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Abstract

The classical theory of orthogonal polynomials has found several applications in recent
years, particularly, in the areas of spectral theory and mathematical physics. Many ad-
vancements are obtained through the matrix representations and associated eigenvalue
problems of the orthogonal polynomials as well as the continued fraction expansions
of the special functions that arise in such studies. The underlying theme of the thesis
on one hand is to explore both structural and qualitative aspects of perturbations of
the continued fraction parameters in case of special functions and recursion coefficients
in case of orthogonal polynomials and on the other hand to obtain biorthogonality
relations of the related functions.

The structural and qualitative aspects of two perturbations in the parameters of a
g-fraction is studied. The first perturbation is when a finite number of parameters g;
are missing in which case we call the corresponding g-fraction a gap-g-fraction. Using
one of the gap-g-fractions, a class of Pick functions is identified. The second case is

replacing {g,}22, by a new sequence { g}bﬁ &)  , in which the j term g; is replaced by

gj(-’fj ®) and the results are illustrated using the Schur and Carathéodory functions.

The consequences of the map m,, — 1 — m,,, where m,,, n > 0, is the minimal pa-
rameter sequence of a chain sequence, are explored in case of polynomials orthogonal
both on the real line and on the unit circle. In this context, the concept of comple-
mentary chain sequence is introduced. It is shown, in particular, how the map can be
useful in characterizing chain sequences with a single parameter sequences.

The map F(\) — F(A\?), where F()\) is a general T-fraction, is used to define
generalized Jacobi pencil matrices. The denominators of the approximants of a T-

fraction satisfy a recurrence relation of R; type, with which is associated a sequence of

Laurent polynomials. The biorthogonality relations of these Laurent polynomials are



discussed. This serves as the bridge between the two parts of the thesis and provides
a gradual transition from perturbation theory to the concept of biorthogonality.

The sequence {Q,,(A) }72,, where Q,,(A) := Pp(A) +a,Pr_1(N), o, € R\{0}, n >0,
is considered with {P, ()}, satisfying

Pus1(A) = pu(A = Bu)Pu(A) + 7oA = 1) Pu-1(A), n > 1

A unique sequence {a,}>°, is constructed such that {Q,(\)}32, not only satisfies
mixed recurrence relations of R; and Rj; type but also Q,(1) = 0, Vn > 1. The
polynomials Q,,(\), n > 1, are shown to satisfy biorthogonality relations with respect
to a discrete measure that follows from their eigenvalue representations. With certain
additional conditions, a para-orthogonal polynomial is also obtained from Q,,(\).

The recurrence relation of R;; type

Oni1(AN) = pnN = 1) Opn(2) + T (A — an) (A — b,)Op_1(N), n>1,

is used to construct a sequence of orthogonal rational functions {¢,(\)} satisfying two
properties. First, the related matrix pencil has the numerator polynomials O, ()\) as
the characteristic polynomials and ¢, (\) as components of the eigenvectors. Second,
the orthogonal sequence {p,(\)} is also biorthogonal to another sequence of rational
functions. A Christoffel type transformation of the orthogonal rational functions so
constructed is also obtained, illustrating the differences with the results available in
the literature.

There is a conscious effort to give the results obtained in the thesis a proper context
in the vast theory of orthogonal polynomials and biorthogonality. At the same time,

future direction of research is also provided wherever possible.
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Chapter 1

Introduction

1.1 Orthogonal Polynomials

The theory of orthogonal polynomials is a classical one and has found several ap-
plications, among others, in numerical interpolation and quadrature (Gautschi [79]),
dynamical systems and control theory (Datta and Mohan [49]), rational approxima-
tion (Nikishin and Sorokin [136], Bultheel and Barel [31]), special functions (Askey [6]),
non-linear differential equations (Van Assche [178]), random matrix theory and inte-
grable systems (Deift [57]), statistical quantum mechanics, spectral theory and other
areas of mathematical physics (Simon [158]). There have been special applications of
orthogonal polynomials in analytic function theory, particularly, de Branges proof [50]
of the Bieberbach conjecture and finding zero free regions of polynomials (Lewis [121]).

While the theory of orthogonal polynomials on the real line can be traced to
the initial developments in the areas of planetary motion and continued fractions
(Khrushchev [106]), the study of orthogonal polynomials on the unit circle was initi-
ated by Szeg6é [167,168]. We refer to the monographs of Freud [74], Geronimus [81]and
Szegd [169] for early developments in the area of orthogonal polynomials on the unit
circle, while a compendium of modern research in the area as well as historical notes,
can be found in the two volumes of Simon [156, 157].

In this section, we give a brief overview of basic properties of polynomials orthogonal
on both the real line and the unit circle. These properties, among several other related

concepts will be mainly used in the thesis.
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1.1.1 Orthogonal Polynomials on the real line (OPRL)

Let N be a linear functional defined on the linear space P of polynomials with complex
coefficients. Defining the moments associated with N as y,, = N(z"), the Gram matrix

[N(2*)]35_, associated with N is given by

Mo M1t Hn

M1 2t Mg
H— : . ) )

Hn  Hn+1 - Hon

If the determinants A,, of the principal leading (n + 1) X (n + 1) submatrices of H are
such that A,, # 0, n > 0, then N is called quasi-definite. In such a case, a sequence

{Pn(x)}52, of unique (up to a non-zero factor) polynomials can be defined satisfying
N(P,(z) Pim(x)) = Rypdpm, h, # 0.

The polynomial P,(x), n > 1, is of degree n and {P,(z)}>°, is called a sequence of
orthogonal polynomials on the real line (OPRL). In case the leading coefficient of P,,(z)
is unity, {P,(x)}2, is called a sequence of monic OPRL.

We would like to note that, in general, for a m x n matrix H, the matrix H*H is
called the Gram matrix of H and many of their properties, particularly their inverse, are
studied, for example, in Kurmayya and Ramesh [116] and Reddy and Kurmayya [147].
We would also like to refer to Kulkarni and Sukumar [112,113] for spectral analysis in

associative algebras.

Three term recurrence relation

A fundamental property of a sequence of monic OPRL is that any three polynomials

of consecutive degrees are connected by a linear relation of the form

P,i1(z) = (x — bpy1)Pp — a2P, 1, n >0 (1.1.1)
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with the initial conditions P_;(z) = 0 and Po(x) = 1. This is because the polynomial
P, (z) belongs to the space P,.; of polynomials of degree at most n + 1, which is
spanned by the orthogonal basis {Po(x), P1(x), - ,P,1(z)}. The relation (1.1.1)
follows from the orthogonality of the polynomials P, (x), n > 0.

Conversely, if a sequence of polynomials {P,,(x)}2, satisfies (1.1.1) with the same
initial conditions as above and where {b, }>°, and {a?}°°, are arbitrary sequences of
complex numbers with a? # 0, n > 0, then, there exists a quasi-definite functional N
with {P,(x)}22, as its corresponding sequence of OPRL. This result is referred in the

literature as Favard’s Theorem.

Existence of a positive measure

The functional N is said to be positive definite if det A,, > 0. In this case, there exists
a non-trivial positive measure du(x) supported on some subset E’ of the real line such

that N has the integral representation

N(z") = /, z"dp(x), n>1.

Favard’s Theorem holds for a positive definite functional if, and only if b, € R and
az > 0, n > 0, where b, and a? occur in (1.1.1). Further, {P,(z)}5%, is the monic

sequence of OPRL with respect to N.

Jacobi matrix

The recurrence relation (1.1.1) written as
2P, () = Ppy1(2) + by Pr(2) + a2P,1(z), n >0,

yields the matrix representation zP(x) = JP(z), where

bp 1 0
ag b, 1 ---

J = and P :=| Py(z) Pi(z) Po(z) --- |-
0 CL% b3 .
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The matrix J is called the monic Jacobi matrix associated with N. It is also the
matrix representation of the multiplication operator x +— xp(x) with respect to the
basis {1,z,2%---}. A fundamental property of the matrix J is that P,(x) is the
characteristic polynomial of the n x n leading principal submatrix J,, of J, so that the

eigen-values of J,, are precisely the zeros of P, (z), n > 1.

Interlacing of zeros

Let the functional N be such that N(7(x)) > 0 for every real polynomial 7 (z) which is
non-negative on E C (—o0, 00) and which does not vanish identically on E. Then N is
said to be positive definite on the interval E. In this case, the zeros of the associated
OPRL P, (z), n > 1, are real, simple and lie in the interior of E. Further, if {z,,;}}_,

denote the zeros of P, (x), then, the following relation
Tl < Tpl < Tpa12 < < Tptin < Ton < Tprintl, N > 1, (112)

called as the interlacing of zeros of P, (z) and P,1(z) holds. Moreover, the interval
[£1,m], where & = lim,, o0 2y and 7, = limy, oo Tppji1, 4,7 = 1,2,---, is called
the true interval of orthogonality of the sequence of OPRL and is the smallest closed
interval containing all the zeros of all the polynomials P,,(z).

Conversely, if (1.1.2) holds, Wendroff [185] proved that these zeros can be embedded
in an orthogonal sequence, that is, there exist a sequence {Py(z)}32,, such that P,,(z) =
(x —xp1) (¥ —xpy) and Pyyq(2) = (2 — 2ps11) -+ (2 — Zpy1nt1). We also refer to
Beardon et al. [15] who investigated the relation between the zeros and the recursion

coefficients for such embedding to occur.

Kernel polynomials

Let p,(z) be the orthonormal polynomial obtained from P, (z), n > 1. The polynomials
Knly,z) => pilypi(z), n>1,
i=0

where p,, () is a real polynomial and y € R, are called kernel polynomials. Further, they

have the reproducing property that, for any polynomial 7(x), 7(t) = N(7(z)/C,.(¢, x)),
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where N is positive definite and operates on x. The monic form K, (y, z) of the kernel
polynomials /C,, (¢, z)) is given by
Prii(2) = WP, (1)

Ku(y.z) = ot izl

This follows from the fact that K, (y,x), n > 1, are orthogonal with respect to the

functional N, where

Ni(@™) = ot — i Ni(m(x)) = N[(@ — y)n(2)].

Symmetric OPRL

Let N be a functional defined as N(z") = S(z*"), where S is a symmetric quasi-definite
functional (all odd ordered moments are zero). If {S,(z)}22, is the sequence of monic

OPRL with respect to S, then
Som(7) = Pp(2?) and  Sopyi(2) = 2K, (2?), m >0, (1.1.3)

where {P,,(z)}>°, and {K,(z) := K, (0, 2)}>°, are respectively, the sequences of monic
OPRL and the corresponding kernel polynomials with respect to N.

Conversely, with N a quasi-definite functional, let a symmetric moment functional
S be defined by S(z*) = N(z'), S(z*™) = 0,4 = 0,1,---. Let {P,(2)}>, be the
sequence of monic OPRL with respect to N and {K,(z)}>2, be the corresponding
kernel polynomials. If {S,(x)}52, is a new sequence of monic polynomials defined as
in (1.1.3) then, S(Sam(2)Sont1(z)) = 0, m,n = 0,1,---, which shows that {S,(z)} is
the sequence of monic OPRL with respect to S.

Classical orthogonal polynomials

The classification of classical orthogonal polynomials initially arose in Bochner’s [20]

investigation of polynomial solutions of degree n of the Sturm-Liouville equation

a(x)y"(x) + a1 (x)y () + ao(x)y(z) + Ay(z) = 0,
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for each eigenvalue A = \,, n > 0.

After several classification theorems provided for example, in Kwon and Little-
john [118], Marcelldn et al. [128] and references therein, the Hermite, Laguerre and
Jacobi polynomials orthogonal on the real line with respect to the normal, gamma and
beta distributions respectively are characterized as the classical orthogonal polynomi-
als. The classical orthogonal polynomials satisfy several common properties. They

include the following:

— They satisfy a second order Sturm-Liouville differential equation of the form
ax(2)y"(z) + ar(2)y'(z) + Ay(z) = 0, where ay(x) is a polynomial of degree at

most two, a;(z) is linear polynomial and A, depends only on n.

— They are orthogonal with respect to a positive weight function w(z) which satisfies
Pearson’s differential equation p(z)w'(z) = q(x)w(z), where p(z) and q(x) are

polynomials of degree at most two and of exact degree one respectively.

— They satisfy the Rodrigue’s formula -2 [p"(z)w(z)] = e,w(x)Py(z), n=0,1,- -,

where e,, is a normalization constant.
— Their derivatives also form an orthogonal sequence but with different parameters.

For various results in this direction, we refer to Atia and Alaya [9], Littlejohn [123],
Vinet and Zhedanov [182] and references therein. We would also like to add that
the Hermite and Laguerre polynomials are examples of Sheffer sequences arising in
combinatorics. The Sheffer sequences are studied, for example, in Jana et al. [95] and

Rapeli et al. [145].

1.1.2 Orthogonal Polynomials on the unit circle (OPUC)

Let 91 be a Hermitian linear moment functional defined on the linear space of Laurent
polynomials A\ = span {z"},cz. Then, an inner product associated with 9% can be

defined on A as

(p(2),a(2)m = (M p(2)a(1/2),  p2),a(2) € .
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defined by

The sequence of complex numbers {c, }°2

=" D)p=M,2") =M, z") =¢c_,, neEZ,

is said to be the moment sequence associated with 9. The Gram matrix [(2*, 27)m]55_
associated with the functional 9 with respect to the basis {z"}>, of the linear space

P is given by

CO Cl “ . Cn
C-1 Co ot Cpa

T = ,
Cn Copy1 " Co

and is known in the literature as Toeplitz matrix. We note that 91 being a Hermitian
functional implies that T is Hermitian. If det T, # 0, n > 0, where T',, is the (n+1) X
(n + 1) principal leading submatrix of T, then, there exists a sequence {®,(z)}>°, of

monic polynomials satisfying
(D(2), P (2))n = tiOnm, tn#0, n >0,
and hence orthogonal with respect to 1.

Existence of a positive measure

If ¢ =1 and detT,, > 0, n > 0, then O is said to be positive definite. There
exists a positive measure du(z) supported on the unit circle 9D such that the sequence

{P,(2)}e,, with positive leading coefficient satisfy the orthogonality property

/8D(Z)jcl>n(z)d,u(z) - /m(z)j(bn(z)d,u(z) —0 j=01,...n—1, n>1,

on the unit circle and are also called Szeg6 polynomials. Further, the moments are

defined as p,, = faD e~ ™0du(), n =0,%1,..., where pi_, = fin.
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Szeg6 recurrence

The monic Szeg6 polynomials satisfy the first order recurrence relations

D, (2) =20, 1(2) — @19, _1(2), Pi(2) = -, 12D, 1(2) + P _1(2), n>1,

where ®* (z) = 2"®,,(1/2). The complex numbers «,,_1 = —®,,(0) are called Verblunsky
coefficients in Simon [156]. The Verblunsky coefficients completely characterize the
Szegd polynomials in the sense that any sequence {a,_1}22; lying within the unit
circle gives rise to a unique probability measure p(z) which leads to a unique sequence
of Szeg6 polynomials. The above result, called the Verblunsky theorem in Simon [156],
is the analogue of Favard’s theorem on the real line.

The Szeg6 polynomials also satisfy the three term recurrence relation

Ppi1(z) = ((I)(}%Z(()())) + z) D, (2) — (1 = [@u(0)) @n+1(0) 2@, 4(2), n>1, (1.1.4)

with ®g(z) = 1 and ®4(2) = 2+ P1(0). We note that if ®,,(0) = 0, n > 1, then the three
term recurrence relation ceases to exist. In such a case, we have ®,(z) = 2", which is
given as the free case in Simon [156, p. 85]. Further, (®,(2),®,(z)) = HCI>,1(Z)H2 =t,,

which using (1.1.4) is given by
£2 = (1= [@(0)) (1= [@2(0)) -+ (1 = [2,(0))) . 0> 1. (1.1.5)

Para-orthogonal Polynomials

In order to develop a quadrature formula on the unit circle, Jones et al. [101] introduced
the para-orthogonal polynomials which vanish only on the unit circle. With |7,| = 1

and |w,| = 1, the para-orthogonal polynomials have the representation
Xo(z,wn) = Pp(2) + 7,00 (2), n>1
and satisfy the orthogonality properties

(X,,2")=0, m=1,2....n—1, (X, 1)#0, (X,,z")#0.
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The para-orthogonality in Jones et al. [101] was proved using the concept of 7,,-invariant
polynomials. We note that a sequence of polynomials {)),} is called 7,-invariant if

Vi(z) = madn(2), n > 1.

Kernel polynomials

The kernel polynomials K, (z,w) satisfy the Christoffel-Darboux formula

Kon(z,w) = Zﬁbk(z)m _ Gpi1(2)9 41 (W) — ¢n+1(2)¢n+1<w)' (1.1.6)

1—zw

Let 7,(w) = @, (w)/P%(w), n > 1, where |w| = 1. The monic kernel polynomials related

to the Szeg6 polynomials is given by

P(w;2) = #n(2) —zw_ﬂ;}(w)@:(z)’ n>1, (1.1.7)

which satisfy a three term recurrence relation (Costa et al. [40]) of the form

Prii(w;z) =24 bp1 (W) Pr(w; 2) — apt1(w)zPr1(w; 2), n>1, (1.1.8)
where b,(w) = % and a,11 = [1 + 7 (w)ay_1][1 — wrp(w)ap|w, n > 1. The

polynomials P,(w; z) are 7, (w)-invariant sequences of polynomials which can be easily
verified from (1.1.7).
Carathéodory functions

Let C(z) be a complex valued function defined as

C<z>=<m “’+Z>=/a 22 (),

"w—z DW— 2

where the integral representation holds if 91 is a positive definite functional and is
called the Riesz-Herglotz transformation of the measure du(z). The function C(z) for

|z] < 1is called a Carathéodory function with Re(C(z)) > 0 for |z| < 1. Further, C(z)
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has the power series representation
o0
Clz)=1+ QZc_kzk, |z| <1,
k=1

where {c_j} are the moments associated with the functional 91.

1.2 Special functions and continued fraction repre-
sentations

Let A,(w) and B,(w) be, respectively, the numerator and denominator of the n'®

approximant of the continued fraction

ar(w) a;(w)  az(w)
fn(w) - bﬂ(w) + = bO(w) + )
by(w) + az(w) bi(w) 4 balw) 4
bo(w) +
that is
Ap(w) N ap (w as(w) an(w)
B 9T L ) . L b

With the initial values A_;(w) = 1, Ap(w) = by(w), B_1(w) = 0 and By(w) = 1, they

satisfy the linear difference equations
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The determinant formula (1.2.1) plays a fundamental role in the correspondence of a

continued fraction to a power series. The series

m+2_|___

L = o™ + Conp1w™ ™ + Cnpow -y cmeC\{0}, meZ (1.2.2)

is called a formal Laurent series (fLs) with L(f) denoting the fLs of the function f
merormophic at the origin. A sequence {R,, := R,,(w)} of functions meromorphic at

the origin is said to correspond to a formal Laurent series L at w = 0 if

oo, L=0;
lim A(L — L(R)) =00, where X(L)=
nee m, L #0.

Here, m is as defined in (1.2.2). The order of correspondence of R,,(w) is defined to be
v, = XL — L(Ry,)),

which signifies that, L(R,,) and L agrees term by term up to and including the term
containing w”"~!. Many properties of correspondence of a continued fraction are stud-

ied in Jones and Thron [102, Chapter 5]. We state one such fundamental result.

Theorem 1.2.1. [102, Theorem 5.1] Given a sequence { R, (w)} of functions meromor-
phic at the origin, there exists a formal Laurent series L such that { R, (w)} corresponds

to L if, and only if

lim A(L(Rps1) — L(Ry)) = oo (1.2.3)

n—oo

If (1.2.3) holds, then the L to which {R,(w)} corresponds is determined uniquely.
Further, if the sequence {A(L(R,4+1) — L(R,))} tends monotonically to infinity, then
the order of correspondence of R, (w) is given by v, = AN(L(Ry,+1) — L(Ry)).

For a comprehensive study of continued fractions, we refer to the monographs of
Jones and Thron [102], Lorentzen and Waadeland [124] and Wall [184].
Now, we give a brief review of the continued fractions that are used in this thesis

and the special functions they represent.
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Schur function and Schur fractions

The class of Schur functions was studied extensively by J. Schur [153]. A function f
which is analytic in the unit disk D := {z € C: |z| < 1} such that |f(D)| <1 is called
a Schur function. The Schur function is further said to be normalized if f(0) € (—1,1).

Using Schwarz’s lemma and the fact that disk automorphisms are given by the

bilinear transformations —— , la] < 1, Schur gave the “continued fraction like”
—az
algorithm
fn Z) — Qp
fo2) = £2). fun() = 1) 0w fulo) m20. (12.4)

2<1 - dnfn(z)) 7

to obtain a sequence of Schur functions {f,(z)}. It is clear that |a,| = |f,(0)] < 1.
However, the algorithm terminates if a Schur function fy is obtained in (1.2.4) such
Wall [184] converted the algorithm (1.2.4) into the continued fraction
1 — |oygl? 1 1 —|ay|? 1 1 — |as|?
oy 0l 1 O—faPe 1 OB,
Qpz + (0%} + a1z + (6] + (054 +
The continued fraction (1.2.5) is called a Schur fraction in Jones et al. [99] and is
completely determined by {a,}5,. In case |a,| < 1, n > 0, the Schur fraction is

called positive.

Carathéodory function and g-fractions

Related to the Schur function f(z) are the Carathéodory function C(z) given by

Clz) = % 2 eD. (1.2.6)

From (1.2.6), it is clear that C(0) = 1 and Re C(z) = (1 — |zf(2)]*)/(]11 — 2f(2)|?).

Hence for |z| < 1, |f(2)] < 1 <= Re C(2) > 0. In fact, (1.2.6) describes an one-one

correspondence between the class of Carathéodory functions and the class of Schur
functions.

To derive a continued fraction for Carathéodory functions, Wall [183] defined the
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sequence {7, }5°, satisfying the recurrence relation

n @n
Yo ::Oa Tnt1 = :[V—Tﬁ7 TZ:O,].,"'
and introduced the functions h,(z) as
hn(2) i= —————, =0,1,---, 1.2.7
(2) 5 28, 1.(2) (1.2.7)

usually referred to as the Wall Ansatz (Derevyagin [62]). Here, f,(z) are the Schur
functions obtained from the Schur algorithm (1.2.4) and {«,}22, are the parameters
appearing in the Schur fraction (1.2.5). Using (1.2.4), and the Wall Ansatz (1.2.7) the

following continued fraction

_1+z 20— )z (mta)n—m)z  (etam)(—a)z
=2z m—7z 4 Y2 — Nz i V3 — V22 L

C(2)

was obtained for a Carathéodory function C(z). Further, if C(z) is such that C(R) C R

and normalized by C(0) = 1, then the following continued fraction expansion

1—2 I (1-go)giw (1—=g1)gow (1= go)gsw
Clz) = - eD. (1.2.8
1200 =1 1 1 1 , 2€D, (1.28)

can be derived (Wall [183]), where go = 0, g, = (1 — a,-1)/2, p = 1,2,--- and
w = —4z/(1 — z)?. Note that |a,,| < 1 implies 0 < g, < 1 with the continued fraction
terminating in case equality holds. In general,the continued fraction appearing in the
right hand side of (1.2.8) with 0 < g, <1, n =0,1,---, is called the g-fraction and

are used, in particular, to represent analytic functions on bounded domains.

Szegb polynomials and PC-fractions

In a series of papers, Jones et al. [99-101], investigated the connection between Szegd

polynomials and continued fractions. In this context, the following continued fraction

26 1 L=JaP)z 1 (1-1]5f)?

- — . 1.2.9
1 + (512 + (51 + 522 + 522 + ( )
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was introduced and was called Hermitian Perron—Carathéodory fractions or HPC-
fractions. They are completely determined by 4, € C, where g # 0 and |6,| # 1
for n > 1. Under the stronger conditions &y > 0 and |0,| < 1, for n > 1, (1.2.9) is
called a positive PC fraction (PPC-fractions).

Let A, (z) and B,(z) be respectively the numerator and denominator of the n'®
approximant of a PPC-fraction. Then, by Jones et al. [101, Theorems 3.1 and 3.2], the
Szegd polynomials @, (z) are precisely the odd ordered denominators Ba,1(2) while
®r (2) are the even ordered denominators By, (2). The 6, s are then given by 6,, = ®,(0)
and are called the Schur parameters or the reflection coefficients.

For |¢| < 1, the polynomials ¥,(z) = [, ztg(fbn(z) — ®,(0)du(¢), n > 1, are

known in the literature as the associated Szegd polynomials or polynomials of the
second kind (Geronimus [81]). They arise as the odd ordered numerators of (1.2.9).
The function —W?(z) is called the polynomial associated with ®7(z) respectively and
these —W*(z)’s are the even ordered numerators in (1.2.9). It is also known that for

|z| <1, C(2) — gggg = O(z"™), where C(z) is the Carathéodory function.

In another direction of study of PC fractions, Korteweg-de Vries (KdV) equations
related to linear evolution of the orthogonality measure on the unit circle and their inte-
grable discretization leading to an algorithm for a modified PC-fractions are presented
in Mukaihira and Nakamura [135]. We refer to Joshi and Srinivasan [105] and Kichenas-
samy and Srinivasan [107] for information of KdV equations and related Painlevé ex-

pansions.

Hypergeometric functions and 7- fractions

The Gaussian hypergeometric function is defined by the power series

(@)a®)n

wh|w] < 1,

2F1(a, by ) = Fla, by w) = Z (©)n(1)n

where a,b € C, c€ C\ {0,—1,—2,---} and

LA +n)

No=1, Np=AA+1---(A+n—-1)= O
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is called the Pochhammer symbol. The series converges absolutely for |w| = 1 if
Re (c—a—b) > 0 and converges conditionally if w = €? # 1 and —1 < Re (c—a—b) < 0.
The series diverges if Re (¢ —a —b) < —1.

The Gaussian hypergeometric function has the following Fuler integral representa-

tion

F(a,b;c;w) = L() ] /01 71 — )1 — wt)dt, Re (¢) > Re (b) > 0,

INGINE

where I'(2) is the Gamma function (Srinivasan [164]). The Euler integral provides an
analytic continuation of F'(a,b;c;w) to the entire complex plane except for a branch
cut along the real axis from 1 to co and has been interpreted as a fractional integral
in Andrews et al. [4, Section 2.9]. The Gaussian hypergeometric function is also given
by Barnes integral (Srinivasan [165]) which is a contour integral involving products of
gamma functions.

The Gaussian hypergeometric function satisfies the second order differential equa-

tion
wl=w)y" +[c—(a+b+ 1w]y —aby =0,

which has three regular singular points at 0, 1 and co with exponents 0,1—c¢; 0,c—a—0b
and a, b respectively. It is in fact the canonical form (Andrews et al. [4]) of any second
order differential equation with three regular singular points.

The Gaussian hypergeometric polynomial as well as the differential equation have
been studied in various directions. In case b, ¢ € R, the orthogonality of the polynomial

F(—n,b; c;w) is stated in Dominici et al. [67, Theorem 1].

Theorem 1.2.2. [67] Let n € Ny := NU {0}, b,c € R and ¢ # 0,—1,-2,---
Then F(—n,b;c;w) is the n'™ degree orthogonal polynomial for the n-dependent positive

weight function |we™ (1 — w)*=""| on the intervals
(i) (—00,0) forc>0 andb<1—n,
(i1) (0,1) forc>0 andb>c+n—1,

(11i) (1,00) forc+n—1<b<1l—n.
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As a consequence of orthogonality, F'(—n,b; c;w) has n zeros, real, simple and lying
in its interval of orthogonality for the corresponding ranges. Another context is the
properties of the zeros of the solutions of the hypergeometric differential equation,
obtained in Deano et al. [52] and Dimitrov and Sri Ranga [66], through classical Sturm
theorems and their extensions.

Two Gaussian hypergeometric functions are said to be contiguous if they are func-
tions of the same variable and the difference between the corresponding parameters
is at most unity. A linear relation exists between two contiguous Gaussian hyperge-
ometric functions which can be iterated to yield a linear relation between any three
Gaussian hypergeometric functions whose parameters differ by integers. Such relations
are called contiguous relations and have been used to explore many properties of the
function F'(a, b; c;w); for example, many special functions can be represented by ratios
of Gaussian hypergeometric functions. For more details, we refer to Andrews [4].

In fact, the contiguous relations are used to derive continued fractions of the form

Foyo A A

= o, NEC, 1.2.10

for ratios of Gaussian hypergeometric functions, where f, > 0 and ¢, > 0. Such
continued fractions are called T-fractions and are used in simultaneous correspondence
to formal Laurent series at A = 0 and A = co. We refer to Jones and Thron [102]and
Wall [184] for further information on the convergence and correspondence properties

of such T-fractions.

1.3 Spectral Transformations on unit circle

In the theory of orthogonal polynomials, both on the real line and on the unit circle,
different kinds of perturbations are studied leading to new spectral properties of the
associated matrices. They are perturbations of either the orthogonality measure or
the recurrence coefficients or the moment sequence. In case of perturbations of the
orthogonality measure, three canonical transformations are usually studied which in-

clude multiplying the measure by a polynomial, addition of one or two mass points,
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and division of the measure by a polynomial along with the addition of mass point(s).
In this section, we briefly explain spectral transformations both of the functional 1
as well the positive measure that exists in case of the functional being positive definite.

However, we restrict ourselves to the unit circle case only.

Canonical transformations of linear functional

Given the linear functional Ot and a € C, the three transformations usually studied in

the literature are

e Canonical Christoffel transformation:

<p(Z)7 q(z)>‘ﬁc = <(z - a)p(z)7 (Z - a)q(z»‘ﬁv aeC (1'?”1)

e Canonical Uvarov transformation:

(p(2),a(2))m, = (p(2),q(2))or + mp(a)q(l/a) + mp(1/a)q(a),

(1.3.2)
la| > 1, meC)\ {0}.
o Canonical Geronimus transformation:
((z = a)p(2), (z — @)q(2))me = (p(2),9(2)), a€C. (1.3.3)

The canonical Uvarov transformation (1.3.2) denotes the addition of two mass points
which are symmetric about the unit circle. In case of addition of a single mass point,

we have m € R and

(p(2),a(z))my = (p(2), q(2))m + mp(a)a(l/a), aecC.

Canonical transformations of measure

In the case M is a positive definite linear functional, there exist a positive measure p

supported on the unit circle such that

o = /mz"du(t), nez, and (p(=).q(2)m= [ p(=)0aL/2)du(t).
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The spectral transformation of the orthogonality measure du corresponding to (1.3.1),

(1.3.2) and (1.3.3) are

duc = |z — al’du, o€ C, (1.3.4a)

duy =dp+mé(z — a) +mi(z — 1/a), |aj e R \{0,1}, meC, (1.3.4b)
1

dug = —=dpu. 1.3.4

o = T i (1.3.4¢)

The canonical Geronimus transformation can be seen to be the inverse of the canonical
Christoffel transformation. However, as shown in Marcelldn [127], the inverse transform
MNe — Ne is not unique and they are defined up to the addition of a linear functional
md(z —a)+md(z—1/a@). Hence, in the positive definite case, the canonical Geronimus

transformation (1.3.4c) can be written as

dp
|z —al?

divGm = +mi(z—a)+mi(z—1/a), |a/>1, meC\{0}, (1.3.5)

with the integral representation

(p(2),9(2))mg., = P(Z)@ki—uap +mp(1/a)p(a) + mp(1/a)q().

oD

If we denote the canonical Christoffel transformation (1.3.4a), the canonical Uvarov
transformation (1.3.4b) and the Geronimus transformation (1.3.5) by Te(ar), Ty (o, m)

and Y (o, m) respectively, then
YTo(a)oYo(a,m)=Z and Yg(a,m)o Ye(a) = Ty(a,m),

where 7 is the identity transformation.

The structure of the perturbed orthogonal polynomials as well as the associated
Verblunsky coefficients and Carathéodory functions corresponding to the canonical
Christoffel, Geronimus and Uvarov transformations are studied, for example, in Garza

and Marcellan [77,78]. We note that in all three cases, the respective perturbed
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Carathéodory function Co(z), Ce(2) and Cy(z) are of the form

where a(z), b(2), ¢(z) and 9(z) are polynomials. In case, a(2)d(z) — b(2)c(z) # 0, the
spectral transformation of the Carathéodory function is said to be rational. One notable

example of such rational spectral transformation is the Aleksandrov transformation of

C(z) defined by

A = 1. (1.3.6)

Conlz) = u

For more information on Aleksandrov transformation, Aleksandrov measures and the
related orthogonal polynomials on the unit circle, we refer to Simon [156, p. 35]. The
above transformations have also been interpreted in terms of matrix decompositions.
We refer to Castillo et al. [38], Daruis et al. [48] Garza and Marcellan [78] and references

therein for a matrix perspective of spectral transformations in general.

1.4 Chain Sequences, DG1POP, DG2POP

An important concept that is used in the present work is the theory of chain sequences.
We give a brief introduction to chain sequences and then illustrate the role played by
them in the theory of orthogonal polynomials on the unit circle. A sequence {d,}>*,

which satisfies
dn = (1 - Qn71)gn; n Z 17

is called a positive chain sequence (Chihara [42]) if {g,}2%,, called the parameter
sequence, is such that 0 < gg < 1,0 < g, <1 for n > 1. This is a stronger condition
than the one used in Wall [184], where 0 < g, < 1, n > 0. The parameter sequence
{gn}22, is called a minimal parameter sequence and denoted by {m,}°, if my = 0.

Further, for a fixed chain sequence {d, }5°, let M be the set of all parameter sequences
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{g} of {d,}>° . Let the sequence {M,}2°, be defined by

M,, = sup{gy, for each n, {gs} € M}, n >0,

where sup is supremum of the set. Then, {M,}>°, is called the maximal parameter
sequence of {d,}>° ;. Every chain sequence has a minimal and a maximal parameter
sequence which is unique to the chain sequence. For instance, the constant sequence
{1/4} is a chain sequence with m,, = n/2(n+1), n > 0, as the minimal and M,, = 1/2,
n > 0, as the maximal parameter sequences.

An important property of a chain sequence {d,}°°, is that {d,.1}5°, is again
a chain sequence with parameter sequence {gi+1}%2,, where {gx}22, is any param-
eter sequence of {d,}>,. Further, {My1}72, is the maximal parameter sequence
of {dn41}72,. However, if {m;;}2, denotes the minimal parameter sequence of
{dns1}22,, then my < myy1, & > 0. The proofs of these results can be found in
Chihara [42, Chapter III, Theorem 5.4]. There is also a nice section in Ismail [90, Sec-
tion 7.2] about chain sequences and their properties.

A positive chain sequence {d,,4+1}22, appears in the three term recurrence relation
satisfied by the sequence of polynomials {R,(2)}2%,. where R,(z) is a normalization
of the kernel polynomial P, (1, z) defined in (1.1.7). Hence, using (1.1.8), we obtain the

following recurrence relation

Roi1(2) =[(14+icps1)z+ (1 —icpy1)|Ra(2) — 4dpi12Rn—1(2), n>1, (1.4.1)

with Ro(z) = 1 and Ry(2) = (1 +ic1)z + (1 —icy). Indeed, it is shown in Costa et
al. [40] that for n > 1,

n—1
'Ho[1 7] 71 —ic
= — UCk,
R.(z) = nii P,(1;2), where 7;=1;(1)= H i
[1 — Re(7;c;)] k=1 *
=0

Further, {c,}22, is a real sequence where

o — —Im(my_q0n-1) a1
1 — Re(m_10m-1)
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and d,, 11 = (1 — gn)gni1, » > 1, is a chain sequence with parameter sequence

1 |1 — Tn_lan_l‘Q
=~ , o>l
=5 “Re(tpaan )] | ©

It is also not difficult to verify from (1.4.1) that R,(z) has r,, = [[;_,(1 + ic) as
the leading coefficient and 7,0 = 7., = [ [, (1 — icx) as the constant term. Further,
R*(z) = 2"R,(1/Z) = Rn(2), n > 1, a property due to which R,(z) is called a self-
inversive polynomial.

The three term recurrence relation (1.4.1) has been studied extensively in Bracciali
et al. [25], Castillo et al. [37] and Costa et al. [40] wherein it is shown that R, (z),
n > 1, can be used to obtain a sequence of Szegé polynomials with respect to the
positive non-trivial measure u(z) and having {a,_1}5%, as the sequence of Verblunsky

coefficients. In fact, R,(z) are special forms of para-orthogonal polynomials and we

briefly illustrate the role of chain sequences in this context.

Chain sequences and para-orthogonality

The two sequences of para-orthogonal polynomials

RW(2) =28, 1(2) + ®_,(2), and (z—1)RP(2) =20,(z) — ®’(2), n>1,

n

are considered by Delsarte and Genin [58], wherein they are referred to as first and
second kind singular predictor polynomials respectively. They are further shown to

satisfy the three term recurrence relations

" " (1.4.2)
RP(z) = (z+ )RP (2) — 4d2) 2RP) (2), n>1,

1 1
d,‘jjl = Z(l —ay2)(l+a,-1) and dﬁfjl = Z(l +ap1)(l —a,), n>1.

Following Bracciali et al. [25], we will refer to R%l)(z) and R,(f)(z) as Delsarte and

Genin 1 para-orthogonal polynomials (DG1POP) and Delsarte and Genin 2 para-
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orthogonal polynomials (DG2POP) respectively. It may also be observed that (1.4.1)
reduces to either of the recurrence relations (1.4.2) if ¢, =0, n > 1.

Such para-orthogonality arises when the measure satisfy the symmetry property
du(e’®=9) = —du(e). The Verblunsky coefficients are real, given by a,,_; = —®,,(0),
n > 1 and in such a case, both dﬁjjl and dffll become chain sequences. Later, Delsarte
and Genin [59] extended the results to include complex Verblunsky coefficients using

the recurrence relation

~

Rui1(2) = (Buz + Bu)Ru(2) — zRn_1(2), n>1,

which is a special case of (1.4.1), with 5, € C, n > 1 and observing that the chain

sequence used is the constant chain sequence {d, 1 = 1/4}22 .

Extension to include complex measures

The fundamental idea in such extension is that while the kernel polynomial P,(1;z) is
unique for a sequence of Szegé polynomials, the converse is not true. That is, there
can be more than one sequence of Szeg6 polynomials that have the same sequence of
kernel polynomials. In fact, it was shown in Costa et al. [40], that the family of Szegd
polynomials o )(z), n > 1, corresponding to the family of non-trivial measures on the

unit circle given by

[ et = 17 [T s + 10500,

lead to the same kernel polynomial sequence {P,(z;1)}. Here, it is assumed that the
measure fi(5) (with total mass 1) has a jump §, 0 < § < 1 at § = 0 so that p Y has a
jump t, 0 <t < 1 also at # = 0.

The case 6 = 0 was considered in Castillo et al. [37], wherein it was proved that

the sequence of polynomials {®4(z)} where

Ro(2) = 2(1 = mR,_1(2)

n . > n 2 1
[Tier (T +idc)

o (z)=1 and ®W(z) = : (1.4.3)
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is a sequence of Szegd polynomials with the Verblunsky coefficients given by

n

. 1—2m$f>—z’an1+z'ck
n-l 1+ 1c,

n> 1. (1.4.4)

e 1 —ic’ -
Here, {mg)}j’;o is the minimal parameter sequence of the chain sequence {d,}>,
obtained from the chain sequence {d,, 1}, by defining d; = (1 — t)Ml(t).

Further, if ¢, = 0, n > 1, in (1.4.3), it follows that (z — 1)R,(2) = zCIDS)(Z) —
(@) (2))* and hence provides an extension of DG2POP to include complex Verblunsky
coefficients given by (1.4.4). In the present thesis, we will be concerned only with
DG2POP and the associated chain sequences.

Similarly, an extension of DG1POP is studied in Bracciali et al. [25, Theorem 3.1].
Choosing the additional term d; in this case such that d; # 0, the sequence of Szegd

polynomials are given by

. R, —2(1—m,)R,
b,(z) = B 2L Z M)
(z = DI+ icr)
with the Verblunsky coefficients
G = _ﬁ Lticgl—2m, —icpn > 1.
k=

1 1 — ¢y 1 —1ch1

Here {m,,}2?, is the minimal parameter sequence of the chain sequence {d,, 41}, and

is given by m,, = 1 — 1;7]%1((11))’ n > 0.

1.5 Generalized recurrence relations
Recurrence relations of the form
Pri1(N) = pn(A = B)Pu(N) + 1A — 7)) Pri(A), n>1, (1.5.1)

with P1(A) = po(A — Bo) and Py(A) = 1 are studied in Ismail and Masson [91]. In
addition to the restrictions p, # 0 and 7, # 0, n > 0, it was shown that if one also

assumes Pp(7v,) # 0, n > 1, in (1.5.1), then there exists a linear functional M such
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that the orthogonality relations

M 0, M X
[70] 7& ) [HZI

hold. Following Ismail and Masson [91], the recurrence relation (1.5.1) will be referred
to as recurrence relation of R; type and P,()), n > 1, generated by this recurrence
relation as R; polynomials.

A non-trivial positive measure of orthogonality defined either on the unit circle or
on the real axis is associated with (1.5.1) whenever -, = 0, n > 1 and the parameters
satisfy certain positivity conditions. For instance, if p, > 0, 6, > 0 and 7,, < 0, then
it is shown in Jones et al. [103] that the corresponding polynomials satisfy the Laurent

orthogonality property

/ D (Hdp(t) =0, s=0,1,-- ,n— 1.

0

Similarly, when p,, = 1, 5, # 0 and 7,, # 0, there exists (Sri Ranga [162, Theorem 2.1])
a positive measure p on the unit circle such that {P,(A)}5°, is a sequence of Szegd
polynomials whenever the inequality 0 < 7,8, < 1 —|P,(0)|?, n > 1, holds.

Recurrence relations of the form
Qni1(N) = P A = 1) Qn(AN) + Tn(A — an) (A — 0,) Q1 (A), n>1, (1.5.2)

with initial conditions Qy(A) = 1 and Q;(A\) = po(A — 1) are also studied in Ismail
and Masson [91]. It was shown that if Q,(a,) # 0, Q,(b,) # 0, 7, # 0 and p,, # 0,

n > 0, then, there exists a rational function

_ T 2n(N) i
Po(N) =1, &,(A) = IH D—a)—b) "=

and a linear functional M defined on the span {\¢, (\) : 0 < k < n} such that the
relation N (A\¥¢,,(\)) = 0, for 0 < k < n holds. Conversely, we can always obtain (1.5.2)
from a sequence of rational functions {¢,(2)}22, having poles at {ay}>, and {bx}72,

and satisfying a three term recurrence relation. Following Ismail and Masson [91], we
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call (1.5.2) as recurrence relations of R type and Q,,(\) the R;; polynomials.
From the R;; type recurrence relations, it is clear that the R;; polynomials appear

as denominators of the approximants of the continued fraction

1 ar(Nat'(\)  ag(N)ay(2)
Co(A) _ C1(A) IO

where ol ()\), off(\) and (,()\) are polynomials of degree one. In case of {Q,(2)}

satisfying (1.5.2), of(\) = 7F (A — ag), off(N\) = 71X — b)) and (N) = pe(A — ).
Related to the recurrence relations of R; and Rj; type, are important concepts of
linear pencil matrix, and rational functions satisfying both orthogonality and biorthog-

onality properties which are briefly explained below.

1.5.1 Orthogonal rational functions

The orthogonal rational functions has been studied extensively and there is a vast
literature available on the subject. The theory of rational functions orthogonal on the
unit circle is developed parallel to that of polynomials orthogonal on the unit circle and
is available in the monograph by Bultheel et al. [33]. A sequence of orthogonal rational
functions is obtained from the Gram-Schmidt orthonormalization process in the linear
space of rational functions which, in fact, can be characterized by the poles of the basis
elements as well. In this direction, for example, in Bultheel et al. [32] and Li [122],
starting from a set of pre-defined poles, the rational functions are characterized by
Favard type theorems as well as in terms of three-term recurrence relations similar to
that of orthogonal polynomials on the real line but with rational coefficients.

In other directions of study, the effect of poles on the asymptotics of the Christoffel
functions associated with the orthogonal rational functions and their interval of or-
thogonality was studied in Deckers and Lubinsky [56]. The spectral methods in case of
orthogonal rational functions are illustrated in Veldzquez [181]. Linear combinations
of orthogonal rational functions and the corresponding rational functions of the second
kind with rational coefficients are studied in Deckers et al. [55]. Boyd [28], Langer and
Lasarow [119] and Pan [138] found many applications of orthogonal rational functions

in the direction of numerical methods.
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1.5.2 Linear pencil matrix

Unlike the case for orthogonal polynomials on the real line or on the unit circle, the R;;
polynomials Q,,(z), n > 1, satisfying (1.5.2) is the characteristic polynomial of a matrix
pencil G, — A\H,,, where both G, and H,, are tridiagonal matrices. This was proved
in Zhedanov [192], wherein the biorthogonality and Christoffel type transformation of
rational functions obtained from R;; polynomials were illustrated.

A particular case of linear pencil matrix is considered in Ismail and Ranga [94],
where both G, and H, are Hermitian while H,, is positive definite as well. Such

generalized eigenvalue problem is related to the R;; type recurrence relation

Qni1(2) = (2 — ps1) Qn(@) — dpr (22 +1)Qpq, n > 1,

where {¢,}°°  is a real sequence and {d,11}°°, is a positive chain sequence. Using the
associated linear matrix pencil, it is shown that a positive measure on the unit circle
can always be associated to such recurrence relations of R;; type. In a different context
of obtaining Nevanlinna functions (functions mapping upper half plane to upper half
plane) from Carathéodory functions, it is shown in Derevyagin [62] that Q, (x) appear
as denominators of the approximants of continued fraction representations of such
Nevanlinna functions. We also refer to Bora et al. [21,22] for numerical aspects of the

eigenvalue problems associated with matrix pencils.

1.5.3 Biorthogonality of polynomials

The term “biorthogonality” has been defined in the literature in different ways. Among
these, we will use the following definition formulated in Konhauser [108].

Let p(z) and ¢(x) be polynomials in = with real coefficients and degree p and s
respectively. If P,,(x) and Q,(z) are polynomials in p(z) and ¢(z) of degree m and n

respectively, then p(z) and ¢(x) are called basic polynomials.

Definition 1.5.1. [108] The sequences {P,(x)}°_, and {Q,(x)}>2, are biorthogonal

m=0

over the interval (a, b) with respect to the weight function w(x) and the basic polynomials
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p(z) and q(x) provided the orthogonality conditions

b =0, mn=0,1,---, m#mn;
/ P (2)Qn(z)w(x)dx (1.5.3)
a #0, m=n.

are satisfied.

Note that, in contrast to the usual orthogonality condition, two different sequences
of polynomials are used for the biorthogonality condition (1.5.3).
Further, the real valued function w(x) of the real variable = on the interval (a,b) is

such that the moments

I, = / p(@)]ilg(@)Vw(@)de, ij=01,-

exist with oy = fabw(a:)dx # 0. In this case, w(z) is called an admissible weight
function. Using the generalized moments I; ;, Konhauser [108] provided necessary and

sufficient conditions for the existence of biorthogonal polynomials.

Theorem 1.5.1. [108] Given the basic polynomials p(x) and q(x) and an admissible
weight function w(x) on the interval (a,b), the polynomial sequences { P (x)}5°_, and

{Qn(2)}5°, satisfying the biorthogonality condition (1.5.3) exist if, and only if, the

determinant
Ipo Iy -+ Ippa
11-70 [1.71 e ]17,,'1_1 7& 0’ n— 17 2’
Infl,O Infl,l e Infl,nfl

Moreover, the polynomaials are unique, each up to a multiplicative constant.

Biorthogonal polynomials were also obtained as solutions of differential equations.

In fact, Preiser [142] proved that there exists only one third order differential equation

"

a(@)y, (x) + b2}y, (x) + c(2)y,(2) = Auya (),
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having biorthogonal polynomials solutions of degree n in 2™ and such that its adjoint

differential equation

" 1"

~[p(@)a(z)z(2)]" + [p(2)b(x)20(x)]" — [p(x)e(2)20(@)] = Nap(@)20(@),

has biorthogonal polynomial solutions of degree n in z. Here, a(z), b(x), c¢(x) are
functions of x independent of n and )\, is a parameter independent of z.

Several families of biorthogonal polynomials are known in the literature, some of
them having explicit representations. For instance, a great deal of study has been made

on the polynomials
Pr(zia, 8) = F(=m,a+ B+ 120+ 1;1 = 2); Qu(2) = Pu(z0, =),

which were proved to be biorthogonal in Askey [7] (see also Borrego-Morell and Rafaeli

[23]) with respect to the weight function
w(d) = (2 —2cos0)*(—e?)?, 0 [-m x|, Rea>—1/2.

Sri Ranga [162] later proved that the sequence {P,,(z; a, §)}5o_,, is also orthogonal with
respect to the weight function &(6) = 22e(™=D™55in2*9/2 if « € R, a > —1/2 and
i € R. We further refer to Askey [8] and Temme [171] for proofs of the biorthogonality
of the polynomials P,,(z; «, 8) and Q,(z) and related discussions.

In some recent advancements, the zero distribution of polynomials that are biorthog-
onal to exponentials is analyzed in Lubinsky and Sidi [125] while integral representa-
tions of biorthogonal functions using generalized Hankel determinants are found in Is-
mail and Simeonov [93]. Further, while biorthogonality of rational functions is studied
in Rosengren [151], biorthogonality of Laurent polynomials, is studied in Cruz-Barroso
et al. [43], Pastro [139] and Zhedanov [190].

As mentioned earlier, different conditions of biorthogonality are also studied in var-
ious areas of rational interpolation, Padé approximation, non linear PDEs and random
matrix theory. We make no mention of these definitions and refer to Bertola et al. [18],

Iserles and Ngrsett [88], Iserles and Saff [89] and references therein.
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1.6 Motivation and outline of the thesis

The underlying theme of the thesis on one hand is to explore both structural and
qualitative aspects of perturbations of the continued fraction parameters in case of
special functions and recursion coefficients in case of orthogonal polynomials and on
the other hand to obtain biorthogonality relations of Laurent polynomials. One of
the perturbations that is studied in the thesis is the map F(\) — F(\?), where F())
is the T-fraction defined in (1.2.10). This leads us to introduce generalized linear
Jacobi pencil matrices and study biorthogonality relations of the associated Laurent
polynomials. Hence, it is natural to study further biorthogonality relations using the
recurrence relations of R; and R;; types. Illustrations are provided for results obtained
in the thesis, mostly using the hypergeometric functions. This is due to the fact that
many special functions, can be represented as either hypergeometric functions or their
ratios. We would also like to add that the thesis involves mostly infinite matrices,

whose recent applications can be found in the monograph by Shivakumar et al. [155].

A brief overview of the chapters

From the point of view of their applications, it is obvious that the parameters g, of
the g-fraction occurring in the right hand side of (1.2.8) contain hidden information
about the properties of the dynamical systems or the special functions they represent.
One way to explore this hidden information is through perturbation; that is, through
a study of the consequences when some disturbance is introduced in the parameters
Jn, n > 0. The main objective of Chapter 2 is to study the structural and qualitative

aspects of the following two perturbations in the parameters g,, n > 0.

(i) The first is when a finite number of parameters g; are missing in which case we

call the corresponding g-fraction a gap-g-fraction.

(ii) The second case is replacing {g,}5°, by a new sequence {g’ k)}ff:o in which the

j™ term g; is replaced by gj(ﬂ ),

The first case is illustrated using Gaussian hypergeometric functions, where we use the

fact that many g-fractions converge to ratios of Gaussian hypergeometric functions in
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slit complex domains. The second case is studied by applying the technique of coeffi-
cient stripping (Simon [156]) to the sequence of Schur parameters {a;}32,. This follows
from the fact that the Schur fraction and the g-fraction are completely determined by
the related Schur parameters a; and the gi-parameters respectively. These parameters
are related by go =0, gx = (1 — ax—1)/2, k > 1, so that a perturbation in «; produces
a unique change in g; and vice-versa.

The first half of Chapter 3 draws inspiration from the recurrence relation
Rui1(2) = [(1 +icht1) +i(1 —icys1)|Ru(2) — 4dpi12Rn-1(2), n>1, (1.6.1)

studied extensively in Castillo et al. [37], Costa et al. [40] and Bracciali et al. [25]. Both
the Szegd polynomials and the Verblunsky coefficients given respectively in (1.4.3) and
(1.4.4) are expressed in terms of the minimal parameter sequence {me )}Z":O of the chain
sequence {d,}°°,. Hence, we study the case when the minimal parameter sequence
{m )}30:0 of {d,}5°, is replaced by the minimal parameter sequence {k,}>, of the
chain sequence {a,}>° |, where k:(()t) =0 and kY :=1—m{ ), n > 1. This motivates us
to define the concept of complementary chain sequences.These complementary chain
sequences are unique in perturbation theory of chain sequences, due to the following
reason. In the theory of chains sequences, if minimal parameter sequence {m,}>°, and
maximal parameter sequence {M,, }°° , coincide, it is called a single parameter positive
chain sequence (SPPCS) which is very useful in characterizing corresponding functions
and polynomials. However, all functions and polynomials may not have SPPCS. The
concept of complementary chain sequence provide SPPCS, even if the original chain
sequence do not possess this property. Hence the concept of complementary chain
sequence play an important contribution in the thesis.

The second half of Chapter 3 explores the consequences of the perturbation
m, — 1 — m, in case of polynomials orthogonal on the real line. The perturba-
tion is extended to any parameter sequence of the associated chain sequence, which
is called as the generalized complementary chain sequence. The generalized pertur-
bation yields two sequences of orthogonal polynomial on the real line that have the

same kernel polynomials. Chapter 4 serves as the bridge between the two parts of the

thesis. The matrix representation of the polynomial map S(A\) — AS(A?), where S(\)
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is a Stieltjes function is studied in Derevyagin [61]. Precisely, the map is interpreted
as the Darboux transformation of the Jacobi matrix associated with the orthogonal
polynomials on the real line, which are in turn related to S,(z). Hence, we study the
map F(\) — F(\?), where F()) is a general T-fraction. The denominators of the
approximants of a T-fraction satisfy a R; type recurrence relation (1.5.1), with which
is associated a sequence of Laurent polynomials. This yields a generalized linear pen-
cil matrix, which further leads to biorthogonality relations of the associated Laurent
polynomials.

Results on linear combination of orthogonal polynomials are abundant in litera-
ture and are studied in the context of quasi-orthogonality. A polynomial sequence
{qn()}5%, is said to be quasi-orthogonal of order r with respect to a positive weight
w(z) on [a,b] C R if, and only there exists another sequence of polynomials {p,(z)}>,

orthogonal with respect to w(z) on [a, b] such that

qn(m) = Copn($) + Clpn71<$) +ooe A+ CTpnfr(x%

where ¢; depend only on n and coc, # 0. Linear combination of polynomials which
are orthogonal either on the real line or on the unit circle has also been studied as an
inverse problem in Alfaro et al. [3], with conditions being obtained for the orthogonality
of such linear combinations.

Motivated by linear combinations of polynomials and their orthogonality as well as
algebraic properties, our aim in Chapter 5 is to study the linear combination of two

successive R; polynomials of a sequence {P,(A\)}>2, that satisfies (1.5.1), that is

Q,(A) :i=Pn(N) + @ Pra1(N), a, € R\ {0}, n>0,

where By # 0,£1 and S, # 0, n > 1. We construct a unique sequence {a,}>°, such
that {Q,(A\)}72, not only satisfies mixed recurrence relations of R; and Ry type but
also has a common zero.

The polynomials Q,, (), n > 1, are shown to satisfy biorthogonality relations that
follow from their eigenvalue representations. With certain additional conditions, we

also show that a para-orthogonal polynomial of degree n can be obtained from Q,,1()).
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Further, common zeros of an orthogonal sequence have been considered in the past,
see for example, Driver and Muldoon [70] and Wong [186]. However, the novelty in
our approach is that we actually construct such a sequence before studying its orthog-
onality properties. Such procedure of constructing the zeros before characterizing the
orthogonality properties is limited in the literature. Hence this approach provides an
important contribution to the thesis.

The recurrence relations (1.5.2) of R;; type are used to define the generalized eigen-
value problems G, 0% = AH, o and LG, = M\pLH,,. In this case, both G, and H,, are
tridiagonal matrices and the components of the eigenvectors % and ¢ are rational
functions with the numerator polynomials Q, () satisfying the recurrence relations
(1.5.2) of Ry, type. However, while the three term recurrence relation satisfied by the

sequence of rational functions

Pn(N)

S | )

n>1,

is used to obtain the pencil matrix G, — AH,, the usual process available in the lit-
erature, for example in Zhedanov [192] and Beckermann et.al. [16], is to partition the

poles to form the rational functions

I O I 10
a [Trei (A — ax) B [Tizs o

_ PN PaY)
a | J O N [Tizs op

PE(A)

and pf(\)

The two sequences of rational functions {pZ(\)}°°, and {pZ(\)}5°, form the compo-
nents of the left and right eigenvectors of the matrix pencil G — AH and hence are
biorthogonal to each other. However we note that two sequences of rational functions
that are biorthogonal to each other need not themselves form an orthogonal sequence.

Motivated by the procedure of proving biorthogonality given in Zhedanov [192],
and other results referred to earlier in Askey [7], Sri Ranga [162] and Temme [171]
the central theme of the Chapter 6 is to study a sequence of rational functions that
is both orthogonal as well as biorthogonal. Precisely, we are interested in construct-
ing a sequence of orthogonal rational functions {¢,(\)} satisfying the following two

properties

(i) The related matrix pencil has the numerator polynomials P, (z) as the character-



33 1.6 Motivation and outline of the thesis

istic polynomials and ¢, (z) as components of the eigenvectors.

(ii) The orthogonal sequence {¢,(2)} is also biorthogonal to another sequence of

rational functions.

We also give a Christoffel type transformation of such rational functions illustrating
the differences with the ones that are available in the literature on orthogonal rational
functions.

Concluding remarks are given at the end of each chapter to provide a passage to
the next chapter through existing literature. A detailed list of references related to the
thesis is given at the end. There is a conscious effort to include both the seminal papers
that initiated a particular direction of study as well as recent references that reflect
developments in the last few years. At the same time, due to too classical nature of
the references and in some cases non-availability of the original research article, we cite
modern works for classical results. It is expected that the references given at the end
of such citations will provide a good idea of various problems that are based on these
classical results. Finally, wherever required, we include references within brackets so

as not to disturb the flow of the language.
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Chapter 2

Perturbed g-fractions and a class of

Pick functions

The main objective of the chapter is to investigate structural and qualitative aspects
of two different perturbations of the parameters of g-fractions. In this context, the
concept of gap g-fractions is introduced. While tail sequences of a continued fraction
play a significant role in the first perturbation, Schur fractions are used in the second
perturbation of the g-parameters. The application of such perturbations is illustrated
in geometric properties of analytic functions like subordination. Further, using a par-

ticular gap g-fraction, a class of Pick functions is identified.

2.1 Gap g-fractions

Given an arbitrary real sequence {gx}32,, a continued fraction expansion of the form

1 (A-g)az (A—g)gpz (1-—g)gz
1 1 1 1 ’

zeC, (2.1.1)

is called a g-fraction if the parameters g; € [0,1], 7 > 0. It terminates and equals a
rational function if g; € {0,1} for some j > 0. If 0 < g; < 1, j > 0, the g-fraction
(2.1.1) still converges uniformly on every compact subset of the slit domain C\ [1, o0)
(Wall [184, Theorem 27.5] and Jones and Thron [102, Corollary 4.60]) and in this case,

(2.1.1) represents an analytic function, say F(z).

35
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Applications of g-fractions in number theory (Runckel’s points) and dynamical sys-
tems like the ABC' flow are studied in Tsygvintsev [175,176]. The fact that many
analytic functions on bounded domains possess a g-fraction expansion provides a con-
venient way to approach moment problems. In particular, it has been proved in

Wall [184, Theorem 69.2] that the Hausdorff moment problem

1
v, :/ oldv(a), j>0,
0

has a solution if and only if (2.1.1) corresponds to a power series of the form 1 +
vz + 922+ -+, z € C\ [1,00). Further, the g-fractions have also been used, in the
methodology, to study the geometric properties of ratios of Gaussian hypergeometric
functions as well as their g-analogues. See for example, the proofs of Kiistner [117,
Theorem 1.5] and Baricz and Swaminathan [13, Theorem 2.2]).

Among several properties of g-fractions, one of the most fundamental results is
given by Wall [184, Theorem 74.1] in which holomorphic functions having positive real
part in C \ [1,00) are characterized. Precisely, Re (v/1+ z F(z)) is positive if, and
only if, F(z) has a continued fraction expansion of the form (2.1.1). Moreover, F(z)

has the integral representation

1—2t’

.7-"(2):/0 ) e\ [1,00),

where ¢(t) is a bounded non-decreasing function having a total increase 1.

As the name suggests, gap-g-fractions correspond to a sequence of g-parameters,
{9k }72o, with certain terms missing. We study three cases in this section and in each
case, the concept of tail sequences of a continued fraction plays an important role. We
present only those results on the tail sequences that are required. For more information,
we refer to Lisa and Waadeland [124, Ch. II].

The N tail of the continued fraction

- (2.1.2)
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is the continued fraction

an+1(2) an+2(2) ant3(2)

bn+1(2) + bn2(2) + bns(2) +

(2.1.3)

One of the properties of tails of continued fractions is the following.

Theorem 2.1.1. [124, Theoreml, Ch. II] The following three statements are equiva-

lent.

(i) The continued fraction (2.1.2) converges.

(ii) The N™ tail (2.1.3) converges for an N € NU {0}.
(iii) The N tail (2.1.3) converges for all N € NU {0}.

Further, if the numerator and denominator of the approximants of the tail (2.1.3)
are denoted, respectively, by AY(z) and BY(2), then the n'* approximant is given by

IN(z) = SY(0), where SY(2) = sny1085120+ - 08N1n(2), With 5,(2) = an(2)/(bn(2)+

z),n=1,2,---. The corresponding determinant formula is
N+n

AYV(EBIL () = AL (2)BY(2) = = ] (—a5(2)). (2.1.4)
Jj=N+1

2.1.1 Structural relations

For z € C\ [1,00), let F(z) be the continued fraction (2.1.1) and

F(k;z) =
1 (1=-g)gz  (A—gr2)gp-12 (1 —gr-1)gr+12 (1= gr1)Gri22
1 1 1 1 1

(2.1.5)

Note that (2.1.5) is obtained from (2.1.1) by removing g for some arbitrary k (which

is not equivalent to substituting g, = 0).
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Theorem 2.1.2. Suppose F(z) is given. Let F(k;z) denote the perturbed g-fraction

in which the parameter gy, is missing. Then, with d; = (1 — g;_1)g;, j > 1,

Hj;} d; 25 Vh(k; z)

FU2) = 800 = 5 6 905 VAl ) — D30 2)

(2.1.6)

where Vi (0; 2), Sk(0) and —(1—grp_1) " (1 —gr)h(k; 2) are, respectively, the k™ denom-
inator, the k'™ approzimant and the (k + 1) tail of F(z).

Proof. Let —(1 — gx)Hp+1(2) be the (k + 1) tail of F(2) so that

1-— 1-—
Hk+1(z) _ gk—{lz ( 9k;1)9k+22 ( gk—s1-2>gk+32 e (2.1.7)

We note that Theorem 2.1.1 guarantees the existence of Hy.1(z) since F(z) always
converges. Further, if h(k;2) = (1 — gr—1)Hi4+1(2), Kk > 1, then, from (2.1.5) and
(2.1.7) we obtain the rational function

Xp(h(k;2);2) 1 (1—go)gi2 (1 — gr—2)gr—1%

Velh(kiz)z) 1 T I h(ke) (2.1.8)

. X (0; 2) N A1 (0) 1 (1 —g0)guz (1 — gr—2)gr-12
SO=56m "B 1. 1 L 1

Then,

Xp(h(k:2)i2)  A(0:2)  h(k; 2)[Xk(0; 2) Vi1 (0; 2
Ve(h(k; 2);z)  Vi(032) Vie(0; 2)[Vi(0; 2

h(k; )2 15
~ V(0; 2)[Vi(052) — B

) — X—1(0; 2) Vi (0; 2)]
) — h(k; 2) Vi-1(0; 2)]
(1= gj-1)g;
(k3 2) Ve-1(05 2)]”

where the last equality follows from from the determinant formula for a continued



39 2.1 Gap g-fractions

fraction. Denoting d; = (1 — g;-1)g;, j > 1, we have from (2.1.8)

X (h(k; 2); 2) _ Xi(0;2) Hf;% d; 2" h(k; 2)
Vi(h(k;2);2)  Vi(0;2)  Ve1(0; 2) V(05 2) (ks 2) — [Vi(0; 2)]?

which is (2.1.6). O

Note 2.1.1. In what follows, by F(z) we will mean the unperturbed g-fraction as given
in (2.1.1) with g, € [0,1], k € NU{0}. Further, as the notation suggests, the rational
function Si(0) is independent of the missing parameter g, and is known whenever F(z)

is given. The information of the missing parameter g at the k' position is stored in

h(k; z) and hence the notation F(k;z).

It may also be noted that the polynomials ), (0; z) can be easily computed from

the recurrence relations

Vi(0;2) = Y;1(0;2) = (1 — gj—2)gj-12Yj—2(0; 2), j > 2,

with the initial values Y(0;2) = V1(0; 2) = 1.
It is evident that the right side of (2.1.6) is of the form

with a(z), b(2),¢(z),0(z) being well defined polynomials. Rational functions of such
form are said to be rational transformations of h(k;z) and occur frequently in the
spectral theory of orthogonal polynomials. For more details, we refer, for example, to
Garza and Marcellan [77], Zhedanov [189] and references therein.

A similar result for the perturbed g-fraction in which a finite number of consecutive
parameters are missing can be obtained by an argument analogous to Theorem 2.1.2.

We state this result without proof.

Theorem 2.1.3. Let F(z) be given. Let F(k,k+1,---  k+l—1;z) denote the perturbed

g-fraction in which the | consecutive parameters gy, gri1, - , Gpri—1 are missing. Then,

Flkk+1,--- k+1—-1;2) =



Chapter 2: Perturbed g-fractions and a class of Pick functions 40

H‘I;;ll djzk_lh(k,k+ 1, 7k+l— 172)

S 0) = S O N R kT L k=12 — Dh(0: 2P

(2.1.9)

where —(1—gr_1) " (1 — grar1)h(k, k+ 1, [ k+1—1;2) is the (k+ 1) tail of F(z).

The next result is about the perturbation in which only two parameters g; and g

are missing, where [ need not be k + 1.

Theorem 2.1.4. Let F(z) be given and —(1—gy_1) " (1 — gx)h(k,l; 2) be the perturbed
(k+ 1) tail of F(z) in which g, is missing. Then

Sk (0) + Mh(l@, k+m+1;2)
(1 _gk—l)

[T55m  dizh(k +m +1; 2)

_ j=k+1
VR 0;2)]2 = YD (0 2) V(0 2)h(k +m + 15 2)

where we assume | = k+m+ 1, m > 1. Further, if F(k,l;z) denotes the perturbed

g-fraction in which two parameters g, and g; are missing, then

[1,-1 dj2"th(k,1; 2)

FUE2) = S0 = 5562905 VAR 15 2) — (0 2

(2.1.10)

Here, y,Sf“)(o; z) and S,%H)(O) are, respectively, the m'™ denominator and m™ ap-
proximant of the (k + 1) tail of F(2) and —(1 — g_1) " (1 — g))h(l; 2) is the (I + 1)
tail of F(z).

Proof. Let

oy Gkn1z (L= gry1) g 1=g1)g1z (1= gi1)giee?
Hi1(l;2) = ] 1 : 1

(2.1.11)

so that —(1 — gx)He41(l; 2) is the perturbed (k+ 1) tail of F(z) in which g; is missing.

Then, we can write

Xi(h(k,l;2);2) 1 (L—go)grz (1= gra)ge—12
Ve(h(k,l;2);2) 1 1 _ 1—h(k,;2)

F(k,l;2) =
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where h(k,l; z) = (1—gr—1)Hr+1(l; 2). Now, proceeding as in Theorem 2.1.2, we obtain

[1,-1 djz*th(k,1; )
Vi-1(0; 2) V(0 2) Ak, 1; 2) — [V(0; 2)]2

F(k,1;2) = Si(0;2) —
Hence, all that remains is to find the expression for h(k,l; z) or Hii1(l; z). Now, let

giv12z (1 - 9l+1)gz+22 (1 - 91+2)91+3Z

HH_l(Z) = 1 ) 1 ] 1 Sy

and h(l;2) = (1 — gi—1)Hi+1(2). From (2.1.11) and Lorentzen and Waadeland [124,
eqn.(1.1.4), p.57], we have

_(1 - 9k)9k+12 (1 - 9k+1)9k+22 o (1 - 91—2)91—12

—(1—g)Hia(l;2) = 1 i 1 - 1—h(l;2)

X5 (h(l; 2); 2)
CVEN (Ml 2)i2)

It is clear that, the rational function [Xl(k,jll( 2)/ V5 (D) 1(0; 2)] is the approximant of

the (k + 1)™ tail —(1 — gr)Hry1(2) of F(2). Then, using (2.1.4) we obtain

AL 2)2) A5 052) —h(l; 2) [T} '[d;2]
D 2)i2)  VED(052) VD0 2) D5 (05 2) — Rl 2) V(05 2))

Finally, using the fact that [ = k + m + 1, we obtain

—(1 — gk)Hk+1(k? +m + 1; Z) =

Hf+;11 djz"h(k+m+1; 2)

S(k+1)(0 Z) ’
VD (0:2)]2 — VD0, 2) V8D (05 2)h(k +m + 15 2)

where

81(5+1)(07 2) = —(1- glk)9k+12 (1— gk;l)gsz o (1-— gk-i—ni—l)gk—&—m'z’

is the m!" approximant of the (k + 1) tail of F(z). O
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As mentioned earlier, from (2.1.6), (2.1.9) and (2.1.10), it is clear that tail sequences
play a significant role in deriving the structural relations for the gap g-fractions. We
now illustrate the role of tail sequences using particular g-fraction expansions, which

will be later used to derive the class of Pick functions.

2.1.2 Tail sequences using hypergeometric functions

Counsider the Gauss continued fraction

F(a, b+ 1;c+ Liw)
Fla,bicw)

(1-go)giw (1—g1)gow (1 — g2)gsw
1 1 1

1
- -, (2.1.12
1 ? ( )

where F(a,b; c;w) is the Gauss hypergeometric function and the parameters g;, j > 0

are given by

_c—a+p

c—b+p
— > 0.
J2p c+2p

d =
an 9op+1 c—1—2p+1’ b=

The correspondence and convergence properties of the Gauss continued fraction is
studied in Wall [184, Theorem 89.1] using the contiguous relations satisfied by the
Gauss hypergeometric function. Now, shifting b and ¢ to b — 1 and ¢ — 1 respectively
in (2.1.12), we obtain

Fla,bow) 1 (1-g)giw (I—gi)gow (1 —g2)gsw

== - (2.1.13
F(a,b—1;¢c—1Lw) 1 _ 1 ) 1 } 1 ( )

so that the parameters g;, 7 > 0 are given by

_c—a+p-—1

c—b+p
S I S |

, > 0.
c+2p b=

and Jop+1 =

For the rest of the chapter, the g-fractions that will be studied have the parameters k,
where k, =1 — g,, p > 0 with g, appearing as in (2.1.13). That is

btp
c+2p’

a-+p

koy = ————
2 c+2p—1

and kopi1 = p > 0.
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Our first goal is to find the analytic function having the continued fraction represen-

tation

k’lw (1 — kl)kﬁgw (1 — k’g)kgw
1 1 1

1
1

For this, let R(**9(w) be the analytic function obtained from (2.1.13), as

1 F(a,b—1;¢ - 1;w)
ko F(a,b;c;w)

(1 — k:l)w k‘l(l — k’g)w ]{?2(1 — k’g)w k’g(]_ — k:4)w
1 1 . 1 - 1

(2.1.14)
Consider the following two contiguous relations

a(c —b)
(c—1)c

F(a,b;c;w) = F(a,b—1;c— L;w) + wF(a+1,b;¢+ 1;w), (2.1.15a)

F(a,b;c;w):(1—w)F(a+1,b;c;w)+c wF(a+1,b;¢c+ 1;w), (2.1.15b)

C

that can be easily proved by comparing the coefficients of w* on both sides. Now, using

ko =a/(c—1) in (2.1.15a), we have

R(a,b,c)(w) —1_ c—1 F(a,b;c;w)—F(a,b—l;c_l;w)

a F(a,b;c;w)
_1_c—bF(a+1,b;c+1;w)
N c F(a,b;c;w)
F(a+1,b;c;w)
= (1 —
(1=v) F(a,b;c;w)

where the last equality follows from (2.1.15b). Using the well known identity

1 1 1

. _ 2.1.16
14 g1z " (1—g1)z 1+2 ( )
TR G 10/ Ly (= g)2
14 (L= g2)ge2 L el gz
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proved in Wall [184, (75.3), p.281], we obtain from the continued fraction representation
(2.1.14) of R(®>9)(w),

(c—b)(a+1) (c=a)(b+1)
Flat+lbow) 1 @ “qen ¥ emen” (2.1.17)
F(a,b;c;w) I_ 1 . 1 - 1 - N

Remark 2.1.1. The continued fraction (2.1.17) has also been derived by different
means in Kistner [117] and studied in the context of geometric properties of hyper-

geometric functions.

For further analysis, we note that by interchanging a and b in the Gauss continued

fraction (2.1.12), we obtain

b(c—a) (a+1)(c—b+1) (b+1)(c—a+1)
Fla+1,b;c+ 1;w) _ 1 e ) (ct2) ¥ 23 Y (2.1.18)
F(a,b;c;w) 1 1 ) 1 B 1 ' o

Denoting the analytic function in the left hand side of (2.1.18) by G{**(w), we have

]{31(1 — kg)&) ]{72(1 — k3)w k?g(l — k4)w
1 ) 1 ) 1

a,0,c 1

G ) = 7
L.
The following result gives a kind of generalization of the continued fraction identity
(2.1.18). The correspondence and convergence properties of these continued fractions

can be discussed similarly to that of the Gauss continued fraction.

Proposition 2.1.1. Forn > 1, let

G;a,b,c) (CU) _ % kn<1 _1kn+1)w knJrl(l I kn+2>w kn+2(1 _1 kn+3)w

(2.1.19)

Then, Glabe) (w), n > 1, is given by ratios of Gaussian hypergeometric functions, where

Fla+7,0+j;¢c+2j;w)

G(qvbvc) — >1
3 )= Fa by Leta —Lw) 0o b
Fla+j+1,b+j;¢+2j+Lw) |
a,b,c 3 ) 3
Gy (w) = jz0.

Fla+j,b+ j;¢+2j;w)
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Proof. The case j = 0 is the identity (2.1.18). Comparing the continued fractions for
Géjif) (w) and ngff) (w), j > 1, it can be seen that Gg‘;if) (w) can be obtained from
ngff)(m j > 1 by shiftingar—a+1,b—b+1and c— c+ 2.

For n = 2j, j > 1, we note that the continued fraction on the right side of (2.1.19) is
nothing but the Gauss continued fraction (2.1.12) with the respective shifts a — a + j,

b—b+j—1and c— c+2j — 1 in the parameters. O]

Instead of starting with k,(1 — k,41), as the first partial numerator term in the
continued fraction (2.1.19), a modification by inserting a new term changes the hyper-

geometric ratio given in Proposition 2.1.1. We state this result as follows.

Theorem 2.1.5. Forn > 1, let

Fv(la,b,c) (W) _ 1 k'yiw (1 — k,;-)k’n_Flw (1 — knil)k"“w

Then for 7 >0,

Fla+j+1,b+ j;c+ 2j;w)

F(a"vbvc) —
241 (W) Fla+ 7,0+ 7c+2j;w)
Fla+j+1,b+j+1c+2j+ Lw)
a,b,c ) 3 )
Féj+2)(w) =

Fla+j+1,b+j;¢+2j+ Lw)

Proof. For n > 1, let us denote

1 1
E@) () i=1— — [1-———
+1 kn Ggla,b,c) (CU)

(1 - kjn—l—l)('u kn+1(1 - kn+2)w kn+2(1 - kjn—l—3)('u
1 ) 1 ) 1

=1

Then, using the identity (2.1.16), we obtain

_ Efzaflﬁ) (w) _ 1 kn+1w (1 - kn+1)k3n+2w (1 - kn+2)kn+3w

1b7
B () 1— 2 1 1 1 1

n+1

Hence, we need to determine the functions E%%(w) in terms of hypergeometric func-
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tions. For n =27, j > 1, using ke; = (a+j)/(c+2j — 1) in (2.1.15a) yields

1 1 c—b+j Fla+j+1,b+7c+2j+Lw)
w .

ko |© GUPIwy | T e+ Fla+3,b+j;c+2j;w)

Further, shifting a — a + j, b+— b+ j and ¢ — ¢+ 2j in (2.1.15b), we find that

Fla+j+4+1,b+ j;c+2j;w)
Fla+7,b+j;c+2j;w)

a,b,c
EéjJrl)(w) =(1-w)

so that

Fla4+j+1,b+ j;c+ 2j;w)
Fla+ 70+ j;c+2j;w)

F(a,b,c) (w) _

2j+1 Jj =L

Repeating the above steps, we find that for n = 2j+1, j > 0 and ko1 = (b+7)/(c+27),

J =0,
Fla+j+1Lb+j+1c+2j+ Lw) .
E(%bﬁc) — (1= ) ) ) >0
2742 (CU) ( w) F((l+]+1,b+],c+2j—|—1,w> ) J =Y,
which implies
abe Fla+j+1Lb+j+Lc+2j+Lw) .
F§j+2)(w> = ; > 0.

Fla4+j+ 10+ j;¢+ 25+ 1L;w)

]

For particular values of Flabe) (w), further properties of the ratio of hypergeometric

function can be discussed. One particular case and ratios of hypergeometric functions

that belong to a class of Pick functions are given in Section 2.3. Before discussing

such specific cases, we consider another type of perturbation in g-fractions in the next

section.

2.2 Perturbed Schur parameters

The Schur fraction is defined as

(L — o)z 1 (1—Ja1|2)2 1 (A—Jaef)z

oo + - —
oz + a1 + (054 + (0% + (05¥4 +

T
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where «; is related to the g; occurring in the g-fraction (1.2.8) of a Carathéodory
function by a; = 1—-2¢;, 7 > 1. Similar to g-fraction, the Schur fraction also terminates
if |a,,| = 1 for some n € NU{0}. It may be noted that such a case occurs if, and only
if, (Jones et al. [99]) f(z) is a finite Blaschke product.

Let A, (2) and B, (z) denote the n'* partial numerator and denominator of (2.2.1)
respectively. Then, with the initial values Ag(z) = g, Bo(2) = 1, A1(z) = 2z and

Bi(z) = apz, the numerators and denominators of the even approximants satisfy

AQP(Z) = apA?p—l(Z) + A2p—2(z)a

(2.2.2)
B2p<2) = Othgp_l(Z) + B2p—2(z)7 p Z 17
while the numerators and denominators of the odd approximants satisfy
Agpi1(2) = @pzAay(2) + (1 — |y |*)2A2,-1(2), (223
Bopi1(2) = @p2Boy(2) + (1 — [y |*)2Bypi1(2), p>1.
Using (2.2.2) in (2.2.3) we obtain
Agpi1(2) = 2Ag9,1(2) + GpzAgy 2(2), (2.2.4)
Bap41(2) = 2Bay-1(2) + @p2Bsp(2).
The relations (2.2.2) and (2.2.4) are sometimes written in the matrix form as
A z) B z Z Qpz Ao, 1(2) Bop1(z
2p+1(2) Bapa(2) | _ P 2p-1(2) Bap-1(2) >l (225)
Agp(z)  Bay(2) ap 1 Agp-a(z) Bopa(2)
It is also known (Njastad [137]) that
A27L+1 (Z) = ZB;n(z) ; B27L+1(Z) = ZAZH(Z)
Aan(2) = Byur () 5 Ban(2) = Abyun (2) 22:6)

where P} (z) = 2"P,(1/2) for any polynomial P,(z) with complex coefficients and of
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degree n. From (2.2.6), it follows that

BQn+1(2’)

Bgn(2’>

Agpy1(z) <A;n(2)>_l Aon(2) [ A54a(2) -
B;n(z) 7 BSnJrl(Z) '

Since the parameters g; and «; are uniquely related, the case of a single parameter

)

gr being replaced by g,(C * can be studied using the Schur parameters. It is obvious

that this is equivalent to studying the perturbed sequence {oz;ﬁ ’“)};";0, where
a;, J#k;
ol = & I (2.2.7)
61437 j = k.

Hence, we start with a given Schur function and study the perturbed Carathéodory
function and its corresponding g-fraction. The following theorem gives the structural
relation between the Schur function and the perturbed one. The proof follows the
transfer matrix approach, which has also been used in the literature, for example, in
Castillo [36] to study perturbed Szegé recurrences. For details of the method, we refer

to Simon [156, Sections 3.2 and 3.4]

Theorem 2.2.1. Let Ay(2) and Bi(2) be the n'™ partial numerators and denominators
of the Schur fraction associated with the sequence {a;}7 . If Aj(2; k) and B;(z; k) are
the " partial numerators and denominators of the Schur fraction associated with the
sequence {aéﬁ’“)};’io as defined in (2.2.7), then the following structural relations hold
forp>2k, k> 1.

k A k) Agy(zik A A
k-1 H(l — Jay]?) opr1(2 k) Agp(zi k) — Tz k) 2p+1(2)  Ag(2) ’
§=0 Bopt1(z; k) Bop(zi k) Bopi1(2) Bap(2)

(2.2.8)

where the entries of the transfer matriz T(z; k) are given by

Ty Tae
Ty Teo
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pk(z, k)A2k71(2> -+ q,’;(z, k)AQk,Q(Z) qk(z, k)Azkfl(Z) -+ p,’;(z, k’)Agk,Q(Z>
pr(2, k)Bak—1(2) + @i (2, k)Bar—2(2)  qr(z, k)Bar—1(2) + pi(2, k)Bar—2(2)

with the polynomaial coefficients

pe(2, k) = (ag — Bi)Bar—1(2) + (1 — Brou)Bar_2(2),
(2 k) = (B — ar)Agi—1(2) — (1 — afr)Agk—2(2).

Proof. Let us define

A B
Q(z; ) = p+1(2) Bapea(2) and

Agp(z)  By(2)

A2p+1(23 k) B2p+1(33 k)

Q,(z; 00 k) =
Agp(z; k) By, (2 k)

Then the matrix relation (2.2.5) can be written as

Qp(z; ) = Tplay) - Qpa(z; @)

=Ty(op) - Th(ap-1) - -+ - Ti(on) - Qo(z10), p =1, (2.:2.9)
with the transfer matrices for p > 1 given by

Z QpZ zZ gz
Tp(oy) = and  Qo(z;a) := Ty(ap) =
ap 1 Qp 1

From (2.2.7), it is clear that the perturbation arises while replacing ay by S and hence

Q(z; 00 k) = Tp(ap) > -Tk+1(ak+1)J-Tk(ﬁk) Tooa(o—1) - - - Th(an)Qo(z;00) . (2.2.10)

-~

Defining the matrix product

ng]i)ﬂ)(% a) =Ty (ap)Tp1(ap-1) -+ - Trpa (ug1)Q0(2; ),
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whose entries are called associated polynomials of order k£ + 1, we have

To(ap) Tya (1) -+ Tgr () = 270 (250) - [Qo(z50)] 7, (2.2.11)

where [Q(z;)]”! denotes the matrix inverse of Qy(z; ). Now, using (2.2.9) and
(2.2.11) in (2.2.10), we get
(20 k) = Q) (210) - [Qo(20)] 7 Te(Br) - Qi (2;.0). (2.2.12)

p—(

Again from (2.2.9),

Q(zia) =Tp(ey) -+ Thr(awsa) - Te(ow) - - - Ti(0n)do(2; )

k _
= QD (2002 (210) - (2 ),
which means
k _
Q;_T;Ll)(z; ) = Q(z;0) - [Q(z;0)] 7 Qolz; ). (2.2.13)

Using (2.2.13) in (2.2.12), we get
Q2305 k) = Qp2,0) - [U(z,0)] 7" Qo(z30) - [Qo(z; )] Te(Br) - Qi (2, ),
which implies

[z 0 )" = [T(B) -1 (2, )] - [Quelz, )] [ (2, )]

J/

-~

where [,(z, @)]” denotes the matrix transpose of ,,(z, ). Using the relations (2.2.6),
it can be proved that the product [Ty(8)_1(z,a)]T - Q.7 (2, ) gives the transfer
matrix T(z; k) leading to the structural relations (2.2.8). O



51 2.2 Perturbed Schur parameters

2.2.1 Rational transformation of Schur functions

It follows from the structural relations obtained in Theorem (2.2.1) that

k . P
S0 -p | T s |

which implies the sequence of even approximants of the Schur fraction is

Agy(zik) _ Taa) + T (Ay(2)/By(2))
Bap(2: k) Tiaz) + Tian) (Agp(2)/Bap(2))”

p>1. (2.2.14)

The following result regarding the convergence of a positive (Jay,| < 1, n > 0) Schur

fraction is proved in Jones et al. [99, Theorem 2.2].

Theorem 2.2.2. Given a positive Schur fraction, the sequence {Agpm/Bam 2 , con-
verges to a function f(z), analytic for |z| < 1. Further, if ag € R\ {0}, then the
sequence {Agpi1/Bomi1 10 , converges to g(z), analytic for |z| > 1. The function f(z)
is a Schur function and g(z) = 1/f(1/%).

The essence of Theorem 2.2.2 is that the (2n)" approximant of the Schur fraction
(1.2.5) coincides with the n'® approximant of the Schur algorithm (1.2.4) so that f(z)
is the limit of Ay,(z)/Bs,(2) in the unit disk D. Hence taking limits on both sides

of (2.2.14) gives the perturbed Schur function as

Ta2 +Tanf(z)
L2 + T(2,1)f(2).

FOO (2 k) = (2.2.15)

Now, we discuss these structural relations in case of a non-constant Schur function
of the form f(z) = ¢z + d with the perturbation a; +— ;. From Theorem 2.2.1, we

have

pi(z,1) = (a1 — B)awz + (L —aif);  pi(z,1) = (1 — a1Bi)z + (@ — Br)aw;

a(z1) =B —a))z— (1 —ab)ag;  qi(z,1) = (b1 — ) — (1 — a1 1)z
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The entries of the transfer matrix ¥(z; k) are

Ty = (a1 = £1)2% + [(1 = fran) — (1 — af)|aol’]z + ao(Br — an),
+ (1 = a1 Bi)ag — (1 — a1 1))z + (an — Bi)ag,
Tan) = (a1 — B1)(@0)?2” + [(1 = fran)ap — (1 — anBi) @)z + (B — au),

ao2? + [(1 — aif1) — (1 — @) o))z + (@ — Bi)ao.

Using (2.2.15), the transformed Schur function is a rational function given by

A3+ B>+ Cz+ D

FO(z,1) = = - - =,
A3+ B22+Cz+ D

where

A= (a1 - p)age, B=(B1—ai)(l—aod)+c(l—piag) — C|040|2(1 - al/él)a
C = (1—af)(ag—dlag|*) + (1 — @ pr)(d — ag) + cag(B1 — ),
D = (B — ) (d — ag)ay,

and
A = (Oél — 61)(5&0)20, B = (51 — Oél)(l - 5[0d>5[0 + C(l — BlO_q)@O - C(l — 04161)6[0,
C'=(1—a1f)(1 = dag) + (1 = fran)(dag — |aol*) + ¢(Br — an),
ﬁ = (Bl - dl)(d — 010).

Since d = f(0) = ap, D = D = 0. This leads to the following easy consequence of
Theorem 2.2.1.

Corollary 2.2.1. Let f(z) = cz + aqg denote the class of Schur functions. Then, with

the perturbation c — B, the resulting Schur function is the rational function given by

A2+ Bz+C
A2+ Bz4 O’

FO(21) = A£0, A#0. (2.2.16)

We consider an example illustrating the above results.

Example 2.2.1. Consider the sequence of Schur parameters {o, }o2 , given by ag = 1/2
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and o, = 2/(2n+ 1), n > 1. Then, as in Jones et al. [99, Example 6.3], the Schur
function is f(z) = (1 + 2)/2 with

1 22"72 —2(m+1)2% + 2mz

A m =3 5
m(2) = 5t T G G 1)
22 mtl— Om+1)22 4+ (2m— 1)z
B m == 1 )
am(2) =1+ @m 1)z - 17
Agprn (2) 2+ 22— (2m+3)2™T2 + (2m + 1)2™ "3
m z) = )
2mtl (2m+1)(z —1)2
2L 2 — (mA4 1)z 4 et
Bon = 2
am1(2) = 5= 2m + 1)(z — 1)

We study the perturbation oy — [y = 1/2. For the transfer matriz T(z; k), the poly-

nomials required are

z 2 . 2 1 z 1
pl(z)zﬁ ga pl(z) :gz—i_E? - 6 57

so that the entries of T(z; k) are

22 z 1 22 1

T = = b= — Ty = — 4 —

w =15 t5 715 202 ¢ 12
22 1 22 z 1

Tio) = o= — = Fpggy = — = 4 —.
@EH =9 T g T2 221

Hence, the transformed Schur function is given by (2.2.16),

:2z2—3z+5

(/2 (51
/ (2:1) 22 —-324+20

Observe that the functions f(z) and f3/?(z;1) are analytic in the unit disk D with
f(0) = f/2(0;1). Further, the analytic function w(z) defined as

3z(z —3)

w(z) = fH(fYP(z1) = 23,3790

is analytic in D with |w(z)| < 1. By Schwarz lemma |w(z)| < |z| for 0 < |z| < 1 unless
w(z) is a pure rotation. In such a case the range of f4/?(2;1) is contained in the
range of f(z). The function f3/2(z;1) is said to be subordinate to f(z) and written

as f2(2;:1) < f(2) for z € D. For more information about subordination of analytic
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functions, we refer to Duren [72, Ch. 6].

We plot the ranges of both the Schur functions below. In Figure 2.1, the outermost

Figure 2.1: Subordinate Schur functions

circle is the unit circle while the middle one is the image of |z| = 0.9 under f(z) which

is again a circle with center at z = 1/2. The innermost figure is the image of |z| = 0.9

under f/?(z;1).

2.2.2 The change in Carathéodory function

Let the Carathéodory function associated with the perturbed Schur function f)(z; k)
be denoted by C*)(z; k). Then, using (2.2.15), we can write

C(ﬁ’f)(z k) = 1+ 2P (2 k) _ (To2 +2T12) + (T2 + 2%11) f(2)
7 L—2fB)(zk)  (To2—2F12) + (Fa1 — 2%11) f(2)

Further, using the relations

() = Tp ) = 1(e) =

the perturbed Carathéodory function is

V7 (2) + Y (2)C(2)

(=i k) = W (2) + WH(2)C(2)’

(2.2.17)

where the coeflicients in terms of the entries of the transfer matrix are

yi(Z) = Z(g(zg) + 25(1,2)) + (5(271) + 25(171)),
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Wi(Z) = Z(C{(z’Q) - Z(I(l’g)) + (1(271) - z{{(l,l))-
As an illustration, for the Schur function f(z) = (1 + 2)/2, it can be verified from
(2.2.17) that

223 — 522 + 72420
—223 4+ 722 - 132420

_2—}—2—1—22
2z — 22

C(z) and CY2(z1) =

We plot these Carathéodory functions below.

| |
-4 -2

NS

AN ]
NUZE RN

—4L 4L

(a) The function C(z). (b) The function C1/2)(2;1).

Figure 2.2: Perturbed mapping properties of Carathéodory functions.

In Figures 2.2a and 2.2b, the ranges of the original and perturbed Carathéodory
functions are respectively plotted for |z| = 0.9. It may be observed that the range
of C(z) is unbounded (Figure 2.2a) which is clear as z = 1 is a pole of C(z). How-
ever C'/2(z;1) has simple poles at 5/2 and (1 4 i1/15)/2 and hence with the use of
perturbation we are able to make the range bounded (Figure 2.2b).

We recall that the sequence {7;}%2, satisfying the recurrence relation

Tp — Qp

, p>0. (2.2.18
L=y )

Y =1, Y1 =

where a;s are the Schur parameters play an important role in the g-fraction expansion

for a special class of Carathéodory functions C(z) such that C(R) C R and C(0) = 1.
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Let the sequence {’yj(fg ’“)} correspond to the perturbed Carathéodory function C%)(z; k).

Since only «y, is perturbed, it is clear that 7; remains unchanged for j = 0,1,--- k.
The first change, 41 to 71&%1) , occurs when ¢y, is replaced by ;. Consequently, vi4;,
(Br) (Br)

J = 1, change to v, j = 1, respectively. The next result shows that -y can be

J

expressed as a bilinear transformation of v; for j > k + 1.

Theorem 2.2.3. Let {7;}52, be the sequence corresponding to {a;}52, and {’yj(-ﬁ’“) 20
that to {Q§Bk)}f°io- Then,

(Br) ket j Ve+j — Dkt -
e p— . J>1, (2.2.19)
T b Ve + Gk
where
] 1-— O_ékﬂk 6_19 — Qy, .
1) Qo1 = ——— and b= —— =1).
(i) ar1 1— [Be]? k+1 1— |8l (3=1)
(it) Forj > 2,
Aot j B 1 1 Oft5—1 Qptj—1 — dkzﬂ‘—lgkﬂ'—l
=—| - -
bkﬂ. 1 |ak+]—1| Qgyj—1 1 bk+]’71 — Ot j—10k+4j—1

Proof. First, consider the expression

ak+1%(ﬁ1) + b1

6k+17](£_k1) + Qg1

Substituting y,iﬁkf = (v — Br)/(1 — Bryw) and the given values of aj,; and byyq, it

simplifies to

(1 — awfr) (e —751@) + (Br — ax)(1 — i) _ V(1 = [Bkl*) — aw(1 — |B]?) _ .
Br — o) (o — B) + (1 — )1 = Bey) (L= [Bel?) — (1 = [B2) — "

Since |ap1]? — |brs1]® = (1 — |aw)?) /(1 — |B]?) # 0, (2.2.19) is proved for j = 1.
Next, let

ak+w¥f§ +brre  (Grg2 — Oék+1bk+2)7](ff1) + (bkto — Qpy1Gk+2) ~ NUM ()

Bk+27}£§-k2) +apy2  (Dpy2 — Oék+1@k+2)%(£rk1) + (Apy2 — O7k+15k+2) DEN ()
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Substituting the given values of ay;o and byyo, the numerator is

NUM () = (1 = | [*) [(aren — @k+15k+1)%(ﬁ1) + (bpg1 — Qhg1Grp1))

which, by using yl(ﬁfl) = (Gpg1 — bps1)/(=brs1Vks1 + Gre1), can be written as

NUM () = (1 = |ogera ) (kg1 |* = [bresa[*) (Ve — Q).

With similar calculations, we obtain

DEN () = (1 - |Oélc+1|2)(|04k+1|2 - |bk+1|2)(1 — Qo1 Vht1)-

This means

NUM (k) Yrar — Qg
DEN(v) 11— appvea

= Vk+2,

where |agy2|* — [bria|* = |ars1]® — |brs1]® # 0, thus proving (2.2.19) for j = 2. The

remaining part of the proof follows by a simple induction on j. O]

Br)

However, we note that since 7; and ’y]( are related by a bilinear transformation,

the expressions for ay; and by, 7 > 1, are not unique. Finally, we note the following.
C(0) = C¥)(0;k) = 1 and both C(z) and C%)(z; k) are real for real . Hence, the

following g-fraction

1- 2060(5) = 1ogw (I-g)gw  (L—gdgiiw (L= gi)geaw
1+2 1 1 1 . 1 . 1

is obtained for & > 0, where g; = (1—a;_1)/2,j=1,--- ,/{:,k+2~-~,g,(ﬁf1) = (1—0%)/2
and w = —42/(1 — 2)2.

Remark 2.2.1. [t is interesting to observe that study of such perturbations in Schur
parameters leads to subordination results in function spaces. The Littlewood Subordi-
nation Theorem (Kumar and Singh [114]) for example leads to contractive composition
operators on spaces of functions holomorphic on the unit disk. We refer to Cui et

al. [44], Ghosh and Srivastava [82], Sharma and Kumar [154] and Maji and Srivas-
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tava [126] for information on such function spaces.

2.3 Two classes of special functions

Consider a function f(w) analytic in the complex plane except for a slit along the real
axis from 1 to co. If f(0) = f'(0) =1 =0, f(R) CR and Im f(w) #0 for z € C\ R
in this slit plane, f(w) is said to be typically-real in this slit plane. A fundamental
result regarding such functions is the following lemma proved in corollaries 2.1 and 2.2

of Merkes [132].

Lemma 2.3.1. [132] A necessary and sufficient condition for f(w) to be a typically
real function in the cut plane C\ [1,00) is that there exists a non-decreasing function

v(t) . [0,1] — [0,1] such that v(1) —v(0) =1 and

f(w) :/0 : _“’wtdy(w, weC\ [L,00). (2.3.1)

Let the sequence {r;}%2, with vy = 1 be defined by v; = [ tdv(t), j > 0, where
dv(t) is as obtained in (2.3.1). Then, {;}32, becomes the Hausdorff moment sequence.

, 1
By Wall [184, Theorem 69.2], the power series ['(w) = > 72 vjw! = fol 7 th(t),
—w

has a continued fraction expansion of the form

0 1—wt 1 1 1 1

where 0 < g, <1, p > 0. Such functions F'(w) are analytic in the slit domain C\ [1, c0)
and belong to the class of Pick functions which are analytic in the upper half plane
and have a positive imaginary part. For more details on Pick functions, we refer to the

monograph of Donoghue [68].

2.3.1 A class of Pick functions

We characterize some members of the class of Pick functions using the gap g-fraction
Féa’b’c) (w) (which is still a g-fraction) given in Theorem 2.1.5. The procedure is similar

to that of Kiistner [117, Theorem 1.5]. The discussion uses the results of Kiistner [117,
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Lemma 3.1, Remark 3.2 | and Merkes [132, Theorem 3.1] which we state as the following
lemma.

Lemma 2.3.2. [117,132] Letv : [0,1] — [0, 1] be non-decreasing with v(1)—v(0) = 1.
Then the function

1
wl—>/ d dv(t)

is analytic in the cut plane C\ [1,00) and maps both the unit disk D and the half-plane
{w € C: Re w < 1} univalently onto domains which are convex in the direction of the

1Maginary aris.

By a domain convex in the direction of imaginary axis, it is meant that every line
parallel to the imaginary axis has either connected or empty intersection with the
corresponding domain. For more information in this direction, we refer to Baricz and

Swaminathan [13], Duren [72] and Ismail et al. [92].

Theorem 2.3.1. Ifa,b,c € R with —1 <a < c and 0 < b < ¢, then the functions

Fla+1,b+1;c+ L;w)

—
v Fla+1,b;c+ 1;w)

Fla4+2,b+1;c+ 2;w)

'_>
“ F(a+1,b;c+ 1;w)

Fla+2,b4 1;¢4+ 2;w)

H
w Fla+1,b4+ 1;¢+ 1;w)

wFa+1,b+ 1;c+ 1;w)
Fla+1,b;c+ 1;w)
wF(a+2,b+1;¢c+ 2;w)
Fla+1,b;c+ L;w)

' wF(a+2,b+1;¢c+ 2;w)
b Fla+1,b+1;c+ 1L;w)

) W =

;Wi

are analytic in C\ [1,00) and each function map both the open unit disk D and the half

plane {w € C: Re w < 1} univalently onto domains that are convex in the direction of

the imaginary axis.

Proof. From Theorem 2.1.5 we have

(]_ — kz)k’gw

(1 — k:3)k4w

] _ . cee

where FS""(w) = Fla+1,b+ 1;¢ 4 1;w)/F(a + 1, b; ¢ + 1;w),

a—+p

p=—"2 _ and

c+2p—1

b+ p

—_— > 1.
ct2p p=

k2p+1 -
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Then, with the given restrictions on a, b and ¢, 0 < k; < 1 and hence Féa’b’c) (w) has

a g-fraction expansion. By Wall [184, Theorem 69.2], there exists a non-decreasing

function vy : [0, 1] — [0, 1] with a total increase of 1 and
Fla+1,b+1;c+ Lw) |
OB DY) (), weC\[l,o00), 9.3.2
Fla+1,bic+ Lw) /0 T lt) weCh[Loo) (2.3.2)
which implies
wF(a+1,b+ 1;¢+ 1;w) 1w
= —dyy(t C\[1 . 2.3.3
FlatLbct1w) /0 Tt weChlLoo) (2:33)

From the power series correspondence of the g-fraction expansion of Fga’b’c) (w), ko is

the coefficient of w which, from (2.3.2), is also given by fol tdvy(t). Hence, if we define

1 [° 1
v (o) = k_z/o sdvy(s), ko = (a+1) >0,

it follows that vy : [0, 1] — [0, 1] is again a non-decreasing map with v1(1) —14(0) = 1.

Further, interchanging a and b in the contiguous relation

F(a+1,b;¢;w) — F(a,b;c;w) = ng(a + 1,0+ 1;c+ Lw), (2.3.4)
we obtain

kaFi’?(—c’L_j—’ f,—ib_; i’_’c_—;i}’;}) - F(;’L(z:ri—'b—; 1’;_;1}’;}) B (2:35)
Now, fo =dv (t) fol WL dug (t) implies

k/l o (1) = Fla+1,b+1;¢c+ 1;w)
]/ —
2 0o 1—wt ! F(a+1,b;c+ 1;w)

Comparing with (2.3.5), we obtain

wF(a+2,b+ 1;¢+ 2w

) /1 w
_ [ “ 1
FlatLbct1w) ; ), w el o00),
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and hence

dvi(t), weC\][l,00).

Fla+1,b+ 1;¢+ 1;w) k/l w
2 0 _wt

Fla+1,b;c+ 1;w) B

Further, noting that the coefficient of w in F(a+2,b+ 1;¢+2;w)/F(a+1,b;c+ 1;w)
is [(b+1)(c—a)]/[(c+1)(c+2)] = ks + (1 — k3)kq, we define

1 g
ve(o) = o+ ol — o) /0 sdvy(s),

and find that

Fla4+2,b+1;¢+ 2;w)
Fla+1,b;¢+ 1;w)

= 1+[k3+k’2(1—k‘3)] /01 dl/g(a').

— oW

Finally from Gauss continued fraction (2.1.12), we conclude that F(a + 2,b+ 1;¢ +
2;w)/F(a+ 1,b+ 1;¢c + 1;w) has a g-fraction expansion and so there exists a map

vy :[0,1] — [0, 1] which is non-decreasing, v3(1) — v3(0) = 1 and

dvs(o), weC\]|[l,00).

wF(a+2,b+1;c+2;w)_/1 w
Jo 1—ow

Fla+1;04+1;c+ L;w)
For a < ¢, defining

1 o
vy(o) = m/o sdvs(s),

gives (1 — ko)ks > 0, and using the fact that the coefficient of w in F(a + 2,b+ 1;¢ +
2;w)/Fla+1,b+ 1;¢+ 1;w) is (1 — ko)ks, we obtain

Fla+2,b+ 1;¢+ 2;w)
Fla+1,b+ 1;¢+ 1;w)

w

=1 + [(1 — k’z)k‘g]/o dl/4(0').

—ow

Thus, with v;, j =0, 1,2, 3,4, satisfying the conditions of Kiistner [117, Lem. 3.1] and
Merkes [132, Cor. 2.1], the proof of the theorem is complete. ]

Remark 2.3.1. Ratios of Gaussian hypergeometric functions having mapping proper-
ties described in Theorem 2.3.1 are also found in Kistner [117, Theorem 1.5] but for

the ranges —1 < a < c and 0 < b < ¢. Hence for the common range —1 < a < ¢ and
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0 < b < ¢, two different ratios of hypergeometric functions belonging to the class of
Pick functions can be obtained leading to the expectation of finding more such ratios

for every possible range.

In particular, it may be noted that it is proved in Kiistner [117, Theorem 1.5] that
the ratio of Gaussian hypergeometric functions in (2.1.17), denoted here as F(z), has

the mapping properties given in Theorem 2.3.1.

Remark 2.3.2. The Gaussian hypergeometric function has been generalized in sev-
eral directions. One of them is the Wright type hypergeometric functions, whose basic
properties like integral representions are studied, for example, in Desai and Shukla [64]
and and Rao et al. [144]. In the present context, it would be interesting to associate a
g-fraction expansion to ratios of Wright type hypergeometric functions and study the

resulting class of Pick functions.

We now consider the g-fraction expansion of F:(,)a’b’c) (w) with the parameter ko miss-

ing. Using the contiguous relation (2.3.4) and the notations used in Theorems 2.1.2
and 2.1.5, it is clear that FS""?(w) = Fla + 2,b+ Lic+ 2;w)/F(a+1,b+ 1;¢ + 2:w)

and

1 b+1 Fla+2,b+2;c+ 3;w)
P e w
Fi"9 () c+2 Fla+2,b+1c+2w)

so that

(c—b)(b—i—1)wF(a+2,b+2;c+3;w)
(e)(c+2) Fla+2,b+1c+2;w)

h(2;w) = (1 — ky)H3(w) =

Then, from Theorem 2.1.2,

o 1 (1 — ko)kiwh(2;w)
) = o ke T (L= hohalh(2 ) — [1 — (1~ ko))’
c bewh(2; w)

c—bw  clc—bw)h(2;w) — (¢ — bw)?’
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which implies

b(b+1)(c—b) ,Fla+2,b+2;¢c+3;w)

P2i) = —C _ cr2 U Fa+2,btlct2w)
T e —bw ((:—b)(b+1)(c—bw)wF(cH—2,b+2;c—|—3;w)_(C_bw)2
c+2 Fla+2,b+ 1;¢+ 2;w)

that is F(2;w) is given as a rational transformation of a new ratio of hypergeometric
functions. It may also be noted that for —1 < a < cand 0 < b < ¢, both F(w)
and F(2;w) will map both the unit disk D and the half plane {w € C : Re w < 1}
univalently onto domains that are convex in the direction of the imaginary axis.

As an illustration, we plot both these functions in Figures (2.3a) and (2.3b).
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(a) The function F(w) (b) The function F(2;w)

Figure 2.3: The images of the disc |w| < 0.999 under the mappings F(w) and F(2;w)
fora=0,b=0.1,c=04.
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2.3.2 A class of Schur functions

From Theorem 2.1.5 we obtain

kg 1w . Fla+j,b+ j;c+2j;w)
(U kyy)kyjpw Fla+j+1,b4j;¢+2j;w)
L (= kajro)kajaw
1— ...

bt jwF(a+ i+ 10+ 54+ e+ 2j+ Lw)
c+2j Fla4+j+1,b+j,¢c+2j;w)

where the last equality follows from the contiguous relation (2.3.4). Further, using

Wall [183, eqns. 3.3 and 5.1] we get

l—21—fy(z)  b+j Fla+j+1,b+j+1Lc+2j+Lw)
2 1+z2f(2) c¢+2) Fla+j+1,b+7j;c+2j;w)

;oI

where f,(z) is the Schur function and w and z are related as w = —4z/(1 — 2)%

Similarly, interchanging a and b in (2.3.4) we obtain

1—21—fo1(2)  a+j+1 Fla+j+2,b+7+1c+2j+2w)
2 1+ 2foyi(z) c+t2j+1F(a+j+Lbtj+Let2j+Lw) 17

where w = —4z/(1 — 2)2.
Moreover, using the relation a;_; = 1 — 2k;, 7 > 1, the related sequence of Schur

parameters is given by

c—2b
—, 7 =2n,n2>0;
o = c—i—Qj
J c—2a—1 .
—, J=2n+1,n>1
c+7

We note the following particular case. For a = b — 1/2 and ¢ = b, the resulting Schur
parameters are oz;b) = —b/(b+j), 7 > 0. Such parameters have been considered in Sri
Ranga [162] (when b € R) in the context of orthogonal polynomials on the unit circle
or the Szegd polynomials.

Finally, as an illustration we note that while the Schur function associated with the

parameters {agb)}jzo is f(z) = —1, that associated with the parameters {agb)}jzl is
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given by

1—21—fO() b+1/2F0b+3/2,b+1;b+ 2w)

= = —4z/(1—2)*
2 Tre G bal Forz e o <7 EUT)

2.4 Concluding remarks

In this chapter, certain perturbation of g-fraction and Schur fraction are considered
that provide some mapping properties and admissible function to the class of Pick
functions. The partial numerators of a g-fraction which are of the form (1 — g,,_1)gn,
arise in chain sequences which are already defined in Chapter 1. We also obtained a
well known g-fraction (with parameters k,) from the Gauss continued fraction using
the transformation k, = 1 — g,, n > 0. As our focus is on orthogonal polynomials
pertaining to unit circle, we study the perturbation m, ~ 1 — m, in the context
of chain sequences related to orthogonal polynomials on the unit circle in the next

chapter.
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Chapter 3

Orthogonal Polynomials from

Complementary Chain Sequences

In this chapter, we define and study the consequences of complementary chain se-
quences both on the unit circle and on the real line which we view as perturbations
of the minimal parameter sequences. Using the relation between these complementary
chain sequences and the corresponding Verblunsky coefficients, the para-orthogonal
polynomials and the associated Szeg6 polynomials are analyzed. On the real line, they
are studied in the context of the Chihara construction of symmetric orthogonal polyno-
mials. Three illustrations, involving Gaussian hypergeometric functions, Carathéodory

functions and Laguerre polynomials are also provided.

3.1 Para-orthogonal polynomials from an Uvarov
transformation

The Uvarov transformation is precisely the addition of mass points which are usually
taken to be lying either on the unit circle or outside the unit circle. This is achieved
through the addition of the Dirac delta functional or the Dirac measure. Huertas et
al. [87] and Arceo et al. [5] respectively studied the Uvarov modification of a positive
measure and a Freud like weight leading, in both the cases, to an electrostatic inter-
pretation of the perturbed zeros. In Castillo et al. [39], perturbation by the addition of

the first derivative of Dirac delta to a quasi-definite functional is introduced, which is

67
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also shown to be an iteration of the Christoffel and Geronimus transformations. In the
present chapter, however, we will study perturbations in the chain sequences obtained
by an Uvarov transformation in the context of para-orthogonality.

The connection between kernel polynomials K,,(z;w) defined as

Kn(z,w) = Z(bk(Z)m _ :+1(Z)¢;+1(w) - ¢n+1(2)¢n+1(w).

1—zw

and the para-orthogonal polynomials has been observed by Cantero et al. [34], Golin-
skii [84] and later in the articles Bracciali et al. [25] and Costa et al. [40]. We briefly
describe the results obtained in the last two references that will serve as the motivation
for the definition of the complementary chain sequences.

Let ®,,(z) be the monic Szeg6 polynomials, with ,,—; and ¢,(2), the corresponding
Verblunsky coefficients and orthonormal Szeg6 polynomials respectively. With ¢, =
|®,]]* and 7,(w) = ®,(w)/P%(w), |w| = 1, the monic form of the kernel polynomials

K, (z;w), given by

thiw  Ky(z;w)

P,(w;2) = ——= ., n>1,
D, (w) 1+ anTnpr(w)

satisfy the orthogonality property

;Vn(w)v =1

/ 2" Py (w; 2)(w — 2)du(z) = {0, 0<j<n-1, n=l (3.1.1)
o

’AYn(W% Jj=mn,

where u(z) is a non-trivial measure on the unit circle, 4, (w) = =741 (w)¥n(w) and

An(w) = —(1 — wry (W), ) t,.
However, though the polynomials P, (w; z) are uniquely defined by the orthogonal-
ity conditions (3.1.1), the corresponding sequence of Szegé polynomials that generate

P,(w;z), n > 1, is not unique. In fact, assuming the measure u(z) has a jump 9,
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0 <4 <1, at z = w, which we denote as ), the following family of measures

1—t t—20

/BID f(2)du(z) = 1-5 f( ) (2) + 1——5f(w)’ 0<t<1,

was defined in Costa et al. [40] which can be seen as an Uvarov transformation of

the measure dy 5. The measure p) has a jump t, 0 < t < 1, at 2 = w with
(o) = fi(s)- Further, if we denote the family of Szegd polynomials and monic kernel
polynomials associated with the measure ) by @ ’w)(z) and P\"(w; 2) respectively,
then P (w; 2) = Py(w; z) with (IDSS’W)(Z) =d,(2),n>0.

Restricting the value of w to be 1, the rest of the discussion will be for the measure
w1 defined as

1— t—9

1@ = =5 [ fEdue() + 5. 0<t<l (312)

where 0 is the jump in i(5) at 2 = 1. In this context, the normalized monic polynomials
R, (z) given by

n—1
Hj:O [1—7j04]

R, (2) = H?:—g[l — Re (750;)]

P,(1;2), n>1, (3.1.3)

was introduced in Costa et al. [40, Theorem 2.2] and satisfy the recurrence relation

Ro1(2) =[(14+ichs1)z+ (1 —icpy1)|Ru(2) — 4dpi1 Ruq(2), n>1, (3.1.4)

with Ro(z) =1, Ri(z) = (1 +ic1)z + (1 — icy), where

—Im (7,_100,-1)
1 —Re (Tn_loén_l)

1 — |71 12|l — Tnan|? 1

and d _ !
HE I T T " Re (thaan ][ — Re (rean)]”

Cn =
Here 7, := 7,(1) = ®,(1)/®%(1). Further, while {c,} is a real sequence, {d,;1}°2; is a
positive chain sequence such that d,,;1 = (1 — gn)gns1, n > 1, where

1 — Tham|?

1 — Re (Tha)]

1
0<gn+1:§[ <1, n>0.

We note from (3.1.3) and (3.1.4), that, R,(z) being a constant multiple of P,(1; z)
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is independent of the jump ¢ at 2z = w = 1, and so do the sequences {c,}°2, {d,+1}°2,
and {7,}°°,. Moreover, {gn+1}22, is only one of the parameter sequence of the chain
sequence {d,11}°°,. The following result of Costa et al. [40, Theorem 3.3] describes

all the parameter sequences of {d,+1}°2; as well as the maximal parameter sequence.

Theorem 3.1.1. [40] For 0 <t <1, let gzﬁ,(f’l)(z) be the monic Szegd polynomials with
respect to the measure Y defined in (3.1.2) with alf) = —¢>§f+1{(0) as the Verblunsky

coefficients. Then the sequence {g,(ffl)}zo:o given by

11— Tna7(f71)|2

1— Re (Tnosz’l))]’

ty 1
In+1 = 5[

n > 0.

is a parameter sequence of the chain sequence {d,1}5° . Further, if 0 < t; <ty <1,

then 0 < 97(3’11) < ggiﬁl) < 1, n > 0, with the initial parameters related by ggtz’l) =

177&2 (t171)
1—t1J1 :

An important implication of Theorem 3.1.1 is that the initial parameter gY’I) is
a decreasing function of ¢ and hence {gff;ﬁ)}gozo is the maximal parameter sequence
of {d,4+1}52,. That is, we obtain the maximal parameter sequence {M, 1}, of

{dns1}5°, in case of “zero” jump at z = 1. Further, with t, = 1 and t; = 0, the

relation
g = (L= 1) = (1 - )M, (3.1.5)

describes the dependence of the initial parameter on the jump ¢. In particular, for the
measure fi(5), with respect to which R, (2) is orthogonal with the parameter sequence
{gn+1}nzo, we have g1 = (1 —0)M;.

The relation (3.1.5) also provides a way to extend the chain sequence {d,, 41}, to
include the term d; so that {d,}>°, is a chain sequence corresponding to the measure

(t.1)

&1 Thus, if we choose dy(t) = g, = (1 — t)M,, then, {d,}>>, is a chain sequence

il

with the minimal {m,, }2°, and maximal { M, }>°, parameter sequences given by
mo=0, m,= gff’l), n>1 My=t and M, = 97(10’1), n > 1.

This suggests that the “zero” jump is interpreted as the maximal and the minimal
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parameter sequences coinciding, in which case, the chain sequence is said to determine
its parameters uniquely. The above extension forms the content of Costa et al. [40,
Theorem 4.2].

The recurrence relation (3.1.4) is also studied independently in Castillo et al. [37]. It
is proved that there exists a unique non-trivial probability measure on the unit circle
such that t = M, is the jump at z = 1 and ¢$f’1)(z) = R.(2) — 2(1 — my,)R,_1(2),
n > 1, forms a sequence of Szegd polynomials. The associated Verblunsky coefficients

are given by

1—2mn—icnﬁ1+ick

> 1. 3.1.6
1+, "= ( )

1 —icy’
: %

The zeros of R,(z) are proved in Dimitrov and Sri Ranga [66] to be simple and
lying on the unit circle. Further, if the zeros of R,(z) are denoted as z,; = e®ni,

j=1,2,---.n, then
0< 9n+1,1 < Hn,l < 6n+1,2 < e K Hn,n < 6n+1,n+1 <2m, n>1,

that is, the zeros of R,(z) and R,1(z) interlace.

Remark 3.1.1. [t can be said that the kernel polynomials P,(w; z), n > 1, are invariant
under the addition of a dirac measure. In another direction, it is proved in Duenas and
Garza [71] that the Laguerre-Hahn class of functionals (whose corresponding Stieltjes
function satisfies Riccati differential equation with polynomial coefficients) is preserved

under the addition of Dirac delta derivatives.

3.2 Complementary chain sequences

As is obvious from the definition of chain sequences, the minimal and maximal pa-
rameter sequences are uniquely defined for any given chain sequence. Also, the chain
sequence for which the minimal and maximal parameter sequences coincide, that is,
My = 0, has its own importance as illustrated in the previous section. Such a chain
sequence is said to determine its parameters uniquely and is referred to as a single

parameter positive chain sequence (SPPCS) in Bracciali et al. [25]. By Wall’s crite-
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ria [184, p. 82] for maximal parameter sequence, this is equivalent to

y e L T (3.2.1)
n=11_m1 1—my 1—mg4 1—-—m,

Thus, introducing a perturbation in the minimal parameters m,, will lead to a uniquely

defined change in the chain sequence.

Definition 3.2.1. Suppose {d,,}°, is a chain sequence with {m,}°, as its minimal
parameter sequence. Let {k,}>, be another sequence given by ko = 0 and k, = 1 —m,,
forn > 1. Then the chain sequence {a,}2, having {k,}5, as its minimal parameter

sequence is called the complementary chain sequence of {d,}.

Such chain sequences satisfy relations like Wall [184, equation (75.3)]

1 1 1
1+ dl; 1+ alggz 1+2
. r L+ a32
1+ ng 1+ >
14

They also satisfy

dl—a1:1—2k1:2m1—1, dn—an:Amn,lz—an, 7122,

where A and V are the forward and backward difference operators respectively. Fur-

ther, of particular interest is the ratio of these two chain sequences given by

ﬁ: ™ , %: Fn-1 M , n>2.
ap 1—my a, 1—k,_11—m,
This implies
. dn e dndn_ - d
L L ) S e o S S} (3.2.2)
1-— my, Qp, 1-— mp—1 Anpdp—1 -+ 0471

Substituting (3.2.2) in (3.2.1), we have the following lemma.

Lemma 3.2.1. Let {d,}22, and {a,}2, be two chain sequences complementary to
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each other. Then {d,}°, will be a SPPCS if and only if

Similarly, {k,}>%, being the minimal parameter sequence of {a,}>,, the chain

n=1»

sequence {a, }>°, is a SPPCS if and only if

Lemma 3.2.2. Let {d,}°, and {a,}>; be two complementary chain sequences of

each other. If {d,}>2, is not a SPPCS, then {a,};°, is a SPPCS.

Proof. 1f {d,}>°, is not a SPPCS then its minimal parameter sequence {m,}°, is

such that
e}
Z mi M3 ms o Ma < 00
= 1—my 1 — my 1—m3 1—m, '
Hence, lim H m;/(1 —m;) =0 and we have
n—oo ]
D)1 PR 3§ =i
n=1 j=1 n=1 j=1
thus concluding the proof of the lemma. m

3.2.1 On unit circle: Two sequences of Szeg6 polynomials

The results in Lemma 3.2.1 and Lemma 3.2.2 are useful in determining whether a
chain sequence or its complementary chain sequence is a SPPCS without using the
corresponding minimal parameter sequences. The next lemma however imposes condi-

tions on the minimal parameters.

Lemma 3.2.3. Let {d,}>2, be a chain sequence and {a,}>>, be its complementary

chain sequence with minimal parameter sequences {my,}>, and {k,}°, respectively.

1. If0 <m, <1/2, n>1, then a, is a SPPCS.
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2. If1/2<m, <1,n>1, then d, is a SPPCS.

Proof. Observe that if 0 < m,, < 1/2, k,/(1 — k,) > 1 for all n > 1. Similarly,
1/2 < m, < 1 implies m, /(1 —m,) > 1 for all n > 1. The results now follow
from (3.2.1). O

It is known that (Wall [184, p. 79]) if d,, > 1/4, n > 1, every parameter sequence
{gn}22,, in particular the minimal parameter sequence {m,}°,, of {d,}°, is non-
decreasing. For the special case when d,, = 1/4, n > 1, m,, — 1/2 as n — oo. This
implies 0 < m,, < 1/2, n > 1. By Lemma 3.2.3, {a,}22, is a SPPCS. In other words,
the chain sequence complementary to the constant chain sequence {1/4} determines

its parameters g,, n > 1, uniquely, which are further given by

n+2

:O n = T 2
90 ) g 2<n+1)

Moreover, if d,, > 1/4, there exist some n € N such that a,, < 1/4 < d,,. Indeed
dp = (1 —=mp_1)m, > myu_1(1 —my,) = ap, n>2,

with the sign of the difference of d; and a; depending on whether m; € (0,1/2) or
(1/2,1). If a,, € (1/4,1) for n > 1, k, has to be non-decreasing. This is a contradiction
as k, =1—m, forn > 1.

Let {c,}5, and {d,41}22, be, respectively, the real sequence and positive chain
sequence as given in (3.1.4). Let {mﬁf ’1)}20:0 be the minimal parameter sequence of
the augmented chain sequence {d,}22,, where d; = (1 — t)M; and {M,1}32, is the
maximal parameter sequence of {d,1}2,. Viewing complementary chain sequences
as a perturbation of the Verblunsky coefficients given by (3.1.6) we give the following

result.

Theorem 3.2.1. Let {ky(f’l)}zozo be the minimal parameter sequence of the positive

1—icy
1+icn Tn—1;

1—2m® e, 1— 2k —ic,
n[ m 1C ] and qutill) :?n[ 1C ’

chain sequence {a,}5° | obtained as complementary to {d,}° . Set T, =

Nl

t,1
oy

n—

1+ ic, 1+ic,
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forn > 1, with 79 = 1. Let p®V(2) and vV (2) be, respectively, the probability
measures having a(t’ll) and Bff’l) as the corresponding Verblunsky coefficients. Then the

n— -1

following statements hold.

1. For 0 <t <1, the measure "V (2) has a jump of size t at z = 1, while vV (z)
does not.

2. g = 7 7@ n>1.

(t.1)

no1, 1 > 1, are the generalized Verblunsky coefficients of

Proof. First we observe that a
the measure u®(2) as given by (3.1.2). Consequently, for 0 < ¢ < 1, the probability
measure ;Y (z) has a jump of size t at z = 1. Since d; = (1 — t)M,, choosing
My =t > 0, the sequence {t, My, My, M3, ...} is the maximal parameter sequence of
{dn}22,. Sincet > 0, {d,}>2, is anon SPPCS and hence, by Lemma 3.2.2, the sequence

{an}22, is a SPPCS so that {ky'V}™

_, 1s also its maximal parameter sequence. Thus,

by results established in Costa et al. [40], the measure v (2) has a “zero” jump
(t =0) at z = 1. This proves the first part of the theorem.

Now to prove the second part, we first have

—(t,1) -1+ ng’l) wn]
1—1c,
which leads to the second part of the theorem. O

We note the following two particular cases of the real sequence {c,}3%, in the

context of complementary chain sequence.

Proposition 3.2.1. With the notations of Theorem 3.2.1,

1. Forn > 1, ifc, = (=1)"c, c € R, then, ﬁ,(ffl) = —}jrzgozq(f_ll), n > 1.

2. If ¢, =0, n > 1 then the Verblunsky coefficients, given to be real, are such that
ﬁ(t’l) =—a" n>1.

n—1 n—1s
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Proof. Clearly with ¢, = (—=1)"c, n > 1 we have Ty, = 1 and To,, 11 = i;z Thus, the
first part of the proposition is established. The other part follows by taking 7,,7,_1 = 1,

n > 1. This is only possible if ¢, =0, n > 1. m

The results of Proposition 3.2.1 are important cases of the Aleksandrov transfor-
mation (1.3.6) with A = 1 and, the case of second part of Proposition 3.2.1 gives rise
to second kind polynomials (Simon [156]) for the measure p*V). In this particular
case, the recurrence relation (3.1.4) assumes a very simple form, similar to the one

considered in Delsarte and Genin [58].

3.2.2 On real line: A variant of the Chihara construction

The theory of chain sequences is used to study many properties of a given orthogonal
polynomial sequence on the real line (OPS) and its kernel polynomial sequence (KOPS).
For instance, chain sequences are used to characterize the true interval of orthogonality
of an OPS, which is the smallest closed interval that contains all the zeros of all
the polynomials of such sequence. Let the true interval of orthogonality of the OPS

{P,(z)}>2, satisfying the recurrence relation
P,1(2) = (1 — bpy1)Pu(z) — a2P,_1(x), n>1, (3.2.3)

with Po(x) =1 and Py(x) = x — by be denoted as [£1, m:1]. Then, with

(t = bn)(t = bnya)’

2
n

wp(t) = n>1,

the following statements

(i) [&1,m] is contained in (a,b),

(i) bpy1 € (a,b) for n > 0 and both {w,(a)} and {w,(b)} are chain sequences,

are proved to be equivalent in Ismail [90, Corollary 7.2.4]. In particular, [{1,7:] is a
subset of (0,00) if and only if b,; > 0 for n > 0 and w,(0) is a chain sequence, that

is, there are numbers g, such that 0 < gy < 1,0 < g, < 1, n > 1, satisfying,

CL2

I —Ggn1)gn = = :n07 > 1.
0= g0 )0 = o = 0),
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As in Chihara [42, Chapter 1, Theorems 9.1, 9.2], the sequence {g, }5°, is constructed
using another sequence {7,}5°,, where v; > 0 and 7,, > 0, n > 2. Precisely, g, =
Yoni1/bni1, m > 0, where by 1 = Yoni1 + Yons2, 7 > 0 and a2 = Y9,72041, 7 > 1. Hence
when 7, = 0, we obtain the minimal parameter sequence {m,}> .

Associated with the chain sequence {w,(0)}, the sequence {1,,(0)} arises in a very

natural way. Defining 9;(0) = (1 — ko)k1 = 74/bs and

9,(0) = %Z;;—Zi” = (1= ko)kn, 12> 2,
it can be seen that {0,(0)}°, becomes a chain sequence with the minimal parameter
sequence {k,}°°, where kg = 0 and k, = 1 — g,, n > 1. Hence {0,(0)}32, is the
complementary chain sequence of {w,(0)}>2 .
If v1 > 0, it is clear that a non-minimal parameter sequence {g,}°, is obtained for

the chain sequence {w,(0)}22,. In this case, the associated chain sequence {0, (0)}22,,

is defined as

0a(0) = (1= Kk, = B2 n
where k! =1 — g, for n > 0. We call {0,,(0)}°°, the generalized complementary chain
sequence of {w,(0)}>2,.

It may be noted from the above two definitions that for a fixed chain sequence,
while its complementary chain sequence is unique, its generalized complementary chain
sequence need not be unique. In fact, a chain sequence will have as many generalized
complementary chain sequences as its non-minimal parameter sequences. However, it is
obvious that the complementary chain sequence and all the generalized complementary
chain sequences will coincide in case the chain sequence is a SPPCS.

We would like to mention that the chain sequences {J,,(0)}°°, and {1, (0)}>>, have
definite sources in the theory of orthogonal polynomials on the real line. To see this,
we first construct the OPS {P,,(z)}22, and the KOPS {K, (x)}32, from {S,(z)}>2, as
in (1.1.3)

P,.(z%) = Sop(x) and 2K, (2%) = Sopya(z), m >0, (3.2.4)
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and note the following result of Chihara [42, Theorem 9.1].

Suppose the polynomials {Rg) ()}, i = 1,2, satisfy the recurrence relation,
R (@) = (r = b2 )RP (@) — (@) R (2). n >0, (3.:2.5)
with R(_Z)l(:v) =0 and R(()i)(:v) = 1. Then,
(i) Rg)(x) =P,(z), n >0, if, and only if,

bgl) =72, bSJ)rl = Yon+1 T Vont2, (ai)(l) = Y2nVon+1, N =1,

(ii) R (z) = K, (x), n > 1, if, and only if,

b,(12+)1 = Yontz + Yonpz, n >0 and (a2)® =yoni170002, 1> 1

With these notations, the parameter sequences can be denoted as m,, = yant1/ b&)l
and g, = 72n+1/bﬁ+)1, n > 0. Further, denoting a2 = y2,_17V2ns2, n > 1, the following
theorem shows that the polynomials {P,(z)} and {P, ()} associated respectively, with
the complementary chain sequence {@,(0)} and the generalized complementary chain
sequence {0, (0)}, can be attributed to a particular perturbation of the recurrence

relation satisfied by the polynomials S, (x), n > 1.

Theorem 3.2.2. Let the symmetric polynomials { S, ()}, satisfy
Sp(z) = 25,1 () — 7pSn_o(z), n>1, (3.2.6)
with S_1(z) = 0, So(x) = 1 and where, for n > 1,

1, n=2j, j=12,--
b= Y7 b (3.2.7)

V25425 n:27+17 ]:071; .
Then, with v # 0, {P,(2)}2%,, where Sy, (z) = P, (x?), satisfy,

Pua(e) = (@ —0))Po(a) — @2Pua(2), n> 1. (3.28)
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with the initial conditions Po(z) = 1 and Py(x) = (x — 7).

Proof. First note that, the perturbation (3.2.7) implies that the sequence of coefficients

{’717 V25 7V3, V4t } is replaced by {’727 Y1y V4, V3t } That iS, {72k—17 P)/Qk} are pair'Wise
interchanged to {7ax, Yok—1}, £ > 1. Then, for n = 2m, (3.2.6) yields

S2m(13) = «TSmel(x) — 72m7132m72(x>7 m > 1

which implies,

Po(z) = 2Kp_1() — Yom1Pm_1(z), m>1. (3.2.9)
Similarly, for n = 2m + 1,

32m+1(£17) = xS‘Qm(x) — ’}/2m+2‘§2m71<x>7 m > 0,

which implies

Km(x) =P, (z) — 72m+2f(m,1(:c), m > 0. (3.2.10)

Using (3.2.9) and (3.2.10), it can be seen that,

me71<x) = ]?)m(x) + 72m71]?)m71(x)7

f’m(x) = Km(x) + ’yngrQKm,l(a:), m > 0.

Using these relations in (3.2.10) and (3.2.9), respectively, yield

Km<33') = [(13 - (7217171 + 72m+2)]f<m71(x) - 72m7172me72<x)7 m 2 17 (32113)

Pri1(2) = [t = (Yams1 + Y2m+2)]Pm(2) = Yom172ms2Pm1(2), m =1, (3.2.11b)

with the initial conditions K_i(x) = 0, Ko(z) = 1 (using (3.2.10)), Py(z) = 1 and
Py(z) = x — v (using (3.2.9)), thus proving the theorem. O

Proposition 3.2.2. Consider the OPS {P, ()}, satisfying (3.2.11b) with the mod-

ification m > 0. Then {P,(x)}2>, is associated with the generalized complementary
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chain sequence {0,(0)}°2,.

Proof. From the recurrence relation

PA)m+1($) = [x - (72m+1 + 72m+2)]Pm(I) - 72m—172m+2pm—1($), m > 0, (3-2'12)

with P_;(z) = 0 and Py(z) = 1, the chain sequence is given by

{ V2n—172n+2 }OO
(7271—1 + ’72n)(72n+1 + ’72n+2) n=1

with the parameter sequence {k;,}7"y = {72n+2/(Y2n+1 + Y2ns2) }nzo- The result now

follows since k), = 1 — g,,, n > 0. O

The OPS {P,(z)}22, can be seen to be co-recursive with respect to the OPS
{P,()}2, arising from the initial conditions Po(z) = 1 and Py(z) = Pi(z) + 7.
The co-recursive polynomials have been investigated in the past, for example, in Chi-
hara [41] and Marcellan et al. [129], in which the structure and spectrum of the gener-
alized co-recursive polynomials have been studied.

Further, from (3.2.11b), the associated chain sequence is {d%/bg)bgﬁl};ﬁl with the

first few terms as

~9 ~9
ay V4 (45 Y376
= = (1 — ko)kq; = = (1 — ky)ko;
pVos) (s + ) ( o) bV (93 +74) (95 + %6) ( b
~9
as Y578
b (95 +76) (97 + ) v

Proceeding as above, we obtain the minimal parameter sequence {k,}3>, where ko = 0
and k, = 72n+2/b7(121 = 1— g,, n > 1, which shows that the OPS {P,(z)}, is
associated with the complementary chain sequence {1,,(0)}22,.

Viewing the generalized complementary chain sequences as perturbations of the
minimal parameters or simply a transformation of the original chain sequence, we give

an important consequence of Theorem 3.2.2.

Proposition 3.2.3. The kernel polynomial sequence {P,(x)}>2, remains invariant
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under generalized complementary chain sequence if the sequence {7, }5°, satisfies,

V2n+1 — V2n—-1 = Von+2 — V2n, n Z L.

(

Proof. The proof follows from a comparison of (3.2.11a) and the expressions for bn%)rl

and ag) . ]

Proposition 3.2.3 is important because it is known (Chihara [42, Ex. 7.2, p. 39]),
that the relation between the monic orthogonal polynomials and the kernel polynomi-
als is not unique. That is, for fixed ¢ € R, though {P,,(x)} will lead to a unique kernel
polynomial system {K,(¢,z)}, there are infinite number of other monic orthogonal
polynomial systems which has the same {K,(z)} as their kernel polynomial system.
Hence generalized complementary chain sequences can be used to construct two or-
thogonal polynomials systems having the same kernel polynomial systems.

We make two observations about the consequences of complementary chain se-
quences regarding zeros of an OPS. Let the zeros of {P, ()}, and {P,(x)}2, be

denoted as
0<Tp1 <Tpo < - < Tpp1<Tp, and 0<Tp; <Tpo<- - <Tpp-1<Tnn,

respectively. For fixed n, by interlacing of zeros of P, (z) and P,(z) it is understood
that z,; are mutually separated by Z, ; for j = 1,2,--- ,n. In the present case, it is
interesting to note from (3.2.5) and (3.2.11b), that the sum of the roots of P, (x) is

given by 72 + 3 + - - - + 72, while that for f’n(:zc) isy +93+ -+ Yo

[eS)
n=1

Observation 3.2.1. It is clear that if y1 = e, interlacing of the zeros of {P,(z)

and {P,(2)}>, can never occur.

Observation 3.2.2. For vy, # v, and fized n, the zeros {xn ;}j_, and {Zn;}j_, cannot
interlace if (y1 — v2) and (x,; — T, ;) have the same sign for some j = 1,2,--- n.
Indeed, suppose v1 > vo and x,,j > Ty, ; for some j =1,2,--- n. If the zeros of P, (x)
and P, (x) interlace, then Z?Zl T < Z?Zl Tn,; which is a contradiction. The case

M < Y2 and T, < Ty follows similarly.
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The next result shows that while the generalized complementary chain sequence of
associated with {P,(2)}°2, yields an OPS, that associated with the associated (nu-
merator) polynomials {1—37(11)(37) > , leads to a KOPS.

Theorem 3.2.3. Consider the OPS {ﬁ%“(a:)}go:l. Then the generalized complemen-
tary chain sequence associated with P (x) leads to a KOPS {Q,, (%)}, satisfying the

relation

On+1(2) = ( — Yonts — Y2nta) @n(T) — Vont2Von439n-1(x), n >0, (3.2.13)

with Q_1(z) =0 and Qy(x) = 1.

Proof. 1t is clear from (3.2.12) that {PA’S)(I)};’LOZI satisfy

157(11421(75) = (I — Yon+3 — 72n+4)]'5$11)(‘r) - 72n+272n+3p51121($)7 n=1

with P li () =0 and f’él)(ac) = 1. The associated chain sequence is

{ Yon+17Y2n+4 }Oo
(Yont+1 + Yanta) (Yon+s + Yonts) J ey

with the (non-minimal) parameter sequence {vony4/(V2n+3+72n+4) tor,. Hence the OPS
{Qn(x)}52, associated with the generalized complementary chain sequence satisfy the
three term recurrence relation (3.2.13). To prove that {Q,(z)}>, is a KOPS, consider
the polynomials {X,, ()}, given by zQ,(x) = X, 11(z) + YonisXn(z), n > 0. The
first thing we require is X, 11(0) = —72,43X,(0), so that choosing X;(0) = —~3, we
have X,,11(0) = (=1)" ' yn13%2n11 - - - V573.

Now, suppose that {X,,(z)}22, satisfy the recurrence relation
XnJrl(x) = ($ - Un+1)Xn(x) - 77an71(95)7 n = 17

with Xp(x) = 1 Xj(z) = x — 73 and where the coefficients {0, } and {n,} are to be
determined. One way to determine them is that the equality X, 11(0) = —0,41X,(0) —
tnXn—1(0) must hold, which implies Y2,4+10m41 — fn = Yon+3Yont1, m > 1. A possible
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choice for 0,1 and p, satisfying these relations is

Ont+1 = Yon+3 T Vont2 and fn = Yont1Vont2, N> 1

Since p, > 0 for n > 1, by Favard’s Theorem (Chihara [42, Theorem 4.4, p. 21])
{X,(2)}22, becomes a OPS and {Q,,(x) }22, its corresponding KOPS (Chihara [42, eqn.
7.3, p. 35)). O

We end this section with some information on the Jacobi matrices associated with
the complementary chain sequences.

The Jacobi matrix of the polynomials P, (z) and P,(z) are given respectively by,

V2 1 0 T 1 0
Y23 V3 V4 1 MY4 Y3+ V4 1
=1 0 s % =1 0  wmw s+
0 0 Y6Y7 0 0 V578

The respective LU decomposition of the above Jacobi matrices are then given by,

1 0 0 O v 1 0 0
3 o1 0 0 0 v 1 0
Lp=]1 0 ~ 1 0 Up=1 0 0 % 1
0 0 ~ 1 0 0 0 s
1 0 0 O v 1 0 0
v 1 0 0 0 v 1 0
L= 0 v 1 0 Up = 0 0 ~ 1
0 0 7 1 0 0 0 7
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It may be observed that Lp and Lz can be obtained from the matrix products Uz - J

and Up - J respectively, where

0000
1 000
J=10100
0010

This is equivalent to the removal of the first column of the matrices U and Up.

3.3 Three illustrations

In this section, starting with particular minimal parameter sequences and assuming
¢n = 0, n > 1, we construct the para-orthogonal polynomials and the related Szeg6

polynomials to illustrate our results.

3.3.1 Using Carathéodory functions

Consider the sequence {0,,}>°,, which satisfies ¢y > 0, |9,,| < 1 and
577,-}—1 — 577, = 5n6n+17 n Z 1. (331)

Our aim is to first use a chain sequence to construct the Szegé polynomials o ’1)(2),
having ¢,, € R and satisfying (3.3.1) as the Verblunsky coefficients. We will also use the
complementary chain sequence to get another sequence of Szegé polynomials o ’1)(2)
which has —d,, as the Verblunsky coefficients. The associated Carathéodory function
in each case is also given.

(()t’l) =0 and m{") = (1—106,)/2,

We start with the sequence {mg ’1)}00 where m

n=0’

n > 1. These minimal parameters are obtained by first substituting ¢, = 0, £ > 1 in

the Verblunsky coefficients (3.1.6) and then equating them to 6,. The corresponding
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chain sequence is

14,

dy 5

1 1
and d, = 1(1 +8,1)(1=9,) = 1(1 —20,10,), n>2.
The following two algebraic relations of 9, n > 1,

Opt1 — 01 = 0102 + 0203 + 0304 + - - - + 0p0pt1,

O Ok LeN (3.32)
" 1460 14+ES ’
will be needed later and can be proved by simple induction using (3.3.1).
Proposition 3.3.1. The sequence of monic polynomial { R, (z)}°,, where
Ro(z) =1, Ru(z) =1+ [L+2k(n—k)8s,]2" n>1, (3.3.3)
k=1

satisfies the recurrence relation
Rui1(z) = (z4+ 1)Ru(2) — (1 — 20,0p41)2Rn-1(2), n >0,

with R_1(z) =0 and Ry(z) = 1.

Proof. First, note that Ry(z) = (2 + 1) is of the form (3.3.3). Suppose R,(z) has this

form and satisfies the recurrence relation for n = 1,2,..., 5. We shall now show
Ryn(2) + (1= 20,0,0)2R,1(2) = (: + DRy(2), j=1.  (3.34)

Using (3.3.2), the coefficient of 2* in the left-hand side of (3.3.4) is

1+ 2k(j — k +1)008,41 + (1 — 28;8,51)[1 + 20k — 1)(j — k)518,_1]

b~ k+ 1) (k=1 ~ k)

=1+2
+ 2

(0541 = 061) + 1 =2(6j41 — 6;) +2 (0j—1 — 01)

2-2(k = 1)(j — k)
Sz

(61— 61)(0j41 — 0j)-

(3.3.5)

It is easy to verify that the coefficients of §;,; and §,_; vanish in (3.3.5). The coefficient
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of 67 is

k(G —k+1) 2k-1G -k 22k-1(G -k  2-20k -1 k)

J Jj—2 7 —2) -1 —2)
U(j—k) 20k—1)(—k+1)
T -1 j—1 '
(3.3.6)

Similarly, the coefficient of ¢; is

2-2(k—-1)(y — k 2k(j — k 2k-1)(J—k+1
j—1 j—1 j—1
Using (3.3.6) and (3.3.7) in (3.3.5), the coefficient of z* in the left-hand side of (3.3.4)

is given by
14+ 2(k—=1)(j — k4 1)016;] + [1 + 2k(j — k)d10;],

which is nothing but the coefficient of z* in the right-hand side of (3.3.4). Hence, by

induction the proof is complete. O]

We now obtain the Szegd polynomials o (z) from the para-orthogonal polynomi-
als R,(z) given by (3.3.3). Since @'V (2) = R,(2) — 2(1 — mp)Rn_1(2), n > 1, it can
be seen that the coefficient of 25, 1 < k <n — 1, in ®"(2) is —0,(1 — 2kd;). Hence,

the Szegd polynomials are given by

DUV (2) = 2" =0, [(1 —2(n— 1)61)2" "+ -+ (1—28)2+ 1], n>1 (3.38)
with o™ = —o(1(0) = 6,

Next, we find the Carathéodory function associated with the parameters d,,’s given

by (3.3.1). For this, consider the analytic function

2(1—0)z 1—=2
C(z) TT(=20): 1+(-2) b

where 0 < ¢ < 1. That C(z) corresponds to a PPC-fraction with the parameter ~,,
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where

, n>1, (3.3.9)

can be shown by applying the algorithm in Jones et al. [99], which is similar to the
Schur algorithm. With the initial values Cy(z) = (1—2)/(14+(1—20)2), 7o = Co(0) = 1,
define

0 (z) = 20— Cole) _ _6 R SO p—

Yo + Co(2) 14+ -2 _ 1=20

l—0o

Assume, for k > 1, the following form of the Carathéodory function

z
Ck(z) = o Tk = CI;(O)
bt = (k=) -
The form is true for £ = 1. Now define
Yz — Cr(2)
C = =/ > 1. 3.3.10
k—i—l(z) ’chk(z) — Z’ n = ( )
It can be shown that
B 1—0 _ 1
RS k=10 k+ -

which is also true for £ = 1. Simplifying (3.3.10), we obtain

z
Cry1 = ;
<k+1+ﬁ) — (lc+1—%>z
from which v, = ﬁ Hence by induction, and because of the uniqueness of the
l1—0o

Carathéodory function that corresponds to a given PPC-fraction, the assertion follows.

Moreover, observe that §,, = —~,, satisfies (3.3.1) and so CI),(f)(O) = =t
1—0o

2
Further, if x,? = ‘ o ’1)(2) then, using the fact that the Verblunsky coefficients
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are all real, we have

Xo® = 1o(1 = [1(0)[*)(1 = [@2(0)) -+~ (1 = [@n(0)*) = [ ] (1 - 47)-

Moreover, the Verblunsky coefficients can be written as

1 l1—-0
n+-2 n(l—0o)+o’ -

from which we obtain

n(l—0)+o0—1+0]n(l—0)+0c+1—0]
n(l—o)+o]?
[(n—1)—(n—2)][(n+ 1) — no]
[n—(n—1)o] '

1-6. =

This yields the fact that

5 0ol(n+1)—no]
o T T T —1)e]

—~
—_
[a—
|
Q
~—
|
Q
—~
—_
_l’_
(&%)
3
N~—

Hence, X;2:H<I>7(f)(z)H2 tends to o > 0 as n — oo.

Consider now the parameter sequence {kﬁf’l)}:;o, defined by k:(()t’l) —0and kY =
1—mi = (140,)/2,n > 1. From (3.3.1), it is easy to check that 146,41 = 1/(1—9,),
n > 1. In this case, the constant sequence {1/4} becomes the complementary chain

sequence so that equation (3.1.4) assumes the form

Rpi1(2) = (14 2)Rp(2) — 2Rn1(2), n>1.

The above recurrence relation is satisfied by the palindromic polynomials 2" +r(2"1 +
-+ 2)+ 1, r € R. (We note that a polynomial p,(2) = ¢y +c12+ -+ - + ¢, 2" is called
palindromic if ¢; = ¢,,—;, ¢ = 0,1,--- ,n). For r = 1, the para-orthogonal polynomials

are the partial sums of the geometric series given by

~ 1 — n+1
Rn(z):1+z+22+~~~—|—z":—z, n>1.



89 3.3 Three illustrations

Then the Szeg6 polynomials from the complementary chain sequence are given by

OV (2) = 2"+ 8,2 4 Gz 6, >, (3.3.11)
with aﬁffl) = —0,. The polynomials o\ ’1)(z) are also considered in Ronning [149] where
it is proved that

- 1
(I)S;l)(o) =0, = — — n>1. (3.3.12)
n+ 1

Further, the corresponding Carathéodory function is C(z) = @, |z| < 1, where

0<o<l1.

Further, let " (z) be the probability measure associated with the positive chain
sequence {d,, }°° . Its complementary chain sequence {1/4} is not a SPPCS, with {1/2}
as its maximal parameter sequence. Hence by Lemma 3.2.2, {d,,}°°, is a SPPCS and
1®(2) has zero jump (¢ = 0) at z = 1. This also implies that if v()(z) is the measure
associated with {1/4}, then, v (2) has a jump t = 1/2 at z = 1.

We end this illustration with two observations which we state as remarks.

Remark 3.3.1. As n — oo, both the minimal parameter sequences approach 1/2.
From the expressions (3.3.8) and (3.3.11) it follows that for fized z, q)gf)(z) and @g)(z)
approach z" as n becomes large. The polynomials 2™ are called the Szego—Chebyshev

polynomials and correspond to the standard Lebesgue measure on the unit circle.

Remark 3.3.2. Suppose the minimal parameters are given in terms of some variable €.
Then, the coefficients of the polynomial R, (z) satisfying (3.1.4) with ¢, =0, n > 1 will
be given in terms of €. Since R, (z) is palindromic for the chain sequence {d,} = {1/4},
R,.(z) can always be expressed as the sum of two polynomials, one of them a palindromic

and the other one being such that it vanishes whenever ¢ is chosen so that d,, = 1/4.

3.3.2 Using Gaussian hypergeometric functions

Consider the contiguous relation

(c—a)F(a—1,b;¢;2) = (¢c—2a— (b—a)z)F(a,b;c;2) +a(l — 2)F(a+ 1,b;¢; 2),
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which, as shown in Sri Ranga [162], can be transformed to the three term recurrence

relation

Oni1(2) = (z + C;j_#) on(2) — C Z(:Lt?)&)lﬁ > 20n-1(2), m>1, (3.3.13)

satisfied by the monic polynomial

G S
on(2) = (b)HIT( biol—2). (3.3.14)

It was also shown that for the specific values b = A € R and ¢ = 2\ — 1, the polynomi-
als (3.3.14) are Szeg6 polynomials. We note that with b = A+1, p,,(2) given by (3.3.14)
are called the circular Jacobi polynomials, Ismail [90, Example 8.2.5]. For other spe-

cialized values of b and ¢ in (3.3.13), 0,(2) becomes a para-orthogonal polynomial.

Let A > —1/2 € R. Taking b= XA+ 1 and ¢ = 2X + 2, (3.3.13) reduces to

n2A +n+1)
A+n)A+n+1

Qn+1(z) = (Z + 1)Qn(2) - ( )Zanl(Z)a n>1,

satisfied by

(22X +2),

Qn(z) = Rn(z) = ()\ T 1>n

F(—n, A+ 1,22 +2;1—2), n>1.

Consider now the sequence {d,,1}22 ;, where

n(2A +n+1)
An)A+n+1)

1
dpr = ~ > 1.
+1 4( n =

As established in Bracciali et al. [25, Example 3], Castillo et al. [37] and Costa et al. [40],

o0

o o, Where

for A > —1, the sequence {d,41}5%, is a positive chain sequence and {mﬁf 1)

(t1) — i

mth =" >,

"T o tntl) T

is its minimal parameter sequence. When —1/2 > A\ > —1, {mgf’l)}ff’:o is also the
maximal parameter sequence of {d,1}22,, which makes it a SPPCS. However, when

A > —1/2 then {d,;+1}5°, is not a SPPCS and its maximal parameter sequence
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{M,+1}5°, is such that

2 +n+1
My = T2 >,
1T tnr1y 'T

The coefficients d,,11, n > 1 are the same coefficients occurring in the recurrence
formula for ultraspherical (or Gegenbauer) polynomials.

Further, for A > —1/2 and 0 < t < 1, if {m(“ } is the minimal parameter

n=0
sequence of the positive chain sequence {d,}>2;, obtained by adding d; = (1 — t)M;

to {dnt1}52,, then
BEV(E) = Ru(e) = 2(1 - ) Bya(2), 21

and are the monic OPUC with respect to the measure p®"(z), where p®(2) is as
defined by (3.1.2). To find 1) (2), we first find the measure p(®Y(z) arising when
{d,}>2, becomes a SPPCS (¢t = 0). As shown in Sri Ranga [162], the monic OPUC
@,(10)(2), n > 1, are given by

2\ + 1),

R.(2) —2(1 = M,)R,_1(2) = OEl),

F(—n, A+ 122+ 1;1—2), n>1.

Further, the Verblunsky coefficients are given by

(Mn

0 — (0) _
= —00(Q) = -2
anq n ( ) ()\‘l‘l)n,

n>1. (3.3.15)

(0)

It is proved in Sri Ranga [162] that the Verblunsky coefficients «,,’, are associated

with the non-trivial probability measure

(0) (i0) _ N _ TA+NP
dp'” (") W sin®(0/2)d, T —F(2A+1)4'

Hence

RGZEGEEI / " () sin?(0/2)d6 + t£(1).

We characterize the Szegé polynomials associated with the complementary chain



Chapter 3: Orthogonal Polynomials from Complementary Chain Sequences 92

sequence since it is not possible to find closed form expressions for the coefficients of the
para-orthogonal polynomials and Szegd polynomials. Since {R,(z)}, depends on the
parameter b (= A+ 1), in what follows, we denote R, (z) by R;b)(z). We also denote ¢,
and d,, by A and 4 respectively. Now, note that if

(1-¢)du(¢), n =0,

w1 RV (2) — RY(C)
(N”_zu—wwaA; 2 —¢

then {Q%b)(z)}zozo satisfies

QSL(Z) = [(1 + ichbJ)r1)Z + (1 - icSLHQ?(zb)(Z) - 4d7(zbJ)r1ZQ§Lbz1(Z)a n>1,

[e.e]

with Q(()b)(z) =0 and Q&b)(z) = 1. That is, the three term recurrence for {Q%b)(z)}
is the same as for {R;b)(z)}oo

n=0’

n=0

with the difference being only on the initial conditions.

The polynomials {Q,(lb)(z)} are generally called the numerator polynomials associated

o0

with {R&b)(z)}. Further, observe that the three term recurrence for {Qg))(z)} can

n=0

also be given in the shifted form
QUL (2) = [(1+icL) 2 + (1 —icL) Q) (2) — 4d),2QP(2), n>1, (3.3.16)

with ng)(z) =1 and Qéb)(z) =(1+ icgb))z + (1- z'céb)).
Consider now the parameter sequence given by kb = 1—m" = n/[2(A +n)] for
n > 1. For sake of clarity, we would like to note that ¢ need not be necessarily 0. It

depends on whether the resulting chain sequence for {kﬁf’l)}, given by

(n+1)(2\+n)

e _ 1 @ _1 R
AA+n)A+n+1) -

ay =12 and a,},

(3.3.17)

is a SPPCS or not.
Let vV (2) be the measure associated with the Verblunsky coefficients { @Stfl) }oo

n=1

given by

1— 2]{:1(115) - gb)
pU — 7, e
" 1+
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Following Theorem 3.2.1, the corresponding Szegd polynomials are

RY(2) —2(1 = kP RY ()
I1 (1+ch )

k=

PED () = n>1,

Y

—_

where the polynomials RY are given by

RY (2) = [(1+ic®))z+ (1 =i ) RO (2) — 4a%) 2RY (2), n>1, (3.3.18)
with R(()b)( ) =1 and R(lb)( )= (1+ zc(b))z + (1- ) Observing that ci) = chle),
51+1 = dnb+21), n > 1, we have from (3.3.16) and (3.3.18)

RY(:)=qQ% "(z), n>0

and hence

QU (2) —2(1 - k)QYV(2)

kl;ll (1 + ch(ﬁtb-l-ll))

n>1.

B (2) =

Y

That is, if R%b)(z) generates the Szegé polynomials <I>,(f)(z), ,(ffl)(z), which are the
numerator polynomials for Rglb_l)(z) generates the Szeg8 polynomials ® (z) associated
with the complementary chain sequences. We note that, in the present case too, c,(qb)(:
¢n) =0, n > 1 and so by Theorem 3.2.1, 57(21 = 510)1, n > 1. Hence dv®(z) are the
Aleksandrov measures associated with du(®(z), Simon [156].

Further, we note that such Szeg6é polynomials result from perturbations of the
Verblunsky coefficients obtained in the [lustration 3.3.1. Indeed, for ¢ = A/(1
A), {A\d,} corresponds to the Verblunsky coefficients given by (3.3.15), whereas by
Verblunsky theorem, {Av,} corresponds to those given by the complementary chain
sequence {aflbll} given by (3.3.17). Here {6,,} and {7, } are the ones chosen respectively
by (3.3.9) and (3.3.12).

Further, when {a;”il}f; is the constant chain sequence {1/4}, R%b)(z) are the
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palindromic polynomials given by
RO (z) = 2" + W ("' +2)+ 1, n>1,

where v is a constant depending on \. Here we study the cases A = 0 and A = 1 for
which the complementary chain sequence aﬂl =1/4.
Case 1, A =0. Let

R(b)(z) _ Zn+y(0)(zn*1 —|—~~-+z) +1, n>1.

n

The complementary chain sequence is {1/2,1/4,1/4,...} which is known to be a SP-
PCS. Hence {kﬁf)}zo:o where k(()t) =0, kff) =1/2, n > 1 is also the maximal parameter

sequence implying that ¢ = 0 and so
OO (2) = 2" + (y(o) — 1)

For v =1, @lo)(z) = 2" and from Remark 3.3.1, A = 0 can be viewed as the limiting
case for the Verblunsky coefficients obtained in Section 3.3.1. Note that the Verblunsky

coefficients are 0, as can be verified from (3.3.15).

Case 2, A =1. Let

RY(z) = 2" + i/(l)(z"_l +edz2)+1, n>1

The complementary chain sequence is {1/4,1/4,1/4,...} and két) =0, kY = n/2(n +
1), n > 1. In this case, t = 1/2 and

(1)
ég/”(z) =y (I/(l) _n+ 2) R v =2 1

so that the Verblunsky coefficients are given by 1/(n + 1). Again it can be verified
from (3.3.15) that the Verblunsky coefficients corresponding to A = 1 are (1),,/(2), =

1/(n +1). Finally, for v =0, R = 27 + 1, which has been considered as the first

example in Bracciali et al. [25].
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3.3.3 Using Laguerre polynomials

Perturbations of the Laguerre weight e~ have been studied by many authors. For
example, Xu et al. [187,188] found the Hankel determinants associated with the per-
turbed measure using Painlevé transcendents. Deano et al. [54] considered the Geron-

¥ along with the addition of a mass

imus transformation of the Laguerre weight x®e™
and studied related asymptotic behavior. Such perturbation, particularly its numerical
aspects, is also investigated in Branquinho et al. [26] and Beuno et al. [30].

In this illustration, we study a perturbation in the chain sequences related to these
orthogonal polynomials. The Laguerre polynomials are orthogonal on (0,00) with
respect to the weight function x®e™" for a > —1. Consider the three term recurrence

relation satisfied by the monic Laguerre polynomials {L\"(z)}, (Chihara [42, Page
154)),

RN (2) =[x — @n+ a4+ DRV (2) —n(n+ )RV, (), n>1, (3.3.19)

with R(()l)(x) = 1 and Rgl)(x) = 2 — (1 + o) and where Rgll)(a:) = L&“)(a:), n > 1.
Using the notations introduced immediately after (3.2.5), the associated chain sequence

{dTZ};L.OZI iS,

a2)® n(n+«a
by bl 2n+a—-1)2n+a+1)

and as can be easily verified, the minimal parameters are given by, m, = n/(2n+a+1),
n > 0. It is easily seen that 0 < m, < 1/2, n > 1 and hence by Lemma 3.2.3,
the chain sequence complementary to d, is a chain sequence with a single parameter
sequence. Moreover, for —1 < a < 0, m,,/(1 —m,) > n/(n — 1) > 1 and hence by
Wall’s criteria [184, Theorem 19.3], for SPPCS {d,,} determines its parameters uniquely.
Further, choosing v, = 0, it is found that 75 = (1 + «) and 72v3 = 1.(1 + «) implies
v3 = 1. Similarly, v3 + 74 = a + 3 implies 74 = o + 2. Proceeding further on similar
lines, it can be easily proved by induction that v = 0, 75, = n + « and Y2,.1 = n,

n > 1. This gives the recurrence relation for the associated kernel polynomials as

Rfi)rl(a:) —[r—@2n+a+2)RP@) —nn+a+1)RP,(z), n>1, (3.3.20)
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with R[()z)(:r;) =1 and 7?,&2) (x) = x — (24 «). Clearly, as is known, RY () = LSLO‘H)(LC),
n > 1.

Consider now the polynomials {&,(z)}22, satisfying the recurrence relation
Enii(x) =l —2n+a+2)& () — (n+1)(n+ )&—1(x), n>1

with &(z) =1 and & (z) = © — (o + 1). From the related chain sequence, we obtain
the sequence {7,}>; where v; = 0, 72, = n+ a and 72,41 = n+ 1, n > 1. The kernel

polynomial sequence {K,(z)}5°, associated with {&,(x)}22, satisfy
Kiii(z)=[z—2n+a+3)|Ky(z) —(n+ 1)(n+a+ 1)K, (z), n>0
with £_;(z) = 0 and Ko(z) = 1. If we let 7; = 1, the resulting polynomials satisfy
Poii(z) =[xz —2n+ a+2)]Pu(z) — (n+ 1) (n + a)Pp_1(x), n>0

with P_1(x) = 0 and Py(x) = 1. From (3.3.19) it is clear that these polynomials are the
associated generalized Laguerre polynomials of order 1 but with « shifted to a—1. The
polynomial sequence {ﬁn(x)} corresponding to the generalized complementary chain

sequence satisfy
P () =[x — 2n+ a +2)]Pu(z) —n(n+a+ 1)P,_i(z), n>0

with P_;(z) = 0 and Py(z) = 1. Comparing with (3.3.20), we find that P,(z) =
L,(f‘“)(x), n>1.
The (co-recursive) polynomials {P,(z)} corresponding to the complementary chain

sequence satisfy the recurrence relation

Poi1() =[x — 2n+ a+2)]Pu(z) —n(n+a+ 1)P,i(z), n>1
with Po(z) = 1 and Py (z) = 2 — 1.
Moreover, since the condition in Proposition 3.2.3 is satisfied, the kernel polynomials

for the OPS {P,(z)}2, is the same (upto a constant multiple) as that for the OPS



97 3.4 Concluding remarks

{Enl2) 100

One of the aspects of Laguerre polynomials is that their asymptotic behavior in the
complex plane has been illustrated for example, in Atia et al. [10], Dai and Wong [47],
Dai et al. [46] and Deano et al [53]. It would be interesting to explore the consequences
of complementary chain sequences in the context of asymptotics of such orthogonal

polynomials.

3.4 Concluding remarks

In this chapter, we defined and studied consequences of the complementary chain se-
quences which we view as perturbations of the minimal parameter sequences. However,
such a perturbation is one of many perturbations that one can have in the context of
chain sequences. It would be interesting to see how these perturbations of the chain
sequence affect the measure of orthogonality.

We would like to add that the motivation to study chain sequences was provided by
perturbations of the g-fractions discussed in the previous chapter.We proceed further
in this direction where, instead of considering the perturbation given in this chapter,
we consider a polynomial map on the T-fraction in the next chapter. This provides
important consequences leading to the study of different polynomial sequences in the

subsequent chapters.
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Chapter 4

Generalized Jacobi pencil matrix

In the previous two chapters, we studied two perturbations in the g-fractions, which
served as the motivation to define complementary chain sequence. In this chapter, a
general T-fraction denoted by F(\) is studied under the transformation F()\) — F(\?).
Two generalized linear matrix pencils are defined and the orthogonality properties of

the associated Laurent polynomials are discussed.

4.1 The polynomial map S()\) — AS(\?)

The theory of polynomial mappings in the framework of orthogonal polynomials has re-
ceived special attention in the recent past. Given two sequences { f,(z)} and {g,(x)},
Carlitz [35] found conditions such that the sequence {h,(x)}, defined as hy,(z) =
fm(2?) and hoyii(x) = 2gm(2?), is also an orthogonal sequence. After this, several
authors studied quadratic and cubic transformations of orthogonal polynomials, in-
cluding Atia et al. [11] and Barrucand and Dickinson [14]. We also refer to Bessis and
Moussa [19], de Jesus and Petronilho [51], Geronimo and Van Assche [80], Peherstor-
fer [140], and Petronilho [141] for various results in this direction.

Consider the Stieltjes function S(A) having the following asymptotic expansion
50 S1 S2 Son

Y2 v e A € C, at infinity. The transformation

S(A) = AS(A?) (4.1.1)

was interpreted in Derevyagin [61] in terms of a tridiagonal matrix which is a general-
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ization of the Jacobi matrix associated with orthogonal polynomials on the real line.
Precisely, it was shown (Derevyagin [61]) that the transformation (4.1.1) is equivalent
to the Darboux transformation of such generalized Jacobi matrices, which proved to
be an important aspect for further study in this direction. The spectral theory of
these generalized Jacobi matrices is explored in Kovalyov [109] and Derevyagin and
Derkach [60]. The generalized Stieltjes continued fractions associated with such gener-
alized Jacobi matrices is studied in Derkach and Kovalyov [63].

The transformation (4.1.1) appears in the classical formula relating Hermite and
Laguerre polynomials (Carlitz [35]) and is used in Dickinson and Warsi [65] to generate
two different sequences of polynomials orthogonal on the real line. We recall that,
given a sequence of polynomials {P,,(A)}5°,, where P, ()\) is orthogonal with respect to
a measure du(t) on (0,00), the kernel polynomials K, (A) := K,,(0; \) associated with
P, (\) are orthogonal with respect to tdu(t) on (0, 00).

The symmetric polynomials S,,(A), n > 1, defined by

Son(N) = Pr(A?),  Sonp1(N) = AK,(A\?), n >1, (4.1.2)

are orthogonal with respect to the measure d¢(t) = Wd,u(tz) on the real line. Here,

sgn is the signum function defined as

-1, =z <0
sgu(z) =4 0, x=0;
1, x>0.

The monic polynomials S,,(A), n > 0, are also known to satisfy the recurrence relation

(Chihara [42, Theorem 4.3, p.21])
Sn(A) = )\Sn—l()\) - ’771371—2()\)’ n > 17

with S_1(\) = 0 and Sy(A\) = 1. Here v, # 0, n > 2 and v = [ 1) 7,(42).

00 2
Following Derevyagin [61], we call (4.1.2) the Chihara construction, whose details can

be found in Chihara [42, Chapter I, Section 9].
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Remark 4.1.1. From computational point of view, it is desirable to associate matriz
representations, in particular, matrix decompositions to polynomial maps. In this re-
spect, one direction of study could be the polynomials maps arising from matrix splitting,
which are special matriz decompositions used in numerical linear algebra. Such decom-
positions are studied in Baliarsingh and Mishra [12], Jena et al. [96] and Kurmayya

and Sivakumar [115].

4.1.1 Extending the map to T-fractions

It can be seen that using the map (4.1.1), one can construct a sequence of polynomials
orthogonal on (—o0, c0) from a sequence of polynomials orthogonal on (0, 00). Hence,
the transformation (4.1.1) is also called the unwrapping transformation in Derevya-
gin [61], the unwrapping happening here being that of the measure du(t). In terms
of moment problems, the transformation (4.1.1) is used in Wall [184, Section 87] to
reduce a Stieltjes moment problem to a Hamburger moment problem

The objective of this chapter is to study the transformation (4.1.1) in the context

of T-fractions

1+g1)\+ 1+92)\+ 1+93)\_|_

., AeC, (4.1.3)

introduced in the study of strong Stieltjes moment problems by Jones et al. [103].
However, we restrict ourselves to the transformation F()\) — F(A\?), which in the
process leads to two generalized linear tridiagonal matrix pencils.

Further, for computation purposes, we consider the following T-fraction

Oél)\ Oég)\ 063)\

FN=3"5 =@ -5 .

X eC, (4.1.4)

which is equivalent to (4.1.3). Here ay = —f1/g1, ant1 = —fut1/9ngns1 and B, =
—1/gn, n > 1. Equivalent continued fractions have the same sequence of approxi-
mants and hence converge to the same analytic function. Details about the equivalent
transformations of continued fractions can be found in Jones and Thron [102, Section

2.3] and Wall [184, Section 3]. The numerators A, (A) and denominators B, () of the
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approximants to (4.1.4) satisfy the recurrence relation
Wn—i—l()\) = ()\ - ﬁn+1)wn<)\) - an+1/\Wn_1()\), n Z 17 (415)

with the initial values Ag(A\) = 0, A1(A) = —aq A, Bo(A) = 1 and By(A) = A — 5;. The

determinant formula for (4.1.4) is given by

n+1
Ant(MBa(A) = Ap(N)Bu (A) = (1) [T ey (4.1.6)

j=1
The rest of the chapter is devoted to the study of the transformation F(\) — F(A\?)
using the recurrence relation (4.1.5). Laurent polynomials play a fundamental role,

leading to generalized tridiagonal matrix pencils and biorthogonality relations.

4.1.2 Associated Laurent polynomials

First, we recall some basic facts about the general T-fraction (4.1.3) and the recurrence
relation (4.1.5). We state the following theorem, proved in Jones et al. [103, Theorem
2.1], illustrating the correspondence properties of the T-fraction (4.1.3).

Theorem 4.1.1. [103, Theorem 2.1] Let the formal Laurent series

L=) a\" and L*=) a" A" (4.1.7)
n=1 n=0

be given. There exists a general T-fraction which with f, # 0 and g, # 0 for alln > 1

corresponds to L at z =0 and to L* at z = oo if, and only if, A, #0 and &, # 0,

n=0,1,---. Here Ag = &y =1 and forn > 1

57n+1 57n+2 e (50 57n+1 (an+2 e 51

5—n 5—71, e ) (5—n §—n e )

An _ ' +2 ' +3 ' '1 : (I)n+l _ +2 +3 2
do o1 v Onn 01 02 v+ Ons1

The oy, are defined by o, = aj, — a, where it is understood that ar, = 0 for k < 0 and

ay =0 for k> 1. The order of correspondence is {n+ 1} at A =0 and {n} at A = occ.



103 4.1 The polynomial map S(\) — AS()\?)

The f, and g, are given by

_An—l(I)n—ﬁ—l‘ o _An—lq)n

=By fur = ==
fl b f o Anq)n g An(I)n—l

n>1.

We suppose that A, # 0 and ®,,; # 0, n > 1, so that the general T-fraction
(4.1.3) exists with f,, # 0 and g, # 0, n > 1. It can be proved from (4.1.4) and (4.1.5)
that B, (0) = (=1)"81Ps - - - B,. By use of the determinant formula (4.1.6), we have

A (V) AN (DT aant
Brii(d) - Ba(V) B,(MBusi (V)

which yields the following, for correspondence at A = 0,

Api(N) AN 1 Yoo
— = —An+1+gn )\n+2+“‘ . 4.1-8
Byi(A)  Bu(\)  BioeBa 31211 B; - 418
Similarly, for correspondence at A\ = oo, we have
AN AN ”H“
n+1 n 2n+1 —n —n—1
Bn-l—l()‘) Bn(/\) ( ) “ * ' " ( 9)

J=1

It follows that the order of correspondence of the general T-fraction (4.1.3) to L and
L* defined in (4.1.7) are n + 1 and n respectively.

Lemma 4.1.1. The polynomials V,,(\), n > 1, satisfying the recurrence relation (4.1.5)

have the determinant expression

A" An—boo \n=2 A2 A 1
Alpp1 Ol Ol azy Qg —ay
Ao Gl A,y a; —ay —a2
Vo(A) = ZZJ: a*, 3 ',y a5 - —ap —as —as | (4.1.10)

a_y Gy —ap -0 —0p_3 —Up—2 —0p_1

Qg —a1 —Q2 - —Ap—2 —0p-1 —Qp

where a; and a} are the coefficients of the formal power series L and L* defined in
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(4.1.7) and xn41 = (—1)>*1 H;L;rll Q-

Proof. We provide an outline of the proof. Let the polynomials U,,(\) and V,(\), n > 1,

satisfying the recurrence relation (4.1.5) be written as

Z/{n(A) = un1>\ + unQ)\2 + e+ unn)\na

Vn<>‘) = Uno + U1 A + Un2/\2 + -4 Unn/\na n > 1.

From the correspondence relations (4.1.8) and (4.1.9), it can be shown that

n+1
LV, (A) = A+ 2 + -+ un A+ (1) ] %XM F A2 and
j=1 7

n+1
L'V (A) = g A" b AN oy, + (1) H GAT  p g AT
j=1
where L and L* are the formal Laurent series defined in (4.1.7). Equating coefficients
of A in the above two power series expressions, we obtain two systems of equations
respectively. Subtracting corresponding equations to eliminate w1, %2, - - ,Upn, and
choosing 0, = a; — ax, we obtain the system of equations

n+1
6—nvnn + 6—n+lvn,n—1 + 5—n+2vn,n—2 + -+ 5—1Un1 + (50Un0 - (_1)2n+1 H ay,
j=1

6fn+lvnn + 57n+2vn,n71 + 57n+3vn,n72 + -+ 50Un1 + 51Un0 = 0;

5—lvnn + 50Un,n—1 + 51Un,n—2 + -+ 5n—2vn1 + 5n—1vn0 = 0,
50Unn + 5lvn,n—1 + 52Un,n—2 + -+ 5n—lvn1 + 5nvn0 =0.
(4.1.11)

The determinant of the system of equations (4.1.11) is A, 41 # 0. Hence an application
of Cramer’s rule along with the facts that a;, = 0 for £ <0 and a; = 0 for k£ > 1 yield
the required determinant (4.1.10). O

For further discussion, we study the T-fraction (4.1.4), which under the transfor-
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mation F(A\) — F(A?) =: F(A) is given by

ag \? s\ as\? au\?

SN=%"3 Y-am . v-%_v-5.

AeC. (4.1.12)

As mentioned earlier, our objective is to associate two generalized linear matrix pencils
with (4.1.12) and to discuss the orthogonality of the related Laurent polynomials. For

this, we note from (4.1.7), that the asymptotic series to which §(\) corresponds are

)= L(A) =) a, X" and £(N) =L (M) =) a’ A7,
n=1 n=0
where the correspondence is at A = 0 and A = oo respectively. However, it is construc-

tive to deal with

LA =) a,\" and £(N\)=> a A" (4.1.13)
n=1 n=0
where ag,1 =0, az, :=a,, n > 1 and a*,, _, =0, a*,, = a*,, n > 0. Further,

the denominators B, (\), n > 1, of the partial approximants of the continued fraction

(4.1.12) satisfy the recurrence relation

q3n+1()‘) = ()‘2 - Bn+1)q3n()‘) - an-i-l)‘an—l()‘)a n =1, (4'1'14)

with the initial conditions PBo(A) = 1 and B () = A\* — B;. It can be easily seen that
deg B, (A) = 2n and B, (A) = V,(A?), n > 1, where V,()) satisfies (4.1.5).

Introducing the Laurent polynomials
o0 (A) =Po(N) =1, a/(\) = A"PBu(N), n>1,
we obtain the recurrence relation for of*()\), n > 1, from (4.1.14) as
Nl (N) = (V= Bui1) oy (N) =ty (V) n>1, (4.1.15)

with off(\) = 1 and off(\) = A72(\2 — f31).
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4.2 Biorthogonality from right eigenvectors

The final step before obtaining an eigenvalue representation is to linearize the system

(4.1.15) in A, which we do by introducing another sequence of Laurent polynomials as
TE () 1= () = A 298, (0), TE, () i= AGR(A) = A28, (X), 0 > 0. This gives
ATFN) = TFA), AT + TFN)] = —ATF(A) and

AT (A) = T (M),
A=T51 (V) + T sV = =But1 Ta, (V) — 0w T 5(N), n > 1L

This yields the generalized eigenvalue problem A\GAT? = HET! where

1 00 00 o0 0 1/ 0 0|0 0
0 —1/0 1]0 0 ~B 0| 0 0] 0 O
0 0|1 00 0 0 0/l 0 1|0 0
GF=|{0 o]0 —-1/0 1 , Hi=| —ay 0| =B 0] 0 0O
0 00 011 0 0 0/l 0 ol 0 1
0 0/0 00 —1 0 0|—az 0|—=B5 0

and hence we obtain the following generalized linear pencil matrix

A —=1]0 0|0 0
B =Xl 0 A0 0
0 0|A =1/0 0
N =] o 0 [B =A]0 A :
0 0|0 0 A -1
0 0 |as 0 |fB; —A

associated with the eigenvector

‘L'Rz(sa%(x) TRO) TR FRO) TR SR ) :
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Theorem 4.2.1. Consider the moment functional

(4.2.1)

where a; and o} are the coefficients appearing in the formal Laurent series (4.1.13).

Then, {‘Zf()\) 22 satisfies the following orthogonality relations

n ATL
M(TE, () CFN) = =1, (4.2.2a)
n+1
m ‘zR A R _ Xn-i—lAn .
(Ton (V) Cj (A) = At don—14, mM,3>1, (4.2.2b)

where {(F1(\)}52, is a sequence of functions defined as

C2R;'L<)\) = mn(k)a C2§L+1(A> = Ailmm-l()\); n > 0.

Proof. Note that for n > 1, T (\) contains only even powers of A\ whereas (3%, (\)

contains only odd powers of X. Since ay, 1 = ai@nfl) =0, n >0, it follows that
M(T,(N) Groi(V) =0, n>1

Further, from the determinant expression (4.1.10) for V, (), we get

)\2]’ )\23‘—2 )\23'—4 . )\—2n+2j+4 )\—2n+2j+2 )\—2n+2j
* * * * *
A_py1 Qopg2 Gpys - a_y Qg —ay
* * * *
A_py2 Q_pi3 Apyg " Qg —a —Qy
R 25 _ Xn+1 N . .
Ton M)AV = A A_py3 Q_piqg Gpys " —a —ay —as
n
* *
a_y Qg —ap —0ap—3 —0ap—2 —Qp—1
*
Qg —aa —az - ) —0p—1 —0n
(4.2.3)

Hence, using (4.2.1), it is clear that 9M(TE (M) A\¥) =0 for j = 0,1,--- ,n — 1, while
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for j = n, we have IMM(TE (N) A\2") = % # 0. This implies

A
:Xn+1 n n>1

M(T5,(A) G5 (A) =0, M(TF, (V) G(N) AL "2b

which proves (4.2.2a). Similarly, for n > 0, T4, (\) contains only odd powers of A

(including A~!) while ¢ (\) contains only even powers of A. Hence

In this case, the determinant occurring in the right hand side of (4.2.3) is equal to
TE (A AF L and so M(TH ,,(A) A¥ ) =0for j =0,1,--- ,n — 1 while for j = n,
we have D(TL,,;(A) A7) = 255280 £ 0. This implies

_ Xes1Ba

M(Tza1(A) i1 (V) =0, M(Tgy, 1 (V) Gy (V) AL, "2h

which proves (4.2.2b). O

4.3 Biorthogonality relations from left eigenvectors

Consider the normalized polynomials

of(\) i =Po(\) =1 and oL(\) = Fn(Y) n > 1.

" (042043 T Oén+1) ’

Then from (4.1.14), we obtain the recurrence relation
2071 (A) = (A = Buyr) oy () = Noy 4 (A), n> 1, (4.3.1)

with of(\) = 1 and oF(\) = ay'(A\? — B1). To linearize (4.3.1) in A, we intro-
duce the sequence of polynomials {TL(\)}>° ) where T (\) = ol(\) =1, TL (N) =

n=0

ok(N), L. 1(N) = Aok(N), n > 1. Hence, we obtain the system ATH () = TL(N),

n

A=TE)] = A TEN) — axTE() and

)‘zgn(A) = Tgn—&—l ()‘)7
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AT (V) = Ty V)] = =Bu1 T, (V) — 2Ty 5(A), > L

This gives the following generalized eigenvalue problem AT*GY = TLHL where

1 0/0 00 0 0 =40 0 |0 0

0 —1/0 1|0 0 1 010 00 0

0 01 01]0 0 0 —ay |0 =B |0 0
=10 0|0 —-1]0 1 H=10 0|1 0 |0 0

0 00 011 0 0 0 |0 —as|0 —p4

0 0|0 010 —1 0 0 (0 0 |1 0
and

Thus, we obtain the following generalized linear pencil matrix

sz(zoL(A) THO) THO) THO) T T

A B0 00 0
~1 =A| 0 X |0 0
0 a| X B0 0
J*N=1] 0 0|-1 =Xx| 0
0 00 as| A fs
0 0|0 0 |-1 =\

Note that the corresponding blocks in J#()\) and J¥(\) are transpose of each other and

lead to the respective generalized eigenvalue problems
TETEN) =0 and JENTE =0.

We state the following result about the orthogonality of QJL(/\), j > 1. The proof is

similar to that of Theorem 4.2.1 and hence omitted.
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Theorem 4.3.1. Let the moment functions MM be defined as in (4.2.1). Then the

oo

sequence of polynomials {‘I]L()\) satisfies the orthogonality property

j=1
Xn+18n
M(T5,(N) ¢ (V) = “5=—" 0,
n+1
M(TE () GO = 5 s 7 2 1,

where {CF(N)}32, is a sequence of Laurent polynomials defined as

Con(A) = A7 Pu(N), G (V) = AP (N), 0 >0,

Remark 4.3.1. In continuation of Remark /.1.1, an operator theoretic interpretation
of the matrix pencils and hence the polynomials maps considered in this chapter could
=

be an interesting direction of study. We refer to Ganesh et al. [75] and Veeramani and

Sukumar [166] for information in this direction.

4.4 Towards R; and R;; polynomials

As mentioned in Chapter 1, the polynomial sequences {P,(A\)}>2, and {Q,(N\)}>2,

satisfying

Prt1(A) = pu(A = Bo)Pu(A) + Ta(A = %) Pai(A), n =1 (4.4.1a)
Qrit(N) = pu(h — 1) On(2) + TN — @) A — b)) Qnt(N), n>1,  (4.4.1b)

with appropriately defined initial values are called R; and R;; polynomials respectively.
We note that the recurrence relations satisfied by the para-orthogonal polynomials
{R,(2)} studied in Chapter 3 as well as (4.1.5) satisfied by the denominators of a
general T-fraction are particular cases of the recurrence relation (4.4.1a) of R; type.
The R;; polynomials are studied extensively in the context of biorthogonal rational
functions. Some references in this direction are Bultheel et al. [32] and Zhedanov [192].
Precisely, 9, () satisfying (4.4.1b) appear as the numerator polynomials of the orthog-
onal rational functions having poles at {a,} and {b,}. In case, a, = z, and b, = Z,,

(4.4.1b) is the recurrence relation satisfied by the denominators of the partial approxi-
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mants of the continued fraction expansions of Nevanlinna functions (Derevyagin [62]).
The particular case of a,, = i and b, = —i was studied in Ismail and Ranga [94] in the
context of orthogonality on the unit circle.

It is also proved in Zhedanov [192] that the polynomials {P,(\)} and {Q,,(\)} arise

as characteristic polynomials of the linear matrix pencil

G\ —off(h) 0 0
—or(A) QM) —oi(d) 0
G—\H = 00—k GO —afN) - ], (4.4.2)
0 0 —of(N) G

where G, H are tridiagonal matrices, ;()) is a polynomial of degree one while o7())
and of{(\) are polynomials of degree at most one.

It may be observed that the generalized Jacobi pencil matrices obtained in the
present chapter are comparable to (4.4.2). This serves as our motivation to study
the R; and R;; polynomials in the context of biorthogonality, generalized eigenvalue
problems and orthogonal rational functions. This forms the content of the next two

chapters of the thesis.
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Chapter 5

Orthogonality of linear

combinations of R; polynomials

The recurrence relations involving linear combinations of orthogonal polynomials on
the real line (quasi-orthogonal) are obtained in Draux [69]. Such recurrence relations
have polynomial coefficients that are either linear or quadratic. In some cases, as in
Jordaan and Todkos et al. [104], the recurrence relations are of mixed type depending on
the parameters involved. In this chapter, we consider one such linear combination of R;
polynomials that satisfy orthogonality properties. In addition to the mixed recurrence
relations, such linear combinations also satisfy biorthogonality relations that can be
derived from their eigenvalue representations. With certain additional conditions, we

further show that such linear combinations lead to para-orthogonal polynomials.

5.1 Constructing a sequence with a common zero

We study the linear combination of two successive R; polynomials of a sequence

{Pn(N)}2,, where P,(\), n > 0, satisfies the recurrence relation

Pus1(A) = pu(A = Bu)Pu(A) + 7oA = 1) Pu-1(A), n>1, (5.1.1)

113
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of Ry type with Py(A) := 1 and P1(A) := po(A — By). That is, we consider the sequence
{@n (M) }Zo where

9,(\) = Pu(N) + 4y Prsi(N),  a, € R\ {0}, n>0.

We assume that 5, # 0, n > 0, so that P,(0) # 0, n > 1, in case 7, = 0, n > 1. We
will also use the condition By # %1, so that Qs(\) does not have a repeated root at
A = 1. The later condition will become clearer in section 5.3. We construct a unique
sequence {a, 22, such that {Q,(\)}>2, not only satisfies mixed recurrence relations
of Ry and Ry type but also all terms of the sequence have a common zero. We recall

that the following recurrence relation
Prir(N) = pu(A = B)Pa() + Fa(A = 4N = 4D)Pua(N), n =1,

with Py(A) = 1 and Py(\) = po(A — By) is called a recurrence relation of R;; type in
Ismail and Masson [91] if p,, # 0 and 7,, # 0 for n > 0.
The first result shows that Q, (\), n > 1, satisfies a three term recurrence relation

with polynomial coefficients of degree at most two.

Theorem 5.1.1. Given a sequence {P,(A)}22, of polynomials satisfying Ry type re-
currence relations (5.1.1), consider the linear combinations of two successive such poly-

nomials
Q.(\) =Pu(N) + aPr1(N), an, € R\ {0}, n>0, (5.1.2)

where Qo(N\) 1= Po(A) = 1. Then there exist constants {pn, qn, 'n, Sn, tn, Un, VUp, Wy }

such that {Qn(N)}o2, satisfies a three term recurrence relation of the form

(pn)\ + Qn)Qn-H()‘)
= (1A% + 5, A + 1) Qn(A) + (unA? + v + w,) Q1 (N), 1> 1, (5.1.3)

with Qo(\) =1 and Q1(A\) = po(A + a1py’ — bo).
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Proof. For n > 1, consider the following system

Qk()\) :Pk()\)—i-Oék'Pk_l()\), k=n-— 1,n,n+1,
Pr(A) = pr—1(A = Br—1)Pe1(A) + Tem1r (X — Yo—1) Pr—2(A),  k=mn,n+1,

(5.1.4)

written in the matrix form as

anl()‘) Qn+1<)‘)
Pra(N) Qn(A)
[Cnfl] Pn—1<)\) = 0 )
Pn(N) 0
Pri1(N) 0
where
0 0 0 Qi1 1
0 0 Qap 1 0
Coa] = | —1 Ut 1 0 0
0 0 (A =7) (A= Ba) —1
0 71N =Yn1) Prn1(A—Ba1) -1 0

is the coefficient matrix. Using Cramer’s rule, the first unknown variable Q,,_1(\) is

given by
det|C—1]Qn_1(A) = det[A,411]Dni1(N) — det[B,] Qn(N),

where

0 Qay, 1 0
Qp_1 1 0 0
[An+1] = )
0 Ta(A = Vo) Pn(A = Bn) —1
Tn—l()\ - ’Yn—l) pn—1(>\ - Bn—l) -1 0
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0 0 Ap+1 1
Oy 1 0 0
[Bn] =
0 Tn(A = Tn) Pn(A = Bn) —1
Tn—l()\ - 7n—1> pn—l(/\ - 671—1) -1 0

Expanding all the determinants by their respective last columns gives det[A, 1] =

PoA + Gn, det[B,] = rp\? + s, A+ t, and det[C,_1] = u A + v, A +w,,, where, for n > 1,

Pn = Op—1Pn—1 — Tp—1, qn = an—1<05n - pn—l@n—l) + Tn—1Yn—1,
'n = PnPns; Sn = Pnldn + Oéy_Llann—I—l — Op—1Pn+1,
tn = _an—lpn—lﬁn—l(an—l—l - pnﬁn) + ’Yn—l(an—lan—&-l — Tn—lﬁnpn) — On—1TnVn,

Up = Tp—1Pn+1, Un = Tn71<Qn+1 - f)/nflanrl)a Wy = —Tpn—1Yn—19n+1;

are the constants given explicitly in terms of the recurrence parameters used in (5.1.1)
and «a,, n > 0. Further, the values of Qx(\), £ = 0,1 are obtained from (5.1.4) for

n = 0,1 and hence the recurrence relation (5.1.3) is well-defined. O]

An immediate consequence is the following result that provides certain choices for

an, n > 0, such that Q,(\), n > 1, again satisfies a recurrence relation of R; type.

Corollary 5.1.1. The polynomials Q,,(\) = Pn(A) + anPr_1(X), n > 0, form a se-

quence of Ry polynomials if a, = pp_18n-1 and v, =0, n > 0 or o, = T,p,*, n > 0.

Proof. Choosing o, = T,p,, 1 n > 0, makes p, and hence r,, and u,, equal to zero for
n > 1. Similarly, with «,, = p,_18,-1 and 7, = 0 we have t, = w,, = 0 for n > 1. Thus

(5.1.3) reduces to the recurrence relations

QnJrl()\) = q;1<3n)\ + tn)Qn<)\) + q;l(vnA + wn)anl(A% n > 1a

Qui1(N) = 0 (1A + 5,) Qn(N) + it (un A +0,) Qnn(N), n>1,

of R; type respectively. O
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5.1.1 Mixed recurrence relations of R; and R;; type

It is clear that there are obvious ways to choose a,, n > 0, if we require the linear
combinations Q,(\), n > 1, to be R; polynomials ab initio. We will verify this choice
in Section 5.3 when we obtain a para-orthogonal polynomial from Q,,(\). However, in
the present section, we suppose p,+1 # 0, ¢, # 0, v, =y € C, n > 1 and consider the

linear combinations
Q,N) =P,(A+7)+a,Poa(XA+7), n>1,
where P, (X + ) satisfies the recurrence relation (5.1.1). In such a case, we have
Pari(A+7) = pn(A+79 = B)Pu(A+7) + T APui(A +7), n>1,

which is nothing but the recurrence relation (5.1.1) with 4, = v = 0, n > 1. Then,
Q,(A), n > 1, satisfies the recurrence relation (5.1.3) but with the much simplified

constants

Pn = On—1Pn—1 — Tn—1,4n = an—l(an - pn—lﬁn—l)a 'n = PnPn,
Spn = aqzlann—‘rl + an—l(Tn - pn—lﬁn—lpn)a tn - _O[';lan—lpn—lﬂn—IQn—s—l; (515)

Up = Tn—1Pn+1,Un = Tp—14n+1, Wn = 0.

which are obtained by substituting 7, = 0 in Theorem 5.1.1. We use these simplified
constants to convert the recurrence relation (5.1.3) into a form that is appropriate for

further discussion.

Theorem 5.1.2. Suppose the sequence {a, }22, is constructed recursively as
O = _(pnfl - Oé,;ilTnfl) + pnflﬁnfla n Z 27 (516>

where oy # pofPo s arbitrary. If ag = Topy ", then {Q,(N\)}, satisfies the mized

recurrence relations

Q(\) =1L (/\ + —) Q) - PBAxA—1)Qy()\)  and (5.1.7a)

q1
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Qi (N) = pn ()\ - :—) Q. (\) + %Agnl(x), n>2, (5.1.7b)

with Qo(A) =1 and Q1 (\) = po(A + aipy' — Bo).

Proof. The recursive relation (5.1.6) can be rearranged as
Q10 = —Pp—10p—1 + Tp—1 + O‘n—lpn—l/@n—la

which implies that the relations (5.1.5) can be further simplified, for n > 2, as

4n = —Pny Tn = PnPn; Spn = _an_lpnpn-‘rl — Op—1Pn+1 — PnPn,

tn - O‘rglan—lpn—lﬁn—lpn-‘rla Up = —Un = Tp—1Pn—-1, Wy = 0.
Then, for n > 2, the recurrence relation (5.1.3) takes the form
A =11\ = 9, 1A + 50X + 1,190 (A) + D, un AN — 1)Q, 1 (N). (5.1.8)

Further, p, + ¢, = 0, n > 2, implies

pn + an_lan (1 i M) — 0

Qp

n Oénf mn n— n—
P+1+ 1p+1<1_p 18 1):0
(079 pn On
- n Qn—1Pn Ap—1Pn—1Pn—1Pn
pn_p+1_ 1p+1_pn+ 1Pn—15 1P+1:O
Qp, Pn QnPn

!

pgl(rn+sn—|—tn) =0, n>2.

This means that A — 1 is a factor of the polynomial coefficient of Q,(\) in (5.1.8).

Hence, excluding the factor (A — 1), (5.1.8) can now be written as

Qn—i—l()\) = on ()\ _ Oén1,0n1ﬁn1pn+1) Qn()\) I Tnflanrl)\Qn_l()\)’

which is (5.1.7b) for n > 2.

Now, with the conditions ay = 7opy " and oy # pofy, we observe that p; = 0 and



119 5.1 Constructing a sequence with a common zero

¢1 # 0. Further
r1 =0, s1=p1q1 — agp2, b1 = agpobopacy; ', uy = —vy = Top2, w1 = 0.
Thus, (5.1.3) takes the form
71Q2(A) = (1A +11) Q1(A) + Top2A(A — 1) Qo(N),

which is (5.1.7a). O

Remark 5.1.1. Similar to (5.1.6), one can also construct {a,}52, with ¢, = py,
n > 2. In this case also, as in (5.1.8), A+ 1 becomes a factor of both the coefficients of
Qn(N) and Q,—1(\) which by a simple computation leads to the same mized recurrence

relations (5.1.7a) and (5.1.7b).

5.1.2 Uniqueness of the sequence {«,}>

It is desirable to have the sequence {a,}>°, uniquely defined. With ag = mp, ", we
only need to define «, so that (5.1.6) generates o, n > 2, uniquely. It is clear that
there are various ways to choose «a; subject to the only restriction that a; # pofp.
We choose a; so that one of our objectives that is, construction of a sequence of linear
combinations of R; polynomials such that all the terms in this sequence have a common

zero is achieved.

Theorem 5.1.3. Suppose Q1(1) = 0. Then Q,(\) has a common zero at A =1 for
n > 2, with Q2(\) having a double zero at A = 1 if, and only if, oy # pobo is a root of

the quadratic equation

p1$2 - Poﬁoﬁ = 0. (519)

However, if Q2(\) does not have a double zero at X\ = 1, then, Q,(\) and Q,_1()\),

n > 2, do not have a common zero except at A = 1.

Proof. If Q1()) has a zero at A = 1, it follows from the recurrence relations (5.1.7a)

and (5.1.7b) that A = 1 is a root of Q,()A), n > 1. To check whether Q,(\) has a
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double zero at A = 1, differentiating both sides of (5.1.7a) with respect to A, we obtain
1 Q5(A) = 51Q1(A) + (1A + 1) Q1(A) + 2AT0p2 — Top2.

Since ¢ # 0, Q2(A\) has a double zero at A = 1 if, and only if, (s1 + ¢1)po + Top2 = 0,
which upon substitution of the values of s1, t; and p, from Theorem 5.1.2, is equivalent

to the condition

po (P11 + aoay ' qa(ar — pofo)) — Toon (a2 — p1fr) =0
poqi(p1 + a2 — p1B1) — Tocu (a2 — p1Br) =0

pococy i (ay — pofo) + Topras — 1o = 0

117

PlOéf — poBom1 = 0.

To prove the last part of the theorem, we use the procedure given in da Silva
and Sri Ranga [45, Lemma 2.1]. First, we note that Q1(0) = a3 — pofy # 0 and
Q,11(0) = t,q; ' #£0, n > 1. We write (5.1.7b) as

Tn—1ni1y _ Qn+1(A) ()\ _ t_”> () (5.1.10)

dn Qn71<)\) o Tn anl()\)

and proceed to prove by induction. By hypothesis, Q;(A) and Qs(A) do not have
common zeros except at A = 1. For n > 3, suppose that Q, ;(\) and Q,(A\) do
not vanish simultaneously at any point w # 1 € C. This means if Q,(w) = 0, then
Q- 1(w) # 0 and (5.1.10) yields 7, 1¢ni1w/qn = Qni1(w)/Qpn_1(w). Since Q,;1(0) #
0, w # 0, which further implies that Q,,,1(w) # 0. O

The uniqueness of the sequence {a, }7°, hence follows from the observation Q;(1) =
0 implies choosing a3 = po(By — 1). In case we require that Qs(\) does not have a
repeated root at A = 1, we assign a value to «; such that a; does not satisfy (5.1.9).

Hence, we choose the initial values such that

nipr # By (1= Bo)? and By #0,+£1. (5.1.11)

For the rest of the chapter, we will assume that the sequence {Q,,(A)}22, has been
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constructed with pg, 5o, p1 and 7y satisfying the inequalities (5.1.11). However, the fact
that such a sequence is obtained from linear combinations of R; polynomials suggest
that this sequence must itself satisfy some orthogonality properties and this forms the

content of the next two sections.

5.2 Biorthogonality from linear combinations

In this section, we consider the sequence {Q,(A)}5°, constructed from (5.1.6) with
ay; = po(fo — 1), so that Q,,(1) =0 for n > 1. We further assume that the other zeros
of 9, () are distinct, that is Q, (), » > 1, has no repeated zeros.

Note that from the recurrence relations (5.1.7a) and (5.1.7b), the leading coefficient
of Q,(A\) 1S Kn—1 = pn_1pn—2---po # 0, n > 1. This also follows from the fact that the
leading coefficients of Q,,(\) and P, (\) are equal for n > 1. Again from the recurrence

relations (5.1.7a) and (5.1.7b), it can be shown that Q, (), n > 1, has the determinant

representation
po(A—1) Toqeq; (A —1) 0 0
A G (siA+t) T 0
0 A A —tory ! 0
pah —tary’) . (5.2.0)
0 0 A 0
0 0 0 T pn—1(>‘ - tn—ﬂ”;}l)

if one expands the determinant by its last column.
As the first step towards obtaining a biorthogonality relation, we express Q,,(\) as

the characteristic polynomial of a matrix.

Theorem 5.2.1. The zeros of the monic polynomials Q,(\) = K+, On(N) are the
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eigenvalues of the matrix

s1q; " ToT1g2q; " —ToT1q3q; " 0 0
P1 Oélpéﬂo P1Po
-1 _ —
-1 2 714349 0 0
P1 a1p1 P1 .
1 P —Us 243 44 0
D, = P2P1 Q1P P2P1 P2
P3P2P1 Q1P3P2pP1 P3P2P1 P3pP2
(_1)n+1 (_1)n+1192 (_1)n+2193 (_1)n+3194 _19”
Pn—1"""P1 A1Pp-1"""P1 Pn-1"""P1 Pn-1"""02 Pn—1Pn—2

where 99 = qo and 9, = q,(1 + pn_gozgil), n > 3.

The proof of Theorem 5.2.1 involves the inversion of a tridiagonal matrix. Such
inverses for particular tridiagonal matrix operators are studied in Sivakumar [159].
However, we use the following lemma proved in Usmani [177] for the expression of the

matrix inverse of the general tridiagonal matrix given by

by ¢ O 0 0

as by ¢ 0 0

=1 0 a3z b3 0 0
b1 Cpn_1

0 0 O a, by

(_1)i+jaj+1aj+2"'ai0jié¢7 - 1a27' 0 — 17'
=3 o (5.2.2)
Ta J=1
while for r <'s,
s—1
(5.2.3)
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Here, 0,, is the determinant of the matriz J,,, while the sequence {¢p}}_; is defined as

¢k,‘ = bk‘¢k‘+1 - ak+1€k¢k+27 k = ]_7 27 ceen,

¢n+1 = ]-7 ¢7L+2 = 0.

(5.2.4)

Proof of Theorem 5.2.1. The determinant expression (5.2.1) for Q,(\), n > 1, can be

expressed as the determinant of a linear matrix pencil A\G,, — H,,, where

Po TOQQQfl o - 0

1 si¢st 0 - 0
Go=1| 0 1 ps -+ 0 and

0 0 O Pn—1

po T0G2q7 " 0 e 0

0 —tigy" 7igsgs' -+ 0

Ho=1] 0 0 —tagy ' - 0
0 0 0 Tt _tnflq;_ll

Here we used the relation tjpjrj_l = tjpj_1 = —tjqj_l, 7 > 2. Then, forn > 1,
Q,(\) = det(\G,, — H,,) = det(G,) - det(\T,, — G, H.,),

where Z, is the n x n identity matrix. However det(G,) = k,—1 # 0 implies that G,
is invertible and k', Q,(\) = det(\Z, — G 'H,,). Hence, Q,()\) is the characteristic
polynomial of the matrix product D,, = G, 'H,,. The proof will be complete once we
find the matrix inverse G 1.

Comparing the matrix G, with the matrix 7,, we have ¢; = 7oq2q; ' and ¢; = 0,
a; = 1 for i > 2. Further, 0, = det(G,) = k,—1 and hence from (5.2.4), ¢p =
Prn1Pn-2 " Pr-1, k =n,m —1,--- 31 with ¢y = pp_1pn_o---p2s1q; . Using (5.2.2),
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the diagonal elements of G L are

Oods _ puipu-z- - pasid _ si14p

Q11 = = )
Or, Pn—1Pn—2"""Po PopP1
0, 10 e Di9 Pre1Prd " i 1 .
s — 10i41 _ PoPL " Pim2 " Pro1Pn2 " Pi e
On, PopP1 - Prn—1 Pi-1

while fori >4, j=1,2,---,i—1,1=1,2,--- ,n,

B (_1)i+j
Pi—1Pi—2 " - 'pj—1.

Qi,j

Thus the elements on and below the diagonal of G ! are estimated. For i < j, we note

that the right hand side of (5.2.3) is non-zero only for » = 1 and s = 2 since ¢; = 0 for

1 > 2. Hence
~1
1 T0q24,
Q12 = Toq2q; 21 = ——— .
P1Po
Explicitly, the matrix inverse G, ! is given by
s147 _ Togad; ! 0 0
P1Po P1Po
1 1
- — 0 e 0
Pllpo 011 1 .
P2P1P0 P2pP1 P2
(_1)n+1 (_1)n+2 (_1)n+3 1
Pn—1"""P0 Pn-1"""P1 Pn-1"""pP2 Pn—1
and the proof is complete by calculating the matrix product D, = G 1H,,. O

With the assumptions made at the beginning of this section, the eigenvalues of the
matrix D,, are distinct and the intersection of the spectrum of D,, with that of D, 1,
n > 1, is non-empty, consisting only of the point A = 1. However, note that both G
and D,, can be viewed as the matrix forms &g + €g€y¢ and E1p + epEap respectively,

where &g, Eag, E1p and Ep are n x n matrices while eg and ep are constants. Precisely,
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&1g 1s a lower triangular matrix, &p is a lower Hessenberg matrix,

010 0 0 001 0 0
000 O 0 000 O 0
Eag = , Ep =
0 0
000 O 0 000 O 0
€6 = —Toq2q; -/ p1po, and ep = —ToT1q3q; */p1po- The effect of such linear perturbation

of the spectra of the matrix are investigated in Alam and Bora [1,2].

5.2.1 Eigenvectors from Q,())

We construct the left and right eigenvectors of the pencil matrix AG,, — H,,. The su-
perscript L(R) corresponds to the left (right) eigenvectors respectively. With of(\) :=

olt(\) := Qu(\) = 1, consider the following rational functions

op(\) = 2N o (N) = — %) (5.2.5)

(_)‘)M H;:é TjCIk+1CI1_1()\ - 1)7

for k = 1,2,--+ ,n. Then, (5.1.7a) and (5.1.7b) written in terms of oZ(\) and oZ(\)

will yield respectively
Alpoog (A) + o1 (V)] = poog (A),

Arogq; 'og (A) + s1q7 07 (A) + 05 (A)] = Togaqy "o (A) — tagy 'ot (M), (5.2.6)

/\[pna'ﬁ(/\) + 054-1 (/\)] = Tn—IQH-i—qu:lar%—l (A) — tnqglaﬁo‘)
and

Alpoad(A) + Togeqy "ot (N)] = Togaqy "1t (A) + pooi (N),
Aof(X) + tig o' (V)] = 1igsqs "o (A) — tigy 'o (), (5.2.7)

Mo (V) + pnoy (V)] = Tans2€ui10570 (A) = tagy 0,/ (N).
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Defining the sequences {xZ ()}, and {x7(\)}>2, where

Xo(A) = poog (\) + 01 (A), X1 (A) = Togeqy "5’ (M) + s1g7 o1 (N) + o3 (M),

(5.2.8)
Xa () = puo(A) + 070 (N), n>2,
and
X0 (A) = poog (A) + Toa2ai o1 (N),  xi'(A) = 05 (N) + tagi o' (N), (529)
Xa V) = 001 (N) + puoi(A), n> 2.
(5.2.6) can be written as
Mg (A) = poog V), AXT(N) = Togagr 'og (N) — tigy ot (N), (5.2.10)
M () = Tac1tnn@y 071 (A) = gy o (A), n > 2.
while (5.2.7) can be written as
Mo (N) = Togaqy o1’ (A) + poog (V) AM0'(A) = Tigsqy 03 (A) — tagy oy’ (N), (52.11)

(A = TnQn+2q7:+110-§+1()‘> —tny oy (N), n>2.

For n > 1, the matrix equations corresponding to (5.2.6) and (5.2.7) are respectively

Aot (NG, = ¥ (N H, + Aok(Nel  and (5.2.12a)

n

AGna B (N\) = Hoo ') + To1@niiq; R (Nen, (5.2.12b)

where e, is the n'" column of the n x n identity matrix I,,,

Here G, and H,, are the matrices defined in Theorem 5.2.1. Let the zeros of Q,()),
n > 1, be denoted as A\, j, j = 1,2,--- ,n. Since both o ()\) and ¢f(\) vanish at \,;,
it follows from (5.2.12a) and (5.2.12b) that oZ()\,;) and a(\,;) are the left and right

eigenvectors of the linear pencil matrix G,, — AH,, respectively.
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5.2.2 The associated measure

Using the matrix representations (5.2.12a) and (5.2.12b) we obtain a discrete measure

of biorthogonality which requires the removal of the common zero A = 1. First, we

recall the following standard result and outline a proof to provide further clarity.

Lemma 5.2.2. The trace of the matriz product o (w)o™(\)G, which is also equal to

the trace of Guoft(w)a®(N\) is same as the matriz product o (\)G,o0%(w).

Proof. The matrix product of(w)o*(A\)G, is

1
0
X 0

so that the

[pooty (A) + of (W]og(w) + [rogear " of (A) + s1q7 " of (A) + 05/(N)]

Lo B (W) + [psok(\) + oL W]oR (W) + -+

Po Toqqy

S1Q1_1
1
0

trace is

+ [p205(A) + (w)

0 0 0

0 0 0
p2 0 0

1 ps 0

0 0 Pr—2
0 0 1

+ [Pn—2‘7572(/\) + 0571()‘)]‘7572

o o o O

nxn

(@) + po—10y 1 (w)o

L

n—1

nxn

oy’ (w)

(5.2.13)
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The sum (5.2.13) can also be represented as the matrix product

T
poot (V) + oE(N) ot (w)
Tod2q1 05 (N) + s1ay ot () + 0 (N) of(w)
p20y (A) + 05 (N) 03 (w)
" (NGno " (w) = P30 (A) + o (N) o3t (w)
Pn—QUﬁ—Q(/\) + ‘776—1()\) UE—Q(W)
Pr-105_1(N) op g (w)
nx1 nx1
thus proving the lemma. O

The following result gives an expression for the measure of biorthogonality. The

proof is motivated by the analysis in da Silva and Sri Ranga [45, Section 2.

Theorem 5.2.2. Let the zeros of Q,(\) be denoted as A\, j, j = 1,2,--- ,n, with

A = 1. Then, the following biorthogonality relation

n—1

> o)X O e = 6y Gk =0,1,--+ ,n—2, (5.2.14)
i=0
holds, where X*(Aux) = xFOnk), i=1,2,--+ ,;n—2 and Xn_1(\) = po_10L [ (N). The

weight function p, ; has the expression

/

Hn,j ke = [Tn—l(Jn—&-lqgl[o-f()\n,j)] 0-7%—1()‘71,]6)]_17 j> k= ]-7 e, N L.
Proof. Post-multiplying (5.2.12b) by o*(\) and pre-multiplying (5.2.12a) by o (w)
after evaluating (5.2.12b) at w, we obtain the systems

Mofi(w)at (NG, = o (w)a" (N H, + Ao (w)ok(N)el  and (5.2.15a)

n n

wG,ot(W)a"(\) = Hpo'(w)o " (N) + Tn1Gni1 ), o f(w)e o™ (). (5.2.15Db)

The first step is to subtract the matrix traces of the corresponding sides of (5.2.15Db)
from (5.2.15a). By Lemma 5.2.2; the left hand side after subtraction of the matrix
traces gives (A — w)o(N\)G,aft()).
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We now find the traces of the matrix products appearing in the right hand sides of
(5.2.15a) and (5.2.15b). Since e, is the n'™ column of the n x n identity matrix, the

matrix product 7, 1¢,11q, o2 (w)e,a(N) is

0

Ta-1Gn+1, oX(w)
nxl1

which implies the trace of 7,_1¢n+1q; o2 (w)e ot (M) is Tn_1Gn1q, Lo (w)al [ (N). The

trace of the matrix product A\o®(w)ck(N)el is Aol | (w)ok(\) which follows from

nx1

Hence, subtracting the matrix trace of (5.2.15b) from the matrix trace of (5.2.15a)

yields
A R L )\ — 1 -1 _R L A
a_L()\)gno,R(w) _ Un—l(w>0n( ) Tn—14n+19, Oy (w)an—l( ) (5216)
A—w
Since, ok (), ;) and of(\,x) vanish at A = A\, ; and w = A\yp, j = 1,2, ,n with

k=1,2,--+ ,nbut j#k, (5.2.16) yields
O-L()\n])gno-R()\nk) - 07 jak = 1727 ey, ] % k.

Now, we proceed for the case j = k. The idea is to let w — X and see the behavior

of the right hand side of (5.2.16). However, for this purpose we need to exclude the
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common point A, , = wy, = 1. Then, as w — A in (5.2.16), we obtain
o (NG (N) = T 1guirgy, o (V)] o1 (A) = Ao (V)] o (V).
Hence at the zeros A =\, ;, 7 =1,2,--- ,;n—1,

o (M)Gno (M) = 1@ @y [0 M) o (M)

Denoting 1, := To1Gni1G; 0RO\ j)] ok (M), we note the following points.

e By Theorem 5.1.3, Q,_;(A) and Q,,(A) n > 1, do not have common zeros which
implies that oZ_;(\,;) # 0.

/

B SR~ 10 V(¢ S VR NE V)
H;tll Tidk+14y (A—1)

o (M)l = == e

’ Hlel Tiqeqy - (Mg — 1)

for j =1,--- ,n—1and Q, (\,;) # 0 (as @,()\) is assumed to have simple zeros).

leads to

# 0, because \,; # 1,

Hence ,u;; #0,7=1,---,n—1so that from (5.2.16), the orthogonality relations

T
gg[aL(An,j)]T O-R(An,k‘) = ”;hlj(sj,k’a jv k= 17 2a e, 17 (5217)

hold. This shows that the two finite sequences {G~[a"(\,;)]" ;‘:_11 and {a®(\x) 1Pt

are biorthogonal to each other.

To proceed further in the proof, we define
N;ik = Tn—l(ln+1qr:1[Uf()‘n,j”/afzq()‘n,k)a
where we note that for & = 7, ,u;;j = ,u;;. Further, from (5.2.17) the relation
" (Mi)Gu0 (k) = Turdnsrty 08 (M) 01 (M) 8

can also be written as the matrix product

o) o (M)

n 7 = O0jk; jk=1,2,--- n—1 5.2.18
0-7[7,/—1(>‘nj) Tn—lQn—qujl [05(/\71])] ak ( )
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Note that for j,k =1,2,--- ,n—1, the RHS of (5.2.18) is the (n—1) x (n — 1) identity
matrix Z,_;. The first matrix product in the left hand side of (5.2.18) gives the row

vector
o (An) G — Xe(Mng)  XT(Ong)  Xa—2(ag) e (M)
‘7{?71()‘71]‘) U#—l(An,j) 05—1()‘71,1') Uﬁ—l@‘n,j) ‘77]?—1()‘7173‘) 7
which when expanded for j = 1,2,--- ,n — 1, gives the (n — 1) X n matrix
X(I)l()‘n 1) X%(An 1) Xﬁ—QO‘n,l) pn—laﬁ—l(/\'n,l)
‘77[{—1( nl) ‘77[{—1( nl) ‘7715—1()‘11,1) ‘75—1()%1)
XéJO‘n 2) X%O‘n 2) Xﬁ—z(AnQ) pn—laﬁ—l (/\'n,Q)
of 1(An2)  of i (An2) o5 1(An2) or 1(An2)
Bn—lxn = . . .
X6 (Any) XTng)  Xa(Aan—2)  pro105 1 (Ann—2)
Uﬁfl(An,j) Uﬁfl()‘n,j) Uﬁfl(An,n#) Uﬁfl(An,nﬂ)
Xg(/\n,nfﬁ XlL(/\n,n71> o X£—2(>‘n7j) pn—laﬁ—l()‘n,n—l)
‘77]:—1()‘7%,7%—1> UrLz—l()‘n,n—l) UrLz—l()‘n,n—l) Uﬁ—l(An,n—ﬁ

Similarly, the second matrix product in the left hand side of (5.2.18) gives the following

n %X (n — 1) matrix

o5 (A1) og(M2) o (Nap2) o (M)
Cnl Cn2 Cn,n—2 Cnn—1
o (A1) it (An2) o it (Ann—2) o1 (A1)
Cn1 Cn2 Cn,n—2 Cnn—1
A x (n—1) = : : . : : )
05—2(/\711) 05—2()‘712) o 05—2()‘71,71—2) 07}5—2()‘71,71—1)
Cn1 Cn2 Cn,n—2 Cnn—1
Uf—lO‘nl) 05—1()‘712) o 0713—1()‘n,n—2) 0713—1()‘71,71—1)
Cnl Cn2 Cn,n—2 Cnn—1

where ¢,; = T 1qns10; [0 ()] . Note that x*()\), i = 1,2,--- ,n — 2 is as defined
in (5.2.8) while of(\) is as defined in (5.2.5). It follows from (5.2.17) that the matrix
relation B, _1xn * Anxn_1 = I,_1 holds. The system of equations that results from

AL - BE | =1, 1 can be written as

n—1

ZO—iR()\n,j>>ziL()‘n7k):un,j,k = 5j,k7 j7 k= 17 e, N — 15
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which is (5.2.14), thus proving that the two finite sequences {o(\)}1) and {xE ()},
are biorthogonal to each other on the point set A = A\, 1, A\p2, -+, Ay n—1, which is the

set of zeros of Q,,(\) excluding the point A = 1. O

If A denotes the space of Laurent polynomials, define a linear functional N on

A\ XN\ as

i
L

NED ) i) = D i) g i in v

s
Il
=)

Then, we have the following result.

Theorem 5.2.3. The sequence {Q,(N\)}o2, satisfy

N

ED IO = DT =0, MEP A - 1) ()| #0,

n

fO’["‘k’:l’... ’n_l} andm:1’2,. ’/n“

Proof. From Theorem 5.2.2, we have
NEDGRN(A)] =05, 0<i<n—1, 1<jk<n-—1.
Using the definitions (5.2.8) of xE()), it is clear that

{X(l)/()\n,k)’ XlL(Amk)a R 927[1/—1()\71,]6)}7

(where XF(A) = xF(X), j=0--- ,n—2 and Xn—1(\) = pp_10,,_1())), forms a basis for
the subspace of Laurent polynomials spanned by {1, A7 A~% ... A"l Note that

» Mk nko » gk
each fixed k yields n — 1 such subspaces. Further, this implies
n 1

N(ﬁ{)[Ar_z,le—i_mo-R()‘)]:Oa j7k:0717"' 7n_17 m:1727"' y 1,

i [

now follows from the fact that o*()\) = —[H;;B 7iqi1q; - (A — 1)]7LQi(N). O

while A7) A Mafi(N)] # 0, whenever ff()) is evaluated at A = A, x. The theorem

It may be observed that biorthogonality relations satisfied only up to a finite num-

ber of polynomials in a sequence are obtained in the present section. Such cases are
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considered in da Silva and Sri Ranga [45] and Zhedanov [191]. In general, the matrices
A and B in such cases are non-singular n x n matrices and the biorthogonality relations
are obtained through the matrix relation AB = Z = B~'A~! = Z. In the present
case, this is not applicable since the matrices involved are rectangular.

One way of representation is to find the matrix transpose as illustrated above.
Another way can be the use of generalized inverses, for example, the Moore-Penrose
inverse which always exists and is unique. We refer, for example, to Mishra and
Sivakumar [133,134] and Kulkarni and Ramesh [110,111] for information on the Moore-

Penrose inverse of a matrix.

5.3 Para-orthogonality from linear combinations

The orthogonality condition in Theorem 5.2.2 which required the removal of any com-
mon zeros of consecutive polynomials motivates us to study the sequence of polynomials
in which the common zero A = 1 has been removed. Hence, we consider the sequence
{R,(N)}2, where Ry(A) := and R,,(A\) = £, (A —1)71Q,41,n > 1. We recall that &,
is the leading coefficient of Q,+1()\), thus making R,,(\) monic.

For para-orthogonality, we impose conditions on the parameters used in the recur-

1'<0,n > 0. By a direct com-

rence relation (5.1.1) of Ry type. First, —2 < 7,p,,
putation from (5.1.7a), we obtain Qy(A) = xa(A — 1)(A +t1p; ¢y ). Then, Q5(A) has
the second zero at A = —1 if t; = p,q; which is equivalent to oy = 11p; ' Bo(1 + Bo) "
Since ay = po(Po — 1), this narrows down the choice of the initial values to satisfy
Tip7 " = pofBy (B2 —1). We note that such a choice does not contradict the inequalities

(5.1.11) given at the end of Section 5.1 since [y # +£1.

Hence from (5.1.7b), R, (A), n > 1, satisfies the recurrence relation

tTL nrn
Rus1(A) = (A - “) Ra(\) + 22232 (0, n>1, (5.3.1)

Tn+1 PnTn+1

with the initial conditions Ro(A) = 1 and Ry(A) = A+ 1. The following result imposes

further restrictions on the choice of «,, for R, (\) to be a para-orthogonal polynomial.

Theorem 5.3.1. Let the sequence {c, }>2 | be so constructed from the recursive relation
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(5.1.6) that, the following conditions

Anpn = (205 + 7o) (Pr_1@n—1 — Th—1) + 7 and (5.3.2a)

P = —Pn-1Pn-12pn + Tn)n_1, n>2, (5.3.2b)

where ag = poty * and ay = po(Bo—1) are also satisfied. Then {R, (A}, is a sequence

of para-orthogonal polynomials.

Proof. The condition (5.3.2a) implies (anpn — 70)/(Qn-1pn-1 — Tn-1) = (Pny1)/(Pn) =
20+ Tp, n > 2, while (5.3.2b) implies (ap—10n-10n-12pn+T0))/(apn) = tn/rn = —1,
n > 2. Further, with r, = p,p,, we obtain

R - T
We, choose 7,p,! = —2(1 —m,), n > 1, so that 2m,, = p,y17, ', n > 2, with 2m; =

2+ 7,p, 1. Further, 0 < m, < 1 since —2 < 7,p,, ' <0, n > 1 and hence the recurrence

relation (5.3.1) for R,, reduces to
Rot1(A) = A+ 1D)Ru(N) —4dy1 AR (A), n>1, (5.3.3)

with Ro(A) =1 and Ry(A) = A + 1. Moreover

TnPn+2

=—4(1—=my)mp1 n>1,
PnTn+1

implies d,,11 = (1 — my,)m,41 is a positive chain sequence (Ismail [90, Section 7.2]).
The recurrence relation (5.3.3) is a particular case studied in Castillo et al. [37] and

hence it follows that {R,(\)}22, is a sequence of para-orthogonal polynomials. O

The recurrence relation (5.3.3) is also considered in Chapter 3 in the context of
complementary chain sequences. Further, from Castillo et al. [37, Theorems 4.1 and
5.2], we can state the following. There exists a non-trivial probability measure on the

unit circle such that for n > 1,

L& RO = (O =0 k=011
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This implies that the linear combinations of R; polynomials, Q,()), n > 1, satisfy
[ eu@au =0, k=01 n—1,
Moreover, the monic polynomials
D, (N\) = Ru(N) —2(1 = mp)Rp—1(N) = Ru(A) + 70 ' Ru—1(N), n>1, (5.3.4)

are orthogonal polynomials on the unit circle with respect to the probability measure
and o1 = —?(0) = —(1+7ap, 1), n > 1. The parameters «,,_; are called Verblunsky
coefficients (Simon [156]) and, since —2 < 7,p, ' < 0, lie in the real interval [—1,1] in
the present case.

The polynomials ®,(\), n > 1, called as Szegé polynomials, also satisfy

(I)nJrl(O)
®,,(0)

(1 — |20 (0)*) D1 (0)
®,(0)

O, (N) = ( + A) o, (\) — AP, 1 (N), n>1,

which is a recurrence relation of R; type. With the results obtained in this chapter, they
can be viewed as R; polynomials, that can further be expressed as a linear combination
of consecutive polynomials of another class of R; polynomials. Note that we have

chosen a,, = 7,01, n > 1, thus verifying Corollary 5.1.1.

Remark 5.3.1. Since Szegd polynomials can also be viewed as Ry polynomials, by
definition (Jones et al. [101]), a para-orthogonal polynomial is always obtained as a
linear combination of Ry polynomials satisfying appropriate three term recurrence re-
lations. In fact, expressing the parameters p,, B, and T, in terms of a,, can lead to the
identification of the class of Ry polynomials whose linear combinations with constant

coefficients are para-orthogonal polynomials.

5.4 A hypergeometric function of R; type
Consider the recurrence relation of R; type

n
c+n

Prs1(N) = b+n (A_b—c——n

o - >
c+n b+n )PR(M APp-1(A), n=>1,
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where Py(A) := 1 and Py(A) := 2(A — 2¢). Comparing with the general recurrence

relation (5.1.1) of R; type, the parameters are given by

B b+n
c+n’

3 b—c—n n+1
n— 1 . Tn = T
b+n i c+n+1

Pn =10, n=0,

with 79 # 0. Further, P,(\) = F(—n,b;¢;1—X), n > 0, which follows (Sri Ranga [162])

by substituting a = —n in the contiguous relation

(a—c+1)F(a,b;c;\) = 2a—c+2+(b—a—1)N)F(a+1,b;¢c;0)

+(a+1DH(A=1)F(a+2,b;c;\).

We consider the linear combinations Q,,(A) = P, (A)+a,Pr_1(N), n > 0, with Qy(\) :=
1 and our first aim is to construct the sequence {«,}5°, so that Q,(\), n > 1, has a
common zero at A = 1. We start with the initial verifications (5.1.11) given at the end
of Section 5.1 to check if Q5(\) has a double root at A = 1.

Clearly, ¢ # 0 in F'(—n,b;¢;1 — X\) and so 5y # 1. Since we also require Fy # 0,
and By # —1, we exclude the relations ¢ = b and ¢ = 2b respectively. We further verify

that ¢ # —1 implies

—(b+1)" = gt # poly (1= Bo)? = clb— ),

which by (5.1.11) further implies that Qs(\) does not have a double root at A = 1.

This can also be verified by the fact that we choose

alzpo(ﬁo—l):g(bzc_g =—1,

so that a; is not a root of the quadratic equation (5.1.9). This follows from the
inequality p1af — poBomi = b/c # 0. Further, from the recursive relation (5.1.6), we
have , = —1, n > 1. Since a1 = po(fo — 1), this also means that Q,()\), n > 1, has
a common zero at A = 1 for the unique sequence o, = —1, n > 1. Moreover, as b # 0

and ¢ # 2b,

—nb+n)" =1pt # o =—1  and
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b—c—n+Dlct+tn—1)""=p, 11 #a,=-1, n>1,

respectively. Hence, by Corollary 5.1.1, Q,,(\), n > 1, is not a R; polynomial. In fact,

the linear combination
9,.(\) = F(—n,b;c;1 = X) — F(—n+1,b;¢;1—=)), n>1,

satisfies the mixed recurrence relations (5.1.7a) and (5.1.7b). With a1 = =1, v, =0,

n > 0, the relations in Theorem 5.1.1 yield

b b(b+ n) b(2b—c+1)
—Pn = Q4n = y Tmo = — y On — )
P Ccrmietn—1" " crn—1Dlc+n)
—c— 1 —1
tn:—b<b c—n+1) w = = (n—1)b w, =0, n>o.

(c+n—1)(c+n) (c+n—1)(c+n)

For n =1, we have

b b b+1 /b Tob b(2b —c+1)
P1=— E+7—0 1= —, ' = — _+7_0 , S1 + ;

c c+1\c
b(b— ¢) Tob
c(c+1) e M
Hence we need to choose 79 = —b/c so that p; = r; = 0. Then, from (5.1.7a) and

(5.1.7b), we obtain the mixed recurrence relations
b—c+1 b—c
Q(N\) = ———— ()\

b
1 M m) R

b+n b—c—n+1 n—1
Qni1 (M) ct+n ()\ b+n > () c—i—7L>\Qn_1(>\)7 n22

The initial conditions are Qy(A) := 1 and Q;()) := 2(A — 1). Note that, since o =
ToPo Loy = % gives ap = —1. Moreover, from the power series representations for the

hypergeometric functions, it can be easily proved that

() =1, Qn(/\):g()\—1)F(—n+1,b+1;c+1;1—)\), n>1.
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5.4.1 Biorthogonal hypergeometric functions

To discuss the biorthogonality relations obtained in Section 5.2 from Q,()) in the

hypergeometric settings, we first note that the rational functions defined in (5.2.5) are
-1

of(N) == |A=D]]mana’] QO

) 1),_ ) .
_cre (C% ) 1F(—z—|—1,b—|—1;c+1;1—)\), 1> 2,
Cc (—Z—i-l)i,l

with off(\) = 1 and off(\) = (¢ + 1)/c. Further, from (5.2.8), we have xZ(\) =
pror(N) + ot 1 (A), k => 2, where o (A) = (=) 7"Qy()), k > 1. Hence

) = () A= e e 11— )

C )\k-‘rl
b+ k
_ +k)\F(—k+1,b+1;c+1;1—)\)].

c+

We find a closed form expression for x#(\) using another contiguous relation

(a—c)F(a—1,b;¢,\)+ (c—b)F(a,b—1;¢;\) + (A —1)(a — b)F(a,b;c; \) =0,

which can be written as

O FR(a+Lbiet 10 = Fla,b+ Let+ 1)) — — 2

cC—a cC—a

(1=MNF(a+1,b+1;c+1;N).

Hence, with a = —k and A — (1 — \), we obtain

b(c —b) e

KO) = (1) (A= DA F(—k+ L e+ ;1= 1)), k>2

KO = ()P S ARk L b L= ), k2
L L L b4

We also have x5 (\) = pooy (N) + of ()\):E)\ and

XT(A) = Toa2a1 o5 (A) + 14701 (A) + 03(N)

b L
:_m[(b+1)>\+c—b—1]+02()\)
A1 bb+1)A—1 b

F(—l,b+1;c+1;1—/\)—c(c+1) 5y _(c+1))\‘

c A2
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Note that we have written xZ()\) in the form x*(\) = ok(\) + p1oE(N\) — % and this

can be further simplified to xF(\) = _(C%I;F(—l, byc; 1 — \).
Let the weight function p, ;; be the function ;1\ evaluated at the zeros A, ; and A, ,
Jok=1,--- ., n—1o0f Q,()\), that is, at the n — 1 zeros of F(—n+1,b+1;c+1;1—\)

which clearly does not include the point A = 1. We recall that

X = Tn—lqn—l—lqgl[05()‘)],05—1()‘)’ n Z 2.

Since
b
ok () = (—1)”_12)\_"“()\ —D)F(—n+2,b+1;¢+1;1—)) and
/ +n)(c+1)n-1
ryp = Fl(=n+1,b+ T+ 1;1— )
[0 (V)] E— (=n+1,b+1c+ 1 )
1 2)n_
__xDetn)et2)n 2F(—n+2,b+2c+ 21— N),
c(—n+2)p_o
we have

pr =Yoo W[F(=n+2,b+1;c+1;1 =N X F(—=n+2,b+2;c+ 21— N\,

where

A(=n+2)p A" !
SO (= Db+ ) (et D=1 "=*

yn—Q(/\) =
By Chu-Vandermonde formula (Ismail [90, p.12, (1.4.3)])

—b)—
n—1

This implies A = 0 is not a zero of F(—n+ 1,b+ 1;¢+ 1;1 — A). Hence ), _2(\) never
vanishes.

Hence by Theorem 5.2.2, we obtain two finite sequences {aF(\)}') and {xF(\)}7Z;
of hypergeometric functions that are biorthogonal to each other with the weight func-

tion puy, all quantities being evaluated at the n —1 zeros of F/(—n+1,b+1;c+1;1—\).



Chapter 5: Orthogonality of linear combinations of R; polynomials 140

Here, YE(A\) = xE(A\), k=0,1,--+ ,n — 2 and

)25—1 (/\) = Pn—105—1 (A)

_(—1y b(b+n—1)

AT N = 1D)F(—=n+2,b+1: 1:1—)\).
o AT DEn 2 b+ et L=

5.4.2 Para orthogonal polynomials with two representations

Now, we discuss the para-orthogonality of polynomials obtained from Q,(\) in the

hypergeometric settings. With p, = I;:—Z, the leading coefficient of Q,,11(\) is K, =
PnPo = 8%. Hence, we consider the monic polynomials
(c+1),
R.(N) = F(—n,b+1,c+1,1—=X), n >0,
) 0+ 1)n ( )

and proceed to find conditions on b and ¢ such that R, () is a para-orthogonal poly-

nomial. The conditions obtained in the beginning of Section 5.3 are

—2<Tup,' <0 and Tip;t = poBy (85 — 1)

The first one requires b > —n/2 for n > 1 so that we have b > —1/2. The second one
requires ¢ — b = (¢ — 2b)(b + 1) which implies ¢ = 2b 4 1. It can be verified that the
other conditions (5.3.2a) and (5.3.2b) in Theorem 5.3.1, that is

Anpn = (2pn + T0)(Pn-10n-1 — Tn1) + 7n and

AppPp = _pnflﬁnfl(zan + Tn)O‘nfla n Z 27

are also satisfied for a,, = —1 and ¢ = 20+ 1. Hence R, (), n > 1, satisfies the

recurrence relation
Rn+l(/\) = (/\ + ]-)Rn()‘) - 4dn+l>\Rn—1()\)7 n Z 1,

which is (5.3.3) and when using (5.3.1), we have

17 Pra2 n(2b+n+1)
oy = —= 2

1
Approsr A0 +n)b+n+1)

n > 1.
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1 ] __ Pn _ 2b+ . o B
The parameter sequence is given by m,, = 2:: ) +Z), n > 2, with m; =1+ 2% =
—Q%ZE) Further, the Szeg6 polynomials are given by

B,(\) = Ru(N) — 2(1 — mn)Ro1(N)

(20 + 2),
= ——F(—n,b;20+1;1 — A\
(b+1)n ( 7, 05 + L )
n <2b+2)n71

- F(—n+1,0;2b+1;1—2)), n>1,
b+n) (b+ 1)y (=n )

with the Verblunsky coefficients

b
b+n

a1 =—(1+7p,") = - , n>1

We make an observation. From results illustrated above, for ¢ = 2b + 1, the linear

combination Q,(\) yields

b
— AN =1)F(— 1 1;204+2;1 —
55 7N~ DE(n 4 Lb 4120 +2:1 = )

=F(—n,b;2b+1;1 =) — F(—n+1,b;2b+ 151 = X), n>1. (5.4.1)

Denoting the monic polynomials

2b)n
Rn(b;\) = ((b)> F(—n,b,2b,1 — \), n>1 and
2+ 1
dn(b; N) = ((bj—l))”F(—n,va 1,2b+1,1—=)), n>1,

it has been proved (the concluding remarks in Sri Ranga [162]) that for b > —1/2,
b, (b; A) is a Szegd polynomial with respect to the weight function [sin 6/2]* and in fact,
is obtained from Gegengauer polynomials using the Szeg6 transformation. Further, the

reversed Szegé polynomials ¢ (b; \) = A\"¢,(b; 1/)) are given by

(2b+1),

on(b;A) = b+ 1),

F(—n,b;2b+1;1 — \).
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Thus, multiplying both sides of (5.4.1) by %, we observe that

* b,)\ _ 2b4n+43 g« b,)\
Rn(b+17)\> _ 2b—|—n+2 ¢n+1( ) b+n+1 (bn( ) : n Z 1. (542)
b A—1
On the other hand, we obtain from Sri Ranga [162, Theorem 5.1]
20 -
Ru(b+ 1) = (bj:> [Gn(b+1;A) +@r(b+1; M), n>1, (5.4.3)

which follows the usual definition of a para-orthogonal polynomial given in Jones et

al. [101].

5.4.3 Graphical illustration

For the purpose of illustration, we plot the distribution of the zeros of R, (b + 1; ),
&5 (b; N), & _1(b; N), dn(b+ 1; ) and ¢X(b+ 1;\) for n =12 and b = 0.5.

2 2
PS *
1 . o e . 1 ° f
. .
* > *
* ¢ [ ] s
0 0 |
. ® 0°*
- * *
* > *
1 * ° ° } - 1 ° c o
* .
2 2
“‘2 “““ 101‘2 “““ PR 101‘2‘
(a) The case (5.4.2) (b) The case (5.4.3)

Figure 5.1: The zeros of R, (b+ 1; ), ¢n(b+ 1;A), ¢5(b+ 1; ), ¢k (b; N), ¢ _,(b; \) for
n =12 and b = 0.5.

In figures (5.1a) and (5.1b), the red circular dots (e) are the zeros of Ri5(1.5, A) lying
on the unit circle. The green squares (=) are the zeros of ¢7,(0.5;\) and ¢7,(1.5; \)
respectively, while the blue diamonds (e) are the zeros of ¢7,(0.5;A) and ¢12(1.5; \)

respectively.
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5.5 Concluding remarks

Linear combinations of some particular cases of parameterized Gaussian hypergeomet-
ric polynomials like the Jacobi polynomials and Meixner-Pollaczek polynomials are
studied in Johnston et al. [97]. In particular, the orthogonality and location of the
zeros of these polynomials are studied for special values of the parameters. However,
these are polynomials that are orthogonal on the real line and do not satisfy a recur-
rence relation of R; type. The central idea of the chapter is to consider the linear
combinations of polynomials that satisfy a recurrence relation of R; type.

Further, it is interesting to note that a recurrence relation of R;; type arises in
this discussion. This suggests that there is some sort of interplay between linear com-
binations of R; polynomials and the R;; polynomials and the respective generalized
eigenvalue problems. Expressing a R;; polynomial as a linear combination of two or
more R; polynomials can be of further research interest.

This motivates us to study the R;; polynomials and the related biorthogonality.
Similar to the present chapter, we give an abstract construction of a sequence of or-
thogonal rational functions whose numerators satisfy recurrence relations of R;; type

and study other consequences in the next chapter.
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Chapter 6

Biorthogonal rational functions of

Ryr type

In the previous chapter, a sequence {Q,(z)} of polynomials was constructed that sat-
isfied biorthogonality properties. It was shown that Q,(z) , n > 1, satisfied mixed re-
currence relations of Ry and R;; type. The R;; polynomials also appear as numerators
of orthogonal rational functions, which are studied in the present chapter. Precisely,
our aim is to construct a sequence {¢,(z)}>, of orthogonal rational functions that is
biorthogonal to another sequence of rational functions. We obtain a generalized eigen-
value problem such that the numerators r,(z) of ¢,(2), n > 1, are the characteristic
polynomials, while ¢,,(z) form the components of the corresponding eigenvector. We
also find a Christoffel type transform of the rational functions constructed, illustrating

the differences with the available literature.

6.1 Fundamental spaces

Let {a;}52, and {f;}32, be two given sequences where,

Oéj,ﬂj S C\{O}, j > 1. (611)

145
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We define

1 1
Ugj(2) ' = ———, wgj1(2)i=—, 57>0
9l 1—Zﬁj’ 7+ Z—OZj+17 )

where fy := 0. The basis {u; }?:0, n > 1, is used to generate the complex linear spaces

L,=span{ug, u1, - ,u,} and L = U L,. Equivalently, £,= span{ug,uy,--- ,u,},
where
2% ,
Ug; (2) = j ; = J =0,
[Tici(z = an) [Trm (1 — 208k)
25+ ‘
uz;1(2) >0

TG -a) (-5

Further, the product spaces L, - L,, and L- L consist of functions of the form h,, ,(2) =
fm(2)gn(z) and h(z) = f(2)g(2) respectively, where f,,(2) € L., g.(2) € L, and

f(2),9(2) € L.
The substar transform h,(z) of a function h(z) is defined as h.(z) = h(1/Z). Let £

be a linear functional defined on £ - £ such that

(f(2),9(2)) = £(f(2)g+(2)), (6.1.2)

is Hermitian and positive-definite, and hence defines an inner product on the space L.

We note that £ is said to be Hermitian if it satisfies £(h,) = £(h) for every h € L - L
and positive definite if £(hh,) > 0 for every h # 0 € L.

6.1.1 Associated rational functions

Let ¢;(2), 5 > 0, be the sequence of functions that are orthonormal with respect to
£ and obtained from the Gram-Schmidt process of the basis {u;}7_;, n > 1. That is

©;(2), j > 0, satisty the orthogonality property

(om(2), on(2)) = L(Om(2)Pn(2)) = 6mpn, m,n=0,1,---.
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Further, it is clear that ¢, (z) are rational functions of the form ¢g(2) = 1,

Toj42(2) ,
Pojt2(2) = = - —, Jj >0,
’ Tz —an) RS = 2B
i (6.1.3)
Paj11(2) Zhe >0

- [0 — o) Ty (1 — 2B) 7=

where r,(z) € 11, the linear space of polynomials of degree at most n. Moreover, Ly,
can now be interpreted as the space of rational functions having poles belonging to the
set {a1, -+, an,1/B1,++,1/B,} with the order of the pole at a; or 1/3; depending on
its multiplicity. The rational function ¢, (2) € L, has a simple pole at each of the
points ay, -+« ,an, 1/B1, -+ ,1/B,. Here, a; and B; are as defined in (6.1.1). A similar
interpretation for Lo, follows.

In fact, the regularity conditions in the present case can be obtained as follows.

The expansion in terms of the basis elements gives

( ) A 4 Alz i A222 i i AQnZQn
n\Z) = o) T n n o\
2 e T Goan( - 2B [T — o) [I (1 — 25,

so that ro,(2) = Ao [11,(z — i) [T12,(1 — 2B;) + - - + Ag,. Then Ay, # 0 if
Ton(an) 0 and 1y, (1/5,) # 0. (6.1.4)

Similarly, for ¢s,11(2), we obtain

T2n+1(an+l) 7"é 0 and 74271—&-1(1/371) 7& 0. (6'1'5)

The regularity conditions (6.1.4) and (6.1.5) are required to guarantee that ps,(2) €
Lon \ Lon—1 and pap1(2) € Loni1 \ Loy respectively.

6.1.2 Three term recurrence relations

Using the definition (6.1.2) and the properties of the inner product (-,-), the follow-
ing result is immediate and will be used in deriving the recurrence relations for the

orthogonal rational functions ¢;(z).
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Lemma 6.1.1. Let v, € C\ {0}, n = 1,2,---. The following equality holds for the

rational functions f = f(z) and g := g(z) in L

1 — 2%, Z = Tn Z = Tn 1 =27y,

—f9)=(f7T——9); gy =(f,—Fg).

Z — Yn-1 1 —2zv,1 1=z, Z— Vn
Proof. The first relation follows from the equality

(£ 2 gt0) =2 (76 122 5m ) = 2 (222 ) 50177 )

1= 2V 1= /2

~ (2222 pa 062 ).

Z = Yn—1

Similarly, the second relation follows from

(1002722 ) = 2 () 125177 ) = 2 (2222 11e) - 50175)

T2 = Yno1 1= yi/z 1
1 - Zn
_ <—f<z>,g<z>> ,
Z = Tn—-1

and the proof is complete. O]

In addition to the regularity conditions (6.1.4) and (6.1.5) we also assume that the

following

TQn(ﬁn—l) 7é 07 Tgn(l/dn) 7é 07 T2n+1(ﬁn) 7& 07 T2n+1(1/dn) 7é 07
hold. Here and in what follows, we consider the sequences {«;} and {f;} as defined in

(6.1.1), unless specified otherwise.

Theorem 6.1.1. The orthonormal rational functions {¢,(\)}7,, with ¢_1(N) =0

and ¢o(N) :=1 satisfy the recurrence relations,

Con, dopi1(z — B, 1 —za,
rmin(2) = [ iy Gl >] oom(2) + ot prma(2), (6.1.60)
2= Qpp &= Ony1 — Qnil
€on+2 d2n+2(1 - Zdn-i—l) Z— 571
= = = z)+c ———on(2),
%02n+2( ) L — 2B 1= 2Bt 902n+1( ) 2n+21 — ZﬁnHSOz ( )

(6.1.6b)

for n >0, where By := 0, the constants e;,d; € C and ¢; € C\ {0}, j > 0.
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Proof. Consider the function

1_an

(57
= () — —2— L on>l
(2 (), n

WQn(Z) = o B ) Pon—1

We first find the appropriate choice of ag, for which Ws,,(2) € Lo, 1 \ L2,_2. Using
the rational forms (6.1.3) of pa,(2) and @9,_1(2), we have

1= 20 2 Yon(2) = ran(2) — and
2= (2 = Bo-1) [Tz (2 — ) H?z_ll(l — 2[)
90271—1(2) _ T‘Qn_l(z)
2= Bnr (2= B ) [Ty (2 — ) TT5 (1 — 28)
Further, we can write the numerator polynomials r;(z), j > 1, as
Ton(2) = (2 = Bn-1)@2n-1(2) + 120 (Bn-1),
Ton-1(2) = (2 = Bn-1)Gen—2(2) + T2n-1(Bn-1),
which yields for Aoy — TQn(ﬁn—l)/r%z—l(ﬁn—l) 7é O, n 2 1,
G2n—1(2) Ton(Bn-1) Qon—2(2)

Wgn(z) =

[T (2 — ) H?z_ll(l — 2f3;) - ron—1(Bn-1) [T (2 — i) H:'Lz_ll(l - ZB@)

This implies W, (2) € Lo,—1 \ Lon_2, so that we have

2n—3
Wan(2) = bappan-1(2) + conpan—2(2) + Z a§2n)@j(z)7
=0
where u§-2n) = Wan(2),9(2)), 7 =0,1,--- ,2n — 3. We now proceed to prove that

a§2n) =0for j =0,1,---,2n — 3, and ¢y, # 0 which will lead to the required three

term recurrence relation for ¢, (z). For this, we note that

) = <j_‘—;fjlgo2n<z>,soj<z>> B (el ) e

T2n—1(5n—1) Z_Bn—l, 7
for j =0,1,---,2n — 3. Since

z— Bn z
ETPn e Loy and —— € Lo o,
11— Zﬁn—l 1 2 11— Zﬁn—l v 2
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for j=0,1,--- ,2n — 3, using Lemma 6.1.1, we have
1- Z/En &= Bn
_— n , - e n , =" - = d

<fgj_—§g’%> B <902"—1’ #&1%(2)> =0.

We conclude from (6.1.7) that a§2n) =0for j=0,1,---,2n — 3 and hence

Z = 571—1

————o,_a(2), n>1.
1_Zﬁn902 2(2)

Qo — _
n = = bn = n— n
©2 (Z) |:1—zﬁn+ 2 1—,25”}%02 1(Z)+CQ

However, we note that both {1,z — §,_1} and {1,1 — za,,} form a basis for II; and
hence writing as, + ban (2 — Bn—1) = €an + dan(1 — 2@y, ), the recurrence relation (6.1.6b)
follows.

To prove ¢y, # 0, we multiply both sides of (6.1.6b) by

1— ZBn
H?:1(1 — 20) H?:_f (2 — B)

The definition of the inner product (6.1.2) gives the left hand side as

: (SO%( ) [T, (1= zan) IT (= - @))
=2 | vo,(2) - _
(so (2) 22, (1 z—ay) [T, (1 — ﬁi/z))

_ . (z — ﬂn)z%_Q _
- <*”2”( MG —a) [T z@»>> .

since the second term in the last inner product belongs to Lo, 1. With similar calcu-

lations, we obtain from (6.1.6b)

2n—2

z — > + é9, <¢2n71(z),u2n,1(2)> = 0,

C2n <902”2<Z>’ T (2 — ) TTE (1 — 2B:)

which proves ¢y, # 0, n > 1.
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To derive the recurrence relation for ¢o,1(2), consider

2= Qpp1

A2n+1
W2n+1(2) = m%nﬂ(z) - 1 ;@ 902n(2), n > 0.

We find the appropriate value of ag,11 so that Wh,, 11 € Lo, \ Lo,—1. Using the rational
forms (6.1.3) of 9, (2) and pa,11(2), we have

zZ— an+190 (2) = Tont1(2) _ and
L—za, " (U= za,) [T, (2 — o) T, (1= 28))
Pan(2) _ Ton(2) _
1 —za,  (1-—2zay) H?:1(2 — ;) H?:1(1 — zp;)
Writing the numerator polynomials r;(z) as
Ton41(2) = qan(2)(1 — 200) + r2nt1(1/an)
T2n<z) - q2n—1(2)<]— - Z@n) + T2n(1/dn)a n Z Oa
we obtain for ag, 1 = rop1(1/@,)/ron(1/@,) # 0,
Q2n(z) . r2n+1(1/@n) T2n—l(z)

W2n+1(2) =

[T (=) [T (1= 28)  pan(l/an) T (z — i) [T (1 — 25;)]
so that W € Lo, \ L2,_1, n > 0. Hence, we can write

2n—2
Wani1(2) = ban 16020 (2) + Conprpn1(2) + 3 6" s(2),
=0

where a§-2"+1) = Want1(2),;(2)), 7=0,1,--- ,2n — 2. As in the case of po,11(2), we
show that co,11 # 0 and a§-2n+1) =0 for j =0,1,---,2n — 2 to obtain the required

three term recurrence relation for ¢, (z). Using Lemma 6.1.1, we have

) = (ST (0 0y(s) ) - G () )

1—za, ron(1/@,) \1-za,’
. 1— ZO_én+1 7"2n+1(1/0_4n) z
= (o, 2 () ) - ) (), )

0, j=0,1,---,2n—2

Y
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where the last equality follows from the fact that

1- zdn-ﬁ-l
—————i(2) € Loy_ and 2) € Lop_1,
—a, 90]( ) 2n—1 Z—Oéngoj( ) 2n—1
for 7 =0,1,--- ,2n — 2. Hence we obtain the recurrence relation
2n+1 1—za, 1—za,
Yont1(2) = | ——— + bypp1———| Y2 (2) + conp1————P2n-1(2), n >0,
2 = Qny1 2= Qntl 2= Qntl

which can also be written as (6.1.6a) since {1,1 — za,, } and {1, z — /3,} both span the
linear space II;.

To prove ¢g,41 # 0, we multiply both sides of the recurrence relation (6.1.6a) by

(Z - an—i—l)

H?:1(1 — 20y) H?=1(Z —Bi)

As in the case for ¢y, the inner product (6.1.2) and Lemma 6.1.1 gives

2n—1

H?;ll(z — ai) H:’L:]_(l . zﬁz)> + €2n+1<s02n(z),u2n(z)> =0,

Con+1 <902n—1(2)7

from which it follows that cg,.1 # 0, n > 1. O

The numerator polynomials of orthogonal rational functions satisfy the recurrence

relations of R;; type. Indeed, from (6.1.6a) and (6.1.6b), it can be shown that

Tons1(2) = [€ant1 + dons1(z — Bo)]ron(2) + conp1(1 — 2a) (1 — 28,)ron—1(2), (6.1.8a)

Tont2(2) = [€ant2 + danto(l — 20m41)|T2n41(2) + Cont2(2 — any1) (2 — Br)ran(2),

(6.1.8b)

for n > 0, where we define ro(z) := 1 and [y := 0. We use (6.1.8a) and (6.1.8b) to
obtain a generalized eigenvalue problem such that the zeros of r;(z), j > 1, are the
eigenvalues (that is, r;(z) is the characteristic polynomial) while the corresponding

rational functions are the components of the corresponding eigenvector.
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6.1 Fundamental spaces

6.1.3 The rational functions as components of an eigenvector

Consider two infinite matrices H,

(hig)79>0 and G = (i k)55, Where

d; g1 0 0
hip —dsar  go 0
24— 0 hop  ds g3 |
0 0 ]’L3’2 —d4d2
0 0 0  huy
—e1 + Body Q101 0 0
hi0B0 —eg — dy 192 0
G- 0 hoy/oq  —es + Bids Q293
0 0 hs 251 —ey — dy
0 0 0 h4}3/6¢2
with gogra = —Corr3Bet1/hoks2.2k+1, Gorr1 = —Cokya/hokr12k, k > 0. Here, aj, B, €, d;

and c; are the constants appearing in the recurrence relations (6.1.8a) and (6.1.8b) while

{hii—1}2, is a sequence of arbitrary non-vanishing complex numbers. The following

result is well-known, for example, see Ismail and Sri Ranga [94, Theorem 1.1] and

Zhedanov [192].

Proposition 6.1.1. [94,192] Let H; and G; denote the j*™ principal minors of H

and G respectively. Then (=1)r;(X), j > 1, is the characteristic polynomial of the

generalized eigenvalue problem

where {r;} satisfies (6.1.8a) and (6.1.8b).

(6.1.9)

The generalized eigenvalue problem (6.1.9) has j — 1 free variables h;;_; which
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shows that the matrix pencil associated with the recurrence relations of R;; type is
not unique. We now assign appropriate values to these free variables to obtain an

eigenvector g;.

Theorem 6.1.2. Let the terms of the sequence {h;;—1}52, be assigned the values

h2i,2i71 = —C2i 410, h2i71,2i72 =y, 121

T
Then, @; = ( Yo 1 P ) s the eigenvector of the generalized eigenvalue

problem (6.1.9) corresponding to the eigenvalue which is a zero of rj(\).

Proof. Upon substitution of the values of h;;_1, the recurrence relations (6.1.6a) and

(6.1.6b) can be written as (—e; + d10)wo — 11 = z[d1po — 1] and

—C2k4+3P2k+1 — (€2k+3 - d2k+3ﬁk+1)<ﬁ2k+2 — Op+2P2k+3
= Z[—02k+3@k+1902k+1 + dok43P2k42 — 902k+3],
BrCok+20ak — (€akt2 + dokt2)Port1 + Pori2

= z[Cokr2por — ok+20kt1P2k+1 + Lrt1P2k+2),

for £ > 0, which can be rearranged to yield the matrix equations

g2n92n - Z%2n92n - (Z - ﬂn)902ne2m

Gont102n11 = 2 Hon1100, 101 — (2 — nt1)Pont1€2n41,

where e; is the 4t column of the unit matrix. Observing the fact that (z — Bn)pon
does not vanish for z = f3,, @,; becomes an eigenvector for the generalized eigenvalue
problem (6.1.9) with the zeros of ry,(2) as eigenvalues. Similarly, @,;,; becomes an

eigenvector with the zeros of ro,11(2) as eigenvalues and the proof is complete. O

Theorems 6.1.1 and 6.1.2 serve the first step of our construction. That is, we have
obtained a sequence of rational functions that is orthogonal with respect to the linear
functional £. These rational functions are also the components of the eigenvector of a
matrix pencil whose characteristic polynomials are the numerator polynomials of such

rational functions. In the next section, we will discuss the biorthogonality properties
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of {on(2)}. At this point, we make the following remark about the recurrence relations

(6.1.8a) and (6.1.8b) satisfied by these rational functions.

6.2 A biorthogonality relation for the rational func-
tions

In the present section, we use the recurrence relations (6.1.8a) and (6.1.8b) obtained in
Section 6.1 to define biorthogonality relations involving the orthogonal rational func-

tions {¢;}. To start with, we introduce the rational functions Oy(z) = 1 and

O (2) = _ _ r2_n+1(zn) _ .
Hj:l (z —ay) Hj:l(l — 2@;) szo(z - B5) Hj:l(l — 2B;) 691
7“2n+2(2’) ( o )
02n+2(2) = Sl

175 (2 = ap) T (1= zay) 10 (2 — B) TT 51 (1 — 2B;)
for n > 0. Here {r;} satisfies (6.1.8a) and (6.1.8b) so that the sequence {O;(z)} satisfies

(2 = ang1)(2 = Br) O2ni1(2) = [eant1 + dong1(2 — Bn]O2n(2) + c2n41025-1(2),
(1 — Zdn)(l — ZBn)OQn(Z) = [egn + dzn(l — Zdn)]OQn_l(Z) + CQnOQn_g(Z),

for n > 1. Then, similar to Theorem 3.5 and its following corollary of Ismail and

Masson [91], we have

Theorem 6.2.1. Consider the rational functions given by (6.2.1). Then there exists a
linear functional M on the span of rational functions {20, (2)} such that the orthogo-

nality relation
N0, (2) =0, k=0,1,---,n—1,
holds. Further, if (1) = mo, N(z"On(2)) = my,, n > 1, then

@nﬁann + dZnC_Vannfl — ConMop—2 = Oa n > 1
(6.2.2)
Mont1 — dant1May — Conp1Maop—1 =0, n > 1.
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We will also need the following relations among the leading coefficients of the poly-
nomials {r;(2)}, 7 > 1. If r; = k;27 + lower order terms, then from (6.1.8a) and

(6.1.8b),

Kop + d2n&nﬁ2n—1 — Copkop—2 =0 n > 17

(6.2.3)

Kon+1 — dont1Kon — QnfnCont1kon—1 =0 n > 1.

It is clear that each of the the recurrence relations (6.2.2) and (6.2.3) involve two
arbitrary initial values. We choose mg and m; such that m; # dymg. Since kg = 1
and Ky = dy, this implies kgm; — k1mg # 0.

Consider another sequence of rational functions {$;(2)}32, where Go(2) := 1,

) B r2n+1(2>
Pt = I (02, T~ )
r2n+2(2>

Pl S T ) Tz — 50)

and

(6.2.4)

for n > 0. Here {r;(2)} satisfy (6.1.8a) and (6.1.8b). Let J,(2) = x;,'Pm(2), where

Xom = @1 (B1) 7+ @m(Bn) ™t and Xomy1 = @1(B1) 7 -+ G (Bm) ' @my1. Define

7 CQj—'rl(Bj)Q - daj1 5 -
UPoj(2) = ———=Dj—1(2) — =——Dj(2) + Tons1(2), n>1,
Qj+1 Q41
~ C . - ~ — ~ ~
Vojri(z) = %@HJQj(Z) — dajro0i1 P11 J2j41(2) + @1 Jejia(z), n =0,
j+1

with @O(z) := 1. The following theorem gives the biorthogonality relations for ¢(z)

constructed in the previous section.

Theorem 6.2.2. The sequences of rational functions {p;(2)} and {1;(2)} satisfy the

following biorthogonality relations

" _ CaCy e Cony1(M1kKo — Mok1)

N(p2n(2) - hm(2)) = o Somams (6.2.5)
N( a1 (2) - U (2)) = 2210 CW;E”E“O - mo“l)(sgnﬂ,m, (6.2.6)

where m; = N(270;(z)) and k; is the leading coefficient of r;(z).

Proof. For simplicity, we write ¢, := ¢;(2) and similar notations follow for others. We
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divide the proof into the following cases. First, let m < 2n and m has even value, say

m = 2j. Then

m(‘ﬁ?n : 7vzjm) = m(SOQn : 1[}2]')

i Ly ; ;
_ 2]—&-16] m(g@Qn . JQj_l) . 25+1 m(¢2n . JQ]) + m(SOQn . J2j+1).

Q1 Q41

We evaluate the first term. We have D%(¢y,, - jgj,l)

— 1 MN Ton . Toj 1

T xzior \I (= an) T (U= 280) [T2L(1 — za0) [T5 (= — Br)
= X;lm(OQn . TQj_l(l — Zdj) e (1 — z@n)(z — 5]) .. (Z _ Bn—l))

_ (=) - (=On)hgj

- 2n-
X2j—1

A similar evaluation of the remaining two terms yields

~ _d _an Ko
m(SOZn . JQ]) — ( J+1) ( ) 2Jm2n,
X2;j
m(902n : j2j+1) - (_aj+1) — (_an)"@j-&-lm
X2j+1

2n -

Using the relations (6.2.3), we obtain M(pgn(2) - U (2)) = 0 for m = 2j < 2n.

In the second case, let m > 2n and m has odd value, say m = 25 + 1. Then

CoiyaB; - - - B .
= —2];2 ]H’n(%n - J2j) — dajroj118i 1M (0o - Toj1) + 1N pan - Tojr2),
41

so that, as in the case of 1y;(2), we have

~ Kon Mo ~ RonMo;
N(pon - Tajia) = 22 N(pan(2) - Jaj(2)) = ——2,
X2j+2 X2j
= RonT2j41
N(pan(2) « Tajui(z)) = ——1.
X2j+1

Hence, using (6.2.2) we have M(@a,(2) - hm(2)) = 0 for m = 2j + 1 > 2n.
In the third case, we prove the biorthogonality relations (6.2.5) and (6.2.6). For
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m = 2n, we obtain

- 1 _
N(pon(2) - Yan(2)) = N (KonMant1 — dont1K20Man — Cont1PnOnkon—1May ).
2n+1

From (6.2.2), we find that ma, 162, — dont1K2nMon = Copy1Man_1Kap, SO that

~ C n -~ _
m(%n(z) : 1/1271(2)) — 2ol (/f2nm2n—1 - anﬂnﬁzn—1m2n).
X2n+1

To simplify the numerator in the right hand side above, we note from (6.2.2) and (6.2.3)

that the following relations

KonMan—1 — OnBnkon—1Man = Con(Man—1Kon—9 — Map_2Kon—1),

(6.2.7)

Ron—2Maon—1 — Rapn—1Mop—2 = Czn—l(m2n—3f€2n—2 - @n—lﬁn—lmm—z@n—:&),
hold which further imply that
KonMan—1 — O Bnkan—1Maon = ConCan—1 - - C2(Mikg — mok1) 7 0.

The proof of (6.2.6) follows the exact techniques and line of argument as in the proof

of (6.2.5). Indeed, proceeding as above we obtain, for m = 2n + 1,

~ Cop, RonMon, — Kopt1Mop,
m(%nH(Z).%nH(Z)) _ 2 +2( 2n1M2n+2 2n+1M2 )
X2n+2

Simplifying the numerator in the right hand side above, we note from (6.2.7) that

Mon+1Kon — Kan+1MMon = Con41C2p * * * C2(Féom1 - moffl) 7é 0.

The proof of the biorthogonality relations (6.2.5) and (6.2.6) for the remaining cases,
that is, m > 2n, m = 25 and m < 2n, m = 25 + 1, can be obtained with similar

arguments, thus completing the proof. O

Remark 6.2.1. The technique of using the leading coefficients k,, and the normaliza-
tion constants m,, to prove biorthogonality, as is evident in the present section, is avail-
able in the literature, for example, in Zhedanov [192]. However, the difference between

the present work and Zhedanov [192] is our second objective of proving biorthogonal-
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ity for exactly the same rational functions that were used to arrive at the recurrence
relations of Ryr type for the numerator polynomals r;(z) which is also evident from

Remark 6.3.1.

As mentioned in Chapter 1, while the sequence of rational functions

Pn(/\) n>1

A | N [

is used to obtain the pencil matrix G, — AH,,, the usual process available in the lit-
erature, for example in Zhedanov [192] and Beckermann et.al. [16], is to partition the

poles to form the rational functions

_ Py
a HZ:l()\ — ag)

and pﬁ”()\) — P”—()‘)

P 06

n
The two sequences of rational functions {pZ(\)}>°, and {pZ(\)}>°, form the compo-
nents of the left and right eigenvectors of the matrix pencil G, — AH,,. It is clear that
instead of partitioning the poles, we choose a basis of rational functions with alternat-
ing poles (in a; and f;) so that the degree (even or odd) of the numerator polynomials
play an important role in our analysis. This is the main difference between the orthog-
onal rational functions constructed in the present chapter and the ones available in the

literature.

6.3 Spectral transformation of Christoffel type

The Christoffel transformation (Chihara [42, p. 35]) of well-known orthogonal poly-
nomials is abundant in the literature. In the present section, we find a Christoffel
type transformation of the orthogonal rational functions given in (6.1.3) for the special
case |B;] = 1 and a;j = a € C\ {0}, j > 1. We begin with the recurrence relations
(6.1.8a) and (6.1.8b) of R type for the numerator polynomials {r,(z)}>, which are

now written, for n > 0, as

Tont1(2) = pan(z — van)T2n(2) — Ton(z — 1/a) (2 — Bn)ran—1(2), (6.3.1a)

Tont2(2) = Pant1(2 = Vang1)r2n11(2) — Tont1(2 — @) (2 — Bu)r2a(2), (6.3.1b)
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where the new parameters {p,} and {1} are given by

d2n+1ﬁn — €Ean+41 _ >
- 5 Ton = _CQn—‘rlaﬁnv

Pon = d2n+17 Vo
d2n+1

Can+t2 + dont2

Pont1 = —doptoQ, Vopy = ,  Top+1l = Copo.

don120x

The recurrence relations (6.3.1b) and (6.3.1a) written in terms of the rational functions

©;(A), j >0 (as defined in (6.1.3)) yield

(2 — a)pani1(A) = uon(z — van)pon(2) + Aon(z — 1/a)pon—1(2), (6.3.2)

(Z - 5n+1)902n+2(2) = U2n+1(2 - V2n+1)<,02n+1(2) + >\2n+1(2 - an)902n(2’),

for n > 0, where uy, = P2n, Uoant1 = —p2n+1/ 5n+1, )\2n+2 = 7_2n+2/6n+1 and )\2n+1 =

Tont1/Bns1. The recurrence relations (6.3.2) can be further arranged in the following

form of an eigenvalue problem as

Qa1 — Uolopo = 2[901 - Uo@o],
>\2n

aPop+4+1 — UanV2nPon — _07 Pon—1 = 2[902n+1 — U2nPon — >\2n902n—1],

ﬁmﬁzn — U2n—1V2n—1¥2n-1 — ﬁn71A2n71¢2n72 = Z[<Z52n - u2n71¢2n71 - /\2n71§02n72]-

(6.3.3)
Moreover, for n > 0, if we define the shift operators I' and A as
Looni1 = Bur1Panta — Uzni1V2nt 192041 — A2nt1BnPon,
Lpon 1= Qpan 1 — UnnVonPon — Aan/pan_1,
(6.3.4)

Aiﬂ2n+1 = Pont2 — Uan+1P2n+1 — A2n+1P2n,

A<,02n = Qo1 — UnP2an — A\2nP2n—1,

then (6.3.3) leads to the generalized eigenvalue problem I'g = zAp with the eigenvalue

T
z and the eigenvector g = ( Yo Y1 P2 - ) )
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6.3.1 The case p9,.1())

Let ¢a,41(2) denote the Christoffel type transform of ¢,41(2), n > 0, obtained under
the action of the operator ©, where Dp;(z) = ¢;(z). We note that Ps,(z), is an

arbitrary rational function in the present case. Further, we suppose that

T
@:<<,50 9271 8272 ) )

where Dp = 9, is the eigenvector of some generalized eigenvalue problem with the
same eigenvalue z.

The following lemma gives information on the action of the operator ® on an
arbitrary rational function ), := Y (\) which belongs to the space £;. We recall that

L, = span{ug,uy,--- ,u,}, where u;, j > 0, are basis elements defined in Section 6.1.

Lemma 6.3.1. Let

DYV = Q2) (Vi1 + GVr), Vi € L, J =0,

where Q(z) is a function of z but independent of k and hence, is a constant with respect

to®. Then

0, 0y
2542 and Coj = — 2j+1 >0

C2j+1 = - ) J =Y
02541 B

where 0; is any function satisfying the recurrence relations (6.3.3).

Proof. Define another operator K as
AKI'=T°D and KA =AD. (6.3.5)
Then, the effect of K on the generalized eigenvalue problem I'o = zA g gives
Rfl'o=28A0 = 1D = 2A’Do = [0 = zA?p,

which gives the generalized eigenvalue problem for ¢. Further, similar to (6.3.4), we
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define the shift operators I'> and A° by

IWOJ}2n = Bnan—&—l - a2n+1ﬁ2n+1y2n - Bn—25\2n+1y2n—17
(6.3.6)

F0y2n+1 = OAéy2n+2 - I&an/2ny2n+1 - )‘271/@3}2”

and

A°YVop = Yont1 — Uon+1Von — Aont1Von—1,

) (6.3.7)
A0y2n+1 = YVonto — UsnYont+1 — A2nVon,

respectively. We proceed to find the parameters used in (6.3.6) and (6.3.7) in terms
of the parameters used in the recurrence relations (6.3.1a) and (6.3.1b). For this, we
use the operator relations defined in (6.3.5) for @9, and g, 1. Similar to D, let the
operator K be defined as

RV = QU2) Vi1 +03Yk), Ve €Ly,  J =0, (6.3.8)

where Q(z) is a function of z and independent of k& and hence, constant with respect
to K. Then, we have the following four cases.
Case 1. Using the definitions of ® and I, the relation I''D¢,, = Al'vsy,, n > 0, can

be written as
FO[@%H + (2n902n] = ﬁ[ag02n+1 — WanlVonPon — (/\271/07)90271—1], n > 0,
which implies

&lpant2 + Cont1Pont1] — UonDon[Pont1 + Conpon] — (5\2n/5é)[902n + Con—192n-1]
=[apant2 — Uznt1V2n+1P2n+1 — (A2nt1/@)Pan)

Font1[QPant1 — UznVonPon — (A2 /@) pan—_1].

Comparing the coefficients of o190, Yoni1 , Y2, and g, 1, we obtain

Gd=a, oy ="mamt1+ (Cnt1 — Mont1)s
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~

/\Qn )‘277, N

" A +1 Ton+1

UonVonCon + —= = UgpVopNont1 + ———, Aoy = Aop, n>1,
Q & Czn—l

where 7; = u;v; and T; = u;v;.
Case II. Similar to Case I, comparing the coefficients of 9,11, ¥2, and 9, _o, in the

relation D s, _; = Ap,,_1 gives

~

n 3 72
571 = ﬁn-‘,—la Ton+1 = T2p + Bn+1C2n - 57177271, and )\Qn—‘rl = —n>\2n—17

<2n72

for n > 1, where we define a_; := 0.
Case I1I. The comparison of the coefficient of 5,1 in the relation A°D s, = KApa,,

n > 0, gives

Ugp, = U2n+1 — M2n+1 + Cong1, 1> 0.

Case IV. The comparison of the coefficient of ¢y, 19 in A°Dpa,11 = KA@oni1, n > 0,

gives
Ugpy1 = Ugn — Non + Con, 1 > 0.

This implies that the operators I'° and A° defined in terms of the parameters Bn etc.
in (6.3.6) and (6.3.7) are well-defined. Now, using (6.3.5), we note

(e — ZAO)©QQn+1 = (R — ARA) Q2n11>

which implies that g,,,; is an eigenvector with respect to the operators I' and A if,
and only if, 9,,,, is an eigenvector with respect to the operators I' and A°. Let 0; be
an eigenvector of the generalized eigenvalue problem I'6; = ZAf;, with the eigenvalue
2z, which is equivalent to ; being a solution of the recurrence relation (6.3.3) with z
replaced by Z. Then, we have (I'* — ZA°)D0,, 11 = 0. This is satisfied, in particular,
by 65,1 = 0, which gives

‘92n+2

Oont2 + Cont102n+1 = Cont1 = — n > 0.

)
9271—}—1
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A similar argument for 6y, gives D0y, = 0, which implies (5, = —02,11/02,, thus

completing the proof. O

The expressions for 7; are obtained from the operator relations A°®Y;, = ZRAY

for YV = 05, and 05,1 as

92n+1 — UpBO2n, — A2pbon_1
Nop = — and

O2n — Uon—102p,—1 — Aop—102,_2 (6 3 9)

92n+2 - U2n+192n+1 - >\2n+1‘92n

on+1 = —
92n+1 — Ugnban, — Aonban—_1

In particular, from Cases I and III, the following relations

~

< A A .
UoVoGo + EO = UoloTh + El and g = uy + ¢ — 1. (6.3.10)

hold for n = 0. We use the relations (6.3.10) to find the (constant) €(z) occurring in
the definitions of both the operators ® and R leading to the Christoffel type transform
of pani1(2). We also remark here that though 8y = 0, we continue using [y in the
expressions that follow. The reason is to show explicitly, the role played by [y in the

calculations

Theorem 6.3.1. The Christoffel type transform of Ya,11(2) is given by

R RO - 90271—1—2(73)
bonns(2) =022 aniale) - 2220, o)

T
for some constant o. Further if o = ( 0o P - ) 15 the eigenvector for the
generalized eigenvalue problem I'o = zAo, there exists another generalized eigenvalue

T
problem I'°9 = zA°@, with the same eigenvalue z for which ¢ = < Py Pp - ) 18

the eigenvector.

Proof. The last part of the theorem is about the existence of generalized eigenvalue
problems for the column vectors g and @ which follows from the proof of Lemma 6.3.1.
It is also clear that the Christoffel type transform is given by the shift operator ® and
hence to find the expression for ¢g,,1(2), we need to find 2(z) which is independent

of n. Further, we obtained the functions 60;, j > 0, with 6_; = 0, that satisfy the
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recurrence relations (6.3.3) with z replaced by 2. These equations for n > 0, written

explicitly as

0492n+1 — UgpVanbon — (>\2n/d)92n—1 = 5’[92n+1 — Ugpban — )\2n92n—1]7 (63113)
/Bn+102n+2 - U2n+1V2n+192n+1 - 5n/\2n+192n = 5’[92n+2 - U2n+192n+1 - /\2n+192n]~
(6.3.11b)

Let the Christoffel type transform of ¢s,,1(z) be the rational function

. Tont1(2 Tont1(2
802n+1<2> _ 2 +1( ) _ 2 +1( )

(z = &) I (L= 265) (2= @)™ [5 (1 25))

where {7;(\)} satisfies the recurrence relations (6.3.1a) and (6.3.1b), but with the
coefficients u replaced by @ etc. To determine the constant 2(z), we note that the
implication

(z = B1)i(2)
ro(2) + Ci(z — Bi)ri(2)

Gon+1 = Q(2)(Pont2 + Cong1¥P2n11) = Q(2) =

follows from the values for n = 0. Further, from (6.3.11a), we obtain for n = 0,

0 5
0491 — UQV(]QO = 2(91 — er(]) - L = M
0 Z—«

Similarly, from (6.3.11b) for n = 0,, we obtain

5182 - U1V191 - )\15090 = 2[92 - U191 - >\1‘90]7

which gives




Chapter 6: Biorthogonal rational functions of R;; type 166

so that the denominator of Q(z) has the expression

ro(N) + G (2 — B1)r1(2) = wour(z — o) (2 — 1) + Mz — Bo) (2 — @)
z2=h A2 = Bo)(Z —a)

S u S
z — 51 0 Uo(Z — Vo)

(z — o) |ur(2 — 1) +

This implies that

(2 = 1) (2 = Bu)[r2(2) + Gi(z = Bi)ri(2)]
= uou1[(z — 10)(z — 11)(Z = 1) (2 = B1) — (2 — ) (2 — 11)(z — o) (2 — B1)]

+ [z = Bo)(z —)(Z—w)(Z = B) — (2= 60) (2 — a)(z —w)(z = Bu)]-

Further simplification yields

where Y(z) = T1z + Yo, with

Ty = uoui (2 — vp)(v1 — Br) + M (Brivo + Boz + a2 — P12 — vz — afy),

To = —uour(2 — o) (11 — Bi)vo + Mfro (612 — aBy — BB + afo) — aboz + afoful.
Next, using the relations (6.3.9) and (6.3.10), we have 7y(z) = o(z — ), where
Up = uy + ¢ — mp with

((92 - U191 - )\190)
(91 - ero)

G=-—5 and m=—

Further, we have ugly = w3 + «({; — 11). This implies,

(812 — Bivg — PoZ — aZ + v + af],
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which on further simplification yields

Coﬂo(a - Vo)(?:‘ - 51)

= wour (1 — 1) (2 — o) + M(Bivo + Boz + az — f12 — 1p2 — af).

Using the fact that —(p = uo(Z — 19)/(Z — ), we finally have

Qoﬂo(Oé - Vo)(é - 51) =T;.

Further, substituting the value of 7;, we have from the first relation in (6.3.10)

ugur (B1 — 11)(2 — vo) + M [(2 — @) (Br — Bo) — = (o — 1) (2 — )

Qi =

+

o3

(@ =19)(2 = B1) = —Cola — 1) (2 — B1) poto.
Defining o = Ao — Boi (since 5y = 0, Ao 1= o), finally yields
—C()(O[ — V())(ZA’ — Bl)ﬂoﬁo = To.

Hence, we have (y(a — 19)(Z2 — 51)71(2) = YT(2), which means

Q(z): 2—1/0 2—5}:0_2—5}’
Gl —1pg) z— 2 z—Z
where 0 = (£ — a)/(uo(vp — @)). Finally, we note that since 6; satisfies (6.3.11a) and

(6.3.11b), #; must necessarily be equal to ¢;(Z). O

Remark 6.3.1. We would like to emphasize here the use of the relations (6.3.10) and
the second degree polynomial ro(2) in deriving the above expressions. This is different

from the one given in Zhedanov [192], where the linear polynomial r1(\) was used.

Remark 6.3.2. The operators used in deriving the Christoffel type transformation are
basically matriz multiplication operators. A study of such operators, from a measure

theoretic point of view can be found in Hudzik et al. [86].
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6.3.2 The case ¢,,(\)

Let @2, (A) denote the Christoffel type transform of (9, (A), n > 0. In the present case,

we use the shift operators ' and A® where, for n > 0, I'° is given by

FeyZn = Bn+1y2n+1 - fL2n+1ﬁ2n+1‘)}2n - Bn715\2n+1y2n717
(6.3.12)

LVont1 = &anto — UonlonVont1 — Aon/0Von,

and A° is same as A°, which was defined in the case of ¢g,,1(\) as that is

AeyZn = y2n+1 - /&2n+1y2n - )\2n+1y2n717
Aey2n+1 = y2n+2 - a?ny2n+1 - )\Qny2n-

The derivation of the expression for ¢g,(z) follows the same technique as in the case
of ¢ont1(2). In fact, this technique is used to find the Christoffel type transforms
of orthogonal rational functions with arbitrary poles. However, as remarked earlier,
only the polynomial 7 (z) is used which makes the calculations easier. We present the
proof of the following theorem illustrating the difference in the calculations involved in

deriving the expressions for ¢g,1(A) and @, (N).

Theorem 6.3.2. The Christoffel type transform of a,(2) is given by

R R 2 _ Pant1(2)
bun2) = 0225 () = 20 ).

T
for some constant 0 = (2 — o) /(up(vo — «)). Moreover, if o = ( 0o p1 - ) is
the eigenvector for the generalized eigenvalue problem I'o = zAo, there exists another

generalized eigenvalue problem 19 = zA°9, with the same eigenvalue z for which
0= ( By P - ) is the eigenvector.
Proof. As in Lemma 6.3.1, we define the two shift operators ® and K in the present

case as

DVp = V(2)(Ves1 + GIe)y BV = V(2)Vhrr + k), I €Ly, j 20,

which also satisfy the operator relations KI' = I'*® and K" = A°®. and where ¥(z) is
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independent of k. It follows that
I'o=zAo <= 1“0 = 2A°p, (6.3.13)

which proves the existence of a generalized eigenvalue problem for the column vector
0 with the eigenvalue z. Further, as in the four cases in the proof of Lemma 6.3.1, the

parameters used in the definitions (6.3.7) and (6.3.12) of A and I'* can be found from
Iy, = ATY; and A“DY; = RAY);,

first for ); = 9, and then for V; = g, 41. These parameters are given by

~

Non

Brn = B,  Usnt1 = Uon + Con — Mons  Aopt1 = Aon—1,
<2n—2
A A Y Ton+1
& =a, mon ="y + B(Cont1 — Mont1), Ao = C = Aon,
2n—1

U2 = Ugnt1 + Cant1 — M2n+1-
We note again from (6.3.13) that
(I = 2A°)Dp = (RI' — 28A\)p

implies g is an eigenvector with respect to the operators I' and A if, and only if, Do = o
is an eigenvector with respect to the operators I'* and A°.

As in the proof of Theorem 6.3.1, let 6; be an eigenvector of the generalized eigen-
value problem I'0; = ZA6;, with the eigenvalue A, which is equivalent to ¢; being
a solution of the recurrence relation (6.3.3) with z replaced by Z. Then, we have

(T — 2A°)D0y, 1 = 0. This is satisfied, in particular, by ©0s,,1 = 0, which gives

Oon
Oont2 + Cant1bons1 = Cong1 = —02 +27 n > 0.
2n+1
A similar argument for 6y, gives D6y, = 0, which implies (s, = —09,,11/62,. It then

follows that for these values for (;, n; satisfies the equations (6.3.9).
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Let the Christoffel type transform of ¢,, (\) be the rational function

o ) — 7§2n(2) _ TAQH(Z) _
Fonl?) (z—a) [y (1 —20;) (A=) IIiL (= 26;)

where 79,(2) satisfies the recurrence (6.3.1b) but with the coefficients u, replaced by

Uy, etc. To determine the constant ¥(z), we note that the implication

(2 —a)
r1(2) + (o(z — a)’

Pan(2) = U(2)(P2nt1(2) + Contpan(2)) = W(z) =

which follows from the values for ¢; and . Using the facts that r1(2) = uo(z — vp)

and —(y = 61/00 = uo(Z — 19) /(2 — «), we have

U(z) = =

up(z —vp) — 2—(2 —a)

Choosing 0 = (2—a)/ug(vp— ), we arrive at the required expression for the Christoffel

type transform o, (2). O

Note 6.3.1. The constant o obtained in the case of Christoffel type transform of o, (z)

is the same as that obtained in the case of Christoffel type transform of po,11(2).

We conclude this section with the moment functional associated with the Christoffel

type transforms. Define the following two linear functionals as

z2—2Z z2—2
O and N, =

z— 0B Z— o

mg =

N, (6.3.14)

where 91 is as defined in Theorem 6.2.1. Further, by multiplication of a functional by
a function §(z)91 it is understood that Dt acts on the space of the space of functions

g(z) as N(f(z)g(z)). Then we have

Theorem 6.3.3. The following orthogonality relations hold

Z]

N, ((1 _ Z@)" HZ:()(z — ﬁk) ¢2n+1()\)> =0, j57=0,1,---,2n,

Z]
n, (M) | =0, j=01,- 20 —1,
<<1—za>n TG )> /
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where Ny and N, are defined in (6.3.14).

Proof. Using Theorem 6.2.1, it is easy to see that

2 Goni1(2) . 2 (pant2(2) + Gni1¥anti(2))
n )= )

1—za)" [T1—y(z — (1—za)" Th_o(z — Bk)
= oN(2/{(1 — 2a)Ogpy2(2) + Conp102n11(2)})
:07 j2071727"'72n7

where O;(z) are the rational functions defined in (6.2.1). The proof for the case of

¢, (%) is similar and hence omitted. O

6.4 Concluding remarks

The orthogonal rational functions obtained in this chapter can lead to a variety of
research problems. For instance, the class of Pick functions obtained in Chapter 2
consists of ratios of Gaussian hypergeometric functions which can always be brought
to rational function forms under certain restrictions. Hence, it can be expected that
this class of Pick functions satisfy some sort of orthogonality as well as biorthogonality
properties.

Moreover, the Ry recurrence relations (6.1.8a) and (6.1.8b) are similar to the re-
currence relations satisfied by the orthogonal Laurent polynomials (Bultheel et al. [33,
Theorem 11.14, p.263]). Hence, further study of such R;; recurrence relations and
the related eigenvalue problems can also be made. Since no conditions are imposed
on the poles except that they are non-vanishing to derive biorthogonality, interesting

particular cases can be obtained when the poles satisfy special conditions.
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