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Abstract

In the thesis, we study approximation properties of some well known operators and their

q-analogues. We divide the thesis into eight chapters. The chapter 0 includes the literature

survey, basic definitions and some basic notations of approximation methods which will

be used throughout the thesis.

In the first chapter, we discussed the Schurer type q-Bernstein Kantorovich operator which

was introduced by Lin. We obtain a local approximation theorem and the statistical con-

vergence of these operators. We also study the rate of convergence by means of the first

order modulus of continuity, Lipschitz class function, the modulus of continuity of the

first order derivative and the Voronovskaja type theorem.

The second chapter is concerned with the Stancu-Kantorovich operators based on

Pólya-Eggenberger distribution. We obtain some direct results for these operators by

means of the Lipschitz class function, the modulus of continuity and the weighted space.

Also, we study an approximation theorem with the aid of the unified Ditzian-Totik modu-

lus of smoothness ωφτ (f ; t), 0 ≤ τ ≤ 1 and the rate of convergence of the operators for

the functions having a derivative which is locally of bounded variation on [0,∞).

In the third chapter, we introduce the Szász-Durrmeyer type operators based on Boas-

Buck type polynomials which include Brenke-type polynomials, Sheffer polynomials and

Appell polynomials. We establish the moments of the operator and a Voronvskaja type

asymptotic theorem and then proceed to study the convergence of the operators with the

help of Lipschitz type space and weighted modulus of continuity. Next, we obtain a di-

rect approximation theorem with the aid of unified Ditzian-Totik modulus of smoothness.

Furthermore, we study the approximation of functions whose derivatives are locally of

bounded variation.
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In the fourth chapter, we obtain the rate of approximation of the bivariate Bernstein-

Schurer-Stancu type operators based on q-integers by means of the moduli of continuity

and Lipschitz class. We also estimate the degree of approximation by means of Lipschitz

class function and the rate of convergence with the help of mixed modulus of smooth-

ness for the GBS operator of q-Bernstein-Schurer-Stancu type. Furthermore, we show the

comparisons by some illustrative graphics in Maple for the convergence of the operators

to some functions.

In the fifth chapter we study the approximation properties of the bivariate extension of

q-Bernstein-Schurer-Durrmeyer operators and obtained the rate of convergence of the

operators with the aid of the Lipschitz class function and the modulus of continuity.

Here, we estimate the rate of convergence of these operators by means of Peetre’s K-

functional. Then, the associated GBS (Generalized Boolean Sum) operator of the q-

Bernstein-Schurer-Durrmeyer type is defined and discussed. Furthermore, we illustrate

the convergence rate of the bivariate Durrmeyer type operators and the associate GBS

operators to certain functions by numerical examples and graphs using Maple algorithm.

In the sixth chapter, We discuss the mixed summation integral type two dimensional q-

Lupaş-Phillips-Bernstein operators which was first introduced by Honey Sharma in 2015.

We establish a Voronovskaja type theorem and introduce the associated GBS case (Gener-

alized Boolean Sum) of these operators and we study the rate of convergence by utilizing

the Lipschitz class and the mixed modulus of smoothness. Furthermore, we show the rate

of convergence of the bivariate operators and the corresponding GBS operators by illus-

trative graphics and numerical examples using Maple algorithms.

In the seventh chapter, we obtain the degree of approximation for the Kantorovich-type

q-Bernstein-Schurer operators in terms of the partial moduli of continuity and the Pee-

tre’s K-functional. Finally, we construct the GBS (Generalized Boolean Sum) operators

of bivariate q-Bernstein-Schurer-Kantorovich type and estimate the rate of convergence

for these operators with the help of mixed modulus of smoothness.

In the last chapter, we establish the approximation properties of the bivariate operators

which are the combination of Bernstein-Chlodowsky operators and the Szász operators

ii



involving Appell polynomials. We investigate the degree of approximation of the opera-

tors with the help of complete modulus of continuity and the partial moduli of continuity.

In the last section of the paper, we introduce the Generalized Boolean Sum (GBS) of

these bivariate Chlodowsky-Szasz-Appell type operators and examine the order of ap-

proximation in the Bögel space of continuous functions by means of mixed modulus of

smoothness.
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Introduction

0.1 General Introduction

The field of approximation theory has become so vast that it intersects with every other

branch of mathematics territory. Approximation theory has both pragmatic side which is

concerned largely with computational practicalities, precise estimations of errors, and so

on and also a theoretical side, which is more often concerned with existence and unique-

ness questions and application to other theoretical issues. The primary aim of a general

approximation is to represent non-arithmetic quantities by arithmetic quantities so that

accuracy can be ascertained to a desired degree. For instance, when we try to expand a

function in a power series, we are trying to represent the function in terms of polynomials

namely, the partial sum of the power series.

The first significant result in Approximation theory is Weierstrass approximation theorem

which assumes a key part in the advancement of general estimation hypothesis. In 1885,

Weierstrass proved the density of algebraic polynomials in the class of continuous real

valued functions on a compact interval, and the density of trigonometric polynomials in

the class of 2π periodic continuous real valued functions. It states that, if f is a continuous

real valued function defined on [a, b] then there exists an algebraic polynomial p(x) such

that

|f(x)− p(x)| ≤ ε, ∀x ∈ [a, b] where ε > 0.

Over the next so many years, the alternative proofs of this result were given by the best

analyst of the period. The impact of the theorem in mathematics was immediate. Later,

there were proofs by famous mathematicians such as Runge (1885), Picards (1891), Lerch

(1892 and 1903), Volterra (1897), Lebesgue (1898), Mittag-Leffler (1900), Fejér (1900),

Landau (1908), de la Valleé Poussin (1908), Jackson (1911)
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0.1: General Introduction

In 1912, a Russian mathematician S. N. Bernstein formulated a sequence of polynomials

to prove Weierstarss theorem, as follows:

If f is a real valued bounded function on [0, 1], then

Bn(f ;x) =
n∑
k=0

bn,k(x)f

(
k

n

)
=

n∑
k=0

f

(
k

n

)(
n

k

)
xk(1− x)n−k,

is called the Bernstein polynomial of order n of the function f(x). Here the kernel

bn,k(x) are the binomial or Newton probabilities which is very well known in the theory

of probability. Bernstein [44] proved that for f ∈ C[0, 1], the sequence {Bn(f ;x)} con-

verges uniformly to f(x) on [0, 1]. Because of shape preserving property, Bernstein poly-

nomials have a practical applications. In 1962, Schurer [121] generalized the Bernstein

polynomials by extending its domain from [0, 1] to [0, 1 + p], where p is a non-negative

integer.

In [54], Davis proved that for any convex function, the classical Bernstein polynomial

is also convex and the sequence of Bernstein polynomials is monotonically decreasing.

The same author also proved that if the k-th ordinary differences of a function are non-

negative on [0, 1] then the k-th derivative of the classical Bernstein polynomial is non-

negative. Stancu [126] proposed the positive linear operators Bα,β
n : C[0, 1] → C[0, 1]

as:

Bα,β
n (f ;x) =

n∑
k=0

bn,k(x)f

(
k + α

n+ β

)
,

where α, β satisfy the condition 0 ≤ α ≤ β. If α = β = 0, the above sequence of

operators include the Bernstein polynomials. Kantorovich [94] introduced an integral

modification of Bernstein polynomials to approximate Lebesgue integrable functions in

[0, 1]. Durrmeyer [65] proposed another modification of Bernstein polynomials to ap-

proximate functions in Lp[0, 1], p ≥ 1.

Abel et al. [1] established an estimate of the rate of convergence for functions of

bounded variations by the beta operators using the decomposition technique. The com-

plete asymptotic expansion of the sequence of operators for smooth functions, as n tends

to infinity, was also obtained. Karsli [95] discussed the rate of pointwise convergence

2



0.1: General Introduction

of a new type of Gamma operators for functions with derivatives of bounded variations.

Gupta and Beniwal [75] established the rate of convergence in simultaneous approxima-

tion by Durrmeyer-Schurer type operators. Wafi and Khatoon [138] obtained the rate of

convergence and Voronovskaja type theorems for the first order derivatives of the gener-

alized Baskakov operators for functions of one and two variables in polynomial weighted

spaces. Govil et al. [73] obtained an estimate of the rate of convergence for function

of bounded variation by a Durrmeyer type modification of the operators introduced by

Jain and Pethe. Deo et al.[55] studied the simultaneous approximation for the general-

ized Bernstein-Durrmeyer operators. Deo and Singh [57] proposed Baskakov-Durrmeyer

operators and studied their rate of convergence in simultaneous approximation. Gupta

et al. [82] introduced a certain family of mixed summation integral type operators hav-

ing different weight functions and obtained some local direct theorems in ordinary and

simultaneous approximation. Gupta et al. [76] discussed the rate of convergence of the

Szász-Mirakyan-Durrmeyer for functions with derivatives of bounded variations. Wafi

and Khatoon [137] obtained the rate of convergence, asymptotic formula, direct and in-

verse theorems for the generalized Baskakov operators introduced by Mihesan [101]. Bi-

variate extension of these operators was also discussed by the authors in [137].

For other related literature we refer to (cf. [2], [72], [77], [78], [83], [106], [135], [136],

[115], [116], [117] ).

Quantum calculus is the generalized name for the investigation of calculus without lim-

its. q-calculus appeared as a connection between physics and mathematics, it has a lot of

applications in different mathematical areas such as hypergeometric functions, combina-

torics, orthogonal polynomials and in other sciences such as quantum theory, mechanics,

theory of relativity etc. In the last decade, the application of q-calculus in the area of

approximation theory has attracted a lot of interest.

Lupaş was the first person who pioneered work on q-analogue of the Bernstein polyno-

mials. In 1987, he introduced a q-analogue of the Bernstein operator and investigated its

approximation properties.

Let q > 0 and f ∈ C[0, 1]. The linear operator

Ln,q(x) =
n∑
k=0

f

(
[k]q
[n]q

)
bn,k(q;x), n ∈ N

3



0.1: General Introduction

where

bn,k(q;x) =

[
n

k

]
qk(k−1)/2xk(1− x)n−k

(1− x+ qx)...(1− x+ qn−1)

is called the Lupas q-analogue of the Bernstein operator.

Clearly, if q = 1, then the operator Ln,q reduce to the classical Bernstein polynomials.

In the case q 6= 1, operator Ln,q are rational functions rather than polynomial. The Limit

q-Lupas operator comes out naturally as a limit for a sequence of the Lupas q-analogues

of the Bernstein operator.

Later in 1996, Phillips [110] generalized the Bernstein polynomials using q-binomial co-

efficients which is defined as

Bn,q(f ;x) =
n∑
k=0

[
n

k

]
q

xk(1− x)n−kq f

(
[k]q
[n]q

)
, for each positive integer n.

(0.1.1)

We see that the q-Bernstein polynomials defined in (0.1.1) interpolates f at both end

points of [0, 1] and it is a linear operator that maps functions defined on [0,1] to the set of

polynomials of degree at most n, and for 0 < q ≤ 1, it is monotone operator.

In 1997, Phillips also proved that the q-Bernstein polynomials may be expressed in terms

of the q-difference as

Bn,q(f ;x) =
n∑
k=0

[
n

k

]
q

(
∆k
q f0
)
xk, (0.1.2)

where ∆k
q fj = ∆k−1

q fj+1 − qk−1∆k−1
q fj, k ≥ 1 with ∆0

q fj = fj = f

(
[j]q
[n]q

)
.

The expression (0.1.2) of Bn,q(f ;x) in terms of q-difference shows its worthiness as

a true q-analogue of the classical Bernstein operators. He evaluated the approximation

properties of a function at the interval which are in the form of geometric progression. In

[108], Oruç et al. extended the results given in [54] to the generalized Bernstein polyno-

mials.

Muraru [102] introduced the q-Bernstein-Schurer operators and obtained the Korovkin-

type approximation theorem and the rate of convergence of the operators in terms of the

first order modulus of continuity. Durrmeyer [65] introduced the integral modification of

4



0.1: General Introduction

the Bernstein polynomials and in 2005, Derriennic [59] generalized the modified Bern-

stein polynomials for Jacobi weights using the q-Bernstein basis proposed by Phillips. She

extended the various properties of modified Bernstein polynomials to their q-analogues.

Adell and Cal [14] considered the Durrmeyer type modification of Bernstein, Szász and

Baskakov operators and solved the two different kinds of problems. In this paper, authors

used a probabilistic approach to obtain the result concerning the preservation of shape

properties, Lipschitz constant and global smoothness as well as convexity.

Dalmanglu [53] defined the q-analogue of the Bernstein-Kantorovich operators and ex-

amined the order of approximation of the operators by means of modulus of continuity.

Subsequently, Radu [114] investigated the statistical convergence results of these opera-

tors. Agratini [15] studied the limit of iterates of q-analogue of the Bernstein polynomials

introduced by Lupas and also proposed a new class of q-Bernstein operators depending

on a parameter which fix certain polynomials of second degree. Govil and Gupta [71]

introduced a new type of q-Meyer-König-Zeller-Durrmeyer operators and established

some approximation properties. Gupta and Heping [80] introduced certain q-analogue

of Bernstein-Durrmeyer operators for 0 < q < 1 and investigated the rate of conver-

gence of the operators by using modulus of continuity. After this, in the continuation of

Durrmeyer modification of Bernstein operators, Aral and Gupta [29] introduced Szász-

Durrmeyer operators based on q-integer on the space of continuous functions on positive

semi-axis and studied their approximation properties and established an asymptotic be-

havior of these operators with respect to weighted norm. In [27], Aral and Gupta con-

sidered certain q-Baskakov operators and studied some of their approximation properties.

Aral and Gupta [28] represented the q-Baskakov operators in terms of divided differences

to discuss the q-derivatives and shape preserving properties. Gupta and Karsli [81] studied

some approximation properties of the Szász-Mirakyan-Baskakov-Stancu operators based

on q-integers. Mursaleen and Khan [105] studied the statistical approximation properties

of Bernstein-Schurer operators based on q-integers. Muraru and Acu [103] proposed a

Durrmeyer variant of q-Schurer operators and established a Korovkin-type approxima-

tion theorem and the rate of approximation. Ruchi et al. [50] introduced the bivariate

case of Stancu type Kantorovich modification of the operators proposed by Ren and Zeng

[118].

Karsli et al. [97] introduced the q-analogue of the general Gamma type operators and

5



0.2: Bivariate extensions of the linear positive operators

studied the rate of convergence, weighted approximation and A-statistical convergence of

these operators. Recently, Acu [11] introduced a q-analogue of Stancu-Schurer-Kantorovich

operators and studied its rate of convergence and the statistical approximation properties.

Subsequently, Agrawal et al.[17] constructed a bivariate generalization of a new kind of

Kantorovich type q- Bernstein Schurer operators and studied the rate of convergence, the

degree of approximation by means of the Lipschitz type class and a Voronovskaja type

theorem. Ruchi et al. [120] introduced the Kantorovich variant of Bernstein-Szász op-

erators based on q-integers for functions of one and two variables and also studied the

associated GBS operators. For more details about the work on linear positive operators

based on q-integers we refer the reader to [30].

0.2 Bivariate extensions of the linear positive operators

In 1951, Kingsley [98] first introduced the bivariate extension of Bernstein polynomials

for the functions belonging to the class C(k), where C(k), is the class of all the functions

whose derivatives of order 1, 2, ..., k exist and are continuous. The Bernstein polynomial

associated with the function f(x, y) is defined as

Bm,n(f ;x, y) =
m∑

k1=0

n∑
k2=0

bm,k1(x) bn,k2(y) f

(
k1
m
,
k2
n

)
where bm,k1(x) and bn,k2(y) are the Bernstein basis.

The main purpose of his research was to show the uniform convergence of these poly-

nomials in S(S : 0 ≤ x, y ≤ 1). Butzer in [47] gave a more direct proof of Kingsley

theorem and prove that if all the partial derivatives of a function f(x, y) of order at most

k exist and are continuous in S, then

lim
m,n→∞

∂k

∂yk−i
(Bm,nf) −→

(
∂k

∂yk−i

)
f

uniformly in S. Wigert [140] and S. N. Bernstein proved the same result for one variable.

In [100], Martinez replaced each coefficient of these polynomials by their integral parts

and proved their convergence in both the uniform and Lp norms. Stancu [125] introduced

another bivariate extension of the Bernstein polynomials on the isosceles right triangle

∆ := {(x, y) : x+y ≤ 1, x ≥ 0, y ≥ 0} and indicated a simple method for extending the

Bernstein polynomials. After this, Stancu [127] defined another linear positive operators

6



0.3: Linear operators based on orthogonal polynomials

in two or several variables.

Bărbosu [38] extended the q-Bernstein polynomial in two variables by using the paramet-

ric extensions. Let I2 = [0, 1]× [0, 1] be the unit square then for any function f : I2 → R,
the parametric extension of the operator (0.1.1) can be defined as

Bx
n1,q1

=

n1∑
k1=0

[
n1

k1

]
q1

xk1 (1− x)n1−k1
q1

f

(
[k1]q1
[n1]q1

)
(0.2.1)

and

By
n2,q2

=

n2∑
k2=0

[
n2

k2

]
q2

yk2 (1− y)n2−k2
q2

f

(
[k2]q2
[n2]q2

)
(0.2.2)

where q1, q2 > 0. Clearly, for q1 = 1, q2 = 1 these parametric extensions reduce to

the parametric extension of classical Bernstein polynomials.

After these modifications many researchers also studied the bivariate and multivariate

case of the linear positive operators (cf. [12], [17], [51], [58]).

0.3 Linear operators based on orthogonal polynomials

Appell [25], introduced a sequence of polynomials Pn(x) of degree n which satisfies the

differential equation

DPn(x) = nPn−1(x), D ≡ d

dx
,

known as Appell polynomials. These polynomials have been studied widely because of

their remarkable applications not only in mathematics [33] but also in physics and in

chemistry. In [124], Sheffer extended the class of Appell polynomials and called these

polynomials as zero type polynomials. Using Appell polynomials, Jakimovski and Levi-

atan [89] introduced a generalization of the Favard-Szász operators as

Pn(f ;x) =
e−nx

g(1)

∞∑
k=0

pk(nx)f

(
k

n

)
, (0.3.1)

where, g(u)eux =
∞∑
k=0

pk(x)uk is the generating function for the Appell polynomials

pk(x) ≥ 0, with g(z) =
∞∑
n=0

anz
n, |z| < R, R > 1 and g(1) 6= 0.

7



0.3: Linear operators based on orthogonal polynomials

Subsequently, the Stancu type generalization of the operators (0.3.1) was introduced by

Atakut and Büyükyazici [32], wherein the authors established some approximation prop-

erties. These generalization of the operators given by (0.3.1) is defined as

P ∗n(f ;x) =
e−bnx

g(1)

∞∑
k=0

pk(bnx)f

(
k

cn

)
, (0.3.2)

where (bn), (cn) denote the unbounded and increasing sequences of positive real numbers

such that bn ≥ 1, cn ≥ 1, and lim
n→∞

1

cn
= 0,

bn
cn

= 1+O

(
1

cn

)
, as n→∞. In the special

case g(z) = 1, these operators reduce to the modified Szász operators studied by Walczak

[139]. Also, for bn = n = cn, these operators coincide with the operators (0.3.1).

Ismail [85] generalized Szász operators by means of the Sheffer polynomials. Varma and

Tasdelen [133] defined Szász type operators involving Charlier polynomials. In this same

paper, the authors also introduced the Kantorovich type generalization of these operators.

Kajla and Agrawal [92] proposed the Szász-Durrmeyer type operators based on Charlier

polynomials. Varma et al. [132] introduced Szász type operators involving Brenke-type

polynomials. Mursaleen and Ansari [104] studied Chlodowsky type generalization of

Szász type operators by involving Brenke type polynomials. Tasdelen et al. [131] pro-

posed a Kantorovich variant of the Szász operators involving Brenke type polynomials.

Garg et al. [70] investigated the order of convergence of these operators and the degree of

approximation for continuous functions in a weighted space.

Agrawal and Ispir [19] introduced bivariate operators by a combination of Bernstein-

Chlodowsky polynomials and the Szász type operators based on Charlier polynomials.

For some other related papers one can refer to (cf. [23], [16], etc.,).

0.3.1 Definitions for single variable case

Definition 1. Modulus of continuity: For f(x) ∈ C[a, b], the modulus of continuity is

defined as

ω(f ; δ) = sup {|f(x2)− f(x1)| : whenever |x2 − x1| ≤ δ, δ > 0} .

Then ω(δ) is continuous, increases as δ increases and it tends to 0, as δ → 0. The same

definition holds for f(x) ∈ C2π, and the greatest value of ω(δ) is ω(π).

Properties of modulus of continuity:

8



0.3: Linear operators based on orthogonal polynomials

• If n is positive integer then ω(f ;n δ) ≤ n ω(f ; δ).

• If k > 0, ω(f ; k δ) ≤ (k + 1) ω(f ; δ).

• If ω(δ) = 0 for some δ > 0, then f(x) is a constant.

Definition 2. First order modulus of continuity: The first modulus of continuity of

f ∈ C(I) for δ > 0 is given by

ω(f, δ) = max
0<|h|<δ,x,x+h∈I

|f(x+ h)− f(x)|.

We observe that for all f ∈ C(I), we have

lim
δ→0+

ω(f, δ) = 0,

and for any δ > 0,

On the closed interval [0, b], the usual modulus of continuity of f is defined by

ωb(f, δ) = sup
0<|u−x|≤δ

sup
x,u∈[0,b]

|f(u)− f(x)|, δ > 0.

Definition 3. Lipschitz continuity:

The definition of Lipschitz continuity is due to German mathematician Rudolph Lipschitz

who used his concept of continuity to prove existence of solutions to some important

differential equations. Quantifying continuous behavior in terms of Lipschitz continuity

simplifies many aspects of mathematical analysis and the use of Lipschitz continuity has

become ubiquitous in engineering and applied mathematics.

A function f is said to be Lipschitz continuous on an interval I if there is a constant

M > 0 such that

|f(x1)− f(x2)| ≤M |x1 − x2| ∀ x1, x2 ∈ I.

Definition 4. Lipschitz type space:

The Lipschitz type space [130] was considered by Otto Szász to establish the uniform

convergence of the Szász operators for functions in this space.

For 0 < ξ ≤ 1, x ∈ (0,∞), u ∈ [0,∞) we define

Lip∗M(ξ) :=

{
f ∈ C[0,∞) : |f(u)− f(x)| ≤Mf

|u− x|ξ

(u+ x)
ξ
2

; where Mf

is a constant which depends on f

}
.

9



0.3: Linear operators based on orthogonal polynomials

Definition 5. Second order moduli of smoothness:

To measure the degree of approximation of positive linear operators, the second order

modulus of smoothness is used. For f ∈ C(I) and δ > 0, we have

ω2(f ; δ) = sup

{
|f(x+ h)− 2f(x) + f(x− h)| : x, x± h ∈ I, 0 < h ≤ δ

}
,

or we can write it as

ω2(f ; δ) = sup
0<h≤δ

sup
x∈I
|f(x+ h)− 2f(x) + f(x− h)|.

Let C2(I) :=

{
f ∈ C(I) : fxx, fxy, fyx, fyy ∈ C(I)

}
.

The norm on the space C2(I) is defined as

||f ||C(2)(I) = ||f ||+
2∑
i=1

(∥∥∥∥∂if∂xi
∥∥∥∥+

∥∥∥∥∂if∂yi
∥∥∥∥) .

Definition 6. Peetre’s K-functional: For f ∈ C(I), let us consider the following K-

functional:

K2(f, δ) = inf{||f − g||+ δ||g||C2(I) : g ∈ C2(I)},

where δ > 0.

By [61], there exists an absolute constant C > 0 such that

K2(f, δ) ≤ Cω2(f,
√
δ).

Definition 7. Ditzian-Totik modulus of smoothness: Guo et al. [74] studied the direct,

inverse and equivalence approximation theorems by means of the unified modulus. The

definitions of the Ditzian-Totik modulus of smoothness and the Peetre’s K-functional

are given as: Let φ2(x) = x(1 + x) and f ∈ CB[0,∞), the space of all bounded and

continuous functions on [0,∞). The moduli ωφτ (f, u), 0 ≤ τ ≤ 1, is defined as

ωφτ (f, u) = sup
0≤h≤u

sup
x±hφ

τ (x)
2
∈[0,∞)

∣∣∣∣f (x+
hφτ (x)

2

)
− f

(
x− hφτ (x)

2

) ∣∣∣∣,
and the appropriate K-functional is given by

Kφτ (f, u) = inf
g∈Wτ

{||f − g||+ u||φτg′||} ,

10



0.4: Weighted Approximation

where Wτ = {g : g ∈ ACloc[0,∞), ||φτg′|| < ∞}, ACloc denotes the space of locally

absolutely continuous functions on [0,∞).

From [63] there exists a constant M > 0 such that

M−1ωφτ (f, u) ≤ Kφτ (f, u) ≤Mωφτ (f, u). (0.3.3)

0.4 Weighted Approximation

For γ > 0, let

Cγ[0,∞) := {f ∈ C[0,∞) : |f(u)| ≤M(1 + uγ), for some M > 0}

endowed with the norm ||f ||γ = supu∈[0,∞)

|f(u)|
(1 + uγ)

, then

C0
2 [0,∞) :=

{
f ∈ C2[0,∞); lim

x→∞

|f(x)|
1 + x2

exists and is finite
}
.

We study the approximation of functions in the subspace C0
2 [0,∞) of C2[0,∞). Such

type of function spaces have been considered by several researchers (cf. [26], [79] ).

It is well known that the classical modulus of continuity of first order ω(f ; δ), δ > 0 does

not tend to zero, as δ → 0, on an infinite interval. A weighted modulus of continuity

Ω(f ; δ) was defined in [141] which tends to zero as δ → 0 on [0,∞). For f ∈ C0
2 [0,∞),

the weighted modulus of continuity defined by Yüksel and Ispir [141] is given as follows:

Ω(f ; δ) = sup
x∈[0,∞),0<h≤δ

|f(x+ h)− f(x)|
1 + (x+ h)2

. (0.4.1)

Some properties of Ω(f ; δ) are collected in the following lemma:

Lemma 0.4.1. [141] Let f ∈ C0
2 [0,∞). Then the following results hold:

1. Ω(f ; δ) is monotonically increasing function of δ.

2. limδ→0+ Ω(f ; δ) = 0.

3. For each m ∈ N, Ω(f ;mδ) ≤ mΩ(f ; δ).

4. For each λ ∈ (0,∞),Ω(f ;λδ) ≤ (1 + λ)Ω(f ; δ).

11
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0.4.1 Definitions for bivariate case

Definition 8. Modulus of continuity for functions of two variables: Let I and J be the

two compact intervals on the real line and a function f : I × J → R, then the modulus of

continuity ω(f ; δ1, δ2) : [0,∞)× [0,∞)→ R is defined by

ω(f ; δ1, δ2) = sup

{
|f(x1, y1)−f(x2, y2)| : whenever |x1−y1| ≤ δ1, |x2−y2| ≤ δ2

}
,

where (x1, y1), (x2, y2) ∈ I × J.

Definition 9. Complete modulus of continuity for bivariate case: For f ∈ C(I), the

complete modulus of continuity for the bivariate case is defined as follows:

ω̄(f ; δ1, δ2) = sup

{
|f(u, v)− f(x, y)| : (u, v), (x, y) ∈ I and |u− x| ≤ δ1, |v − y| ≤ δ2

}
,

where ω̄(f, δ1, δ2) satisfies the following properties:

1. ω̄(f, δ1, δ2)→ 0, if δ1 → 0 and δ2 → 0;

2. |f(u, v)− f(x, y)| ≤ ω̄(f, δ1, δ2)

(
1 +
|u− x|
δ1

)(
1 +
|v − y|
δ2

)
.

For more details we refer the reader to [24].

Definition 10. Partial modulus of continuity for bivariate case: Further, the partial

moduli of continuity with respect to x and y is given by

ω1(f ; δ) = sup

{
|f(x1, y)− f(x2, y)| : y ∈ I and |x1 − x2| ≤ δ

}
,

and

ω2(f ; δ) = sup

{
|f(x, y1)− f(x, y2)| : x ∈ I and |y1 − y2| ≤ δ

}
.

It is clear that they satisfy the properties of the usual modulus of continuity.

Definition 11. Lipschitz class: For 0 < ξ ≤ 1 and 0 < γ ≤ 1, for f ∈ C(I) we define

the Lipschitz class LipM(ξ, γ) for the bivariate case as follows:

|f(u, v)− f(x, y)| ≤M |u− x|ξ|v − y|γ.

Definition 12. Peetre’s K-functional and second order complete modulus of continu-

ity

The Peetre’s K-functional of the function f ∈ C(I × J) is defined by

K(f ; δ) = inf
g∈C2(I×J)

{||f − g||C(I×J) + δ||g||C(I×J)}, δ > 0.

12
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where C2(I × J) =
{
f ∈ C(I × J) : f ′′xx, f

′′
x,y, f

′′
yx, f

′′
yy ∈ C(I × J)

}
endowed with

the norm ||f ||C(I×J) = sup
(x,y)∈I×J

|f(x, y)|.

Also, from ([48], pp.192) it is known that

K(f ; δ) ≤M

{
ω̄2(f ;

√
δ) +min(1, δ)||f ||C(I×J)

}
, (0.4.2)

holds for all δ > 0 . The constant M in the above inequality is independent of δ and f

and ω̄2(f ;
√
δ) is the second order modulus of continuity which is defined as

ω̄2(f ;
√
δ) = sup

|h|≤δ,|k|≤δ

{∣∣∣∣ 2∑
ν=0

(−1)2−νf(x+ νh, y + νk)

∣∣∣∣ : (x, y), (x+ 2h, y + 2k) ∈ I × J,
}
.

0.4.2 Definitions of q-calculus

1. The q-integer and q-factorial: For any fixed real number q > 0 satisfying the

condition 0 < q < 1, the q-integer [n]q, for n ∈ N and q-factorial [n]q! are defined

as

[n]q =


(1− qn)

(1− q)
, if q 6=1

n, if q = 1,

and

[n]q! =

{
[n]q[n− 1]q . . . 1, if n ≥ 1

1, if n = 0,

respectively.

2. q-binomial coefficient: For any integers n, k satisfying 0 ≤ k ≤ n, the q-binomial

coefficient is given by [
n

k

]
q

=
[n]q!

[n− k]q![k]q!
.

3. The Gauss binomial or q-binomial formula: The Gauss binomial or q-binomial

formula is defined as:

(x+ a)nq =
n∑
k=0

[
n

k

]
q

qk(k−1)/2akxn−k.

13



0.5: Generalized boolean sum operators

4. q-derivative of a function: The q-derivative of a function f is given by

(Dqf)(x) =
f(x)− f(qx)

(1− q)x
, x 6= 0,

and (Dqf)(0) = f ′(0) provided f ′(0) exists. For n ∈ N, we have

Dq(1 + x)nq = [n]q(1 + qx)n−1q and Dq(1 + x)−nq = −[n]q (1 + x)−(n+1)
q .

5. q-Riemann integral: The Riemann type q-integral is defined as∫ d

c

∫ b

a

f(u, v)dRq1u d
R
q2
v = (1− q1)(1− q2)(b− a)(c− d)

∞∑
j=0

∞∑
i=0

f
(
a+ (b− a)q1

i, c+ (c− d)q2
j
)
q1
iq2

j.

provided the series on the right hand side converge.

6. q-Jackson Integral Let 0 < a < b, 0 < q < 1 and f be real-valued function. The

q-Jackson integral of f over the intervals [0, b] and [a, b] are defined by∫ b

0

f(u) dqu = (1− q)b
∞∑
j=0

f(qjb)qj

and ∫ b

a

f(u) dqu =

∫ b

0

f(u) dqu−
∫ a

0

f(u) dqu.

For further details one can refer to [90].

0.5 Generalized boolean sum operators

In [45] and [46], Bögel introduced the concepts of B-continuity and B-differentiability.

Dobrescu and Matei [64] established an approximation theorem involving these kind of

functions in which they showed that the bivariate generalization of Bernstein polynomials

can be uniformly approximated by the associated GBS (generalized boolean sum) op-

erators using the definitions of B-continuity and B-differentiability. Badea et al. [35]

established a Korovkin type theorem (known as Test Function Theorem) on the approx-

imation of B-continuous functions and obtained some sequences of uniformly approxi-

mating pseudo polynomials. Badea and Cottin [37] obtained Korovkin type theorems for

14



0.5: Generalized boolean sum operators

generalized boolean sum operators. Bărbosu et al. [39] introduced the GBS operators

of Durrmeyer-Stancu type based on q integers and obtained the rate of approximation

with the aid of the Lipschitz class of B-continuous functions and the mixed modulus of

smoothness. Agrawal et al. [20] defined GBS operators of Lupas-Durrmeyer type based

on Pólya distribution and discussed the degree of approximation by means of the mixed

modulus of smoothnes. Ispir [87] constructed the GBS operators associated with a com-

bination of Chlodowsky and modified Szász operators and studied the rate of convergence

for the Bögel continuous and Bögel differentiable functions. For some important contri-

butions in this direction we refer to [cf. [52], [41], [42], [112], [67], [68], [66], [111],

[113], [40], [60] and etc.]. Now we give some basic definitions and notions regarding

Bögel space:

0.5.1 Basic definitions related to Bögel space

Definition 13. Bögel continuity and Mixed difference

Let I, J be compact sub intervals of real axis then the function f on I × J is called a

B-continuous (Bögel continuous) function if for every (x0, y0) ∈ I × J we have

lim
(x,y)→(x0,y0)

∆f [(x0, y0); (x, y)] = 0,

where ∆f [(x0, y0); (x, y)] denotes the mixed difference defined by

∆f [(x0, y0); (x, y)] = f(x, y)− f(x, y0)− f(x0, y) + f(x0, y0).

Definition 14. Bögel boundedness

The function f : I × J −→ R is said to be B-bounded on I × J iff there exists M > 0

such that

‖∆f [(x0, y0); (x, y)]‖ ≤M

for any (x0, y0); (x, y) ∈ I × J . Let Bb (I × J) , denote the space of all B-bounded func-

tions on I × J → R, equipped with the norm

‖f‖B = sup
(x,y),(x0,y0)∈I×J

|∆f [(x0, y0); (x, y)]| .
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We denote byCb (I × J) , the space of allB-continuous functions on I×J . B (I × J) , C (I × J)

denote the space of all bounded functions and the space of all continuous (in the usual

sense) functions on I × J endowed with the sup-norm ‖.‖∞ respectively. It is known that

C (I × J) ⊂ Cb (I × J) ([35], page 52).

Definition 15. Bögel differentiability

A function f : I × J −→ R is called a B-differentiable (Bögel differentiable) function at

(x0, y0) ∈ I × J if the limit

lim
(x,y)→(x0,y0)

∆f [(x0, y0); (x, y)]

(x− x0)(y − y0)
exists and is finite.

The limit is said to be the B-differential of f at the point (x0, y0) and is denoted by

DB(f ;x0, y0) and the space of all B-differentiable functions is denoted by Db(I × J).

Definition 16. Lipschitz class for Bögel space: For f ∈ Cb (I × J) , the Lipschitz class

LipM (ξ, γ) with ξ, γ ∈ (0, 1] is defined as

LipM (ξ, γ) =

{
f ∈ Cb (I × J) : |∆f [(x0, y0); (x, y)]| ≤M |x0 − x|ξ |y0 − y|γ ,

for (x0, y0) , (x, y) ∈ I × J
}
.

Definition 17. Mixed modulus of smoothness

The mixed modulus of smoothness of f ∈ Cb (I × J) is defined as

ωmixed (f ; δ1, δ2) := sup

{
|∆f [(x0, y0); (x, y)]| : |x− x0| < δ1, |y − y0| < δ2

}
,

for all (x, y), (x0, y0) ∈ I × J and for any (δ1,δ2) ∈ (0,∞)× (0,∞) with

ωmixed : [0,∞)× [0,∞)→ R.

The basic properties of ωmixed were obtained by Badea et al. in [36] and [34] which

are similar to the properties of the usual modulus of continuity.

Let RI×J = {f : I × J −→ R} and L : RI×J −→ RI×J be a bivariate linear positive

operators. If f ∈ RI×J and (x, y) ∈ I × J then the GBS (generalized boolean sum

)operator associated to L is defined as

U(f ;x, y) = L ((f(∗, y) + f(x, ◦)− f(∗, ◦));x, y) .
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Badea and Badea [34] gave a Korovkin-type theorem for B-continuous functions

which is given as

Theorem 0.1. Let (Lm,n) be the sequence of positive linear operators such that Lm,n :

RI×J −→ RI×J , for ei,j(u, v) = ui vj (i, j non-negative integers such that 0 ≤ i+j ≤ 2),

we have

(i) Lm,n(e0,0;x, y) = L(1;x, y) = 1,

(ii) Lm,n(e1,0;x, y) = L(u;x, y) = x+ um,n(x, y),

(iii) Lm,n(e0,1;x, y) = L(v;x, y) = y + vm,n(x, y),

(iv) Lm,n(e0,2 + e2,0;x, y) = L(u2 + v2;x, y) = y2 + x2 + wm,n(x, y),

(v) limm,n→∞ um,n(x, y) = limm,n→∞ vm,n(x, y) = limm,n→∞wm,n(x, y) = 0 uniformly

on I × J

then the sequence {Um,nf} converges to f uniformly on I × J for any f ∈ Cb(I × J).

Later, Badea et al. proved Shisha Mond theorem for B-continuous functions using

GBS operators which is given as follows:

Theorem 0.2. Let L(f ;x, y) : Cb(I × J) −→ Cb(I × J) be the bivariate positive linear

operators and U(f ;x, y) be the associated GBS operator then for f ∈ Cb(I × J) and

(x, y) ∈ I × J , we have

|f(x, y)− U(f ;x, y)| ≤ |f(x, y)| |1− L(1;x, y)|+ {L(1;x, y)

+
1

δ1

√
L ((u− x)2;x, y) +

1

δ2

√
L ((v − y)2;x, y)

+
1

δ1δ2

√
L ((u− x)2;x, y)L ((v − y)2;x, y)

}
ωmixed(f ; δ1, δ2),

where δ1, δ2 ≥ 0.
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0.7 Contents of the Thesis

Chapter 1. In the first chapter, we discuss the Schurer type q-Bernstein Kantorovich

operators introduced by Lin [99] and obtain a local approximation theorem and the statis-

tical convergence of these operators. In this chapter we also study the rate of convergence

by means of the first order modulus of continuity, Lipschitz class function, the modulus

of continuity of the first order derivative and the Voronovskaja type theorem.
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The results in this chapter are published in Proceedings of Mathematical Analysis and

its Applications (Springer publications).

Chapter 2. The second chapter is concerned with the Stancu-Kantorovich operators

based on Pólya-Eggenberger distribution. We obtain some direct results for these opera-

tors by means of the Lipschitz class function, the modulus of continuity and the weighted

space. Also, we study an approximation theorem with the aid of the unified Ditzian-Totik

modulus of smoothness ωφτ (f ; t), 0 ≤ τ ≤ 1 and the rate of convergence of the opera-

tors for functions having a derivative of bounded variation on every finite subinterval of

[0,∞).

The results in this chapter are communicated in RACSAM (Revista de la Real Academia

de Ciencias Exactas, Fı́sicas y Naturales. Serie A. Matemáticas) (Springer Publica-

tions).

Chapter 3. In this chapter, we introduce the Szász-Durrmeyer type operators based on

Boas-Buck type polynomials which include Brenke-type polynomials, Sheffer polynomi-

als and Appell polynomials. We establish the moments of the operator and a Voronvskaja

type asymptotic theorem and then proceed to study the convergence of the operators with

the help of Lipschitz type space and weighted modulus of continuity. Next, we obtain a

direct approximation theorem with the aid of unified Ditzian-Totik modulus of smooth-

ness. Furthermore, we study the approximation of functions whose derivatives are locally

of bounded variation.

The results in this chapter are published in Journal of Inequalities and Applications

(Springer Publications).

Chapter 4. In the fourth chapter, we obtain the rate of approximation of the bivariate

Bernstein-Schurer-Stancu type operators based on q-integers by means of the moduli of

continuity and Lipschitz class. We also estimate the degree of approximation by means

of Lipschitz class function and the rate of convergence with the help of mixed modulus of

smoothness for the GBS operator of q-Bernstein-Schurer-Stancu type. Furthermore, we

show the comparisons by some illustrative graphics in Matlab for the convergence of the

operators to some functions.
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Chapter 5. In this chapter, we study the approximation properties of the bivariate ex-

tension of q-Bernstein-Schurer-Durrmeyer operators and obtain the rate of convergence

of the operators with the aid of the Lipschitz class function and the modulus of continu-

ity. Here, we estimate the rate of convergence of these operators by means of Peetre’s

K-functional. Then, the associated GBS operator of the q-Bernstein-Schurer-Durrmeyer

type is defined and discussed. The smoothness properties of these operators are improved

with the help of mixed K-functional. Furthermore, we show the convergence of the bi-

variate Durrmeyer type operators and the associated GBS operators to certain functions

by illustrative graphics using Matlab algorithm.

The results in this chapter are published in Mathematical Methods in the Applied Sci-

ences (Wiley Online Library Publications).

Chapter 6. In sixth chapter, we study the mixed summation integral type two dimen-

sional q-Lupaş-Phillips-Bernstein operators introduced by Sharma in 2015. We establish

a Voronovskaja type theorem and introduce the associated GBS case of these operators

and study its properties. Furthermore, we illustrate the rate of convergence of the opera-

tors introduced by Sharma and the corresponding GBS operators by numerical examples.

The results in this chapter are accepted in Numerical Functional Analysis and Opti-

mization (Taylor and Francis Publications).

Chapter 7. In the seventh chapter, we deal with the approximation properties of the

Kantorovich-type q-Bernstein-Schurer operators by means of the partial moduli of conti-

nuity and the Peetre’s K-functional. Finally, we construct the GBS operators of bivariate

q-Bernstein-Schurer-Kantorovich type and estimate the rate of convergence for these op-

erators with the help of mixed modulus of smoothness.

The results in this chapter are published Applied Mathematics and Computation (El-

sevier Publications).
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Chapter 8. In this chapter, we establish the approximation properties of the bivariate

operators which are the combination of Bernstein-Chlodowsky operators and the Szász

operators involving Appell polynomials. We investigate the degree of approximation of

the operators with the help of complete modulus of continuity and the partial moduli of

continuity. In the last section of the chapter, we introduce the GBS case of the bivariate

operators and study the order of approximation in the Bögel space of continuous func-

tions.

The results in this chapter are published Annals of Functional Analysis (Duke Univer-

sity Press Publications).
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Chapter 1

Rate of convergence of modified

Schurer type q-Bernstein Kantorovich

operators

1.1 Introduction

Muraru [102] introduced Bernstein-Schurer polynomials based on q-integers and estab-

lished the rate of convergence in terms of modulus of the continuity. Agrawal et. al [18]

considered the Stancu variant of these operators and discussed some local and global di-

rect results. Later, Agrawal et. al [21] proposed Durrmeyer type modification of these

operators and discussed some local direct results and studied the rate of convergence of

modified limit q-Bernstein-Schurer type operators.

Recently, Lin [99] introduced a new kind of modified Schurer type q-Bernstein-Kantorovich

operators as follows:

Let p ∈ N0(the set of non negative integers) be arbitrary but fixed and α, β be integers

satisfying 0 ≤ α ≤ β. For f ∈ C[0, 1 + p]

K(α,β)
n,q (f ;x) =

n+p∑
k=0

p̄n,k(q;x)

∫ 1

0

f

(
u

[n+ 1 + β]q
+

q[k + α]q
[n+ 1 + β]q

)
dqu, x ∈ [0, 1],

(1.1.1)
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where p̄n,k(q;x) =

[
n+ p

k

]
q

xk
n+p+k−1∏

s=0

(1 − qsx). It is clear that K(α,β)
n,q (f ;x) is a linear

positive operator. It is remarked that when α = β = 0, it reduces to the operator discussed

in [134].

In the present chapter, we continue the work done by Lin by discussing the rate of con-

vergence in terms of the modulus of continuity, elements of Lipschitz-type space and

Voronovskaja type theorem.

1.2 Preliminaries

In this section, we give some basic results which will be used in the sequel.

Lemma 1.2.1. [99]. For K(α,β)
n,q (um;x), m = 0, 1, 2, we have

(i) K(α,β)
n,q (1;x) = 1,

(ii) K(α,β)
n,q (u;x) =

[n+ p]q
[n+ 1 + β]q

qα+1x+
1

[n+ 1 + β]q

(
1

[2]q
+ q[α]q

)
,

(iii) K(α,β)
n,q (u2;x) =

[n+ p]q[n+ p− 1]q
[n+ 1 + β]2q

q2α+3x2+
[n+ p]q

[n+ 1 + β]2q

(
2

[2]q
qα+1+q2+α(2[α]q+

qα)

)
x+

1

[n+ 1 + β]2q

(
1

[3]q
+

2q[α]q
[2]q

+ q2[α]2q

)
.

Remark 1.2.1. For the modified Schurer type q- Bernstein-Kantorovich operators, we

have

(i) lim
n→∞

[n]qn(K(α,β)
n,qn ((u− x);x) =

[
1 + 2α

2
− (α + 1)x

]
,

(ii) lim
n→∞

[n]qn(K(α,β)
n,qn ((u− x)2;x) = x(1− x).

1.3 Main results

1.3.1 Rate of convergence

In our next theorem, we will find the rate of convergence of the operator (1.1.1) using first

order modulus of continuity.
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From the definition of the first order modulus of continuity, we have

|f(x1)− f(x2)| ≤ ω(f, δ)

(
|x1 − x2|

δ
+ 1

)
. (1.3.1)

we will use this inequality in our result.

Theorem 1.3.1. For f ∈ C[0, 1 + p] , we have

|K(α,β)
n,q (f ;x)− f(x)| ≤ 2ω

(
f ;

√
δ
(α,β)
n,q

)
,

where ω(f, .) is the modulus of continuity of f and δ(α,β)n,q := K
(α,β)
n,q ((u− x)2;x).

Proof. Using the linearity and positivity of the operator, in view of (1.3.1) we get

|K(α,β)
n,q (f ;x)− f(x)|

=

∣∣∣∣ n+p∑
k=0

p̄n,k(q;x)

∫ 1

0

(
f

(
u

[n+ 1 + β]q
+

q[k + α]

[n+ 1 + β]q

)
− f(x)

)
dqu

∣∣∣∣
≤

n+p∑
k=0

p̄n,k(q;x)

∫ 1

0

∣∣∣∣f( u

[n+ 1 + β]q
+

q[k + α]q
[n+ 1 + β]q

)
− f(x)

∣∣∣∣dqu
≤

n+p∑
k=0

p̄n,k(q;x)

∫ 1

0


∣∣∣∣ u

[n+ 1 + β]q
+

q[k + α]q
[n+ 1 + β]q

− x
∣∣∣∣

δ
+ 1

ω(f, δ) dqu

≤ ω(f, δ)

n+p∑
k=0

p̄n,k(q;x) +
ω(f, δ)

δ

( n+p∑
k=0

p̄n,k(q;x)

∫ 1

0

∣∣∣∣ u

[n+ 1 + β]q

+
q[k + α]q

[n+ 1 + β]q
− x
∣∣∣∣dqu).

On applying the Cauchy-Schwarz inequality, we have∫ 1

0

∣∣∣∣ u

[n+ 1 + β]q
+

q[k + α]q
[n+ 1 + β]q

− x
∣∣∣∣dqu

≤
{∫ 1

0

(
u

[n+ 1 + β]q
+

q[k + α]q
[n+ 1 + β]q

− x
)2

dqu

}1/2

=

√
a
(α,β)
n,k (x).
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Hence,

|K(α,β)
n,q (f ;x)− f(x)| ≤ ω(f, δ) +

ω(f, δ)

δ

n+p∑
k=0

{a(α,β)n,k }
1/2p̄n,k(q;x).

Again applying the Cauchy-Schwarz inequality, we get

|K(α,β)
n,q (f ;x)− f(x)|

≤ ω(f, δ) +
ω(f, δ)

δ

{ n+p∑
k=0

a
(α,β)
n,k p̄n,k(q;x)

}1/2{ n+p∑
k=0

p̄n,k(q;x)

}1/2

= ω(f, δ) +
ω(f, δ)

δ

{ n+p∑
k=0

p̄n,k(q;x)

∫ 1

0

(
u

[n+ 1 + β]q
+

q[k + α]q
[n+ 1 + β]q

− x
)2

dqu

}1/2

= ω(f, δ) +
ω(f, δ)

δ

{
K(α,β)
n,q ((u− x)2;x)

}1/2

.

Choosing δ := δ
(α,β)
n,q (x) = K

(α,β)
n,q ((u− x)2;x), we have

|K(α,β)
n,q (f ;x)− f(x)| ≤ 2ω

(
f,

√
δ
(α,β)
n,q (x)

)
.

Hence, we get the desired result.

Corollary 1.3.2. Let f ∈ Lip∗M(ξ) for 0 < ξ ≤ 1,then

|K(α,β)
n,q (f ;x)− f(x)| ≤ 2M

(
δ(α,β)n,q (x)

)ξ/2
,

where δ(α,β)n,q (x) = K
(α,β)
n,q ((u− x)2;x).

Proof. Since f ∈ Lip∗M(ξ), we have ω(f, δ) ≤Mδξ, for any δ > 0.

Hence the result follows from Theorem 1.

Theorem 1.3.3. If f(x) has a continuous derivative f ′(x) and ω(f ′, δ) is the modulus of

continuity of f ′(x) on [0, 1 + p], then

|K(α,β)
n,q (f ;x)− f(x)| ≤M |µ(α,β)

n,q,p |+ ω(f ′, δ)

(
1 +

√
δ
(α,β)
n,q (x)

)
,

where M is a positive constant such that |f ′(x)| ≤ M and

µ(α,β)
n,q,p (x) =

(
qα+1[n+ p]q
[n+ 1 + β]q

− x
)
x+

1

[n+ 1 + β]q

(
1

[2]q
+ q[α]q

)
. (1.3.2)
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Proof. On applying the mean value theorem, we get

f

(
u

[n+ 1 + β]q
+

q[k + α]q
[n+ 1 + β]q

)
− f(x) =

(
u

[n+ 1 + β]q
+

q[k + α]q
[n+ 1 + β]q

− x
)
f ′(ξ)

=

(
u

[n+ 1 + β]q
+

q[k + α]q
[n+ 1 + β]q

− x
)
f ′(x)

+

(
u

[n+ 1 + β]q
+

q[k + α]q
[n+ 1 + β]q

− x
)

(f ′(ξ)− f ′(x))

where, ξ lies between
(

u

[n+ 1 + β]q
+

q[k + α]q
[n+ 1 + β]q

)
and x.

Hence, we get |K(α,β)
n,q (f ;x)− f(x)|

=

∣∣∣∣f ′(x)

n+p∑
k=0

∫ 1

0

(
u

[n+ 1 + β]q
+

q[k + α]q
[n+ 1 + β]q

− x
)[
n

k

]
q

xk
n+p+k−1∏

s=0

(1− qsx)dqu

+

n+p∑
k=0

∫ 1

0

(
u

[n+ 1 + β]q
+

q[k + α]q
[n+ 1 + β]q

− x
)

(f ′(ξ)− f ′(x))

[
n

k

]
q

xk

n+p+k−1∏
s=0

(1− qsx)dqu

∣∣∣∣
≤ |f ′(x)||K(α,β)

n,q ((u− x);x)|+
n+p∑
k=0

∫ 1

0

∣∣∣∣ u

[n+ 1 + β]q
+

q[k + α]q
[n+ 1 + β]q

− x
∣∣∣∣

×|f ′(ξ)− f ′(x)|
[
n

k

]
q

xk
n+p+k−1∏

s=0

(1− qsx)dqu

≤ M |µ(α,β)
n,q,p |+

n+p∑
k=o

∫ 1

0

ω(f ′, δ)


∣∣∣∣ u

[n+ 1 + β]q
+

q[k + α]q
[n+ 1 + β]q

− x
∣∣∣∣

δ
+ 1


×
∣∣∣∣ u

[n+ 1 + β]q
+

q[k + α]q
[n+ 1 + β]q

− x
∣∣∣∣[nk
]
q

xk
n+p+k−1∏

s=0

(1− qsx)dqu

≤ M |µ(α,β)
n,q,p |+ ω(f ′, δ)

n+p∑
k=o

∫ 1

0

∣∣∣∣ u

[n+ 1 + β]q
+

q[k + α]q
[n+ 1 + β]q

− x
∣∣∣∣[nk
]
q

xk

n+p+k−1∏
s=0

(1− qsx)dqu+
ω(f ′, δ)

δ

n+p∑
k=0

∫ 1

0

(
u

[n+ 1 + β]q
+

q[k + α]q
[n+ 1 + β]q

− x
)2

×
[
n

k

]
q

xk
n+p+k−1∏

s=0

(1− qsx)dqu,
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where µ(α,β)
n,q,p is given in (1.3.2).

Now, applying Cauchy-Schwarz inequality in second term of the right side of the in-

equality and using Lemma 1.2.1, we have

|K(α,β)
n,q (f ;x)− f(x)|

≤ M |µ(α,β)
n,q,p |+ ω(f ′, δ)

( n+p∑
k=0

∫ 1

0

(
u

[n+ 1 + β]q
+

q[k + α]q
[n+ 1 + β]q

− x
)2

×
[
n

k

]
q

xk
n+p+k−1∏

s=0

(1− qsx)dqu

)1/2

+
ω(f ′, δ)

δ

n+p∑
k=0

∫ 1

0

(
u

[n+ 1 + β]q
+

q[k + α]q
[n+ 1 + β]q

− x
)2[

n

k

]
q

xk

×
n+p+k−1∏

s=0

(1− qsx)dqu,

≤ M |µ(α,β)
n,q,p |+ ω(f ′, δ)

√
K

(α,β)
n,q ((u− x)2;x) +

ω(f ′, δ)

δ
K(α,β)
n,q ((u− x)2;x).

Choosing δ := δ
(α,β)
n,q (x) = K

(α,β)
n,q ((u− x)2;x) ,we have

|K(α,β)
n,q (f ;x)− f(x)| ≤ M |µ(α,β)

n,q,p |+ ω(f ′, δ(α,β)n,q (x))(1 +

√
δ
(α,β)
n,q (x)).

Hence, we get the desired result.

1.3.2 Asymptotic Result

Theorem 1.3.4. Let f ∈ C[0, 1 + p], 0 < qn < 1 be a sequence such that qn → 1 and
1

[n]qn
→ 0, as n→∞. Suppose that f ′′(x) exist at a point x ∈ [0, 1], then we have

lim
n→∞

[n]qn(K(α,β)
n,qn (f ;x)− f(x)) =

(
1 + 2α

2
− (α + 1)x

)
f ′(x) +

1

2
(x− x2)f ′′(x).

Proof. By Taylor’s formula we have

f(u) = f(x) + (u− x)f ′(x) +
1

2
f ′′(x)(u− x)2 + r(u− x)2, (1.3.3)

where r(u, x) is the Peano form of the remainder and lim
u→x

r(u, x) = 0.
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Applying K(α,β)
n,qn (.;x) on both sides of equation (1.3.3), we get

K(α,β)
n,qn (f ;x)− f(x) = f ′(x)K(α,β)

n,qn ((u− x);x) +
1

2
f ′′(x)K(α,β)

n,qn ((u− x)2;x)

+ K(α,β)
n,qn ((u− x)2r(u, x);x).

Now taking the limit as n→∞, on both sides of the above equation, we get

lim
n→∞

[n]qn(K(α,β)
n,qn (f ;x)− f(x))

= lim
n→∞

[n]qnf
′(x)(K(α,β)

n,qn ((u− x);x) + lim
n→∞

[n]qn
f ′′(x)

2
(K(α,β)

n,qn ((u− x)2;x)

+ lim
n→∞

[n]qnK
(α,β)
n,qn ((u− x)2r(u, x);x).

(1.3.4)

From the Remark 1.2.1, we have

lim
n→∞

[n]qn(K(α,β)
n,qn ((u− x);x) =

[
1 + 2α

2
− (α + 1)x

]
, (1.3.5)

uniformly in [0,1], and

lim
n→∞

[n]qn(K(α,β)
n,qn ((u− x)2;x) = x(1− x) , uniformly in [0, 1]. (1.3.6)

Hence in order to prove the result, it is sufficient to show that

[n]qnK
(α,β)
n,qn ((u− x)2r(u, x);x)→ 0, as n→∞ , uniformly in [0, 1].

By using the Cauchy-Schwarz inequality, we have

K(α,β)
n,qn ((u− x)2r(u, x);x) ≤

√
K

(α,β)
n,qn (r2(u, x);x)

√
K

(α,β)
n,qn ((u− x)4;x).

(1.3.7)

We observe that r2(x, x) = 0, and from Theorem 1.3.1, we have

lim
n→∞

K(α,β)
n,qn (r2(u, x);x) = r2(x, x) = 0. (1.3.8)

Hence, from (1.3.7) and (1.3.8), we get

lim
n→∞

[n]qnK
(α,β)
n,qn ((u− x)2r(u, x);x) = 0 , uniformly in [0, 1], (1.3.9)

in view of the fact that

K(α,β)
n,qn ((u− x)4;x) = O

(
1

n2

)
, uniformly in [0, 1].

Now, combining (1.3.4)-(1.3.6) and (1.3.9), we get the required result.

This completes the proof of the theorem.
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We observe that due to the presence of x in the denominator on the right side we get

only pointwise approximation. In the case of Szász operators [130], this x gets cancelled

leading to the uniform convergence.

Theorem 1.3.5. Let f ∈ Lip∗M(r), r ∈ (0, 1]. Then ∀x ∈ (0, 1), we have

|K(α,β)
n,q (f ;x)− f(x)| ≤M

(
δ
(α,β)
n,q (x)

x

)r/2
,

where δ(α,β)n,q (x) = K
(α,β)
n,q ((u− x)2;x).

Proof. First, we prove the result for r = 1.

|K(α,β)
n,q (f ;x)− f(x)| ≤

n+p∑
k=0

p̄n,k(q;x)

∫ 1

0

∣∣∣∣f( u

[n+ 1 + β]q
+

q[k + α]q
[n+ 1 + β]q

)
− f(x)

∣∣∣∣dqu
≤ M

n+p∑
k=0

p̄n,k(q;x)

∫ 1

0

∣∣∣∣ u

[n+ 1 + β]q
+

q[k + α]q
[n+ 1 + β]q

− x
∣∣∣∣√

u

[n+ 1 + β]q
+

q[k + α]q
[n+ 1 + β]q

+ x

dqu.

Since

1√
u

[n+ 1 + β]q
+

q[k + α]q
[n+ 1 + β]q

+ x

<
1√
x
,

applying the Cauchy-Schwarz inequality, we obtain

|K(α,β)
n,q (f ;x)− f(x)| ≤ M√

x

n+p∑
k=0

p̄n,k(q;x)

∫ 1

0

∣∣∣∣ u

[n+ 1 + β]q
+

q[k + α]q
[n+ 1 + β]q

− x
∣∣∣∣dqu

=
M√
x
K(α,β)
n,q (|u− x|;x)

= M

√
δ
(α,β)
n,q (x)

x
.

Hence, the result is true for r = 1.

Now, we prove the result for r ∈ (0, 1). Applying the Hölder’s inequality for summation

with p =
1

r
and q =

1

1− r
, we get
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|K(α,β)
n,q (f ;x)− f(x)|

≤
n+p∑
k=0

p̄n,k(q;x)

∫ 1

0

∣∣∣∣f( u

[n+ 1 + β]q
+

q[k + α]q
[n+ 1 + β]q

)
− f(x)

∣∣∣∣dqu
≤

{ n+p∑
k=0

p̄n,k(q;x)

(∫ 1

0

∣∣∣∣f( u

[n+ 1 + β]q
+

q[k + α]q
[n+ 1 + β]q

)
− f(x)

∣∣∣∣dqu)1/r}r
.

Again applying Hölder’s inequality for integration with p =
1

r
and q =

1

1− r
, we get

|K(α,β)
n,q (f ;x)− f(x)|

≤
{ n+p∑

k=0

p̄n,k(q;x)

∫ 1

0

∣∣∣∣f( u

[n+ 1 + β]q
+

q[k + α]q
[n+ 1 + β]q

)
− f(x)

∣∣∣∣1/rdqu}r.
Since f ∈ Lip∗M(r), we have

|K(α,β)
n,q (f ;x)− f(x)| ≤ M


n+p∑
k=0

p̄n,k(q;x)

∫ 1

0

∣∣∣∣ u

[n+ 1 + β]q
+

q[k + α]q
[n+ 1 + β]q

− x
∣∣∣∣√

u
[n+1+β]q

+ q[k+α]q
[n+1+β]q

+ x
dqu


r

≤ M
r
√
x

{ n+p∑
k=0

p̄n,k(q;x)

∫ 1

0

∣∣∣∣ u

[n+ 1 + β]q
+

q[k + α]q
[n+ 1 + β]q

− x
∣∣∣∣dqu}r

≤ M
r
√
x

(
K(α,β)
n,q (|u− x|;x)

)r
.

Thus, applying Cauchy-Schwarz inequality

|K(α,β)
n,q (f ;x)− f(x)| ≤ M

(
δ
(α,β)
n,q (x)

x

)r/2
.

Hence, we get the desired result.
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Chapter 2

Stancu-Kantorovich type operators

based on Polya-Eggenberger

Distribution

2.1 Introduction

Based on Pölya-Eggenberger distribution, Stancu [128] introduced a generalization of the

Baskakov operators for a real valued function which is bounded on [0,∞) as

V [α]
n (f ;x) =

∞∑
k=0

vn,k(x, α)f

(
k

n

)
=
∞∑
k=0

(
n+ k − 1

k

)
1[n,−α]x[k,−α]

(1 + x)[n+k,−α]
f

(
k

n

)
,

=
1[n,−α]

(1 + x)[n,−α]

∞∑
k=0

1

k!

n[k,−1]
(
x

α

)[k,−1]

(
1 + x

α
+ n

)[k,−1]f

(
k

n

)
, (2.1.1)

where α = α(n) ≥ 0 and u[n,h] = u(u− h)(u− 2h)...(u− n− 1h), u[0,h] = 1. If α = 0,

then the operator (2.1.1) reduces to the Baskakov operators [43]:

Vn(f ;x) =
∞∑
k=0

(
n+ k − 1

k

)
xk

(1 + x)n+k
f

(
k

n

)
. (2.1.2)

For the class of bounded and Lebesgue integrable functions on [0,∞), Deo et al. [56]
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defined the Kantorovich variant of the operators (2.1.1) as follows:

K [α]
n (f ;x) = (n− 1)

1[n,−α]

(1 + x)[n,−α]

∞∑
k=0

1

k!

n[k,−1]
(x
α

)[k,−1]
(

1 + x

α
+ n

)[k,−1]

∫ k+1
n−1

k
n−1

f(u)du. (2.1.3)

Alternatively, we may write the operator (2.1.3) as

K [α]
n (f ;x) = (n− 1)

∞∑
k=0

(
n+ k − 1

k

)B(x
α

+ k,
1

α
+ n

)
B

(
x

α
,

1

α

) ∫ ∞
0

f(u)χ[ k
n−1

, k+1
n−1 ](u)du

=

∫ ∞
0

L[α]
n (x, u)f(u)du,

(2.1.4)

where, L[α]
n (x, u) = (n−1)

∞∑
k=0

(
n+ k − 1

k

)
B
(
x
α

+ k, 1
α

+ n
)

B
(
x
α
, 1
α

) χ[ k
n−1

, k+1
n−1 ](u), χ[ k

n−1
, k+1
n−1 ](u)

is the characteristic function of
[

k

n− 1
,
k + 1

n− 1

]
and B(m,n) is the Beta function.

The authors [56] examined the uniform convergence, Voronovskaja type asymptotic

result and the weighted approximation properties for functions in C2[0,∞). In this chap-

ter, we examine the approximation behavior of the operators given by (2.1.4) for functions

in a weighted space and a direct approximation theorem by means of ωφτ (f, u), 0 ≤ τ ≤
1, which unifies the classical modulus of smoothness ω(f, u) for τ = 0, and the Ditzian-

Totik modulus of smoothness ωφ(f, u), for τ = 1. Furthermore, the rate of approximation

of the functions with derivatives of bounded variation by these operators is also estab-

lished.

Throughout this chapter, C denotes a constant not necessarily the same at each occur-

rence.

2.2 Basic results

Lemma 2.2.1. [56] For the Stancu-Baskakov operators (2.1.1), there hold the equalities:

(i) V [α]
n (e0;x) = 1;
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(ii) V [α]
n (e1;x) =

x

(1− α)
;

(iii) V [α]
n (e2;x) =

1

(1− α)(1− 2α)

[
x2 +

x(x+ 1)

n
+ α

(
1− 1

n

)
x

]
.

Lemma 2.2.2. [56] Let ei(u) = ui i = 0, 1, 2, 3, 4, then for the Stancu-Kantorovich op-

erators (2.1.3), the following equalities hold:

(i) K [α]
n (e0;x) = 1;

(ii) K [α]
n (e1;x) =

nx

(n− 1)(1− α)
+

1

2(n− 1)
;

(iii) K [α]
n (e2;x) =

n(n+ 1)

(n− 1)2
x(x+ α)

(1− α)(1− 2α)
+

2nx

(n− 1)2(1− α)
+

1

3(n− 1)2
;

(iv) K [α]
n (e3;x) = − 1

4(n− 1)3(1− α)(1− 2α)(1− 3α)

{
−4x(α + x)(2α + x)n3

+6x(α + x)(5α− 2x− 3)n2 − 2x(7− 26α + 4x2 + 23α2 − 15αx+ 9x)n

+(α− 1)(2α− 1)(3α− 1)} ;

(v) K [α]
n (e4;x) = − 1

5(n− 1)4(1− α)(1− 2α)(1− 3α)(1− 4α)

{
5x(3α+ x)(2α+ x)

(α + x)n4 − 10x(−3x − 4 + 7α)(2α + x)(α + x)n3 + 5x(α + x)(54α2 − 57α −

41αx+ 11x2 + 15 + 24x)n2− 5x(−6x3 + 39α+ 56α3− 83α2− 15x+ 57αx− 6−

16x2 + 28x2α− 54α2x)n

}
+

1

5(n− 1)4
.

Proof. The identities (i)-(iii) are proved in ([56], Lemma 2.2), so we give the proof of the

identity (iv). The identity (v) can be proved in a similar manner. By the definition of the

operator (2.1.3), we have

K [α]
n (e3;x) =

1

(n− 1)3

[
n3V [α]

n (e3;x) + 3
n2

2
V [α]
n (e2;x) + nV [α]

n (e1;x) +
1

4
V [α]
n (1;x)

]
.

(2.2.1)

Since the values of V [α]
n (ei;x), i = 0, 1, 2 are known from Lemma 2.2.1, we need to

compute only
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V [α]
n (e3;x) =

1[n,−α]

(1 + x)[n,−α]

∞∑
k=0

n[k,−1]
(x
α

)[k,−1]
(

1 + x

α
+ n

)[k,−1]
k3

n3

=
1

n3

∞∑
k=0

vn,k(x, α)k(k − 1)(k − 2) +
3

n
V [α]
n (e2;x)− 2

n2
V [α]
n (e1;x).

(2.2.2)

Using hypergeometric series we may write

I1 =
∞∑
k=0

vn,k(x, α)k(k − 1)(k − 2)

=
1[n,−α]

(1 + x)[n,−α]

∞∑
k=0

1

k!

n[k+3,−1]
(x
α

)[k+3,−1]

(
1 + x

α
+ n

)[k+3,−1]

=
1[n,−α]

(1 + x)[n,−α]

n(n+ 1)(n+ 2)
(x
α

)(x
α

+ 1
)(x

α
+ 2
)

(
1 + x

α
+ n

)(
1 + x

α
+ n+ 1

)(
1 + x

α
+ n+ 2

)
∞∑
k=0

(n+ 3)[k,−1]
(x
α

+ 3
)[k,−1]

(
1 + x

α
+ n+ 3

)[k,−1]

=
1[n,−α]

(1 + x)[n,−α]

n(n+ 1)(n+ 2)
(x
α

)(x
α

+ 1
)(x

α
+ 2
)

(
1 + x

α
+ n

)(
1 + x

α
+ n+ 1

)(
1 + x

α
+ n+ 2

)
2F1

(
(n+ 3),

(x
α

+ 3
)
,

(
1 + x

α
+ n+ 3

)
; 1

)
.

By the representation of hypergeometric series in terms of Gamma function

2F1(a, b, c; 1) =
Γ(c)Γ(c− a− b)
Γ(c− a)Γ(c− b)

,

we have

I1 =
n(n+ 1)(n+ 2)x(x+ α)(x+ 2α)

(1− α)(1− 2α)(1− 3α)
.
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Hence,

V [α]
n (e3;x) =

1

n3

n(n+ 1)(n+ 2)x(x+ α)(x+ 2α)

(1− α)(1− 2α)(1− 3α)
+

3

n
V [α]
n (e2;x)− 2

n2
V [α]
n (e1;x).

Thus

K [α]
n (e3;x) = − 1

4(n− 1)3(1− α)(1− 2α)(1− 3α)
·
{
−4x(α + x)(2α + x)n3

+6x(α + x)(5α− 2x− 3)n2 − 2x(7− 26α + 4x2 + 23α2 − 15αx+ 9x)n

+(α− 1)(2α− 1)(3α− 1)} .

Similarly we can obtain K [α]
n (e4;x).

Let us denote the m-th order central moment of the operators (2.1.3) by µ[α]
n,m(x) =

K
[α]
n ((u − x)m;x). From Lemma 2.2.2, by simple calculations we have the following

result:

Lemma 2.2.3. [56] For the functions µ[α]
n,m(x), there hold the equalities:

(i) µ[α]
n,1(x) =

(
n

(n− 1)(1− α)
− 1

)
x+

1

2(n− 1)
;

(ii) µ[α]
n,2(x) = x2

(
n(n+ 1)

(n− 1)2(1− α)(1− 2α)
− 2n

(n− 1)(1− α)
+ 1

)
+ x

(
αn(n+ 1)

(n− 1)2(1− α)(1− 2α)
+

2n

(n− 1)2
− 1

n− 1

)
+

1

3(n− 1)2
.

Lemma 2.2.4. Assuming that α(n)→ 0 and nα(n)→ l, as n→∞, l ∈ R, we have

(i) lim
n→∞

nµ
[α]
n,1(x) = (l + 1)x+

1

2
;

(ii) lim
n→∞

nµ
[α]
n,2(x) = x(x+ 1)(l + 1);

(iii) lim
n→∞

n2µ
[α]
n,4(x) = 3(l + 1)2x2(x+ 1)2.
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Proof. By simple calculations we obtain the proof of (i) and (ii) hence we discuss the

proof of (iii). Using Lemma 2.2.2 we have

lim
n→∞

n2µ
[α]
n,4(x) = lim

n→∞
n2
(
K [α]
n (e4;x)− 4xK [α]

n (e3;x) + 6x2K [α]
n (e2;x)− 4x3K [α]

n (e1;x) + x4
)

= 3x2(x+ 1)2(l + 1)2.

2.3 Main Results

In the following result we obtain a direct approximation theorem for functions in the

Lipschitz type space:

Theorem 2.3.1. Let f ∈ Lip∗M(r) and r ∈ (0, 1]. Then, for all x ∈ (0,∞), we have

|K [α]
n (f ;x)− f(x)| ≤M

(
µ
[α]
n,2(x)

x

)r/2
.

Proof. Applying the Hölder’s inequality for integration with p =
2

r
and q =

2

2− r
, we

have

|K [α]
n (f ;x)− f(x)| ≤

∞∑
k=0

b
[α]
n,k(x)

∫ k+1
n−1

k
n−1

|f(u)− f(x)|du

≤
∞∑
k=0

b
[α]
n,k(x)

(∫ k+1
n−1

k
n−1

|f(u)− f(x)|
2
r du

) r
2
(∫ k+1

n−1

k
n−1

1du

) 2−r
2

≤
∞∑
k=0

(
b
[α]
n,k(x)

∫ k+1
n−1

k
n−1

|f(u)− f(x)|
2
r du

) r
2
(
b
[α]
n,k(x)

∫ k+1
n−1

k
n−1

1du

) 2−r
2

.

Again applying Hölder’s inequality for summation with p =
2

r
and q =

2

2− r
, and

Lemma 2.2.2 we have

|K [α]
n (f ;x)− f(x)| ≤

(
∞∑
k=0

b
[α]
n,k(x)

∫ k+1
n−1

k
n−1

|f(u)− f(x)|
2
r du

) r
2
(
∞∑
k=0

b
[α]
n,k(x)

∫ k+1
n−1

k
n−1

1du

) 2−r
2

≤M

(
∞∑
k=0

b
[α]
n,k(x)

∫ k+1
n−1

k
n−1

(u− x)2

(u+ x)
du

) r
2

≤ M

xr/2

(
∞∑
k=0

b
[α]
n,k(x)

∫ k+1
n−1

k
n−1

(u− x)2du

) r
2

=
M

xr/2

(
µ
[α]
n,2(x)

) r
2

= M

(
µ
[α]
n,2(x)

x

) r
2

.
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Hence, we reach the desired result.

2.3.1 Weighted approximation

Our following result is a Voronovskaja type theorem for the operators given by (2.1.3):

Theorem 2.3.2. Let f ∈ C2[0,∞), α = α(n)→ 0, as n→∞ and lim
n→∞

nα(n) = l ∈ R.
If f admits a derivative of second order at x ∈ [0,∞), then we have

lim
n→∞

n[K [α]
n (f ;x)− f(x)] =

2(l + 1)x+ 1

2
f ′(x) +

x(x+ 1)(l + 1)

2
f ′′(x).

Proof. By the Taylor’s theorem, we may write

f(u) = f(x) + f ′(x)(u− x) +
1

2
f ′′(x)(u− x)2 + ε(u, x)(u− x)2, (2.3.1)

where ε(u, x) ∈ C2[0,∞) and lim
u→x

ε(u, x) = 0.

Applying the operator K [α]
n (·, x) on both sides of (2.3.1), we have

lim
n→∞

n
[
K [α]
n (f ;x)− f(x)

]
= lim

n→∞
nµ

[α]
n,1(x)f ′(x) + lim

n→∞
nµ

[α]
n,2(x)

f ′′(x)

2
+ lim

n→∞
nK [α]

n (ε(u, x)(u− x)2;x).

(2.3.2)

Using the Cauchy-Schwarz inequality in the last term of the right side of (2.3.2), we get

nK [α]
n (ε(u, x)(u− x)2;x) ≤

√
K

[α]
n (ε2(u, x);x)

√
n2µ

[α]
n,4(x).

In view of ([56], Theorem 3.2), lim
n→∞

K [α]
n (ε2(u, x);x) = ε2(x, x) = 0, since ε(u, x)→ 0

as u→ x, and by using Lemma 2.2.4, we get

lim
n→∞

nK [α]
n (ε(u, x)(u− x)2;x) = 0.

Now, from (2.3.2) and Lemma 2.2.4, we have the required result.

Theorem 2.3.3. For f ∈ C2[0,∞), we have the following inequality

|K [α]
n (f ;x)− f(x)| ≤ 4Mf (1 + x2)µ

[α]
n,2(x) + 2ωb+1

(
f ;

√
µ
[α]
n,2(x)

)
, (2.3.3)

where ωb(f ; δ) is the modulus of continuity of f on [0,b].
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Proof. From [84], for x ∈ [0, b] and all u ≥ 0, we have

|f(u)− f(x)| ≤ 4Mf (u− x)2(1 + x2) +

(
1 +
|u− x|
δ

)
ωb+1(f, δ),

for any δ > 0. Hence by Cauchy-Schwarz inequality

|K [α]
n (f ;x)− f(x)| ≤ 4Mf (1 + x2)K [α]

n ((u− x)2;x) + ωb+1(f, δ)

(
1 +

1

δ
(µ

[α]
n,2(x))1/2

)
.

Choosing δ =
√
µ
[α]
n,2(x), we get the desired result.

Theorem 2.3.4. Let f ∈ C0
2 [0,∞) and α = α(n) → 0, as n → ∞. Then, we have the

following result:

lim
n→∞

||K [α]
n (f)− f ||2 = 0.

Proof. From [69], in order to prove this result it is sufficient to show that

lim
n→∞

||K [α]
n (um;x)− xm||2 = 0, m = 0, 1, 2. (2.3.4)

From Lemma 2.2.2, K [α]
n (1;x) = 1, therefore the condition (2.3.4) holds for m = 0.

Using Lemma 2.2.2, we have

||K [α]
n (u;x)− x||2 = sup

x≥0

1

(1 + x2)

∣∣∣∣ nx

(n− 1)(1− α)
+

1

2(n− 1)
− x
∣∣∣∣

= sup
x≥0

1

(1 + x2)

(
x(1 + α(n− 1))

(n− 1)(1− α)
+

1

2(n− 1)

)
=

1 + α(n− 1)

2(n− 1)(1− α)
+

1

2(n− 1)
.

Hence, lim
n→∞

||K [α]
n (u;x)− x||2 = 0.

Now

||K [α]
n (u2;x)− x2||2 = sup

x≥0

1

(1 + x2)

∣∣∣∣n(n+ 1)

(n− 1)2
x(x+ α)

(1− α)(1− 2α)
+

2nx

(n− 1)2(1− α)

+
1

3(n− 1)2
− x2

∣∣∣∣
=

(
n(n+ 1)

(n− 1)2(1− α)(1− 2α)
− 1

)
+

1

2

(
n(n+ 1)α

(n− 1)2(1− α)(1− 2α)

+
2n

(n− 1)2(1− α)

)
+

1

3(n− 1)2
.

Therefore, lim
n→∞

||K [α]
n (u2;x)− x2||2 = 0. This completes the proof of the theorem.
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Example 1. The convergence of the operators K [α]
n (f ;x) is illustrated in Figure 1,

where f(x) = −2x2e−4x, α = 1/n, n = 10 and n = 20, respectively. We can see that

when the values of n are increasing, the graphs of operators K [α]
n (f ;x) are going to the

graph of the function f .

The convergence of K [α]
n (f ;x) to f(x)

In Table 1, we have computed the error of approximation for K [α]
n at certain points,

for n = 10 and n = 20, respectively.

Table 1. Error of approximation for K [α]
n

41



2.3: Main Results

x |K [1/10]
10 (f ;x)− f(x)| |K [1/20]

20 (f ;x)− f(x)|
0.4 0.019565407970 0.012368435090

0.6 0.022150921080 0.014168200500

0.8 0.014892362830 0.009011449298

1.0 0.006013519940 0.002842511327

1.4 0.004823881541 0.004095282537

1.6 0.006630626569 0.004928260795

1.8 0.006993133290 0.004797156210

2.0 0.006563403422 0.004200434530

2.2 0.005780754788 0.003454436427

2.4 0.004903691508 0.002729426270

2.6 0.004066205408 0.002100415754

2.8 0.003326488994 0.001588409028

3.0 0.002700935903 0.001187735798

Theorem 2.3.5. Let f ∈ C0
2 [0,∞), α = α(n)→ 0, as n→∞ and a > 0. Then

lim
n→∞

sup
x∈[0,∞)

∣∣∣K [α]
n (f ;x)− f(x)

∣∣∣
(1 + x2)1+a

= 0.

Proof. Let x0 ∈ [0,∞) be an arbitrary but fixed point. Then

sup
x∈[0,∞)

∣∣∣K [α]
n (f ;x)− f(x)

∣∣∣
(1 + x2)1+a

≤ sup
x≤x0

∣∣∣K [α]
n (f ;x)− f(x)

∣∣∣
(1 + x2)1+a

+ sup
x>x0

∣∣∣K [α]
n (f ;x)− f(x)

∣∣∣
(1 + x2)1+a

≤ ||K [α]
n (f ;x)− f(x)||C[0,x0] + ||f ||2 sup

x>x0

K
[α]
n (1 + u2;x)

(1 + x2)1+a

+ sup
x>x0

|f(x)|
(1 + x2)1+a

.

(2.3.5)

Since |f(x)| ≤ ||f ||2(1 + x2), we have

sup
x>x0

|f(x)|
(1 + x2)1+a

≤ ||f ||2
(1 + x20)

a
. (2.3.6)
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Let ε > 0, be arbitrary. We choose x0 to be so large that

||f ||2
(1 + x20)

a
<
ε

4
. (2.3.7)

Since lim
n→∞

sup
x>x0

K
[α]
n (1 + u2;x)

1 + x2
= 1, it follows that

sup
x>x0

K
[α]
n (1 + u2;x)

1 + x2
≤ (1 + x20)

a

‖f‖2
ε

4
+ 1,

for sufficiently large n. Therefore,

‖f‖2 sup
x>x0

K
[α]
n (1 + u2;x)

(1 + x2)a+1
≤ ‖f‖2

(1 + x20)
a

sup
x>x0

K
[α]
n (1 + u2;x)

(1 + x2)
≤ ε

4
+
||f ||2

(1 + x20)
a
.

(2.3.8)

Applying Theorem 2.3.4 , we can find for sufficiently large n

||K [α]
n (f ;x)− f(x)||C[0,x0] <

ε

4
. (2.3.9)

Combining (2.3.5)-(2.3.9 ), we obtain

sup
x∈[0,∞)

∣∣∣K [α]
n (f ;x)− f(x)

∣∣∣
(1 + x2)1+a

< ε.

This proves the required result.

Theorem 2.3.6. Let f ∈ C0
2 [0,∞). If α = α(n) → 0 as n → ∞ and lim

n→∞
nα(n) = l ∈

R. Then for sufficiently large n, we have

sup
x∈[0,∞)

∣∣∣K [α]
n (f ;x)− f(x)

∣∣∣
(1 + x2)5/2

≤ C̃(l)Ω

(
f ;

1√
n

)
, (2.3.10)

where C̃(l) is a positive constant depending on l.
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Proof. For x ∈ (0,∞) and δ > 0, using (0.4.1) and Lemma 0.4.1, we have

|f(u)− f(x)| ≤
(
1 + (x+ |x− u|)2

)
Ω(f ; |u− x|)

≤ 2(1 + x2)(1 + (u− x)2)

(
1 +
|u− x|
δ

)
Ω(f ; δ).

Applying K [α]
n (·;x) both sides, we can write

|K [α]
n (f ;x)− f(x)| ≤ 2(1 + x2)Ω(f ; δ)

(
1 +K [α]

n ((u− x)2;x)

+K [α]
n

(
(1 + (u− x)2)

|u− x|
δ

;x

))
.

(2.3.11)

From Lemma 2.2.4, for sufficiently large n, it follows

nµ
[α]
n,2(x) ≤ C(l)(1 + x2) and n2µ

[α]
n,4(x) ≤ C(l)(1 + x2)2, (2.3.12)

where C(l) is a positive constant depending on l.

Now, applying the Cauchy-Schwarz inequality in the last term of (2.3.11), we obtain

K [α]
n

(
(1 + (u− x)2)

|u− x|
δ

;x

)
≤ 1

δ

(
µ
[α]
n,2(x)

)1/2
+

1

δ

(
µ
[α]
n,4(x)

)1/2 (
µ
[α]
n,2(x)

)1/2
.

(2.3.13)

Combining the estimates (2.3.11)-(2.3.13) and taking

C̃(l) = 2
(

1 +
√
C(l) + 2C(l)

)
and δ =

1√
n
,

we reach the required result.

2.3.2 Unified modulus theorem

In this section, we shall investigate a direct theorem with the aid of the unified Ditzian-

Totik modulus of smoothness ωφτ (f, t), 0 ≤ τ ≤ 1.

Theorem 2.3.7. Let f ∈ CB[0,∞), then for sufficiently large n

|K [α]
n (f ;x)− f(x)| ≤ Cωφτ

(
f ;
φ1−τ (x)√

n

)
, (2.3.14)

where C is independent of f and n.

44



2.3: Main Results

Proof. By the definition of Kφτ (f, t), for a fixed n, x, τ we can choose g = gn,x,τ ∈ Wτ

such that

||f − g||+ φ1−τ (x)√
n
||φτg′|| ≤ 2Kφτ

(
f ;
φ1−τ (x)√

n

)
.

We can write

|K [α]
n (f ;x)− f(x)| ≤ |K [α]

n (f − g;x)|+ |K [α]
n (g;x)− g(x)|+ |g(x)− f(x)|

≤ 2||f − g||+ |K [α]
n (g;x)− g(x)|. (2.3.15)

Since g ∈ Wτ , we have

g(u) = g(x) +

∫ u

x

g′(v)dv

and so

|K [α]
n (g;x)− g(x)| ≤ K [α]

n

(∣∣∣∣∫ u

x

g′(v)dv

∣∣∣∣ ;x) . (2.3.16)

By applying Hölder’s inequality, we get∣∣∣∣∫ u

x

g′(v)dv

∣∣∣∣ ≤ ||φτg′|| ∣∣∣∣∫ u

x

dv

φτ (v)

∣∣∣∣
≤ ||φτg′|| |u− x|1−τ

∣∣∣∣∫ u

x

dv

φ(v)

∣∣∣∣τ ,
we can write ∣∣∣∣∫ u

x

dv

φ(v)

∣∣∣∣ ≤ ∣∣∣∣ ∫ u

x

dv√
v

∣∣∣∣( 1√
1 + x

+
1√

1 + u

)
≤ 2|u− x|√

x

(
1√

1 + x
+

1√
1 + u

)
.

Hence ∣∣∣∣∫ u

x

g′(v)dv

∣∣∣∣≤ 2τ ||φτg′|| |u− x|
xτ/2

(
1√

1 + x
+

1√
1 + u

)τ
≤ 2τ ||φτg′|| |u− x|

xτ/2

(
1

(1 + x)τ/2
+

1

(1 + u)τ/2

)
, (2.3.17)

on applying the inequality

|a+ b|r ≤ |a|r + |b|r, 0 ≤ r ≤ 1.
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Thus, from (2.3.16) and (2.3.17) and using Cauchy-Schwarz inequality, we obtain

|K [α]
n (g;x)− g(x)| ≤ 2τ ||φτg′||

xτ/2
K [α]
n

(
|u− x|

(
1

(1 + x)τ/2
+

1

(1 + u)τ/2

)
;x

)
≤ 2τ ||φτg′||

xτ/2

(
1

(1 + x)τ/2

√
µ
[α]
n,2(x) +

√
µ
[α]
n,2(x)

√
K

[α]
n ((1 + u)−τ ;x)

)
≤ 2τ ||φτg′||

√
µ
[α]
n,2(x)

{
φ−τ (x) + x−τ/2

√
K

[α]
n ((1 + u)−τ ;x)

}
.

(2.3.18)

Therefore, using ([56], Theorem 3.2) for sufficiently large n, we have

|K [α]
n (g;x)− g(x)| ≤ 2τ ||φτg′||C

√
φ2(x)

n

{
φ−τ (x) + x−τ/2(1 + x)−τ/2

}
,

(2.3.19)

for sufficiently large n.

Thus, combining (2.3.15) and (2.3.19), we find

|K [α]
n (f ;x)− f(x)| ≤ 2||f − g||+ 2τ+1||φτg′||Cφ

1−τ (x)√
n

≤ C

{
||f − g||+ φ1−τ (x)√

n
||φτg′||

}
≤ CKφτ

(
f ;
φ1−τ (x)√

n

)
≤ Cωφτ

(
f ;
φ1−τ (x)√

n

)
.

This completes the proof of the theorem.

2.3.3 Rate of Convergence of Stancu-Kantorovich type operators based

on Polya-Eggenberger Distribution

This section is devoted to the discussion of approximation of functions having derivatives

of bounded variation. For papers related to the study in this direction we refer the reader

to (cf. [9], [62], [75], [86], [91], [96], [107] and [109] etc.). Let

DBV [0,∞) :=

{
f ∈ C2[0,∞) : f ′ is of bounded variation in [a, b] ⊂ [0,∞)

}
.

A function f ∈ DBV [0,∞) can be represented as

f(x) =

∫ x

0

g(u)du+ f(0),

where g ∈ BV [a, b], the space of bounded variation function on [a, b].
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Lemma 2.3.1. Let α = α(n)→ 0, as n→∞ and lim
n→∞

nα(n) = l ∈ R. For every x > 0

and sufficiently large n,

(i) ξ[α]n (x, u) =

∫ u

0

L[α]
n (x, v)dv ≤ C(l)

(x− u)2
(1 + x2)

n
, 0 ≤ u < x,

(ii) 1− ξ[α]n (x, u) =

∫ ∞
u

L[α]
n (x, v)dv ≤ C(l)

(u− x)2
(1 + x2)

n
, x ≤ u <∞,

where C(l) > 0 is constant and depends on l.

Proof. Using Lemma 2.2.2 and (2.3.12), we have

ξ[α]n (x, u) =

∫ u

0

L[α]
n (x, v)dv ≤

∫ u

0

(
x− v
x− u

)2

L[α]
n (x, v)dv

≤ 1

(x− u)2
K [α]
n ((u− x)2;x) ≤ C(l)

(x− u)2
1 + x2

n
,

when n is large enough. Similarly, we can prove (ii).

Theorem 2.3.8. Let f ∈ DBV [0,∞), α = α(n)→ 0, as n→∞ and lim
n→∞

nα(n) = l ∈
R. Then, for every x ∈ (0,∞) and sufficiently large n, we have

|K [α]
n (f ;x)− f(x)| ≤

[(
n

(n− 1)(1− α)
− 1

)
x+

1

2(n− 1)

] ∣∣∣∣f ′(x+) + f ′(x−)

2

∣∣∣∣
+

√
C(l)

1 + x2

n

∣∣∣∣f ′(x+)− f ′(x−)

2

∣∣∣∣+ C(l)
1 + x2

nx

[
√
n]∑

k=1

( x∨
x−x

k

f ′x

)

+
x√
n

( x∨
x− x√

n

f ′x

)
+

(
4Mf +

Mf + |f(x)|
x2

)
C(l)

1 + x2

n

+|f ′(x+)|
√
C(l)

1 + x2

n
+ C(l)

1 + x2

nx2
|f(2x)− f(x)− xf ′(x+)|

+
x√
n

( x+ x√
n∨

x

f ′x

)
+ C(l)

1 + x2

nx

[
√
n]∑

k=1

( x+ x√
n∨

x

f ′x

)
,

Where
∨b
a f is the total variation of f on [a, b] and f ′x is given by

f ′x(u) =


f ′(u)− f ′(x−), 0 ≤ u < x

0, u = x,

f ′(u)− f ′(x+) x < u <∞.

(2.3.20)
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Proof. For any f ∈ DBV [0,∞), from (2.3.20), we may write

f ′(v) =
1

2
(f ′(x+) + f ′(x−)) + f ′x(v) +

1

2
(f ′(x+)− f ′(x−)) sgn(v − x)

+δx(v)

(
f ′(v)− 1

2
(f ′(x+) + f ′(x−))

)
, (2.3.21)

where

δx(v) =

{
1, v = x

0, v 6= x.

Since K [α]
n (e0;x) = 1, using (2.3.21) for every x ∈ (0,∞), we get

K [α]
n (f ;x)− f(x) =

∫ ∞
0

L[α]
n (x, u)(f(u)− f(x))du =

∫ ∞
0

L[α]
n (x, u)

(∫ u

x

f ′(v)dv

)
du

= −
∫ x

0

(∫ x

u

f ′(v)dv

)
L[α]
n (x, u)du+

∫ ∞
x

(∫ u

x

f ′(v)dv

)
L[α]
n (x, u)du.

(2.3.22)

Let I1 :=

∫ x

0

(∫ x

u

f ′(v)dv

)
L[α]
n (x, u)du, I2 :=

∫ ∞
x

(∫ u

x

f ′(v)dv

)
L[α]
n (x, u)du.

Since
∫ u

x

δx(v)dv = 0, using (2.3.22) we have

I1 =

∫ x

0

{∫ x

u

(
1

2
(f ′(x+) + f ′(x−)) + f ′x(v)

+
1

2
(f ′(x+)− f ′(x−)) sgn(v − x)

)
dv

}
L[α]
n (x, u)du

=
1

2
(f ′(x+) + f ′(x−))

∫ x

0

(x− u)L[α]
n (x, u)du+

∫ x

0

(∫ x

u

f ′x(v)dv

)
L[α]
n (x, u)du

− 1

2
(f ′(x+)− f ′(x−))

∫ x

0

(x− u)L[α]
n (x, u)du.

(2.3.23)

Similarly, we have

I2 =

∫ ∞
x

{∫ u

x

(
1

2
(f ′(x+) + f ′(x−)) + f ′x(u)

+
1

2
(f ′(x+)− f ′(x−)) sgn(v − x)

)
dv

}
L[α]
n (x, u)du

=
1

2
(f ′(x+) + f ′(x−))

∫ ∞
x

(u− x)L[α]
n (x, u)du+

∫ ∞
x

(∫ u

x

f ′x(v)dv

)
L[α]
n (x, u)du

+
1

2
(f ′(x+)− f ′(x−))

∫ ∞
x

(u− x)L[α]
n (x, u)du.

(2.3.24)
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Combining the relation (2.3.22)-(2.3.24), we get

K [α]
n (f ;x)− f(x)

=
1

2
(f ′(x+) + f ′(x−))

∫ ∞
0

(u− x)L[α]
n (x, u)du+

1

2

(
f ′(x+)− f ′(x−)

)
∫ ∞
0

|u− x|L[α]
n (x, u)du−

∫ x

0

(∫ x

u

f ′x(v)dv

)
L[α]
n (x, u)du

+

∫ ∞
x

(∫ u

x

f ′x(v)dv

)
L[α]
n (x, u)du.

Hence,

|K [α]
n (f ;x)− f(x)|

≤
∣∣∣∣f ′(x+) + f ′(x−)

2

∣∣∣∣|K [α]
n (u− x;x)|+

∣∣∣∣f ′(x+)− f ′(x−)

2

∣∣∣∣K [α]
n (|u− x|;x)

+

∣∣∣∣ ∫ x

0

(∫ x

u

f ′x(v)dv

)
L[α]
n (x, u)du

∣∣∣∣+

∣∣∣∣ ∫ ∞
x

(∫ u

x

f ′x(v)dv

)
L[α]
n (x, u)du

∣∣∣∣.
(2.3.25)

Now, assume that

C [α]
n (f ′x, x) =

∫ x

0

(∫ x

u

f ′x(v)dv

)
L[α]
n (x, u)du,

and

D[α]
n (f ′x, x) =

∫ ∞
x

(∫ u

x

f ′x(v)dv

)
L[α]
n (x, u)du.

Now the problem is reduced to estimate C [α]
n (f ′x, x) and D[α]

n (f ′x, x).

Using the definition of ξ[α]n (x, u) given in Lemma 2.3.1 and applying the integration by

parts, we can write

C [α]
n (f ′x, x) =

∫ x

0

(∫ x

u

f ′x(v)dv

)
∂ξ

[α]
n (x, u)

∂u
du =

∫ x

0

f ′x(u)ξ[α]n (x, u)du.

Thus,

|C [α]
n (f ′x, x)| =

∫ x

0

|f ′x(u)|ξ[α]n (x, u)du

≤
∫ x− x√

n

0

|f ′x(u)|ξ[α]n (x, u)du+

∫ x

x− x√
n

|f ′x(u)|ξ[α]n (x, u)du.
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Since f ′x(x) = 0 and ξ[α]n (x, u) ≤ 1,∫ x

x− x√
n

|f ′x(u)|ξ[α]n (x, u)du =

∫ x

x− x√
n

|f ′x(u)− f ′x(x)|ξ[α]n (x, u)du ≤
∫ x

x− x√
n

(
x∨
u

f ′x

)
du

≤ x√
n

 x∨
x− x√

n

f ′x

 .

Using Lemma 2.3.1, and assuming u = x− x

v
, we have

∫ x− x√
n

0

|f ′x(u)|ξ[α]n (x, u)du ≤ C(l)
1 + x2

n

∫ x− x√
n

0

|f ′x(u)|
(x− u)2

du

≤ C(l)
1 + x2

n

∫ x− x√
n

0

(
x∨
u

f ′x

)
du

(x− u)2

= C(l)
1 + x2

nx

∫ √n
1

 x∨
x−x

v

f ′x

 ≤ C(l)
(1 + x2)

nx

[
√
n]∑

k=1

 x∨
x−x

k

f ′x

 .

Therefore,

|C [α]
n (f ′x, x)| = C(l)

1 + x2

nx

[
√
n]∑

k=1

 x∨
x−x

k

f ′x

+
x√
n

 x∨
x− x√

n

f ′x

 .

Using integration by parts in D[α]
n (f ′x, x) and applying Lemma 2.3.1, we have

|D[α]
n (f ′x, x)| ≤

∣∣∣∣ ∫ 2x

x

(∫ u

x

f ′x(v)dv

)
∂

∂u
(1− ξ[α]n (x, u))du

∣∣∣∣+

∣∣∣∣ ∫ ∞
2x

(∫ u

x

f ′x(v)dv

)
L[α]
n (x, u)du

∣∣∣∣
≤

∣∣∣∣ ∫ 2x

x

f ′x(v)dv

∣∣∣∣|1− ξ[α]n (x, 2x)|+
∫ 2x

x

|f ′x(u)|(1− ξ[α]n (x, u))du

+

∣∣∣∣ ∫ ∞
2x

(f(u)− f(x))L[α]
n (x, u)du

∣∣∣∣+ |f ′(x+)|
∣∣∣∣ ∫ ∞

2x

(u− x)L[α]
n (x, u)du

∣∣∣∣.
We have

∫ 2x

x

|f ′x(u)|(1− ξ[α]n (x, u))du

=

∫ x+ x√
n

x

|f ′x(u)|(1− ξ[α]n (x, u))du+

∫ 2x

x+ x√
n

|f ′x(u)|(1− ξ[α]n (x, u))du

= J1 + J2.

(2.3.26)

50



2.3: Main Results

Since f ′x(x) = 0 and 1− ξ[α]n (x, u) ≤ 1,

J1 =

∫ x+ x√
n

x

|f ′x(u)− f ′x(x)|(1− ξ[α]n (x, u))du ≤ x√
n

x+ x√
n∨

x

f ′x

 .

Using Lemma 2.3.1 and assuming u = x+
x

v
, we obtain

J2 ≤ C(l)
1 + x2

n

∫ 2x

x+ x√
n

1

(u− x)2
|f ′x(u)− f ′x(x)|du ≤ C(l)

1 + x2

n

∫ 2x

x+ x√
n

1

(u− x)2

(
t∨
x

f ′x

)
du

= C(l)
1 + x2

nx

∫ √n
1

x+x
v∨

x

f ′x

 dv ≤ C(l)
1 + x2

nx

[
√
n]∑

k=1

∫ k+1

k

x+x
v∨

x

f ′x

 dv

≤ C(l)
1 + x2

nx

[
√
n]∑

k=1

x+x
k∨

x

f ′x

 .

Putting the values of J1 and J2 in (2.3.26), we have

∫ 2x

x

|f ′x(u)|(1− ξ[α]n (x, u))du ≤ x√
n

x+ x√
n∨

x

f ′x

+ C(l)
1 + x2

nx

[
√
n]∑

k=1

x+x
k∨

x

f ′x

 .

Therefore, applying Cauchy-Schwarz inequality and Lemma 2.3.1, we get

|D[α]
n (f ′x, x)| ≤ Mf

∫ ∞
2x

(u2 + 1)L[α]
n (x, u)du+ |f(x)|

∫ ∞
2x

L[α]
n (x, u)du

+|f ′(x+)|
√
C(l)

1 + x2

n
+ C(l)

1 + x2

nx2
|f(2x)− f(x)− xf ′(x+)|

+
x√
n

x+ x√
n∨

x

f ′x

+ C(l)
1 + x2

nx

[
√
n]∑

k=1

x+x
k∨

x

f ′x

 . (2.3.27)

Since u ≥ 2x, we have

Mf

∫ ∞
2x

(u2 + 1)L[α]
n (x, u)du+ |f(x)|

∫ ∞
2x

L[α]
n (x, u)du

≤ (Mf + |f(x)|)
∫ ∞
2x

L[α]
n (x, u)du+ 4Mf

∫ ∞
2x

(u− x)2L[α]
n (x, u)du

≤ Mf + |f(x)|
x2

∫ ∞
0

(u− x)2L[α]
n (x, u)du+ 4Mf

∫ ∞
0

(u− x)2L[α]
n (x, u)du

≤
(

4Mf +
Mf + |f(x)|

x2

)
C(l)

1 + x2

n
.
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Using the above inequality, we have

|D[α]
n (f ′x, x)| ≤

(
4Mf +

Mf + |f(x)|
x2

)
C(l)

1 + x2

n
+ |f ′(x+)|

√
C(l)

1 + x2

n

+C(l)
1 + x2

nx2
|f(2x)− f(x)− xf ′(x+)|+ x√

n

x+ x√
n∨

x

f ′x


+C(l)

1 + x2

nx

[
√
n]∑

k=1

x+x
k∨

x

f ′x

 . (2.3.28)

Now from (2.3.25), (2.3.27) and (2.3.28), we reach the required result.

Example 2. Let us consider the following function

f : [0, 1]→ R, f(x)=


x2 sin

1

x
, x 6= 0,

0, x = 0.

The function f is differentiable and of bounded variation on [0, 1]. For n = 50 and

α = 1/n, the convergence of K [1/50]
50 (f ;x) to f(x) is illustrated in Figure 2.

The convergence of K [1/50]
50 (f ;x) to f(x)

2.4 Better Approximation

In 2011, Cárdenas-Morales et al. [49] considered the sequence of linear Bernstein-type

operators defined for f ∈ C[0, 1] by Bn(f ◦ τ−1) ◦ τ , τ being any function that is con-

tinuously differentiable ∞ times on [0, 1], such that τ(0) = 0, τ(1) = 1 and τ ′(x) > 0
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for x ∈ [0, 1]. A Durrmeyer type generalization of Bn(f ◦ τ−1) ◦ τ was also studied in

[8]. Recently, Aral et al. [31] introduced similar modifications of the Szász-Mirakyan

operators and the Durrmeyer modifications of these operators were introduced in [10].

Assume that ρ is any function satisfying the conditions:

ρ1) ρ is a continously differentiable function;

ρ2) ρ(0) = 0, inf
x∈[0,∞)

ρ′(x) ≥ 1.

So, using the technique proposed in [49], we modify the operators defined in (2.1.4)

as follows:

K
[α]

n (f ;x) =
∞∑
k=0

b
[α]

n,k(x)

∫ k+1
n−1

k
n−1

(
f ◦ ρ−1

)
(t)dt,

where b
[α]

n,k(x) = (n− 1)

(
n+ k − 1

k

)B (ρ(x)
α

+ k, 1
α

+ n
)

B
(
ρ(x)
α
, 1
α

) .

Example 3. We compare the convergence of Kantorovich variant of Stancu operators

based on Polya-Eggenberger distribution K [α]
n defined in (2.1.4) with the modified oper-

ators K
[α]

n . We have considered the function f(x) = x2e−4x and ρ(x) = x2 + x. For

x ∈ [0, 3], n = 20, α = 1
20

, the convergence of the operators K [α]
n and K

[α]

n to the function

f is illustrated in Figure 3. Note that the approximation by K
[α]

n is better then using the

operators K [α]
n .

Approximation process by K [α]
n and K

[α]

n

53



2.4: Better Approximation

54



Chapter 3

Szász-Durrmeyer operators involving

Boas-Buck polynomials of blending type

3.1 Introduction

In [129], Sucu et al. introduced the Szász operators involving Boas-Buck type polynomi-

als as follows:

Bn(f ;x) :=
1

A(1)G(nxH(1))

∞∑
k=0

pk(nx)f

(
k

n

)
, x ≥ 0, n ∈ N, (3.1.1)

where generating function of the Boas-Buck type polynomials is given by

A(u)G(xH(u)) =
∞∑
k=0

pk(x)uk, (3.1.2)

and A(u), G(u) and H(u) are analytic functions described as

A(u) =
∞∑
k=0

aku
k, (a0 6= 0), G(u) =

∞∑
k=0

gku
k, (gk 6= 0, ∀ k),

H(u) =
∞∑
k=1

hku
k, (h1 6= 0).

Motivated by the above work, in the present chapter we define Szász-Durrmeyer type

operators based on Boas-Buck type polynomials as follows:
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For a function f ∈ Cγ[0,∞), we define

Mn(f ;x) =
1

A(1)G(nxH(1))

∞∑
k=1

pk(nx)

B(k, n+ 1)

∫ ∞
0

uk−1

(1 + u)n+k+1
f(u)du

+
a0b0

A(1)G(nxH(1))
f(0),

(3.1.3)

where B(k, n+ 1) is the beta function and x ≥ 0, n ∈ N.

Alternatively, we may write the operator (3.1.3) as

Mn(f ;x) :=

∫ ∞
0

W (n, x, u)f(u)du, (3.1.4)

where

W (n, x, u) :=
1

A(1)G(nxH(1))

∞∑
k=1

pk(nx)

B(k, n+ 1)

uk−1

(1 + u)n+k+1
+

a0b0
A(1)G(nxH(1))

δ(u),

and δ(u) being the Dirac-delta function.

First we show the uniform convergence of the operators (3.1.3) by means of the

Bohman Korovkin theorem on compact subsets of [0,∞) for functions in Cγ[0,∞). Then

a Voronovskaja type asymptotic theorem and the rate of convergence by means of the

weighted modulus of continuity are established. Further, by means of the unified Ditzian-

Totik modulus of smoothness, we obtain a direct approximation theorem. The approxi-

mation of functions with derivatives of bounded variation is also studied.

3.2 Preliminaries

In this section, we study the approximation properties of the operators Mn for functions

belonging to different function spaces.

Lemma 3.2.1. [129] For the operators Bn, one has

(i) Bn(1;x) = 1,

(ii) Bn(s;x) =
G′(nxH(1))

G(nxH(1))
x+

A′(1)

nA(1)
,
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(iii) Bn(s2;x) =
G′′(nxH(1))

G(nxH(1))
x2+

(2A′(1) + (1 +H ′′(1))A(1))

nA(1)

G′(nxH(1))

G(nxH(1))
x+

A′′(1) + A(1)

n2A(1)
,

(iv) Bn(s3;x) =
G′′′(nxH(1))

G(nxH(1))
x3 +

(3A(1) + 3A′(1) + 3A(1)H ′′(1))

nA(1)

G′′(nxH(1))

G(nxH(1))
x2

+
(6A′(1) + A(1) + 3A(1)H ′′(1) + 3A′′(1) + 3A′(1)H ′′(1) + A(1)H ′′′(1))

n2A(1)

G′(nxH(1))

G(nxH(1))
x+

A′′′(1) + 3A′′(1) + A′(1)

n3A(1)
,

(v) Bn(s4;x) =
Giv(nxH(1))

G(nxH(1))
x4+

(
4A′(1) + 6A(1)H ′′(1) + 6A(1)

nA(1)

)
G′′′(nxH(1))

G(nxH(1))
x3

+

(
6A′′(1) + 12A′(1)H ′′(1) + 4A(1)H ′′′(1) + 3A(1)(H ′′(1))2 + 7A(1) + 18A′(1)

n2A(1)

+
18A(1)H ′′(1)

n2A(1)

)
G′′(nxH(1))

G(nxH(1))
x2 +

(
4A′′′(1) + 6A′′(1)H ′′(1) + 4A′(1)H ′′′(1)

n3A(1)

+
+A(1)H iv(1)36A′(1) + A(1) + 7A(1)H ′′(1) + 18A′′(1) + 18A′(1)H ′′(1)

n3A(1)

+
6A(1)H ′′′(1)− 22A′(1)

n3A(1)

)
G′(nxH(1))

G(nxH(1))
x+

(
13A′′(1) + A′(1) + Aiv

A(1)

)
.

Proof. Since the identities (i)-(iii) are proved in [129], we give below the proof of only

(iv): The identity (v) follows similarly.

It is easily seen that

∞∑
k=0

k3pk(nx) = (4A′′(1) + A′(1))G(nxH(1)) +

(
6A′(1) + A(1) + 3A(1)H ′′(1) + 3A′′(1)

+3A′(1)H ′′(1) + A(1)H ′′′(1)

)
G′(nxH(1))nx+

(
3A(1) + 3A′(1)

+3A(1)H ′′(1)

)
G′′(nxH(1))n2x2 + A(1)G′′′(nxH(1))n3x3,
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and
∞∑
k=0

k4pk(nx) = A(1)Giv(nxH(1))n4x4 +

(
4A′(1) + 6A(1)H ′′(1) + 6A(1)

)
×G′′′(nxH(1))n3x3 +

(
6A′′(1) + 12A′(1)H ′′(1) + 4A(1)H ′′′(1)

+3A(1)(H ′′(1))2 + 7A(1) + 18A′(1) + 18A(1)H ′′(1)

)
G′′(nxH(1))n2x2

+

(
4A′′′(1) + 6A′′(1)H ′′(1) + 4A′(1)H ′′′(1) + A(1)H iv(1) + 36A′(1)

+A(1) + 7A(1)H ′′(1) + 18A′′(1) + 18A′(1)H ′′(1) + 6A(1)H ′′′(1)

−22A′(1)

)
G′(nxH(1))nx+ (13A′′(1) + A′(1) + Aiv(1))G(nxH(1)).

Now, by simple calculations we obtain the identity (iii) and (iv). Hence the details are

omitted.

In the following lemma we obtain the moments for the operators defined by (3.1.3), uti-

lizing Lemma 3.2.1:

Lemma 3.2.2. For the operators Mn there hold the equalities:

(i) Mn(1;x) = 1;

(ii) Mn(u;x) =
1

n

(
G′(nxH(1))

G(nxH(1))
nx+

A′(1)

A(1)

)
;

(iii) Mn(u2;x) =
1

n(n− 1)

[
G′′(nxH(1))

G(nxH(1))
n2x2+

(
2
A′(1)

A(1)
+H ′′(1) + 2

)
G′(nxH(1))

G(nxH(1))
nx+

2
A′(1)

A(1)
+
A′′(1)

A(1)

]
;

(iv) Mn(u3;x) =
1

n(n− 1)(n− 2)

[
G′′′(nxH(1))

G(nxH(1))
n3x3 +

(
3
A′(1)

A(1)
+ 6 + 3H ′′(1)

)
×G

′′(nxH(1))

G(nxH(1))
n2x2+

(
12
A′(1)

A(1)
+H ′′(1)+3

A′(1)

A(1)
H ′′(1)+H ′′′(1)+4

)
G′(nxH(1))

G(nxH(1))
nx+

7
A′′(1)

A(1)
+ 6

A′(1)

A(1)

]
,

(v) Mn(u4;x) =
1

n(n− 1)(n− 2)(n− 3)

[
Giv(nxH(1))

G(nxH(1))
n4x4 +

(
4
A′(1)

A(1)
+ 6H ′′(1) +

12

)
G′′′(nxH(1))

G(nxH(1))
n3x3+

(
6
A′′(1)

A(1)
+12

A′(1)

A(1)
H ′′(1)+21

A′(1)

A(1)
+3

H ′′(1)

A(1)
+4H ′′′(1)+

58



3.2: Preliminaries

18H ′′(1) + 3(H ′′(1))2 + 21

)
G′′(nxH(1))

G(nxH(1))
n2x2 +

(
4
A′′(1)

A(1)
+ 6

A′′(1)

A(1)
H ′′(1) +

36
A′′(1)

A(1)
H ′′(1) + 42

A′(1)

A(1)
+ 4

A′(1)

A(1)
H ′′′(1) + 36

A′′(1)

A(1)
+ H iv(1) + 12H ′′′(1) +

36H ′′(1) + 24

)
G′(nxH(1))

G(nxH(1))
nx+

Aiv(1)

A(1)
+ 48

A′′(1)

A(1)
+ 13

A′(1)

A(1)
+ 11

]
.

Hence as a consequence of Lemma 3.2.2, we find:

Lemma 3.2.3. For the operator (3.1.3), we have the following results:

(i) Mn((u− x);x) =

(
G′(nxH(1))

G(nxH(1))
− 1

)
x+

A′(1)

nA(1)
,

(ii) Mn((u−x)2;x) =

(
n

n− 1

G′′(nxH(1))

G(nxH(1))
−2

G′(nxH(1))

G(nxH(1))
+1

)
x2+

(
1

n− 1

(
2
A′(1)

A(1)

+H ′′(1) + 2)
G′(nxH(1))

G(nxH(1))
− 2

n

A′(1)

A(1)

)
x+

1

n(n− 1)

(
2
A′(1)

A(1)
+
A′′(1)

A(1)

)
,

(iii) Mn((u−x)4;x) =

{
n3

(n− 1)(n− 2)(n− 3)

Giv(nxH(1))

G(nxH(1))
− 4n2

(n− 1)(n− 2)

G′′′(nxH(1))

G(nxH(1))

+
6n

(n− 1)

G′′(nxH(1))

G(nxH(1))
−4

G′(nxH(1))

G(nxH(1))
+1

}
x4+

{
n2

(n− 1)(n− 2)(n− 3)

G′′′(nxH(1))

G(nxH(1))(
4
A′(1)

A(1)
+ 6H ′′(1) + 12

)
− 4n

(n− 1)(n− 2)

G′′(nxH(1))

G(nxH(1))

(
3
A′(1)

A(1)
+ 3H ′′(1) + 6

)
+

6

(n− 1)

G′(nxH(1))

G(nxH(1))

(
2
A′(1)

A(1)
+H ′′(1) + 2

)
− 4

n

A′(1)

A(1)

}
x3

+

{
n

(n− 1)(n− 2)(n− 3)

G′′(nxH(1))

G(nxH(1))

(
6
A′′(1)

A(1)
+ 12

A′(1)

A(1)
H ′′(1)

+ 21
A′(1)

A(1)
+ 3

H ′′(1)

A(1)
+ 4H ′′′(1) + 18H ′′(1) + 3(H ′′(1))2 + 21

)
− 4

(n− 1)(n− 2)

G′(nxH(1))

G(nxH(1))

(
12
A′(1)

A(1)
+H ′′(1)+3

A′(1)

A(1)
H ′′(1)+H ′′(1)+4

)}
x2

+

{
1

(n− 1)(n− 2)(n− 3)

G′(nxH(1))

G(nxH(1))

(
4
A′′(1)

A(1)
+ 6

A′′(1)

A(1)
H ′′(1)

+ 36
A′′(1)

A(1)
H ′′(1) + 42

A′(1)

A(1)
+ 4

A′(1)

A(1)
H ′′′(1) + 36

A′′(1)

A(1)
+ H iv(1) + 12H ′′′(1) +

36H ′′(1) + 24

)
− 4

n(n− 1)(n− 2)

(
7
A′′(1)

A(1)
+ 6

A′(1)

A(1)

)}
x
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+
1

(n− 1)(n− 2)(n− 3)

(
Aiv(1)

A(1)
+ 48

A′′(1)

A(1)
+ 13

A′(1)

A(1)
+ 11

)
.

Now, in order to study the approximation properties of the considered operators (3.1.3),

we make the following assumptions on the analytic functions A(u), H(u) and G(u). It is

to be noted that the following assumptions are valid pointwise. These assumptions will be

needed to prove the Theorems 3.3.3, 3.3.6 and 3.3.8 of this chapter which are pointwise

results.

lim
n→∞

n

{
G′(nxH(1))

G(nxH(1))
− 1

}
= l1(x),

lim
n→∞

n

{
n

n− 1

G′′(nxH(1))

G(nxH(1))
− 2

G′(nxH(1))

G(nxH(1))
+ 1

}
= l2(x),

lim
n→∞

n2

{
n2

(n− 1)(n− 2)(n− 3)

G′′′(nxH(1))

G(nxH(1))

(
4
A′(1)

A(1)
+ 6H ′′(1) + 12

)
− 4n

(n− 1)(n− 2)

G′′(nxH(1))

G(nxH(1))

(
3
A′(1)

A(1)
+ 3H ′′(1) + 6

)
+

6

(n− 1)

G′(nxH(1))

G(nxH(1))

(
2
A′(1)

A(1)
+H ′′(1) + 2

)
− 4

n

A′(1)

A(1)

}
= l3(x),

lim
n→∞

n2

{
n3

(n− 1)(n− 2)(n− 3)

Giv(nxH(1))

G(nxH(1))
− 4n2

(n− 1)(n− 2)

G′′′(nxH(1))

G(nxH(1))
+

6n

(n− 1)

G′′(nxH(1))

G(nxH(1))
−

4
G′(nxH(1))

G(nxH(1))
+ 1

}
= l4(x).

As a result of the above assumptions and applying Lemma 3.2.3, we reach the follow-

ing important result:

Lemma 3.2.4. For the operator (3.1.3) we have

(i) lim
n→∞

nMn((u− x);x) = l1(x)x+
A′(1)

A(1)
,

(ii) lim
n→∞

nMn((u− x)2;x) = l2(x)x2 + x(H ′′(1) + 2) = η(x), (say)

(iii) lim
n→∞

n2Mn((u − x)4;x) = l4(x)x4 + l3(x)x3 +

(
6
A′′(1)

A(1)
− 27

A′(1)

A(1)
+
H ′′(1)

A(1)
+

14H ′′(1) + 3(H ′′(1))2 + 5

)
= ν(x), (say).
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3.3 Main Results

Throughout the chapter, we assume δn(x) = Mn((u−x)2;x). In the following theorem we

show that the operators defined by (3.1.3) are an approximation process for f ∈ Cγ[0,∞),

using the Bohman-Korovkin theorem.

Theorem 3.3.1. Let f ∈ Cγ[0,∞). Then,

lim
n→∞

Mn(f ;x) = f(x),

holds uniformly in x ∈ [0, a], a > 0.

Proof. From Lemma 3.2.2, it follows that

lim
n→∞

Mn(ui;x) = xi, i = 0, 1, 2

uniformly in x ∈ [0, a]. Hence by Bohman-Korovkin theorem, the required result is im-

mediate.

In the following theorem we find the rate of convergence of the operatorsMn for func-

tions in Lip∗M(ξ).

Theorem 3.3.2. Let f ∈ Lip∗M(ξ) and ξ ∈ (0, 1]. Then, for all x ∈ (0,∞), we have

|Mn(f ;x)− f(x)| ≤ M

(
δn(x)

x

) ξ
2

.

Proof. By the linearity and positivity of the operators Mn, from (3.1.4) we obtain

|Mn(f ;x)− f(x)| ≤
∫ ∞
0

W (n, x, u)|f(u)− f(x)|du.

Applying the Hölder’s inequality with p =
2

ξ
and q =

2

2− ξ
and Lemma 3.2.2, we

have

|Mn(f ;x)− f(x)| ≤
(∫ ∞

0

W (n, x, u)|f(u)− f(x)|
2
ξ dt

) ξ
2
(∫ ∞

0

W (n, x, u)du

) 2−ξ
2

≤
(∫ ∞

0

W (n, x, u)|f(u)− f(x)|
2
ξ du

) ξ
2

≤ M

(∫ ∞
0

W (n, x, u)
(u− x)2

(u+ x)
du

) ξ
2

≤ M

(
δn(x)

x

) ξ
2

.
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Thus, we reach the desired result.

In our next result, we establish a Voronovskaja type approximation theorem.

Theorem 3.3.3. Let f ∈ Cγ[0,∞), admitting a derivative of second order at a point

x ∈ [0,∞), then there holds

lim
n→∞

n(Mn(f ;x)− f(x)) =

{
l1(x)x+

A′(1)

A(1)

}
f ′(x) +

{
l2(x)x2 + x(H ′′(1) + 2)

} f ′′(x)

2
.

If f ′′ is continuous on [0,∞) then the limit in (3.3.3) holds uniformly in x ∈ [0, a] ⊂
[0,∞), a > 0.

Proof. By the Taylor’s theorem

f(u) = f(x) + f ′(x)(u− x) +
1

2
f ′′(x)(u− x)2 + ε(u, x)(u− x)2, (3.3.1)

where, ε(u, x) ∈ Cγ[0,∞) and limu→x ε(u, x) = 0.

Applying the operator Mn(., x) on both sides of (3.3.1), we have

lim
n→∞

n (Mn(f ;x)− f(x)) = lim
n→∞

nMn(u− x;x)f ′(x) + lim
n→∞

nMn((u− x)2;x)
f ′′(x)

2
+ lim

n→∞
nMn(ε(u, x)(u− x)2;x).

(3.3.2)

Using Cauchy-Schwarz inequality in the last term of the right side of (3.3.2), we get

nMn(ε(u, x)(u− x)2;x) ≤
√
Mn(ε2(u, x);x)

√
n2Mn((u− x)4;x).

Since ε(u, x) → 0, as u → x, applying Theorem 3.3.1, for every x ∈ [0,∞) we ob-

tain limn→∞Mn(ε2(u, x);x) = ε2(x, x) = 0.

Next applying Lemma 3.2.4, for sufficiently large n and every x ∈ [0,∞)

n2Mn((u− x)4;x) = O(1).

Hence,

lim
n→∞

nMn(ε(u, x)(u− x)2;x) = 0. (3.3.3)

Now, from (3.3.2), (3.3.3) and Lemma 3.2.4, the required result follows.
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The uniformity assertion follows from the uniform continuity of f ′′ on [0, a] and the

fact that all the other estimates hold uniformly in x ∈ [0, a].

In our next theorem, we obtain the degree of approximation of the Mn operators for

functions in the space C2[0,∞) in terms of the classical modulus of continuity.

Theorem 3.3.4. For f ∈ C2[0,∞), we have the following inequality

|Mn(f ;x)− f(x)| ≤ 4Mf (1 + x2)δn(x) + 2ωb+1

(
f ;
√
δn(x)

)
. (3.3.4)

where, ω(f ; δn(x)) is the modulus of continuity of f on [0,b+1].

Proof. From [84], for u ∈ [0,∞) and x ∈ [0, b], we obtain

|f(u)− f(x)| ≤ 4Mf (u− x)2(1 + x2) +

(
1 +
|u− x|
δ

)
ωb+1(f, δ), δ > 0.

Hence, by applying Cauchy-Schwarz inequality

|Mn(f ;x)− f(x)| ≤ 4Mf (1 + x2)Mn((u− x)2;x) + ωb+1(f, δ)(
1 +

1

δ
(Mn((u− x)2;x))1/2

)
= Mf (1 + x2)δn(x) + ωb+1(f, δ)

(
1 +

1

δ

√
δn(x)

)
.

Choosing δ =
√
δn(x), we get the desired result.

The next section is devoted to the weighted approximation properties of the operators

Mn.

3.3.1 Weighted approximation

Firstly, we establish the following basic approximation theorem for functions in the weighted

space of continuous functions C0
2 [0,∞) by the operators Mn:

Theorem 3.3.5. For f ∈ C0
2 [0,∞), and a > 0, we have

lim
n→∞

sup
x∈[0,∞)

|Mn(f ;x)− f(x)|
(1 + x2)1+a

= 0.
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Proof. Let x0 ∈ [0,∞) be an arbitrary but fixed point. Then

sup
x∈[0,∞)

|Mn(f ;x)− f(x)|
(1 + x2)1+a

≤ sup
x≤x0

|Mn(f ;x)− f(x)|
(1 + x2)1+a

+ sup
x>x0

|Mn(f ;x)− f(x)|
(1 + x2)1+a

≤ ||Mn(f ; .)− f ||C[0,x0] + ||f ||2 sup
x>x0

Mn(1 + u2;x)

(1 + x2)1+a

+ sup
x>x0

|f(x)|
(1 + x2)1+a

.

(3.3.5)

Since |f(x)| ≤ ||f ||2(1 + x2), we have

sup
x>x0

|f(x)|
(1 + x2)1+a

≤ ||f ||2
(1 + x20)

a
.

Let ε > 0, be arbitrary. We choose x0 to be so large that

||f ||2
(1 + x20)

a
<
ε

6
so that sup

x>x0

|f(x)|
(1 + x2)1+a

<
ε

6
. (3.3.6)

From Theorem 3.3.1, there exists n1 ∈ N such that

||f ||2
Mn(1 + u2;x)

(1 + x2)1+a
≤ ||f ||2

(1 + x2)a

(
1 + x2 +

ε

3||f ||2

)
, ∀n > n1

≤ ||f ||2
(1 + x20)

a
+
ε

3
, ∀n > n1 and x > x0.

Hence,

||f ||2 sup
x>x0

Mn(1 + u2;x)

(1 + x2)1+a
≤ ε

2
, ∀n > n1. (3.3.7)

Applying Theorem 3.3.4, we can find n2 ∈ N such that

||Mn(f ; .)− f ||C[0,x0] <
ε

3
,∀n > n2. (3.3.8)

Let n0 = max(n1, n2). Combining (3.3.5)-(3.3.8 ), we obtain

sup
x∈[0,∞)

|Mn(f ;x)− f(x)|
(1 + x2)1+a

< ε, ∀n > n0.

Hence the required result is obtained.

In our next theorem, we determine the order of approximation for functions in a

weighted space of continuous functions on [0,∞) by Mn operators:
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Theorem 3.3.6. Let f ∈ C0
2 [0,∞). Then for sufficiently large n, we have

|Mn(f ;x)− f(x)| ≤ C(x)Ω

(
f ;

1√
n

)
, (3.3.9)

where C(x) = 2(1 + x2)

(
1 + C1 |η(x)|+

√
C1 |η(x)|1/2

(
1 +
√
C2 |ν(x)|1/2

))
, C1, C2

are constants independent of x and n and η(x), ν(x) are as given in Lemma 3.2.4.

Proof. For x ∈ (0,∞) and δ > 0, using (0.4.1) and Lemma (0.4.1)

|f(u)− f(x)| ≤ 2(1 + x2)(1 + (u− x)2)

(
1 +
|u− x|
δ

)
Ω(f ; δ).

Applying Mn(·;x) both sides, we can write

|Mn(f ;x)− f(x)| ≤ 2(1 + x2)Ω(f ; δ)
(
1 +Mn((u− x)2;x)

+Mn

(
(1 + (u− x)2)

|u− x|
δ

;x

))
.

(3.3.10)

From Lemma 3.2.4, for sufficiently large n, it follows

nMn((u− x)2;x) ≤ C1 |η(x)| and n2Mn((u− x)4;x) ≤ C2 |ν(x)|,

(3.3.11)

Now, applying the Cauchy-Schwarz inequality in the last term of (3.3.10), we obtain

Mn

(
(1 + (u− x)2)

|u− x|
δ

;x

)
≤ 1

δ

(
Mn((u− x)2;x)

)1/2
+

1

δ

(
Mn((u− x)4;x)

)1/2
(
Mn((u− x)2;x)

)1/2
.

(3.3.12)

Combining the estimates (3.3.10)-(3.3.12) and taking

δ =
1√
n
,

we reach the required result.
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3.3.2 Unified modulus theorem

Theorem 3.3.7. Let f ∈ CB[0,∞), then for sufficiently large n

|Mn(f ;x)− f(x)| ≤ Cωφτ

(
f ;
φ1−τ (x)√

n

)
,

where C is independent of f and n.

Proof. By the definition of Kφτ (f, u), for a fixed n, x, τ we can choose g = gn,x,τ ∈ Wτ

such that

||f − g||+ φ1−τ (x)√
n
||φτg′|| ≤ 2Kφτ

(
f ;
φ1−τ (x)√

n

)
. (3.3.13)

We may write

|Mn(f ;x)− f(x)| ≤ |Mn(f − g;x)|+ |Mn(g;x)− g(x)|+ |g(x)− f(x)|

≤ 2||f − g||+ |Mn(g;x)− g(x)|.

(3.3.14)

Since g ∈ Wτ , we have

g(u) = g(x) +

∫ u

x

g′(v)dv

and so

|Mn(g;x)− g(x)| ≤ Mn

(∣∣∣∣∫ u

x

g′(v)dv

∣∣∣∣ ;x) . (3.3.15)

By applying Hölder’s inequality, we get∣∣∣∣∫ u

x

g′(v)dv

∣∣∣∣ ≤ ||φτg′||
∣∣∣∣∫ u

x

dv

φτ (v)

∣∣∣∣
≤ ||φτg′|| |u− x|1−τ

∣∣∣∣∫ u

x

dv

φ(v)

∣∣∣∣τ ,
we may write ∣∣∣∣∫ u

x

dv

φ(v)

∣∣∣∣ ≤ ∣∣∣∣ ∫ u

x

dv√
v

∣∣∣∣( 1√
1 + x

+
1√

1 + u

)
.
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Hence, on using the inequality |a+ b|r ≤ |a|r + |b|r, 0 ≤ r ≤ 1.

∣∣∣∣∫ u

x

g′(v)dv

∣∣∣∣ ≤ 2τ ||φτg′|| |u− x|
xτ/2

(
1√

1 + x
+

1√
1 + u

)τ
≤ 2τ ||φτg′|| |u− x|

xτ/2

(
1

(1 + x)τ/2
+

1

(1 + u)τ/2

)
.

(3.3.16)

Thus, from (3.3.15), (3.3.16),Cauchy-Schwarz inequality and using Theorem 3.3.1,

we obtain

|Mn(g;x)− g(x)| ≤ 2τ ||φτg′||
xτ/2

Mn

(
|u− x|

(
1

(1 + x)τ/2
+

1

(1 + u)τ/2

)
;x

)
≤ 2τ ||φτg′||

xτ/2

(
1

(1 + x)τ/2

√
Mn((u− x)2;x)

+
√
Mn((u− x)2;x)

√
Mn ((1 + u)−τ ;x)

)
≤ 2τ ||φτg′||

√
Mn((u− x)2;x)

{
φ−τ (x) + x−τ/2

√
Mn ((1 + u)−τ ;x)

}
≤ 2τC||φτg′||φ(x)√

n

{
φ−τ (x) + x−τ/2(1 + x)−τ/2

}
,

= 2τ+1 ||φτg′||φ1−τ (x)√
n

,

(3.3.17)

for sufficiently large n.

Hence, combining (3.3.13)-(3.3.15) and (3.3.17), we find

|Mn(f ;x)− f(x)| ≤ 2||f − g||+ 2τ+1C||φτg′||φ
1−τ
√
n

≤ C

{
||f − g||+ φ1−τ (x)√

n
||φτg′||

}
≤ 2CKφτ

(
f ;
φ1−τ (x)√

n

)
≤ Cωφτ

(
f ;
φ1−τ (x)√

n

)
.

This completes the proof of the theorem.
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3.3.3 Rate of Convergence of Szász-Durrmeyer operators based on

Boas Buck polynomials

In this section, we discuss the approximation of functions with a derivative of bounded

variation. We show that the points x where f ′(x+) and f ′(x−) exist, the operators

Mn(f ;x) converge to the function f(x), as n→∞.

Lemma 3.3.1. Let α = α(n)→ 0, as n→∞ and lim
n→∞

nα(n) = l ∈ R. For every x > 0

and sufficiently large n, we have

(i) ξn(x, u) =

∫ u

0

W (n, x, u)dv ≤ C1 |η(x)|
(x− u)2

,

(ii) 1− ξn(x, u) =

∫ ∞
u

W (n, x, u)dv ≤ C1 |η(x)|
(u− x)2

,

where η(x) is as given in Lemma 3.2.4.

Proof. Using Lemma 3.2.2 and (3.3.11), we have

ξn(x, u) =

∫ u

0

W (n, x, u)dv ≤
∫ u

0

(
x− v
x− u

)2

W (n, x, u)(x, v)dv

≤ 1

(x− u)2
Mn((u− x)2;x) ≤ C1 |η(x)|

(x− u)2
,

when n is large enough.

Similarly, we can prove (ii).

Theorem 3.3.8. Let f ∈ DBV [0,∞). Then, for every x > 0 and sufficiently large n

|Mn(f ;x)− f(x)| ≤
[(

G′(nxH(1))

G(nxH(1))
− 1

)
x+

A′(1)

nA(1)

] ∣∣∣∣f ′(x+) + f ′(x−)

2

∣∣∣∣
+
√
C1 |η(x)|

∣∣∣∣f ′(x+)− f ′(x−)

2

∣∣∣∣+
C1 |η(x)|

x

[
√
n]∑

k=1

( x∨
x−x

k

f ′x

)

+
x√
n

( x∨
x− x√

n

f ′x

)
+

(
4Mf +

Mf + |f(x)|
x2

)
C1 |η(x)|

+|f ′(x+)|
√
C1 |η(x)|+ C1 |η(x)|

x2
|f(2x)− f(x)− xf ′(x+)|

+
x√
n

( x+ x√
n∨

x

f ′x

)
+
C1 |η(x)|

x

[
√
n]∑

k=1

( x+ x√
n∨

x

f ′x

)
,

68



3.3: Main Results

where C1 is a positive constant and
∨b
a f denotes the total variation of f on [a, b] and f ′x

is defined by

f ′x(u) =


f ′(u)− f ′(x−), 0 ≤ u < x

0, u = x,

f ′(u)− f ′(x+) x < u <∞.

(3.3.18)

Proof. For any f ∈ DBV [0,∞), from (3.3.18), we may write

f ′(v) =
1

2
(f ′(x+) + f ′(x−)) + f ′x(v) +

1

2
(f ′(x+)− f ′(x−)) sgn(v − x)

+δx(v)

(
f ′(v)− 1

2
(f ′(x+) + f ′(x−))

)
,

(3.3.19)

where δx(v) =

{
1, v = x

0, v 6= x.

Since Mn(e0;x) = 1, using (3.3.19) for every x ∈ (0,∞), we get

Mn(f ;x)− f(x) =

∫ ∞
0

W (n, x, t)(f(u)− f(x))du =

∫ ∞
0

W (n, x, u)

(∫ u

x

f ′(v)dv

)
du

= −
∫ x

0

(∫ x

u

f ′(v)dv

)
W (n, x, u)du

+

∫ ∞
x

(∫ u

x

f ′(v)dv

)
W (n, x, u)du.

(3.3.20)

Let

I1 :=

∫ x

0

(∫ x

u

f ′(v)dv

)
W (n, x, u)du, I2 :=

∫ ∞
x

(∫ u

x

f ′(v)dv

)
W (n, x, u)du.

Since
∫ u

x

δx(v)dv = 0, and using (3.3.19), we have

I1 =

∫ x

0

{∫ x

u

(
1

2
(f ′(x+) + f ′(x−)) + f ′x(v)

+
1

2
(f ′(x+)− f ′(x−)) sgn(v − x)

)
dv

}
W (n, x, u)du

=
1

2
(f ′(x+) + f ′(x−))

∫ x

0

(x− u)W (n, x, u)du+

∫ x

0

(∫ x

u

f ′x(v)dv

)
W (n, x, u)du

− 1

2
(f ′(x+)− f ′(x−))

∫ x

0

(x− u)W (n, x, u)du.

(3.3.21)
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Similarly, we have

I2 =

∫ ∞
x

{∫ u

x

(
1

2
(f ′(x+) + f ′(x−)) + f ′x(v)

+
1

2
(f ′(x+)− f ′(x−)) sgn(v − x)

)
dv

}
W (n, x, u)du

=
1

2
(f ′(x+) + f ′(x−))

∫ ∞
x

(u− x)W (n, x, u)du+

∫ ∞
x

(∫ u

x

f ′x(v)dv

)
W (n, x, u)du

+
1

2
(f ′(x+)− f ′(x−))

∫ ∞
x

(u− x)W (n, x, u)du.

(3.3.22)

Combining the relation (3.3.20)-(3.3.22), we get

Mn(f ;x)− f(x) =
1

2
(f ′(x+)+f ′(x−))

∫ ∞
0

(u− x)W (n, x, u)du+
1

2
(f ′(x+)−f ′(x−))

×
∫ ∞
0

|u− x|W (n, x, u)du−
∫ x

0

(∫ x

u

f ′x(v)dv

)
W (n, x, u)du

+

∫ ∞
x

(∫ u

x

f ′x(v)dv

)
W (n, x, u)du.

Hence,

|Mn(f ;x)− f(x)|

≤
∣∣∣∣f ′(x+) + f ′(x−)

2

∣∣∣∣|Mn(u− x;x)|+
∣∣∣∣f ′(x+)− f ′(x−)

2

∣∣∣∣Mn(|u− x|;x)

+

∣∣∣∣ ∫ x

0

(∫ x

u

f ′x(v)dv

)
W (n, x, u)du

∣∣∣∣+

∣∣∣∣ ∫ ∞
x

(∫ u

x

f ′x(v)dv

)
W (n, x, u)du

∣∣∣∣.
(3.3.23)

Now, assume that

Cn(f ′x, x) =

∫ x

0

(∫ x

u

f ′x(v)dv

)
W (n, x, u)du,

and

Dn(f ′x, x) =

∫ ∞
x

(∫ u

x

f ′x(v)dv

)
W (n, x, u)du.

Now the problem is reduced to estimate Cn(f ′x, x) and Dn(f ′x, x).

Using the definition of ξn(x, u) given in Lemma 3.3.1 and applying the integration by

parts, we can write

Cn(f ′x, x) =

∫ x

0

(∫ x

u

f ′x(v)dv

)
∂ξn(x, u)

∂u
du =

∫ x

0

f ′x(u)ξn(x, u)du.
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Thus,

|Cn(f ′x, x)| =
∫ x

0

|f ′x(u)|ξn(x, u)du

≤
∫ x− x√

n

0

|f ′x(u)|ξn(x, u)du+

∫ x

x− x√
n

|f ′x(u)|ξn(x, u)du.

Since f ′x(x) = 0 and ξn(x, u) ≤ 1, we get∫ x

x− x√
n

|f ′x(u)|ξn(x, u)du =

∫ x

x− x√
n

|f ′x(u)− f ′x(x)|ξn(x, u)du ≤
∫ x

x− x√
n

(
x∨
u

f ′x

)
du

≤

 x∨
x− x√

n

f ′x

∫ x

x− x√
n

du =
x√
n

 x∨
x− x√

n

f ′x

 .

Using Lemma 3.3.1, and assuming u = x− x

v
, we have∫ x− x√

n

0

|f ′x(u)|ξn(x, u)du ≤ C1 |η(x)|
∫ x− x√

n

0

|f ′x(u)|
(x− u)2

du

≤ C1 |η(x)|
∫ x− x√

n

0

(
x∨
u

f ′x

)
du

(x− u)2

=
C1 |η(x)|

x

∫ √n
1

 x∨
x−x

v

f ′x

 ≤ C1 |η(x)|
x

[
√
n]∑

k=1

 x∨
x−x

k

f ′x

 .

Therefore,

|Cn(f ′x, x)| = C1 |η(x)|
x

[
√
n]∑

k=1

 x∨
x−x

k

f ′x

+
x√
n

 x∨
x− x√

n

f ′x

 .

Using integration by parts in Dn(f ′x, x) and applying Lemma 3.3.1, we have

|Dn(f ′x, x)| ≤
∣∣∣∣ ∫ 2x

x

(∫ u

x

f ′x(v)dv

)
∂

∂u
(1− ξn(x, u))du

∣∣∣∣
+

∣∣∣∣ ∫ ∞
2x

(∫ u

x

f ′x(v)dv

)
W (n, x, u)du

∣∣∣∣
≤

∣∣∣∣ ∫ 2x

x

f ′x(v)dv

∣∣∣∣|1− ξn(x, 2x)|+
∫ 2x

x

|f ′x(u)|(1− ξn(x, u))du

+

∣∣∣∣ ∫ ∞
2x

(f(u)− f(x))W (n, x, u)du

∣∣∣∣
+|f ′(x+)|

∣∣∣∣ ∫ ∞
2x

(u− x)W (n, x, u)(x, u)du

∣∣∣∣.
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We have ∫ 2x

x

|f ′x(u)|(1− ξn(x, u))du =

∫ x+ x√
n

x

|f ′x(u)|(1− ξn(x, u))d (3.3.24)

u+

∫ 2x

x+ x√
n

|f ′x(u)|(1− ξn](x, u))du

= J1 + J2.

(3.3.25)

Since f ′x(x) = 0 and 1− ξn(x, u) ≤ 1, we have

J1 =

∫ x+ x√
n

x

|f ′x(u)− f ′x(x)|(1− ξn(x, u))du ≤
∫ x+ x√

n

x

x+ x√
n∨

x

f ′x

 du =
x√
n

x+ x√
n∨

x

f ′x

 .

Using Lemma 3.3.1 and assuming u = x+
x

v
, we obtain

J2 ≤ C1 |η(x)|
∫ 2x

x+ x√
n

1

(u− x)2
|f ′x(u)− f ′x(x)|du ≤ C1 |η(x)|

∫ 2x

x+ x√
n

1

(u− x)2

(
u∨
x

f ′x

)
du

=
C1 |η(x)|

x

∫ √n
1

x+x
v∨

x

f ′x

 dv ≤ C1 |η(x)|
x

[
√
n]∑

k=1

∫ k+1

k

x+x
v∨

x

f ′x

 dv

≤ C1 |η(x)|
x

[
√
n]∑

k=1

x+x
k∨

x

f ′x

 .

Putting the values of J1 and J2 in (3.3.24), we have

∫ 2x

x

|f ′x(u)|(1− ξn(x, u))du ≤ x√
n

x+ x√
n∨

x

f ′x

+
C1 |η(x)|

x

[
√
n]∑

k=1

x+x
k∨

x

f ′x

 .

Therefore, applying Cauchy-Schwarz inequality and Lemma 3.3.1, we get

|Dn(f ′x, x)| ≤ Mf

∫ ∞
2x

(u2 + 1)W (n, x, u)du+ |f(x)|
∫ ∞
2x

W (n, x, u)du

+|f ′(x+)|
√
C1 |η(x)|+ C1 |η(x)|

x2
|f(2x)− f(x)− xf ′(x+)|

+
x√
n

x+ x√
n∨

x

f ′x

+
C1 |η(x)|

x

[
√
n]∑

k=1

x+x
k∨

x

f ′x

 . (3.3.26)
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Since u ≥ 2x, we have

Mf

∫ ∞
2x

(u2 + 1)W (n, x, u)du+ |f(x)|
∫ ∞
2x

W (n, x, u)du

≤ (Mf + |f(x)|)
∫ ∞
2x

W (n, x, u)du+ 4Mf

∫ ∞
2x

(u− x)2W (n, x, u)du

≤ Mf + |f(x)|
x2

∫ ∞
0

(u− x)2W (n, x, u)du+ 4Mf

∫ ∞
0

(u− x)2W (n, x, u)du

≤
(

4Mf +
Mf + |f(x)|

x2

)
C1 |η(x)|.

Using the above inequality, we have

|Dn(f ′x, x)| ≤
(

4Mf +
Mf + |f(x)|

x2

)
C1 |η(x)|+ |f ′(x+)|

√
C1 |η(x)|

+C1
1 + x2

nx2
|f(2x)− f(x)− xf ′(x+)|+ x√

n

x+ x√
n∨

x

f ′x


+
C1 |η(x)|

x

[
√
n]∑

k=1

x+x
k∨

x

f ′x

 .

(3.3.27)

Now from (3.3.23), (3.3.26) and (3.3.27), we reach the required result.
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Chapter 4

Approximation by q-GBS

Bernstein-Schurer-Stancu type

operators in a Bögel space

4.1 Introduction

Very Recently Bǎrbosu and Muraru [40] defined the q-Bernstein-Schurer-Stancu opera-

tors for the bivariate case as follows:

Let p1, p2 be non-negative integers, I = [0, 1 + p1]× [0, 1 + p2] and J = [0, 1]× [0, 1].

Let {qm} and {qn} be sequences in (0, 1) such that qm → 1, qmm → a (0 ≤ a < 1), as

m → ∞ and qn → 1, qnn → b (0 ≤ b < 1), as n → ∞. Further, let 0 ≤ α1 ≤ β1, 0 ≤
α2 ≤ β2 and S(α1,β1,α2,β2)

m,n,p1,p2 : C(I)→ C(J) then for any f ∈ C(I) we have,

S(α1,β1,α2,β2)
m,n,p1,p2

(f ; qm, qn, x, y) =

m+p1∑
k1=0

n+p2∑
k2=0

[
m+ p1
k1

]
qm

[
n+ p2
k2

]
qn

m+p1−k1−1∏
s=0

(1− qsmx)

×
n+p2−k2−1∏

r=0

(1− qrny) xk1 yk2fk1,k2 ,

(4.1.1)

where fk1,k2 = f

(
[k1]qm + α1

[m]qm + β1
,
[k2]qn + α2

[n]qn + β2

)
.
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4.2 Moments

Lemma 4.2.1. [40] Let ei.j : I → I, ei,j(x, y) = xiyj(0 ≤ i + j ≤ 2, i, j(integers)) be

the test functions. Then the following equalities hold for the operators given by (4.1.1):

(i) S(α1,β1,α2,β2)
m,n,p1,p2 (e0,0; qm, qn, x, y) = e0,0(x, y),

(ii) S(α1,β1,α2,β2)
m,n,p1,p2 (e1,0; qm, qn, x, y) =

[m+ p1]qmx+ α1

[m]qm + β1
,

(iii) S(α1,β1,α2,β2)
m,n,p1,p2 (e0,1; qm, qn, x, y) =

[n+ p2]qny + α2

[n]qn + β2
,

(iv) S(α1,β1,α2,β2)
m,n,p1,p2 (e2,0; qm, qn, x, y) =

1

([m]qm + β1)2

(
[m+p1]

2
qmx

2+[m+p1]qmx(1−x)

+ 2α1[m+ p1]qmx+ α2
1

)
,

(v) S(α1,β1,α2,β2)
m,n,p1,p2 (e0,2; qm, qn, x, y) =

1

([n]qn + β2)2

(
[n+ p2]

2
qny

2 + [n+ p2]qny(1− y)

+ 2α2[n+ p2]qny + α2
2

)
.

Lemma 4.2.2. For (x, y) ∈ J, we have

(i) S(α1,β1,α2,β2)
m,n,p1,p2 ((u − x)2; qm, qn, x, y) =

1

([m+ β1]qm)2
{((qmm[p1]qm − β1)x + α1)

2 +

[m+ p1]qmx(1− x)},

(ii) S(α1,β1,α2,β2)
m,n,p1,p2 ((v−y)2; qm, qn, x, y) =

1

([n+ β2]qn)2
{((qnn[p2]qn−β2)y+α2)

2 +[n+

p2]qny(1− y)}.

Lemma 4.2.3. For (x, y) ∈ J, we have

(i) lim
m→∞

[m]qmS
(α1,β1,α2,β2)
m,n,p1,p2

((u− x); qm, qn, x, y) = α1 − β1x,

(ii) lim
n→∞

[n]qnS
(α1,β1,α2,β2)
m,n,p1,p2

((v − y); qm, qn, x, y) = α2 − β2y,

(iii) lim
m→∞

[m]qmS
(α1,β1,α2,β2)
m,n,p1,p2

((u− x)2; qm, qn, x, y) = x(1− x),

(iv) lim
n→∞

[n]qnS
(α1,β1,α2,β2)
m,n,p1,p2

((v − y)2; qm, qn, x, y) = y(1− y).
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Similarly, it can be shown that

S(α1,β1,α2,β2)
m,n,p1,p2

((u− x)4; qm, qn, x, y) = O

(
1

[m]2qm

)
, as m→∞, uniformly in x ∈ [0, 1],

(4.2.1)

and

S(α1,β1,α2,β2)
m,n,p1,p2

((v − y)4; qm, qn, x, y) = O

(
1

[n]2qn

)
, as n→∞, uniformly in y ∈ [0, 1].

(4.2.2)

4.3 Main results

Let δm and δn be defined as

δm = maxx∈[0,1]{S(α1,β1)
m,p1

((u− x)2; qm, x)}1/2

=
1

[m]qm + β1

√
4maxx∈[0,1] (((qmm[p1]qm − β)x+ α1)2 + [m+ p1]qm),

and δn = maxy∈[0,1]{S(α2,β2)
n,p2

((v − y)2; qn, y}1/2

=
1

[n]qn + β2

√
4maxy∈[0,1] (((qnn[p2]qn − β2)y + α2)2 + [n+ p2]qn).

Theorem 4.3.1. Let f ∈ C(I). Then we have the inequality

||S(α1,β1,α2,β2)
m,n,p1,p2

(f ; qm, qn, ., .)− f || ≤ 2(ω1(f ; δm) + ω2(f ; δn)).

Proof. By the definition of partial moduli of continuity, Lemma 4.2.1 and using Cauchy-

Schwarz inequality we may write
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|S(α1,β1,α2,β2)
m,n,p1,p2

(f ; qm, qn, x, y)− f(x, y)|

≤ S(α1,β1,α2,β2)
m,n,p1,p2

(|f(u, v)− f(x, y)|; qm, qn, x, y)

≤ S(α1,β1,α2,β2)
m,n,p1,p2

(|f(u, v)− f(u, y)|; qm, qn, x, y)

+S(α1,β1,α2,β2)
m,n,p1,p2

(|f(u, y)− f(x, y)|; qm, qn, x, y)

≤ S(α1,β1,α2,β2)
m,n,p1,p2

(ω2(f ; |v − y|); qm, qn, x, y)

+S(α1,β1,α2,β2)
m,n,p1,p2

(ω1(f ; |u− x|); qm, qn, x, y)

≤ ω2(f ; δn)

[
1 +

1

δn
S(α1,β1,α2,β2)
m,n,p1,p2

(|v − y|; qm, qn, x, y)

]
+ω1(f ; δm)

[
1 +

1

δm
S(α1,β1,α2,β2)
m,n,p1,p2

(|u− x|; qm, qn, x, y)

]
≤ ω2(f ; δn)

[
1 +

1

δn

(
S(α1,β1,α2,β2)
m,n,p1,p2

((v − y)2; qm, qn, x, y)

)1/2]
+ω1(f ; δm)

[
1 +

1

δm

(
S(α1,β1,α2,β2)
m,n,p1,p2

((u− x)2; qm, qn, x, y)

)1/2]
≤ ω2(f ; δn)

(
1 +

1

δn

1

[n]qn + β2

√
4maxy∈[0,1] (((qnn[p2]qn − β2)y + α2)2 + [n+ p2]qn)

)
+ω1(f ; δm)

(
1 +

1

δm

1

[m]qm + β1

√
4maxx∈[0,1] (((qmm[p1]qm − β1)x+ α1)2 + [m+ p1]qm)

)
.

Hence, we reach the desired result.

Theorem 4.3.2. Let f ∈ C(I) and 0 < qm, qn < 1. Then for all (x, y) ∈ J, we have

||S(α1,β1,α2,β2)
m,n,p1,p2

(f ; qm, qn, ., .)− f || ≤ 4 ω̄(f, δm, δn).

Proof. We have

|S(α1,β1,α2,β2)
m,n,p1,p2 (f ; qm, qn, x, y)− f(x, y)|

≤ S(α1,β1,α2,β2)
m,n,p1,p2

(|f(u, v)− f(x, y)|; qm, qn, x, y)

≤ ω(f ; δm, δn)

(
S(α1,β1)
m,p1

(f0; qm1 , x) +
1

δm
S(α1,β1)
m,p1

(|u− x|; qm, x)

)
×
(
S(α2,β2)
n,p2

(f0; qn, y) +
1

δn
S(α2,β2)
n,p2

(|v − y|; qn, y)

)
.

Applying Cauchy-Schwarz inequality, we have
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|S(α1,β1,α2,β2)
m,n,p1,p2

(f ; qm, qn, x, y)− f(x, y)|

≤ ω̄(f ; δm, δn)

{(
1 +

1

δm

√
S
(α1,β1)
m,p1 ((u− x)2; qm, x)

)
×
(

1 +
1

δn

√
S
(α2,β2)
n,p2 ((v − y)2; qn, y)

)}
≤ 4 ω̄(f ; δm, δn).

This completes the proof.

Example 1. For n, m = 10, p1, p2 = 2, α1 = 3, β1 = 4, α2 = 5, β2 = 7, q1, q2 =

0.5, q1, q2 = 0.7 and q1, q2 = 0.9 the convergence of the operators S(3,4,5,7)
10,10,2,2(f ; .5, .5, x, y)

(yellow), S(3,4,5,7)
10,10,2,2(f ; .7, .7, x, y) (pink), S(3,4,5,7)

10,10,2,2(f ; .9, .9, x, y) (blue) to

f (x, y) = x
(
x− 1

4

) (
y − 3

7

)
(red) is illustrated by Figure 1.

Example 2. For m, n = 10, α1, α2 = 1, β1, β2 = 2, p1, p2 = 1, the comparison of

the convergence of q -Bernstein-Schurer-Stancu (blue) given by S(α1,β1,α2,β2)
m,n,p1,p2 (f ; qm, qn, x, y)

and the operators bivariate q-Bernstein-Schurer (green), q-Bernstein-Stancu (red), to

f (x, y) = 2x cos (πx) y3(yellow) with qm = m/(m + 1), qn = 1 − 1/
√
n are illustrated

in the Figure 2.

Figure 1 Figure 2

4.3.1 Degree of approximation

Now, we estimate the degree of approximation for the bivariate operators (4.1.1) by means

of the Lipschitz class.
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Theorem 4.3.3. Let f ∈ LipM(ξ, γ). Then, we have

||S(α1,β1,α2,β2)
m,n,p1,p2

(f ; qm, qn, ., .)− f || ≤Mδξmδ
γ
n.

Proof. By our hypothesis, we may write

|S(α1,β1,α2,β2)
m,n,p1,p2

(f ; qm, qn, x, y)− f(x, y)| ≤ S(α1,β1,α2,β2)
m,n,p1,p2

(|f(u, v)− f(x, y)|; qm, qn, x, y)

≤ MS(α1,β1,α2,β2)
m,n,p1,p2

(|u− x|ξ|v − y|γ; qm, qn, x, y)

= MS(α1,β1)
m,p1

(|u− x|ξ; qm, x)S(α2,β2)
n,p2

(|v − y|γ; qn, y).

Now, using the Hölder’s inequality with u1 =
2

ξ
, v1 =

2

2− ξ
and u2 =

2

γ
and v2 =

2

2− γ
,

we have

S(α1,β1,α2,β2)
m,n,p1,p2

(f ; qm, qn, x, y)− f(x, y)| ≤ MS(α1,β1)
m,p1

((u− x)2; qm, x)
ξ
2S(α1,β1)

m,p1
(f0; qm, x)

2−ξ
2

×S(α2,β2)
n,p2

((v − y)2; qn, y)
γ
2S(α2,β2)

n,p2
(f0; qn, y)

2−γ
2

≤ Mδξmδ
γ
n.

Hence, the proof is completed.

Theorem 4.3.4. Let f ∈ C(I) and (x, y) ∈ J. Then, we have

|S(α1,β1,α2,β2)
m,n,p1,p2

(f ; qm, qn, x, y)− f(x, y)| ≤ ‖fx‖δm + ‖fy‖δn.

Proof. Let (x, y) ∈ J be a fixed point. Then, we can write

f(u, v)− f(x, y) =

∫ u

x

ft(t, v)dqt+

∫ v

y

fs(x, s)dqs.

Now applying S(α1,β1,α2,β2)
m,n,p1,p2 (.; qm, qn, x, y) on both sides, we have

|S(α1,β1,α2,β2)
m,n,p1,p2

(f ; qm, qn, x, y)− f(x, y)| ≤ S(α1,β1,α2,β2)
m,n,p1,p2

(∫ u

x

ft(t, v)dqt; qm, qn, x, y

)
+S(α1,β1,α2,β2)

m,n,p1,p2

(∫ v

y

fs(x, s)dqs; qm, qn, x, y

)
.

Since
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∣∣∣∣ ∫ u

x

ft(t, v)dqt

∣∣∣∣ ≤ ‖fx‖|u− x| and
∣∣∣∣ ∫ v

y

fs(x, s)dqs

∣∣∣∣ ≤ ‖fy‖|v − y|, we have

|S(α1,β1,α2,β2)
m,n,p1,p2

(f ; qm, qn, x, y)− f(x, y)| ≤ ‖fx‖S(α1,β1)
m,p1

(|u− x|; qm, x)

+‖fy‖S(α2,β2)
n,p2

(|v − y|; qn, y).

Now, applying the Cauchy-Schwarz inequality, we get

|S(α1,β1,α2,β2)
m,n,p1,p2

(f ; qm, qn, x, y)− f(x, y)|

≤ ‖fx‖S(α1,β1)
m,p1

((u− x)2; qm, x)1/2S(α1,β1)
m,p1

(f0; qm, x)1/2

+‖fy‖S(α2,β2)
n,p2

((v − y)2; qn, y)1/2S(α2,β2)
n,p2

(f0; qn, y)1/2

≤ ‖fx‖δm + ‖fy‖δn.

Hence the theorem is proved.

Theorem 4.3.5. If f ∈ C(I), we obtain

|S(α1,β1,α2,β2)
m,n,p1,p2

(f ; qm, qn, x, y)− f(x, y)| ≤ M

{
ω̄2(f ;

√
Cm,n) +min{1, Cm,n}||f ||C(I2)

}
+ω(f ;ψm,n),

where

ψm,n =

√
max(x,y)∈J

{(
[m+ p1]qmx+ α1

[m]qm + β1
− x
)2

+

(
[n+ p2]qny + α2

[n]qn + β2
− y
)2}

,

Cm,n = δ2m + δ2n + ψ2
m,n

and the constant M > 0, is independent of f and Cm,n.

Proof. We introduce the auxiliary operators as follows:

S∗(α1,β1,α2,β2)
m,n,p1,p2

(f ; qm, qn, x, y) = S(α1,β1,α2,β2)
m,n,p1,p2

(f ; qm, qn, x, y)

−f
(

[m+ p1]qmx+ α1

[m]qm + β1
,
[n+ p2]qny + α2

[n]qn + β2

)
+ f(x, y),

then using Lemma 4.2.1, we have

S
∗(α1,β1,α2,β2)
m,n,p1,p2 ((u− x); qm, qn, x, y) = 0 and S

∗(α1,β1,α2,β2)
m,n,p1,p2 ((v − y); qm, qn, x, y) = 0.
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Let g ∈ C2(I) and u, v ∈ I . Using the Taylor’s theorem, we may write

g(u, v)− g(x, y) = g(u, y)− g(x, y) + g(u, v)− g(u, y)

=
∂g(x, y)

∂x
(u− x) +

∫ u

x

(u− t)∂
2g(t, y)

∂t2
dt

+
∂g(x, y)

∂y
(v − y) +

∫ v

y

(v − s)∂
2g(x, s)

∂s2
ds.

Applying the operator S∗(α1,β1,α2,β2)
m,n,p1,p2 (., qm, qn, x, y) on both sides, we get

S∗(α1,β1,α2,β2)
m,n,p1,p2

(f ; qm, qn, x, y)− f(x, y) = S∗(α1,β1,α2,β2)
m,n,p1,p2

(∫ u

x

(u− t)∂
2g(t, y)

∂t2
dt; qm, qn, x, y

)
+S∗(α1,β1,α2,β2)

m,n,p1,p2

(∫ v

y

(v − s)∂
2g(x, s)

∂s2
ds; qm, qn, x, y

)
= S(α1,β1,α2,β2)

m,n,p1,p2

(∫ u

x

(u− t)∂
2g(t, y)

∂t2
dt; qm, qn, x, y

)
−
∫ [m+p1]qmx+α1

[m]qm+β1

x

(
[m+ p1]qmx+ α1

[m]qm + β1
− t
)
∂2g(t, y)

∂t2
dt

+S(α1,β1,α2,β2)
m,n,p1,p2

(∫ v

y

(v − s)∂
2g(x, s)

∂s2
ds; qm, qn, x, y

)
−
∫ [n+p2]qny+α2

[n]qn+β2

x

(
[n+ p2]qny + α2

[n]qn + β2
− s
)
∂2g(x, s)

∂s2
ds.

Hence

|S(α1,β1,α2,β2)
m,n,p1,p2

(f ; qm, qn, x, y)− f(x, y)|

≤ S(α1,β1,α2,β2)
m,n,p1,p2

(∣∣∣∣ ∫ u

x

|u− t|
∣∣∣∣∂2g(t, y)

∂t2

∣∣∣∣dt∣∣∣∣;x, y)
+

∣∣∣∣ ∫ [m+p1]qmx+α1
[m]qm+β1

x

∣∣∣∣ [m+ p1]qmx+ α1

[m]qm + β1
− t
∣∣∣∣∣∣∣∣∂2g(t, y)

∂t2

∣∣∣∣dt∣∣∣∣
+S(α1,β1,α2,β2)

m,n,p1,p2

(∣∣∣∣ ∫ v

y

|v − s|
∣∣∣∣∂2g(x, s)

∂s2

∣∣∣∣ds∣∣∣∣;x, y)
+

∣∣∣∣ ∫ [n+p2]qny+α2
[n]qn+β2

x

∣∣∣∣ [n+ p2]qny + α2

[n]qn + β2
− s
∣∣∣∣∣∣∣∣∂2g(x, s)

∂s2

∣∣∣∣ds∣∣∣∣
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≤
{
S(α1,β1,α2,β2)
m,n,p1,p2

((u− x)2; qm, qn, x, y) +

(
[m+ p1]qmx+ α1

[m]qm + β1
− x
)2}
||g||C2(I)

+

{
S(α1,β1,α2,β2)
m,n,p1,p2

((v − y)2; qm, qn, x, y) +

(
[n+ p2]qny + α2

[n]qn + β2
− y
)2}
||g||C2(I)

≤ (δ2m + δ2n + ψ2
m,n)||g||C2(I)

= Cm,n||g||C2(I)

(4.3.1)

Also, using Lemma 4.2.1

|S∗(α1,β1,α2,β2)
m,n,p1,p2

(f ; qm, qn, x, y)| ≤ |S(α1,β1,α2,β2)
m,n,p1,p2

(f ; qm, qn, x, y)|

+

∣∣∣∣f( [m+ p1]qmx+ α1

[m]qm + β1
,
[n+ p2]qny + α2

[n]qn + β2

)∣∣∣∣+ |f(x, y)|

≤ 3||f ||C(I). (4.3.2)

Hence in view of (4.3.1) and (4.3.2), we get

|S(α1,β1,α2,β2)
m,n,p1,p2

(f ; qm, qn, x, y)− f(x, y)|

=

∣∣∣∣S∗(α1,β1,α2,β2)
m,n,p1,p2

(f ; qm, qn, x, y)− f(x, y)

+f

(
[m+ p1]qmx+ α1

[m]qm + β1
,
[n+ p2]qny + α2

[n]qn + β2

)
− f(x, y)

∣∣∣∣
≤ |S∗(α1,β1,α2,β2)

m,n,p1,p2
(f − g; qm, qn, x, y)|+ |S∗(α1,β1,α2,β2)

m,n,p1,p2
(g; qm, qn, x, y)− g(x, y)|

+|g(x, y)− f(x, y)|+
∣∣∣∣f( [m+ p1]qmx+ α1

[m]qm + β1
,
[n+ p2]qny + α2

[n]qn + β2

)
− f(x, y)

∣∣∣∣
≤ 4||f − g||C(I) + |S(α1,β1,α2,β2)

m,n,p1,p2
(g; qm, qn, x, y)− g(x, y)|

+

∣∣∣∣f( [m+ p1]qmx+ α1

[m]qm + β1
,
[n+ p2]qny + α2

[n]qn + β2

)
− f(x, y)

∣∣∣∣
≤

(
4||f − g||C(I) + Cm,n||g||C2(I)

)
+ ω(f ;ψm,n)

≤ 4K2(f ;Cm,n) + ω(f ;ψm,n)

≤ M

{
ω̄2(f ;

√
Cm,n) +min{1, Cm,n}||f ||C(I)

}
+ ω(f ;ψm,n).

Hence, we get the desired result.
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4.3.2 Voronovskaja type theorem

In this section, we obtain a Voronovskaja type asymptotic theorem for the bivariate oper-

ators S(α1,β1,α2,β2)
m,n,p1,p2 .

Theorem 4.3.6. Let f ∈ C2(I). Then, we have

lim
n→∞

[n]qn(S(α1,β1,α2,β2)
n,n,p1,p2

(f ; qn, x, y)− f(x, y))

= (α1 − β1x)fx(x, y) + (α2 − β2y)fy(x, y) +
fxx(x, y)

2
x(1− x) +

fyy(x, y)

2
y(1− y),

uniformly on J.

Proof. Let (x, y) ∈ J. By the Taylor’s theorem, we have

S(α1,β1,α2,β2)
n,n,p1,p2

(f(u, v); qn, x, y) = f(x, y) + fx(x, y)S(α1,β1,)
n,p1

((u− x); qn, x)

+fy(x, y)S(α2,β2)
n,p2

((v − y); qn, y)

+
1

2
{fxx(x, y)S(α1,β1)

n,p1
((u− x)2; qn, x)

+2fxy(x, y)S(α1,β1,α2,β2)
n,n,p1,p2

((u− x)(v − y); qn, x, y)

+fyy(x, y)S(α2,β2)
n,p2

((v − y)2; qn, y)}

+S(α1,β1,α2,β2)
n,n,p1,p2

(ε(u, v;x, y)
√

(u− x)4 + (v − y)4; qn, x, y).

Applying Lemma 4.2.3, where ε(u, v;x, y) ∈ C(I) and ε(u, v;x, y)→ 0 as (u, v)→
(x, y).

lim
n→∞

[n]qn(S(α1,β1,α2,β2)
n,n,p1,p2

(f ; qn, x, y)− f(x, y))

= (α1 − β1x)fx(x, y) + (α2 − β2y)fy(x, y) +
fxx(x, y)

2
x(1− x) +

fyy(x, y)

2
y(1− y)

+ lim
n→∞

[n]qnS
(α1,β1,α2,β2)
n,n,p1,p2

(ε(u, v;x, y)
√

(u− x)4 + (v − y)4; qn, x, y).

Now, applying Hölder inequality, we have∣∣∣∣S(α1,β1,α2,β2)
n,n,p1,p2 (ε(u, v;x, y)

√
(u− x)4 + (v − y)4; qn, x, y)

∣∣∣∣
≤ {S(α1,β1,α2,β2)

n,n,p1,p2
(ε2(u, v;x, y)qn, x, y)}1/2

[{
S(α1,β1,α2,β2)
n,n,p1,p2

((u− x)4; qn, x, y)
}1/2

+
{
S(α1,β1,α2,β2)
n,n,p1,p2

((v − y)4; qn, x, y)
}1/2]
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Since, ε2(u, v;x, y)→ 0 as (u, v)→ (x, y), applying Theorem 4.3.1, we get

lim
n→∞

S(α1,β1,α2,β2)
n,n,p1,p2

(ε2(u, v;x, y), x, y) = 0.

Further, in view of (4.2.1) and (4.2.2),

[n]qn

{
S(α1,β1)
n,p1

((u− x)4; qn, x) + S(α2,β2)
n,p1

((v − y)4; qn, y)

}1/2

= O(1), as n→∞, uniformly in (x, y) ∈ J.

Hence

lim
n→∞

[n]qnS
(α1,β1,α2,β2)
m,n,p1,p2

(ε(u, v;x, y)
√

(u− x)4 + (v − y)4; qn, x, y) = 0,

uniformly in (x, y) ∈ J . This completes the proof.

4.4 Construction of q-GBS-Bernstein-Schurer-Stancu op-

erator

For any (x, y) ∈ J , the q-GBS operator of Bernstein-Schurer-Stancu type

U
(α1,β1,α2,β2)
m,n,p1,p2 : Cb(I)→ Cb(J), associated to S(α1,β1,α2,β2)

m,n,p1,p2 is defined as:

U (α1,β1,α2,β2)
m,n,p1,p2

(f(u, v); qm, qn, x, y) = S(α1,β1,α2,β2)
m,n,p1,p2

(f(u, y) + f(x, v)− f(u, v); qm, qn, x, y)

=

m+p1∑
k1=0

n+p2∑
k2=0

[
m+ p1
k1

]
qm

[
n+ p2
k2

]
qn

m+p1−k1−1∏
s=0

(1− qsmx)

×
n+p2−k2−1∏

r=0

(1− qrny)xk1yk2{fk1 + fk2 − fk1,k2},

where fk1(y) = f

(
[k1]qm + α1

[m]qm + β1
, y

)
, fk2(x) = f

(
x,

[k2]qn + α2

[n]qn + β2

)
,

fk1,k2 = f

(
[k1]qm + α1

[m]qm + β1
,
[k2]qn + α2

[n]qn + β2

)
.

Next theorem gives the degree of approximation for the operators U∗(α1,β1,α2,β2)
m,n,p1,p2 by

means of the Lipschitz class of Bögel continuous functions.
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Theorem 4.4.1. Let f ∈ LipM (ξ, γ) then we have

∣∣U (α1,β1,α2,β2)
m,n,p1,p2

(f ; qm, qn, x, y)− f (x, y)
∣∣ ≤Mδξ/2m δγ/2n .

for M > 0, ξ, γ ∈ (0, 1] .

Proof. By the definition of the operator U (α1,β1,α2,β2)
m,n,p1,p2 (f ; qm, qn, x, y) and by linearity of

the operator S(α1,β1,α2,β2)
m,n,p1,p2 given by (4.1.1), we can write

U (α1,β1,α2,β2)
m,n,p1,p2

(f ; qm, qn, x, y) = f (x, y)S(α1,β1,α2,β2)
m,n,p1,p2

(e00; qm, qn, x, y)

−S(α1,β1,α2,β2)
m,n,p1,p2

(
∆(x,y)f [u, v;x, y] ; qm, qn, x, y

)
.

By the hypothesis, we get∣∣U (α1,β1,α2,β2)
m,n,p1,p2

(f ; qm, qn, x, y)− f (x, y)
∣∣

≤ S(α1,β1,α2,β2)
m,n,p1,p2

(∣∣∆(x,y)f [u, v;x, y]
∣∣ ; qm, qn, x, y)

≤ MS(α1,β1,α2,β2)
m,n,p1,p2

(
|u− x|ξ |v − y|γ ; qm, qn, x, y

)
= MS(α1,β1,α2,β2)

m,n,p1,p2

(
|u− x|ξ ; qm, x

)
S(α1,β1,α2,β2)
m,n,p1,p2

(|v − y|γ ; qn, y) .

Now, using the Hölder’s inequality with t1 = 2/ξ, s1 = 2/ (2− ξ) and t2 = 2/γ, s2 =

2/ (2− γ) , we have∣∣U (α1,β1,α2,β2)
m,n,p1,p2

(f ; qm, qn, x, y)− f (x, y)
∣∣

≤ M
(
S(α1,β1,α2,β2)
m,n,p1,p2

(u− x)2; qm, x
)ξ/2

S(α1,β1,α2,β2)
m,n,p1,p2

(e0; qm, x)(2−ξ)/2

×S(α1,β1,α2,β2)
m,n,p1,p2

(
(v − y)2; y

)γ/2
S(α1,β1,α2,β2)
m,n,p1,p2

(e0; qn, y)(2−γ)/2 .

Considering Lemma 4.2.1, we obtain the degree of local approximation forB-continuous

functions belonging to LipM (ξ, γ) .

Theorem 4.4.2. Let the function f ∈ Db(I) withDBf ∈ B(I). Then, for each (x, y) ∈ J,
we have

|U (α1,β1,α2,β2)
m,n,p1,p2

(f ; qm, qn, x, y)− f(x, y)|

≤ C

[m]
1/2
qm [n]

1/2
qn

{
||DBf ||∞ + ωmixed(DBf ; [m]−1/2qm [n]−1/2qn )

}
.
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Proof. By our hypothesis

∆x,yf [u, v;x, y] = (u− x)(v − y)DBf(ξ, η), with x < ξ < t ; y < η < s.

It is clear that

DBf(ξ, η) = ∆(x,y)DBf(ξ, η) +DBf(ξ, y) +DBf(x, η)−DBf(x, y).

Since DBf ∈ B(I), by above relations, we can write

|S(α1,β1,α2,β2)
m,n,p1,p2

(∆(x,y)f [u, v;x, y]; qm, qn, x, y)|

= |S(α1,β1,α2,β2)
m,n,p1,p2

((u− x)(v − y)DBf(ξ, η); qm, qn, x, y)|

≤ S(α1,β1,α2,β2)
m,n,p1,p2

(|u− x||v − y||∆(x,y)DBf(ξ, η)|; qm, qn, x, y)

+S(α1,β1,α2,β2)
m,n,p1,p2

(|u− x||v − y|(|DBf(ξ, y)|

+|DBf(x, η)|+ |DBf(x, y)|); qm, qn, x, y)

≤ S(α1,β1,α2,β2)
m,n,p1,p2

(|u− x||v − y|ωmixed(DBf ; |ξ − x|, |η − y|); qm, qn, x, y)

+3 ||DBf ||∞ S(α1,β1,α2,β2)
m,n,p1,p2

(|u− x||v − y|; qm, qn, x, y).

We have

ωmixed(DBf ; |ξ − x|, |η − y|) ≤ ωmixed(DBf ; |u− x|, |v − y|)

≤ (1 + δ−1m |u− x|)(1 + δ−1n |v − y|) ωmixed(DBf ; δm, δn).

Substituting in the above inequality, using the linearity of S(α1,β1,α2,β2)
m,n,p1,p2 and applying the

Cauchy-Schwarz inequality we obtain

|U (α1,β1,α2,β2)
m,n,p1,p2

(f ; qm, qn, x, y)− f(x, y)|

= |S(α1,β1,α2,β2)
m,n,p1,p2

∆(x,y)f [u, v;x, y]; qm, qn, x, y|

≤ 3||DBf ||∞
√
S
(α1,β1,α2,β2)
m,n,p1,p2 ((u− x)2(v − y)2; qm, qn, x, y)

+

(
S(α1,β1,α2,β2)
m,n,p1,p2

(|u− x||v − y|; qm, qn, x, y)

+δ−1m S(α1,β1,α2,β2)
m,n,p1,p2

((u− x)2|v − y|; qm, qn, x, y)

+δ−1n S(α1,β1,α2,β2)
m,n,p1,p2

(|u− x|(v − y)2; qm, qn, x, y)

+δ−1m δ−1n S(α1,β1,α2,β2)
m,n,p1,p2

((u− x)2(v − y)2; qm, qn, x, y)

)
ωmixed(DBf ; δm, δn)
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≤ 3||DBf ||∞
√
S
(α1,β1,α2,β2)
m,n,p1,p2 ((u− x)2(v − y)2; qm, qn, x, y)

+

(√
S
(α1,β1,α2,β2)
m,n,p1,p2 ((u− x)2(v − y)2; qm, qn, x, y)

+δ−1m

√
S
(α1,β1,α2,β2)
m,n,p1,p2 ((u− x)4(v − y)2; qm, qn, x, y)

+δ−1n

√
S
(α1,β1,α2,β2)
m,n,p1,p2 ((u− x)2(v − y)4; qm, qn, x, y)

+δ−1m δ−1n S(α1,β1,α2,β2)
m,n,p1,p2

((u− x)2(v − y)2; qm, qn, x, y)

)
ωmixed(DBf ; δm, δn).

It is observed that for (x, y), (u, v) ∈ J and j, k ∈ {1, 2}

S
(α1,β1,α2,β2)
m,n,p1,p2 ((u− x)2j(v − y)2k; qm, qn, x, y)

= S(α1,β1)
m,p1

((u− x)2j; qm, x, y) S(α2,β2)
n,p2

((v − y)2k; qn, x, y).

Hence choosing δm =
1

[m]
1/2
qm

, δn =
1

[n]
1/2
qn

. and using Lemma 4.2.3, we get the required

result.

Example 3. In Figures 3 and 4, respectively, for m,n = 10, α1, α2 = 1, β2, β2 = 2,

p1, p2 = 1 and for m,n = 5, α1 = 0.4, β1 = 0.7, α2 = 0.5, β2 = 0.9, p1, p2 =

2, the comparison of convergence of the operators S(α1,β1,α2,β2)
m,n,p1,p2 (f ; qm, qn, x, y) (green)

and its GBS type operators U (α1,β1,α2,β2)
m,n,p1,p2 (f ; qm, qn, x, y) (pink) to f (x, y) = x sin (πx) y;

(yellow) with qm = m/(m + 1), qn = 1 − 1/
√
n is illustrated. It is clearly seen that the

operator U (α1,β1,α2,β2)
m,n,p1,p2 gives a better approximation than the operator S(α1,β1,α2,β2)

m,n,p1,p2 .

Figure 3 Figure 4

88



Chapter 5

Blending type approximation by

q-Generalized Boolean Sum of

Durrmeyer type

5.1 Introduction

Ren and Zeng [119] introduced a new kind of q-Bernstein-Schurer operators. Acu et al.

[13] defined the q-Durrmeyer modification of these operators and investigated the statisti-

cal convergence in terms of modulus of continuity and a Lipschitz class function and the

asymptotic result. Recently, Kajla et al. [93] investigated some local and global results for

these operators and also studied the rate of convergence for the bivariate generalization of

these operators. Recently, significant contributions have been made to study the approx-

imation properties of some other operators defined for Lebesgue integrable functions in

the literature (cf. [3], [4], [5], [6] and [7]).

In this chapter, we investigate the approximation properties of the bivariate q-Bernstein-

Schurer-Durrmeyer type operators and also define the Generalized boolean sum operators.
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5.2: Basic results

5.2 Basic results

In [93], Kajla et al. constructed a bivariate extension of the q-Bernstein-Schurer-Durrmeyer

operators introduced by Acu et al.[13] as follows:

For p1, p2 ∈ N ∪ {0}, q1, q2 ∈ (0, 1) and f ∈ L1(I1 × I2), I1 = [0, 1 + p1] and

I2 = [0, 1 + p2], the space of bounded and Lebesgue integrable functions on I1 × I2,

the bivariate extension of the q-Bernstein-Schurer-Durrmeyer operators is defined as:

Dn1,n2,p1,p2(f ; q1, q2, x, y) =
[n1 + p1 + 1]q1 [n1]q1

[n1 + p1]q1

[n2 + p2 + 1]q2 [n2]q2
[n2 + p2]q2

×
n1+p1∑
k1=0

n2+p2∑
k2=0

b̃n1,k1(q1, x)b̃n2,k2(q2, y)q−k11 q−k22

×
∫ [n1+p1]q1

[n1]q1

0

∫ [n2+p2]q2
[n2]q2

0

f(u, v)b̃n1,k1(q1, q1u) b̃n2,k2(q2, q2v) dq1u dq2v,

(5.2.1)

where, b̃n,k(q, x) =
[n]n+pq

[n+ p]n+pq

[
n+ p

k

]
q

xk
(

[n+ p]q
[n]q

− x
)n+p−k
q

, (x, y) ∈ J2, J being

[0, 1].

Lemma 5.2.1. [93] Let eij(x, y) = xiyj, i, j ∈ N, x, y ∈ R be the two dimensional

test functions. The bivariate q-Bernstein-Schurer-Durrmeyer type operators defined by

(5.2.1) satisfy the equalities:

1. Dn1,n2,p1,p2(e0,0; q1, q2, x, y) = 1;

2. Dn1,n2,p1,p2(e1,0; q1, q2, x, y) =
[n1 + p1]q1

[n1 + p1 + 2]q1 [n1]q1
(1 + q1x[n1]q1);

3. Dn1,n2,p1,p2(e0,1; q1, q2, x, y) =
[n2 + p2]q2

[n2 + p2 + 2]q2 [n2]q2
(1 + q2y[n2]q2);

4. Dn1,n2,p1,p2(e2,0; q1, q2, x, y) =

q41[n1 + p1]q1 [n1 + p1 − 1]q1x
2 + q1

[n1 + p1]
2
q1

[n1]q1
(q1 + 1)2x

[n1 + p1 + 3]q1 [n1 + p1 + 2]q1
+

[n1 + p1]
2
q1

(1 + q1)

[n1]2q1 [n1 + p1 + 3]q1 [n1 + p1 + 2]q1
;
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5. Dn1,n2,p1,p2(e0,2; q1, q2, x, y) =

q42[n2 + p2]q2 [n2 + p2 − 1]q2y
2 + q2

[n2 + p2]
2
q2

[n2]q2
(q2 + 1)2y

[n2 + p2 + 3]q2 [n2 + p2 + 2]q2
+

[n2 + p2]
2
q2

(1 + q2)

[n2]2q2 [n2 + p2 + 3]q2 [n2 + p2 + 2]q2
.

Lemma 5.2.2. [93] The bivariate q-Bernstein-Schurer-Durrmeyer type operators satisfy

the equalities:

1. Dn1,n2,p1,p2(u−x; q1, q2, x, y) =

(
q1

[n1 + p1]q1
[n1 + p1 + 2]q1

−1

)
x+

[n1 + p1]q1
[n1]q1 [n1 + p1 + 2]q1

;

2. Dn1,n2,p1,p2(v−y; q1, q2, x, y) =

(
q2

[n2 + p2]q2
[n2 + p2 + 2]q2

−1

)
y+

[n2 + p2]q2
[n2]q2 [n2 + p2 + 2]q2

;

3. Dn1,n2,p1,p2((u−x)2; q1, q2, x, y) =

(
q41

[n1 + p1]q1 [n1 + p1 − 1]q1
[n1 + p1 + 2]q1 [n1 + p1 + 3]q1

−2q1
[n1 + p1]q1

[n1 + p1 + 2]
+

1

)
x2

+
[n1 + p1]q1

[n1]q1

(
q1(q1 + 1)2

[n1 + p1]q1
[n1 + p1 + 2]q1 [n1 + p1 + 3]q1

− 2

[n1 + p1 + 1]q1

)
x +

[n1 + p1]
2
q1

[n1]2q1

(q1 + 1)

[n1 + p1 + 2]q1 [n1 + p1 + 3]q1
;

4. Dn1,n2,p1,p2((v−y)2; q1, q2, x, y) =

(
q42

[n2 + p2]q2 [n2 + p2 − 1]q2
[n2 + p2 + 2]q2 [n2 + p2 + 3]q2

−2q2
[n2 + p2]q2

[n2 + p2 + 2]
+

1

)
y2

+
[n2 + p2]q2

[n2]q2

(
q2(q2 + 1)2

[n2 + p2]q2
[n2 + p2 + 2]q2 [n2 + p2 + 3]q2

− 2

[n2 + p2 + 1]q2

)
x +

[n2 + p2]
2
q2

[n2]2q2

(q2 + 1)

[n2 + p2 + 2]q2 [n2 + p2 + 3]q2
.

Consequently, for every (x, y) ∈ J2

Dn1,n2,p1,p2((u− x)2; q1, q2, x, y) = O

(
1

[n1]q1

)
,

Dn1,n2,p1,p2((v − y)2; q1, q2, x, y) = O

(
1

[n2]q2

)
,
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and

Dn1,n2,p1,p2((u− x)4; q1, q2, x, y) = O

(
1

[n1]2q1

)
,

Dn1,n2,p1,p2((v − y)4; q1, q2, x, y) = O

(
1

[n2]2q2

)
,

as n1, n2 →∞.

5.3 Main Results

5.3.1 Local Approximation Theorem

In what follows, let

δn1 = δn1(x) = Dn1,n2,p1,p2((u− x)2; q1, q2, x, y)

and

δn2 = δn2(y) = Dn1,n2,p1,p2((v − y)2; q1, q2, x, y).

Theorem 5.3.1. For the function f ∈ C(I1 × I2), we have the following inequality

|Dn1,n2,p1,p2(f ; q1, q2, x, y)− f(x, y)|

≤ M

{
ω̄2(f ;

√
An1,n2
p1,p2 (q1, q2, x, y)) +min{1, An1,n2

p1,p2
(q1, q2, x, y)}||f ||C(I)

}
+ω

(
f ;

((
[n1 + p1]q1(1 + q1x[n1]q1)

[n1 + p1 + 2]q1
− x
)2

+

(
[n2 + p2]q2(1 + q2y[n2]q2)

[n2 + p2 + 2]q2
− y
)2)1/2)

,

(5.3.1)

where

An1,n2
p1,p2

(q1, q2, x, y) =

{
δ2n1

+ δ2n2
+

(
[n1 + p1]q1(1 + q1x[n1]q1)

[n1 + p1 + 2]q1
− x
)2

+

(
[n2 + p2]q2(1 + q2y[n2]q2)

[n2 + p2 + 2]q2
− y
)2}

=
{
δ2n1

+ δ2n2
+ (Dn1,n2,p1,p2(u− x; q1, q2, x, y))2

+(Dn1,n2,p1,p2(v − y; q1, q2, x, y))2
}
,

and the constant M > 0, is independent of f and An1,n2
p1,p2

(q1, q2, x, y).

92



5.3: Main Results

Remark 1. Taking q1 = qn1 , q2 = qn2 in Theorem 5.3.1, where {qn1} and {qn2} are

sequences such that qni → 1, qnini → 0, as ni → ∞, i = 1, 2, it follows that the right

hand side of the inequality (5.3.1) tends to zero as ni →∞, i = 1, 2.

Proof. To prove this, let us define:

D∗n1,n2,p1,p2
(f ; q1, q2, x, y) = Dn1,n2,p1,p2(f ; q1, q2, x, y)− f

(
[n1 + p1]q1(1 + q1x[n1]q1)

[n1 + p1 + 2]q1
,

[n2 + p2]q2(1 + q2y[n2]q2)

[n2 + p2 + 2]q2

)
+ f(x, y),

then using Lemma 5.2.1, we have

D∗n1,n2,p1,p2
(1; q1, q2, x, y) = 1

D∗n1,n2,p1,p2
((u− x); q1, q2, x, y) = 0 and D∗n1,n2,p1,p2

((v − y); q1, q2, x, y) = 0.

Let g ∈ C2(I1 × I2) and u, v ∈ I1 × I2. By the Taylor’s theorem, we may write

g(u, v)− g(x, y) = g(u, y)− g(x, y) + g(u, v)− g(u, y)

=
∂g(x, y)

∂x
(u− x) +

∫ u

x

(u− t)∂
2g(t, y)

∂t2
dt

+
∂g(x, y)

∂y
(v − y) +

∫ v

y

(v − s)∂
2g(x, s)

∂s2
ds.

Applying the operator D∗n1,n2,p1,p2
(., q1, q2, x, y) to both sides of the above equality, we

get

D∗n1,n2,p1,p2
(g; q1, q2, x, y)− g(x, y) = D∗n1,n2,p1,p2

(∫ u

x

(u− t)∂
2g(t, y)

∂t2
dt; q1, q2, x, y

)
+D∗n1,n2,p1,p2

(∫ v

y

(v − s)∂
2g(x, s)

∂s2
ds; q1, q2, x, y

)
= Dn1,n2,p1,p2

(∫ u

x

(u− t)∂
2g(t, y)

∂t2
dt; q1, q2, x, y

)
−
∫ [n1+p1]q1 (1+q1x[n1]q1 )

[n1+p1+2]q1

x

(
[n1 + p1]q1(1 + q1x[n1]q1)

[n1 + p1 + 2]q1
− t
)
∂2g(t, y)

∂t2
dt

+Dn1,n2,p1,p2

(∫ v

y

(v − s)∂
2g(x, s)

∂s2
ds; q1, q2, x, y

)

−
∫ [n2+p2]q2 (1+q2y[n2]q2 )

[n2+p2+2]q2

y

(
[n2 + p2]q2(1 + q2y[n2]q2)

[n2 + p2 + 2]q2
− s
)
∂2g(x, s)

∂s2
ds.

Hence
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|D∗n1,n2,p1,p2
(g; q1, q2, x, y)− g(x, y)|

≤ Dn1,n2,p1,p2

(∣∣∣∣ ∫ u

x

|u− t|
∣∣∣∣∂2g(t, y)

∂t2

∣∣∣∣dt∣∣∣∣;x, y)
+

∣∣∣∣ ∫
[n1+p1]q1 (1+q1x[n1]q1 )

[n1+p1+2]q1

x

∣∣∣∣ [n1 + p1]q1(1 + q1x[n1]q1)

[n1 + p1 + 2]q1
− t
∣∣∣∣∣∣∣∣∂2g(t, y)

∂t2

∣∣∣∣dt∣∣∣∣
+Kn1,n2,p

(∣∣∣∣ ∫ v

y

|v − s|
∣∣∣∣∂2g(x, s)

∂s2

∣∣∣∣ds∣∣∣∣;x, y)

+

∣∣∣∣ ∫
[n2+p2]q2 (1+q2y[n2]q2 )

[n2+p2+2]q2

y

∣∣∣∣ [n2 + p2]q2(1 + q2y[n2]q2)

[n2 + p2 + 2]q2
− s
∣∣∣∣∣∣∣∣∂2g(x, s)

∂s2

∣∣∣∣ds∣∣∣∣
≤

{
Dn1,n2,p1,p2((u− x)2; q1, q2, x, y) +

(
[n1 + p1]q1(1 + q1x[n1]q1)

[n1 + p1 + 2]q1
− x
)2}
||g||C2(I1×I2)

+

{
Dn1,n2,p1,p2((v − y)2; q1, q2, x, y) +

(
[n2 + p2]q2(1 + q2y[n2]q2)

[n2 + p2 + 2]q2
− y
)2}
||g||C2(I1×I2)

(5.3.2)

≤
{
δ2n1

+

(
[n1 + p1]q1(1 + q1x[n1]q1)

[n1 + p1 + 2]q1
− x
)2}
||g||C2(I1×I2)

+

{
δ2n2

+

(
[n2 + p2]q2(1 + q2y[n2]q2)

[n2 + p2 + 2]q2
− y
)2}
||g||C2(I1×I2)

=

{
δ2n1

+ δ2n2
+

(
[n1 + p1]q1(1 + q1x[n1]q1)

[n1 + p1 + 2]q1
− x
)2

+

(
[n2 + p2]q2(1 + q2y[n2]q2)

[n2 + p2 + 2]q1
− y
)2}
||g||C2(I1×I2)

= An1,n2
p1,p2

(q1, q2, x, y)||g||C2(I1×I2).

(5.3.3)

Also, using Lemma 5.2.1

|D∗n1,n2,p1,p2
(f ; q1, q2, x, y)| ≤ |Dn1,n2,p1,p2(f ; q1, q2, x, y)|

+

∣∣∣∣f( [n1 + p1]q1(1 + q1x[n1]q1)

[n1 + p1 + 2]q1
,
[n2 + p2]q2(1 + q2y[n2]q2)

[n2 + p2 + 2]q2

)∣∣∣∣
+|f(x, y)|

≤ 3||f ||C(I1×I2).

(5.3.4)

Hence, in view of (5.3.3)-(5.3.4) for every g ∈ C2(I1 × I2), we get
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|Dn1,n2,p1,p2(f ; q1, q2, x, y)− f(x, y)|

=

∣∣∣∣D∗n1,n2,p1,p2
(f ; q1, q2, x, y)− f(x, y)

+f

(
[n1 + p1]q1(1 + q1x[n1]q1)

[n1 + p1 + 2]q1
,
[n2 + p2]q2(1 + q2y[n2]q2)

[n2 + p2 + 2]q2

)
− f(x, y)

∣∣∣∣
≤ |D∗n1,n2,p1,p2

(f − g; q1, q2, x, y)|+ |D∗n1,n2,p1,p2
(g; q1, q2, x, y)− g(x, y)|

+|g(x, y)− f(x, y)|+
∣∣∣∣f( [n1 + p1]q1(1 + q1x[n1]q1)

[n1 + p1 + 2]q1
,
[n2 + p2]q2(1 + q2y[n2]q2)

[n2 + p2 + 2]q2

)
−f(x, y)

∣∣∣∣
≤ 4||f − g||C(I1×I2) + |D∗n1,n2,p1,p2

(g; q1, q2, x, y)− g(x, y)|

+

∣∣∣∣f( [n1 + p1]q1(1 + q1x[n1]q1)

[n1 + p1 + 2]q1
,
[n2 + p2]q2(1 + q2y[n2]q2)

[n2 + p2 + 2]q2

)
− f(x, y)

∣∣∣∣
≤

(
4||f − g||C(I) + An1,n2

p1,p2
(qn1 , qn2 , x, y)||g||C2(I1×I2)

)
+ω

(
f ;

√(
[n1 + p1]q1(1 + q1x[n1]q1)

[n1 + p1 + 2]q1
− x
)2

+

(
[n2 + p2]q2(1 + q2y[n2]q2)

[n2 + p2 + 2]q2
− y
)2)

.

Using (0.4.2), we have

|Dn1,n2,p1,p2(f ; q1, q2, x, y)− f(x, y)|

≤ 4K(f ;An1,n2
p1,p2

(q1, q2, x, y)) + ω

(
f ;

{(
[n1 + p1]q1(1 + q1x[n1]q1)

[n1 + p1 + 2]q1
− x
)2

+

(
[n2 + p2]q2(1 + q2y[n2]q2)

[n2 + p2 + 2]q2
− y
)2
}1/2)

Hence, we reach the desired result.

5.4 Construction of GBS operators of q-Bernstein-Schurer-

Durmeyer type

For f ∈ C(I1 × I2), the parametric extensions of the univariate operator introduced by

Acu et al. [13] are the operators Dx
n1,p1

, Dy
n2,p2

: C(I1 × I2) → C(I1 × I2), defined for
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each positive integers n1, n2 as follows

Dx
n,p1

(f ; q1, x, y) =

n+p1∑
k1=0

b̃n,k1(q1, x)q−k11

∫ [n+p1]q1
[n]q1

0

f(u, y)b̃n,k1(q1, q1u)dq1u,

Dy
n,p2

(f ; q2, x, y) =

n+p2∑
k2=0

b̃n,k2(q2, y)q−k22

∫ [n+p2]q2
[n]q2

0

f(x, v)b̃n,k2(q2, q2v)dq2v.

For any (x, y) ∈ J2, the GBS operator of q-Bernstein-Schurer-Durrmeyer type

Un1,n2,p1,p2 : Cb(I1 × I2)→ C(J2), associated to Dn1,n2,p1,p2 is defined as:

Un1,n2,p1,p2(f ; q1, q2, x, y)

=
[n1 + p1 + 1]q1 [n1]q1

[n1 + p1]q1

[n2 + p2 + 1]q2 [n2]q2
[n2 + p2]q2

n1+p1∑
k1=0

n2+p2∑
k2=0

b̃n1,k1(q1, x)b̃n2,k2(q2, y)q−k11 q−k22

×
∫ [n1+p1]q1

[n1]q1

0

∫ [n2+p2]q2
[n2]q2

0

[f(x, v) + f(u, y)− f(u, v)]b̃n1,k1(q1, q1u)b̃n2,k2(q2, q2v)dq1udq2v.

(5.4.1)

It can be easily observed that the GBS q-Durrmeyer operators is the boolean sum of

parametric extensions Dx
n,p1

, Dy
n,p2

, i.e

Un1,n2,p1,p2 = Dx
n,p1
⊕Dy

n,p2
= Dx

n,p1
+Dy

n,p2
−Dn1,n2,p1,p2

Our next theorem gives the degree of approximation for the operators Un1,n2,p1,p2 by

means of the Lipschitz class of Bögel continuous functions.

Theorem 5.4.1. Let f ∈ LipM (ξ, γ) then we have

|Un1,n2,p1,p2 (f ; q1, q2, x, y)− f (x, y)| ≤Mδξ/2n1
δγ/2n2

,

for M > 0, ξ, γ ∈ (0, 1] .

Proof. We may write

Un1,n2,p1,p2 (f ; q1, q2, x, y) = Dn1,n2,p1,p2 (f (x, s) + f(u, y)− f(u, v); q1, q2, x, y)

= Dn1,n2,p1,p2 (f (x, y)−∆f [(u, v); (x, y)] ; q1, q2, x, y)

= f (x, y)Dn1,n2,p1,p2 (e00; q1, q2, x, y)

−Dn1,n2,p1,p2 (∆f [(u, v); (x, y)] ; q1, q2, x, y) .
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Since f ∈ LipM(ξ, γ), we have

|Un1,n2,p1,p2 (f ; q1, q2, x, y)− f (x, y)| ≤ Dn1,n2,p1,p2 (|∆f [(u, v); (x, y)]| ; q1, q1, x, y)

≤ MDn1,n2,p1,p2

(
|u− x|ξ |v − y|γ ; q1, q1, x, y

)
= MDn1,p1

(
|u− x|ξ ; q1, x

)
Dn2,p2 (|v − y|γ ; q2, y) .

Now, using the Hölder’s inequality with t1 = 2/ξ, s1 = 2/ (2− ξ) and t2 = 2/γ, s2 =

2/ (2− γ) , we have

|Un1,n2,p1,p2 (f ; q1, q2, x, y)− f (x, y)|

≤ M
(
Dn1,p1((u− x)2; q1, x)

)ξ/2
(Dn1,p1 (e0; q1, x))(2−ξ)/2

×
(
Dn2,p2

(
(v − y)2; q2, y

))γ/2
(Dn2,p2 (e0; q2, y))(2−γ)/2.

Now, considering Lemma 5.2.1, we obtain the degree of local approximation for B-

continuous functions belonging to LipM (ξ, γ) .

In the following theorem we estimate the rate of convergence by the operatorsUn1,n2,p1,p2

for Bögel differentiable functions.

Theorem 5.4.2. Let the function f ∈ Db(I1× I2) with DBf ∈ B(I1× I2). Then, for each

(x, y) ∈ J, we have

|Un1,n2,p1,p2(f ; q1, q2, x, y)− f(x, y)| ≤ C

[n1]
1/2
q1 [n2]

1/2
q2

{
||DBf ||∞

+ωmixed(DBf ; [n1]
−1/2
q1

[n2]
−1/2
q2

)

}
.

Proof. Since f ∈ Db(I1 × I2), we have the identity

∆f [(u, v); (x, y)] = (u− x)(v − y)DBf(ξ, η), with x < ξ < u ; y < η < v.

It is clear that

DBf(ξ, η) = ∆DBf(ξ, η) +DBf(ξ, y) +DBf(x, η)−DBf(x, y).

Since DBf ∈ B(I1 × I2), by above relations, we can write
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|Dn1,n2,p1,p2(∆f [(t, s); (x, y)]; q1, q2, x, y)|

= |Dn1,n2,p1,p2((u− x)(v − y)DBf(ξ, η); q1, q2, x, y)|

≤ Dn1,n2,p1,p2(|u− x||v − y||∆DBf(ξ, η)|; q1, q2, x, y)

+Dn1,n2,p1,p2(|u− x||v − y|(|DBf(ξ, y)|+ |DBf(x, η)|

+ |DBf(x, y)|); q1, q2, x, y)

≤ Dn1,n2,p1,p2(|u− x||v − y|ωmixed(DBf ; |ξ − x|, |η − y|); q1, q2, x, y)

+ 3 ||DBf ||∞ Dn1,n2,p1,p2(|u− x||v − y|; q1, q2, x, y).

(5.4.2)

Since the mixed modulus of smoothness ωmixed is non-decreasing, we have

ωmixed(DBf ; |ξ − x|, |η − y|) ≤ ωmixed(DBf ; |u− x|, |v − y|)

≤ (1 + δ−11 |u− x|)(1 + δ−12 |v − y|) ωmixed(DBf ; δ1, δ2).

(5.4.3)

Combining (5.4.2)-(5.4.3), and proceeding along the lines of the proof of Theorem 4.4.2,

on taking δ1 =
1

[n1]
1/2
q1

, δ2 =
1

[n2]
1/2
q2

and using Lemma 5.2.2, we obtain the required

result.

Some graphs on GBS operators of bivariate q-Bernstein-Schurer-Durrmeyer type

Example 1. Let p1 = p2 = 2. For n1, n2 = 15, q1 = .20, q2 = .25 (yellow) and

n1, n2 = 25, q1 = .35, q2 = .40 (pink), the convergence of the operators

Un1,n2,p1,p2 (f ; q1, q2, x, y) to f (x, y) = cos (πx2) + y2 (blue) is illustrated in Figure 1.

In Figure 2, for n1, n2 = 35, q1 = .45, q2 = .55 (grey) and n1, n2 = 35, q1 = q2 = 1

(pink), the convergence of the operators Un1,n2,p1,p2 (f ; q1, q2, x, y) to the same function is

shown. It is observed that, as the values of n1, n2 and q1, q2 increase, the convergence of
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Un1,n2,p1,p2 to f (x, y) becomes better.

Figure 1 Figure 2

Example 2. Let p1 = 2, p2 = 3 and f (x, y) = x + sin(3y). For n1 = 25, n2 = 10

and q1 = .50, q2 = .60, the convergence of the operators Dn1,n2,p1,p2(f ; q1, q2, x, y) (grey)

given by (5.2.1) and its GBS operatorsUn1,n2,p1,p2(f ; q1, q2, x, y) (yellow) to f (x, y) (blue)

is given in Figure 3. It is observed that the convergence of Un1,n2,p1,p2(f ; q1, q2, x, y) to

f(x, y) is at least as good as that of Dn1,n2,p1,p2(f ; q1, q2, x, y).

Figure 3
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Chapter 6

Quantitative Estimates of Generalized

Boolean Sum operators of Blending type

6.1 Introduction

In [123], Sharma and Aujla introduced a mixed summation-integral-type Lupaş-Phillips-

Bernstein operator wherein they proved the statistical convergence of these operators and

estimated the rate of convergence by using modulus of continuity. Later on, Sharma [122]

introduced the bivariate case of these operators and determined the rate of convergence by

means of the complete and the partial modulii of continuity and the Peetre’sK-functional.

In this chapter, we extend the work done by these researchers by introducing the GBS

operator of q-Lupaş-Phillips-Bernstein type and obtain the degree of approximation by

means of the mixed modulus of smoothness.

In [122], the two dimensional mixed summation-integral type q-Lupaş-Phillips-Bernstein

operators is defined as follows: Let (qn)n, (qm)m be sequences of real numbers such that

0 < qn, qm < 1, for all n,m and limn→∞ qn = 1, limm→∞ qm = 1, and qnn → a, qmm →
b (0 ≤ a, b < 1), as n,m → ∞. For (x, y) ∈ 2, where 2 = [0, 1] × [0, 1], and for any

f ∈ LB(2), the space of bounded and Lebesgue integrable functions in 2, we have

D̃qn,qm
n,m (f ;x, y) = [n+ 1]qn [m+ 1]qm

n∑
k=0

m∑
j=0

q−kn q−jm Φqn,qm
n,m (x, y)

∫ 1

u=0

∫ 1

v=0

Ψqn,qm
n,m (qnu, qmv)f(u, v)dqnu dqmv,

(6.1.1)
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where, Φqn,qm
n,m (t, s) = bqnn,k(t)b

qm
m,j(s) and Ψqn,qm

n,m (t, s) = pqnn,k(t)p
qm
m,j(s). Further, bqn,k(x), pqn,k(x)

are the Lupas and Phillips-Bernstein bases respectively, given by

bqn,k(x) =

[
n
k

]
q
qk(k−1)/2xk(1− x)n−kq∏n−1
i=0 (1− x+ qix)

and

pqn,k(x) =

[
n

k

]
q

xk(1− x)n−kq .

For any f ∈ Cb(2), the space of Bögel continuous function on the 2, the GBS oper-

ator of the operators given by (6.1.1) is defined as follows:

T̃ qn,qmn,m (f ;x, y) = [n+ 1]qn [m+ 1]qm

n∑
k=0

m∑
j=0

q−kn q−jm Φqn,qm
n,m (x, y)

∫ 1

u=0

∫ 1

v=0

Ψqn,qm
n,m (qnu, qmv)

× (f(x, u) + f(v, y)− f(u, v)) dqnu dqmv, (x, y) ∈ 2.

(6.1.2)

Now, we present a lemma which will be used in the sequel.

Lemma 6.1.1. [122] Let (x, y) ∈ 2,m, n ∈ N. For the operator D̃qn,qm
n,m there holds the

equalities:

(i) D̃qn,qm
n,m (1;x, y) = 1;

(ii) D̃qn,qm
n,m (u;x, y) =

[n]qn
[n+ 2]qn

qnx+
1

[n+ 2]qn
;

(iii) D̃qn,qm
n,m (v;x, y) =

[m]qm
[m+ 2]qm

qmy +
1

[m+ 2]qm
;

(iv) D̃qn,qm
n,m (u2;x, y) =

[n]2qn
[n+ 2]qn [n+ 3]qn

q3n

{
x2 +

x(1− x)

[n]qn
− x2(1− x)(1− qn)

(1− x+ xqn)(
1− 1

[n]qn

)}
+

[n]qn
[n+ 2]qn [n+ 3]qn

qn(2qn + 1)x+
1

[n+ 2]qn [n+ 3]qn
(qn + 1);

(v) D̃qn,qm
n,m (v2;x, y) =

[m]2qm
[m+ 2]qm [m+ 3]qm

q3m

{
y2 +

y(1− y)

[m]qm
− y2(1− y)(1− qm)

(1− y + yqm)(
1− 1

[m]qm

)}
+

[m]qm
[m+ 2]qm [m+ 3]qm

qm(2qm+1)y+
1

[m+ 2]qm [m+ 3]qm
(qm+1).
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Remark 6.1.1. For the operator D̃qn,qm
n,m , we have

(i) lim
n→∞

[n]qnD̃
qn,qm
n,m ((u− x);x) = (a− 1)x,

(ii) lim
n→∞

[n]qnD̃
qn,qm
n,m ((u− x)2;x) = x3 − 3x2 + 2x+ ax2(1− x).

(iii) lim
n→∞

[n]qnD̃
qn,qm
n,m ((u− x)4;x) = −12x4 + 56x2 − 24ax3(1− x).

6.2 Main Results

In what follows, let δn = D̃qn,qm
n,m ((u− x)2;x, y) and δm = D̃qn,qm

n,m ((v − y)2;x, y) .

6.2.1 Asymptotic Result

For the operators defined by (6.1.1), to prove the Voronovskaja type asymptotic result, let

us take n = m.

Theorem 6.2.1. For f ∈ C2(2), we have

lim
n→∞

[n]qn

{
D̃qn
n,n(f ;x, y)− f(x, y)

}
= fx(x, y)(a− 1)x+ fy(x, y)(a− 1)y +

1

2

{
fxx(x, y)

(
x3 − 3x2 + 2x+ ax2(1− x)

)
+fyy(x, y)

(
y3 − 3y2 + 2y + ay2(1− y)

)}
,

uniformly in (x, y) ∈ 2.

Proof. By our hypothesis

D̃qn
n,n(f(u, v);x, y) = f(x, y) + fx(x, y)D̃qn

n,n((u− x);x) + fy(x, y)D̃qn
n,n((v − y); y)

+
1

2

{
fxx(x, y)D̃qn

n,n((u− x)2;x) + 2fxy(x, y)D̃qn
n,n((u− x);x, y)

D̃qn
n,n(v − y);x, y) + fyy(x, y)D̃qn

n,n(x, y)((v − y)2; y)

}
+D̃qn

n,n

(
φ(u, v;x, y){(u− x)2 + (v − y)2};x, y

)
.

(6.2.1)
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Where lim(u,v)→(x,y) φ(u, v;x, y) = 0.

Now, using Remark 6.1.1, we may write

lim
n→∞

[n]qn{D̃qn
n,n(f(u, v);x, y)− f(x, y)}

= fx(x, y)(a− 1)x+ fy(x, y)(a− 1)y

+
1

2

{
fxx(x, y)

(
x3 − 3x2 + 2x+ ax2(1− x)

)
+fyy(x, y)

(
y3 − 3y2 + 2y + ay2(1− y)

)}
+ lim

n→∞
[n]qnD̃

qn
n,n

(
φ(u, v;x, y){(u− x)2 + (v − y)2};x, y

)
,

(6.2.2)

uniformly in (x, y) ∈ 2.

Applying the Hölder’s inequality, we have

|D̃qn
n,n

(
φ(u, v;x, y)

{
(u− x)2 + (v − y)2

}
;x, y

)
|

≤
{
D̃qn
n,n(φ2(u, v;x, y);x, y)

}1/2
[{
D̃qn
n,n((u− x)4;x)

}1/2

+
{
D̃qn
n,n((v − y)4; y)

}1/2
]
.

By the Korovkin-type theorem ([122], Theorem 1. page.754), we have

lim
n→∞

D̃qn
n,n(φ2(u, v;x, y);x, y) = φ2(u, v;x, y) = 0,

uniformly in (x, y) ∈ 2.

Again using Remark 6.1.2,

D̃qn
n,n((u− x)4;x) = O

(
1

[n]2qn

)
and D̃qn

n,n((v − y)4;x) = O

(
1

[n]2qn

)
,

hence

lim
n→∞

[n]qnD̃
qn
n,n

(
φ(u, v;x, y)

{
(u− x)2 + (v − y)2

}
;x, y

)
= 0, (6.2.3)

uniformly for all (x, y) ∈ 2.

By combining (6.2.2) and (6.2.3), we reach the desired result.

Theorem 6.2.2. For f ∈ Cb(2) and each (x, y) ∈ 2, there holds the following inequality

|T̃ qn,qmn,m (f ;x, y)− f(x, y)| ≤ 4ωmixed(f ; δn, δm).
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Proof. Since

ωmixed(f ;λ1δn, λ2δm) ≤ (1 + λ1)(1 + λ2) ωmixed(f ; δn, δm); λ1, λ2 > 0,

we have,

|∆(x,y)f(u, v)| ≤ ωmixed(f ; |u− x|, |v − y|)

≤
(

1 +
|u− x|
δn

)(
1 +
|u− y|
δm

)
ωmixed(f ; δn, δm), (6.2.4)

for every (x, y), (u, v) ∈ 2 and for any δn, δm > 0. Further, by the definition of ∆(x,y)f(u, v),

we get

f(x, v) + f(u, y)− f(u, v) = f(x, y)−∆(x,y)f(u, v).

Hence

T̃ qn,qmn,m (f ;x, y) = f(x, y) D̃qn,qm
n,m (1;x, y)− D̃qn,qm

n,m (∆(x,y)f(u, v);x, y).

Note that, D̃qn,qm
n,m (1;x, y) = 1, hence using (6.2.4) and the Cauchy-Schwarz inequality

we obtain,

|T̃ qn,qmn,m (f ;x, y)− f(x, y)| ≤ D̃qn,qm
n,m (|∆(x,y)f(u, v)|;x, y)

≤
(
D̃qn,qm
n,m (1;x, y) + δ−1n

√
D̃qn,qm
n,m ((u− x)2;x, y)

+δ−1m

√
D̃qn,qm
n,m ((v − y)2;x, y) + δ−1n δ−1m

√
D̃qn,qm
n,m ((u− x)2;x, y)

×
√
D̃qn,qm
n,m ((v − y)2;x, y)

)
ωmixed(f ; δn, δm)

≤ 4 ωmixed(f ; δn, δm),

which gives us the desired result.

In our next result, the degree of approximation for the GBS operators T̃ qn,qmn,m is ob-

tained by using the Lipschitz class LipM(α, β), 0 < α, β ≤ 1 for Bögel continuous

function.

Theorem 6.2.3. For f ∈ LipM (α, β) , we have∣∣∣T̃ qn,qmn,m (f ;x, y)− f (x, y)
∣∣∣ ≤Mδα/2n δβ/2m ,

where M is a certain positive constant.

105



6.2: Main Results

Proof. Since

T̃ qn,qmn,m (f ;x, y) = D̃qn,qm
n,m (f (x, v) + f (u, y)− f (u, v) ;x, y)

= D̃qn,qm
n,m

(
f (x, y)−∆(x,y)f (u, v) ;x, y

)
= f (x, y) D̃qn,qm

n,m (1;x, y)− D̃qn,qm
n,m

(
∆(x,y)f (u, v) ;x, y

)
,

by our hypothesis, we find

∣∣∣T̃ qn,qmn,m (f ;x, y)− f (x, y)
∣∣∣ ≤ D̃qn,qm

n,m

(∣∣∆(x,y)f (u, v)
∣∣ ;x, y)

≤ MD̃qn,qm
n,m

(
|u− x|α |v − y|β ;x, y

)
= MD̃qn,qm

n,m (|u− x|α ;x, y) D̃qn,qm
n,m

(
|v − y|β ;x, y

)
.

Now, applying the Hölder’s inequality with p1 = 2/α, q1 = 2/ (2− α) and p2 = 2/β, q2 =

2/ (2− β) , we obtain

∣∣∣T̃ qn,qmn,m (f ;x, y)− f (x, y)
∣∣∣ ≤ M

(
D̃qn,qm
n,m (u− x)2;x, y

)α/2
D̃qn,qm
n,m (1;x, y)(2−α)/2

×D̃qn,qm
n,m

(
(v − y)2;x, y

)β/2
D̃qn,qm
n,m (1;x, y)(2−β)/2 .

Using Lemma 6.1.1, we reach the desired result.

Theorem 6.2.4. If f ∈ Db(2) and DBf ∈ B(2), then for each (x, y) ∈ 2, we get

|T̃ qn,qmn,m (f ;x, y)− f(x, y)| ≤ M

[n]
1/2
qn [m]

1/2
qm

(
||DBf ||∞ + ωmixed(DBf ; [n]−1/2qn , [m]−1/2qm )

)
.

Proof. By our hypothesis

∆x,yf(u, v) = (u− x)(v − y)DBf(ξ, η), with x < ξ < u ; y < η < s.

Clearly,

DBf(ξ, η) = ∆(x,y)DBf(ξ, η) +DBf(ξ, y) +DBf(x, η)−DBf(x, y).
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Since DBf ∈ B(2), from the above equalities, we have

|D̃qn,qm
n,m (∆(x,y)f(u, v);x, y)| = |D̃qn,qm

n,m ((u− x)(v − y)DBf(ξ, η);x, y)|

≤ D̃qn,qm
n,m (|u− x||v − y||∆(x,y)DBf(ξ, η)|;x, y)

+D̃qn,qm
n,m

(
|u− x||v − y|(|DBf(ξ, y)|

+|DBf(x, η)|+ |DBf(x, y)|);x, y
)

≤ D̃qn,qm
n,m (|u− x||v − y|ωmixed(DBf ; |ξ − x|, |η − y|);x, y)

+3 ||DBf ||∞ D̃qn,qm
n,m (|u− x||v − y|;x, y).

(6.2.5)

By the properties of mixed modulus of smoothness ωmixed, we can write

ωmixed(DBf ; |ξ − x|, |η − y|) ≤ ωmixed(DBf ; |u− x|, |v − y|)

≤ (1 + δ−1n |u− x|)(1 + δ−1m |v − y|) ωmixed(DBf ; δn, δm).

(6.2.6)

Combining (6.2.5), (6.2.6)and using the Cauchy-Schwarz inequality we find

|T̃ qn,qmn,m (f ;x, y)− f(x, y)|

= |D̃qn,qm
n,m ∆(x,y)f(u, v);x, y|

≤ 3||DBf ||∞
√
D̃qn,qm
n,m ((u− x)2(v − y)2;x, y) +

(
D̃qn,qm
n,m (|u− x||v − y|;x, y)

+δ−1n D̃qn,qm
n,m ((u− x)2|s− y|;x, y) + δ−1m D̃qn,qm

n,m (|u− x|(v − y)2;x, y)

+δ−1n δ−1m D̃qn,qm
n,m ((u− x)2(v − y)2;x, y)

)
ωmixed(DBf ; δn, δm)

≤ 3||DBf ||∞
√
D̃qn,qm
n,m ((u− x)2(v − y)2;x, y) +

(√
D̃qn,qm
n,m ((u− x)2(v − y)2;x, y)

+δ−1n

√
D̃qn,qm
n,m ((u− x)4(v − y)2;x, y) + δ−1m

√
D̃qn,qm
n,m ((u− x)2(v − y)4;x, y)

+δ−1n δ−1m D̃qn,qm
n,m ((u− x)2(v − y)2;x, y)

)
ωmixed(DBf ; δn, δm).

(6.2.7)

We note that for (x, y), (t, s) ∈ 2 and i, j ∈ {1, 2}

D̃qn,qm
n,m ((u− x)2i(v − y)2j;x, y) = D̃qn

n ((u− x)2i;x)D̃qm
m ((v − y)2j; y). (6.2.8)
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From Remark 6.1.1, for sufficiently large n

D̃qn
n ((u− x)2;x) ≤ M1

[n]qn
, D̃qm

m ((v − y)2; y) ≤ M2

[m]qm
(6.2.9)

D̃qn
n ((u− x)4;x) ≤ M3

[n]2qn
, D̃qm

m ((v − y)4; y) ≤ M4

[m]2qm
, (6.2.10)

where Mi > 0, for i = 1, 2, 3, 4

Let δn =
1

[n]
1/2
qn

, and δm =
1

[m]
1/2
qm

.

Then, combining (6.2.7)-(6.2.10) lead us to

|T̃ qn,qmn,m (f ;x, y)− f(x, y)| = 3||DB||∞O
(

1

[n]
1/2
qn

)
O

(
1

[m]
1/2
qm

)
+O

(
1

[n]
1/2
qn

)
O

(
1

[m]
1/2
qm

)
ωmixed(DBf ; [n]−1/2qn , [m]−1/2qm ),

from which the required result is immediate.

Now, we examine the rate of convergence of the operators D̃qn,qm
n,m and T̃ qn,qmn,m by some

illustrations and numerical examples.

Example 1. For n = m = 5 (green) and n = m = 10 (orange) with qn = (n− 1)/n

and qm = m/(m+1), the convergence of the operator D̃qn,qm
n,m given by (6.1.1) to f (x, y) =

cos (πx2) y3 (yellow) is shown in Figure 1. In Figure 2, for n = m = 5 and the same

qn, qm, we compare the rate of convergence of the operator D̃qn,qm
n,m (green) and its GBS

operator T̃ qn,qmn,m (grey) to the same function f (yellow). It is observed that the rate of

convergence of T̃ qn,qmn,m appears to be as good as D̃qn,qm
n,m .
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Figure 1 : For n = m = 5 (green),

n = m = 10 (orange) the convergence

of D̃qn,qm
n,m to function f

Figure 2 : For n = m = 5, the convergence

of D̃qn,qm
n,m (green) and its GBS operator

T̃ qn,qmn,m (grey)

Example 2. Let qn = (n − 1)/n and qm = m/(m + 1). For n = m = 5 (grey) and

n = m = 15 (pink), the convergence of T̃ qn,qmn,m (f ;x, y) to f (x, y) = cos (πx2) /(1 +

y) (yellow) is illustrated in Figures 3 and 4, respectively. It is clear that the degree of

approximation becomes better on increasing the values of n,m.

Figure 3 : For n = m = 5, the convergence of

T̃
qn,qm

n,m (f ;x, y) (grey) to f (x, y) (yellow)

Figure 4 : For n = m = 15, the convergence of

T̃
qn,qm

n,m (f ;x, y) (pink) to f (x, y) (yellow)
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Example 3. In Figure 5, for n = m = 5 and qn = .10, qm = .20 and n = m = 15 and

qn = .90, qm = .95, the convergence of T̃ qn,qmn,m (f ;x, y) (respectively, green and grey) to

f (x, y) = xy2 + x2y (yellow) is shown.

It is observed that, on increasing the values of n,m and the corresponding qn, qm, the

convergence of T̃ qn,qmn,m (f ;x, y) to f (x, y) becomes better.

Figure 5 : For n = m = 5, qn = .10, qm = .20 (green)

and n = m = 15, qn = .90, qm = .95 (grey),

convergence of T̃ qn,qmn,m to f (x, y)

Example 4. For n = 5000 and the different values of qn, qm, the error of the ap-

proximation of T̃ qn,qmn,m (f ;x, y) to f (x, y) = xy2 + x2y, by using the mixed modulus of

continuity of f is listed in the following table:
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qn qm error bound

.75 .85 3.785685010

.80 .85 3.349448117

.885 .889 2.111541166

.890 .975 0.941783434

.905 .989 0.570639803

.975 .998 0.118876832

.987 .9989 0.062860082

.995 .9987 0.041912622

.995 .9989 0.038577083

.9975 .9989 0.027140508

.9995 .9997 0.007416630

1 1 0.003226274

Table: the degree of

approximation of T̃ qn,qmn,m (f ;x, y) to f(x, y) in terms of ωmixed
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Chapter 7

Generalized boolean sum operators of

q-Bernstein-Schurer-Kantorovich type

7.1 Introduction

In [102], Muraru constructed the q-Bernstein-Schurer operators defined by

Bn,p(f ;x) =

n+p∑
k=0

bn+p,k(q;x)f

(
[k]q
[n]q

)
, x ∈ J, (7.1.1)

where bn+p,k(q;x) =

(
n+ p

k

)
q

xk(1−x)n+p−kq and J = [0, 1] and established a Korovkin

type approximation theorem and the rate of convergence in terms of the first order modu-

lus of continuity.

Recently, Agrawal et al.[17] constructed a bivariate case of a new kind of Kantorovich

type generalization of the operators B̄n,p as follows:

Let I = [0, 1 + p], I2 = I × I, and C(I2) be the space of all real valued continuous

functions on I2 endowed with the norm ‖f‖ = sup
(x,y)∈I2

|f(x, y)|.

For f ∈ C(I2) and 0 < qn1 , qn2 < 1, the bivariate generalization of Kantorovich type

q-Bernstein-Schurer operators is defined by
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Kn1,n2,p(f ; qn1 , qn2 , x, y) = [n1 + 1]qn1 [n2 + 1]qn2

n1+p∑
k1=0

n2+p∑
k2=0

b
qn1 ,qn2
n1+p,n2+p,k1,k2

(x, y)q−k1n1
q−k2n2

×
∫ [k2+1]qn2 /[n2+1]qn2

[k2]qn2 /[n2+1]qn2

∫ [k1+1]qn1 /[n1+1]qn1

[k1]qn1 /[n1+1]qn1

f(u, v)dRqn1 (u)dRqn2 (v),

(7.1.2)

where bqn1 ,qn2n1+p,n2+p,k1,k2
(x, y) =

(
n1 + p

k1

)
qn1

(
n2 + p

k2

)
qn2

xk1yk2(1−x)n1+p−k1
qn1

(1−y)n2+p−k2
qn2

and x, y ∈ J2, J being [0, 1].

and studied some of their approximation properties. In the present chapter we continue

the work done by Agrawal et al.[17] by discussing the rate of convergence in terms of the

partial moduli of continuity and the Peetre’s K-functional. In the last section of the paper,

we construct the GBS (Generalized Boolean Sum) operators of the q-Bernstein-Schurer-

Kantorovich type defined by (7.1.2) and obtain the order of approximation in terms of the

mixed modulus of smoothness.

7.2 Preliminaries

Now, we present a lemma which will be used in the sequel. In what follows, for i = 1, 2,

let (qni) be a sequence in (0, 1) satisfying qni → 1 and qnini → ai, (0 ≤ ai < 1) as

ni →∞.

Lemma 7.2.1. [17] Let eij = xiyj, (i, j) ∈ N0×N0 with i+j ≤ 2 be the two dimensional

test functions. Then the following equalities hold for the operators given by (7.1.2):

(i) Kn1,n2,p(e00; qn1 , qn2 , x, y) = 1;

(ii) Kn1,n2,p(e10; qn1 , qn2 , x, y) =
[n1 + p]qn1
[n1 + 1]qn1

2qn1

[2]qn1
x+

1

[2]qn1 [n1 + 1]qn1
;

(iii) Kn1,n2,p(e01; qn1 , qn2 , x, y) =
[n2 + p]qn2
[n2 + 1]qn2

2qn2

[2]qn2
y +

1

[2]qn2 [n2 + 1]qn2
;

(iv) Kn1,n2,p(e20; qn1 , qn2 , x, y) =
1

[n1 + 1]2qn1 [3]qn1
+
qn1(3 + 5qn1 + 4q2n1

)

[2]qn1 [3]qn1

[n1 + p]qn1
[n1 + 1]q2n1

x

+
q2n1

(1 + qn1 + 4q2n1
)

[2]qn1 [3]qn1

[n1 + p]qn1 [n1 + p− 1]qn1
[n1 + 1]q2n1

x2;
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(v) Kn1,n2,p(e02; qn1 , qn2 , x, y) =
1

[n2 + 1]2qn2 [3]qn2
+
qn2(3 + 5qn2 + 4q2n2

)

[2]qn2 [3]qn2

[n2 + p]qn2
[n2 + 1]2qn2

y

+
q2n2

(1 + qn2 + 4q2n2
)

[2]qn2 [3]qn2

[n2 + p]qn2 [n2 + p− 1]qn2
[n2 + 1]q2n2

y2.

7.3 Main results

In what follows, let

δn1 = δn1(x) =

(
Kn1,n2,p((u− x)2; qn1 , qn2 , x, y)

)1/2

,

and

δn2 = δn2(y) =

(
Kn1,n2,p((v − y)2; qn1 , qn2 , x, y)

)1/2

.

First, we obtain an estimate of the rate of convergence of the bivariate operators in

terms of the partial moduli of continuity.

Theorem 7.3.1. For f ∈ C(I2), there holds

|Kn1,n2,p(f ; qn1 , qn2 , x, y)− f(x, y)| ≤ 2(ω1(f ; δn1) + ω2(f ; δn2)),

Proof. By the definition of partial moduli of continuity, Lemma 7.2.1 and using Cauchy-

Schwarz inequality we may write

|Kn1,n2,p(f ; qn1 , qn2 , x, y)− f(x, y)|

≤ Kn1,n2,p(|f(u, v)− f(x, y)|; qn1q,n2 , x, y)

≤ Kn1,n2,p(|f(u, v)− f(v, y)|; qn1 , qn2 , x, y) +Kn1,n2,p(|f(u, y)− f(x, y)|; qn1 , qn2 , x, y)

≤ Kn1,n2,p(ω2(f ; |v − y|); qn1 , qn2 , x, y) +Kn1,n2,p(ω1(f ; |u− x|); qn1 , qn2 , x, y)

≤ ω2(f ; δn2)

[
1 +

1

δn2

Kn1,n2,p(|v − y|; qn1 , qn2 , x, y)

]
+ω1(f ; δn1)

[
1 +

1

δn1

Kn1,n2,p(|u− x|; qn1 , qn2 , x, y)

]
≤ ω2(f ; δn2)

[
1 +

1

δn2

(
Kn1,n2,p((v − y)2; qn1 , qn2 , x, y)

)1/2]
+ω1(f ; δn1)

[
1 +

1

δn1

(
Kn1,n2,p((u− x)2; qn1 , qn2 , x, y)

)1/2]
.

In [17], it is shown that δn1 , δn2 → 0 as n1, n2 →∞.

Hence, we reach the desired result.
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Theorem 7.3.2. If f ∈ C(I2), Then we obtain

|Kn1,n2,p(f ; qn1 , qn2 , x, y)− f(x, y)|

≤ M

{
ω̄2(f ;

√
An1,n2,p(qn1 , qn2 , x, y)) +min{1, An1,n2,p(qn1 , qn2 , x, y)}||f ||C(I2)

}
+ω

(
f ;

√(
[n1 + p]qn12qn1x+ 1

[n1 + 1]qn1 [2]qn1
− x
)2

+

(
[n2 + p]qn22qn2y + 1

[n2 + 1]qn2 [2]qn2
− y
)2)

,

where

An1,n2,p(qn1 , qn2 , x, y) =

{
δ2n1

+ δ2n2
+

(
[n1 + p]qn12qn1x+ 1

[n1 + 1]qn1 [2]qn1
− x
)2

+

(
[n2 + p]qn22qn2y + 1

[n2 + 1]qn2 [2]qn2
− y
)2}

and the constant M > 0, is independent of f and An1,n2,p(qn1 , qn2 , x, y).

Proof. Let us define the auxiliary operators

K∗n1,n2,p
(f ; qn1 , qn2 , x, y)

= Kn1,n2,p(f ; qn1 , qn2 , x, y)− f
(

[n1 + p]qn12qn1x+ 1

[n1 + 1]qn1 [2]qn1
,
[n2 + p]qn22qn2y + 1

[n2 + 1]qn2 [2]qn2

)

+f(x, y),

then using Lemma 7.2.1, we have

K∗n1,n2,p
((u− x); qn1 , qn2 , x, y) = 0 and K∗n1,n2,p

((v − y); qn1 , qn2 , x, y) = 0.

Let g ∈ C2(I2) and u, v ∈ I . Using the Taylor’s theorem, we may write

g(u, v)− g(x, y) = g(u, y)− g(x, y) + g(u, v)− g(u, y)

=
∂g(x, y)

∂x
(u− x) +

∫ u

x

(u− t)∂
2g(t, y)

∂t2
dt

+
∂g(x, y)

∂y
(v − y) +

∫ v

y

(v − s)∂
2g(x, s)

∂s2
ds.
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Applying the operator K∗n1,n2,p
(., qn1 , qn2 , x, y) on both sides, we get

K∗n1,n2,p
(g; qn1 , qn2 , x, y)− g(x, y) = K∗n1,n2,p

(∫ u

x

(u− t)∂
2g(t, y)

∂t2
dt; qn1 , qn2 , x, y

)
+K∗n1,n2,p

(∫ v

y

(v − s)∂
2g(x, s)

∂s2
ds; qn1 , qn2 , x, y

)
= Kn1,n2,p

(∫ u

x

(u− t)∂
2g(t, y)

∂t2
dt; qn1 , qn2 , x, y

)

−
∫ [n1+p]qn1

2qn1x+1

[n1+1]qn1
[2]qn1

x

(
[n1 + p]qn12qn1x+ 1

[n1 + 1]qn1 [2]qn1
− t
)
∂2g(t, y)

∂t2
dt

+Kn1,n2,p

(∫ v

y

(v − s)∂
2g(x, s)

∂s2
ds; qn1 , qn2 , x, y

)

−
∫ [n2+p]qn2

2qn2y+1

[n2+1]qn2
[2]qn2

y

(
[n2 + p]qn22qn2x+ 1

[n2 + 1]qn2 [2]qn2
− s
)
∂2g(x, s)

∂s2
ds.

Hence

|K∗n1,n2,p
(g; qn1 , qn2 , x, y)− g(x, y)|

≤ Kn1,n2,p

(∣∣∣∣ ∫ u

x

|u− t|
∣∣∣∣∂2g(t, y)

∂t2

∣∣∣∣dt∣∣∣∣;x, y)

+

∣∣∣∣ ∫
[n1+p]qn1

2qn1x+1

[n1+1]qn1
[2]qn1

x

∣∣∣∣ [n1 + p]qn12qn1x+ 1

[n1 + 1]qn1 [2]qn1
− t
∣∣∣∣∣∣∣∣∂2g(t, y)

∂t2

∣∣∣∣dt∣∣∣∣
+Kn1,n2,p

(∣∣∣∣ ∫ v

y

|v − s|
∣∣∣∣∂2g(x, s)

∂s2

∣∣∣∣ds∣∣∣∣;x, y)

+

∣∣∣∣ ∫
[n2+p]qn2

2qn2y+1

[n2+1]qn2
[2]qn2

y

∣∣∣∣ [n2 + p]qn22qn2y + 1

[n2 + 1]qn2 [2]qn2
− s
∣∣∣∣∣∣∣∣∂2g(x, s)

∂s2

∣∣∣∣ds∣∣∣∣
≤

{
Kn1,n2,p((u− x)2; qn1 , qn2 , x, y) +

(
[n1 + p]qn12qn1x+ 1

[n1 + 1]qn1 [2]qn1
− x
)2}
||g||C2(I2)

+

{
Kn1,n2,p((v − y)2; qn1 , qn2 , x, y) +

(
[n2 + p]qn22qn2y + 1

[n2 + 1]qn2 [2]qn2
− y
)2}
||g||C2(I2)
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≤
{
δ2n1

+

(
[n1 + p]qn12qn1x+ 1

[n1 + 1]qn1 [2]qn1
− x
)2}
||g||C2(I2) +

{
δ2n2

+

(
[n2 + p]qn22qn2y + 1

[n2 + 1]qn2 [2]qn2
− y
)2}
||g||C2(I2)

=

{
δ2n1

+ δ2n2
+

(
[n1 + p]qn12qn1x+ 1

[n1 + 1]qn1 [2]qn1
− x
)2

+

(
[n2 + p]qn22qn2y + 1

[n2 + 1]qn2 [2]qn1
− y
)2}
||g||C2(I2)

= An1,n2,p(qn1 , qn2 , x, y)||g||C2(I2).

(7.3.1)

Also, using Lemma 7.2.1

|K∗n1,n2,p
(f ; qn1 , qn2 , x, y)|

≤ |Kn1,n2,p(f ; qn1 , qn2 , x, y)|+
∣∣∣∣f( [n1 + p]qn12qn1x+ 1

[n1 + 1]qn1 [2]qn1
,
[n2 + p]qn22qn2y + 1

[n2 + 1]qn2 [2]qn1

)∣∣∣∣
+|f(x, y)| ≤ 3||f ||C(I2).

(7.3.2)

Hence in view of (7.3.1), (7.3.2) and using the relation (0.4.2), we get

|Kn1,n2,p(f ; qn1 , qn2 , x, y)− f(x, y)|

=

∣∣∣∣K∗n1,n2,p
(f ; qn1 , qn2 , x, y)− f(x, y) + f

(
[n1 + p]qn12qn1x+ 1

[n1 + 1]qn1 [2]qn1
,
[n2 + p]qn22qn2y + 1

[n2 + 1]qn2 [2]qn1

)
−f(x, y)

∣∣∣∣
≤ |K∗n1,n2,p

(f − g; qn1 , qn2 , x, y)|+ |K∗n1,n2,p
(g; qn1 , qn2 , x, y)− g(x, y)|+ |g(x, y)− f(x, y)|

+

∣∣∣∣f( [n1 + p]qn12qn1x+ 1

[n1 + 1]qn1 [2]qn1
,
[n2 + p]qn22qn2y + 1

[n2 + 1]qn2 [2]qn2

)
− f(x, y)

∣∣∣∣
≤ 4||f − g||C(I2) + |K∗n1,n2,p

(g; qn1 , qn2 , x, y)− g(x, y)|

+

∣∣∣∣f( [n1 + p]qn12qn1x+ 1

[n1 + 1]qn1 [2]qn1
,
[n2 + p]qn22qn2y + 1

[n2 + 1]qn2 [2]qn2

)
− f(x, y)

∣∣∣∣
≤

(
4||f − g||C(I2) + An1,n2,p(qn1 , qn2 , x, y)||g||C2(I2)

)
+ω

(
f ;

√(
[n1 + p]qn12qn1x+ 1

[n1 + 1]qn1 [2]qn1
− x
)2

+

(
[n2 + p]qn22qn2y + 1

[n2 + 1]qn2 [2]qn2
− y
)2)
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≤ 4K(f ;An1,n2,p(qn1 , qn2 , x, y)) + ω

(
f ;

{(
[n1 + p]qn12qn1x+ 1

[n1 + 1]qn1 [2]qn1
− x
)2

+

(
[n2 + p]qn22qn2y + 1

[n2 + 1]qn2 [2]qn2
− y
)2
}1/2)

≤ M

{
ω̄2

(
f ;
√
An1,n2,p(qn1 , qn2 , x, y)

)
+min{1, An1,n2,p(qn1 , qn2 , x, y)}||f ||C(I2)

}
+ω

(
f ;

√(
[n1 + p]qn12qn1x+ 1

[n1 + 1]qn1 [2]qn1
− x
)2

+

(
[n2 + p]qn22qn2y + 1

[n2 + 1]qn2 [2]qn2
− y
)2)

.

Thus, we get the desired result.

7.4 GBS operator of q-Bernstein-Schurer-Kantorovich

type

We define the GBS operator of the operator Kn1,n2,p given by (7.1.2), for any f ∈ Cb (I2)

and m,n ∈ N, by

Tn1,n2,p(f(u, v); qn1 , qn2 , x, y) := Kn1,n2,p (f (u, y) + f (x, v)− f (u, v) ; qn1 , qn2 , x, y) ,

for all (x, y) ∈ J2.

More precisely for any f ∈ Cb(I2), the GBS operator of q-Bernstein-Schurer-Kantorovich

type is given by

Tn1,n2,p(f ; qn1 , qn2 , x, y)

= [n1 + 1]qn1 [n2 + 1]qn2

n1+p∑
k1=0

n2+p∑
k2=0

b
qn1 ,qn2
n1+p,n2+p,k1,k2

(x, y)q−k1n1
q−k2n2

×
∫ [k2+1]qn2 /[n2+1]qn2

[k2]qn2 /[n2+1]qn2

∫ [k1+1]qn1 /[n1+1]qn1

[k1]qn1 /[n1+1]qn1

[f(x, v) + f(u, y)− f(u, v)]dRqn1 (u)dRqn2 (v),

(7.4.1)

where bqn1 ,qn2n1+p,n2+p,k1,k2
(x, y) =

(
n1 + p

k1

)
qn1

(
n2 + p

k2

)
qn2

xk1yk2(1−x)n1+p−k1
qn1

(1−y)n2+p−k2
qn2

.

Here the operator Tn1,n2,p is a linear positive operator and is well defined from the space

Cb(I
2) into C(J2).
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Theorem 7.4.1. For every f ∈ Cb(I
2), at each point (x, y) ∈ J2, the operator (7.4.1)

verifies the following inequality

|Tn1,n2,p(f ; qn1 , qn2 , x, y)− f(x, y)| ≤ 4ωmixed(f ; δn1 , δn2).

Proof. We may write

Tn1,n2,p(f ; qn1 , qn2 , x, y) = f(x, y)Kn1,n2,p(e00; qn1 , qn2 , x, y)

−Kn1,n2,p (∆(x,y)f [u, v;x, y]; qn1 , qn2 , x, y).

Since Kn1,n2,p(e00; qn1 , qn2 , x, y) = 1, considering the inequality (6.2.4) and applying the

Cauchy-Schwarz inequality we obtain,

|Tn1,n2,p(f ; qn1 , qn2 , x, y)− f(x, y)|

≤ Kn1,n2,p (|∆(x,y)f [u, v;x, y]|; qn1 , qn2 , x, y)

≤
(
Kn1,n2,p(e00; qn1 , qn2 , x, y)

+δ−1n1

√
Kn1,n2,p((u− x)2; qn1 , qn2 , x, y)

+δ−1n2

√
Kn1,n2,p((v − y)2; qn1 , qn2 , x, y)

+δ−1n1
δ−1n2

√
Kn1,n2,p((u− x)2; qn1 , qn2 , x, y)

×
√
Kn1,n2,p((v − y)2; qn1 , qn2 , x, y)

)
ωmixed(f ; δn1 , δn2))

≤ 4 ωmixed(f ; δn1 , δn2),

from which the desired result is immediate.

Next theorem gives the degree of approximation for the operators Tn1,n2,p by means

of the Lipschitz class of functions in Cb(I2).

Theorem 7.4.2. Let f ∈ LipM (α, β) then we have

|Tn1,n2,p (f ; qn1 , qn2 , x, y)− f (x, y)| ≤Mδα/2n1
δβ/2n2

for M > 0, α, β ∈ (0, 1] .
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Proof. By the same reasoning as in Theorem 6.2.3, we have

|Tn1,n2,p (f ; qn1 , qn2 , x, y)− f (x, y)| ≤ Kn1,n2,p

(∣∣∆(x,y)f [u, v;x, y]
∣∣ ;x, y)

≤ MKn1,n2,p

(
|u− x|α |v − y|β ;x, y

)
= MKn1,n2,p (|u− x|α ;x)Kn1,n2,p

(
|v − y|β ; y

)
.

Now, using the Hölder’s inequality with p1 = 2/α, q1 = 2/ (2− α) and p2 = 2/β, q2 =

2/ (2− β) , we have

|Tn1,n2,p (f ; qn1 , qn2 , x, y)− f (x, y)| ≤ M
(
Kn1,n2,p(u− x)2;x

)α/2
Kn1,n2,p (e0;x)(2−α)/2

×Kn1,n2,p

(
(v − y)2; y

)β/2
Kn1,n2,p (e0; y)(2−β)/2 .

Considering Lemma 7.2.1, we obtain the degree of local approximation forB-continuous

functions belonging to LipM (α, β) .

Theorem 7.4.3. Let the function f ∈ Db(I
2) with DBf ∈ B(I2). Then, if (x, y) ∈ J2,

there holds:

|Tn1,n2,p(f ; qn1 , qn2 , x, y)− f(x, y)| ≤ M

[n1]
1/2
qn1

[n2]
1/2
qn2

(
||DBf ||∞

+ωmixed(DBf ; [n1]
−1/2
qn1

, [n2]
−1/2
qn2

)

)
.

Proof. Since f ∈ Db(I
2), we have the identity

∆x,yf [u, v;x, y] = (u− x)(v − y)DBf(ξ, η), with x < ξ < u ; y < η < v.

It is clear that

DBf(ξ, η) = ∆(x,y)DBf(ξ, η) +DBf(ξ, y) +DBf(x, η)−DBf(x, y).

Since DBf ∈ B(I2), by above relations, we can write

|Kn1,n2,p(∆(x,y)f [u, v;x, y]; qn1 , qn2 , x, y)|

= |Kn1,n2,p((u− x)(v − y)DBf(ξ, η); qn1 , qn2 , x, y)|

≤ Kn1,n2,p(|u− x||v − y||∆(x,y)DBf(ξ, η)|;x, y)

+Kn1,n2,p(|u− x||v − y|(|DBf(ξ, y)|

+|DBf(x, η)|+ |DBf(x, y)|); qn1 , qn2 , x, y)

≤ Kn1,n2,p(|u− x||v − y|ωmixed(DBf ; |ξ − x|, |η − y|);x, y)

+3 ||DBf ||∞ Kn1,n2,p(|u− x||v − y|; qn1 , qn2 , x, y). (7.4.2)
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Since the mixed modulus of smoothness ωmixed is non-decreasing, we have

ωmixed(DBf ; |ξ − x|, |η − y|) ≤ ωmixed(DBf ; |u− x|, |v − y|)

≤ (1 + δ−1n1
|u− x|)(1 + δ−1n2

|v − y|) ωmixed(DBf ; δn1 , δn2).

It is known from ([17], Theorem. 4.5) that

Kn1,p((u− x)2; qn1 , x) ≤ M1

[n1]qn1
, Kn2,p((v − y)2; qn2 , y) ≤ M2

[n2]qn2
. (7.4.3)

Kn1,p((u− x)4; qn1 , x) ≤ M2

[n1]2qn1
, Kn2,p((v − y)4; qn2 , y) ≤ M4

[n2]2qn2
(7.4.4)

for some constants Mi > 0, for i = 1, 2, 3, 4.

Hence applying the Cauchy-Schwarz inequality and using (7.4.3)-(7.4.4) in (7.4.2), on

choosing δn1 =
1

[n1]
1/2
qn1

, and δn2 =
1

[n2]
1/2
qn2

,

we obtain the required result.

7.5 Applications

1. The Stancu variant of the operator Kn1,n2,p defined by (7.1.2) is given by

Kn1,n2,p(f ; qn1 , qn2 , x, y)α,σ,β,γ

= [n1 + β + 1]qn1 [n2 + γ + 1]qn2

n1+p∑
k1=0

n2+p∑
k2=0

b
qn1 ,qn2
n1+p,n2+p,k1,k2

(x, y)q−k1n1
q−k2n2

×
∫ [k2+σ+1]qn2 /[n2+γ+1]qn2

[k2+σ]qn2 /[n2+γ+1]qn2

∫ [k1+α+1]qn1 /[n1+β+1]qn1

[k1+α]qn1 /[n1+β+1]qn1

f(u, v)dRqn1 (u)dRqn2 (v),

where b
qn1 ,qn2
n1+p,n2+p,k1,k2

(x, y) =

(
n1 + p

k1

)
qn1

(
n2 + p

k2

)
qn2

xk1yk2(1 − x)n1+p−k1
qn1

(1 −

y)n2+p−k2
qn2

, 0 ≤ α ≤ β and 0 ≤ σ ≤ γ.

ForB-continuous functions, the GBS operator of Stancu typeKn1,n2,p(f ; qn1 , qn2 , x, y)α,σ,β,γ

is defined by
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Tn1,n2,p(f(u, v); qn1 , qn2 , x, y)α,σ,β,γ

= [n1 + β + 1]qn1 [n2 + γ + 1]qn2

n1+p∑
k1=0

n2+p∑
k2=0

b
qn1 ,qn2
n1+p,n2+p,k1,k2

(x, y)q−k1n1
q−k2n2

×
∫ [k2+σ+1]qn2

[n2+γ+1]qn2

[k2+σ]qn2
[n2+γ+1]qn2

∫ [k1+α+1]qn1
[n1+β+1]qn1

[k1+α]qn1
[n1+β+1]qn1

(f(x, v) + f(u, y)− f(u, v))dRqn1 (u)dRqn2 (v),

which is the Stancu variant of the operator Tn1,n2,p(f ; qn1 , qn2 , x, y) given by (7.4.1).

Theorems 7.4.1 - 7.4.3 can similarly be obtained for the operator

Tn1,n2,p(f ; qn1 , qn2 , x, y)α,σ,β,γ with f ∈ Cb(I2) and all (x, y) ∈ J2.

2. Agrawal et al. [22], introduced the Stancu type generalization of modified Schurer

operators based on q-integers as

S(α,β)
n,p (f, q, x) =

[n+ p+ 1]q
(1 + p)2n+2p+1

n+p∑
k=0

bqn+p,k(x)q−k
∫ 1+p

0

f

(
[n]qu+ α

[n]q + β

)
bqn+p,k(qu)dqu, ,

∀ x ∈ [0, 1 + p] where f ∈ C(I) and bqn+p,k =

(
n+ p

k

)
q

xk(1 + p − x)n+p−kq and

0 ≤ α ≤ β.

We define bivariate case of this operator

Sn1,n2,p(f, qn1 , qn2 , x, y)(α1,α2,β1,β2)

=
[n1 + p+ 1]qn1
(1 + p)2n1+2p+1

[n2 + p+ 1]qn2
(1 + p)2n2+2p+1

n1+p∑
k1=0

n1+p∑
k1=0

b
qn1 ,qn2
n1+p,n2+p,k1,k2

(x, y)q−k1n1
q−k2n2

×
∫ 1+p

0

∫ 1+p

0

f

(
[n1]qn1u+ α1

[n1]qn1 + β1
,
[n2]qn2v + α2

[n2]qn2 + β2

)
bqn1+p,n2+p,k1,k2

(qn1u, qn2v)dq1u dq2v,

where bqn1+p,n2+p,k1,k2
(x, y) =

(
n1 + p

k1

)
qn1

(
n2 + p

k2

)
qn2

xk1(1+p−x)n1+p−k1
qn1

yk2(1+

p− y)n2+p−k2
qn2

, and 0 ≤ α1 ≤ β1, 0 ≤ α2 ≤ β2;αi, βi ∈ R, i = 1, 2.

The GBS operator of Stancu type Sn1,n2,p(f, qn1 , qn2 , x, y)(α1,α2,β1,β2) is defined by

Tn1,n2,p(f(u, v), qn1 , qn2 , x, y)(α1,α2,β1,β2)

= Sn1,n2,p(f, qn1 , qn2 , x, y)(α1,α2,β1,β2)(f(u, y) + f(x, v)− f(u, v), qn1 , qn2 , x, y)
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∀ (x, y) ∈ J2. The approximation behavior these operators will considered elsewhere.
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Chapter 8

Chlodowsky-Szász-Appell type

operators for functions of two variables

8.1 Introduction

On the interval [0, an] with an →∞, as n→∞, the Bernstein-Chlodowsky polynomials

are defined by

Bn(f ;x) =
n∑
k=0

(
n

k

)(
x

an

)k (
1− x

an

)n−k
f
(
k
an
n

)
, (8.1.1)

where x ∈ [0, an] and lim
n→∞

an
n

= 0.

By combining the Bernstein-Chlodowsky operators (8.1.1) and the operators (0.3.2),

we introduce the bivariate operators as follows:

Tn,m(f ;x, y) =
n∑
k=0

∞∑
j=0

(
n

k

)(
x

an

)k (
1− x

an

)n−k
e−bmy

g(1)
pj(bmy)f

(
k
an
n
,
j

cm

)
,

(8.1.2)

for all n,m ∈ N, f ∈ C(A)an with Aan = {(x, y) : 0 ≤ x ≤ an, 0 ≤ y < ∞}, and

C(Aan) := {f : Aan → R is continuous}. Note that the operator (8.1.2) is the tensorial

product of xBn and yP
∗
m, i.e., Tn,m = xBn ◦ yP ∗m, where

xBn(f ;x, y) =
n∑
k=0

(
n

k

)(
x

an

)k (
1− x

an

)n−k
f
(
k
an
n
, y
)
,
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and

yP
∗
m(f ;x, y) =

e−bmy

g(1)

∞∑
k=0

pk(bmy)f

(
x,

k

cm

)
.

The purpose of the present chapter is to establish the degree of approximation for the

bivariate operators (8.1.2) by means of the moduli of continuity and the Lipschitz class.

The rate of convergence of these operators for a weighted space is studied with the aid

of modulus of continuity defined in [88]. Subsequently, the GBS case of these operators

(8.1.2) is introduced and the approximation degree for the GBS operators is obtained by

means of the mixed modulus of smoothness.

8.2 Preliminaries

To examine the approximation properties of the operators (8.1.2), we give some basic

results using the test functions ei,j = uivj (i, j = 0, 1, 2, 3, 4) as follows:

Lemma 8.2.1. For the operators Tn,m there holds the identities:

(i) Tn,m(e0,0;x, y) = 1,

(ii) Tn,m(e1,0;x, y) = x,

(iii) Tn,m(e0,1;x, y) =
bm
cm
y +

1

cm

g′(1)

g(1)
,

(iv) Tn,m(e2,0;x, y) = x2 +
x

n
(an − x),

(v) Tn,m(e0,2;x, y) =
b2m
c2m
y2 +

bm
c2m

(
2
g′(1)

g(1)
+ 1

)
y +

1

c2m

(
g′′(1)

g(1)
+
g′(1)

g(1)

)
,

(vi) Tn,m(e3,0;x, y) = x3 +
x(an − x)

n2
(x(3n− 2) + an) ,

(vii) Tn,m(e0,3;x, y)=
b3m
c3m
y3+

b2m
c3m

(
3
g′(1)

g(1)
+4

)
y2+

bm
c3m

(
3
g′′(1)

g(1)
+8

g′(1)

g(1)
+1

)
y

+
1

c3m

(
g′′′(1)

g(1)
+4

g′′(1)

g(1)
+
g′(1)

g(1)

)
,

(viii) Tn,m(e4,0;x, y) = x4+
x3(an − x)

n3
(6n2−5n+2)+

x(an − x)2

n3
(2x(3n− 2) + an)+

x2an(an − x)(n− 1)

n3
,
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(ix) Tn,m(e0,4;x, y) =
b4m
c4m
y4 +

b3m
c4m
y3
(

4
g′(1)

g(1)
+10

)
+
b2m
c4m
y2
(

6
g′′(1)

g(1)
+30

g′(1)

g(1)
+14

)
+

bm
c4m
y

(
4
g′′′(1)

g(1)
+ 30

g′′(1)

g(1)
+ 28

g′(1)

g(1)
+ 1

)
+

1

c4m

(
g(4)(1)

g(1)
+ 10

g′′′(1)

g(1)

+ 14
g′′(1)

g(1)
+
g′(1)

g(1)

)
.

Proof. By simple calculations, we can easily prove the above results. Hence the details

are omitted.

As a consequence of Lemma 8.2.1, we obtain:

Lemma 8.2.2. For the operator (8.1.2), we have the following results:

(i) Tn,m((e1,0 − x)2;x, y) =
x

n
(an − x),

(ii) Tn,m((e0,1 − y)2;x, y) =

(
bm
cm
− 1

)2

y2 +

(
2
bm
c2m

g′(1)

g(1)
− 2

cm

g′(1)

g(1)
+
bm
c2m

)
y

+
1

c2m

(
g′(1)

g(1)
+
g′′(1)

g(1)

)
,

(iii) Tn,m((e1,0−x)4;x, y) =

(
3

n2
− 6

n3

)
x4− 6an(n− 2)

n3
x3+a2n

(
3

n2
− 7

n3

)
x2+

a3n
n3
x,

(iv) Tn,m((e0,1−y)4;x, y) =

(
bm
cm
− 1

)4

y4+

{
b3m
c4m

(
4
g′(1)

g(1)
+10

)
+6

bm
c2m

(
2
g′(1)

g(1)
+1

)
− 4

b2m
c3m

(
3
g′(1)

g(1)
+4

)
− 4

cm

g′(1)

g(1)

}
y3+

{
b2m
c4m

(
6
g′′(1)

g(1)
+30

g′(1)

g(1)
+14

)
−4

bm
c3m

(
3
g′′(1)

g(1)

+8
g′(1)

g(1)
+1

)
+

6

c2m

(
g′′(1)

g(1)
+
g′(1)

g(1)

)}
y2+

{
bm
c4m

(
4
g′′′(1)

g(1)
+30

g′′(1)

g(1)
+28

g′(1)

g(1)
+1

)
− 4

c3m

(
g′′′(1)

g(1)
+ 4

g′′(1)

g(1)
+
g′(1)

g(1)

)}
y+

1

c4m

(
g4(1)

g(1)
+ 10

g′′′(1)

g(1)
+ 14

g′′(1)

g(1)
+
g′(1)

g(1)

)
.

Lemma 8.2.3. Taking into account the conditions on (an), (bn), (cn) and using Lemma

8.2.1 and Lemma 8.2.2, we may write

(i) Tn,m((e1,0 − x)2;x, y) = O
(an
n

)
(x2 + x), as n→∞,

(ii) Tn,m((e0,1 − y)2;x, y) ≤ η(g)

cm
(y2 + y + 1),

(iii) Tn,m((e1,0 − x)4;x, y) = O
(an
n

)
(x4 + x3 + x2 + x), as n→∞,
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(iv) Tn,m((e0,1 − y)4;x, y) ≤ µ(g)

cm
(y4 + y3 + y2 + y + 1),

where η(g) and µ(g) are certain constants depending on g.

8.3 Main results

In this section, we establish the degree of approximation of the operators given by (8.1.2)

in the space of continuous functions on compact set Iab := [0, a]× [0, b] ⊂ Aan .

Theorem 8.3.1. For all (x, y) ∈ Iab and f ∈ C(Iab), we have the following inequality:

|Tn,m(f ;x, y)− f(x, y)| ≤ 2ω(f ; δn,m),

where δn,m =

(
O
(an
n

)
(x2 + x) +

η(g)

cm
(y + 1)2

)1/2

.

Proof. Using the Cauchy-Schwarz inequality and Lemma 8.2.3, we have

|Tn,m(f ;x, y)− f(x, y)|

≤ ω(f ; δn,m)

[
1 +

1

δn,m

{
Tn,m((e1,0 − x)2 + (e0,1 − y)2;x, y)

}1/2]
≤ ω(f ; δn,m)

[
1 +

1

δn,m

{
Tn,m((e1,0 − x)2;x, y) + Tn,m((e0,1 − y)2;x, y)

}1/2]
≤ ω(f ; δn,m)

[
1 +

1

δn,m

{
O
(an
n

)
(x2 + x) +

η(g)

cm
(y + 1)2

}1/2
]
,

from which the desired result is immediate.

In the following theorem, we obtain the rate of convergence of the operators defined

by (8.1.2) in terms of the partial moduli of continuity.

Theorem 8.3.2. For f ∈ C(Iab) and all (x, y) ∈ Iab, the following result holds:

|Tn,m(f ;x, y)− f(x, y)| ≤ 2 (ω1(f ; δn) + ω2(f ; δm)) ,

where δ2n =
x

n
(an − x) and δ2m =

(
bm
cm
− 1

)2

y2 +

(
2
bm
c2m

g′(1)

g(1)
− 2

cm

g′(1)

g(1)
+
bm
c2m

)
y +

1

c2m

(
g′(1)

g(1)
+
g′′(1)

g(1)

)
.
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Proof. Using the definition of partial moduli of continuity, Lemma 8.2.2 and the Cauchy-

Schwarz inequality, we have

|Tn,m(f ;x, y)− f(x, y)| ≤ Tn,m(|f(u, v)− f(x, v)|;x, y) + Tn,m(|f(x, v)− f(x, y)|;x, y)

≤ Tn,m (ω1(f ; |u− x|);x, y) + Tn,m (ω2(f ; |v − y|);x, y)

≤ ω1(f ; δn)

[
1 +

1

δn
Tn,m(|u− x|;x, y)

]
+ω2(f ; δm)

[
1 +

1

δm
Tn,m(|v − y|;x, y)

]
≤ ω1(f ; δn)

[
1 +

1

δn

(
Tn,m((e1,0 − x)2;x, y)

)1/2 ]
+ω2(f ; δm)

[
1 +

1

δm

(
Tn,m((e0,1 − y)2;x, y)

)1/2 ]
,

choosing δ2n =
x

n
(an−x) and δ2m =

(
bm
cm
− 1

)2

y2 +

(
2
bm
c2m

g′(1)

g(1)
− 2

cm

g′(1)

g(1)
+
bm
c2m

)
y+

1

c2m

(
g′(1)

g(1)
+
g′′(1)

g(1)

)
, we obtain the required result.

Now, we establish the degree of approximation for the bivariate operators (8.1.2) with

the aid of Lipschitz class.

Theorem 8.3.3. Let f ∈ LipM(γ1, γ2). Then

|Tn,m(f ;x, y)− f(x, y)| ≤Mδγ1n δ
γ2
m ,

where δn and δm are the same as in Theorem 8.3.2 and 0 < γ1, γ2 ≤ 1.

Proof. Since f ∈ LipM(γ1, γ2), we may write

|Tn,m(f ;x, y)− f(x, y)| ≤ Tn,m (M |u− x|γ1|v − y|γ2 ;x, y)

≤M xBn (|u− x|γ1 ;x, y) yP
∗
m (|v − y|γ2 ;x, y) .

Considering the Hölder’s inequality with (p1, q1) =

(
2

γ1
,

2

2− γ1

)
and (p2, q2) =

(
2

γ2
,

2

2− γ2

)
and Lemma 8.2.1, we have

|Tn,m(f ;x, y)− f(x, y)| ≤M xBn

(
(e1,0 − x)2;x, y

)γ1/2
xBn (e0,0;x, y)(2−γ1)/2

yP
∗
m

(
(e0,1 − y)2;x, y

)γ2y/2
yP
∗
m (e0,0;x, y)(2−γ2)/2

= Mδγ1n δγ2m .

This proves the theorem.
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Now, we estimate the degree of approximation of the bivariate operators (8.1.2) in a

weighted space. LetBρ be the space of all functions f defined on R+
0 ×R+

0 , R+
0 = [0,∞)

having the property |f(x, y)| ≤ Mf ρ(x, y), where Mf > 0 is a constant which depends

on f and ρ(x, y) = 1 + x2 + y2 is a weight function. Let Cρ be the subspace of Bρ of all

continuous functions with the norm ||f ||ρ = sup
x,y∈R+

0

|f(x, y)|
ρ(x, y)

and letC0
ρ be the subspace of

all functions f ∈ Cρ such that lim
x→∞

|f(x, y)|
ρ(x, y)

exists finitely. For all f ∈ C0
ρ , the weighted

modulus of continuity is defined by

ωρ(f ; δ1, δ2) = sup
x,y∈R+

0

sup
|h1|≤δ1,|h2|≤δ2

|f(x+ h1, y + h2)− f(x, y)|
ρ(x, y)ρ(h1, h2)

. (8.3.1)

Theorem 8.3.4. If f ∈ C0
ρ , then for sufficiently large n,m, the following inequality holds:

sup
x,y∈R+

0

|Tn,m(f ;x, y)− f(x, y)|
ρ(x, y)3

≤ C ωρ(f ; δn, δm),

where δn =
(an
n

)1/2
, δm =

(
σ(g)

cm

)1/2

, σ(g) = max {η(g), µ(g)} and C is a constant

depending on n,m.

Proof. From ([88], pp.577), we may write

|f(u, v)− f(x, y)| ≤ 8(1 + x2 + y2)ωρ(f ; δn, δm)

(
1 +
|u− x|
δn

)(
1 +
|v − y|
δm

)
× (1 + (u− x)2)(1 + (v − y)2).

Thus,

|Tn,m(f ;x, y)− f(x, y)|

≤ 8(1 + x2 + y2)ωρ(f ; δn, δm)
n∑
k=0

(
n

k

)(
x

αn

)k (
1− x

αn

)n−k (
1 +

1

δn

∣∣∣kan
n
− x
∣∣∣)

×
(

1 +
(
k
an
n
− x
)2) ∞∑

j=0

e−bmy

g(1)
pj(bmy)

(
1 +

1

δm

∣∣∣∣ jcm − y
∣∣∣∣)
(

1 +

(
j

cm
− y
)2
)
.

Applying the Cauchy-Schwarz inequality
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|Tn,m(f ;x, y)−f(x, y)|

≤ 8(1+x2+y2)ωρ(f ; δn, δm)

[
1+Tn,m((e1,0−x)2;x, y)+

1

δn

√
Tn,m((e1,0−x)2;x, y)

]
× 1

δn

√
Tn,m((e1,0 − x)2;x, y)Tn,m((e1,0 − x)4;x, y)

×
[
1 + Tn,m((e0,1 − y)2;x, y) +

1

δm

√
Tn,m((e0,1 − y)2;x, y)

× 1

δm

√
Tn,m((e0,1 − y)2;x, y)Tn,m((e0,1 − y)4;x, y)

]
.

Using Lemma 8.2.3, we have

|Tn,m(f ;x, y)− f(x, y)|

≤ 8(1 + x2 + y2)ωρ(f ; δn, δm)

[
1 +O

(an
n

)
(x2 + x) +

1

δn

√
O
(an
n

)
(x2 + x)

+
1

δn

√
O
(an
n

)
(x2 + x).O

(an
n

)
(x4 + x3 + x2 + x)

]
×
[
1 +

η(g)

cm
(y + 1)2 +

1

δm

√
η(g)

cm
(y + 1)2 +

1

δm

√
η(g)

cm
(y + 1)2

µ(g)

cm
(y + 1)4

]
.

Taking δn =
(an
n

)1/2
, δm =

(
σ(g)

cm

)1/2

with σ(g) = max{η(g), µ(g)}, we reach the

desired result.

8.4 Construction of GBS operators of Chlodowsky-Szàsz-

Appell type

In this section, we introduce the GBS case of the operators defined in (8.1.2).

For every f ∈ Cb(Aan), the GBS operator associated with the operator Tn,m(f ;x, y)

is defined as follows:

Un,m(f ;x, y) =
n∑
k=0

∞∑
j=0

(
n

k

)(
x

an

)k (
1− x

an

)n−k
e−bmy

g(1)
pj(bmy)[

f
(
k
an
n
, y
)

+ f

(
x,

j

cm

)
− f

(
k
an
n
,
j

cm

)]
.

(8.4.1)
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Let Icd := [0, c]× [0, d] ⊂ Aan .

Theorem 8.4.1. For every f ∈ Cb(Icd) and ∀ (x, y) ∈ Icd, we have the following in-

equality for the operator defined in (8.4.1)

|Un,m(f ;x, y)− f(x, y)| ≤ 4ωmixed(f ; δn, δm),

where δn =
(an
n

(c2 + c)
)1/2

, δm := δm(g) =

(
ρ(g)

cm

)1/2

and ρ(g) is a constant depend-

ing on g.

Proof. We may write

Un,m(f ;x, y) = f(x, y)Tn,m(e0,0;x, y)− Tn,m (∆(x,y)f(u, v);x, y).

Since Tn,m(e0,0;x, y) = 1, using 6.2.4 and applying the Cauchy-Schwarz inequality

|Un,m(f ;x, y)− f(x, y)|

≤ Tn,m (|∆(x,y)f(u, v)|;x, y)

≤
(
Tn,m(e0,0;x, y) + δ−1n

√
Tn,m((e1,0 − x)2;x, y) + δ−1m

√
Tn,m((e0,1 − y)2;x, y)

+ δ−1n δ−1m

√
Tn,m((e1,0 − x)2;x, y)

√
Tn,m((e0,1 − y)2;x, y)

)
ωmixed(f ; δn, δm).

(8.4.2)

By Lemma 8.2.2 and for all (x, y) ∈ Icd,

Tn,m((e1,0 − x)2;x, y) =
x(an − x)

n

≤ an
n

(x2 + x) ≤ an
n

(c2 + c). (8.4.3)

Similarly

Tn,m((e0,1 − y)2;x, y) ≤ η(g)

cm
(y2 + y + 1)

≤ η(g)

cm
(d2 + d+ 1) =

ρ(g)

cm
, (8.4.4)

where ρ(g) is a constant depending on g.

Combining (8.4.2)-(8.4.4) and choosing δn =
(an
n

(c2 + c)
)1/2

and δm := δm(g) =(
ρ(g)

cm

)1/2

, we get the required result.
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Theorem 8.4.2. For f ∈ LipM (ξ1, ξ2) , 0 < ξ1, ξ2 ≤ and (x, y) ∈ Icd, we have

|Un,m (f ;x, y)− f (x, y)| ≤Mδξ1/2n δξ2/2m ,

where δn = ||xBn((u− x)2; ·)||C(Icd), δm = ||yP ∗m((v − y)2; ·)||C(Icd) and M is a certain

positive constant.

Proof. We may write

Un,m(f ;x, y) = Tn,m
(
f (x, y)−∆(x,y)f (u, v) ;x, y

)
= f (x, y)Tn,m (e0,0;x, y)− Tn,m

(
∆(x,y)f (u, v) ;x, y

)
.

By our hypothesis, we get

|Un,m (f ;x, y)− f (x, y)| ≤ Tn,m
(∣∣∆(x,y)f (u, v)

∣∣ ;x, y)
≤MTn,m

(
|u− x|ξ1 |v − y|ξ2 ;x, y

)
= MTn,m

(
|u− x|ξ1 ;x, y

)
Tn,m

(
|v − y|ξ2 ;x, y

)
.

Now, applying the Hölder’s inequality with (p1, q1) = (2/ξ1, 2/ (2− ξ1)) and (p2, q2) =

(2/ξ2, 2/ (2− ξ2)) , we obtain

|Un,m(f ;x, y)− f(x, y)| ≤ MxBn

(
(u− x)2;x

)ξ1/2
xBn (e0;x)(2−ξ1)/2

×yP ∗m
(
(v − y)2; y

)ξ2/2
yP
∗
m (e0; y)(2−ξ2)/2 .

Taking δn = ||xBn ((u− x)2; ·) ||∞ and δm = ||yP ∗m ((v − y)2; ·) ||∞, we get the desired

result.

Theorem 8.4.3. If f ∈ Db(Icd) and DBf ∈ B(Icd), then for each (x, y) ∈ Icd, we get

|Un,m(f ;x, y)− f(x, y)| ≤ C

{
3||DBf ||∞ + 2ωmixed(f ; δn, δm)

√
x2 + x

√
y2 + y + 1

}
δnδm

+

{
ωmixed(f ; δn, δm)

(
δm
√
x4 + x3 + x2 + x

√
y2 + y + 1

+ δn
√
y4 + y3 + y2 + y + 1

√
x2 + x

)}
,

where δn =

√
an
n

, δm =

√
σ(g)

cm
, σ(g) = max {η(g), µ(g)} and C is a constant depend-

ing on n,m only.
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Proof. By our hypothesis

∆(x,y)f(u, v) = (u− x)(v − y)DBf(α, β), with x < α < u ; y < β < v.

Clearly,

DBf(α, β) = ∆(x,y)DBf(α, β) +DBf(α, y) +DBf(x, β)−DBf(x, y).

Since DBf ∈ B(Icd), from the above equalities, we have

|Tn,m(∆(x,y)f(u, v);x, y)| = |Tn,m((u− x)(v − y)DBf(α, β);x, y)|

≤ Tn,m(|u− x||v − y||∆(x,y)DBf(α, β)|;x, y)

+ Tn,m(|u− x||v − y|(|DBf(α, y)|+ |DBf(x, β)|

+ |DBf(x, y)|);x, y)

≤ Tn,m(|u− x||v − y|ωmixed(DBf ; |α− x|, |β − y|);x, y)

+ 3 ||DBf ||∞ Tn,m(|u− x||v − y|;x, y). (8.4.5)

Hence using (6.2.4), applying Cauchy-Schwarz inequality and Lemma 8.2.3, on taking

δn =

√
an
n
, δm =

√
σ(g)

cm
, we reach the required result.

8.4.1 Numerical Examples

In this section we give some numerical results regarding the approximation properties of

Chlodowsky-Szász-Appell operators defined in (8.1.2).

Example 1. Let us consider the function f(x, y) = e−y cos(πx), g(u) = u and an =
√
n,

bn = n, cn = n+
1√
n

. For n = m = 5 and n = m = 40, the convergence of Tn,m(f ;x, y)

to f(x, y) is illustrated in Figure 1.
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The convergence of Tn,m(f ;x, y) to f(x, y) (red f , blue T40,40, yellow T5,5)

Figure 1

Example 2. Let us consider the function f(x, y) = e−y sin(πx) , g(u) = u and

an =
√
n, bn = n, cn = n + e−n. For n = m = 5 and n = m = 40 the convergence of

Tn,m(f ;x, y) to f(x, y) is illustrated in Figure 2.

The convergence of Tn,m(f ;x, y) to f(x, y) (red f , blue T40,40, yellow T5,5)Figure 2

We notice from the above examples that for n = m = 40, the approximation of the

operator Tn,m to the function f is better than n = m = 5.
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Example 3. If f ∈ C(Iab), then

|Tn,m(f ;x, y)− f(x, y)| ≤ 2 (ω1(f ; δn) + ω2(f ; δm))

≤ 2
(
‖f (1,0)‖∞δn + ‖f (0,1)‖∞δm

)
,

where δn and δm are defined in Theorem 8.3.2.

In Table 1 we compute the error of approximation of f(x, y) = xye−y by using the

above relation for Iab = [0, 4]× [0, 4].

Table 1. Error of approximation for Tn,m

n = m an =
√
n, b

¯n
= n, cn = n+ 1√

n
an =

√
n, b

¯n
= n, cn = n+ e−n

20 3.9062769320 3.9678794400

50 2.6253029800 2.6362709420

100 1.9595674840 1.9624455190

500 0.9975826189 0.9977048873

1000 0.7505644223 0.7505954100

1500 0.6370476284 0.6370614836

2000 0.5677575415 0.5677653628

2500 0.5196173630 0.5196223806

3000 0.4835609538 0.4835644444
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Conclusion

The present thesis is an investigation of the approximation properties of the Kantorovich

and Durrmeyer variants of the Bernstein-Schurer and Szász type operators. The corresp-

onding bivariate operators and the bivariate operators defined by combining Bernstein

-Chlodowsky Szász type operators involving Appell polynomials have been introduced

and their approximation behavior for functions of two variables has been investigated.

The associated GBS operators have also been considered and their degree of

approximation for functions in a Bögel space has been obtained by means of the

Lipschitz class modulus of smoothness. The rate of convergence of the considered

operators has and mixed been examined by numerical examples and illustrations

using Matlab algorithms.
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138



Bibliography

[1] U. Abel, V. Gupta, and R. N. Mohapatra. Local approximation by beta operators.

Nonlinear Anal., 62(1):41–52, 2005.

[2] U. Abel, V. Gupta, and R. N. Mohapatra. Local approximation by a variant of

Bernstein–Durrmeyer operators. Nonlinear Anal., 68(11):3372–3381, 2008.

[3] T. Acar. (p, q)-Generalization of Szász–Mirakyan operators. Math. Meth. Appl.

Sci., 39(10):2685–2695, 2016.

[4] T. Acar. Quantitative q-Voronovskaya and q-Grüss–Voronovskaya-type results for

q-Szász operators. Georgian Math. J., 23(4):459–468, 2016.

[5] T. Acar and A. Aral. On pointwise convergence of q-Bernstein operators and their

q-derivatives. Numer. Funct. Anal. Optim., 36(3):287–304, 2015.

[6] T. Acar, A. Aral, and V. Gupta. On approximation properties of a new type of

Bernstein-Durrmeyer operators. Math. Slovaca, 65(5):1107–1122, 2015.

[7] T. Acar, A. Aral, and S. A. Mohiuddine. On Kantorovich modification of (p, q)-

Baskakov operators. J. Inequal. Appl., 2016(1):98, 2016.

[8] T. Acar, A. Aral, and I. Rasa. Modified Bernstein-Durrmeyer operators. Gen. Math,

22(1):27–41, 2014.

[9] T. Acar, V. Gupta, and A. Aral. Rate of convergence for generalized Szász opera-

tors. Bull . Math. Sci., 1(1):99–113, 2011.

[10] T. Acar and G. Ulusoy. Approximation by modified Szász-Durrmeyer operators.

Period. Math. Hungar., 72(1):64–75, 2016.

139



BIBLIOGRAPHY BIBLIOGRAPHY

[11] A. M. Acu. Stancu–Schurer–Kantorovich operators based on q-integers. Appl.

Math. Comput., 259:896–907, 2015.

[12] A. M. Acu and C. V. Muraru. Approximation properties of bivariate extension

of q-Bernstein–Schurer–Kantorovich operators. Results Math., 67(3-4):265–279,

2015.

[13] A. M. Acu, C. V. Muraru, D. F. Sofonea, and V. A. Radu. Some approximation

properties of a Durrmeyer variant of q-Bernstein–Schurer operators. Math. Meth.

Appl. Sci., 39(18):5636–5650, 2016.

[14] J. A. Adell and J. De la Cal. Bernstein-Durrmeyer operators. Comput. Math. Appl.,

30(3-6):1–14, 1995.

[15] O. Agratini. On certain q-analogues of the Bernstein operators. Carpathian J.

Math., 24:281–286, 2008.

[16] P. N. Agrawal, B. Baxhaku, and R. Chauhan. The approximation of bivari-

ate Chlodowsky-Szász-Kantorovich-Charlier-type operators. J. Inequal. Appl.,

2017(1):195, 2017.

[17] P. N. Agrawal, Z. Finta, and A. S. Kumar. Bivariate q-Bernstein-Schurer-

Kantorovich operators. Results Math., 67(3-4):365–380, 2015.

[18] P. N. Agrawal, V. Gupta, and A. S. Kumar. On q-analogue of Bernstein–Schurer–

Stancu operators. Appl. Math. Comput., 219(14):7754–7764, 2013.
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Bézier operators. J. Approx. Theory, 147(1):112–124, 2007.

[75] M. K. Gupta and M. S. Beniwal. Rate of approximation of derivatives for

Durrmeyer-Schurer type operators. Southeast Asian Bull. Math., 32(1), 2008.

[76] M. K. Gupta, M. S. Beniwal, and P. Goel. Rate of convergence for Szász–

Mirakyan–Durrmeyer operators with derivatives of bounded variation. Appl. Math.

Comput., 199(2):828–832, 2008.

[77] M. K. Gupta and S. Somya. On Lp-approximation for modified Baskakov-

Durrmeyer type operators. J. Int. Acad. Phys. Sci., 13(3), 2009.

[78] V. Gupta and R. P. Agarwal. Convergence Estimates in Approximation Theory.

Springer Science & Business Media, 2014.

[79] V. Gupta and A. Aral. Convergence of the q- analogue of Szász-beta operators.

Appl. Math. Comput., 216(2):374–380, 2010.

[80] V. Gupta and W. Heping. The rate of convergence of q-Durrmeyer operators for

0 < q < 1. Math. Meth. Appl. Sci., 31(16):1946–1955, 2008.

[81] V. Gupta and H. Karsli. Some approximation properties by q-Szász-Mirakyan-

Baskakov-Stancu operators. Lobachevskii J. Math., 33(2):175–182, 2012.

145



BIBLIOGRAPHY BIBLIOGRAPHY

[82] V. Gupta, R. N. Mohapatra, and Z. Finta. A certain family of mixed summation-

integral type operators. Math. Comput. Modelling, 42(1-2):181–191, 2005.

[83] V. Gupta and G. Tachev. Approximation with Positive Linear Operators and Linear

Combinations. Springer, 2017.

[84] E. Ibikli and E. A. Gadjieva. The order of approximation of some unbounded

functions by the sequences of positive linear operators. Turk. J. Math, 19(3):331–

337, 1995.

[85] M. E. H. Ismail. On a generalization of Szász operators. Mathematica (Cluj),

39:259–267, 1974.

[86] N. Ispir. Rate of convergence of generalized rational type Baskakov operators.

Math. Comput. Modelling, 46(5):625–631, 2007.

[87] N. Ispir. Quantitative estimates for GBS operators of Chlodowsky-Szász type.

Filomat, 31(5):1175–1184, 2017.

[88] N. Ispir and C. Atakut. Approximation by modified Szász-Mirakjan operators on

weighted spaces. Proc. Indian Acad. Sci. Math. Sci., 112(4):571–578, 2002.

[89] A. Jakimovski and D. Leviatan. Generalized Szász operators for the approximation

in the infinite interval. Mathematica (Cluj), 34:97–103, 1969.

[90] V. Kac and P. Cheung. Quantum Calculus. Springer Science & Business Media,

2001.

[91] A. Kajla, A. M. Acu, and P. N. Agrawal. Baskakov–Szász-type operators based on
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