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Abstract

Coding Theory deals with the construction and analysis of error-correcting codes for
the reliable and efficient transmission of information through noisy channels. Since
its inception, it has grown in to a large area, intersecting several disciplines and using
several sophisticated mathematical techniques. The branch of coding theory that
mainly uses algebraic tools is known as Algebraic Coding Theory. Initially, algebraic
codes were constructed as vector spaces over finite fields. However, later on many
rings have also been considered in place of fields, and codes were studied as modules
over finite rings. A recent addition to coding theory literature is skew codes, in
which algebraic codes are constructed using skew polynomial rings. Several results
have been obtained on these codes, and many new good codes have been obtained
in this setting.

This thesis deals with some families of codes in the setting of skew polynomial
rings over some extensions of Z, and F,, where Z, is the ring of integers modulo
4 and IF, is a finite field. These are skew-cyclic codes, skew-constacyclic codes, 2D
skew-cyclic codes etc. In addition, quantum codes over F4 + ulF; have also been
studied.

In this context, we have defined a new class of skew-cyclic codes over the mixed
alphabet F3(F3 + vF3),v* = v. We call these codes F3(FF3 + vF3)-skew cyclic codes,
and they can be seen as a generalization of double cyclic codes [25] and Zg(Zo+uZs)-
linear cyclic codes [6]. We have obtained a structure of skew-cyclic codes over
F3+vF5 by defining a division algorithm on (F3+v[F3)[x, #]. Using this structure, we

have obtained the structures of F3(IF3 4+ v[F3)-skew cyclic codes and their generating
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sets. The duals of these codes have also been studied. Also, we have studied a class
of skew-cyclic codes over F, + wF,,w? = 1, wherein the generating sets of these
codes have been obtained.

The extensions of Z, such as Z4 + uZ4 have attracted the attention of a lot of
researchers in last few years. Some studies have shown that the codes over these
rings are promising and can produce codes with better parameters. However, there
has been a relatively little study on skew codes over these types of rings. We study
a class of skew-constacyclic codes over the ring Z; + uZy,u* = 0. By defining
an automorphism 6 on Z, + uZ4, we study these codes as left (Z4 + uZy)|x,0)]-
Za+uZs)[z,0]

submodules of T —a)

and sufficient condition for a skew-constacyclic code over Z, + uZ,4 to be principally

, where « = 1 + 2u, a unit in Zy + uZ4. A necessary

generated has been obtained. Duals of these codes have also been studied and these
codes have been further generalized to double skew-constacylic codes. By finding
the Gray images of these codes some new good Z,-linear codes having parame-
ters (6,4%22,21), (18,4%21,10,), (18,4422, 7,) and (18,4%2%,7,) have been obtained.
Moreover, we have reported these codes to the database of Z4-codes [8]. A class of
skew-cyclic codes over the ring GR(4,2) + vGR(4,2),v? = v, has also been studied.

We have also studied skew codes in the more general setting of a skew-polynomial
ring with automorphism and derivation. In this context, we have studied a class of
skew-cyclic codes over Z4 + wZy, w? = 1, with derivation. We denote these codes

by dg-cyclic codes. These codes are studied as left (Z4 + wZy)[z, 0, dg]-submodules

Of (Z4 +wZ4)[x,9,69]

1) , where 6 is an automorphism of Z, + wZ, and 0y a derivation on

Z4 + wZ4. Using a Gray map, some good linear codes over Z,, via residue codes
of these codes, have been obtained. A generator matrix of the dual code of a free
dg-cyclic code of even length over Z, + wZ,4 has been obtained. These codes are
further generalized to double skew-cyclic codes with derivation. The classification
of these codes also led to some new good Z4-codes.

There is another generalization of cyclic codes, known as 2D cyclic codes. Re-

cently, Li & Li [65] have studied 2D skew-cyclic codes over a finite field F,. We
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generalize the study of 2D skew-cyclic codes over F, to 2D skew-cyclic codes over
F,+wF,, w? = 1. The structure of these codes has been obtained by defining a divi-
sion algorithm on the bivariate polynomial ring (F, + wF,)[z, y, 61, 6], where 0y, 05
are two commuting automorphisms of F, + wlF,. These codes have been studied

as left (F, + wF,)[x,y, 01, 02]-submodules of (F";}”_Ff’)zﬂ,’,f”_@ll;%]. A brief description of

the duals of these codes has also been given. A decomposition of these codes has
been presented, via which a generating set of a 2D skew-cyclic code over I, + wlF,
is determined using generating sets of its component 2D skew-cyclic codes over F,.

The relationship between quantum information and classical information has
become a subject of much study in recent years. The construction of quantum codes
using classical linear codes was given by Calderbank et al. [31]. Motivated by the
recent progress in this field, we have studied quantum codes over Fy+ulFy, u?> = 0. In
our study, we use the structure of cyclic codes of arbitrary length over F,+ulF, to find
out the conditions for these codes to contain their duals. By the CSS construction
and a Gray map, the parameters of the corresponding quantum codes over I, have
been obtained. Also, using augmentation, we enlarge a code with dual containing
property to a new code having the same property, and we have got some good
quantum codes over [y using this technique. A table showing some good quantum

codes that we have obtained over F, is also given.
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Chapter 1

Introduction

1.1 Origins of coding theory

Communication is deeply rooted in the human behavior and is as old as the mankind
itself. Error-correcting codes, a part of the theory of communication, is still a young
subject that deals with the reliable transmission of data through noisy channels. The
secure and reliable transmission of information over noisy channels is a fundamental
requirement in digital communication, and coding theory plays a vital role in it.
Coding theory is the art of adding redundancy to the message analytically so that
if some error occurs during the transmission of the message it can still be recovered
due to the redundancy added.

Coding theory originated with the works of Hamming [49] and Shannon [8§].
Hamming devised a way of encoding information so that if a single error occurs
during the transmission, it could be corrected. Shannon’s seminal work “A Math-
ematical theory of communication” [88] gave birth to coding theory and informa-
tion theory. Shannon proved that almost error-free communication can be achieved
through a channel at any rate below a number, known as the capacity of the chan-
nel. The approximation to this ideal has the property that if a digital signal is
altered in some reasonable way during the transmission, the original message can
still be recovered. However, Shannon’s results were probabilistic and existential but

not constructive. That is, any information regarding the construction of codes to
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achieve the channel capacity had not been given by him. Hamming was the first
to develop a family of codes, known as Hamming codes, which could correct single
errors. Although, these codes were not as good to achieve channel capacity given by
Shannon, they were considered important because they have shown the construc-
tion of such codes which fit in Shannon’s theory. Since then, most work in coding
theory is devoted to constructing codes that have efficient encoding and decoding
algorithms and which have good error correcting capability.

For the last seventy years, the theory of error-correcting codes has grown into an
area intersecting many scientific disciplines including electrical engineering, mathe-
matics and computer science having applications in almost all digital transmission
systems and devices such as compact disc recording, cellular telephone transmission,
data storage etc. Besides these, coding theory has applications in the field of cryp-
tography and design theory. The constructions of codes require techniques from a
surprisingly wide range of mathematics. The area of coding theory which mainly

uses algebraic tools for the analysis of codes is known as algebraic coding.

1.2 Development of the subject

Classically error correcting codes have been studied as subspaces of vector spaces

over finite fields. In 1957, Prange [80, R1] introduced cyclic codes over a finite

Fylz]
@1

field F, and characterized these codes with ideals in the ring where n is the
length of code. This relationship between cyclic codes and ideals has facilitated the
construction of important families of codes such as BCH codes and Reed-Solomon
codes.

Coding theorists have studied various families of linear and cyclic codes in past
six decades. Different approaches and tools have been applied and many codes with
good parameters and properties have been produced [10, 11} 12} 55]. Recently, a
tremendous interest in codes over more general algebraic structure such as rings has

been seen, where the codes have been studied as modules over finite rings. The

study of codes using finite rings began with the works of Blake [20, 21], which
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were followed by the works of Spiegel [07, O8] and Shanker [87]. However, this
area generated the main interest of researchers after a landmark paper in 1994
by Hammons et al. [50], wherein they have shown that certain good non-linear
binary codes such as binary Kerdock codes, Preparata codes, Goethals codes and
Delsarte-Goethals codes are the Gray images of some linear codes over Z,. This was
shown by expoiting the isometry between (Z,", Lee distance) and (Zy*", Hamming
distance). Using the Gray map, a new set of linear and non-linear binary codes
have been constructed as the Gray images of some codes over Z,. This approach
has thus helped to view some non-linear binary codes as images of linear quaternary
codes. A lot of research has been done on codes over Z, and other integer rings
[23, 32, 100, 34, 61, 47, 18, [78, 19, [44] [46], 02], as well as on codes over some more
general finite rings [22), 37, [82], 108, 103, 104, 68, 67, 13| [71, [72] [73]. Many good
codes over finite rings have been obtained.

The works described so far are in the commutative setting, i.e., the alphabet
and the polynomial algebra used to describe the codes are commutative. Recently,
Boucher et al. [26] have added a new direction in coding theory by studying codes
in the non-commutative setting of skew polynomial rings. In [26], they introduced

a new concept by defining cyclic codes using skew polynomial rings, and studied

Fy[z,0]
(zm—1)

skew-cyclic codes over a finite field I, as ideals of , where F [z, 0] is the skew
polynomial ring by automorphism over F,, and ¢ is the corresponding automorphism.
This work has been further generalized in many ways [27, 28, [2, 58, [T}, [16], 4T, 148, [65].
In [27], skew-cyclic codes have been generalized to Galois rings, which is a more
general structure. Boucher et al. [28] have then studied skew codes as modules
over skew polynomial rings. Abualrub et al. [2] have generalized this class to skew
quasi-cyclic codes and Bhaintwal [16] has studied skew quasi-cyclic codes over Galois
rings. Jitman et al. [58] further generalized this work by studying a class of skew
constacyclic codes over finite chain rings. Aydin et al. [I] have introduced a class

of #-cyclic codes over Fy + vFy. They have defined a division algorithm on the

skew polynomial ring (Fs 4+ vIFy)[x, 0], where 6 is an automorphism of Fy + vFy, in
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a new way such that the generators of these codes and their duals can be obtained.
In [41] and [48], the some work on skew codes has been done on F, + vF, and
F, + vy, respectively. The class of skew-cyclic codes has been further generalized

to 2D skew-cyclic codes over F, by Li & Li in [65].

1.2.1 Motivation for our investigations

In this section, we present a short survey of the works from the literature that have
motivated our research.

A lot of ideas have been applied to construct different types of linear codes with
rich algebraic structures and good parameters. Cyclic codes form an important class
of linear codes with good algebraic structure and they are being investigated since
they were introduced by Prange [80]. Recently, codes using rings have attracted
the attention of many researchers and many good codes have been produced in this
class. In particular, cyclic codes and their generalizations such as constacyclic codes,
quasi-cyclic codes etc. have been studied extensively over rings. But this work was
restricted to codes defined over commutative algebraic structures.

Recently, there has been an interest on the study of codes over skew polynomial
rings which are, in general, non-commutative rings. Work in this direction was

initiated by Boucher et al. [26]. They studied codes of length n over a finite field F,,

Fqlz,0]
(zm—1)

as left ideals of the quotient ring with || dividing n, where F,[z, 0] is the skew
polynomial ring over F, and @ is the corresponding automorphism of F,. Such codes
are known as skew-cyclic codes. If the condition that |f] divides n is not imposed,
the resulting structure %

sided ideal of F[z,f]. For arbitrary f, n does not need such a restriction. The case

is no more a ring because ("™ — 1) need not be a two

was generalized to the study of codes of length n as ideals of the rings ]Fq<[}ﬁ>’9], where

f is a central polynomial in F|x, §] and (f) is the two sided ideal generated by f in
F,[z,0] [29]. Some good codes have been obtained in this class. This work has been
extended further by many researchers [27, 58, 2, [96]. In [96], Siap et al. removed the

restriction of |f| dividing n and studied the structure of skew-cyclic codes over finite
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fields having arbitrary length. In this setting, the skew codes have been defined

Fqlx,0]
fH

in Fylz,0]. If f = 2" — 1 and |§] = m, then the skew-cyclic codes of length n

as left F,[z, #]-submodules of left F [z, #]-module , where f is any polynomial

as left IF [z, f]-submodules of gﬁqﬁ(i}) give following relations. Skew-cyclic codes are
equivalent to cyclic codes, if (m,n) = 1, and they are equivalent to quasi-cyclic
codes of length n and index d, if (m,n) = d, where d is greater than 1.

The ring F,[x, 0] is left and right Euclidean. Therefore the cyclic codes and skew-
cyclic codes over IF; share most properties. Since the polynomials in skew polynomial
rings possess more factors than in the commutative case, there are many ideals in
this setting. Therefore there are better possibilities of finding good codes. This
gives us a strong motivation for studying codes in this setting.

Most of the works discussed above are on finite fields and finite chain rings such
as Galois rings. Recently, skew-cyclic codes over some finite non-chain rings have
also been studied [1, 41} 48|, 94, [43]. In [I], Abualrub et al. defined a class of skew-
cyclic codes over Fy + vy with v?2 = v, and obtained a structure thereof. They
also presented some examples of optimal binary self-dual codes through this class.
In [41], Gao has studied principally generated skew-cyclic codes over [, + v[F,, with
v? = v. Gursoy et al. [48] presented a different approach to construct skew-cyclic
codes over F, + vF, with v* = v. The results of [48] have been generalized to
F, + vF, + v*F,,v* = v, by Shi et al. [94]. Gao et al. [43] has studied a class of
skew constacyclic codes over F, + vF,, v? = v. Recently, some new types of codes

over rings have been proposed [4, [7, [6, 25, 9]. In [25], Borges et al. have studied Zo-

X (9%37[_%. In [6], Abualrub et. al. have

ZQ [$]
(z7=1)

double cyclic code as Zs|x]-submodule of

studied linear cyclic codes as submodules of Z$ x (Zy + uZs,)”, which in polynomial

Z2|x]
z>—1)

(Z?Iﬁ%i;m. However, the works given

form are (Zs + uZs)[z]-submodules of < X
in 4, [7, [6, 25, O] have been done over commutative setting. These works, especially
[6], have motivated us to generalize such codes to the non-commutative setting of
skew-polynomial rings. This resulted into a new class of skew-cyclic codes, which we

termed as F3R-skew cyclic codes, R = F3+vF5, v?> = v. We have obtained a division
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algorithm on R[z, 6] using which we present the structure of a skew-cyclic code for
the different possibilities on the minimum degree polynomial in the code. Thus

F3 R-skew cyclic codes have been studied as left (F3 + vF3)[z, f]-submodules of the

F3z]
z*—1)

(]173+’L)]F3) [x,

D) % and their generators have been obtained. Further,

left module < X
we have studied a class of skew-cyclic codes and a class of additive skew-cyclic codes
over F, + wF, with w? = 1. Chapter [3| covers these results.

The study of codes over Z4 always generated a special interest and have provided
many useful results. There has been a lot of work on codes over Z, since the
realization in [50] that some binary non-linear codes with good parameters are Gray
images of some Zg4- linear codes. Recently, Yildiz and Karadeniz [104] have studied
linear and self-dual codes over Z4 4+ uZy,u? = 0. We have studied a class of skew
constacyclic codes over Zy + uZy,u®> = 0. These results are presented in Chapter .
In the literature, many good codes have been obtained over Z, via Gray images of
codes over the extensions of Z4 and these codes have been updated to the database of
Zy-codes [§] (maintained by Aydin and Asamov). Through skew-constacyclic codes
over Z,+uZ,4, we have obtained many new good codes over Z,, and these new codes
have been updated to the database of Zs-codes [§]. Further in Chapter [5| we have
generalized this work and studied a class of skew-cyclic codes over Zy +wZy, w? = 1
with derivation. In this class also, we have obtained some new Z,-linear codes.

Another family of codes that we have considered in this thesis is 2D-skew cyclic
codes. This class was first introduced by Tkai et al. [52] and then further studied by
Imai [54]. Recently, Li & Li [65] have introduced a generalization of 2D cyclic codes
over finite fields, wherein they have studied 2D skew-cyclic codes of length ml over

F, as left F,[z, y, 61, 62]-submodules of <R[x’y’91’92} where 6y, 0, are automorphisms

(2T=1, ym—1)°
of F,. Inspired by this work, we have generalized 2D skew-cyclic codes over F, to
the ring R = F,+wF,, w? = 1. We have obtained the generating sets of these codes.
The results have been presented in Chapter [6]

Quantum error correcting codes have received much attention of coding theorists
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in recent years. Like classical information processing, a reliable quantum informa-
tion processing requires mechanisms to reduce the effects of internal (operational)
and external (environmental) noises. Fortunately, it is possible to facilitate the dam-
aging effects of decoherence by applying quantum error-correcting codes, so that one
can have more reliable quantum communication schemes and quantum computers.
Initially it was assumed that classical error-correction is not possible for quantum
information, as classical information can be duplicated but copying quantum infor-
mation is not possible due to the no-cloning theorem [102]. However, it was shown
that it is possible to encode quantum information so that errors can be corrected
[95]. The problem of finding good quantum codes has turned out to be the problem
of finding classical error-correcting codes that contain their duals [31].

Shor [95] discovered the first quantum error-correcting codes. Afterwards, the
construction of quantum codes using classical linear codes was given by Calderbank
et al. [31]. Construction of several quantum codes with good parameters have been
done using classical codes over finite fields with dual containing property [63], 64
84, 59, [83]. The study of quantum codes using finite rings was initiated by Qian et
al. [84], wherein they have studied quantum codes using cyclic codes of odd length
over the ring Fy + uFy, u? = 0. In [59], Kai and Zhu have used cyclic codes of odd
length over F + uF,, u?> = 0 to construct quantum codes over F,. Further, Qian
[83] has presented a construction of quantum codes via cyclic codes over Fy + v,
without the restriction on the length of the code. We have explored and generalized
this work in Chapter , in which we consider the ring R = Fy + uFy, u? = 0, for the
construction of quantum codes through cyclic codes having arbitrary length over
R. We have considered cyclic codes of both odd length and even length such that
they contain their duals, and corresponding to these codes we have obtained some
optimal quantum codes over Fy.

Throughout the thesis, all the computations to find codes have been done with

MAGMA Computational Algebra System [101] .
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1.3 Contribution and organization of the thesis

Objective: The objective of this thesis is to study and analyse different classes
of linear codes such as skew-cyclic codes, skew-constacyclic codes, additive skew
cyclic codes, double skew-cyclic codes etc. using univariate and bivariate (non-
commutative) skew polynomial rings over some extensions of Z, and F,. Further,

we also aim to obtain good codes over Z, and I, via the Gray images of such codes.

Brief description of our contribution:

e We have introduced a class of skew-cyclic codes over the mixed alphabets
F3(F5 + vF3), which is a generalization of double cyclic code and cyclic codes

over mixed alphabets in commutative setting.

e Cyclic codes over Zy+uZy, u? = 0, are well studied. We have introduced a class
of skew-constacyclic codes over Z, + uZy4,u? = 0, which is further generalized
to double skew-constacyclic codes over Zs+uZ,. Through these codes, we have
obtained (6,4%22, 2;1), (18,4%2' 10y,) and (18,4*2% 71,) linear codes over Z,
via Gray map, that improve the minimum Lee distances of existing codes by
1,4 and 1, respectively. These new codes have been reported and added to the

database of Z4-codes [g].

e We have further generalized our work, given in Chapter |4, by introducing a
class of skew-cyclic codes over Z; +wZ,, w? = 1 with an automorphism and a

derivation. In this class too, we have obtained some good codes over Z,.

e In the literature there has been a limited study on 2D cyclic codes. In par-
ticular, rings have not been considered as alphabet for these codes. We have
presented a class of 2D skew-cyclic codes over R = F,+wF,, w? = 1. By defin-
ing some properties of a skew polynomial ring in two variables Rz, y, 01, 65,
where 6,6, are commuting automorphisms of R, we have presented a divi-

sion algorithm on R|z,y, 0, 6,]. With the help of this, we have obtained the
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structure of a 2D skew-cyclic code over R. Some examples have been given to

illustrate the results.

e We have studied the construction of quantum codes over F; through cyclic
codes. Cyclic codes over Fy + ulFy, u?> = 0 with dual containing property have
been studied for odd lengths only. We have studied a class of cyclic codes
of arbitrary length over Fy + ulF4, u? = 0 such that these codes contain their
duals. Using these codes and a Gray map on F; + ulFy, the parameters of the

corresponding quantum codes over [F, have been obtained.

Organization of the Thesis
The main content of the thesis is contained in five chapters (Chapter |3|to Chapter

7). The thesis is organized as follows.

In Chapter [2] some preliminaries and basic concepts are discussed. This

forms the required background for later chapters.

In Chapter [3| we define a new class of skew-cyclic codes, termed as F3R-
skew cyclic codes, where R denotes the ring F3 + vF3, v? = v. Some structural
properties of skew-cyclic codes over R and [F3R-skew cyclic codes have been
given in Section [3.3] and Section [3.4] respectively. The generator polynomials
of these codes are studied. Some examples are given to illustrate the results.
An optimal ternary code is obtained as the Gray image of an F3 R-skew cyclic

code. We further study a class of skew-cyclic codes over F, + wF,,w? =1 in

Section 3.5 .

Chapter [ focuses on skew codes over Zy+uZy. In Section[d.3] we characterize
the skew polynomial ring R[z,0], where R = Z, + uZ4,u* = 0 and 6 is an
automorphism of R, and study a class of skew-constacyclic codes over R. We
determine the structural properties of these codes. They have been further
generalized to double skew-constacyclic codes over R in Section through

which we have been able to obtain some good codes over Z4. Also, we have
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studied a class of skew-cyclic codes over GR(4, 2)+vGR(4,2),v* = v in Section
4.0l

In Chapter [5] we study skew-cyclic codes with derivation over R = Z4 +
wZy4, w* = 1. We present some structural properties of R and the skew poly-
nomial ring R[x,0, dg|, where 6 is an automorphism of R and dy a derivation
on R. In Section dg-cyclic codes are studied. Their torsion codes and
residue codes have also been studied in the same section. In Section [5.4] the
duals of dg-cyclic codes of even length over R have been obtained. In Section
.5, we have generalized dg-cyclic codes to double dp-cyclic codes and obtained
some good codes over Z, from this class also. Table 5.1 and Table show
some good linear codes over Z,, which have been obtained as the Gray images
of the above mentioned codes over Z, + wZ, by using Magma Computational

Algebra System.

In Chapter [6] we extend skew codes to bivariate skew polynomial rings.
Section |6.2| includes some basic definitions and properties of the bivariate skew
polynomial ring R[z,y, 0y, 6], where R = F, + wF,,w? = 1 and 6y, 6, are two
commuting automorphisms of R. We introduce a class of 2D skew-cyclic codes
over R in Section , and by defining a division algorithm on R[z,y, 01, 0s],
generating sets of these codes have been obtained. Their relation with skew-
cyclic codes over R has also been given in the same section. Section[6.4]presents
the duals of 2D skew-cyclic codes. A decomposition of a 2D skew-cyclic code

over R into 2D skew-cyclic codes over [F, has been given in Section .

Chapter 7| deals with the study of quantum codes over F, obtained via cyclic
codes over F4+ulF,. Our main aim is to find the conditions under which a cyclic
code over [y +ulfy contains its dual. We describe the structures and conditions
of cyclic codes of odd length and even length over R = Fy + uFy, u® = 0,
in Subsection and Subsection respectively, such that these codes
contain their duals. A Gray map is defined on (F4 + uF4)™ to F5" such that it
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preserves the dual containing property of a code. Using Gray map and CSS
construction, the parameters of corresponding quantum codes over F; have

been obtained.

Chapter (8] presents conclusion and gives some possible directions for further

research based on the work done in this thesis.
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Chapter 2
Basic Concepts and Background

In this chapter, we give some preliminaries and basic results on coding theory that

are needed for the results in later chapters.

2.0.1 Block codes

We assume that the information from the source is coming in the form of a sequence
of symbols from an alphabet ¥ with ¢ distinct symbol. In block codes, the informa-
tion sequence is divided into blocks of length k. These blocks are called messages
or message blocks. Thus a message block m is an element of ¥*. A redundancy is
added to each message block so that if some symbols of the message are corrupted
due to noise during transmission, we can still recover it from the redundancy added.
These new blocks of length n > k are called the codewords. The set C' of all such
codewords is called a block code. Thus C C X",

If a codeword = € C' is transmitted and y € " is the received word such that
y # x, then we say that an error has occurred and the vector e = y — x is called
the error vector. To measure the error-correcting capability of a code C'; a distance
function, called the Hamming distance, is defined on »". The Hamming distance
between two elements x,y € X" is defined as the number of positions in which z

and y differ, i.e.,

13
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Definition 2.0.1. The minimum Hamming distance d(C') of a code C
is defined as

d(C) = min {d(z,y) : z,y € C and x # y}.

The Hamming weight w(x) of a word z € ¥" is defined as the number of non-zero
coordinates of x, and the Hamming weight of code C' is the minimum weight among
all the non-zero codewords in C'. It is well known that if a code has the minimum
distance d then it has the capability to detect and correct up to d — 1 and L%J

errors, respectively.

2.0.2 Codes over finite fields

2.0.2.1 Linear codes

Linear codes are the most studied class among all types of block codes since they
are easier to analyse, construct, encode, and decode. To introduce linear codes, we
let the alphabet ¥ to be a finite field F, with ¢ = p” elements, where p is a prime.
Then ¥" = Fy is an n-dimensional vector space over F,. A linear code C of length
n over I, is a subspace of Fy. We denote C' an [n, k]-code, if it has dimension k. In
addition, if C' has minimum distance d, we say that C is [n, k, d]-code. The rate of
code C'is k/n.

One immediate advantage of linear codes is that the minimum distance and the
minimum weight of the code coincide, and so it is easy to determine the minimum
distance of a code. Another advantage of linear codes is that they can simply be
represented by matrices. An [n, k] code C' can be represented either by a n x k
matrix G whose row space is C' or by an (n — k) X n matrix H whose null space is
C. G is called a generator matrix of C' and H is called a parity-check matrix of C.
Thus the rows of G forms a basis for C' and H satisfies the conditions that it has
rank n — k and Het = 0V ¢ € C. Obviously we have GHT = 0. After applying

some elementary row and column operations, G' can be put in a unique form [I;| A],



15

where A is an k x (n—k) matrix. Such a generator matrix is known to be in standard
form. In this case, the parity check matrix for C'is H = [—AL|1,_4].
The dual code of an [n, k| code C over F, is defined as

Ct={veF, | u-v=0foraluecC},

where u - v denotes the ordinary inner product of vectors v and v. If H is a parity
check matrix of C, then it is a generator matrix of C*. Similarly, a generator matrix
G of C is a parity-check matrix of C'*.

The following result establishes a relation between the minimum distance of a

linear code and its parity-check matrix.

Theorem 2.0.2. ([79, Corollary 2.6]) “A linear code C has minimum distance d if
and only if its parity check matriz has a set of d linearly dependent columns but no

set of d — 1 linearly dependent columns.”

2.0.2.2 Cyclic codes

Cyclic codes are one of the most commonly used linear codes in practice. We present

here some basic definitions and fundamental properties of cyclic codes.

Definition 2.0.3. (Cyclic codes) A linear code C' is said to be a cyclic code if it is

invariant under the operation of cyclic shift, i.e., whenever ¢ = (co,¢1,+++ ,Ch1) €
C, the cyclic shift (¢,_1,co,C1,"++ ,Cn2) of ¢ is also in C.

There is a bijection between Fy and the residue class ring <£§[f]1> by the corre-
spondence ¢ = (cp,c1,+ ,Cn1) ¢ c(x) = g+ 1T+ -+ + 12"t We use the
polynomial notation ¢(x) and ¢ interchangeably. The element xc(x) in <f§[_r]l> then
corresponds to the cyclic shift (¢,_1,co, - ,ch2) of (co,c1,++,¢h_1). Thus zc(z)

represents the cyclic shift of ¢(z). Let C be a cyclic code of length n over F,. Then
C is invariant under cyclic shift operation, so zc(x), and hence z'c(x),t > 0 are

in C. By linearity, it follows that a(z)c(x) € C for all a(z) € F,[z]. Thus cyclic

Fy[z]
-1y

codes are precisely the ideals of the quotient ring R, = and the study of
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cyclic codes of length n over F, reduces to the study of ideals in R,. Since F,[z] is a
principal ideal domain, R, is a principal ideal ring, and hence cyclic codes of length
n over [F, are the principal ideals of R,,. The following facts hold for a cyclic code

C of length n over FF:

e there exists a unique minimal degree polynomial g(z) in C' such that C' =

{g(x)),
e g(x) divides z™ — 1.

g(x) is called a generator polynomial of C'. The cyclic codes of length n over [, are
thus completely determined by the factors of 2" — 1 over F,. If deg g(x) = k, then
the set {g(x),xrg(x),...,a" * 1g(z)} forms a basis for C. Let 2" — 1 = g(x)h(z).
Then h(z) is known as the check polynomial of C. Moreover, h*(z) = 2" *h(z™!),
the reciprocal polynomial of h(z), is a generator polynomial for the dual code C*
of C.

Cyclic codes can also be defined in terms of roots of unity. Since g(z)|z" — 1, the
roots of g(x) over F, are n'™ roots of unity. Let the roots of g(x) be ay, a9, , oy,

C' can then be defined as
C={v(x)eR,|v(w)=0Vi=1,2,--- k}.

The set T ={o; | i=1,2,---,k} is called the defining set of C.

The following result is well known.

Theorem 2.0.4. (BCH bound) Let C' be a cyclic code of length n over F,, and let ¢
be a primitive n' root of unity in an extension field of F,. If the zeros of C include

consecutive elements {¢* | b <1i < b+§—2}, whered > 1 and b > 0, then d(C) > 4.

2.0.2.3 Constacyclic codes

Constacyclic codes are an immediate and remarkable generalization of cyclic codes.
They were introduced by Berlekamp [15], and have been studied extensively [11], 51,
56, 57, 9.
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Let A be a unit in F,, i.e., A € Fy, the set of non-zero elements of F,. Then we

define a map I'y on F7 as

Ca((vo, v1, -+, 0p—1)) = (AUp—1, V0, U2, -+, Up2),

where (vo,vi,-+- ,v,-1) € Fy. We call I'y the A-shift operator. A A-constacyclic
code is a linear code C' which is invariant under 'y, i.e, I'\(C') = C. In particular,
it A =1, then C' is simply a cyclic code over F,.

In polynomial form, a A-constacyclic code of length n over F, corresponds to an

Fy[x]
(m=A)"

Fy[z]

ideal of the quotient ring @ =N

The residue class ring

is a principal ideal ring
and so a A-constacyclic code of length n over [F, is generated by a single element.
Many results of A\-constacyclic codes over F, are similar to the case of cyclic codes

over [F.

2.0.3 Local rings

Let R be a finite commutative ring with identity. An ideal M of R is said to be a
maximal ideal of R if M # R and M is not contained in any proper ideal of R.

Definition 2.0.5. “A ring R is said to be a local ring if R has a unique mazximal

ideal.”

It is well known that R is a local ring if and only if all the non-units of R form
an ideal of R. If R has more than one maximal ideals then it is called a semi-local
rings.

Examples of commutative local rings are finite fields, Z,», Galois rings etc.,

a b ¢
whereas the ring of matrices 0 a d a,b,c,d € Z, ; forms a non-commutative
0 0 a

local ring over M3y 3(Z,).

Definition 2.0.6. Let R be a finite commutative ring with identity. Then R is called

a finite chain ring if the lattice of all its ideals form a chain under set inclusion,
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i.e, if the ideals of R are of the form
OchLcl,c---Cl,CR,

for some positive integer n.

The chain rings are principal ideal rings having unique maximal ideal, and hence
every chain ring is a local ring. For instance, Z,~, the ring of integers modulo p™, is
a finite chain ring. Let R be a finite chain ring with M = ()) as its unique maximal

ideal. Let t be the nilpotency of A\. Then the ideals of R form the following chain:

O =M\ HTHNHC NS (\)=R

=

Theorem 2.0.7. [37, Proposition 2.1]) “For a finite commutative ring R the fol-

lowing conditions are equivalent:
1. R is a local ring and the maximal ideal of R is principal,
2. R is a local principal ideal ring,
3. R is a chain ring.”

Let R be a local ring with the unique maximal ideal M. Then the quotient ring
% is a finite field, called the residue field of R and is denoted by R, i.e., R = %.
Denote the projection map R — R by —. The image of an element a under this

map is denoted by @. In the usual way, the map — is extended to R[x] — R[z].

Theorem 2.0.8. [37, Proposition 2.2] “Let R be a finite commutative chain ring
with mazimal ideal M = (), and let t be the nilpotency of \. Then

1. For some prime p and positive integers k,l(k > 1),|R| = p*, |R| = p!, and the

characteristic of R and R are powers of p.

2. Fori=0,1,--- t,|(\))| = |R|*""". In particular, |R| = |R|, i.e., k =1t.”
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2.0.3.1 Galois rings

Galois rings are a special case of finite commutative local rings. Let ¢ = p", p a
prime and 7 a positive integer. Galois rings are extensions of Z,, which are useful

to study codes over Zj.

Definition 2.0.9. “A polynomial f(x) over ring Z,[z| is said to be a basic irre-
ducible polynomial if f(x) (mod p) is an irreducible polynomial in Zy[z|, and a basic

primitive polynomial if f(x) (mod p) is a primitive polynomial in Z,[x].”

We denote f(z)(mod p) by f(z). Consider the residue class ring GR(q,m) =

Zq[2]
(f(@))?

GR(q,m) is called the Galois ring of degree m over Z, having characteristic ¢ and

where f(x) € Z,[x] is a monic basic irreducible polynomial of degree m. Then

cardinality ¢™. It is a local ring with maximal ideal (p) = pGR(q, m) and residue

field GR(q,m) = GR(q,m)/{p) = Fpm.

Let £ = v+ (f(x)). Then £ is a root of f(x) and GR(¢q,m) = Z,[{]. Moreover
GR(q,m) is a free module of rank m over Z, with basis {1,&,£2,--- ,£™ 1}, So, for
all ¢c € GR(q, m), we have ¢ = mil c;&', where ¢; € Z,. This is known as the additive

i=1
form of elements of GR(q, m).

Remark 2.0.9.1. The Galois rings of same order are isomorphic, as in the case of

finite fields.

There is an element 7 in GR(q, m) such that o(n) = p™ — 1, so-called a primitive
element of GR(q,m). If n is root of a basic primitive polynomial f(z) of degree
m over Z, which divides 2?"~! — 1 in Z,[z], then every element ¢ € GR(q,m) =

Zgylx])/(f(x)) can be expressed as
¢=ag+ap+ap’ + -+ ap

where ag,a1,--+ ,a,_1 € 7 = {0,1,n,--- , 9" "'}, 7 is known as the Teichmiiller
set of GR(q,m). This representation is called the p-adic representation of elements

of GR(q,m) and also known as the multiplicative forms of elements of GR(q, m).
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Set of all automorphisms on GR(q, m) form a group, denoted by Gal(GR(q, m))
and called Galois group of GR(q, m). This is a cyclic group of order m and generated
by the Frobenius automorphism ¢ : GR(¢,m) — GR(gq,m), defined by ¢(c) =
abh + pal +p*ah + -+ p"tal_,, where ¢ € GR(q,m) is expressed as ¢ = ag + pa; +
p?as + -+ +p"ta,_;. The elements fixed by the automorphism ¢ are precisely the

elements of the subring Z,.

2.0.4 Codes over finite rings

Let R be a finite commutative ring with identity. A subset C' of R™ is said to be a
linear code of length n over R, if it is an R-submodule of R". Unlike in the case of
vector spaces, submodules may not be free. So C' may not have a basis. However,
we can still define a generator matrix for C'. A generator matrix of C' is a matrix
whose rows form a minimal spanning set for C'. As noted above, the rows of C' may
not be linearly independent. The order of minimal spanning set of C' is called the
rank of C'. The free rank of C' is maximum of the ranks of R-free submodules of C'.

The Hamming weight and the Hamming distance on R™ can be defined similarly
as in the case of vector spaces. Other terminologies like, cyclic codes, constacyclic
codes, quasi cyclic codes, that are used over finite fields, can be generalized to R

in the usual way. For example, a cyclic code over R can be seen as an ideal of the

R[]
@ 1)

quotient ring Dual of a code, self-dual codes, self orthogonal codes over R

are defined similarly as in the case of finite fields.

2.1 Skew polynomial rings

We start with a brief introduction to skew polynomial rings. The investigation of
skew polynomial rings is an important and active research area in non-commutative
algebra. A systematic study of these rings was done by Ore [76] in 1933, whereas
Noether and Schmeidler [75] were the first to consider these kinds of rings. Since

then, these rings have been studied extensively. Recently skew polynomial rings
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have been successfully applied in many areas, for example control theory and coding
theory. In this section we give some basic definitions and results on skew polynomial

rings and on linear codes over skew polynomial rings.

Definition 2.1.1. (Skew Polynomial Ring) “Let F, be a finite field and 0 an au-
tomorphism of F,. The skew polynomial ring Fy[z, 0] is the set of polynomials over
F, in which the addition is defined as the usual addition of polynomials and the
multiplication is defined by the rule

(az")(bx?) = ab'(b)x",
which is extended to the elements of Fy[x, 8] using associativity and distributivity.”

The ring F [z, 0] is a non-commutative ring. An element g(z) € F,[z, 6] is said
to be a right divisor of f(z) € F,[z,6] if there exists ¢(x) € Fy[x,0] such that
f(x) = q(x)g(x). In this case, f(z) is called a left multiple of g(x). A left divisor
of f(z) can be defined similarly. We use the symbol a|b to denote that a is a right
divisor of b. In the sequel, division always means a right division. The ring F,[z, 0]
is a right (left) Euclidean ring. The right (left) division is defined on F,[z, 6] as

follows.

Lemma 2.1.2. [7]] “Let f(z), g(x) € F,[z,0]. Then
1. deg (f(z) + g(z)) < max{deg f(z), deg g(z)}
2. deg f(x)g(x) = deg f(x) + deg g(z).
3. Bylz, 0] has no nonzero zero-divisor.

4. The units of F [z, 0] are the units of F,.”

Lemma 2.1.3. [7]] “Let f(x),g(x) € Fylx,0] be two arbitrary polynomials with
g(z) #0 and deg g(x) < deg f(z). Then there exist q(x),r(z) € Fy[z, 8] such that
f(z) =q(z)g(x) + r(x), where r(x) =0 or deg r(z) < deg g(x).”

The aforementioned result is the division algorithm with division on the right by

g(x). The left division algorithm can be obtained similarly.
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2.1.1 Coding with skew polynomial rings

Boucher et al. [26] introduced skew-cyclic codes using skew polynomial rings. Since
then a lot of work has been done on codes using skew polynomial rings. We present,
in this subsection, some important results about linear, cyclic, constacyclic, quasi-

cylic codes in the non-commutative setting of skew polynomial rings.

2.1.1.1 Skew codes over finite fields
Let F, denote the finite field and 6 an automorphism of F,,.

Definition 2.1.4. (Skew-cyclic code) “A linear code C of length n over F, is said
to be a skew-cyclic code if for all v = (vg, vy, ,v,_1) € C, the skew-cyclic shift
Top(v) = (6(v-1),0(vo),0(v1), -+ ,0(vn_2)) of c is also in C.”

Definition 2.1.5. (Central polynomial) “A polynomial f(x) € Fy|x,0] is said to be
a central polynomial if f(x)r(z) = r(x)f(x) for all r(x) € F [z, 0].”

The ideal generated by a central polynomial f(z) € Fy[x, 0] is a two sided ideal
of F,[x,0]. We use the notation |6| for the order of the automorphism 6.

Lemma 2.1.6. [96] (z" — 1) € F [z, 0] lies in the center Z(F,[z,0]) of Fy[z, 0] if
and only if 10| | n.

Lemma 2.1.7. ([26], Lemma 1) “If n is a positive integer such that |0| divides n,

then the ring ?‘Q[x 01) is a principal left ideal ring in which left ideals are generated by

g(x), where g(x) is a right divisor of 2™ — 1 in F,[z,0].”

Theorem 2.1.8. ([26], Theorem 1) “Let n be a positive integer such that |0| divides

Fylz,0] »

n. Then a code C is a 0-cyclic code if and only if C' is a left ideal of the ring 1)

In [96], Siap et al. have defined skew-cyclic codes without imposing the restriction

that |0] | n. If we remove the restriction that |0| | n, then the ideal (™ — 1) is only

a left ideal of F [z, 0] and hence in 2, 9]> is not a ring, it is only a left F, [z, f]-module.

A skew-cyclic code over [, is then only a left submodule of Fq,,[x 61}]> We have the

following result.
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Theorem 2.1.9. ([96/, Theorem 10) “A code C in R, = gfr[z_% is a skew-cyclic

code if and only if C is a left F |z, 0]-submodule of the left Fy[x,0]-module R,,.”

Theorem 2.1.10. ([96], Theorem 12) “Let C' = (f(x)) be a left submodule of R,,.
Then f(x) is a right divisor of 2™ —1.”

Theorem 2.1.11. ([96], Theorem 13) “Let C' = (g(x)) be a left submodule of R,
where g(x) is a right divisor of 2™ — 1 of degree v, and ™ — 1 = h(x)g(z). Then C
is a free left F,-submodule with a basis B = {g(z),zg(x),x*g(x), - 2" "g(z)},

and dim C =n —1r.”

Further, if |#] is coprime to n, then skew-cyclic codes over IF, coincide with cyclic

codes.

Theorem 2.1.12. ([96], Theorem 16) “Let C' be a skew-cyclic code of length n over
F, and let 6 be an automorphism of F, with |0| = m. If (m,n) = 1, then C is a
cyclic code of length n.”

Another condition for a skew-cyclic code to coincide with a cyclic code has been

given by Boucher et al. [29].

Lemma 2.1.13. ([29], Lemma 4) “Suppose that f(z) = 2" — 1 € F [z, 0] generates
a two-sided ideal. A O-cyclic code generated by a right divisor g(x) of f(x) of degree

less than n generates a cyclic code if and only if all the coefficients of g(x) are in

Fg, the fized field of 0 in F,.”

2.1.1.2 Skew codes over finite rings

Skew codes have been studied over finite rings by several researchers. Boucher et
al. [27] have studied a class of skew constacyclic codes over Galois rings. This
work has been generalized in many ways. Jitman et al. [58] have studied skew
constacyclic codes over finite chain rings, and Bhaintwal [16] has studied a class of
skew quasi-cyclic codes over Galois rings. Many other rings have been considered

to study skew-codes [41], [T}, 48].
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Let R be a finite commutative ring with identity, and let # be an automorphism
of R. Then, as in the case of fields, the set of polynomials R[x,0] forms a skew
polynomial ring over R. Rz, ] is in general a non-commutative ring and is no more
left or right Euclidean ring. Also, R[x, 6] is not a unique factorization ring. This is

shown by the following example.

Example 2.1.14. Let R = GR(p®*,m) with p = s = m = 2, where GR(p*,m)
denotes a Galois ring. Let 0 : GR(4,2) — GR(4,2) be such that 0(a + 2b) =
a’ + 20?, where a,b € T = {0,1,¢, &2}, the Teichmiiller set of GR(4,2). Two
distinct factorizations of x* —1 in GR(4,2) are (z+1)(x +1)(z +2 + 1) (2 + 26 +3)
and (22 + 26 4+ 1)(2? + 26 + 3).

Jitman et al. [58] have generalized the study of skew-cyclic codes to finite chain
rings. In particular, a finite chain ring Fym + uF,m, u* = 0, has been considered and

classification of skew constacyclic code over same has been done.

Definition 2.1.15. (Skew-quasi cyclic code) “Let R be a commutative finite ring
with identity. Let 6 be an automorphism of R. Let n = ls such that order of 6
divides s. A linear code C' over R is called a skew quasi-cyclic code of length n and

index | if

0,0, A0,15 " ** , A0, 1—1,A1,0, A1,1, """ , A1,1—1,
a= eC

CyAs-1,0, As—1,1," " 5 As—1,1—1

implies that

B S A A AR
0,1 - 3
9(a1,0)7 0(@171), T 79<a1,l—1)7 T ,9(%—2,0), 9(%—2,1), Tt ;9(a5—2,1—1)

and [ is the smallest positive integer satisfying this condition.”

In particular, if 6 is the identity automorphism of R, then C' is simply a quasi-
cyclic code over R. Further for [ = 1, C' is a skew-cyclic code over R.

In polynomial form, a skew quasi-cyclic code C' of length [s and index [ over R

R[z,0] Rz,0] y

is a left 1) 1)

-submodule of [
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In [16], skew quasi-cyclic codes over GR(q, m) have been studied thoroughly. In
[T, /411, 48], skew-cyclic codes have been studied over Fy +vFy, F,+vF,, and F,+oF,,

respectively, in which mainly the results of [26], 27, 58] have been generalized.
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Chapter 3

Skew-cyclic Codes over Some

Extensions of Iy

3.1 Introduction

A recent development in coding theory is the study on codes over rings and more
general structures. The work in this direction attracted more attention especially
after a landmark paper of Hammons et al. [50]. Since then, different rings have
been considered and their Gray images have been determined to achieve good linear
and non-linear codes. In recent years, some new kinds of codes over rings have
been proposed [4, [7, [6], 25, 24, 9]. However, most of this work has been done over
commutative setting. Recently, there has been an interest on the study of codes
over skew polynomial rings, after Boucher et al. [26] introduced skew-cyclic codes.
Abualrub et al. [6] have studied Zy(Zsy + uZs)-linear cyclic codes. These codes can
also be seen as a generalization of double cyclic codes [24].

Motivated from the works [6] and [24], we study a new class of skew-cyclic codes
over the mixed alphabet F3R, where R = F3 + 03,9 = v. We call these codes
[F3 R-skew cyclic codes. We first define a division algorithm on R[z, ] to obtain the
structure of skew-cyclic codes over R, and then using this we obtain the structure
of F3R-skew cyclic codes. Further, we have also studied a class of skew-cyclic codes

over S =F, + vF,,v* =1, where p is a prime.

27
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3.2 Properties of the ring R = 5 + vF3 and R|z, 0]

Throughout the chapter, we denote R = F3 + vF3 = {0,1,2,v,2v,1 +v,1+ 20,2+
v,2 + 2v},v? = v, where F3 = {0, 1,2} is the finite field with 3 elements. R is a
semi-local ring with two maximal ideals (v) and (v+2). The units of R are 1,2, 1+wv,
and 2 4 2v. Moreover R = (v) & (v + 2).
Define 6§ : R — R by
O(a+ vb) = a+ (1 —v)b, (3.1)

for all a +vb € R. One can easily check that 0 is an automorphism of R. Moreover,
the order of @ is 2, since 6%(z) = z for all x € R. With this automorphism, the skew
polynomial ring R[x, 0] over R is defined (see Definition [2.1.1)).

The center Z(R|x,0]) of R[z,0]) is F3[z?]. We recall that the ring R[z, 0] may
not be a left or right Euclidean ring, but still the division algorithm can be applied
on certain elements of R[z,6]. There is a version of division on R]z, §], given below,

that directly follows from Theorem II.11 in [74].

Lemma 3.2.1 (Left division algorithm). [7]] “Let f(z),g(z) € R[x,0] such that
the leading coefficient of g(x) is a unit. Then there exist two polynomials q(x) and

r(z) in R[x,0] such that

where r(x) =0 or deg r(x) < deg g(z).”

The right division algorithm on R[x, 6] can similarly be defined.
The polynomials in R|x,#] do not necessarily factorize uniquely as shown by the

following example.

Example 3.2.2. The factors of degree 2 of x* — 1 in R[x,0] are given by the ex-
pression

' — 1= (ax® + bz + c)(d2® + ex + f),

where the possible values of a,b,c,d, e, f can be any row of the following table:
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rows a b c d e f

1 1 0 2 1 0 1

2 1 0 v+1 1 0 20+ 2
3 1 v v+1 1 2v 20 4+ 2
4 1 v+ 2 v+1 1 2v+1 20+ 2
5 1 2v v+1 1 v 2042
) 1 2v+1 v+1 1 v+ 2 20+ 2
7 2 0 v+1 2 0 2042
8 2 v v+1 2 2v 20 42
9 2 v+2 v+1 2 2v+1 20+ 2
10 2 2v v+1 2 v 20+ 2
11 2 2v+1 v+1 2 v+2 2042

The above example shows that there are many right divisors of 2% — 1, and hence
more skew-cyclic codes of length 4 over R than cyclic codes over R with same length.
This indicates that there are more possibilities for getting better codes in the setting
of skew polynomial rings.

We define the Gray map on R, ¢; : R — F%, as
¢1(a+vb) = (b,a+ ).

Clearly ¢, is a linear map. The Gray weight wtg(z) of an element x € R is defined
as wtg(r) = wty(P1(x)), where wty denotes the Hamming weight. Thus the Gray

weights of elements of R are as follows:
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Element Gray weight

0
1
2
v
2v
1+
14 2v

24 v
2+ 2v

N R = N NN == O

The map ¢; is then extended componentwise to R™ as ®; : R" — F2". The weight
of 2 = (x1,29,- -+ ,x,) € R" is wig(x) = X1, wig(z;). P is a distance preserving
map, since for any =,y € R", we have dg(x,y) = wig(x —y) = wty(P1(x —y)) =
wtp (1 (x) — 1(y)) = du(P1(x), P1(y)).

3.3 Skew-cyclic codes over R

In this section, some structural properties and generating sets of skew-cyclic codes

over R have been discussed.

R[z,0]
)

as a(x)(f(x) + (z" = 1)) = a(z) f(x) + (2™ — 1) for any a(z) € R[x,0]. In this case,

For arbitrary n, R, = is a left R[x,f]-module with multiplication defined
(™ —1) denotes the left ideal of R[z, #] generated by 2™ —1. To associate the vectors
of R™ to the polynomials in R,, we define an R-module isomorphism from R" to R,
as

—1
(coyc1y++ yCno1) o+ c1r+ -+ g™t

A skew-cyclic code C over R can similarly be defined as in the case of fields, see
Definition[2.1.4] The following result is an immediate generalization of [96, Theorem
10]. The proof is omitted.
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Theorem 3.3.1. [96] “A code C of length n in R, is a skew-cyclic code if and only
if C is a left R|x,0]-submodule of the left R[x,0]-module R,.”

3.3.1 Generator polynomials of skew-cyclic codes over R

Now we discuss the form of generator polynomials of a skew-cyclic code over R
which is necessary for constructing the generator polynomials of FsR-skew cyclic
codes. We consider different cases that a skew-cyclic code over R may have, and
determine the generator polynomials for all these cases.

Let C' be a skew-cyclic code over R. We have the following cases:

1. A code C has a minimal degree polynomial having its leading coefficient a

unit.
2. There is no polynomial in C' which has its leading coefficient a unit.

3. There is a polynomial in C' whose leading coefficient is a unit but it is not a

minimal degree polynomial in C.

In the first case, let there is a polynomial g(z) of minimal degree in C' having the
leading coefficient a unit. Then by Lemma we have, for any c¢(z) € C there
exist ¢(x),r(z) € R[z, 0], where deg r(x) < deg g(x) or r(z) = 0, such that

c(x) = q(x)g(x) + r(x).

This gives r(z) € C' and consequently r(x) = 0 as g(x) is a minimal degree polyno-

mial in C. Therefore C' is generated by g(z).

Example 3.3.2. Let C' be the skew-cyclic code of length 4 over R with generator
matriz
1+wv 0 1 0
0 2420 0 1
Then C contains an element g(x) = z*>+1+v of minimal degree whose leading coef-
ficient is a unit, and so C' = (g(x)). Moreover, we note that there is no polynomial

of degree less than 2 in C'.
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Next we consider the case when there is no polynomial in C' having its leading

coefficient a unit. We require following lemmas to address this case.

Lemma 3.3.3. Let g(x) be a minimal degree polynomial in R|x, 0] having its leading

coefficient a non-unit. Then g(x) will be of the type vgi(x) or (v+2)ga(x) for some

91(2), 92(x) € F[a].

Proof: Let g(z) = go+ g1+ - - - + g-2", where g, is a non-unit. The non-units of R
are of the type av or a(v+2), a = 1,2. Suppose g, = av, a = 1 or 2. Then (v+2)g(z)
is a polynomial of degree less than that of g(z). But as g(x) is a minimal degree
polynomial, so (v+2)g(z) =0, i.e., (v+2)g; =0forall i =0,1,2--- ,r. Thus each
g; = avgl, for a = 1 or 2, and so g(z) = vgi(z), where g;(z) is a polynomial over
F5. Similarly, when g(z) has the leading coefficient a(v + 2) for a = 1 or 2, we can

prove that g(x) = (v + 2)ge(z) for some go(x) € Fs[z]. |

Lemma 3.3.4. Let f(z),g(z) € Rz, 0] be two polynomials with their leading coef-

ficients non-units. Then there exist q(x) and r(x) in R|x,0] such that

f(x) = g(x)q(z) + r(z),

where r(x) = 0 or deg r(z) < deg g(x) or r(x) is a polynomial with its leading

coefficient a unit and having degree at most deg f(x).

Proof: Let f(x) = fo+ fix+-- -+ fix?, f; # 0and g(x) = go+g1x+- - +gs2°%, g5 # 0,
and s < t. Since g is a non-unit, g; = av or a(v +2),a =1 or 2.

Suppose g, = av. We have two cases: t—s is odd or even. Suppose t—s is odd. Then
0'%(gs) = 0(gs), as the order of € is 2. Define a polynomial [ (z) = f(x)—ax'*g(z).
The leading coefficient of [(x) is fi—ab'*(gs)= fi —a(a(1+2v))=fi—a*(1+2v)=f;—
(1+42v), as a®> = 1. The possible values of f; are v,2v,v+2,2v+1, and f; — (1+2v)
is either a unit or 0 for each value of f; except for f; = v+ 2. If f; = v+ 2, define
lh(z) = f(x)— (v+2)ax'*g(x). The leading coefficient of ly(x) is 0. So by combining

both the cases, we see that we have a polynomial [(x) = [;(x) or ls(z), whose leading
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coefficient is either a unit or 0. If the leading coefficient of I(z) is 0, then [(x) has

degree less than that of f(xz). Therefore in either case, we have

f(@) = q(x)g(x) +U(x), (3.2)

where

ar'™* for fi £Av+2

q(z) =

(v+2)azt™* for fi=v+2.
Now if the leading coefficient of {(z) is a unit, we are done. Suppose deg I(z) <
deg f(x). To prove the result we apply mathematical induction on the degree of f(x).
Consider t = 0. Then f(x) = fy and g(z) = go, and hence f(z) = ¢1(z)g(x) +ri(z),
where 7 () is given by the following table, where the elements in the first row denote

the possible values of f, the elements in the first column denote the possible values

of g and the other elements in the table denote the corresponding value of r(z).

g\ f v 20 1+2v v+2
v 0 0 1 2
2v 0 0 1 2
1+ 2v 1 2 0 0
v+ 2 1 2 0 0

It is clear from the table that either » = 0 or r is a unit. Therefore the result is true
for t = 0. We assume that the result is true for every polynomial of degree k < t =
deg f(z) in R[z,0]. Since deg I(z) < t, by induction hypothesis, I(z) = Q(x)g(z) +
S(x) for some Q(z), S(x) in R[z,0] such that S(z) = 0 or deg S(z) < deg g(x) or
S(z) is polynomial of degree at most deg [(x), having its leading coefficient a unit.
By (6.3.12), we have f(z) = ¢(z)g(z) +Q(2)g(z) + S(2) = (q(z) +Q(x))g(z) + S (2),
where S(z) has the same conditions as above. Similarly, we can prove the result if
t — s is even. Further, the result can be proved similarly when g; = a(v+2). ®

Now we prove the following two theorems using Lemma |3.3.3] and Lemma [3.3.4}

Theorem 3.3.5. Let C be a skew-cyclic code over R such that there does not exist

any polynomial in C' whose leading coefficient is a unit. Let g(x) be a minimal degree
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polynomial in C. Then C = (g(x)). Moreover g(x) = vgi(z) or g(z) = (v + 2)g2(x)
for some g1(x), g2(x) € Fsz].

Proof: Let ¢(z) € C be a codeword. Let g(x) be a non-zero minimal degree
polynomial in C'. Since ¢(z) and g(z) are two polynomials with leading coefficients
non-units, by Lemma [3.3.4] there exist ¢/(z) and 7/(z) in R[z, 6] such that c¢(z) =
¢ (z)g(x) + r'(z), where r'(x) = 0 or deg r'(z) < deg g(z) or r'(x) is a polynomial
of degree at most deg c(x), having its leading coefficient a unit. But the last two
cases do not arise, as g(z) is a minimal degree polynomial and C' has no polynomial
with its leading coefficient a unit. Therefore C' = (g(x)). Rest follows from Lemma

3.9.9) [

Example 3.3.6. Let C' be the skew-cyclic code generated by the matrix

2v 0 v 0
0 v+2 0 1+2 |

Then the corresponding code is given by

(0,0,0,0), (v,0,20,0), (v,v+2,2v,2v + 1)
C=1¢ (2v,2v+1,v,0+2), 2u,v+2,v,2v+1), (v,2v+1,2v,v+ 2)
(0,2v+1,0,v 4 2), (2v,0,v,0), (0,v+42,0,2v + 1)

It can easily be verified that C' is a skew-cyclic code which is not free and it does
not contain any codeword with corresponding polynomial having leading coefficient

a unit. Moreover C' is generated by a minimal degree polynomial g(z) = va? + 2v.
Corollary 3.3.6.1. If g(x) = vgi(z) i.e., C = (vgi(x)), then gi(z)|z"™ — 1.

Proof: Since g;(x) is a polynomial over F3, and F3[x, 0] is a left Euclidean ring, we

have
" —1=q(x)gi(v) +r(z)
for some ¢(x),r(x) in F3[x, 0] such that r(x) = 0 or deg r(x) < deg g:(z).
Suppose r(x) # 0. Let ¢1(x), g2(x) be two polynomials such that ¢;(z) contains

precisely the even power terms of ¢(z), and ¢o(z) contains the odd power term of
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q(x). Then 2™ — 1 = (¢1(x) + ¢2(z))g1(x) + r(x), and so

v(" —1) = v(q(r)+ @(z))g(z) +or(r)
— o (@)ar (@) + va()r () + or(a)
= q(2)(1+20)g1(7) + q2(x)vg1 () + vr ()

= (@a(2) + 2¢:(x))vgr(2) + @1 () () + vr(x)

Since deg r(z) < deg g¢i(x), and qi(z),g:1(x) are polynomials over Fj3, so
q@1(x)g1(x) +vr(z) is a polynomial with its leading coefficient a unit, which is a
contradiction. Therefore r(z) = 0 and so ¢;(x)|z™ — 1. [
For example, in Example 2, we have g(x) = ag’(x) where a = v and ¢'(z) =
(z2 +2), and (22 + 2)|(z* — 1).
Now we consider the case when there exist a polynomial in C' with leading

coefficient a unit but is not of minimal degree in C.

Theorem 3.3.7. Let C' be a skew-cyclic code over R having a polynomial with
leading coefficient a unit and no minimal degree polynomial in C has its leading
coefficient a unit. Let g(x) be a minimal degree polynomial in C' and h(z) a minimal

degree polynomial in C' among the polynomials with their leading coefficient a unit .

Then C = (g(z), h(x)).

Proof: Let ¢(x) € C be any codeword. Then

c(x) = q(x)h(z) + r(x) (3.3)

for some ¢(z), r(xz) € R[x,0], where r(z) = 0 or deg r(x) < deg h(z). If r(z) = 0,
then C' C (g(z), h(z)). Suppose r(z) # 0. Then r(z) must have its leading coefficient
a non-unit, as h(x) is a minimal degree polynomial with its leading coefficient a unit.

Therefore by Lemma [3.3.4] we have

r(z) = qu(x)g(x) +ri(z) (3-4)

for some q(z),r1(z) € R[z, 0], where ri(z) = 0 or deg r(x) < deg g(x) or ri(z)

has its leading coefficient a unit and degree at most deg r(x). If ri(z) = 0, then
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C C (g(z),h(z)) (by 3.3, 3-4). Other two cases do not arise, because g(z) is a
minimal degree polynomial in C, and r(z) cannot have its leading coefficient a
unit as deg ri(z) < deg r(z) < deg h(z) and h(x) is a minimal degree polynomial
with leading coefficient a unit. It is obvious that (g(x),h(x)) € C. Hence C =
{g(x), h(x)). u

Example 3.3.8. Let C' be a skew-cyclic code of length 4 over R with a spanning set

g (v,v,0,0), 0,1+ 2v,1+ 2v,0), (0,0,v,v)
(14 2v,0,0,1+ 2v), (1,1,1,1)
Then the corresponding code is given by
(0,0,v,v) (v+2,v+2,2,2) (2v,2,v+2,0)

(1,L,v+1,0+1)
(0,0 +2,v+2,0)
(20,2,2v 4+ 2,v)

(v+1,2v,2v,v+ 1)

(2v+2,1,1,20 + 2)
(20 +1,0,0,20 + 1)
(0,0, 2v, 2v)
(v+1,v+1,2v+1,2v+1)

(2,2,2v 42,20 + 2)
(1,v,0,2v +1)
(v,1,v+1,2v)

(2v,v+1,2v+1,0)

(v +2,0,0,v+2)
(v,2v+2,v+2,0)
(2,2,v+2,v +2)
(1,1,20 41,20 + 1)
(v+1,2v,v,1)
(2v+2,1,v+1,2)
(2v,v+1,v 4+ 1,20)
(2v,2v,0,0)
(0,0,0,0)
2uv+1,v+2,v+2,20+1)
(v,1,1,v)
2v+2,1,2v 4+ 1,v + 2)
(20 +2,20 + 2,2,2)
(0,v+2,2v 4+ 2,v)
2v+1,v4+2,2v+2,1)
(2,v+1,1,2v+2)
(2v+1,0,2v,v+ 1)
(1,v,2v,v+1)
2v+2,2v+2,v4+2,v+2)
(v+1,2,20+2,1)
(1,v,v,1)
(0,2v+1,2v+1,0)

We can easily check that there is a codeword with associated minimal degree polyno-

mial g(x) = v+vx whose leading coefficient is a non-unit. Also h(x) = 1+z+z*+23

(v+2,204+1,2v+1,v+ 2)
(2,v+1,2v+ 1,v+2)
(1,20 +2,2,0+1)
(v+2,v+4 2,20+ 2,20 + 2)
(2v,2v,v,v)
(20+1,204+1,1,1)
(2,2v,v,2v + 2)
(v+1,20,0,2v+1)
(2,v+1,v+1,2)
(2,2,2,2)
(v+2,v+2,v+2,v+2)
2v+1,2v+1,v+1,v+1)
(v+2,0,v,2v+2)
(2v,v+1,1,v)
2v+1,2v+1,20+1,2v+1)
(v,v,v,v)
(v+1,2,2,v+1)

(v, v, 2v,2v)
(2v 4 2,v,2v,2)
(v+1,v+1,v+1,v+1)
(20,2,2,2v)
(0,2v+1,1,v)

(20 +1,0,v,1)
(1,2v+2,v+2,2v+ 1)
(v,2v 4+ 2,2,20)

(v +2,0,2v,2)
(2,2v,2v,2)

(120 + 2,20 + 2, 1)
(20, 2v, 20, 2v)
(v,2v+2,2v + 2,v)
(2,20,0,v + 2)
(2v+2,v,v,2v + 2)
2u+1,v+2,2,v+1)
(0,v+2,2,20)
(0,2v+1,v+1,2v)
2v+2,2v+2,2v+2,2v + 2)
(v+2,20+1,1,20 + 2)
(v+1,2,v+2,2v+1)
(v, v, 0, 0)
(v+1,v+1,1,1)
(1, 1, 1, 1)
(v,1,2v+1,0)
(2v+2,v,0,v + 2)
(v+2,2v+1,v+1,2)
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is a minimal degree polynomial in C' with its leading coefficient a unit. The corre-

sponding codewords are highlighted. Therefore C' can be written as C' = (g(z), h(z)).

3.4 [F3R-Skew cyclic codes

In this section, we determine the structure of F3R-skew cyclic codes.

A code C of length n is said to be an F3 R-code if the coordinates of the codewords
are partitioned in two blocks of lengths o and [ such that the set of the first blocks
are element of F§ and the set of the second blocks are elements of R”.

For convenience, we denote F§ x RP by FYR®. Let 7 : R — F3 be the projection
map defined by 7(r + vg) = r. It is clear that 7 is a ring homomorphism. For any

de€ Rand v = (ag,a1, - ,aa_1,b0,b1, - ,bsg_1) € FYRP, we define
dv = (m(d)ag, w(d)ay, - ,7(d)ag—1,dby,dby,- - ,dbs_1). (3.5)

With this multiplication, F§R” is an R-module.

Let © be an automorphism of R.
Definition 3.4.1. A subset C' of F¢R? is called an F3R-skew cyclic code if

1. C is an R-submodule of F¢RP and

2. For any v = (ag, a1, -+ ,aa-1,b0,01,- - ,bg_1) € C, its af-skew cyclic shift,
which is (O(aaq-1),0(ag),O(a1),O(aq—2),O(bs-1),O(bo), O(b1), -+ ,O(bs—2)),

1s also in C.

In particular, if © is the identity map, then C' is called an F3R-cyclic code.
For the rest of the chapter, we consider the F3R-skew cyclic codes with respect

to automorphism 6, defined in section [3.2]
Remark 3.4.1.1. 0(a;) = a; for 0<i<a—1, asa; € F3 (the fired field of 9).

In polynomial representation, an element ¢ = (ag, a1, -, @Ga—1, b0, b1, -+ ,bg_1)

in C can be identified with
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where a(z) = ag+a1 7+ - -+ a0 12" € 28 and b(x) = bo+byz+- - -+bg_ 127! €
(x>—1) B

<fl[f_’91]>. This identification gives a one-to-one correspondence between F§R’ and

Rop = <f§[f]1> X ﬁ{’%. For convenience we denote (a(x),b(z)) by (a(x) | b(z)). We

define the multiplication of any r(z) € R[x, 0] and (¢1(x) | g2(2)) € Rap as

r(@)(91(2) | g2(x)) = (w(r(z))g1(2) | r(2)g2(2)),

where 7(r(z))gi1(x) is the ordinary multiplication of polynomials over F3 and
r(z)gz(x) is the multiplication of polynomials in R[x,#]. With this multiplication,
R.p is a left R[x,f]-module. It can easily be seen that if c(z) = (a(z) | b(z))

represents the codeword ¢, then zc(x) represents the af-skew cyclic shift of c.

Theorem 3.4.2. A code C' is an F3R-skew cyclic code if and only if C' is a left
R[z, 0]-submodule of the left module F3[z]/{x® — 1) x R[x,0]/(z" —1).

Proof: Let C be an F3R-skew cyclic code. Let ¢ € C, and let the associated
polynomial of ¢ be ¢(x) = (ai(x) | az(x)). As zc(z) is an af-skew cyclic shift of ¢,
so zc(x) € C. By linearity of C, r(x)c(z) € C for any r(x) € R[z,0]. So C is a left
R[z, §]-submodule of R, g. Converse is straightforward. |

Theorem 3.4.3. An F3R-skew cyclic code is equivalent to an FsR-cyclic code if
a, [ both are odd integers.

Proof: Let C' be an F3R-skew cyclic code. Let v = lem(a, $). Then v is odd,
and so gcd(7,2) = 1. Therefore there exist two integers a, b such that va + 2b = 1
and so 2b = 1 —va = 1 + ~l for some [ > 0, where | = —a (mod 7). Let ¢(x) =
(a(x) | b(z)) € C, where a(z) = Y07 a;2" and b(z) = S0, b

1=
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Then
a—1 B—1
2?c(z) = 2% ( a;z’ | blxl)
i=0 i=0
a—1 B—1
_ ( a;zit2 | 02b(bi)xi+2b>
i=0 =0
a—1 B—
_ ( a1x1+1+’yl | Z 9217 z+1+’yl>
a—2 B—2
= ( alsci“J”l + a1z Z a;x T4 aglzv’BJ”l) , (as0*(zx)=xVzeR)
=0 =0
a2 B2
= ( a; 2 4 ag_q | Z a;zi T+ a51> , since 2% =28 =27 = 1.
= =0

Thus 2%°c(x) is just an af-cyclic shift of ¢(x). So C is an F3R-cyclic code. Hence
the result. |

Now we discuss the generator polynomials of F3 R-skew cyclic codes. Recall that
an FsR-skew cyclic is a left R[z,f]-submodule of R, 3. We define two projection
maps 7, and w5 on R, g such that for any v(z) = (a(z) | b(z)) € Ra.p,

To(v(z)) = a(x) and ms(v(x)) = b(x).

Denote the restrictions of m,, 7 to a code C' also by 7, 7.

Lemma 3.4.4. Let C be an F3R-skew cyclic code of length n. Then m,(C) = Cy, is
a cyclic code of length o over Fy and m3(C) = Cj is a skew-cyclic code of length /3

over R.

Proof: Since C is a submodule of R,g, it is clear that m,(C) is an ideal of
Fs[x]/(z* — 1) and 75(C) is an R|x,0]-submodule of R[z,0]/(z" — 1). The result
follows. [

Theorem 3.4.5. Let C be an F3R-skew cyclic code of length n = o+ 5. Then we

have the following cases:

1. If Cg contains a minimal degree polynomial whose leading coefficient is a unit,
then C = ((g1(z) | 0), (I(z) | g2(x))), where gi(x) is a generator polynomial of
C, and go() is a generator polynomial of Cgs, and gi(x)|z® — 1, go(z)]2® — 1.
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2. If Cg has no polynomial whose leading coefficient is a unit, then C' =
((g1(z) | 0),(I(x) | g2(x))), where g1(x) is a generator polynomial of C,
and ga(x) is a generator polynomial of Cg, and go(x) = vgh(z) or gao(x) =
(v +2)4(x) for some gy(x) € Fyla].

3. If Cg does not contain any minimal degree polynomial whose leading coeffi-
cient is a unit, and if g2(x) is a minimal degree polynomial in Cg, and hy(x)
is a minimal degree polynomial in Cg among the polynomials having leading
coefficient a unit, then C' = ((g1(z) | 0), (I1(z) | g2(x)), (la(x) | ha(x))), where

g1(x) is a generator polynomial of C,, and l(x),ly(x) are some polynomials

F3lz]
o1y

m
Proof:

1. Let C' be an F3R-skew cyclic code of length n. Then 7,(C) is a cyclic code

over F3 and so an ideal of <£2[f11>- Define C" = {(a(z) | b(x)) € C' : b(z) = 0}.

Then 7, (C") = C". Clearly 7,(C") is also an ideal of ~22 Let 7,(C") be

(zo—1)"

generated by gi(x). Then C’ is generated by (¢g1(x) | 0). Also Cjs is a skew-
cyclic code over R and there is a polynomial go(x) of minimal degree in Cjp

with leading coefficient a unit. Therefore C3 = (ga(x)). Since go(x) € Cg,

there is an element (I(z) | g2(x)) € C for some [(z) € gj’[f]w. Now for any
(a(x),b(x)) € C, we have b(z) = ms((a(z) | b(z))) = Ax)g2(x) for some
Az) € el

Consider

(a(z) [ b(x)) = Ax)(U(z) | g2(2)) = (a(z) = A(z)l(z) | 0) (3.6)
Since (a(z) — A(z)l(z) | 0) € C’, we have (a(x) — A(x)l(z) | 0) = t(x)(g1(z) | 0)

for some t(z) € A2 Therefore by 1’ we have

(zo=1)"

(a(z) [ b(x)) = Ax)(I(2) | g2()) + t(x)(92() | 0)

and so €' C ((g1(x) | 0), (I(z) | g2(x)). Also ((g1(x) | 0), (I(z) | ga(x)) € C'is
obvious. Therefore C'= ((¢g1(x) | 0), ({(x) | g2(2)).



41 3.4 F3R-Skew cyclic codes

2. This part directly follows from Theorem [3.3.5| and Part 1 above.

3. Let Cjp satisfy the given conditions. Then Cs = (ga(x), ho(x)). Using the

same notation as in part 1, we see that any b(z) € Cjs can be written as

b(x) = Nx)ge(z)+v(x)he(z) for some A(x),v(z) € 5?_’%. Since go(x), ha(x) €
Cp, there are two codewords (li(z) | ga(x)), (l2(z) | he(z)) € C for some

li(z),la(x) € <f§[_$]1>, respectively.

Now for any (a(z) | b(z)) € C, we have
(a(z) | b(x)) = (M) (h(z) | g2(2)) +7(2)(la() | ha(x))
= (a(z) [ b(x)) = A(@)L(2) +v(2)l2(2)) | M2)g2(x) + 7(2)h2(2))
= (a(z) = (M)l (2) + y(2)l2(x)) | 0). (3.7)

Also, (a(xz) — (M(z)li(x) + v(z)la(x)) | 0) € C". So (a(z) — (A (z)li(z) +
v(z)la(x)) | 0) = s(z)(g1(x) | 0) for some s(x) € &K% So by

(a(z) | b(z)) = s(x)(g1(z) [ 0) + M) (L (@) | g2(2)) + 7(2)(la(2) | ha()).
Therefore C' C {((g1(z) | 0), (lu(x) | g2(x)), (la(x) | ho(x)). Hence the result.
|

Theorem 3.4.6. Let C be the repetition code of length o over F3 and Cs be the
repetition code of length 3 over R. Let gi(x) be a monic generator polynomial of
Cy and go(x) be a monic generator polynomial of Cy. Then the code C' defined as
C = {((g1(x) | (14v)ga(x))) is an F3R-skew cyclic code of length n = a+ . Moreover

C' = Cy x Cy, and the minimum distance of C' is min(«, [3).

Proof: We have g;(z) = 1+z+2%+- - -+2° 1 and go(x) = 1+2+2?+- - -+27~1. Then
clearly C' = ((g1(x) | (14v)ga2(x))) is an F3 R-skew cyclic code with minimal spanning
sett {(g1(2) | (14 0)g0(2)) (g () | (1+0)gnl))}, since aigy(z) = gsa), § = 1, 2
and 2%(1 + v)ge(z) = (1 + v)ga(x) for all integers i as order of 6 is 2.
Now to prove C' = C} x Cy, it is sufficient to show that C' = ((g1(z) | 0), (0| go(x))).
Since C' C ((g1(x) ] 0), (0| g2(x))) is obvious, we need only to show ((g1(x) | 0), (0| g2(z))) C
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C. Let a = (g1 | (1 +v)ga(z)) € C. Then za = z(gi(z) | (1 +v)ge(x)) =
(zgi(z) | (1 +0)ga(2)) = (zg2(2) | (2 + 20)xg2(x)) = (g1(2) | (2 + 20)g2())-
Therefore a + za = (g1(x) | (1 +v)g2(2)) + (92(2) | (2 4 20)g2(x)) = (2g1(2) | 0),
and so 2(2¢g1(z) | 0) = (g1(z) | 0) € C. Also, 2a+za = (0| (1 +v)gs(z)) € C, and
so (140)(0] (14+v)ga(x)) = (0] g2(x)) € C. Hence C = Cy x Cy. Since minimal
distance of C} is a and that of Cy is 3, the minimal distance of C'is min («, 5). W

Example 3.4.7. Let « = [ = 2. Then C is an F3R-skew cyclic code with a

generator matrix

1 1 v+1 v+1
1 1 242 2420 |

and the corresponding code is given by

(2,2,1,1), (0,0,v + 2,v+2), (0,0,v+Lv+1), (2,2,20+1,20+1),
(1,1,2,2), (2,2,0,0), (1,1, 20, 2v), (0,0,2,2),
(2,2,v+1,v+1), (0,0,2v+1,2v+1), (0,0,2v+2,2v+ 2) (1,1,0,0),
(0,0,1,1), (1,1,0,0), (0,0,0,0), (2,2,2,2),
(2,2,v+2,v+2), (0,0, 2v,2v), (2,2,v,0), (L,Lv+1,v+1),
(1,1, v+ 2,v+2), (2,2,2v,20), (0,0,v,v), (1,1,1,1),
(1,1,20+ 2,204+ 2), (1,1,2v+1,2v+1), (2,2,2v+4 2,20+ 2)

Also,

C = {(9:(2) [ 0), ([(z) | (IHv)g2(2))) = ((U(z) | (1+0)ga2(2))) = (91 () [ 0), (0 | g2())),

where g1(z) =z + 1, l(x) =x+ 1 and go(x) = = + 1.

3.4.1 Duals of F3R-skew cyclic codes

We define an inner product on F§R? as follows:

Let z = ($1,0,$1,1, 5, T1a-1,220,T21, 7 7$2,5—1), Yy = (yl,O, Yi,1," s Yl,a-1,
Y2.0, Y21, > Y2.,5-1) be two words in F¢RP. Then the inner product of x and y is
defined by = -y = Zfz_ol 11, + Zf;& T3 Y25, where the first sum is determined

over [F3 and the second sum is determined over R.
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Definition 3.4.8. Let C be an F3R-skew cyclic code of length o+ 5. Then its dual
is defined as
Ct={z€FsR’ : 2-c=0 forallce€ C}.

Lemma 3.4.9. Let C be an F3R-skew cyclic code. Then for any xz € C+ andy € C,

we have 0(x - TY(y)) = Tp(z) -*° TJ ().

PI‘OOf: Let xr = (.%'170, 5(71717 o ,.I'La_l, I2707 .17271, R ,Igﬁ_l) - OL and Yy =
(Y10, Y105 s Yra—1,Y2,0, Y21, > Y25-1) € C. Then by definition a’ﬁTe(ﬂﬁ) =
((9(1)1,0471)7 9(%,0); T ae(xl,a—Q), 9(1’2,571% 9(@,0), T ,9(952,&2)) and a’BTQJH(y) =
(9]+1(y1,a7j71)7 9]+1(y1,a7]’)7 9]+1(y1,a7j+1> T 79j+1<y1,a7j72>, 9J+1(Z/2,ﬁ7j71)7 ‘9]+1(y2,57j)7
07 (ya5—ji1) -+ 07 (y2,5—j-2)), where j is a fixed index, and indices are computed
modulo a and S for the two parts. Now

OTy(x) > Ty y) = O@ra-1) 0 (Wra—-1) +0(@10) - 0/ (Y1,0-5)
o 0(@a-2) T (Yra—j2) +0(225-1) 07 (y2,5-j-1)
+--+0(x2,58-2)  0(y2,8—j—2)
= Or10-1- Qj(y1,a—j—1) + 10 07 Wi,a—j)+ -+ T1a-2- 67 (Y1,0—j-2)
Frap-1 - 0 (Ya,5-j-1) + o+ 2252 0 (Y2,5-j-2)]
= Olz-27 T} (y)).
Hence the result. [ |

Theorem 3.4.10. Let C' be an F3R-skew cyclic code of length n = o+ 8 such that

B is even. Then C+ is also an FsR-skew cyclic code of same length.

Proof: Let v = lem(«, 3). Then + is even (since §3 is even). Therefore T) (v) = v
for all v € C, and so any element ¢ € C' can be written as ¢ =7 Tj(b) for some
be C and0 < j <~ —1. Now to prove C* is F3 R-skew cyclic, we need to show that
for any z € C+, *#T(z) € C*, ie., *PTy(zx)-*PTJ(b) = Oforallb e C,0 < j < y—1.
By Lemma , we have 0 = 0(0) = (z -*# TJ (b)) =*# Ty(z) -*# TJ(b). Hence the
result. [

3.4.2 Gray images

In this section, we define a Gray map on F3R, and then extend it to F§R?. We

discuss the Gray images of F3R-skew cyclic codes.
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Define a Gray map ¢ : FsR — F3 by
¢a, b +ve) = (a,¢1 (b +ve)) = (a,¢,0+¢),
where b+ ve € R. ¢ can then be extended componentwise from F§R? to Fy as

(I)(CLO,CL17"' s a1, bg, by, - ,bﬁ&) = (ao,a1,~-- 7aa717¢1(b0)7¢1(b1>7'” 7</51(bﬁ71))7
for all (ag, a1, ,aq_1) € F$ and (bg, by, -+ ,bs_1) € RP, where n = a + f3.

Lemma 3.4.11. The Gray map ® is an Fs-linear map which preserves the distance

from F¢RP to F$HP e, da(z,y) = dy(®(z), ®(y)) for z,y € FSRP.

Proof: Consider

dg(z,y) = wg(x—y)

Hence the result. [ |
Now we consider an example of an F3R-skew cyclic code and find out its Gray

image. The code so obtained is an optimal code over Fj.

Example 3.4.12. Let C' be an F3R-skew cyclic code of length 8 with the generator

matrix

v+1 v+1 v v

1+2v 2042 20+2 1420
v v v+1 v+1

2042 1420 1420 2042 |

1
0
1
1

— = = O

O = =

1
1
0
I 1

Then the Gray image ®(C) of C is an optimal ternary linear code with parameters

[12,7,4].
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3.5 Skew-cyclic codes over S =F, + wF,

In this subsection, we study and explore a class of skew-cyclic codes over I, +
wF,, w? = 1. In the rest of the chapter, we denote S = F, + wF, with w? =1. S is

a semi-local ring with two maximal ideals namely (1 + w) and (1 — w).
Theorem 3.5.1. An element a +wb € S is a non-unit if and only if a = %b.

Proof: Suppose a = +b. Then a + wb = a(1 £ w). Since a(1 + w)(1 Fw) = 0, it
follows that a + wb is a non-unit. Conversely, suppose a + wb is a non-unit. Clearly
a # 0 and b # 0, for otherwise, a + wb will be a unit. Since S is a finite ring,
a + wb is a zero divisor. So there exists a non-zero element ¢ 4+ wd € S such that
(a+wb)(c+wd) = 0. From this we get ac+bd = 0 and bc+ad = 0. These relations
give us a® = b?, noting that ¢ # 0 and d # 0. Hence a = =%b. |

Corollary 3.5.1.1. An element of S is a non-unit if and only if it is of the form

a(l £ w) for some a € F,,.

We define a Gray map ¢’ : S — F, such that
¢ (a4 wdb) = (b,a + b).

¢' can be extended componentwise to ® : S® — F,*". @' is a weight preserving map,
i.e., wr(z) = wy(P'(z)), where wy, denotes the Lee weight of x. In other words, for
any 0 # z = (a + wb) € S,

1, if b=0ora+0b=0 (mod p)

wr(r) = .
2, otherwise

Also, wr(0) = 0.
For instance, if p = 3, then the Lee weights of elements of F3 + wlF3 are as given

below:

x 0 1 2 W 2w 14+w 14+2w 2+w 242w
wr(x) 0 1 1 2 2 2 1 1 2
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3.5.1 Properties of S|z, 0]

We define a map o : S — S such that
o(a + wb) = a — wb,

for all a+wb € S. 1t is easy to check that ¢ is an automorphism of S. In particular
for p = 2, o is the identity automorphism of S.

As discussed in Section [B.2] S[z, 0] forms a non-commutative skew polynomial
ring. Moreover, the left/right division can be defined on some elements of S|z, o]

similarly as for R[x,6]. This is stated as follows.

Lemma 3.5.2 (Right division algorithm). Let f(z),g(z) € S|z, o] such that g(z)

has its leading coefficient a unit. Then

f(x) = q(x)g(x) + r(z)
for some q(x),r(z) € S|z, 0|, where r(x) =0 or deg r(x) < deg g(x).

We note that S|z, o] is not a unique factorization ring, which can be seen from

the following example.

Example 3.5.3. Let p = 5. Then x* — 1 can be factorized in S|z, o] in following
different ways.

*—1 = (4wz + 3)(ww + 3)
= (x+4)(x+1)

= (dwzx + 2)(wz + 2).

Therefore polynomials in S|z, o] possess more factors than in S[z].

Lemma 3.5.4. Let S be a left-submodule of left S[x,o]-module % Suppose
f(z) is a minimal degree polynomial in S such that its leading coefficient is a non-
unit. Then f(x) can always be written in the form f(z) = (1 +w)f'(x) or f(x) =

(1 —w)f"(x), where f'(x), f"(x) are polynomials in F,[x].
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Proof: Let f(z) = fo+ fix+--- f,a" such that f, is a non-unit. Then f, = a(1+w)
or f, = b(1 —w) for some a,b € F}. Let f, = a(l +w). Then ((p — Nw + 1) f(x)
is a polynomial in S of degree less than that of f(z). But f(z) is a minimal degree
polynomial in S, so ((p — 1)w + 1) f(z) = 0. Therefore ((p — 1)w + 1) f; = 0 for all
i=0,1,---,r. Thus f; = b;(1 +w) for some b; € F,. Hence f(z) = (1+ w)f'(z),
where f'(z) € F,[z]. Similarly, if f. = b(1 — w), we have f(z) = (1 —w)f"(z). N

Theorem 3.5.5. Let S be a left-submodule of left S|z, o]-module <‘§fo1]>. Suppose
f(z),g(x) are polynomials in S such that the leading coefficients of both the polyno-

mials are non-units. Then we have

f(@) = q(x)g(x) + r(z)

such that r(z) = 0 or deg r(x) < deg g(x) or r(x) is a polynomial with its leading
coefficient a unit and deg r(x) < deg f(x).

Proof: Let f(x) = fo+ fix+ for? +- -+ fra" and g(z) = go + g17 + gox® + - - - gs2°.
Without loss of generality, we may assume s < r. Since g; is a non-unit, g, = a(14+w)
or g = b(l — w) for some a,b € F;. Let g, = a(l + w). Also f. is of the form
fr=c(l+w)or f, =d(1 —w) for some ¢,d € F;. If f, = c(1 + w), consider the
polynomial

f(x) —ab~ '™ %g(x), if r—sis even

I(z) =
f(x) +ab " %g(z), ifr —sis odd.

Similarly, if f, =d(1 —w), we can choose I(z) as follows:

f(x) +ab 'z"*g(x), if r—sis even
l(x) =
f(x) —ab tz"%g(z), ifr — sis odd.
We discuss only the case when f,. = ¢(1 + w). The other case can similarly be

proved.

From above, we can write f(x) as

f(@) = q(x)g(x) +I(x) (3.8)
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for a suitable choice of ¢(x) according to the values of r — s. Then [(z) is either a
polynomial with degree less than that of f(x) or the leading coefficient of I(z) is a

unit. Now if the leading coefficient of [(x) is a unit, then we have

ab 'z 5g(x) +I(z), ifr—siseven
flz) =
—ab o™ %g(x) + I(x) if r — s is odd,
and so we are done. Otherwise we apply induction on the degree of f(z). For r =0,

we have s = 0, and so

fo = qogo + 7o , where ro = 0 and gy = ca™".

(If f, =d(1 —w), then ry = 2d and gy = —da™'.)

Therefore the result is true for r = 0. We assume that the result is true for all polyno-
mials of degree less than r. Since [(x) has degree less than r, [(x) = Q(z)g(x)+ R(z)
such that R(z) = 0 or deg R(z) <deg g(z) or R(x) has leading coefficient a unit
and degree at most deg I(z). Now by (3.8), we have

flz) = (q(x) + Q(x))g(x) + R(x).

The result follows from this. Similarly, we can prove the result if g; = b(1 — w) for
some b € F}. [

Next we determine the structure of a skew-cyclic codes over S.

Lemma 3.5.6. [96] The set S,, = 5&‘% forms a left S|z, o]-module under the left

multiplication defined by

r(@)(f(z) + (" = 1)) = r(z)f(2) + " = 1)

for all r(x) € S[z, o].

S|z,o]
(zn—1)"

A skew-cyclic code C is a left S[z, o]-submodule of
Now we present the structure of skew-cyclic codes over S. Theorem [3.5.7] The-
orem [3.5.9] and Theorem [3.5.11| below present this for different possibilities on the

minimal degree polynomial in a code.
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Theorem 3.5.7. Let C' be a skew-cyclic code over S such that C' contains a min-
imal degree polynomial g(x) with its leading coefficient a unit. Then C = (g(x)).

Moreover g(x) | " — 1, and so C' is a free code.

Proof: The proof follows from the minimality condition on g(z) and the division

algorithm (Lemma [3.5.2]). [

Example 3.5.8. Let p = 3. Let C' be a skew-cyclic code of length 4 over S with

generator matriz

1+w 0 1+w 0
0 1—w 0 1—w

Then the corresponding code is given by

(0,0,0,0), (w+1,1,2w +1,1), (w+1,0,w + 1,0)
(w+2,2w+ 2w+ 2,20 + 2), (2,w+2,2,0w+2), (1,1,1,1)
(1, 2w, 1, 2w), (0,2,0,2), (w+1,2w+ 2,w+ 1,2w + 2)

(2w +1,0,2w + 1,0), (2w, 2w + 2, 2w, 2w + 2), 2w + 2,2w + 2,2w + 2, 2w + 2)

(w+lLw+lLw+1l,w+1), 2w, w + 2, 2w, w + 2), 2w+ 1w+ 22w+ 1,w+2)
(w + 2,2w,w + 2, 2w), (w+2,0,w+ 2,0), (w,w + 2, w,w + 2)
2w + 1, 2w, 2w + 1, 2w), 1, w,1,w), (w,1,w,1)
(w+1,2w+1,w+1,2w + 1), (2w, 1, 2w, 1), (w, w, w, w)
2w + 2,w+1,2w + 2,w + 1), (w, 2w, w, 2w), (2,0,2,0)
(w+2,w+2,w+2,w+2), (Lw+1,1,w+1), (1,2,1,2)
(2w +1,2,2w+1,2), (1,2w + 2,1, 2w + 2), 2w, w+1,2w,w+1)
(1,w+2,1,w+2), (0,w+2,0,w+2), (0,2w +2,0,2w + 2)
(w+2,2,w+2,2), (0,w,0,w), (2,2,2,2)
(w, 2w+ 1, w, 2w + 1), (w+1,2,w+1,2), (2w, 0, 2w, 0)
(2,2w+1,2,2w+1), (w+2,1,w+2,1), (w+lLw+2,w+1l,w+2)
(0,2w + 1,0, 2w + 1), (2w +2,1,2w + 2, 1), 2,w+1,2,w+1)
(0, 2w, 0, 2w), 2w+ 1,2w+1,2w + 1,2w + 1), (w+1,w,w+1,w)

(2w, 2w + 1, 2w, 2w + 1), 0, w+1,0,w+ 1), (w,2,w,2)

2w + 1,w, 2w + 1, w), Cw+1L,w+1,2w+1,w+ 1), (2w + 2, 2w, 2w + 2, 2w)

(2,2w +2,2,2w + 2), (2w + 2,0, 2w + 2,0), (2w +2,2w + 1,2w + 2, 2w + 1)

(w+2,w+1lLw+2,w+1), 2w+ 1,2w + 2,2w + 1, 2w + 2), (2w, 2, 2w, 2)

(2,2w,2,2w), (2,w,2,w), (0,1,0,1)

(w, 2w + 2, w, 2w + 2), (w+2,2w+ 1,w+ 2,2w + 1), (2w +2,2,2w + 2,2)
(2w, w, 2w, w), (w+ 2, w,w + 2,w), (w, 0, w,0)

(1,2w + 1,1, 2w + 1), (2w +2,w + 2, 2w + 2,w + 2), (1,0,1,0)
(w+1,1,w+1,1), (2,1,2,1), (w+1,2w,w + 1, 2w)

2w + 2,w, 2w + 2, w), (2w, 2w, 2w, 2w), (w,w+ 1, w,w+1)

C has a minimal degree polynomial g(x) = 1+ x? with its leading coefficient a unit.
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Hence C' can be written as C' = (g(x)). Moreover 1 + z* | * — 1, and hence C is a

free code.

Theorem 3.5.9. Let C' be a skew-cyclic code over S such that it has no polynomial
with its leading coefficient a unit. Let f(x) be a minimal degree polynomial in C.

Then C = (f(x)).

Proof: The proof follows by the minimality condition on f(z) and the division

algorithm discussed in Theorem |3.5.5] [

Example 3.5.10. Let p = 5. Let C be a skew-cyclic code of length 2 over S

generated by the matrix:

1+w 0
0 144w
Then C' is given as

(0,0), (0,4w + 1), (0,w +4), Qw4+ 2,4w+1), (dw+4,3w+2)
(Bw + 3,4w + 1), (0,2w + 3), Bw+3,2w+3), (w+l,w+4), Bw+3,3w+2)

(3w + 3,0), Quw+2,3w+2), (w+l,dw+1), ({Aw+4,4w+1), (w+1,0)
(dw+4,w+4), (w+1,2w+3), Quw+2,w+4), Qw+22w+3), (w+1,3w+2)

(0, 3w + 2), (2w + 2,0), (Bw+3,w+4), (4w+4,2w+3), (4w +4,0)

We note that C' has no codeword with corresponding polynomial having its leading

coefficient a unit, and f(x) = 1+ w is a minimal degree polynomial in C. Hence
C = (f(z)).

Theorem 3.5.11. Let C be a skew-cyclic code over S such that it has a polynomial
with its leading coefficient a unit, but no minimal degree polynomial has its leading
coefficient a unit. Let f(x) be a minimal degree polynomial in C' and g(x) be a min-

imal degree polynomial in C' among the polynomials having their leading coefficients

a unit. Then C = (f(x),g(x)).

Proof: Let ¢(x) € C be any codeword. Then by division algorithm (Lemma |3.5.2))

we have

c(r) = qu(z)g(z) +ri(x),
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where r(z) = 0 or deg m(z) < deg g(x) . If ri(z) = 0, then we are done. Let
r1(z) # 0. Then the leading coefficient of 71 (x) must be non-unit, as deg r(x) <

deg g(z). Again by division algorithm (Theorem [3.5.5)), we have

ri(z) = qa(x) f(x) + 12(2),

where 7ro(z) = 0 or deg ro(x) < deg f(x) or the leading coefficient of ro(x) is unit.
The last two conditions cannot be true, as f(x) is a minimal degree polynomial in

C and deg ro(z) < deg r1(z) < deg g(x). Therefore ro(z) = 0, and hence
co(x) = qu(x)g(x) + ga(2) f (),
Hence C' = (f(x), g(z)). [

Example 3.5.12. Let p = 3. Let C be a skew-cyclic code of length 4 over S spanned

by the rows of the following matrix:

14w 0 0 0
0 1—w 0 0
0 0 14+w 0
0 0 0 1—w
1 1 1 I
We note that C' has a minimal degree polynomial f(x) = 14+ w and a minimal

degree polynomial with its leading coefficient a unit in C is g(x) = 1+ 2. Therefore

C = (9(x), f(2)).

3.6 Additive skew-cyclic codes over S

In this section we define additive skew-cyclic codes over S. These codes are sub-codes
of skew-cyclic codes over S. However, they are still closed under the skew-cyclic shift

operation. We have obtained some good codes via this class.

Definition 3.6.1. A code C is said to be an additive skew-cyclic code of length n
over S if
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1. C is a subgroup of S™, and

2. T,(c) = (0(cn-1),0(co),0(c1), -+ ,0(cn_2)) € C, wheneverc = (cy,c1,-++ ,Cn1) €

C', where T,(c) denotes the skew-cyclic shift of c.

Lemma 3.6.2. A code C' is an additive skew-cyclic code of length n over S if and

only if it is a left Fp|x]-submodule of left F,[zx]-module (iLxﬁy

Proof: Let C be an additive skew-cyclic code over S. Then for all ¢;(x), co(x) € C,
c1(x) + eo(x) € C and zcy(z), which is the skew-cyclic shift of ¢(z), belongs to
C. Therefore r(z)c(x) € C for all r(z) € F,lz] and ¢(x) € C. Hence C is an
[F,[x]-submodule. Converse is straightforward. [

Now we give some examples of an additive skew-cyclic code and additive cyclic

code over S.

Example 3.6.3. Let p = 5. Let Cy = (1 +wx) be an additive skew-cyclic code of

length 2 over S with generator matrix as:

i)

Then the corresponding code is given by

(0,0), (w+1l,w+4), @uw+3,3w+1l), Aw+44w+1), (2w+1l,w+3)
(2, 2w), (2w +3,3w+3), (3w+3,3w+2), (2w, 3), (4w +2,2w + 1)
(4w, 1), (w+2,2w+4), (Bw+4,4w+ 2), (1, w), (3, 3w)
(w,4), 2w +4,4w+3), (dw+1l,w+1), (4, 4w), (3w, 2)
(w+3,3w+4), Bw+l,w+2), Bw+22w+2), (w+4,4w+4), Q2w-+2,2w+3)

The parameters of ®'(Cy) are [4,2,3], which is an MDS code over Fj.

Similarly, we consider the additive cyclic code Co = (1 + wzx) over S generated

L)

by the matriz
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The corresponding code is given by

(0,0), (3, 3w), (4w + 1,w + 4), (w+1,w+1), (w+3,3w+1)

(4w, 4), (4, 4w), (2w + 3, 3w + 2), (2w, 2), (w+4,4w +1)
Bw+3,3w+3), (w+1l,w+2), (2,2w), (w, 1), (w+2,2w+1)
Quw+22w+2), Bw+l,w+3), ({@w+2,2w+4), (3w, 3), (1,w)
Bw+2,2w+3), (dw+4,dw+4), Quw+4,4w+2), (Bw+4,4w+3), (4w+3,3w+4)

The parameters of ®'(Cy) are [4,2,2]. We note that ®'(C}) has improved parameters
as compared to ®’'(Cy) even though the generator polynomials of Cy and Cy are same.
In the following example, we present a skew-cyclic code and an additive skew-

cyclic code over S having the same generator polynomial.

Example 3.6.4. Let p = 5. Let C; = (wx + w) be a skew-cyclic code of length 2

over S having the generator matrix:

[0 w].
Then the corresponding code is
(0,0), (2w + 4, 2w + 4), (w,w), (w+4,w+4), (1,1)
Adw+1,4w+1), Bw+2,3w+2), Bw+4,3w+4), Qu+22w+2), (w+3,w+3)
(3,3), (4w, 4w), Bw+1,3w+1), (dw+3,4w+3), (Bw+3,3w+3)
(w+2,w+2), Quw+1l,2w+1), (Aw+24w+2), (w+1l,w+1), (4,4)
(4w + 4,4w + 4), (3w, 3w), (2w + 3, 2w + 3), (2,2), (2w, 2w)

The parameters of ®'(Cy) are [4,2,2].
Similarly, let Cy = (wx + w) be a additive skew-cyclic code of length 2 over S

having the generator matriz:
v w].

Then the corresponding code is given by
{(0,0), Bw,3w), (ww), (4w,4w), (2w,2w) }.

Here Cy is a sub-code of Cy, which still satisfies the skew-cyclic shift property. The
parameters for ®(Cy) are [4,1,4].
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Similarly, we give some more examples, and some good codes over F, via skew-
cyclic and additive skew-cyclic codes over S are obtained. Here % denotes optimal

code with those parameters.
1. Let p=>5. Let Cy = (1 + wx). Then

(a) if Cy is a skew-cyclic code, then ®'(CY) is a [4,4, 1]* code over Fs.

(b) if C} is an additive skew-cyclic code, then ®'(C}) is a [4, 2, 3]* code over
Fs.

2. Let p=5. Let Cy = (4w + 2)x + w + 3). Then

(a) if Cy is a skew-cyclic code, then ®'(Cy) is an [8, 6, 2]* code over Fs.

(b) if Cy is an additive skew-cyclic code, then ®'(C5) is an [8, 3, 4] code over
Fs.

3. Let p=3. Let C3 = ((w+2) + (w + 2)z + (w + 1)z* + 223). Then

(a) if C5 is a skew-cyclic code, then ®'(C3) is an [8, 6, 2]* code over F3.
(b) if C5 is an additive skew-cyclic code, then ®'(C3) is an [8, 4, 4]* code over

Fs.

4. Let p=3. Let Cy = ((w+2)+ (w+2)x + (w+2)z* + (w+ 2)2> + (2w + 2)x°).
Then

(a) if Cy is a skew-cyclic code, then ®'(Cy) is a [12,12, 1]* code over Fj.

(b) if Cy4 is an additive skew-cyclic code, then ®'(Cy) is a [12,6, 5] code over
Fs.

3.7 Double skew-cyclic and double additive skew-

cyclic codes over S

Double skew-cyclic codes and additive double skew-cyclic codes over S are defined

as follows.
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Let C be a submodule of S*¥. Then C is said to be double skew-
cyclic code if for any ¢ = (ap, a1, ,aa-1 | bo,b1, - ,bs—1) in C, we have
(0(aa-1),0(a0), -+ ,0(aa-2) | o0(bg-1), 0(bo), - ,0(bs—2)) in C.

We define a double additive skew-cyclic code Cy, if it is a subgroup of S+, and
is invariant under the shift operator defined above.

In polynomial form, a double additive skew-cyclic code C, over S is a left F,[z]-

S|z,0]

submodule of F,[z]-module ey Slx,0]

@i —1)

X

with respect to the multiplication

r(z)e(z) = r(z)(a(z) | b)) = (r(z)a(z) | r(x)b(z)),

for all r(z) € Fylz] and c(w) = (a(z) | b(x)) € 2T x 2.

Example 3.7.1. Let p = 5. Let C be a double additive skew-cyclic code of length
4(= 2+ 2) over S generated by the matriz:

1 w 1 w

dw 1 4w 1|
Then the parameters of ®'(C) are [8,2,6]*, which is an optimal code over Fs. The
parameters can be verified from the full code given below.

(0,0,0,0), (4w, 1,4w, 1), (w+2,2w+4,w + 2,2w + 4)
(3w + 2,2w + 2,3w + 2, 2w + 2), (3, 3w, 3, 3w), (2w + 3,3w + 3,2w + 3, 3w + 3)
(4, 4w, 4, 4w), (Bw+ 1w+ 2,3w+1,w+2), (2, 2w, 2, 2w)
(4w + 2,2w+ 1,4w + 2,2w + 1), (4w +4,4w+ 1,4w +4,4w+1), (Bw+4,4w + 2,3w + 4,4w + 2)
(2w, 3, 2w, 3), (Bw, 2, 3w, 2), (w+3,3w+4,w+ 3,3w + 4)
(2w + 4, 4w + 3,2w + 4, 4w + 3), (w+l,w+ 14w+ 1, w+1), (2w + 2,2w + 3,2w + 2, 2w + 3)
(1, w, 1, w), (w+Lw+4,w+1,w+4), 2w+ 1,w+3,2w+ 1,w+ 3)
Bw+3,3w+2,3w + 3,3w + 2), (w+4,4w+4,w+4,4w +4), (4w+3,3w+1,4w+3,3w+1)
(w,4,w,4)

Example 3.7.2. Let p = 5. Let C be a double additive skew-cyclic code of length

6(=2+4) over S having generator matriz:

I w w+3 —w+2 0 0
—w 1 0 —w+3 w+2 0
1w 0 0 w43 —w+2
—w 1 w+2 0 0 —w+3 |

Then ®'(C') has the parameters [12,4, 6].



Chapter 3: Skew-cyclic Codes over Some Extensions of I, 56

In a similar way, we have obtained some more codes over I, through double skew-
cyclic and double additive skew-cyclic codes over S. These are given below.
1. Let p=3. Fora =2and 8 = 4, let C; = ((wHwz | 2+ (w+1)z+22%+ (w+1)z?)).
Then
(i) if C is a double skew-cyclic code over S, then ®'(C}) is a [12,4,4] code over
Fs.

(ii) if Cy is a double additive skew-cyclic code over S, then ®'(Cy) is a [12,2,§]

code over Fj.

2. Let p=5. Fora=2and f =4, let Cy = (1+wz | 1 —wx + (1+w)a? +wa?)).
Then

(i) if Cy is a double skew-cyclic code over S, then ®'(Cy) is a [12,6, 3] code over
F5.

(ii) if Cy is a double additive skew-cyclic code over S, then ®'(Cy) is a [12,3,7]

code over Fs.

3. Let p=3. Fora=4and =4, let C3 = (w+ 2z + 22| (w+2) + (w+ 2)z +
222 + (w + 1)23)). Then
(i) if C5 is a double skew-cyclic code over S, then ®'(Cj) is a [16, 8,4] code over

Fs.

(ii) if C5 is a double additive skew-cyclic code over S, then ®'(C3) is a [16,4,9]*

code over Fj.

4. Let p=>5. Fora=4and B =4,1let C; = (1 —z+ (1 +w)z? + 223 | 2+ 2z +
(w+ 2)2* + wa?)). Then
(i) if Cy is a double skew-cyclic code over S, then ®'(Cy) is a [16, 8, 4] code over

Fs.

(ii) if Cy is a double additive skew-cyclic code over S, then ®'(Cy) is a [16,4, 10]

code over Fs.
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3.8 Conclusion

In this chapter, we have studied F3R-skew cyclic codes, where R = F3 +v[F3, v% = v.
By obtaining the structure of skew-cyclic codes over R using a new division algorithm
defined on R[z, 0], the structure for F3R-skew cyclic codes has been obtained. We
have also defined a class of skew-cyclic codes over S = F,+wlF,, and their generating
sets are obtained. Additive skew-cyclic codes over S have been studied as sub-codes

of skew-cyclic codes over S.
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Chapter 4

Skew-constacyclic and Skew-cyclic

Codes over Extensions of 74

4.1 Introduction

Cyclic codes are one of the most studied linear codes. Constacyclic codes are an
immediate generalization of cyclic codes. They have been studied extensively over
finite fields as well as over some finite rings [111 [91, 90} 33}, 85, [62} 107, 60, 36, 106,
82, B, and many good codes have been obtained in this class. Recently this class
has been generalized to skew constacyclic codes [27, 58, [40], 38]. In this chapter we
study skew-constacyclic codes and skew-cyclic codes over some extension rings of
ZLy.

It may be noted that two popular rings Z, and Fy 4 ulFy, u? = 0, are not suitable
for defining skew codes as they do not have any non-trivial automorphism, and the
resulting skew codes coincide with simple linear codes. So different classes of skew
codes have been defined on some other structures such as Fy +vFs [I], F, +oF, [41]
and F,+vF, [48] with v? = v, where non-trivial automorphisms exist. Motivated by
the these works, we define a class of skew-constacyclic codes over Z, + uZy, u? = 0.
We characterize the skew polynomial ring R[z,6], where R = Z4 + uZs, u®> = 0,
and # is an automorphism of R, and introduce a class of skew-constacyclic codes

over R. Some structural properties of these codes are determined. These codes are

99
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further generalized to double skew-constacyclic codes, through which we have been
able to obtain some good codes over Z,. Also, a class of skew-cyclic codes over

GR(4,2) + vGR(4,2),v? = v has also been studied in this chapter.

4.2 The ring R = 74 + uZy

We denote R = Zy + uZ4, u?> = 0. The ring R has the characteristic 4 and the
cardinality 16. Moreover R is isomorphic to the ring Z,[u]/(u?). Tt can easily be
seen that the ideal (2,u) is the unique maximal ideal of R, and hence it is a local
ring. Its residue field is Fy. An element a 4+ ub of R is a unit if and only if @ is unit.
Thus the units of R are 1,3,1+u, 14 2u, 1+ 3u, 3+ u, 3+ 2u, 3+ 3u. To know more
about the ring R, we refer to [104] [14].

4.2.1 Skew polynomial ring R[z, 0]

Define a map 6 on R such that
O(a+ub) =a+ (u+2)b

for all @ + ub € R. Then 6 is an automorphism of R of order 2. By Definition |3.2]
Rz, 0] forms a skew-polynomial ring.
Although, R[z,0] is a non-commutative ring and not a left or right Euclidean

ring, the following result is true for R[x,)].

Lemma 4.2.1. [7]] Let f(z),g(z) € Rz, 0] be such that the leading coefficient of
g(z) is a unit. Then there ezist q(z),r(z) € R[z, 0] such that f(x) = q(x)g(x)+r(x),

where r(z) =0 or deg r(x) < deg g(z).

Lemma 4.2.2. The set Zy ={0,1,2,3,2u, 1+2u, 24+2u, 342u} is the fived sub-ring
of R under 6.

The following result directly follows from the discussion on Page 25 of [74].

Theorem 4.2.3. The center Z(R[z,0]) of R|z,0] is Z;[2?].
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Corollary 4.2.3.1. Let f = 2™ — 1. Then f € Z(R[x,0]) if and only if n is even.
Further ™ — o € Z(R|x, 0]) if and only if n is even and « is fized by 0.

If we do not assume that « is fixed by 6, then the result does not hold. For
instance, let n be even and @ = 1 4+ » a unit in R, which is not fixed by #. Then
(™ — (1 4+ u))uzr = uzx(z"™ — (u+2)) # uz(z” — (1 + u)), and hence (2™ — (1 + u))
is not a central element.

The following result is straightforward.

Theorem 4.2.4. Let n be a positive integer and o a unit in R. Then the following

statements are equivalent:
(i) ™ — « is central in R[x,0).
(ii) (z™ — ) is a two sided ideal.
(iii) n is even and « is fixed by 0.

Since R[z,6] does not have the unique factorization property, polynomials in
Rz, 6] may have many factors as compared to the commutative case. In particular,
2™ — a, where a € R is a unit, has in general more than one factorization. The

following example illustrates this.

Example 4.2.5. Let a = 1 + 2u. The factorization, up to non-associates, of x> —

(14 2u) in R[z,0] is given by

22— (1+2u) = (z+Qu+3)(@*+ u+1)z+1)

=  ((u+3)z+u+3)((3u+1)z®+ (u+ 1)z + (3u+1)).

Remark 4.2.5.1. For odd n, factorization in R|x] is unique [I4], but as the above

example shows, the same is not true for R[z,0)].

The above example shows that there may be more (6, a)-constacyclic codes over

R than a-constacyclic codes over R.
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4.2.2 Gray map

On Zg, the Lee weight (wy) is defined as w(0) = 0, wr(1) =1, wp(2) =2, wi(3) =
1, and the Lee weight (wy) of a vector v € Z,* is then defined as the rational sum

of the Lee weights of its coordinates. Define a Gray map ¢ : R — Z4° such that
¢(a+vb) = (b,a+10),

and for any x € R, we define wg(z) = wr(¢(x)), where wg(x) denotes the Gray

weight of x. Thus, the Gray weights of the elements of R are defined as:

T 0 1 2 3 v 2v 3v 1+wv
wg(:v) 0 1 2 1 2 4 2 3
T 1+ 2v 1+ 3v 2+wv 2+ 2v 2+ 3v 3+v 3+ 2v 3+ 3v
we(x) 3 1 2 2 2 1 3 3

Remark 4.2.5.2. ¢ can be estended componentwise to ® : R* — 7Z,*". Also the
Gray weight of x € R"™ is then defined as the rational sum of Gray weights of its

coordinates.

Now onward, we write the parameters of a linear code over Z; as (n,4*2%2 d;),

which is the standard form for parameters of codes over Zj,.

4.3 Skew (1 + 2u)-constacyclic codes over R

To study constacyclic codes over R, we first consider some structural properties of
R[x,0]/{z™ — «). Since the ring R[z,0] is non-commutative, the ideals of Rz, 0]

may not be two sided ideals. In particular, the ideal (z" — a) of R[z,6] is a two

R[z,60]
G —a)

sided ideal if and only if n is even and « is fixed by 0. In this case R, = is
therefore a residue class ring. If either n is odd or « is not fixed by 6, the set R,
is only a left R[z, #]-module with multiplication defined as r(z)(f(z) + (z" — a)) =
r(z)f(z)+ (z" —a) for any r(x), f(x) € R[x,0]. To associate the vectors of R" with
the polynomials in R,, we define an R-module isomorphism from R" to R,, as

—1
(co,c1, 7+ yCn1) P o+ rm+ -+ g™
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We recall that, a subset C' of R" is called a (6, a)-constacyclic code of length
n over R if C'is an R-submodule of R" and for any (cg,c1,--+ ,¢1) € C, we
have (af(cy-1),0(co), - ,0(ch—2)) € C. If we denote (0, a)-constacyclic shift by
Ty, then an R-submodule of R™ is a (#, a)-constacyclic code if Ty ,(C) = C. In
particular, if = 1, then C' is a skew-cyclic code over R.

Throughout the chapter, the notation (6, «)-constacyclic codes can be read as

skew a-constacyclic codes. The following result can be proved easily.

Theorem 4.3.1. A code C of length n in R, = R[z,0]/(z" — «a) is a (0,q)-
constacyclic code if and only if C is a left R[x, 0])-submodule of the left R|x, 8]-module
R,.

Proof: Straightforward. n

Corollary 4.3.1.1. For even n and a unit « fized by 0, a code C' of length n over
R is a (0, a)-constacyclic code if and only if C' is a left ideal in R,.

Proof: For given conditions, 2" — a € Z(R|z,0]), and so R, is a ring. The result

follows. u

Theorem 4.3.2. If C' is a (0,«)-constacyclic code of length n over R contain-
ing a minimal degree polynomial g(x) whose leading coefficient is a unit, then C

is a free code such that C = (g(x)) and g(z)|x" — . Moreover C' has a basis
{9(2), 2g(z),... 2" W@~} and || = |R|"~" 9.

Proof: Let g(z) be a minimal degree polynomial in C' with its leading coefficient a
unit. Then the result that C' = (g(z)) follows from the division algorithm (Lemma
[1.2.1). Now again by the division algorithm, we get 2™ — o = ¢(x)g(x) +r(z), where
r(z) = 0 ordeg r(z) < deg g(z). Since 2" —a corresponds to the codeword 0 in C, we
have r(z) = —q(x)g(z) € C and so r(x) = 0, as g(x) is a minimal degree polynomial
in C. Therefore g(z)|2™ — a. Now let 2" — a = h(x)g(z) for some h(z) € R[z,0)].
Since the leading coefficient of g(x) is a unit, the leading coefficient of h(z) must

also be a unit. Moreover if deg g(z) is n — k, the degree of h(x) must be k. Let
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h(z) = ho + hix + - - + ha®, where hy, is a unit. Then h(z)g(x) = 0(mod 2" — «)
implies that hog(x) + hyxg(z) + ---h*z*g(z) = 0 in R,. Therefore z*g(x), and
hence z'g(z) for i > k, is a linear combination of g(z),zg(x),- - ,2* 1g(z), and so
A={g(x),zg(x), - ,2*1g(x)} spans C. For independence of A, suppose apg(x)+
arxg(z) + -+ ap_12¥ tg(x) = 0 in R, for some a; € R, 0 < i < k-1, ie,
a(r)g(z) = 0, where a(z) = ap + a;z + -+ ap_12*"1. Then in R[z,0], we have
a(z)g(z) = e(x)(x™ — «) for some e(x) € R[z,0]. The degree of the expression on
left hand side is n — 1, which is possible only if e(x) is zero. Hence a(x) must also be
the zero polynomial, and so a; = 0 for all ¢. Therefore A is R-linearly independent,
and hence C' is a free code. It immediately follows that |C| = |R|" ™ 9. |

The converse of the above theorem is also true, and is given below.

Theorem 4.3.3. Let C' be a principally generated free (0, «)-constacyclic code of
length n over R. Then there exists a minimal degree polynomial g(x) € C' having its

leading coefficient a unit such that C' = (g(z)) and g(z) | 2™ — .

Proof: Since C' is a principally generated free (0, a)-constacyclic code of length n
over R, using similar arguments as in [I7, Proposition 1], it follows that there exists
a monic polynomial g(z) in C' such that C' = (g(x)) and g(z) | 2™ — . Further
as in the case of finite fields [69, pp. 191}, it can easily be shown that for any
c(x) € O, ¢(z) = a(x)g(x) in R[z, 0] for some a(z) € R[z,0]. Since g(x) is a monic
polynomial, deg ¢(z) > deg g(x). Hence the result. |

Now onward, for this chapter only, we assume that a = 1 + 2u.

Example 4.3.4. Let C be a (0, «)-constacyclic code generated by the following ma-
trix:

[1+3u 1+u 1+ 3u |.
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The corresponding code is given by

(0,0,0), (2u + 3,3,2u + 3), (Bu+3,u+3,3u+3)
(2u+1,1,2u+ 1), (3u, 3u, 3u), (u+3,3u+3,u+3)
(u+2,u+2,u+2), (u,u,u), Bu+1,u+1,3u+1)
(2,2,2), (1,2u+1,1), (2u, 2u, 2u)
(3,2u+3,3), (Bu+2,3u+2,3u+ 2), (u+1,3u+1,u+1)
(2u+2,2u+2,2u+2)

The polynomial g(x) = (1+3u)z*+ (1 +u)z + 1+ 3u is a minimal degree polynomial
in C' with its leading coefficient a unit. Hence C' = (g(z)). Also g(z)|z> — (1 + 2u),
and so the set {g(x)} forms a basis of C. Moreover ®(C') is a Z4-linear code with

the parameters (6,4%2°,51), which is a best known Z,-linear code [§].

Now we give an example of a code which has no minimal degree polynomial with

its leading coefficient a unit.
Example 4.3.5. Let C be a (0, «)-constacyclic code with generator matrix
u u u
G =

w2 u+?2 u+2 |

Then the corresponding code is given by

(0,0,0), Bu+2,3u+2,3u+2), (2.22)
(2u, 2u, 2u), (u+2,u+2,u+2) (u, u, w)
(2u + 2,2u + 2,2u + 2), (3u, 3u, 3u)

In this example, C' = (g(x)), where g(z) = u+ur+uz?. A minimal spanning set for
this code is {g(z), zg(x)}, however the set is not Zs-linearly independent. Hence C'
is not a free code. ®(C) is a Zs-linear code with the parameters (6,4'2!,6;), which
is a best known code with these parameters [g].

In the following example, we choose two non-associate factors fi(x) = x4 2u+3
and fo(z) = ((u + 3)x + u + 3) of degree 1 of 23 — (1 + 2u) in R[z,6]. Then we
calculate the parameters for two (a, 0)-constacyclic codes C; and Cy generated by

fi(z) and fa(x), respectively. It turns out that Cy is a new good Zy-linear code.
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Example 4.3.6. C| = (x + (2u + 3)). Then Cy is an («,0)-constacyclic code of
length 3 over R with the parameters (3,16%21) and so ®(C) is a (6,4*2°,21) Z4-
linear code.

Next Cy = ((u+3)x+ (u+3)). Then Cy is an («, 0)-constacyclic code of length 3
over R with parameters (3,16%4',21) and so ®(C) is a (6,422, 21) Z,-linear code,
which is a new good linear code over Z, with improved minimum distance by 1, when

compared to a code over Z4 with same length and cardinality [§].
This indicates that new codes can be obtained over Z4 through skew codes.

Theorem 4.3.7. Let C be a (0, a)-constacyclic code of odd length n over R. Then

C' is an a-constacyclic code over R.

Proof: Since n is odd, we have (n,2) = 1. Therefore there exist two integers a,b

such that na +2b =1 and so 2b = 1 — na = 1 + nl, where [ = —a (mod n). Now

?c(z) = 2®(co+erx+ -+ ep 2"
_ 921)(00)1,21) + 02b(01)x2b+1 et 92b<Cn,1)$2b+n71

_ 92b(00)x1+nl + 92b(cl)$1+nl+1 NI sz(Cn_1)$(1+nl)+(n_1).

Since order of 0 is 2 and 2™ = « in R,,, we have

l +1

2®c(r) = cpalz + el 4o F 0z 4

l 2 —1
= o(cpr+ x4+ ot + o).

Since a? = 1, so a!z®c(z) is an a-constacyclic shift of ¢(z). Hence the result. W

Theorem 4.3.8. Let C be a (0, a)-constacyclic code of even length n generated by
a monic right divisor g(x) of 2™ — a. Then C is an a-constacyclic code over R if

and only if all the coefficients of g(x) are fized by 6.

Proof: Let g(z) = go + g1 + -+ + g,_12" ' + 2" be the generator polynomial of a
(0, a)-constacyclic code C. Suppose all the coefficients of g(z) are fixed by 6. Then
clearly the corresponding generator matrix G' of C' will be the generator matrix of

an a-constacyclic code over R.



67 4.3 Skew (1 + 2u)-constacyclic codes over R

Conversely, suppose C' is also an a-constacyclic code. Then C, a left ideal of
Rz, 0]/(z"—a), is an ideal of R[z]/(x"—«) as well. Therefore, g(x)x € C. Moreover
g(x)x — xzg(x) € C, as C is linear. This implies that gz — xg = (6(g0) — go)x +
0(g1) — g1)x®> + -+ (0(gr—1) — gr—1)x" is a multiple of g(z). Since the degrees of
g(x) and g(x)xr — xg(x) are same, the latter must be a constant multiple of g(x).
But the constant term in g(z)x — xzg(z) is zero, so we must have g(z)z —zg(z) = 0.

This implies that 6(g;) = g; for all i =0, 1,2, ...,r. Hence the result. |

Theorem 4.3.9. Let n be odd. Let A be a map from 5&% to gﬁg such that

Aa(x)) = a(ax).
Then A is an ring isomorphism.

Proof: Since n is odd, we observe that o™ = a. Now for any a(x),b(z) € R[z, 0],
suppose a(z) = b(z)(mod z™ — 1), i. e., a(z) — b(z) = g(z)(z™ — 1) for some
q(z) € R[z,0]. Replacing = by ax, we get

alax) —blaz) = ¢

Therefore a(ax) = b(azx)(mod z" — «).

Thus a(z) = b(z)(mod z™ — 1) is equivalent to a(ax) = b(ax)(mod z" — «).
Therefore A is one-one. Moreover since the map is between finite sets of same
cardinality, it is onto also. It is easy to verify that A is a homomorphism. Hence

the result. [

R[z,0]
(z"—«

R[z,0]
1)

structure. Therefore the study of skew-constacyclic codes of odd lengths over R

Thus it follows that, for odd n, both the rings and ) have same ideal

coincides with the study of skew-cyclic codes of odd lengths over R.



Chapter 4: Skew-constacyclic and Skew-cyclic Codes over Extensions of Z, 68

4.4 Duals of (0, a)-constacyclic codes

In this section we study duals of (6, a)-constacyclic codes over R.

Lemma 4.4.1. Let C be a code of length n over R, where n is even. Then C is a

(0, a)-constacyclic code iff C* is a (6, a)-constacyclic code.

Proof: Let u = (ug,ui, - ,up_1) € C and v = (vg,v1, +*,v,_1) € C*
be two arbitrary elements. Since C is (6, a)-constacyclic code, Tgf;l(u) =

(0" Yauy), 0" (ug), - -+, 0" (aup_1), 0" (ug)) € C. Then

0 = Tgf;l(u) -V
- (Qn—l(au1)7 0n—1<au2)’ e aen_l(aun—l)v 9n—1<u0)) : (UCH (% T avn—l)
= (0" (ug), 0" Hug), o, 0" (), 0" ()] - (vo, v, U y)

n—1
= a0 (o tug)vn 1 + Z 0™ (ug)vs 1]
i=1
n—1
= a(uf(a 1)) + > wiB(vi1) (as 0" = I, the identity map)
i=1

= a[Tpa-1(v) - ul.
This implies that Ty, (v) € C*, as a=! = a. Therefore C is a (6, a)-constacyclic

code. Conversely, if C* is (6, a)-constacyclic code, then C' = (C+)* is also a (6, a)-

constacyclic code. Hence the result. [

Lemma 4.4.2. Let g(z),h(z) € R[z,0]. If g(x)h(x) is a monic central element of
R[z,0], then g(x)h(z) = h(z)g(z).

Proof: Since g(z)h(x) is a central element, we have h(x)(g(z)h(x)) = (g(z)h(x))h(x)
for h(z) € R[z,0]. Therefore (h(x)g(z) — g(z)h(z))h(z) = 0, and so h(x)g(z) =
g(z)h(x), as h(zx) is a regular polynomial. [

Lemma 4.4.3. Let C be a (0, a)-constacyclic code of even length n over R generated
by a monic right divisor g(x) of ™ — a. Then v(x) € R, = RO s in C if and

(z7"—a)
only if v(z)h(z) = 0 in R,, where 2" — a = h(x)g(x).
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Proof: Suppose v(z) € C. Then v(z) = a(x)g(z) for some a(x) € R,. So
v(@)h(z) = a(z)g(x)h(z) = a(z)h(z)g(r) = 0in Ry, as g(z)h(z) = h(z)g(z) = 2" —
a. Conversely, suppose v(x)h(xz) = 0 in R, for some v(z) € R,. Then there exists
r(z) € R|x,0] such that v(z)h(z) = r(z)(a" — a) = r(x)h(z)g(x) = r(z)g(z)h(x).
Since h(z) is regular, v(x) = r(x)g(x). Hence the result. |

Remark 4.4.3.1. If a code C is generated by a minimal degree polynomial g(x) with
its leading coefficient a unit, then there exists a minimal degree monic polynomial

g1(x) such that C' = (g1(x)).

Theorem 4.4.4. Let C be a (0, «)-constacyclic code of even length n generated
by the minimal degree monic polynomial g(z) = go + g1z + -+ + "% such that
2" —a = h(z)g(x) for some h(x) € R,,. Let h(z) = ho+hix+ hoz®+-- -+ k. Then
the polynomial h*(x) = 1+ 0(hgx_1)x + 0*(hg_2)x* + - - + 0% (ho)x* generates C*.

Proof: Let ¢(z) € C. Then c¢(x)h(z) = 0 in R,. Therefore the coefficients of
ok b e in [eg + e+ ca® + - oo 2+ 12" ho + hax + hox? +

coo+ hp_12%t + 2¥] are all zero’s. Hence we have

Cco + Cle(hk_l) + CQQQ(hk_g) + -+ Ck9k<ho) = 0
c1 4 o0 (hip_1) + s (hp_g) + - - + 107 (o) = 0
c2 + 0393(hk_1) + 0494(hk—2) + -+ Ck+29k+2(h0) = 0
Cn_k_len_k_l(hk_l) + cn_kQ”_k(hk_g) + -4 cn_19”_1(h0) = 0.
Let H* =
(1 O(hiey)  0%(hys) . 0% (ho) . . 0o |
0 1 02 (hy,_1) . . 051 (o) e 0

0 0 1 9k+1(h1) 0

0 0 gn*k(hk_Q) gnfl(ho) |
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Then each row of H* is orthogonal to every element of C'. Therefore each row
vector of H* is in C*. Since (' is a Frobenius ring, |C]|C*| = |R|". Also |C| = | R,
as deg g(xr) = n — k. Therefore |C+| = |R|"*. The rows of H* are linearly
independent. So the cardinality of the row span of H* is |R|"*. Therefore H* is a
generator matrix of C*. Since H* is a circular matrix, the corresponding polynomial
h*(x) = 1+ 0(hg_1)x + 0*(hg_2)x? + - - - + 0% (ho)z* is a generator polynomial of C*.

[

Example 4.4.5. Let C' be a (0, «a)-constacyclic code of length 4 generated by the
monic polynomial g(x) = 12+ (2u+2)x+3u+3 such that ' —a = (2> +(2u+2)z+u+
1) (224 (2u+2)x+3u+3), where a = 142u. If we take h(x) = (2?+ (2u+2)z+u+1),
then h*(z) = 1+02u+2)xz + 60?(u+1)2? = (u+1)2? + (2u+2)z + 1. h*(x) is also
a right divisor of x* — «, as by Lemma we have

vt —a = ((w+Dz*+ Qu+2)z+1)(Bu+ 1)a® + (2u + 2)x + 2u + 3)

= (Bu+1)z*+ 2u+2)z +2u+3)((u+ Da? + (2u+2)z + 1).

Also as C is generated by a monic right divisor g(x) of x* —«, C is a free code with

basis {g(x),zg(x)}. Hence a generator matriz for C is

G —

3u+3  2u+2 1 0
0 3u+1 2u+2 1|

Since h*(x) = (u+ 1)z* + (2u + 2)x + 1, the corresponding circular matriz is given

by

H_ 1 2u+2 u—+1 0
0 1 2u+2 u+3

It can easily be verified that the rows of H are R-linearly independent and GHT = 0.
Therefore H is a parity check matriz of C and hence a generator matriz of C*.
This shows that h*(x) is a generator polynomial of C*+ and C+ = (h*(z)) is a

(0, a)-constacyclic code over R.
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4.5 Double (6, a)-constacyclic codes

In this section we study double (6, a)-constacyclic codes over R.

For any d€ Randv= (a07a17 e 7an1—17607 bla e 7bn2—1> S Rn1+n2’ we define
dv = (dao, dCLl, cee ,dam,l, dbo, dbl, s ,dbn2,1).

With this multiplication, R"**"2 is an R-module.

A double skew-linear code is an R-submodule of R™ 72,

Definition 4.5.1. A double skew-linear code C' is called double (6, «)-constacyclic
code if for a vector v = (ag, a1, -+ ,an,—1,b0,01,+ ,bp,—1) € C, its double (0, )-
Shift, i.e., the vector (ae(an1—1>7 9(0’0)7 0(@1)7 9((17”_2), ae(bng—l)v 0<b0)a e(bl)a T e(bnz—Q))

s also in C.

We define the multiplication of any r(z) € Rz, 0] and (g1(z) | g2(2)) € Ryyny =
R[z,0] R[z,0]

i) X Gre-a)

X

as

r(@)(91(2) | 92(x)) = (r(z)g1(2) | r(2)g2(2)),

where r(x)g;(z) and r(z)g2(x) are the multiplication of polynomials in R[x,]. With

this multiplication, R, ., is a left R[z, f]-module.

Theorem 4.5.2. A code C is a double (0, «)-constacyclic code if and only if it is a
left R|x,0]-submodule of the left module R[x,0]/{x™ — a) x R[z,0]/(z" — «).

Proof: Let C be a double (6, o)-constacyclic code. Let ¢ € C, and let the associated
polynomial of ¢ be ¢(x) = (a1(z) | as(z)). As zc(x) is a double (0, a)-shift of ¢, so
zc(x) € C. By linearity of C, r(z)c(x) € C for any r(z) € R[z,0]. So C is a left

R[x,0]-submodule of R,, ,,. Converse is straightforward. |

Theorem 4.5.3. A double (0, «)-constacyclic code is equivalent to a double -

constacyclic code or double cyclic code if ny and ny both are odd integers.

Proof: Let C' be a double (0, a)-constacyclic code. Let v = lem(ng,ng). Then
v is odd, and so ged(7y,2) = 1. Therefore there exist two integers a,b such that
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ya+2b=1and so 2b =1—~a =1+l for some | > 0, where [ = —a (mod 7). Let

c(x) = (a(x) | b(x)) € C, where a(z) = 215" a;r’ and b(z) = Y125 biat.
Then

nlfl ’ngfl nlfl ngfl
z%e(x) = (Z a;z’ | Z bixz> = (Z 02 (a;)2 T2 | Z 92b(bi)x’+25>
1=0 =0 i=0 i=0
TLl*l n271
— (Z 92b(ai)xi+1+’yl | Z 62b(bi)xi+l+—yl>
i=0 =0
n172 n172
— (Z aixz+1+'yl +an1_1xn1+'yl ‘ Z aixl—‘rl—i—'yl +an2_1xn2+’yl>
i=0 =0
71,172 n272
- (Z a;ix ™+ aan, | Z a;xt Tt 4 aan2_1> ,
i=0 i=0
(as 2™ = 2" =27 = and 27" =1 or a).
Thus z%¢(z) is a double a-constacyclic shift of ¢(x) if 7' = 1 or a double cyclic
shift if 7' = . Hence the result. |

Theorem 4.5.4. Let Cy and Cy be two principally generated free (0, «)-constacyclic
codes of lengths ny and ny over R having monic generator polynomials gi(x)
and ga(x), respectively, such that gi(x)|z™ — « and go(x)|x™ — . Then a code
C' generated by g(z) = (g1(x) | g2(x)) is a double (0, a)-constacyclic code and
A = {g(z),zg(x), - 27 g(z)} is a spanning set of C, where | = deg h(x) and
h(z) = lem{hi(x), ha(x)}.

Proof: Let 2™ — a = hy(z)g1(z) and 2™ — o = hy(x)go(z) for some monic
polynomial hi(x),he(x) € R[z,0]. Also let h(x) = lem{hi(z),ho(z)}. Then
hx)g(x) = h(x)(g1()lgz(x)) = 0, as h(z)gi(x) = W' (x)hi(z)gi(x) = 0 for i = 1,2.
Now let v(x) € C be any non-zero codeword in C. Then v(z) = a(z)g(x) for some
a(x) € R[z,0]. By the division algorithm, we have a(z) = ¢(z)h(z) + r(x), where
r(z) = 0 or deg r(z) < deg h(x). Then v(z) = a(x)g(z) = r(x)g(x) = 0. Since
r(z) =0 or deg r(z) < deg h(x), the result follows. |

In the following example, we use the Theorem to combine two (6, «)-
constacyclic codes of different lengths and obtain a double (6, «)-constacyclic code
whose Gray image gives a new good Zg-linear code, and it improves the Lee distance

of the existing best code with comparable parameters.
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Example 4.5.5. Let C' be a double (0, av)-constacyclic code of length 9 over R with

ny = 3 and ny = 6 and with a generator matriz as follow:

1 1+ 2u 1 1 0 1+ 2u 0 1 0
14+ 2u 1 1+ 2u 0 1 0 1+ 2u 0 1
1 2u+1 1 2u+1 0 1 0 2u+1 0

The spanning set of C'is {(g1(x) | g2(x)), z(g 1($)| 2(2)), 2%(g1(x) | g2(x))} which is
an R-linearly dependent set as 2(g1( ) | ga(x)) = 222%(g1(x) | g2(x)), where gi(x) =
22+ (1+2u)z + 1, go(z) = 2* + (1 + 2u)x 2+1 and g1(z)|23 — a, go(2)]2% — a,
where a = 1 4+ 2u. The Gray image ®(C) of C' is a new good Z,- linear code with
parameters (18,4421, 10y), and generator matriz

W N = O

o o o w N
oo o o o =
o = o <2 o
N O R O
N W N = O
= R ICR o B
o w NN o o
NN W N W
I B JURIN O
o o = o o
o R O © ©
N O = O

0

1
0
0
0

o O = O O

o o o o
o o O = O
O O O N W

which improves the minimum Lee distance by 4 when compared to the existing best

known code (18,4*2 6) [§].

4.5.1 Some more good codes

The following table shows the generator matrices and parameters of two more codes

over Zy.

Code  Generator matrix ~ Parameters (n,4%2%2 d;)

o) Gy (18,4422, 7)
Cy Gy (18,4424, 7)
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where

G

o O O O O =
o O O o = O
o O O = O O
o O = O O O
o N O = O =
N O = O = O
NN DO =N
N N OO OO O W
N N W NN W O
NN D =N =
N NN O O Ww O
N NN O O N
N NN =D =N
N NDNDWwW O W
NN O O =N
NN DO O W
O NWwWw NN = O
N O DD =N W

and

Gy =

o O O o o o =
o o O o o —~= O
o O O o = O O
S O N O = O =
S N O = O = O
N O O O O O =
S N NDWND W O
S NN =N =
o O O o o —~= O
RN D NN OO O OO W
S N O N W O W
N O O N OO O Ww O
N O NN OO O O
S N O W NN W N
SO O N O = O =

o O O O = o o o
o N O O O O = O
N NN = OO W N

1000 00 000 2 2 2 200

The code C improves the Lee weight by 1 when compared to existing best

code with comparable parameters. Also (s is a new code as there is no code with
comparable parameters in the database of Z4-codes, and it further improves C} in

cardinality.

4.6 Skew-cyclic codes over R = GR(4,2)+vGR(4,2)

In this section, we study skew cyclic codes over the ring GR(4,2)+vGR(4,2),v? = v,
where GR(4,2) is the Galois ring extension of Z, of degree 2.

4.6.1 About R[z, O]

We use the notation R = GR(4,2) + vGR(4,2), v = v. R is a commutative semi-
local ring with characteristic 4 and cardinality 162. It is isomorphic to the ring

GR(4,2)[v]/{(v* — v). The Galois ring GR(4,2) is defined as GR(4,2) = 5{‘(% =

Z4[€], where f(x) =1+ x + 2% is a basic primitive polynomial of degree 2 over Zj4
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and ¢ is a root of f(x). Thus ¢ is a primitive element of GR(4,2). Every element a
of GR(4,2) can uniquely be expressed as a = a; + £ag, where a1, ay € Zy. Therefore
an element a + vb of R can be expressed as a +vb = (a; + vby) + &(az + vby), where
ay, ag, by, by € Zy.

Define a map © : R — R such that

O(a + vb) = O((ay + vby) + E(ay + vby)) = (ay + vby) + E%(ag + vby)

for all a+wvb € R. One can easily verify that © is an automorphism of R which fixes
the ring Z4 + vZ4. Moreover, when restricted to GR(4,2), © is the Frobenius auto-
morphism of GR(4,2). The set R|[x, O] forms a skew polynomial ring in which the
addition and multiplications are defined similarly as in the case of skew polynomial
rings over fields.

The following version of right division algorithm holds for R[x, ©].

Lemma 4.6.1. [7]] Let f,g € Rz, O] be such that the leading coefficient of g is a
unit. Then there exist q,r € R[x, ©] such that f = qg+r, r =0 ordeg(r) < deg(g).

Theorem 4.6.2. The center Z(R[z,0]) of R|x, O] is (Zs + vZ4)[2?%].

Proof: We know Z, + vZ, is the fixed ring of ©. Since the order of © is 2, for
any non-negative integer i, we have z%a = ©%(a)r? = ax® for all a € R. It
gives 1?° € Z(Rlz,O]), and hence all polynomials of the form f = ag + a;2* +
asx* + -+ + a,2® with a; € Zy + vZy4 are in the center. Conversely, for any f =
fo+ fiz + for® + -+ fra® € Z(R[x,0]) we have fr = zf which gives that all f;
are fixed by ©, so that f; € Z4 + vZ4. Further, choose a € R such that O(a) # a.
Then it follows from the relation af = fa that f; = 0 for all odd indices 7. Thus
f=ao+az® + ax* + - + a2 € (Zy + vZy)[2?].

Corollary 4.6.2.1. Let f = 2™ — 1. Then f € Z(R[z,0]) if and only if n is even.

We denote the skew-cyclic shift of a word ¢ = (¢p, 1, ,cn1) € R™ by Te(c)
and it is defined similarly as in the Definition [2.1.4 Thus a submodule C' of R" is
a skew-cyclic code if Tg(C) = C.
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Definition 4.6.3. A skew-linear code C' of length n over the ring R is a left R[x, ©)]-

submodule of left module 78,[@%] , where f(z) is a polynomial of degree n over R|x, ).

Theorem 4.6.4. A code C' of length n in R,, = R[z,0]/{z™ — 1) is a skew-cyclic
code if and only if C is a left R|x, ©]-submodule of the left Rz, ©]-module R,,.

Proof: Straightforward. [

Corollary 4.6.4.1. For even n, a skew-linear code of length n over R is a skew-

cyclic code if and only if C is a left ideal in R.,,.
Proof: For even n, 2" — 1 € Z(R|[z,0]), and so, R, is a ring. The result follows.

Definition 4.6.5. A skew-cyclic code of length n is said to be principally generated
if it is a left cyclic submodule of R,, i.e., there exists g(x) € Rz, O] such that

C'=Rg = (9(x)).

Next result shows a sufficient condition for a principally generated skew-cyclic

code over R to be free, and is a generalization of [16, Theorem 2].

Theorem 4.6.6. Let C' be a skew-cyclic code of length n over R. If there exists a
monic polynomial g(x) of minimal degree in R. Then C = (g(x)) such that g(x) is
a right divisor of ™ — 1 and C s a principally generated free skew-cyclic code of

length n over R.
Proof: The proof is similar to the proof of Theorem in Section [

Theorem 4.6.7. Let C be a skew-cyclic code of length n over R generated by a
monic polynomial g(x) which is a right divisor of 2™ — 1, i.e 2™ — 1 = h(x)g(x) for
some h(z) € Rlx,0]. Then a polynomial f(x) = p(x)g(x) will generate the same
code C if and only if p(x) and h(x) are right co-prime.

Proof: The proof is similar to the proof of [16, Theorem 3]. |

Theorem 4.6.8. Let C' be a skew-cyclic code of odd length n over R. Then C' is a

cyclic code over R.
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Proof: The proof is similar to that of Theorem in this chapter. |

Theorem 4.6.9. Let C' be a free skew-cyclic code of even length n generated by a
monic right divisor g(x) of ™ — 1. Then C' is a cyclic code over R if and only if all
the coefficient of g(x) are fized under the automorphism © of R.

Proof: The proof is similar to that of Theorem 4.3.8| |

Theorem 4.6.10. Let C be a skew-cyclic code of even length n over R. Then C' is

equivalent to a quasi-cyclic code of index 2 over R.

Proof: By letting n = 2N, we can write ¢ € R as ¢ = (¢o0, C0,1,¢1,0,C1,1," - » CN—1,0y CN—1,1)-
Since ©? is the identity map, and T§(c) € C for all i, so we have T3(c) =
(CN—LO; CN-1,1,€C0,0,C0,15* " ,CN—2,0, CN_2’1> S C. Therefore C is equivalent to a

quasi-cyclic code of index 2.

4.6.2 Duals of skew-cyclic codes over R

Lemma 4.6.11. Let C be a skew-cyclic code of even length n over R. Then O(a -
TL(b)) = Te(a) - TS (D) for alla € C+ and b € C, for any j > 0.

Proof: Let a = (ag, a1, ,a,_1) € C+ and b = (bg, by, -+ ,b,_1) € C. By definition

To(a) = (O(an-1),0(ao), -+ , O(an-2)) and TE" (b) = (O (b—j-1), & (bn-y), -+,
©7+1(b,_;_5)), where i, j are fixed indices. Therefore Te(a)-T4" (b) = O(ay,_1)07 ! (by_j_1)+
O(ag)®  (bp—j) + -+ O(an—2)07 (v —j—2) = Olan_107(b,_;—1) + ao©® (bu—;) +

ey 90 (by_j_9)] = O(a - T (D). Therefore O(a - T (b)) = To(a) - THT (D).

Theorem 4.6.12. If C is skew-cyclic code of even length n over R, then C* is also

skew-cyclic of length n over R.

Proof: Any element ¢ of C' can be expressed as Té(b) for some integer 0 < j <n-—1
and b € C, as n is even, and so Tg(c) = c for all ¢ in R". To show that C*
is also a skew-cyclic code, it is sufficient to show that for any a € C*, we have
To(a) - To(c) = 0 for all ¢ € C. However this follows from Lemma [£.6.11] and the
fact that if a - ¢ =0, then ©(a - ¢) = ©(0) = 0. Hence the result.
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4.7 A decomposition of skew-cyclic codes over R

The ring R = 5 where Ry = GR(4,2) can be written as

(v?—v)

R = vGR(4,2) + (1 — v)GR(4,2)

by the Chinese Remainder Theorem.
Let C' be a skew-linear code of length n over R. Define

Ci={zeR}|JyeR,vz+(1—-v)yeC}

Co={yeR!|FzxeR,vz+ (1 —-v)yeC}.

Clearly, C'; and C5 are skew-linear codes of length n over Ry, and C' can be expressed

as

C=vCy @ (1—v)Cs.

Theorem 4.7.1. Let C = vC) @ (1 —v)Cy be a skew-linear code over R. Then C

s a skew-cyclic code over R if and only if Cy, Cy are skew-cyclic codes over R;.

Proof: Let Ty denote the skew-cyclic shift operator on C' as well as on C;; for i = 1, 2.
For any ¢ € C, we have Tg(c) = vTg(c1) + (1 —v)To(c2), where ¢ = vey + (1 —v)cs.
Suppose C4, Cy are skew- cyclic codes over Ry. Then Tg(¢;) € C; for i = 1,2 and so
To(c) € C.

Conversely, suppose C' is a skew-cyclic code over R. Then Tg(c) € C for all
¢ € C. This implies that vTg(c1) + (1 — v)Te(c2) € C, and so by the definitions of
C1 and Cy, To(cy) € C1 and Te(cy) € Cs. Hence the result. [ |

The following Theorem is generalization of [42, Proposition 3.

Theorem 4.7.2. Let C be a skew-linear code of length n over R. Then C+ =
vC @ (v —1)Cy. Moreover,

(i) if C is a skew-cyclic code of length n over R, then C+ is also a skew-cyclic

code of length n over R.
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(i) C is self-dual skew-cyclic code of length n over R if and only if Cy and Cy both

are self-dual skew-cyclic codes of length n over R;.

Proof: Define
A={reR" |3y R, v+ (1 —v)y e Ct}

B={yecR,"|IreR" ve+(1—-v)yecC}.

Clearly C+* =vA @& (1—v)B. Ifz =va+(1—v)be C and y = ve+ (1 —v)d € C*,
then z-y =0 givesa-c=0and b-d = 0, as v> = v. Therefore A C C;*, since
for any ¢ € A, a-¢ = 0 for all @ € Cy. In the reverse direction, let e € C;% and
x =wva+ (1 —v)b € C. Then ve-z = 0, and so, ve € C+. Due to the unique
expression of elements of C+, we have e € A. So A = Ci-. Similarly B = Cyt.

(7) Let C be a skew-cyclic code over R. Then C; and Cy are skew-cyclic codes
over Ry by Theorem . Therefore C;+ and Cy™* are skew-cyclic codes over R,
since the dual of a skew-cyclic code over R is a skew-cyclic code. Again by Theorem
and the above discussion, C* is a skew-cyclic code over R.

(74) Suppose C7 and Cy are self-dual skew-cyclic codes over Ry. Then C' is a
self-dual skew-cyclic code over R, as C+ = vCf @ (1 — v)Cy. Conversely, if C is
a self-dual skew-cyclic code over R, then C; and C) are self orthogonal codes over
Ri,ie C C Cit and Cy C Oyt. Let e € Cy*. Then there exists [ € Ry such that
ve + (1 —v)l € C+ = C. By the uniqueness of the expressions of elements of C,
e € Oy, and so Cf = Cy. Similarly Co™ = C,. Hence the result.

For any element a + vb € R, where a,b € GR(4,2), define a Gray map ¢ :
R — GR(4,2)* by ¢(a+ vb) = (a+ b,a). It can easily be proved that ¢ is a ring
isomorphism and can be extended (denoted by the same symbol ) componentwise
to ¢ : R" — GR(4,2)*". The Gray weight (wg) of any x = a + vb € R" is defined

as the Hamming weight of its Gray image, i.e., wg(z) = wy(p(z)) = wy(a+ b, a).

Lemma 4.7.3. The Gray map ¢ : R" — GR(4,2)*" is a GR(4,2)-linear and

distance preserving map.
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Proof: Let x = a+vb € R™ and ¢(x) = (a+b,a). Then clearly p(x+y) = ¢(z)+¢(y)
and ¢(ex) = ep(z) for any e € GR(4,2). Therefore ¢ is GR(4,2)-linear. Now

da(r,y) = we(r —y) = wu(p(z —y)) = wu(p(r) — ¢(y)) = du(p(z), p(y)). Hence
the result.

Theorem 4.7.4. Let C be a skew-linear code of length n over R. Then o(C) =
C1 ® Cy and |C| = |Ch]|Cy|. Moreover o(C) is also a skew-linear code of length 2n
over GR(4,2).

Proof: Since C = vC;+(1—v)Cy, where C, C; are as defined above. Let z € ¢(C).
Then there exists va+ (1 —v)b € C such that x = p(va+ (1 —v)b) = (a,b). It gives
r € C1 ® Cy, and so o(C) C C7 @ Cs.

Conversely, let (a,b) € C1 ® Cy. Since a € Cy and b € Cy, we have v = av+ (1 —
v)b € C. Also p(z) = (a,b), gives (a,b) = p(x) € ¢(C). Hence p(C) = C; ®@ Ch.
Also |C] = [@(C)], so |C] = [Ch]|C.

For the second part, since ¢ is a linear map, so ¢(C') is also a linear code. Also,

©(C) is obviously a code of length 2n. [

Theorem 4.7.5. Let C' be a skew-linear code of length n over R. If C' is self-dual,
then o(C) is a skew-linear self-dual code of length 2n over GR(4,2).

Proof: Let x =va+ (1 —v)b € C and y = ve+ (1 —v)d € C+. Then z -y = 0, and
soa-c=0and b-d=0. Also p(z) - ¢(y) = (a,b) - (¢,d) = (a-¢,b-d) = (0,0).
It shows that ¢(C+) C ¢(C)*". Further, we have |C| = 16", as C is self-dual and
IC||C+] = |R|™. Since |C] = |p(C)], we have |o(C)| = |o(C)")| = 16™. Hence
o(C) = p(C)". ¢(C) is thus a self-dual code of length 2n over GR(4,2).

Theorem 4.7.6. Let C be a skew-cyclic code of length n over R. Then ¢(C) is a

skew-2-quasi cyclic code of length 2n over GR(4,2).

Proof: Since ¢(C) = C; ® Cy, where both C; and Cy are skew-cyclic codes over

GR(4,2), therefore C1,Cy are left GR(4,2)[z, ©]-submodules of the left module

GR(4,2)[z,0]

o1y~ Now by the definition of a 2-quasi cyclic code, and the fact that o(C) is
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a GR(4,2)[z, ©]-submodule of the left module [%ggﬂ;@f, it follows that ¢(C) is

a skew 2-quasi cyclic code of length 2n over GR(4,2).

4.8 Conclusion

We have studied a class of skew-constacyclic code over a ring Z,+uZy, u?> = 0. A new
good Zg-linear code (6,4%22 2p) is obtained through this class. For even length,
dual of these codes are discussed and a relation between the generator polynomial
of a code and that of its dual is shown. These codes have been then generalized to
double skew-constacyclic codes, and we have obtained new good Z,-linear codes with
parameters (18,442' 10p), (18,4422 7)) and (18,4424 71) via the Gray map.
Further, we have extended this study by defining a class of skew-cyclic codes over

GR(4,2) + vGR(4,2),v* = v.



Chapter 4: Skew-constacyclic and Skew-cyclic Codes over Extensions of Z, 82




Chapter 5

Skew-cyclic Codes over Z, + wZ.y

with Derivation

5.1 Introduction

After their introduction by Boucher et al. [26], skew-cyclic codes have been gener-
alized in many ways [27, 28], 29, 58|, 06, [16], 48]. However, almost all this work has
been done in the setting of skew-polynomial rings with automorphism only. In [30],
Boucher et al. studied linear codes using skew-polynomial rings with automorphism
and derivation. In this chapter, we have considered a class of skew-cyclic codes in
the setting of the skew polynomial ring R[z,0, d], where R = Zy + wZ4,w? = 1; 0

is an automorphism of R, and dy is a derivation on R.

5.2 Properties of R =74+ wZy

In this section, we present some basic definitions and results that are necessary to
understand the further results.

We fix the notation R = Z4 + wZ4, w? = 1 for this chapter. Note that R =

Za|w)
(w?-1)"

An element a + wb € R is a unit if and only if exactly one of a and b is a

unit. Therefore the units of R are
1,3, w,3w,w+ 2,2w + 3,2w + 1, 3w + 2.

83
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In a finite ring, an element is either a unit or a zero divisor. Hence the non-units of

R are

0,3w+3,2w+2,w—+1,2,3w+ 1, 2w, w + 3.

There are total 7 ideals of R (including the zero ideal), and they form a lattice with

inclusion operation whose (lattice) diagram is shown in Figure [5.2]

R

(2w, 1 + w)

7N

(3 4+ w) (

—_

+ w)

(2 4+ 2w)

—~
=)
~

Figure: 5.2

In Figure 5.2 we have

(0) = {0},

(2w) = {0,2w, 2,2 + 2w},
(1+w)={0,1+w,2+ 2w,3 + 3w},

(34+w) ={0,w + 3,2w + 2, 3w + 2},

(24 2w) = {0, 2w + 2},

(2w1+w> {3w+3,0,2w+2,w+1,2,3w + 1, 2w, w + 3},
(1

)=

Thus R is a local-ring having (2w, 1 + w) its unique maximal ideal. To know more
about the ring R, we refer to [77, [93].
Define a map 6 : R — R such that

6(a +wb) = a+ (w+2)b.

One can easily verify that 6 is an automorphism of R. Moreover, since 62(z) = x

for all x € R, and 0 is not the identity map, the order of 6 is 2
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Definition 5.2.1. Let R be a finite ring and © be an automorphism of R. Then a

map Ag : R — R is said to be a derivation on R if
Ag(z +y) = Ao(x) + Ao(y) and Ae(zy) = Ag(z)y + O(2)As(y).
We define a map dy : R — R such that
dg(a+wb) = (1 +w)(A(a + wb) — (a + wb)).

That is, dg(a + wb) = (1 + w)(a + wb + 2b — a — wb) = 2b + 2wb.
Theorem 5.2.2. The map &g is a derivation on R.

Proof: Let x,y € R. Then by definition,

dp(x+y) = (I+w)((z+y)—(z+y))
= (I+w)((z) —2) + (1 +w)(0(y) —y)

= dg(x) + 0p(y).

Also,
op(zy) = (L+w)(0(zy) — zy)

= (1+w)f(z)f(y) — (1 +w)zy
= (1+w)f(2)0(y) — (1 +w)zy + (1 +w)d(z)y — (1 + w)d(x)y
= (1+w)o(z)(0(y) —y) — (1 +w)(z —0(x))y
= (x)(1+w)(0(y) —y) + (L +w)(0(z) —z)y
= dg(x)y + 0(x)0p(y)

Thus d is a derivation on R. |

The following table gives images of elements of R under dy.

T 0 1 2 3 w 2w 3w 14+ w
59(x) 0 0 0 0 242w 0 242w 242w

T 142w 1+3w 24w 242w 243w 34+w 3+2w 3+ 3w
do(x) 0 242w 242w 0 242w 242w 0 2+ 2w

Remark 5.2.2.1. We note that for n > 2, we have 6" (x) =0 for all z € R.
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5.2.1 Skew polynomial ring Rz, 0, Ag]

Let R be a ring with automorphism © and derivation Ag. Then the skew polynomial
ring R[z, ©, Ag] is the set of all polynomials over R with addition as the ordinary

addition of polynomials and multiplication defined by
ra = 0O(a)r + Ag(a) (5.1)

for any a € R, which is then extended to all elements of R[z, 0, Ag] in the usual

manner. The following example illustrates it.

Example 5.2.3. Let f = 2% + apz + ay and g = x + by are in R[x,0,0y]. Then

frg=a>+(ap+ Dz +a+by=g+ f.

Also,

fg = (%2 + apxr + al)(:c + bo)
= 2%(x + bo) + apx(x + by) + ay(x + by)
= 2% + box® + apx® + ao(0(bo)x + Sp(bo)) + arx + arby  (By Corollary|[5.2.6.1

= 133 -+ (bo + CL(]).Z‘2 + (aoe(bo) -+ (11)1’ + aoég(bo) + albg
and

gf = (x4+by)(2* +aor + ar)
= (2 + apr + ar) + bo(2® + apz + a1)
= 2+ (0(ap)x + dg(ag))x + (0(ay)x + Sg(a1)) + box? + boaox + boay
= 2+ (0(ap) + bo)x® + (Jg(ag) + 0(ar) + boag)x + dg(a1) + boay.
Therefore fg # gf. Thus R[x,0,dy| is a non-commutative ring.
Let R = {0,1,2,3,2w,1 + 2w,3 + 2w,2 + 2w}. Then R’ is a subring of R,
fixed elementwise by 6, i.e., #(a) = a for all @ € R?. Also §p(a) = 0 for all a € R’.
Therefore we have xa = ax for all a € R?.

As usual R[x,0, dg] is not a unique factorization ring, we often have more factors

of a polynomial in R[z,6,dy] than in R[z] (shown in Example [5.3.12 below).
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Lemma 5.2.4. Let a € R. Then 6(a) —a # 6p(b) for any b € R unless a,b both are
fized by 6.

Proof: Let 0(a) — a = dp(b) for some arbitrary fixed values of a and b. The only
possible values of dq(b) are 0 and 2w + 2. If dp(b) = 0, then a and b both are fixed
by 6 and we are done. Suppose dy(b) = 2w + 2. But 6(a) — a does not contain w,
we get a contradiction. Hence the result. [

If we consider the skew polynomial ring over R with automorphism only, i.e.,
R[z,0], then the center of R[z,0] is R?[x?] [74]. However, in the present case, i.e.,

in R[x,6,0q], we have the following result.

Theorem 5.2.5. A polynomial f(x) € R[z,0,0y] is a central element if and only
if f(z) € Rx] such that the coefficients of all odd powers of x belong to the set
S ={0,2,2w,2 + 2w}.

Proof: We prove the result for a polynomial of odd degree. It can be proved
similarly for polynomials of even degree. Let f(z) = fo+ fiz+- -+ fuz® € R[z,0, )

be a polynomial of odd degree. Suppose f(z) is a central element. Then

k
= 0o(fo) + D_(0(f;) + Go(fisr))a™ ' +0(fi)a™ ™ =D fia™.
' i=0

-
o

Equating coefficients of all terms to zero we get

(59<f0> - 0, (52)
(H(fl) _fz+60(f7,+1)) =0 fOTiZO,l,Q,"' ,k’— 1 (53)
0(fx) — e = 0. (5.4)

From Equations (3), (4), (5) and Lemma [5.2.4] we have all f;’s fixed by 6, i =
0,1, k.

Again since f(x) is a central element, we have f(z)a = af(x) for all a € R.
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Choose a € R, which is not fixed by 0, i.e., 8(a) # a. Then

0 = af(z) - f(z)a

k—l
k
= Y afix’ — Z(f2]a + foj+100(a Z fop10(a)z®
=0 7=0
= Z(af2y faja = fajr18(a))z® + > (afusr — faur16(a))z”
7=0

k <.
Il
= O

= Z(f2]+159 Z Forir(a — 0(a))z? .

<.

This implies that fo.1(a—60(a)) = 0 and fa;41(d(a)) = 0forall j,1 =0,1,2,--- 1,
Since all f; are fixed, the coefficients fo;,; which satisfy the above conditions are
precisely the elements of S. Combining both the cases we get the required result.

Conversely, suppose f(z) satisfies the given conditions. Then to show that
f(z)a(z) = a(z)f(x) for all a(x) € R[z,0,d), it is sufficient to show that
(aix")(f;27) = (f;a9)(a;z") for 0 < ¢ < deg a(z) and 0 < j < deg f(z). We
have

(a;x")(f;27) = a; fz' as all f; are fixed by 6. (5.5)

Also,
. . fiaxt, if § is even
(fa")(aia') = {7 . (5.6)
fi(0(ai)x + dg(a;))z =1 if 7 is odd.
If j is odd and f; € S, then f;dp(a) = 0 and f;6(a) = f;a for all a € R, and so (6)
gives

(fi2")(@iz') = f;(0(ai)x + 0g(a;))2™ ™" = fiam™. (5.7)

Therefore by (5), (6), (7), we have the required result. |

Lemma 5.2.6. For any element a € R, d¢(6(a)) + 0(dp(a)) = 0. Also, x%a =
ar®V a € R.

Proof: Let a = o/ + wb' € R. Then 6y(6(a)) = dp(a’ + (w + 2)b') = 2V + 2w/,
and 0(p(a)) = 020" + 2wb') = 2V + 2wb' = — (20" + 2wl’) = —5p(f(a)), which
proves the first part. Further, za = 0(a)x + dp(a). Multiplying both sides by
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z, we get x2a = xf(a)x + xd9(a) = [0%(a)x + do(0(a)]x + 0(6p(a))x + dg*(a) =
az® + [69(0(a)) + 0(p(a))]x + 8p°*(a) = ax?, using the first part of this lemma and
noting that dy*(a) = 0 for all a € R. |

Corollary 5.2.6.1. For any element a € R,

(0(a)x + dg(a))z™t, if n is odd
"a =

ax”, if n is even.

The ring R[z, 0, dy] is not a left/right Euclidean ring, so division algorithm does
not hold in it. But we can still apply division algorithm on some particular elements

of R[z,6,0g]. This is given by the next result.

Theorem 5.2.7 (Right division algorithm). Let f(z), g(z) € R[x,0, ] be such that
g(x) has leading coefficient a unit. Then

f(x) = q(z)g(x) + r(z)
for some q(x),r(x) € R[x,0, 0], where r(z) =0 or deg r(z) <deg g(x).

Proof: Let f(z) = fo+ fiz+ for® +- -+ fra” and g(x) = go+gro+goa® +- - -+ gs2°,
where g; is a unit. If r < s, then f(x) = 0- g(x) + f(z) gives the required result.
Suppose r > s. We define a polynomial h(z) = f(x) — A(x)g(z), where

(g )am5, if r — s is odd
Alz) = f0(957)

frgta" s, if r — s is even
Clearly, h(z) is a polynomial of degree one less than the degree of f(x). We prove
the result by implementing induction on deg f(x). Assume that the result is true
for every polynomial having degree less than deg f(z). Obviously result is true for
deg f(x) = 0. So let deg f(z) > 0. Since deg h(z) < deg f(z), there exist ¢;(z),
r1(z) such that h(z) = q1(z)g(z) + r1(x), where r(x) = 0 or deg 1 (z) < deg g(z)
and so f(z) = qi(x)g(x) +ri(x) + Ax)g(x) = (q(x) + A(x))g(z) +r1(z). Thus we
obtain f(z) = q(x)g(z) + r(z), where ¢(z) = ¢1(z) + A(z) and r(x) = r1(x). Hence
the result. |

(
);
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A left division algorithm can similarly be proved. In this chapter, division always

means a right division.

Example 5.2.8. Consider the polynomials f(x),g(z) € R[z,0,6] such that f(x) =
(14 w)x? + (24 2w)x + w and g(z) = wr + (1 +w). Herer = 2,58 = 1, fy =
1+w,g1 =w. Let A(x) = fo0(g7 " )z* ' = (1 +w)(w + 2)x = (3w + 3)z. Then

Alx)g(z) = (Bw+3)z(wz + (1 + w))

3w+ 3)(O(w)x + dp(w))x + (3w + 3)(0(1 + w)z + Jo(1 + w))

(
(
= Buw+3)(w+2)z+ 2+ 2w)z+ Bw + 3)(w + 3)z + 2 + 2w)
(w+1)2* +0x+02+0

(

w+ 1)z°

We define h(z) = f(z) — A(z)g(x) = (2 + 2w)xr + w. Now repeating the above
) = (2+2w)g(x)+w, and so f(x) = h(x)+A(z)g(z) =

(2+2w)g(x) +w+ Bw + 3)zg(z) = (24 2w) + (Bw + 3)z)g(x) + w. Therefore we

have f(x) = q(x)g(z) + r(z), where ¢(x) = (2 + 2w) + (3w + 3)x and r(z) = w.

argument on h(z), we get h(x

5.2.2 Gray map

On Zy, the Lee weight (wy,) is defined as wr(0) = 0, wr(1) = 1, w(2) =2, wr(3) =
1. The Lee weight wr(w) of a vector w € Z,* is then defined as the rational sum of

the Lee weights of its coordinates. Define a Gray map ¢ : R — Z,? such that
o(a + wb) = (b,a +b).

For any = € R, we define the Gray weight wg(z) of x as wg(z) = wr(¢(z)). The

Gray weights of the elements of R are as follows:

T 0 1 2 3 w 2w 3w 1+ w
wa(x) 0 1 2 1 2 4 2 3

T 1+ 2w 143w 24w 242w 243w 34+w 3+2w 3+ 3w
we(x) 3 1 2 2 2 1 3 3
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The map ¢ is extended componentwise to ® : R* — Z,*", and we define the
Gray weight of x € R™ as the rational sum of Gray weights of its coordinates.

Now onward, we write the parameters of a linear code C over Z, as (n, 4%2%2 d;),
and say that the type of the code is 4%12%2, where d; denotes the minimum Lee

distance of C.

Theorem 5.2.9. (Lee Distance Bound [39]) “If C is a linear code of length n over
Zy with parameters (n, 451282 dp), then dp < 2n —2k; — ky + 1.7

A linear code over Z, which satisfies the above bound with equality is called a

Mazimum Lee Distance Separable (MLDS) code.

5.3 dy-cyclic codes over R

In this section, we define a class of skew-cyclic codes over R and call them dg-cyclic
codes over R.

A linear code of length n over R is a submodule of R". By identifying R"

with Rgé’;"], where f(z) is an arbitrary polynomial of degree n over R, we can
associate a word a = (ag,aq,...,a,_1) to the corresponding polynomial a(z) =

ap+arz+ ...+ a,_12" . Moreover % is a left R[x, 6, dp]-module with respect

to the multiplication r(x)(a(z) + (f(x))) = r(z)a(x) + (f(z)).

Definition 5.3.1. A code C of length n over R is said to be a dg-linear code if it

is a left R|x,0,0q]-submodule of Rg&x’ge], where f(x) is an arbitrary polynomial of
degree n over R. In addition, if f(x) is a central polynomial in R[x,0, 6|, we call

C a central dg-linear code.

Definition 5.3.2 (dg-cyclic code). A code C' of length n over R is said to be dg-cyclic
code over R if C' is a dg-linear code and whenever ¢ = (¢, 1, ..., cn 1) € C, we have
Ts,(c) = (0(cn_1) + 0o(co), O(co) + dp(c1),8(c1) + dp(ca), ..., 0(cn2) + g(cn1)) € C,

where Ty, is the dg-cyclic shift operator.
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Lemma 5.3.3. If v(z) = vy + v12 + vex? + ... + v, 12" € % represents
the word v = (vg,v1,...,0,_1) in R™, then xv(x) represents the word (0(v,_1) +

dg(vo), 0(vg) + dg(v1),0(v1) + dg(va), ..., 0(vn—2) + dp(vp-1)) in R".

Proof: We have

n—1 n—1 n—1
() = z < Uil’i> = x(via') =D (0(v;)x + do(v;)) "’
i=0 =0 =0
n—1 n—1 n n—1
= O(v)z™ + " do(vi)x’ =D O(vim)a’ + ) do(vy) !
1=0 =0 =1 =0
n—1 n—1

=
= 2(9(%’1) + 6(vi))x" + (0(vn—1) + Sy (vp)) (since 2" = 1)
nz_:

1=0

where the indices are computed modulo n. Hence the result. [ |

Theorem 5.3.4. A code C of length n over R is a dg-cyclic code if and only if C'

is an R[x,0,0¢]-submodule of R, s, = Igjﬂ%‘i?}.

Proof: Suppose C is a dp-cyclic code of length n over R. Then for any c(x) € C,
the dg-cyclic shift, zc(x) also belongs to C' (by Lemma |5.3.3)), and hence z'c(z) € C
for all i € N. It follows that a(z)c(x) € C for all a(z) € R[z,0,0q]. Hence the result.

Converse is straightforward. |

Corollary 5.3.4.1. If C is a dg-cyclic code of even length n, then C' is an ideal of

_ R[z,0,00]
Ry g, = S22,

Proof: For even n, the ideal (2™ — 1) is a two sided ideal and so R, , is a ring.

Hence the result. |

Remark 5.3.4.1. A dy-cyclic code of an even length n over R is a central dg-linear

code. However, the converse is not true. This is shown by the following example.
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Example 5.3.5. Let C' be a code of length 4 over R generated by the right divisor
g(z) = (14+2w)z? =1 of f(x) = Qw+1)2*+(2w+2)z*+1 = (2 —1)((1+2w)z*—1).
Since f(x) is a central polynomial in R[x,0,064], C is a central dg-linear code. We
obtained, using MAGM A, that (3w + 1,3w + 2,3w + 1,w) € C, but its dg-cyclic
shift, i.e., (Bw,w+1,w+2,w+1) is not in C. Hence C' is not a §y-cyclic code over

R.

Theorem 5.3.6. Let C' be a dg-cyclic code of length n over R. Then we have the

following results:
1. C is simply a cyclic code of length n over R, if n is odd.

2. C'is a quasi-cyclic code of length n and index 2 over R, if n is even.

Proof:

1. Since n is odd, we have (n,2) = 1. Therefore there exist two integers a,b
such that na +2b =1 and so 2b = 1 — na = 1 4 nl, where | = —a (mod n).
Let c(z) = co+ 1z + -+ + ¢u_12" ! be a codeword. Now by Lemma [5.2.6]
2?c(x) = 2®(co + 1+ -+ 1™ Y) = o + 2T+ 2?0l
Therefore 22°c(x) = cox'™ + '+ .o e, 2O+ — cop 4y a? +

o+ + €y 1 + ¢, 1, which is the cyclic shift of ¢(x). Hence the result.

2. For any codeword c(z) in C, 2?c(z) € C and it represents the cyclic shift of ¢
by two positions (by Lemma |5.2.6)). Also, in general, C' is not cyclic. So 2 is
the smallest integer ¢ such that z'c(x) € C for any c(x) € C. Therefore C' is

quasi-cyclic code of index 2.

Theorem 5.3.7. Let C' be a dg-cyclic code of length n over R such that C' contains
a minimum degree polynomial g(x) with its leading coefficient a unit. Then C' =
(g(x)). Moreover g(z) | (z" — 1) and the set {g(z),zg(x),... ,an—deg 9@)=1g(z)}

forms a basis for C.
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Proof: Since C contains a minimum degree polynomial having its leading coefficient
a unit, the proof follows from similar arguments as in the case of finite fields [96].

The converse of Theorem [5.3.7 is also true.

Theorem 5.3.8. Let C' be a free dg-cyclic code of length n over R. Then there exists

a minimum degree polynomial g(x) such that C = (g(x)) and g(x) | 2™ — 1.
Proof: Straightforward. [

Example 5.3.9. Let C be a dg-cyclic code of length 6 over R generated by the right
divisor g(x) = (w+2)x® 4+ 22% 4+ 3w of 2% — 1. Then the set {g(x), zg(z),x*g(x)} =
{(w+2)x® + 222 4 3w, wrt + 2w + (3w + 2)z + 2w + 2, (w + 2)2° + 22* + Jwa?}
forms a basis for C. Therefore C has cardinality 163.

Now we present a form of the generator matrix of a free dg-cyclic code of length
n over R.
Let C' = (g(x)) be a dg-cyclic code of length n over R generated by a right divisor

g(x) of 2™ — 1. Then the generator matrix of C'is an (n — k) X n matrix

9(x)
zg(x)
G = ?g(x) ,

l’n_k_lg(l’)

- - (n—k)xn

where g(x) = go + g17 + gox® + - - - + gpz®. More precisely, if n — k is even, then G =

90 g1 92 Ik 0 0
d9(g0) 6(g0) +3d0(g1) 6(g1) +3d6(g2) -+ O(gr—1) +0(gr) 0(gr) 0
0 0 9o 9k—3 Jk—2 0

0 0 d0(g90)  0(go) +da(91) w0 0(gr—1) +d0(gr)  O(gr)
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and if n — k is odd, then

go g1 g2 9k 0 0

d9(go) 0(go) +9(g1) 0(g1) +e(g2) - O(gk—1)+0e(gr) O(gx) -+ O

G = 0 0 go 9k—3 Jk—2 0
0 0 0 go- - Jk—2 k-1 Ik

For example, for the dyg-cyclic code C' given in Example [5.3.9 the generator matrix

of C' can be given as

3w 0 2 w+2 0 0
2w+2 3w+2 0 20w 0
0 0 3w 0 2 w+2

5.3.1 Residue and torsion codes

In this sub-section, we study the residue codes and torsion codes associated with

linear codes over R.

Definition 5.3.10. Let C' be a linear code of length n over R. Then
Res(C) ={z: x+wy € C for some y € Z,"}

and

Tor(C)={z: wreC}
are called the residue code and the torsion code, respectively, of C.
Res(C') and Tor(C') are linear codes of length n over Zy.
Theorem 5.3.11. Let C' be a linear code of length n over R.

1. If x + wy € C, then x,y € Res(C), and hence Res(C) = {y |  + wy €

C' for some x € Z4"}.

2. Tor(C) C C, hence min{dy(Tor(C))} > min{d(C)}.
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Proof: For first part, since z +wy € C, we have wz +y € C as w? = 1. This gives
y € Res(C). Also  +wy € C implies € Res(C). The proof of the second part is
straightforward. [

Example 5.3.12. Let f(z) = 2% — 1. Then two different factorizations of f(x) are
as follows:
-1 = (2> -1 +2* +22+1)
= (3w +2)2? 4 2wz + w + 2)((Bw + 2)2° + 2wz® + (3w + 2)z* + (3w + 2)2? + 2wz + 3w + 2).

Consider two distinct factors of degree 6 of 28 — 1 as fy = a8 + 2t + 22+ 1, fo, =
(Bw + 2)25 + 2wx® + (3w + 2)z* + (3w + 2)2? + 2wz + 3w + 2. Then we have dg-
cyclic codes Cy = (f1) and Cy = (f2) of length 8 over R. A spanning set for C; is
{fisxfi} fori=1,2. Moreover, Cy exists due to the factor fy, which exists only in
Rz, 0,0¢], not in R[z| or R[z,0]. Now ®(C}) and ®(Cs) are linear codes of length
16 over Z, having parameters (16,44, 4), (16,4%,8), respectively. Also Res(C}) has
the parameters (8,42,4) and Res(Cy) has the parameters (8,42,8)*, which is a good

linear code over Z4 [8].

Example 5.3.13. Let C be a §yg-cyclic code of length 9 over R generated by g(x) =
3284+ 2wx"+ (w+1)x8+ (2w+2) 25+ 2wat + (w+2) 23+ 22% + (w+2)z+w+2. Consider
a subcode Cy of C having spanning set {g(x), zg(z), 2%g(z), 23g(x), z*g(x)}. Now the
parameters of ®(Cy) are (18,4, 4) and the parameters of Res(C) are (9,432 2).
Res(Cy) is a new good linear code over Zy and has twice as many codewords as in
the existing best known code with comparable parameters [8]. A generator matriz of

Res(Cy) over Zy is given by

100 00O0O0O01
01 00O0O0O0O01
0010O0O0O0O0T1
0001O0O0O0O01
000O0O1O0O0O01
000O0O0O1O0O0T1
000O0O0O0OT1O01
000O0OO0OO0OO0OT11
000O0O0O0OO0OGO0 2
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Further, let Co = {(u | u+v) | u,v € Res(Cy)}. Then the parameters Cy are
(18,4622 2) which is a new good linear code over Z,y and improves the minimum
Lee distance of code by 1 when compared to existing best code with comparable pa-

rameters [§].

Example 5.3.14. Let C be a dg-cyclic code of length 4 over R with generator matrix

14+ w w 1 0
242w 1+3w 24w 1
1 0 14+w w

Then ®(C') has parameters (8,4%,2), which is a best known linear code over Zj.

Also Res(C) has a generator matriz

0
0
1
0

N = =

10
0 1
00
_00 .

The parameters for Res(C) are (4,432, 2), which is a best known good code over Z,.
Moreover Res(C') is an MLDS code. Now let C; = {(u | u+v) | u,v € Res(C)}.
Then C} is an (8,4%22 2) code over Z,, which is a new good linear code over Z,
and improves the minimum Lee distance by 1 when compared to existing best known

code with comparable parameters [8].

Table 5.1: Some good linear codes over Zy
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®(C) Res(C) cr

Set of generators (n,4¥1282 ) (n,4ki2k qp) (047124, dp)
{91(2), 291 (2), 221 ()} 10.45.2)  (5.4091,2)  (10,4%22.2)"
{92(2), 2g2(), 2°ga ()} (20,46, 8) (10,45,4)r  (20,412,4)"
{g3(2), zg3(x), 2%g3(x)} (20,45, 6) (10,45,6)  (20,41,6)
{94(2), 294 (), 22 g4(x), 2394 () } (24, 48, 6) (12,48,4)  (24,41%,4)"
{g5(2), 2g5(x),a%g5 (x),cgs(2)}  (28,4%,6) (14,485 (BBA00)
{g6(x), zg6(), 2%g6(x), 23 g6 () } (30,48, 6) (15,48,6)*  (30,41,6)
{g7(2), 2gr (@), 2297 (x), 2 g7 (x)} (36,48, 8) (18,48,8)  (36,41.8)"

Table shows some good linear codes that we have obtained over Z, via the

Gray images and residue codes of skew-linear codes with derivation (not necessarily

dg-cyclic codes) over R. In table , we have

C*={(u|u+v):u,v € Res(C)}, * := Existing good code, ** := New good code,
and
g1(x) = 2wzt + 2% + (w + 2)2? + 2wz + (w + 1)
ga(z) = wa® + (w4 1)a® + 2wa” + (w+2)2® + 22° + (w + 1)z* + 22 + wzr + (w + 1)
g3(x
ga(z) = 22 + wa'® 4 22° + (w + 1)2® + 2wa” + (w + 1)2°® + 22° + 2wz + (3w +

)

) = wa®+(w+1)z®+ (Bw+3)z"+ (2w +2)2° + (3w +2)2° + 22* + 2? + wr +w+1
3)z® + (2w + 3)2? + (w + 2)x + 2

g5(z) = 2wz + (w + 1)z + wz™ + (w+ 2)2'0 + 22° + (w + 1)2® + 2w + (w +
)28 + 22° + wat + (w + 3)2® + 222 + 22 + 2

_ 14 13 12 1 10 9 8 7
o(z) =
g6(x) = (w+ 1)z™* + 227 + (w + 1) + 22" + w2 + 227 + (w + 1)2° + 2wa” +
(w+1)x8 + 22° + (2w + 3)z* + 32% + (w + 2)2? + 2z + 2
g7(x) = 227 + 2210 + 2215 + (3w + 3)a™ + (2w + 2)2'3 + (w + 1) 22 + 221! + w2’ +
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22° + (w+ 1)2® + 227 + (w + 1)2°® + 22° + 2wa* + (w + 2)2® + wa? + (w + 2)z + 2

5.4 Duals of dy-cyclic codes over R

In this section, we find the structure of the dual of a free dg-cyclic code of even
length n over R.
To determine a generator matrix of the dual of a free dg-cyclic code C, we need

to find the parity-check matrix of C'. For this, we first require some lemmas.

Lemma 5.4.1. For even n, x™ — 1 is a central element of R[x,0,dy|, and hence

" — 1= h(x)g(x) = g(x)h(x) for some g(x), h(x) € R[x,0, ).
Proof: The proof is similar to the proof of Lemma in Chapter [4] |

Remark 5.4.1.1. If C is a dg-cyclic code generated by a minimum degree polynomial
g(x) with its leading coefficient a unit, then there exists a minimum degree monic

polynomial ¢'(x) in C' such that C' = (¢'(x)).

Lemma 5.4.2. Let C' be a dg-cyclic code of even length n over R generated by
a monic right divisor g(x) of 2™ — 1. Then v(z) € Ry, s in C if and only if
v(z)h(z) =0 in R,s,, where x™ —1 = h(z)g(x).

Proof: Suppose v(xz) € C. Then v(z) = a(x)g(z) for some a(z) € R,s,. So
v(z)h(z) = a(z)g(z)h(z) = a(z)h(z)g(x) = 0 in R,s (by Lemma [5.4.1). Con-
versely, suppose v(z)h(x) = 0 in R, s, for some v(z) € R, ;5. Then there exists
q(z) € R[x,0,0q] such that v(x)h(x) = q(z)(z" —1) = q(x)h(x)g(x) = q(x)g(z)h(z).
Since h(x) is regular, v(x) = g(x)g(x). Hence the result. |

Lemma 5.4.3. Let a € R be a unit in R. Then 0(a) + dg(b) is a unit for all b € R.

Proof: Let d = 0(a)+dy(b), where a,b € R such that a is a unit. Let 6(a) = a+wp.
Then o + wpf is a unit, and hence either a or § is a unit but not both. We know
dg(D) is either 0 or 2w + 2 for all b € R. If dy(b) = 0, then we are done. Otherwise
d=(a+2)+w(f+2). Also, any ¢ € Z, is a unit if and only if ¢ + 2 is a unit.

Hence d is a unit. [ |
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Theorem 5.4.4. Let C = (g(z)) be a principally generated dp-cyclic code of even
length n over R such that ™ — 1 = h(z)g(z) for some h(z) = ho + hix + hoz? +
-+ hypa® € R[x,0,6], where k is odd. Then the matriz H =

[ hy, O(hx—1) + o(hi) hr—2 - 0(ho) + do(h1) 0 ]
0 0(h) h_1 - ho do(ho)
0 0 hi  hk—o O(hg—3) +dg(hg—2) -+ - 0

i 0 0 hk‘ 9(hk,1) +53(hk-) hl e(ho) +§9(h1) i

is a parity-check matriz for C.

Proof: Let ¢(x) € C. Then by Lemma [5.4.2) we have c(z)h(z) = 0 in R,,.
Therefore the coefficients of 2%, 2% ... 2" 1 in [co+ 12+ co® + - + ¢ 02" 2 +

Cn12" H[ho + hix + hox® + - - + hp_12% 1 + hya¥] are all zero. So we have

cohy + ¢1 (Q(hkfl) + 59(hk)) + cohp_o+ -+ Ck(e(ho) + 59(}11)) = 0

c1(0(h)) + cahg—1 + c3(0(hg—2) + do(hi—1)) + -+ + cry1ho + cry209(ho) = 0
cohy + c3(0(hg—1) + d0(hi)) + cahgp—z + - - - + coy1hs + cey2(0(ho) +9g(h1)) = 0
Cp—k—1hp + Cn_k(e(hk_l) + 59(hk)) + -+ cp—oht + Cn_l(e(ho) + 59(h1)) = 0.

From these equations, it is clear that for any ¢ € C, cH” = 0, and hence GH”' = 0.
Now each row of H is orthogonal to each ¢ € C, so span(H) C C*. Moreover,
H contains a square sub-matrix of order n — k (by taking first n — k coordinates
of each row) with non-zero determinant, as it is a lower triangular matrix with all
diagonal entries units (by Lemma. This implies that all rows of H are linearly
independent. Therefore |Span(H)| = |R[*7*. Also |C||C*| = |R|" and |C| = |R|*
give |Ct| = |R|"*. Hence Span(H) = C*, and so H is a parity check matrix of
C. |

The above result can similarly be proved for the case when £ is even. In this

case, matrix H is given as:
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hi  0(hk—1) + g () hi—2 ho 36 (ho)
0 0(hy) hr—1 hy 0(ho) +3dp(h1) - 0
0 Ry ha 0(h1) + d¢(h2)
0 0 o(hy,) hp—1 hi 6(ho) + dg(h1)

Example 5.4.5. Let C' be a dg-cyclic code of length 6 generated by the polynomial
g(z) = (w+2)23+22%+3w such that 2°—1 = (w3 + 2wz +w)(w+2) 23 +22* +3w).
Let h(z) = wa® + 2wa® + w. Then a parity check matriz of C (by Theorem [5.4.4))

s given by

w 2 0 w+ 2 0 0
H=10 w+2 2w 0 w24+ 2w
0 0 w 2 0 w + 2

One may verify that GHT = 0 and the rows of H are linearly independent. Therefore
H forms a parity check matriz for C.

5.5 Double dy-cyclic codes over R

In this section, we study double dg-cyclic codes over R.

For any d € R and v = (ag, a1, ,aa_1,b0,b1, -+ ,bg_1) € R**P we define
dv = (dao, dCL17 cee ,daa_l, dbo, dbl, ce ,dblg_1>.
With this multiplication, R**# is an R-module.

Definition 5.5.1. For an element v = (ag, a1, ,aa_1,b0, b1, ,bg_1) € R*P,
the 6p(cv, B)-cyclic shift of v, denoted by *Ts,(v), is defined as

*PTs,(v) = (0(aa—1) + dp(ao), 0(ao) + do(a1), 0(a1) + dp(az), - ,0(aa—2) + dp(aa—1),
B(bs_1) + 89(bo), 0(bo) + 85(b1), B(b) + S9(ba), - - ,0(bs—s) + S(bs_1))-

A double dp-linear code is an R-submodule of R+,
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Definition 5.5.2. A double dy-linear code C' is called double dg-cyclic code if C' is
invariant under the dg(cv, 8)-cyclic shift “°T;,.

In polynomial representation, R, s = I?Lﬁ’e’i‘;] X }E[x 5 5? is a left R[z, 0, 0]-module.
It can easily be seen that if ¢(z) = (ci1(z) | c2(x)) € Rap represents the word

c € R**P then zc(x) represents the dg(a, 3)-cyclic shift of c.

Theorem 5.5.3. Let C' be a dg-linear code of length n = a+ 3 over R. Then C'is a
double dg-cyclic code if and only if it is a left R[x,0, dg|-submodule of the left-module
R[z,0,00] /{x®* — 1) x R[x,0,80]/{z" —1).

Proof: Suppose C' is a double dg-cyclic code. Let ¢ € C, and let the associated
polynomial of ¢ be c¢(z). As zc(x) is a dy(a, B)-cyclic shift of ¢, so zc(z) € C.
By linearity of C, r(z)c(z) € C for any r(z) € R[x,0,04]. So C is left R[x,0, ]

submodule of R, 3. Converse is straightforward. n
Theorem 5.5.4. A double dg-cyclic code of length n = o+ [ is a double cyclic code

if a and B both are odd integers.

Proof: Let C be a double dyg-cyclic code. Let v = lem(a, ). Then ~ is odd, and
so ged(7y,2) = 1. Therefore there exist two integers a, b such that ya + 2b = 1 and
so 2b = 1 —~va = 1+ 4l for some [ > 0, where [ = —a (mod 7). Let ¢(x) =
(a(z) | b(z)) € C, where a(z) = Y07 a;z' and b(z) = 0 biz’. Then

a—1 ) -1 ) a—1 ) B—1
2Pe(z) = 2 a' | D bt =) a;x T | > b T2
i=0 i=0 i=0 i=0
a—1 B—1
_ Z aiwi—l—l—l—vl | Z bixi—f—l—i—'yl
i=0 =0

a—2 a—2
_ (Z Zmz+1+'yl + aa_lxoﬂr’yl ‘ Z ailerlJr'yl + aﬂleJr“/l)
=0 1=0

a—2 B—2
= ( aiz™ 4+ aq_q | Z a; x4 a5_1> , (since x* = 2P =27 = 1).
=0 i=0

Thus 2?°c(x) = (a'(x) | ¥/ (x)), where d/(z), V' (z) are cyclic shifts of a(x) and b(z),

respectively. Hence C' is a double cyclic code. |
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Theorem 5.5.5. Let C7 and Cs be two free dyg-cyclic codes of lengths ny and ns
over R having monic generator polynomials g1(x) and go(x), respectively, such that
g1(z)|z™ —1 and g2(x)|x™ —1. Then a code C' generated by g(z) = (g1(x) | g2(z)) is
a double dg-cyclic code and A = {g(x),zg(x),--- , 2" g(x)} is a spanning set of C,
where | = deg h(x) and h(z) is the least left common multiple of hi(x) and ho(z).

Proof: Let 2" — 1 = hy(z)g1(x) and 2™ — 1 = hao(z)ga2(x) for some monic poly-
nomials hy(z), ho(z) € Rlz,0,00]. Then h(x)g(z) = h(z)(g:1(x)|g2(z)) = 0, as
h(x)gi(x) = W (z)hi(z)g;(x) = 0 for i = 1,2. Now let v(z) € C be any non-zero
codeword in C. Then v(x) = a(z)g(z) for some a(x) € Rz, 6, 0q4]. By the division
algorithm, we have a(z) = q(z)h(x) + r(z), where r(z) = 0 or deg r(z) < deg h(x).
Then v(z) = a(x)g(x) = r(x)g(z) = 0. Since r(z) = 0 or deg r(z) < deg h(x), the

result follows. [ |

Example 5.5.6. Let C be a double dg-cyclic code of length n = 10(= 6+4) over R,
which is principally generated by g(x) = (g1(x)|g2(x)), where gi(x) = wa+2wz?+w
and go(x) = 2% + 2wz + 1 such that g;(z)|2® — 1 and go(x)|z* — 1. Now let h(x) be
the least left common multiple of hi(x) and hy(x). Then deg h(x) = 5. Therefore
the set {g(z),rg(z),x?g(z),x3g(z), 2 g(x)} forms a spanning set for C. Hence a

generator matriz of C' is

[ w 0 Qw  w 0 0|1 2w 1 0]
2w+2 w+2 0 2 w+2 00 1 2w 1
0 0 w 0 20 w| 1 0 1 2w
w+ 2 0 2w+2 w42 0 22w 1 0 1
| 2w w 0 0 w 0] 1 2w 1 0 |

The parameters for ®(C) are [20,4°,4]. Moreover, Res(C) and Tor(C) have the
parameters [10,452% 2] and [10, 4321, 4], respectively.
In Table 2, we present some good linear codes over Z4 as Gray images and residue

codes of double skew-linear codes with derivation (not necessarily dg-cyclic codes)

over R.
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Table 5.2: Some good linear codes over Zy4

Set of generators (n,M,dr) (n, 451282 d;) (n,4F12F2 dp)
{ho(x), zh ()} (10,128,2) (54321 2+  (10,492%,2)

{1 (), wha (), 2%ha (2)} (12,4006,2)  (6,4°21,2)  (12,4192%,2)7
{ha(x), wha(x), 2*ha(x), 23ha(z)} (14,65536,2) (7,461 2  (14,412%,2)
{hs(x), hs (@), 23ha(z), 2%hs(x) } (16,65536,4)  (8,47,2)  (16,4'%,2)7

In Table 5.2, we have C* = {(u | u+ v) : u,v € Res(C)}, * := Existing good code,

“*:=New good code, and
ho(x) = ((2+ 3w) + (14 2w)z + wa? | 2w + (2 + 2w)x),

hi(z) = (3w +2) + (1 + 2w)z + wa® | 2+ (1 + 2w)x + 2wa?),
ho(z) = (1 +w) + (14 2w)z + (2 + w)z? + w2® | 1+ 2wz + (w + 1)z?),
ha(x) = (1 +w) + (1 +2w)x + (2 + w)x® +wr® | 14 2wx + (w + 1)a® + 2wz?).

Remark 5.5.6.1. The codes whose parameters are written in bold letters in Table
1 and Table 2 have improved the parameters of the existing codes having comparable

parameters.

5.6 Conclusion

We have studied a class of skew-cyclic codes over R = Zj + wZy,w? = 1 with
derivation. We have studied these codes as left R[z, 0, dp]-submodules. A Gray map
is defined on R, and some good linear codes over Z, via Gray images, residue codes
of these codes have been obtained. The generator matrix of the dual code of a free
dg-cyclic code of even length over R is obtained. These codes are generalized to
double skew-cyclic codes with derivation. All new linear codes over Z4, obtained in

this paper, have been reported and added to the database of Zs-codes. It will be
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interesting to obtain criteria under which the dual of a free dy-cyclic code of even

length over R is a dy-cyclic code of same length.
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Chapter 6

2D-Skew Cyclic Codes over
Fg +wlFy

6.1 Introduction

Cyclic codes have been generalized in many ways [7, 6], [9, 104 27, 29, 28, [58]. One of
the generalizations of cyclic codes is 2D cyclic codes, which were first introduced by
Ikai et al. [52] and then further studied by Imai [54]. Some other authors have also
studied this class [53] [70l 105]. Recently, Li & Li [65] have introduced a generaliza-
tion of 2D cyclic codes over finite fields, wherein they have studied 2D skew-cyclic

codes of length ml over F, as left F [z, y, 61, 65]-submodules of %,

where
01,0, are two commuting automorphisms of F,. In this chapter, we generalize this
work and study 2D skew-cyclic codes over the ring R = F, + wF,, w?* = 1. We have

obtained the generating sets of all possible forms of these codes.

6.2 Properties of the skew polynomial ring (F, +
wIFQ) ['CC7 Y, ‘917 92]

Let R = F,+wF,, w?* = 1, where ¢ = p", p a prime. R can be viewed as the quotient

ring <5‘§[ﬂ> and is a semi-local ring with two maximal ideals namely (1 + w) and

(1 —w).

107
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Theorem 6.2.1. An element a + wb € R is a non-unit iff a = +b.
Proof: The proof is similar to that of Theorem in Chapter 3 |

Corollary 6.2.1.1. An element of R is a non-unit iff it is of the form a(1 £ w) for

some a € IF,.

We define a Gray map ¢ : R — F 2 such that
¢(a+wb) = (bya+b).

¢ can be extended componentwise to ® : R" — IFqQ". ® is a linear map. Further,
we define the Gray weight we(z) of any z € R" as wg(z) = wy(P(z)), where wy
denotes the Hamming weight.

We define a bivariate skew polynomial ring over R = F, + wF,,w?* = 1, and
study some properties of the same structure. For this, we first consider two types

of automorphisms # and o; on R, defined as
f(a + wb) = a — wb,

and
oila+wb) =a” +wb”, i<r i|r.
One can easily verify that # and o; are automorphisms of R and 6o; = ¢;0 for all <.

We use the notation

E={o;: i<r i|r}.

Further we have |o;| = r/i.
Let R be a finite commutative ring with identity and let 61,6, be two auto-
morphisms of R such that 6,6, = 6,6;. Then the bivariate skew polynomial ring

R[z,y,01,0-] is the set of bivariate polynomials over R, i.e.,

Il
=)

I—1m—1
Rlz,y,61,0:] = { Z a;i ;'Y 1 ai; € R; myl € N} ,
i=0 j=0

in which the addition is defined as the ordinary addition of polynomials but the

multiplication is defined by the rule

ziyla = Gliﬁgj(a)xiyj,
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which is then extended to all elements of R[x,y, 60,02 in the usual way. Let
f(z,y),9(x,y) € Rlz,y,01,02]. Then g(x,y) € R[z,y,0:,0-] is said to be a right
divisor of f(z,y) if there exists a q(z,y) € R[z,y,01,0,] such that f(z,y) =
q(z,y)g(x,y). In this case, f(z,y) is called a left multiple of g(x,y), and g(x,y)
is called a right divisor of f(x,y). In the sequel, division always means right divi-
sion.

Let < be the usual lexicographical order on Z x Z. Then for any («a, ), (¢/, 8) €
Z x 7, we have (o, ) =< (o, ") iff a <o ORa=d,5 <. If (a,B) < (), )
and («, 5) # (o, 5'), we write (o, f) < (o/, 8'). =< is a total order on Z x Z.

For any polynomial f(x,y) € Rlz,y, 01, 0s], define
Vi ={(z1, 22) | f(x,y) contains a term az*y**, a € R,a # 0}.

We define the lex-degree of f(z,y) as the greatest element of V; w.r.t the total order
=< on V}, and denote it by lexdeg f(z,y).

We extend the lexicographical order < to R[z,y,0;,0s] as follows. For any
f(x,y), 9(z,y) € Rlz,y, 01, 0], we define f(x,y) =X g(z,y) iff lexdeg f(z,y) = lexdeg
g(x,y). Further we consider the zero polynomial to be the smallest element in this
ordering.

The lex-leading term of a non-zero polynomial f(z,y) is the term of f(z,y)
corresponding to its lex-degree. The lex-leading coefficient of f(z,y) is the coefficient
of its lex-degree term.

We define another partial order < on R[x,y, 01, 6] as follows. If lexdeg f(x,y) =
(a, 8) and lexdeg g(x,y) = (a/,3'), then f(z,y) < g(z,y) if @ < o’ and § < 3,
with the usual less than or equal to relation. The dual of the partial order < on

R[z,y,01,0s] is denoted by the usual notation >.
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6.3 2D skew-cyclic codes over R = I, + wF,

Definition 6.3.1. Let R be a finite commutative ring with identity, and let © be an
automorphism of R. Then a code C' is said to be a skew quasi-cyclic code of length

ml and index m over R if

1. C is an R-submodule of R™, and

2. for any c = (00,0700,17 5 C0m—1,€1,0,C1,1,° " s Clm—1," " 5 C1—-1,0," 7Cl—1,m—1)
in C; we have (6(6171,0)7 T 7@(cl71,m71))7 @(CO,O>7
G)(CO,l)y ce ,@(Co,mA), @(01,0), @(01,1)7 co 7@(Cl,m71)7 co 7@(0172,0), ce 7@(Cl72,m71))

1s also in C.

Let C' be a linear code of length n over R, where n = mil. Let ¢ =
(ag, a1, ,a,_1) € C. Then ¢ can be represented as an [ x m matrix as follows.
ao,0 g1 v ot Qom—1
ai,0 ayqr v o Alm—1
CcC =
aj-1,0 ai-1,1 - 0 A_1,m—1
(Ixm)

Define two codes C; and Cy associated with C as follows:

ao,0 ap1 vt -t G0m—1
aio ai1 o s Glm—1
C1 =< (a0,0, -+ ,a0,m—1,""" ,G1—1,0," " ,G—1,m—1) : C= . . ) . . eC
a—10 @-11 0 G—1m—1
ao,0 ap,1 vt ot Gom—1
aio ai1 - s Glm—1
C2 = < (@0,0, "+ ,@1-1,0," " ,80,m—1,""" ,Q—1,m—1) : C= . . ) ) . eC
a—10 @-1,1 o A—1m—1

Definition 6.3.2. Let 6; and 0y be two commuting automorphisms of R. Then a
set C' is said to be a 2D skew-cyclic code of length n (= ml) over R if

1. C is an R-submodule of R",
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2. the associated codes C and Cy of C' are skew quasi-cyclic codes of indices m

and | with automorphisms 61 and 0, respectively, over R.

Remark 6.3.2.1. We denote a 2D skew-cyclic code over R, with automorphisms 61
and 0y by Cy, g,. In particular, if 05 is the identity map, we simply write Cy, 1 = C, .

In polynomial notation, to each word a € R", where n = ml and

Q0,0 Qo1 v 0 Aom—1
1.0 aryp ot Alm—1
a= ,

ar—10 Qar-11 - 0 A—1m-1
: . . . R A v | i, g
in matrix form, we associate the polynomial a(z,y) = 3,257 a2y’ €

R[z,y,01,0 L

Ry = Hzy01,05] g gives a one-to-one correspondence between R"™ and

<Il_17 ym_1> )

Ry The multiplication of two elements a(x,y) and b(x,y) in R,,; is defined
as a(z,y)b(z,y) mod (2! — 1,y™ — 1), where a(x,y)b(x,y) is the multiplication of
a(x,y) and b(x,y) in the bivariate skew polynomial ring R[z,y, 6, 0s]. With this
multiplication, the set R,,; forms a left Rz, y, 61, 6]-module.

Theorem 6.3.3. A linear code of length ml over R is a 2D skew-cyclic code over

R iff it is a left R[zx,y, 01, 0:]-submodule of M

xlflz ym71> ’

Proof: Let C be a 2D skew-cyclic code over R. Then for any c(z,y) € C, xzc(z,y)
and yc(z,y) are also in C'. This implies that r(z,y)c(z,y) € C for all r(z,y) €
Rlz,y,01,05]. So C is a left Rlz,y,0;,05]-submodule of %. Converse is

straightforward. [ |

Theorem 6.3.4. Let C' be a 2D skew-cyclic code of length ml over R. If the order
of 01 divides | and the order of 0y divides m, then the following hold.

1. The polynomials ' — 1,y™ — 1 € Rz, y, 01,05] are in Z (R[z,y,01,05]), where
Z (Rlx,y,bh,0s]) is the center of R[z,y,01,02).

2. C is an ideal of% .
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3. A right divisor of (x' — 1)(y™ — 1) is also a left divisor of (z! — 1)(y™ — 1).
Proof:

1. Straightforward.

2. By part 1, (z!—1,y™—1) is a two sided ideal, and so the quotient set %

is a ring. Hence the result.

3. Let g(x,y) be a right divisor of (x! — 1)(y™ — 1), so that (2! — 1)(y™ — 1) =
h(z,y)g(x,y) for some h(x,y) € R[z,y,01,0s]. Since the lex-leading coefficient
of (z!—1)(y™—1) is a unit, g(x,y) and h(z,y) can be taken such that their lex-
leading coefficients are units. Now since (z'—1)(y™—1) is a central polynomial,
(¢! =)(y™ = Dh(z,y) = h(z, y)(«' = 1)(y™ = 1), and so h(z, y)g(x, y)h(z,y) =
Wz, y)h(z, y)g(x,y), which gives g(z,y)h(z,y) = h(z,y)g(x,y), as h(z,y) has

its lex-leading coefficient a unit and hence not a zero-divisor.

[

Now we consider 2D skew-cyclic codes over R = F, + wF,, w? = 1. Further we

take 01 = 0 and 0y = o, where 0 € E = {0, : i < r,i| r}, o; as defined in Section
6.2

We extend the definition of the consistent set, given in [65] for the case of finite

fields, to the present case as follows.

Definition 6.3.5. Let M be a left submodule of %. Then a minimal set

B =A{f1,f2, -, fs} C M is called a consistent set of M if it satisfies the following

conditions:

1 fi# fiy 1<i,j<s, i#], if the lex-leading coefficients of f;, f; are either

both unit or both non-units.

2. for any f € M such that the lex-leading coefficient of f is a unit, there exists

some f;,1 <1 < s, with its leading coefficient a unit such that f > f;.
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3. for any f € M such that the lex-leading coefficient a non-unit, there exists

some f; € 5,1 <5 <s, such that f > f;.

Theorem 6.3.6. Let f(x,y),g(x,y) be two polynomials in R|x,y,0,0] such that
f(z,y) > g(x,y) and the lex-leading coefficient of g(x,y) is a unit. Then there exist
two polynomials q(x,y) and r(x,y) in R|x,y,0,0] such that

flz,y) = q(z,y)g(x,y) +r(z,y),

where r(z,y) =0 or r(z,y) # g(z,y).

Proof: The proof is similar to that of Theorem 2.7 in [65]. |

Theorem 6.3.7. Let C be a 2D skew-cyclic code of length ml over R. If C has a
consistent set B = {f1, fa, -+, [s} such that the lex-leading coefficient of each f; is
a unit, then C' = (f1, fo, -+, fs).

Proof: After reordering the polynomials in B, if necessary, we may assume that
fi > fa = -+ = fs. This strict ordering is possible because f; # f; for i # j. Let
f(z,y) € C. Then by the definition of the consistent set, there exists a polynomial
fi, € B such that f(z,y) > f;,. Since the lex-leading coefficient of f;, is a unit, by
Theorem [6.3.6] there exist polynomials ¢(z,y),71(z,y) € R[z,y,0, o] such that

f<x>y) = ql(x>y)fi1 + Tl(xﬂy)a

where ri(z,y) = 0 or r(z,y) # fi. Now ri(z,y) € C as C is a linear
code. Therefore there exists a polynomial f;, € B such that r(xz,y) > fi,.
Again from Theorem [6.3.6] there exist go(z,y),r2(z,y) € R[z,y,0,0] such that
(2, y) = @@, y) fi, + ro(@,y) with ro(z,y) = 0 or r2(z,y) # fi,- Repeat the above

process until we get r(z,y) = 0 for some k. Then we have

f(*ray) = %(xvy)fh + QQ(xay)fiz +eet Qk(‘xvy)fik‘

Hence the result. [ |
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Example 6.3.8. Let R = F3 + wlF3. Let 61 = 0 and 05 be the identity map. Let Cy
be a 2D skew-cyclic code of length 3 x 2 generated by f(x,y) = 2?y+x+1,i.e.,C =
(x%y + 2+ 1). Then a spanning set for C is

S={f(z,y),zf(x,y), 2 f(z,y),yf(x,y), 2y f(z,y), 2°y f(z,y)},

which is equivalent, in matrix form, to the set

10 01 10 0 1 10 0 1
10,1 0f,]0 1|,/0 1 |,{0 1}|,]10
01 10 10 10 01 0 1
C' has a subset B = {x 4+ 2,1+ y} which satisfies the properties of a consistent set

of C. Therefore B is a generating set for C, i.e., C = (x+ 2,1+ y).

Example 6.3.9. Let R = F3+wF3. Let Cy be a 2D skew-cyclic code of length 2 x 2

generated by f(z,y) = (w+ 1)+ (w+ 1)y + (w + 2)x + way, i.e.,
C={((w+1)+ (w+ 1y + (w+ 2)z + wzy).

Then a spanning set for C is

S={f(z,y),yf(x,y), zf(x,y), zyf(z,y)} .

Now B = {x+ 1,1 —y} forms a consistent set of C, therefore B is a generating set
for C, i.e., C = {(x+1,1—1y). Moreover ®(C) has parameters [8,6,2], which is an

optimal code over Fs.
In the next theorem we consider a special case of Theorem [6.3.7]

Theorem 6.3.10. Let C' be a 2D skew-cyclic code of length ml over R. If C' contains
a polynomial g(x,y) with its lex-leading coefficient a unit such that g(x,y) < c(z,y)
forall c(x,y) € C, then C = {g(z,y)) and g(x,y) | (x'=1)(y™—1). Moreover, the set

g(l',y), xg(xay)a ) xl_a_lg(‘T?y)
o yg(z,y), yrg(,y), -, yr T lg(a,y)
Yy gz, y), Yy gz, y), oyt (a y)
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forms a basis for C, and hence |C| = |R|\“=9™=Y) where (a,b) = lexdeg g(z,y).

Proof: Let ¢(x,y) € C be an arbitrary element. Let lexdeg g(z,y) = (a,b). Since
g(z,y) € C such that g(x,y) < c(x,y), by Theorem there exist polynomials
q(z,y),r(z,y) € R[z,y,0, 0] such that

c(x,y) = q(z,y)g9(x,y) +r(x,y) ,

where r(z,y) = 0 or r(z,y) ? g(x,y). Suppose r(z,y) # 0. Since C' is a linear code,
r(z,y) € C. But then g(z,y) £ r(z,y) gives a contradiction. Therefore r(z,y) = 0.
Hence C C (g(z,y)). Also, (g(z,y)) C C is obvious. So C' = (g(x,y)).

Again by applying Theorem on (z! —1)(y™ —1) and g(z,y), we have (z! —
D™ —1) = Q(z,y)g(x,y) + L(x,y) for some Q(z,y), L(z,y) € R[z,y,0,0], with
L(z,y) = 0 or L(z,y) ? g(z,y). In R,,;, the above relation reduces to L(z,y) =
—Q(z,y)g(x,y) € C. Since g(x,y) has its lex-leading coefficient a unit, it follows
from L(z,y) # g(z,y) that L(z,y) = 0. Hence g(z,y) | (z! — 1)(y™ —1).

Now for any c(z,y) € C, we have c(z,y) = q(z,y)g(x,y) for some ¢(x,y) €
Rlx,y,0,0]. Since lexdeg ¢(x,y) < (I—1,m —1) and lexdeg ¢(z,y) < lexdeg q(z,y)
+ lexdeg g(z,y), it follows that lexdeg q(z,y) < (I —a — 1,m — b —1). This proves
that S spans C.

For R-linear independence of S, let a(z,y)g(z,y) = 0 (in R,,;) for some a(z,y) =

l—a—1m—a—1 o .
'Zo 'Zo a;;x'y , a;; € R. Then, in R[x,y,0,0],
1= j=

a(z,y)g(x,y) = ar(z,y)(z' = 1) + ax(x,y)(y™ — 1) (6.1)

for some a1 (x,y), az(z,y) € Rlz,y,0,0] with lexdeg ai(x,y), lexdeg as(z,y) < (I —
a—1,m —b—1). Since the lex-degree of L.H.S of (6.1]) is at most (I —1,m — 1),
it follows that a(z,y) must be zero. Hence all a;; = 0, and so S is R-linearly

independent. [ |

Example 6.3.11. Let R = F3 + wlF5. Let Cy be a 2D skew-cyclic code of length
6 = 3x2 over R, defined by Cyp = (2+2y+ (w+ 1)z + (w+ 1)zy + 2wz?y + 2wry?).
Then the vector form of code Cy is given by the following set.
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(0,0,0,0,0,0),
(2,2w+ 1, w+ 1, 2w, 2w),
(w, w, w, w, w,w),

(w4 1L,w+Lwww+2,w+2),
2w+ 2,2w +2,2,2,w+ 2,w + 2),
(0,0,1,1,2,2),
(1,1,0,0,2,2),
(w+2,w+2,2w+ 22w+ 2,2,2),
(2w, 2w, w + 2,w + 2,1,1),

(1,1, 2w, 2w, w + 2, w + 2),
2w + 1,2w + 1, 2w, 2w, 2w + 2, 2w + 2),
(w+2,w+2002w+1,2w+1),
(w+2,w+2,1,1, 2w, 2w),
(0,0, w,w, 2w, 2w),
2w, 2w, 1,1, w+2,w+ 2),
(0,0,w+1,w+1,2w+ 2, 2w+ 2),
2w+ 2,2w+ 2, w+ 1,w+ 1,0,0),
(w,w,w+ 1,w+ 1w+ 2w+ 2),
(w,w, 2w + 2,2w + 2,1,1),

(1,1, w,w, 2w + 2, 2w + 2),

(2w, 2w, 2w, 2w, 2w, 2w),

(2w 4+ 2,2w + 2,2w + 2, 2w + 2, 2w + 2, 2w + 2),
(w+1,w+1,2w+1,2w+1,1,1),
(w+2,w+2,w+2,w+2,w+ 2w+ 2),
(2, 2, 1, 1, 0, 0),

(2w, 2w, 0,0, w, w),
(w+lw+lLw+l,w+Lw+1l,w+1),
(2w +1,2w + 1,0,0,w + 2, w + 2),
(w+2,w+ 2,2w, 2w, 1,1),
2w+ 1,2w+ 1,2w+ 1,2w + 1, 2w + 1,2w + 1),
(w4 1w+ 1,2w,2w,2,2),
(w+2,w+2,2w—+1,2w+1,0,0),
(2w + 2,2w + 2, 2w, 2w, 2w + 1, 2w + 1),
2w + 1,2w + 1, 2w + 2, 2w + 2, 2w, 2w),
(0,0,2,2,1,1),
(w+1,w+1,1,1,2w+ 1,2w + 1),
2w+ 2,2w+ 2, w+2,w+ 2,2,2),
(2,2, w,w, 2w+ 1,2w + 1),
(1,1,1,1,1,1),

(2w, 2w, w,w, 0,0),
2w+ 2,2w + 2,2w + 1, 2w + 1, 2w, 2w)

(w4 1,w+1,2w+2,2w + 2,0,0)
(w4+2,w+2,w+ 1w+ 1,w,w)
(w,w,w+2,w+2,w+1L,w+1)
(w,w,2,2,2w+1,2w + 1)
(2w, 2w, 2,2, w+ 1,w+ 1)
(2w, 2w, 2w + 1,2w + 1, 2w + 2, 2w + 2)
(w+1,w+1,0,0,2w + 2, 2w + 2)
(L,1,w+2,w+ 2, 2w, 2w)
(0,0,2w+ 1,2w + L, w+ 2, w + 2)
(2,2,2w,2w,w+ 1,w+1)
(2,2,2,2,2,2)
2w +2,2w+2,0,0,w+ 1, w+1)
(w4 2,w+2,w,w,w+ 1,w+1)
(2,2,2w+2,2w + 2, w + 2, w + 2)
Qw+1,2w+ 1, w+2,w+2,0,0)
(LlLw+1lw+12w+1,2w+1)
(w,w, 0,0, 2w, 2w)

(0,0, w+2,w+2,2w+1,2w + 1)
2w+ 2,2w + 2, w,w,1,1)
(2w, 2w, 2w + 2,2w + 2,2w + 1,2w + 1)
(1,1,2w + 2, 2w + 2, w, w)
2w+ 2,2w +2,1,1,w,w)
(w4 1L,w+1Lw+2,w+ 2,w,w)
(2,2,2w+ 1,2w + 1, w, w)
2w+ 1,2w + 1, w,w,2,2)
(w,w, 2w+ 1,2w + 1,2,2)
(0,0,2w+2,2w+ 2, w+ 1,w+ 1)
(w+2,w+2,2,2, 2w + 2,2w + 2)
(1,1,2,2,0,0)

(w4 1,w+1,2,2, 2w, 2w)
(2,2, w4+ 2,w+ 2,2w + 2, 2w + 2)
(w, w, 2w, 2w, 0,0)
(0,0, 2w, 2w, w, w)

Qw4+ 1,2w+1,1,L,w+ 1w+ 1)
(I,,2w+1,2w+ Lw+ 1L,w+1)
2w+ 1,2w + 1,2, 2, w, w)
Qw4+ 1,2w+ 1w+ 1,w+1,1,1)
2w, 2w, w+ 1,w+1,2,2)
(2,2,0,0,1,1)
(w,w,1,1,2w + 2,2w + 2)
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Cy contains a monic polynomial g(x,y) = x —y — 1 + zy (underlined in the table)
such that g(z,y) < c(x,y) for all c(z,y) € Cy. Therefore Cy = (g(x,y)). Also
g, y)=x—y—1+xy = (x—1)(y+1), which divides (x> —1)(y*>—1). By Theorem
a spanning set for Cy is

S=A{g(z,y), zg(z,y)} ,
which is equivalent, in matriz form, to the set

-1 -1 0 O

|Cy| = |R|GVE1) = 92 = 81. The parameters of Cy and ®(Cy) are (6,9% 2¢) and
(12,4, 2], respectively.

The next result presents a division algorithm when the lex-leading coefficient of

the divisor is not a unit.

Lemma 6.3.12. Let f(x,y),9(x,y) € R[x,y,0, 0] be two polynomials such that both
have their lez-leading coefficients non-units and g(x,y) < f(x,y). Then there exist

two polynomials q(x,y),r(z,y) € R[z,y,0,0] such that

flz,y) = q(z,y)g(x,y) +r(z,y),

where r(z,y) =0 orr(z,y) < g(x,y) orr(x,y) has the lex-leading coefficient a unit

with lez-degree at most lexdeg f(x,y).

Proof: Let f(z,y) and g(z,y) have lex-degrees (ki,s1) and (ka, ss), respectively.
Since g(z,y) < f(z,y), we have ks < ki, 2 < s1. Now since the lex-leading coeffi-
cient of f(x,y) is a non-unit, it is either a(1 + w) or b(1 — w) for some a,b € F,.
Similarly, the lex-leading coefficient of g(z,y) is either ¢(1+w) or d(1 — w) for some
¢, d € F,. Suppose the lex-leading coefficient of f(x,y) is a(1l + w) (the result can
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similarly be proved when the lex-leading coefficient of f(z,y) is b(1 — w)). Also
suppose that the lex-leading coefficient of g(z,y) is ¢(1 + w). Define a polynomial

H(z,y) = f(z,y) — Uz, y)g9(x,y) , (6.2)

where

aos1 752 (¢ gk keysi=s if k1 — ko is odd

l(z,y) =

—ao*1%2 (¢ gkhikegs1=s2 - otherwise.
(We can similarly choose [(z, y) for the case when the lex-leading coefficient of g(z, y)
is d(1 —w)). Note that we have §(«) = a for all @ € F,, o(w) = w, and if k; — ky is
odd, 6%17*2(c(1 4+ w)) = (1 — w).

In (6.2)), H(z,y) =0 or H(z,y) has the lex-leading coefficient a unit or the lex-

leading coefficient of H(x,y) is a non-unit and H(z,y) < f(z,y). Now can be

written as
f(@,y) = Uz,y)g9(z,y) + H(z,y). (6.3)

If H(z,y) = 0 or the lex-leading coefficient of H(x,y) is a unit, then we are done.
Now suppose H(x,y) < f(z,y). If H(z,y) < g(z,y), then we are done. Suppose
H(z,y) = g(z,y). Then replace f(z,y) by H(z,y) in (6.2), and repeat the process

to get a polynomial H;(x,y) such that

H(z,y) = qi(2,y)9(x,y) + Hi(z,y),

where Hi(z,y) = 0 or the lex-leading coefficient of H;(x,y) is a unit or the
lex-leading coefficient of H(z,y) is a non-unit and H,(z,y) < H(z,y). Now if
Hi(x,y) = 0 or the lex-leading coeflicient of H;(x,y) is a unit, then substitute the
corresponding value of H(x,y) in , and we are done. Otherwise keep on re-
peating the process until we get Hy(z,y) such that f(z,y) = (¢(x,y) + ¢i(z,y) +
@(x,y) + -+ qlz,y))g(x,y) + Hi(z,y) with Hg(x,y) = 0 or Hy(z,y) has the
lex-leading coefficient a unit or Hi(z,y) < g(z,y). Hence the result. |

Lemma 6.3.13. Let C be a 2D skew-cyclic code over R such that it does not contain
any polynomial with its lex-leading coefficient a unit. Let f(x,y), g(x,y) be any two
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polynomials in C such that g(xz,y) < f(z,y). Then there exist two polynomials
q(z,y) and r(x,y) such that

fle,y) = a(z,y)g(x,y) +r(z,y),
where r(z,y) =0 or r(z,y) < g(x,y).

Proof: The proof is straightforward by Lemma [6.3.12| and the fact that there is no

polynomial in C' with its lex-leading coefficient a unit. [

Theorem 6.3.14. Let C be a 2D skew-cyclic code of length ml in R[x,y,0, 0] such
that it does not contain any polynomial with its lex-leading coefficient a unit. Let

B =A{fi1, fa, -+, fm} be a consistent set of C. Then C = (f1, fo, -+, fm)-

Proof: We start as in the proof of Theorem |6.3.7, Let f(x,y) € C. Then by the
definition of the consistent set, there exists a polynomial f;, € B such that f > f;,.
By Lemma [6.3.13] there exist ¢(x,y),r1(z,y) € Rlz,y,0, 0] such that

f(l’,y> = Q(Jf7y)fil + T(x7y>7

where r(z,y) = 0 or r(z,y) < f;,. Now r(z,y) € C, as C is a linear code. Therefore
there exists a polynomial f;, € B such that r(z,y) > f;,. Again by Lemma ,
there exist qi(x,y),r1(z,y) € R[x,y,0,0] such that r(z,y) = ¢ (z,y)fi, + r1(z,y),
with 7 (x,y) = 0or r(x,y) < fi,. Repeat the above process until we get r_;(z,y) =

0 for some s. Then we have

f(x,y) = Q<m7y)fz1 + q1($,y)fi2 +-+ QS—l(xay)fis'
Hence the result. |

Example 6.3.15. Let R = F3 + wlFs. Let Cy be the 2D skew-cyclic code of length
2 X 2 over R generated by f(x,y) = (w + 2) + (1 + 2w)y + (w + 1)x,i.e.,Cy =
(w+2)+ (1 +2w)y + (w+ 1)x). Therefore a spanning set for Cy is

S ={f(v,y),yf(x,y),zf(x,y), 2y f(z,y)} ,
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which is equivalent (in matriz form) to the set

w+2 2w+1 Qw+1 w42 2w+ 1 0 0 2w+ 1
w1 0 0 wH+1| |20+2 w1 | | w+1 2w+2

The corresponding code (in vector form) is given as

(2w +1,0,0,2w + 2), (w+2,w+2,0,2w + 2), (0,w + 2, 2w + 2,0)

2w+ 1,2w + 1, 2w + 2, 2w + 2), O, w+2,w+1,w+ 1), (0,2w + 1,w +1,0),

(2w +1,0,0,w + 1), (w+2,w+2,0,w+1), (w+2,0,w+1,2w +2),

(0,2w + 1, 2w + 2, 2w + 2), (2w +1,0,w +1,w + 1), (2w +1,2w + 1,0,0),
(w+2,0,w+ 1,0), w+ Lw+2,w+1,2w + 2), (w+2,w+2,2w+ 2,0),
(0,0,2w + 2, w + 1), (w+2,0,0,2w + 2), (w+2,2w+ 1w+ 1,w+1),

2w+ 1,2w+ 1,2w + 2,w + 1), (w+2,0,0,w+1), 0,w+2,w+1,2w + 2),
(0,2w + 1,0,0), (0,2w+1,2w + 2,w + 1), (w+ 2,w +2,2w + 2, 2w + 2),

(2w + 1,2w + 1,0, 2w + 2), 2w+ 1,0,w + 1, 2w + 2), (w+2,2w+1,w+1,0),

2w+ 1,2w+1,0,w + 1), (0,0,w +1,0), (2w + 1,0,2w + 2,0),
(0,2w + 1,0,2w + 2), (w+2,2w+ 1,w+ 1,2w + 2), (w+2,w+2,0,0),

(0,0,0, 2w + 2), (2w + 1,2w + 1,2w + 2,0), (0,2w+1,0,w + 1),
(w+2,0,2w + 2,2w + 2), (0,0,0,0), 2w + 1,w + 2,2w + 2, 2w + 2),
(0,0,0,w + 1), (w+2,w+2,2w+2,w+ 1), (0,0,w +1,w + 1),

(0,2w + 1,2w + 2,0), Qw+1,2w+ 1w+ 1,w+1), (0,w+2,2w + 2, 2w + 2),
(2w +1,w + 2,w + 1,0), (w +2,0,2w + 2,0), (w+2,2w + 1,0, 2w + 2),
(0,2w+ 1,w+ 1,w + 1), (w+2,0,2w+2,w+ 1), (0, w+2,w+1,0),

(2w + 1,w + 2,0,0), (2w + 1,0, 2w + 2,2w + 2), 2w+ 1,w+2,2w+2,w+ 1),
(w+2,2w+1,0,w+ 1), (0,0,w +1,2w + 2), (0,w +2,0,0),
(w+2,w+2,w+1,0), (w+2,2w+1,2w+ 2,2w+2), 2w+ 1,2w+1,w+1,2w+ 2),
(0,w+2,2w + 2,w + 1), (w+2,2w+1,2w + 2,0), (0,2w+ 1,w + 1,2w + 2),

(0,0,2w + 2,0), (w+2,w+2,w+1,w+1), 2w+ 1,0,2w + 2,w+ 1),
2w+ 1,w +2,0,2w + 2), (w + 2, 0, 0, 0), (w+2,2w +1,0,0),
2w+ 1,w+2,0,w + 1), (w+2,2w + 1,2w + 2,w + 1), (w+2,0,w+1,w+1),

(2w +1,0,w + 1,0), (0,w +2,0,2w + 2), (Qw+1,w+2,w+1,w+1),
2w+ 1,2w+1,w+1,0), (0,0,2w + 2, 2w + 2), (w+2,w+2,w+1,2w+ 2),

(2w +1,0,0,0), (0,w +2,0,w + 1), (2w + 1, w + 2, 2w + 2,0)

The set B = {w + 2} is a consistent set of Cy. So Cy = (w + 2), where w + 2 is

being considered as a constant bivariate polynomial over R.

The following theorem deals with the case when in a 2D skew-cyclic code C' there
is a polynomial with its lex-leading coefficient a unit but the polynomial is not of

minimal lex-degree.



121 6.3 2D skew-cyclic codes over R = F, + wlF,

Theorem 6.3.16. Let C' be a 2D skew-cyclic code over R containing a mini-
mum lex-degree polynomial fr having its lex-leading coefficient a unit. Let S =
U fas o oo favts frrzs oo fews) © C such that f; < f; for j > i and f; have
their lez-leading coefficients units for i = 1,2,---  k and non-units otherwise. Also

S satisfies the following conditions:

1. fOT’ fiafjafi/afj’ € S; fz ;\é fj fOTi 7£ ]71 S Za] S k and fi’ ;\é fj/ fOT' i! 7é
Jok+1<idj/<k+s.

2. for all f(x,y) € C such that f(x,y) > [, there exists f; € S such that
f(x,y) > fi for some i < k.

3. for any f(x,y) € C having its lez-leading coefficient a non-unit, there exists

f; € S such that f(x,y) > f; for some j > k.

ThCNSfOTmS agenerating S@th’f’C, 7:'6'7 C= <f17f27 U 7fk:7fk+17fk+2; T 7fk+s>-

Proof: Let c¢(x,y) € C be any codeword.
Case 1: Suppose c¢(z,y) < fr. Then the lex-leading coefficient of ¢(x,y) must
be a non-unit, as f; is a minimum lex-degree polynomial in C' having its lex-leading

coefficient a unit. Therefore there exists f;,,k + 1 < j; < k+ s, such that c¢(z,y) >

fi,- By Theorem [6.3.12]
c(z,y) = Qi(z,y) fii + Hi(z,y)

for some Q1 (x,y), Hi(z,y) € Rlz,y,0,0], where Hy(z,y) = 0 or Hyi(z,y) < fj
or Hi(x,y) has the lex-leading coefficient a unit with lex-degree at most lexdeg
c(z,y). Now proceeding as in Theorem , we get fj,-- -, fj,, such that c(z,y) =
Qu(x, y) fiy + Qa(,y) fio + -+ + Qul(,9) fi, -

Case 2: Suppose c¢(x,y) = fk.

Subcase 1: Suppose c¢(z,y) has its lex-leading coefficient a unit. Then c(z,y) > fx,
and so there exist f;, € 5,1 <y < k such that ¢(z,y) > f;,. So by Theorem ,

we have

C(.l’,y) = QI($,y)fi1 + Tl(l',y), (64)
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for some ¢(z,y),r1(z,y) € R[z,y,0,0] such that r(z,y) = 0 or ri(z,y) # fi.
Subcase 2: Suppose ¢(x,y) has its lex-leading coefficient a non-unit. Then there
exists f;, € S,k + 1 <iy < k+ s such that ¢(x,y) > fi,, and so by Theorem ,
we have

c(z,y) = di(,y) fi, +1(2,9), (6.5)
for some ¢\ (z,y),r1(z,y) € R[z,y,0,0] such that r|(z,y) = 0 or r|(z,y) < fi, or
r(z,y) has its lex-leading coefficient a unit. If r|(x,y) = 0, then we are done. If
ri(x,y) < fi,, then obviously 7 (x,y) < fk, so go to Case 1. Suppose | (z,y) has
its lex-leading coefficient a unit. Then go back to Subcase 1 and repeat the steps
by replacing c(x,y) by 7\ (x,y). After this, suppose we are left with a remainder
ro(z,y). Check whether ro(x,y) < fi. If so, go to Case 1. Otherwise, repeat all
the steps from initial stage by replacing ¢(z,y) by ra(x,y) until we get a remainder

rs(x,y) < fi such that

C([E,y) = ql(xvy)fh + QQ(xvy)fZé +oot QS(x;y)fis + H(:L‘,y), (66)

where H(z,y) = rs(x,y). Now H(x,y) < fi, and so by replacing c¢(x,y) by H(x,y)

in Case 1, we get H(z,y) = Q1(z,y)fj, + Q2(x,y) fj, +- -+ Qr(w,y)f;, . The result
follows by substituting H(x,y) in (6.6]).
[

Example 6.3.17. Let C be a 2D skew-cyclic code defined as C = (f(z,v), g(z,v)),
where g(z,y) = (w+2)+ 2w+ 1)y+(w+1)x and f(z,y) = 1+y+x+xy. Therefore
the set

S ={f(x,y),9(x,y),y9(x,y), 29(x,y), yrg(v,y)}

forms a spanning set of C', which is equivalent (in matriz form) to the set

(] i

Now C has a set S ={f1, fo}, where fi = 14y, which is a minimal lex-degree poly-

w+2 2w+1
w+1 0

2w+1 w4+ 2
0 w4+ 1

1+ 2w 0
242w w—+1

0 142w
w+1 142w

) )

nomial in C' having its lex-leading coefficient a unit, and fo = w + 2, the minimum
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lex-degree polynomial in C, having its lex-leading coefficient a non-unit. The set S
satisfies the properties of a consistent set of C'. Therefore S is a generating set for

Ciie,C={(1+y,w+2).

Theorem 6.3.18. Let C be a 2D skew-cyclic code of length ml over R such that
gcd(l,10]) = 1 and ged(m, |o|) = 1. Then C is a 2D-cyclic code of same length over
R.

Proof: Let ('} and C5 be the associated codes of (', as defined in the beginning
of this section. Then C, Cy are skew quasi-cyclic codes over R of indices m and
[, respectively. To show C' is a 2D-cyclic code over R, it suffices to show that C
and C5 are quasi-cyclic codes over R. We prove the result for (', the same can
similarly be proved for Cy. Let c(z,y) = X125 X" ¢; 2"y’ € C and |0] = k. Since
gcd(k,l) = 1, there exist two integers a and b such that al + bk = 1. Therefore

bk =1 — al. Now consider

-1 m-—1 o
e(z,y) = "D ety
i=0 j=0
-1 m—1 ) )
— Z Z 0bk<ci,j)$z+1_alyj-
i=0 j=0
Therefore 2 c(z, y) = 3125 X0 ¢ 2" y7 | since ! = Land 0%(r) = r forallr € R

(as the order of 6 is k). Now z**c(x,y) € C shows that Y/—§ 75" ¢; 2"yl € C
whenever Y120 0 ¢ o'y’ € C. So C s a quasi-cyclic code (of index m) over R .

Similarly we can prove that Cs is also a quasi-cyclic code (of index [) over R. Hence

C is a 2D-cyclic code over R. [ |
Lemma 6.3.19. Let C' be a left submodule of g[fff‘f;, where n = ml and let C be a
left submodule of %. Let a map 7 : C' — C be defined as

ml—1 -1 m—1
" ( 2 aiyi> =2 > aur’y’,

i=0 J=0 k=0
where y™ = x and j =i (modl), k =i (modm). Then w is a bijection iff ged(m,l) =
1.
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Proof: The proof follows from the fact that if a = b (mod n;) and a = b (mod ny),
then a = b (mod nyny) iff ged(nqy,ny) = 1. |

Theorem 6.3.20. A 2D skew-cyclic code of length n (= ml) over R is equivalent
to a skew-cyclic code of length n if ged(m,l) = 1.

Proof: Let ged(m,l) = 1. Since C is a 2D skew-cyclic code of length ml over R, it

is a left submodule of %. Define a submodule C” of @[fff%] such that ¢’ is
equivalent to C' by Lemma . Let a(y) € C’ be an arbitrary polynomial, where
a(y) = XM agyt. To show C is equivalent to a skew-cyclic code, it suffices to show
that C” is a skew-cyclic code over R. Consider

mil—1
yaly) = y > ay'
1=0
mil—1 )
= Z ya;y'
1=0

ml—1

= ; 0o (a;)y"t. (6.7)

Let 7 be the corresponding bijection between C' and C’. Then

mil—1

w(ya(y)) = (> Oo(a)y™")
i=0
-1 m-—1 ] d ] d
_ B0 (a; ) +D mod Ly i+1) mod m
7=0 k=0
[-1m-—1 ] d ) d
= > ayaat MOG byt Modm (as zya = Oo(a)xy)
=0 k=0
-1 m—1 ) d ] d
= ay Z CLngZL'Z mo lyz mod m
7=0 k=0
= wym(a(y))

Since m(a(y)) € C, and C' is a 2D skew-cyclic codes over R, zym(a(y)) € C. There-
fore the pre-image of xym(a(y)), i.e., ya(y), which is a skew-cyclic shift of a(y) (by
(6.7), will also belong to C’. Hence C’ is a skew-cyclic code of length n over R with

automorphism fo. The result follows. [ |



125 6.4 Duals of 2D skew-cyclic codes over R

Corollary 6.3.20.1. Let C be a 2D skew-cyclic code of length ml over R. If
gced(m,l) = 1 and fo is the identity map on R, then C is equivalent to a cyclic
code of length ml over R.

6.4 Duals of 2D skew-cyclic codes over R

In this section, the duals of 2D skew-cyclic codes of length n (= ml) over R, when |6
divides [ and |o| divides m, have been studied. The subcodes of such codes, which

are themselves 2D skew-cyclic codes over R, are also studied.

Definition 6.4.1. Let C' be a 2D skew-cyclic code of length n over R. Then its dual
C* is defined as

Ct={a€R" : a-c=0 forallceC},
where a - ¢ is the usual Fuclidean inner product of a and ¢ in R™.

An element a € R™ can be viewed as a = (ag, a1, -+ ,a_1), where a; =
(@i0,@i1, s aim—1) € R™. Let Ty(a) = (0(aj—1),0(ap),- - ,0(a—2)), where 0(a;) =
(0(aip),0(ai1), -+ ,0(aim-1)). Then C is a #-skew quasi-cyclic code of length ml

and index m over R if Ty(a) € C for all a € C.

Lemma 6.4.2. Let C be a 0-skew quasi-cyclic code of length ml and index m over

R. IfaeC andbe C*, then 0(b- T (a)) = Tp(b) - T (a).
Proof: The proof is similar to the proof of Lemma in Chapter [3 |

Lemma 6.4.3. Let |0| | [. Let C be a 0-skew quasi-cyclic code of length ml and
indez m over R. Then C* is also a 0-skew quasi-cyclic code of length ml and index

m over R.

Proof: Let a € C and b € C*+. Then T} (a)-b= 0, as T *(a) € C. On applying
0 both sides and by Lemma [6.4.2, we get a-Tp(b) = 0, as |0] | I. So Tj(a) = a. This

gives Ty(b) € C*+. Hence C* is a f-skew quasi-cyclic code of index m. |
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Theorem 6.4.4. Let C' be a 2D skew-cyclic code of length ml over R with the
associated automorphisms 0 and o such that |0| | I and |o| | m. Then C* is also a

2D skew-cyclic code of same length over R.

Proof: Since C' is equivalent to a 6-skew quasi cyclic code of index m and a o-skew

quasi cyclic code of index [, the result directly follows from Lemma [6.4.3] [
The following discussion is similar to the one given in [27, Page 9.

The ring R[z,y,60,0] can be localized to the right at the multiplicative set S =

{z'y’ | i,j € N}. The existence of the localization of R|[x,y,0,c] follows from [86),

Theorem 2], since S satisfies the following two necessary and sufficient conditions:

e (Right Ore condition:) For all z1y/' € S and f(z,y) € R[x,v,0, o], there exists
r2y”2 € S and g(z,y) € R[x,y,0, 0] such that f(x,y)zr"yt = z2y2g(x,y). To
prove this we note that the multiplication rule z'y’a = 6’07 (a)x'y’ allows to

shift the powers of x and y from left to right by changing the coefficients.

o If for 21yt € S and f(x,y) € R[z,y,0,0], we have z1y’' f(z,y) = 0, then
there exists z2y72 € S such that f(z,y)z2y’2 = 0. Since 22y’ is not a

zero-divisor, f(z,y) must be zero.

This shows that the right localization R[x,y,0,c|S™! exists. We have az~'y~! =

1

vy~ '90(a), where 7! and y~! are inverses of z and y, respectively, in this

ring. Now we consider the ring T C Rlz,y,0,0]S™! consisting of the elements
Zl: 72”: x 'yl a; ;, where the coefficients are on the right and where the multiplica-
E(())rjl_l?ule is given as az~'y~! = 7'y~ '00(a). The ring T is isomorphic to the skew
polynomial ring R[z~1,y~1, 071 o7 1].

Define 7 : R[z,y,0,0] — T C Rlz,y,0,0]S™! as

I—1 m—1 -1 m—1 ) )
T(z y) S5 ety ia,

=0 =0 =0 =0
[—1m-—1
for all a(z,y) = X Z a; jz'y’. The map T is a ring anti-isomorphism. For instance,
=0 ¢=0

rt
let P, = Z Z a;jx'y and Py = Y Z b; ;2" y? be two polynomials in R[z,y,0,0].
i=0 j= 1'=0j'=
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Then we have 7(P, + P,) = 7(P;) + 7(FP;) and

r4r’ t4t
CCIRR D0 T o) o) B Db ol (DOR RO ORI

1=0 j=0 i'=035'=0 k1=0 ko=0 i+i' =k
J4i'=ks

r4r’ 4t r4r’ t4t
o . I,
= > DD @MyRa0l i) | = D0 Y D (“"_Z y x_ly_WU](bi',j')ai,j)
k1=0k>=0 i-‘,—i/:kl k1=0ks=0 i-‘,—i/:kl
J+i'=k2 J+i =k
r4r’ t4t!

= Z Z Z (x_i/y_j/bi’,j’x_iy_jai,j) = 7(P)71(P1).

k1=0ko=0 \ i+i' =k
Jti' =k
Definition 6.4.5. Let f(z,y) = ET: ES: fijx'y’ be of lex-degree (r,s) in R[z,y,0,0].
i=0i=0
Then the skew-reciprocal polynomial f*(a: y) of f(x,y) is defined as f*(z,y) =
ZCTyST(f( )) Z Z r 7 s jfl] E Z 97’ 7 o5~ ](f j)mr—iys—j_

Lemma 6.4.6. Let |0] | | and |o| | m. Let g(x,y) be a right divisor of (x'—1)(y™—1)
such that (x' — 1)(y™ — 1) = h(z,y)g(x,y). Then h*(z,y) is also a right divisor of
(¢! = D™ - 1).

Proof: Let lexdeg h(z,y) = (I—r,m—s). Applying 7 on both sides of the equation
(¢! = D™ = 1) = h(z,y)g(x,y), we get

(' =D (y™ — 1)) = 7(h(z,y)g(z,y)).

So (x7t = 1)(y™™ — 1) = 7(g9(x,y))7(h(x,y)). Multiplying both sides by z'y™, we
get

@ -DE" -1 =2y @ -y " -1 = 2y (g, )7 (h(z,y))
= 7(g(x,y))a'y"r(h(z,y))  (as |0][1, |o| | m)
= 7(g(z,y))z"y 2"y 1 (h(x, y))
= 7(9(z,y))z"y*h*(z,y).

Hence the result. [ |

Corollary 6.4.6.1. In the above lemma, h*(x,y) is also a left divisor of (x'—1)(y™—
1).
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Proof: The proof follows from Part 3 of Theorem [6.3.4] |

Theorem 6.4.7. Let C' be a 2D skew-cyclic code of length n = Im over R with
0| | 1 and |o| | m. Let C = {g(x,y)) with (z' —1)(y™ — 1) = h(z,y)g(z,y) . Then
C" = (h*(z,y)) is also a 2D skew-cyclic code of same length over R. Moreover C' is
a sub-code of C*.

Proof: By Lemma [6.4.6, h*(z,y) is also a right divisor of (2! —1)(y™—1), and hence
by Theorem [6.3.10, C” is a 2D skew-cyclic code over R. Also (h*)*(z,y) = h(z,y)
annihilates C', which implies that h*(x,y) € C+, and so C" C C*. [ |

Example 6.4.8. In Example|6.5.11, C = ((x —1)(y + 1)). Define C' = {(z* + = +
1)(y—1)). A spanning set for C" is {(z*+x+1)(y—1)} = {—1+y—z+zy—2*+2%y}.
The codewords of C' are:

(0,0,0,0,0,0), (w+2,2w+1,w+22w+1,w+22w+1)
Qu+l,w+22w+1,w+22w+1,w+2), (2,1,2,1,2,1)
Qw+2,w+1,2w+2,w+1,2w+2,w+ 1), (w, 2w, w, 2w, w, 2w)

(2w, w, 2w, w, 2w, w), (1,2,1,2,1,2)
(w4 1,2w+2,w+1,2w + 2,w + 1, 2w + 2)

Therefore the parameters for C' are (6,9',4¢), where 4G is the minimum Gray
weight of C'. It can easily be verified that C' C C+. Moreover C' is properly
contained in C*, as |C'| =9 and |C*+| = 95/9% = 9*.

6.5 A decomposition of 2D skew-cyclic codes over

R

Now onward, we consider p > 2. In this section, we decompose a 2D skew-cyclic
code over R into 2D skew-cyclic codes over F,.

We define a map & : R — R as follows:

¢'(a+ wb) = (a+b,a—Db).
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¢ can be extended componentwise to £ : R* — qun. ¢ is a linear map. Further,
we define the Lee weight of x € R" as wy(x) = wy(§(z)), where wy(z) denotes the
Hamming weight of x.

Let C' be a linear code of length n over R. Define two sets as follows:

C'={(a+0b):a+wbeC}

and

C"={(a—0b):a+wbe C}
Then clearly C’,C" are linear codes of length n over R.

Theorem 6.5.1. Let C' be a linear code of length n over R. Then {(C) = C" x C".

Proof: Let (ag, a1, ,a,_1,b0,b1,++ ,b,_1) € C"xXC”, where a = (a1, a9, -+ ,a,_1) €
C" and b = (by,be, - ,b,_1) € C”. Since 2a € C'" and 2b € C”, by defi-
nitions of C’,C”, there exist a codeword ¢ = (c1,¢9,-+,¢,-1) € C such that
c; = (a; +b;) +w(a; — b;). Now 271(c) = (ay,as, -+ ,an_1,b1,b9, -+ ,by_1) € E(C).
Hence C' x C" C £(C'). Conversely, suppose = (ag, ay, -+ ,an_1,b0,b1,++ ,bp_1) =
(a,b) € &(C), so 2z € &(C). Then by the definition of £(C'), there exists
¢ = (c1,¢9,++ ,cq1) € C such that ¢; = (a; + b;) + w(a; — b;), and consequently
by the definitions of C" and C”, we have 2a € C” and 2b € C”. Hence a € C’" and
b € C". This implies that £(C) C C" x C”, and so £(C) = C" x C". |

Theorem 6.5.2. Let C' be a linear code over R. Then C = (1+w)C' @ (1 —w)C”,

where C" and C" are two linear codes over F,,.

Proof: Let a € C" and b € C”. Then (a+0b) +w(a—b) = (14+w)a+ (1 —w)b e C.
Therefore (1 +w)C”" @ (1 —w)C” C C. Moreover by Theorem [6.5.1] |C| = [£(C)] =
|IC" x C"| = |(1+w)C" & (1 —w)C"|. Hence the result. |

Corollary 6.5.2.1. If C" = C" in Theorem[6.5.3, then C' = C.

Proof: We have C' = (1 + w)C’" & (1 —w)C” = 2C" = (', as 2 is an invertible
element of R. |
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Theorem 6.5.3. Let o',0" € E be two automorphisms of R. Let Cypr o = (1 +
w)C" @ (1—w)C” be a linear code over R. Then C is a 2D skew-cyclic code of length
n over R iff C" and C" are 2D skew-cyclic codes over I, in which the corresponding

automorphisms are o', 0", restricted to F,,.

Proof: For convenience, we prove the result in polynomial form. Let ¢(x,y) € C be
a codeword. Then ¢(x,y) can be written as ¢(z,y) = (14+w)ci(z, y)+ (1 —w)ea(x, y),
where ¢ (z,y) € C" and ¢cy(x,y) € C”. Also we have zc(x,y) = z((1 + w)ei(z,y) +
(1 —w)ea(z,y)) = (1 +w)xey(z,y) + (1 —w)zea(x,y), as w is fixed by o’,0”. Then
ze(x,y) € C iff zey(z,y) € C" and zeo(x,y) € C”. Similarly ye(z,y) € C iff
yer(z,y) € C" and yeo(z,y) € C” . The result follows. [ |

Theorem 6.5.4. Let C = (1 4+ w)C" @ (1 —w)C” be a 2D skew-cyclic code over R,
where C" and C" are 2D skew-cyclic codes over F,. Let A = {f1, fa,---, fr} be a
generating set of C' and B = {hy,ha, - ,ly} be a generating set of C”. Then C is
generated by {(1+w)f1, (1+w)fz, -+, (14 w) fi, A—w)hy, (1—w)ha, -+, (1—w)h}.

Proof: Let c(z,y) = (1 + w)ei(z,y) + (1 — w)ca(z,y) € C, where ¢i(z,y) = a1 f1 +
asfo+ -+ apfr € Cy for some a; € Fylx,y,0',0"] and co(x,y) = bihy + bohy +
- 4 bihy € Cy for some b; € F,[z,y,0’,0"]. Then obviously c¢(z,y) is a linear
combination of elements of the sets (1 +w)A and (1 —w)B. On the other hand, let
v(z,y) =vi(14+w)fi+v(l4+w)fo+ - +o(1+w) fr +wi (1 —w)hy +we(1—w)ho+
-+ w (1 —w)hy, where v;,w; € R[z,y,0’,0"], be an arbitrary linear combination
of the elements of the sets A and B. Also v;,w; can be written as v; = v, + wv!

and w; = w, + ww! for some v}, v}, w;, w! € Fylz,y,0',0"]. Then (1 + w)v; =

(1+w)(vi+wv!) = (1+w)(vi+v!) = (1+w)v) and (1 —w)w; = (1—w)(w]+ww!) =

"
[

(1 —w)(w) —w!) = (1 —w)w, where v}’ = v, + v/, w! = w) —w} € F,z,y,0',0"].
Therefore v(z,y) = (1 +w)vy"fi + (1 +w)vy' fo+ -+ (1 +w)vy fr + (1 — w)wi"hy +
(I—w)wiho+- -+ (1—w)w)"hy = (1+w) () fr+0Y fa+- - +0 fr) +(1—w)(w] hy +
wy'hy + - +w"hy) = (1 4+ w)v"(z,y) + (1 —w)w”(z,y), where v’ (x,y) € C; and

w"(z,y) € Cy. Thus v(z,y) € C. Hence the result. |
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Example 6.5.5. Let R = Fg + wFy and ¢/ = ¢’ = o, where o is defined as
o(a +wb) = a® + wb® for all a +wb € R. Let C',C" be the 2D skew-cyclic codes
of length 2 x 2 over Fy given by C' = (x +y) and C" = (1 4+ z) with the restricted
automorphism o on Fy. Then the code C' = (1 4+ w)C' & (1 —w)C" is a 2D skew-
cyclic code of length 2 x 2 over R generated by (1 + w)(z + y), (1 — w)(1 + x)).
Moreover |C'] = |C"] = 9, and so |C| = 98. The parameters of C',C" and £(C) are
[4,2,2],]4,2,2] and [8,4,2], respectively.

6.6 Conclusion

A class of 2D skew-cyclic codes has been studied over F, +wF,, w?* = 1. We define a
division algorithm on bivariate polynomial ring Rz, y, 6, o], using which the struc-
ture of a 2D skew-cyclic code has been obtained. The relation of a 2D skew-cyclic
code and a skew cyclic code is found under certain conditions. Duals of 2D skew-
cyclic codes over R have been studied. A decomposition of these codes has been
presented, and a generating set of a 2D skew-cyclic code over R is determined using

generating sets of its components.
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Chapter 7

Quantum Codes from Cyclic

Codes over F, + ulfy

7.1 Introduction

The existence of quantum codes was shown by Shor [95]. However, the construction
of quantum codes via classical linear codes was due to Calderbank et al. [3I]. Since
then many coding theorists have considered studying quantum codes over finite
fields. Recently finite rings have also been used as alphabets to construct good
quantum codes over them. Through the Gray map, good quantum codes have been
obtained. In [84], Qian et al. have studied quantum codes over the ring Fy 4+ ulFs,
u? = 0. In [59], Kai and Zhu have constructed quantum codes via cyclic codes over
Fy + uFy, v* = 0. In [59] and [84], cyclic codes of odd length n have been used
to construct quantum codes through the factorization of 2™ — 1. Some other finite
rings have also been considered to obtain good quantum codes [35], 66].

In this chapter, we consider the ring R = F,+ulF4, u?> = 0, for the construction of
quantum codes through cyclic codes. We have considered cyclic codes of both odd
length and even length over R, and through them we have obtained some optimal
quantum codes over 4. To discuss more about the cyclic codes over R, we have

used the structure given by Abualrub and Siap [3].

133
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7.2 Quantum codes via cyclic codes over F, + ulF,

Let R =TF,+uF,,u? =0, and Fy = {0, 1,w, 1 +w},w® = 1,w?* = 1+w. Then Ris a

local ring with characteristic 2 and cardinality 16 having the unique maximal ideal
Let C be an R-linear code and C* be the dual of C' with respect to the usual

inner product. Then C' is called self-orthogonal if C' C C* and self-dual if C' = C*.
We define a Gray map on R" as ® : R" — F3" such that

O(z+uy) = (y, +y),

where z,y € R". ® is an F;-module isomorphism. We define the Lee weight wy (a)
ofa=x+uy € R" as wr(a) = wy(®(a)) = wy(y, ©+vy), i.e., the Hamming weight
of its Gray image. The Lee distance dj, of two vectors z, y € R" is defined as the
corresponding weight of x — y, i.e., dp(z,y) = wr(x — y). It is easy to show that @
is a linear isometry.

A quantum code over F, whose length is n, dimension is k£, and the minimum
distance is d, is denoted by [[n, k, d]],.

The following result, known as the CSS construction, gives a crucial construction

of quantum-error correcting codes over finite fields:

Theorem 7.2.1. [31, [99] “Let Cy = [n, k1, d1], and Cy = [n, ks, ds], be linear codes
over F, with Cy C Cy. Furthermore, let d = min{dy,dy}. Then there exists a
quantum error-correcting code Cg = [[n, ki1 + ko — n,d]|,. In particular, if C is an
[n, k,d|,-linear code containing its dual, then there exists a quantum error-correcting

code Cg = [[n, 2k —n,d]],.”

We first prove the following result, which is important for further discussion in

this section.
Theorem 7.2.2. Let C be a linear code of length n over R.

1. If C is self-orthogonal, then so is ®(C).
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2. ®(CL) = ®(C)*, and hence if C is self-dual, then so is ®(C).
3. If O+ C O, then ®(C)* C &(C).
Proof:

1. Let C be self-orthogonal. Let ¢; = a;+ub; and ¢y = as+uby be two codewords

in C, where ay, by, as,by € F}. Then

c1 o = (ag + uby) - (ag + ubs)
:al'a2+u(a1-b2+a2-b1).

Since C' is self-orthogonal, ¢; - co = 0. So we have a; - as = a1 - by + as - by = 0.
Then @(Cl) . (I)(CQ) = (bl, a + bl) : (bg, as + bz) = bl . bg +aiy-as+ag- b2 +as -
by + by - by = 0. Hence ®(C) C ®(C)*, and thus ®(C) is self-orthogonal.

2. Let ®(y) € ®(C*),y=c+ud € C*+. Then z-y =0 for all z = a + ub € C.
This implies that a - ¢ = 0 and b-c+ a -d = 0. This further implies that
O(y) - ®(x) = 0 for all ®(x) € ®(C). Therefore ®(CL) C &(C)*.

Since R is a Frobenius ring, |C||C*| = |R|® = 16" Then |®(C1)| = |Ct] =

15 = @y = |2(C)H]. Hence &(C+) = &(C)*.

3. Follows from (1) and (2).

7.2.1 When n is odd

Now we present some existing results on cyclic codes over R [3]. By using the
same, we determine some more results on cyclic codes over R and then obtain the

parameters of the corresponding quantum codes.

Theorem 7.2.3. [3, Theorem 1] “Let C' be a cyclic code of length n over R, where
n is odd. Then C = (f(z), wa(z)) = (f(z) + ua(z)) for some f(x),a(zr) € Fylz],
such that a(x) | f(z) | 2" — 1. Moreover |C| = 16749 f(x)4deg f(z)-deg a(z) »
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Lemma 7.2.4. Let a(x) | f(z) | 2" — 1. Then f(z) | a(z).

Proof: Since a(z) | f(z), f(z) = a(x)b(x). We have 2" — 1 = f(z)f(x) =
a(z)b(z) f(z). This implies that a(z) = b(x)f(x). Therefore f(z) | a(x). |

Theorem 7.2.5. Let C = (f(x), ua(x)) :a(z) | f(x) | (2™ —1) be a non-zero cyclic
code of odd length n over R. Then the annihilator of C' is A(C) = (a(z), uf(x)).

Proof: Since A(C) itself is a cyclic code of length n over R, it can be expressed
as A(C) = (fi(z),uai(x)), where a;(z) | fi(z) | (2™ —1). We have ua,(z)f(x) =
0 (mod z™ — 1), as ua;(z) € A(C) and f(x) € C. This implies that ua;(z)f(z) =
(2" — 1)j(x) for some j(z) € R[z]. This gives f(x) | ay(z). Also, (uf(z))f(z) =0

and (uf(x))(ua(z)) = 0, which implies that uf(z) € A(C), this further implies that

~

ai(x) | f(x). Therefore ai(x) = f(x).

Now ua(x) fi(z) = 0 implies that a(x) | fi(x). Since a(z) | f(x), soa(z)f(z) = 0.
This implies that a(x) € A(C). Thus fi(x) | a(z). Therefore fi(z) = a(x). Hence
A(C) = (a(x), uf (). u

Corollary 7.2.5.1. Let C = (f(z), wa(x)) : a(x) | f(x) | (™ — 1) be a cyclic code
of odd length n over R. Then the dual of C' is C*+ = (@(x)*, uf(z)*).

Corollary 7.2.5.2. Let C = (f(x)), i.e., a(x) = 0 with f(x) | (2™ — 1) be a cyclic

~

code of odd length n over R. Then the dual of C is C*+ = (f(x)*).

Lemma 7.2.6. Let a(x),b(x) € R[x] be such that 2™ —1 = a(x)b(z) for b(x) € R[z].

Then we have

L. (ale)b(z))* = a"a(2)b(L) = ates@q(L)aesteNp(L) = a* ()b ().

2. Since z" — 1 = a(z)a(z), (™ — 1)* = a*(v)a*(z). This implies that a*(z) =

) = @ (@),
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[ |
Now we give a necessary and sufficient condition for a cyclic code of odd length

over R to contain its dual and vice versa.

Theorem 7.2.7. Let C = (f(z), wa(z)) : a(z) | f(z) | (z" — 1) be a cyclic code of
odd length n over R. Then

1. C+ C C if and only if f(z) | a*(x).
2. C C Ct if and only if a*(x) | f(z).
Proof:

1. Suppose that C*+ C C. Then a*(z) € C. Therefore a*(z) is a linear combina-
tion of f(z) and wa(z). Since a*(x) € Fy[z], we get f(z) | a*(x). Conversely,
assume that f(z) | a*(z). Then a*(z) € C. Also we have a(z) | f*(z) (by
Lemma . Therefore C+ = (a*(z), uf*(z)) C (f(x), ua(z)) = C.

2. This can be obtained by applying (1) on C* and noting that (C+)*+ = C.
|

Theorem 7.2.8. A cyclic code C' of odd length n over R of the form C =
(f(x),ua(x)) = (f(x) + va(x)) with a(z) | f(z) | 2™ — 1 is a free code if and
only if C = (f(x)).

Proof: Since a(z) | f(x), deg a(z) < deg f(z). If dega(x) = deg f(x), then
a(z) = af(z) for some non-zero element o € Fy, and hence C' = (f(z)). Now let
deg a(x) < deg f(x). Suppose C' is a free cyclic code over R. Then there exists
a minimal degree polynomial g(z) € C such that C' = (g(z)) and g(z)[z" — 1.
Since 2" — 1 € Fyfz], g(x) can be chosen in such a way that it is a polynomial
over Fy[z]. Therefore g(x) must be an associate of f(z) + wa(z). Let g(z) =
(c +ud)(f(z) + ua(x)) for some unit ¢+ ud € R. If d = 0, then clearly a(z) = 0.
If d # 0, then df (x) + ca(z) = 0, and so f(z) = cd 'a(x), which is a contradiction
as deg a(x) < deg f(x). Hence C' = (f(x)). Conversely, since f(x) | 2™ — 1, so
C = (f(z)) is a free code. |
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Corollary 7.2.8.1. A free code C = (f(x)) such that f(z)g(x) = 2™ — 1 satisfies
C+ C C if and only if g(x)g(z)* = 0 (mod 2™ — 1).

Proof: Suppose C*+ C C. Then f(z) | g(z)*, i.e., g(x)* = f(x)p(z) for some p(z) €
Rlz]. Therefore g(z)g(z)* = (" — 1)p(x) and hence g(x)g(z)* = 0 (mod z" — 1).
The converse can be proved similarly. [ |

The following theorem presents the construction of quantum codes via cyclic

codes of odd lengths over R, using the C'S'S construction.

Theorem 7.2.9. Let C = (f(z), ua(z)) be cyclic code of odd length n over R
such that f(x) | @*(z). Then C*+ C C, and there exists a quantum code Cg with the
parameters [[2n,2(n — ki — ko), dp]]a, where ky = deg f(z), and ky = deg a(x), and

dy, is the minimum Lee distance of C.

Proof: We have C = (f(z), ua(x)) = (f(x) + ua(x)) and f(z) | @*(x). This
implies from Theorem that C+ C C. This further implies from Theorem
that ®(C)* C ®(C). Now from Theorem [7.2.3 |C| = 16" *14%1-k2. Therefore
|®(C)| = 4> F~Fand so the parameters of ®(C) are [2n,2n — k; — kg, dr]s. By
CSS construction, the quantum code corresponding to ®(C') has the parameters

[[2n,2(2n — ky — ko) — 2n,dL]]4, i-e., [[2n,2(n — k1 — k2),d]]4. |

Corollary 7.2.9.1. Let C be a free cyclic code of odd length n over R generated by
f(z). Then there exists a quantum code Cq with the parameters [[2n,2n — 4k, dy)]4,

where k = deg f(z) and dy, is the minimum Lee distance of C'.

The following construction helps us to find some optimal quantum codes over [Fy.
In this construction, we find a new code which contains it dual by augmentation of
a code of smaller size and same length that contains its dual. This goes as follows.
Let C7 be an R-linear code such that C; contains its dual, i.e., cit C 0.
Construct a new code Cy such that C; C Cy by adding some rows to the generator

matrix of C';. Since C7 C (s, we have Cyt C Cyt. Then clearly

Cyt CO-CCC O,
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Thus C is a dual containing code. We can then use the CSS construction to get the
quantum code over F4 corresponding to Cy. Also the quantum code obtained from
Cs5 has larger size than the quantum code obtained from C;. This is illustrated by

the following example.

Example 7.2.10. Let Fy = {0,1,w,w?}. Let Cy be a cyclic code of length 3 over
R such that C; = ((x + 1)(z + w),u(r + w)). Let f(z) = (x + 1)(z + w) and
a(z) = (z +w). Then a*(x) = (v + 1)w?(x + w) and the dual of Cy is Ci =
{(z+1)(wrz+1), u(w?x+1)). Cy is a self-dual cyclic code over R with the parameters
(3,164, 3). Therefore the parameters of ®(Cy) are [6,3,3], and the corresponding
quantum code has parameters [[6,0, 3]]4.

Now we implement the above construction to find new quantum code from CY.

The generator matriz for Cy is:

wrtuw 1+w+u 1
1 wtuw 14+w—+u
14+w+u 1 w + uw

We construct a new code Cy with generator matrix:

wHuw l14+w+u 1
1 wHuw l4+w4u
l+w+u 1 w + uw
1+ 1+u u |

Now as explained above, Cy™ C Cy, and so ®(Cy)*~ C ®(Cy). The parameters of
®(Cy) are [6,5,2]. Therefore by CSS construction, we get a quantum code with

parameters [[6,4,2]]4, which is an optimal quantum code [{5].

Example 7.2.11. Let C be a cyclic code of length 3 over R having its generator

w 1 0
[ 0 w1 ] '
Then C' can be written as C = (f(x)) where f(z) = z + w. Since 23 +1 = (z +
w)(z + 1)(z + w?), C+ = ((x + 1)(w?x + 1)). Let g(x) = (z + 1)(z + w?). Then

matriz as
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g (@) = (x+1)(aw? +1). Now gg* = (z+1)*(z +w?)(zw? +1) = (z+ 1) (x+1)(z +
wHw(z+w) = (23 + 1) (wz+w) = 0 (mod 2° +1). From Corollary[7.2.8.1, C+ C C.
The parameters for ®(C) are [6,4,2]. Therefore there exists a CSS-quantum code
with parameters [[6,2,2]]4.

Again let Cy be a linear code of length 3 over R having generator matriz:

w 1 0
0 w1
0 v O

Then Cy™ C Cy and from the parameters of ®(Cs), i.e., [6,5,2]s, the parameters of

corresponding C'SS-quantum codes are [[6,4, 2]|4, which is an optimal quantum code

45
Remark 7.2.11.1. The weight enumerator of Cy (in Example|7.2.11]) is given by
we(z,y) = 2% + 18x%y* + 122°y> + 812%y* + 108zy” + 36y°.

By MacWilliams identity, i.e.,

1
wCl(x7y) = me(J; + 3y7$ - y)7

we have we, (x,y) = x5 + 623> + 9yS.  Therefore the parameters of C{ over Fj
are [3,1,3]. Similarly the weight enumerator for Cy is we,(z,y) = 2 + 452%y? +
1202%y® + 3152%y* + 360xy° + 183y°, and so wey (x,y) = 2° + 3y°. Therefore the

parameters of Cy are [6,1,6] over Fy.

7.2.2 When n is even

In this part of the section, we present a necessary and sufficient condition for a cyclic
code C' of even length n over R to contain its dual. This helps us to find quantum

codes via these codes, and makes searching of quantum codes over F} easy.

Theorem 7.2.12. [, Theorem 1,3,4] "Let C be a cyclic code of even length n over
R.
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1. C = (f(x) + up(x)) and f(z) + up(x) | 2" — 1. Moreover |C| = 16™"" and
Ct = {(g9(z) + uq(z))*), where x" — 1 = (f(z) + up(x))(g(z) + uq(z)). In this
case, C' is a free cyclic code.

o~

2. C = (f(z) + up(x), ua(x)) and a(z) | f(z) | 2" =1, a(z) [ fz)p(z).
Moreover |C| = 4?7t where deg f(x) = r, deg a(z) = t and C+ =
(@ (z) + uztm*(x), uf*(x)), where f(2)p(x) = a(z)m(z) and | = deg a(x)—

deg m(x).”

Theorem [7.2.13| and Theorem |7.2.14] below respectively present a necessary and
sufficient condition for a principally generated cyclic code of even length and a non-

principally generated cyclic code of even length over R to contain its dual.

Theorem 7.2.13. Let C' = (f(z) + up(z)) be a free cyclic code of even length n
over R such that 2" — 1 = (f(z) + up(x))(g9(x) + uq(x)). Then C+ C C if and only

if (g(x) + q(x))(g(z) + q(z))* =0 (mod ™ — 1).
Proof: The proof is straightforward and similar to the odd length case. [ |

Theorem 7.2.14. Let C = (f(x) + up(x),ua(x)), where a(x) | f(z) | 2" — 1,
a(z) | f(x)p(z) be a cyclic code of even length n over R. Then C*+ C C if and only if
f(x) | () and a(@) | (atm (2)—p(x) 52, where C* = (@ (x)+uz'm™ (z), uf*(z)),
with f(z)p(z) = a(x)m(x) and | = deg a(x)— deg m(x).

Proof: First suppose that C* C C. Then a*(x)+ux'm*(z) = (f(z)+up(z)) (A (z)+
uXa(x)) + ua(z)As(z), where \;(z) € Fyfz]. By comparing terms on either side, we
get
a*(z) = f(z)A\(2) (7.1)
and
z'm*(z) = p(2)\i(z) + f(2)Ae() + a(x)A3(2). (7.2)
From (1), we get f(z) | @ (), and from (7.2) we get

a(x)r'm*(z) = a(z)p(z)A(z) mod (z" — 1)

= a(x :ra*@j)

mod (z" —1).
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This implies that 2" — 1 | a(z)(a'm*(z) — p(x)a;(%)). This in turn implies that
a(z) | (2'm* (x) — p(x)=2), as a(z) | 2" — 1.

Conversely, assume that f(z) | a*(z) and a(x) | (z'm*(x) — p(x )g;(("’“"))). This
implies that a*(x) = f(x)f'(x), and a(z) | (z'm*(x) = p(x)5E + f(2)f"(x)) for
some f'(z), f"(x) € Fylz] as a(x) | f(z). This further implies that z'm*(z) —

p(x) f'(x) + f(z)f"(x) = a(x)d () for some a'(x) € Fy[x]. Thus

a'm*(x) = p(2) f'(x) + f(2)f"(x) + a(w)d'(z) (7.3)

Now,

+uf(x)f"(z) + ua(z)d(z)
u(f(x) + up(x)) f"(x) + ua(z)d(x)
= (f(@) +up(x))(f' () + uf"(z)) + va(z)d ().

a'(z) +uz'm’(x) = [f(2)f' (@) +ulp@)f (@) + f(2)f"(2) + a(z)a'(x))
)
)+

This implies that a*(z) +uz!m*(z) € (f(x)+up(z), ua(z)) = C. Since f(z) | a*(x),
a(z) | f*(z) (from Lemma [7.2.4), and so uf*(z) € C. Hence C+ = (@*(z) +
wrlm* (@), uf* (@) € .

Theorem 7.2.15. 1. Let C = (f(x) + up(x)), with deg (f(z) + up(x)) = r and
f(x) +up(z) | 2™ — 1, be a cyclic code of length n over R such that C*+ C C.
Then there exists a quantum code with the parameters [[2n, 2n—4r, d1]|s, where

dy, is the minimum Lee distance of C.

2. Let C = (f(x) + up(x), wa(z)) with deg (f(x)) = r, deg (a(x)) = t and
a(z) | f(z) | 2™ — 1, be a cyclic code of length n over R such that C+ C C.
Then there exists a quantum code with the parameters [[2n,2n — 2r — 2t,dy]]4,

where dy, is the minimum Lee distance of C'.

Proof: The proofs of both the statements directly follow from the Gray image of
C and Theorem [.2.11 |
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Example 7.2.16. Let C' be a cyclic code of even length 6 over R such that C' =
{(z+1D2(r+w)(x+w?)+u,u(z+w)). Then f(z) = (z+1)*(z+w)(z+w?),p(z) =1
and a(z) = z+w. Since 2+1 = (23 +1)? = (z+1)*(z+w)*(z +w?)? over Fy+uF,.
This implies that a(z) = (z + 1)*(z + w)(z + w?)?, m(x) = p(x);gg =(z+w?), =
deg (a(x))—deg (m(z)) = 4 and f(z) = (z +w)(z + w?). So

a*(z) = (z+ 11+ wz)(1+4 w’z)?
= Wz + 1Dz +wH)(z +w)?
= (W(z+w)(@+1)*(z+w)(z+w)
= (W(z+w)f(2),

which implies that f(x) | a*(x). Also,

a'm*(z) — p(x)a = 2'(1+ 2w?) — (v + w)w?
= 2%z +w) — Wiz +w)
= (z+wwi(zt—1)

= a(x)w?(z* - 1).

It follows that a(z) | z'm*(x) —p(x)g;(%). Therefore from Theorem|7.2.14, C*+ C C,

where C+ = (((x + 1)*(z + w?)(z + w)? + ur?(z + w), u(z + w)(x + w?)). Now C

has the parameters (6,16%4% 4). Therefore the corresponding quantum code has the
parameters [[12,2,4]]4. Add the vector (1, 1, 1, 1, 1, 1) to the rows of the generator
matriz of C. The parameters of the new code, over R, are (6,4%,3), and so there is

a CSS-quantum code Cq with parameters [[12,4, 3]]4.

Example 7.2.17. Let C be a cyclic code of length 4 generated by the matriz:

1 u+1 0 0
0 1 u+1 0
0 0 1 u—+1

Then, in polynomial form, Cy can be written as C' = ((u+ 1)z +1). Since 2 —1 =

(u+ D2+ 22+ (u+ Dz + 1)((u+ Dz + 1), Cy is a free cyclic code over R of
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free rank 3 and parameters (4,45,2). C*+ = (((u + 1)a® + 22 + (u + Dx + 1)*) =
(P +(u+D)x® +z+u+1). Also, C1F C Cy, as (u+Da+1 | 23+ (u+1) 22 +2+u+1.
From Theorem (7.2.14}, there exists a [[8,4,2]]4 C'SS-quantum code. Now construct

a new code Cy by augmentation of Cy such that the generator matriz of Cs is

1 w+1 O 0
0 1 uwu+1 0
0

0 1 u—+1

w? w? w? U+ w?

Then, as explained in Section 3, C3 C Co. The parameters of ®(Cy) are [8,7,2].

Therefore there is a C'SS-quantum code with parameters [[8, 6, 2]]s, which is an op-

timal quantum code over Fy [{5].

Example 7.2.18. Let C = (1 4+ z,u) be a cyclic code of length 4 over R. Then
clearly C*+ = {(u(1 + x)%). In this case, f(z) = 1+ x and a(z) = 1. Moreover
f(x)|a(x)", therefore C+ C C. C is a (4,47,2) code over R. Therefore C is an
[[8,6,2]]s CSS-quantum code, which is an optimal quantum code [43].

We present another necessary and sufficient condition for a cyclic code of even

length n over R to contain its dual.

Theorem 7.2.19. Let C' = (f(z) + up(x),ua(z)) be a cyclic code of even length n
over R. Then C+ C C if and only if f(z) | a*(x) and a(z)z'm*(z) +m(z)a*(z) = 0,
where C = (@*(x) + uz'm*(z), uf*(x)), with f(z)p(z) = a(z)m(z) and | = deg
a(x)— deg m(x).

Proof: First suppose that C+ C C. Then a*(x)+ux'm*(z) = (f(z)+up(z)) (A (z)+
uXa(x)) + ua(z)A3(z), where \;(z) € Fylz]. By comparing the terms on either side,
we get

a*(r) = f(z)h(z) (7.4)
and

z'm*(x) = p(x)Mi(z) + f(2)ha(@) + alw)As(2). (7.5)
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Now we have (f(z) + up(z))(a(z) +um(x)) = 0, as a(x) + um(z)) = 0 € C*.
This implies that
a()p(z) + m(2)f () = 0. (76)

Then we get

a@)a'm*(z) = a@)pE)h (@) (Eom (TF))
= —m(z)f(z)\(z) (from (7.6))
= —m(z)a’(z) (from (7.4)).
Conversely, assume that f(z) | a*(z) and az'm*(z) + m(z)a*(z) = 0. This
implies that a*(z) = f(x)B:(x) for some Bi(z) € Fy[z], and ax'm*(z) = m(z)a* ().

This in turn implies that

a(z)a'm*(x) = m(z)f(z)bi(x)
= a(x)p(x)Bi(z) (from (7.6))
= a(z)(p(x)Bi(z) + f(z)B2(x)) for some fBo(z) € Fyfz].
Thus a(z)(z'm*(z) — p(z)Bi(z) — f(x)Ba(z)) = 0. It follows that a(z) | (z'm*(z) —
p(x)Bi(x) — f(x)Ba(x)), which implies that z'm*(x) — p(z)i(z) — f(x)Ba(z) =
a(z)Bs(z) for some B3(z) € Fyz]. Therefore z'm*(z) = p(x)Bi(x) + f(z)Ba(z) +
a(z)Bs3().
Now,
a*(x) +uz'm*(x) = f(z)Bi(x) +up(x)Bi(x) + uf(x)Bs(x) + ua(z)Bs(x)
= Bi(@)(f(x) +up(x)) + uf(2)Bo(x) + ualx)B3(z)(2)
= Bi(@)(f(z) + up(x)) + u(f(z) + up(z))B2(x) + ua(z)B3(z)(z)
= (f(2) + up(2))(Bi(x) + uBe(x)) + ua(z)Bs(z).
This implies that a*(z) + uz'm*(z) € (f(x) + up(z), va(x)) = C. Since f(z) |
@*(x), a(z) | f*(x) (from Lemma [7.24). So uf*(x) € C. Hence C*+ = (a*(z) +
uz'm*(z), uf*(z)) C u

The following table shows the codes we obtained in examples of this chapter.
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Table 7.1: Quantum codes over [Fy

CSS-
Generators ?Olziaentum

([, k, di]]4
{fi(2), zfi(x), 2* fi(z)} (6,0, 3]]4
{fi(x),xfi(x), 2 f1(2)} U{uz? + (1 + u)x + 1 + u} 16,4, 2]];
{fo(x), 2 f2(2)} 16,2, 2]]
{f2(2), . fo(z)} U {uz} [[6, 4, 2]}
(2? + wx + 1, u) [[10,6,2]]4
{f3(2), 2 fs(x), 2* f3(2)} [[8, 4, 2]]4
{f3(2), zf3(x), 22 f3(x)} U {1 + (1 + u)x + ux?® + 23} [[8,6,2]];
{fa(@),2fa(2), f5(2), 2 f5(2), 2° f5(2)} (12,2, 4]]4
{fa(@), 2 fsl@), f5(@), 2 f5(2), 2 fs(2) }U{l+a+a? +2° +a' +2°}  [[12,4,3]]4

In the table[7.1] we have

fi(@) = (w4 uw) + (1 +w + w)z + 22,
flz)=z+w,
fa(x) = (u+ Dz +1,
fi(x) = (z+1)%(z + w)(z + w?) + 1,

f5(x) = u(z + w).

7.3 Conclusion

We have studied cyclic codes of both even length and odd length over Fy +uF,, u? =

0. In each case, a necessary and sufficient condition for a cyclic code to contain

its dual has been obtained. Using this, we have calculated the parameters of cor-

responding quantum codes. Some optimal quantum codes have been obtained by

augmentation. We have given some examples for illustration.



Chapter 8
Conclusions and Future Scope

The main purpose of this thesis is a systematic study of classes of linear codes
(cyclic, constacyclic, 2D-cyclic codes etc.) using non-commutative skew polynomial
rings and for searching of good codes over them. We conclude our thesis with the

following points:

e We have defined a new class of skew-cyclic codes over mixed alphabet F3R,
which we termed as FyR-skew cyclic codes, where R = Fg + vF3, v = v. We
start by obtaining the generating sets of skew-cyclic codes over R using division
algorithm on R[z, 0], where 6 is an automorphism of R, and then obtained the
structure of F3 R-skew cyclic codes and their generating sets. Further, we have

studied skew-cyclic codes and additive skew-cyclic codes over F,+wF,, w? = 1.

e We have extended the study of codes over Z4+uZ4, u?> = 0 to skew-constacyclic
codes over Z, + uZ,. Further, these codes are generalized to double skew-
constacyclic codes. Using a Gray map, some new good linear codes over
Z4 have been obtained. The parameters of these codes are (6,422 2;),
(18,4121, 101), (18,4122, 7,) and (18,42 7). These new codes have been
updated to the database of Z,-codes.

e We have generalized the study of skew codes over rings to codes over more

general skew polynomial rings and studied a class of skew-cyclic codes over
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Zy + wZy,w? = 1, with derivation. The Gray images of the residue codes of

these codes have given us some good linear codes which are given in Table[5.1]

e We have studied a generalization of skew-cyclic codes over R = F,+wF,, w? =
1 using skew polynomial rings with two variables. These codes are known
2D skew-cyclic codes. These codes have been studied as left R[z,y, 6;, 0]

submodules of <R[‘T’y’91792]

T where 61,0, are two commuting automorphisms

of R. A decomposition of these codes has been presented, and a generating
set of a 2D-skew cyclic code over R is obtained using generating sets of its

components.

e We have studied quantum codes over F, + ulF4, u? = 0. For this, we have used
the structure of cyclic codes over Fy + ulF4 having arbitrary length, to find out
the conditions for these codes to contain their duals. Then the parameters
of corresponding quantum codes over F4 via CSS construction have been ob-
tained. Further, by augmentation, a code with larger size with dual containing
property is obtained from the original code which itself has the dual containing

property. We have given a table having some good quantum codes over Fj.

8.1 Directions for future work

We give some possible research directions for the future work that are on the basis

of the results obtained in this thesis.

1. The study of skew-codes over non-chain extensions of Z,, given in Chapter
and Chapter [J, can be generalized to non-chain extensions of Z,, ¢ a prime
power. The study over general ring Z, + uZ, will be an interesting problem in
this direction and the resulting structure may lead one to get some new codes

with better parameters.

2. The study of quantum error-correction has attracted a lot of attention of re-

searchers in recent years. To study quantum codes using non-commutative
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8.1 Directions for future work

setting of skew polynomial rings will be an interesting and challenging area of
research. One may choose the ring Z, +uZ, with non-commutative setting for

studying these codes.

One can also consider the rings of the form Z4 + uZy + vZ4 + uvZ, with some
conditions on u and v, for studying skew-cyclic codes, or other classes like
skew constacyclic, skew quasi cyclic etc., over them. Further, the same work

can be generalized to Z, + uZg, + vZy + wvZ,.

To devise algorithms for finding all skew-cyclic codes of particular length and
dimension, over the structures discussed in this thesis, will be a rigorous but

an exciting and remarkable work.
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