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ABSTRACT

Break-up reactions offer many opportunities to study the structure and reactions

of exotic nuclei. In this thesis we use the theoretical formalism of elastic Coulomb

break-up reactions to study medium mass exotic nuclei and also applications in nu-

clear astrophysics. This work is divided into two parts consisting of five chapters

and two appendices. The first three chapters, which form the part I, contain the

introduction, a brief theoretical formalism of break-up reactions leading to the dis-

torted wave Born approximation and applications of our theory to 37Mg. The last

two chapters contain the application of our theory as an indirect method to calculate

radiative capture reaction cross-sections in nuclear astrophysics and the summary

and future outlook of our work. Along with two appendices this forms the part II

of the thesis.

In chapter 1 we give an introduction to the field of exotic nuclei elaborating on

their general characteristics and also the fact the field has moved to the medium

mass region of the nuclear chart, where nuclei can also be deformed. We also briefly

discuss the experimental facilities where experiments with exotic nuclei are being

performed. The role of radiative capture reactions in nuclear astrophysics is also

discussed here.

In chapter 2 we describe the basic theoretical formalism of break-up reactions
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leading to the post and prior forms of the transition matrix. We then focus on the

distorted wave Born approximation for the elastic break-up of a two-body projectile

in the field of a target. Specializing to pure Coulomb break-up and more specifically

to the case where we have an uncharged fragment in the final channel, we show that

the transition matrix can be split into two parts - a dynamics part which can be

evaluated analytically and a structure part where the ground state wavefunction of

the projectile is an input. This theory is further developed in the next chapter when

the break-up of a deformed projectile is studied in a semi-analytic way.

In chapter 3 we study the elastic Coulomb break-up of 37Mg on a Pb target at 244

MeV/nucleon beam energy. By calculating several reaction observables like the total

one-neutron removal cross-section, the neutron-core relative energy spectrum, the

parallel momentum distribution of the core fragment, the valence neutron angular,

and energy-angular distributions, we try to set limits on the ground state spin-parity

and one neutron separation energy of 37Mg.

In chapter 4 we study the 15N(n, γ)16N radiative capture cross-section and its

subsequent reaction rate by an indirect method and in that process investigate the

effects of spectroscopic factors of different levels of 16N to the cross-section. We cal-

culate the Coulomb break-up of 16N on Pb at 100 MeV/nucleon and relate this to the

photodisintegration cross-section of 16N(γ, n)15N. Subsequently invoking the princi-

ple of detailed balance, the 15N(n, γ)16N capture cross-section is calculated. The

calculated reaction rate is also compared with various other charged particle rates

and consequences of the same as a function of temperature in stellar environments

are discussed.

The summary and future directions of our work are presented in chapter 5. Some

mathematical details of the formalism and of the approximations are also given in

various appendices.
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CHAPTER 1

INTRODUCTION

1.1 The prelude

Mankind always has quest for origin of matter that can be answered with nuclear

physics as nucleus is the heart of matter [1]. Only few nuclei (near about 300) are

stable otherwise most of them are unstable. The stable nuclei nuclei lies on the valley

of stability line and unstable nuclei are spread on both side of stability line as shown

in Fig. 1.1 (also called as Segré chart after the name of the physicist Emilio Segré

), on the x-axis the neutron number (N) and along y-axis the proton number(Z) is

plotted. Farther we go away from stability valley, nuclei became more unstable until

we reach at a point where nuclei become so unstable that leads particle emission to

gain stability.

The black square represents stable nuclei. Above of stability valley are unstable

nuclei which are deficient in neutrons (shown with pink color) and this region is

limited by the proton drip line (dashed red) which is reached when binding energy for

last proton, Bp become zero. Below the valley of stability are those unstable nuclei

which has excess of neutrons (shown with blue color) and this region is limited by

1



2 Chapter 1. Introduction

Figure 1.1: The Segré chart

the neutron drip line (dashed blue) which is reached when valence neutron binding

energy, Bn become zero. In Shell model, the closed shells are given by N(or Z)

2, 8, 20, 28, 50, 82, 126 which are called magic numbers as they give extra stability

than nearby nuclei. These magic number are shown by horizontal and vertical bars

in Fig. 1.1. To understand the entire regime in N-Z plane, we require information

of nuclei on the valley of stability and away from stability. It is estimated that

around 5000 to 7000 bound nuclei should exist, out of which only 2000 nuclei are

observed. Lots of theoretical and experimental work have been done on nuclei on

valley of stability but region away from stability valley which is made up of short-

lived, radioactive and loosely bound nuclei (called exotic nuclei) [2-15] the knowledge

is still meagre. This is therefore a vastly unexplored area.
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From theoretical point of view, stable nuclei are well studied and are mostly

well explained but for exotic nuclei while constructing theoretical models we must

emphasize on few interesting properties of exotic nuclei.

1.) Exotic nuclei are spatially extended system. Halo structure exists.

2.) Exotic nuclei can be deformed.

3.) Exotic nuclei exhibit new types of shell evolution. New magic numbers can

occur.

4.) Exotic nuclei exhibit clusterization.

5.) In exotic nuclei continuum states are very close to ground state so reaction

mechanism will be affected.

6.) Exotic nuclei, in principle, are open quantum systems.

On the experimental side, the problem with exotic nuclei is that because of

short-lived and unstable nature, there is very little time between the production and

experiment and so they can’t be used as target. In last two decades, with advanced

Radioactive Ion Beams (RIB) facilities, we are able to produce these exotic nuclei

in laboratory. In the next section we will discuss various experimental facilities to

produce beam of exotic nuclei to be studied.

1.2 Experimental facilities

With the advances made in the technology of producing nuclear species with rela-

tively large neutron (N) to proton (Z) number ratios, it is now possible to exten-

sively study nuclei near the neutron-drip line with Z > 8. During the last three

decades measurements performed on mass, radius and spectroscopy of such nuclei

have shown that they have structures that are at variance with those of their “near

the line of stability” counterparts. With the advent of new generation of radioac-

tive ion beam facilities, it has now become possible not only to produce medium

mass neutron rich nuclei in the vicinity of the magic numbers but also employ them
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as projectiles to initiate reactions (e.g., break-up) on nuclear targets [16, 17]. This

provides excellent opportunity to perform quantitative study of the single-particle

structure and the shell evolution in this region. To study exotic nuclei, firstly we

have to produce the nuclei of interest and then separate it to study. Fission [18],

target spallation [19], projectile fragmentation [20], nucleon transfer [21,22] and fu-

sion evaporation [23] are various techniques that are used to produce exotic nuclei.

To separate produced nuclei, techniques that are used can be divided into two cat-

egories, isotope separation on-line (ISOL) and in flight separation ( fragmentation

)(IFS). The schematic diagram is shown in Fig. 1.2 and is taken from [24]

Figure 1.2: ISOL and IFS facility shown diagramatically.

In ISOL , a beam of particles which is consist of protons, neutrons , light or

heavy ions are projected on a thick target as a result radioactive nuclei is pro-

duced. It is then passed through a ion source which ionize it which makes process

of extraction and acceleration possible. These ion then can be used for experiment

at low energy or can be further accelerated to induce nuclear reactions. Advan-

tage of this technique is that beam of particles has high energy and high quality.

The ISOL techniques was first used at CERN under the guidance of Prof. V. F.

Weisskopf [25]. In 1987 Radioactive Ion Beam Project, LISOL started in Louvain-

la-Neuve, Belgium [26] and 13N beam was accelerated. Another ISOL techniques

based facilities are Holified Radioactive Ion Beam Facility (FRIB) at Oak Ridge [27],

SPIRAL project at GANIL in France [28], REX-ISOLDE at CERN [29], ISAC at

TRIUMF in Canada [30], EXCYT at the INFN - LNS laboratory at Catania [31],

TRIAC facility at Tokai, Japan [32].
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Intermediate-generation based ISOL facilities are present in HIE-ISOLDE at CERN,

[33, 34], SPES in Legnaro, Italy [35], SPIRAL2 at GANIL, Caen, France and up-

coming European ISOL facility, EURISOL

In in-flight separation (IFS), an energetic beam of particles is projected on thin

target and as a result radioactive nuclei are produced. The nuclei of interest is

separated using a fragment separator and sent for experimental use. This technique

is useful in producing short-lived beam of nuclei with high energy. This facility was

used for the first time at Lawrence Berkeley Labaratory [36]. Then it was used

in LISE spectrometer GANIL [37] and after that this technique was widely used in

many facilities such as A1200 separator at the NSCL in USA [38], in RIPS separator

at RIKEN in Japan [39], the FRS device at GSI in Germany [40], the COMBAS

separator at Dubna [41], in Russia and LISE-3 at Ganil [42], A1900 separator at

NSCL [43], Big- RIPS in Japan [44] and Super FRS in Germany [45].

1.3 Coulomb dissociation method

In Coulomb dissociation method [46], when a projectile, a is projected towards heavy

target t, experiencing Coulomb field of the target the projectile breaks-up in to two

substructures b and c. (see Fig. 1.3).

a+ t→ b+ c+ t, (1.1)

b is the core nuclei and c is the valence nucleon which can be charged or uncharged.

The electromagnetic field of target is replaced by a beam of equivalent virtual

photons. where virtual photon number can be calculated using proper kinematics

[46]. The idea of equivalent photon number was given by Fermi in his classic pa-

per [47, 48]. Thus Coulomb break-up becomes equivalent to photodisintegration.

The Coulomb break-up process, is then related to the photodisintegration reaction.

Further using principle of detailed balance radiative capture process can be stud-
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Figure 1.3: Coulomb break-up of projectile, a in the field of heavy target, t

ied [46]. The radiative capture reactions plays vital role both in determining nuclear

structure and nucleosynthesis in nuclear astrophysics. Thus capture reactions can

be studied via Coulomb break-up reactions.

Recently [49], the post form finite range distorted wave Born approximation

(FRDWBA) theory of Coulomb break-up reactions has been extended to include

the deformation of the projectile by using a deformed Woods-Saxon potential to

describe the valence neutron-core relative motion. Hence, this provides a micro-

scopic theoretical tool to study the Coulomb break-up of neutron-drip line nuclei

lying in island of inversion in the vicinity of N = 20 − 28 and to investigate the

correlation between halo formation and the shell evolution and deformation. In the

first application of this theory, the Coulomb break-up of 31Ne on a Pb target at the

beam energy of 234 MeV/nucleon was investigated [49]. Comparison of calculated

and the measured one-neutron removal cross-section (of Refs. [16, 50]) suggested

that the ground state of 31Ne is most likely to have a 30Ne ⊗ 2p3/2ν configuration.

The value of the one-neutron separation energy Sn is found to be correlated to the

quadrupole deformation parameter (β2). For β2 between 0.0−0.5, Sn varies between

0.24−0.58 MeV. The calculated full width at half maximum (FWHM) of the parallel

momentum distribution of 30Ne fragment is closer to that of the core fragment seen
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in the break-up reaction of the established halo nucleus 11Be. This strongly suggests

that the ground state of 31Ne has a one-neutron halo structure in the 2p3/2 state.

The theory can be used for the study of other loosely bound nuclei in the region

of neutron drip line. One such candidate is 37Mg. Its is said to be weakly bound

deformed nuclei but its spin-parity of ground state is still uncertain.

1.3.1 Shell Evolution in exotic nuclei

The notion of “magic” numbers is one of the most fundamental concepts in nuclear

structure physics [51,52]. If large gaps occur between groups of single-particle orbits

that are completely filled with nucleons (neutrons or protons), then these nucleon

numbers are called “magic”. The seven most established magic numbers are 2,

8, 20, 28, 50, 82, and 126. However, in several nuclei near the neutron-drip line,

modifications to this shell structure have been observed [53, 54]. In these cases the

magic numbers evolve as a function of the neutron number - old magic numbers

may disappear while new ones emerge and conventional shell gaps may break down.

For example, rapid changes in nuclear structure and vanishing of the N = 8, and

20 shell gaps have been seen in neutron rich nuclei 12Be [55], and 32Mg [56] and

30,32Ne [57], respectively. For neutron drip line nuclei N=16 is new magic number as

seen in case of 24O [58–62]. Examples of N = 28 shell quenching have been observed

in 36,38Mg [63] and 42Si [64]. It is suggested in Ref. [65] that island of inversion

near N = 20, 28 comes about because of the fact that the ν(sd)−2(fp)2 intruder

configurations (here ν represents a relative neutron state), in which two neutrons

from the sd shell are excited to the fp shell, become so low in energy that they

form the ground states for Z = 10 − 12 and N = 20 − 22 nuclei. This suggestion

was confirmed subsequently by mass measurements of the neutron rich isotopes of

Ne, Na and Mg nuclei [66]. Recently, this behavior has been shown to be a general

phenomena that should occur for most standard shell closures far from the line of

stability, and the mechanism behind this is found to be related to the importance

of the nucleon-nucleon tensor interaction [67]. It is obvious that due to the intruder
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states, the single particle structure of the ground states of nuclei lying within island

of inversion will not be the same as that emerging from the usual filling of the shell

model states.

1.3.2 Exotic nuclei could be deformed

The mixing of neutron n-particle-n-hole (np−nh) intruder configurations of ν(sd)−n(fp)n

character to the ground state, causes large deformation to nuclei in island of inver-

sion near N = 20, 28, which is confirmed by the measured low excitation energies

and B(E2) values of the first excited states (see, eg., Refs. [56, 57, 68–71]). It has

been emphasized [65,72-74] that the deformation may also account for the enhanced

binding energies manifested in some of the known nuclei in this region. The collec-

tive properties of neutron rich nuclei near N = 20 region are rather well described by

Monte-Carlo shell model calculations that allow for unrestricted mixing of neutron

particle-hole configurations across the shell gap [75,76]. In Ref. [77,78], nuclei in the

neighborhood of neutron-drip line have been systematically investigated in a model

where one-particle motion is described within spherical as well as deformed poten-

tials. It has been concluded in this work that nuclei in the region of N = 20 − 28

are most likely to be deformed.

The evidence of a deformed nuclei is measurement of the root mean square radius

(RMS). For a deformed nuclei root mean square radius is larger than R = r0A
1/3,

where r0 is radius parameter and A is mass number of nuclei. Total reaction cross-

section (σR) depends on RMS radii of the projectile and the target nuclei. So for a

deformed nuclei the value of interaction cross-sections (which are almost the same

as the σR) is larger than neighbouring spherical nuclei.

1.3.3 Exotic nuclei and halo structure

Discovery of halo structure in some of the drip line nuclei is another important

progress made in the studies of nuclei with large N to Z ratio near the limits of
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Figure 1.4: Halo structure in 11Li.

nuclear stability [8, 79–85]. As one approaches the neutron-drip line nuclei experi-

ence weakening of the neutron separation energy, which leads to some interesting

effects. The sudden rise of interaction cross-sections with increasing N in some of

these nuclei can be attributed to the extended density distribution(s) of the valence

neutron(s). This decoupling of the valence neutron(s) from the tightly bound core

and the extension of the corresponding wavefunction to much larger radii have been

referred to as neutron halo. This phenomena has been seen earlier in lighter nuclei

like 11Li [86], 11Be [87], 19C [79].

In recent years, there has been considerable interest in finding out if halo configura-

tions also exist in nuclei lying near the neutron-drip line in the vicinity of island of

inversion [88, 89]. 31Ne with Z = 10 and N = 21, is a promising candidate to have

a one-neutron halo configuration because the one-neutron separation energy of this

nucleus is quite small (0.29±1.64 MeV [90], or 0.06±0.41 MeV [91]). Indeed, such a

structure has been suggested for this isotope by Coulomb break-up studies [16]. This

has been further supported by measurements [92] of the interaction cross-sections

for Ne isotopes incident on a 12C target at the beam energy of 240 MeV/nucleon,
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where it was found that for 31Ne the interaction cross-section was much larger than

that of any other Ne isotope. Recently, measurements of σR for 24−38Mg isotopes on

12C target at the beam energy of 240 MeV/nucleon have been reported in Ref. [93].

From a similar reasoning, it was suggested in this study that 37Mg (Z = 12, N = 25)

that lies in N = 20 − 28 island of inversion, is also a candidate for having a one-

neutron halo structure. This was reinforced by measurements of Coulomb break-up

of 37Mg on C and Pb targets at the beam energy of 244 MeV/nucleon in Ref. [17].

The observation of the halo phenomena in the heavier nuclei lying in island of

inversion, signals major changes in the shell evolution in these nuclei as compared

to that seen in the spherical ones. One of the conditions for the halo formation

is that the loosely bound neutron in the nucleus occupies a low orbital angular

momentum state (ℓ = 0 or 1) in order to reduce the centrifugal barrier effects that

prevent it from spreading out [88]. In fact, in well established cases of light one-

neutron halo nuclei like 11Be and 19C, the ground states have predominant s-wave

neutron plus core configurations [81, 94–97]. According to the conventional shell

model evolution, one expects to see the domination of the 1f7/2 orbit in nuclei in

the vicinity of N = 20−28. This would not favor the halo formation because a larger

centrifugal barrier would prevent the l = 3 neutrons to extend too far out in the

space. Therefore, a significant contribution from the s- or p-wave orbits has to be

there in the ground state structure of these nuclei to minimize the centrifugal barrier.

Thus, the existence of halo structure would imply a significant modification of the

shell structure that involves considerable mixing of the intruder states like 2p3/2

or 2s1/2 into the ground states of these nuclei, which also leads to the appreciable

deformation of these states. Therefore, the halo formation in heavier nuclei in island

of inversion region has strong correlation with the shell evolution and the presence

of deformation.
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1.4 Role of neutron radiative capture reaction in

nuclear astrophysics

Neutron radiative capture reactions plays crucial role in element production in pri-

mordial, interstellar and stellar nucleosynthesis [98–102]. In primordial synthesis,

light nuclei such as Hydrogen, Helium and some traces of Lithium are produced by

Big Bang. Interstellar nucleosynthesis leads to formation of elements like Lithium,

Beryllium and Boron whereas stellar and explosive nucleosynthesis produces ele-

ments from Carbon to Uranium. Thats how elements formations takes place in var-

ious astrophysical sites. With Sun being the nearest star, it’s easy to observe solar

abundances. Observing solar abundances in regions A = 80−90, 120−130, 180−210,

we finds abundances peaks are placed at neutron shell closure i.e. at N = 50, 82, 126.

Further study reveals that in these regions the element synthesis takes place by two

different processes, s− process [103] and r− process [104] followed by β−decay. The

s(slow)-process refers to the case when neutron capture reaction rate is less than β-

decay rate which occurs in neutron deficient environment (i.e near bottom of valley

of stability). In this process competition between neutron capture reactions leads

to the branching in reaction paths [105] and r(rapid)-process means when neutron

capture rate dominates over β-decay rate [106]. It takes place in neutron drip line

region as high neutron density is required. Neutron capture reaction leads to for-

mation of new element until it is counter balanced by hot photon bath and reach

equilibrium at waiting point where (n, γ) = (γ, n). Astrophysical sites for s- process

and r -process is still largely unknown [107]. Red Giant stars can be probable site

for s−process and supernovae type II for r−process.

The problem with direct measurement of the radiative capture is that it has

to be measured at low stellar energy, resulting in low cross-section and also in the

presence of intense background, complications are further added with involvement

of radioactive beam. The other way to study radiative capture is reverse reactions



12 Chapter 1. Introduction

i.e. to study (γ, n)1 instead of (n, γ) reactions. The break-up reaction cross-section

can be correlated with the radiative capture cross-section using principle of detailed

balance. In Coulomb break-up, virtual photon of Coulomb field provides the γ

flux. The advantage of this indirect radiative capture measurement is that one can

study break-up cross-section at higher energy and then can relate it to low energy

the radiative capture cross-section. With advancement in RIB facility it is now

possible to perform experiment on reactions of astrophysical. interest. For example

Laboratory for Underground Nuclear physics (LUNA)accelerator in Italy has done

measurement on critical reaction in hydrogen burning. At HRIBF and at TRIUMF

in Canada several reactions in hot CNO cycle have been measured using inverse

kinematics with short lived radioactive beam on H and He gas target. With high

intensity beam faciliies such as RIPS at RIKEN, SPIRAL at GANIL, FAIR at GSI,

HIE-ISOLDE at CERN, FRIB at MSU, we can study many reactions of stellar

nucleosynthesis .

1.5 Scope of the thesis

With this brief discussion on studies of nuclei near drip line and the importance of

neutron radiative capture reactions in astrophysics, we now focus on the scope of

the thesis. The thesis is divided into two parts.

In chapter 2 the transition matrix for a elastic break-up reaction and the post

form finite range distorted wave Born approximation formalism for Coulomb break-

up of a projectile into two fragments are explained. In chapter 3 we examine

the structure of a deformed exotic medium mass nucleus, 37Mg, using the Coulomb

dissociation method and try to set limits on the ground state spin-parity and the

one neutron separation energy of 37Mg. This constitutes the first part of the thesis.

In chapter 4, we study the 15N(n, γ)16N capture cross-section using the Coulomb

dissociation of 16N as an indirect approach in nuclear astrophysics and subsequently

1Radiative capture involves proton, α and neutron capture. The work in this thesis is based on
neutron capture. So we will emphasize on neutron capture.



1.5. Scope of the thesis 13

also calculate the reaction rate of 15N(n, γ)16N. We also investigate the effects of

spectroscopic factors of different levels of 16N to the cross-section. Reaction rates

are also compared with other charged particle reactions. In chapter 5, summary

and future outlook of the thesis are presented. This, along with two appendices,

constitutes the second part of the thesis.
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CHAPTER 2

THEORETICAL FORMALISM

2.1 Introduction

Theory and experiments go together while explaining the structure of drip line

nuclei and reactions of astrophysics interest. With recent advances in radioactive

ion beam (RIB) facilities it has become possible to do experiments on these exotic

nuclei. The responsibility of a theoretician here is two fold, first to set various input

parameters, for exotic nuclei as no prior knowledge is available on these near drip

line isotopes so that experiments on such nuclei can be done. Second is to verify

and explain the outcome of experiments by developing proper theoretical models.

Coulomb dissociation (or break-up) [1] method is an important method to study

structure and reaction of exotic nuclei. It can be used as an indirect method to

study radiative capture.

Several mathematical approaches or models such as time-dependent models [2,3],

Eikonal approximations [4, 5], continuum discretised channel method(CDCC) [6, 7]

and distorted wave Born approximation(DWBA [8, 9] can be used to study break-

up reactions. All these models rely on the assumption that the projectile exhibits a

27
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two- or three- cluster structure and interaction of these clusters can be stimulated

by optical potentials. The main differences in these methods are approximation they

use to solve the subsequent three-body Schrödinger equation. The starting point of

all these methods is to solve the transition matrix or T-matrix. Thereby it can be

further used to calculate the reaction observables. In section 2.2, transition matrix

is calculated for elastic break-up reaction. In section 2.3, distorted wave Born

approximation(DWBA) is discussed. In section 2.4, Finite range distorted wave

Born approximation (FRDWBA) using local momentum approximation (LMA) is

explained.

2.2 The transition matrix for break-up reaction

Consider a break-up reaction in which a projectile a with wave vector ka come under

the influence of Coulomb and nuclear field of target t and is fragmented into two

substructures b and c having wave vector kb and kc, respectively. The Hamiltonian

of the system can be written as

H = Tb + Tc + Tt + Vbc + Vbt + Vct (2.1)

where Ti is kinetic energy of particle i and Vij repesents interaction between particle

i and j. Separation between two substructures is given by rij.

Asymptotic hamiltonians in initial (prior) and final(post) channels can be written

as

Hi = Tb + Tc + Tt + Vbc (2.2)

and

Hf = Tb + Tc + Tt. (2.3)
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respectively and corresponding interactions in respective channel are,

Vi = H −Hi = Vbt + Vct (2.4)

and

Vf = H −Hf = Vbc + Vbt + Vct. (2.5)

The transition matrix in post form and prior form [10] can be written as

T
(+)[post]
fi = 〈expikc.rct expikb.rbt|Vbc + Vbt + Vct|ψ(+)

i 〉 (2.6)

and

T
(−)[prior]
fi = 〈ψ(−)

f |Vbc + Vct| expika.rat φa(rbc)〉. (2.7)

φa(rbc) is exact ground state wavefunction of projectile. and rbc is distance between

the substructures. ψ
(+)
i and ψ

(−)
f are exact three-body wavefunction with outgoing

and ingoing wave boundary condition and satisfy

Hψ
(+)
i = Eψ

(+)
i (2.8)

and

Hψ
(−)
f = Eψ

(+)
i (2.9)

respectively; E is total energy of the system.

Plane wavefunctions can be replaced by distorted wavefunctions assuming aux-

iliary potential acting on fragments because of Coloumb and nuclear field of target.

This is realised by using Gell-Mann -Goldberger two potential formula [11].
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T-matrices in both channels become,

T
(+)[post]
fi = 〈χ(−)(kc, rct)χ

(−)(kb, rbt)|Vbc + Vbt + Vct − Ubt − Uct|ψ(+)
i 〉

(2.10)

and

T
(−)[prior]
fi = 〈ψ(−)

f |Vct + Vbt − Uat|χ(+)(ka, rat)φa(rbc)〉. (2.11)

In the above equations, χi’s and Ui are distorted wavefunctions and auxiliary po-

tentials of particle i with respect to target respectively. Assuming Vbt = Uct and

Vct = Uct [12, 13] in Eq.(2.10), post form T-matrix become

T
(+)[post]
fi = 〈χ(−)(kc, rct)χ

(−)(kb, rbt)|Vbc|ψ(+)
i 〉. (2.12)

To solve the above equations we need further approximations for the total wave-

functions. One such approximation is the distorted wave Born approximation (DWBA)

which is explained below.

2.3 Distorted wave Born approximation (DWBA)

As an approximation to the exact wavefunctions ψ
(+)
i and ψ

(−)
f , distorted wave Born

approxiamtion is used in Eqn. (2.11) and (2.12). For small inelastic excitations of

projectile, the wavefunction ψ
(+)
i is approximated by

Ψ
(+)
i ≈ χ(+)

a (ka, rat)φa(rbc). (2.13)
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Transition matrix in post form will become

T
(+)[post]
fi (DWBA) = 〈χ(−)

c (kc, rct)χ
(−)
b (kb, rbt)|Vbc|χ(+)

a (ka, rat)φa(rbc)〉.

(2.14)

The other approximation is to neglect interaction between fragments in final

channel and it gives

Ψ
(−)
f ≈ χ

(−)
b (kb, rbt)χ

(−)
c (kc, rct), (2.15)

and then prior form DWBA T- matrix is given by

T (−)[prior](DWBA) = 〈χ(−)
b (kb, rbt)χ

(−)
c (kc, rct)|Vct + Vbt − Vat|χ(+)

a (ka, rat)φa(rbc)〉.

(2.16)

The above two versions of the T - matrices Eqs.[2.14, 2.16] have been shown to be

equal in [14]. The post form DWBA is widely used in [1, 15–17], as it has the

advantage of having a short range potntial, Vbc in Eq. 2.14. On the other hand the

potential in prior form Vct + Vbt − Uat, appearing in Eq. 2.16, will involve complex

coordinate transformations. Numerical calculations in post form is thus easier to

perform than the prior form.

2.4 Coulomb break-up with finite range distorted

wave Born approximation (FRDWBA)

Consider a break-up reaction of a projectile a into the core fragment b and the

valence neutron n 1 in the Coulomb field of a target t which can be represented as

1We replace substructure c (charged or uncharged) with chargeless particle, neutron. So c from

above sections will be replaced with n. Consequently, the distorted wave χ
(−)
c will be replaced by

a plane wave, in the Coulomb field of the target.
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a+ t→ b+n+ t. We assume that target nucleus remains in its ground state during

the break-up process. Thus this is also known as the elastic Coulomb break-up

reaction. The chosen coordinate system is shown in Fig. (2.1).

r

r1
ir

r

t

b

n

n

Figure 2.1: The three-body coordinate system. The charged core fragment, the valence
neutron and the target nucleus are denoted by b, n and t, respectively.

The position vectors satisfy the following relations:

r = ri − αr1, α =
mn

mn +mb
, (2.17)

rn = γr1 + δri, δ =
mt

mb +mt
, γ = (1− αδ) . (2.18)

The starting point of the FRDWBA theory of Coulomb break-up is the post-form

T -matrix of the reaction given by

T =

∫

dξdr1driχ
(−)∗
b (kb, r)Φ

∗

b(ξb)χ
(−)∗
n (kn, rn)Φ

∗

n(ξn)Vbn(r1)Ψ
(+)
a (ξa, r1, ri).

(2.19)
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The functions χ are the distorted waves for the relative motions of b and n with

respect to t and the center of mass (c.m.) of the b + t system, respectively. The

functions Φ are the internal state wavefunctions of the concerned particles dependent

on the internal coordinates ξ. The function Ψ
(+)
a (ξa, r1, ri) is the exact three-body

scattering wavefunction of the projectile with a wave vector ka satisfying outgoing

boundary conditions. The vectors kb and kn are the Jacobi wave vectors of b and

n, respectively, in the final channel of the reaction. The function Vbn(r1) represents

the interaction between b and n. As we concentrate only on Coulomb break-up, the

function χ
(−)
b (kb, r) is taken as the Coulomb distorted wave (for a point Coulomb

interaction between the charged core b and the target) satisfying incoming wave

boundary conditions, and the function χ
(−)
n (kn, rn) describing the relative motion of

the neutron with respect to the target, is just a plane wave. It may be noted that

within this approach the fragment-target interactions are treated to all orders.

In the distorted wave Born approximation (DWBA), we write

Ψ(+)
a (ξa, r1, ri) = Φa(ξa, r1)χ

(+)
a (ka, ri), (2.20)

The assumption inherent in Eq. (2.20) is that the break-up channels are very weakly

coupled and hence this coupling needs to be treated only in the first order. We expect

this approximation to be valid for those cases where there are no resonances in the

n+ b continuum. Most of the neutron halo systems come in this category. For those

cases where higher order effects of fragment-fragment interaction are non-negligible,

the applicability of this method would be limited. Ideally, a rigorous description of

the break-up process of all types of projectiles would require the use of Faddeev type

of three-body methods that include Coulomb potentials in the fragment-target and

fragment-fragment (if required) interactions. A few such calculations have become

available recently although they are confined to the break-up reactions on a proton

target [18–21].

In Eq. (2.20) the dependence of Φa on r1 describes the relative motion of the frag-
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ments b and n in the ground state of the projectile. The function χ
(+)
a (ka, ri) is the

Coulomb distorted scattering wave describing the relative motion of the c.m. of the

projectile with respect to the target, satisfying outgoing wave boundary conditions.

The integration over the internal coordinates ξ in the T -matrix gives

∫

dξΦ∗

b(ξb)Φ
∗

n(ξn)Φa(ξa, r1) =
∑

ℓmjµ

〈ℓmjnµn|jµ〉〈jbµbjµ|jaµa〉iℓΦa(r1,

(2.21)

The ground state wavefunction Φa(r1) can be expressed in terms of its radial, uℓ(r1)

and angular parts, Y m
ℓ (r̂1) assuming a particular partition, in which the relative

motion between n and b has an orbital angular momentum ℓ as

Φa(r1) =
√
C2S uℓ(r1)Y

m
ℓ (r̂1), (2.22)

where C2S is the spectroscopic factor for the given partition. In Eq. (2.21), ℓ is

coupled to the spin of n and the resultant channel spin j is coupled to the spin jb

of the core b to yield the spin of a (ja). The partition represented by Eq. (2.22) will

be retained even if the potential Vbn(r1) is deformed.

The T -matrix can now be written as

T =
∑

ℓmjµ

〈ℓmjnµn|jµ〉〈jbµbjµ|jaµa〉iℓℓ̂βℓm(kb,kn;ka), (2.23)

where

ℓ̂βℓm(kb,kn;ka) =

∫

dr1driχ
(−)∗
b (kb, r)e

−ikn.rn

× Vbn(r1)uℓ(r1)Y
m
ℓ (r̂1)χ

(+)
a (ka, ri). (2.24)

with βℓm being the reduced T -matrix and with ℓ̂ ≡
√
2ℓ+ 1.

Eq. (2.24) involves a six dimensional integral which makes the computation of βℓm

quite complicated. The problem gets further acute because the integrand involves a
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product of three scattering waves that exhibit oscillatory behavior asymptotically.

In the past calculations have been simplified by using approximate methods, such

as the zero-range approximation (see e.g., [10, 22, 23]) or the Baur-Trautmann ap-

proximation [1, 24] that led to the factorization of the T-matrix into two terms;

each involving three-dimensional integrals (we refer to [25] for a detailed discus-

sion). However, these methods are not valid for break-up reactions at higher beam

energies and for heavier projectiles that can have non-s-wave ground states.

In our FRDWBA theory we use a method that was proposed in Ref. [26] for

describing the heavy ion induced transfer reactions, and was adopted in Ref. [27] for

describing the break-up reactions of heavy projectiles. This was shown [25, 28] to

be well suited for calculating the Coulomb break-up of halo nuclei. In this method,

the Coulomb distorted wave of particle b in the final channel is written as [28]

χ
(−)
b (kb, r) = e−iαK.r1χ

(−)
b (kb, ri). (2.25)

Eq. (2.25) represents an exact Taylor series expansion about ri if K = −i∇ri is

treated exactly. However, instead of doing this we employ a local momentum ap-

proximation (LMA) where the magnitude of momentum K is taken to be

K(R) =

√

2m

~2
(E − V (R)). (2.26)

Here m is the reduced mass of the b− t system, E is the energy of particle b relative

to the target in the c.m. system and V (R) is the Coulomb potential between b and

the target separated by R. Thus, the magnitude of the momentum of K is evaluated

at some separation R, which is held fixed for all the values of r. The value of R
was taken to be equal to 10 fm. For reactions under investigation in this research

work, the magnitude of K remains constant for distances larger than 10 fm. Due

to the peripheral nature of the break-up reaction, the region R & 10 fm contributes

maximum to the cross-section. Furthermore, the results of the calculations for these

reactions, at the beam energies under investigation, are almost independent of the
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choice of the direction of momentum K [28]. Therefore, we have taken the directions

of K and kb to be the same in all the calculations presented in this chapter.

Substituting Eq. (2.25) into Eq. (2.24), the reduced amplitude is obtained in a

factorized form as

ℓ̂βℓm =

∫

drie
−iδkn.riχ

(−)∗
b (kb, ri)χ

(+)
a (ka, ri)

×
∫

dr1e
−iQ.r1Vbn(r1)uℓ(r1)Y

m
ℓ (r̂1), (2.27)

where, Q = γkn − αK. The first integral in Eq. (2.27), is the dynamics part in

the Coulomb break-up and the second integral in Eq. (2.27) contains the projectile

structure information and Eq.(2.27) can be writen as

ℓ̂βℓm = Id × If (2.28)

In Eq. (2.28), Id represents the dynamics of the reaction and the second part If

contains information about the structure of projectile.

Solution of dynamics part, Id

In Eq. (2.27), Id can be simplified further using Coulomb distorted waves for

χ
(+)
a (ka, ri) and χ

(−)∗
b (kb, ri) and subsequently by finding an analytic solution to the

integral. Using

χ(+)
a (ka, ri) = e−πηa/2Γ(1 + iηa)e

ika.ri
1F1(−iηa, 1, i(kari − ka.ri)), (2.29)

χ
(−)∗
b (kb, ri) = e−πηb/2Γ(1 + iηb)e

−ikb.ri
1F1(−iηb, 1, i(kbri + kb.ri)), (2.30)
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we have

Id =

∫

drie
−πηa/2Γ(1 + iηa)e

−πηb/2Γ(1 + iηb)e
iQ̃.ri

1F1(−iηa, 1, i(kari − ka.ri))

×1F1(−iηb, 1, i(kbri + kb.ri)).

(2.31)

Here η is Sommerfeld parameter and 1F1(a, b; c; z) is hypergeometric function. Eq.(

2.31) can be expressed analytically in terms of the Bremsstrahlung integral [29]

(Q̃ = ka − kb − δkn) and hence can be calculated as,

Id = e−πηa/2Γ(1 + iηa)e
−πηb/2Γ(1 + iηb)

×
∫

drie
iQ̃.ri

1F1(−iηa, 1, i(kari − ka.ri))1F1(−iηb, 1, i(kbri + kb.ri))

= e−πηa/2Γ(1 + iηa)e
−πηb/2Γ(1 + iηb)× IB. (2.32)

The Bremsstrahlung integral, IB, can be analytically expressed as,

IB = −i
[

B(0)
(dζ

dλ
)λ=0(−ηaηb)2F1(1− iηa, 1− iηb); 2; ζ(0))

+
(dB

dλ
)λ=02F1(−iηa,−iηb); 1; ζ(0))],

(2.33)

where

B(λ) =
4π

k2(iηa+iηb+1)

[

(k2 − 2k.ka − 2λka)
iηa(k2 − 2k.kb − 2λkb)

iηb ], (2.34)

and

ζ(λ) =
2k2(kbka + kb.ka)− 4(k.kb − λkb)(k.ka + λka)

(k2 − 2k.ka − 2λka)(k2 − 2k.kb − 2λkb)
. (2.35)

Solution of structure part, If

Using Q = γkn − αK and φℓm
a (r1) = uℓ(r1)Y

m
ℓ (r̂1),
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If =

∫

dr1e
−iQ.r1Vbn(r1)uℓ(r1)Y

m
ℓ (r̂1). (2.36)

Expanding the exponential in Eq. 2.36 in terms of spherical harmonics

e−iQ.r1 = 4π
∑

l1m1

i−l1jl1(Qr1)Y
m1∗

l1
(r̂1)Y

m1

l1
(Q̂) (2.37)

and using 2.37 in 2.36, structure factor, If reduces to

If = 4π
∑

l1m1

i−l1Y m1

l1
(Q̂)

∫

r21dr1jl1(Qr1)Vbn(r1)uℓ(r1)

∫

dΩr1Y
m1∗

l1
(r̂1)Y

m
ℓ (r̂1)

= 4π
∑

l1m1

i−l1Y m1

l1
(Q̂)

∫

r21dr1jl1(Qr1)Vbn(r1)uℓ(r1)δl1,ℓδm1,m

= 4πi−ℓY m
ℓ (Q̂)IFℓ, (2.38)

where

IFℓ =

∫

r21dr1jℓ(Qr1)Vbn(r1)uℓ(r1). (2.39)

From Eq. 2.39 it’s clear that ground state wavefunction of any angular momentum

configuration is an input to the theory. Substituting Eqns.(2.32, 2.38) in Eq. (2.27)

the reduced T-marix can be evaluated in the post form finite range distorted wave

Born approximation. It is worth noting that, electromagnetic interaction between

the fragments and the target are included up to all orders and entire non-resonant

continuum (corresponding to all multipoles and relative orbital angular momentum

between the fragments) are included in the theory. Ground state wave function

of the projectile is taken as the only input in this theory and hence one avoids the

uncertainties associated with multipole strength distributions of the projectile [1,28].

The analytic nature of this theory stems from the fact that pure Coulomb wave

functions are used in the calculation and that the dynamics can be analytically
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evaluated.

The triple differential cross-section for the reaction is related to reduced transi-

tion amplitude βℓm as

d3σ

dEbdΩbdΩn
=

2π

~va
ρ(Eb,Ωb,Ωn)

∑

ℓm

|βℓm|2, (2.40)

where va is the a − t relative velocity in the entrance channel and ρ(Eb,Ωb,Ωn) is

the phase space factor appropriate to the three-body final state [30] and is given by

(see Appendix B)

ρ(Eb,Ωb,Ωn) =
h−6mbmnmtpbpn

mt +mn −mn
pn.(pa−pb)

pn2

, (2.41)

where mi and pi are the mass and linear momenta of the particle i. Once triple

differential cross-section is calculated, various reaction observables such as relative

energy spectra, parallel momentum distribution can be calculated. The parallel

momentum distribution (PMD) of the charged fragment b [31–33] can be calculated

as

dσ

dpz
=

∫

dΩndpxdpymbpb
2π

~va
ρ(Eb,Ωb,Ωn)

×
{

∑

ℓm

1

(2ℓ+ 1)
|βℓm|2

}

, (2.42)

Here px and py are the x- and y- components of the momentum pb of fragment.

From the PMD distribution of the charged particle b, full width at half maximum

(FWHM) is calculated. For stable nuclei the value of FWHM is about 120 − 140

Mev/c whereas for halo nuclei this value is around 44 MeV/c.

The relative energy spectra ( dσ
dEbn

) [34, 35] of the outgoing fragments is given by
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dσ

dErel

=

∫

ΩbnΩat

dΩbndΩat

×
∑

ℓm

1

(2ℓ+ 1)
|βℓm|2

2π

~vat

µbnµatpbpat
h6

, (2.43)

where Erel is the b − n relative energy in the final channel, vat is the a − t relative

velocity in the initial channel, Ωbn and Ωat are solid angles, µbn and µat are the

reduced masses and pbn and pat are linear momenta of the b− n and a− t systems,

respectively.

The formalism explained above will be used in chapters 3 and 4. The Eq.(2.27)

can be further extended to account for a deformed nuclei as done in chapter 3.

Eq.(2.42) is used to calculate parallel momentum distribution of the charged frag-

ment in the final channel and is used in chapter 3. Using Eq.(2.43) we will calcu-

late photodisintegration cross-section and subsequently the radiative capture cross-

section in chapter 4.
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CHAPTER 3

STUDY OF GROUND STATE OF

DEFORMED NUCLEUS 37Mg

3.1 Introduction

In this chapter we will calculate Coulomb break-up of the neutron rich nucleus 37Mg

on a Pb target at the beam energy of 244 MeV/nucleon within the framework of

a finite range distorted wave Born approximation (FRDWBA) theory that is ex-

tended to include the effects of projectile deformation. In this theory, the break-up

amplitude involves the full wavefunction of the projectile ground state. The total

one-neutron removal cross-section (σ−1n), the neutron-core relative energy spectrum,

the parallel momentum distribution of the core fragment, the valence neutron an-

gular, and energy-angular distributions will be calculated. The calculated σ−1n will

be compared with the recently measured data to put constraints on the spin par-

ity, and the one-neutron separation energy (Sn) of the
37Mg ground state (37Mggs).

The dependence of σ−1n on the deformation of this state will be investigated. We

will study the narrow parallel momentum distribution of the core fragment and the
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46 Chapter 3. Study of ground state of deformed nucleus 37Mg

strong forward peaking of the valence neutron angular distribution to suggest a one-

neutron halo configuration of the 37Mg ground state. In section 3.2 we will present

brief review of 37Mg. In the section 3.3, we present our formalism where we recall

some important aspects of the FRDWBA theory of break-up reactions and its ex-

tension to include the deformation of the projectile ground state. The results of our

calculations are presented in section 3.4, where we discuss the one-neutron removal

cross-section, the relative energy spectra of the fragments, the parallel momentum

distribution of the core fragment, the angular and energy distribution of valence

neutron as a function of the projectile deformation. The summary and conclusions

of our study are presented in section 3.5.

3.2 Brief review of 37Mg

With the advances made in the technology of producing nuclear species with rela-

tively large neutron (N) to proton (Z) number ratios, it is now possible to exten-

sively study nuclei near the neutron-drip line with Z > 8. During the last three

decades measurements performed on mass, radius and spectroscopy of such nuclei

have shown that they have structures that are at variance with those of their “near

the line of stability” counterparts.

With the advent of new generation of radioactive ion beam facilities, it has now

become possible not only to produce medium mass neutron rich nuclei in the vicinity

of the magic numbers but also employ them as projectiles to initiate reactions (e.g.,

break-up) on nuclear targets [1, 2]. This provides excellent opportunity to perform

quantitative study of the single-particle structure and the shell evolution in this

region. It is predicted that in the region of Ne, Na, and Mg isotopes near N =

20 − 22, ground states to have intruder ν(sd)−2(fp)2 configuration [3] which leads

to disappearance of magic number N = 20 and mass measurement [4] also confirm

the same. It is suggested that nucleon- nucleon tensor interaction [5, 6] can be the

reason for the shell- gap quenching. Low excitation energies and large B(E2) suggests
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large deformation in the nuclei [7–11]. It is suggested by work [12, 13] on neutron

drip-line nuclei in region N = 20−28 most nuclei are to be deformed. The root mean

square radius (RMS) of a deformed nucleus becomes effectively larger than that of

a spherical one. This enhances the total reaction cross-section (σR) that depends on

RMS radii of the projectile and the target nuclei. Large interaction cross-sections

(which are almost the same as the σR) have been measured for 29−32Ne [14, 15] and

24−38Mg [16] nuclei. This has led to the conclusion that the isotopes 29−32Ne have

strong deformation [17–19]. For the Mg case, these studies [19, 20] suggest that

while 27Mg and 30Mg are spherical, 25,29,33−38Mg are more likely to be deformed.

The reason for large interaction cross-section can be valence nucleon has extended

density distribution (i.e. halo structure) and 37Mg can have halo structure. Recently,

measurements of σR for 24−38Mg isotopes on 12C target at the beam energy of 240

MeV/nucleon have been reported in Ref. [16]. From a similar reasoning, it was

suggested in this study that 37Mg (Z = 12, N = 25) that lies in N = 20− 28 island

of inversion, is also a candidate for having a one-neutron halo structure. This was

reinforced by measurements of Coulomb break-up of 37Mg on C and Pb targets at

the beam energy of 244 MeV/nucleon in Ref. [2].

37Mg is the most neutron-rich bound odd-mass Mg isotope. However, the exper-

imental information about its mass and the ground state spin parity is not available,

even though mass systematics suggest that it is a very weakly bound system with Sn

in the range of 0.16 ± 0.68 MeV [21]. Therefore, it is another promising candidate

for having a one-neutron halo structure in island of inversion near N = 20 − 28.

However, a 1f7/2 configuration for its ground state that would result in the con-

ventional spherical shell model, will suppress the halo formation due to the high

centrifugal barrier. Hence, a significant modification of its spherical shell structure

with introduction of the intruder configurations having s- and p-wave states, is nec-

essary for this nucleus to have a halo like structure. This also implies that its ground

state should be deformed.

The aim of this chapter is to investigate the one-neutron removal cross-section of
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37Mg on a Pb target at the beam energy of 244 MeV/nucleon within the FRDWBA

theory of Coulomb break-up reactions. By comparing the σ−1n calculated within

this theory with the corresponding experimental data we would like to extract most

plausible spin-parity for the ground state of this nucleus. We attempt to put con-

straints on the large uncertainty in its Sn value. We investigate the effect of the

ground state deformation of this nucleus on the values of σ−1n deduced in our anal-

ysis. Furthermore, we make predictions for the observables such as relative energy

spectra of the valence neutron-core fragments, parallel momentum distribution of

the core fragment, and the angular distribution of the valence neutron as a function

of deformation. Our study is expected to provide more understanding about the

evolution of the shell structure in island of inversion from N = 20 to 28, about

which some conflicting results have been reported recently [22, 23]. Furthermore,

our study is expected to quantify the presence of a neutron halo structure in 37Mg

and provide information about its correlation to the ground state deformation of

this nucleus.

The study of Coulomb break-up of 37Mg is also of interest in astrophysics because

it provides an indirect way to determine the rate of the radiative neutron capture

reaction 36Mg(n, γ)37Mg, which is of importance in the study of the r-process nu-

cleosynthesis in supernovae [24].

3.3 Formalism : Finite range distorted Born ap-

proximation with deformed projectile

Reduced T-matrix, ℓ̂βℓm using Eq. (2.27) from chapter 2, can be written as

ℓ̂βℓm =

∫

drie
−iδkn.riχ

(−)∗
b (kb, ri)χ

(+)
a (ka, ri)

×
∫

dr1e
−iQ.r1Vbn(r1)uℓ(r1)Y

m
ℓ (r̂1), (3.1)
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These two parts namely dynamic part, Id and structure part, If can be solved

analytically as explained in chapter 2. For a deformed nuclei, the interaction between

should be incorporated with these deformations.

We now introduce deformation in potential Vbn(r1) in Eq. (3.1). Following [25],

we write the axially symmetric quadrupole-deformed Woods-Saxon potential (with-

out taking the spin-orbit term) as

Vbn(r1) = Vws(r1)− β2k(r1)Y
0
2 (r̂1). (3.2)

We take the Woods-Saxon form for the potential Vws(r1), and write, Vws(r1) =

V 0
wsf(r1), where V 0

ws is the depth of the potential and f(r1) describes its shape.

f(r1) and k(r1) are defined as

f(r1) =
1

1 + exp( r1−R
a

)
, k(r1) = RV 0

ws

df(r1)

dr1
,

with radius R = r0A
1/3 where r0 and a are the radius and diffuseness parameters,

respectively. β2 is the quadrupole deformation parameter. In Eq. (3.2), we have

included only the lowest-order term in the deformation parameter of the deformed

Woods-Saxon potential ( see, e.g., Ref. [26]). This is an approximation. However,

this should be sufficient for our purpose of illustrating the role of projectile defor-

mation effects on the breakp cross-sections.

The radial wavefunction corresponding to the potential Vbn(r1) should be ob-

tained by solving the coupled equation

{

d2

dr21
− ℓ(ℓ+ 1)

r21
+

2µ

~2
[E − Vws(r1)]

}

uℓm(r1)

=
2µ

~2

∑

ℓ′

〈Y m
ℓ (r̂1)| − β2k(r1)Y

0
2 (r̂1)|Y m

ℓ′ (r̂1)〉uℓ′m(r1). (3.3)

Therefore, the radial wavefunctions obtained from Eq. (3.3), corresponding to

a given ℓ will have an admixture of wavefunctions corresponding to other ℓ values
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of the same parity. Thus this wavefunction can be quite different from that of the

spherical Woods-saxon potential. However, if components of the admixed states of

higher ℓ are quite weak, then the pure states of lowest ℓ can become dominant. In

such a situation, one can use the solutions of the spherical Woods-Saxon potential

corresponding to a single ℓ for the wavefunction uℓ(r1) in Eq. (3.1). Indeed, it has

been shown in Ref. [25] that as the binding energies approach zero, the lowest ℓ com-

ponents become dominant in the neutron orbits of the realistic deformed potential

irrespective of the size of the deformation. In this work, we have made the approx-

imation of taking uℓ(r1) as the state of a given single ℓ value that is the solution of

the Schrödinger equation with spherical Woods-Saxon potential. In any case, if the

spectroscopic factors of shell model calculations are used for a particular state, the

wavefunctions obtained in a spherical basis for that state should already include the

admixture of different ℓ states.

We would like to point out here that only the structure part of the amplitude

given by Eq. (3.1) is affected by the deformation in the interaction Vbn(r1) - the

dynamical part of it remains the same as it would be in no-deformation case. With

the deformation effects introduced through Eq. (3.2), analytic expressions can be

written for the structure part of the amplitude in Eq. (3.1). Let us define

If =

∫

dr1e
−iQ.r1Vbn(r1)uℓ(r1)Y

m
ℓ (r̂1). (3.4)

If = 4π
∑

l1m1

i−l1Y m1

l1
(Q̂)

∫

r21dr1jl1(Qr1)

×
∫

dΩr1

[

Vws(r1)− β2RV
0
wsY

0
2 (r̂1)

df(r1)

dr1

]

Y m1∗

l1
(r̂1)Y

m
ℓ (r̂1)uℓ(r1)

= 4π
∑

l1m1

i−l1Y m1

l1
(Q̂)

∫

r21dr1jl1(Qr1)uℓ(r1)

×
[
∫

dΩr1Vws(r1)Y
m1∗

l1
(r̂1)Y

m
ℓ (r̂1)−

∫

dΩr1β2RV
0
ws

df(r1)

dr1
Y 0
2 (r̂1)Y

m1∗

l1
(r̂1)Y

m
ℓ (r̂1)

]

.

(3.5)
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Simplifying further

If = 4π
∑

l1m1

i−l1Y m1

l1
(Q̂)

∫

r21dr1jl1(Qr1)uℓ(r1)

×
[

Vws(r1)δl1,ℓδm1,m − β2RV
0
ws

df(r1)

dr1

∫

dΩr1Y
0
2 (r̂1)Y

m1∗

l1
(r̂1)Y

m
ℓ (r̂1)

]

. (3.6)

In this equation first part is simple spherical potential as we solved earlier. For

solving second part,

If = 4π
∑

l1m1

i−l1Y m1

l1
(Q̂)

∫

r21dr1jl1(Qr1)uℓ(r1)

×
[

Vws(r1)δl1,ℓδm1,m − β2RV
0
ws

df(r1)

dr1
I1

]

, (3.7)

where I1 is defined as

I1 =

∫

dΩr1Y
0
2 (r̂1)Y

m1∗

l1
(r̂1)Y

m
ℓ (r̂1) = (−1)m1

√

5

4π

[

(2ℓ+ 1)(2l1 + 1)

4π

]1/2

×





l1 2 ℓ

0 0 0









l1 2 ℓ

−m1 0 m



 , (3.8)

with |ℓ−2| < l1 < |ℓ+2| and m1 = m. Notice that there would be a limited number

of l1 values to be considered, given that ℓ is the orbital angular momentum of the

projectile ground state. In the limit of β2 = 0, the above equation would contain

the first term in the square bracket [involving the spherical potential Vws(r1)] that is

reduced precisely in the same form as that obtained in Ref. [27] for the case where

there is no deformation.

In Eq. (3.7), the spherical harmonic Y m1∗

l1
(Q̂) (where Q = γqn − αK) can be

written in terms of product of two spherical harmonics, one depending on q̂n and
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the other depending on K̂, using Moshinsky’s formula [28]:

(|Q|)l1Y m1

l1
(Q̂) =

∑

LML

√
4π

L̂





2l1 + 1

2L





1/2

|αK|l1−L(γqn)
L

× 〈l1 − L m1 −ML L ML|l1 m1〉Y m1−M
l1−L (K̂)Y M

L (q̂n),

(3.9)

where





2l1 + 1

2L



 is the binomial coefficient and L̂ =
√
2L+ 1 with L varying

from 0 to l1. Therefore, the structure part Eq. (3.7), can be evaluated and would

contain the effect of the deformation of the projectile.

We once again wish to emphasize the analytic nature of our calculation at this

point. With the structure part given by Eq. (3.7), the dynamics part in Eq. (3.1)

is still given by the Bremsstrahlung integral [29], which can be solved analytically.

Various reaction observables can be calculated as explained in chapter 2.

3.4 Results and discussions

The formalism described in Section 3.2, has been employed to investigate Coulomb

break-up of 37Mg on a Pb target at the beam energy of 244 MeV/nucleon. In our

analysis the calculated one-neutron removal cross-sections are compared with the

corresponding data as reported in Ref. [2]. To calculate the Coulomb break-up

amplitude [see, Eq. (3.1)], we require the single-particle wavefunction uℓ(r) that de-

scribes the core-valence neutron relative motion in the ground state of the projectile

(for a given neutron-core configuration). As discussed in the previous section, we

take this wavefunction as that of a state of a single ℓ value and obtain it by solving

the Schrödinger equation with a spherical Woods-Saxon potential with radius (r0)

and diffuseness (a) parameters of 1.24 fm and 0.62 fm, respectively. The depth of this

well is adjusted to reproduce the valence neutron separation energy corresponding
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to this state.

Table 3.1: Depth (V0
ws) of the Woods-Saxon potential well as a function of Sn correspond-

ing to neutron removal from the 2p3/2, 2s1/2, 1f7/2 orbitals. The values of parameters r0
and a are taken to be 1.24 fm and 0.62 fm, respectively in all the cases.

Sn V0
ws (2p3/2) V0

ws (2s1/2) V0
ws (1f7/2)

(MeV) (MeV) (MeV) (MeV)

0.01 43.97 24.73 43.36
0.05 44.18 25.28 43.43
0.10 44.42 25.72 43.53
0.15 44.64 26.06 43.62
0.20 44.84 26.36 43.71
0.22 44.92 26.47 43.75
0.25 45.04 26.63 43.81
0.30 45.23 26.88 43.90
0.35 45.42 27.11 43.99
0.40 45.60 27.33 44.09
0.45 45.77 27.53 44.18
0.50 45.94 27.73 44.27
0.55 46.11 27.92 44.37
0.60 46.28 28.11 44.46
0.65 46.44 28.29 44.55
0.70 46.60 28.46 44.64

Various observables for the reaction have been obtained by integrating the triple

differential cross-sections [see, Eq. (2.40) of chapter 2] over appropriate angles and

energies of the unobserved quantity. For example, the total Coulomb one-nucleon

removal cross-section for a given ℓj configuration of the valence neutron is obtained

by integrating the triple differential cross-sections over angles and energy of fragment

b and angles of the valence neutron n.
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Figure 3.1: Pure Coulomb total one-neutron removal cross-section, σ−1n, in the break-
up reaction of 37Mg on a Pb target at 244 MeV/nucleon beam energy as a function of
one-neutron separation energy Sn obtained with configurations 36Mg(0+)⊗ 2p3/2ν (solid
line), 36Mg(0+) ⊗ 2s1/2ν (dashed line) and 36Mg(0+) ⊗ 1f7/2ν (dotted line) for 37Mggs
using the spectroscopic factors (C2S) 1.0 in each case. The experimental cross-section
(taken from Ref. [2]) is shown by the shaded band.

The nuclei in island of inversion are expected to have significant components of

2p − 2h [ν(sd)−2(fp)2] neutron intruder configurations. Indeed, in Ref. [2], it has

been argued that the valence neutron in 37Mggs is most likely to have a spin parity

(Jπ) of 3/2− that corresponds to the 2p3/2 orbital. In this work, we have considered

neutron removal from the 2p3/2, 2s1/2 and 1f7/2 orbitals that correspond to 37Mg

ground state Jπ of 3/2−, 1/2+, and 7/2−, respectively. Since the Sn of the valence

neutron in the 37Mg ground state is still uncertain, we show in Table 3.1, values of

the depths of the potential well as a function of Sn for all of the three orbitals.
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In Figure 3.1, we present the results of our calculations for the pure Coulomb

σ−1n in the break-up reaction of 37Mg on a Pb target at the beam energy of 244

MeV/nucleon as a function of Sn corresponding to the one-neutron removal from the

2p3/2, 2s1/2 and 1f7/2 orbitals. For C
2S we have used a uniform value of one for each

configuration. The shaded band in this figure shows the corresponding measured

cross-section taken from Ref. [2] with its width representing the experimental uncer-

tainty. We note that calculated cross-sections obtained with the 36Mg(0+)⊗ 2p3/2ν

and 36Mg(0+) ⊗ 2s1/2ν configurations (solid and dashed lines, respectively in Fig.

3.1) overlap with the experimental band in the Sn regions of 0.35 ± 0.06 MeV and

0.50±0.07 MeV, respectively. Theoretical cross-sections for the 2p1/2 case are almost

identical to those of the 2p3/2 case. On the other hand, for the 36Mg(0+) ⊗ 1f7/2ν

configuration there is no overlap between calculated and experimental cross-sections

anywhere, which excludes the assignment of Jπ = 7/2− to 37Mggs. Therefore, our

results are consistent with the assignment of either of the 3/2− and 1/2+ spin parity

to the ground state of 37Mg with one-neutron separation energies in the ranges as

stated above. The Sn deduced in our work for either of these configurations is within

the range of the evaluated value of 0.16± 0.68 MeV as reported in the most recent

nuclear mass tabulation [21].

Nevertheless, it should be noted that there is a wide variation in the C2S values

for these states reported in the literature. For 36Mg(0+) ⊗ 2p3/2ν and 36Mg(0+) ⊗
2s1/2ν configurations, while the shell model C2S values are reported to be 0.31

and 0.001, respectively [9], values extracted from an analysis of the 37Mg break-up

data [2] are 0.42+0.14
−0.12 and 0.40+0.16

−0.13, respectively. In the latter work the theoretical

cross-sections have been computed from the eikonal model of Ref. [30] for the C

target and from the (semiclassical) Coulomb break-up model of Ref. [31] for the Pb

target. On the other hand, for the 36Mg(0+)⊗ 1f7/2ν configuration the C2S is not

mentioned in these references. For a given neutron-core configuration Sn extracted

from the Coulomb break-up data is intimately related to the value of C2S. Therefore,

it would be interesting to investigate the C2S dependence of Sn extracted in our
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study.
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Figure 3.2: (upper) Sn as a function of C2S for the same reaction as in Fig. 3.1
with the 37Mggs configuration of 36Mg(0+) ⊗ 2p3/2ν, (lower) same as in (upper) for the
36Mg(0+)⊗ 2s1/2ν configuration

In Figs. 3.2(upper) and 3.2(lower), we show this correlation for the same reaction

as in Fig. 3.1 for the configurations 36Mg(0+) ⊗ 2p3/2ν and 36Mg(0+) ⊗ 2s1/2ν of

the 37Mggs, respectively. In these calculations, for each C2S the corresponding Sn is

deduced from the region of overlap of the calculated cross-section and the measured

data band as shown in Fig. 3.1. We see that Sn increases steadily with increasing

C2S. Also the uncertainty in the extracted Sn increases with C2S, because at

larger C2S flatter portions of the calculated cross-section overlap with the data band

that encompasses larger parts of the band. It may be mentioned here that in our

calculations Sn corresponding to the C2S of 0.42 for the configuration 36Mg(0+) ⊗
2p3/2ν, is 0.14 ± 0.03 MeV, which is lower than the mean value of Sn (0.22 MeV)

obtained in Ref. [2] for the same C2S. It is clear from this figure that for a reliable
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extraction of Sn from the Coulomb break-up studies, it is essential to have accurate

knowledge of the spectroscopic factors for different configurations.
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Figure 3.3: (upper)σ−1n as a function of the deformation parameter β2 in the Coulomb
break-up of 37Mg on a Pb target at the beam energy of 244 MeV/nucleon with the config-
uration 36Mg(0+)⊗ 2p3/2ν for 37Mggs. The Sn is taken to be 0.35 MeV with C2S values
being 1.0. (lower) Same as in Fig. (upper) for 36Mg(0+)⊗ 2s1/2ν configuration with C2S

and Sn of 1.0 and 0.50 MeV, respectively. In both (upper) and (lower) the experimental
data (shown by the shaded region) are taken from Ref. [2].

To substantiate the information extracted from the studies of the one-neutron

removal cross-section, it is desirable to investigate other effects and observables to

determine the most reliable configuration of 37Mggs to this end,in Figs. 3.3(upper)

and 3.3(lower) we investigate the effect of projectile deformation on σ−1n for the

reaction studied in Fig. 3.1. As discussed earlier, the presence of neutrons in nearby

degenerate j shells (eg., 1f7/2 and 2p3/2) in
37Mg that couple strongly to each other

by the quadrupole-quadrupole interaction, can lead to the quadrupole deformation

of this nucleus.
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In Fig. 3.3(upper), we show our results for σ−1n as a function of β2 for the

36Mg(0+)⊗ 2p3/2ν configuration of 37Mggs with C
2S values of 1.0 corresponding to

a Sn of 0.35, which is the mean value of the one-neutron separation energies ex-

tracted from the comparison of the calculated and experimental total cross-sections

in Fig. 3.1. For β2 = 0, the σ−1n is the same as that shown in Fig. 3.1 for the same

value of Sn. With increasing β2, the cross-section increases, and the overlap between

calculations and the data band ceases for β2 > 0.32. Therefore, our calculations do

not support a quadrupole deformation parameter in excess of 0.32 for this state.

In Fig. 3.3(lower) we show the same results for the 36Mg(0+) ⊗ 2s1/2ν configu-

ration with C2S and Sn values of 1.0 and 0.50 MeV, respectively, The contribution

of the deformation term to the cross-section is substantially low for the s-wave con-

figuration, which results in almost constant σ−1n as a function of β2 as seen in

Fig. 3.3(lower). We further note that in contrast to the results in Fig. 3.3(upper),

the overlap between calculated cross sections and the data band exists even for val-

ues of β2 as high as 1.2. We have checked that the situation remains the same for

β2 values even beyond 1.2. This result indicates that the s-wave configuration does

not provide any constraint on the deformation parameter β2 in our calculations.On

the other hand, the Nilsson model study of Ref. [12] predicts the β2 parameter of

the 2s1/2 state to be below 0.3. This, however,does not imply that the s-wave con-

figuration is negated for the ground state of 37Mg in our calculations. It simply does

not constrain the β2 value for this state. In any case, it is not possible to obtain

more definite constraints on the configuration of 37Mggs from a single measurement

as available at present.
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Figure 3.4: Sn deduced from the comparison of our calculations with the experimen-
tal data as a function of the parameter β2 for the same reaction as in Fig. 3.3(upper),
corresponding to the 36Mg(0+)⊗ 2p3/2ν configuration of 37Mggs with C2S = 1.0.

The variation of Sn with the deformation parameter β2 is studied in Fig. 3.4 for

the same reaction as in Fig. 3.3(upper) for the 37Mggs configuration of 36Mg(0+)⊗
2p3/2ν with C2S value of one. Several authors have argued that the deformation can

lead to the enhancement of binding energies in the island of inversion region nuclei [3,

32–34] due to the mixing of 2~ω 2p−2h neutron excitations to 0~ω states. We notice

in this figures that Sn indeed increases with β2. For β2 > 0.70, the Sn value exceeds

the upper limit of that evaluated in Ref. [21]. Therefore, for the p-wave configuration

of the 37Mggs, the deformation parameter remains reasonable even for maximum

predicted Sn. On the other hand, with the 36Mg(0+)⊗ 2s1/2ν configuration, the Sn

remains unchanged with β2, which is obvious from Fig.3.3(lower).

The investigation of more exclusive observables in the Coulomb break-up reac-

tions of the projectile provides significant advantages in the understanding of its
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Figure 3.5: Relative energy spectra for the Coulomb break-up of 37Mg(Jπ = 3/2−) on
a Pb target at 244 MeV/nucleon beam energy, calculated for different values of β2 with
C2S = 1.0 and Sn = 0.35 MeV.

ground state structure. In Fig. 3.5, we show the 36Mg−n relative energy spectra in

Coulomb breakup of 37Mg on a Pb target at the beam energy of 244 MeV/nucleon

as a function of the 36Mg−n relative energy (Erel) and β2 simultaneously. The

37Mggs configuration is 36Mg(0+) ⊗ 2p3/2ν with C2S and Sn values of 1.0 and 0.35

MeV, respectively. We note that the height of the peak depends on the value of β2.

The position of the peak in this spectrum is dependent on the configuration of the

projectile ground state, which is made more explicit in the next figure.

In Fig. 3.6, we show the relative energy spectra (dσ/dErel) as a function of Erel for

the same reaction as in Fig. 3.1 for two different configurations of 37Mg ground state

as indicated in the figure. Since, the peak position of dσ/dErel is known to depend on

the value of Sn [35–41], we have used the same values of Sn and C2S (0.35 MeV and

1.0, respectively), for the two configurations. This ensures that differences seen in
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Figure 3.6: Comparison of relative energy spectra for the Coulomb break-up of 37Mg on
Pb target at 244 MeV/nucleon beam energy corresponding to two different possible ground
state configurations, 36Mg(0+)⊗2p3/2ν (dashed line) and 36Mg(0+)⊗2s1/2ν (solid line).
The values of Sn and C2S are 0.35 MeV and 1.0, respectively for both the configurations.
No deformation of the projectile has been included in these calculations.

the relative energy differential cross-sections of the two configurations are attributed

solely to the differences in the projectile ground state structure. We see that the

relative energy spectra obtained with two configurations show drastically different

behavior as a function of Erel. With the s-wave configuration, the magnitude of the

cross-section near the peak position is more than 3 times larger than that obtained

with the p-wave one. Even the peak position of the two configuration are at different

values of Erel - the p-wave cross-sections peak at higher Erel as compared to those

of the s-wave.

In view of the results shown in Fig. 3.6 measurements of the relative energy

spectra in the break-up reactions of 37Mg would be of great help in reducing the

uncertainty in its ground state configuration and also in its one-neutron separa-
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Figure 3.7: Parallel momentum distribution of 36Mg fragment in the Coulomb break-up
of 37Mg on Pb target at 244 MeV/nucleon beam energy for the Jπ = 3/2− configuration
of 37Mggs with Sn = 0.35 MeV and C2S of 1.0.

tion energy. Fixing of these quantities will lead to a better understanding of the

quadrupole deformation of this nucleus, which also affects the height of the peak in

the relative energy spectra. In Fig. 3.7, we show the parallel momentum distribution

(PMD) of the core fragment 36Mg in the Coulomb break-up reaction 37Mg + Pb →
36Mg + n + Pb at the beam energy of 244 MeV/nucleon. 37Mggs was assumed to

have the 36Mg(0+) ⊗ 2p3/2ν configuration with Sn and C2S being 0.35 MeV and

1.0, respectively. Results are shown for several values of the β2 parameter. We note

that the magnitude of the cross-section near the peak position is quite sensitive to

the β2 value. Therefore, measurement of this observable is a useful tool for putting

constraints on the degree of the quadrupole deformation in 37Mg.

We note from Table 3.2 that the full width at half maximum (FWHM) of the

PMD are almost the same for β2 ≥ 0.30 ( 44.0 MeV/c). Even for β2 = 0.0, the
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Table 3.2: Full width at half maximum of the parallel momentum distribution of
36Mg, obtained in Coulomb break-up of 37Mg on a Pb target at the beam energy
of 244 MeV/nucleon. The projectile ground state corresponds to the configuration of
36Mg(0+)⊗ 2p3/2ν with Sn and C2S values of 0.35 MeV and 1.0, respectively.

Sn (MeV) β2 FWHM (MeV/c)
0.0 54.65
0.1 50.97

0.35 0.2 48.03
0.3 45.82
0.4 44.85
0.5 44.61

FWHM is only about 15% larger than its value at higher β2. This is very close to

the FWHM of the PMD of the core fragment seen in the break-up reactions of the

established low mass halo nuclei like 11Be and 19C. Therefore, the p-wave (Jπ =

3/2−) ground state of 37Mg is highly likely to have a halo structure.

In Fig. 3.8 we show a detailed dependence of FWHM of the PMD on the one-

neutron separation energy, Sn, for various values of the deformation parameter β2.

The reactions is the same as that studied in Fig. reff4.8 with same value of C2S.

We note that regardless of the value of β2 the FWHM increases with increasing Sn.

This is expected because with increasing binding energy the neutron orbits tend to

become more and more like those of the nuclei away from the drip line. Furthermore,

for most values of Sn, the β2 dependence of the not of the PMD is similar to that

shown in Table 3.2.

In Fig. 3.9(a) we show the double differential cross-section d2σ/dEndΩn as a

function of the neutron energy for three neutron angles between 1◦ − 3◦. The con-

figuration of 37Mggs, and C2S and Sn values were the same as those in Fig. 4.8.

No deformation of the projectile was considered in these calculations (that is β2

= 0). We see that magnitude of the cross-section near the peak position reduces

with increasing neutron angle. An interesting observation is that for all the three

angles, the peak occurs near the neutron energy that correspond to the beam veloc-
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Figure 3.8: Full width at half maximum of the parallel momentum distribution of
36Mg, obtained in Coulomb break-up of 37Mg on a Pb target at the beam energy of 244
MeV/nucleon as a function of the one-neutron separation energy Sn and the quadrupole
deformation parameter β2. The projectile ground state corresponds to the configuration
of 36Mg(0+)⊗ 2p3/2ν with a C2S value of 1.0.

ity. This is consistent with the picture that fragments move with the beam velocity

after the break-up. If the charged fragment gets post-accelerated as it leaves the

reaction zone (which is the case for the break-up reactions of stable nuclei [42,43]),

one would expect the position of the peak in the neutron spectrum at energies below

that corresponding to the beam velocity. We do not see this post-acceleration effect

even if Coulomb effects have been included to all orders in the incoming and out-

going channels in our theory. Due to very small binding energies of the halo nuclei

and the reactions at higher beam energies, the break-up occurs at distances much

larger than the distance of closest approach, thus the post-acceleration effects are

minimal [44–46].

The effect of projectile deformation on the cross-section d2σ/dEndΩn is studied
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Figure 3.9: Neutron energy-angular distribution for the Coulomb break-up of 37Mg on
a Pb target at 244 MeV/nucleon beam energy calculated for Sn = 0.35 MeV and C2S =
1.0 for the projectile ground state configuration corresponding to Jπ = 3/2− for (a) (θn)
at 1◦ , 2◦ and 3◦, and (b) with different values of β2 for θn = 1◦,

in Fig. 3.9(b) for the same reaction as in Fig. 3.9(a) for one angle of θn = 1◦. It

is evident from this figure that magnitude of the cross-section increases with β2.

This is most visible near the peak position. Therefore, measurements of the double

differential cross-sections are expected to provide additional information about the

deformation of the projectile ground state.

The angular distributions of neutrons emitted in the projectile break-up reactions

reflect to a great extent the momentum distribution of the fragments in the ground

state of the projectile (see, e.g., Ref. [47]). Therefore, their study is expected to

provide further information about the neutron halo structure in 37Mg. In Fig. 3.10,

we show the neutron angular distribution in the Coulomb break-up reaction 37Mg +

Pb → 36Mg + n + Pb at the beam energy of 244 MeV/nucleon. The ground state
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Figure 3.10: Neutron angular distribution for Coulomb break-up of 37Mg on a Pb target
at 244 MeV/nucleon beam energy. The projectile ground state configuration, Sn and C2S

were the same as those in Fig. 3.9

configuration, the Sn and C2S were the same as those in Fig. 3.9. The results are

presented for four values of the β2 parameter. We notice that cross-sections drop

very steeply with increasing neutron angle in the forward directions. The narrow

angular distributions of neutrons below the grazing angles in the Coulomb break-up

reactions of 37Mg reflect the small widths of the parallel momentum distribution and

hence the large spatial extension of the valence neutron in its ground state. The

effect of the deformation is significant at the forward angles [this was already seen

in Fig. 3.9(b)
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3.5 Conclusions

In this chapter we have studied the Coulomb break-up reaction 37Mg + Pb → 36Mg

+ n + Pb at the beam energy of 244 MeV/nucleon, within the framework of the

post form finite range distorted wave Born approximation theory that is extended to

include the projectile deformation effects. In this formalism the transition amplitude

is factorized into two parts - one containing the dynamics of the reaction and the

another the projectile structure informations such as the fragment-fragment inter-

action and the corresponding wavefunction in its ground state. Analytic expressions

can be written for both parts. This formalism opens up a route to perform realistic

quantum mechanical calculations for the break-up of neutron-dripline nuclei in the

medium mass region that can be deformed. We calculated the total one-neutron

removal cross sections (σ−1n) in this reaction and compared our results with the

corresponding data reported in a recent publication [2] in order to determine the

configuration of the 37Mg ground state. The analysis of this single measured cross-

section already rules out the 36Mg(0+) ⊗ 1f7/2ν configuration for the ground state

of 37Mg. However, it does not allow to exclude either of the 36Mg(0+) ⊗ 2p3/2ν

and 36Mg(0+) ⊗ 2s1/2ν configurations for 37Mggs. Assuming a spectroscopic factor

of one, the extracted values of one-neutron separation energies for these two con-

figurations are 0.35 ± 0.06 MeV and 0.50 ± 0.07 MeV, respectively. However, the

deduced Sn depends on the value of C2S. Our study shows that Sn rises steadily

with increasing C2S. In order to gain more insight in the ground state structure of

37Mg, we studied the effect of the projectile deformation on σ−1n. We find that for

the configuration 36Mg(0+) ⊗ 2p3/2ν for the 37Mg ground state, the calculated σ−1n

overlaps with the experimental data band for the quadrupole deformation parame-

ter (β2) below 0.32. This is in line with the Nilsson model calculations of Ref. [12]

where the β2 for this state is predicted to lie in the range 0.30 - 0.34. However,

with the 36Mg(0+) ⊗ 2s1/2ν configuration, the overlap between calculations and the

data occurs for even very large values of β2. Thus with this configuration, our cal-
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culations are unable to put any constraint on deformation parameter β2. We also

calculated more exclusive observables such as the core-valence neutron relative en-

ergy spectra, the energy-angle and the angular distributions of the emitted neutron

and the parallel momentum distribution of the core fragment. The position of the

peak as well as the magnitude of the cross-section near the peak of the core-valence

neutron relative energy spectra are found to be dependent on the configuration of

the projectile ground state as well as on its deformation. Similar trend was also ob-

served in the parallel momentum distribution of the core fragment. The FWHM of

this distribution are found to be of the same order of magnitude as those seen in the

break-up of established light halo nuclei. This confirms that 37Mg ground state has

a halo structure. The angular distribution of the emitted neutrons is strongly for-

ward peaked and the cross-sections in the forward directions, are dependent on the

projectile deformation. Thus, we identified the observables that are more critically

dependent on the ground state structure of the projectile. Therefore, our study is

expected to provide motivation for future experiments on break-up reactions of the

neutron rich medium mass nuclei. In calculations of the break-up reactions of nuclei

at higher beam energies, relativistic effects could play a role [48, 49]. Our theory is

essentially non-relativistic in nature. Nevertheless, we have seen in Ref. [50] that

this theory is able to reproduce well the data on the excitation energy spectra and

the total electromagnetic one-neutron removal cross-section in the break-up reaction

of 23O on a Pb target at even higher beam energy of 422 MeV/nucleon.
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[26] Fäldt G. and Glauber R., Diffraction theory of scattering by rotating nuclei,

Phys. Rev. C 42, 395 (1990).

[27] Chatterjee R., Banerjee P. and Shyam R., Projectile structure effects in the

Coulomb breakup of one-neutron halo nuclei, Nucl. Phys. A 675, 477 (2000).



72 BIBLIOGRAPHY

[28] Moshinsky M., Transformation brackets for harmonic oscillator functions,

Nucl. Phys. 13, 104 (1959).

[29] Nordsieck, Reduction of an Integral in the Theory of Bremsstrahlung, Phys.

Rev. 93, 785 (1954).

[30] Hansen P. G. and Tostevin J. A., DIRECT REACTIONS WITH EXOTIC

NUCLEI, Annu. Rev. Nucl. Part. Sci. 53, 219 (2003).

[31] Nakamura T. et al., Deformation-Drivenp- Wave Halos at the Drip Line: 31Ne,

Phys. Rev. Lett. 112, 142501 (2014).

[32] Campi X., Flocard H., Kerman A. K., and Koonin S., Shape transition in the

neutron rich sodium isotopes, Nucl. Phys. A 251, 193 (1975).

[33] Poves A. and Retamosa J., Theoretical study of the very neutron-rich nuclei

around N = 20, Nucl. Phys. A 571, 221 (1994).

[34] Watt A., Singhal R. P., Storm M. H. and Whitehead R. R., A shell-model

investigation of the binding energies of some exotic isotopes of sodium and

magnesium, J. Phys. G 7, 145 (1981).

[35] Banerjee P. and Shyam R., Structure of 19C from Coulomb dissociation studies,

Phys. Rev. C 61, 047301 (1999).

[36] Baur G., Hencken K. and Trautmann D., Electromagnetic dissociation as a

tool for nuclear structure and astrophysics, Prog. Part. Nucl. Phys. 51, 487

(2003).

[37] Nagarajan M. A., Lenzi S. and Vitturi A., Low-lying dipole strength for weakly

bound systems: A simple analytic estimate, Eur. Phys. J. A 24, 63 (2005).

[38] Singh J., Fortunato L., Vitturi A. and Chatterjee R., Electric multipole re-

sponse of the halo nucleus 6He, Eur. Phys. J. A 52, 209 (2016).



BIBLIOGRAPHY 73

[39] Chatterjee R., Fortunato L. and Vitturi A., Role of Higher Multipole Ex-

citations in the Electromagnetic Dissociation of One Neutron Halo Nuclei,

Eur.J.Phys. A 35, 213 (2008).

[40] Mason A., Chatterjee R., Fortunato L., and Vitturi A., Electric and magnetic

response to the continuum for A = 7 isobars in a dicluster model, Eur. Phys.

J. A 39, 107 (2009).

[41] Typel S. and Baur G., Electromagnetic strength of neutron and proton single-

particle halo nuclei, Nucl. Phys. A 759, 247 (2005).

[42] Baur G. and Trautmann D., The Coulomb break-up of the deuteron, Nucl.

Phys. A 191, 321 (1972).
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PART - II



CHAPTER 4

STUDY OF CAPTURE REACTION

15N(n, γ)16N

4.1 Introduction

In this chapter we will study break-up of 16N nucleus on target Pb at energy 100

MeV/nucleon to study the capture cross-section and reaction rates of 15N(n, γ)16N.

For the 15N(n, γ)16N reaction direct measurements have been possible only at few

energies below 500 keV [1]. The situation can be addressed by an indirect method

like the Coulomb dissociation method. The 14C(n, γ)15C [2] and 7Li(n, γ)8Li [3]

neutron capture reactions are two recent examples where the Coulomb dissociation

method have been used to study the corresponding radiative capture cross-section.

Therefore it would be interesting to investigate if in the case of 15N(n, γ)16N too

indirect measurements add to a better understanding of capture cross-sections at

low energies. In section 4.2 presents review of the 15N(n, γ)16N radiative capture

reaction. In section 4.3, a brief formalism of the Coulomb break-up process and the

capture cross-section is presented. Results are presented in section 4.4, where the

75
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capture cross-section and rate of the 15N(n, γ)16N reaction are calculted from the

Coulomb dissociation of 16N and in section 4.5 are the conclusions.

4.2 Overview of the 15N(n, γ)16N radiative capture

reaction

The radiative neutron capture 15N(n, γ)16N reaction, plays an important role in the

synthesis of heavy elements by s-process nucleosynthesis in red giant stars and also in

the inhomogeneous big bang model [4–6]. This reaction is also a part of the neutron

induced chain which leads to the breakout from the CNO cycle and hence depletion of

CNO abundances [7]. Being the competing reaction with 15N(α, γ)19F, the neutron

capture 15N(n, γ)16N reaction is also important in determining the abundance of

Fluorine [8, 9]. Furthermore, it is also thought to compete with charged particle

capture reactions on 15N [5] and therefore can affect the abundance of heavier mass

elements.

The only direct measurement of the 15N(n, γ)16N capture cross-section has been

performed at neutron lab energies of 25, 152 and 370 keV by Meissner et al. [1]. The

direct capture calculations performed in order to explain the data using experimental

spectroscopic factor (C2S) [10], show a p-wave dominated capture. These C2S had

an inherent uncertainity of 30%. Further, their calculated reaction rates were 30−
50% smaller than those calculated by Rauscher et al. [11]. Theoretical calculations

by Herndl et al. [12], in the framework of a hybrid compound and direct capture

model (C2S from Ref. [10]) were used to explain the data [1] and their calculated

rates were in agreement with those of Ref. [11]. Another direct capture calculation

has been performed in Ref. [13] using potential model [14] with C2S from Ref. [10].

In fact, the capture cross-section and the rate of the 15N(n, γ)16N reaction

strongly depends upon the C2S of the four low-lying levels (with spin-parity Jπ =

2−, 0−, 3− and 1−) in 16N. The calculations of Refs. [1, 13], could account for the

data only when the suggested 30% uncertainty in the C2S from Ref. [10] were con-
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sidered. But this was not the case with the calculations of Ref. [12]. A point also

to be noted is that the experimentally extracted C2S in Ref. [10] are almost half as

those calculated from shell model [1, 10], which gives a pure single particle picture

of these levels. In this regard, an experiment was performed by Bardayan et al. [8],

where they extracted the C2S for all these four levels, from the measured angu-

lar distribution of 15N(d, p)16N. These C2S values obtained were close to unity and

were in good agreement with those suggested by the shell model [1, 10]. However,

the C2S values extracted in a recent experiment [9] from the measured angular dis-

tribution of 15N(7Li, 6Li)16N, are not in full agreement with either of the previous

experiments [8,10]. Their C2S values suggest that the two levels of 16N (with Jπ =

2− and 3−) are good single-particle levels whereas, the other two (with Jπ = 0− and

1−) are not.

With this background we present an indirect method of calculating the 15N(n, γ)16N

radiative capture cross-section from the Coulomb break-up of 16N on Pb at 100

MeV/nucleon beam energy. The Coulomb break-up theory is fully quantum me-

chanical and is calculated under the post-form finite range distorted wave Born

approximation (FRDWBA) [15]. The theory is mainly analytic in nature given that

pure Coulomb wavefunctions are used in the calculation and that the dynamics

can be exactly evaluated. Thus, the main aim of this chapter is to use this the-

ory to calculate the 15N(n, γ)16N radiative capture cross-section and its subsequent

reaction rate by an indirect method and in that process investigate the effects of

C2S of different levels of 16N to the cross section. Previously this theory has been

successfully applied to calculate the radiative neutron capture cross-sections and

subsequent rates of the reactions 8Li(n, γ)9Li [16] and 14C(n, γ)15C [17] from the

Coulomb break-up of 9Li and 15C, respectively.

.
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4.3 Formalism

4.3.1 Calculation of radiative capture cross-section

The photodisintegration cross-section (σπλ
γ,n) for the reaction a + γ → b + n can be

related to the relative energy spectra using Eq.(2.43) from chapter 2 as,

dσ

dErel
=

1

Eγ

∑

πλ

σπλ
γ,n nπλ, (4.1)

In Eq. (4.1), Eγ = Ebn + Q is the photon energy with Q as the Q-value of the

reaction, π stands for either electric or magnetic transition of multipolarity λ and

nπλ is the equivalent photon number which depends upon the a− t system [17–20].

The equivalent photon number, nπλ given by

nπλ =

∫ θgz

0

dnπλ

dΩat

dΩat, (4.2)

where θgz is the grazing angle for the scattering and dnπλ

dΩat
is the equivalent photon

number per unit solid angle [18, 21, 22].

The photodisintegration cross-section in Eq.(4.1) is calculated for all possible

multipolarities, both elecric and magnetic but in case a single multipolarity dom-

inates, [23, 24] (as in 16N, the γ-ray transitions to all four low lying levels 2−, 0−,

3−, 1− are dominated by E1 multipolarity [1,13]). Virtual photon number per unit

solid angle is given by

dnE1

dΩat
=
Z2

t α

4π2
(
c

vat
)2ǫ4η2e−πη

[ 1

γ2
ǫ2 − 1

ǫ2
(Kiη(ǫη))

2 + (K
′

iη(ǫη)
2)]. (4.3)

Here η = Eγa/~vatγ, with a = ZaZte
2/µatv

2
at, being the half distance of closest ap-

proach in the head on collision. α = e2/~c, Kiη(y) are the modified Bessel functions

andK
′

iη(y) is derivative of Kiη(y) with respect to y. Further ǫ is the eccentricity

parameter and it is related to the scattering angle ǫ = 1/ sin(θat/2). The relativistic

factor, γ is given by γ = 1√
1−v2at/c

2
.
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For the case of a single multipolarity contributing to the cross-section, the pho-

todisintegration cross-section simplifies to

σπλ
γ,n =

Eγ

nπλ

dσ

dEbn
, (4.4)

The radiative capture cross-section ( σn,γ) can then be calculated utilising the

principle of detailed balance,

σn,γ =
2(2ja + 1)

(2jb + 1)(2jn + 1)

k2γ
k2bn

σπλ
γ,n, (4.5)

where ja, jb and jn are the spins of particles a, b and n, respectively. kγ and kbn

are the wave numbers of the photon and that of relative motion between b and n,

respectively and are given by Eγ/~c and
√

2µbnEbn/~2 respectively.

4.3.2 Calculation of reaction rates

The non-resonant reaction rate per mole NA〈σv〉nr (NA being Avogadro constant)

can be calculated from the neutron capture cross section σn,γ(Ebn) as [25, 26]:

NA〈σv〉nr = NA

√

8

(kBT )3πµbn

×
∫

∞

0

σn,γ(Ebn) Ebn exp(−
Ebn

kBT
) dEbn, (4.6)

Here E is in MeV, T in GK, µ in amu and σ is in barns (10−28m2 ), kB = 1.38×10−23

JK−1 is Boltzmann’s constant.

Substituting the constant values results in

NA〈σv〉nr =
3.7318× 1010

(µbnT 3)1/2

×
∫

∞

0

σn,γ(Ebn) Ebn exp(−11.605
Ebn

T
) dEbn (cm

3mol−1s−1), (4.7)

Once σn,γ is calculated, reactions rates can be calculated. When the significant
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contribution to the reaction rate comes from a very small range of energies then the

whole integration range in the previous equation need not be considered.

In case of narrow resonances, the capture cross-section can be obtained by using

the one- level Breit-Wigner formula and is given by

σBW (Ebn) =
λ2(2J + 1)(1 + δbn)

4π(2jb + 1)(2jn + 1)

ΓinΓout

(Er − Ebn)2 + (Γ2/4)
(4.8)

λ is de Broglie wavelength which is given by 2π~/
√
2µbnEbn, Jb, Jn are spins of b

and neutron. Resonant state spin and energy is J , Er respectively. Γin and Γout are

partial widths of initial and final channel respectively. Γ is total resonance width.

Each partial width has to be summed over all possible values of angular momentum.

The factor 1+ δbn is used as cross-section for identical particles doubled in entrance

channel.

Reaction rate for a narrow resonance is given by

NA〈σv〉res = NA

√

8

(kBT )3πµbn

×
∫

∞

0

σBW (Ebn) Ebn exp(−
Ebn

kBT
) dEbn, (4.9)

NA〈σv〉res = NA

√
2π~2

(µkBT )3/2
ω

∫

∞

0

ΓinΓout

(Er − Ebn)2 + (Γ2/4)
dEbn.

(4.10)

Here ω ≡ (2J+1)(1+δbn)/[(2jb+1)(2jn+1)]. In case of narrow resonances, the value

of Maxwell- Boltzmann factor, e−Ebn/kBT and partial widths, Γi remains constant

over total width of resonances. One can, in principle, replace them with their values
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at Er. Thereby, paving a way for analytic calculation of reaction rates.

NA〈σv〉res = NA

√
2π~2

(µbnkBT )3/2
e−Er/kBT ω

ΓinΓout

Γ
2

×
∫

∞

0

Γ/2

(Er − Ebn)2 + (Γ2/4)
dEbc.

= NA

√
2π~2

(µbnkBT )3/2
e−Er/kBTω

ΓinΓout

Γ
2π

= NA

( 2π

µbnkBT

)3/2
~2e

−Er/kBTωγ (4.11)

Resonance strength, ωγ is taken as (= ωΓinΓout/Γ) and depends upon strength of

the resonance cross-section.

For multiple narrow and isolated resonances, reaction rate per mole can be easily

expressed as the sum over individual resonances with energy Ei [25] as

NA〈σv〉res = 1.54× 1011(µbnT )
−3/2

×
∑

i

(ωγ)iexp
(−11.605Ei

T9

)

, (4.12)

Reaction rates for narrow resonances depends upon the energy and strength of

resonance. Total reactions rates can be now calculated by summing non resonant

reaction rates and resonant reaction rates.

4.4 Results and discussions

4.4.1 Structure of 16N

16N has one-neutron separation energy (Sn) of 2.491 MeV in its ground state having

Jπ = 2−. There are three low-lying excited states with Jπ = 0−, 3− and 1− at

energies 0.120, 0.298 and 0.397 MeV above the ground state, respectively. Two

states 2− and 3− are formed by the coupling of 1d5/2 ν with the 1/2− ground state

of 15N, whereas the other two states 0− and 1− are formed by the coupling of 2s1/2
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ν with the 1/2− ground state of 15N. All these four levels have been suggested

to contribute to the direct capture cross-section of 15N(n, γ)16N [1, 12, 13] and the

capture process is dominated by E1 transitions [13]. Apart from these, the 862 keV

resonance is the only relevant resonance which has been suggested to contribute to

the reaction rate at high temperature (> 1 GK) [1].

In our study, we calculate the bound state wave function of the projectile (which

is the only input in our theory) by assuming a Woods-Saxon interaction between the

valence neutron and the charged core. The depth (V0) of the potential is adjusted

to reproduce the binding energy. The radius and diffuseness parameters are taken

to be 1.25 fm and 0.65 fm, as in Refs. [9, 13].

We use shell model C2S values which considers low-lying 16N levels as good

single-particle states. In fact, these are also supported by the experiment performed

in Ref. [8]. Another support to our choice comes from isospin symmetry, given

that the C2S for low-lying four levels in mirror nucleus 16F are near unity [27, 28].

Nevertheless, we have also performed our calculations with the C2S of Refs. [9, 10]

for the sake of completeness.

Table 4.1: Depths (V0) of the Woods-Saxon potential obtained corresponding to neutron
binding energies (Sn) of four low-lying states of 16N. The shell model C2S (OXBASH) of
these levels are from Ref. [1]. The values of the radius and diffuseness parameters are
taken to be 1.25 fm and 0.65 fm, respectively.

Jπ configuration Sn V0 C2S
(MeV) (MeV)

2− 15N(1/2−)⊗1d5/2ν 2.491 58.06 0.93
0− 15N(1/2−)⊗2s1/2ν 2.371 53.89 0.95
3− 15N(1/2−)⊗1d5/2ν 2.193 45.04 0.87
1− 15N(1/2−)⊗2s1/2ν 2.094 49.38 0.96

In Table 4.1, we show the respective depths of the Woods-Saxon potential ob-

tained corresponding to neutron removal from all four levels mentioned above, along

with their Sn and C2S values.
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4.4.2 Capture cross-section

The first step to calculate the capture cross-section is to calculate the relative energy

spectra, which we have done for the Coulomb break-up of 16N on a Pb target at 100

MeV/nucleon beam energy for all projectile bound state configurations mentioned

in Table 4.1. From the relative energy spectra we calculate the photodisintegration
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Figure 4.1: (a) Total non-resonant 15N(n, γ)16N cross-section (solid line) obtained by
summing up contributions of capture to all four states of 16N (given in Table I) using
their respective shell model C2S. (b) Total non-resonant capture cross-section obtained
by using the experimentally extracted C2S (including uncertainties) from Ref. [8] (filled
band) and Ref. [9] (filled pattern) compared with the total non-resonant cross-section
(solid line) shown in (a). The experimental data in both panels are from [1].

cross-section for the reaction 16N(γ, n)15N, using Eq.(4.4). This is the key step in

using Coulomb dissociation as an indirect method in nuclear astrophysics. Further-

more, given that the gamma ray transition corresponding to all four levels of 16N of
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present interest are all dominated by E1 multipolarity [13], so the conditions for the

applicability of Eq. (4.4) are fulfilled. The photodisintegration cross-sections are

then used to calculate the radiative capture cross-sections by applying the principle

of detailed balance [Eq. (4.5)].

In Fig. 4.1 (a), we show our 15N(n, γ)16N non-resonant capture cross-section as a

function of the center of mass energy (Ec.m.) and compare it with the experimental

data, which are available at three energies in the range 0 − 500 keV. The solid

line corresponds to total non-resonant capture cross-section which is obtained by

summing up capture contributions to all the four levels of 16N using their respective

shell model C2S values (given in Table I).

It is clear that among all these four states, nearly all the contribution to the

total cross-section, come from the 1− and the 0− states. Therefore the change in

C2S of these two states can change the total cross-section to a significant extent.

This point is further elucidated when in Fig. 4.1 (b), we compare the total capture

cross-section with experimentally extracted C2S (including their uncertainties) from

Refs. [8] (filled band) and [9] (filled pattern) with those of the shell model (solid

line). Clearly the difference between the C2S of the 1− and the 0− states in these

two experiments is the reason for their disagreement among the calculated cross-

sections in Fig. 4.1 (b). It is clear that with the shell model C2S (which is also

supported by the upper limit of the calculations using C2S of Ref. [8]), our results

are in good agreement with the data. This would support the contention that the

low-lying states of 16N are predominantly single particle in nature.

We also wish to point out that capture cross-sections at energies below 500 keV

will not have any significance contribution from the 862 keV resonance. However, it

could contribute to the reaction rate for temperatures T9 > 1, as will be seen later.
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4.4.3 Dependence of the capture cross-section on Woods-

Saxon parameters

We now investigate the dependence of the Woods-Saxon potential parameters on

our results. In Fig. 4.2, we show the variation of the total capture cross-section

for different combinations of the radius and diffuseness parameters which reproduce

the same one neutron separation energy in 16N. The solid line shows the result that

we have used in this chapter. The dashed and dotted lines are those in which the

radius and diffuseness parameters have been increased by 20%, respectively, over

those shown by the solid line. We do not make out any major discernible difference

in the results which could be validated by present day experiments.

0 0.1 0.2 0.3 0.4 0.5
Ec.m. (MeV)

10
0

10
1

100

σ n
,γ
 (

µb
)

r0 = 1.25 fm, a0 = 0.65 fm
r0 = 1.50 fm, a0 = 0.65 fm
r0 = 1.25 fm, a0 = 0.78 fm

Figure 4.2: Variation of the total 15N(n, γ)16N capture cross-section with different
Woods-Saxon parameterization.
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4.4.4 Reaction rates

As mentioned earlier, 15N(n, γ)16N plays important role in the synthesis of heavier

nuclei and also it is considered to compete with other charged particle reactions

on 15N. So it would be interesting to find the rate of the 15N(n, γ)16N reaction and

compare it with the other charged particle reaction rates. In Fig. 4.3, we present
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Figure 4.3: Total 15N(n, γ)16N reaction rate (solid line) obtained by summing up the
non-resonant (dashed line) and resonant (dot-dashed line) rates.

our 15N(n, γ)16N reaction rate in the temperature range T9 = 0.05 − 3. The total

rate (solid line) is the sum of non-resonant (dashed line) and resonant (dot-dashed

line) rates. The non-resonant reaction rates are calculated by using Eq. (4.6), where

the energy integration has been performed upto 0.5 MeV, consistent with the energy

range shown in Fig. 4.1. In order to ensure that we have not missed any contribution

to the non-resonant rates at higher energies we plot the integrand in Eq. (4.6) as a

function of energy [at T9 = 0.1, a typical temperature of Asymptotic Gaint Branch

(AGB) stars] in Fig. 4.4. It is clear from the figure that at this temperature almost
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all the contribution to the non-resonant rate is from the energy range below 0.1

MeV. In fact, we have checked that even at a higher temperature (at T9 = 1) the

contribution after 0.25 MeV is negligible. This shows that even in the temperature

range relevant for inhomogeneous big bang model i.e. T9 = 0.2− 1.2, the maximum

contribution to the non-resonant rate of 15N(n, γ)16N comes from the energies below

0.25 MeV. Fig. 4.1 shows that in this energy range our calculated neutron capture

cross section are in good agreement with the experimental data. The resonant rates

are calculated using Eq. (4.12) with the parameters given in Ref. [1]. They seem to

be relevant only for temperatures T9 > 1. As can be expected, different C2S of the
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Figure 4.4: Integrand in Eq. (4.6), plotted as a function of relative energy (Ebc) for T9

= 0.1 (typical temperature of AGB stars).

levels of 16N affects the reaction rate and this has also been seen by several authors

so far. In Fig. 4.5, we compare our total rates (solid line) with the rates from other

theoretical predictions and evaluations based on various experimental estimates of

C2S [1,8,9,11]. The rates reported by Meissner et al. in Ref. [1] (dot-dashed line) are
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Figure 4.5: Calculated 15N(n, γ)16N reaction rate (solid line) compared with other
evaluations based on various experimental estimates of C2S.

smaller than the rates calculated by Rauscher et al. [11] (dashed line) by 30− 50%

and this discrepancy was traced to the different C2S used. Rates calculated by

Bardayan et al. [8] (dotted line), using their experimentally extracted C2S were also

almost double as compared to those calculated in Ref. [1]. The discrepancy of a

similar factor has also been reported recently by Guo et al. in Ref. [9] (squared

line), on comparing their rates with those of Meissner et al.

It is clear that in the temperature ranges relevant for inhomogeneous big bang

model (T9 = 0.2 − 1.2) and for typical AGB stars (T9 ≈ 0.1), our rates are almost

same as those in Ref. [1]. However, in the same temperature range our predicted

rates are slower than those of Refs. [8,9,11]. We reiterate that our reaction rates are

based on capture cross-sections derived from a fully quantum mechanical Coulomb

break-up theory.

Finally, we turn our attention to the comparison of our rates with those of
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charged particle capture on 15N. Fig. 4.6, shows the comparison of the rates of reac-

tions 15N(n, γ)16N, 15N(p, α)12C, 15N(p, γ)16O and 15N(α, γ)19F in the temperature

range of T9 = 0.001− 3. The rates of (p, γ) and (p, α) reactions are from NACRE

II compilation [29], whereas those of (α, γ) are from NACRE compilation [30]. It

is clear that at low temperature because of the Coulomb barrier the charged par-

ticle capture rates are significantly slower than the (n, γ) rate. Consequently the

15N(n, γ)16N reaction dominates over the 15N(p, α)12C and 15N(p, γ)16O reactions in

the temperature ranges T9 = 0 − 0.25 and 0 − 1.3, respectively. Again, given the

fact that the rate of the 15N(α, γ)19F reaction is very small in the given tempera-

ture range, formation of 16N by neutron capture would be more favorable than the

production of 19F. Therefore, it appears that at temperatures below T9 < 0.25, the

probability of consumption of 15N by neutron capture is more than the proton or

alpha capture reactions.
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Figure 4.6: Calculated 15N(n, γ)16N reaction rate (solid line) compared with those of
15N(p, α)12C [29] (dot-dashed line), 15N(p, γ)16O [29] (dashed line) and 15N(α, γ)19F [30]
(dotted line).
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4.5 Conclusions

In summary, we have calculated the 15N(n, γ)16N radiative capture cross-section and

the associated reaction rate by using the Coulomb dissociation of 16N on Pb at 100

MeV/nucleon, as an indirect method in nuclear astrophysics. Our Coulomb disso-

ciation theory is purely quantum mechanical one, under the aegis of the post-form

finite range distorted wave Born approximation. The entire non-resonant contin-

uum is included in the theory and the projectile bound state information is the only

input. The local momentum approximation to the transition amplitude allows us

to factorize the break-up amplitude into the structure and the dynamics part. This

theory has previously been used to study the structure and dynamics of nuclei away

from the valley of stability and also to study radiative capture reactions.

We calculate the relative energy spectra in the break-up of 16N on Pb at 100

MeV/nucleon and calculate the relevant photodisintegration cross-sections for the

four low-lying states (2−, 0−, 3− and 1−) of 16N. The principle of detailed balance is

then invoked to calculate the relevant 15N(n, γ)16N radiative capture cross-sections

to the different low-lying states of 16N. We then bring into focus the state of affairs

regarding the spectroscopic factors of these low-lying states. Comparison of our cal-

culations with the available direct capture data [1] seems to favour the spectroscopic

factors from Ref. [8] (which are similar to the shell model) than those of Refs. [9,10].

This would give the credence to the fact that the low-lying levels of 16N could be

single particle in nature.

Given the paucity of direct capture data for this reaction, it would certainly

be useful to perform a Coulomb dissociation experiment to find the low energy

capture cross-section for the reaction, especially below 0.25 MeV. In fact, recently

the Coulomb dissociation method has been used to find the neutron capture cross-

section to different states of 8Li [3].

We also calculate the 15N(n, γ)16N reaction rate per mole as a function of tem-

perature. For temperatures relevant for typical AGB stars and for inhomogeneous
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big bang model, our calculations favor the destruction of 15N by neutron capture

than by proton or alpha capture.
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CHAPTER 5

SUMMARY AND FUTURE

OUTLOOK

5.1 Summary

Break-up reactions offer many opportunities to study the structure and reactions

of exotic nuclei. In this thesis we use the theoretical formalism of elastic Coulomb

break-up reactions to study medium mass exotic nuclei and also applications in

nuclear astrophysics.

This thesis is in two parts. In the part I of the thesis we gave an introduction and

define the scope of the thesis. A discussion on the formal theory of break-up reaction

makes up chapter 2 wherein we also introduce our Coulomb break-up theory under

the distorted wave Born approximation. In this theory the electromagnetic interac-

tion between the fragments and the target nucleus is included to all orders and the

break-up contributions from the entire nonresonant continuum corresponding to all

the multipoles and the relative orbital angular momenta between the fragments are

accounted for. Because the only input to our theory is the ground-state wave func-
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tion of the projectile, of any orbital angular momentum configuration, our method

is free from the uncertainties associated with the multipole strength distributions of

the projectile

This part also includes application of our theory, extended to incorporate projec-

tile deformation, to a medium mass exotic nucleus 37 Mg. The part II of the thesis

concerns application of our theory to nuclear astrophysics.

In chapter 3 we study the Coulomb break-up of the neutron rich nucleus 37Mg

on a Pb target at the beam energy of 244 MeV/nucleon within the framework of a

finite range distorted wave Born approximation theory that is extended to include

the effects of projectile deformation.

Calculations have been carried out for the total one-neutron removal cross-section

(σ−1n), the neutron-core relative energy spectrum, the parallel momentum distribu-

tion of the core fragment, the valence neutron angular, and energy-angular distri-

butions. The calculated σ−1n has been compared with the recently measured data

to put constraints on the spin parity, and the one-neutron separation energy (Sn)

of the 37Mg ground state (37Mggs). The dependence of σ−1n on the deformation of

this state has also been investigated. While a spin parity assignment of 7/2− for

the 37Mggs is ruled out by our study, neither of the 3/2− and 1/2+ assignments can

be clearly excluded. Using the spectroscopic factor of one for both the 3/2− and

1/2+ configurations and ignoring the projectile deformation effects, the Sn values of

0.35 ± 0.06 MeV and 0.50 ± 0.07 MeV, respectively, are extracted for the two con-

figurations. However, the extracted Sn is strongly dependent on the spectroscopic

factor and the deformation effects of the respective configuration.

The narrow parallel momentum distribution of the core fragment and the strong

forward peaking of the valence neutron angular distribution suggest a one-neutron

halo configuration in either of the 2p3/2 and 2s1/2 configurations of the
37Mg ground

state.

In chapter 4 we study the 15N(n, γ)16N radiative capture cross-section and its

subsequent reaction rate by an indirect method and in that process investigate the
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effects of spectroscopic factors of different levels of 16N to the cross-section.

The 15N(n, γ)16N reaction plays an important role in red giant stars and also

in inhomogeneous big bang nucleosynthesis. However, there are controversies re-

garding spectroscopic factors of the four low-lying states of 16N, which have direct

bearing on the total direct capture cross section and also on the reaction rate. Direct

measurements of the capture cross section at low energies are scarce and is available

only at three energies below 500 keV.

The fully quantum mechanical Coulomb break-up theory under the aegis of post-

form distorted wave Born approximation was used to calculate the Coulomb break-

up of 16N on Pb at 100 MeV/nucleon. This is then related to the photodisintegration

cross-section of 16N(γ, n)15N and subsequently invoking the principle of detailed

balance, the 15N(n, γ)16N capture cross-section was calculated.

The non-resonant capture cross-section is calculated with spectroscopic factors

from the shell model and those extracted (including uncertainties) from two recent

experiments. The data seemed to favor a more single particle nature for the low-

lying states of 16N. The total neutron capture rate was also calculated by summing

up non-resonant and resonant (significant only at temperatures greater than 1 GK)

contributions and comparison was made with other charged particle capture rates.

In the typical temperature range of 0.1− 1.2 GK, almost all the contribution to the

reaction rate comes from capture cross-sections below 0.25 MeV.

5.2 Future outlook

5.2.1 Radiative capture involving deformed nuclei

It is now known that in the production of seed nuclei in for r - process nucleosyn-

thesis critical role is played by neutron rich nuclei especially in light and medium

mass region [1]. In fact it has been suggested that depending on how the rates of

36Mg(α, n)39Si compares with that of 36Mg(n, γ)37Mg, the r - process flow could be

broken before reaching the neutron drip line. Therefore it will be interesting to calcu-
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late the radiative neutron capture rates involving deformed nuclei and also compare

them with (α, n) reactions. In fact using the Coulomb dissociation of 37Mg on a

heavy target could be used as an indirect method to calculate the 36Mg(n, γ)37Mg

radiative capture reaction cross-section.

5.2.2 On the need for a relativistic break-up theory

It is worthwhile to note the beam energy at which many of the experiments involving

exotic nuclei are performed. Many of the first generation experimental facilities

(except at GSI) used to run with beam energies less than 100 MeV/nucleon. However

with recent upgrades mostly to study medium mass exotic nuclei beam energies in

the range of 300 - 400 MeV/nucleon are quite common.

Therefore, if one is not satisfied in simply plugging in relativistic kinematics

into the non relativistic Schrödinger equation one could question the applicability

of the Schrödinger equation itself for such beam energies. Some initial efforts in this

direction have been proposed in Refs. [2, 3].

This calls for fully a relativistic description of the break-up process incorporating

full Coulomb (and nuclear) interactions between the fragments and the target, with

final state interaction between break-up fragments and target nucleus taken to all

orders (three or four body final states). One has also to worry about the Lorentz

invariance of the interactions involved in such a theory.
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APPENDIX A

THE LOCAL MOMENTUM

APPROXIMATION (LMA)

A.1 The validity conditions

With the local momentum approximation(LMA) the finite range effects are included

in distorted wave Born approximation(DWBA) theory. It’s use leads to the factor-

ization of the six dimensional integral in break-up amplitudes [ as in Eq. 2.24]

into two 3-dimensional integral and thus analytical solution of break-up amplitude

become simpler.

Consider a wavefunction χ(R), where R = r1+r, which satisfies the Schrödinger

equation

[

∇2 +
2µ

~2
(E − V (R))

]

χ(R) = 0. (A.1)

The wavefunction χ(R) and the potential V(R) can be expanded using Taylor series
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expansion around r as,

χ(R) = χ(r) + r1.∇rχ(r) +
1

2!
(r1.∇r)(r1.∇r)χ(r) + ...

= e(r1.∇r)χ(r) (A.2)

V (R) = V (r) + r1.∇rV (r) +
1

2!
(r1.∇r)(r1.∇r)V (r) + ... . (A.3)

Using Eqs. (A.2) and (A.3) in Eq.(A.1) we get

[

∇2 +
2µ

~2
(E − V (r)− r1.∇rV (r) + ...)

]

e(r1.∇r)χ(r) = 0. (A.4)

In the local momentum approximation, the del operator in Eq. (A.2) is replaced

by a momentum vector [say, iK(r)] Considering only first two terms and neglecting

higher terms of expansion in Eq. (A.3). Then Eq. (A.4) become equivalent to

[

∇2 +
2µ

~2
(E − V (r)){1− r1.∇rV (r)

E − V (r)
}
]

e(iK(r).r1)χ(r) = 0. (A.5)

Eq.(A.5) is further simplified, if the second term in curly bracket is very small as

compared to unity, as

[

∇2 +
2µ

~2
(E − V (r))

]

e(iK(r).r1)χ(r) = 0. (A.6)

This simplificaton is valid only if

r1 <<
E − V (r)

∇V . (A.7)

The magnitude of K(r) is taken to be

K(r) =

√

2µ

~2
[E − V (r)]. (A.8)
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Differentiating (A.8) w.r.t. r,

dK(r)

dr
=

√

2µ

~2

(−dV (r)

dr
)

√

[E − V (r)]
(A.9)

η(r) =
[E − V (r)]

−V (r)

r

=
1
2
K(r)

∣

∣

∣

dK(r)
dr

∣

∣

∣

. (A.10)

It is to note that, an upper bound exists on the value of r1 due to the presence of

potential V (r1) and this upper bound is given by range of interaction V (r1). For a

short range potential, the maximum value of r1 Therefore, a sufficient condition for

the validity of local momentum approximation is,

ra << η(r). (A.11)

For all practical purposes, the value of K is calculated at a fixed distance, r beyond

which K(r) is almost constant. In addition, the contribution of the nuclear interior

for the peripheral collisions is almost negligible. We calculated local momentum at

r = 10 fm, having direction which is same as that of the asymptotic momentum of the

particle in question. We will show the choice of this direction is valid because there

is a weak dependence of the cross-section on this direction of the local momentum.

The vector K is evaluated at some fixed distance r; as is shown later on K(r) is

almost constant after a certain value of r. Moreover in peripheral collisions the

nuclear interior contributes almost negligibly.

As an example to check the validity of the approximation, in Fig. A.1 we show

the variation of η(r) (upper half) and K(r) (the magnitude of the local momentum)

(lower half) as a function of r, for the Coulomb break-up reaction 16N + Pb → 15N

+ n + Pb at the beam energy of 100 MeV/nucleon. At r = 10 fm, η(r) >> ra (=

3.11 fm), the projectile root mean square radius. K(r) is also seen to be constant
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Figure A.1: Variation of η(r) (upper half) and K(r) (lower half) with r for the Coulomb
break-up of 16N on Pb in its ground state.

for r > 8 fm. These conditions have been checked to be true for the other three

excited states of 16N.

Table A.1: Total one-neutron removal cross-section (σ−n) in the Coulomb break-up of
16N on Pb at 100 MeV/nucleon, calculated at three different directions of local momentum
for all the four low-lying states of 16N.

Jπ Energy (MeV) σ−n (mb)
d1 d2 d3

2− 0 1.95 2.04 2.16
0− 0.120 35.55 35.00 34.32
3− 0.298 3.04 3.17 3.36
1− 0.397 49.44 48.68 47.73

In order to check the dependence of our results on the direction ofK, we calculate

the total Coulomb break-up cross-section at three different directions of the local

momentum – (d1): parallel to the beam direction (zero angles), (d2): parallel to the

direction corresponding to the half of the angles of qb and (d3): parallel to qb.

Table A.1, shows the variation of total cross-section in the Coulomb break-up

of 16N on Pb at 100 MeV/nucleon, calculated at three different directions of local

momentum as mentioned above, for all the four low-lying states of 16N. It is clear

that the change in total cross-section is less than 10 % for ground and second excited
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states and it is even less than 4 % for the first and third excited states, as one moves

from direction (d1) to (d3).





APPENDIX B

THREE-BODY PHASE SPACE

FACTOR

We work in the laboratory system and use the following notations: t = target, a =

projectile, b = core, n = valence particle, neutron. Let us find out the phase space

ρ(Eb,Ωb,Ωn), corresponding to the differential cross-section dσ
dEbdΩbdΩn

, which is the

purely statistical spectrum of particle b at angle Ωb under the condition that particle

n is detected at Ωn. We start from 1

dσ = h−6δ(Etot − E)dpbdpn (B.1)

1H. Fuchs, On cross section transformations in reactions with three outgoing fragments, Nucl.
Instrum. Methods 200, 361 (1982).
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which is the cross-section in phase space in which the total energy in the final state

(Etot) is fixed at the value E. This total energy is given by

Etot = Ea +Q (B.2)

= Et + Eb + En (B.3)

=
[(ptot − pb)− pn]

2

2mt
+

p2
b

2mb
+

p2
n

2mn
(B.4)

=
[(ptot − pb)

2 + p2n − 2pn.(ptot − pb)]

2mt
+

p2b
2mb

+
p2n
2mn

, (B.5)

where Ea is the projectile energy and Q is the Q-value of the reaction (< 0). pi and

mi are the momentum and mass of particle i, respectively and ptot is the total mo-

mentum of the projectile in the incident channel, which by momentum conservation,

is given by

ptot = pt + pb + pn. (B.6)

Using dp = p2.dp.dΩ = m.p.dE.dΩ and Eq. (B.1), we have

dσ

dEbdΩbdEndΩn

=
dσ

dpbdpn

mbpbmnpn = h−6δ(Etot −E)mbpbmnpn. (B.7)

Therefore,

ρ(Eb,Ωb,Ωn) =
dσ

dEbdΩbdΩn

=

∫

dσ

dEbdΩbdEndΩn

dEn

= h−6

∫

mbpbmnpnδ(Etot − E)dEn

= h−6

∫

mbpbmnpnδ(Etot − E)
dEtot

∂Etot/∂En

= h−6mbmn

[ pbpn
∂Etot/∂En

]

Etot=E
. (B.8)
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Furthermore, using Eq. (B.5) we have

∂Etot

∂En

=
∂Etot

∂pn

dpn
dEn

=
[ pn
mn

+
pn
mt

− p̂n.(ptot − pb)

mt

]mn

pn

=
[

1 +
mn

mt

−mn
pn.(ptot − pb)

mtp2n

]

=
1

mt

[

mt +mn −mn
pn.(ptot − pb)

p2n

]

. (B.9)

Thus,

ρ(Eb,Ωb,Ωn) =
h−6mbmnmtpbpn

[

mt +mn −mn
pn.(ptot−pb)

p2n

] . (B.10)


