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ABSTRACT

Large-N thermal QCD laboratories like strongly coupled QGP (sQGP) require not
only a large t’"Hooft coupling but also a finite gauge coupling [1]. Unlike almost all
top-down holographic models in the literature, holographic large-N thermal QCD
models based on this assumption, therefore necessarily require addressing this limit

from M theory.

Using the UV-complete top-down type IIB holographic dual of large-/N thermal
QCD as constructed in [2] involving a fluxed resolved warped deformed conifold,
its delocalized type ITA S(trominger)-Y (au)-Z(aslow) mirror as well as its M-theory
uplift constructed in [3], in [4], the type IIB background of [2] was shown to be
thermodynamically stable. We also showed that the temperature dependence of DC
electrical conductivity mimics a one-dimensional Luttinger liquid, and the require-
ment of the Einstein relation (ratio of electrical conductivity and charge suscepti-
bility equal to the diffusion constant) to be satisfied requires a specific dependence
of the Ouyang embedding parameter on the horizon radius. Any strongly coupled
medium behaves like a fluid with interesting transport properties. In [5], we ad-
dressed these properties by looking at the scalar, vector and tensor modes of metric
perturbations and solve Einstein’s equation involving appropriate gauge-invariant

combination of perturbations as constructed in [6]. Due to finite string coupling,



ii

we obtained the speed of sound, the shear mode diffusion constant and the shear
viscosity 7 (and ) upto (N)ext to (L)eading (O)rder in N. The NLO terms in each
of the coefficients serve as a the non-conformal corrections to the conformal results.
Another interesting result for the temperature dependence of the thermal (and elec-
trical) conductivity and the consequent deviation from the Wiedemann-Franz law,
upon comparison with [7], was obtained at leading order in V. The results for the
above qualitatively mimic a 1+1-dimensional Luttinger liquid with impurities. Also
we obtained the QCD deconfinement temperature compatible with lattice results (a
study that was in fact initiated in [4]).

On the holographic phenomenology side, in [8], we computed the masses of the
0T+, 077,07, 17F, 2%+ ‘glueball’ states corresponding to fluctuations in the dilaton
or complexified two-forms or appropriate metric components in the same aforemen-
tioned backgrounds. All these calculations were done both for a thermal background
with an IR cut-off 7y and a black hole background with horizon radius r,. We used
WKB quantization conditions on one hand and imposed Neumann/Dirichlet bound-
ary conditions at ¢/, on the solutions to the equations of motion on the other. We

found that the former technique produces results closer to the lattice results [9], [10].
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CHAPTER 1

INTRODUCTION

1.1 Need for the gauge-gravity duality

The duality between string theory and gauge theory has turned out to be a very use-
ful approach in the study of strongly coupled quantum field theories. The AdS/CFT
correspondence [11] - see [12] for a summary of its applications - is the first explicit
example of such duality between a particular known string theory and a gauge the-
ory. The properties of these strongly coupled field theories at finite temperature, for
example, transport coefficients have been extensively studied in recent years using
this approach. Also the results of recent RHIC experiments motivate such theoreti-
cal studies in particular of the strongly coupled plasma phase of non-abelian gauge
theories. In RHIC experiment one collides two heavy nuclei such as Pb or Au. The
name ‘heavy ion’ is given due to the reason that before the collision these atoms are
ionized as they are electrically neutral. After the collision a plasma state is formed
at high temperature. Due to high temperature an expansion occurs in the plasma
which decreases its temperature. As the temperature falls below the transition tem-

perature T, the quarks get confined into hadrons. The temperature that is achieved
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so far in RHIC experiment is about T" = 2T..

As per the standard model of particle physics fundamental constituents of matter
include quarks. Quarks come in six flavors and three colors. There exist strong
interaction between the quarks. Due to this strong force quarks usually form bound
state inside protons and neutrons. Quantum chromodynamics or QCD is the theory
which describes the physics of strong interactions. It is a gauge theory with SU(3)
gauge group. The particles which mediate the strong force between quarks are
the gluons. Unlike QED, where the force mediating particles, photons are charge
neutral, in QCD the gluons also carry color charge. Quarks transform under the
fundamental representation of SU(3) gauge group, while the gluons transform under

the adjoint of SU(3).

QCD has a very interesting phase structure. At low temperature and low baryon
chemical potential quarks are found to be in a confined state. In this phase QCD
behaves as a strongly coupled theory. However, as temperature increases, the in-
teractions between the quarks are weakened due to Debye screening. At sufficiently
high temperatures, quarks and gluons are completely deconfined. This phase of
QCD is known as the Quark Gluon Plasma phase or QGP. The transition from the
confining phase to the deconfined QGP phase is estimated to occur at temperature
T, = 150 — 200 Mev. Although in plasma phase the interaction strength between
quarks and the gluons becomes weak at very high energy, it is quite strong at any
intermediate stage. Specifically, upto temperature T' = 27, (as achieved by the
RHIC experiments) the interaction is so strong that one cannot apply perturbative
method. The lattice simulation suggest that ideal gas behavior of quarks and gluons
can be achieved at extremely high temperature 7" ~ 10007,.. The pressure of the

ideal gas of quarks and gluons as obtained in the lattice calculation is given as: [13]

872 21
Psp=— 14+ 2N
BT Y5 ( TR

) + O(m2T?), (1.1)

where ‘SB’ stands for Stefan-Boltzman, Ny is the number of flavor and m, is the
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quark mass. However at RHIC temperature, the same pressure is obtained to be:

P
Psp

T~TruIC

~ (0.75). (1.2)

Now, for the equilibrium properties of QCD such as thermodynamic properties,
the weak coupling approximation is not that bad. Hence one can extrapolate the
perturbative results for the intermediate coupling region. But the out-of-equilibrium
phenomenon, such as the transport coefficients, depend strongly on the coupling.
Hence for the out of equilibrium phenomenon, one can not trust the perturbative
results for the intermediate region. Also, the low energy physics of QCD such as
the computation of glueball spectrum is difficult using perturbative QCD technique.
Theses problems are resolved by the gauge/gravity duality. Moreover, if one can find
a weakly coupled gravity dual for the strongly coupled gauge theory then things can

be handled in a better and easier way.

1.2 The AdS/CFT Correspondence

1.2.1 History

In its original version in the sixties, string theory was formulated as a theory of
strong interaction. Soon after this in 1971 the asymptotic freedom was discovered
and based on enough experimental evidence it was concluded that the theory of
strongly interacting particles, quarks and gluons, are best described by QCD. So
string theory was abandoned as a theory of strong interaction. Then in 1974, t’"Hooft
showed that a large-/V expansion in gauge theory, where N represents the number
of colors, looks like a string theory. Also around the same time it was realized that
string theory also includes quantum gravity. Using lattice QCD it was observed
that quarks in QCD can be confined by strings. After that the holographic principle
was given by t'Hooft in 1993 followed by the discovery of D-branes by Polchinski
in 1995. Finally in 1997, Juan Maldacena gave the AdS/CFT correspondence and
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in 1998 Witten made the connection with holographic principle. In the following
subsections we will establish the AdS/CFT correspondence in steps and discuss only
those aspects which are directly relevant to this thesis. We have closely followed [14]

for this discussion.

1.2.2 Large N Gauge theory and String theory

In usual perturbative expansion method we start with the free Lagrangian and
expand around that free theory as a power series in a small parameter. In QCD
there are no such small parameters. However, in 1974 t’Hooft proposed the idea of

large N expansion, N being the number of colors of the gauge theory. The idea here

1

w-expansion in the limit N — oo. This

is to treat IV as a parameter and then do a

%—expansion as we will show below is a string theory.

e Large N expansion in Gauge theory:

Let’s consider a large-N SU(N) gauge theory. Since each gluon field has one color
and one anti-color index, they will be represented as N x N matrices. The large-N

limit is given as:
N — oo such that X\ = ¢?N s large but finite, (1.3)

where ¢ is the gauge coupling and A is the t’Hooft coupling. The vacuum energy
of the theory will be given by the sum of all diagram without any external legs.
To calculate the amplitude of any arbitrary vacuum diagram one has to sum over
all the color indices of the gluon fields. As each contraction gives a factor of N in
the amplitude and at the same time in terms of the double line notation each loop
corresponds to a single contraction, the N counting will be given by the number of
loops in the diagram. Now, as the gluon fields are represented as matrices and since
matrices do not commute, the N counting will depend on whether the contraction

of indices is between two neighboring fields or not. Hence there will be two types
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of diagrams. The diagrams that can be drawn on a plane without crossing any two
lines are called the planar diagrams. On the other hand the class of diagrams which
can not be drawn on a plane without crossing lines are the non-planar diagrams.
Also it can be shown that for the planar diagram the number of loops in the double
line notation are equal to the number of disconnected regions as created by the usual
Feynman diagrams on the plane. However, for the non-planar diagram we cannot
count such disconnected regions as they cannot be drawn on a plane. Interestingly,
it can be observed that these non-planar diagrams can be straightened out on non
trivial topological surfaces such as a tours. Hence, we conclude that just like the
planar diagram, the power of N for non-planar diagrams are given by the number
of faces in each diagrams after one straightened it out to a planar diagram. So each
Feynman diagram is nothing but a partition of the surface on which it is drawn into
polygons. The amplitude of any vacuum diagram with £ number of propagator, V'

number of vertices and F number of faces can be written as,

A~ (g2>E_V NF

= ()P,

(1.4)

where L = ' —V +1 is the no of loops in a diagram and y = F'+V — E is the Euler
characteristics. As any 2-dimensional surface is classified by the genus or handles
g that a surface has, two surfaces with the same number of g are topologically
equivalent. The Fuler number x is related to g as x =2 — 2¢g. For example a genus
zero surface is a sphere and g = 1 is a torus. So for a genus-zero surface the vacuum

amplitude would be,
(co+c1th+ed?+...) N = f(AN2. (1.5)

Also g = 0 corresponds to the leading order result in N. Hence at leading order in N

only the planner diagram contribute to the vacuum energy. The partition function
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is given by the sum of all possible connected vacuum diagrams,

[e.9]

log Zquge = Z N2*2gfg()\). (1.6)

9=0

e Implication of large-N expansion in String theory:

Before going into the details of what the large-N expansion in gauge theory implies,
let’s first talk a little about the idea of string theory. As we all know that QFT is a
theory of particle. In QFT we start with a Lagrangian and then quantize it to obtain
the spectrum of particles. This is called the second quantization approach. However;,
in the first quantization instead of the Lagrangian one quantizes the motion of a
given particle in spacetime. Let’s consider the motion of a particle parameterized
by a single parameter 7. This motion can be mapped in the spacetime by it’s
coordinate as a function of the parameter as z#(7). Now, to quantize the particle
we need to integrate over all possible paths of that particle or in other words we

need to evaluate the following path integral:
/ Dxu(T)eiSpa'rti(:le’ (17)

where Spuriicte is the length of a given path. String theory is formulated based on
the first quantization approach. Here instead of a particle one quantizes the motion
of a one dimensional string in spacetime. The motion of a string in spacetime will
generate a two-dimensional surface, the worldsheet. A worldsheet is parameterized
by two parameter: ¢ and 7 and the embedding of this two-dimensional surface in
spacetime can be written in terms of the spacetime coordinate z# (o, 7). So to quan-
tize a string, one needs to consider all possible embeddings of such two dimensional
surfaces in spacetime that gives all kinds of string motion. The path integral for the
string motion is given as:

/D:v“(T, U)eis“”'"g, (1.8)
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TYPE OF

SURFACE Sphere (h=0) Torus (h=1) Genus-2 surface (h=2)
WEIGHT -2 0 2

FACTOR & &5 &s

Figure 1.1: Different genus Surfaces

where Sgiring is related to the area of the worldsheet and is given'as: Sging =1 [ dA,
with T' = ﬁ is the string tension. Analogous to QFT, the sum of all the vacuum

amplitudes is given as,

A — Z esst'ring

all closed
2d surfaces

o0
— Z Z e_Sstring

g=0 all closed
2d surfaces
of given g

In the next step one add a weight factor e=*X by hand in the right hand side of
the above equation. The implication of this weight will be clear soon. The vacuum

energy now becomes:

A = = e Ax e~ Sstring
. ol 3 o

all closed
2d surfaces
of given g

Defining e® = g, the above expression can be defined diagrammatically as given
in Fig-1.1. Let’s discuss more about each of the three diagrams of different ¢ in
Fig-1.2.

First consider the sphere (¢ = 0). This can be generated by the virtual motion
of a closed string with varying radius. Similarly, the torus diagram can be explained
by the same virtual motion of a closed string but this time one can imagine a single

splitting followed by a single joining of the closed string as shown in Fig-1.2(b).
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String disappeared
In vacuum

____________ Joining of
---------- strings

2o ()« Splitting of
strings

Creation of string
from vacuum

(a) (b) (c)

Figure 1.2: Virtual propagation of closed string through different genus Surfaces

Also for the genus-2 surface there will be a total number of four alternative splitting
and joining processes as depicted in fig-1.2(c). An important point to notice that
in Fig-1.2, any two conjugative diagrams differs from each other by two powers of
gs. Interestingly the total number of joining and splitting in a particular diagram
also differs by two in between successive diagrams. Hence one concludes that each
of the joining and splitting of closed string is equivalent to a multiplication by one
gs in thevacuum amplitude. So the reason behind the inclusion of the factor e X in
the sum is to assign a weight to each joining and splitting process. In other words,
gs measure the strength of the string interaction. It is called the string coupling.

Equation (1.10) can be rewritten as:

A= g Fy(d), (1.11)

g9=0

where in the continuous limit Fj(a’) can be written as,

Fa) = / Da(o, 7)e~Sstrina (1.12)
gent}lsg

Interestingly the expression for the vacuum energy as given by equation (1.6) for
the gauge theory and by (1.11) for the string theory has the same mathematical

structure. Comparing these two equations the following two conclusions can be
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made:

(i) % expansion in the gauge theory corresponds to the expansion in terms of g,
in string theory side.

(ii) The sum over all Feynman diagram of genus g in the gauge theory is equiv-
alent to the sum over all possible string worldsheet of genus g.

Also note that the above equivalence is more prominent in the large A limit.
This is because of the following reason: First of all equation (1.12) implies that in
string theory a two dimensional surface of a given topology can be embedded in
spacetime in infinitely many different ways and it’s a continuous process. Where,
in the gauge theory side a Feynman diagram actually discretizes the surface of a
given genus on which it is drawn. Hence for simple Feynman diagrams the proper
geometric structure of the surface would not be clear. But for complicated diagrams
where the number of propagators and the number of vertices are infinitely large, the
proper geometric picture will emerge. So in order to have a continuum limit just as
the string theory side one has to consider complicated Feymman diagrams also along
with the simpler one. Now, equation (1.4) suggest that to include diagrams with
large number of propagators one has to consider terms with large power of A and
hence the 't Hooft coupling A has to be large in order to have a proper equivalence
with string theory.

Hence it is clear that the large IV expansion is actually a string theory. Although
this does not tell anything about the kind of string theory. Since the spacetime can
be arbitrary, for different spacetimes one get different action. So given a quantum
field theory or a set of Feynman diagrams one has to look for some equivalent action
which describes the motion of some surface in spacetime. This choice is in some
sense is infinite and hence despite the above mathematical equivalence, giving an

explicit example of this is not an easy task.
e Hint from the Holographic Principle:

Let’s consider a gauge theory in 3 4+ 1 dimensional minkowski spacetime M3,;. A

natural guess for the string theory would be the one in 3+ 1 dimensional minkowski
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space. But string theory is consistent quantum mechanically in ten dimension. Since
the equivalent string theory has to have the same amount of symmetry as the the
gauge theory, the spacetime for the string theory has to have the form Mz, x N,
where N is some compact manifold. Now, as N is a compact manifold, the above
spacetime will only have 3 + 1 dimensional Poincare symmetry just like the gauge
theory. However there is still another problem. Gravity appeared naturally in string
theory. Quantization of string theory gives massless spin two.particle, graviton in
it’s spectrum. But from Weinberg Witten theorem [15] it is known that any 3 + 1
dimensional relativistic QF T cannot have a spin two massless particle. This problem
is resolved by the holographic principle. According to holographic principle, the
degrees of freedom of any quantum gravity system is bounded by it’s area. In other
words, a quantum gravity system can be described by the degrees of freedom living
on it’s boundary. Hence one considers the non-compact part of the spacetime for
string theory to be five dimensional and put the gauge theory on it’s four dimensional
boundary. This way a theory with gravity defined in the bulk can be described by

a theory without gravity on it’s boundary.
o Anti de Sitter space and Conformal field theory:

The most general 4 4+ 1 dimensional spacetime for the string theory with translation

and lorentz symmetry is given as,
ds* = £2(2) (de? + nudatda”), (1.13)

where z represents the fifth dimension. To get the exact form of f(z), one has to
consider some extra symmetry in the gauge theory side. For example one may take
the field theory to be scale invariant. So the field theory must be invariant under

the scaling of it’s spacetime coordinate given by:

t — axt, (1.14)
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for some constant cv. Now the metric (1.13) must respect such scaling symmetry.
This can be achieved if under the above transformation z and f(z) also transform

as,

Z —r Qz

f(2) = f(2)a

(1.15)

The above can be satisfied only if f(z) = £ with L as a constant. So equation (1.13)
takes the form,

LQ
ds* = = (dz? + mdatda”) . (1.16)

This is precisely the AdS metric. So one concludes in general that a large N con-
formal field theory in d-dimensional minkowski spacetime is equivalent to a string

theory in d + 1-dimensional AdS spacetime.

1.2.3 Overview of String theory and D branes

There are two types of strings in string theory, open strings and closed strings. A
string has a tension T with the dimension of [Length] 2. String tension is related to
the string length [ as: T = # The fundamental string can oscillate in different
modes and each oscillation mode corresponds to a spacetime particle.. Consider the
motion of a string in d dimensional Minkowski spacetime. Quantum mechanically
consistent quantization of open and closed Bosonic string requires the dimension

of the Minkowski space to be d = 26. The massless excitation of open and closed

sector of the Bosonie string are:
e Open string: Photon (A4,)
e Closed string: Graviton (hy, ), Antisymmetric tensor (B, ), Dilaton (¢).

Requiring the theory to be supersymmetric, the dimension of the target spacetime
reduces to 10. In 10 dimensional superstring theory, depending on the periodic or

antiperiodic boundary conditions on fermions one get two types of string theories:
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type IIB and type ITA. The massless field content of 10 dimensional type IIB and

type ITA superstring theory at low energies are,

o Type IIA:  gu,Bu,¢ A, C'S,)/\
——— N——

NS Sector RR Sector

e Type IIB: g, Bu,d  x G2, CY

Py prAp:

NS Sector RR Sector

In the quantization process of open string one considers the Neumann boundary
condition at both ends of the string for each direction of the spacetime. On the other
hand imposing Dirichlet boundary condition constrains the motion of the end points
to lie on some hypersurface within the spacetime. These hypersurfaces are called the
D branes. For example, a Dp-brane is a p dimensional hypersurface. Let’s consider
a Dp-brane in d-dimensional Minkowski spacetime. This breaks the Lorentz and
Poincare symmetry of the Minkowski space to a subgroup where along the world-
volume of the brane the Poincare symmetry is still preserved. Also in the transverse
directions there is a SO(d — p — 1) rotational symmetry. Now, quantization of an
open string in Minkowski space using Neumann boundary condition and stack of
coincident D-branes gives d-dimensional gauge fields A, as a massless excitations.
With the introduction of D-branes, some of the gauge components now oscillate in
the transverse direction to the brane world volume and hence effectively become
scalar fields. Therefore the number of massless scalar fields are equal to the number

of transverse directions to the D-brane. The DBI action of a Dp-brane is given as,

Sppr = —TDp/dp+1x\/—det (gap +2ma’ Fop), (1.17)

where g, is the induced metric on the D-brane in the full Minkowski space, F,3 is
the field strength for the gauge field, ¢ is the scalar field and T}, is the brane tension.

In the low energy limit one can expand the above action as,

1 1
SDBI = —TDp / dp—HiE\/ —detgag (1 + ZFaﬁFa’B + 5&@“8‘%“ + ) . (118)
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Here a and a denotes the directions along the brane and transverse to the brane
respectively. The tension of the T, of the D brane is related to the mass Mp, and
volume Vp,, of the D brane as Mp, = Tp,Vp,. Now for the time being lets put the
gauge field to zero. Then from (1.18), one get,

1

Spsfl= /dt (—MDP £ 5 Mo, (64) + ) . (1.19)

Equation (1.19) describe the motion of a massive object which can move in the
spacetime with the field ¢ as the degrees of freedom describing it’s motion. Let us
discuss the importance of the above result. D branes are introduced at the beginning
by some rigid boundary condition and hence they look like some non-dynamical
object. But when the open string on the D branes are quantized, one realizes that
the degrees of freedom on the D-branes correspond to their fluctuations. As these

excitations on these D-branes vary coherently, they become a fully dynamical object.

Now, it can be shown that for a particular case of N coincident D3-branes in
flat Minkowski space one gets a four dimensional SU(N) gauge theory where the
open string excitations: a gauge field A, and the scalar field ¢* transforms as the
adjoint representation of the SU(NN) gauge group. Hence at low energies the gauge
theory is a Yang-Mills theory with maximum supersymmetry and is scale invariant.

The low energy effective action is given as,

Sess = _g%/lM [ dtatr (—%FagFaﬁ S (Dag?) (Dat") + 65,07 + ). (120)

where gy, is the Yang-Mills gauge coupling and it is related to the string coupling
gs as gy ~ gs. D, is the covariant derivatives defined as D,¢® = 9,¢° — i[A,, ¢7].

Let’s stop here for a moment and talk about another interpretation of D branes.
For this consider D branes in superstring theory. As discussed before, the RR sector
of the spectrum of Type IIA and IIB superstring theory contains different antisym-
metric gauge fields. D branes are the objects which couples to these antisymmetric

fields and are charged either electrically or magnetically or both under these fields.
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This is basically the generalization of what we had in usual electromagnetic theory:
the one form vector potential A, couples to the electron which has an electric charge.
In Type IIB superstring theory the four form field C® couple to D3 branes. Since
the field strength Fy corresponding to this four form is self dual, the D3 brane has
both electric and magnetic charge. These dual behaviour of D-branes: (i)a defect
in spacetime where open string can end and (ii)a non-perturbative charged object
under generalized gauge fields, is at the core of the establishment of AdS/CFET

correspondence.

1.2.4 Geometry of D3-branes in Minkowski space

A stack of N D3-branes extended along the coordinates t, z1, x9, x3 within ten di-
mensional flat Minkowski space can be viewed as a point in it’s transverse space R®.
Hence the space surrounding the D3 brane is S® in R®. Based on this symmetry one

writes down the metric as the following ansatz,
ds®* = fi(r < dt* + de ) + fa(r (dr2 +r2dQ§). (1.21)

Since the D3 branes are charged under Cy potential (with five form field strength

F5) one can write:

q:/ «F g:/ A, (1.22)
S5 S5

where ¢ and g are the electric and the magnetic charge respectively. As Fj is self
dual equation (1.22) gives ¢ = g. Using Dirac quantization rule for N D3 brane
one gets ¢ = g = /2rN. Now considering type IIB supergravity action with only
F5 flux and solving Einstein’s equation with the above ansatz one gets the following

solution:

filr) = H(r), folr) = H'(r),
L4> (1.23)

with H(r) = (1 + = L* = 47g,N (/)%
r
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The above solution has the following properties.

e In the limit r — 0, H(r) = 1 and one recovers the ten dimensional minkowski

metric.

e Forr> L H(r)=1+ O(f—f) and there is a long range Coulomb potential

that varies as %4 in RS,

e Near r ~ L, the spacetime deforms from flat minkowski metric due to gravi-

tational effects of the D branes and the curvature becomes L~2

Now, in the classical gravity limit, one must have very small curvature of spacetime
compared to i Also in the classical limit the quantum loop corrections can be
ignored and hence the string coupling g; must be very small. So in the supergravity

approximation the region of validity of the solution is given by the following limit:
gs < 1 and oL« 1. (1.24)

In the near horizon limit (r — 0), the metric has the form:
ds® == ( dt? +Z> kdr + LIOX (1.25)

From the above metric one realize that the proper distance [ of the D3 brane location

in R% can be calculated as:

dr?

- = = [ = | = log r + constant. (1.26)
So as r — 0, the proper distance [ goes to negative infinity. Therefore it is not
possible to reach the location of D3 branes as it is infinite proper distance away. In
other words, at r = 0 the D3 branes disappear and the only thing left is the flux
of Fy through S®. In trying to reach the point 7 = 0, one finds an infinite ‘throat’

and not the point itself. The cross section of the throat is S® with radius L. The
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metric of the throat region is that of AdS® x S°. Of course at r — oo it is still a

flat Minkowski space.
e Dual description of D3 branes

The dual description of D branes has already been discussed in the previous sub-
section. Here we will discuss the case of a stack of D3-branes in details.

(i) Description A: In this case a D3-brane is an object in ten dimensional space
extended along R'® where open strings can end. There are also closed strings in
the same spacetime but outside the brane world volume which can interact with the
open strings on the branes as well as with the other closed strings in the space.

(ii) Description B: In this case the D3 branes are considered as massive charged
objects that curve the spacetime. So here, as we just discussed, there are no D3
branes at all but a AdS metric and Fy flux through S°. This means there are only
closed strings in curved spacetime and no open strings.

These two descriptions must be equivalent as both of them describes the same
configuration. An important point at this time is that, although the supergrav-
ity approximation was considered at the beginning to get the solution, the above
equivalence in general can be extended for any o and g,. In short the equivalence
between description A and B is valid for all o/ and g,. Now considering the low
energy limit of each description has interesting consequences. The low energy limit
corresponds to sending o/ B2 to zero, with £ defined as the energy. Let us discuss
the low energy limit of the two descriptions below.

Low energy description of A: one gets (i) /=4 SYM theory in four dimensions
with gauge group U(N) from the open string sector. The gauge coupling gy is
related to string coupling g, as g¥,, = 4mg, and (ii) graviton, dilaton and other
massless modes are part of the closed string sector. The interaction between the
closed and open strings or between two closed strings is governed by the gravitational
constant G given by:

Gy ~ g2(a)*. (1.27)
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Hence in the low energy limit the dimensionless quantity GyE® goes to zero and
the close/open string or two different close string do not interact in the low energy

limit. So from picture A one get,

N =4 SYM theory + Free graviton . (1.28)

Open string sector Close string sector

Low energy limit of B: Since the spacetime is curved, time is no more absolute
and hence one has to consider energy at local proper time 7, defined as F,.. The
energy F in description A is at time ‘¢° which is the time at r.— co. The relation

between B, and E can be obtained from the metric (1.21) as E, = H/*E.

In the region r > L, H ~ 1 and hence taking the low energy limit, all the
massive modes are suppressed and one is left with the massless gravitons. On the

other hand the region r < L, H ~ ’;‘—: and E%o/ — 0 gives E, Tz = — 0. So in this

VargsN

case the low energy limit can be satisfied by sending r to zero for any value of E,.
In other words, if one go deep enough inside the "throat" region, no matter what
the proper energy is, it will always appear energetically low from the region r < L.
Therefore in the low energy limit, the excitations of region r» > L decouples from
that of r < L. Also as E, can be arbitrarily large, the excitations in r < L region

can also include massive modes. Hence from the low energy limit of description B

one get:
Full string theory in AdSs x S® with fluxes 4 Free graviton at » — oo (1.29)
Finally from the equivalence of the two descriptions one conclude that:

e N =4 SYM theory with SU(N) gauge group on R3 is equivalent to type IIB
string theory in AdSs x S°.

This is the strongest form of the AdS/CFT correspondence. We will not discuss this

any further here. For detailed discission on gauge/gravity duality see [16] [17].
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1.3 Generalization of AdS/CFT correspondence

The AdS/CFT correspondence we just discussed describes a gauge theory which
is maximally supersymmetric with 16 supercharges and also conformal. This is
very far from a realistic theory which is less supersymmetric and non-conformal.
So a very natural and obvious question is whether the approach that one uses to
establish the AdS/CFT correspondence, can be used to understand the Physics
of non-conformal gauge theories. To be more specific, one has to generalize the
AdS/CFT correspondence to find a supergravity description which is dual to QCD

like theories. For this one has to try to
e reduce and in fact break the supersymmetry
e break the conformal invariance

of the dual gauge theory.

Now the discussion of the previous section suggest that the gravity dual of non-
conformal gauge theories should include non-AdS like geometry. So the recipe that
works well for the AdS/CFT might not be useful at all for the present case. Another
problem in establishing the non-AdS/non-CFT correspondence is the issue of decou-
pling. In AdS/CFT, there is a decoupling between the degrees of freedom of the
open and closed sector in the low energy limit. This decoupling leads to the equiv-
alence between the maximally supersymmetric gauge theory and closed superstring
theory on anti-de Sitter space. However, in a particular limit of the dimensionless
parameters of the two theories, the above correspondence can also be achieved in
the supergravity approximation of the superstring theory without any stringy cor-
rection. For the non-conformal case, the complete decoupling of the gauge degrees of
freedom from that of the closed string sector is not possible within the supergravity
regime. In this case one must include the string states and hence has to go beyond
the supergravity limit. It is not an easy task to check the duality beyond the su-

pergravity limit. Although, one can still consider only the supergravity modes and
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try to study non-conformal field theories for some interesting properties as much as
possible using the open/close strong duality. Hence, stepwise one requires to (i) con-
sider D branes in particular geometry which is not maximally supersymmetric (ii)
write down the DBI action for those D-branes and study their dynamics (iii) find a
way to break conformal invariance and finally (iv) use the open/closed string duality.
See [18], [19], [20], [21], [22], [23], [24] for more recent works on the aforementioned
decoupling and extension of the AdS/CFT to non-supersymmetric cases.

There are different ways to achieve the above. But the one that would be rele-
vant here is to choose a specific target spacetime along with a particular D brane
configuration such that the conformal invariance and the supersymmetry are both
broken from the very beginning. Some examples of such configurations are: Regular
D branes on orbifold and conifild geometries, Fractional D branes at orbifold or
conifold fixed points, D branes wraping non trivial cycles of the Calabi Yau spaces,
branes suspended between other branes etc. Here we will discuss the D brane con-
figurations in Calabi Yau spaces with conical singularities. Now, D-branes placed at
any smooth point inside a CY manifold the same maximally supersymmetric N' = 4
SYM theory as AdS/CFT. Instead if they are placed at the conical singularity, then
the amount of supersymmetry can be broken. So let’s discuss a specific configuration

of regular D3 branes at the singular point of a conifold below.

1.3.1 Regular D3 branes at conifold singularity

A conifold is a Calabi Yau three fold and can be described as a cone over a five

dimensional base. The metric of a conifold is given as [25] [26]:
dsg = dr* + r*dsgia, (1.30)

where the base T%! is a Sasaki-Einstein manifold and is given as,

1 2 S
dspa = [d@b +3 cos Qidgbi} e |67 + sin® 0;d¢? ] (1.31)
=1 =1
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where 6; € [0, 7], ¢; € [0,27] and ¢ € [0, 4n]; see [27] for more recent applications
of Sasaki-Einstein manifolds to type IIB string theory (trucation). The topology of
T is that of S? x S%. At the tip of the conifold (r = 0), both the spheres shrinks
to point and hence there is a singularity. Also T™! has SU(2) x SU(2) x U(1)
symmetry. With this one embeds N D3-branes in 10-dimensional spacetime with
the metric

3
dsiy = —dt* +>_ dx} + ds, (1.32)

i=1
where dSg is given in (1.30). Here the D3-branes live along the four dimensional flat
Minkowski spacetime and are fixed at the tip of the conifold. The resulting gauge
theory on such D3-branes is a N = 1 supersymmetric theory with gauge group
SU(N) x SU(N) coupled to complex matter fields A;, B;,i = 1,2 transforming in
the bi-fundamental representation. Since the dilation and the NS-NS B, are both
constant, the gauge couplings of the two gauge groups do not run and the theory is
conformal. Let’s now analyze the string theory solution of the same configuration
in the supergravity action with only self dual five from flux F5, the metric is found

to be

3
ds? = h /2 <—dt2 +3 dﬁ) + hM2dr? + 2 4 2R 2ds2,

=1

1
Fy==[d'z ndh™" + x (d*z A dh7)] (1.33)
g
I )
with b =1+ —, L* = 4ng,No/
T

From (1.33) one see that the near-horizon geometry is that of AdSs x T"!. This is
the Klebanov-Witten (KW) [28] model.

1.3.2 Fractional D3 branes at conifold singularity

To break the conformal invariance of the KW model, a stack of M D5 branes was
introduced wrapping vanishing two-cycle of the conifold base and can be interpreted

as fractional D3 branes at the tip of the conifold. These fractional branes changes
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the gauge group to SU (M + N) x SU (N). Addition of fractional branes preserves
N = 1 supersymmetry with the matter fields A;/B; transforming as under the
(M + N, N) representation of the gauge group. The supergravity solution of this
brane setup was obtained exactly by Klebanov and Tseytlin [29]. The warp factor

h(r) in (1.33) is now given as:

LG M?
hir) = == (1 + 3;’;N logr) . (1.34)

Unlike KW solution, in this case one has finite three forms flux sourced by the D5
branes along with the Fj flux. Also the NS-NS B field is not constant anymore and
depends logarithmically on r. This non trivial B, field is responsible for the running

of the gauge coupling and hence breaking the conformality.

The solution for the fluxes and the B, field is given as
Fy = Muws, By = 3g,Mw, log Ti (1.35)
0

where w3 A wy gives the volume of TH!. The self dual five form flux including the

back reaction from Fj is given as
S 3
F. — 5 - iR Py with T (M + g, M?log T) vol(T™). (1.36)
™ To

Where if one define the effective number of D3 branes as,

3 T
N, = N+ —g,M?log —.
1 (1) 59 0%

(1.37)

then N.sf (r) deceases as r — 0, While the number of fractional D3 branes remains
constant. Also notice from equation (1.34) that the warp factor h (r) also vanishes

at some r in the IR region. This makes the KT solution singular in the IR.
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1.3.3 Seiberg duality cascade

From the expression of N.s; as given in (1.37), one can see that the decease of
the number of D3 branes with r is in units of M. This changes the group from
SU(N+ M) x SU(N) to SU(N) x SU (N — M). This is known as the Seiberg
duality. It was realized by Klebanov and Strasslar [30] that as one moves from UV
into the deep IR region, the theory goes through a series of Seiberg dualities called
the Seiberg duality cascade. If NV is an integer multiple of M then in the far IR,
after the duality cascade all of the NV D3 branes cascade away leaving behind only
M fractional D3 branes with gauge group SU (M). Now the issue of singularity
of the KT solution in the IR regime can be fixed via strong IR dynamics. More
precisely in the KS solution the U (1), symmetry of the chiral field is broken at the
quantum level to Zsyj, in the presence of M fractional branes. This Zsoy, symmetry
is then spontaneously broken to Z, in the IR due to gaugino condensation resulting

in desingularizing the singular conifold into a deformed conifold.

So in the IR regime the KS solution realizes a deformed conifold metric. Also due
to duality cascade the gauge theory in the IR is pure SU(M) SYM theory. However
in the UV the supergravity solution is still singular as the metric in the UV is that
of a singular conifold. In that sense the KS model shows a geometric transition from
UV to IR. The gauge theory in UV has an infinite number of massive states. The
logarithmic gauge coupling of the KS model diverges in the UV. This necessitates
modification of the UV sector of KS.

1.3.4 Resolved conifold and D7 brane embedding

The singularity of the KT solution in the deep IR region can also be removed by
an S? blow-up at the tip of the conifold. This is precisely the resolved conifold
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geometry. The six dimensional metric of the resolved conifold is given as,

ds®., = k(p) tdp* + Fé(gp),o2 (dv) + cos B1dgy + cos Badepy)?
2 2 4 6 (1.38)
+5 (d67 + sin® 01d? ) + e (63 + sin” 62dg3) ,
where k(p) = ﬁzigzz and a is called the Resolution parameter. Here p is a newly

defined radial coordinate and is related to r. In the limit p — 0, one realize from
(1.38) that the sphere parameterized by (6, ¢2) remains finite because of the finite

resolution a. For a — 0, one gets back the singular conifold metric.

In [31], a configuration with IV regular D3 branes at the tip of a resolved conifold
along with M fractional D3 branes wrapping the blow-up two cycle of the same, was
considered. The resulting supergravity solution has an RR three-form Fj3, a NS-NS
three-form Hj and a self dual five form Fy with a constant dilaton ¢. The expression
of all these are given in [31] and they depends on the resolution parameter a. The
three form Gj defined as F3 + ¢Hj is imaginary self dual. G3 has both primitive
(2,1) part and non-primitive (1,2) part. The non-primitive structure of G5 breaks

the supersymmetry of the PT solution.

To complete the story one needs to include the fundamental quarks also in the
theory. This is done by the inclusion of flavor branes. The pioneer work on this was
done by [32] where D7 brans were embedded in the AdS geometry in the probe limit
to ignore the back reaction on the target space. A variety of interesting issues has
been looked upon with flavor branes using gauge/gravity duality in [33] [34] [35] [36].
In the context of embedding flavor branes in conifold background, interesting work
has been done by [37], where a stack of D7 branes were considered in a singular
conifold geometry via supersymmetry preserving holomorphic Ouyang embedding;
see [38] for a discussion of studying flavor dynamics in the so-called Veneziano limit,
and [39], [40] in the Klebanov-Strassler/Tseytlin/Witten backgrounds, in the context
of gauge-gravity duality. However, the particular configuration which is relevant to

us is the one given in [41]. In this case a stack of Ny D7 branes were embedded
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in a non supersymmetric resolved conifold background we just discussed via the
same Ouyang embedding. These D7 branes wraps a non trivial four cycle inside the

resolved conifold geometry with the embedding equation given as,

N

; 0 o
o (W—d1—02) oip 51 sin — = 4, (1.39)

(p6+9a2p4) 2

with 1 as the Ouyang embedding parameter. Due to these D7 branes, the dilaton
® is no longer a constant but runs with r:

1 «N N 0 )
& Tm g ; = 87;0 log (7“6 + 9a27“4) — 2—7: log (sin 51 sin 22> . (1.40)

In [41], the Einstein’s equation was solved in this non trivial dilaton background.

Now, as the holomorphic Ouyang embedding is supersymmetric, one must find
a way to break supersymmetry. It turns out that the pullback of the non primitive
(1,2) flux of the B, field onto the four cycle that the D7 brane wraps, creates an
additional D-term to the superpotential which is responsible for the breaking of
supersymmetry. In the same paper this D-term was evaluated exactly using the

solution in the non trivial dilaton background for the simple embedding with p = 0.

1.3.5 Finite temperature and the Dasgupta et al’s set up

In order to introduce temperature, one must consider non-extremal geometry in the
dual supergravity side of the theory. In [42], finite-temperature/non-extremal ver-
sion of the abovementioned KT solution was considered with the proposition that
the aforementioned KT singularity is cloaked behind r = 7, (horizon radius) making
therefore Seiberg duality cascade, unnecessary. Unfortunately, the solution was not
regular as the non-extremality /black hole function and the ten-dimensional warp
factor vanished simultaneously at the horizon radius rj,. The authors of [43] were
able to construct a supergravity dual of SU(M + N) x SU(N) gauge theory which

approached the abovementioned KT solution asymptotically and possessed a well-
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defined horizon. The same was characterized by: modification of 74! via a ‘squash-
ing factor’ of the U(1)y fiber, non-constancy of the dilaton and non self-duality of
the fluxes. But it was valid only for large temperatures with no fundamental quark
flavors.

In order to include fundamental quarks at non-zero temperature in the context
of type IIB string theory, to the best of our knowledge, the following model pro-
posed in [2] (and various aspects also nicely explained in [44], [45], [46], [47], [48])
is the closest to a UV complete holographic dual of large- N thermal QCD. The
KS (duality cascade) and QCD have similar IR, behavior: SU(M) gauge group and
IR confinement; see [49] for confining A" = 1 gauge theories arising from N.S5/D5-
branes wrapping two-cycles. However, they differ drastically in the UV as the former
yields a logarithmically divergent gauge coupling (in the UV) - Landau pole. This
is due to the presence of non zero three form flux which grows logarithmically to
infinity in the deep UV region. This necessitates modification of the UV sector of
KS apart from inclusion of non-extremality factors. With this in mind and building
up on all of the above, the type IIB holographic dual of [2] was constructed. The

brane construction of [2] is summarized below.

e From a gauge-theory perspective, the authors of [2] considered a stack of N
D3-branes and M D5 branes wrapping the vanishing two cycle placed at the
tip of six-dimensional conifold along with M D5-branes around the antipodal
point relative to the location of M D5 branes on the blown-up S? of the cone.
In terms of the radial direction r, the deep IR is defined as the region with
very small value of » where the gauge theory is confining with the gauge group
SU(M) due to duality cascade. Now as r increases, one can feel the presence
of D5 branes, and the three form flux starts decaying until at some point all it
just goes to zero. This region is called the IR-UV interpolating region. Beyond
this there are no three form flux and it is the UV region. If one Define the
D5/ D5 separation as R s /b5 then this provides the boundary common to the

outer UV-IR interpolating region and the UV region.
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e Ny DT7-branes, via Ouyang embedding, are holomorphically embedded in the
UV (asymptotically AdSs x T™1), the IR-UV interpolating region and dipping
into the (confining) IR (up to a certain minimum value of r corresponding
to the lightest quark) and N; D7-branes present in the UV and the UV-IR
interpolating (not the confining IR). This is to ensure turning off of three-
form fluxes, constancy of the axion-dilaton modulus and hence conformality
and absence of Landau poles in the UV. Further, the global flavor group in the
UV-IR interpolating and UV regions, due to presence of Ny D7 and N; D7-
branes, is SU(Ny) x SU(Ny), which is broken in the IR to SU(Ny) as the
IR has only N; D7-branes. The same kind of D7 — D7 brane configurations
were also considered in Kuperstein-Sonnenschein model at finite temperature

in [50].

Due to the presence of D5 and D7 branes, one has SU(N + M) x SU(N + M) color
gauge group (implying an asymptotic AdSs) and SU(Ns) x SU(Ny) flavor gauge
group, in the UV: r > R . /p5- 1t is expected that there will be a partial Higgsing
of SU(N + M) x SU(N + M) to SU(N +M) x SU(N) at r = R ps 55 [51]. The two

gauge couplings, gsu(v+am) and gsy vy flow logarithmically and oppositely in the IR:

1 1 1 1 1
47? 3 s e? ~ m; 4rn? 5 i 5 e? A . Bs.
Isun+m)y  Isu(n) Isuw+m)  9su) 2mal /s
(1.41)

Had it not been for [g. By, in the UV, one could have set g&umin) = Yeun) =
g%y ~ gs = constant (implying conformality) which is the reason for inclusion
of M D5-branes at the common boundary of the UV-IR interpolating and the
UV regions, to annul this contribution. In fact, the running also receives a con-
tribution from the Ny flavor D7-branes which needs to be annulled via Ny D7-
branes. The gauge coupling gsu(n+ar) flows towards strong coupling and the SU(N)
gauge coupling flows towards weak coupling. Upon application of Seiberg duality,
SU(N + M )strong Seibers Pual gy (N — (M — Ny))weax in the IR; assuming after re-

peated Seiberg dualities or duality cascade, N decreases to 0 and there is a finite M,
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one will be left with SU(M) gauge theory with N; flavors that confines in the IR -
the finite temperature version of the same is what was looked at by [2]. The resul-
tant ten-dimensional geometry hence involves a resolved warped deformed conifold;
see [52] for appearance of resolved warped deformed conifolds in type IIB solutions
generated from type I involving a combination of Higgsing and Seiberg duality cas-
cade. Back-reactions are included, e.g., in the ten-dimensional warp factor. Of
course, the gravity dual, as in the KS construct, at the end of the Seiberg-duality
cascade will have no D3-branes and the D5-branes are smeared/dissolved over the

blown-up S and thus replaced by fluxes in the IR.

Let’s now concentrate on the supergravity solution in this resolved warped de-
formed conifold background with a black-hole. In [2], assuming an ansatz for the
metric where there is a squashing between the two 2-spheres of the conifold base,
the type I1B supergravity action was solved for the wrap factor and different fluxes
which now will receive backreaction from the non-extremal geometry and also from

the D7 brane. The supergravity limit in this case is given as,

(N, M, Ny, gsN, gsM) ~ Large

(1.42)
(gs; gsM /N, gsN¢, M/N) ~ Small.
The final form of the metric is given by,
1
ds? = 7 (=gt + dat + da} + da3) + \/ﬁ{ggld# + r2d./\/l§] , (1.43)

where the black hole functions g; in the limit (1.42) for the introduction of temper-

ature in the gravity side are of the form,

i

gs M?
9172(7”, 91,02) =1- ﬁ + O < N ) s (144)
where 7, is the horizon, and the (0, 6;) dependence come from the O (%) cor-

rections; see [53] for a review on large-N gauge theoretic description of black holes
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in AdSs x S® in backgrounds dual to confining gauge theories. The compact five

dimensional metric in (1.43), is given as:

dMZ = hy(dip + cos 0y dy + cos Oy dpy)? + ho(db7 + sin®0; do?)+
+ h4<h3d9§ -+ Sin292 dqg) + h5 COS w (d61d92 — sin 918111 92d¢1d¢2) +
+ hy sin 9 (sin 0; dfaddy + sin 0y dO1dgs) , (1.45)

2
3

where in the UV /IR-UV interpolating region, r >> a,r > (deformation parameter)

(deformation parameter)?
3
=

and hence hy ~ < 1. The h;’s appearing in internal metric are

not constant and up to linear order depend on gy, M, Ny are given as below:

1 g M? 1 gs M? a’
hy= - & o | e = |, ha=ho+ =
1 9+O<N>7 2 6+O<N ; I 2+T27

2

M
h3=1+0<g’—>, hs £ 0, L = (4mg,N)

=

- (1.46)

One sees from (1.45) and (1.46) that one has a non-extremal resolved warped de-
formed conifold involving an S*-blowup (as hy — hy = ﬁf—j), an S3-blowup (as hs # 0)
and squashing of an S? (as hs is not strictly unity). The horizon (being at a finite
r = ry) is warped squashed S* x S®. The resolution parameter a is no longer a
constant and depends on the horizon radius r;, due to non-extremal geometry. The

warp factor that includes the back-reaction is given as,

L 39 M2 39, NgT By g Nt 6, . 0,
= 1 =1 1 1 b 1 in—sin— 1.4
h + o N 08" + L ( ogr + 2> + 171 log | sin sing (1.47)

r4

where, in principle, Mg /N]?ff are not necessarily the same as M/Ny; we however

gs M?
N

will assume that up to O ( ), they are. The three-forms fluxes, up to O(g;Ny)
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(1.42) and setting h; = 0, are as given as [2],

~ <IN 1
(a)F3 =2M A, (1 + 392f log r) ey N 3 (sin 01 dfy A\ dgy — By sin 0y dfy A dgs)

T

3g. M N d 0y . 0, .
- MAQ a A ey N\ (cot 52 sin 0y dpy — By cot 51 sin 6, dqbl)
r

A
sM N o 0
_ ?’gngg sin ¢, sin 6 <cot 52 df, + B3 cot 51 d92> A doy N doo,
T
N N
(b)H3 = 6gsA, M | 1 + 29: 14 log r + Ll log Sin@ sin@ il
A7 2 2, 2 r

1 MN 1
N 5 (Sin 01 dé’l N dgbl i B4 sin 92 dgg AN dgbg) + §g88—fA5 (dr VAN E— 2d6w>
v r

A (cot % df, — By cot 921 dﬁl).

(1.48)

The asymmetry factors in (1.48) are given by [2],

A =140 (a‘z o) a’logr Fx a’log r) Lo (deformation parameter2> |

r2 r 72 73

Bi=14+0 (aQ log r " a’logr = a®log r) i ((deformation parameter)2> .

r 72 73 r3

(1.49)

; def ti ter)? luti ter)?
AR insihe UV, (deforma 1on‘parame er) < (resolution parameter)

-3 = , we will assume the same

three-form fluxes for hs # 0.Further, to ensure UV conformality, it is important to
ensure that the axion-dilaton modulus approaches a constant implying a vanishing

beta function in the UV.
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1.3.6 The ‘MQGP Limit’

In [3], the authors had considered the following two limits,

(i)weak(g,)coupling — large t'Hooft coupling limit :

gs M?

gs < 1795Nf < 1, <1, gsM>1,g;N > 1

effected by : gs ~ ¢!, M ~ (O(1)e)"? ,N ~ (O1)e) ™ c < 1,d>0 (1.50)

(the limit in the first line though not its realization in the second line, considered
in [2]);

s M?
(#5)MQGP limit : < LgN > 1, finite g, M

effected by : g, ~ €%, M ~ (O(1)e)"% ,N ~ (O(1)e) > e <1,d>0. (1.51)

Let us now elaborate upon the motivation for considering the MQGP limit.

There are principally two.

1. Unlike the AdS/CFT limit wherein gyy — 0, N — oo such that g\ N is
large, for strongly coupled thermal systems like sQGP, what is relevant is
gym ~ O(1) and N, = 3. In the IR after the Seiberg duality cascade, effectively
N. = M which in the MQGP limit of (1.51) can be tuned to 3. Further, in the
same limit, the string coupling g, ~ 1. The finiteness of the string coupling
necessitates addressing the same from an M theory perspective; see [54] for
holography at finite coupling. This is the reason for coining the name: ‘MQGP
limit’. In fact this is the reason why one is required to first construct a type ITA
mirror, which was done in [3] a la delocalized Strominger-Yau-Zaslow mirror

symmetry, and then take its M-theory uplift.

2. From the perspective of calculational simplification in supergravity, the fol-
lowing are examples of the same and constitute therefore the second set of

reasons for looking at the MQGP limit of (1.51):
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e In the UV-IR interpolating region and the UV, (Meff,Neff,Nj‘?H) MET

(M>N7Nf)

e Asymmetry Factors A;, Bj(in three-form ﬂuxes)Mgg "1 in the UV-IR

interpolating region and the UV.

e Simplification of ten-dimensional warp factor and non-extremality func-

tion in MQGP limit

With R 5 555 denoting the boundary common to the UV-IR interpolating region and
the UV region, Fzmn, Hyppn = 0 for r > R /D5 is required to ensure conformality in
the UV. Near the 6, = 0, = O-branch, assuming: 6,5 — 0 as €90 and r — Ryy —
oo as € <0 lim,_ Fim = 0 and lim,_,o Hypn = 0 for all components except
Hp,9,4,,; in the MQGP limit and near 6, 5 = m/0-branch, Hy,g,4,, = 0/39%# < 1.
So, the UV nature too is captured near 6; 5 = O-branch in the MQGP limit. This

mimics addition of D5-branes in [2] to ensure cancellation of Fj.

1.3.7 Construction of the Delocalized SYZ ITA Mirror and
Its M-Theory Uplift in the MQGP Limit

A central issue to [3,55] has been implementation of delocalized mirror symmetry via
the Strominger Yau Zaslow prescription according to which the mirror of a Calabi-
Yau can be constructed via three T dualities along a special Lagrangian 7% fibered
over a large base in the Calabi-Yau. This sub-section is a quick review of precisely
this.

To implement the quantum mirror symmetry a la S(trominger)Y (au)Z(aslow)
[56], one needs a special Lagrangian (sLag) T° fibered over a large base (to nullify
contributions from open-string disc instantons with boundaries as non-contractible
one-cycles in the sLag). Defining delocalized T-duality coordinates, (¢1, ¢o,1) —
(z,y, 2) valued in T3(x,y, 2) [3]:

v = \[hah3sin{0)) (r)ér, y = \Jhahsin(0:) (P, = =\ (r)hiv,  (1.52)
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using the results of [57] it can be shown [55]that the following conditions are satisfied:

Sm (i*Q) ~ 0,

Re (i*Q) ~ volume form (T?’(m, Y, z)) ; (1.53)

separately for the T*-invariant sLags of [57] for a resolved/deformed conifold imply-
ing thus: *J|pc pe & 0,8m (*Q)|pe/pe = 0, Re (i*Q)|go/pe ~ volume form (T3(z,y, 2)).
Hence, if the resolved warped deformed conifold is predominantly either resolved or
deformed, the local T® of (1.52) is the required sLag to effect SYZ mirror construc-

tion.

Interestingly, in the ‘delocalized limit’ [58] ¥ = (), under the coordinate trans-

formation :

sinbadps g cos(y)  sin{y) sinfade, : (1.54)

b, —sin(y)  cos{y) dbs
and 1 — 1 — cos{03) o + cos(fy)py — tan(tp)Insinfy the hs term becomes
hs [d6,dOy — sinb sinbadpdgs), ey, — ey, i.e., one introduces an isometry along
1 in addition to the isometries along ¢; 5. This clearly is not valid globally - the
deformed conifold does not possess a third global isometry.
To enable use of SYZ-mirror duality via three T dualities, one also needs to
ensure a large base (implying large complex structures of the aforementioned two

two-tori) of the T3(x,y, 2) fibration. This is effected via [59]:

dip — dip + f1(61) cos 61d0; + f2(6s) cos Oadbs,
dpr2 — dora2 — fr2(01,2)dbh 2, (1.55)

for appropriately chosen large values of f12(612). The three-form fluxes remain

invariant. The fact that one can choose such large values of f2(6;2), was justified
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n [3]. The guiding principle is that one requires that the metric obtained after SYZ-
mirror transformation applied to the non-Kéahler resolved warped deformed conifold

GHA needs to

is like a non-Kahler warped resolved conifold at least locally. Then
vanish [3].  The mirror type IIA metric after performing three T-dualities, first
along z, then along y and finally along z, utilizing the results of [58] was worked
out in [3]. We can get a one-form type ITA potential from the triple T-dual (along
z,y, z) of the'type I1IB F} 55 in [3] and using which the following eleven dimensional

metric was obtained in [3]:

2 _ 24114 1 2 Ga”+ 1 dr? 2
dsj, =€ 3 [—\/—E{—< )dt Zdw }+\/_<9a2—|—7“2> (1 é) +dsyr (01,2, P1,2,7)

4%

2
oy B (d:cn + AT AT 4 AF5> : (1.56)

where the warp factor & is as given in (1.47) with M¢// and N;ff ! replaced simply by
M and Ny in the ‘MQGP’ limit. Also the dilaton factor is same as given in (1.40).

Locally, the uplift (1.56) can hence be thought of as black M3-brane metric,
which in the UV, can be thought of as black Mb5-branes wrapping a two cycle
homologous to: n15%(01, x10) + n2S?(02, ¢1/2) + m1S (01, 01/9) + m2S?(Ba, 219) for
some large nio,mio € Z [55]. In the large-r limit, the D = 11 space-time is a

warped product of AdSs(R'"® x Ry¢) and Mg(61.2, ¢1.2,%, T10)

M6(91,2,¢172,1/),$10) Ay 51(9510)

s
Ms(d1, p2,9)  — M5(012, P12, )
i} . (1.57)
82(01, 92) <— [O, 1]91
4

[07 1]92
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In the ‘MQGP’ limit we choose to work around a particular values of 6; and 65,

given by,
0591
RNVE

0492

01 ™ N3/10°

02 (1.58)

at which the five dimensional spacetime defined by {t, z1 2.3, 7} decouples from the six
dimensional internal space defined by {6y 2, ¢1 2,9, x11 }. Hence the five dimensional

black M3 brane metric is given as,

B 3
ds? = o~ 44 (—gttdtQ + ggs Y _dz] + gwdﬁ) b (1.59)
=1

where at the above mentioned values of 6; and 65, the metric components and the

dilaton factor are given as,

4

(T4_rh) 395]\/[2 3gst il gst Qg, Oy
= 1 1 w0 i 1 1 2 log
Jit 2 /irg. N + AN + o og r+ 5 + i og N og T
r2 39, M? 395Ny 1 gs Ny Qp, g
= ——= R 1 =L (1 = =1, e Any
JR3 47rgsN{ Ar N { - o7 <og 7“+2>+ "l og(4\/ﬁ>] og T

2/ArgsN [ 6a% +r? 3gsM?> 3gsN 1 <N
gM:r A ﬂg4 ( a2+r2) Ta_ I [14— e (log T+>+g flog(aelagzﬂlogr ,
Tigs 9a2 4 r 47N 2 2 47 4N

and the type ITA dilaton ¢;;4 being the triple T-dual of the type I1B dilaton ®;;p:

1 N N Qg O
—®i1B :*_Jl 6 24 _7fl 61262 d 1.61
3 gs 8w OB 4 o) 2m 0g<4\/ﬁ> ( )

All the calculations that were presented in the subsequent chapters are mostly done

using the above metric.
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1.4 Non-equilibrium physics and Transport coef-

ficients

In this section we will mention in short about some basic idea of non-equilibrium
physics and the procedure to obtain transport coefficients for a fluid medium. In
this thesis we have evaluated different transport coefficients for a strongly coupled
medium. Since any strongly coupled medium behaves almost like a fluid, the fol-
lowing discussion will be useful in order to have a clear understanding on this topic.

It is not possible to realize transport phenomenon of a physical system at equilib-
rium. What is important here is the reaction or the response of the system when it is
perturbed by some external means. Linear response theory - see [60], [61] in the con-
text of application of gauge-gravity duality ideas to hydrodynamics - can determine
the response from the microscopic consideration and it is given in terms of the re-
tarded Green’s function; see [62], [63] and references therein for going beyond linear
order in the context of fluid-gravity correspondence. For a more recent discussion
on non-equilibrium field theory dynamics from gauge/gravity duality, see [64], [65],
and non-conformal hydrodynamics, see [66], [67]. In other words, the change in the
ensemble average of some observable O from it’s value at equilibrium due to an

external source ¢ is given in momentum space as:
5(O(k)) = ~G2(R)B(), (1.62)
with k, = (w, g). The retarded greens function G° (k) is given as:
GSO(k) = i / d'z ¢ 0(1) ([O(t, T), 0(0,0)]) . (1.63)

Here, in the perturbed action of the system the operator O couples with the source
¢. For example, in a charged system the chemical potential p acts as a source and
the response is the charge density p. In a fluid medium the response is given by the

energy-momentum tensor 7*” and it is sourced by the fluctuation in spacetime h,,.
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Hence using (1.63), one can write for the above two example:

0 (p) = —GRrp

5(TM) = —GR*h,.

(1.64)

So linear response theory tells us that to determine the response one has to compute
the retarded Green’s function. But is there any easier way to get the same? The
answer to this is Hydrodynamics. Hydrodynamics is an effective field theory where
instead of the effective action one starts with the equation of motion involving
the conserved quantities. Contrary to the linear response theory, hydrodynamics
is a macroscopic theory. This is because it involves the macroscopic variables of
the system and gives their dynamics in the low momentum and large wavelength
limit. Below we will discuss, in short, how hydrodynamics simplifies the whole
computation by considering a viscous fluid as an example. The hydrodynamics and

transport behaviour of a fluid with homogeneity and isotropy is studied in [68]

For any fluid medium the energy momentum tensor 17" is the macroscopic vari-

able. The corresponding conservation law is:

8T = 0. (1.65)

To close the above equation one needs the Constitutive Fquation. Constitutive
equation express T*” in terms of the temperature 1" and four velocity u* if the fluid.
Moreover, T* can be expanded as a power series in derivatives with respect to
the spatial coordinates. As in a perfect fluid there exist no dissipation, we need to

consider only the zeroth order term which is given as:

T" = (e + P)utu” + Pg"", (1.66)

where, € and P are respectively the energy density and pressure. For a viscous fluid
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one must add derivative corrections. At the next order the correction is given as:
BBy + O — 26,00t ) — €60 1.67
o = —n|oiu; + jUi — 3060k — £0;;0ku”, (1.67)

where, ‘RF’ referred to the rest frame of the fluid motion and in the rest frame the
four velocity is given as: u* = (1,0,0,0). The coefficients n and £ are called the

shear and the bulk viscosity respectively.
o Kubo’s formula for shear viscosity

Kubo’s formula provides a relationship between the transport coefficients and the
retarded Green’s function. Here we will give a sketchy derivation of the Kubo’s
formula for shear viscosity. For a detailed derivation see [69]. Let’s consider a
perturbation of the 4-dimensional spacetime where the field theory live, of the form:
G = gfg) + hy., where ggf,) is the unperturbed background. Now, as discussed
before, the response to this perturbation will be given by the energy-momentum
tensor ¢ (I'"). For shear viscosity, we consider hy, as the only nonzero perturbation.

Generalizing equation (1.66), (1.67) for the curved spacetime and substituting the

perturbation one can easily find the response in the momentum space as,
d (0™ (w,q =0)) = iwnhy,. (1.68)
Comparing the above (1.68) and the second relation in equation (1.62), one gets:

T zy,xy =
= —ilg%)alm G (w,q =0). (1.69)

This is the Kubo’s formula for shear viscosity.

Let’s discuss the implications of the above two results. Equation (1.68) tells us
that the computation of the transport coefficient is enough to know the response.
On the ether hand to get the transport coefficient one requires only the O(w) term
in the retarded greens function (Kubo formula) and not the the full computation as

in the linear response theory. This is the advantage provided by the hydrodynamics.
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However, this is not the end of the story. It turns out that the transport coeffi-
cients can also be obtained from the pole structure of the retarded Green’s function.
To see this let’s take a charged system and consider the diffusion of charges. Here
j* defines the conserved current and p = j¥ is the conserved charge density. Writing

the current as j* = (p, j*), the conservation law is given by:
Oyg* = 0. (1.70)
The constitutive equation in this case is given by the Fick’s law,
j' = —D8'p, (1.71)

where D is called the diffusion constant. Combining equation (1.70) and (1.72), one
get the following equation,

dop — DO2p = 0. (1.72)

To solve the above equation one consider a Fourier transformation in space and
Laplace transform in time with the boundary condition p(t = 0, x) = d(z) to get in

the momentum space, [69]

1

plw,q) =

Hence the information about the diffusion constant D can be obtained from the pole
of p(w, q). But from linear response theory we have seen that in equation (1.62), the
response 0 (p) is proportional to the retarded Green’s function G%. Therefore the
retarded Green’s function must also have the same pole structure. So it is concluded

that the transport coefficient can be calculated in two different ways:

e from the coefficient of O(w) term in retarded Green’s function (Kubo’s for-

mula)

e from the pole of the retarded Green’s function.
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An important point to note here that the Green’s function that we need to consider
in order to get the transport coefficient from Kubo’s formula is different from the

one with the required pole structure.

Similarly, for the viscous fluid it is possible to get the dispersion relations without
considering the spacetime fluctuation and simply considering the linear fluctuations
of the hydrodynamic variables. This is called linearized hydrodynamics. Considering
the perturbations to be along a particular spatial direction, say along x, one can

write:

u' = u'(t, x) P = P, x)k (1.74)

So in the flat spacetime where the gauge theory lives, there will be a SO(2) rotational
symmetry in the y—z plane. Therefore one can decompose the current 7" according

to it’s transformation under SO(2) as:

Tensor mode : TY*, T% = =T
Vector mode : T, T% T** T* (1.75)

Scalar mode : T%, T, T* TY% = T%.

We consider the perturbation to have the form: u’ = e 4%  Substituting this
perturbation in the constitutive equation, and using the conservation law one get
the following dispersion relations for the vector and the scalar mode components of
T as,

n 2

Vector mode: w = —1i
Z(—:+Pq

(1.76)

Scalar mode: w = Fv,q — %Tq2 +O0(¢%),

where v, is the speed of sound and I' is the attenuation constant. In Chapter 3 we

have obtained the corresponding transport coefficients. Hence the only task left is to
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calculate the retarded Green’s function. This retarded Green’s function or the two

point correlation function can be calculated using the AdS/CFT correspondence.

1.4.1 Recipe to find Minkowski Correlators

Following [61] we briefly review the prescription to find the thermal correlator in
Minkowski signature. According to AdS/CFT correspondence, there exists an oper-
ator O in the field theory side dual to a field ¢ defined in the bulk of AdS geometry
such that on the boundary of the anti-de Sitter space ¢ tends to a value ¢, which
acts as a source for the operator 0. We are interested in calculating the retarded

Green’s function G of the operator O in space-times with Minkowski signature.

Our working background (Type I1B or it’s M-theory uplift) can be expressed as

the following 5d metric,
ds® = —gu(u)dt> 4 gun () (sz + dy? + sz) + Guu(u)du?. (1.77)

Here u is the new coordinate defined as u = r,/r so that u = 0 is the boundary and
u = 1 is the horizon of the AdS space. A solution of the linearized field equation for

any field ¢(u,«) choosing ¢* = (w, ¢, 0,0) is given as,

o0.) = [ gz ) on(a (1.78)

where f,(u) is normalized to 1 at the boundary and satisfies the incoming wave

boundary condition at u = 1, and ¢o(q) is determined by,

d'q.

2n) et g0 (q). (1.79)

olu=0,2)= [

If the kinetic term for ¢(u, x) is given by: 3 [ d*zduA(u) (9,¢(z, u))?, then using the

equation of motion for ¢ it is possible to reduce an on-shell action to the surface
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terms as,
d* _
5= [ o= F (@ u)énla)iZh (1.80)
where the function
f(q7 U) - A(u)f:t(I(u)@?Lf:tq(U’)' (181>

Finally, the retarded Green’s function is given by the formula:
GMq) = —2F (g, 1) |u=o- (1.82)
The different retarded Green’s functions are defined as

GRE(a) = =i [ dize= ™m0 e)([T,,,(2), T, (0)]), (1.83)

pv,po

) 2
Wlth <[TMV7TPU]> N (miiasilpn‘ and

GRY () = =i [ d'ze (1) ([, @), J,O)) (1.84)

jn%

with ([J,(x), J,(0)]) ~ M(f%m’ as the energy-momentum tensor 7, (z) and the

current J, () couple respectively to the metric and gauge field.

1.5 Summary

Let us now summarise the rest of the thesis chapter wise below.

In Chapter 2, we first evaluated the DBI action for Ny flavor D7 branes in the
presence of a U(1) gauge field (assuming it to have only a non-zero temporal compo-
nent with only a radial dependence, corresponding to a baryon chemical potential)
by first evaluating in the MQGP limit, the angular integrals exactly and then taking
the UV limit of the (incomplete) elliptic integrals so obtained. Demanding square
integrability of the aforementioned U(1) gauge field and using the Dirichlet bound-

ary condition at an IR cut-off and demanding a mass parameter appearing in the
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solution to be related to the mass of the lightest known vector meson mass, we re-
lated the mass of the lightest vector meson to the IR cut-off. The computation of the
QCD deconfinement transition temperature or equivalently the critical temperature
T, corresponding to the first order Hawking-Page phase transition between a thermal
and a black hole backgrounds, is then carried out from five-dimensional Einstein-
Hilbert and Gibbons-Hawking-York actions with the angular portions decoupling in
the delocalized MQGP limit. It has been shown that:

e it is possible to obtain the QCD deconfinement temperature consistent with
lattice results for Ny equal to three, ensuring at the same time the thermody-

namical stability of the type I1B background;

e the Ouyang embedding parameter required to be dialed in to reproduce T,
is happily exactly what also reproduces the mass scale of the first generation

(light) quarks;
e 7. decreases with increase in Ny in accordance with lattice computations.

Also, using the aforementioned U(1) background, we then looked at both U(1)
and SU(2) (for Ny = 2) gauge fluctuations. By looking at two-point correlation
functions of either the former or the diagonal sector of the latter, we calculated the
DC electrical conductivity and the temperature dependence of the same (above T.),

and found:

e demanding the Einstein relation (ratio of electrical conductivity and charge
susceptibility to equal the diffusion constant) to be satisfied within linear per-
turbation theory, requires a non-trival dependence of the Ouyang embedding

paramter on the horizon radius;

e a prediction that the temperature dependence of the DC electrical conduc-
tivity above T, curiously mimics a one-dimensional Luttinger liquid with an

appropriately tuned interaction parameter.
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Chapter 3 is entirely dedicated to the transport properties of strongly coupled
QGP medium. Due to the ‘MQGP’ limit, the string coupling g, is small but finite
which necessitates the transport coefficients to be evaluated upto NLO in N. Here
we start by considering a linear perturbation of the five dimensional black M3 brane
metric. Based on the spin of different metric perturbations under rotation, the sam
are categorized into Scalar, Vector and Tensor modes. Then we solve the linearized
Einstein’s equations separately with scalar, vector and tensor modes of the metric
perturbations to get respectively the speed of sound (vy), the diffusion constant
(D) and the shear viscosity () (also the shear viscosity to entropy density ratio
1). The Einstein’s equations as obtained for the above mentioned three modes are
coupled and are difficult to solve. Following [6], we construct the gauge invariant
combination of different perturbations (Z; for scalar mode, Z, for vector mode, Z;
for tensor modes) and were able to write down the coupled equations as a single
equation involving the corresponding gauge invariant variable which is then solved
for the quasinormal frequencies with pure incoming wave boundary condition at
the black hole horizon and Dirichlet boundary condition at spacial infinity. For the
metric fluctuations in the sound channel the corresponding quasinormal frequency
is given by w = +v,q — i[';¢* with v, defined as the speed of sound and Iy as the
damping constant of the sound mode. Again for the sound channel the pole of the
correlations of longitudinal momentum density gives the same dispersion relation.
The quasinormal frequency for the vector modes of black brane metric fluctuation
reads w = —iDq?, where D is the shear mode diffusion constant. This dispersion
relation also follows from the pole structure of the correlations of transverse mo-
mentum density. The results for the NLO (in N) corrections of v, D and 7 are
particularly important as they suggest a scale dependance to the above mentioned
quantities and hence leads to a non-conformal nature of the field theory in the IR.

We have also make a comparison of the result for ? with the RHIC data of [70].

In this chapter we also compute the temperature dependance of thermal (electri-

cal) conductivity via Kubo’s formula at finite temperature and finite baryon density
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up to LO in N. For this we turn on simultaneously gauge and vector modes of
metric fluctuations, and evaluate the thermal (k7) and electrical (o) conductivities,
and the Wiedemann-Franz law (7Z). The new insight gained is that for 4 =(Ouyang
embedding parameter)~ 7, o < 0, the temperature dependence of kr,o and the
consequent deviation from the Wiedemann-Franz law, all point to the remarkable
similarity with D = 1 + 1 Luttinger liquid with impurities at ‘%—doping’; for a = %
one is able to reproduce the expected linear large-T variation of DC electrical con-
ductivity for most strongly coupled gauge theories with five-dimensional gravity
duals with a black hole [71].

In Chapter 4 using a large- N top-down holographic dual of thermal QCD, we
obtain the spin 277,17 07, 0~—, 0" glueball spectrum explicitly for QCD3 from
type IIB, type IIA and M theory perspectives. For each of the above computations,
we consider two different scenarios in the background geometry. These different
backgrounds corresponds to two classical solution to the gravitational action. In
one solution there exists a black hole in the background while the other solution
has no notion of black hole and is known as the thermal background, where in the
later case the singularity is removed by an infrared cut-off. An important point to
remember at this stage is that the IR cut-off at r = ry is not put by hand but is
a consequence of the D7 embedding. From a top-down perspective this IR cut-off
will in fact be proportional to two-third power of the Ouyang embedding parameter
obtained from the minimum radial distance (corresponding to the lightest quarks)
requiring one to be at the South Poles in the 6, o coordinates, in the holomorphic
Ouyang embedding of flavor-D7-branes. In the detailed calculation of different
glueball given below, we refer the solution with a black hole as ‘Background with a
black hole” and the solution with a thermal background as ‘Background with an IR
cut-off’. In the spirit of [76], the time direction for both cases will be compact with
fermions obeying anti-periodic boundary conditions along this compact direction,

and hence we will be evaluating three-dimensional glueball masses.



CHAPTER 2

DECONFINEMENT
TEMPERATURE AND HINTS OF A
D=1+1LUTTINGER LIQUID

2.1 Introduction and Motivation

In chapter 1, we have presented a reasonably detailed discussion on AdS/CFT cor-
respondence, but that discussion is valid strictly at zero temperature. However one
interesting generalization of AdS/CFET correspondence is the introduction of tem-
perature. In usual AdS/CFT correspondence, a normalizable mode in string theory
on AdS spacetime corresponds to some states in the dual field theory. For example,
in the absence of any excitations, a vacuum state in the field theory side is dual
to pure AdS in the bulk. So starting with a pure AdSs, as one starts to excite
the normalizable modes then the field theory also goes to an excited state from the
vacuum. One such excited state is the finite temperature or thermal state. Now the

obvious question is: what does this thermal state in the field theory correspond to

45



Chapter 2. Deconfinement Temperature and
46 Hints of a D =1+ 1 Luttinger Liquid

in the gravity picture?
Before answering this question one must note that whatever the solution is in

the gravity side, it has to satisfy the following conditions:

e it has to be asymptotically AdSs,
e it must have the notion of temperature,

e it must have all the symmetries of the thermal system such as translation

symmetry, rotational symmetry.
Now there are two such candidates which follow the above conditions:

1. the thermal AdS background,

2. a black hole in AdS geometry.

Let us talk about the thermal AdS background first. To get the thermal AdS
geometry one needs to go to the Euclidian signature first and then the Euclidian
time is identified periodically with the inverse temperature . The 5-dimensional

thermal AdS metric is given as:

2 3 2

T L
ds* = I <dt?LJ + def) + ﬁdTQ, (2.1)

i=1

with the euclidian time defined as tp = tg + . The above metric tells us that the
measure of the size of the Euclidian time circle is given as 2—22 and hence as r — 0,
i.e., deep into the interior of the AdS space, the size of the circle goes to zero giving
a singular solution.

The other candidate is the AdS-Black Hole solution with the correct symmetry.
More precisely to ensure the translation symmetry the black hole background has
to have a black brane metric or in other words, the black hole must have a planar

horizon. The 5-dimensional ansatz which respects all the symmetries is given by:

2

ds? = = (—f(r)dt2 + idmf) + ;g(r)drj, (2.2)

=1
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where by solving Einstein’s equations the functions, f(r) and g(r) can be obtained
as f(r)=g(r)=1- :—% Here the horizon is at r = 7, and the space at the horizon is
indeed R?, i.e., planar. Again, one must go to the Euclidian signature and introduce
a periodicity in the Euclidian time. The inverse of this period is the temperature of
the black hole. To calculate the temperature one have to impose regularity of the

solution at the horizon 7.

The singularity that arises for the thermal background can be removed by in-
troducing a cut-off in the radial coordinate at r = ry such that the region for which
r < 1o is not accessible any more. In other words the coordinate r never reaches
zero. This is known as the ‘Hard wall’ model. There is also a ‘Soft wall” model where
the cut-off is provided by some particular » dependant dilaton profile and not that
abruptly as in the hard wall model. The background that we are using is not an
AdS geometry in general but asymptotically it is indeed an AdS space as required.
The singularity at » = 0 is fixed by a thermal IR cut-off provided by the Ouyang
embedding parameter p [37] for the flavor D7 brane embedding. More specifically,
the IR cut-off ro in [5] is taken to be related to the embedding parameter p as

|2/3

| = drp, where ¢ is a positive constant and is greater than one. The thermal

metric in our set up is given as:

dsZ; = A(r) (dt2 + 23: dazf) + B(r)dr?, (2.3)

-t
where the components A(r) and B(r) are given as,

—22 9 2
e s 3gs M 39sN¢ ( 1) 9gsNy g, g,
Alr) = ———=1(1— 1 1 — 1 ! 1
(r) \/47TgsN{ AT N [ + 2m 8 T+ 2 i 47 ©8 4v/ N e "
29
e 3 /dmgsN 3gsM2 3.9st ( 1) gst g, ',
— 1 - 1 1 — 1 1 .
2 { 4N + 27 o8 T+ 2 + A 08 4N 8"

B(r) =

r

The metric for the black hole background in our set up is given in Chapter 1 (1.59)
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with the components in (1.60). We rewrite the same black hole background metric
in Euclidian signature here for the convenience of the reader but using a slightly

different notation,

3
dshy = GHd? + GEE_ da? + GMdr?, (2.5)
i=1
where we have defined G{\t" = 6_%91515, Gﬁg — 6_%@@3 and G{};‘ = e_%gw with gy,
grs and g, as given in (1.60).
Using the above one obtains the following expression for the black hole temper-

ature up to O(a?),

- __baE
h= ——————=
47/ G GM
1 39+ M2Nylogry, (- — log N + 12log r, — log 16 4 6)
. o132\ /g, N 6477/2 N3/2
2 1 99,32 M2 Ny log(rs) (gL;;f —log N + 12log ), — log 16 + 6)
e 4%3/2\/9_5\/th ] 12877/2N3/2y), )
(2.6)
where the resolution parameter a is taken to be [5],
< M? M2
a'=ry (b—{—clgN +ngN logrh>, (2.7)

with b, ¢; and ¢, as positive constants.
The domain of integration with respect to the non compact radial direction is
partitioned differently for thermal and black hole backgrounds. Let us discuss this

separately for the two different backgrounds below.

e For the thermal background:

1. r = rg is the thermal IR cut-off; this is the point from where the redial

direction starts,
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2. r = |u|*® = dry is the end point of the IR-UV interpolating region or
this is where the UV region begins,

3. r — oo is the far UV region.
From the above one realizes that:
(a) the region o < r < |u|*? is the IR/IR-UV interpolating region

where we have non zero three form fluxes and also non trivial running

dilaton profile.

(b) the region |u|?* < r < oo is the UV region where the three form

fluxes goes to zero and the dilaton is a constant.

e For the black hole background

1. r = ry, is the horizon and it is the starting point of the radial direction.

2. 7= Rps/p5 = V/3a is taken to be the point where IR-UV interpolating
region ends or the UV region starts,
3. r — oo is again the far UV region.
As for the thermal background:
(a) the region r, < r < Rpy 55 is the IR/IR-UV interpolating region
where we have a running dilaton profile.

(b) the region Ry 55 < r < oo is the UV region where the dilaton is a

constant.
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The dilaton profile for the two backgrounds is given as:

(a)Black hole background :

1 N N g,
-® f 6 2 f 0, o R
‘ _g—grlog(r +a7’)—27rlog<4 \l/]\[2>’r< D5/D5>
e = r> R ps 55

S

(b) Thermal background :

1 3N N 2
e = U oer =L <a91a92> Tl I,ulg,

T 4T 2m T/N
1 2
e == ro ],u]g , (2.8)
Js

In this chapter, using the top-down holographic thermal QCD model of [2], we have
discussed the following QCD-related properties at finite temperature:*

e evaluation of lattice-compatible 7. for the right number and masses of light

quarks,
e demonstrating the thermodynamical stability of [2],

e obtaining the temperature dependence of electrical conductivity o, charge sus-
ceptibility y and hence seeing the constraints which the Einstein’s law (relating
% to the diffusion constant) imposes on the holomorphic Ouyang embedding

of D7-branes into the resolved warped deformed conifold geometry of [2];

A black hole with temperature T can radiate energy due to quantum fluctuations
and become unstable. A black hole is unstable in an asymptotically flat space time
due to its negative specific heat. However stability can be achieved at high tem-
perature in asymptotically AdS black-hole background, while at low temperature
the (thermal) AdS solution is preferred. There exists a first order phase transi-

tion between these two regimes at a temperature 7., known as the Hawking-Page

nteresting work has been done in the context of large N gauge theories at finite temperature
with quarks in electric and magnetic field in [73] [74]
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phase transition [72]. In the dual gauge theory this corresponds to the confine-
ment /deconfinement phase transition. Using the setup as discussed in Chapter 1,
one of the things we do here is to calculate the QCD deconfinement temperature.
This is motivated by the following query. From a holographic dual of thermal QCD,
at a finite baryon chemical potential, is it possible to simultaneously (within the

same holographic dual):

e obtain a 7, compatible with lattice QCD results for the right number of light

quark flavors,
e obtain the mass scale of the light quarks,
e incorporate the right mass of the lightest vector meson,

e obtain a 7, which increases with decrease of N; (as required by lattice com-

putations [75]),
e ensure thermodynamical stability?

Needless to say, if a proposed holographic dual of thermal QCD is able to satisfy
all the above requirements (in addition to the requirements of UV conformality, IR
confinement, etc.), it could be treated as a viable dual. A particularly interesting
issue in this context is the incorporation of Ny D7 branes in the resolved warped
deformed conifold background geometry. The inclusion of quark matter, is achieved
by these D7-brane probes. Now at finite baryon density, as provided by the D7
branes, we show that the confinement/deconfinement phase transition occurs at a
temperature around 175M eV, which is consistent with the lattice QCD result. In
deriving the deconfinement temperature we use the mass m, of the lightest vector
boson as an input which is around 760MeV from lattice QCD results. Also the
consistency of the result demands the number of light flavors N to be equal to 2
or 3 with their masses around 5.6MeV, not far from the actual value of the first

generation quark masses.
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Considering a non-abelian gauge field fluctuations using the gauge-gravity duality
prescription, we obtain the SU(2) EOM for Ny = 2 and investigate the temperature
dependence of the electrical conductivity as well as charge susceptibility along with
the Einstein relation relating their ratio to the diffusion constant, and show that the
Ouyang embedding parameter is required to have a non-trivial dependence on the
horizon radius. Further, we will see that the temperature dependence of electrical
conductivity resembles a one-dimensional Luttinger liquid for.appropriately tuned

Luttinger interaction parameter.

2.2 Baryon Chemical Potential and 7. Consistent
with Lattice Results and First Generation Quark

Masses

In this section we discuss the evaluation of the QCD confinement-deconfinement
transition temperature T, in the presence of a finite baryon chemical potential /charge
density. The evaluation of T, will be mostly influenced by [76], [77]; see [78] for cal-
culations of 7, in large-N gauge theories on spheres. Particularly interesting works
with non-zero chemical potential are the investigation of jet jet quenching of vir-
tual gluons and thermalization of a strongly-coupled plasma via the gauge/gravity
duality as done in [79] [80].

Here is first, an outline of how the calculations in this section will-proceed.

1. For starters, we revisit our calculation of [3] of the baryon chemical potential
generated via D7-brane gauge fields in the background of [2]. The tempo-
ral component of bulk U(1) field on the D7-brane world-volume is related to
chemical potential which is defined in a gauge-invariant manner as follows:
o = ff: drF,;. The field strength’s only non-zero component, F,;, can be
evaluated by solving the Euler-Lagrange equation of motion for DBI Action.

Instead of taking the UV-limit of the DBI action for D7-branes before perform-
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ing the angular 6, 5 integrals therein as was done in [3], we will first perform
the angular integral exactly and then take the UV limit of the resultant (in-

complete) elliptic integrals, in this section.

2. Using the sum of the five-dimensional Einstein-Hilbert and Gibbons-Hawking-
York action and the A;(r) from step 1., the Hawking-Page transition or QCD

deconfinement temperature 7, is obtained.

We will assume iy € R in Ouyang’s embedding: r2e3®—%-92) gin Bsin &2 = |y,
which could be satisfied for ¢ = ¢ + ¢ + 7 and r3 sin 91 sin 2 = |u|. Using the
same, one obtains the following metric for a space-time-filling Wrapped DT7-brane

embedded in the resolved warped deformed conifold:

1 4
d32:'<— (1 T4)dt2+d:p + dyy? +dz>+\/_[

¥ + erMg], (2.9)

=)

where
2| p|? esc? (%2
d./\/l2 = hy |:d¢)2(COS(92) = 1) + dor (2 — ﬁ

2

73 )

ha 1—(1 2“2”@2))2 AE |M|2(3d7‘+d9 cotgjz)f

3
i 3 2(02) _ lul
T (Sm ( = ) o

+ hs cos(¢1 + ¢2)

[ l\)

r3

dBs || (Sdr + df; cot (
||

r3/2\/sm (92) — 5

2
)> — dqf)ldgbg 1— (1 — MCQ(”) Sil’l(eg)

M (3‘" + dfs cot 72)) sin(6y)d¢

2
r3/2\/sm (02) - ‘%

+ ha (hadbs? + des? sin*(62))

+ hs sin(¢1 + ¢2)

r3

2 1 drdes, |1 — (1 ~

2l s ("5))2

(2.10)
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From (1.48), using the Ouyang embedding which implies [3]

dp = doy + deo

d@l = —tan (91> <3dr + cot <92> d92>
2 r 2

one get,

3L B
By, = — > tan 51 (Boyg, + Boyy) drr A depy
T

3 0
— 2tan 51 (Bo, o, + Bo,w) dr A dy
=

0 )
i {B‘QQ(f)l — tan 51 cot 52 (B91¢1 = B91w>1 d@g A\ dgbl

02

0
. {B(‘)Mh — tan 51 cot — (Bgl¢2 + B91¢)] d@g A dgbg

2

Now the D7 brane DBI action is given as,

oy = /de\/det (#*(g + B) + F),

(2.11)

(2.12)

(2.13)

where i*g denoting the pulled-back metric as given in (2.9) and (2.10), and i*B

denoting the pulled-back NS-NS B as given in (2.12).

In the MQGP limit, taking the large-r limit after angular integration in (2.13)

one obtains:

2 2
o0 / 9 5 3 a 1 gsM
SD7N~/7“7"h dr [ |ILL|T4 1_Frt+o<r 7(17h577472) [\/m7 N

) e
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With e ~ gis - % log v in the MQGP limit, one obtains:

9 2
rs (1 B Nflogu)

2111 9s 21
At:TQFl §7§7§’_ : C?
N ( 94/9T (&) T (%) (Cg,)¥/° ) ( 367T (%) Cygs ) ( 1 )
5T (2) (g N, log(r) — 27) ) \r1) (9,15

m/18(g, Ny log(p) — 2m)4/®
(

+ ( L (5) Cgs) ) ( 2i/4)
23T (2) (gsNylog(p) — 27)3 ) \r

Y2 Sale
o W T
ri ra

Now, using (2.15) the chemical potential is given as,

Hc = drFrt
. T'h
‘ 5 11 4/9
N 24/97 (E) Ty (3) (Cygs) LLE 2 1 E _TZ/2(gst log(p) — 277)2
T1/18 (27— g, N; IOg(M))% 92" 9’ 4m2C2%g2
(2.16)
We Choose a quantity v such that:
TA 2 TA 3 2
[ vaa= [P -0 Lo (2.17)
Th Th
for some UV cut-off scale r,, then the following equation,
8 1 2
TP ) (= )t + St =0, (2.18)

can be solved for v as,

s 1 33 2 (24 + 51\/6)
Forge (e -

Utilizing that dimensionally [C] = [r], this implies that one can impose a Dirichlet

boundary condition at the IR cut-off r¢ : Ay(rg) — = 0 where the cut-off ¢ is given
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' Cg,m 23\ /2
57 =4 (10) : (2.20)
ro' (9sNylog p — 2)

9
As e~ L — N8k - () we choose the minus sign in (2.20). Writing C' = m} on

gs 2

dimensional grounds, where m, provides the mass scale of the lightest vector boson,

one obtains:

23\ 29 7y (21 — g Ny 1 43
(2 i s o) o)
10 (9o
If m, = 760 MeV the cut-off ry in units of MeV, from (2.21), is given by:
10 2/9 . 4/9
ry= T60.% <) (9:m) - (2:22)
23/ (2 — gsNylog(|ul))

Our next task would be to establish a relationship between the QCD deconfinement
temperature and ry, incorporating thereby the effects of non-zero baryon chemical
potential and charge density, and in the process working out the dependence of T,

on Nf.

We consider the Einstein-Hilbert (EH) action along with the Gibbons-Hawking

York surface term of the form

1
k2

1
Pz /ge 2 (R —2)) — — / i 20 f¢ 2.9
| davge (R-2) -5 [ daygse (2:23)

K2

W% = -

where gp is the metric at the boundary and K is the extrinsic curvature of the
boundary. Using the two metric corresponding to the thermal background (2.3) and
that of the black hole background (2.5), we first need to calculate the total action
for the same two backgrounds. In the black hole case the periodicity of t is given
as 0 < t < T}, while for thermal background it is not constrained. Now for the
regularity of the action at the boundary for both the solution, we integrate up to
a UV cut-off r = r, but will take the limit of ry — oo at the end. Setting the

Newton’s constant to unity, the regularized action for thermal AdS background is
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given by:

3r} 1 1 .
Vi= . - Arg?(log N2 (|ul3 — 1ot
1 2\/§N5/47T5/4g§3/4 392 (\/57_(_9/49;3/4) {N5/4 ( gs( g ) (|u! 0 )

—g.log N [( — |ul?) {129 Ny log(|ul?) + gaN(3 + 167 log 4) + 167}

8 1
— 12g,Nyro" log <|M(|)3 )} — 167 (|,u\? - 27’h4)) } +0 <7‘AZ) .

(2.24)

Similarly, for the black hole background, for which r € [r,, rx] one obtains:

I 3ra - 9a?ry
'R 9INS/Ar5/4gl3 4 " 4 /I N5 A5 agl3
1 1 2 2 2 4
32\/' T9/4g3/AR2 {N5/4 [6m 9: (log N) < RDs/m)

D5/D5

— 3a%g,log N (Ggst (rﬁ - RDS/D5) log(R ps/53)
(R%}S/DS 2) [gst (R%WE(SW log4 —9) +r;(8mlog4 — 3))

(%)

+ 8 (RD5/D5 + rh>

)+87r (3a (R4D5/D5 ) AR T )

(2.25)
Now, in the ry — oo-limit, realizing:
4
/ _gThermal . A ,
r=r,  AwgsN
4 2,. 2
o AL~ 3a°ry (2.26)
— 8@7?3/4 953/4 N3/4’ ’

one sees that the required counter term required to be added to Vo — V; (required
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later) is

/ K ((J\fﬁgs)l/“\/m - NK/W)

NN (2.27)

Therefore, comparing the UV finite part of the two action we get,

UV —finite
Vi) =

1
32\/§N5/47r9/4g;3/4
— 9a* (gf log N{2mlog N + N;(8mlog4 —9)} + 8mgslog N — 87?) — 18a?g? N;rj log N

(395 log NNy (9a — rh) (2loga + log 3)

+ 4mg2(log N)? (|ul*® = r§) — gslog N [(Té — |ul**) {~8g.Nylog (|ul)
+ gsN;(3 + 167 log4) + 167} — 129, N7y log <| 72/3>] — 167 (’M|8/3 . 27‘%)

— 75 (92 log N{N;(3 — 8rlog4) — 2rlog N} — 8mg,log N + 407r)) . (2.28)

Now assuming R s = V3a (to be justified by 07+ glueball mass calculation via
the WKB quantization method in Chapter 4), |u|3 = dry, equating (V— V3 )UV—finite

to zero one get the following equation:

21 g, 2log N2 {(1 — 964) T 42 (58/3 — 1) T04} — 8 { (1 — 964) il + 258/37'04}
+ 6g2log NNy {(9044 — 1) rilogrh — 2 (58/3 — 1) T logro} = (),
(2.29)

The above equation is solved for ry. The solution of 7y involve a ‘ProductLog’

function and it’s exact expression is rather long. In the large N limit the solution

obt —1 [\V* 1
e (‘2@3 ) ) <logN> (2:30)

Now in the UV limit one can consider a constant dilaton so that b = 0 and due to no

is given as,
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D7 brane in the UV we must have 6 = 0. Also the black hole temperature as given

in (2.6) can be modified as T}, = (%3/;%) so that the transition temperature is

obtained as,

21/47”0
T. = So3ag Ny (2.31)
So, from (2.22) and (3.66), one obtains:
1 46 144167
Ny ~ < u = 9/4> : (2.32)
231og(|ul) \ gs ~ w19/8¢2/8 NO/STS

we choose the plus sign as, in accordance with lattice calculations, T, must decrease

with Ny [75]. In the MQGP limit taking g, = 0.8 in (2.32), one obtains:

7.85398 + 225070
log(|u)

Ny = (2.33)
Hence, for p = 13.7¢, Ny = 3, one obtains the QCD deconfinement temperature
T. = 175—190 MeV, consistent with lattice calculations [81] and the correct number

of light quark flavors.

Now, dimensionally, [;1] = [r?] and using the AdS/CFT dictionary, hence mass
dimensions of 3/2. Curiously, if one set \/m = m§ , one would obtain, in units of
MeV, m, =~ 5.6 - exactly the mass scale of the first generation light quarks. In
the context of quark masses and non-local operators generating the same, at strong

coupling, in the Sakai-Sugimoto model [82] involving D4, D8, DS-branes, see [83)].

The thermodynamical stability conditions are governed by inequalities imposed
on certain thermodynamical quantities such as AS < 0,AF > 0 and AH > 0 (which
measure deviations from equilibrium values implied). Considering that AE(S,V, N)
and ?FE(S,V,N) > 0 and expanding 0*E(S,V, N) around equilibrium values of

- 0 0
(S0, Vo, Vo) leads to three conditions C,, > 0, ﬁ‘Nf <0, J‘ch o 0 for the system

to be in stable thermodynamic equilibrium at constant value of S, V and N [84].
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From (2.16), one sees that for g, = 0.8, Ny = 3, u = 13.7i:

8/@ oS 8,uc 1
—| = ———| =m/4rg,N —| = my/4mwg,N | — < 0;
aT |y, ONg|, O |y \/mg/?(gszvflog<|u|>2w>2 1
472 C2g2

| 420 (31 (3) sl
ON (guINFlog(l)—2m)2 B/18

flr 9 \/_C( 2y )

dg.ry ] 1 _ o (2 1.1, _1®(gsNflog(|ul)=2m)?

gsTh 0g<‘:u|) \/T} W, v Al 2471 (97 2779 4C2%g;22 )

1720242
> 0,
9(gs Ny log(|pl) — 2)
(2.34)

which demonstrates the thermodynamical stability of the type IIB background of [2].

Hence, ensuring thermodynamical stability and with the lightest vector meson
mass as an input, for an appropriate imaginary Ouyang embedding parameter, it
is possible to obtain the QCD deconfinement temperature consistent with lattice
results for the right number of light quark flavors, in the MQGP limit from the type
IIB background of [2] in such a way that the modulus of the Ouyang embedding

parameter gives the correct first generation quark mass scale.

2.3 Ny =2 Gauge Field Fluctuations

Within the framework of linear response theory, the Einstein’s relation according to
which the ratio of the DC electrical conductivity and charge susceptibility yields the
diffusion constant, must be satisfied. The main result of this section is that imposing
the Einstein’s relation requires the Ouyang embedding parameter corresponding to
the holomorphic embedding of Ny D7-branes in the non-extremal resolved warped
deformed conifold, to have a specific dependence on the horizon radius ry.

We first discuss the EOMs and their solutions for non-abelian gauge field fluc-

tuations for Ny = 2 using the formalism of [85] and then calculate the DC electrical
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conductivity and the charge susceptibility. Finally, we comment on the Einstein

relation relating their ratio to the diffusion constant.

Considering a chemical potential with SU(2) flavor structure the general action

S TR / d3¢\/det(g + F) (2.35)

where the group-theoretic factor T, = 1 for SU(2) and the field strength tensor is

is given by:

given as:

B, = o"(20,, A% + fabCAb A°), (2.36)

o are the Pauli matrices and A is given by
A, =84+ A, (2.37)

with the SU(2) background gauge field

Adod = A L (2.38)

Now collecting the induced metric g and the background field tensor F' as another
background tensor G = g + F we get equation of motion for gauge field fluctuation

Af, on D7-brane from the action quadratic in the same gauge fluctuation as in [85]:

6H[M(G””G““ G”"G““)F&,] = \/m Ti A3f“b3(G”tGU’“‘ G”"Gt“)l*:l’j\,,.
(2.39)
This simplifies to yield:

2
— 20,[v/det G(G““ny)(Za A% — 20,[Vdet GGWG(20,A2) + Vet GGWG" ab3A3Lh,Ag]
2mo

= —2vdet GG

Th

fab3nyGtt(28 Ab) —9 /det h A3nyGttfab3fbc3A3 Ac (240)

Now, choosing the momentum four-vector in R as ¢* = (w,q,0,0), and with a
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slight abuse of notation, writing A% (x,u) = [ d*qe™""*"% A% (¢, u), the simplification
of (2.40) and rewriting in terms of the gauge-invariant variables or electric field
components Ef = wAj,a = 1,2,3 as well as a further simplification using X =
E' +iE?)Y = E' —iE?, in the ¢ = 0-limit, their solutions up to linear order in w,
are presented in Appendix A.2.

In the same appendix, for the purpose of evaluation of DC electrical conductivity,

the on-shell action too is worked out. As shown in [85], the on-shell action is given

by:

&mmmwﬂﬂw/&mMaG(GW?W—GWGWyﬁﬁgzﬂ

(2.41)

Working in the gauge A? = 0, in appendix A.2, the following on-shell action’s

integrand is worked out:

4Guqux(GutGut L GuuGtt) 4 /
d t Ea uEa T (Muu aaEa uEa
Vdet G [QQ(Guqux) d| wz(GttGuu B G“tGUt) r(a m) wQG (g a(a a) L =

4
=1
prfa e T D Mg ] ey
.h 3/4 4\/?_,_626%114 fh 3/4 T;;L T;L C2€2¢u4 [elin
17
N%%W@mwwwmn : (2.42)
u—0

where the dots include the flavor anti-symmetric terms.

Defining the longitudinal electric field as F,(g,u) = Eo(q) % (( , the flux factor

as defined in [86] in the zero momentum limit, using (1.81) and (2.42) will hence be
given as:
1
e Wriui  E_y(u)d,Ey(u)

Flq,u) = — ? E(a=0)E(u=0) (2.43)

and the retarded Green’s function for E,, using the prescription of [86], will be

given by: G(q,u) = —2F(q,u). The retarded Green function for A, is w? times
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above expression and for ¢ = 0, it gives

_ 1 70, E,(u)
Grw = 2¢ W fus = . (2.44)
" Eq(u) w=0
The spectral functions in zero momentum limit will be given as:
: oE.
Xpw(w,q = 0) = —2ImG,,.(w,0) = e~ iIm {ulq(u)] : (2.45)
F, (U) u=0
The DC conductivity is given by the following expression [87], [86]:
3,7 E'(u)
X, = rautIm (S
P i e Gl 5 (= >>. (2.46)
w—0 w u—0,w—0 w
The final result for the DC conductivity o is given as under:
1 i 3 0 €170
’f’ﬁc\ Ca (TG(_)401+I62>_C3T 1 30
_Th A 2.47
. WTm( NPT | (247

Interestingly, this mimics a one-dimensional interacting system - Luttinger liquid -

on a lattice for appropriately tuned Luttinger parameter [88].

Another physically relevant quantity is the charge susceptibility y, which is ther-
modynamically defined as response of the charge density to the change in chemical

potential, is given by the following expression [89]:

ong
Xo=-m=l 2.48
S (2.48)
where n, = 5?55’ , and the chemical potential yg is defined as uc = [ 7 F4dr. The
charge density will be given as:
9
0.5 F, ri
ng = DBI 0/ 1] (2.49)

0F ~ /1_Fr2t’

2We wishe to thank S. Mukerjee for pointing out this fact as well as [88].
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and using (2.48), one gets the following charge susceptibility:

1 e dF, 00 2
—:/ dr 1t:/ dr = 3
X Th d?’Lq Th 2
T
(%—fologlul)
CQ
N 2
1 15 23 (&-3Ltoehl)
= 4147, % oF - & g A 7/
Th 241 2’18,18’ Th9/2

N

A5 /prp/t Y NLE
(é*ﬁlOgWO

C2
N
C? 5 123 (g5 2floglul
4T~ 5— 5”2 | oF 1*8,2;18§_(g' 29/2 )
(; = ’ﬁf log |M|) Th

4 1
= 5 +Q ( 23) : (2.50)
5¢/|u| (4mg N )= TS5/ (gsN)®

Hence, the charge susceptibility is given by:

5
X ~ y/lul (gsN)8 T4, (2.51)

Given that one is in the regime of linear response theory, one expects the Einstein’s

relation: € =D ~ %, to hold?. However, a naive application yields < ~ & —-1 L

X X ez \flulgeN T

One expects the Ouyang embedding parameter to be related to the deformation pa-

rameter if there were supersymmetry. In the MQGP limit, there is approximate
supersymmetry. The resolution parameter possesses an r,-dependence. If one as-
sumes that |p| ~ % (in o/ = 1-units), then the Einstein’s relation is preserved.
The fact that the Ouyang embedding parameter turns out to be dependent on
the horizon radius is reminiscent of the fact that the resolution parameter too turns
out to be dependent on the horizon radius [51], and serves as an important constraint

while studying Ouyang embeddings. Further, the 1+1-dimensional subspace singled

out in the plane wave basis of the Fourier modes of the gauge field fluctuations,

3We would like to thank V.B.Shenoy and S. Mukerjee for clarifications on this point.
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via the evaluation of the electrical conductivity, provides an important prediction
that the theory mimicks a 1+1-dimensional Luttinger liquid for appropriately tuned

interaction parameter.

2.4 Significance of Results Obtained

Systems like QGP are expected to be strongly coupled. In fact, apart from having
a large t’Hooft coupling, it is believed that the same must also be characterized
by finite gauge coupling. It is hence important to have a framework in the spirit
of gauge-gravity duality, to be able to address this regime in string theory. Finite
gauge coupling would under this duality translate to finite string coupling hence

necessitating addressing the same from M theory perspective.

e Being able to reproduce the confinement-deconfinement temperature compati-
ble with lattice results, serves as a non-trivial check for a proposed holographic
dual of large- N thermal QCD. In this respect, this result is very significant as it
is able to successfully incorporate in a self-consistent way, a lattice-compatible
T, for the right number of light quark flavors and light quark masses, ther-
modynamical stability, the right lightest vector mass for the number of quark
colors NN, given in in the IR (relevant to a low value of T,.) by M which can
be tuned to equal 3 (as one ends up with an SUN (M) gauge theory at finite
temperature in the IR at the end of the Seiberg duality cascade).

e Given that one is working within linear perturbation/response theory, one ex-
pects the Einstein relation relating the ratio of the DC electrical conductivity
and charge susceptibility to the diffusion constant, to hold. This necessi-
tates taking the Ouyang embedding parameter, analogous to the resolution
parameter [51], to be dependent on the horizon radius with a specific form of

dependence.

e The temperature dependence at temperatures above T, i.e., the deconfined
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phase curiously mimics a one-dimensional Luttinger liquid for a specific choice
of the Luttinger parameter. The one-dimensional identification could be due
to the (t,z) singled out in the plane-wave basis of the Fourier modes of the

gauge field fluctuations upon the choice of the dual ¢* = (w, ¢,0,0).



CHAPTER 3

SPEED OF SOUND, DIFFUSION
COEFFICIENT, {,
WIEDEMANN-FRANZ LAW AND
D=1+1LUTTINGER LIQUID

3.1 Introduction

QCD has an interesting phase structure. The phase diagram of QCD indicates a
confining phase at low temperature, while beyond some temperature, T' > T, where
T, is the only scale that we have here, it is a non-confining theory. It possesses a
phase transition from confining phase to a deconfined plasma phase at T' = T,. At
sufficiently high temperatures i.e., at 7' > T, 't Hooft coupling is much less than
unity and hence the theory is weakly coupled. However, the plasma as obtained
in RHIC experiment at temperature which is about 27, is not weak enough. In

particular, to explore the physics of QCD at temperature close to 7., we have to

67
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take a look at the strongly coupled regime where the 't Hooft coupling is around
unity. This is called the strongly coupled plasma phase of QCD and the medium is
referred as the ‘sQGP’; see [90].

Due to the strong nature of the coupling, the perturbative method is not quite
applicable in this case. In lattice gauge theory using numerical simulations the
equilibrium properties of the strongly coupled hot QCD can be explored. But inter-
esting non-equilibrium properties such as hydrodynamic behavior or the real time
dynamics cannot be seen from the equilibrium correlation functions. So the lack of
non-perturbative methods to study hot QCD, forces us to look for either a different
theory /model or a different limit of a known theory/model. At finite temperature
the equilibrium or non-equilibrium properties of the Fuclidean theory are studied
requiring time to have periodicity g ~ % Thus, at non-zero temperature, the Eu-
clidean space-time looks like a cylinder with the topology R? x S'. The AdS/CFT
correspondence tells us that at 7' = 0 the 4d SYM theory defined on R* is dual to
string theory on 5d AdS space with R* as the boundary of the same. So at zero
temperature we can think of the field theory as living on the boundary of AdS space.
However, the prime interest is to investigate the finite temperature aspects of the
dual field theory from the physics of supergravity. Hence at finite temperatures, the
space-time of the gravitational description somehow has to be changed such that
one gets a geometry of the boundary which is equivalent to R* x S and not R*. In
other words one needs to find some bulk geometry which has a boundary with the
topology R? x S'. One possible answer is the AdS-BH space-time with the following

metric sometimes called black-brane metric given as:
ds* = a(r) (—g(r)dt2 + d:c2) + b(r)dr? (3.1)

with Minkowskian signature. Here 7 is the radial coordinate and g(r), dependent
on the horizon radius ry, is a ‘black-hole function’ By construction, the time coor-

dinate is defined to be periodic with period g which is inverse of temperature and
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is related to the horizon radius rj,. Now, in the Klebanov-Strasslar model where the
temperature is turned on in the field theory side is effected by introducing a black
hole in the dual geometry. Interestingly the KS background with a black hole has
the geometry equivalent to the AdS-BH spacetime in the large r limit. Moreover, the
embedding of D7-branes in KS model via the holomorphic Ouyang embedding [37]
and finally the M-theory uplift of the whole set up keeps the background geometry
as required provided we consider some limiting values of the parameters in the the-
ory. The details about this, based on [2], [37], has already discussed in Chapter
1.

Most of the large- N holographic models cater to the large 't Hooft-coupling limit
while keeping the gauge coupling vanishingly small. However, in systems such as
sQGP, it is believed that not only should the 't Hooft coupling be large, but even the
gauge/string coupling should also be finite [1]. A finite gauge coupling would imply a
finite string coupling which necessitates addressing the limit from an M-theory point
of view. In the context of top-down holographic models of large-N thermal QCD
at finite gauge coupling, in this chapter we evaluate the non-conformal corrections
to some transport coefficients such as the shear viscosity n (as well as the shear-
viscosity-entropy-density ratio 1), diffusion constant D and the speed of sound v.
These non-conformal corrections at finite gauge coupling are particularly relevant
in the IR and in fact also encode the scale-dependence of aforementioned physical
quantities, and hence are extremely important to be determined for making direct
contact with sQGP. The main non-trivial insight gained via such computations is
the realization that at NLO in N there is a partial universality in these corrections
determined by N; and M apart from N. Also using the type IIB gravity dual
at leading order in N, we reproduce the expected linear large-T" variation of DC
electrical conductivity characteristic of most strongly coupled gauge theories with

five-dimensional gravity duals with a black hole [71].

Analogous to [30], the non-conformality in [2] is introduced via M number of

fractional D3-branes, the latter appearing explicitly in By, H3 and after construction
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of a delocalized SYZ type ITA mirror (resulting in mixing of By with the metric
components after taking a triple T-dual of [2]) as well as its local M-theory uplift, also
in the metric. In the context of a (local) M-theory uplift of a top-down holographic
thermal QCD dual such as that of [2] at finite gauge coupling, we estimate for the
first time, the non-conformal corrections appearing at the NLO in N to the speed
of sound vy, shear mode diffusion constant D, the shear viscosity 7 and the shear
viscosity - entropy density ratio 2. The main new insight gained by this set of
results is that the non-conformal corrections in all the aforementioned quantities
are found to display a partial universality in the sense that at the NLO in N the
same are always determined by ((‘%MQ])VM), Ny being the number of flavor D7-
branes. Thus, we see that the same are determined by the product of the very small
% < 1 - part of the MQGP limit (1.51) - and the finite gsN; ~ O(1) (also part
of (1.51)). Of course, the leading order conformal contributions though at vanishing
string coupling and large t’Hooft coupling were (in)directly known in the literature.
It is interesting to see the conformal limit of our results at finite gs obtained by
turning off of M - which encodes the non-conformal contributions - reduce to the

known conformal results for vanishing g;.

Now, in Chapter 1 we have seen that the response of a physical system to an
external source is given by the retarded Green’s function as per the linear response
theory. Although hydrodynamics tells us that it is enough to compute the trans-
port coefficients to know the response. Also there are two different ways to get
the transport coefficients. First, from the coefficient of O(w) term in the retarded
greens function (Kubo formula) and second, from the pole of the retarded greens
function. So it is not necessary to calculate the full retarded greens function but an
appropriate part of it does the job. This is precisely done by the AdS/CFT corre-
spondence using the dual gravitational background. Another way of getting the pole
of retarded greens function is to solve for the quasinormal modes of the bulk gravity
fields. Quasinormal modes are defined for a non-conservative system with the same

analogy as the usual normal modes. The frequency of the quasinormal modes are
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complex valued and the dissipation is given by it’s imaginary part. To get the quasi-
normal frequency we must solve for the linearized fluctuations around an uniform
black brane with the boundary condition which is normalizable at the spatial infinity
and purely incoming at the horizon. It was shown in [91] that the quasinormal fre-
quency associated with the quasinormal modes defined above in an asymptotically
AdS spacetime exactly matches with the pole of the two point correlation function
involving operators in the field theory dual to different metric perturbations. Hence
evaluating the quasinormal frequency w as a function of the special momentum ¢,
gives the thermodynamic and hydrodynamic behavior of the plasma. Interestingly,
though not addressed in this thesis, but in the context of holographic thermoelec-
tric, piezoelectric and flexoelectric behaviors, response coefficients of charged black

branes/holes, exhibiting the same, was discussed in [92], [93].

3.1.1 Perturbations of the background and the gauge invari-

ant combinations
We consider a small linear fluctuation of the background metric of (1.77) as:
G = G + Py (3.2)

where gfw denotes the background metric. The inverse metric is defined as(up to

second order in perturbation)
g = g — R RH R (3.3)

Assuming the momenta to be along the z-direction, the metric fluctuations can be

written as the following fourier decomposed form:

54(] —iwt+igx
by (z,t,u) = /(27r)46 R (g, w, ). (3.4)
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We will work in the gauges where h,,, is zero for all 4 including u. Based on the
the spin of different metric perturbations under SO(2) rotation in (y, z) plane, the

same can be classified into three types as follows:
(i) vector modes: hgy, by # 0 or hy,, hyy # 0, with all other h,,, = 0.
(i) Scalar modes: hyy = hyy = hy, = hy # 0, by # 0, with all other hy,, = 0.
(iii) Tensor modes: h,. # 0, with all other h,, = 0.

The EOMs for the scalar and vector type metric perturbations are all coupled to each
other and hence they are not easy to solve. However following [6] one can construct
a particular combination of different perturbations which is gauge invariant and all
the coupled EOMs can be replaced by a single equation involving the gauge invariant
variable. This combination which is invariant under diffeomorphisms: h,, — h, —

V&) is given as [6]:

Scalar type : Z, = —q¢*(1 — u*) Hy + 2wqHy, + w? Hy,
gm(_4u3> w? ) (3.5)

21— uH (1 L H
PRI\ Y Ty (L)) e

Vector type : Z, = qH;, + wHy, (3.6)

Tensor type : Z; = H,,, (3.7)

where Hy = —g"hy, Hyw = 9% haw, Hyy = §%hyy, Hyr = g% hat, Hey = ¢ hay
and the prime denotes the derivative with respect to u. The two second order
differential equations corresponding to the EOMs of Z,,, Z, and Z; are solved and the
required quasinormal modes are obtained by imposing Dirichlet boundary conditions

at u =0 [6].
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3.2 Scalar Metric Perturbation Modes and Speed
of Sound in MQGP Limit

In this section, by considering scalar modes of metric perturbations, we will evaluate
the speed of sound, first up to leading order in N four ways: (i) (subsection 3.2.1.1)
the poles appearing in the common denominator of the solutions to the individual
scalar modes of metric perturbations (the pure gauge solutions and the incoming-
wave solutions); (ii) (subsection 3.2.1.1) the poles appearing in the coefficient of
the asymptotic value of the square of the time-time component of the scalar metric
perturbation in the on-shell surface action; (iii) (subsection 3.2.2.1) the dispersion
relation obtained via a Dirichlet boundary condition imposed on an appropriate
single gauge-invariant metric perturbation - using the prescription of [6] - at the
asymptotic boundary; (iv) (subsection 3.2.2.2) the poles appearing in the coefficient
of the asymptotic value of the square of the time-time component of the scalar metric
perturbation in the on-shell surface action written out in terms of the same single
gauge-invariant metric perturbation. The third approach is then extended to include
the non-conformal corrections to the metric and obtain an estimate of the corrections

to vs up to NLO in N.

Using the black Mj brane metric, up to leading order in N and considering
the non-zero scalar modes of metric perturbations, we get a set of seven differen-
tial equations from the Einstein’s equation. Defining the dimensionless energy and

momentum,

wy = —, 4= —, (3.8)
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the set of seven equations are given as:

1 6 1 2
H££+<—+5>H£t+H;’+<—+1>H;=07
U g u g
2/ 3 1( 2 2 :
Hiy+ = <— + 1) o+ (‘ " 1) Hy = Hu S H 4 285 =,
U g U g g g g
3 2 2 2 : 4q3 20w34;
H] — —Hj — — (1 iy ) H g q‘gHtt + C%Hs = ﬁHyy + %H“ =0,
U U g g g g g
Vol H 1 4 ]
gt 2t Zs S 2 ) 4+ = (02— gg?) H,, = 0
3 2q3ws
Halslt_;Hg/ct"‘kHyy:O’

qs3 (_gHét -+ 2U3Htt) TN 2(]3gH7//y + ng;t = 0,

W3 (gH; + 2u3HS) + g3 (gH:’ct . 4u3th) =) (3.9)

2/3 272 2/3 272 2/3 272
where[re define H,, b (gs u2L ) o T (9“) e N7,y (gs vL ) Py,

2 2
"hd h "h9

and H; = H,,+2H,,. The above system of equations can be reduced to the following
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linearly independent set of four equations

, 3w3 — 2q3u 2u (qg‘ (1—ut)® —w} (—2ud 4 6u? + w3)>
Hag 4_3 i 2 4 yy
q3 (u* — ) g5 (u* = 3) (1 —u )
uws (g3 (u — 1) 4 2u® — 6u® — 3)H N 2uw3 (¢3% (u* — 1) 4 2u® — 6u? — w3?)
@3 (1 —u')’ (u' —3) 5 a3 (1 — ')’ (u' = 3) !
2 4 1 9 (0] = 6 2 N2
i u (g3 (u )+ 2u U w3)Htt
(u* = 3)(u* —1)
, g3 =3) +3wi o, uwi(g3% (ut — 1) = 2u® + 6u® + wi)
Hy, = 4_ Hy + 2 21 Hy,
2q3 (u* = 3) g5 (1 —u*)” (u* =3)
uw? (—2u® + 6u? + w?) wws (—2ub +6u2 + w?) L
23 (1~ (ut=3) 7 (1wt -3) "
u (g3 (u? 1)+2u6—6u2—w§)
Htt
(u* = 3) (ut —1)
;o3 (ut—1)ws 2uw3(q3(u — 1) = 2u® + 6u? + w?)
£ 4 4 Hy,
g3 (u* — 3) gs (u* — 3) (u* — 1)
_ uwsz (=2u° + 6u® + wi) ali 2u (2u® — 6u® — w3) i,
g3 (u* = 3) (u* — 1) (ut = 3) (ut —1)
ugsws
| Tl
Y — ud + 2ut + 9 ,_2(q§(u4+1)+2w§)H
Bu(ut=3)(ut=1)"" (ut = 3) (ut—1) %
2w3 4q3w3 2¢3
. Hyp — Hy — Hy. 3.10
(ut —3) (ut —1) Wi—3)@Wi—1) " wt—3" (3.10)

To solve the system of equation (3.10) we look for the behavior of the solution near

u = 1. Hence for time being we reconsider equation (3.9) and write them as the
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following system of six first order differential equations

1
Hjy = —Fy
1 U3 3
!
H, = _%th + ?Htt + 2Q3ngt
2u3 4qsu’
g wsyg 3
H;f — Lt
3 2q:
Py = —Py s Hy,
g
2(ut —2 ut 41 2u? + 2u8+ w3 2
Py = - ¢ 7)Ptt+Q§Htt—q3( )Pmt_ 3(Hs+q3Hx>.
Uws g w3
(3.11)
In matrix form the above equation can be written as
X' =AwX (3.12)

where A is a 6 x 6 matrix and is singular for all values of u. Equation (3.12) can
be solved by substituting the ansatz X = (1 — u)"F(u) into the same, where the
exponent r can be evaluated from the eigenvalues of the matrix (1 — u)A(u) near
u = 1. They are given by.r; = ry = 0,r3 = —=1/2,r4 = iw3 /4,15 = —iws/4 and re.=
1/2. Two of the eigenvalues namely r = Fiws/4 represent the incoming/outgiong

wave.

3.2.1 The Longer Route up to Leading Order in N - Via
Solutions of EOMs

In this subsection, we describe the evaluation of v,, first from the solutions to the
EOMs for the scalar metric perturbation modes and then from two-point correlation
function of energy momentum tensor: (7;7;;). We limit ourselves, in this subsection,

to the leading order in N.
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3.2.1.1 From the Pole Structure of Solutions to H,,(u)

Based on [94], we give below a discussion on three gauge transformations that pre-
serve hy, = 0, for the black M3-brane metric. This is then utilized to obtain solu-
tions to the scalar metric perturbation modes’ equations of motion (3.9) near u =0
and thereafter the speed of sound. We verify the result for the speed of sound by
also calculating the same from an two-point energy-momentum correlation function.

Demanding that infinitesimal diffeomorphism which is given as:

Tt = gt 4 H

(3.13)
v — Guv — V(,ugu)a
preserves the gauge condition h,, = 0 implies imposing [94]:
Oubu) = 21,6 = 0, (3.14)

wherein 1, is calculated w.r.t. g, = g/(ﬁ/) + hyy. There are three residual gauge

transformations under which the system of differential equations (3.9) remains in-

variant. They are given in (B.27), (B.29) and (B.30).

2

Choosing C',, C‘Lu : (Cu, Ci””) gfi = 1, the non-zero pure gauge solutions gauge

equivalent to H,, = 0 (Hy, = 0,£, = 0), near u = 0, are given by:

H{(0) = ~2¢5

T

Ha(c?(o) = w3

HI(0) = 2wy (3.15)

Hg(cgl)(o) =4qs3

HIM(0) =2

xrx



Chapter 3. Speed of Sound, Diffusion Coefficient, %
78 Wiedemann-Franz law and D =1+ 1 Luttinger Liquid

Writing H%¢(u) as the incoming solution to the differential equations, the general

solution can be written as the following form,
Hap(u) = aHS (w) + bHG (w) + cHG™ () + dHES (u). (3.16)

To determine H(u), we Solve (3.9) near the horizon w = 1 (this enables solving

the fourth, fifth and sixth equations of (3.9) independent of the first, second, third

and seventh equations), where we have already shown that the same is a regular

singular point with exponent of the indicial equation corresponding to the incoming
iwg

solution given by —%3 implying that H%(u) = (1 — u)~ 1 Hg(u). Making double

perturbative ansatze:

Z ZH u)q3 ws, (3.17)

m=0n=0

one obtains near u=0 the solutions given in (B.37).

Upon using Hy(0) = HY, H,,(0) = HY, H,(0) = H® and solving for a, b, c and
d, the following is the common denominator:

2
Qws, g3) = % + a(l 0)(] + Cl(Qf)qg) + 04(1 g 2 <— + 021 o 9(]%;})63) q3ws

vy

(0122>+02yy 4 4232,;)) W2, (3.18)

where a; m ) Cé;"y” ,a,b = 1,2 are constants appearing in the solutions to Hé?”) (u)

in (B.37). Now, (3.18) can be solved for ws and the solution is given in (B.32) in
appendix B.4.

Assuming (%0 < 1, |220yly)| > 1(2‘250’;13 €ER): aé%o)ZgO’;; < Lal? = —|alL0],

consistent with the constraints such as (B.38) and (B.32) of appendix B.4, implies
the roots (B.33) and (B.35) as given in appendix B.4. In the same appendix, it is
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shown that:

(00)5(0,1)
wy ~Eqz3 |1+ zyyiu"g = tv,qs3. (3.19)
(1,0)
2 (ayy )

(00) ( (0,1)
One can show that one can consistently choose ——~— 2 = % —1 to yield vy = %
2 (ai,ly’o)) 3 3

3.2.1.2 Via Two-Point Correlation Function (7;,7;;) using ON-Shell Ac-
tion and LO EOM’s Solutions

We will now concentrate on the evaluation of the two-point correlation function
(T Ty;) from the on-shell action. On-shellness dictates that: R(®) = %A under the
metric perturbation given in (3.2). The pure gravitational part of the 5d action along
with the Gibbons-Hawking York surface term [95] and a counter term (required to

regularize the action) is given by (without worrying about the overall constant term):

L /01 du/d4:c\/—_g(R _2A)+ /d4x\/—_gB 2K + a/d4:c\/—_g3 (3.20)

where A is a cosmological constant term and is given as: A\ = —6952/ N g is the
pull-back metric on the boundary of AdS space and K is the extrinsic curvature. We
choose a = —QELB to make the action in equation (3.20) finite. On-shell, the bilinear
part of the above action, in the limit g3 — 0, w3 — 0, reduces to the following surface

term:

1
S~ / Jh [4 (H;i + 8H2, + 2H o Hyy + AH,y Hy + AH . H,y — H;E)

/
1
_ 2763 (Hazr:t + ij + HmmHtt + HyyHtt + QH:ExHyy) ] . (321)
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The equations of motion imply that Hj,(u = 0) = Hl(u = 0) = H.,(u = 0) =

H, (u=0)=0, and we will further assume that

Hyy(u =0) _ —Byt  —Bya Hy(u =0) . (3.22)

HS(U = 0) _5st _/BSI Hﬂﬁfr(“ — O)

So, the relevant two-point correlation function involving Ty will require finding out
the coefficient of (Ht(to))2 upon substitution of (B.27) - (B.31) and (B.37) along with
the values of a,b,¢,d with the common denominator Q(ws,gs) of (3.18)." As the
generic form of this two-point_function in the hydrodynamical limit [96] : w3 —
0,g3 = 0: % = o = constant - is expected to be of the form: ﬁ, we isolate

these terms and work up to leading order in Zg;’;). We find from (3.21) the following
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coefficients of (Ht(to ))2 coming from the H2-like terms and H H'-like terms:

2'201

H? terms : _Wzyzl) {044 ( s2t + Bst(Q - 86yt) + 12551; - 1) - 326@/15(7"51# - 2)
—a? ( %+ Ba(5683, + 2) + 1257, — 1)} ;

(HH’)O(UO) B iQQZg;yﬁyt )

o i {02((8 +m)Ba = 2((r — 6)B, + 1))

+(16 + 7) Bt — 128y + 7By + 14y, — 2 — 22}

(HH/)O(U) 1 )

e | e | e | e (B e~ (7 2006 +2)

— 2028+ By — 2) + By (7 — 24) B + (=20 — 37+ 72) By — 27 + 6)) };

(HH/)O(’U,2)
u3

- _—D{iazxgzl/yﬂyt (2@2((7 —24)B4 +108,,)

U=e¢

— (7 = 36)a(2Bu+ 7wy — 2) + 2 ((m = 24) B + (—10.— 247 +7%) B, — 27 + 48)) };

HH)°™ jy0L
LF mo<-1>{5 (2455 + (8 — 27 = 2)B,0) + (2 — 7))

+ 20 (6082 + Bur(6(15m — 8)8, — 200) = 5 ((m — 11)mwp% +1(22 — 4m)By, + 4))
+ 0 (2B.4((38 + 35m)B,: — 60) + m(70r — 233)8%, + (466 — 280) 3, + 280)

400455;/15(25315 + mly — 2) + 4004353;:5(2551: + By =2) + 128y (1 By = 2)}

(3.23)

From (3.23), we see that for 5, = 0,5y = 1, the first line in (3.21) yields a con-

2
tribution: 204228;11‘3—( L ) and from the second line in (3.21), there is no required
wB_vqu
0,1,2 3
. . HH' O(u>%) HH' O(u”) . . 2
contribution from % and % terms yield: %9l —% .
u U Yy (wgivqu)
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3.2.2 The Shorter Route - Use of Gauge-Invariant Variable

In this subsection, we carry on the same calculation as we did in the last subsection
for the speed of sound up to leading order in N via a different approach. This
time following [6], we first obtain the EOM for appropriate gauge-invariant variable
corresponding to the non zero scalar modes of metric perturbations as defined in
(3.5) and then compute the quasinormal modes, hence the speed of sound vs by
solving that EOM in the hydrodynamic approximation. we have also calculate the
two point correlation function of energy momentum tensor using the above solution
for the gauge invariant variable. Latter following the same approach we compute
the next to leading order correction to speed of sound by using the M-theory metric

as given in (1.59) and (1.60).

3.2.2.1 From the solution of Gauge Invariant Variable up to Leading
Order in N

Going back to (3.10) we see that the four linearly independent equations using the

following gauge invariant combination of perturbations namely,
I 2 2 (. 4 2 2 4
Zs(u) = 2qaws Hyy + w3 Hyp + Hy,y [qg (u + 1) — w3} —q; (1 —u ) Hy, (3.24)

can be written as a single second order differential equation involving Z,(u):

g3 (Tw® —8u' +9) = 3 (u' +3) ng’(u)
u(ut—1)(q3 (u* = 3) +3w3) —°
g3 (u® — 4u* 4+ 3) + 243 (8u'® — 8ub + 2utw? — 3w2) + 3w§Z

(1 —ut)? (g (u! — 3) + 3u3)

ZJ(u)

(u) = 0. (3.25)

The above equation can be solve by considering an ansatz Zs(u) = (1 — u)"F(u)
where F'(u) is regular near the horizon u = 1. We have already obtained the value
of exponent r at the end of section 5 and it is given by i—i“’f. we choose the negative
sign here as it represents an incoming wave. The evaluation of the function F(u)

can be done perturbatively using hydrodynamic approximation, given as: ws < 1,
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g3 < 1. For analytic solution the momentum has to be light-like, means w3 and g3
would be of the same order. Hence we can rescale ws and g3 by a same parameter
A as: w3 — A\ws, g3 — Ags and expand equation (3.25) to first order in A, where the
limit A < 1 ensure that we are working in the hydrodynamic regime. We choose

the following series expansion of F'(u) for small frequency and momentum as:
F(u) = Fy(u) +wsFy (u) + O(w3, 63, wsqs). (3.26)

Plugging in the equation (3.26) into the equation (3.25) one can get an equation

involving Fy(u) only:

u <u4 - 1) (qg (u4 - 3) - 3w§) F + (qg (—7u8 8yt — 9) +3 (u4 + 3) wi) F}

+16¢5u" Fy = 0.

(3.27)
A solution to the above equation is given by,
c1 (g3 (u* +1) — 3uwi)
F = 3.28
2¢2 —3w?
% ca (g5 (ut +1) — 3w3) (—m — 1 log (u* — 1))
17¢3 — 3w}

For the regularity of Fj(u) near the horizon u = 1, we choose the constant ¢y to
be equal to zero. Using this solution for Fy(u), another equation for Fj(u) can be

found from (3.25),

u (u4 — 1) {17q§ <u4 — 3) — 3q3w;3 <u4 — 2()) - 9w§} F/
+ {—17q§1 (7u8 — 8u't + 9) + 3q3w;3 (7u8 + 9ut + 60) — 9w (u4 + 3)} F

+16u"q3 (17¢3 — 3w}) Fi + 16iu’3 (23 — 3w3) c1 = 0. (3.29)
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A general solution is given as:

i (2¢5 —3w3) | e (g (vt +1) — 3w3?)

Fi(u) =
() 172 — 3w3 1742 — 3w3
2¢2 —3w3
. cs (g3 (u' +1) — 3w3) (‘MW — 1 log (u* — 1)) (3.30)
17¢3 — 3w3 '

Again demanding the regularity of the above solution near the horizon, we put c3 to
zero. Also imposing a boundary condition Fy(u = 1) = 0, we determine the constant

2 to be equal to ic;. With this the final expression of Z4(u) is given as:

@ (ut+1) —3w?  digiws (1 — u4)> (331)

Zs = e 4\ —iws /4 i,
U = ) ( 172 — 3072 17¢2 — 3w?

Imposing the Dirichlet boundary condition Z(u = 0) = 0 we get the quasinormal

frequency,

2
wy=t—s— 210 (3.32)

w=+—— —. (3.33)
Comparing this with the dispersion relation corresponding to the sound wave mode,
w = +qu, — ilsq° (3.34)

where v is the speed of sound and I'; is the attenuation constant, we get their exact

values.
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3.2.2.2 Via Two-Point Correlation Function (T,7y0)- Using the Solution

of EOM involving Gauge Invariant Variable

The relevant part of the bilinear surface term of the full action (3.20) as given in

(3.21) can be rewritten in terms of the gauge invariant variable Zs(u) as:

) dwd
86(2) = lim QQA(U-]S? qs, U)Z;(U, q)ZS (U, _Q) (335>

u—0 Q7

Using the equations of motion (3.10) along with (3.21), we find the function A(ws, g3, u)

as.

3
u? (g3 (ut = 3) + 3w3)°

A(ws, q3,u) = (3.36)

For the computation of two point function we need the solution of equation (3.25)
as given in equation (3.31), where the constant ¢; is determined by the boundary

condition
Zo(u=0) = —H{q3 + 2HYqsws + HY,w3 + HY, (5 —w3) , (3.37)

where we define Hy,(u = 0) = HY,. Now putting the above expression of A(ws, g3, u)
and the solution Z¢(u) back in equation (3.35) one get the two point correlator Gy 4

as:

528
SHY (k)SHY (—k)
8q°

=z @ 302 (- w2)2 (3.38)

Gtt,tt =

Hence the pole structure of the Green’s function gives the correct value of the speed
of sound wave, vy = % propagating through hot plasma. The above value of
speed of sound also matches exactly with the value that we have already got from

the solution of hydrodynamic equations, thus provides a quantitative checks of the
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validity of Gauge/Gravity duality.

3.2.3 From the solution of Gauge Invariant Variable - Going

up to NLO in N in the MQGP Limit

Considering the Next-to-Leading Order corrections in N of the metric components
as given in (1.59), and using the gauge invariant combination given in (3.6), (3.5)
and (3.7), the Einstein equation can be expressed in terms of a single equation of

the form Z/"(u) = my;(u)Z/(u) + l;(u)Z;(u), where, ¢ = s(calar), v(ector), t(ensor).

In 3.2.3.1, we first evaluate vy including the non-conformal contribution to the

M-theory metric evaluated at a finite r and large IV, i.e., log ( \/’;7) < log N, thereby
dropping log rlog N as compared to (log N)2. Then, in 3.2.3.2, we attempt a full-

blown non-conformal estimate of v, up to NLO in N by working at an r : log (\/7"07) ~
log N. It turns out, unlike the former, the horizon becomes an irregular singular
point for the latter. We set o’ to unity throughout. Given that in both, 3.2.3.1 and
3.2.3.2, we are interested in numerics, exact numerical factors in all expressions will

be replaced by their decimal equivalents.

3.2.3.1 Dropping logrlog N As Compared to (log N)’

Including the NLO terms, the EOM for the gauge invariant variable Z4(u) - given

by (3.5) - can be rewritten as:
(u—1)*Z)(u) + (u— 1)P(u—1)Z(u) + Q(u — 1) Zs(u) = 0, (3.39)

in which P(u — 1) = > pp(u — 1)™ and Q(u — 1) = >0 ¢u(u — 1)" wherein,
up to O (%), Pns Gn are worked out in (B.12). The horizon v = 1 being a regular

singular point of (3.39), the Frobenius method then dictates that the incoming-wave



3.2. Scalar Metric Perturbation Modes and Speed of Sound in MQGP
Limit 87

solution is given by:

8952 M2N ¢ log(N)(sqszu_,SZlog(N)+<w32+4)(10q32_27w32)) "
ZS(U) = (1 — u) 204872 N 2wz (—1)3/2 - <

14+ ) ap(u— 1)’“) ,

" (3a0)

where a; 5 are given in (B.14). Following [6], imposing Dirichlet boundary condition

Zs(u = 0) = 0 and going up to second order in powers of (u — 1) in (B.13) and

considering in the hydrodynamical limit wggy' : m +n = 2 one obtains:
2q3  9igs®

W3 = ——— —

/3 32

(3.41)

which yields a result for the speed of sound similar to, though not identical to, (3.46)
for n =0, 1.
To get the LO or conformal result for the speed of sound v, = %, let us go to

the fourth order in (B.13). For this, up to O (%), Pns Gn are worked out in (B.16).

We will not quote the expressions for a3 and a4 because they are too cumbersome.
Substituting the expressions for aj 234 into Zs(u) and implementing the Dirichlet
boundary condition: Zs(u = 0) = 0, in the hydrodynamical limit, going up to
O(w3) one sees that one can write the Dirichlet boundary condition as a quartic:
aws + bw3 + aw? + fws + g = 0 where a,b, ¢, d, f, g are given in (B.17). One of the
four roots yields:

ws ~ 0.46q3 — 0.31i¢3, (3.42)

with no O (%)—corrections! The coefficient of g3 is not too different from the con-
formal value of % ~ (.58. We expect the leading order term in the coefficient of g3
to converge to % Also, the coefficient of ¢? term turns out to be % which is not
terribly far from the conformal result of 0'717. We are certain that the inclusion of
higher order terms in (B.13) will ensure that we get a perfect match with the con-
formal result. The reason we do obtain the NLO non-conformal contribution to v,
is that at the very outset, we have neglected the non-conformal log r-contributions

T

by working at a large but finite r, but such that - < 1. We will see how to obtain
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the non-conformal contribution with the inclusion of the same in 3.2.3.2 below.

3.2.3.2 Retaining logrlog N and (log N)* Terms

Constructing a Zg(u) given by (3.5) and retaining the non-conformal logrlog N-
contribution as well as (log N)” terms, one sees one obtains (B.18) as the equation
of motion for Zs(w). The horizon u = 1 due to inclusion of the non-conformal
corrections to the metric, becomes an irregular singular point. One then tries the
ansatz: Z,(u) = 5™ near u = 1 [97]. Assuming that (S)° > S”(u) near u = 1
the differential equation (B.18), which could written as Z(u) = m(u)Z. +1(u) Zs(u)

can be approximated by:
(S")? —m(u)S'(u) — I(u) ~ 0. (3.43)

A solution to (3.43) is given in (B.20). Taking first the MQGP limit, integrating
with respect to u, the solution (B.20) will reflect the singular nature of Z(u)’s

equation of motion (B.20) via

15952 M2 N puwg? log( %)

el
Zo(u) ~ (1 —u) 2 20 New?5e?) F(y), (3.44)

where F'(u) is regular in u and its equation of motion, around w = 0, is given by
(B.22) whose solution is given in (B.23). One notes from (B.23) that F(u ~ 0) = ¢;.
This needs to be improved upon by including the sub-leading terms in u in F’(u)

which is discussed in detail in Appendix B.3.

For Zs(u = 0) = 0 to obtain w = w(q) to determine the speed of sound, one

requires F'(u = 0) = 0. From (B.25), this can be effected by requiring

2259, 4N 2ws? log®(N)M* + 480092 N N ;w2 (4q3? — 5ws?) log(N) M? 4 139264 N 274 (232 — 3ws?)

= — Zi
128N 72 (159,2N; (3¢52 — 11ws?) log(N)M? + 896N 72 (2452 — 3w3?)) ne

(3.45)
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V1dn +17 N 5(2n 4 5)gs*M?*Nylog N (3.46)
w= :
P\ \2tnt 2 128720+ 17840 + 102N )
implying the following estimate of the speed of sound:
_Vn+17 5(2n + 5)gs*M?Nylog N (3.47)

-+ .
/21n + 31 12872y/14n + 17+/84n + 102N

Given that (B.20) is an approximate solution to (3.43), one expects to obtain an

expression for v, from an M 3-brane uplift!, to be of the form v, ~ % +0 (9"% 2),

and (3.46) is exactly of this form for n =0, 1.

3.3 Vector Mode Perturbations and Shear Mode
Diffusion Constant up to NLO in N in the
MQGP Limit

The equations of motion for the vector perturbation modes upto next-to-leading
order in NV, can be reduced to the following single equation of motion in terms of a
gauge-invariant variable Z,(u) (given by (3.6)):

ZM () — my(ws, g3, u) 2. (u) — ly(ws, g3, u) Z,(u) = 0, (3.48)

v

where m, (ws, g3, u), l,(ws, g3, u) are given in (B.40). The horizon u = 1 is a regular
singular point of (3.48) and the root of the indicial equation corresponding to the
incoming-wave solution is given by:

iws  Biwsgs M>Nylog® N
4 2562 N '

(3.49)

'For a p-brane solution, to LO in N, one expects v, = ﬁ [98].
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Next we will solve equation (3.48), for the appropriate dispersion relation using the

Frobenius method. We took the solution about © =1 to be

_iwg | 3iwzg2 M2 Ny log? N ) .
Zy(u) = (1 —u) 1 25672N 14+ an(u—1)"), (3.50)
n=1

e Considering terms up to O((u— 1)?)

Truncating the infinite series in (3.50) to O((u — 1)?) one obtains in (B.43), the

values for ay, as.
In the hydrodynamical limit retaining terms only up to O(w%'¢%) : m+n =4,
we get from the Dirichlet boundary condition Z(u = 0) = 0,
(3.51)

aws +bws + cwi + fws+g =10

where a,b, ¢, d, f, g are given in (B.45). Analogous to the calculation in the previous
section, once again as we are interested in numerics, exact numerical factors in all

expressions will be replaced by their decimal equivalents for most part of this section.
One of the four roots of Z,(u =0) =0 is:
0.002ig> M*N;(log N)?
b e )" ) 2 o(gd)
(3.52)

0.14ig> M*N;(log N )?
wy = — ST+ 2 N7(Tog ) +<—0.005@'—
N
e Considering terms up to O((u—1)3)

Going up to O((u —1)?) in (3.50), one obtains in (B.47)values of as.
The Dirichlet condition Z,(u = 0) = 0 in the hydrodynamic limit reduces to

awsy + bws + cws + fws +g =0 (3.53)

where a, b, ¢, d, f,g are given in (B.48). One of the four roots of the quartic in ws is:

0.003ig2 M N (log N)?
Wy = (—0.73@'+ s ~ s(log N) >q§ +O(g). (3.54)
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The leading order coefficient of ¢2 is not terribly far off the correct value —i' already

at the third order in the infinite series (3.50).
e Considering terms up to O((u — 1)*)

Let us look at (3.50) up to the fourth order. One finds in (B.50) the value of a4. In
the hydrodynamical limit the Dirichlet boundary condition Z,(u = 0) = 0 reduces
to

aws + bwi + cwi + fwz +g =0 (3.55)

where a,b, ¢, d, f,g are given in (B.51). Incredibly, one of the roots of the quartic

equation in ws is:

i 3ig?M2N;log N (5 + 2log N
%:<~4_9 rlog N ( g)>ﬁ+0@®. (3.56)

4 512m2 N

Hence, the leading order (in N) yields a diffusion constant of the shear mode D =

M%’ exactly the conformal result! Including the non-conformal corrections which

appear at NLO in N, one obtains:

(3.57)

oL (1 3¢2M*NylogN(5+2log N)
T \ 4 512m2 N ’

We conjecture that all terms in (3.50) at fifth order and higher, do not contribute
to the Dirichlet boundary condition up to the required order in the hydrodynamical
limit.

The variation of the shear mode diffusion constant with temperature is shown
in Figure 3.1 for Ny =3, M =3, g, = 0.9, N = 100. As the lowest order conformal

result we obtain exactly = as obtained in [99], for the black brane metric of the

4nT
form (1.77).
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DT,

003k

Figure 3.1: DT, vs. Tlc for T > T,

3.4 NLO Corrections in N to n and ?

In this section we will evaluate the non-conformal %—correc‘cions to the shear
viscosity 1 by considering the EOM for the tensor mode of metric fluctuations up to
NLO in N, and also estimate the same for the shear viscosity - entropy density ratio
1; see [100], [101], [102], [103] and [104] for a summary, higher derivative corrections
to and violations of the 7 = ﬁ—bound. The EOM for the tensor mode of metric

fluctuation, using (3.7), is given as under:

15g?M?N¢log N u*+3 a3 (ut = 1) + ws?

3(qAut — qz% + ws?) (g§M2Nf log? N +2¢,2M?N; log N log rh) ,
32m2N (ut = 1)° =

(3.58)

Realizing the horizon is a regular singular point, one makes the following double
perturbative ansatz in ws and ¢s,
. 3(1 39§M2Nf log(N)logrh)
—twz| 71— —
Zi(u) = (1 - u) ) o) + wazon (u) + gazio(u) + Olgiws) }
(3.59)
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Using equations (B.52) - (B.57), we obtain the following solusion,

i —iw3 <13g§M2Nf 1°2g7”h10gN)
4 12874« N

X |—=3g2M?Nulog N {402 (2u2 + 3u + 6) ws log 1y, + 15icsqsu®(1 — 4log u)}
— GngSQMQNfu (2u2 + 3u + 6) ws (log N)2 42 1287r2N<62' <c5q3u4 + 4e3qz + 4c4w3>

+ ¢y (2u3w3 -+ 3u2w3 + 6uws + 24i))] . (3.60)

Setting g3 = 0 one obtains (B.58) wherein the O(u3ws) term, without worrying
about overall numerical multiplicative constants, is given by:
i 3ig?M?*N;logr,log N

= .61
4 128712 N (3:61)

Using arguments of [55], setting 2, = 1, the coefficient of the kinetic term of Z;(u)

near v = 0 and near 6; = j\% (whereat an explicit local SU(3)-structure of the type
5

ITA mirror and an explicit local Ga-structure of the M-theory uplift was obtained

in [4])is
T

gsu’

where f1(01) = €U fo(fy) = —an cot By [4].

an

2
0491) ry N3

3 .
/ d6y cot® 0y sin 6, f1(6:)6 (01 E) 7ode, .z (3.62)

5

The exact result for the temperature, assuming the resolution to be larger than
the deformation in the resolved warped deformed conifold in the type I1B background

of [2] has already been calculated in (2.6). One can hence calculate the shear viscosity

n:

p=1 0 (p o | (Z2)]). (3.63)

w31 u—0 | y3

where T is an overall multiplicative constant.

For the purpose of comparison of ? with lattice/RHIC data for QGP and con-
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sequently be able to express r;, in terms of £ = TZ — 1, we need to use the relation
between the IR cut-off ry and the horizon radius r, as obtained in Chapter 1
regarding the calculation of transition temperature T..

To = Thy

9pt — 1 1
i ANt Sl ) . 3.64
2(3 — 1)‘ <1OgN> (3.64)

Now, the lightest 0% scalar glueball mass as will be obtained in Chapter 4 is

given by:

Ar
Mglueball ~ f; (365)

Lattice calculations for 01" scalar glueball masses [105], yield the lightest mass to

be around 1,700MeV . From (3.65), replacing #4 by sl we obtain:

m ueba 1 + @
T — n(L+%) — 179MeV. (3.66)

174 bd_—1
21 Y| 25—
2(63 1)

b=0.6,6=1.02

As the expressions in the following will become very cumbersome to deal with
and to type, specially for the purpose of comparison with RHIC QGP data, we will
henceforth deal only with numerical expressions setting gs = 0.9, N = 100, M =
3, Ny =2,0=10.6,0 =1.02.

We now discuss the %—corrections to the entropy density s by estimating the
same from the D = 11 supergravity action result of [3], and hence work out the -
corrections to 2. The UV-finite part of the D = 11 supergravity action, given by
the Gibbons-Hawking-York (GHY) surface action Sguy from [3] (without worrying

about overall multiplicative constants) is [3]:

(3.67)

cot? 1 fo(6a) (1> |

Sarv [ KA| A1
T=TA 01,2~0 gs* N1 (Sln2 01 + sin? 92)

where, K being the extrinsic curvature and v being the determinant of the pull-back

of the D = 11 metric on to r = Ryy (UV cut-off). Further, assume that what



n
s

=5.8

3.4. NLO Corrections in N to 1 and 95

appears in (3.67) is f1(61).

Now, unlike the scaling given in (1.51) used in [3], we will be using: 6,5 — 0 as

0, = j\%, 0y = 2% (N ~ 10°) - as used in [4] (to discuss a local SU(3) structure of
5

NT10

the type IIA delocalized SYZ mirror and a local G5 structure of its M-theory uplift),

as well as this thesis. This can be used to evaluate Sg ™ and the entropy density:

8SUV7ﬁnite K : . .
s=—T2cuy  _ gufeite §This viglds

oT

ﬁ — 0.00051 log ry,

. 2 4 n Zi:o bn(c1,e2)log™
1 —0.064c¢y +0.004¢5 + >,y an(c1,¢2) log™ ry, + SRR

, (3.68)

where a,,, b,, ¢, are known functions of ¢; and ¢y, and there is freedom to choose the
O(1) constant. We will impose two conditions, as per RHIC QGP data, on ¢; and
a2
= 0.1, and Q > 0.
T=r. i >0

Numerically, one sees that setting (¢1, ¢2) = (4,4) and consequently 7, =

cp and the O(1) constant to get: *

35546.9(F+1)
PL(2706.3(t+1))

where PL is the “ProductLog" function, and the O(1) constant equal to 5.8, fits the
bill. Hence,

9.18 x 10=8log®(rs) — 1.6 x 10~%log?(rp,) 4+ 2.7 x 10~*log(rp,) + 1.7 x 1073

—2.5 x 10-7log®(ry,) + 2oerfrn) _ Los () 4 3.1 5 10=410g(ry) + 0.0021og?(rp) + 3.6 x 103 log(rs) + 0.047 |
(3.69)

The graphical variation of 7 (Ny =3, M = 3,9, = 0.9, N = 100) vs. f = TTi is

shown in the following graph in Figure 3.2, and the RHIC data plot from [70]?, is
shown in Figure 3.3.

We draw a third graph in which the plots of Figures 3.2 and 3.3 are drawn on
the same graph. The combined plots in Figure 3.4 make the comparison of our

results with those of RHIC data in [70], very clear. We conclude the following:

e (I'=T,) =0.1, and d((ig) > 0 - this is clear from Figure 3.2.
T>T.

20ne of us (KS) thanks R. Lacey to permit us to reproduce the graph in Figure 3.3 from their
paper [70].
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Figure 3.4: Combined plots of Figures 3.2 and 3.3: the graph in red is from Figure 3.2
(our calculations) and the set of three points with error bars are from Figure 3.3 (RHIC
QGP data from [70]).

e The numerical values, unlike [70], remain close to the value at T' = T,.. In

other words, unlike Figure 3.3 quoted from [70], in Figure 3.4, ? is found to

2(2)

dt?

be a much more slowly varying function of £ = T%CT“ Also, < 0 in Figure

2(n
3.2 and 2 d(té) > 0 in Figure 3.3. The error bars appearing in Figure 3.3 as
shown more clearly in Figure 3.4, for % € [0, 1.1] - the range covered in [70]

- permit our deviations from [70] at least for T;—FTf € [0,0.6].

3.5 Thermal (Electrical) Conductivity, Deviation
from the Wiedemann-Franz Law and D =1+1

Luttinger Liquids up to LO in N

In this section we compute the temperature dependance of thermal (k1) and elec-
trical (o) conductivities for a gauge theory at finite temperature and density, and
hence explore deviation from the Wiedemann-Franz law. Remarkably, we find that
the results qualitatively mimic those of a D = 141 Luttinger liquid with impurities.

Finite temperature in the gauge theory is effected by placing a black hole in the
dual bulk gravitational background. To get the finite density in the boundary we
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consider the theory at non-zero chemical potential. The embedding of Ny D7 branes
in the background geometry introduces Ny no of flavor fields, all in fundamental
representation of the gauge group U(Ny). The U(1) g subgroup of U(Ny) is identified
as the baryon number. Hence the D7 brane puts the boundary field theory at finite
baryon density or equivalently at finite chemical potential pc; see [106] for study
of thermodynamics of a thermal field theory in presence of a baryon and isospin
chemical potential. For this we consider a probe of several D7-branes embedded in
the AdS-Schwarzschild black hole background. In the supergravity description one
have a U(1) gauge field A, in the worldvolume of the D7 brane, dual to the current
operator j, in the boundary. The nonzero time component A; of the gauge field has
to be turned on to get a finite baryon density < j; > in the field theory. Here we
will consider the 5d Einstein-Hilbert action and the D7 brane DBI action together,

of course after integrating over the three angular directions of the later.

The D7 brane DBI action in presence of a U(1) gauge field is given as:

S ! / &=/~ det(g + B + F) (3.70)

where ¢ is the induced metric on D7 brane and F'is the gauge field strength with

C€q>

the only nonzero component given by 1 i [4], where @ is the dilaton
\/c2e2® 4 p9/2 i

and c is a constant.

Now the finite chemical potential or equivalently the finite charge density will
mix the heat (energy) current and the electric current together. According to the
AdS/CFT correspondence for every operator in the boundary field theory, there is
a bulk field in the dual gravity theory. Heat current is sourced by the energy mo-
mentum tensor 7}, in the boundary and the corresponding field in the gravitational
description is the bulk metric g,,. Similarly, as already mentioned, the electric cur-
rent sourced by the current operator j,, corresponds to the U(1) bulk gauge field A,,.

Hence for the computation of thermal conductivity we consider the following linear
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fluctuations of both the background metric g/(fy) and the gauge field AELO) as,
G = 90 + A= A0+ A, (3.71)

where h,,, and A, represents the metric and the gauge field fluctuations respectively.
Considering the y-component of the gauge field as the only perturbation, it can be
shown that only the (ty) and the (zy) component of the metric gets perturbed.
Assuming that the above perturbations depends only on the radial coordinate wu,

time ¢ and spatial coordinate x, can be decomposed as the following way,

ey = SO Hyy (w)e 5 = g H, (e A= ()i

(3.72)
Now including the above fluctuations in the DBI action, we perform the three an-
gular integrations on ¢;, ¢ and #,. The integration over two of the three angular
variable namely ¢; and ¢, gives constant factors. To perform the 6y integration, we
first expand the DBI action in (3.70) (Taking into account the fluctuations) up to

quadratic order in fluctuating fields to get,

J2det(dot h+B t F+F)
=Va (1 . athQy<U) + Cbgth<U>¢/(U) N a4H§y(u) + as¢?(u) + a6¢’(u)2> | (3.73)

2@1

where h and F represents the fluctuations of the two fields. The coefficients a1, as, as, a4, as, ag
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are given as,

COtQ( )CSC4(92) 9/2 3 2 3 2 3
1 = —To0c (2T 1 T9/2)r / r° +2(5p” — 2r7) cos By + 14~ + 317 cos 260,

X { (8,u2 — 4r3) cos 0y + r3(cos 205 + 3)}

s ( 2,20 Jr749/2)

2i T —tw
as = ay - e2ilg )
(rt —14)
ce®/(c2e?® + r9/2) A L
as = 2&1 9 e\1
78l
ay = aleZZ(q:c—tw)

as = 4a 1;3(%4]\1% { w?c?e?® + r (¢q2 (T% L r4) d iw2r4)} o2ilge—tw)

220 9/2 4
== ]
ag = a1<—9> (1 - T—Z) 62’(‘”_“"), (3.74)

r2 T

where the coordinate r is related to u as u = 2. Upon changing the variable from
r to u to the above mentioned variables one see that the coefficients as, as, aq, as, ag
each after the division by a; are independent of #, and only depends on u. The

integration of \/a; over 0, gives some function of u say M (u) given by,

1
2e2® 4 (%>9/2

Miu) = (»)9/2 (3:75)

In this way reducing the dimension from eight to five the DBI action takes the

following form:

s - (22272

/du d*r M(u) (1 + apH, (u) + asHy, ()¢ (u) + asHZ, (u) + asd*(u) + agd (u)2>

20/1
(3.76)

where appr includes all the constant terms resulting after the angular integrations;



3.5. Thermal (Electrical) Conductivity, Deviation from the
Wiedemann-Franz Law and D = 1+ 1 Luttinger Liquids up to LO in M1

Tpr is the tension on the D7 brane. We will henceforth be working in a hydrody-
namical approximation wherein we will approximate the plane-wave exponentials by

unity.

Finally taking into account the Einstein-Hilbert action given as,

SEH = aEH/dud4x,/—g(5)(R s 2)\), (377)

where g is the determinant of the 5d metric, the total action is given by: Sy, =

Sen + Sbpr.

The type 1B metric satisfying the above action S, has the form:
ds® = gudt® + gue(dz® + dy® + d2°) + guudu?, (3.78)

where the different background metric components, in the UV (as the gauge fluctu-

ation will be solved for, near the UV v = 0) and to LO in N, are given as,

_ W=D
I = o2mg N
2
ga:a: gyy gzz QUZW
2u\/Tg, N

Now from the total action defined above, we can write down the EOMs in the

hydrodynamical limit for Hy,, H,, and ¢ and they are given as:

H;,(u) EOM:

sy ~90) (RE) ~ DAgeHiy () + (DTD) Mu) (Wﬂtm) I ¢'<u>> _o,

3 s
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H,,(u) EOM:
apH\/—9(5) (RQ - gkgme(U)) + (aDsz) M(u) (af&) ny(U)> = 0;
(3.81)

$(u) EOM:

(558 )

o) (=)o

(3.82)

where R() is the linear ordered perturbation of the Ricci tensor. Now substituting

the exact form of M (u) as well as all of the six coefficients a1 (u), ag(u), az(w), ay, as(u), ag(w)
the above three equations regarding Hy,, H,, and ¢ can be rewritten as (B.1) - (B.3)

in appendix B.1 which also contains their solutions.

As the pre-factor multiplying ﬁ:((;)) from (3.76), the A(u) in (1.81) - the coethi-

that will appear in the current-current correlator

/
¢(U)}, one needs ¢(u) ~ gconstant ut

cient, of the kinetic term of ¢(u) -

is \7/27« , to obtain a finite {limuﬁo
u,4

Expanding (B.10) about u = 0:

o (u)

5
-~

é(u ~ 0; ¢ = 0) (igo NT) 8 WT/ARuT  degyc®T(B)u 4cgsc‘11’1“(_%)u7‘
~ U; = — - . h )
334 63r, T'(35) 63/ T(2)
et %0(u6). (3.83)
Th

= ¢ and choosing C to be m, and 7, in

Now, in terms of a dimensionless ratio: kK = <5
4

,
h
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units of GeV implying x < 1 [4]. Therefore,

o7
. 39 4) (gsN)® wicdus
¢(u~0;q=0):(008+0391)(7g )3 wicyu +c(11>—|—£9(9(u6)

3
Ty Ty

ey . (3.84)

Next we require to calculate some of the thermodynamic parameters like pressure,
energy density, entropy density etc. In particular, pressure and energy density fol-
lows from the thermodynamic relations as given by s = % and € = =P +T's+ jcny,

where s is called the entropy density and is given as,
s =0} = 01 (4rg,N)** T°. (3.85)

Now the density of Gibbs potential 2 which is equal to the pressure with a minus

sign can be used to find the charge density n, using the relation n, = 8‘3%, where i,

being the chemical potential is given by

 (2kg) D ()T (%)
HO T Sm(@r — 9.y log [ul) 4P
36mrgsr I (%)

51 (2) (27 — g.Ny log ||

9’ 4K2g 22

11 21 — gsN¢lo 2
_F< . n =g g\u!))

O (59), (3.86)

from which we get

3 _4
ar— <8>4/5 e e (3.87)
5 (27 — g, Nylog |u))*° ) \ 2775 VN

Substituting the above result for 7" in the expression for Gibbs potential and differ-

entiating w.r.t uc we get charge density as

16

16 2T 17 16 -2
ng = (8) 5 (2) 97RO fo . (3.88)
17 \5 5) \V/N (21 — g,Nylog |u|)'*"®
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Hence,

Y

é m
72Tyt | w=0w P (u)

kp = ——>— =
n?IT

13
p)? P\? " 1 /
(e + )0__<e+ > ||y lim ~ m(b(u)

nq u=0

3
9 gic? ( 13/4
= Ty 4m 5N>
200v2 Niri (27 — gsNy log |])? T2 i g
. (0.39i) g7/ 8 NT/8w3/4c2

w—0 (TW\/W) 7/2

Y

(3.89)
which for ¢ ~ —iw™ T implies:
] (9 )
Is
P ) el
2aTa7s
3
9 x 0.39 V/lulgs C*
R = T, = 1 ;
T 200 x 284\ /Na 2 T2 (27 — gs Ny log |u|)?
3
9 i (F
Wiedemann — Franz law : —& = - . (3.90)

oT ~ 200v2IN373 (27 —g,N; log |12 T2

(a) Assuming the Ouyang embedding parameter to depend on the temperature
via the horizon radius as |u| ~ 7%, « < 0. Then, the temperature dependence of
o, kr and the temperature dependences of the Wiedemann-Franz law in (3.90), upon
comparison with Table 2 of [7], qualitatively mimic a D = 1 + 1 Luttinger liquid
with impurities/doping (close to ‘z-filling’) in the following sense.

With

e v;, K;,i = c(harge), s(pin) being the parameters appearing in the Luttinger
liquid Hamiltonian as >;—.  v; [Ki (896:91-)2 + KL (&Cqﬁi)z} wherein the spin (s)

and charge (c) densities are ¢, . and their canonically conjugate fields are 0,6;,

e n, = 0,1 for even and odd n,. respectively where n. s along with g, a appear in

the Umklapp scattering Hamiltonian % [ (eiﬁ(nc¢c+ns¢s)*mkz + h.c.),

(2ma)"e
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e D as a parameter appearing in the two-point correlation function of the impu-
rity field n(z) via (n(x)n(x’)) = Dé(x — ') with n(x) appearing in the back-
scattering Hamiltonian due to disorder X [ dan(x) [e"‘/%c cos <\/§¢s) + h.c.},

the authors of 7] define the following dimensionless parameters: [ = mpurity scattering rate _
Umklapp scattering rate

Da?c 2§ = - where § = vk y = (n2 — 1)K, + (n? — 1)K, — 1 and dimension-
g (’Uc) D"/

e T D 2nc—3 L
less temperature: T = To where Tp = © (C‘T>”. One then notes that for

6 = 10,20 and for T > Tp, do dop ATo

< 0 which is also reflected in (3.90).
In o/ = l-units [T] = [C3], where [..] denotes that canonical dimension. To en-
sure a constant finite value of 7L for small temperatures as per [7], we assume,

in the MQGP limit, for T' : CTé <1 ie, T ~ C%GQT>0,O <ée< land N ~
9

3
. Lal T Z 2
Bye N, so that if 0 < % — E’QTN < 1 then limp_, | 7L ~ —5=—5 =% < 7 |~
NiT2 (27r—gst log 11

N

- . O

750‘N
e 4 +- 3 (27r gst{ N+aq}loce+ flog(ﬁNgs))

(b) For a(figuring in |p| ~ r§¥)> 0, interestingly for the specific choice of v = 3
one reproduces the large-T (as T > Cs = m, = 760MeV ( [4])> T. = 175MeV,
is considered large) linear behavior of DC electrical conductivity o ~ T charac-
teristic of most strongly coupled gauge theories with a five-dimensional gravity
dual with a black hole [71]. As —; is dimensionless, this yields dimensionally

ki ~ (temperature)?, though kg ~ T3 in the aforementioned large-T" limit.

3.6 Summary and New Insights into (Transport)
Properties of Large N Thermal QCD at Finite
Gauge Coupling

A realistic computation pertaining to thermal QCD systems such as sQGP, require
a finite gauge coupling and not just a large t'Hooft coupling [1], and the number of
colors N, equal to three. Further, computations quantifying the IR non-conformality

in physical quantities pertaining to large-IN thermal QCD at finite gauge coupling
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that appear at the NLO in NV in the corresponding holographic description in string
2] /M-theory [3]. In this work, at finite gauge coupling with N, = M,cg = 3 as
part of the MQGP limit (1.51), we have addressed a Math issue and obtained new
insights into some transport properties at LO in N, and non-conformal corrections
appearing at the NLO in N in a variety of hydrodynamical quantities crucial to
characterizing thermal QCD - like systems at finite gauge coupling such as sQGP.

The following provides a summary of the new results discussed here as well as
the new insights into the Physics of strongly coupled thermal QCD laboratories like
sQGP gained therefrom.

e k7,0, Wiedemann-Franz law at LO in N and D = 1+ 1 Luttinger
Liquid with impurities: As gauge fluctuations are tied to vector modes
of metric fluctuations, by solving the coupled set of equations for both, we
obtained the temperature dependence of the thermal and electrical conductiv-
ities as well as looked at whether the Wiedemann-Franz law was satisfied. This
revealed a remarkable insight into the properties of large-N thermal QCD at
finite gauge coupling namely that the type IIB holographic dual of large- N
thermal QCD with a temperature-dependent Ouyang embedding parameter:
| ~ 79=Y effectively qualitatively mimicked a D = 1 + 1 Luttinger liquid
with impurities/doping. It will be extremely interesting to explore this unex-
pected duality, further. For o = g, one is able to reproduce the usual linear

large-temperature dependence of DC electrical conductivity for most strongly

coupled systems with five-dimensional gravity duals with a black hole [71].

e The non-conformal/NLO-in-N corrections to Transport Coefficients:

For ease of readability and convenience of the reader, the main results pertain-

(gsMQ)(gst)>

ing to obtaining the non-conformal temperature-dependent (9( ~

corrections to v (the speed of sound), D (shear mode diffusion constant ), n
(shear viscosity) and ? (shear-viscosity-entropy density ratio) are summarized

in Table 1 below.
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S. No. | Quantity Expression up to O (M]\W)
~ T+ 17 5(2n+5)gs2M2N; log N T
I Us Us = V/21n+ 5L 1282/ Tan T7/Bint 1028 0 b € ZTU0
J n=0,1

o) gsM2
A O(%)

D 1 (1 _ 393M*Njlog N(5+2log N)

T \ 4 51272 N
1 See (3.68) and (3.69)

Table 3.1: Summary of local non-nonformal O (gsfy 2) corrections to v, D, 1

We showed that in the spirit of gauge/gravity duality, the leading order re-
sult of speed of sound from the quasinormal modes can be reproduced from
(a) the pole of the common denominator that appears in the solutions to the
scalar modes of metric perturbations, (b) the pole of the retarded Green’s
function corresponding to the energy momentum tensor two-point correlation
function (7 T};) using the on-shell surface action written in terms of the metric
perturbation modes, (c) imposing Dirichlet boundary condition on the solu-
tion to the EOM of an appropriate single gauge-invariant perturbation and
(d) (TyTi)-computation using the on-shell surface action written in terms of
this gauge-invariant perturbation. The leading order result for the diffusion
constant of the shear mode as well as the ratio of shear viscosity-to-entropy

density ratio were already discussed in [55].

The non-trivial insight thus gained at LO in NV into the transport properties of
holographic large- N thermal QCD at finite gauge coupling is that the LO-in-IV
conformal result for finite g, as obtained in this thesis, matches the LO-in-N
conformal result for vanishing g, as is expected /known in the literature for a

p-brane for p = 3.

The non-conformal corrections in all the aforementioned quantities, start ap-

pearing at O <(£’SMQ)#), Ny being the number of flavor D7-branes. Thus,

at NLO in N, the new insight gained is that there is a partial universality in

the non-conformal corrections to the transport coeflicients in the sense that
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the same are determined by the product of the very small % < 1 - part of

the MQGP limit (1.51) - and the finite g, Ny ~ O(1) (also part of (1.51)). The
NLO-corrected results in this thesis reflect the non-conformality of the field
theory in the IR. As discussed in Chapter 1 that in the Klebanov-Strassler
backgroud [30] the number of D3 branes N decreases with decreasing (the
non-compact radial coordinate) r, which according to AdS/CFT dictionary,
behaves as an energy scale. This decrease in N is due to a series of repeated
Seiberg dualities, where in the extreme IR, at the end of this duality cas-
cade the number of fractional D3 branes M which is taken to be finite in
the '"MQGP Limit’ gets identified with the number of colors in the theory. In
other words, the number of D3 branes N exhibits a scale dependance due to
the duality cascade. Hence from the NLO-corrected expressions of the shear
mode diffusion constant and the viscosity, we conclude that these quantities
also exhibit a scale dependance through N; the appearance of M in the NLO-
in-N corrections to the transport coefficients appearing as &M?\,ﬂﬁ signals
the non-conformality of the field theory in the IR. This is because of the fol-
lowing reason. In the KS picture the presence of finite number M of fractional
D3 branes makes the field theory non-conformal in the IR while in the UV
the presence of D5 branes cancels the effects of the D5-branes and restore the
conformality in the UV. Now at large r the effective number of D3 branes
are so large that the NLO term can be neglected and we will be left with the
leading order conformal results. But in the IR region the NLO terms have to
be considered due to small value of N - this is rather nicely captured, e.g.,

by the non-conformal /NLO corrections to n (See e.g. Table 1.)

We compared our results for  with the QGP-related RHIC data for T > T.
in Section 3.4. Let us also make some remarks as regard comparison of some of
our results with some well-cited bottom-up holographic QCD models like [107] (as
well as references therein) and the more recent [108] based on the Veneziano’s QCD

model. As regard the speed of sound, like [107], for T > T, (which is the temperature
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range in which we calculated the speed of sound in Section 5) the speed of sound

approaches a constant value; the difference however is that the NLO non-conformal

corrections in our results pushes the value to slightly above % - our LO result and

the saturation value in [107]. Upon comparison with some of the results of [109]
which works with the finite temperature version of [108], one sees that the authors
of the same work in the limit: N; — oo, N. — oo : %—i = fixed and ¢ N, =
fixed, which is very different from the MQGP limit.of (1.51). A similarity however
pertaining to the QCD phase diagram in the same and our results of [4] is that

po(T =1T,)(for Ny = 2)~0.






CHAPTER 4

GLUEBALL SPECTRUM

4.1 Introduction

In recent years the computation of the spectrum of glueballs which are the bound
states of gluons, has become quite important and significant mainly because the
masses of these bound states will be very useful to identify them in the modern
ongoing experiments. Also, for a better understanding of QCD), especially the non-
perturbative aspects of QCD one needs to have a careful look at glueballs. Now,
to capture such physics of strong interaction using the concept of the AdS/CFT
correspondence [11], it is required to break the conformal invariance. In other words,
the AdS/CFT correspondence has to be generalized.

Different generalized versions of the AdS/CFT correspondence has thus far been
proposed to study non-supersymmetric field theories with a running gauge coupling
constant. The original proposal was given by Witten to obtain a gravity dual for
non-supersymmetric field theories. Starting with a 4-dimensional superconformal
theory on a stack of parallel D3 branes it is possible to construct a 3-dimensional

non-supersymmetric theory or QC D3 by compactifying the theory on a circle and

111
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imposing anti-periodic boundary condition for the fermions around the same. on
the otherhand, a 4-dimensional non-supersymmetric gauge theory or QCD, can
be achieved by compactifying a six dimensional superconformal theory living on a
stack of M5 branes on two circles while imposing anti-periodic boundary condition
on fermions around one of the two circles. In both the cases the compactifications
leads to introducing a black hole in AdS geometry. The glueball masses on these
supergravity backgrounds were studied in detail by [110], [111]. In [112], glueball
masses were obtained for supergravity Duals of QCD Models. In these cases the
authors have used the WKB approximation to solve the supergravity equation of
motion. In [113], the authors have considered a model where an AdS slice with
an IR cut-off is approximately dual to a confining gauge theory to estimate the
mass of the glueball states. Various holographic bottom up approach such as soft-
wall model, hard wall model, modified soft wall model, etc. have been used to
obtain the glueball’s spectra. In [114,115] a soft wall holographic model was used
to study the glueball spectrum. Both hard wall and soft wall holographic models
were considered [116,117] to obtain the glueball correlation functions to study the
dynamics of QCD. In [118], ' = 1 SYM glueballs from wrapped branes in type
ITA, TIB, were studied. In [119] holographic glueball spectrum was obtained in the
singlet sector of N'=1 supersymmetric Klebanov-Strassler model. States containing
the bifundamental A; and B; fields were not considered. Comparison with the lattice
data showed a nice agreement for 17~ and 1™~ states while 0"~ results were different

because of its fermionic component.

Glueball masses can be obtained by evaluating the correlation functions of gauge
invariant local operator. The first step to obtain the glueball spectrum in QCDs
is to identify the operators in the gauge theory that have quantum number corre-
sponding to the glueballs of interest. According to the gauge/gravity duality each
supergravity mode corresponds to a gauge theory operator. This operator couples
to the supergravity mode at the boundary of the AdS space, for example, the lowest

dimension operator with quantum numbers J*¢ = 0+ is TrF? =TrF},, F* and this
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operator couples to the dilaton mode on the boundary. To calculate 0™+ glueball
mass we need to evaluate the correlator (TrF?(z)TrF?(y)) =X;c;e”™1*=¥l where
m; give the value for glueball mass. However the masses can also be obtained by
solving the wave equations for supergravity modes which couples to the gauge theory

operators on the boundary. The latter approach is used here.

The 11D metric obtained as the uplift of the delocalized SYZ type ITA metric,
up to LO in N, can be interpreted as a black M 5-brane wrapping a two-cycle, i.e. a
black M 3-brane [4,55]. Taking this as the starting point, compactifying again along
the M-theory circle, we land up at the type ITA metric and then compactifying again
along the periodic temporal circle (with the radius given by the reciprocal of the
temperature), one obtains QCD4 corresponding to the three non-compact directions
of the black M3-brane world volume. The Type IIB background of [2], in principle,
involves M,;x RWDC(= Resolved Warped Deformed Conifold); asymptotically the
same becomes AdSsx TH!. To determine the gauge theory fields that would couple to
appropriate supergravity fields a la gauge-gravity duality, ideally one should work
the same out for the My;x RWDC background (which would also involve solving
for the Laplace equation for the internal RWDC). We do not attempt to do the
same here. Motivated however by, e.g., (a) asymptotically the type IIB background
of [2] and its delocalized type IIA mirror of [3] consist of AdSs and (b) terms of
the type Tr(F?(AB)"), (F*(AB)¥) where F? = FyF" F4 = F M FsF MF I —
i (F w2 ug“)Q, A, B being the bifundamental fields that appear in the gauge theory
superpotential corresponding to AdSs x T in [28], form part of the gauge theory
operators corresponding to the solution to the Laplace equation on 7! [120] (the
operator TrF? which shares the quantum numbers of the 0** glueball couples to
the dilaton and TrF* which also shares the quantum numbers of the 07+ glueball
couples to trace of metric fluctuations and the four-form potential, both in the
internal angular directions), ere we calculate:
e type IIB dilaton fluctuations, which we refer to as 07t glueball

e type IIB complexified two-form fluctuations that couple to d**Tr(F g f\’ RN ),
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which we refer to as 07~ glueball

e type ITA one-form fluctuations that couple to Tr(F A F), which we refer to as 0~
glueball

e M-theory metric’s scalar fluctuations which we refer to as another (lighter) 0™+
glueball

e M-theory metric’s vector fluctuations which we refer to as 17" glueball,

and

e M-theory metric’s tensor fluctuations which we refer to as 2 glueball.

Now, for the glueball mass computation we have solved the supergravity equa-
tions by two different method: (i) using WKB approximation, (ii) imposing Neu-
mann/Diriclet boundary condition at r/ro. We will discuss the details of these
two approaches below with the different energy regions of our set up as discussed in

details in Chapter 2 for the two backgrounds.

WKB method: To obtain the mass spectrum for different glueballs we need to
solve the differential equations involving appropriate field perturbation. For exam-
ple, assuming a particular perturbation of the form H(r) = H(r)e™* with k? = —m?,
m being the mass of the corresponding glueball, the equation has the following gen-

eral form,

H"+ fi(r)H +m2fo(r)H = 0. (4.1)

Next, following the redefinition of [112], we introduce new variables as given below,

o Background with a black hole: v — \/y, r, — /ys and then y — y; (1 + ¢€7)
e Background with a black hole: v — \/y, ro — {/yo and then y — yo (1 + €7).

In terms of these newly defined variables equation (4.1) can be written as the fol-

lowing form,

0. (f3(2)0-H) + m*f4(2)H = 0. (4.2)
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With a field redefinition: H as ¥(z) = 1/ fs(2)H(z), the above equation reduces to

the following Schrodinger like form:

(j; + V(z)) P(z) =0, (4.3)

where V'(2) is the potential term. Once we get the potential, the mass can be found

from the WKB quantization condition:

/;2 Wdz — (n + %) T (4.4)

, Where 2z and 2y are the turning points obtained by solving for the roots, the
equation V' (z) = 0: V(z) > 0 for ze[zy, 29).

In the present work, we have considered the two regions namely, IR and IR-
UV interpolating/UV region separately. Moreover, the potential, the corresponding
turning points and finally the spectrum are calculated for each of the above two

regions.

4.2 07" Glueball spectrum from type IIB super-
gravity background

In this section we compute the 07 glueball spectrum in the type IIB background

of [2]. The 10 — d metric with small but finite resolution a is given as,

1 Vh (1% + 64>
2 _ 2 2 2 2 2 2 742
ds® = T (—g(r)dt +dxy + dvj + dx3)+g(7“) <r2 02 dr? +Vh r?d M2, (4.5)
with g(r) =1 — %4 As before we choose to work around a particular value of 6;

and 9, namely at {6, = % and 0y = %}, where this time we take both ag,
and gy, to be equal to one for convenience. Also for small resolution parameter, we

series expand the {rr} component of the metric (4.6) in a and choose to keep terms
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only upto quadratic order. At the above mentioned values of #; and 65, the internal

five dimensional part Mj of the metric decouples to get,

7‘2(1—@

3 L2 (r? — 3a?) (1 + 5@
ds* = L22N) (—g(r)dt2 + Zdw?) + ( ) ( 2N )d
i=1

rig(r)

r?, (4.6)

where, L = \/4mg,N and the expression for B(r) is given as,

~ 3g,M?log(r)

B(r) 1672

{877 + gs Ny (6 — 2log(4) + 12log(r) — 10g(N)> } (4.7)

The resolution parameter a depends on the horizon radius. In fact it is propor-

tional to 73, such that

a=ry (b +el <9s]f\\[42> oo <9s]]\\[42> log(rh)> : (4.8)

with b, ¢; and ¢y as some positive constants. Hence while computing the masses in

the background with no horizon, we must put r, and a to zero in the above metric.

Now, for the spectrum of 0T glueball, we need to solve for the eigenvalues of
the dilaton wave equation in the above background. The background dilaton profile
at the particular values of #; and 6y with (r, # 0) and without (r, = 0) the black
hole is discussed in Chapter 2. The dilaton equation that has to be solved is given

as:
Oy (e’m\/@q“”&,qﬁ) =alh (4.9)
4.2.1 WKB approximation

e Background with a black hole

Assuming ¢ to be of the form ¢ = e*%¢(r) with k* = —m?, equation (4.9) can be
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written as,

0, (A(r)0,6) +m*B(r)g = 0, (4.10)

where

A(T) . \/56—24)97‘7"’ B(T) — \/ge—%bgaq:m. (411)

Now, to simplify the calculations we impose here the large N limit. Due to this limit,
the term B(r) in the above metric simply goes to zero. Following the redefinition

of [112] as described before, the above equation (4.10) reduces to,
0.(F,0,9) + y2F,m?¢ = 0, (4.12)

where at leading order in N, E. and F, are given with L = (47g,N)"*in (C.2).
Now, transforming the wave function ¢ as 1)(2) = /E.¢(z) equation (4.12)

reduces to a Schrodinger-like equation,

(j; & V(z)> W(z) =0 (4.13)

where the potential V(z) is a rather cumbersome expression which we will not ex-

plicitly write out.

The WKB quantization condition becomes,

/: Vi) = (n - ;) m (4.14)

where z; 5 are the turning points of V(z). Here, we will work below with a dimen-

sionless glueball mass /m assumed to be large defined via: m = m# = m“ﬁ

The next task is to determine the turning points (zi,23) in the IR and IR~
UV interpolating/UV region separately. Also note that in the large N limit a is
approximated by b rp,.

In the IR, we have to take the limit z — —oo. Now in the large m and large
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log N limit this potential at small z can be shown to be given as:

o 1 - 2 z ~ 2 2z ( ]' )2 1
VIR(,Z)—S(l Sb)em —i—O(e \7) Ten
(4.15)

For the value of b as obtained in the previous chapter equal to 0.6, the potential is
negative. Hence, there are no turning points in the IR.
Now, in the UV, apart from taking the large » limit we also have to take Ny = 0,

to get:

3(b* +1) (ypm? + 3) . 3b* + ypm? + 6

—1+0( ). (4.16

VU\/(Z) I

The turning points of (4.16) in the large m limit are given as

%2_3(2+3b2)+(’)<~) 4 (4.17)

1
21:(3+3b2)+(’)(), 29 = i

mQ

To obtain a real spectrum, one first notes:

Vo (2) ~ J (6: o 6_23> e @ <e—3z, ;n1—2> . (4.18)

and therefore with b = 0.6

/1 Vv (2) = 0.30m =2 = (n + ;) ) (4.19)

yielding:

(O
W=

9.18 + 8.08n. (4.20)
e Background with an IR cut-off

In this case we have worked out the spectrum with the full metric. In other words,
this time we have included the (N)ext to (L)eading (O)rder term in N in the metric

components. Also as mentioned before, we must take the limit r, — 0 and hence
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a — 0 as now there is no horizon.

Again following the same redefinition as before we get the equation for the dilaton
as,

9.(C.0.0) + y2D.m2¢ = 0, (4.21)

where C, and D, are given up to NLO in N in (C.4).

Defining a new function t)(z) such that: 1(z) = v/C,¢(z), the above equation

can be converted into a Schrodinger-like equation,

(i; + V(z)) W(z) = 0. (4.22)

The turning points in the large m limit are given as

| 39s°M? Ny log N log yo + 1
z = lo
s 64m2mN m)’

m=log(6*—1), . (423)

where /Lg = 0,/Yo and the proportionality constant § could be determined by match-

ing with lattice calculations and turns out to be O(1).

Expanding v/V in 7 and then integrating over the above mentioned domain,

one gets the following quantization condition,

[ v

1 3M?¢>Nlog N log yo 1 1
~(2=1)m (1 ) ~0.75 O( )
{2( )m< " 64m°N U AN w2

<n 4 ;) I (4.24)

yielding;:

6.28n + 4.64 0.004 g2M2N;log N1
mot = ¢ 5Z+1 )<1— I ]\{Og Ogy”). (4.25)
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4.2.2 Neumann boundary condition at r

Following [121], we redefine the radial coordinate as z = 1. With this change of
variable, the radial cut-off now maps to z = 2y, with zy = % The dilaton equation

using the full metric and the dilaton background in the limit (r,,a) — 0 is given as:

Oy (6_2U82<5) + (498](\;7:(%2);— 1)> m2q~5 =0, (4.26)

where upto NLO in N we have,

8 x 2L/4g18/8718/8 \5/8 3/2
T ur +4ngsNylog4 + 2mgsNylog N + 39, Ny log 2
15M2g21/823/21og 2 (87 + 6N gs — gs Ny log 16 — 12g,Ny log z — g.N;log N)
8 x 23/473/8 N3/8 (47 + dmgsNylog4d + 3Nsgslog z + 2N gs log N) '
(4.27)

U

Now to convert the above equation in a one-dimensional schrodinger like form we

introduce a new field variable (z) as: ¥(z) = e V(2).

With this one can write the equation in the following schrodinger like form,

9*Y(z)
022

= V(2)0(2), (4:28)

where, the full expression for the potential V(2) is too large to solve analytically.

This potential can be simplified at large N and large log N and is given as:

6 15 1 g.M?
= Adrg;m*N + ———— — —— : 4.2
Vi(z) = dmgm™N + mz2log(N) 422 O ((log N2 N ) (4.29)

Hence, the Schrodinger equation becomes:

" 6 15
P (2) +1(2) <4wgsm2N T T Tog(V) 422> =0, (4.30)
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Figure 4.1: (OTF* T+ ©Masses obtained by graphical solution of the Neumann
boundary condition in the 7, = 0 Limit

whose solution is given as under:

7 log N

¥(z) =avz J\/W (2v/GemVNV7z) + e/ Y\/m (2vgmVNV2)

(4.31)

Requiring finiteness of ¢(z) at z = 0 requires setting ¢y = 0.

Then imposing Neumann boundary condition on ¢(z) at z = z, implies, in the
large-N large-z (as the Neumann boundary condition will be implemented in the

IR) limit:

1 1
—x0J — —xod 2J =0, (4.32
P e S )

where xg = 2v/g;Nmmzy. The graphical solution points out that the ground state
has a zero mass and the lightest (first excited state) glueball mass is approximately

given by 3.717%.
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4.3 Scalar Glueball (0~") Masses

The Wess-Zumino term for the type IIA D4—brane is given by,

ANF NF, (4.33)

Y41

where the operator TT(FF) with P = =, C = + couples to the gauge field A,,.

Hence to obtain the glueball mass in this case we consider the EOM involving

the one form gauge field in the type IIA background which is given as:

a,,( glA gl gve (a[UAp])) =0, (4.34)

where the indices u, v, ... = {0,1,2,.....,9}. Also all the non zero components of the
ITA gauge field is given in [3].

Following [110], we consider the linear perturbation of the type IIA gauge field
A, about the background value Ag of the form,

A=A+ A, (4.35)

Assuming the perturbation of the form A, = 0%2ag,(r)e™* with k* = —m?, the
0~ EOM (4.34) reduces to,

VI gl gilaag, (r) + O, ( “AgffXQfoA) ap(r) + Vhm*/ g"A g2 ap, (r) = 0,
(4.36)

where the different type IIA metric components are given in (1.60).

4.3.0.1 WKB approximation

e Background with a black hole

The potential corresponding to the Schrodinger-like equation, substituting m =
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VYn

m?, is given by

e* (4 x 3¥/3m® (3e* + €% + 2) — 6de® — 108¢% — 25¢% + 96)

V= 4.37
16 (e2 + 1) (e* + 2)° (4.37)
In the IR (z < 0), the above potential is given as,
3 11 1 3
Vir(z) = (—1632/%2 — ?) e*” + (832/%2 + 2) e”+0(e ), (4.38)
The turning points in this region are obtained as,
21 = —0Q, 29— —2526, (439)
to get,
z 1
/ " Virdz = 0.283i = <n + 2) ) (4.40)
which obtains:
B T’h
m® " =5.56(1+ 2n) 75 (4.41)
Similarly, in the UV (z > 1):
1 21 O " md 25
= 732/3 ~2 ) —z ( w 732/3 ~ 2) —2zg" T O —3z 4.49
Vo) (4 M ) e (1 - 3P B S 0(e®), (44)
whose turning points in the large m limit are,
1 L 1
2z =log(3+ O (72)), 2y = log (O.33m - 1.32+'@ ( - 2)) : (4.43)
m m

Again in the large 7 limit we have, /Vyv(z) = 1V/3me /e =3+ O (%)

Therefore,
z 1
/ i VVov(2)dz = 0.654m — 2.5 = (n + 2) T, (4.44)
21

which obtains:

m® " = (6.225 + 4.804n) % (4.45)
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e Background with an IR cut-off

The ‘potential’ with m = A

72+ at leading order in N is given by:
~ . e?%(e? e? 2 z z z
AX IR ( (t?g)z“?’ —2(e® + 1) (14€* 4 25¢% + 4) g M?
V(z) = 3 +0
16 (e* + 1) N
(4.46)
Therefore, in the IR (2 < 1) the above can be approximated as,
T3 9 33
Vir(z) = 3 Zez + (8 + ;mQ) e + O(e*). (4.47)
The turning points are: {21 = log (3‘1/? ) , 29 = log(6% — 1)}, giving,
3m
2 33(0% — 1
/ Vin(2)dz = 3(2>m ~1.1126, (4.48)
yielding:
o+  (3.72+4.36n) ro
= _ =, 4.49
i = CTLAB 5 (4.49
Also, in the UV (z > 0):
3 103 1 ; 21 25
VUV(Z) = <_ZI X 32/37712 — 16) 6_22 -+ (4 X 32/37'712 + 8) e 7 — E, (450)
whose turning points are: {zl =3+0 (#) , 29 = % %x"337m2 %}, yielding,
/22 VVov(z) dz = - — (n + 1) s (4.51)
21 4 x 35 2
which obtains:

- 1\ r
0—+ 0

= 4.804 — | —. 4.52

m’ 80 (n + 2) 73 (4.52)

4.3.0.2 Neumann/Dirichlet boundary condition

e Background with a black hole
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Taking the large-N limit one can show that the equation of motion (4.36) yields::

8t (rt—r) , 32m (rt —2r,Y)

7 ag, (r) — 7t ag, (r)+ (32 X 31/67T295m2N) ag,(r) = 0. (4.53)

Working near r = r,, the above equation is approximated by,

32mry(r—ry) , 1607r2(r =rp)  32wrp%\ 169 9
————a, (r)— — al, (r)+(32 x 3V sm°N ) ag,(r) =0,
V3 o:(7) V3 V3 (") ( I ) o (7)

(4.54)
whose solution is given as under,
33g.m?Nw _ 5r 5r
=P 0| Tk " —'§ 5 3 <-—5). 4.55
a92 (/r) €1 ( 57.h2 T + C2 32/3;{1;? N Th ( )
Now utilizing,
32/3 . 2N 5
U1 T LR 5l
5|7’h|2 Th
2/3 e 2N L
- 3 +(1—igj,7ﬂ>+log<f—h—5)+2’y—l
273 i 2/3gsm2Nm
32/37Tgsm2N<T 7 Th>F (_3 g:«hQ 2 ) I (_3 gth N )
" (x.= ) (5rh2 = 32/37rgsm2N) (2 (2 — 32/359;#) + 2log(r — 1) + 2log (%) + 4y — 5)
32/3gsm2Nn
47’h3F (— grh? )
+0 (05 ra)), (4.56)

with Neumann boundary condition: ap,(r = r,) = 0, one requires ¢; = 0 and at
the same time using r, = T\/4mg;N at leading order in N one get the following
condition,

32/3,2
20772

=n. (4.57)

Therefore the mass is given as,

0~t _ 2\/5\/ET

my, 75 (4.58)
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One can show that imposing Dirichlet boundary condition ag,(r = r,) = 0, yields
the same spectrum as (4.58). If the temperature 7' gets identified with a of [110],
then the ground state, unlike [110], is massless; the excited states for lower n’s are

closer to a = 0 and the higher excited states are closer to a — oo in [110].
e Background with an IR cut-off

The r, = 0 limit of (4.53) gives:
V3rtay (r) — 4\/57“3%2(7‘) + 3V/3m2riag,(r) =0, (4.59)

which near r = ry yields:

N 5 m? 93 9 3rf 9
oaa(r) Zir — 3" (CIU (4 434w 1) T2l (wromacs) (% 1 4)

N

(4.60)
Imposing Neumann boundary condition on (4.60) yields:
m® " (rp =0)=0
s To
m® " (rp, =0) ~ 3.4ﬁ
MmO " (= 0) ~ 4.35°2 (4.61)

yir’

One can similarly show that imposing Dirichlet boundary condition on (4.60) for

co = 0 yields:

m® " (rp,=0)=0
—+* TO
m® " (ry = 0) ~ 3065

sk T
m® " (r, = 0) & 4.81L—(;. (4.62)
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4.4 Glueball (077) Masses

Given the Weiss-Zumino term A*d®°Tr (F unF VPR A) and the two-form potential
A, is dual to a pseudo-scalar, for r, # 0, corresponding to QCD3, one writes down

the EOM for the fluctuation A23. The By;n, Carvy EOMs are:

2
DYHyinp = S FvporsF®"™,
2
DM Eynp = _gFNPQRSHQRsa (4.63)

or defining Ay ny = Byn + iCuyn, (4.63) can be rewritten as:
, 21
DM Anp) = —gFNPQRSa[QARSJ. (4.64)
Now, we consider the perturbation of the two form A, as,

Ayn = AD + 64y, (4.65)

with SAMN — 66N 6 Ay
The EOM satisfied by 6 Agz(z%123, 1) = [ (347];46%.19226:(7") reduces to:

O (V=9979"9" 0,6 Az ) = 0. (4.66)

Now considering the NLO term in a (4.8), with b = 0.6, ¢; = ¢5 = 4 (as obtained in
chapter 3, k* = —m? and defining G(r) = go2G(r) the EOM for G(r) is:

G"(r) + Di(r)G'(r) + Da(r)G(r) = 0, (4.67)
where D; and Dy at NLO in N are given in (C.5).

4.4.1 WKB approximation

e Background with a black hole
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The potential in the IR (z < 0) with m = 'rh‘é—y;h at leading order in N is given as:

Vir(2) = (6 — 0.01m?) e* + (0.15m? — 16.18) €* + O () | (4.68)

where in the ‘large’ m-limit the turning points are: {z; = —0c0, 23 =10g0.067}, to

get:

/ Vin(2) = 0, (4.69)

implying there is no contribution to the WKB quantization condition in the IR.

In the UV (z > 1), the potential is approximated as,
Vov(2) = (=1.02m% — 22.5) 7 + (0.25m° + 8.25) e =1+ O (e %) . (4.70)

Again, in the large m limit, the turning points are:

{z1 =log4.08+0O ( i ) , 29 = log(0.25m%+4.17)+ O (%)}, to get in the large

m?2 m

m limit:

/: Vou(2) (4.71)

: 1
5 / Ce2(0.25¢" — 1.02)2 4+ © ()
zZ1

m
— 0.3807 — 2+ O <1> = (n . 1) o (4.72)
m 2

Hence one obtains isospectrality with 0% for large n, there is also isospectrality

with 2+,
e Background with an IR cut-off

In the IR (z < 0), the WKB ‘potential” at leading order in N can be shown to be

given by:

1 1
Vir(z) = =1 + 5 (=3 +m?) e + O(e®), (4.73)
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5 VUn

where m = mY¥%*. The turning points are: {z; = —log(my), 2z, = log(6* —1)}.

Further dropping O ( L ) terms,

m3

/ Vin(z) = (522_ Y i~ 0.785 = <n + ;) 7 (4.74)

yielding;:
(4.75)

n

- = (4.71 Ei= 6.28n> o
1 52 —1 L2

In the UV (z > 1) the potential with m = m\%? at leading order in N is:

Viv(z) = —i (m? +3) e + i (m*+6)e*—1, (4.76)

with turning points: {z; = log3 + O ( L ) , 29 = log (722 - %) -4 (#)} In the

m2

large m limit we have: /Vyv(z) = SvVer =3 m+ O (%) Hence,

z —z ih
/262 Ver —3m dz = (n—i—2) T, (4.77)
21
implying:
m® " = (7.87 + 6.93@%. (4.78)

4.4.1.1 NLO (in N)/Non-Conformal Corrections
Up to NLO in N, in the IR, the potential is given by:

1
VI]}]%LO(Z) = 562N {62Z (—gS2M2Nf(610gN — 72 + log(16777216)) + 36952J\/[277L2Nf log? (o) + gs M? log(yo)

1
x (gsNy (72 — m?(6log N — 36 + log(16777216))) + 48wm?) + 48mg, M?> + 647> (m° — 3) N> } -7+ O(e %)

(4.79

The turning points of (4.79) up NLO in N are given by:

10g (% [1 . gsM? log(yo)(—gst(GlogN—361—;1807§2(11V6777216))+36gst log(y0)+487r)}> ,10g(52—1)

. Af-

ter evaluation of the integral of \/V (IR, r, = 0) between the aforementioned turning
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points, in the large-m-limit, one obtains the following quantization condition:

(62 —1)  3(6* —1)gsM?(gsNy)log N logre) . 7 ( 1)
~ T (n+ ), (480
( 2 64m°N oy =ntg)m (480

which yields:

2 2
= 6.2831?;+f.71239 (1 - 0.01g%log N]]\\[4 N; 1Og(7“0)> (481)

4.4.2 Neumann/Dirichlet Boundary Conditions

e Background with a black hole

Equation (4.67), near r = rj, can be approximated as:

a2

Gg"(r) + <b1 + ) G'(r)+G(r) ( 3 b2> =0, (4.82)

' r—Tp

where by, by, as are given in (C.6).

The solution to the above equation (4.82) is given by:

6(r) — ¥ (-VE= ) {qU (_2“2 g /et Ay o e )
24/b1* — 4b,

+ CQLQGZ—\/M*IH <7“\/ b12 =] 462 — Tr\/ b12 1 4b2> },
24/b12—4bgy

(4.83)
implying:
G(r)\ 1 -
G'(r) = = an(N,M,N¢, gs,mp)(r—rp)". (4.84
n= (% (s h—>z (V. M, Ny, gy )= )" (434)
24/b12—4by

Assuming ¢; = 0, the Neumann boundary condition at r = r, can be satisfied by

setting the argument of the gamma function to a negative integer n. It runs out

—2as+b1+1/ b12—4bs

24/b12—4by

setting = —n € Z~ U {0} produces a negligible ground state 0=~
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: —2az+b1+31/b1>—4b — : . .
mass. Hence, we consider —= \;b . bl 2 = —n € Z~ U {0}, which gives a finite
24/b12—4bs

ground state mass. This condition up to LO in N yields:

T2 {2 (1.82 x 102 T2 — 1.66 x 10° m?)"/* — 675867} + 265.15m

T (1.82 x 1012 T2 — 1.66 x 10° m?)"/? = e ZUion
(4.85)
the solution to which are given below:
mo-- = 32.4617T
my-- = 32.88T
M- 2= 32.989T
Moee =33.033%
M= 306N (4.86)

One can show that one obtains the same spectrum as in (4.86) after imposing Dirich-

let boundary condition G(r = rj,) = 0.

e Background with a black hole

Considering the limit 7, — 0, and hence a — 0 in (4.82), the same reduces to:

5 3. M?
G"(r) + = {1 = 3;’07(2]\, (87 4 249,Ny log(r) + g Ny (6 — log 16 — log N))} g'(r)

gsm?

+
s

{167‘(‘2N — 87 + 3g2M*N; logr (6 —log 16 — log N + 121ogr)}g(r) = 0.

(4.87)

Equaion (4.87) near r = ry reduces to:

G"(r) + (o1 + Bi(r = 10))G'(r) + (@2 + Ba(r = 10))G(r) = 0 (4.88)
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where

52M2N1 N
5<1+3g log >’

M 320m2N
ﬁ . 3952M2Nf 5)
YT BArEINT2 12
4rgsm* N 3gs°m>M?Ny logrg
Q2 = 4 - 4 ’
ro 477y
3gs2log Nm2M?Ng(4logry — 1 16mgsm?N
By = 2THE : 5f< eilE 1) _ e el (4.89)
Ty g
The solution to (4.88) is given by:
G(r)= —enr+EE =B 4 Birro
3 2 2 2 1
P 017 — agfi” + a1 P — P71 ((7’ —710)B1" + oy — 252)
8 i
2141 2613 y 27 2513
181 + B (r — o) — 252
' ClH—a151/32+a§f§2—513+ﬁ22 ( \/5513/2 :
(4.90)

. Now, setting ¢, = 0, defining m
T=T0

Q(r))'

g22

One can then work out G'(r = r9) = (

via: m = m7%, and using the large m-limit of Hermite functions:

a1y — 20
H7a161[32+a2ﬁ127,(1 or 2)613+ﬂ22 ( ; H 16m%
1

B3

ﬁf) , = (491)

and

n z2 n/2
25+3¢e% (%) / cOS (”2” — z4/2n — %2 — 1)
2 b)

4 7
1 2n

H,(z) "2 (4.92)

one can show that the Neumann(/Dirichlet: G(r = ry) = 0) boundary condition at

r = 1o is equivalent to the condition:

8
= (V6r? V375 — 64m* — 6imm*) = im(2n + 1), (4.93)
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yielding:
1/4
Ly (2(VOR (160 + 20471 +6+6) — 320+ 1))y
" 2 3n? — 32 L?
(4.94)

4.5 Glueball Masses from M theory

The glueball spectrum for spin 07", 17 and 27" is calculated in this section from

the M-theory perspective. The 11 dimensional M-theory action is given as:

1 = 1
SM / dlll' GM <R = §G4 A *11G4) o (495)

F 2k Jm

where G4 = dC5 + Ay A dBs + dx1g A dBsy, and CM

g _ BHA CM - CHA

pv > pvp pp
Now, as shown in [3], no FJ4 (to be obtained via a triple T-dual of type IIB
F1,3,5 where Fy ~ Fx/y/za F3 i~ Fryr/01/927 szr/91/927 Fyzr/91/92 and F5 v Facy261,32 where
B; = r/6;) can be generated, the four-form flux G4 can be obtained as,
G4 =d (C’Wlodx“ Adx” A dﬁlo) i (Afl i Afg + Af5) A H3

(4.96)
IHg/\dLE’10+A/\H3,

where C),,10 = B,,, implying
/G4 N\ *11G4 = / (Hg VAN d!Elo -+ A VAN Hg) N *11 (Hg N dl‘lo + A A Hg) . (497)
Now, HyAdx19A*11 (H3 A A) = 0 as neither Hz nor A has support along z19. Hence,

H3 A d.ﬁElo A *11 (Hg A d[l?lo)
— ﬁHpuplOGMM GV (PP Gl()/\l HM1V1P1>\1 dt N\ ...dl‘lo (4 98)
= VGHyupo (GG G G' N Hyy i, + GGG GOV g,

—GHILGMGPOGIN H s, + GG G GO O, ) diE A dano,
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where H,, 0 = H and

uvps
(H AA) A sy (HAA) = VGH,AyG* G G Hypy oy Anygy (4.99)

with H[u1#2u3Au4] = HM1#2M3AM4 L (HM2u3M4AM1 R HM3#4M1AM2 + HM4M1,LL2AAL3)'

—3/10 and using the results of [3] for

Now, working near ¢, = N~Y5%and 6, = N
H;, A and the inverse of 11-dimensional metric we calculate at leading order in NV,

the following flux-generated cosmological constant term:

GunpGMNFe = (4.100)

where A(r) is given in (C.14). After performing the integration on the six compact

coordinated the M-theory action (4.95) reduces to 5-dimensions:
Sy~ / d°x VG5 (R + Cosmological constant term), (4.101)
M

e Metric Fluctuations: The background metric gfg) is linearly perturbed as
Gy = 9;(40) + hy,. Now we assume the perturbation to have the form: h,, =
€. (r)e’ ™. Clearly there is a SO(2) rotational symmetry in the x5 — 3 plane
which allow us to classify different perturbations into three categories, namely

tensor, vector and scalar type of metric perturbations.

4.5.1 07" Glueball spectrum

The 07" glueball in M-theory corresponds to scalar metric perturbations [122]:

qxr
hi = gue' ™ q1 (T)>
1qr1

Q3(7“),
g (1), (4.102)

hxlr = hr:m =14 Gz12:€

hrr = grr€
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where gy, gz,2, and g, are the M-theory metric components, where we work only

with the leading order terms in each.

4.5.1.1 WKB approximation

e Background with a black hole

Taking into account the above perturbation, we get the following differential equa-

tion for gs(r),
q3"(r) + G(r)gs'(r) + H(r)gs(r) = 0, (4.103)

where the expression for G(r) and H(r) upto leading order in N is given in (C.7).

Writing the above equation (4.103) as a Schrodinger like form one can read off

the potential term with m = m*é—y;” which in the IR region (z < 0) is given as,

Vin(2) ~ €7 (=0.006m* — 0.07m?) + 0.002m" + 0.003m? — 0.25 + O (%), (4.104)

~Y

where to simplify calculation we have used a = 0.6 7, and set g; = 0.9, N ~ (g5) ™%
100, Ny = 2 -in the MQGP limit of [3].
The potential (4.104) is found to be positive for the domain z € (—oo0, —2.526]

and the same yields:

—2.62 1
/ VVir(2) = 0.09m2 log(m) — 0.04m* = 7 (n + 2) : (4.105)

to get,
ot+ \/7071"‘35 (4106)
" /PL(26.30n +13.15)
In the UV region, one can show that,
—0.007m* + 0.3m2 4 1.62 .08m? .54
Vi (2) ~ 0.007m” 4+ 0.3m” +1.62  0.08m” + 0.5 —0.95. (4.107)

627; e?
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which remains negative for all values of z, implying no turning points in the UV.
e Background with an IR cut-off

The equation to be considered for this case can be obtained by taking the limit

rp, — 0 and hence a — 0 in (4.103), to get,

"
: E = - ) =o.
a5(r) + d3 3r3 dmwgs N - r 24 ArgsN =, r?

(4.108)

4rgom?N 3 sm2N 5 1
() ( TGgsm r 9) + go( (87rg m or )

Again, converting the above equation into a Schrodinger like equation one the
potential function which in the large-/V limit is negative and hence has no turning

points. The WKB method does not work in this case.

4.5.1.2 Neumann/Diritchlet boundary condition
e Background with a black hole

Using a = 0.6ry,, equation (4.103) in the large N limit, near r = r, (writing m =

m4) simplifies to:

(2 =0.0067%) gs/(r) , (0.76 = 0.17%) gs(r)

o = 0. 4.1
%' (r) + r—ry, r(r —rp) g 102
Lets write the above equation of the following form,
p
n” n h(r) =0 4.110
() + =2 () &+ ——h(r) 20, (4110)
(0.76=0.11m?)

where we have, p = (2 — 0.0067m?), s =

Th

The solution to (4.110) is given by:

h(r) = c1(2r — 2P/ 2 (r — ) P2 (—s(r — rh))%*%fp_l (2 —s(r — rh)>

+ (=) Py (20 — 2rp )PP (r — 1) P2 (—s(r — rh))%_ng_l (2\/@) :

(4.111)
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Setting ¢, = 0, one can verify that one satisfy the Neumann boundary condition:
h'(r = r,) = 0 provided:
p=—ne€Z U{0}, (4.112)

implying:

= 12.25v2 + n. (4.113)

One can similarly show that by imposing Dirichlet boundary condition: h(r = ry,) =
0:
m = 12.25v/1 + n. (4.114)

e Background with an IR cut-off

Near the cut-off at r = 1o, equation (4.108) with m = m{% is given by:

42 4+108 (M2 +9)(r—r
L) + e )] Gk D PR
12 "o (4.115)
) 8m? 4+ 180 (32> + 360) (1 — ro) 0 '
7/1 -  —
3 1272 12793 7

whose solution is given by:

3v2 (2 + 9)** 7,

2(4m2445)r
- Sl 94k
Q3(7“) = ¢ 3(m*+9ro C1H_ 264 71m4 £ 828m 242835 <
9(m2+9)>

3(m2 + 9)°r — 2(2m4 + 372 + 153) m)

4+ c F 3
ek 18 (M2 + 9)° 2 18 (12 + 9)° 12

Now using Neumann boundary condition at r = 7o, namely ¢5(r = 1) = 0, it can
be shown numerically /graphically that for ¢; = —0.509¢,, one gets, q3(r = ro,m ~
4.1)=0.

We hence estimate the ground state of 07+ from metric fluctuations in M-theory

to be 4.1%.

. r _ 2
26 + Tt + 8282 +2835 1 (3 (M2 +9)"r — 2 (2h* + 37i? + 153) o) ]

(4.116)
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4.5.2 27" Glueball spectrum

To study the spectrum of spin 27* glueball, we consider the tensor type of metric

perturbations where the non-zero perturbations are given as:

hxzmg - hxga:z == gmmH(T)eikml (4 117)
ik .

hzgzg = hz3l‘3 =3 gr1$1H(r)e

This time we consider the M-theory metric components corrected upto NLO in N.

4.5.2.1 WKB approximation

e Background with a black hole

Considering the tensor modes of metric perturbations we obtain the following second

order differential equation given by,
H"(r) + Ay(r)H'(r) + As(r)H (r) = 0, (4.118)

where A; and A, are given upto NLO order in N in (C.8).
The potential term in the schrodinger like equation for 271 glueball can be

obtained from (4.118) and in the IR region (z < 0) with m = m‘é—‘? it is given by,

gsM?
N

Vin(z) = € (0.52 — 0.01m?) + (0.15m° — 1.02) €* + O ( ,e3Z> L (4.119)

where like before, we have used a = 0.6 rj, and set gs = 0.9, N ~ (g,)7*° ~ 100, N; =
2 - in the MQGP limit of [3].

Now the turning points are found to be at,
2 = —2.71, 29 = —2.53. (4.120)

The WKB quantization with these turning points gives: [7* \/Vir(2) dz ~ 0. Hence,
the IR does not contribute to the 2+ glueball spectrum.
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In the UV, we must consider the limit (z — o0). Moreover, in the UV set

Ny =M =0 to get the following potential,
1
Vo (2) = 14 ¢ (6.56 — 1.02m?) + (0.25m* — 2.77) ¢ * 4 O (m 6—32) , (4.121)

where we set the same numerical values for a, g, and N as above.
The turning points are: {21 = log4.08 + O (#) imy — oo}, giving the WKB

quantization as:

z9 1
/ \/VUv(Z) dz = 0.39m = <TL + 2) iTS (4122)

implying:
2++ Th

(1) = 8.08 (n+ ;) o (4.123)

e Background with an IR cut-off
Considering the limit (r5,a — 0) equation (4.118) is given by,
H"(r) + As(r)H'(r) + A4(r)H(r) = 0, (4.124)

where A3 and A, are given in (C.9).

The ‘potential’ term, in the IR region, up to leading order in N with m = m“L—y?
is given as:
Vir(z) = = (Th2 + 5) e = J + O (egz) (4.125)
R 4 4 ) :
whose turning points are given as {z; = —logm, 2z = log(6? —1)}.

Hence WKB quantization condition gives,

= 1 1 (52-1). 1 1
— 2 22——: — _ et —
/Z1 \/4 (m2+5)e 1 5 M 0.78+O(m3> <n~|—2> m, (4.126)
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implying:
m2 " (IR) =m? (IR). (4.127)

’fL

In the UV, we have:

VUV(Z) = le <m2 — 10) e (m2 = 5) e 4+1+0(e %)

19
4
< i nll) : (4.128)

and the turning points are: z; = log3 + O (#) e = 00.
Therefore we get,

22 Tm
/Z V() di =2 (4.129)

This implies,

m2™ (UV) = (3.46 + 6.93) -2

A (4.130)

Let us try to include the NLO term-in-N also in the potential. Including the
Vo .

same in the IR region the potential with m = m>7

is given by:

1
O {480M2987T +128 (1m? + 5) Nx? + 60M2g2 Ny (12 — log 16 — log ')

+ M?g, (967%27? +9aN7 {720 + 12%(6 — log 16 — log N)}) log yo + T2M2g2 N g log? yo},
(4.131)

whose turning points are given by,

Y

1 M?gs (967 4 12g:Ny {6 — 121og 16 — log N + 6log yo }) log yo
z1 = log () 1—
2562 N

(4.132)

The integral ( s VINLO)( ) dz), in the large-m limit, yields the same spectrum
as 07~ up to NLO in N.
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4.5.2.2 Neumann/Diritchlet boundary condition

e Background with a black hole

Near r = ry, the solution to the above equation will be given on the same lines as

5.1 for 0~ glueballs, and the analog of (4.85) is:

T2 (1.5\/0.05T;—0.002m2 - 0‘11> + 0.0002m?2

= —n, 4.133
T+/0.0522 — 0.002m? (4.133)
the solutions to which are given as:
Mo++ = 5.08671
myt+ = 5.318T
myyy = 5.338T
matr = 5.348T
(4.134)

One can impose Dirichlet boundary condition: H(r = rj) = 0, and show that,

++ 2+ (Dirichlet
m (Neumann) __ m ( )7 for n = 0, 1, 2,

n = n+1
e Background with an IR cut-off

Up to Leading Order in N near r = ro, equation (4.124) with m = m 7§ is given by,

H'(r) + (i . L_JO)) H'(r)+ H(r) <

To To

m*+8  4(m*+4) (r—n)

; = 0.

(4.135)

To To 3

The solution of (4.135) is given by,

_4(m2+4>T 2 (4ﬁ12 - 9) o + 251
H(r)=e 510 {C1H1215(16m4+53m2+56) < 5v/ 107rq )

1 (257 + 2 (4m? — 2
(—16m4—53m2—56);2;< or 42 (4m” — 9) o) )}.(4.136)

250

1
0
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The Neumann boundary condition H'(r = r9) = 0, numerically yields that for
c; = —0.509¢y, giving the lightest 27 glueball has a mass 1.1377%. Similarly, by
imposing Dirichlet boundary condition: H(r = ry) = 0, for ¢; = —0.509¢s, the
lightest 27F glueball has a mass 0.6657%.

4.5.3 Spin-17" Glueball spectrum

Here we need to consider the vector type of metric perturbation with the non-zero

components given as:

hy = hig = gmmG(r)eikxlvi = T2, 3. (4137)

4.5.3.1 WKB approximation

e Background with a black hole

Using the above ansatz for the perturbation the differential equation in G(r) is given

with k2 = —=m? as,

G"(r) + B1(r)G'(r) + Bz(e)G(r) =0, (4.138)

where B; and By are given upto'NLO in N in (C.10).

The ‘potential” V' in the Schrodinger-like equation working with the dimension-

less mass variable m defined via: m = m7 = ﬁ’L—VL&g”, in the IR, can be shown to be

given by:

1 1
Vin(z) = € (0.15m” — 1.52) + ¢ (1 — 0.01m%) — ;O <e3Z, N) . (4.139)
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From the above potential we find the allowed domain of integration as, {z; =

log(0.07), 29 = —2.526}. Thus, in the IR:

: 1
/ ’ \/e% (0.15m2 — 1.52) + e (1 = 0.01i2) —  d= ~ 0, (4.140)
zZ1

implying a null contribution to the WKB quantization condition in the IR.

In the UV (z > 1), the potential for @ = 0.6r, and M = Ny = 0 is given by,
Vo (2) = e72(6.56 — 1.02m?) +(0.25m* — 2.77) e * + 14 O(e™*).  (4.141)

The allowed domain of integration over which the potential is positive, is: ([log(4.08), c0).

Performing a large-m-expansion, one obtains:

/OO Ve (6.56 — 1.02m?) + (0.25m2 — 2.77) e~ + 1 dz
1

0g(4.08)
° 1
= e “v/0.25e* —1.02+ O <7> dz
log(4.08) m
1
= 0.389m = <n + 2) T, (4.142)
yielding:
++ Tn
m,,  (T) = 4.04 (1 + 2n) 5 (4.143)

e Background with an IR cut-off

Considering the limit of (r,,a) — 0 in equation (4.138), the potential obtained from

the schrodinger like equation is given as,

~ 2 2z z 3z __ 2
V(z) = (m* +2)e* — 3e* +4e** — 1 Lo (gsM ) (4.144)

4(er +1)° N
In the IR region (2 < 0) we get the potential as:

11
Vir(z) = -3 1(5 +m?)e* + O(e*), (4.145)



144 Chapter 4. Glueball Spectrum

giving the turning points as, {z; = —logm, 2z = log(6*> — 1)} and the WKB

quantization condition becomes:

Therefore:

1++

m, (IR,m,=0)=m

n

2++

n n

(FR,7h =10) = mX ({R,r, = 0).

Further, in the UV (z > 1) the potential is,

(725 10) 72 (7 = 5) e +14.0 (),

A~ =

VU\/(Z’) =

with the turning points:{z; = log3 + O ( L ) , 23 = 00}

m?

This yields the following WKB quantization condition:

/: VVov(z) dz = Zj% ¥ (n—i— ;) T,

which obtains:
1++ To

m) " UV, = 0) = (3.46 +6.93n) 7.

4.5.3.2 Neumann/Diritchlet boundary condition

e Background with a black hole

Near r = ry,, equation (4.138) up to LO in N, is given by:

3.92 2 0.02m2  —1.16 + 0572
a"(r) + () G'(r) + ( LA *omm ) G'(r) =0,

Th rn(r —rp) i

(4.146)

(4.147)

(4.148)

(4.149)

(4.150)

(4.151)
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whose solution is given by,

<0.57‘(—2. 5—0.577%2—3.92)+Thlog(r—rh))
G(r)=e "
—0.01m2 — /5 — 0.57m2 + 1 2.4/5.0016 — 0.57m?2
w e (= 0.01m 5 0~57m—|— 9, 5.0016 057m7‘_2. 50572
V5 —0.57m?2 Th
2ry/5 — 0.57m? =
R N (T —2.4/5— 0.57m2>] : (4.152)
5—0.571m2

Imposing Neumann boundary condition at r = r, and then using lim, o U(p, 2, z ~

0) ~ ilw, one notes that one can satisfy the Neumann boundary condition

at'r =ry, provided lim, ,o 1Fi(p — 1;0; 2) = lim. o lim, .o 1F1(p— 1;¢;2) (i.e. first

set z to 0 and then ¢), p = —n € Z~. Hence:

m* " (T) = 2.69567T
m" (T = 2.89957T
m (T = 2.93467T

m " (T) = 2.9467xT. (4.153)

One can show that one obtains the same spectrum as (4.153) even upon imposing

Dirichlet boundary condition: G(r = ry) = 0.

e Background with an IR cut-off

Considering the limit of (r,,a) — 0 in equation (4.138) up to LO in N and imposing
Neumann boundary condition at the IR cut-off r = rg, yields isospectrality with 2++

glueball spectrum.
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4.6 27" Glueball Masses from Type IIB

The 10-dimensional type IIB supergravity action in the low energy limit is given by,

1 1 1 ~ 1=
- {/dl% 2 —C <R _ Hg) -5 [d° V=G <Ff R4 Fg)} ,
212, L. 2 2 2
(4.154)
where ¢ is the dilaton, Gy is the 10-d metric and F;, Hs, Fvg, F are different

fluxes.

The five form flux Fvg) and the three form flux F’g, are defined as,
o 1 S
Iy =F5+ 532 A F3, f3=F;— Cy A\ Hs, (4.155)

where F; and F3 are sourced by the D3 and D5 branes respectively. Bs is the NS-NS
two form and Cj is the axion. The three form fluxes ﬁ; H;, the two form B, and
the axion Cj are given as [2] - see (1.48). Now varying the action in (4.154) with

respect to the metric g,,, one get the following equation of motion,

5 ~ ~ x ~ 3
R#V b <4> €2¢FMP2P3P4P5F52p3p4p5 = (gg) 62¢F52 + (2) Hﬂaza:;ngas ( )
4.156
y 3 ~ ~ ¥ ~ 1
() @)t () (),
we consider the following linear perturbation of the metric,
v = Q,SOV) + hw/a (4157)

Here the only non zero component according to the tensor mode of metric fluctuation

is hgy,zs- The final equation of motion in terms of the perturbation is given as,

5 n Tox hfL" z n
Rg(é):ca = (4) 02¢ (4Fx2x3p3p4p5mesngwsgp3q3gp4q4gp5qsh 2 3) _ <§3> 2O F?

hz hxx —
() (7)o

(4.158)
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2

Writing the perturbation heye, a8 hayey, = 3557z H (r)ei*®1 (4.158) reduces to the

following second order differential equation in H(r),

H"(r) + Cy(r)H'(r) + Co(r)H(r) = 0, (4.159)

where C and Cy are given in (C.11).

4.6.0.3 WKB approximation

e Background with a black hole

The ‘potential’ at leading order in N, defining m = ﬁz—VLth, yields,
1
Vi(z) = e* 3% (e +2) (= (m?—6)e” —m?+ 3e* + 6
=) 4(e2+1)3(e2+2)2{ ( ( ) (= ) )

+(—e* =) (25— 3m?) & — (? — 18) €% — 2 (m* - 6) + 4632)) } +0 (gSJJ‘VP> |

(4.160)

In the IR (z < 0), the potential with a = 0.6r, is given by:
Vin(2) = e* ((0.15m? — 1.33) ¢* — 0.01m? + 0.06) + O(¢*),  (4.161)

with the turning points: {z; = —2.708, 2z, = —2.526}, giving,

/22 \Vir(z)dz ~0, (4.162)

hence the IR provides no contribution to the WKB quantization.

In the UV (z > 1) one get,

(m?+9.24) e7* — i (m? +0.36 (> +9) +3) + O (e7%) e — 1
(4.163)

e~ =

VU\/(Z) =
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the turning points are {21 =log4.08 + O ( 1 ) . 2 = 0.25m2 — 1.77}. Hence,

/2:2 \/ VUv<Z) dz

z9 p— R 1
- [*SveE—Tmn o) (4.164)
z1 m
1
=0.389m — 2 = <n + 5) T,
which obtains:
++ Tn
2T (T) = (9.18 + 8.08n)ﬁ. (4.165)

Hence, the string theory 271 glueball is isospectral with 07"; in the large n-limit of

the spectrum, the M-theory and type IIB spectra coincide.
e Background with an IR cut-off

At leading order in IV, the ‘potential’ in the IR is given by:

N
Vin(2) = =3 + 7 (1+m?) e +0(e™). (4.166)

The domain in the IR over which Vig(z) > is [—3 log(5 4+ m?),log(6% — 1)] and the

WKB quantization gives,

~2.526 \/ F B .Y o 1 Vi
/;1og(5+m2) Z—I—i(%—m)e —r—3 m—4—(n—|—2>7r, (4.167)

yielding,
m2 (IR, 1IB) = m? " (IR, M theory). (4.168)

n

In the UV the potential reads,

Vv (2) = i (m? - 10) e~ — j (m?—5) e +1+0 (7). (4.169)
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The domain of integration over which Vv (2) > 0 is: [log3, 00). Therefore:

o0 1 fo 1 mm 1
V({UV,r,=0) = - “EVer —3n — | =—= -
/10g3\/ ( ' Th ) 2 log3e ¢ m_'_O(m) 4\/§ <n+ 2) ™
(4.170)
yielding;:
++ o
e = (Y4040+ 6.928n) 7. (4.171)

4.7 Summary and Discussion

The summary of all calculations is given in Fig. 4.2! /4.3 and Table 4.2 - the former
table/graph having to do with a WKB quantization calculation using the coordi-
nate/field redefinitions of [112] and the latter table having to do with obtaining the
mass spectrum by imposing Neumann /Dirichlet boundary condition at ry, /IR cut-off
ro. Some of the salient features of the results are given as separate bullets. It should
be noted that the last two columns in Fig. 4.2 and Table 4.2 have been prepared in
the same spirit as the last columns in Table 2 of [113]. The ry, # 0 glueball spectra
is plotted in Figure 4.3.

IFig. 4.2 is in fact a table, but has been incorporated as an image file to take care of some
compilation issues
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S. No. Glueball i using WKB 1 # 0 i using WKB rp, =0
(units of 7T, up to LO in N) (units of 7%, up to NLO in N)
(large-mn limit) (large-m limit)
1 QT (M theory) (M theory)
(Fluctuations: Jipo,rry rr % No turning points
in M-theory metric) A
0tk (Type IIB) (Type IIB)
(Dilaton Fluctuations) 9.18 +8.08n 4 (4 '?j'_*’ff)a“] [1 —0.01 QE;IQ (9:Ny)log N log r.-,]
2 0= (Type IIA) (Type IIA)
(1-form fluctuation ag, ) 1112 (n+ é) n=0M0 %}%,}n:ﬂ
(6.22+4.80n),n c Z+ A 4.8 {;n+é]._n62+
3 o (Type IIB) (Type 11B)
2-form fluctuation Aa3 =m® " (dilaton, T) b?:’g‘ff“ (1 + 0.01, log :\:_i‘,-'fg'l\; - Eog[r:'}) Err= 0
A (7.87 + 6.93n),n € Z+
4 Tngr (M theory) (M theory)
(Fluctuations: hy = hy;, i = x2.3 8.08 (n + %] mL (n=0,r, =0)=m2 (n=0,r, =0)
in M-theory metric) A (3.46 +6.93n),n € Lt
5 2i T (M theory) (M theary)
(Fluctuations: hagry = Rrgra, 8.08 (n . %) = m,},TJ_(T} = m},++ (r,=0)
hiors = Hrgzy in M-theory metric) A
p (Type IIB) (Type 1IB)
fign TR WS, 9.18 4 8.08n = m®' " (1IB,T) =mt' =0
in type [IB metric) A

Figure 4.2: Summary of Glueball Spectra from Type I1B, ITA and M Theory using WKB
quantization condition (equalities in the fourth column, are valid up to NLO in N); the
colored triangles/square in the third column correspond to the colored triangles/square
that appear in Fig. 4.3 in the combined plot of BH supergravity calculations of glueballs
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0++: M-Theory
0++/0——/2++ (n>0): 1B
0—+ (n=0): lIA
0-+ (n>0): 1A

> > | | > >

1++/2++ (n>0): M=Theory

A
r A
80| N
L A
A
L A
60 - A
L - N
I A
L A A
401 . A
L . A A
L A A
F A A
20+ A A
L & A
L 4
| _EEE
L L L L L n
2 4 6 8 10

Figure 4.3: Combined Plots of BH Supergravity Glueball Spectra
Some of the salient features of Figs. 4.2/4.3 are presented below:

1. Interestingly, via a WKB quantization condition using coordinate/field redef-
initions of [112], the lightest 07 glueball spectrum for r, # 0 coming from
scalar metric fluctuations in M theory compares rather well with the N — oo
lattice results of [9] - refer to Table 4.1. Also, similar to [122], the 07+ com-
ing from the scalar fluctuations of the M theory metric is lighter than the
0" coming from type IIB dilaton fluctuations. Further, interestingly, one can
show that by using the coordinate and field redefinitions of [121] when applied
to the EOM for dilaton fluctuation to yield a WKB quantization condition,
for a = 0.6r), - as in [5] - one obtains a match with the UV limit of the 07+
glueball spectrum as obtained in [112]. For our purpose, the method based on
coordinate/field redefinitions of [121], is no good for obtaining the 0" glueball
ground state and was not used for any other glueball later on in subsequent

calculations in this thesis.

2. Also, from Fig. 4.2/4.3, m2_, > m0%_(scalar metric perturbations), similar

to [122].
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State N — o0 Entry in Table 34 of [9] M-theory scalar metric perturbations | Type IIB Dilaton fluctuations of [1 23]
in units of square root of (6.1.2 - in units of in units of reciprocal of
string tension %) temporal circle’s diameter

0++ 4.065 £ 0.055 4.267 4.07 (normalized to match lattice)
(Uama 6.18 = 0.13 6.251 7.02

O 7.99 £0.22 7.555 9.92

O - 8.588 12.80

Qe - 9.464 15.67

Table 4.1: Comparison of [9]’s N — oo lattice results for 0 glueball with our super-
gravity results obtained using WKB quantization condition and redefinitions of [112] for
M theory scalar metric fluctuations

3. The higher excited states of the type ITA 0~ glueball, for both r;, # 0 and

r, = 0, are isospectral. This is desirable because large-n corresponds to the

UV and that takes one away from the BH geometry, i.e., towards r;, = 0.

. The non-conformal corrections up to NLO in /N, have a semi-universal behavior

(9sM?)(gsNy)logro
of =

O(1072); we could disregard the same in the MQGP limit.

and turn out to be multiplied by a numerical pre-factor of

. As per a more recent lattice calculation [10]?, the 0T *-glueball has a mass
4.16 £0.11 £ 0.04 (in units of the reciprocal of the ‘hadronic scale parameter’
of [124]), which compares rather well with m%_; = 4.267 (in units of ) of
Table 2 coming from scalar fluctuations of the M theory metric. Similarly, the
0~ "-glueball in [10] has a mass 6.25+0.06 +0.06, which matches rather nicely
with m9_ (6 = 1.26) = 6.25 (in units of 7%) of Fig. 4.2 coming from type ITA

one-form fluctuation.

. The ground state and the n > 1 excited states of 17" and 0~ glueballs are

isospectral.

. The higher excited r;, # 0 2% glueball states corresponding to metric fluc-

tuations of the M-theory metric and the ones corresponding to fluctuations

2We thank P.Majumdar for bringing this reference to our attention.
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of the type IIB metric, are isospectral. The r;, = 0 27* glueball states cor-
responding to metric fluctuations of the M-theory/type IIB string theory, are
isospectral. Further, it turns out that due to internal cancellation of terms and
%—suppression, a type IIB r;, = 0 271 glueball spectrum, unlike an M-theoretic

computation, is unable to capture the NLO-in-/N corrections to the LO-in-IN

type IIB 21+ glueball spectrum.

8. m27(NLO, r, = 0) = m ™ (NLO, r, = 0) =3 m® " (NLO, r;, = 0), where the

n

‘NLO’ implies equality with the inclusion of NLO-in-N corrections.
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S. No. | Glueball Spectrum Using Spectrum Using
N(eumann)/D(irichlet) N(eumann)/D(irichlet)
b.c., 7 = rp(units of 7T) b.c., r = ro(units of 7%)
1 0+t (M theory) (M theory)
(N) 12.25v2Fn (N) 4.1
(D) 12.25vT+n
2 0" (Type IIA) (Type IIA)
(N/D) #tym (N) mg_y =0,m0_} ~3.4,m0_} ~ 435
(D) m_y =0,mf_} ~ 3.06,m)_} ~4.81
3 (U (Type 1IB) (Type 11B)
(N/D) b () = 0,mb 5 (1) = 222, (large n)
n:2 S(T) = 32‘”88 (N/D)
V2 (ﬁ\/m+o> +372(2n+1)
32—3m2
4 i | (M theory) (M theory)
(N/D) m2t! (1) = 2.6956, mL " (T) = 2.8995 (N) mifi, =0y~ 1.137
mlT(T) = 2.9346 (D) ml5 (r = 0) ~ 0.665
5 2 il (M theory) (M theory)

_o(D,T)=0,m

(N) m2Lt (1) = 5:086 2t (1) = 5:269

n=0 T 'n=1

2+ _ 5.318
ma_o(T) = 222

++
31+1 (D’ T) 3

++
m? " (N,

=my," (r, = 0)

Table 4.2: Summary of Glueball Spectra from Type IIB, ITA and M Theory for r;, #
0/rp = 0 using Neumann/Dirichlet boundary conditions at the horizon r, /IR cut-off r
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Some salient features of Table 4.2 are presented below:

e The following is the comparison of ratios of 07~ glueball masses obtained in this

work from Neumann/Dirichlet boundary conditions at the horizon, with [123]:

R%tio Our Results | [123]’s Results
== 1.0129 1.5311
M= 10033 1.3244
Zgi*_ 1.0013 12393
ZE: 1.0007 1.1588

Table 4.3: Comparison of ratios of 07~ glueball masses obtained from Neumann/Dirichlet
boundary conditions at the horizon, with [123]

Hence, for higher excited states, the ratio of masses of successive excited states

approaches unity faster as per our results as compared to [123].

e From a comparison of results in Fig. 4.2/4.3 and Table 4.2 with N — oo lattice
results, it appears that WKB quantization-based spectra are closer to N — oo
lattice results than the computations involving imposing Neumann/Dirichlet
boundary conditions at the horizon/IR cut-off. In particular, it is pleasantly
surprising that the WKB quantization method applied to the 07*, 07" glueball
spectra, is able to provide a good agreement (in fact for the lightest 07+
glueball spectrum, better than the classic computations of [123]) with lattice

results even for the ground and the lower excited states.






CHAPTER b

CONCLUSION AND FUTURE
OUTLOOK

In a ‘Top-down’ holographic model, the precise statement of duality between the
gauge theory and the dual gravity theory is known exactly. On the other hand,
in ‘Bottom-up’ approach, one first identifies the required ingredients to study a
particular phenomenon in the field theory, and incorporates them into the bulk
theory. The exact duality statement in a bottom-up approach is not significant or
required.

In this thesis we have considered the ‘top-down’ approach where the proper-
ties of strongly coupled thermal QCD-like field theories were studied from the
(super)gravitational-duals-of-brane-constructs-based gauge/gravity duality. Most
importantly, in top-down holographic models, considering a particular configura-
tion of branes, one can achieve UV completion of the gauge theory. This allows the
computation of the non-conformal % corrections. Using the UV-complete top-down
type IIB holographic dual of large-N thermal QCD as constructed in [2], involving
a fluxed resolved warped deformed conifold, its delocalized type ITA S(trominger)-

157
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Y (au)-Z(aslow) mirror as well as its M-theory uplift constructed in [3], we have
evaluated the % corrections to different transport coefficients, which we call as the
Next-to-Leading-Order(NLO) corrections. In this thesis, we have also studied the
transition between the confined and the deconfined phases of strongly coupled gauge
theories and obtained a lattice-compatible deconfinement /transition temperature by

tuning some dimensionless parameters in our theory.

There exists other interesting top-down type IIA IR-specific holographic models,
for example, the Sakai-Sugimoto model [82], where the authors have calculated the
spectrum of meson masses and showed confining behavior of the theory at low energy
just like QCD. In this thesis, we looked upon the the spectrum of glueball masses
and observed quite a nice match with the lattice data. Though not discussed in
this thesis, but in [125], we have also worked out a Particle-Data-Group compatible

(scalar and vector) meson spectra.

One of the future directions could be to look at the various glueball-to-meson
decay modes. To that end, Performing a Kaluza-Klein reduction similar to [126]:
Az = ¢(Z)m(a"), A, = Y(Z)pu(x”), and similar to [127], we can look at the following
M-theory metric perturbations hyn(M, N =0,...,10; p =t,a,a = 1,2, 3):

hu(r,a") = q (T)G(xu)GﬁfA

hoy (1, 2) = o ()G (") G

Bra(r, 2") = g3(r)0,G(x") G

hap(r, 2") = Goof <Q4(T) + q58a62b> G(2") no summation
m

hio 10(r, %) = gs(r) G (2*) Gy 1o (5.1)

Using Witten’s prescription of going from type IIA to M-theory we could work
back the type ITA metric perturbations which hence would yield (in the following
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égj} = L{;} + hog; o, 6 =0,1...,9 and h,p being type IIA metric perturbations):

4l1A

_ M
e 3 = Gl[) 10 + hio 10,
G~IIA
rr,tt M
v = Grr,tt + h’”"v”’
\/Gm 10 P10 10
éHA
e ¥ = hrav
VG 10+ o 10
éHA
B = Gé\gl —|— hab-

\/G%{ 10+ 110 10

Solving the first order perturbation of the M-theory Einstein’s EOM (assuming
the flux term providing a cosmological constant): R\)y ~ GporsGF@EShyy, for
¢1,..6, one can obtain the glueball-meson interaction Lagrangian density (metric
perturbation corresponding to glueballs and gauge field fluctuations corresponding

to mesons), using which one can work out glueball decays into mesons.






APPENDIX A

A.1 Details of Exact Angular Integration in the
DBI Action and Its UV Limit

The 6, integral in the DBI action of (2.13), is expressed in terms of elliptic integral

of the first kind F'(¢;pu) = f0¢ % as well as incomplete integral of the first
—p sin
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kind TI(v; = [¢ do :
( ’ ¢|'u) f() (lfr/sin2 0) \/17,usin2 0
lul —7|p|2++/25] 1|+ —104] | 2r3 +16r6 +473
.1 VIu2—r3 2(|p2+2r3)
F'[ sin
lul —7|ul2 4/ 25] 2|1 —104] 1|23 4+16r6 +473
\/|,u|27r3 2(|pl*+2r3)
1l —7| ]2 — /25| 2|4 104 1| 273 +1676 447 Ll —7|p1]2+ /25| 1|4 —104] 1|23 +1676 +4r3
V/u2=r3 2(|p2+2r3) /2 —=r3 2(|pf2+2r3) ‘
M —7\#\2—\/25|M4—104|u|2r3+16r6+4r3 |l —7\;1\2—1—\/25|,u\4—104|u|2r3+167“6+4r3 ’
Vulz—r3 2(|p[2+2r3) Vu—r? 2(|pul2+2r3)

. ( =2{pf? — T2 JaP = 18 & v/ af? =3 4/ luf? =8 /25]a]" = 10412 + 16r° — dulr?
2yl T2 78— ArSflal? = =\l =025l — 041l 4 16r° — 4]pfr?
(=21pl? + Tl 1P = 8 — 4rluf = 8 = \/|l® = v /25| uf* —104]p1Pr® + 165 — 4]u|r*)
(20l 72T =7 = 4r3Jlul =73 =\l = 73 /25 ] — 104]1a[r3 4 165+ 4]ulr?)
(20l + 7l Il = r® = 4r®JuP =3 + /Il = 78 /25]]* — 104]puPr® + 167 + dfpalr?) )
" (20l + 7l i — 8 [l 19 4l — 15 [25llt — 104 + 167 — dlur?) )

M 11 || 0 —7‘/L‘2+\/25|M|4—104‘p:‘27‘3+167‘6+47’3
" VA EE \/\,u|277"3 2(|pul2+2r3)
1 — _lul —T|ul24+/26|ul = 104[uPr3+16r0+4r8 |y '
\/|,u|2—r3 2(|pl?+2r3) \/|,u|2—r3

{12l = T2y 1l — v 4 43l — 12+ /Il = 72 /25 ]t — 104]uPr® 4+ 1676 — 4|pfr3
2l + T2 fpal? — 18— 4r3y a2 — 73 — [l 7 \/25| ]t — 104]u[?r3 + 1676 — 4]ulr3
(=200l + 7l il =78 = 4r Jlul =3 — il = r3/25]ul* — 104]pu2r3 4 168 — 4]palr?)
(21l + 71l flal2 = 7 = 43 [ 1af2 = 7 — J|al> — r3/25| ] — 104]]?r® + 167 4 4|u|r®)
(21l + Tl /|l — 23 — 403 J|pl? = r3 + /2 — r3\/25]pl* — 104]u[>r + 1676 + 4|u|r®) )
i)

sin

(=20l + 72 /1l® = £8 = 453 /|l =8 + \luf® = 3 /25|uf4 — 104]uPr3 + 1676 — 4||r®
(A1)
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In the large-r limit of (A.1) after angular integrations, the finite radial integrand of

(2.13) is given by:

- W [\/(Frﬁ ~1) |u|4<—64i|,u| il <i)3/2F (i (‘@ﬂ — 4i sinh—1(1)>
+32i Z|u|< >3/2\/W ( <\Q’;’ 4isinh_1(1)> iy (i>3/2—1> r

+ 64i] |y il (i)wn <z’|u| (i)w T (1) 2\/@3/2 143 (i)w _ 1) 9
_ Bl il (i)wn <1 _ 33l C)m 3 e (1) = 2\)5'3/2\4@'|u| (1)3/2 - 1) o
16| |/ 7| ] (i)3/2F (i <\7/3/;| — 4isinh™ ) 47| ( ) > %2
1361/l (%)MWF (4 (Qg\ Sy NS )\4@\ - 1) 1572
w10uPyilal ()1 (zw (5" = gsisinn (1) - i (*

(

2 /. 132 s 13/2--71 || .
= 16l ilal (=) 1 (1 =3ilul (5] sisinh (1) - - mﬂlw(

o

) 1 3/2 VeIl ..
+ 32| u)*r® + 104 || /7]l (T < < =T — 4isinh™*(1)

/ Velul ..
+ 1084 |4/ 4| 1) <r> \/\,uP r3F< < 3/|2|—4zsmh

13/
Ai| g (;) 1) r

92804 |u* 2y 3/2 h- i (1Y 2 1) o
= — 1 ; el —
+ 2804 | /4] <T> <Z|M|< isinh™" (1) — 2\/§r3/2| il <r> )7“
1 3/2 3/2 ’N| 1 3/2
— 2804 pu? () I(1-3 ~isinh (1) — 44 () — 1]
il filnl { = ( @7u| isinh” (1) Qﬂrml ilul r

+ 288l 4] Vo 1= el sion (1) '“' | (= 3/2—1 r

3/2 \/_W 1\*/?
32 2 30 4 28|t — 4isinh (1) || 44 <) —1
+32V6|uf* /|l — r3r® 4 28]y Zlu| ( ( e — disin ()> il (-
e 1 ﬁw 122
3 - . 92
+ 114l (T) VIul? = r3F <4< S5 — disinh ™ (1) ) | 4dlgl <r> — 1)
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1\3/2 132 |1 1) %2
4 . - . - o o . 71 o . - o 9/2
+ 68/ 7] (7“) H<z|u| <T> 1;isinh™" (1) 2\/§T3/2|4z|u| (r) 1)7’
1\3/2 1\ 3/2 |l 1\ 3/2
68y filul (=) 1(1- 3 () JisinhL(1) — 4i <) ) 9
sty (1)1 (13l (3)" s 0y - i 3 :
12 ilu| 1l 12
72| p|* () IT(1— —;isinh (1) — 4i () — 1|2
+ 72| p| [ 2| ] . ( 32 isin (1) 2\/57“3/2’ i . r

1 (V2 1\
x F ( <\ﬂ“’ 2 4isinh_1(1)> 4il | () - 1) r3
T
1 3/2 1 \/§|/JJ| 1 3/2

o5 ] £ - el . = B 3

+ 144 p|> [ i e (7’) F <4< 3/ 4isinh™" (1) || 4¢|pl (7’) 1 b
N e SR s (L V2l o ey o

+ 4| |7 ] (T> Vw2 —r3F (4( 7“312‘ — 4isinh™1(1) || 44| (;) =f | re
A e s S TR 3
(z\u[ (r) — 1;4sinh™ (1) = 2\/57"3/2\42“” (r) —1)r
1 3/2 1 3/2 |M| 1 3/2
— 34| pl’y i () I (.3 () ;isinh (1) — 4 () -1
it (3) 11 (1= 3ol (3) s i) - Sl () 1)

‘ ‘ 1 3/2 i . ‘ 1 3/2
+ 36|’ ”“'<r) I1<1-ng;z$nh—1m) 1] |4qﬂ|(;) ——1>r3

I 2/2r3/2
1 3/2
4i| | (> - 1> 732
r

[ (e 1/ V2|y|
5 /. e — 1
+ 8|u|°1 /4| pl (r) 2 = rF <1 < 3/ — 4isinh™ (1)
1 3/2
_2 - - 2 .3 32 15/2 8 6 24 2..9/2 6 3. B 4 4..3/2 - 5
alyilul (=) /1l = (3201572 4 Silplr® + 241ufr 2 + Gl + Al + 1)
1 2 1 3/2
x B ( <\/_|“| —4isinh_1(1)> 4i| | <—) o 1))]
in

4\ r3/2

~\Jluly/1 - Fari + O@?). (A.2)

A.2 EOMs involving N; = 2 Gauge Field Fluctu-
ations, Solution and On-Shell Action

Choosing the momentum four-vector in R'® as ¢* = (w,¢,0,0), and writing the

: . a _ 4 —itwt+igr Aa 3 —
fluctuation as: Af (v, u) = [ d*qe™™""" Af(q, u) (flavor index a = 1,2, 3), the equa-
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tion of motion for the same follows in a straightforward way from (2.40) and that

in momentum space is given as:

/ uu Yy tt : tt
Ao + au( det GG™G )Aa/ . G Aa - (lw) G Th ASfab3Ab
v T T det GGumgw) v G 2 Gm2mal (A.3)
=+ (ZUJ) G" Tf21 fabdAb . 7( 7,]21 ) fabdfbchc =0.
G 2ol 22w G““

Setting ¢ = 0 and defining Ay = %E{} the above equation can be rewritten as:

v Du(Vdet GG““ny)E G“ fog iw G 7“2 Aspers gt
T/ det GGuqu) T Y Gu 2 G 2ma (A.4)
T "2

( fab3fbc3E% LS

3)
2970/ Guu

Now for @ = 1 and b = 2 equation (A.4) gives:

Eln + 8U( Vdet GGuuny) EY G" w2 — 1( rh A3) El
r Vdet GG¥GYY) T Quu 2 2ma! 5 (A.5)
wG% r? "
a E =
+m 2 G®™ 2o/ Of o
For a = 2,b = 1 equation (A.4) gives:
B2y Ou(Vdet GG™G™) B2 _ iﬁ w? — 1( r}%_ [13)2 E2
‘A Vdet GG¥GY) T GQuu 2 271a)”° . (A.6)
w G r?
_ AR A3 ab3E1 .
2 G 27wa/ of ol
Finally for a = 3 the same equation (A.4) gives:
/d t uu Yy tt
E%//—l— au( et GGG >E3/ 2 G E% = 0. (A7)

Vet GGugw)y 1T G
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Defining X = E' +iE? Y = E' —iE? and A} = ;2 A}, the SU(2) equations of

motion (A.5) - (A.7) can be rewritten as:

02X 0X

Y _
52 ¥ (u) 5 + (w— A})*A(u) X =0,
02y oy e
S e - A8
52 + 3(u) 5 + (w+ A3)°Alu) X =0, (A.8)
0*E? 0X )
S = E(u)% + w*A(u)X =0,

where (u) and A(u) are given as:

1 =
S(u) = (160%“ Th 40,4 ]
ik (4(U4 =il By +0262¢u5)3) u A
+6C262¢riﬁu5(13u4 — 5) + ri4(23u® = 7) + 3C e riud(20ut — 13)) . (A9)

1
m2T2(ut — 1)2

A(u) =

The U(1) EOM corresponding to gauge-invariant variable E(u) is similar to the one

with E? in (A.8). The EOM for Z(u) = E3(u) or E(u) can be written as:

L2 Z(w)  (u=1)S(u) dZ(u) wiZ(uw) (A.10)

WV Ge TaeDw@en) @ @D FIE

One realizes that u = 1 is a regular singular point with solutions to the indicial
equation given by: +i“% and we choose the minus sign for incoming-wave solutions:

iwg

Z(u) = (1 —u)~ 2 Z(u). Using a perturbative ansatz:

Z(w) = Z29u) + ws 2D (u) + O(w?), (A.11)
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one finds (A.10) splits up into the following system of differential equations:

,d*Z0©) (u—1)S(uw) dZ2O o
du? (u+1)(u2+1) du ’

,dZW) (u—1)E(w) dZW i Y (u) 0
(v = 1) (u+ 1) +1) du 4{“*4u+naﬂ+w} Y
i dz©
e §<u du ’

with the following solutions to (A.12):

2c1 (—21u(1 — 2u)4 o Fy (4, 4;3:2u) + 6u? + u —2)
304 (2u = 1)1/

4
= (—1)*4 (35/4 + 14u1/4> o1+ e+ 0 (u)
Uu

= chl—{—CQ—{—O(UlM);

Z0) ()=

+ Co

1 115
ZW(y) = (—14112 1—2u)/4 ,F ( ) )
§ el (1008u3/4(2u—1)1/4> caulLis 2u) Yo (4, 75 752

+672¢5 (62 + u — 2) + 68(1 + i)v/2ey (2u — 1)/*)
17(1 +1) (1)1 <

4
o+ 14U1/4) Cy + C3

126\/§u3/4 “ Ju3/4
- b 1/4
:W01+u3/462+03+0(u ),

(A.13)

where ¢; » € R and it is understood that v =+ Oasu — 6 — 0 and ¢1 23 — 53 2—; is

finite, to ensure finite gauge field perturbations Z©-()(y, — 0) in (A.13) and finite
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electrical conductivity (2.47). From (A.13), we obtain the following:

apcy + wy [arcy + Prc)

Z(u) = I + ¢ + czws + cryout’?
1 ic
+ <4a001 + 0270) w3u1/4 + Zzwgu + ;
dZ(u) 1 3&001 (30&101 -+ 36102) C17% 1 Yo
du  uT/A {_ 4 4 w3 + 4 U+ (1606001—1—402) w3+ ... .

(A.14)

We notice that the only distinction between the SU(2) and U(1) EOMs is the shift

in the roots of the indicial equation corresponding to the horizon being a. regular

singular point; the incoming plane-wave root of the former (in o' = %—units) is
given by:
= = O
_4... 30, o 18 9 =
4 (UJ3 e AO(U B 1)) 4 L 1/18 (gstlogu—Qw)4/9 AR (A'15)
Cgs

We will not say more about this in this thesis.

Let us work out the on-shell action to calculate the DC conductivity. For ¢ = u

the LHS of equation (2.40) simplifies to:
0, (Vdet G (2G"G™ = 2G™G™) Fy) + 0 (Vdet G (2G™G™) Fy, ). (A.16)

Similarly the RHS simplifies to:

2 —
/det G Ty, Ag]ﬂabS (GutGuu - Gl/uGtu) F}jl,

2ma!

2 — —
— det G%Agfalﬁ [(GttGuu - GtuGtu) th 4 (GutGut o GuuGtt) thlz;| (Al?)

Oé,

2 —
= Vdet G—Q:T" A [2@“@% — 2G“tG“t] F.
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Now, working in the gauge A% = 0 which implies

OF% = 2 (—iw) 8, A

_ (A.18)
b, = 2 (iq) 0 A,
we get the EOM:
(—iw) (G"G™— G™G™) 0,A¢ + (iq) (G™G™) 9, A’ o)
- _27:% ASF (GG — G™MG™) 9,4, |
which implies,
D, A" — @;; = C(’;;G)t) L:Z A (8,4) + iw (auAg)] (A.20)
Now, as shown in [85], the on-shell action is given by:
e ond ot By / d'zV/det G (GG — G G™) Ay Fa,| (A.21)

wherein:
Vdet G (G"'G"" — G™'G™) Ay Fg,

= Vdet G [(G““G“ — GUG™) ATFS + (G™G™ — GHGHE) ACFE, + 16" G™) ASFe,
+ (G™MG™™) ASFg + (=G"™G™) ASFg, + (—G™G™) ASFg + (G™G°) ALFY,

T~ uxr o ou

o ux

+ (G™G*) AL Fgr+ (—G™G**) ALFe, + (-G"G*) Ai@]

T uxr o™ ux

M[<2GutGut . 2GuuGtt> A?FE i (QGUUG.Z’JI) Aaﬁa\ . (QGUUGOCOC) Aafa\
= Vdet G l4 (GMG™ — G™G™) A7 (0,A7) — 4(G™G™) A% (0,45)

— 4 (G"G) AL (8UAZ)] .

(A.22)
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In equation (A.22), the first term as an example can be simplified to:

4Vdet G [(GMG™ — G™G") A (9, A7) - 4

i (GuuGtt - GutGut)

2
(r’lfxéfab?’ (0.47) + i <8UA::>) = (G™G™) A5 (0uA7)

2ma’

= 4/ detG {(GutGut —G™G") (0,A7) (Ag + ZA;‘;) + (G e — GGt

(s g ) (42 (2unt) = (cvicm) a2 04D

2T 1q

(A.23)

Let us work with the gauge-invariant electric field components £¢ = gA; + wAS and

E? = wA% a =y, z. Differentiating we get

O E; = qO, AT + wAj;

. W GuuGtt m_ GutGut 7“2 B I
= ( (iq) (GuuGo=) ) (27;;/ Aof bs@ﬁ?) (&24)
2 GuuGtt T GutGut
2 ) (0.49).

Now the terms in the on-shell action have to write in terms of 9, £2. Assuming one
will be interested in evaluation of flavor-diagonal two-point correlation functions for

simplicity, we will disregard the flavor anti-symmetric terms and therefore obtain:

W (GttGuu - GutGut)
B, A% == O A) . A.25

Substituting for 0, A%, the action (A.22) then simplifies to:

4v/det G [(Gmaut - G"G") <Ag + ZA;) (8,A%) — 4 (GG E° (auEg)}

4 4
= Vdet G [ (GG — G™G") ES (9,47) — — (G™G**) E& (auEg)] . (A.26)

q w?

Again disregarding the flavor-antisymmetric factor the expression for 9,E2 in equa-
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tion (A.24), one gets:

GuuGtt _ GutGut)
szGuu

2
D% = gD, A + wA? = g0, A7 + (8, A9), (A.27)
q

using which one obtains the following on-shell action’s integrand:

4Guqux(GutGut . GuuGtt) 4 -
d t E(L uECL - . uu aaEa uEa
Ve 6 (qQ(G”“G“) (GG = Gug) e Oube) = 1 GG EL(OuEL) + »
du?(ut — 1 . . i a
- ( ) 1/2 (Ex<auEx) + Ea@uEQ) R )
w2 [ ——1 =
(\/74-6262‘15114)
T}L/4u7/4
2

u=0

u—0

(A.28)

where the dots include the flavor anti-symmetric terms.






APPENDIX B

B.1 EOMs for (Vector Mode) Metric and Gauge

Fluctuations, and Their Solutions near u =0

The EOM involving double derivative only on Hy, is given as:

i(qr—tw),.4
€ Ty

2u6L7g§/3

) 9/2
€2z(q:r:—tw) 222 4 (T wr, 9/2
N ( “) \/_1/2 (\/6262‘1’ + (Th) th — ceq’u4¢/ + Ceé(b/ =0
u
36 (u* —1) \/0262‘%4 + <TE)

(u(l —uh)riHy, — 3(1 — u')rp Hy, — L*'q*uHy, — L4qwuny>

(B.1)
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The EOM involving double derivative only on H,, is given as:

+18U4 2 ztw

6

L3u2gs

(B.2)

+ 18eitwar’1%(1 u?) (u(l —ut)HY, = (34 ut) H;y)] 40,

The EOM involving double derivative only on ¢ is given as:

(66€6¢u13+3c4 40 4 2 Jr302 2<1>7,hu +r ”L)
\/ V ou

cyirg (2)"

9/2 . 9
220 (%) / eP+2iqr—2itw

i ry ) /4 1(qr—tw
; VB (u £1) (3)" e o
" o5 3/2
-\ 36 (0262®u5—|—r i ”L) (02€2<I>u5hruh+ri)
. c\fr (rh) /4 C262¢+(%)9/2e¢+2iq1—2itw th]

5 3/2
2,2, 4 4 T "h
18 (C e“Fu* + T U ) (czezqrus ’"h+T}5L>

3/2
4 rd
L 5 2,20,,4 4 Th S m—
144w (C e““u +7"h\/ u) ((:2e2‘1>u5 i_;,_ri)
w L

] 27
—=3c*e®u? (5ut +11) 4/ L " —6c”*Prjut (ut +7) + (ut — 17) TZ )} o'

Th 3/4 42_ 2i(qr—tw)
Wgs\/ﬂNu ( u ) 2 r\/Th. 5 € I
c2e2® 45 T+’l"h - 9 9 9% 4 4 7;h - 6, | 4_ Tl B
+< 50 (W = 1) )(w( “'H”h\/Z) ry (ut —1) u>¢_0.
(B.3)

Equation (B.1), setting ¢ = 0 and near u = 0 is given as:

6 6

TR r 1

b H —3— A —H — %ﬁri3/4u7/4th - (B.4)

2g§/3L7 ty Zg§/3L7 ty

36 (c2e>®ut+ri

i 7/4 i w
_ Vi, (%) ads oM (;8066%“13 (u4+1)

3/2
&)5 ri
u c2e2® 5 /%+Ti

!
ty
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whose solution is given by:

/6
422/11019340/33L56/11u4/11u2f (_g) [7% (4\/595 °L7/2u1/4“11/8)

i 11 33r11/%
v 33335/11/7
5/617/2,,1/4,,11/8
64(—1)5/1192/11 ¢, 440/33 1 56/114/113, 2 (%) 1%6 <4x@gs 3;”78 > (B.5)
J— h
363335/11y:2
=K1 + /@21114*1 & 7ﬁ2u4 =12
where:

K1 = Cq,
64+/2n7/4c, g MV/12, /NI
k2 =g 11/1 )
4951,
320/(—1)3/11921/22,135/44,,, o 205/182,5/22 \35/44T (16
80D 29, (1) B6)
1213310/11¢ 24T (%)
Equation (B.2) near u = 0 is given as:
8
r 13/4
1877 (uH,," (u) — 3H,,/ (u)) o A+ LA W Hyy (u) = 0,1 (B.7)
gs

whose solution is given by:

6422/1102L56/11u4/11r,36/11u2F (%) gl/33 ] (4\@L”2 Wri3/8u11/893/6>
il

o 3373
a8 363335/11,8/11
422/1101L56/11u4/11r,26/11u2F (_i) 940/33J 3 (4\/§L7/2 {1//77'}112/8,“11/895/6>
4 11 S —IiT 33r;,
+ & . (B.8)
33335/1171

Substituting (B.5), the ¢(u) EOM near u = 0 can be approximated by:

- Ap 25 Wy 1772/
ub/4 u9/4

" — degyriuH!
¢ gsTp, ty (Bg)

+ 8cgyry Hyy + 167 g iNry/ *utt/ <q2 — w2> $ =0,
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whose solution is given by:whose solution is given by:

Blu) = -

. 7/8
30240/10,/4 (/1 (B2 T () (T () T ()
« {957/16u13/4 <Tl{ulg/8f‘ (;) l19237/8wgs9/16k2\s/;rh4u13/8( . )23/16 <2fu V —gsin2>

h4 3Th2

1 1 =1 4 i Nrulw? 1 4
3 24 8 24 3°'8°3 9ry, 4| ud\/—guiNwP 3

2

Th

(e ) i )e (9)

ool

3rp,2 8 24 24

(64\8/509525/16ik:1Nﬂ' (—w2)23/16 I 3

1 F) 13 37 15 gsz'N7ru6w2 420/
24’247 8 rpt

B oo

: L - 3 = 5
% [21%0989/16k2u27/8 B 246989/16k2 1\6/%§/\/975\/Z\/N2u w I_% (2@\/;@@’“ Vv —w )
Th Th

Th2

9/8
3 A
T (?) 27/8 112\/> 7/16N7/16ﬂ_\/i( )7/16 (U V _gs'le2> Cl} rh3/2}

. N 2 —gsiNw? 15
+8%sﬁ3ﬂs Y risz w? ( VTUP\/—gsiNw >F<8) (14 9/16 7\O/16(_ )7/ (—gsz'NwQ)s/gcQwQ

3Th2
3/4 . 7/167. .. 3/2,3/8 (. 2\7/16 s u3y/—gsiNw? 1 .gigsinquQ
+3°%cgs kory?'“u ( w ) — T o
Th2 8 8 9Th4
3 - o 2
— 643/3¢79,% Sk, NruS/® (<w?)* 1 1, (zﬁ“ 3 Tl )
Th

1 29 29 15 53 gsinqu2
F(8>F(24) Fs (24 824’ 9rp 4

2 —g.iNw?
19287500,k /7 (~u?)P*° 1y ( VEu g N )

1 4 37 15 53 112 giNnubuw?
r(—z)r(2)r(S)r(2)r (2} R (—o2, 58 ) ) 8. B.1
( 3) (3> <24> (8) (24) ] 2( 383’ 9r 1t (B-10)
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B.2 Frobenius Solution of EOM of Gauge-Invariant

Zs(u) for Scalar Modes of Metric Fluctuations

for (/! =1) r:logr <log N

The Zs(u) EOM can be rewritten as:
(w—1)*Z{(u) + (u— 1)P(u— 1) Z/(u) + Q(u— 1) Zs(u) = 0, (B.11)

in which P(u — 1) = >0 g pa(u—1)" and Q(u — 1) = Y07 ¢, (u — 1)™ wherein, up
to O (%)

po =1,
_ 3g2M?Nylog(N) (28¢5 + 36¢5w3 — 81ws)  10¢3 + w3
e 642N (2¢3 — 3w§)2 4¢3 — 6w?’
 3g2M?Nylog(N) (712¢5 — 948q3w3 — 162q5w5 + 405ws)  364g5 — 420¢3w? + 99uwi
I 642N (242 — 3w?)” i 4(2¢2 — 3w2)” 7
_ 3giM2Nylog(N) ((w3 +4) (27w3 — 10g3) — 8giwilog N) w3
o = 409672 N g2 16’
1

s
409672 N ¢2 (242 — 3w2)’

) 2
X {393N[2Nf log(N) (—810g(N) (493 — 3w3) (243 — 3g3w3)

— 9643 + 845 (51w3 — 52) — 36g5w3 (9w; + 52) — 5dq3ws (w3 — 28) + 8lws (Twj + 20)) }

843 — 2¢3 (9w} + 32) + 9w}
32¢3 — 48w} .
=965 + 52q3 (Twi — 64) + g3 (345603 — 444w3) + 171§ 3g2M?N;log(N)
B 64 (242 — 3w3)> 1638472N¢2 (242 — 3w3)°

q2

x | —8¢210g(N) (243 — 1902) (23 — 3w2)” + 192043 — 1645 (157w? — 6268) — 96g5w? (351w + 1444)

+ 216g5w; (559w3 + 76) — 864g5ws (173w3 + 53) + 243wf (265w3 + 308) | .

(B.12)
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The Frobenius method then dictates that the solution is given by:

3g§M2qu3w§ log(N) (ngwg log(N)+(w§+4) (10q§—27w§)) iw

Zs(w) = (1 -u) it ()"

3

(1 + mz:jl A (U — 1)’”) :
(B.13)

where

_ 8ig3 + 2¢3 (—9iw3 + 10ws — 32i) + 9(2 +iws)w]
e 8(ws + 24) (33 —23)
1
B 2\ 2 N2 (942 2\2
409672 N g5ws (w3 + 24)% (235 — 3w3)

X {3ig§]V[2Nf log(N) ((wg + 2i) (—32q§ (w3 + 107) — 848 (27w} — 146iw3 + 364ws — 520i)

+ 12¢5w5 (141wi — 486iw3 + 356ws — 1336i) — 54qiwy (59w3 — 130iw3 + 44ws — 200i)

+ 81w§ (23w — 18iw; + dws + 72i)> — 8q3ws3 log(N) [16q§ (w3 + 4i) — 4g3ws (15w3 + 60iws — 52)
+ 24g3w3 (3w3 + 12iws — 10) — 27w} (w3 + 4iws + 4)]) }

1
 128(ws + 26) (w3 + 4i) (3w2 — 242)

as {32q§ — 32g5w3(3ws + 8i)

+2¢3 (45w5 + 98iw] + 624w] + 32iws + 3072) — 3w} (Iw§ + 2iw3 + 48ws + 32) }

1
3276872 Nq3ws(ws + 26)% (w3 + 4i)? (2¢3 — 3w3)

5 {3gEM2Nf log N

X [(—w?, - 2i) (128q§° (w3 +19iws —30) + 25643 (3ws — 18iw; + 33w3 — T6iws + 160)
— 8¢5 (927w§ — 104iw§ + 17784w3 + 11808iw; + 70256w3 + 42368iws + 93440)

+ 12¢5w3 (1485w + 128iw] + 31912w3 + 14176iw; + 96656w; — 68992iws + 262912)
— 18¢3ws (945w — 1388iw3 + 27920w; + 13664iws + 54736w3 — 80768iw; + 171776)

+ 81w§ (69w§ — 416iw3 + 3960w; + 4128iw3 + 5520w; + 4736iws + 768)) — 8¢2ws log(N)
X <64q§ (w3 + 9iws — 16) — 32¢5ws (9w§ + 89iw; — 240wz — 192)

+ 4g3ws (117w§ + 1198iw; — 3612w] — 1624iw; — 8064ws — 93441)

— 12¢3w5 (w3 + 41)* (27w] + 52iw] + 116w; + 2964)

+ 905 (ws + 20)% (903 + 4602 + 64w + 321'))] } (B.14)
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As stated in 5.3.1, imposing Dirichlet boundary condition Zs(u = 0) = 0 and
going up to second order in powers of (u — 1) in (B.13) and considering in the

hydrodynamical limit wfgs" : m + n = 2 one obtains:

3= ——— — —, B.15
w3 \/g 32 ( )
which yields a result for the speed of sound similar to (3.46) for n = 0,1. To get

the LO or conformal result for the speed of sound v, = %, let us go to the fourth
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order in (B.13). For this, up to O (%), we will need:

3g2M?Nylog(N) (625645 — 9600¢5w3 — 4104q3w3 + 12960g3w§ — 5589w )
642N (243 — 3w3)
n 388045 — 4788¢q3w3 + 270q3w3 + 729w$
8 (243 — 3""3)
3g2M?*Ny log(N)

6472N (2¢2 — 3w2)’
X (53536q — 110256q5w32 — 2736¢5ws + 168264¢5wS — 156006¢3w; + 47385w3 )

3 (1736045 — 32992¢5w3 + 19320q3w3 — 5112¢5w5 + 1485w5)

161243 — 3w3)"
392M2Ny log(N)

40962 N g2 (243 — 3w)*

p3 =

)

Pa =

7

q3 =

—40¢3 10g(N) (23 — 3w2)" (g3 — w?) — 3552¢}2 + 416430 (31w — 648) + 965w (4662 + 5695)
— 288¢5ws (1107w3 + 818) + 54gsws (12319w3 + 840) — 162¢5w5 (3779w3 + 1632)
+ 729w3° (293w3 + 250)}

| 4063 — 4q5 (55w3 + 1488) + 6giw3 (75w + 1696) — 9g3wh (45w3 + 464) + 135ws8
16 (22 — 3w?)°

Y

1
= 1 6404}° + 4843 (99w3 — 12352) — 288¢5w? (49w3 — 4400
256(2q§3w§)4{ 5 (903 ) o (490 )

+216g§wi (97w — 3680) — 1728¢3wS (9w? — 70) + 4617w} }

1
655362 N g3 (23 — 3w?)

= {3g§M?Nf log(N)

(3 {112128%1,4 — 64q3” (6133w; — 190428) — 192¢3%w3 (15391w] + 151076)
+ 720¢5ws (30785w3 + 17332) — 28800¢5w§ (2079w3 — 443) + 324g3w} (252677w3 + 420)

— 972¢3w3” (58571w3 + 17828) + 729w3? (22027w3 + 12156)]
— 8¢3 log(N) (4043 — 57w3) (2¢3 — 3w§)5) } (B.16)

We will not quote the expressions for a3 and a4 because they are too cumbersome.
Substituting the expressions for a; 234 into Z(u) and implementing the Dirichlet
boundary condition: Z;(u = 0) = 0, in the hydrodynamical limit, going up to

O(w3) one sees that one can write the Dirichlet boundary condition as a quartic:
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aws + bwi + cwi + fws + g = 0 where:

_ (17978967982080 + 432082209912192i) 9> M> N log(N)

- I

N
8065585152 — 21898045447)g2M2N s log(N
b= —16384¢2 (557171343367r2—( 1)gs M™N; log( )>,

N
. (6351753314304 + 163465918414848i)92 />N 43 log ()
N Y
£ — 1066068 ( JRIUGT136? (23958400 — 366904320)g2 M N log(N)>
N )

g1 (842551787520 + 22613002813440)g2M>N ¢t log(N)
N

. (B.17)
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B.3 Frobenius Solution of EOM of Gauge-Invariant
Zs(u) for Scalar Modes of Metric Fluctuations
for (/! =1) r:logr ~log N

Constructing a Z,(u) which is invariant under diffeomorphisms: hy, — hu — V.80,

one sees one obtain the following equation of motion for Z,(u):

g (Tu® — 8u* +9) — 3 (ut +3) w3
3 3
u (ut — 1) (3 (u* =3) + 3w3)

ZJ(u) = [

1
 64m2Nu (u® —4u* +3) (g3 (u* — 3) + 3wl)

5 {—3g§M2Nf log N
X (qg‘; (5u’® — 98u'2 + 372u® — 414u" + 135) + 24 (32u'? — 183u® + 306u" — 135) w}

+3 (u® — 66u’ + 45) w;‘;> }

1
+ —392M*Nylog N
LWN%% (ut ~3) (ut ~ 1)* (63 <u4—3>+3w%>2{ e

Z(u)

X (SOqqu2 — 542q5u™® — 7qSu®w? + 2540q5u™ + 46¢Su'?w3 — 4764q5u™® — 84¢5u°w?
+ 4086¢5u® + 18¢Sutw; — 1350q5u® + 27q5w3 + 318qzu'ws — 2464q5u'*w?

— 49q5u"w; + 6972q5u' w3 + 189g5uw; — 8496¢sulws — 99g3uws + 3510q5uw;

— 8lgsws + 114¢3u  ws — 2262¢2u"w; — 105¢2uPws + 5598q2ubw; + 144q2u*ws

— 2970¢5u’w; + 8lgaws — 8 (u8 = 4ut + 3) (qg (u4 = 1) "I wg)

2
(qg’ (u4 — 3) + 3q3w§) log (:f) + 18u"%w§ — 1188ulw§ — 63u’w§ + 810u>ws — 27w§) }

g5 (v — 4wt +3) + 2¢5 (8u'® — 8u’ + 2u'wi — 3wd) + 3w;
(ut = 1) (g5 (u* = 3) + 3w3)

Zs(u). (B.18)

The horizon u = 1 due to inclusion of the non-conformal corrections to the metric,

ceases to be an irregular singular point. One then tries the ansatz: Z,(u) = e5®
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near v = 1. Assuming that (S")* > S”(u) near u = 1 the differential equation
(B.18), which could written as Z7(u) = m(u)Z. + l(u)Zs(u) can be approximated
by:

(5" — m(u)S' (u) — l(u) ~ 0. (B.19)
A solution to (B.19) is
1
S(u) = 5 (m(u) B T 4l(u)>
PMAN2(wBeh) log( %) 15giMANpeflog(x) 1
f N¢Z 256m2 N (23 —3w3 ) 2
647 (u —1)3/2 u—1

392 M Ny log (&) (112g3 + 214g30? — 369w}) + 12872N (=20g4 + 1233 + 27w})
+
5122 N (2¢3 — 3w3)?
1

) 2M2N w2 (w2+4) log( &
1024+/30m3 N2g2v/u — 1 (2¢3 — 3w§)2\/g E 3§V;§ Jiog(%)

+

1 il
—225g2 M* N¢?g3ws log? < ) + 127292 M*N N log < > (2q§ = 3w§>
N N
X {—80q§ <w§ — 4) + 2g5w3 (57w3 412> + 64 <2q3w3 3q3w3) log(741)

+ 9w (w3 + 164)

+ 40967 N3 (w3 — 4) (243 - 3w§)2} +0(Vu-1). (B20)

Taking first the MQGP limit, the first term in the RHS of (B.20) can be dropped.
After integrating with respect to u, the solution (B.20) to equation (B.19) will reflect

the singular nature of Z(u)’s equation of motion (B.20) via

- 1595M waglog(-}v)
)

Zofo) ~ (L) RO R, (B.21)
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where F'(u) is regular in v and its equation of motion, around uw = 0, is given by:

60g2M> Ny log( 4
, F'(u) (71_2]\,1\7) - 768)
256 F
(u) -
3F(u) (647> N — 5g2M?Nylog (5)) (1592 M>Nyw3log(N) + 12872 N (2¢5 — 3w3)) 0
6471 N2u (2¢2 — 3w?) o

(B.22)

The solution to (B.22) is given by:

1osg§MQNf log(N) 15g§MZNf log(N) 15931\42Nf log(N) i 1593M2Nf log(N)

F(u) =92 6472 N 283 12872 N +2N_ 64m2 N T 3272 N =

1592 M2 N ; log(N) 1592 M2 Ny log(N) 1592 M2 N4 log(N)

592M2Nylog(N)+ 64n®N)" "~ B8N 4= msein T2 (2¢3 = 3w3)T  eem %

X
1592 M2 N ¢ log(N)

x (15g2M2N w2 log(N) + 1287° N (2¢5 — 3w3))* ™ oen
1593 M2 N s log(N) ( 1592 N¢ log(N)M?> 3)

c1 (592M>*Nylog(N) +64n°N) ™ e~ T T

1sg§M2Nf log(N)

x (15g2M>Nyw3 log(N) + 1287%N (2¢5 — 3w3)) =¥
(ﬁﬁ\/@gng Tog(N)MZ + 64N72) (1592 M2 N; log(N)w? + 128N 72 (2¢2 — 3w§))>

x I 152N ¢ log(N) M2
- 64721/ N? (242 — 3w2)
1592 M2 N ¢ log(N)

1592 M2 N ; (2 log(N)+in) 15Q§Nf log(N)M2 s
+calNV 6amIN r ( A + 5) (2¢3 —3w3) &N

1592 M2 N4 log(N)
x ((5g2M°Nylog(N) + 647> N) (15g2M>Nyw3 log(N) + 1287°N (23 — 3w3))) o=~
" 15g§M2Nf log(N)
X (N2 (2q§ -+ 3w§)) 6472 N
(f Vir/(5g2N;log(N) M? + 64N72) (15g20M2 Ny log(N)wZ + 128N 72 (242 — 3w§))>>

X Ilsq‘%N log(N)M2
95 Ny log
64N 72

6472/ N2 (2¢3 — 3w3)
(B.23)

One notes from (B.23) that F(u ~ 0) = ¢;. This needs to be improved upon by
including the sub-leading terms in v in F'(u) in (B.22), implying that we should
look at:

120¢g2M?2N,log N (2¢%2 — 3 +3092M2Nw?log(N) + 179272 N (2¢2 — 3w?
256F”(u)+F/(u) 9s r1og ((I3 WS) = s f@s3 og(N) a ((IB WS)
N (243 — 3w3)
6002 M2N+ o
N 60951\7{2]]\\7”1 g N 768)
u

3F(u) (B4m*N + 5g:M?Nylog N) (16g: M2Nywj log(N) + 128N (265 —35)) _ 3 o
6474 N2u (2¢2 — 3w3?) o '
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The solution to (B.24) near v = 0, is given as under:

3

N 128w2N(2q§ 730%)

15g§M2Nfu(11w278q§)

1592 N log(N)M?
ool (- PR — g

4
X [u (F 3(592 N log(N)M2+64N72) (1592 Ny (16¢3—23w?2 ) log(N) M2+1664N 72 (23 —3w32))
a 128N72(15g2N (8¢3—11w3 ) log(N) M2 +896 N72 (243 —3w3 ) )

1592 M? N ¢ log(N) +

4
+ o 6472 N (0)
2 225¢4 MAN 202 10g2 (N)+480072g2 M2 N N ¢ log(N) (4q2 —5w2 ) +13926474 N2 (292 —3w?2
s f <5 08 95 FERE a3 3 d37°w3

1287r2N(1sg§ M2 N log(N) (8q§ 711w§ ) +89672 N (2q§ 730.;5))
1
r 22591 Ny 2w3 log? (N) M 44480092 N N w2 (493 —5w3 ) log(N) M?+139264N w4 ( 293 =33 )
128N72 (1592 Ny (8¢3—11w3 ) log(N) M2+896 Nr2 (23 —3w3 ) )

10592 M2 N log(N) 1592 M2 N ¢ log(N) 1592 M2 N ¢ log(N) 1502N,log( N M?
X < 12 6472 N +287r 3272 N +8u_ 6472 N T stVs g( ) 4
64 N2

715g§M2Nf log(N) &
15g2M?N; log(N) (8¢2 — 11w?) + 89672 N (2¢35 — 3w?) 6amN
N (2q5 — 3w3) '

(B.25)

B.4 Gauge Transformations Preserving h,, , = 0,
Pole Structure of ()(ws,q3) and Solutions to

Hab(u)

B.4.1 Gauge Transformations Preserving h,, , = 0

There are three gauge transformations that preserve h,, = 0, for the black M3-
brane metric having integrated out the Mg in the (asymptotic) AdS; x Mg in the
MQGP limit. They are given below:

Set I: The Gauge transformations are generated by

Cy(t,x
& = fﬁz)—% ¢ (u,t, )

& =V (ut, z) (B.26)
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The Gauge Solutions for the above kind of transformations are given as:

auge 5§ 2&1 U 2w C
HS’ ge(l) _ Ys | awWsu” (1) . Q3C H, — 3

iLQ 5 g1

Ht:v‘|

3

HGauge(I) _ gs

QSészm N 2613U2£§;1) B 2QSC~1:E}

L2 L
I | ! :
HGauge() ol % _Wscz + U2W3£§cl) - U2QS§,5(1) il wgC’tzz}
2
Hc%a ge(T) — E [—QSCxHaa} (B27)

(1)
ey (1) — £
Where Haa —=i Yy + HZZ7 C$ — a1 = ;vT

Set II: The Gauge transformations are generated by

& = —|—§t1)(u t,x)

G fil)(u, t,x) (B.28)

glct( )

The Gauge Solutions for the above kind of transformations are given as:

3 2
auge(1I g wsu™ ~ ~
Ht? S — B2 { 2w3C} + o ft(l) - W3Ctht]

2

3 o~ ~ ~
Gt = 22 (299 + 2,CiHi + wnCif, |
2
3
Hgvee — gL [Q:sglct — w56 + utws€l) + Q3Q1Ctht]
2

3 ~
HE ) = 25 [y Ci (B.29)

where Hyy = Hy, + H.., M = 5
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u\f agt = _atCu(tax)w(u)vé-;go) = _axcu(t’x)X(u)a

and demanding the solutions to be well behave at u = 0, one obtains:

Set III: Writing £ =

u 'U/\/g
1wt

F(sin™!ul1)
u

4

= —0,Cu(t,z) (1 4o O(u8)> . (B.30)

0) = _
&0 = ~8,Cult,) =

This yields the following;:

2 2
22wl Co (000 4 1 NPy g3
FEE RS oI VR g B T el o | TN Bl ) Wyt
z —w \2 - 3) oy ube) )
2 1 u? 2
w3q3gs (5 i ?) 93C, (uH{, — 2Hy;)
+ = 72 — H,C.,F (sm u]l) U — Wag: Htt T + YN :

$ 7
Hgauge(HI) M3Q3g \/70 . ( 318 )

2 3
Gauge(Ill) __ 54395 \/_Qs
Hzaveel) — -2 R Chu <1+10>+2 Iz Cu(1 + u');
Ve
HGauge(HI) = 953 - Yag
vy

77 (" Heo Tuly,). (B.31)
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B.4.2 Pole Structure of Q(ws,q3)

The equation (3.18) can be solved for w3 and the solution is given by:

1,0)2 0,0 0,2 0,2 (0,1
2 oy + ol - ol 4408+ i35)

W3 =
(0,2) 0,2) . w(0,1)
4C . T4Co," +125
all® (720§2;f)+8e3c§;j)+720§;*;)—36C§;j)+18izg°*;;+9i> Lse3C) _agol 4 g;
a3 \/ 1,02 (0:0) (4002 4 4002 | ;50D € Ly 2yy t
+ Qyy Qyy lyy 2yy () yy
0,2 0.2) . (0,1
18(4CH2 + 4052 + ix P
+O(q3);
1,0)2 0,0 0,2 0,2 =0,
2 <a$jo) — \/ozzgy A ozg(,y )(40{%) + 4C’§yy) + zEgyy))>
B 0,2 0,2 (0,1
To' R PTe S
o (r2c D830l 472082 ~36CGy,) +18i5)-+91) 1 830D _ 360l | g,
43 (1,002 (0,04 ~(0.2) , g 02 | 5+(0,1) € My Zyy !
. oy ol O@AC D 14092 4inl%))
18(40%7) 4l ®?) B0y
+O(q3) (B.32)
Assuming o0 < 1, |E§U’yl;| > 1(2’2%0’;; € R): aé%O)Zgo’Jg < 100 = oL},

consistent with the constraints (B.38), (B.32) implies the following. Root 1:

102 (1,0) =
2 < Qyy + Qyy ) ()4‘1(/%0) Olg(jly’O) (740(072) - 40(012) B 2'2(011))

I 5, lyy 2yy 2yy (0,02

Ws = 0,2 0,2) | (0,1 2 +0 (ayy ) +
4C§yy) o 4C§yy) + lzéyy) O‘&J’O) (4C$;;2) o 40525) + iEgZ’;))
2

[ ol (8e3Ch =368, +9i) +aly? (12007 + 12057 — 3605, + 185, + 8C{,Ved + 9i) .

43
1,0)2 0,2 0,2 (0,1
18V agg® (40102 + 40502 + im0 Y)
1,1 1,1 1 0,2 0,2) .«(0,1
) (83T - 36C4,,, + 9) (—ac P — acly? — ixfyy))
0,2 0,2 (0,1 2
18(4C§y§/) + 4C§y§/) + lzgy’y)) 20‘;}0)
2
( afy”” (8¢t = 36C8,) +9i) + aly® (72010 + 120507 — 366’2(11/’;)>>
1,002/ (1,02
20‘3(/74 ) a;y )
(1,0) . (0,1) 1,1 3 -

Oy (1815 +8Cy;, e’ + 9i) ) 2

T e x (—a0fy) — 40y g al0 +0 (o) | +0(a) . (B.33)
02 [ o

2ayy vy
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The expansion (B.33) implies:

(0,0)
_ Oéyy
SERN (T
vy
0,0) (0,2) 3 (0,0)~(1,1) 0,0)(0,2) 0,0) ~v(1,1)
0 C 12030Cy,," + 8%l 0Oy, + T2a0,0Cy,” — 360030 Cyy,
2
360"
B q3(18ia§%0)2§2’;) + 9ia%0) + 36041%’0)2)
36aly0)”
vy
(00) y~(0,1)
«
~—gg |1 2w (B.34)

2 (a3
Root 2:

2
2 (v ) i aéijo)) ©00), /(1,02

_ % V% (a(0,0)2) 4

W3 =

A0 1 ach P il (L0 By
Vali?” (8l — 360D +9i) — ofy® (72002 + 7202 —36C(0 + 18ISy +8CH e + 9i)
i 18y/alt?? ACHP + 405D + im0y
<\/ oy (12082 + 72000 - 3605 + 18500 + 8Ced + 9L)> a2
) 36049
+0 (al50%)) +0 (a3) - (B.35)

The expansion (B.35) implies:

w3 = W(L0? < e + 4 )
RN a2 (0,2) (0.2) 5(0,1)
ogy® 401, +4Ch,," +i%y,

lyy lyy 2yy 2yy 2yy

(360(0’2) + 8301 [ 360(02) _ 360() | gis(01) | 9i>
+ a3

940D 1 4052 1 im0 V)

lyy 2yy 2yy

afy” (720157 + 8630, + 120500 — 36,0 + 18055 +9i)

lyy lyy 2yy 2yy 2yy
+ 1,0)2
36a5”)
(00) 5+(0,1)
Oy Xy
R q3 =2 =9 (B.36)

+1 3
2 (a&jo))
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B.4.3 Solutions to H(u)

Making double perturbative ansatze: Hop(u) = Y oo_q > oo, Hazm (u)g§'wy, one ob-

tains near u = 0 the solutions to the scalar modes’ EOMs (3.9):

H(D’O)(U) _ a(070) =+ ﬁg(1070)u4’

vy

H(LO)(U) _ a(l 0) + /6(1 ,0) 4’

vy vy ?/Zl

0,1 _ v 0,0),,2
H@Sy )(u) =Xy T E éy u

1
where 23" )—g(—195i—607r 358050 (131 + 47) + 8C5 Y,

2 yy — 2yy
1

1,1) _ 3~(1,1) (1,1)
H?Sy - 4 *e Cryy + Cayy” + I

2,0 (2,0 0 (2,0)
Hz(/y )( ) Clyy Cny ’

0,2 Z;O ) (0,2) (0,2) (0, 1)
Higl?j : u) =i _ + Cvly7 E 02 == 122 yy U

4

’H%l)(u) C’éitl) + & 9% {122’ ( i B 56; 1)) u+6 (3204“ T g 4oy, + 516(1 i 46yy) u2] ,
,HJ(C%O)(U) = aﬁ,o -r th 4;
HGD (w) =2 G u+ LDt o),
4 3t
M () = (Sﬂyy a ) # (=405 - S08 ) ut =,
(0,1) (0 1) 0,0) 0,0 (0,0) (0,0)
HOY (u) = +1 (6000 4 4880 — 3iC; )u+ 4(30z+4ﬁ 3iCy") w?,

4 . 4
g’O)(u) — (35&’0 = ZClit’O> + (—3 — (1 /2) lyy )

MV (u) = CfgY +1/12i (=6 + 6afL0 + 4500 — 3iC110) v

+1/24i (604(1’0) +4p5" - 3iCH” ) u?

Hgm)( ) = 192 (12a(0 D4 1204(1 Or 4 6@04(0 O + 425(0 O+ SC’ﬁ)tO m— 24%25022 — 1920&’2))
Lo (1) (1,0) (1,1) ©0,1)
_ g (204" + 20, =565 — 1258 ) u

- (12a§t V12057 + Gialy? + 41800 + 3CHY — 2458)) o2,

Htm)( ) = <3C§§5 0120)> ( 0255 —1/2i 0120)> ;
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C(o,o
24(0,0) _ s O(O 0
S (u) 2
(1,0)
HIO () = Ll ),
(0,1
7—[(071) (u) (2 + 2@)01 )
S 7_[_ )
Cif 20
HEO () = Zl? + OB,
C(o 2) '
HPD () = B0Pu + e —u®+ cE?. (B.37)

such that:

1714 + 2ia{>? + 319809 + 24c§°v°> —0;

vy

300" 14400 g0 40" 3" = (B.38)

For consistency checks, we have ensured that (B.37) obtained from the fourth, fifth
and the sixth equations of (3.9), also solve the first, second, third and seventh
equations near u = 0 and up to O(¢§'wy) : m+n = 2 by imposing suitable additional

constraints on the constants appearing in (B.37).

B.5 Frobenius Solution to EOM of Gauge-Invariant
Zy(u) for Vector Modes of Metric Fluctua-

tions

The equations of motion for the vector perturbation modes up next-to-leading order
in IV, can be reduced to the following single equation of motion in terms of a gauge-

invariant variable Z,(u):

Z,/(u) —m(u) Z,(u) — l(u) Zy(u) =0, (B.39)
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where

_ 15g2M2Ny (u = 1)log(N) (g3 (u' — 1) + w}) + 647N (363 (u' — 1) — (u' + 3)w3)
mlu) = 64m2Nu (u' — 1) (@ (ut — 1) + w3) ’
(3 (u' — 1) + w3) (3272 N — 3g2M2N; log*(N))

l(u) = — TR EERE . (B.40)

The horizon u = 1 is a regular singular point of (B.39) and the root of the indicial

equation corresponding to the incoming-wave solution is given by:

s 3ig? M2 N w3 log®(N)

B.41
4 25612 N ( )
(a) Using the Frobenius method, taking the solution about u = 1 to be:
iwa | 3192 M2N rws log?(N) o0
Zv(u) = (1 = u>_ji+ 256f7r25N (1 + Z an(u = 1)”) , (B42)
n=1

by truncating the infinite series in (B.42) to O((u — 1)?) one obtains:

1
"~ 512m2Nws(ws + 2i)

4¢3 (4 —iws) + 3(2 + iws)w3 L0 1
8ws (w3 + 2i) NZ)>

ay - {3z‘g§M?Nf log(N) (20(2 — iws)wj — log(N) (3wj (w3 + 4iws +4) — 4¢3 (w3 + diws — 8)))}

+

1 1 . f
ay = -5 {4 (405¢ngst4wg log”(N) + 8640im%gé MO N.N;2w3 log®(N) (1643 (w3 + 2i) + (—13ws + 4i)w3)

+ 3686407 g2 M* N2 N ;w3 log® (V) (4q3 (—3iw; +12ws + 167) + iw3 (9w + Siws + 16))
+ 78643207 g2 M N° N w3 log(N) (4iq3 (w3 + 6iws — 16) + wj (—3iw3 + dws — 16i))

— 4915271 g2 M2 N2 N fw3 log®(N) (75g§M?Nf (w3 + 4i)w3 + 872N | 325 (w3 + 67) — 48¢3 (w} + 12ws + 161)

)

+108g8 MO N fPw3 log® (N) (=759 M2 Nyws + 22 N (128ig3 — 24q3w3 (w3 + 44) + w3 (19w; + 22i)))

+ w3 (18w3 — 111iw3 + 200ws + 167)

+ 230472 g2 M* N N2 log*(N)

x (15092 M> Ny (ws + 20)ws + 72N (25645 (w3 + 3iws + 4) — 24¢5w5 (15w5 — 8iws + 96) + ws (125w; — 636iws + 208)))

. ) ) ) 1
+ 419430478 N w3 (1643 (ws + 8i) — 24¢5 (wi + 24ws + 647) + wj (w3 — T4iw] + 200ws + 321))> } +0 <N2> , (B.43)
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where:
Y = w?|-8168 MEN w3 log®(N) + 41472in? g8 MO NN 2w3 1og® (N) + 29491274 g2 M N2 N ;2
X (26 — 3iws)wj log* (V) — 2013265927 g2 M2 N3 N pws (w3 + 3i) log®(N) + 214748364875 N* (w3 + Giws QBS%)

The Dirichlet boundary condition Z,(u = 0) = 0 in the hydrodynamical limit
retaining therefore terms only up to O(wi'qy) : m+mn =4, reduces to: aw; + bws +

w3 + fws + g = 0 where:

13¢2M2 N, (log N2
a:3<967r2+ Is s(log )>7
N
log NV )?

o, (16647r2 + 39g§M2Nf(OgN)> ,

2 2 29 72 2 (log N)2
¢ =1287" (=70 + 3q3) + 78gM*Ny (—2+ ) ==,

log V)2
f=8i (647r2(—16 157 e 6g§M2Nf%q§> ,
log V)2

g=16¢] (6479(«4 b @) + 32 MAN (4 — 3@%) o (B45)

One of the four roots of Z(u =0) = 0 is:

0.14ig? M*N(log N)?
N

0.002ig2M>Ny(log N )?
N

7+0(q3)-
(B.46)

war— —& 181+ g (—0.005i -

(b) Using the Frobenius method and going up to O((u — 1)) in (B.42), one
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obtains:

1
 65536m2Nw3 (w3 + 24)2(ws + 47)2(w3 + 61)2

as {z'gﬁM?Nf log(N) (20iw3 (wi + 12iw3 — 44w; — 48i)

x 485 (w3 + 12iws — 48) — 8¢5 (9ws + 48iw§ + 60w; + 1472iws — 3840)

+ w3 (27w§ — 42iw] + 1288w] + 2464iws — 2048)D —log(N) [64q§w3 (3w§ + 72iw3 — 652w3 — 2400iw; + 2880)

— 48q3 (9w} + 156iw§ — 668w] + 30724w; — 37024w] — 124416iw3 + 160768ws + 491524)

+ dgiws (81w + 8526w} + 4324w§ + 85824iw] — 444320w; — 1143552iw3 + 1270784w] — 454656iws + 1769472)

— w} (81w} + 288iw] + 13136w + 103296iw; — 183440w; + 289152iw; — 925696w; — 436224iw; -+ 221184)] ) }

1
+ 3072w2 (w3 + 12iw? — 44ws — 481)
+ 4845 (—3iws + 6ws — 208iws + 960w; + 512¢) + 4giws (2Tiw] + 222w5 + 2272iw§ — 7200w3 + 4736iw; — 36864)

1
+ wj (—27iwi — 504wi — 932iw] — 5424w] — 4544iws + 4608) } +0 () : (B.47)

{64iq§’w3 (w3 + 121)

N2

The Dirichlet condition Z,(u = 0) = 0 reduces to awj + bws + cw3 + fws + g = 0

where
2M?N;log?(N
a = _957gs Nf Og ( ) _ 6326471'2,
27> M? N log?(N
Tk, —48i< 79; Nf og (V) +22407r2>,
15¢2M?Nq2 log?(N
c=8 ( . j\fq‘f 8 (V) | g (12763 + 288))
, 3g2M?Nylog”(N)
= 576ig2 | 642 = =22
&g (0 - MO0
2M2Nylog?(N
g = 384¢" (32772 _ 3% L o ( >> . (B.48)
One of the four roots of the quartic in ws is:
0.003ig2 M2 N (log N)?
Wy = <_0.73¢+ - s(log V) )qg +0(gd). (B.49)

The leading order coefficient of ¢3 is not terribly far off the correct value —i already
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at the third order in the infinite series (B.42).

(c) Let us look at (B.42) up to the fourth order. One finds:

1
 98304wi (wh + 20iwi — 140w? — 400iws + 384)

aq

X {256q§w§ (w3 + 161) — 76845 (w§ + 4iw] + 136w3 + 832iws + 256w3 + T168iws — 12288)

+ 32¢5w3 (27w — 2224w} + 4880ws + 18176iw}; + 110464w; + 652288iw; — 675840)

— 16¢3w3 (27w} — 558iw§ + 3320w3 — 9232iw; + 198656w; + 888320iw; — 774144ws + 5898241)
+ 3w§ (27w] — 900iw§ — 1316w§ — 531044w; + 108800w; + 147200iw; — 487424w; — 3440641) }

1
52428812 Nw? (w2 + Giws — 8)° (w2 + 14iws — 48)°

X {—gEMQNf log N (— log N |256¢5w5 (w3 + 37iws — 530ws — 3500w + 10368w; + 107524)

— 76845 <w§0 + 28iw§ — 222w8 + 848iw] — 2419205 — 1531845w3 + 399360w;3

+ 133120iw3 + 1531904w? + 32931844ws3 — 2359296)

+ 16q3w3 <54w;," + 1017iw§ + 2420w§ + 195388iw] — 1954848w5 — 8216832iw] + 5373440w;

— 87731200iw3 4 345751552w3 + 510885888iwz — 259522560)

— 8¢2uw <54w;,1 + 513iw3? + 14300w5 + 2524844ws — 1373088w] — 588832iwS

— 3059865605 — 183382016iws + 519692288w35 + 707788800iws — 297271296ws + 113246208@')
+ 3w (27w§1 + 11672ws + 105584iws + 196016w] + 6136320iws — 29371904w] — 60586752iw;

+ 67778560ws + 79093760iw3 — 935854083 — 330301442') + 20 (w3 + 20iw) — 140w3 — 400iws + 384)

X w3 [64q§w3 (w3 + 18iws — 96) — 16¢;3 (9w + 84iw; + 192w} + 6496iw; — 23296ws — 92161)

+ 4q3ws (27w + 12iw3 + 2756w; + 22208iw] — 71680w3 + 27136iw; — 270336)

1
+ wi (—27w} + 234iws — 3704w — 4224iw3 + 1408w3 + 522241)}) } +0 <N2> . (B.50)

In the hydrodynamical limit the Dirichlet boundary condition Z,(u = 0) = 0
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reduces to aw; + bws + cw? + fws + g = 0 where

a = 9849372385059274752i7% + O (qg) ,
_19237055439568896¢2 (3g2log N (2log N + 5)M2N; — 1287%N)

b N ;
c=0/(g),

F=0(g),

F=0(a). (B.51)

B.6 Zi(u) from Tensor Mode of Metric Fluctua-

tions

The EOM for the tensor metric perturbation mode Z;(u), inclusive of the non-
conformal corrections was written out in equation (3.58). Realizing that u = 1 is
a regular singular point of (3.58), using the Frobenius method we made a double
perturbative ansatz (3.59) for the analytic part of the solution. Substituting (3.59)

into (3.58), setting the coefficient of ws to zero one gets:

Zoo(1) (—6g§M2Nf log(N) log 7y, — 3g2M?* N log?(N) + 647T2N)

X (64%2]\7 (u2 + 2u + 3) + 15g2M*N; (u3 +u? +u+ 1) log (N))

— 128im*N {2 (z(’n(u) (—1593M2Nf (u4 — 1) log (N) + 64n°N (u4 + 3))
+ 647° Nu (u4 — 1) 201 (u))

—iu (u3 +u? +u+ 1) 200’ () (—6g§M2Nf log(N)logry, — 3g2M*Nylog®(N) + 647r2N) :

(B.52)
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By setting the coefficient of ¢3 to zero:

210’ () (—15g§M2Nf (u4 - 1) log (N) + 647> N (u4 + 3)) + 647° Nu (u4 — 1) 210" (u) = 0,
(B.53)
which solves to yield:

1
(642N + 1592 M2N¢log (N)) (12872 N + 15g2M?2Nslog (N))

z10(u) = €9 —

159%]VI2NE log N

X {167r201Nu1+ 6in2N (Qu (647r2N + 1592M* N/ log (N))

15g2M? Ny log (N) 15g2M?N¢log (N) " 91 9
F1,1 : x) s y — 12872N + 1592 M2 N log (.
o 1(’ e 2t im0+ (1287 + 156 M, log (
15g2M? Ny log (N) 1592 M?N¢log (N)
F (1,1 5 2 : -
FE 1(’ TR T T T = 0 ©
15g2M?N¢log (N) 159 M?N¢log (N)
— (15g2M?N;log (N) — 1287°N) »F (1,1 (il ;2 T ;
(1593 M*N; log (N) mN) 2 1(’ -t 64N 72 =Y 64N 72 o
159584> N ; 108N 64NT2ciut
= U 6472 N
256 N2 + 15g2M2 N log (N)

N 64N 12 ub " 64N 12c ut? L0 (u13) .
512N72 + 15g2M2Nlog (N) ' 7T68Nn2 + 1562 M2N; log (N) 2
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Setting ¢; = 0 for convenience, one obtains:

1 6icog? M2 Ny (3u® + 4u? + 6u + 12) log(N) log r
2o (1) = 4 + { [ 295 M Ny ( ) log(NV) log

3072 TN

2N 1592 M?2 Ny log(N)

1592 M2 N ¢ log(N)
| BiesZMPN; (3u® + du® 4 6u+ 12)log®(N) |, (4803u ety
= 6472 N

— iCy (3u3 + 4u? + 6u + 12))] }

5 AN o (V) (o) 1) (1
j° 102472N N?
) ZngsM2Nflog(N) (log (N) + 2log (2732 /G@aT)) . ic
'y 256m2N T,
L 3icag?M?*Nylog N (log N + 2logry)  ica
u —
512@2 N 8
icagsM?Nylog (N) (log N +2logrs) ey uf &
) Ol=,—=|.
il ( 25672 N 71 ) RN B
(B.55)
Similarly,
15¢c5g° M2 Nsu*log (N) (41 —1 i
oy 150U Ny log (V) (logu) = 1) ot |

102472 N 4
The constant (in ws, g3) yields:

200’ (w) (—15¢2 M2 Ny (u* — 1) log (N) + 642N (u* + 3))

"
=0,(B.
6472 Nu (u* — 1) + zo0 (w) =0, (B.57)
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which is identical in form to the EOM of zo(u). Setting g3 = 0 in (3.60), one

obtains:

Zi(u) icqw3s n 3icyg? M2 Nyw3log (N) (log (N) + 2logry,) Lo ( 1 )
Zi(u)  \4(caws + ) 25672 N (cyws + ¢2) N2

L w3 (3 + dicycy + diwszct)
16 (¢ + wscq) 2

_ 3ig2 M Nywi (—ics + 2¢4¢y + 2wzcy) log (N) (log (N) + 21og )
51272 (CQ = W3C4) 2N

( 1 > o | w2 ((iws + 6)c3 + 2(3ws + 8i)cyca + 32iwszcies + 16iwicy)
+0 ()| tu
2 64 (CQ + CU3C4)

3zg2M2wa§ (3(ws — 4i)cs + 4(4 — 3iws)cact + 32wscicy + 16wici) log (N) (log (N) + 2log )

409672 (cg + wscy) 3N
1
+0 < ) } +

1
. (768 (CQ Sl W3C4) & {WE,

+ 8w3(11ws + 144i)cics + T68iwicacy + 1922w3c4] }

(—3w§ + 2413 + 88ws + 192i) § + 8w (3iw] + 22ws + 961) cac3

1
409672 (3 + wscy) N

{zgs M?Njw; (Biwg’ + 18w3 — 44iws + 48) cy + 2ws (ng — 44iws + 96) C4Cy

+ 4(72 = 1liws)wicscs + 192w3cies + 48w304] log (N) (log (N) + 2 log rh)}

ro(5)) +o ().

(B.58)






APPENDIX C

C.1 Equation of motion for different Glueballs

C.1.1 Type IIB Dilaton wave equation for 0™ glueball

e Background with a black hole

The EOM for the dilaton is given as,

0.(B.0.¢) + ypF.m®¢ = 0, (C1)

201
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where the Coefficients E, and F, in the above are given below,

E.(r) = (e +2)yp

= 18n22 L (87r +4gsNyglog4d +2Nygslog N — 39Ny log {yn (€* + 1)})

(6@2 (4w 4 2gsNylog4d — 6gsNy) + 2 (e* 4+ 1) yp, (87 + 4gsNylog4)

+2g.Nylog N (3a® +2(¢* + 1) yn) — 3g.Ny (3a® + 2 (¢* + 1)) log (yn (¢ + 1)))

1
F. = : <
12872g2 Ly (e + 1)

3]
4w + gsNylog 16 + gsNylog N — égst log[(e* + 1) yh]>

(e + 1) yp (87r +29sNylog N + gsNylog 256 — 3g;Nylog [(e” + 1) yh])

3
oo (47r + 695Ny + gsNylog N + gsNylog 16 — §gst log [(e* + 1) yh]>]
(C.2)

e Background with an IR cut-off

The dilaton EOM is given as,

0.(CL0.0) + y2D,m?*¢ = 0, (C.3)
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with,

I G
T 32768y/2 m2/ANY/Agl3/A

2
(87 +2gsNylog N +4g,Nylog4 — 395Ny log [yo (e* + 1)])
(1287r2N + 159, M? {87 + g;N;(log 16 — 6) + gsNylog N} log [(e* + 1) yo]

— 90M295Nf log [(e* + 1) yO]Q)

ez

=
32768+/2 w17/4N5/4g3/t

2
(8# + 29sNslog N +4g,Nylogd — 39, Ny log [yo (e + 1)])
(1287‘(‘2N + 39, M? {—87 + g:N;(log 16 — 6) + g, N log N} log [(¢” + 1) yo]

— 18M2g§Nf log [(e* + 1) yo]z)

(C.4)

C.1.2 0 glueball EOM

e Background with a black hole

[ 3gsM?(gNy(log N — 6 4 log(16)) — 24g,N log(r) — 8)
Dulr). = 642N

757 (4.9,M? log(r) + 4.9, M + 0.6N)* bt
N2rs o —rrp}
o gm? 312 (4.9.M*log(ry) + 4.9,M* + 0.6N)* e
dmr? (rt =) N2

Dy(r) =

X [36g§M2Nf log?(r) — 3g:M?log(r)(gsNs(log N — 6 + log(16)) — 87) + 167r2N]
(C.5)
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C.1.3 0 glueball EOM near r =},

_ 9sM?(g:(0.005log N — 0.015) Ny + (=0.114g, Ny — 360.) log(rs,) — 360.119)  24.5

b
! NT‘h Th ’

0.02g2m2M? (log(rs)(gs(0.24log N — 0.775) Ny — 2279.99) — 2.88¢, Ny log”(ry) — 2273.96)
Ao = T}%
_ 0.251g,m>N

ry ’

0.04g2m?M?

by = — ——
Th

log(r1)(gs Ny (8.158 — 3.42log N) 4 4065.38) + g(0.12log N — 0.387) Ny + 41.04g, Ny log® (r) + 3976.41>

7.163g,m>N

7
Tp

(€:6)

C.1.4 07" glueball EOM from M-theory

e Background with a black hole

<r2 (167r293m2N27‘2 + 127wgs N (97“4 — T;t) —3r ('r4 — rﬁ)Q) — 3qg? (167r293m2N2r2 + 36mgs N (7"4 — T;t) + 3r (T4 — 1‘:)2))

12wgs N3 (7‘4 — rﬁ)

=

(r2 (327r2g§m2N2r2 + 12wgs N (157‘4 + Tﬁ) —3r (5r8 — 67”47”;1Z + Tﬁ)) — 36a2 (47r2g§m2N27"2 + mgs N (117“4 + rﬁ) +79— rarfb))
127gs Nr4 (1"4 — rfl)

(C.7)

C.1.5 27" glueball EOM from M-theory

e Background with a black hole
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3a®  15gsM?*(gsNylog(N) — 249Ny log(r) — 69sNy + gs Ny log(16) — 87)
AI(T> — —73 +

6472 Nr
5rd — rﬁ
ro —rri
1
Ay(r) = Lt (rt — oY) [87T{3662 (—27rgSNm2r2 —rt 4 Tﬁ) + 2ng, Nm?rt + 47’6}

— 392 M*m?r? (7"2 — 3(12) log(r){gst log(N) + gsN(log(16) — 6) — 87r}

+ 3693 M?Nym2r? (7"2 — 3a2> logQ(r)]

e Background with an IR cut-off

A5 5(3M?gs (—24N;gslog(r) — 6N gs + Nygslog(N) + log(16)Nygs — 8m) + 6472 N)
- 642N
1

—t 36m2M2Nfg§ 10g2(r) - 3m2M29§ log(r) (Nrgslog(N) + (log(16) — 6)N¢gs — 8m)

A4

+ 167 (ﬂmQNgs - 2r2)

(C.9)

C.1.6 17t glueball EOM from M-theory

e Background with a black hole

B 3a®  15g,M?(—gsNylog(N) + 24gsNylog(r) + 6gs Ny — 2gsNy¢log(4) +87) 5
1=——5 —

r3 6472 Nr r

1

By = 4777“4(7“4—7“4){ (36g§’M2me2r2 (7'2 — 3a2) log?(r) — 392 M?*m?r? (7’2 — 3a2) log(r)(gs Ny log(IN) + gs N (log(16) — 6)
h

+ 8 (3a? (—27rgst21"2 -+ Tﬁ) + 21g, Nm?r* + 47"6)) }
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C.1.7 17" glueball EOM from M-theory

e Background with a black hole

5rd —rd 9q2 3 .
Ci(r) = (h - | 540202 M2N; — T2ma’gs M2 + 768722 + 1202 M2 N2+
'

(7“4 _ r;t) r3 25672 N2/5¢3

9a2g2 M2 Ny log(16) — 292 M? N ¢r? log(16) + 16mgs M2r? + g2 M? Ny (9(12 — 27"2) log(N) — 2492 M* N
<9a2 - 2r2) log(r):| }) (C.11)
1
Cotr)= | ————— < 8rn (a® 6mg Nq27“2 —ort 4 9rt) — 2mg Nq2r4 + 478
™) (47”“4 (7‘4 — 7’4) { ( ( . h) ) )
+3¢2M?¢%r? (7“2 — 3a2) log(r)(gs Ny log(16N) —6gs Ny — 87) — 3695 M2 Nyqr? (7“2 — 3a2) 10g2(r)}—
gg 34992a2g5M2 (W-ﬁ- 3) ]Vf2 log(r) o 2, N 783155275 81 M2 (7\5/N — 1) Nf
a~gsIN g _
51273 3 = (r4 — rﬁ) (9sNglog(16N) — 3gs Ny log(r) + 4m)3 rd
9 243¢. M2 (IN 2 1) N,2 39157767°r%
< s (\/7+ ) f I (r4—r;t)(gst log(16N)—3gs Ny log(r)+4m)2
+ = . (C.12)

C.2 Flux generated cosmological constant term

The flux generated cosmological constant term is given as,

A(r)
MNP
GMIARY = NG (C.13)

GrnpQ
with

288 6%/6p* M3 g 1t
A(T) - ( 4/3 2/3 17 L )
12574/3N;"log s (N)

<68260644 log(10) (r} — 10000) (546%7 +5)  30876125log(9) (rf — 6561) (120*7

(100 — 3b22) 4 9 (b2r2 — 27) 4
(C.14)

+1)>
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