDY = ok+1 °

Let f be a 1-periodic Lebesgue integrable function on I. The Walsh-Fourier series
of f is defined as

> fk)ywi(x), (1.1.5)

k=0



where f (k) is known as the k*"-Walsh-Fourier coefficient of f and given by f (k) =

Jo f(Owi(t)dt.
The n™ partial sum of the Walsh-Fourier series (1.1.5), i.e.,

i
L

so(fim) = f(k)wg(z), Vn eN, (1.1.6)

i

is also called the Walsh polynomial of degree (or order) < m. The collection of all
Walsh polynomials of degree < n is denoted by P,,. The collection Pay» coincides with
the collection of A,-measurable functions on I, where A,, is the finite o-algebra
generated by the collection of dyadic intervals of the form I,,(k) := [k27™, (k +
2=, m>0, k=0,1,.., 2" — 1.

The integral representation of s, (f;z) in is given by

1
sn(fix) = / flz & t)D,(t)dt, (1.1.7)
0
n—1
where D, (t) = Z wi(t) is the Walsh-Dirichlet kernel having the property that
k=0
2. tel0,27)
Don(t) = (1.1.8)
0, tel27™1].

For more details one can see [32].

Fourier-Laguerre Series:

Let f be a Lebesgue integrable function on [0, 00), i.e., f € L[0,00). The Fourier-

Laguerre expansion of f is given by

f@) ~> a, L (x), (1.1.9)

n=0
where
n+ «

n

[Na+1) ( ) a, = /OO e "2 f(2) L\ (z)d, (1.1.10)

the existence of the above integral is presumed and L (x) denotes the n** Laguerre

polynomial of order a@ > —1, defined by the generating function

> = (1= (722,

1—w
n=0



The n™ partial sum of the Fourier-Laguerre series (1.1.9)), i.e.,

sa(fi2) =Y axLi?(x), (1.1.11)

k=0

is also called Fourier-Laguerre polynomial of degree (or order) < n.

When x =0,
Lff)(O) [ +«
n

L (z) = L@ ().

T n

and

r=0

()

Laguerre polynomials L, ' (x) form orthogonal set with the weight function e=*

:L.a

on [0, 00). Fore more details one can see [136].
The study of other Fourier series like corrected Fourier series [107], Fourier—
Bessel’s series [I41] and hexagonal Fourier series [148] also develops an extensive

field of Fourier expansions and approximations.

1.2 Summability

Summability is a well developed field for the study of non-convergent series in which
one attempts to attach a value to the non-convergent infinite series, i.e., summability
extends the notion of the sum of a convergent series. Throughout the last century,
the mathematicians such as Abel, Cesaro, Euler, Hausdorff, Holder, Norlund, Riesz
and Lebesgue have formulated various process of summability of infinite series.
The most well known methods of summability are linear. Toeplitz [140] was the
first to put such methods systematically and we call them T-methods. Let > u, be
an infinite series with sequence of partial sums {s, } and let " = (a, ) be an infinite

lower triangular matrix. Then the sequence -to-sequence transformation

n n
t, = E Qp Sk = E Apn—kSn—k;, n = 07 17 27 ey
k=0 k=0

are called linear means (determined by the matrix T") of the sequence {s,}.



Definition 1.2.1. The infinite series > u,, is said to be summable to s by T-method,
if

lim t, = s,
n—oo

where s is a finite number.

Regularity of Summability Process:

Definition 1.2.2. The summability matrix 7" or the sequence-to-sequence transfor-

mation {¢,} is said to be regular, if

lim s, =s= lim t, = s.
n—oo n—oo

The necessary and sufficient conditions on a,, ;, which make the matrix 7" regular

were found by Toeplitz [140] and Silverman [120] and given as follows:

oo
1. li =1 tend to 1
n1_>n010§ Ak (row sums tend to 1),

2. Z |ank| < M for every n € NU {0} (uniformly bounded summable rows),
k=0

3. lim a,; =0 for every k € NU {0} (terms of any column tends to 0),

n—oo

where M is a constant independent of n.

1.2.1 Some Particular Cases of Matrix-T
1. Cesaro Matrix of Order J: For a positive real number ¢, if

BB, 0<k<nm
Ap k. =
0, k>n,

where

T(n+6+1) S
s __ _ 5—1
En = L(n+ 1T+ 1) _;Ek ’

then the linear means t,, become Cesaro means of order 4, i.e., (C, §)-means.

The series Z u, is said to be summable to s by Cesaro means, if

1 n
ti:ﬁg Ef;isk%sasn%oo.
n k=0



2. Harmonic Matrix: If

1
e 0<k<n
Uy = (n—k+1)logn
0, k> n,

then the linear means ¢,, become Harmonic means, i.e., (H,1)-means.

The series Z u, is said to be summable to s by Harmonic means, if

n

1 Sk
Z — S asn — oo.

lognkzon—k‘+1

3. Norlund Matrix: If

pn—k/Pn; OSI‘CSH
Qp | =
0, k>mn,

where P, = Zpk # 0, and p_1 = 0 = P_1, {p,} is any sequence of real
k=0

numbers, then the linear means t, become Norlund means, i.e., (IV,)- means.
The series Z u, is said to be summable to s by Norlund means, if

n

1
an,ksk — s as n — oo.
k=0

ty = —
by

4. Riesz Matrix: If
pk’/Pn7 0 S k S n
Qp k. =
0, k> n,

where P, = Zpk # 0, and p_.; = 0 = P_1,{p,} is any sequence of real
k=0

numbers, then the linear means ¢,, become Riesz means, i.e., (IN,)- means.

The series Z u, is said to be summable to s by Riesz means, if

n

1
t, = — PrSE — S as n — 0.

P
" k=0

5. Euler Matrix: For a positive real number ¢, if

(Z)q"Wﬂ+qw,0§k§n

Qp k. =

0, k>n,



then the linear means ¢,, become Euler means, i.e., (E, ¢)-means of order g.

The series Z u, is said to be summable to s by Euler means, if

1 - n A
t, = q" "s — s as n — 00.
(1+C])nz<kz>

k=0

6. Hausdorff Matrix: The Hausdorff means of Z u, are defined by

Hy = hngsk, n=0,1,2, ..,
k=0

with

kf) — — n
hn,k = k

0, k> n,

where A, = fi,, — finy1 is forward difference operator and A* 1, = AF(Ap,).
If H = (hyy) is regular, then {yu,} known as moment sequence, has the repre-

sentation
1
,un:/ u"dy(u),
0

where ~y(u), known as mass function, has the following properties:

(a) ~vy(u) is continuous at u = 0,

(b) v(u) € BV]0,1] such that v(0) =0, v(1) =1,

(c) v(u) =27 y(u+0) +v(u—0)] for 0 < u < 1.
The series Zun is said to be summable to s by the Hausdorff means, if
H, — sasn — .

Tylor means [17], Bochner-Riesz means [18] and almost Riesz means [22] are

also very useful summability techniques.

1.2.2 Composition of Two Summability Methods

Let A = (an,,) and B = (b,,,) be two infinite lower triangular matrices of real

numbers. When we superimpose the B—summability on A—summability, we get



BA means of Y u, defined by

n m

n m
BA
[ = E bmm E :am7ksk’ = bn»maka’Sk'
m=0 k=0

m=0 k=0

The composite summability method is more effective than the individual summabil-
ity method. It has been discussed very well by Mishra et al. [81], pp.261-262] that the
product summability C'N,, is stronger than the single (C, 1) summability method.

1.3 Some Basic Definitions and Results

1. LP~-Norm: The L? norm of f € L?[0,27] is defined by

x 1/p
(L f 1 ypdn) " 1< p <o

ess sup [f(z)], p = oo,
z€]0,27]

£l =

2. Weighted LP-Norm: The weighted norm of f € LP[0,2x| with the weighted
function w(zx) is defined by

1

2r 1/p
| fllpw = (%/0 |f(:v)|pw($)d$) , 1< p< oo (1.3.1)

3. Modulus of Continuity: Let f(x) be a function in the interval [a,b]. Then
the modulus of continuity w(d) of the function f(x) is defined as

w(8) == w(f;0) = suwp |f(x) = f(y)l, a<w y<b

|z —y|<d

Some basic properties of the modulus of continuity w(d) [56; 05] are as follows:

(a) w(d) >0, and w(d) =0, if § = 0.
(b) w(d1) < w(dy) for 0 < d; < ds.

(¢) f is uniformly continuous on [a, b] if and only if

lim w(d) = 0.

6—0

(d) w(nd) <nw(d) for n € Nand § > 0.
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Also w satisfies the following:

65 w(dy) < 267 w(8y) for 8y > 6, > 0. (1.3.2)

. Integral Modulus of Continuity: The integral modulus of continuity of a

27 periodic function f in LP[0,27](1 < p < oco)-space is defined by

wp(fih) = sup | flz+1t) = f(z) |-

0<|t|<h

. Generalized Modulus of Continuity: The generalized moduli of continuity

of f in LP[0, 2m]—space are defined by

t Bp 2 1/p
wgf(6)r» == sup { sin / |¢($,t)|pdf} , B>0
0<[t|<6 20 Jo
and
t Bp 27 1/p
Oaf(0)r := sup < [sin = / |(x,t)Pdz , B>0.
0<|t|<6 2 0

. The Holder Inequality: Let x and y be scalar-valued Lebesgue-measurable

functions on the Lebesgue-measurable set £ such that [, | z(t) | dt < oo and

J 1 y(t) |9 dt < oo, wherep > 1andp~'+¢~' = 1. Then [, | z(t)y(t) | dt < oo

/|:13 |dt<(/|x |pdt) /p(/E|y(t)|th)1/q.

For p =1 and ¢ = oo, we have

[ attwte) o< ([ Fato)]de) tesssup [ o(0) .

and

. Generalized Minkowski Inequality: Let g(x,t) € L?([a,b] X [c,d]) for

p > 1. Then

{/ab /Cdg(x7t)dtpdx}l/p</:l{/abg(x’t)pdx}l/pdt'

. Abel’s Transformation: Let {a,}°, and {b,}32, be two sequences of real

numbers, then

n n—1

Z akbk = Z AkAbk + Anbn - Am—lbm7 (133)
k=m

k=m
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k

where A, = Z a, and Abg = by, — bgyq.
r=0

For m = 0, (1.3.3) reduces to

n n—1
k=0 k=0

1.4 Important Functions Spaces

A function f € Lipa, if |f(x +1t) — f(z)| = O(t*) for 0 < a < 1,
. . 21 1/p
f € Lip(a, p), if <f0 |f(x+t)—f($)|pda:> =0@*) for0<a<1, p>1,

f € Lip(e(t).p). if (J27 1fx +0) — fw)lz) " = 0(e()
and f e W(LP £(t)), if

1/p

( [ 10 - s sinﬁ<x/2>|pdx) _O(E), B=0,p> 1,

where £(t) is positive non-decreasing modulus of continuity type function.

It is important to note that the function &(¢), in the definition of
W (LP,&(t))-class is not the same as the £(t) in the definition of Lip(£(t), p)-class.
The £(t) in the Lip(&(t), p)-class depends on ¢ only, whereas the £(t) in the W (LP, £(t))-
class depends on both t and 3 [52]. If we take £(t) = t93(t) for 3 > 0 and some
positive non-decreasing function ¢ (t), then the W (L?,£(t))-class defined above re-
duces to the W(LP,(t))-class defined by Khan [52].
If 3 =0, then W(LP £(t)) = Lip(£(t), p) and for £(t) = t*(0 < a < 1), Lip(&(t),p) =
Lip(a, p). Lip(a,p) — Lipa as p — 0o. Thus

Lipae C Lip(a, p) C Lip(&(t), p) € W(LF,£(2))-

In the thesis, we also used some subclasses of LP-space in terms of generalized integral
modulus of continuity [58} [77].
Let w be a modulus of continuity type function on [0,2x]. Then two subclasses of

LP—space are defined by
Lp(w)/g = {f e Lr: OJBf(5)Lp < w(é)},

L(@)s = {f € L7 : @5£(5) 1 < 2(5)}.
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If B =0, LP(w)g(or LP(@wg)) coincides with Lip(&(6),p) for w(d) = 6*(0 < a <
1), LP(w)s = Lip(a, p) and Lip(a, p) — Lipa as p — oo.

There are many more function spaces such as Basove spaces [3], Lebesgue space
with Muckenhoupt weights [38], grand Lorentz space [47], sobolev space [100; 142]

and generalized sobolev space [103] etc.

1.5 Fourier Approximation

If a function f in LP-space is approximated by a polynomial T, (z) of degree < n
(which are either partial sums or some summability means of the Fourier series of

f), then the error of approximation E,(f), in terms of n, is given by

En(f) = min || f(z) = Tu(@) llp -

The polynomial T,,(x) is known as the Fourier-approximant of f, and this method
of approximation is called Fourier approximation.

If T (x) is the polynomial of best approximation, then

En(f) = min || f(2) = Tu(2) ll,=] f(z) = Ti()

1.6 Literature Review

Approximation by Fourier series lies at the heart of signal analysis and in digital
signal processing [106] including audio, videos, images, speech, radio transmission
etc. Nowadays wavelet transform and Fourier transform also have been of growing
interest for researchers [101} [104] to provide additional and remarkable tools in the
area of filtering and signal analysis but Fourier series is the best choice for processing
periodic signals.

Among the results studied by various researchers over the last decades, perhaps
the best known result was due to Weierstrass [146]. This result has been extended
further for trigonometric polynomials. Lebesgue [72] obtained the result for approx-
imation of f € Lipa(0 < a < 1) by partial sums of its Fourier series and obtained
lsn(f;2) — f(x)] = O(n *logn). Bernstien [7] used Cesaro summability of order
1, ie. (C,1) means, for f € Lipa(0 < a < 1) to prove that E,(f) = O(n™®) for
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0<a<1land E,(f) = O(n'logn) for « = 1. Jackson [45] also gave theorems
dealing with the errors in the approximation of f € Lipa(0 < a < 1) by the partial
sums s, (f;x) and (C, 1) means of its Fourier series. Alextis [I] extended the results
of Bernstien [7] for Cesaro summability of order § for f € Lipa(0 < a < 1). Results

of Jackson [45] has been studied further by Quade [I08] in LP-norm. He proved

O™, p>1 o
lsn(f;2) — f(2)|, = He also gave the similar results for
O(n~*logn), p=1.

(C, 1) summability means. Sahney and Goel [117] studied Nérlund means of Fourier
series in f € Lipa(0 < o < 1)-class. Holland et.al. [43], Chandra [I3} 14] has ex-
tended the problem further using Norlund and Riesz means with monotonic weights
pn. Holland [42] has gone through all the results on trigonometric approximation of

continuous functions and published a survey paper in 1981 for these results.

Chandra [I3} [14] studied the problem further and proved the approximation
results for f € Lipa choosing Norlund means with monotonicity condition on p,
and a lower triangular matrix 7" = (a,y ) such that a,r < a,4+1. Chandra and
Mohapatra [16] proved the results for absolute Nérlund summability of Fourier series.
Chandra [15], Leinder [73] and Mittal et al. [87; [88] extended the results of [13} 14
108] for f € Lip(c,p) by relaxing the condition of monotonicity on a,; to obtain
E,(f) of order n=®. A nice discussion has been done by Bojani¢ and Mazhar [10] on
the error when a function of bounded variation has been approximated by various
summability means of its Fourier series. Wei and Yu [145] also gave nice results and

discussed the applications of their results to more general classes of sequences.

Mittal [83] proved the results for Fy-effectiveness of C'T method. The au-
thor [83] also discussed the Fi-effectiveness of C'N, and N, methods on which the
approximation results already have been proved. Mittal and Bhardwaj [84] studied
the results of [I3} [14; [15; [M08] further for a linear matrix operator. Mittal and
Rhoades [85] have obtained the error estimation of f through a matrix which does
not have monotone rows. A new class Lip(¢(t),p)(p > 1) of 27 periodic functions
was defined by Khan and Ram [54] as Lip((t),p) = {f : |f(z +1) — f(x)] <
M (p(t)t7/7)} 0 < t < m and M is a positive number independent of z and ¢.
The authors in [54] determined the degree of approximation for f € Lip(i(t),p)
using Euler means. Nigam [96] and Nigam and Sharma [98] obtained E,(f) =
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O ((n+1)"7¢(1/(n+1))) for f € Lip(&(t),p) using (E,q)(C,1) and (C,1)(E,q)
summability methods, respectively. Although, £(¢) does not depend on p but these
results depend on p. Lal and Yadav [71] obtained the degree of approximation
of f € W(LP,&(t)) using a triangular matrix involving the product (C,1)(E,1).
Rhoades [113} [116] extended these results to a wider class of Hausdorff matrices
and proved that for f € W(L?,&(t)), || f(z) — Hu(f;2)]l, = O (n?T7¢(1/n)) as-
suming two additional conditions on £(¢). He also derived a result for f € Lipa.
Lal [66] had initiate for the study of C'N, summability of f € W (LF,&(t)) which
was further improved by Singh et al. [I23]. These results depend on p. Singh and
Sonker [125] pointed out some remarks in the results of [66; [71; 113] and stud-
ied this problem further using Hausdorff summability means. Singh and Srivas-
tava [135] studied all these results to obtain the degree of approximation free from
p. The authors [135] obtained the results for f € W(LP,w(t),3)-class using C'T
operator with weaker conditions on w(t). Obviously, the results are independent of
p and hence more sharper than the earlier. Krasniqi [59], Lenski [75] and Lenski
and Szal [78] have given results in terms of modulus of continuity for more general
summability means, generated by product of two triangular matrices. Mohapatra
and Szal [90] also obtained similar results in LP-space and Lip(c, p)-class. A num-
ber of results have been obtained by Kranz et al. [58], Krasniqi [61] and Lenski and
Szal [76; [77] in the space LP(w)g.

Following Ky [62], recently Guven [36} 37] extended the results of Chandra [15] to
a weighted Lipschitz class. Singh and Srivastava [126] continued this work and ex-
tended the theorem of Guven [36] to the matrix means under the relaxed condition
of monotonicity and replaced the results of [37] by a single result. Das et al. [19]
obtained the approximation results in Banach space with Hélder metric using (E C)
means of Fourier series. Mohapatra and Chandra [89] also obtained results in Holder
metric using lower triangular matrix means. Das et al. [20; 21] introduced a regular
trigonometric summation method and applied it to determined F,, (f) in generalized
Hélder metric space HY"). Leindler [74] and Singh and Sonker [124] obtained the
degree of approximation in generalized Holder metric. The authors [124] generalized

results of Leindler [74] using matrix means which has almost monotone rows. Very
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recently, Jafrov [46] approximated f through the Norlund submethod of summabil-
ity with monotonicity on p,. Guven and Yurt [39] have given the direct and converse
trigonometric approximation results in the Lebesgue space of function of severable

variable with the help of moduli of smoothness of fractional order.

As conjugate Fourier series needs the separate study, many researchers investi-
gated about the conjugate function of f in different classes, namely, Lipa, Lip(«,p),
Lip(&(t),p) and W (LP,&(t)), through various summability methods. Quarshi [109;
110], Lal and Kushwaha [67], Lal and Mishra [68] and Keska [50] have proved some
useful results on E,(f) for f € Lipa(0 < a < 1) using almost Riesz, triangular ma-
trix and Euler-Hausdorff means of conjugate Fourier series. Lal [65] proved the re-
sults for conjugate of almost Lipschitz functions by (C, 1)(E, 1) means. Qureshi [111],
Lal and Singh [70] and Sonker and Singh [134] proved E,(f) = O (n=o*t1/P) using
Norlund, (N,p,q)(E,1) and (C,1)(FE,q) means, respectively in Lip(a,p)(p > 1)-

class.

Being motivated by these results in the Lipa, Lip(c,p)-classes, some authors
studied the problem further for Lip(£(t), p) and W (LP, £(t))-classes. Mittal et al. [86]
approximated f by linear opertors in W (L?, £(t))-class. Rhoades [I15] and Lal
and Mishra [68] proved their results for the class Lip({(t),p) using the Hausdorff
means and product means E7AH, respectively. The authors gave their results free
from p in terms of £(¢) with a single condition on £(¢). Mishra et al. [82] used
C'N,, summability means of the conjugate Fourier series for the W (LP, £(t))-class
and proved E,(f) = O (nf/2tP/2¢(1/\/n)) with additional assumption conditions
on £(t) and monotonic weight p,. Further, Mishra et al. [8I] studied this re-
sult by dropping the monotonicity on p, which in turn generalized the results
of Lal [66]. Singh and Srivastava [127] approximated conjugate of functions be-
longing to W (LP,£(t)) by Hausdorff means of conjugate Fourier series and proved
E.(f) = O ((n+1)%717£(1/(n+1))). The authors [128] studied this problem
again to obtain the results free from p by using the C'T means to proved that
Eu(f) = O ((n+ 1)1/ (n + 1))).

In analogy with the theory of trigonometric Fourier series, an extensive parallel
theory of Wash-Fourier series has been developed. In the past few decades, the

system of Walsh functions has been the subject of growing interest. A list of papers
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on Walsh functions have been published in [5] stressing their application in com-
puter science and electric engineering. Billard [8] and Gosselin [33] proved that the
Walsh series of L? functions converges almost everywhere. For f € L, 1 < p < 00
Paley [99] proved that W, (f) — f as n — oco. Results of Ladhawala [64] and
Butzer and Wagner [11] conclude that Walsh Fourier series is absolutely conver-
gent for f € Lip(a,p). Méricz and Schipp [92] studied the integrability and con-
vergence of Walsh-Fourier series in L[0, 1] with coefficients of bounded variation.
The investigators like Butzer and Wagner [12], Schipp [119], Skvorcov [131] and
Powell [102] examined the conditions for Walsh series to represent a dydically dif-
ferentiable function f. A good amount of work has been done by Arutjunjan and
Talaljan [4], Skvorcov [130] on the uniqueness of approximation by Walsh series.
Wade [144] published a paper related to the research done on Walsh series dur-
ing the period 1971 — 1981. Fine [24], Yano [149], Jastrebova [49], Schipp [118],
Baiarstanova [6] and Skvorcov [132] have done good work on Cesiro summability
of Walsh-Fourier series. Méricz and Siddiqi [93] considered the Norlund means of
Walsh—Fourier series of a function in LP(1 < p < oo)-space and gave the results
on the rate of convergence by Norlund means. The authors [93] observed that the
earlier results on Cesaro means are special cases of their results. The authors also
suggested an extension of their work [93] pp.386-388] which was carried out by
Fridli [26]. Tevzade [138] and Goginava [30] studied the problem for Cesaro means
of negative order.

Méricz and Rhoades [91] considered the weighted means and obtained the re-
sults for the Walsh—Fourier series of functions in L”[0,1) and Lip(a,p)(a > 0, 1 <

p < oo)-classes. Later Priti et al. [I05] obtained the results using a lower triangu-
n—1

lar matrix means 7" = (an ) such that Za;n_k = O(n'™7) for some 1 < v < 2.
k=0
The analogous of [91 93], T05] has been discussed by Blahota and Nagy [9] very re-

cently. Rhoades [114] proved the results for a regular triangular matrix means with
coefficients of general bounded variation. Weisz [147] introduced dyadic martingale
Hardy spaces H, and obtained that the maximal operator of the (C,a)-means is
bounded from the space H, to LP(1/(a+1) < p < oo) and uniformly continuous on
H,. Goginava [31] considered the maximal operator of Fejer-Walsh means. Fridli et

al. [27] also extended the results of Yano [149], Jastrebova [49] and Skvorcov [132] to
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H,-space and homogeneous Banach spaces. Tephnadze [I37] has derived the neces-
sary and sufficient conditions for modulus of continuity so that Fejer-Walsh means
is convergent in H-space.

Some authors such as Konyagin [57], Episkoposian and Miiller [23] and Gat et al.
[29] studied the convergence and divergence properties of Walsh—Fourier series. The
authors [23] proved some universality properties that there are countable sets E
such that s, (f;x) is not uniformly universal on E, V f € C,. Hankel matrix trans-
formation of Walsh—Fourier series also has been of growing interest for researchers

(see [2] and references therein).

A smooth function can be represented as a series of orthogonal polynomials. La-
guerre polynomials L, (z) and generalized Laguerre polynomials L (x) form com-
plete orthogonal set of functions on the interval [0, 00). Laguerre series is useful to
get good results in data compression task and it is also useful in the spectral theory
for nonlinear differential equations [51]. Hille [40] proved that Laguerre series of a
certain class of functions are Able summable and used the results in convergence
of Laguerre series [41]. The equiconvergence theorems and summability theorem at
x = 0 has been given in [136]. The author [136] proved that Fourier-Laguerre series
of a Lebesgue measurable function on [0,00) and continuous at x = 0 is (C, K)
summable at x = 0 with the sum f(0) provided K > a + 1/2. Gupta [35] also
proved that ¢(0) = o(logn), K > «a + 1/2, where ¢X(0) is n® (C,K) means
of Fourier-Laugerre series. Similar result has been proved by Singh [122] that
ak(0) = f(0)+O0(n?)+0((1/n)), K > a+1/2, a > —1 with some assumption
conditions on the function v (¢). The author [121] also studied the absolute (C,1)
summability factors at the point 2 # 0. Khan and Khan [53] established theorems on
E,(f) of a function by Cesaro means of Fourier-Laguerre series, the series obtained
by product of two Laugerre polynomials. The authors [60; 69 O7; 133; 139] has
obtained the results at « = 0 by Norlund, (N, p,q), (E,1), and (C,1)(F, q) summa-
bility means of Fourier-Laugerre series for v € (—1, —1/2) with a set of assumption
conditions. The authors in [55] used Harmonic-Euler product sumability means and
proved the similar results. Greene [34] obtained the results on the oscillatory region
of Fourier-Laguerre series and proved that outside this region |L7(1a)(:v)| increases

monotonically bounded.



18

1.7 Objective of the Study

The objective of present study is to fill the gap in the literature by making some
advancement in the field of Fourier approximation. The pointwise objectives are as

follows:

e To study the trigonometric approximation of functions and their conjugates be-
longing to certain subclasses of LP-space such as LP(w)g, LP(@)z and W (LP,&(t))
using product summability methods (Chapter 2).

e To obtain the degree of approximation of functions in the classes LP(w)s, LP(®)g

and Lip(w(t),p) by linear operators (Chapter 3).

e To introduced generalized Lipschitz class with Muckenhoupt weights Lip(£(6), p, w)
and to determine the degree of approximation of functions by matrix means

of trigonometric Fourier series (Chapter 4).

e To determine E,(f) for functions in LP[0, 1)-space by means of its Walsh-

Fourier series (Chapter 5).

e To study the approximation of f € L[0,00) by summability means of its

Fourier-Laguerre series (Chapter 6).



Chapter 2

Approximation in Certain
Subclasses of LP-space Using

Product Summability

2.1 Introduction

A good amount of research work has been done in the field of Fourier series approx-
imation in the subclasses of LP-space through the summability means (as filters).
Product summability means are more general methods as the product transforma-
tion has a key role in signal theory in the form of double digital filter. To enhance
the quality of digital filter, the summability matrices without monotone rows are
more useful than the matrices with monotone rows.

Let A = (an,,) and B = (b,,,) be two infinite lower triangular matrices of real

numbers such that

A (0T bpy) 20, 0<m<n

A(or B) = {

Apm (0T b ) =0, m > n,

n

Z apm = 1 and z”: bym =1, wheren =0,1,2, ...,

and let
T '
Any = E Qpm and B, , = E by

19
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When we superimpose the B—summability on A—summability, we have BA

means of {si(f;x)} defined by (see [59; [78; [79])

tBA(f.x) ZZ() mmpsk(fiz), n=0,1,2,.... (2.1.1)

m=0 k=0

Similarly, BA means of {3;(f;x)} defined by

tBA(f: x) Zanmamksk fiz), n=0,1,2,.... (2.1.2)

m=0 k=0

We write (BA),(t) as

n

1 i sin (k + 1/2)t
BA),(t) = — b m i ke ——— o
( 27 O;() " sin (t/2)
and (BA) (1) as
(BA) _i = f:b o 508 (k+1/2)t
2 &= mmEmE i (£/2) (t/2)
m=0 k=0

We also write K7 < K5 if 3 a positive constant C' (it may depend on some param-

eters) such that K7 < CK,.

2.2 Degree of Approximation in L”(w)z and L*(w)s-

Classes

The product summability means of Fourier series have been considered in various
directions, for example, Mittal [83, Theorem 1, p.437] has estimated the deviation
tBA(f:) — f(.) pointwise with lower triangular infinite matrix B defined by:

b _{#1, 0<m<n
n,m —

0, m>n.

This matrix corresponds to the Cesaro summability of order 1 and is denoted by
C'. He also discussed the (F})-effectiveness of C'A method. Lenski and Szal [78
Theorem 2.1, p.1121] have extended the results of Mittal [83] to more general means
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BA and proved their results in terms of modulus of continuity. They proved the

following result:

1 m
tBA( < bpm | —— - k+1
[#2(f12) = f ()] Z m+1;wf(7r/+)
for every natural number n and all real z, where w,f(§) = sup / o(z,u)dul,
0<t<é

known as the integral modulus of continuity of f.
Lenski and Szal [77] defined the class LP(w)s and proved their results by using
the sequence o, = (ank)r_, of Rest Bounded Variation (RBV'S) or Head Bounded
Variation (H BV S). They estimated the pointwise deviation as follows [77, Theorem
3, p.16] :

Toalfi2) — F@)] = 0, (0 + 15 ay w(x/n+ 1),

ano for  {a,r} € RBVS
where a,, =
ann for  {a,i} € HBVS.
The authors have also obtained these type of deviations for f € LP(@)g-class [77,

Theorems 1 and 2, p.16] as follows:
|Tn,A(f3 I) - f(x)| =0, ((n + 1)B+1+1/pan@(ﬂ/<n + 1))) )

under assumption conditions on ©. Kranz et al. [58] have also obtained such type of
results. Later, Krasniqi [59] replaced the summability means by the product means
of Fourier series and the result is as follows:

Theorem A [59, Theorem 3.1, p.4]: Let ay,p, b, satisfy the following conditions:

Apm > 0,0k >0 and i i bk = 1,

m=0 k=0

<

1
|bm,kbm,k+1| < Kbm,ra 0<r<m vm.
k=0
Suppose w(t) is such that
/ t2w(t)dt = O(H(u)) (u — +0),

where H(u) > 0 and

/H O(tH(t) (t — +0).
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Then

HTn,AB(f; :E) - f(x)H =0 (Z an,mbm,m x H (Z an,mbm,m)> .
m=0 m=0

Recently, Krasniqi [61, Theorem 10, p.97] used the lower triangular infinite matrix

A = (ank) with ay,, < Z | A ay, ;| and proved his result for the same class LP(w)g

k=m
as follows:

Tualfiz) = f(a) = O, (<n TP S A w (r/n + 1>) .

k=0

Similar results are also proved for f € LP(@)g. Clearly in these results, the error of
approximation depends on p.

In the sequence of product means of Fourier series, Lenski and Szal [79] estimated
the pointwise deviation of f , conjugate function of f, by general product means of
its conjugate Fourier series in terms of modulus of continuity. Further, very recently
Singh and Srivastava [129, Theorem 2.2, p.4] obtained the degree of approximation
of functions belonging to weighted Lipschitz class by C'A means of its Fourier series

and the result is given as

1t A(f52) = f(@)]l, = O(n + 1)Pw(1/(n + 1)),

where w(t) is a positive non-decreasing function.

We note that deviation in this result is free from p.

Being motivated from these results, we study the earlier results further for f and its
conjugate function f with less assumption conditions on the product matrix. In our
theorems, we obtain the deviations free from p and more sharper than the earlier

results.

2.3 Main Results

Theorem 2.3.1. Let f € LP(w)g with0 < <1 — %, p > 1, and the entries of the

lower triangular matrices A = (an ;) and B = (b, i) satisfy the following conditions:

bn,n < n e No, (231)

n+1’
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1brm @m0 — Dpms1Gmi1.1] <K (mb:——ml)2 for 0<m<n-—1 (2.3.2)
and
m—1
|<bn,ma/m,m—k - bn,m+1am+1,m+1—k) - (bn,mam,m—k—1 - bn,m+1am+1,m—k)|
k=0
<<(m:—”“1)2 for 0<m<n-—1, (2.3.3)
with Ay, = Bpn =1 forn=0,1,2,.... Then the degree of approzimation of f by

BA means of its Fourier series is given by

n

20 10 =00 (32 s 700001,

provided that the positive non-decreasing function w satisfies the following conditions:

w(t)/t is non-increasing function, (2.3.4)

m/(n+1) oz, )| sin®(¢/2) P 1/p_ ) »
{/0 < w(t) )dt} =0, ((n+1)77), (2.3.5)

{/Tr | (tv |¢(:c,tl|)21)1ﬁ(t/2)>pdt}1/p I, -

w/(n+1

where 7y is an arbitrary number such that 1/p <~y < B+ 1/p and p™* + ¢~ = 1.

Theorem 2.3.2. Let f be a 2m-periodic function belonging to the class LP(@)g, 0 <
p < 1/p, p > 1 and the entries of the lower triangular matrices A = (any) and
B = (b, 1) satisfy the following conditions:

n,n 1 3 S N ; 2.3.7
n,m=vm,.,m nm+ m+ m+ bl }O/‘ m n 1- 2-3‘
' = mtl L1 (er 1)2
with Anm = Bn,n = for n =20,1,2,... . Then the degree Of approximation Of f,

conjugate of f, by BA means of its conjugate Fourier series is given by

n

70— o] = 0. (35 2o 1 att /o 1))

m:0m+1
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provided that the positive non-decreasing function @ satisfies the following conditions:

Q(t) /P77 is non-decreasing for B < o < 1/p, (2.3.9)

o(t)

e . ‘ » 1/p
{/ / >(t |¢(x,t)|51n5(t/2)> dt} — 0, (1)), (23.10)

v . P 1/p
(1) 31116(15/2)) dt} — o, ((n+ 1)771/10) 7 (2.3.11)

{/wj(nﬂ) < w(t)

where v is an arbitrary number such that 1/p <~y < B+ 1/p andp™ + ¢! = 1.

Note 1. Condition (2.3.4]) implies that

S D () o)

Similarly, using the condition ((1.3.2)), we have

D D () -ofe(cL)

2.4 Lemmas

To prove our theorems, we need the following lemmas:

Lemma 2.4.1. If the conditions (2.3.2)) and (2.3.3)) hold, then

bn,r
’bn,rar,rfl - bn,r+1ar+1,r+17l| < m fOT’ 0<i<r—-1<n-2

For the proof one can see [78, Lemma 3.2, p.1123].
Lemma 2.4.2. If the matrices A and B satisfy the conditions A, = B,, = 1,

then
(BA),()] =0 (n+1) for 0<t<m/(n+1).

Proof. Using 1/sin(¢/2) = O (w/t) and 0 < sin(nt) < nt for 0 <t <7/(n+1), we
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have

BN = |52 3 b

sin (k + 1/2)75‘
sin(t/2)

IN

bn,mam,k

- k+1)t
= O( bn,mam,k( + ) )
m=0 k=0 t

(<n iy bn,mAm,m)

(n+1)B,,) =0(n+1),

in view of A, ,, = B, , = 1. O

Lemma 2.4.3. If the matrices A and B satisfy the conditions (2.3.1)) — (2.3.3)) of
Theorem then

1 (<= bum 1
|(BA)n(t)|:O<t—2 (n;m+1+n+1>) form/(n+1) <t <.

Proof. Using 1/sin(t/2) = O (n/t) for m/(n+1) <t <,

B " e " sin (k 4+ 1/2)t
(BAO] = |53 3 bumans T 2

mOkO
_ 0<1>
t

Z by @m g sin (k4 1/2)t
Now, using Abel’s transformation after changing the order of summation, we have

m=0 k=0
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Z nom@m. g SIN(k 4+ 1/2)t
m=0 k=0
= Z b Cmm—k sin (m — k 4+ 1/2)t
m=0 k=0
n n—1 k
- |: (bn,mam,m—k - bn,m—l—lam—l-l,m—l-l—k) Z sin (l —k + 1/2)t
k=0 “m=k l=m

+bp Qe stin(l —k+ 1/2)tH

n—1 n
= < > < Z [Z ‘bn,mam,mfk - bn,m+1am+1,m+lfk| + Z bn,nan,nk>
m=0 k=0 k=0
1 n—1 m—1
= 0 <¥> |: ‘bn,mam,mfk - bn,m+1am+1,m+lfk| + bn,n
m=0 k=0
n—1
+ Z |bn mam,O bn m+1Am+1,1 |1
m=0
[n—1 n—1
1 b b
_ of: S Om g _ Onm
(t) mzom (m+1)2 On, +mz:0 (m+1)2

= 0(3) X e o

m=0

in view of Lemma [2.4.1] ‘ conditions and ;and A, = 1.

Hence

1 (<= bum 1

Lemma 2.4.4. If the matrices A and B satisfy the conditions A, , =1 and B,,,, =
1, then

(BA),(t)] = O (1/t) for 0 <t < m/(n+1).
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Proof. Using 1/sin(t/2) = O (n/t) for 0 <t < 7/(n+ 1), we have

— RS - cos (k+1/2)t
|(BA)n(t)| - %%%bnmamkw
1 ” - cos (k + 1/2)t
< it S el S
= o4 2D buman sin(t/2) ‘
=0 k=0
1
_ o ( - )
t =0
1
in view of A, , = B, = 1. O

Lemma 2.4.5. If the matrices A and B satisfy the conditions (2.3.7) and (2 - 2.3.8)) of
Theorem [2.3.2], then

. 1 Do 1
[(BA),(t)| = O (t_2 <mz::0m+1 + oy 1>> form/(n+1) <t <m.

Proof. Using 1/sin(t/2) = O (n/t) for /(n+1) <t <,

n

— cos (k+ 1/2)t
Zzbnmamk sin(t/2)

T =0 k=0
_ 0(1)
t

Now, using Abel’s transformation after changing the order of summation, we have

[(BA)(1)] =

Z b, cos (k + 1/2)t

m=0 k=0
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n m

Z nom @,k C0s(k + 1/2)t

m=0 k=0

n

= Z b @m,m—k cos (m — k 4+ 1/2)t
0 k=0

3

3 |

n—1 k
= |: (bn,mam,m—k - bn,m+1am+1,m+1—k) Z COS (l —k+ 1/2)t
k=0 “m=k I=m

R chos (l—k+ 1/2)2&} ‘

n—1 n
— < > < Z [Z 1brm@mm—k — Onm1@mat,me1—k] | + Z bn,nanm_k)

k=0

+ Z |bn,mam,0 - bn,m+1am+1,1|:|

m=0

(
1 b 1
_ O - n,m +
(t) :O(m—i-l) (n+1)
in view of conditions and (| ;and A,,, = 1.

Hence

— 1 (< bum 1
(B0 = o(t—g (n;)m+1+n+1>>'

]

Note 2. Conditions (2.3.2)) and (2.3.3)) can of Theorem be replaced by a single
condition of Theorem in the light of Lemma [2.4.1]

2.5 Proof of Theorem [2.3.1]

By using the integral representation of sx(f;x), we have

sm (k+1/2)t
se(f37) 27r/ 1S sin(t/2) “sinfij2)
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From (2.1.1)), we have
PA(fia) — fla) = zi s (515 2) — 1))
Sy R
_ _/ (2, 1) ;;bm mksmsig/;/)” dat
_ /¢xt )(BA)(t)dt

_ /Oﬂ e o(z, )(BA)n(t)dt—i-/Tr ¢z, t)(BA)n(t)dt

w/(n+1)

Now, using Lemma [2.4.2 1/sin(t/2) = O (w/t) for 0 < ¢t < w/(n+ 1) and Hdlder’s

inequality, we have

7/ (n+1) ) (n+1)
al < [ ele O (BA O] = lim 0, ](BA) (1) de
3 MO g, 1) sin® (8/2) (n 4 1)w(t)
=0 <£1—I>%/€ w(t) sin®(t/2) dt)

= 0{<n+1>{ / o (Wﬂf tl(t) <t/2>) dt}”’?
fu [ () )|

7/(n+1) V4
— [n%— DYPu(r/(n + 1)) hII(l)/ t=dt ]
E— €

= Oy|(n+ D) YPu(r/(n+ 1)) (n + 1)6_1/‘1]
= Om (w 7-(-/ n + n + 1),34*171/]7*1/‘])
= O, (w(r/(n+1))(n+1)%), (2.5.2)

in view of condition ({2.3.5)), mean value theorem for integrals, 0 < 5 < 1 —1/p and
pttgt =1
Again, using Lemma [2.4.3 1/sin(t/2) = O (7 /t) for 7/(n+1) <t < 7 and Hélder’s
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inequality, we have

L < / j( ICRCRNOIE

" [¢(z, )] T o) = bam
= dt : dt
[r/(n-l—l) t2(n+1) " [r/(n-l—l) t2 mZ::o (m+1)

— Iy + L. (2.5.3)

B |¢ z,t)|
121 N |: /(n+1) TL + 1 t:|

B o (x (t/2) w(t)
- [ ntl) / (n+1) t=+2 sinﬁ(t/Q)dt]

- 0{n+1 { . (t vlqb )|§ (t/2)> dt}l/p
{/ﬂ/(nﬂ) (t 7+2sm (t/2) ) dt} }
= 0, :(n—l— 1)7—1—1/p{/7T:(n+1) (@t_(_wﬂﬂ))th}uq}

— 0, :(n + 1) YPy(n/(n + 1)) (n + 1) {/7r t—q(—v+5+1)dt}1/q]

w/(n+1)

= 0O, -(n + 1) VP (r/(n + 1)) (n + 1)—7%“—1/‘1}
= O, (w(r/(n+1))(n+1)7), (2.5.4)

in view of conditions (2.3.4) and ([2.3.6]), mean value theorem for integrals, 1/p <
y<pB+1/pand pt+qt =1

= o[ S {f ., (F 2) "
" w ¢ Y4
" {/w/<n+1) (t7+2 si(r?}(t/Q)) dt} ]

- ofggnen [ (P o)
[ b

P (n + 1)7—1/:0w(7r/(n +1)(n+1)(n+ 1)_7+ﬂ+1—1/q:|

= 0, bum w(n/(n+1))(n+ 1)5“) , (2.5.5)
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in view of conditions (2.3.4) and ([2.3.6]), mean value theorem for integrals, 1/p <
y<B+1/pand pt+q¢ ' =1

Further, we have

(n+ DPw(n/(n+1)) + Z

+ 1 (n+ 1) w(n/(n+1)

=w(r/(n+1))(n+1)"

m+1

> 2w(m/(n+1))(n+1)°,

that is

n

(n+1)Pw(r/(n+1)) =0 (Z bum (n+ 1) w(n/(n + 1)) . (2.5.6)

:Om—i—l

Collecting (2.5.1)) - (2.5.6]), we have

n

24 (fr2) = f(2)] = O, (Z (4 1) (1 (0 + 1))) ) (2.5.7)

— m+1

in view of Note [1l

Hence the proof of Theorem [2.3.1]is completed.

2.6 Proof of Theorem 2.3.2

By using the integral representation of 5, (f;x), we have

cos (n+1/2)t
Slfiw) = / vl sin (t/2) O

Therefore from ([2.1.2)), we have
i)~ Fa) = [ ot BED, 0

w/(n+1) ™ —
_ ( /0 + /ﬂ /<n+1)> (e, )(BA) (1))

= I, + 1, (2.6.1)
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Now, using Lemma [2.4.4] 1/sin(¢/2) = O (w/t) for 0 <t < 7/(n + 1) and Holder’s

inequality, we have

/ 7/ (n+1) - m/(n+1) —
| / U(a, D(BAY ()| dt = lim / [, 6)[|(BA) (1)t

B [T ey ()] sinf (£/2) @(t)
- O<hm / 0 tl—OSinﬁ(t/z)dt>

_ OH/OW/(HH) (t—ffw(x,w)(L) (t/2)> dt}l/p

m/(n+1) w(t)
x< i
(i [ (i) @) |
7/ (n+1) q 1/q
= O,|(n+ 1) x { lim o(t) dt
- |1 e—0 tﬁ-i—l o

= 0O, [(n + 1) YPi(n /(0 + 1)) (n + 1)/3“1/”}

= O, (@(r/(n+1))(n+1)°), (2.6.2)

IN

e—0 c

in view of conditions (2.3.9) and (2.3.10), mean value theorem for integrals and
plt+gt=1
Again, using Lemma 2.4.5] 1/sin(¢/2) = O (7 /t) for 7/(n+1) < t < 7 and Hdlder’s

inequality, we have

o</ w<x,t><§74>n<t>\dt
7/ (n+1)

n—1
T t i bn.m
[ lal 0l
7r/(n+1)t (n+1) 7/(n+1) O m+1

m=

= Iy + I (2.6.3)

L = 0 / W}xt)'dt}
w/(n+1) 1)

e, Dl sin(4/2) o)
,r Join R0 e sinﬂ<t/2>dt}

= O|(n+1)" { Wnﬂ) (t (= @)(L)Smﬁ(tﬂ))pdt}l/p

. {/ﬁ/(nm (t—7+22i(33(t/2)>qdt}l/q}

Now,

|
- ofurn
|
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r w q 1/q
_ Ox (n + 1)7—1—1/}7 {/ < (t)t (- ’H—,B-i—l)) dt} :|
I a/n+1) \ T

— 0, :(n + 1)y (n ) (n+ 1)) (n + 1) {/7r t—q(—v+6+1)dt}1/q}

7/ (n+1)

= O, |(n+1)"YPo(r/(n+1))(n + 1)—7+5+1—1/‘1]
= O, (@(r/(n+1))(n+1)7), (2.6.4)
in view of conditions ([1.3.2)) and (2.3.11]), mean value theorem for integrals, 1/p <

y<B+1/pand p~t+q ! =1
Similarly,

Iy = 0{ mg:: ( ﬂinfl) { /wj(nﬂ) (t—ww(x,;)( |t )sm%/z))pdt}l/p

" {/;M (t—wii(rt}(t/z))th}l/q}

n

— Ox[mz:% (ninfl)(wrl)“/p {/Wj(nﬂ)( it)t (- ”ﬁ“)) dt}l/q}

— Y b m n =Uro (1 /(n n n —V+B+1-1/q
0. 3 gty U7 i/ D)+ 1)+ 1) }

= 0, (Z (b&@(w/(n +1))(n+ 1)5“) , (2.6.5)

« (m+1)

in view of conditions (1.3.2)) and (2.3.11)), mean value theorem for integrals, 1/p <
y<B+1/pand p~t +q7t =1.

Further, we have

n

(n+1)a(r/(n+1)) + Z nler 1(n + 1) o(n/(n 4 1)

m=0

=o(r/(n+1))(n+1)"

> 20(m/(n+1))(n+ 1),

that is

(n+1)%0(r/(n + 1)) = 0(2 bum_, 4 1y8415, (7r/(n+1)> (2.6.6)
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Collecting (2.6.1)) - (2.6.6]), we have

n

BA(f;2) = fla)] = O, (Z (4 1) <1/<n+1)>) 26.7)

m=0 + 1

in view of Note[Il

Hence the proof of Theorem is completed.

Remark 2.6.1. In the proof of above theorems, we have used Holder’s inequality for
p > 1. Therefore, the proof is not applicable for p = 1. Thus, for p = 1, we have the

following theorems:

Theorem 2.6.1. Let f € L'(w)g with 0 < 8 < 1 and the entries of the lower

triangular matrices A and B satisfy the conditions (2.3.1) — (2.3.3)) of Theorem
with Ap,, = Bpy =1 forn =0,1,2,... . Then the degree of approzimation of f by

BA means of its Fourier series is given by

t4(f52) = (@) = O (Z b"_’;"1<n+1>5“w<1/<n+1>>>,

m
m=0

provided that the positive non-decreasing function w satisfies the following condition:

w(t)/t? is non-decreasing function (2.6.8)

with the conditions (2.3.4) — (2.3.6) of Theorem [2.3.1| forp=1and 1 <~y <+ 1.

Theorem 2.6.2. Let f be a 2m-periodic function belonging to the class L'(©)s and
the entries of the lower triangular matrices A = (anx) and B = (b,y) satisfy the
conditions and of Theorem with Ap, = Bp, = 1 forn =
0,1,2,... . Then the degree of approzimation of f, conjugate of f, by BA means of

its conjugate Fourier series is given by

n

A 2) — Fw) = O (Z (1) <1/<n+1>>)

provided that the positive non-decreasing function @, satisfies the conditions ([2.3.9)) —
[2.311)) of TheoremR32 forp=1, f<o<landl <vy<pB+1.

The work of Theorems and has been published in Acta Comment. Univ. Tartu.
Math. 20(2016), no. 1,23 — 34.
The work of Theorems and has been published in The Journal of Analysis(Springer
Publication) (2017),1 — 13.
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2.7 Proof of Theorem [2.6.1]

Following the proof of Theorem and Holder’s inequality for p = 1, ¢ = oo, we

have
m/(n+1) .8
L] = O{(n—i—l)/ |6z, 1)] sin <t/2)dt
0 w(t)
w(t) ‘ }
X ess  sup )
0<t<m/(n+1) | SID A(t)2)
t
= O, [(n +1)(n+1)" ess sup iﬁ)’ }
0<t<m/(n+1) t
= O, (w(r/(n+1)(n+1)%), (2.7.1)
in view of conditions and (2.3.5) for p = 1.
Similarly,

B " a4 " t=7|¢(w,t)|sin’(t/2)
fa = O{( +1) /7r/(n+1) W(t) «

X €8s sup 3
w/(n+1)<t<m =72 sin (?5/2)

N <HL> E=)
O, (w(m/(n+1))(n+1)7), -

in view of decreasing nature of w(t)/t?*2~7 and condition (2.3.6)) for p = 1.

n

Iy = O{Z Onm /” o, Dlsin’(t/2)

—~ (m+1) Jrjmi) w(t)
w(t)
t=1+2sin”(¢/2)

Xess  sup
w/(n+1)<t<m

Szt () ()

- 0, (;0 (Tsnfl)w(w/(n—l— 1))(n + 1)ﬂ+1>, (2.7.3)

in view of decreasing nature of w(t)/t?*2=7 and condition (2.3.6)) for p = 1.

Collecting (2.7.1)) - (2.7.3]), we have
—~ b
BA — n,m 1 B+1 1 1
L5 (fr2) — f(z)] = (Z S+ 1)/ + 1) )

m
m=0
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in view of Note [Tl

Hence the proof of Theorem [2.6.1]is completed.

2.8 Proof of Theorem [2.6.2

Following the proof of Theorem by Holder’s inequality for p = 1, ¢ = oo, we

have

- O{{/Ow/(nm (t"w(:pg)(lj)sm (t/2)>dt}

il

X ess su —_————————
P 8o sin (¢/2)

0<t<m/(n+1)
= O, [(n + 1) 'o(n/(n 4+ 1)) (n + 1)'8“_”}

= O, (@(n/(n+1))(n+1)%), (2.8.1)

in view of conditions and ( m for p =1.

- 0{<n+1>-1{/;nﬂ) (t;;"(x’éifmﬁ“/”)d’f}
w(t

t=7+25sin” (t/2)

X ess  sup
w/(n+1)<t<rw

(n+1)"20(r/(n + 1)) (n + 1)7+ﬁ+2]

= O, (&(r/(n+1))(n+1)"), (2.8.2)

in view of condition (|1.3.2)) and ([2.3.11]) for p = 1, mean value theorem for integrals

and 1 <y < pg+1.

Similarly,

/

122

0 [ mz ( ni"fn //() (ww(x,;)( | )sin%/m) "
5(t) ]

X ess  sup

7/ (nt1)<t<r | 1772 sin A(t)2)
0. X2 G+ 7S+ D)o+ 4 1)
y bum_ - +1
O, 2Tt 1)w(7r/(n +1)(n+1)° ) , (2.8.3)
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in view of conditions ([1.3.2)) and (2.3.11]) for p = 1, mean value theorem for integrals
and 1 <y < f+1

Collecting (2.8.1)) - (2.8.3]), we have

|G (i) = ()] = O, (Z (4 1) 15(1 (0 + 1))) : (2.84)

m:0m+1

Hence the proof of Theorem [2.6.2]is completed.

2.9 Degree of Approximation in a Weighted L”-

Norm

Various investigators have studied the problem of determining the degree of ap-
proximation of a 2m-periodic function f belonging to a weighted Lipschitz class
W (LP,&(t)) and its conjugate f through different summability means of the Fourier
series and its conjugate series, respectively. Lal [66], Singh, et al. [123] and Mishra
et al. [81] have considered the C'N, means in various directions. Lal [66] have ob-
tained the degree of approximation of f € W(L?,£(t))-class using the C' N, means

of the Fourier series of f as follows:

Theorem A [66, Theorem 2| Let f be a 2w periodic function and Lebesque inte-
grable on [0, 27] and is belonging to W (LP,&(t))-class then its degree of approzima-

tion by C'N, means of its Fourier series is given by

|65 (f52) = f@), = O ((n+ 1)1/ +1)

provided £(t) satisfies the following conditions:

£(t)/t be a non — increasing sequence, (2.9.1)
/(n+1) Vp
/1 - <M) s (@)dt S = O((n+1)7), and (2.9.2)
0 £(t)

([ (Pl o). ess

where § is an arbitrary number such that q(1—96)—1>0, p'+¢ ' =1, 1 < p < o0,

conditions (2.9.2)) and (2.9.3) hold uniformly in x.
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Singh et al. [123] studied the results of Lal [66] further and pointed out some er-
rors [123, Remark 2.4, p.4]. The authors [123] improved the earlier results of Lal [66]
by replacing the monotonicity on {p,} by the condition (n + 1)p, = O(P,) [123|
Theorem 3.2, pp.4-5].

In the sequel, recently Mishra et al. [81] have obtained the subsequent results for

conjugate Fourier series using the C' N, means as follows:

Theorem B [81, Theorem 3.1] Consider the regular Norlund transform N, gen-
erated by the non-negative {p,} such that

(n + 1)pn = O(P,). (2.9.4)

Let f be a 27 periodic function and Lebesgue integrable on [0, 27|, then the degree
of approzimation of f(x), conjugate to f € W(LP £(t))(p > 1)-class with 0 < 5 <

1—1/p by C’le means of conjugate series of its Fourier series is given by

tN (fr2) — f(2)

=0 ()™ (n 1))

provided positive integer function &(t) satisfies the following conditions:

&(t)/t is non —increasing in t, (2.9.5)
Y (O G| =
{A (g@))s (Umﬁ} =0(1), (2.9.6)

and

([ (™)} "0t eon

where § is an arbitrary number such that g(3—30)—1 >0, pl+q¢ 1 =1, 1 <p < o0,
conditions (2.9.6) and (2.9.7)) hold uniformly in x.
Recently, Zhang [150] has pointed out that results of Mishra et al. [8I] hold

only for the function which is constant almost everywhere under their assumption
conditions. Zhang [I50, p.1140] explained that the assumption conditions (8 —4§)q—
1>0withpt+¢gt=1and0<p3<1-1/pgivesthat § < 0. From the condition
, as n — oo, the function becomes constant almost everywhere. The same
observations are also true for the results of Singh et al. [123].

We reformulate the problems further with less assumption conditions on &(t)

and resolve the issue raised by Zhang [150]. We note that several authors define the
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function class W (LP,£(t)) with weight function sin(x/2) [54; 123, and references
therein] or sin?(z) [66, and references therein] but the degree of approximation is
measured in ordinary LP-norm. Also, the function class W(LP, {(t)) is a subclass of
the weighted L?[0, 27]-space with the weight function sin”?(z/2), so it is relevant to

measure the degree of approximation in the weighted norm defined in (|1.3.1]).

2.10 Main Results

We study the above problems further to get better degree of approximation un-
der relaxed conditions on the positive non-decreasing function £(¢) using the more
general summability means, the product means, defined in (2.1.1)) and (2.1.2)) for

Fourier series and its conjugate series. More precisely, we prove the following:

Theorem 2.10.1. Let f be a 2mw-periodic function belonging to W(LP,£(t)) with
p > 1,8 > 0 and let the entries of the lower triangular matrices A = (a,y) and
B = (bn) satisfy the conditions (2.3.1) - (2.3.3) of Theorem with A, , =
B,,=1forn=0,1,2,.... Then the degree of approzimation of f by BA means of

its Fourier series is given by

n

BA( ¢. = e nn
|¢2 <f,:c>—f<x>H,,,g—0(5<”/<”+”)+(”“) ~ +1>

m

provided that the positive non-decreasing function &(t) satisfies the condition:
£(t)/t7 is non-decreasing function for some 0 < o < 1. (2.10.1)

Theorem 2.10.2. Let [ be a 2w-periodic function belonging to W (LP,&(t)) with
p > 1, B> 0 and let the entries of the lower triangular matrices A = (a,)) and
B = (byx) satisfy the conditions (2.3.1) - (2.3.3) of Theorem with A, =
B, =1 forn=0,1,2,... . Then the degree of approzimation of f, conjugate of f,

by BA means of its conjugate Fourier series is given by

(i)~ )| =0 (fww 1) + (1) Y e 1>

where £(t) and o are the same as in Theorem [2.10.1].
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Remark 2.10.1. If the entries of matrix B satisfy one more condition, that is,
n

bTL m . . .
Z = O(1/(n+1)), then the degree of approximation in our results reduces

— 0m+1

to O(&(r/(n+1)) +(n+ 1)7) which is a better approximation.

2.11 Proof of Theorem 2.10.1]

Following the proof of Theorem [2.3.1] we have

B0 10 = o [0 3Dt

= sin(t/2)

_ /0 o(z, 1) (BA), (1)t

Using generalized Minkowski inequality, we have

1 27 p 1/p
Hth(f;x)—f(x)Hpﬁ - {%/0 sjnﬁp(x/2)dx}
1 1/p

< [{5 /2’T|¢<x s (e/2)ds ) (BAN(DE

:/0 A)(t)dt

7/(n+1) ™
_ (/ E(1)(BA)(t)dt + / s<t><BA>n<t>dt>

o/ (n+1)

/O " oo 1) (BA), (1)t

Now, using Lemma and mean value theorem for integrals, we have

L = o( /0 ﬁ/(nﬂ)f(t)(BA)n(t)dt)

- 0 ((n +1) / e g(t)dt>

= O(&(n/(n +1))). (2.11.2)

The work of Theorems |2.10.1| and |2.10.2| has been communicated for possible publication.




Further, using Lemma [2.4.3], we have
4 ) [ = bum 1
of [ E(> e
7/(n+1) t m:0m+1 n+1
"\ by T t 1 T
= o> == / 5(2)dt - /
m—0 m+ 1 w/(n+1) 13 n+1 w/(n+1)

- ]21 —‘l_ 122.

[2:

Now,

]2120

m —l— m+1 / (n+1) t”
n,m f(ﬂ-) o—117
Z: m+1 1o [t ]w/(n+1)
_Ui bn,m
“=m+1 ’

= O (n+1)!

in view of condition ([2.10.1]) and mean value theorem for integrals.

Similarly,

o[ [
(n+1) Sy 7 277
1

=0 ((n+ 1)57(;) [ta_l]:/(n-i-l))

= O((n+1)7),

in view of condition ([2.10.1]) and mean value theorem for integrals.

Further,
(n+1)"+(m+1)"° i bum (n+1)7+(n+1)
—m +1 —
> 2n+1)77,
so that,
b
1 @) 1)t—° Gl
(n+1) ((n—i— ) m_0m+1>
Therefore

<0,

41

t2

(2.11.3)

(2.11.4)

(2.11.5)
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Collecting (2.11.1)) - (2.11.7)), we have

BA/ ¢, . —o bn.m
242 - 5@, =0 (§<w/<n+ D)+ (et e 3 e 1) .

Hence the proof of Theorem [2.10.1] is completed.

2.12 Proof of Theorem 2.10.2

Following the proof of Theorem [2.3.2]

BAfia)— ) = o / ", 0) (BAY (t)dt.

Using generalized Minkowski inequality, we have
1 2
p,B - (ﬁ/o
T 1 2 1/p o
< [z waorsirei) (Bl
0o \27 Jo
- [ oeoi@), ol

_ 0 ( [ ;ﬂ)) (e1B), wlar)

= I+ 1, (2.12.1)

tBA(fi2) — f(2)

P 1/p
sinﬂp(x/Q)dx)

/0 " (e, 1) (BAY(t)dt

Now, using Lemma [2.4.4, we have

I = o( / ﬁ/(wl)s(t)(%n(t)dt)

B w/(n+1) f(t) o
o[

= O(&(n/(n + 1)), (2.12.2)

in view of condition ([2.10.1]) and mean value theorem for integrals.

Further, using Lemma [2.4.5, we have

_ T Et) [~ bum 1

m=0

~ bum T 1 /7T £(t)
= 0 : —=dt + —— —=dt

m=0

= Iy + I (2.12.3)
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Proceeding in the same manner as the proof of Theorem [2.10.1] we have

!’ - bnm
I,=0 ((n +1)Y . 1) . (2.12.4)

m=0

Collecting (2.12.1)) - (2.12.4]), we have

A (fr2) = f(2)

P,

=0 (5(#/(n+1))+(n+1)1_” bnm ) .

Hence the proof of Theorem [2.10.2|is completed.

2.13 Particular Cases

1. If we replace the matrix B = (b, ;) by C' matrix i.e., the matrix corresponding

to Cesaro means of order 1, then

s B {%H, 0<m<n
n,m -

0, m>n.

Thus, we get C'! A-version of Theorem [2.10.1] and [2.10.2]

2. Further, if we replace the right hand side of conditions ([2.3.2) and (2.3.3]) by
bnm 7 then, for the C* A-means, the conditions (2.3.2)) and (2.3.3) reduces

(n+m+1
to
1
lamo — ami11] K ———— for 0<m<n-—1 (2.13.1)
’ i (n+m+1)2
and
m—1

|(am,m—k - am—l—l,m—f—l—k) - (am,m—k—l - am+1,m—k)|
0

i

1
<<—
(n+m+1)2

Using the above conditions ([2.13.1]) and (2.13.2)), the Lemma becomes as

following;:

. B 1 - 1 1
(C AR = O(W (Z n+m+1+n+1)>

m=0

t_2
= 0
(n+1 ’

for 0<m<n-—1. (2.13.2)
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. 1
in vi f —— =0(1).
in view o 7;:()(”+m+1) (1)

And for C' A-means, the results of Theorem [2.10.1] becomes

t$A(frz) = fl2))| =0 (Ea/(n+ 1)+ (n+1)7).

p,B

Similarly, Lemma [2.4.5| changes as

(CTAY()] = o(fﬁ),

n+1

and for C!' A-means, the results of Theorem [2.10.2 becomes

()~ f@)| =0 @/ 1)+ 1)),



Chapter 3

Approximation in Certain
Subclasses of LP-space by Linear

Operators

In this chapter, we study the degree of trigonometric approximation of 27-periodic
functions and their conjugates, in terms of the moduli of continuity associated with
them, by matrix means of corresponding Fourier series. We also discuss some anal-

ogous results with remarks and corollaries.

3.1 Introduction

Let T = (anx) be a lower triangular matrix with non-negative entries such that
n

ap—1=0and A, = Zam.
r=k

The sequence to sequence transformations

ta(fi2) = angsi(f;z), n=0,1,2.. (3.1.1)

k=0

and .
Ba(fi2) = anide(fiz), n=0,1,2.., (3.1.2)

k=0

define matrix means of the sequences {s,(f;z)} and {5,(f;x)}, respectively. The

Fourier series ([1.1.1]) of f is said to be summable to s by T-means if lim t,(f;z) = s,
n—oo

45
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where s is a finite number. Similarly, the conjugate series of Fourier series of f is
said to be summable to 5 by T-means if lim #,(f;xz) = 3, where 5 is a finite number.
n—oo

We write

IR~ sin(n —k+1/2)t ~ cos(n —k+1/2)t
= _QWZannk sint/2 Kl QWZan"k sin(t/2)

and 7 = [1/t], the integer part of 1/¢.

3.2 Degree of Approximation in L”(w)z and L*(w)s-

Classes

A number of papers have been written dealing with the degree of approximation
through Fourier series representation of a function, or a conjugate function, by
various summability means represented by lower triangular matrix (see e.g.,[61} 6]
77, 1135 115] and references therein). In the sequel, Lenski and Szal [77], Kranz
et al. [58] and Krasniqi [61] have proved many interesting results on the point-wise
approximation of f € LP(w)g (or LP(©)g) and its conjugate f. In all these papers,

the authors have used the following conditions or conditions similar to them:

e » 1/p
</o /( +)(M) sinﬁp(t/2)dt> = Ou((n+1)7"), (82.1)

o(t)

(/ﬁj(nﬂ) (W)psmﬁ ot/ 2>df> " Ox((n +1)7), (3.2.2)

7/ /(g v
(/o (W 7)t>|> sin” ”(t/2>dt> = 0,((n+1)7'7), (3.2.3)

w(t
1/q

</07r/<n+1> (%)%) =0, ((n+ 1)6+1/p (ni 1)) (3.2.4)

where 1 <p < oo and0 <~y < 4+ 1/p.

For more details one can see Krasniqi [61, pp.91-92]. From the recent results of Lal
and Mishra [68] and Rhoades [IT5], we observe that the conditions ([3.2.1))-(3.2.4))
can be replaced by a single condition. These observations motivated us to study the

problem further.
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3.3 Main Results

We extend the above results in two different directions namely (i) we replace the
summability means used by the authors in [58; [61; [77] by matrix means and relax
the conditions (3.2.1)-(3.2.4); (i) we extend the results of Lal and Mishra [68]; and
Rhoades [I15] to more general classes LP(w)s and LP(w)g. More precisely, we prove

the following:

Theorem 3.3.1. Let f be a 2m-periodic function belonging to the class LP(w)g, B >
0 and let T = (ank) be a lower triangular reqular matriz with non-negative and non-
decreasing (with respect to 0 < k < n) entries with A,,—r = O (1/t(n+1)). Then

the degree of approrimation of f by matriz means of its Fourier series is given by

. _of [T«
Itsin) = sl =0 (g [ Saar)

provided that w is a function of modulus of continuity type such that

/v%dt:O(@), 0<wv<m. (3.3.1)

0 tﬁ'f’l U’B

Theorem 3.3.2. Let f be a 2m-periodic function belonging to the class LP(©)g, B >
0 and let T = (ank) be a lower triangular reqular matriz with non-negative and non-
decreasing (with respect to 0 < k < n) entries with A, ,—r = O (1/t(n+1)). Then

the degree of approzimation of f, conjugate of f, by matriz means of conjugate

1 T o(t
Lo L[ )
p n+1 1/(n+1) t6+2

provided that w 1s a function of modulus of continuity type such that

/vadt:O(@), 0<wv<m. (3.3.2)

1h+1 VB

Fourier series is given by

b(f:2) = ()

Remark 3.3.1. Ay, =0 (1/t(n+1)) = Ao =0(1) asfor7=n, 1/t <74+ 1=
n+ 1.

The work of Theorems and has been published in Asian-Eur. J. Math.(World
Scientific Publication) 10 (2017), no. 3, 12 pp.
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Remark 3.3.2. (i) The degree of approximation in our results does not depend on p.
(i7) For g = 0, class LP(w)g or LP(w)s reduces to Lip(&(t), p)-class and condition
d3.3.1[) or d3.3.2[) reduces to condition (6) i.e., [} th)dt = O (w(v)) of Rhoades [115],
Theorem 2, p. 393; Theorem 5, p. 395 | . Thus our theorems extend Theorem
2, 3,5 and 6 of Rhoades [I15] and Theorem 3.1, 3.2 of Lal and Mishra [6§] to

their matrix analogous.

3.4 Lemmas

To prove our theorems, we need the following lemmas:

Lemma 3.4.1. If p, is non-negative and non-increasing sequence, then for 0 < a <
b<oo, 0<t<m and for any n

b

Z Di ei(n—k)t

k=a

_ { O (P(t™Y)), for any a
Ot 'p,), a>t

where Plt™'] = P, = Z D

Proof. For the proof one can see [80, Lemma 5.11, p.§].

Lemma 3.4.2. Let T = (anx) be a lower triangular reqular matriz with non-

negative and non-decreasing (with respect to 0 < k < n) entries with A, . =
O (1/t(n+1)). Then
K. (1)) = O(n+1), for 0 <t<1/(n+1)
O/t*(n+1)), for1/(n+1)<t<m.
Proof. Case I: For 0 <t <1/(n+ 1), using 1/sin(¢/2) = O (7/t) and sin (nt) < nt,

we have

n

L e S
1 & sin(n—k+1/2)t
= 2_ =k sin (t/2) ‘

B ( n—k:+1/2)t>
_ - :

= O(n+1)A=0(n+1), (3.4.1)
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in view of A4, o = O(1).
Case II: For 1/(n+1) <t <, using 1/sin(¢/2) = O (7 /t) and 7 = [1/t], we have

I & sin(n — k +1/2)t
57 D Gk (t/2)

[Kn(t)] =

k=0

= 0O(1/t) ianm—k sin(n —k+1/2)t

k=0

- 0 (1/t) Im (Z an,n—kei(n_k+1/2)t>

k=0

n

= O(1/t) | Y tnnie™ M.

k=0

(3.4.2)

Following Lemma [3.4.1} we have

n
§ i(n—k)t

Ap n—k€ ( )
k=0

n
eznt § :anmikefzkt
k=0

T—1

E : —ikt
Qpn—k€

k=0

IA

+

n
E : —ikt
Qpn—k€

k=1

71 1 — e—ilk+1)t
E Qpn—k + 2an,n77' max 1 i
— 7<k<n 1—e?

Apn—ri1 + 20p,—-(1/sin (¢/2))
Apnr +2(1+ 1Dapn—r = O(A n—r)
O1/t(n+1)). (3.4.3)

IN

IN A

Hence,

K, ()] = O (1/(n+1)). (3.4.4)
Collecting (3.4.1))-(3.4.4)), Lemma is completed. O

Lemma 3.4.3. Let T = (ank) be a lower triangular reqular matriz with non-
negative and non-decreasing (with respect to 0 < k < n) entries with A, ,—, =

O(1/t(n+1)). Then

K, (t)] = { O (1/t), 2 Jor 0<t<1/(n+1)
O(l/(n+1)t?), for 1/(n+1)<t<m.
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Proof. Case I: For 0 <t < 1/(n+ 1), using 1/sin(t/2) = O (7/t), we have

- 1
K,(t)| = |—
Bt = |5

Zn:a cos(n —k+1/2)t
LT sin(t/2)

in view of 4,9 = O(1).
Case II: For 1/(n+1) <t <, using 1/sin(¢/2) = O (7 /t) and 7 = [1/t], we have

()] =

1 & cos(n—k+1/2)t
o kz =k (£/2)

1 n
= 0 (¥> Zan,n_k cos(n—k+1/2)t

k=0
1 - .
- 0 (¥> Re (Z an7n_k€z(nk+1/2)t> ‘
k=0
1\ | :
= 0 (¥> Dty (3.4.6)
k=0
Following Lemma [3.4.2 we have
IK.()] = O(1/(n+1)t?). (3.4.7)
Collecting (3.4.5)-(3.4.7), Lemma is completed. O

3.5 Proof of Theorem [3.3.1]

Following the section [2.5] we have

tlfia) — f(z) = / "ol K (1),
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Using generalized Minkowski inequality and 1/sin(¢/2) = O (7 /t) for 0 <t < 7, we
have

Ita(F32) = f@)ll, = (%/0% /Oﬁéb(x,t)Kn(t)dtpdx)l/p

g S YK (8)]
</ (% [ tetw.oplsin® <t/2>|dx) Tt
_ /0 %yz(n(t)\dt

_ </01/(n+1)+/1;(n+1)) ($|Kn(t)|dt>

= L+ (3.5.1)

Now, using Lemma for 0 <t < 1/(n+1) and mean value theorem for integrals,

we have

1/(n41) (4 n+1) (¢
I, = /0 %|Kn(t)|dt =0 ((n+1)/0 ttﬁ<—+3dt

Yn+D)
-0 ((n+l)(1/(n+1))/0 tﬁ(—ﬁdt)
= O(w(l/(n+1)(n+1)%), (3.5.2)

in view of condition (3.3.1)).
Using Lemma for 1/(n+1) <t <, we have

4 t

I, = w(t) )|Kn(t)|dt

t8
1/(n+1)

ol [ .
n+1J1mn tht

Now,
[ ey L @m0
”+1/1/(n+1> palt 2 G +1>)/1/<n+1) et
- nilw(l/(nntl)) {(n+1)5+1—m}
> w1/t 1) (04 1),
that is "
W n n B — L " ﬂ
W) oe=0 (5 [ Zha). @y
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Collecting (3.5.1))-(3.5.3)), we have

, _ LM w@
ltalfs2) = 1)y = O <n +1 /1/(n+1) th+2 dt)

Hence the proof of Theorem [3.3.1]is completed.

3.6 Proof of Theorem [3.3.2

Following the section [2.6] we have

Fu(f5o) — /wt

Using generalized Minkowski inequality and 1/sin(t/2) = O (n/t) for 0 <t < 7, we

P 1/p
dx)

< (LT z, t)[P| sinP (t/2)|dx l/pmclt
[ (5 [t opisinr s

have

W(x, t) K, (t)dt

(fio) = fa)|

| sin”(t/2)|

([ L) (Ema)

= I, 41, (3.6.1)
Now, using Lemma for 0 <t <1/(n+1), we have

) 1/(”+1)@(t) _
I = /0 t—5|Kn(t)|dt

1/(n+1)
= 0 (/O tﬂ(ﬁ dt) O(@(1/(n+1))(n+1)7), (3.6.2)

in view of condition (|3.3.2)).

Again, using Lemma for 1/(n+1) <t <, we have

L= [ O 7 )t
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Now,
n i 1 /1;<n+1> %dt = —lF 0" 1) /1;<n+1> tﬁ%dt
= (/) [(n - ﬁa—]
> %@(1/(% 1) (n+ 1),
that is
&(1/(n+1)(n+1)°=0 (nL /;M %dt) (362

Collecting (3:0.1)- (B-6:3), we get

_0 ( 1 / @dt> .
P n+1 )10 02

Hence the proof of Theorem is completed.

3.7 Particular Cases

1. If
pn—k/Pna OSICS?’L
Qp | =
0, k>mn,

where P, = Zpk # 0 — oo as n — oo, then the matrix 7" reduces to the

k=0
Norlund matrix N,. Also for non-decreasing sequence {a,} in k, {p,} is non-

increasing. If we replace matrix 7' = {a, } with Norlund matrix N, = {p,},
where p,, is non-increasing, we get N,-version of Theorem and Theorem
B.3.2

2. If =0 in our theorems, we get analogous results for Lip(£(t), p)-class.

3. Further, if § = 0 and w(t) = @(t) = t*(0 < a < 1), then f € Lip(a, p)-class
and conditions (3.3.1)) and (3.3.2)) reduce to

/ @dt:/ gt — o = O(w(v), 0 < v <7
0 0

and

| A0 | it =t = 0@, 0<v<m
0 0



Thus for f € Lip(a,p)(0 < a < 1), we have

: — — 1 " a—2
lta(f52) = @), o(n+1 /Wl)t dt)

O((n+1)"), for0<a<1

B O(%),forazl.

Similarly,

O(n+1)7), for0<a<1
P O<M>,fora:1.

n+1

b(fi2) = ()

3.8 Remarks

1. We note that the auxiliary conditions mentioned in - - have been
replaced by a single condition (3.3.1)) or (3.3.2)).

Further, using Holder’s inequality and condition ((3.2.4]), we have

{ (n —|—7T1)7T5 /W/(n—i-l) %dt} < { (njr— 1) /”/(m—l) tSi:ﬁ(Z/Q) dt}

= O ((n+1)""a(r/(n+1))

which is particular case of f N ;‘; f)l dt =0 <%> , but not otherwise. Thus the
conditions (3.3.1)) or (3.3.2)) are more general than (3.2.4)).

. From condition , we have
1 T 1
/ tﬁigdt ( +1)w (1/(n+1)),

n+1Jim)

and using 0, 'w(dy) < 207 'w(dy) for dy > 6, > 0, we have

1 w(t) 1 _w(l/(n+1)) [T B
/ “ll) < g /1/<n+1> at

n+1J)ypy "™ 7 n+l 1/(n+1) th+1

< %(n +1)%w(1/(n +1)).

Thus the degree of approximation in our results is the same like O((n + 1)”
w(1/(n+1))). Also for a given w(t) [Particular Case 3|, the degree of approx-

imation is independent of p.

1/q
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3.9 Degree of Approximation in Lip(w(t), p)—Class

Recently, Srivastava and Singh [135] defined a function class:

Lip(w(t),p) = { f € /[0, 27] : | f(@ +1) = f(@)ll, = O rw(t) }

where ¢ > 0, p > 1 and w(t) is a positive non-decreasing function. Note that the
function class Lip(¢(t), p) defined by Khan and Ram [54], p.47] and classical Lipschitz
classes Lip(&(t),p), Lip(a,p) and Lipa are included in Lip(w(t),p) [135, p.224].
They [135] proved the following theorem:

Theorem A [135, Theorem 1] Let T = (an k) be a lower triangular matriz with
non-negative and non-decreasing (with respect to k) entries. Then the degree of ap-
prozimation of a 21 -periodic function f € Lip(w(t),p) with p > 1 by matriz means

of its Fourier series is given by

Itn(f52) = f@)ll, = O (0 + 1) 7w(m/(n+1))) |

provided w (t) is a positive non-decreasing function and satisfies the following con-

ditions:
w(t)/t° is an non-decreasing function for 0 <o <1, (3.9.1)
|p(x,t)| Jw(t) ™Y is bounded function of t, (3.9.2)
7r w(t) p 1/p
(/ﬂ/w) (—tm/p) dt) —O((n+Dwir/(n+1),  (393)

where p~t + ¢~ = 1. Also condition holds uniformly in x.

Very recently, the above result of Srivastava and Singh [135] has been improved by
Zhang [I51] up to a limited extent. He [I5I] replaced the conditions (3.9.1])-(3.9.3)
of Theorem A by some weaker conditions and gave the result as follows:

Theorem B [I51, Theorem 1] Let T' = (an) be a lower triangular matriz with
non-negative and non-decreasing (withrespecttok) entries. Then the degree of ap-
proximation of a 2w -periodic function f(x) by matriz means of its Fourier series is

given by

[ta(fi2) = f(@)] = O ((n+ 1) Pw(n/(n+ 1)) + (n+1)7), p>1,
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provided a positive non-decreasing function w(t) satisfies the following conditions:

w(t)

there exists a o(1/p <o <1) such that o is an non-decreasing function,
(3.9.4)

isa bounded function of t, also it bounds uniformly in x. (3.9.5)

[9(,1)]
w(t)t—1/p

3.10 Main Results

We study the problem further and extend it to conjugate functions also. We replace

the conditions (3.9.1)-(3.9.5) by a single condition. More precisely, we prove the
following:

Theorem 3.10.1. Let f be a 2m-periodic function belonging to Lip(w(t),p)-class
with p > 1 and let T = (ank) be a lower triangular regular matriz with non-
negative and non-decreasing (with respect to 0 < k < n) entries with A, ,—, =

O (1/t(n+1)). Then the degree of approximation of f by matriz means of its Fourier

series is given by

lentfio) - sl =0 (g [ ).

/(n+1)

provided w(t) is a positive non-decreasing function satisfying the following condition:

/OU w (1) dt:()(w@)), 0<wv<r. (3.10.1)

t1+1/p V1/p

Theorem 3.10.2. Let f be a 2m-periodic function belonging to Lip(w(t),p)-class
with p > 1 and let T = (anx) be a lower triangular reqular matriz with non-
negative and non-decreasing (with respect to 0 < k < n) entries with A, ,—, =
O (1/t(n+1)). Then the degree of approzimation of f, conjugate of f, by matriz

means of its conjugate Fourier series is given by

1 T t
=0 / LIVAN
p n+1 )1 ) 2P
provided w(t) is a positive non-decreasing function satisfying the condition (3.10.1))
of Theorem [3.10.1]

b(f; ) — f(x)
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Re?mrk 3.10.1. We see that w(t) satisfying ((3.9.4) also satisfies the condition ({3.10.1])
for 1/p <o <1, as:

v t v t tU_l/P v
/ (ﬁ(l/) dt = / 2O rtitrgy = 0 (‘“’(”) { } ) =0 (ws)))
o t1TL/P 0 t° v lo—1/p], vl/p
Thus condition ([3.9.4) is replaced by (3.10.1)) and condition (3.9.5)) is removed as it

is not required.

Remark 3.10.2. For w (t) = t'/7¢ (t), the Lip(w(t), p)—class coincides with Lip(&(t), p)
-class and condition of Theorem reduces to the condition (6) of
Rhoades [115, Theorem 2, p.393]. Thus our theorems extend Theorems 2, 3, 5
and 6 of Rhoades [I15] and Theorems 3.1, 3.2 of Lal and Mishra [68] to their

matrix analogous.

3.11 Proof of Theorem [3.10.1]

Following the section [2.5, we have

ba(fim) — Fx) = / "l O Kt

Using generalized Minkowski inequality, we have

Italfi2) = FE@)ll, = <%/02 /0W¢($,t)Kn(t)dtpdx)l/p
1 g2

< [ (5 [ otwora) i ol

- [ R

B </01/(n+1>+/1;n+1)> (%H(n(tﬂdt)

— I +1 (3.11.1)

™

Now, using Lemma for 0 <t <1/(n+ 1) and mean value theorem, we have
1/(n+1) w(t) 1/(n+1) w(t)
L, = /0 Py |K,(t)|dt = O (n+ 1)/O t.t1+1/pdt

= 0 ((n +1)(n+1)" w1/ (n+1)(n+ 1)1/”)
= O (w(1/(n+1)(n+1)""), (3.11.2)

The work of Theorems|3.10.1{and [3.10.2/has been published in Boll. Unione Mat. Ital.(Springer
Publication) 9 (2016), no. 4, 495 — 504.
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in view of condition (3.10.1)).

Again, using Lemma for 1/(n+1) <t <, we have

™ t
L — / wl(/)\Kn(tﬂdt
1/(nt1) 7P

I t
- 0 / IO (3.11.3)
n+1 1/(n+1) t2+1/p

Now, using mean value theorem, we have

1 [T w() 1 ™ |

/(n+1) 1/(n+1)
— 1 1+1/p 1
— (n+1)w(1/(n+1)) [(n—l—l) _7r1+1/1?]
B (n + 1)1+1/p y . B
T ey WD 1)77)1“/?]
> %w(l/(n—l—l))(n—i—l)l/”,
that is
1/p _ 1 " w(t)
w(l/(n+1)(n+1)? =0 (n - /1/<n+1> t2+—1/pdt) : (3.11.4)

Collecting (3.11.1)-(3.11.4)), we have

I N A
Itfio) = sl =0 (5 [ o).

Hence the proof of Theorem [3.10.1]is completed.

3.12 Proof of Theorem [3.10.2

Following the section [2.6, we have

k+1/2)t

172) dt

s ; (" 1 < cos (n —
L A

_ /Oﬂw(a:,t)f(n(t)dt.



Using generalized Minkowski inequality, we have

1 2
- (=
1

t(f; ) = f()

/0 (e )R (Dt

- /(:%U?na)ydt

- (1 ) (G

= I+ 1,
Now, using Lemma for 0 <t <1/(n+ 1), we have

) 1/(n+1) w(t) _
I - /0 R ()t

1/(n+1) w (t)
_ 0( [

= 0 (w(l/(n + 1)(n + 1)1/p) ,

in view of condition (3.10.1)).
Again, using Lemma for 1/(n+1) <t <, we have

I, = /7r w(t)u?n(t)mt

1) P
= 0O ( 1 /7r w_(t) dt> .
n+1J1me) t2+1/p

Now, following the proof of Theorem [3.10.1] we have

n+1

w(l/(n—i—l))(n—i—l)l/p:O( ! /lﬂ ;%dt).

/(n+1)

Collecting (3.12.1)-(3.12.3)), we get

ta(fiz) — fla)

Hence the proof of Theorem [3.10.2] is completed.

P 1/p
d;z:)
™ 1/P~
< [(5 ] Wweora) iRl

1 T t
=0 / M dt ) .
p n+1Jime) t2+1/p

99

(3.12.1)

(3.12.2)

(3.12.3)
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3.13 Corollaries

The following corollaries can be derived from our theorems:

1. If w(t) = tYP£ (), then f € Lip (¢ (t),p)-class and condition (3.10.1)) reduces

to the condition

/U@dt:O(f(vD, 0<v<m.

Thus for f € Lip (¢ (t),p), we have
ltntsio) - 1@l =0 (g [ Sl ar)

n + 1 /(n+1) t2

=0 (L/ @dt> .
P n+1J1meny 2

and

b(f; ) = f(x)

CIf w(t) = t*tYP then f € Lip(«,p)-class and condition (3.10.1)) reduces to

the condition
/ tldt =00, 0<v<m.
0

Thus for f € Lip («, p), we have

1 ™
= 0 ( / t”dt)
D n+1 1/(n+1)

O(n+1)™"), for0<a<l
B O <10g7r("+1)> ,  for a=1.

n+1

b(fi2) = ()

Corollaries 1 and 2 are analogous to the results given by Rhoades [115, Theo-
rems 2, 3, 5 and 6, pp.393-395] and Lal and Mishra [68, Theorem 3.1, Theorem
3.2, pp.4-5].

. If we take

pnfk/Pna nggn
Ap k. =
0, k> n,

n
where P, = Z pr # 0 — 0o as n — oo, then the matrix 7" reduces to Norlund
k=0
matrix NN,. Also for non-decreasing sequence {a, } in k, {p, } is non-increasing.

If we replace matrix 7' = {a, } with Norlund matrix N, = {p,} where p,, is

non-increasing, we get Norlund-version of Theorem [3.10.1)and Theorem [3.10.2]



Chapter 4

Approximation in Generalized
Lipschitz Class with Muckenhoupt
Weights

4.1 Introduction

In this chapter, we generalize the definition of Lip (a, p, w) to the weighted Lipschitz
class Lip(£(6), p,w), where £(0) is a positive non-decreasing function and determine
the degree of approximation of f € Lip(£(9),p, w) through matrix means of its

trigonometric Fourier series. Our results generalize some earlier results.

A measurable 27 periodic function w : R — [0, o¢] is said to be a weight function
if the set w™' ({0, 0o}) has Lebesgue measure zero. For 1 < p < oo, a weight function

w belongs to the Muckenhoupt class A, if

o o)y o) <

where the supremum is taken over all intervals I with length |I| < 27. The weighted
Lebesgue space LP space of all 2m-periodic measurable functions f on [0, 27| is

defined as:
1/p

27
rets it W= ([ 1f@Pur) <o

61
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For 1 < p < oo, let w e A, and f € L?. Then the modulus of continuity of the
function f is defined by

Q(f, 5)p,w = sup |’Ah<f)”p,wv 6 >0,
|h|<8

where Ap(f;x) = %foh |f(z +1t) — f(x)|dt. The modulus of continuity Q(f;0),. is
non-negative, non-decreasing, continuous function such that (lsi_I}(l) Q(f;0)pw =0 and
QUfr + f2:0)pw < Q(f150)pw + 2 f2;6)p. For more details one can see [63} 94].
The weighted Lipschitz class Lip(a, p, w)(0 < o < 1) [36} B7; [126] is defined by

Lip(e, p,w) = {f € L}, : Q(f; 6)pw = O(8%), 6> 0}
We extend this class to the generalized Lipschitz class Lip(£(9), p,w) defined by

Lip(§(0), p,w) = {f € Ly, : Uf;0)pw = O(£(0)), 6 >0},

where £(9) is a positive non-decreasing function of 4.

For £(6) = %, the Lip(£(), p, w)-class reduces to the Lip(c, p, w)-class. For w(x) =
1 Vx € [0,27] and £(0) = 0%(< a < 1), the Lip(&(0), p, w)-class reduces to the well
known Lip(a, p)-class.

A positive sequence a = {a,} is called almost monotonically decreasing(AM D.S)
or almost monotonically increasing(AMIS) with respect to k, if there exist a con-
stant K = K(a), depending on the sequence a only, such that a,, < Ka,, or
Anp > Kay,, for all p > m. We write Aganx = anp — Gnr1 and [z], the greatest

integer contained in .

Many authors such as Chandra [15], Mittal et al. [87] and Leindler [73] have
studied the approximation properties of the means N, (f;z), R,(f;z) and matrix
means t,(f;x) with almost monotone sequence in the Lebesgue space LP. Chandra
[15] has proved [[N.(f;z) — f(z)l, = [Ra(f;2) — f(2)lp, = O(n™*),n € N, in
Lip(a,p)(0 < o« < 1) with monotonicity conditions on the summability means
generated by the sequence {p, }. Mittal et al. [87] generalized the paper of Chandra
[15] partially, and extended its results to matrix means with Z anp — 1 =0(n™%).

k=0
On the other hand, Leindler [73] has relaxed the condition of monotonicity on {p,}
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and proved some of the results of Chandra [I5] for almost monotone weights {p,}.
Later, Guven [30] has extended the results of Chandra [15] for the weighted Lipschitz
class Lip(a,p,w)(0 < a« <1, 1 < p < 00) and proved the following results:
Theorem A [36, Theorem 1, p.101 ]

Let 1 <p <oo,w e A, 0 < a <1 andlet {p,} be a monotonic sequence of
positive real numbers such that (n+ 1)p, = O(F,). Then, for every f € Lip(a, p,w)

the estimate

INn(f52) = f(@)lpw = O(n™%), n=1,2,...

holds.
Theorem B [36, Theorem 2, p.101 |

Let 1 <p <oo,we A, 0<a<1andlet {p,} be a sequence of positive real

P, P, P,
1 m—:12 :O( +1> Then, for every

n—1

numbers satisfying the relation Z

f € Lip(a, p,w) the estimate
[Rn(f;2) = f(@)|pw =O(n™%), n=1,2,...

satisfied.

Also Guven [37] has proved the following results for a,, € AMIS or AMDS:
Theorem C [37, Theorem 1, p.14 |
Let 1 <p<oo,we A, 0<a<l, felLipla,p,w) and A = (anx) be a lower
triangular reqular matriz with |s§{4) — 1| =0(n"%) . If one of the conditions
(i) A has almost monotone decreasing rows and (n + 1)a,o = O(1),

(i7) A has almost monotone increasing rows and (n + 1)a,, = O(1),
where r = [n/2], holds, then

1f = TV (F)llpw = O(n™).

Recently, Singh and Srivastava [126] extended the results of Guven [36] to the
matrix means 7, (f; ) under the relaxed conditions of monotonicity in the same class

Lip(a, p, w). We study these results further for more general class Lip(£(6), p, w).
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4.2 Main Result

Theorem 4.2.1. Let 1 <p < oo, w € Ay, f € Lip(£(9),p,w) and A = (an) be a
lower triangular reqular matriz with satisfying one of the following conditions:
(i) {ank} € AMDS in k and (n+ 1)a,o = O(1),

(17) {ani} € AMIS in k,
a An,O - An,k—i—l
(iid) > | Ay =S ) =0(/n).
k=0
Then

1 () = ta(f5 2)llpw = O(E(1/n)),

where £(6) is a positive non-decreasing function satisfying
£(1/90)6° is an non-decreasing function for some o > 0. (4.2.1)

Note 3. For the case (iii), we must have 0 < o < 1.

4.3 Lemmas
To prove our theorem, we need the following lemmas:

Lemma 4.3.1. Let 1 <p <oo, we Ay, and f € Lip({(0),p,w). Then

1 = sn(f52) paw = O(E(1/n)), n € N. (4.3.1)

Proof. Let T (n € NU{0}) be the trigonometric polynomial of best approximation
of f. Then

En(paw =l f(2) = T3(x) llpw -

From Theorem 2 of [63], we have

E.(f)pw = O (Q(f, 1/n)p,w)
= 0({(1/n)).

The work of this chapter has been communicated for possible publication.
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By the uniform boundedness of s, (f;x) in the space L? (for more details see [44]),

we have

1 = salf52)llpw < (1 = T5(@) llpw + 1T (2) = $0(f52)pw
= |f = T (@) lpw + llsn(f(2) = T3 (@) llpw
= O(lf =T (@)llpw)
= 0(&(1/n)).

]

Lemma 4.3.2. Let either {a, .} € AMDS ink and (n+1)a,o = O(1) or {a, .} €
AMIS. Then

n

S aié(1/k) = O(E(1/n)).

k=0

Proof. Let r = [n/2] and {anr} € AMIS. Then

> ané(1/k) < Zankg 1/k) + Z an i E(1/k)
k=0

k=r+1

< Kay, g(lgj)k HEL/(r+ 1) D ang
k= k=r+1

Kay,£(1/(r) Zk +E(1/(r+1) Zank

= O(E(/r)(r/n)"" ")+€(1/n)
= O(&(1/n)),

IN

in view of ra,, < (n—r)a,, < K(apr+1+ .. + anpn) < Apo and condition (4.2.1)).
If {anr} € AMDS and (n+ 1)a,o = O(1), then

ian,kﬁ(l/k) < Kamoig(lé]:)ka
k=0

= O(Kayo&(1/n)nn'~")
= O(&(1/n)),

in view of condition (4.2.1). O
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4.4 Proof of Theorem [4.2.1]

We prove both the cases (i) and (iz) together. From we have

tn(fi2) — fz) = Zan,k{sk(f;l') — f(2)},

Using Lemma [4.3.1) and [4.3.2] we have

lta(£:2) = @)y = D anilise(F;z) = F(@)llpa
k=0

= 0 (i an,kf(l//f)>

k=0

= 0(&(1/n)), (4.4.1)

Now, we prove the case (ii7). Using Abel’s transform, we have

[tn(f;2) = f(2)lpw = 0<Zan,k£(1//f)>

n—1 k n
= D AR i +E(1/0)Y  an;
k=0 1=0 =0

n—1

= D (Ano = Aupsr) (E(L/k) = E(1/k + 1)) +£(1/n) Ang

= K7E(L/R) (ko 17€(L/(k + 1)
= Yo = Agn) (A EREEE N g1y

(o= Auset) (3 = e ) +60/)

k—a (An,O - An,kJrl)
k

k=0

—_

n—

= 0(n7¢(1/n))

(]

k

= 0(n7¢(1/n))

0

S |l

+£(1/n), (4.4.2)

B
Il
o

in view of A, = 1.

Again, using Abel’s transform, we have
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& kiU(An,O - An,k—H)
k

k=0

k
n
1=0 i=0

n—1 n
_ Z Ak; (An,O _kAn,kJrl) Zi_o + (An,O - An,nJrl) i
k=0 ]

n—1
_ Z kl—JAk (An,O B An,k+1) + (An,O — An,n+1>n1—o—

k n
k=0
n—1
An _An —c
= nl—JZAk( 0 ; ,k+1)+n
k=0
— o), (4.4.3)

in view of A, ,,+1 = 0 and condition (i77) of Theorem .
Collecting, (4.4.1) and (4.4.3)), we have

[tn(f52) = (@) [|pw = O (£(1/n)) .

Hence the proof of Theorem [4.2.1}is completed.

4.5 Particular Cases

1. It &(0) = 6*(0 < a < 1), then the Lip(£(), p, w)-class reduces to the Lip(a, p, w)
-class and Lemma reduces to Lemma 4 of Guven [30], p.102]; and Theorem
is a partial extension of results of Singh and Srivastava [126, Theorem
1].

2. Further, if we take

pn—k/Pna OSI{PSTL
Qp | =
0, k>n,

then our matrix means reduce to Norlund means. If (a,x) € AMDS, then
the Norlund matrix A has almost monotone increasing rows and if (a,x) €
AMTIS, then the Norlund matrix A has almost monotone decreasing rows and
(n+1)ano = (n+1)8 = O(1). Thus, our Theorem reduces to Theorem
A of Guven [36, Theorem 1, p.101] for o > a.
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3. Similarly, if £(6) = 0%(0 < a < 1) and

pk’/Pn7 nggn
Qp k. =
0, k> n,

then our matrix means reduce to R, (f;x) means. Also

n n
An,O - An,kJrl = E Qn,i — § Ap
=0

i=k+1
=0 i=k+1

k
= > pi/Pu=P/P.
=0

So that,

k k+1 B k

_ 1 Peyi Py
P, \k+1 k)’

i.e., condition (7i7) of Theorem reduces to the condition on {p,} of The-
orem B of Guven [36, Theorem 2, p.101] for 0 < a < 1. Thus, our Theorem
reduces to Theorem B of Guven [36, Theorem 2, p.101].

A (An,() - An,k+1) o An,O - An,k+2 An,O - An,k+1
g | ———




Chapter 5

Approximation by Matrix Means
of Walsh—Fourier Series in

LP-Norm

5.1 Introduction

The study of approximation properties of the periodic functions in LP[0,1)(1 < p <
oo)-spaces, in general, and in Lipschitz classes Lipa and Lip(a,p), in particular,
through Walsh- Fourier series, has been a problem of growing interests over the
decades. In this chapter, we determine the degree of approximation of 1-periodic
functions in LP[0,1) and Lip(c, p) classes by the polynomials generated by matrix
means of the Walsh-Fourier series associated with the functions under relaxed con-
ditions on the matrix 7' = (a,x). We then show that many of the theorems in the
literature dealing with this area are special cases of our work.

Let LP(I)(1 < p < o0) be the space of all p™ integrable functions defined on
I:=10,1). For p = oo, L? is interpreted to be Cy (I). The space Cy (1) is collection
of all uniformly W-continuous functions on I, where a function f: I — R is said to
be uniformly W-continuous if it is uniformly continuous from the dyadic topology
on [ to the usual topology on R. The dyadic topology is generated by the collection
of all dyadic intervals I,,(k). For more details one can see the litreture [30; 105} [144].

In this chapter, we study the approximation by means of Walsh-Fourier series in

69
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the norms of LP(I), 1 < p < oo and Cy (I). The L? norm of f € LP(I) is defined by

(B is@par) ™ 1<p<oo

esssup|f(z)], p = oo,
zel

1l = (5.1.1)

The dyadic modulus of continuity of f in LP-space, denoted by w,(f;0), is defined

as

wp(f30) = sup [[flz®t) = f2)],, (5.1.2)

0<t<d
where 1 < p < oo, > 0. Accordingly, for a > 0, the Lipschitz classes are defined

by

Lip(a,p) = {f € L(1) : &(£:6) = O(3)}. (5.0.3)
Let T'= (an ) be a lower triangular matrix. Then the sequence to sequence trans-
formation .
to(f; 1) :Zan,ksk(f;x), n € Ny =NuU{0}, (5.1.4)
k=1

defines the matrix means of {s,(f;z)}. The Walsh-Fourier series (|1.1.5)) is said to
be summable to s by T-means, if lim ¢,(f;x) = s, where s is a finite number.
n—oo
We also write
Ang = Zam, 0<k<mn, whereA, g =1Vn; A, > A, 41 for 0 <k <n,
r=k

n

L,(t) = Zan,ka(t), n > 1, called the matrix mean kernel,
k=1

1 n
K, (t) = - ZDk(t), n > 1, called the Walsh-Fejer kernel,
k=1

and

k
R, x(t) = Zan,n,kHDi(t) for n=2"+k 1<k<2™ m>1.
i=1

Recently, Priti et al. [I05] extended the results of [91} 03] using a lower triangular

matrix means 7' = (a,) as follows:
Theorem A: Let f € LP(I),1<p<oo, n=2"+k 1 <k<2" m>1. Let

T = (any) be an infinite regular triangular matrix such that

Za”’ = O(n'77) for some 1 < v < 2.
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(1) f ang < appt1 VO <k<n-—1, then
m—1
b} j ) — ) m
n\J>» - p >3 n,29 T {Ap2i+1 )Wpl S, p\J s )
Ita(f2) = F@)llp < 5 D2 (Anas = Anaret)p(£5279) + iy (£5277)
§=0
(1) if apg > anpr1 VO <k <n—1, then
5 m—1
[ta(fi2) = f@)llp < 5 ) P anaiwp(f277) +ap(f:277).
2
§=0

The analogous of [91} O3], T05] has been discussed by Blahota and Nagy [9] very re-
cently. The authors [9] used ©-means, generated by the sequence of lower triangular

matrices ©,, = (O,,) with o, =1V 1 <k <n.

5.2 Main Results

We consider matrix means of the Walsh—Fourier series generated by a lower trian-
gular matrix 7' = (an ) , where {a,x} is almost monotone sequence with respect to
k, and find the rate of approximation of f € LP(I) and its subclass Lip(c, p) under

the less conditions. More precisely, we prove the following:

Theorem 5.2.1. Let f € LP(I), 1 < p < 0. Let T = (an ) be a lower triangular
reqular matriz with non-negative entries, where n = 2™ + k for 1 < k < 2™ and
m > 1. Then

(i) if {anx} € AMIS in k and na,, = O(1), then

m—1
Italf52) = F@)l, = O (Z Dt p501 1 (f:279) + 2—m>> ,

J=0

(1) if {anx} € AMDS in k, then

m—1
[t (f52) = f(2)]l, = O (Z 2 a2 0p(f5277) + wp(f; 2"”)) :
=0
Theorem 5.2.2. Let f € Lip(a,p), a > 0 and 1 < p < oco. Let T = (any) be
a lower triangular reqular matriz with non-negative entries, where n = 2™ + k for

1<k<2™ andm > 1. Then
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(i) if {ani} € AMIS in k and na,, = O(1), then

O(n™?), if0<a<1
lta(fi2) = F@llp =4 O logn), if a=1
O(n™hy, if a>1,

(1) if {ani} € AMDS in k, then

—_

3

I
=)

[tn(f;2) = f(2)|l, = O ( 20-iq, o 2—ma> '

J
I

Note 4. For {a,} € AMIS the condition na,, = O(1) is sufficient to satisfy the
n—1

condition (2.4) of Priti et al. [105, p. 35], i.e., Zazjn_k = O(n'™). We have
k=0

relaxed this condition for {a,;} € AMDS in our results.

5.3 Lemmas

To prove our results, we need the following lemmas.

Lemma 5.3.1. Letn =2"+k for 1 <k <2™ and m > 1. Then

m—1 271 m—1
Ln(t) = — 7"]' (t)U)zj_1<t) Z(an’2j+1_i — an’2j+1_i_1)iKi<t> — Tj (t)ng_l(t)QjKQj (t)an’gj
j=0 i=1 7=0
m—1
+ (Apoi — Apgiti)Doisr (t) + Ap ek Dam (t) 4+ 10 () Ry i (2).
j=0

For the proof one can see [105, Lemma 2, p.37].

Lemma 5.3.2. Let f € LP(I)(1 < p < o0) and g € Pam(m > 0). Then

/0 19, () (8) | (F D)t < 27, (£, 27 / () dr,

The work of this chapter has been communicated for possible publication.
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Proof: Since g € Pam, it takes a constant value, say g,,(k), on each dyadic interval

Ln(k)(0 <k <2m™). If t € I,(k), then t ® 27 € I,,,(k). For 1 < p < 0o, we have

1
/ |gj(t)rj(t)|wp<f, t)dt = Z gm o (f 2_m_1)dt
’ L1 (2h)
2m—1
< D lgm(k) fr27m at
k=0 m+1 2k

= 3 bl 277)

:2wpf2m2|gm |2m

k=0
2m_1
= 2 (2 Y )] [ e
k=0 Im (k)
1
= 22 [ lgtolae.
0
Similarly for p = oo, we can prove that
1 1
| s 0n®ln(s e < 227 [ o0
0 0
Lemma 5.3.3.
1 1
Kom(t) >0, / | K, (t)|dt <2, and / Kom(t)dt =1,
0 0
for each t € I, where m > 0 and n > 1.
For more details one can see [93] p.380].

Lemma 5.3.4. Let T = (a, ) be a lower triangular reqular matriz with non-negative
entries satisfying one of the following conditions:

(1) {ank} € AMIS in k and na,, = O(1),

(17) {ank} € AMDS in k.

Then there exist a constant C such that

1
Ly = / |Rok(t)|dt < C  for0<k<n andn>1.
0
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Proof: Using Lemma 2 [92, p.104], we have

1 1| k
Iy = / Ry ldt = / St g Di(t)] dt
0 0 [i=1
1|k-1
= Dy < 4(k — . 3.
/O ;anszkl(t) dt <A(k—1) max |onnil (5.31)
Now, if {an,} € AMIS and na,, = O(1), then
_ | < - < =
(k 1)051&)(71 lann—i| < K(k—1)an, < na,, = 0O(1). (5.3.2)
If {an,r} € AMDS, then
(k—1) max |apn—i| < K(k—1)ayn—r+1 = O(1). (5.3.3)

0<i<k—1

Using (5.3.2) and (5.3.3)) in (5.3.1]), we have I,,, < 4 = C.

5.4 Proof of Theorem [5.2.1]

We will prove the results for 1 < p < co. The proof is similar and even simpler for
p = 0.
From (1.1.7), we can write

sulfs ) — f(z) = / f(x @ 1D, (1)t — f(x),

and then from (}5.1.4])

ta(fi2) — f(z) = / Fa®1)S aneDelt)dt — f(x)

— /Of(x@t)Ln(t)dt—f(l’)
_ / L(®)[f(x @ t) — f(x)]dt.

0
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Using generalized Minkowski’s inequality, we have

ot i) = sl = / 1

I IA
QS S \
VR
C\ N
T ST S
c.
S _
—~ Kﬁ
) =
-
- h
~ =
a.
~
v v
=
QL
)
v
\
=
a.
~

Now, using Lemma [5.3.1]

1 |m—1 27 -1
[ta(fi2) — f(2)], < / 75 (t)wai_q (1) (9541 — Qpoiti_i—1) KG(t)| wp(fit)dt
0 |j=0 i=1
1 |m—1
4 [ s (02 o (s | i)
o =0
1 |m—1
+/ (Amgj — An,2j+1)D2j+1(t) d)p(f;t)dt
o |'=0

" / A Do (8)| i (3 2)dlt + / ron(8) Ro s (8) 65 )t

Firstly, we estimate I, as follows:
27 -1
Let g;(t) = wqi (1) Z i@y i+1—; — Ay oi+1—;—1)K;(t). Then using Lemma [5.3.2) we

=1

have

—

m—

> ry(tg;(t)

J=

1
n=
0

sfitr <3 [ a0l iod 642

m—1

<32 (fi27) / 9(t)dt.

Jj=0
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Further,
1 1 201
[ latonde < [ o a0 3 danpr - anan- IOt
0 0 i=1
27 -1 1
< Y ilangi = anp il / | (t)|dt
i=1 0
271
< 2 Z 0| 23415 — Qp2it1—i—1],
i=1
in view of sup [wy(t)] = sup | [ [(r; ()% = 1.
tel tel

7=0

If {anr} € AMIS and na,, - O(1), then

271 27+t 1
. - Z i+1
2 E Z|an72j+17i - an’2j+171‘71| = 2 (2] - T)|an7r — Qpr—1
i=1 r=27+1
2i+1_1 2i+1_1
_ j+2 E E
= 2 (an,r - an,rfl) -2 71<an,r - an,rfl)
r=21+1 r=2i+1
20411
i1 . i1
= P apgni1 — poi) =2 | =2 a0 — E Uy + 2 g 0514
r=27+1
2i+1_1 2J+1_1
= 2 § e — 2,0 <2 § A < K2 ay i1y, (5.4.3)
r=27 r=27
If {a,r} € AMDS, then
2711 20+1 1
. _ § : j+1
2 E Z|an72j+1_i — an72j+1_i_1| = 2 (2] - r>|an,7‘ - an,r—1|
i=1 r=27+1
27+1 1 27+l
o
2/ E (an,r—l - an,r) +2 E r(an,r - an,r—l)
r=21+1 r=27+1
j+1
< K2 a,.. (5.4.4)

From (j5.4.3) and (5.4.4)), we have

/1 (Ol < K2%a, oiv1,  if {ank} € AMIS and na,, = O(1)
95 < |
o K274 a,, 5, if {a,x} € AMDS,
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and
m—1
K Z 2 a, 9501 _1wp(f3277),  if {ani} € AMIS and na,,, = O(1)
L < ﬂ,fo
K 2a,50,(f;27), if {an} € AMDS.

m—

Now, let h;(t) = 2jan,2jw2j,1K2j (t). Then

I - o (5 t)dt |] (D)l (f 1)t
< Zz—lwpu;z—f) / 1y (1) dt,
=0 0

and ) .
/ \h;(t)|dt < 27ay, o / Kydt = 27a,, o,
0 0
in view of Lemma [£.3.3]

Hence,
Z Yy 00 (f3277).
7=0
Further,
1 |m—1
Iy = / (Ap2i — Apoi+t) Do ()| wy(f; t)dt
o =
m—1 1
< (Anoi — A, 23+1)/ | Dgi+1 )wp(f t)|dt
Jj=0 0
m—1
< (An 27 An72j+1)wp(f 277 1),
7=0

in view of (1.1.8)).

If {anr} € AMIS and na,, = O(1), then

20+l

An,2j_ n,2i+1 = E Qn ke — E An ke = § ank<K2 Qp 25+1-

k=27 k=271 k=27

If {a, 1} € AMDS, then

Apoi — Ap it < K2a,, 4.

(5.4.5)

(5.4.6)
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Hence,
m—1
K2 a, 9m10,(f;2777Y), if {ans} € AMIS and na,, = O(1)
I3 < 7],?_01

K27a, o50,(f;27771), if {an1} € AMDS.
0

Similarly, using ([1.1.8)), we have

o= [ A Dan @y i)
= O@y(f;27™). (5.4.7)

<.
I

Using Lemma [5.3.4] we have

I = / (1) R (D) (1)l

1
< 252 [ R0l
0
= O (w(f;27™) . (5.4.8)
Collecting (5.4.1)) - (5.4.8]), we have

(i)if{anx} € AMIS and na,, = O(1), then

m—1 m—1
tu(f;2) = f@)], = O ( D Van @ (f;27) 4> 0 an iy (f;27)

j=0 7=0

m—1
+ Z 2jan 2j+1_ 1wp(f’ 2_j>> + O(”p(f% 2_m))

Jj=

=0
= (m 2y i1 1@p(f527 )+wp(f;2m)>, (5.4.9)

j=0

(17) if {an i} € AMDS, then

m—1 m—1
[tn(f;2) = f@)ll, = 0( D Vana@y(f:279) + Y 2 an iy (f527)
=0

J=0

+ Y Pana(£527) ) + 02

j=0
m—1

= 0 (Z 27y 03y (f3277) + Wy (f; 2m)> : (5.4.10)
j=0

Hence the proof of Theorem [5.2.1]is completed.
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5.5 Proof of Theorem [5.2.2

We have f € Lip(a,p) = w,(f;9) = O(6%).
(¢) If {ani} € AMIS with na,, = O(1), then from (5.4.9)), we have

—_

0O 2(1_O‘)jan72j+1_1 + 2—mo¢>

J

3

[tn(f52) = f(2)lp

Il
o

m—1
= 0 Apom_1 Z 2(1—a)j + 2—ma>

=0
m—1
— 0|92 ™m™ Z 2(1701)]' + 2ma>
=0
O(n™?), if0<a<l1
= O(n~tlogn), ifa=1
O(n™1), if a > 1,

inviewof n™' <2™forn=2"+k 1<k<2"and m > 1.
(17) If {anr} € AMDS, then from ([5.4.10]), we have

-1

3

[ta(F:2) = (@), = O (

2(1foz)jan’2j + 2ma> )

Il
=)

J
Hence the proof of Theorem is completed.

Note 5. If we take {a,,} € AMDS and na,o = O(1) in case (ii) of Theorem [5.2.2]
then for both the cases (i) and (i7)

O(n™?), if0<a<l1
[tn(fi2) — f(2)]|, = O(n~tlogn), ifa=1
O(n™1), if a > 1.

5.6 Particular Cases

1. Since every monotone sequence is almost monotone, results of Priti et al. [105]

Theorem 1 and 2, p.35] are particular cases our results in the light of Note .

2. If we take
B { G t/Qn, 0<Ek<n

Ap k. =
0, k>n,
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n
where ), = qu, then our matrix reduces to Norlund matrix. If {a,} €

k=0
AMDS, then the Norlund matrix has almost monotone increasing rows and

if (a,) € AMIS, then the Norlund matrix has almost monotone decreasing

rows and
Nann = O(1) = 22 — O(1).
Qn
Then ,
n’y*l n— n’y*l
¥ v
> q < ——aqn=0(1)
o &%=

which is the condition (2.6) of Méricz and Siddiqi [93, p.379]. Thus, our results
reduce to the results of Méricz and Siddiqi [93, Theorem 1 and 2, pp.379-380].

. Similarly, if

pk’/Pn7 OSI{ISTL
Qp k. =
0, k> n,

where P, = Zpk, then our matrix reduces to Riesz matrix of [91, p.2].
k=0
If {anr} € AMIS with na,, = O(1), then the Riesz matrix has almost

monotone increasing rows with 222 = O(1); and if {a,x} € AMDS, then the
Riesz matrix has almost monotone decreasing rows. Thus our results reduce

to the results of Méricz and Rhoades [91, Theorem 1 and 2, p.3].



Chapter 6

Approximation of f € L|0,00) by

Means of Fourier-Laguerre Series

The problem of determining the degree of approximation of f € L]0, 00), the space
of Lebesgue integrable functions defined on [0, 00), has been studied by various
investigators through summability means of Fourier-Laguerre series of f at x = 0.
We note that the problem is not studied for x > 0. In this chapter, we further study
the problem and determine the degree of approximation of f € L[0,00) by Ceséaro
means of order A > 1 of the Fourier-Laguerre series of f for any x > 0. We prove

the result for x = 0 separately.

6.1 Introduction

The Ceséro means of order A, of the Fourier-Laguerre series are given by

C’,)L‘(f;x):;z<)\+n_r_l)sr(f;x). (6.1.1)

n+/\ r=0 n—r
n

The Fourier-Laguerre series is said to be summable to s by Cesaro means, if
CMf;x) — s asn — oo.

We also write

o(z,y) = fly) = f(x), ¥(z,u) = flztu)— flz)

81



r (k+“) LY (@)L (y) = T(a+ 1A (2,y) (6.1.2)

= ’ — (6.1.3)

) L@ @) - L5 @) L () (6.1.4)

r+« r=Y
r
a—1 a—1 o @
04D (@ B0 L@ e, L) - L (@)
= | @) — L5 () :
<r+a> r=Yy r=y

(6.1.5)

For more details one can see [136].

The authors in [35; 55} [60; O7; 122} 139] have studied the problems of determining
the degree of approximation of f € L]0, 00) using different summability means such
as Cesaro, Norlund, Euler and product means of Fourier-Laguerre series of f at the
point & = 0. Also these results are proved for different ranges of «, for instant, the
authors in [35; [122] have fixed o > —1/2, and the authors in [55} 60; O7; 139] have
fixed =1 < a < —1/2. Singh [121] has studied the absolute (C,1)-summability of

the series

> anL%a) (x)
Z (log(n + 1))1+e’

n=1

where a,,’s are Fourier-Laguerre coefficient of some f € L[0, 00) with > 0. However,
the approximation of f by means of Fourier-Laguerre series has not been studied so

far for x > 0, which motivated us to study the problem further.

6.2 Main Result

Theorem 6.2.1. Let f be a function belonging to L[0,00). Then the degree of ap-

proximation of f by the Cesdro means of order X > 1 of the Fourier-Laguerre series



83

of f is given by
Ca(fi2) — f(2)] = 0 (£(n))
where £(t) is a positive non-decreasing function such that £(t) — oo as t — 0o and

satisfies the following conditions:

0(t) = [y (e g)ldy = o (€(L/0), 10 (6.2.1)
/5 MCZU — o (£(1/1)), t 0, (6.2.2)

and
/ e7/2 027112 60 ) |dy = o (n—l/Zg(n)) . n— 00, (6.2.3)

where § is a fized positive constant and o > _71 This holds uniformly for every fixed

positive interval 0 < e < x < w < 0.

6.3 Lemmas
To prove our theorem, we need the following lemmas:

Lemma 6.3.1. [136, Theorem 7.6.4 p.177]. Let a be an arbitrary real number, ¢

and € be fixed positive constants. Then

Lga)@) _ { O (na) )

O (x—(20+1)/4n(2a—1)/4) 7

o
IN
S
IN

o Slo

IN
8
IN

Slo

as n — oo.
For aw > —1/2, both bounds hold in both intervals.

Lemma 6.3.2. [130, Theorem 8.22.1 p.198 |. Let « be an arbitrary real number

and = € [cn~', w]. Then
LY (z) = k:(ac)n%_i cos (2v/nx +v)+ O <n%_%> , x>0,

where k(z) = 7 Y/2¢*/22 "1 and v = —(a+1/2)7/2. The bound for the remainder

holds uniformly in [e, w].
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Lemma 6.3.3. [I36, Theorem 8.91.7, p.241]. Let o and p be arbitrary real numbers,
w>0and 0 <n < 4. Then

max e~/ 22?| L\ (z)| ~ n®,

where
{ max (p—1/2, 0/2-1/4), w<z<(@A—n)hn
Q=
max (p—1/3, /2 —-1/4), x>n.

Lemma 6.3.4. [136, p.237]. If both z and y belong to the interval [en™!, w], then

=LA G R

cos (2y/ny + ) — cos (2y/nz + )
ViV

+x%a_% O(n%_%) —+ yTa_% O(n%_%)

LY (y)
VY

Lemma 6.3.5. If condition (6.2.1)) holds, then

/Ot ya|¢<$,y)|dy =0 (f (1/t) t%"‘i) |

Proof: We have

)
(1) = / Y2 e, y)ldy

i

(1) = 1 (1)
0 (P = 1e(a, 1)

t t
—/ YA (y)dy = /yalcb(m,y)ldy
0

0

on integrating L.H.S. by parts, we have

[wtotelan = ot eam).

Lemma 6.3.6. If condition (6.2.3|) holds, then

/ e Py B o (2, y) | dy = o (€(n)).

where w is a fixed positive number and n — oo.

Proof: The proof is similar to the proof of Lemma [6.3.5
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6.4 Proof of Theorem [6.2.1]

From (|1.1.10) and (6.1.2)), we have the following representation of s, (f;x) obtained
in (T1.11),

slf5) = 0<r<a+1> ( e )) (["emr o) 1w

) 00 Ly JCONPRY SO
= a1 [Cempp Yy BB

0 k=0 k+ «
k

B / ey (y) AL (2, y)dy.

0

dy

Therefore, from (6.1.1)) we have

CAfi) ~ () = ﬁ (“Z::”) | et - rana
- (“Z::”) | e otz

Tl—|—)\ r=0
n
Now
> 1/n € z—0 z+4 w
/ e Vyro(x, )AL (z,y)dy = (/ +/ +/ +/ +/
0 0 in  Je s ot

+/ +/ ) (e Yy o(z, y) A2 (z, y)dy)
= L+ 1L+ I3+ 14+ Is + I + I7. (6.4.1)

For 0 <y < ¢, using formula (6.1.4]), Lemma and Lemma [6.3.5, we have
1/n
o< [ ety
0

1/n
= 0 (rl—a/ ya\¢(x,y)| [Ta/2—1/4ro¢—1 +7,o¢/2—3/4ro¢] dy)
0

1/n
-0 (ra/2+1/4 / yarqb(x,y)!dy) — ofE(n). (6.4.2)

0
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Similarly,

|15

IA

| oAy

1/n

= 0 (Tl—a/ ya|¢(l,7 y)| |:T,a/2—1/4Ta/2—3/4y—a/2+1/4
1/n

+ 7,‘oz/2—3/4,'ﬂo¢/2—1/4y—oz/2—1/4:| dy)

- o([;yW*“wwwww>=damx (6.4.3)

in view of condition (|6.2.1)).
Further, using the formula (6.1.4)), we have

x—0
L - h/“ eV (2, y) A% (z, y)dy

-8 (o) (a—1) (a=1) (o)
— O <r1—a/ e_yyo‘gzﬁ(x,y) Lr+1(x)Lr+1 (y) - Lr+1 (x)LrJrl(y) dy)

T —y
= Iy + Is. (6.4.4)

Using Lemma [6.3.2, we have
T ey o(x,y)|
|131| - 0 (rl—a / ) 7,04/2—1/4 |:7T—1/26y/2y—a/2+1/47,a/2—3/4
€ r—y
cos (2/ry — (a+1/2)7r/2—|—7r/2)+7"3_i}dy)
=6 _—y/2,,a/2+1/4
- o(/ S 9@ G 2 — (a+ 1/2)7r/2)dy)

T —y
+004ﬂ/%%ﬂi@gwﬂ@>+dm
— o1), E (6.4.5)

the first integral tends to 0 by Riemann-Lebesgue theorem and the second integral
tends to 0 as r — oo.

Similarly,

| I35] = o(1). (6.4.6)

Now we evaluate Iy, using Lemma and Lemma in formula (6.1.5)). Since

the variables are bounded by a fixed positive interval, so the remainder terms in the
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lammas depend only on n. Thus, we have (see [136] p.267])

A?(Q?,y) — Tl el a/2 1/4 (a—1)/2— 1/416/(_1{{:(\3)_
sin[2,/7y + 7] — sin[2y/rx + 7]
VNG
cos[2\/Ty + ] — cos 2[/rz + 7]
- o)

Following the calculations of [130, p.267], we have

{\/5008[2\/ﬁ + 7]

—Vrsin2y/rz + 7]

A%(z,y) = %\/} (7_(—1/2690/21,—61/2—1/4) Y 1/2sm{2\/\/__(\/_\/—_\/_)} o(1)

Thus,

x4+
I, = / e Yyto(x,y) Ay (x, y)dy

z—1/n z+1/n 40
= / / / ey px,y) AL (z, y)dy
T— z—1/n z+1/n

= Iy + Lo + Iys.

Tl O( // ol IVE + vT) )

-5 |z =y
J X
= [ P o),

in view of condition ((6.2.2)).

Similarly,

[ Ls3| = o(§(n)).
z+1/n sin —
Tl = 0( [ ot R y>

1/n
_ o(rw / @w(x,u)du) — O *n~e(n)) = o(€(n)),

in view of condition ((6.2.2]).

Hence,

1] = o(&(n))- (6.4.7)
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Similar to I3,

| 15| = o(&(n))- (6.4.8)

Again, using Lemma for w <y < n (taking n = 3) in formula (6.1.4)), we have

n

I < 0 / e 1y g, ) || L ()| L ()l dy

w

+0(r ) / ey oz, )| L @) L ()l dy
Lt e (6.4.9)

[61 - 0 (,r,a/2+3/4/ efy/2ya/273/4’¢(x’y)le*y/an/Zfl/ﬂL?(jjll) (y)‘dy)

_ (T_a/2+3/4ra/2—3/4)/ e Y2y 234 g2, ) | dy

w

= o(&(n)),
in view of Lemma [6.3.6
Similarly,
Igy = o(&(n)).
Thus,
15| = of¢(n)). (6.4.10)
Further, using formula and Lemma for y > n, we have

Iz = O(Tl‘a)?"a/z‘”“/ ey o(e, y) 1L ()| + 1LY () [y

n

_ O(T’l_a>7"a/2_1/47"a/2_1/4/ e—y/2yo¢/2—l3/12|¢($’ y)’dy

w

= o({(n)), (6.4.11)

in view of condition ([6.2.3]).

Collecting (6.4.1)) - (6.4.11]), we have

OMfia) — f@)] = —— (AJrn_T_l)O(i(n))

Hence the proof of Theorem [6.2.1]is completed.
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Note 6. As mentioned above, Theorem [6.2.1] is not true for z = 0. So, we prove the

following theorem for z =0 :

Theorem 6.4.1. Let f be a function belonging to L[0,00). Then the degree of ap-
prozimation of f at x = 0 by the Cesdro means of order X > 1 of the Fourier-

Laguerre series of f is given by
CA(f30) = [(0)] = o (n*/*+*/¢(n))

where £(t) is a positive non-decreasing function such that £(t) — 0o ast — oo and

satisfies the conditions (6.2.1) and (6.2.3) of Theorem forxz =0, € >0 and
ael-1/2, 1/2).

Note 7. Forx = 0, Iy+ L+ I = [°+ [°,+ [* = [ = I;. So the condition (6.2.2

is not required for x = 0.

6.5 Proof of Theorem [6.4.1]

For z = 0, from (6.1.2)), we have

AD(0,y) = A@(y):% T (’”‘l) LE(0) L (y)

S S L) = ;LW*U@) (6.5.1)

and @(y) := ¢(0,y) = f(y) — f(0).

Of0) - fo) = Llar)? (“”‘“1) / T ey L () dy.

n+ A r= n—r
n

The work of Theorems and has been communicated for possible publication.
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Now

| emrore ( / //n [+[ / )
(e7vy

a(b( ) a+1(
= L+ L+L+1L+Is (6.5.2)

Using Lemma for 0 <y < X, we have
1/n
< [ vlewh iy
0

- ( sup \¢<y>rra“nal>
0<y<n—!
= o(l). (6.5.3)

Again using Lemma for % <y < €, we have

|IZ| < / ya|¢(y)|y—(a+1)/2—1/47ﬂ(o¢+1)/2—1/4dy
1/n

= 0O (Ta/2+1/4n1/2 /6 y“/2_1/4|¢(y)|dy)
1/n
= o0 (ra/2+1/4n1/2€(n)) —0 (na/2+3/4£(n)) : (6.5.4)

in view of condition (|6.2.1).

Further, using Lemma [6.3.2, we have

1] < / e VY| (y)| [r T Peu 2y 2 Ay e /2
cos (27 — o+ 1/2)m/2 — m/2) 4+ 7/ 4] dy
= O <r04/2+1/4/ e_y/an/2—3/4|¢(y)| Sln(Q\/T_ - (Oé + 1/2)7‘(‘/2)dy)

10 (ra/2-1/4 | e—yyaw(y)wy) +o(1).
= o(1), (6.5.5)

the first integral tends to 0 by Riemann-Lebesgue theorem and the second integral

tends to 0 as r — oo for v € [—1/2, 1/2].
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Using Lemma for w <y <n (taking o + 1 for a and n = 3), we have
< [ e lowlILe )y
= / e 2y g (y) eV Ry A Lt (y) | dy

_ O(Ta/2+1/4 / ey/Zya/23/4|¢<y)’dy> — o (r*/2V4g () | (6.5.6)

in view of Lemma [6.3.6l

Similarly,
< e wldy
= [T v vy 0 )
= orzra/2+3/4n_1/2§(n)) =0 (7"1/2“/45(71)) : (6.5.7)

in view of condition [6.2.3]

Collecting (6.5.2)) - (6.5.7]), we have
CR(f50) = F(0)] = o (n*/*+*/%¢(n)) .
Hence the proof of Theorem [6.4.1]is completed.

Remark 6.5.1. When we approximate the function f satisfying the conditions (6.2.1])—
(6.2.3)) of Theorem for x > 0, the Laguerre polynomials are of order v > —1/2
while for z = 0, the Laguerre polynomials are of order a € [—1/2,1/2].

6.6 Approximation by Hausdorff Means of Fourier-

Laguerre Series

Now, we determine the degree of approximation of functions belonging to L[0, 00)
by the Hausdorff means of its Fourier-Laguerre series at = 0. Our theorem extends
some of the recent results of [60; [O7; [133] in the sense that the summability methods
used by these authors have been replaced by the Hausdorff matrices.

The Hausdorff means of the Fourier-Laguerre series are defined by

H,(f;x) ::thksk(f;x), n=0,1,2 ... (6.6.1)
k=0
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The Fourier-Laguerre series is said to be summable to s by the Hausdorff means, if
H,(f;z) — s as n — oo. The class of all regular Hausdorff matrices with moment
sequence {y,} associated with mass function ~y(u) having constant derivative, is
denoted by H;.
We also write

e "y (f(y) — f(0))

o(y) = Tla+1) ,

and
glu,y) = ( : ) uF(1—u)" FLE D (y).
ko \ K

Gupta [35] obtained the degree of approximation of f € L[0, o) by Cesaro means
of order k of the Fourier-Laguerre series at the point x = 0, where k& > o + 1/2.
Nigam and Sharma [97] have used (£, 1) means of the Fourier-Laguerre series for
—1 < a < —1/2 which is more appropriate range from the application point of view.
The authors have proved the following result:

Theorem A. If

n

1 n

E, = — — —

. an<k>sk o0 as n — oo,
k=0

then the degree of approximation of Fourier-Laguerre expansion at the point x = 0

by (E,1) means E} is given by

E,,(0) — f(0) = o(&(n)),

provided that

(1) :/0 lp(y)|dy = o (t*F1E(1/1)), t— 0, (6.6.2)
/6 " vy (et Vp(y)|dy = o (n~CFVDE () (6.6.3)
[ ey Pletwldy = ofg(m). 0 o (6.6.4)

where § is a fized positive constant and o € (—1,—1/2), and &(t) is a positive
monotonic non-decreasing function of t such that {(n) — oo as n — 0.

Following, Nigam and Sharma [97], Krasniqi [60] has used the (C,1)(E, ¢) means of
the Fourier-Laguerre series to obtain the degree of approximation of f € L[0, 00) at

point x = 0 and has proved the following result:
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Theorem B. The degree of approximation of the Fourier-Laguerre expansion at the

point x = 0 by the [(C,1)(E, q)|,, means is given by

[(C, (B, @)]a(0) = £(0) = o(£(n)),

provided that the conditions (6.6.2) — (6.6.4)) given in Theorem A are satisfied.

k
by its maximum value (1 + ¢)v?*+1/4 This is possible only when a > —1/2. But

v
Remark 6.6.1. We observe that Krasniqi [60, p.37] has optimized Z ( ) ¢ Kot/
k=0

the author has used —1 < a < 1/2 [60, Theorem 2.1, p.35]. Similar error can also
be seen in [97; [133].

6.7 Main Result

Theorem 6.7.1. The degree of approzimation of f € L[0,00) at x = 0 by the

Hausdorff means of the Fourier-Laguerre series generated by H € Hy is given by

[Hn(f50) = F(0)] = o(§(n)),

where £(t) is a positive non-decreasing function such that £(t) — 0o ast — oo and

satisfies the following conditions

B(y) = / o(y)ldy = o (1*HEL/1)) . £ 0, (6.7.1)
/ v y~ (Do (y)|dy = o (n~ Pt/ De(n)) (6.7.2)

and .
| e Bty = ol ). 0 o, (6.7.3)

where € is a fived positive constant and o > —1/2.

Note 8. The functions f in Theorem and Theorem [6.7.1] are not necessarily

same.

The work of Theorem has been published in Mathematical Analysis and its Applications,
207217, Springer Proc. Math. Stat., 143, Springer, New Delhi, 2015.
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6.8 Lemmas

Lemma 6.8.1. ForO0<u <1 and 0 <y <,

; glu, y)ay\u)| = O (y_(2a+3)/4n(2a+1)/4) . if % <y<e,
as n — oo.
Proof.
1 1 n n u k N
[ stwp| = | [0y ) (1) Bt
0 0 o \ K —u
= |M 1(1 —u)" i . kL(aH)(y)du
0 1—u F
k=0

Now, using Lemma for 0 <y < % (taking o+ 1 for o and ¢ = 1), we have

/0 1 9(u, y)dy(u)

< /01(1—u)”§n:<z

k=0

(no*t). (6.8.1)

Again, using Lemma, for £ <y <, we have

1 1 " u \*
/ g(u7 y)dv(u) _ / (1 _ u)n Z ( ) (1 ) O (y—(2a+3)/4k(2a+1)/4) du
0 0 v \ K —u
1 n n u k
- 0 y—(2a+3)/4n(2a+l)/4/ (1 . u)n du
0 k 1—u
k=0

— O (y7(2a+3)/4n(204+1)/4) . (682)

Collecting (6.8.1)) and (6.8.2)), the proof of Lemma is completed. O

Lemma 6.8.2. For 0 <u <1,

O (6y/2y7(2a+3)/4n(2a+1)/4) 7 Zf e < y <n
19) (ey/Qy—(3a+5)/6n(Oé+l)/2) ’ Zf y > n,

/ gl ()

as n — oQ.
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Proof. following the Lemma [6.8.1] we have

[fm%ymwm

1 n n k
) w/‘””@*”ﬁwﬂl—uw <1u )
0 —o \ —u

6_(y/2)y(2w3)/4L§:c+1) (y)du

1 k
_ y/2, —(2a+3) /4 k(2a+1)/4 d
ferveia g (1) 2 owe

- 0 (ey/2y—(2a+3)/4n(2a+1)/4) , (6.8.3)

Again, using Lemma for y > n, we have

1 n n k
— ‘/ e(y/Z)y*(3a+5)/6(1 . u)n (1 U )
0 —o \ K —u

¢ WDy BarD/6 et () g,

1 “(n u \"
_ / ey/2y—(3a+5)/6<1 _ u)n ( ) 9] (k(a+l)/2) du
0 —~\ k 1—u

- 0 (ey/2y7(3a+5)/6n(a+1)/2) ' (6.8.4)

/Olg(u,y)dfv(U)

Collecting (6.8.3) and (6.8.4)), the proof of Lemma is completed. O
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6.9 Proof of Theorem [6.7.1]

From [6.6.1], we have

\E

H,(f;0) = f(0) =

o

3 |l

o

3 |l

W
O

8

[
[
[

:/0”

[e=]

8

8

ﬁ

‘G

ﬁ

ey

1 o a a+1)
m/ e yf() ()dy—f(O))

A""“uk;l) /0 N ey (fy) — FO)LL (y)dy

AR /0 o(y) L (y)dy

( : ) /0 ut(1 - U)”‘kdv(u)L§a+l)(y)> dy

k=0
[ ( . ) k(1 - u>”’fL,£““’<y>dv<u>> 1y

k=0

(/ u,y dv(U)) dy

) (/ /n / /) ” ( >A”k e ()L (y)dy.

= S+ o+ J3+ Js (6.9.1)

Now, using Lemma for 0 <

BA

in view of condition (/6.7.1]).

y <1 we have

/ / (u, y)dvy(u)

1/n
0 () [ ety

dy

o(&(n)), (6.9.2)
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Further, using Lemma for % <y <€, we have,

< [ lewlo (e nte )y
1/n

_ O(n(2a+1)/4) </E y(2a+3)/4|¢<y)|dy) .
1/n

Following [97, p.6], we have
| 2| = 0(&(n)), (6.9.3)

in view of condition (6.7.1).

Now, using Lemma for e <y <n, we have

n 1

< [ ewl| [ stwnar)
€ 0

_ /nO (ey/2y—((2a+3)/4) (204+1) /4) ’90( )|dy

— 204+1 (/ ey/Z ((2043)/4) |90( )|d'g)
( (204+1)/ ) (E ~(2a+1)/4)¢ ))

— o&(n)), (6.9.4)

dy

in view of condition (|6.7.2)).

Further, using Lemma [6.8.2] , we have

DA /oolw(y)l /0 g(u, y)dvy(u)
= /OO lo(y)|O (ey/2yf(3a+5)/6n(a+1)/2) dy
oo 6y/2 -1/3
— O( (at+1) /2) (/n z(a+1)|£(y)|dy>
= 0o ((&(n))nl> D2 (= (e TD/2y)
= o(&(n). (6.95)

dy

in view of condition (6.7.3]).

Collecting - , we have
[H,.(f50) = f(0)] = o(&(n)).

Hence the proof of Theorem [6.7.1]is completed.
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6.10 Corollaries

The following corollaries can be derived from our Theorem [6.7.1]

1. As discussed in [I13] Lemma 1, p.306] and [125, p.38], if we take the mass
function ~y(u) given by

IN

a

0, 0<u
’Y(U):{ :

1, a<u

IN

where a = 1/(1 + ¢q), q > 0, the Hausdorff matrix H reduces to Euler matrix
(E,q), ¢ > 0 and defines the corresponding (E, ¢) means given by

n( . _ 1 . n niks -
Eq(f,x)——(1+q>n§<k>q k(f;x), q¢>0.

Hence the Theorem reduces to Theorem A (result proved by Nigam and
Sharma [97, Theorem 2.1, p.3]).

2. As discussed in [28] p.400] and [112, p.2747], the Cesdro matrix of order A, is
also a Hausdorff matrix obtained by mass function y(u) = 1 — (1 — u)* and

the corresponding Cesaro means are given by

CS(f;x)=;Z</\+n_k_1 )sk(f;:r)-

n+ A\ ko n—k
n

Further, Rhoades [I13], p.308] and Rhoades et al. [116, p.6869] have mentioned
that the product of two Hausdorff matrices is again a Hausdorff matrix. Hence
the Theorem B and Theorem C (results proved by Krasniqi [60, Theorem 2.1,
p.35] and Sonker [133] Theorem 1, p.126]) are also particular cases of our

Theorem [6.7.11



Conclusions and Future Scope

In the present thesis, we aimed to determine the degree of approximation of func-
tions belonging to Lipschitz classes: Lip(w(t),p) and W (LP,£(t)), p > 1, and their
conjugates using the lower triangular matrix means and product means. Functions
belonging to certain subclasses of LP-space; viz., LP(w)z and LP(®)s and their con-
jugates are also considered to obtain degree of approximation by the summability
means of trigonometric Fourier series and its conjugate Fourier series. Fourier—
Laguerre series and Walsh—Fourier series are also used to estimate the degree of
approximation of f belonging to L[0,00) and L[0, 1)-spaces, respectively. Some
corollaries and particular cases of the results are also discussed to justify that our
results extend the earlier results, and contribute significantly to the literature.

During this study we observed that this work can be extended in multi directions.

Some of the possible options are listed below:

e To obtain the approximation results in grand Lebesgue space with By, class

of weights defined by Jain et al. [48].

e It will be possible to extend our work to obtain the degree of functions be-
longing to different function spaces as weighted grand Lebesgue space L) (0,1)
with norm | . ||, . [25], WP and W*(C™)-spaces [101} [142].

e Our work can be extended to obtain the results on approximation properties

of non-periodic functions by Fourier transform [104].

e The results on the degree of approximation of function by means of Fourier—
Laguerre series can be extended to LP(p > 1)-space and the Lipschitz classes

associated with the periodic integrable functions. Also, we can study the

99
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degree of approximation of a function belonging to H'(0,c0)-space [143] by

means of Fourier-Laguerre series.
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