Efficient Numerical Solutions of
Poisson’s and Biharmonic Equations

Ph.D. THESIS

by
ALEMAYEHU SHIFERAW KIBRET

DEPARTMENT OF MATHEMATICS
INDIAN INSTITUTE OF TECHNOLOGY ROORKEE
ROORKEE-247667 (INDIA)

Dec, 2013









O©INDIAN INSTITUTE OF TECHNOLOGY ROORKEE, ROORKEE-2012
ALL RIGHTS RESERVED



INDIAN INSTITUTE OF TECHNOLOGY ROORKEE
ROORKEE

CANDIDATE’S DECLARATION

| hereby certify that the work which is being presented in the thesis entitled EFFICIENT
NUMERICAL SOLUTIONS OF POISSON’S AND BIHARMONIC EQUATIONS in
partial fulfillment of the requirements for the award of the Degree of Doctor of Philosophy
and submitted in the department of Mathematics of the Indian Institute of Technology
Roorkee, Roorkee is an authentic record of my own work carried out during a period from
August, 2008 to December, 2013 under the supervision of Dr. R. C. Mittal, Professor,
Department of Mathematics, Indian Institute of Technology Roorkee, Roorkee.

The matter presented in this thesis has not been submitted by me for the award of any

other degree of this or any other Institute.

(ALEMAYEHU SHIFERAW KIBRET)

This is to certify that the above statement made by the candidate is correct to the best of

my knowledge.

(R. C. Mittal)
Supervisor

Date: Dec , 2013
The Ph.D. Viva-Voce Examination of Mr. ALEMAYEHU SHIFERAW KIBRET,

Research Scholar, has been held ON ... e

Supervisor Chairman, SRC External Examiner

Head of the Department/ Chairman, ODC






ABSTRACT

Differential Equations are the language in which many laws of nature and their governing rules
are expressed mathematically. Most physical phenomena can be modeled mathematically by
second order and still some by fourth order partial differential equations; and these equations
(PDEs) have become enormously successful as models of physical phenomena in all areas of
engineering and sciences. The growing need for understanding the partial differential equations
modeling of the physical problem has seen an increase in the use of mathematical theory and
techniques, and has attracted the interest of many mathematicians. The elliptic type is perhaps
one of the most important second order partial differential equation in applied mathematics. In
engineering and many science fields one of the best known applicable theories in elliptic

equations is potential equation.

These equations describe many physical problems, like the slow motion of incompressible
viscous fluid; the St. Venant theory of torsion; electrostatics; in heat and mass transfer theory;
elasticity; magnetism and gravitating matter at points where the charge density, pole strength or
mass density are non zero; and other areas of mechanics and physics. In particular, the Poisson’s
equation describes stationary temperature distribution in the presence of thermal sources or sinks

in the domain under consideration.

In this thesis an attempt has been made to find efficient numerical solution of Poisson’s equation
and biharmonic boundary value problem by considering different approximation schemes and
extending the method of Hockney’s in Cartesian and cylindrical coordinate systems (including

when r =0 is an interior or a boundary point ) with respect to the given boundary conditions.

Chapter | is an introductory part and it deals with the important ideas and historical background

of the development of finding the solution of Poisson’s equation.

Chapter Il deals with the numerical solution of the Poisson’s equation in a cube with the given
Dirichlet’s boundary conditions. The Poisson’s equation is approximated by its equivalent finite

difference second order approximation scheme in order to obtain a large number of algebraic



linear equations and these equations are systematically arranged to get a block diagonal matrices
structure. The obtained systems of block diagonal matrices are reduced, then, by extending the
method of Hockney to a tri-diagonal matrix. Six examples have been considered in both cases
and it is found that the method produce accurate results considering double precision.

Chapter 11l deals with the numerical solution of the three dimensional Poisson’s equation
approximated by a fourth order finite difference method in Cartesian coordinate systems in a
cube with the Dirichlet’s boundary conditions. Based on the approximation scheme we have
developed 19 and 27 points stencil schemes. Both schemes result in a large algebraic system of
linear equations and are treated systematically in order to get a block tri-diagonal system by
extending the method of Hockney, and these systems of linear equations are solved by the use of
Thomas algorithm. It is shown that the method produce accurate results and moreover 19-point
formula produces comparable results with 27-point formula, though computational efforts are
more in 27-point formula. Six examples are taken to show the accuracy of the method and it is
shown that the method produces accurate results.

Part of this chapter has been published in the American Journal of Computational Mathematics
2011, Vol 1, No. 4 pp. 285-293.

Chapter IV deals with the numerical solution of the three dimensional Poisson’s equation in
cylindrical coordinate systems for r = 0approximated by a second order finite difference method
in a cylinder or portion of cylinder with the Dirichlet’s boundary conditions. Based on the
approximation scheme we have transformed the Poisson’s equation in to a large number of
algebraic systems of linear equations and these systems of linear equations are treated
systematically in order to get a block tri-diagonal system, and these systems of linear equations
are solved by the use of Thomas algorithm. Seven examples have been tested to verify the

efficiency of the method and it is shown that this method produces good result.
Part of this work is to appear in the American Journal of Computational Mathematics.

Chapter V deals with the fourth-order numerical solution of the three dimensional Poisson’s
equation in cylindrical coordinate systems for r = 0with the Dirichlet’s boundary conditions. The
Poisson’s equation is approximated by a fourth order finite difference approximation (19 points

stencil scheme) to convert the equation in to a large number of system of algebraic linear



equations; and the resulting large number of these algebraic system of linear equations is treated
systematically in order to get a block tri-diagonal system. These systems of linear equations are
solved by the use of Thomas algorithm, and using backward substitution we obtain the solution
for the Poisson’s equation. Seven examples have been considered and it is shown that this
method produces good result.

Part of this work is to appear in the American Journal of Computational Mathematics.

Chapter VI deals with the second and fourth-order approximation scheme for the numerical
solution of the three dimensional Poisson’s equation in cylindrical coordinate systems when

r =Qis an interior or a boundary point.

Chapter VII deals with the numerical solution of the two (three) dimensional biharmonic
boundary value problem of the second kind in a rectangular region (a cube) respectively, in
Cartesian coordinate systems. Using the splitting method the two/three dimensional linear
biharmonic boundary value problem is replaced by a coupled Poisson’s equations and these
coupled Poisson’s equations are solved directly by using the fourth order finite difference
approximation scheme which we have developed in Chapter Ill. For non-linear biharmonic
boundary value problem of the second kind, we use splitting and iterative method together. Eight
examples have been considered to test the efficiency of the methods.

Finally, in Chapter VIII, based on the present study, conclusions are drawn and in this direction

future research work is suggested.
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CHAPTER |

INTRODUCTION

1.1 Historical Background of PDE

Partial differential equations (PDEs) have become enormously successful as models of
physical phenomena in all areas of engineering and sciences. The growing need for
understanding the partial differential equations modeling of the physical problem has seen an
increase in the use of mathematical theory and techniques, and has attracted the interest of many
mathematicians. Many interesting progresses have been achieved in the last 60 years with the
introduction of numerical methods that allow the use of modern computers to solve PDEs of
every kind, in general geometries and under arbitrary external conditions (at least in theory; in
practice there are still a large number of hurdles to be overcome).

Especially in recent years we have seen a dramatic increase in the use of PDEs in areas such as
biology, chemistry, computer sciences (particularly in relation to image processing and graphics)
and in economics (finance). The primary reason for this interest was that partial differential
equations both express many fundamental laws of nature and frequently arise in the
mathematical analysis of diverse problems in science and engineering. The theoretical analysis
of PDEs is not merely of academic interest, but rather has many applications that originate from
a model of a physical or engineering problem in real life situations [31],[103],[109].

Perhaps one of the most important of all the partial differential equations involved in applied
mathematics and mathematical physics is the potential equation, also known as the Laplace

equation U, +U =0, where subscripts denote partial derivatives. This equation was first

discovered by Pierre-Simon Laplace (1749-1827) while he was involved in an extensive study of
gravitational attraction of arbitrary bodies in space; and this equation arose in steady state heat
conduction problems involving homogeneous solids. James Clerk Maxwell (1831-1879) also
gave a new initiative to potential theory through his famous equations, known as Maxwell’s

equations for electromagnetic fields.



The problem of finding a solution of Laplace’s equation that takes on the given boundary values
is known as the Dirichlet boundary-value problem, after Peter Gustav Lejeune Dirichlet (1805—
1859). On the other hand, if the values of the normal derivative are prescribed on the boundary,
the problem is known as Neumann boundary-value problem, in honor of Karl Gottfried
Neumann (1832-1925). Despite great efforts by many mathematicians including Gaspard Monge
(1746-1818), Adrien-Marie Legendre (1752-1833), Carl Friedrich Gauss (1777-1855), Simeon-
Denis Poisson (1781-1840), and Jean Victor Poncelet (1788-1867), very little was known about
the general properties of the solutions of Laplace’s equation until 1828, when George Green
(1793-1841) and Mikhail Ostrogradsky (1801-1861) independently investigated properties of a
class of solutions known as harmonic functions. Partial differential equations have been the

subject of vigorous mathematical research for over three centuries and remain so today [3],[103].

1.2 Poisson’s Equation

Poisson’s equation was used by the French mathematician Simeon Poisson (1781-1840) in his

studies of diverse problems in mechanics, gravitation, electricity, and magnetism. Therefore it is

called Poisson’s equation. No partial differential equation competes with Poisson’s equation in

regard to its importance and ubiquity in applications [103],[109].

A variety of problems in scientific computing involve the solution of the Poisson’s equation
VU=f inD (1.1)

subject to appropriate boundary conditions (BC),

i) U=t on oD for a given function f,, (i.e. U specified on the

boundary) is called the Dirichlet problem,
ouU

i) 3 f, on oD where f, is a given function, fidenotes the unit
n
ouU . . N <, oU |
outward normal to D, and a—denotes a differentiation in the direction of A (i.e. P n-v),
n n

(i.e. gradient of U normal to the boundary is specified) is called the Neumann problem, and
i) U +a%—Lr: = f, on oD where o and f,are given functions, (i.e. the BC is in

terms of a mixture of the first two types — typically a linear combination) is called a problem of

the third kind (it is also sometimes called the Robin problem).

2



iv) mixed boundary condition for a PDE; that is, different boundary are used on
different parts of the boundary of the domain of the equation. For example, if U is a solution to a
partial differential equation on D with piecewise-smooth boundary oD, and oD is divided into

two parts, I';and I',, one can use a Dirichlet boundary conditionon I';, and a Neumann

boundary condition on I',, i.e. oD =I", UI’, and U is prescribed on the boundary as

U=g, onTI, and

%—L:: g, on I',, where g,and g, are given functions defined on those portions of

the boundary.

Equation (1.1) along with the boundary conditions i) to iv) is said to be a boundary value
problem.

The first question what we have to address now is whether there exist a solution to each one of
the problems we just defined in i) to iii) or not. This question is not at all easy, it has been
considered by many great mathematicians since the middle of the nineteenth century. It was
discovered that when the domain D is bounded and ‘sufficiently smooth’, then the Dirichlet

problem, for example, does indeed have a solution.

Theorem: Let D be a smooth, bounded domain. Then there exists at most one solution
U eC?(D)~C'(6D) of the Poisson’s equation (1.1), satisfying either i) or iii) on oD
and for case ii) on oD there might be more than one solution but any two solutions

differ by a constant.
For the proof and some details of this part refer [54],[83],[103],[109].

The Poisson’s equation in different coordinates system is expressed as;

Two Dimensional

2 2

Zlﬁ +(Zy—g: f(xy) Cartesian
X

o°U 10U 10U
sttt

o° ror r°o6

= f(r,0) Polar



Three Dimensional
U oU oU
+ +
ox>  oy* o1’
U 1oU 10U oU
PR i e st
or ror r°o60° oz
U 20U 10U cotgoU 1 o%U
LT RNT L B N BNy 2
op° pop p 0P p° 0P p°sin“g ol

=f(x,y,2) Cartesian

=f(r,0,2) Cylindrical

= f(p,9,0) Spherical

Based on the nature of the geometry of D, we have to choose the appropriate Poisson’s equation

accordingly.

1.3 Biharmonic Equations

The biharmonic equation is a fourth-order elliptic PDE which arises in areas of continuum
mechanics, including linear elasticity theory (to find the displacement of the bending of elastic
plates), the solution of the stream function of incompressible Stokes flow, and other areas of

engineering and sciences.

The biharmonic problem for the domain D consists of determining a function U which satisfies

the partial differential equation

VUP)=f(P) PeD
U(P)=f(P) PedD

néggﬁzfgp) PedD (1.2)

6°U (P)

or if) =

=f,(P) PedD

Here we assume that f, f,and f,are given, sufficiently smooth functions and that the boundary
oD s sufficiently smooth to insure the existence of a solution to the biharmonic equation (1.2).

0 2 o N :
2 O % denote the derivative in the direction of the exterior normal.
n n



A solution of (1.2) can be obtained analytically by using some theories of harmonic functions in
complex analysis (See [83]), but always it is not an easy task. Thus many of the developments in

this area are based on the numerical solutions of biharmonic equation.

1.4 Numerical Methods

The PDEs associated with most science and engineering applications are often
impossible, or impractical, to solve using analytic methods, such as separation of variables and
Fourier series. PDEs with non constant coefficients, equations in complicated domains, and
nonlinear equations cannot, in general, be solved analytically. Even when we can produce an
‘exact’ analytical solution, it is often in the form of an infinite series. Worse than that, the
computation of each term in the series, although feasible in principle, might be tedious in
practice, and, in addition, the series might converge very slowly.

Numerical solution methods provide a reasonable alternative in many of these situations. The
method is based on replacing the continuous variables by discrete variables, and thus, the
continuum problem represented by the PDE is transformed into a discrete problem in finitely
many variables. Naturally we pay a price for this simplification; we can only obtain an
approximation to the exact answer, and even this approximation is only obtained at the discrete
values taken by the variables [5],[10],[16],[59],[75].

The discipline of numerical solution of PDEs is rather young. The first analysis (and, in fact, also
the first formulation) of a discrete approach on the solution of problems of mathematical physics
by means of finite differences to a PDE was presented in 1929 by the German-American
mathematicians Richard Courant (1888-1972), Kurt Otto Friedrichs (1901-1982), and Hans
Lewy (1905-1988) for the special case of the wave equation. Incidentally, they were not
interested in the numerical solution of the PDE (their work preceded the era of electronic
computers by almost two decades), but rather they formulated the discrete problem as a means
for a theoretical analysis of the wave equation. The Second World War witnessed the
introduction of the first computers that were built to solve problems in continuum mechanics.
Following the war and the rapid progress in the computational power of computers, it was argued
by many scientists that soon people would be able to solve numerically any PDE. As a result of

these renewed interest, towards finding the solution of PDEs numerically, forced scientists to



develop different numerical methods and approaches. Some of the most popular numerical
methods are the Finite Difference Method (FDM), the Finite Elements Method (FEM), the Finite
Volume Method (FVM), Fast Fourier Transform Methods, Spline Collocation Methods, Spectral
Methods, Multigrid Methods, Galerkin Method, Domain Decomposition Methods, Boundary
Element Methods, Wavelet Methods and others [81],[94],[100],[103],[109].

Using either of these numerical methods, they have also developed different solvers for the
solutions of PDEs. In Particular, to find the numerical solution of the two or three dimensional
Poisson’s and biharmonic equations they have introduced several fast solvers (a fast solver is an
algorithm for the efficient implementation of a method for solving equation in a standardized
regionD) based on the geometry of the problem and the type of boundary conditions. For
Poisson’s equation (two or three dimensional), for instance, in simple geometries (circular or
rectangular domains) with regular grids, there are well-known fast direct solvers
[13],[20],[21].[22],[24],[25],[26],[62], which typically rely on the fast Fourier transform (FFT)
[2],[28],[66],[88],[96],[98] and are well suited to the task. When either restriction is relaxed,
however, these methods no longer apply. Since practical problems tend to involve complex
geometries, highly inhomogeneous source distributions f, or both, there has been a lot of effort
directed at developing alternative approaches [4],[7],[12], [33],[36], [64],[65],[70],[108]. Most
currently  available  solvers rely on iterative  techniques using  multigrid,
[47],[48],[80],[101],[110]; domain decomposition, or some other adaptive methods [55].
Unfortunately, while such multilevel strategies can achieve nearly optimal efficiency in theory,
they require an appropriate hierarchy of coarse grids which is not provided in practice. Although
there has been significant progress in this direction, the available solvers compare unfavorably

with the fast direct solvers in terms of work per grid point.

Several attempts have been made in developing and improving different techniques and methods
to solve the Poisson’s equation in polar and cylindrical coordinates system both analytically
[31.[5].[10],[16],[75],[94],[103],[2109] and numerically [9],[14],[30],[31],[40],[54].[59].,[67],
[68], [69],[97] for practical and theoretical problems in many branches of engineering and
physics. When solving such boundary value problems, appropriate choice of coordinates system
is very useful, because most of these problems along with their solutions are mainly dependent

on the geometry of the boundaries. In physical problems that involve a cylindrical surface, (for



example the problem of evaluating the temperature in a cylindrical rod), it will be convenient to
make use of cylindrical coordinates.

For biharmonic equation (two/ three dimensional) several solvers have been developed based on
the availability of the data kind (first or second), the numerical method, and the geometry of the
problem [11],[15],[18],[34].[41],[42],[45].[53].[56].[571.[58].[61].[72].[73].[78].[86],[93],[95].

1.4 Finite Difference Method

A computational solution of a partial differential equation (PDE) involves a discretization
procedure by which the continuous equation is replaced by a discrete algebraic equation. The
discretization procedure consists of an approximation of the derivatives in the governing PDE by
differences of the dependent variables, which are computed only at discrete points (grid or mesh
points) in different geometries. In general, one starts with a given PDE and uses a discretization
procedure for developing a finite-difference equation (FDE) that is a linear relation between
discrete values of the unknown function computed on grid point.

Thus, a finite difference solution basically involves three steps:
1. Dividing the solution into grids of nodes.
2. Approximating the given differential equation by finite difference equivalence that
relates the solutions to grid points.
3. Solving the difference equations subject to the prescribed boundary and/or initial
conditions.
When approximating the given PDE by its finite difference approximation, we have to consider
some factors, for instance, the order of accuracy of an approximation, stability, consistency and
convergence of the difference scheme having a potential impact on the approximate solution.
Many works have been done in this regard (see [9],[16],[30], [40], [67],[68],[69],[75],[87].[97]).
The search for approximate solution of PDEs like Poisson’s equation, researchers were forced to
study and develop different approximation schemes to reduce the error with the exact solution.
The most popular approximation in finite difference method is the polynomial approximation by
using Taylor’s series method (higher accuracy can be derived by keeping more terms in the
Taylor series). Based on the geometry of the problem, particular numerical method and the

nature of the accuracy of the solution, different approximation schemes have been introduced

7



and developed using Taylor’s method. (For two dimensional Poisson/biharmonic equation
[11.[2].[6].[11].[12],[19].[24].[25].[26],[28].[35].[36].[45].[48].[55].[57].[58],[61].[62].[63],[65].
[73]1.[76].[78].[85],[86],[89],[90],[96],[102],[108] ).

Consider the three dimensional Poisson’s equation in Cartesian coordinate system

2] 2) 2]
=ag+ag+ag:f(x,y,z) (1.3)
OX oy 0z

v

Applying the Taylor series expansion of U(x+h,y,z)and U(x—h,y,z), where h is the mesh

size in the x direction, we get

B ou(x,y,z) h*dU(x,y,z) h®oU(xy,z)
U(x+h,y,z)_U(x,y,z)+ha—+z o +a e +... (1.4)
ou(x,y,z) h*o0U(x,y,z) h®oU(xy,z2)
U(x—h,y,2)=U(X,y,2) —-h—————"—=+— —— 15
(x=hy.2)=Uxy.2) x 20 ok T (1.9)
Adding (1.4) and (1.5), gives us
h?> 02U (x,y,z) h*o'U(x,y,2)
U(x+h,y,z)-2U(x,y,2)+U(x=h,y,z) =2| — L — e 1.6
( y,2)=2U(x,y,2)+U( y)[z! Ve 2 o (1.6)
Dividing (1.6) by h?, we get
U(x+h,y,z)-2U(X,Yy,2)+U(x=h,y,2)
2
" (L7)
o U(x,y,z) h*o'U(xy,z) h* o°U(x,y,2)
= > +— 4 + 5 +...
OX 12 OX 360 OX
2
Using (1.7), M can be written as
2
8U(x,zy,z):U(x+h,y,z)—2U(x,2y,z)+U(x—h,y,z)+O(h2) (1.8)
OX h



= 1j.k+1

L1k Lk

_7u1<° itk

itk

- k-1

Figure 1.1

Figure 1.2

Three dimensional Cartesian grid seven-point stencil

Assume that there are M, N and P mesh points along the X,Y and Z directions respectively, and
let U(x,Y,z)be discretized at the mesh point (i, j,k) and we adopt writing U, ,, for U(x,Y,2),
where i1 =1)M, j=221N andk =1(2)P and
let x=iAX = X+AX=iAx+Ax=(i+1)Ax, and
= X—AX=IAX—AX = (i —1)AX
Similarly we have for y+Ay =(j+1)Ay, y—-Ay=(j—-1)Ay
z+Az=(k+1)Az, z-Az=(k-1)Az

Thus we write U, ;, for U(XtAxy,z), U, for U(xy+Ay,z) and U, for
U(X,y,z+Az), and thus
U(X+AX, Y, 2)—2U(X,Y,2)+U(X=AX,Y,2)  Uijx—2U; 50 +Ui i
2 = 5 (1.9a)
(AX) (AX)
UX y+Ay,z)-2U(X,y,z)+U (X, y—Ay, 2) _ Ui,j+l,k _2Ui,j,k +Ui,j—1,k (1.9b)
(Ay)? (Ay)?
U, Y, z+Az)-2U(X,y,2) +U (X, ¥,2—=Az) Uiia—2U;i0+U 0
> = . (1.9¢)
(Az) (Az)

. oU(XY,2) - : : o
Thus we can write — by its equivalent central difference approximation as



o°U (X,y,2) _ Ui+l,j,k _2Ui,j,k +Ui—1,j,k

.. 2 U .. —-2U... +U..
Similarly, 0 Ug”zy’ 2) — Ltk (A;;;( i j-1k (1.10b)
U(xYy,2) U a—2U,  +U;
and ézzy ) - D ( Az';'zk L (1.10¢)
Now substituting (1.10a), (1.10b) and (1.10c) in (1.3), we get
Ui ik =25k Ui N Ui i = 2U; i+ U5 +Ui,j,k+1 —2U; +U _ (1.11)

(Ax)* (Ay)* (A7)’

This approximation scheme is a second order approximation one, and gives a seven point stencil
form. This means that the Poisson’s equation is transformed in to a large system of linear

equations in terms of the functional values of U at the grid points.

2
We can consider the fourth order approximation of aag by
X

2, 2
hzaLj = 51X U+0(h*)
ox 1+—057
12 (1.12)
2 ZU
Similarly, we write for the operators and using (1.12) and substitute these in to (1.3),

yZ 822

we get another higher order approximation scheme

5x ? + 5)’ j + 52 ?

1 1 1
211+—62| h?|1 52| h2l1+—=6572
hl(Jrlzxj 2(+12V) 3(+122j

+0(h')+0(h,')+O(h!) |U; ;. = fi

(1.13)
On further simplification of (1.13), depending on the accuracy of the approximation, we can get
different systems of a large number of linear equations such as 19-point stencil scheme or 27-
point scheme and other schemes.

Similarly we can establish the equivalent finite difference approximation of the three

dimensional Poisson’s equation in Cylindrical/Spherical coordinates system.
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For biharmonic equation (1.2) we have also different approximation schemes, based on the
coordinates system of the problem and its boundary kind (first or second). Efficient numerical
methods for the solution of the discrete biharmonic equation on simple regions have recently
received a great deal of attention.

There are essentially two approaches to solve the biharmonic problem numerically:

The first approach consists of the direct discretization of the biharmonic equation, which results
either 9-points, 13-points or 25-points formula (See the derivation of the 13 or 25-points
approximation schemes in [35]). The 13-points and 25-points approximation schemes lead to a
system of algebraic equations with a 13-diagonal or 25-diagonal coefficient matrix which is, in
general, very ill-conditioned. Some progress has been made in recent years for the direct solution
of these matrix equations, (see [11], [53], [57]) because most of the iterative methods require a
large number of iterations in order to obtain some satisfactory solutions (see [11],[53],[56],
[57],[58] and other references therein).

For the first kind problem Gupta and Manohar [78] have considered several such schemes and
have shown that the accuracy of its numerical solution depends upon the boundary

approximation used.

The second approach is the splitting method where the biharmonic equation (1.2) is replaced by
introducing an auxiliary variable v(x, y) = VU (x, y) and splitting the biharmonic equation into a
coupled system of Poisson equations as

VU =v

Viv=f
That is, the biharmonic equation with the given boundary conditions is equivalent to the

Dirichlet problems for two Poisson equations.

Thus (1.2) can be written using the splitting method for the first kind boundary problem as

VU =v onD

U=t on oD and Vv = f
i f, on oD

on

And one can easily see that under this formulation for the first kind boundary problem, one of
these Poisson equations has no boundary conditions and we consider two classes of boundary

approximations for this undefined boundary condition. The functions U and v are coupled

11



through the boundary conditions implicitly which turns out to be the main difficulty of solving
such problem.
The second kind boundary problem (1.2) can be written using the splitting method as
VU =v on D Viv=f onD

{U =f, on oD and {v = f, on oD
Observe that the biharmonic equation is converted in to two Poisson’s equation with sufficient
boundary conditions for both Poisson’s equations. These two second order boundary value
problems can be discretized and solved using one of the fast Poisson solvers that are available,
(see [25],[35],[41],[42], [44],[73]); we first solve for v from the second Poisson’s equation and
use this value to solve U in the first. One of the important reasons for using the splitting method,
in general, is that the accumulation of rounding errors is substantially reduced; and it is shown
that the splitting of the biharmonic equation produces a numerically efficient procedure and is
very successful for the second kind problem since the boundary conditions (the second
derivative) do not have to be discretized at all in this case (see [18],[58],[77]).
Still now there are tremendous progresses in developing higher order approximation schemes of
the finite difference method to address the accuracy of the numerical solutions of Poisson’s
equation. For different applications in engineering and sciences such as the computation of
incompressible viscous flows, the higher-order compact (HOC) finite difference schemes have
been developed ([37],[38].,[39],[79],[82]). Most of these schemes were developed for equations
of the convection—diffusion type and were well equipped to simulate incompressible viscous
flows governed by the N-S equations as well. A compact finite difference scheme is one that
utilizes grid points located only directly adjacent to the node about which the differences are
taken. In addition, if the scheme has an order of accuracy greater than two, it is termed as HOC
method. The higher-order accuracy of the HOC methods combined with the compactness of the
difference stencils yields highly accurate numerical solutions on relatively coarser grids with
greater computational efficiency.
Since the 1950s considerable contributions in developing high-order-accurate finite-difference
discretization schemes for elliptic partial differential equations have been made by, for instance,
O. Buneman [43], R.W Hockney [96], and others[22],[29],[35],[46],[74],[76],[90],[92].

12



1.5 Systems of Linear Equations

One of the most important phases in the analysis of many engineering systems is the solution of
a set of linear equations. For the case of a linear boundary value problem, only one solution of
equations is required. However, for initial value problems and for nonlinear systems several
solutions of sets of equations may be necessary for a complete analysis. There are a number of
different techniques to solve a system of linear equations. Solution methods for linear systems
fall into two categories: direct methods, which provide the answer with finitely many operations;
and iterative methods, construct a sequence of approximations to the exact solution of a linear
system.
Many direct methods are developed for the Poisson’s equation and they fall into the following
categories:

-methods based on Gaussian-Elimination and reordering; such as LU factorization, Cholesky

factorization, QR factorization and others.

-marching techniques [49],[50],[51]

-methods based on fast Fourier transform (FFT);

-methods based on block cyclic reduction;

-methods based on both FFT and cyclic reduction (FACR) [96].

The most well-known iterative methods are of course the Jacobi method and the Gauss-Seidel
method. These methods are easy to implement but usually not efficient. More recent iterative
methods, like the Conjugate Gradient (CG) method and the Generalized Minimal Residual
(GMRes) method are much more efficient. Furthermore, the performance of iterative methods
depends on the spectrum of the coefficient matrix. For systems with low or moderate dimensions
and for large systems with a band structure, the most efficient algorithms for solving linear
systems are direct [23],[43],[60].

Theoretically many of the methods are similar; however, the computer program implementation
of these methods may differ significantly. During recent years it has been recognized that in most
cases a direct solution of linear equations is preferable to using an iterative technique; and as a
consequence of this considerable research has been devoted toward finding very efficient

equation solvers by direct method.
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Thus to find a numerical solution of PDEs, like Poisson’s/biharmonic, first we transform the
PDE using finite difference method in to a system of linear equations and we solve the resulting
equations by one of the technique developed so far. Once we obtain these systems of linear
equations, applying some points from the theory of matrix we can fully discuss about the nature
of the solution. [8],[9],[10],[16],[17],[27],[30].[31],[43],[52],[54],[59].[71],[75].[84].[871.[94].
[97], [99],[105],[106][109]).

A key strategy in matrix computations is to transform the matrix in question to a form that makes
the problem at hand easy to solve. Major important contributions have been made to solve a
large number of systems of linear equations using eigenvalues and eigenvectors. Historically,
Euler first solved the eigenvalue problem when he developed a simple mathematical model for
describing the ‘buckling” modes of a vertical elastic beam. The general theory of eigenvalue
problems for second-order differential equations, now known as the Sturm-Liouville Theory,
originated from the study of a class of boundary-value problems due to Charles Sturm (1803—
1855) and Joseph Liouville (1809-1882).

Major results of eigenvalues and eigenvectors have made the community of computations for the
solution of PDE somewhat smooth and helped a lot to develop solvers. Here we present some

points that are relevant for our discussion in the coming chapters.

Definition: Let Abe a matrix of order n and let U be nonsingular. Then the matrices Aand

B=U"AU are said to be similar. We also say that B is obtained from A by a
similarity transformation.

The following is an important result of a similarity transformation.

Let the matrix A have a complete system of eigenpairs (ﬂ,,,xi) i=12,..,n wherel is the
eigenvalue and X is the eigenvector of Aand X =(x,,X,,---,%,) and A =diag (4, 4,,---,4,).
Then, the individual relations Ax; = A x, can be combined in the matrix equation as AX = XA .
Because the eigenvectors x; are linearly independent, and the matrix X is nonsingular.

Hence we may write X "AX = A .

Thus we have shown that a matrix with a complete system of eigenpairs can be reduced to
diagonal form by a similarity transformation, whose columns are eigenvectors of A. Conversely,
by reversing the above argument, we see that if A can be diagonalized by a similarity

transformation X *AX , then the columns of X are eigenvectors of A, which form a complete
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system. The matrix X formed by the linearly independent eigenvectors of a matrix Ais called a
modal matrix for Aand the diagonal matrix A having the eigenvalues of Aas the diagonal
elements is called a spectral matrix for A .

A nice feature of similarity transformations is that they affect the eigensystem of a matrix in a
systematic way, as the following theorem shows.

Theorem: Let A be a matrix of order nand let B=U AU be similar to A. Then the

eigenvalues of Aand B are the same and have the same multiplicities.
If (1,x) is an eigenpairs of A, then (;t,U‘lx) is an eigenpairs of B .
Proof

Since det(U*)det(U)=det(U'U)=det(l)=1,

det(A1 — A)=det(U*)det (21 — A)det(U ) =det(Al ~U ‘AU ) =det (4l -B)

Thus Aand B have the same characteristic polynomial and hence the same eigenvalues with the

same multiplicities.
If (4,x) is an eigenpairs of A, then

B(U 'x)=U"AU U 'x) =U *Ax= AU 'x)
so that (i,U ‘1x) is an eigenpairs of B.

In addition to preserving the eigenvalues of a matrix (and transforming eigenvectors in a
predictable manner), similarity transformations preserve functions of the eigenvalues. The
determinant of a matrix, which is the product of its eigenvalues, is clearly unchanged by

similarity transformations.
Corollary: Let the matrix A of order n have distinct eigenvalues A, 4,,--, 4 with multiplicities
m,, m,,---,m, . Then there is a nonsingular matrix X such that

X*AX =diag(L,,L,, -, L) where L, is of order m; and has only the eigenvalue 4.

o Ifall the eigenvalues of Aare distinct, then the blocks L, are scalars.

o Hence, if A has distinct eigenvalues, Ais diagonalizable and has a complete system of

eigenvectors.

15



o Let AeR™ and suppose it has a real eigenvalue 4. Then in the homogeneous equation

(XI—A)v=0, the coefficient matrix (XI —A) is real. The fact that (XI —A)is singular

implies that the equation (XI —A)v=0 has nontrivial real solutions. We conclude that

every real eigenvalue of a real matrix has a real eigenvector associated with it.

Corollary: The eigenvectors associated with distinct eigenvalues of a real symmetric matrix
constitute an orthogonal set.

Corollary: An nxnreal symmetric matrix A possesses an orthogonal (as well as orthonormal)
set of neigenvectors.

Theorem: The eigenvalues of a real symmetric matrix are all real.
Theorem: All the eigenvalues of a symmetric positive-definite matrix are positive.

For, suppose AX =AX (X #0)
Then 0< X" AX =AX"X = A||X|;

=1>0
To find the numerical solution of PDE, a great number of computer soft ware have been
introduced and developed; in particular to find the numerical solution of Poisson’s equation such
as Fortran module Poisson solvers.f95, POSSOL (a two-dimensional Poisson equation solver for
problems with arbitrary non-uniform gridding in Cartesian coordinates developed by
Schwarztrauber and Sweet ), POISSON, SUPERFISH (used to compute field quality for both
magnets and fixed electric potentials and RF cavity codes that calculate resonant frequencies
and field distributions of the fundamental and higher modes), Scilab, Matlab, and others have
been developed in the last 60 years. This era is one of the best periods in history in developing

numerical algorithms and their computer codes.
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1.6 Organization of the Thesis

In this thesis an attempt has been made to solve the three dimensional Poisson’s equation in
Cartesian and Cylindrical coordinates system and the two and three dimensional biharmonic
equation with the Dirichlet boundary problem of the second kind. Here is the chapter wise
summary of the thesis.

Chapter 11 deals with the second order numerical solution of the three dimensional Poisson’s

equation in Cartesian coordinates system

Ui+l,j,k _2Ui,j,k +Ui—1,j,k +Ui,j+l,k _2Ui,j,k +Ui,j—1,k +Ui,j,k+1_2Ui,j,k +Ui,j,k—l —f
(Ax)* (Ay)* (A7)’

in a cube with the given Dirichlet’s boundary conditions.

When Ax=Ay=hand Az=h, (hand h,need not be equal), this Poisson’s equation reduces to

u k +Ui—1,j,k +Ui,j+1,k +Ui,j—1,k +r(Ui,j,k+l +Ui,j,k—1)_(4+2r)ui,j,k =h’ fi,j,k

2
where r = hl—z

2

i+1, ],

A large number of linear equations are obtained and systematically arranged in order to get a
block tri diagonal matrix structure. The obtained systems of linear equations are solved by
extending the method of Hockney in three dimensional Cartesian coordinates system. Six
examples have been considered in both cases and it is found that the method produce accurate

results considering double precision.

Chapter 111 deals with the fourth order numerical solution of the three dimensional Poisson’s

equation in Cartesian coordinates system, i.e.

5,2 (1+i5y2j[1+i522J+5y2 (1+15X2j(1+i522j+ r522(1+i5xz](1+i5y2) Ui
12 12 12 12 12 12 .
1 1 1
=h?|1+=68°% || 1+ =62 ||1+—=6° | f .
hl( 12 j( 12 y)( 12 Zj""k

in a cube with the Dirichlet’s boundary conditions. Based on the approximation we have

considered two cases.
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Case | 19 points stencil scheme
Case Il 27 points stencil scheme

Both schemes results in a large algebraic system of linear equations and are treated
systematically in order to get a block tri-diagonal system, and these systems of linear equations
are solved by the use of Thomas algorithm. Six examples are taken to show the accuracy of the
method and it is shown that the method produces accurate results.

Part of this chapter has been published in the American Journal of Computational
Mathematics, 2011,vol 1, No. 4 pp 285-293.

Chapter IV deals with the second order numerical solution of the three dimensional Poisson’s

equation in cylindrical coordinates system given by

1 1
Uy +=U, + Uy, +U, = T (r,0,2)
r'or

with the Dirichlet’s boundary conditions for r #0

The Poisson equation for r = 0 is approximated by second order finite difference approximation

f _ Ui+1,j,k _2Ui,j,k +Ui—1,j,k +Ui+1,j,k _Ui—l,j,k +i(ui,j+l,k _2Ui,j,k +Ui,j1,kj

(Ar)? oy (A)°
Ui,j,k+l _Z(Z-Z;Zk "’Ui,j,k’l +O((AI’)2)+O((A9)2)+O((AZ)2)

and truncating higher order differences and simplifying, we have

A+o)Ui j +Q-2)U;  + U, U )+ oU U ) F YU = (Ar)? fi ik
Ar (Ar)? (Ar)®
wherew. =—, o, = , P= and y; = -2(1+a; +
1 2", rIZ(AH)Z p (AZ)Z yl ( 1 p)

the resulting large algebraic system of linear equations obtained is treated systematically in order
to get a block tri-diagonal system, and these systems of linear equations are solved by the use of
Thomas algorithm. Seven examples have been tested to verify the efficiency of the method and it

is shown that this method produces good result.
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Part of this chapter has been published in the American Journal of Computational
Mathematics, 2013,vol. 3, pp 356-361.
Chapter V deals with the fourth order numerical solution of the three dimensional Poisson’s

equation in cylindrical coordinates system given by

1 1
Uy 2 Uy 5 U + U, = f(r.0,2)
with the Dirichlet’s boundary conditions for r #0.
The Poisson equation for r = 0Qis approximated by fourth order finite difference approximation

scheme

3Ar . . .
(Ar)? (24"'53 +5§ +522 +2_ré‘2r} fi,j,k = aO(I)Ui,j,k +a1(|)Ui+1,j,k +a2(|)Ui_1,j,k

+a,(NU; oy +Y5 )+ (DU, 0 +U5 ) +as (U e Y )

+8 (DU ju +Ui i) 8 (DU s Ui juc) F8 (10U s +Ui i)

+ ag(i)(Ui’MMl +U e TV e +Ui,j—1,k—1)
and the resulting large algebraic system of linear equations is treated systematically in order to
get a block tri-diagonal system, and these systems of linear equations are solved by the use of
Thomas algorithm. Seven examples for both cases have been considered and it is shown that this

method produces good result.

Part of this chapter is to appear in the American Journal of Computational Mathematics

Chapter VI deals with the second and fourth-order approximation scheme for the numerical
solution of the three dimensional Poisson’s equation in cylindrical coordinates system when
r=0is an interior or a boundary point where the system becomes singular. By taking an
appropriate approximation scheme together with the method developed in chapters IV and V we

solve the system for the given Dirichlet’s boundary conditions.

Chapter VII deals with the numerical solution of the two and three dimensional biharmonic
equation of the second type in a rectangular region and a cube respectively, in Cartesian

coordinate systems

19



vVU=f on D
U=g, onoadD
VU =g, onodD.
The two or three dimensional biharmonic equation can be decoupled as two Poisson’s equations
with a Dirichlet boundary condition on the same domain as

VU=v onD
U=g, ondD

vVv=f onD

{v =AU on oD
These coupled Poisson’s equations are solved directly by using the fourth order finite difference
approximation schemes which we have developed so far in Chapter 111 adapted to two or three
dimensional Cartesian coordinates system. Seven examples have been taken to test the efficiency
of the method, and results have shown that the method produced comparable results as shown in

literatures.

Chapter V111 is about the conclusion part and the future work plan.
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CHAPTER I

Second Order Numerical Solution of the Three Dimensional
Poisson’s Equation in Cartesian Coordinates System

2.1 Introduction

The three-dimensional Poisson’s equation is often encountered in heat and mass
transfer theory, fluid mechanics, elasticity, electrostatics, and other areas of mechanics
and physics. In particular, the Poisson’s equation describes stationary temperature
distribution in the presence of thermal sources or sinks in the domain under
consideration. A variety of problems in computational physics require the second order
numerical solution of the three dimensional Poisson’s equation in Cartesian coordinates
system. To solve the two or three dimensional Poisson’s equation in Cartesian
coordinates system, different attempts have been made with respect to developing new

methods and accuracy of the solution.

For two dimensional Poisson’s equation in Cartesian coordinates system, for instance,
Averbuch et al [1] developed a direct method in rectangular regions based on a
pseudospectral Fourier approximation and a polynomial subtraction technique;
McKenney and Greengard [4] developed a fast Poisson Solver based on potential theory
by combining fast algorithms for computing volume integrals and evaluating layer
potentials on a grid with a fast multipole accelerated integral equation solver; Banegas
[6] developed a Fast Poisson Solvers for Problems with Sparsity; Buzbee et al developed
[12] the direct solution of the discrete Poisson equation on irregular regions, [13] a
unified mathematical development and generalization of the method of matrix
decomposition or discrete separation of variables and the block-cyclic reduction process
and techniques for solving the reduced system; Braverman et al [19] developed a fast
spectral Subtractional solver for elliptic equations based on the eigenfunction expansion
of the right hand side with integration and the successive solution of the corresponding

homogeneous equation using Modified Fourier Method; Ethridge and Greengard [24]
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NUMERICAL SOLUTION’S OF POISSON’S EQUATION

developed an integral equation method for solving the Poisson equation in two
dimensions in which they claim that their method is direct, high order accurate,
insensitive to the degree of adaptive mesh refinement, and accelerated by the fast
multipole method; Skolermo [28] developed a method in a rectangle, based on the relation
between the Fourier coefficients for the solution and those for the right-hand side, and the
Fast Fourier Transform is used for the computation; Greengard [55] developed a direct,
adaptive solver for the Poisson equation based on a domain decomposition approach
using local spectral approximation, as well as potential theory and the fast multipole
method; Kadalbajoo and Bharadwaj [70] presented a survey of fast direct methods for
solving elliptic boundary-value problems and the methods reviewed are based on Fourier
analysis, block reduction techniques, and marching algorithms; Swarztrauber [84]
developed approximate cycle reduction for solving Poisson’s equation; Hockney [96]
developed a technique using Fourier series for numerically approximating the solution of
the Poisson equation in a rectangle.

For the three dimensional Poisson’s equation, Braverman et al [20] have developed a fast
3D Poisson solver of arbitrary order accuracy based on the application of the discrete
Fourier transform accompanied by a subtraction technique which allows reducing the
errors associated with the Gibbs phenomenon; Israeli et al [66] a domain decomposition
non-iterative solver in a 3D rectangular box based on the application of the discrete

Fourier transform accompanied by a subtraction technique.

The aim of this Chapter is to derive a second order finite difference approximation
scheme to solve the three dimensional Poisson’s equation on Cartesian coordinates
system. The resulting large algebraic system of linear equations is treated systematically
in order to get a block tri-diagonal system [60] and extend the Hockney’s method [30].
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NUMERICAL SOLUTION’S OF POISSON’S EQUATION

2.2  Finite Difference Approximation

Consider the three dimensional Poisson equation in Cartesian coordinate system

2, 2, 2,
VU = zg +(??yg +‘22L2J =f(x,y,z) onD (2.1)
X
Uxy,z)=9(x,Y,2) on oD (2.2)

where D={(x,y,z):0<x<a, 0<y<h,0<z<c}and oD is the boundary of D.

Assume that there are M,Nand P mesh points along the X,Y and Z directions
respectively, and let U(X,y,z)be discretized at the mesh point (i, j,k) and we adopt
writing U, ;, for U(X,Y;,2,), where i=1)M, j=11)N andk =1(1)P

Let Ax, Ayand Azbe the step sizes in the X,Y and Z directions respectively, and
suppose X, =IAX = X+AX=I1Ax+Ax = (i+1)AX, and

= X —AX=1AX—AX = (i—1)AX
Similarly we have for y; +Ay =(j+1Ay, y;—Ay=(j-1)Ay
z, +Az=(k+DAz, z, —-Az=(k-DAz

Thus we write U, ;

 for U £A%,Y,,2), Uy, for U(X,y;£Ay,z) and U,
for U(x,Y;,2, £A2)

We transform (2.1) in to its equivalent finite difference approximation by
Ui+1,j,k _2Ui,j,k +Ui—l,j,k +Ui,j+1,k _2Ui,j,k +Ui,j—l,k 4 Ui,j,k+l _2Ui,j,k +Ui,j,k—1 _

(A%)* (Ay)* (A7)’ 23

Assume that Ax=Ay =hand Az=h, (h and h,need not be equal)

2
Let r = hl—z we can write the above equation as
2

Ui+l,j,k +Ui—l,j,k +Ui,j+l,k +Ui,j—l,k + r(Ui,j,k+1 +Ui,j,k—1)_(4+2r)ui,j,k =h’ fi,j,k (2.4)

i=1()M, j=1(N, k=1(1)P
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NUMERICAL SOLUTION’S OF POISSON’S EQUATION

In (2.3) we put k=1 and j=1, by taking i from 1 to M we get M set of equations

along the x direction. Again putting j = 2, still we get another M set of equations, and

so onuntil j = N, getting a total of MN set of equations on the plane parallel to the XY

plane. Again for k = 2(1)P we follow the same pattern as k = 1 and finally we have P

block of equations and each block has a set of MN equations. Thus, in general, (2.1) can

be written in matrix form as

AU =B

where

w
w O O;m
 u;m
w

T 1,
N
. e T 1,
e T 1,
y, T

ri,

R and S have N blocks and each block is of order M xM .

—4-2r 1
1 —4-2r 1
1 -4-2r 1

where T is a square matrix of order M , and 1,, is an identity matrix of order M,
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—4-2r
1

ri,

1
—4-2r

ri,
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U=(U, U, U, U., U.)', and
Bz(Bl B, B, Bp.s BP)T
where

Uk :[ulk Uy - uNk]T and Ui :[ Uljk U2jk UMjk]T
and B, =[dy d, ... d, T and d,=[d d,...dy] k=123...,P

is the known column vector such that each d;, represents known boundary values of U

and values of f .

Thus, (2.5) can be written as

R S U, B,
S R S U, B,
S R S U:3 _ B:s (2.8)
S R S||U.,| |B,,
S Rl U, B,
Equation (2.8) once again can be written as
RU,+SU, =B,
SU, +RU, +SU, =B,
SU, +RU, +SU, =B, (2.9)

SU,, +RU, =B,

We obtain the solution of the system of linear equations (2.9) by applying extended

Hockney’s method to three dimensions.
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NUMERICAL SOLUTION’S OF POISSON’S EQUATION

2.3 Extended Hockney’s Method

As we can see the matrix T is a real tridiagonal symmetric matrix and hence its

eigenvalues and eigenvectors can easily be obtained (See G.D Smith [30]).

Note that the eigenvalues 7, of T are given by

iz
+1

77i:—4—2r+2003( j i=12,---M

Let g, be an eigenvector of T corresponding to the eigenvalue 7, and Q be the modal
matrix [q, d, d,...9,] Of the matrix T of order M such that

Q'Q=1,and

Q'TQ =diag(,,7,,7;,....1,) = H(say) (2.10)

The M xM modal matrix Q is defined by

qij:; 2 sin( ”ﬂj Lj=12,---,M
M +1 M +1

Let Q=diag(Q,Q,Q....,Q)be a matrix of order MN x MN .

ThusQ satisfyQ'Q=1, and

H I,
l, H 1,
I H |
QTRQ: M M :R*
l, H |1,
I, H
and Q'SQ=S (say)
Let Q'U, =V,=U, =QV,
Q'B, =B, =B, =QB, (2.11)

T T
where V, =[vy V, ...Vl and v =[vy vy vl
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NUMERICAL SOLUTION’S OF POISSON’S EQUATION

Bk :[b1|< b2k ka]T and bjk :[ bljk b2jk"‘ ijk]T

Pre multiplying (2.9) by Q" and using (2.11), we get

RV, +SV,

=B

SV,+RV,+SV, =B,

SV, +RV,+8V, =

B,

SV, +RV, =B,

(2.12)

Consider the first equation of (2.12) i.e. RV, +SV, = B, which we can write it as

Again we write equation (2.13) as

Hv,, +V,, + rv, =b,
v, +Hv, +Vv, +1v,, =b,,

Vot HV31 TV tIV;, = b31

Vin- +Hvy,  +1v, = le

V12

(2.14)

Now collect the first equations from each of (2.14) and consider as one group of

equations
hVip Vo + Ny, = b111
Vigy 17V +Vpg + Vg, =05,

V121 + 771\/131 + V141 + rV132 = b131

Vineys ThVine - + Vo = blNl

(2.15a)
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Again we collect the second equations from each equation of (2.14) and consider as a
second group of equations

772\/211 +V221 + rV212 = b21l

V211 + 772\/221 +V231 + rV222 = b221

Vg1 + 17 Vogy + Vg Vg =Dy (2.15b)

V2(N—1)l T1Vone TV = b2Nl
Lastly we collect the last equations from each equation of (2.14) and consider as a last
group of equations

UMVM11+VM21+ rVM12 :lel

VM11+77MVM21 +VM31 +rVM22 = bMZl

Vazr T 7w Viar +Via T Vg =Bya (2.15¢)
Vvinens TwVwn: Ve = By
Equations (2.15a) to (2.15c) can be written in matrix form as
] V.
" - r i12 b,
1 1 Vi
r i22 b,
1 1 Viat
. : + r Vi, [=] Bigy
15 1|y : '
ZI N )\ Vin2 Bins
ui Vini
i=12,...M (2.16)
o1
V. )
l 77i l ilk ilk
l 77 1 ViZk i2k
Let F = I . » Wi =] Vg 'Eik =| by | and
1 5 1 ' :
1 n Vink B

r=diag(r,r,r,...,1)
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We can write equation (2.16) as

FW, +1W, =B, (217)

Let F= F is of order MP

w, =[W, W, W, .. W_T and B, =[B,,B,,,",B,]"
Thus the first equation of (2.12) can be written as
Fw, +Sw,= B,
Similarly we write the other equations in (2.12) using the matrices 7, w, and B, .
Thus, equation (2.12) can be written, equivalently, as
Fw, +Sw, =B,
Sw, + Fw, +Sw,= B,

Sw, + Fw, +Sw,= B, (2.18)

SWpyy +FW, = B,
Observe that

Q' FQ=diag(®,, @,,D;,... D) =A(say) where @, =diag(4, 4, A;,..., Ay )

iz
Here A =n +2c0s i=11)M
=1 (M+1) (D

Let Q'w, =¥, =>w,=QW¥,

QT Ek == Ek =QrI, (2.19)
where ¥, =[¥, V¥, ¥, .. TNk]T and Tjk :['/fljk ok Vaijk l//Mjk]T
I :[Blk’BZK’BSk"“1BNk]T and Bjk :[ﬂljwﬂzjk’“"ﬁMjk]T

Now pre-multiplying (2.18) by Q" and make use of (2.19), we get
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AY, +SY, =TI,
SY,+AY,+SY, =T,

SY,+AY¥Y,+SY¥Y, =T,

(2.20)
SY, +A¥, =T,
Now we write these sets of equations (2.20) turn by turn starting from the first row
ie. AW, +S¥,=I,as
AMP111 + 19112 = Pina
A2211 + 1212 = Bona
A3311 + 1312 = Bang
Av¥umir + "m12 = Bua (2.21a)

MP121 +1TP122 = P121
AWoa1 + 1055 = Bana
A3Psz1 + T35 = P3aq

Az + ™¥m22 = Buz1

MYin1 + 1Nz = Bina
AYong + TP2n2 = Bana
Assng + P3N = Pana

Av¥Punt + T¥un2 = Bunt

For the second equation of (2.20) i.e. S\, + AY, +SY¥, =T",, we get the second group of
system of equations

Y111 + MiP112 + TP113 = Braz
Y311 + AW212 + TYP213 = Borz
TP311 + A3P312 + TP313 = P312

Ty11 + AuWPmiz + ™¥m13 = Buaz (2.21b)
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Y121 + MP122 + TP123 = Bi22
Y321 + A2WP222 + TP223 = Bazz
Y321 + A3P322 + TP323 = P32

TVm21 + AuWmzz + "¥m23 = Buzz

TPin1 + MPine + TP1n3 = Bine
TYon1 + A2Wan2 + TYPons = Bone
TP3n1 + A3P3n2 + TP3n3 = Banz

TYun1 + AuPunz + ™Wuns = Bun:
For the last equation of (2.20), i.e. SW¥, , +AY¥Y, =I",, we obtain

rPiip-1) + AM11p = Brap
Po1p-1) + A2¥21p = Ba1p
TP31p—1) + A3P31p = B31p
rYyip-1) + Av¥mip = Buip
P12p-1) + M12p = B12p
T¢22(P—1) + 2220 = Bazp

TP32p-1) + A3W¥32p = B32p
T¢M2(P—1) + Au¥mzp = Buzp

rPine-1) T Li¥ine = Bine
rYanp-1) T A2Wanp = Banp

Yanp-1) T A3Wsnp = Banp

”/)MN(P—U + Au¥une = Bunp
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Now from each set of equations of (2.21a) to (2.21c), we select the first equations from
(2.21a), (2.21b), ..., (2.21c) and put together as one group of equations; again we take the
second equations from each of (2.21a), (2.21b), ..., (2.21c) and put together as a second
group of equations; consider the third equations and put together as a third group of
equations and so on and finally we consider the last equations and put together. In doing
these we obtain the following sets of equations, each set being of order P and has tri-
diagonal form
A111 + 1112 = Pina
111 + 4112 + 1113 = Prrz
112 + L1913 + 1114 = Pias
7'1/)11(19—1) + L111p = P11p
L2211 +1P212 = Ba1a

Y311 + AW212 + TP213 = a1z

Y212 + AP213 + TP214 = B213
7"1/)21(13—1) + 2210 = Ba1p (2.22)

Av¥umir + ™¥m12 = By

TYm11 + Au¥miz + ™¥m13 = Buiz

Tm12 + Au¥miz + ™¥m1a = Buas

"Ymip-1) + Av¥mip = Buip

Observe that the above set of equations (2.22), for j = 1, and for each i = 1(1)M the

coefficient matrix of the left hand side is a tridiagonal matrix of order P and has the form
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Ar
r-A4 r
r A r
M= , i=1(DM
r-A4 r
ro4

Continuing for the other groups of equations as above for j = 2, ..., N, we get
/111/)1]'1 + 1y, = ,81j1
P11 + M1jo + 113 = Bijo

P12 + A1j3 + 154 = Bij3

”/’1](13—1) + /11¢le = ,31jP
/12¢2j1 + 1Yy, = ,32j1

”/’2j1 + /121/)2j2 + T¢2j3 = ,32j2

TP2j2 + W33 + T34 = Baj3
T¢2j(P—1) + /121/)2jp = ,32jP (2.23)

Av¥umji + ™¥umj2 = Bujr

T¢Mj1 + AMll’sz + Tl/’Mj3 = ,3Mj2

TYumjz + AuPumjz + ™¥mjs = Bujs

"Yumjcp-1) + Am¥Pumje = Bujp

In this case also for each j = 2, ..., N the coefficients matrix of the left hand side of
(2.23) is a tridiagonal matrix similar to that of (2.22) forj = 1
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Ar
r A4 r
r A r
M = ' . , i=11DM, j=2,..,N (2.24)
r A4 r
roA

We can easily observe that (2.8) reduces to the matrix (2.24) which is a tridiagonal matrix
for j=1,2,3,...,N and hence we solve these sets of equations (2.24) for v, ; by the use

of Thomas Algorithm [30]. Once after getting each v, ., (and hence V', ) by the help of
(2.19) we get w, and again by the help of (2.11) we obtain U, and this means that each
U, ;. are obtained. Thus, this solves our problem.

2.4 Numerical Results

In order to test the efficiency and adaptability of this proposed method, a computational
experiment is done on six examples for which the analytical solutions of U are known to
us. The computed solutions are displayed in terms of maximum absolute error (i.e. the
error taken between the exact value and the computed value using this method) for some
grid points but results are available for all grid points. The results for these test problems
are reported in Tables 2.1 to 2.6.

Example 2.1 Suppose V°U =0, 0<x<10<y<10<z<1
with the boundary conditions
U(0,y,2)=U(x02)=U(xy,0)=U(xy,1)=U(Ly,z)=U(x1z)=1

The analytical solution is U(X,y,z) =1 and its results are shown in Table 2.1

Example 2.2 Consider V°U =0, 0<x<10<y<10<z<1l
with the boundary conditions
U(0,y,z)=U(x,0,z)=U(x,y,0)=0,
ULy z)=yz, U(xLz)=xz, U(xyl)=xy.
The analytical solution is U (X, Y, z) = xyzand its results are shown in Table 2.2
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Example 2.3 Suppose VU =6, O0<x<10<y<1l0<z<1
with the boundary conditions
U(0,y,z)=y*+7°, U(x,0,z)=x*+2%
U(xy,0)=x*+Yy? ULy, z)=1+y*+2%,
U(x12)=1+x*+2% U(xy1)=1+x*+y?

The analytical solution is U (x,y,z)=x*+y?+2* and its results are shown in Table 2.3

Example 2.4 Suppose VU = 2(xy + Xz + yz), 0<x<10<y<10<z<1
with the boundary conditions

U(0y,z)=U(x,0,z)=U(x,y,0)=0,

ULy z)=yz(1+y+2z),
U(x,1,z)=xz(1+x+2), U (X, y,1)=xy@d+Xx+Y)

The analytical solution is U (X, Y, Z) = Xyz(X+ Y+ 2) and its results are shown in

Table 2.4

Example 2.5 Suppose  V°U =—z°xysin(rzz) 0<x<10<y<10<z<1
with the boundary conditions
U(0,y,z)=U(x,0,z)=U(x,y,0)=U(x,y,1)=0
U(Ly,z)=ysin(zz), and
U (x,1,2) = xsin(zz)
The analytical solution is U = xysin(zz) and its results are shown in Table 2.5
Example 2.6 Suppose  V°U =—zsin(zz) with the boundary conditions
U(0,y,z)=sin(7z)=U(x,0,z), U(xy,0)=xy=U(xy,1)
U(Ly,z)=y+sin(zz), U(x,1,2)=x+sin(zz)

The analytical solution is U (x, Y, z) =Xy +sin(zz) and its results are shown in Table 2.6
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Table 2.1

The maximum absolute error of example 2.1

M P Max. abs. error M P Max. abs. error
9 9 2.22945e-015 29 9 1.69864e-014
9 19 1.77636e-015 29 19 1.47660e-014
9 29 1.33227e-015 29 29 1.50990e-014
9 39 2.44249e-015 29 39 1.04361e-014
19 9 6.43929e-015 39 9 2.08722e-014
19 19 7.10543e-015 39 19 2.10942e-014
19 29 7.10543e-015 39 29 7.43849e-015
19 39 4.95159e-014 39 39 4.17444e-014
Table 2.2
The maximum absolute error of example 2.2
M P Max. abs. error M P Max. abs. error
9 9 6.66134e-016 29 9 2.52576e-015
9 19 7.77156e-016 29 19 2.22045e-015
9 29 1.11022e-015 29 29 3.71925e-015
9 39 7.21645e-016 29 39 2.2482¢-015
19 9 1.16573e-015 39 9 3.94129e-015
19 19 1.27676e-015 39 19 3.9968e-015
19 29 1.38778e-015 39 29 2.19269e-015
19 39 7.49401e-015 39 39 6.57807e-015
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Table 2.3
The maximum absolute error of example 2.3
M P Max. abs. error M P Max. abs. error
9 9 2.22045e-015 29 9 1.4877e-014
9 19 2.22045e-015 29 19 1.39888e-014
9 29 4.44089e-015 29 29 1.75415e-014
9 39 3.88578e-015 29 39 1.17684e-014
19 9 6.66134e-015 39 9 2.15383e-014
19 19 7.32747e-015 39 19 2.24265e-014
19 29 7.54952e-015 39 29 9.65894e-015
19 39 4.65183e-014 39 39 4.05231e-014
Table 2.4
The maximum absolute error of example 2.4
M P Max. abs. error M P Max. abs. error
9 9 1.11022e-015 29 9 4.38538e-015
9 19 1.33227e-015 29 19 4.27436e-015
9 29 2.88658e-015 29 29 7.77156e-015
9 39 1.77636e-015 29 39 4.71845e-015
19 9 2.44249e-015 39 9 7.77156e-015
19 19 2.83107e-015 39 19 8.21565e-015
19 29 3.10862e-015 39 29 5.71765e-015
19 39 1.43219-014 39 39 1.31006e-014
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Table 2.5
The maximum absolute error of example 2.5

M P Max. abs. error M P Max. abs. error
9 9 1.17276e-003 29 9 1.1972e-003

9 19 2.93418e-004 29 19 2.99503e-004
9 29 1.30427e-004 29 29 1.33129¢-004
9 39 7.33687e-005 29 39 7.48883e-005
19 9 1.19084e-003 39 9 1.19791e-003
19 19 2.97895e-004 39 19 2.9969e-004

19 29 1.32413e-004 39 29 1.33213e-004
19 39 7.444852¢-005 39 39 7.49356e-005

Table 2.6
The maximum absolute error of example 2.6

M Max. abs. error M P Max. abs. error
9 9 3.7907e-003 29 9 3.82394e-003
9 19 9.4785e-004 29 19 9.56166e-004
9 29 4.21281e-004 29 29 4.24977e-004
9 39 2.36973e-004 29 39 2.39053e-004
19 9 3.81868e-003 39 9 3.82579e-003
19 19 9.5485e-004 39 19 9.56629e-004
19 29 4.24392e-004 39 29 4.25183e-004
19 39 2.38723e-004 39 39 2.39168e-004
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2.5 Conclusion

In this work, we have transformed the three dimensional Poisson’s equation in Cartesian
coordinates system in to a system of algebraic linear equations using its equivalent finite
difference approximation scheme. The resulting large number of algebraic equation is,
then, systematically arranged in order to get a block matrix. Based on the extension of
Hockney’s method we reduced the obtained matrix in to a block tridiagonal matrix, and
each block is solved by the help of Thomas algorithm. We have successfully
implemented this method to find the solution of the three dimensional Poisson’s equation
in Cartesian coordinates system. It is found that the method can easily be applied and
adapted to find a solution for large set of equations and produce accurate results
considering double precision. This method is direct and allows considerable savings in

computer storage as well as execution speed.

Therefore, the method is suitable to apply on any three dimensional Poisson’s equations.
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CHAPTER |1

Fourth Order Numerical Solution of the Three Dimensional
Poisson’s Equation in Cartesian Coordinate Systems

3.1. Introduction

Poisson’s equation in three dimensional Cartesian coordinates system plays
an important role due to its wide range of application in areas like ideal fluid flow, heat
conduction, elasticity, electrostatics, gravitation etc, in physics, engineering fields and
other sciences. Attempts have been made to solve Poisson’s equation numerically by

using higher order finite difference approximation.

For two dimensional Poisson’s equation, for instance, Averbuch et al [2] developed a
high order numerical algorithm based on the Fourier method in combination with a
subtraction procedure; Houstis and Papatheodorou [22] developed an algorithm that uses
high-order 9-point difference approximations to the Helmholtz-type (fourth-order) or
Poisson (sixth-order) equations and the fast Fourier transform; Jun Zhang [48] developed
a multigrid method and fourth order compact difference scheme; Barad and Colella [74]
developed a fourth order accurate local refinement method for either Dirichlet, Neumann,
or periodic boundary conditions, and their approach uses a conservative, finite-volume,
block-structured local refinement discretization that generalizes the classical Mehrstellen
methods; Gupta [76] developed a fourth order Poisson solver; Gupta et al [80] developed
second and fourth order discretization for Multigrid Poisson Solvers that combine a
compact high-order difference approximation with multigrid V-cycle algorithm; Wang et
al [107] have developed a high order compact difference scheme in non uniform grid

systems.

To solve the three dimensional Poisson’s equations in Cartesian coordinate systems
using finite difference approximations; for instance, Braverman et al [20] have

developed an arbitrary order accuracy fast 3D Poisson Solver on a rectangular box
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and their method is based on the application of the discrete Fourier transform
accompanied by a subtraction technique which allows reducing the errors associated
with the Gibbs phenomenon; Sutmann and Steffen [29] a compact approximation
schemes for the Laplace operator of fourth and sixth order based on Padé
approximation of the Taylor expansion for the discretized Laplace operator; Jie Wang
et al [46] a fourth-order compact difference scheme with unrestricted general mesh
sizes in different coordinates direction and used a preconditioned conjugate gradient
method to solve the sparse linear systems; Jun Zhang [47] developed a multigrid
solution for the Poisson’s equation based on uniform mesh size finite difference
approximation and has solved the resulting system of linear equations by a residual
or multigrid method; Israeli et al [66] developed a hierarchical 3D Poisson modified
Fourier solver by domain decomposition; Spotz and Carey [104] have constructed a
higher order compact formulation using central difference scheme to obtain a 19-
point stencil and a 27-point stencil with some modification on the right hand side
terms; Yongbin [109] developed a multigrid and fourth-order compact difference
discretization scheme with unequal mesh sizes, and other contributions have been made.

Interesting developments have been observed in recent years to solve the three
dimensional Poisson’s equation in Cartesian coordinates system using modern computers

and different application packages.

The aim of this chapter is to develop a fourth order finite difference approximation
schemes and solve the resulting large algebraic system of linear equations systematically
using block tridiagonal system [60] and extend the Hockney’s method [96] to solve the

three dimensional Poisson’s equation on Cartesian coordinates System.

42



NUMERICAL SOLUTIONS OF POISSON’S EQUATION

3.2 Finite Difference Approximation

Consider the three dimensional Poisson equation in Cartesian coordinate system

2] 2 2]
V2U=86g+aayg+aal'::f(x,y,z) on D (3.1)
X z
Uxy,z)=09(x,Y,2) on oD (3.2)

where D={(x,y,z):0<x<a, 0<y<b,0<z<c}and oD is the boundary of D.

Assume that there are M,NandP mesh points along the X,Y andZ directions
respectively, and let U(X,y,z)be discretized at the mesh point (i, j,k) and we adopt
writing U, ;, for U(x;, Y;,z,), where i=1)M, j=11)N andk =1Q)P .

Let the mesh step size along the X -direction and Y -direction beh,, and along the Z -

direction be h, (h,and h, need not be equal)

We transform (3.1) in to its equivalent finite difference equation using the fourth order

finite difference approximation (1.12) and get

§x ’ + 5y j + 52 ?

1 1 1
211+ —572 211+—82| h?|1+=62
hl(Jrlz*j hl(+12yj 2(+122j

where 1=1,2,3,...,.M, ]=123,...,N,and k=12,3,...,P

+0(h*)+o(h!) U =fij (33

2
iy
2

5,7 1+ 157 1+i522 +5.° 1+i5X2 1+i522 +168)7 1+i5x2 14157
12 7 12 Y 12 12 12 127

1+15X2j(1+152 1+l§fj
12 127 12

Lettingr = neglecting the truncation error and simplifying (3.3), we get

Ui,j,k = hlz fi,j,k

(3.4)
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oo oo o

1 1 1
:hl2 (1+E5X2j(1+55y2j(1+5522J fi,j,k (35)

This implies

(8748, 4187 425707+ 20 (5767 +6767 )+ 0676757 U,

» 2 )75 12 VX Ty T g4 Y )T (3.6)
_h2 1 2 2 2 1 2o 2 2o2 22 l 252¢2 .
(10 007 o (070182074070 020767 1

Now we will consider two different schemes:

l. 19 Points Stencil Scheme

Omitting the term  5,°5,%5,” in both sides of equation (3.6) and simplifying it further, we

get

12h? (1+%(5X2 +6,7 +522)j fiix=—(B2+160U, ;, +@r—4)(U; ;. +U; 1)

+(6-2r) (Ui+1,j,k +Ui—1,j,k +Ui,j+1,k +Ui,j—1,k )"’ Z(Ui+1,j+1,k +Ui+1,j—1,k +Ui—1,j+l,k +Ui—1,j—1,k)

+(1+r) (Ui+1,j,k+l +Ui+l,j,k—l +Ui—l,j,k+1 +Ui—l,j,k—1 +Ui,j+1,k+l +Ui,j+1,k—1 +Ui,j—1,k+1 +Ui,j—l,k—l)

3.7)

Taking first in the X -direction, next Y -direction and lastly Z -direction in (3.7) we get a
large system of equations (the number of equations actually depends on the values of

M, N and P ), and these systems of equations can be written in matrix form as

AU =B (3.8)
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w 0
w O w;mw
T w
wn

where A= . (3.9)

it has P blocks and each block is of order MN x MN

Rl
RZ

Py
N
w
=
)

CEP s
»—\;U N;U
e
N
w
N
w % w
w
)

RZ Ri RZ S 2 Sl SZ
RZ Rl SZ Sl

Rand S have N blocks and each block is of order M x M .
-32-16r 6-2r
6-2r -32-16r 6-2r
6-2r -32-16r 6-2r

6-2r -32-16r 6-2r
6-2r -32-16r

6-2r 2
2 6-2r 2
2 6-2r 2

2 6-2r 2
2 6-2r
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8r—4 1+4r
1+r 8r—-4 1+r
1+r 8r—4 1+r

S, =
1+r 8r—-4 1+r
1+r 8r-4
1+r
1+r
S, = 1+r
1+r
U=(U, U, U, U., U.)", and
T
B=(B, B, B, ... B,, B;) (3.10)
where

U, =[uy Uy ... uy 1" and uy =[ Uy Uy ..o Uy T
and B, =[dy dy ... dy T and d,=[dy; ... dy T k=123,...,P

is the known column vectors such that each d, represents known boundary values of

U and values of f .

Using (3.9) and (3.10), we write (3.8) as

R S U, B,
S R S u, B,
S R S u, B,

=| (3.11)

Equation (3.11) again can be written as
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RU,+SU, =B,
SU,+RU, +SU, =B,
SU, +RU, +SU, =B, (3.12)

SU,, +RU, =B,

Now by applying extended Hockney’s method to three dimensions we obtain the

solution of the system of linear equations (3.12)
3.3.1 Extended Hockney’s Method for 19-Points Scheme

As we can see all the matrices R, R,,S,; and S, are real tridiagonal symmetric matrices

and hence their eigenvalues and eigenvectors can easily be obtained. [30]

Note that the eigenvalues of R;, R,, and S; are given by

iz
. =-32-16r+2(6—2r)cos
77| ( ) (M_i_lj

ri:6—2r+4cos( 7 j and
M +1

o, =8r—4+2(1+ r)cos[ 7

j i=12--- M
M +1

Let g, be an eigenvector of R,R,,S, and S, corresponding to the eigenvalues 7, 7;, ¢, ,
and 1+r respectively, and Q be the modal matrix [q, d, d,...9,,] of the matrix
R.R,,S, and S, of order M suchthat Q'Q =1,

Q"R,Q = diag(n:, 12, M3, -..,nu) = H (say),

QTR,Q = diag(ty, 15,73, ..., Tyy) = T (say)

Q7S,Q = diag(oy, ay, as, ..., ay) = ® (say) and

Q7S,Q = S, (since S, is a diagonal matrix)
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Note that the M x M modal matrix Q is defined by

qi_=/ 2 sin( ””J i, j=12 M
M +1 M +1

Let Q=diag(Q,Q,Q....,Q)is a matrix of order MN x MN

Thus Q satisfyQ'Q=1,

H T
T H T
T H T
Q'RQ= . and
T H T
T H
® S,
s, ® S,
QTSQ: SZ q) SZ
s, @ S,
SZ
Let QU =V,=U, =QV,
Q'B, =B, = B, =QB, (3.13)

where V, =[vy v, ..vyTand v, =[vy vy vl
Bk :[blk b2k ka ]T and bjk :[ bljk b2jk ijk]T

Consider the first equation of (3.12) i.e. RU, +SU, =B,, and pre multiplying it by
QT and using (3.13), we get
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<
LS
K%

H T 11 V12 bll
THT N S, ® §, Vs, b,
T HT Vg, + Sz ) SZ 32 = b31
THT V(N—l)l Sz o Sz V(N—1)2 b(N—l)l
T H){ v, S, ®J\ vy, by,
(3.14)
Again we write equation (3.14) as
Hv,, +Tv,, +®v,, +S,v,, =b,;
Tv,, +Hv,, +Tv, +S,v,, + ®V,, +S,v,, =b,,
Tv,, +Hv,, +Tv,, +S,v,, + DVv,, +S,v,, =b,; (3.15)
TV(N—l)l +HVNl + SZV(N—1)2 + CDVNz = le
Now collect the first equations from each of (3.15) and consider as one group of
equations
Vg + TV + Vg, +(L+ 1)V, =Dy
TV TV + TV + L+ 1)V, + oV, +(L+ r)V132 =Dy,
TVpy + 17 Vygy + TV + LTV, + Vg, + (LT, =Dy (3.16a)

TViynap TV + L+ r)V1(N_1)12 + oV, =0y,

Again we collect the second equations from each equation of (3.15) and consider as a
second group of equations

M Vy + TNogy + AV, + (L+T)Vpp, =0y
TNy F 15Ny + Ty Vog + (LA T)Vop, + AV, + (L4 T)Vog, =D,

T\Vop1 + 1 Voa1 + TVoy + (L4 T)Vypp + Vo + (L+ 1)V, =Dy (3.16b)

TVonaan T 1Vong + 1+ r)VZ(N—l)lZ + AV, = by,
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Lastly we collect the last equations from each equation of (3.15) and consider as a last
group of equations

MaVias + T Vs + OV + L+ MV =By,
Ty Vias + 77 Viar + T Viwas + @+ MViap + @y Vg + @+ TV 5 =by

TiVaror Vs + T Vivar + @+ MV 0o + Vs, + @+ MV =0Bya; (3.16¢)

TmVm N T Vi L+r)vy (-2 T Vw2 = Byns

Now we write equations (3.16a) to (3.16c) in matrix form as

/A Vit a; l+r i12 i1l
Lo Via1 L1 ap lar Viz b,
5T Viar | T Lr oo L4r Vigg | = bisy
T 1 )\Vina l+r o Vin2 by
i=12,...M (3.17)
T o, 1+r
LT 1+r o 1+r
Let F = TN T , L= 1+r o 1+r
i T 1+r ¢
Vit i1k
Viak 2k

W, =| Vi | and I§ik: Bia

ViNk biNk

Equation (3.17) which is the same as the first equation of (3.12) once again can be written

as Fw, +Lw,=B,
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where F = F , L= L both are of order MP

w, =W, W, W; ... VViP]T and I§k :[Bi11Bi21""Bip]T

Similarly, we can write the other equations in (3.12) using the matrices 7, £, W, and B, .
Therefore, (3.12) can, equivalently, be written as

Fw, +Lw,=B,
Lw, + Fw, + Lw,= B,

Lw, + Fw, + Lw,= B, (3.18)

Lw, , +Fw,=B,
Observe that
Q' FQ=diag(Z,,Z,,Z,,...Z) = A(say) where Z, =diag(4, 4, A, Ay)

Q'LQ=diag(E,,E,,E;,...,.E ) =Y (say) where E; =diag(z4, 14, tt3---r 1)

Here A =mn, +2t7,c0S 7 J and
M +1

iz )
- =q. +2(1+r)cCos 1=12,....M
=+ 2(uer)oos
Let Q'w, =¥, =>w, =QY,
Q'B, =T, =B, =Qr, (3.19)

where ¥, =[¥,, ¥, ¥, .. TNk]T and lek =[l//ljk ok Vajk ‘//Mjk]T

Iy :[Blk’sz7B3k"“’BNk]T and Bjk :[ﬂljk’ﬂzjkV“!ﬁMjk]T
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Now pre-multiplying (3.18) by Q" and make use of (3.19), we get
AY,+YY¥, =T,
Y, +AY, + YW, =T,

Y, + AV, + YW, =T,

(3.20)
YW,  +A¥Y, =1,

Starting from the first row of (3.20), i.e. AY,+ YW, =TI, , we write these set of
equations turn by turn as

MY111 + ¥P112 = P11

Ao11 + UaWr1n = Po1g

AsW311 + UsW312 = P31q

Av¥mir + Uu¥miz = Buia (3.21a)

MWP121 + 1 WP122 = Bi21

Aoz + U222 = Bo2e
A3P321 + U322 = B321

AvW¥Wmz1 + UuW¥Wmz2 = Buz1

Min: + taPinz = Bina
AYont + UaPanz = Pana
AsPsn1 + UsPsnz = Bana

Av¥unt + bu¥unz = Buni
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Again for the second equation of (3.20) YW, +AY, + YW, =T, , we get

111 + MP112 + 113 = Bi1z
U211 + A2W212 + U213 = Po12
UsW311 + A3P312 + UsP313 = P312

Un¥Pmi1 + Au¥Pmiz + iu¥Pumisz = Buiz (3.21b)

U121 + AP122 + 123 = Bi2z
UaWa21 + A2Wa22 + UaWo23 = B2
UsWszq + A3Ws22 + UsP33 = P32z

UnWmz1 + AuWmz2 + UuW¥mzs = Buazz

vt + MPinz + iPins = Binz
UaWant + AaWang + UaWPans = Pan:
UsWsn1 + A3Psnz + UsPsnz = Psnz

UmPunt + AuPunz + UmWPuns = Bun:z

And the last equation of (3.20), i.e. YW, +AY, =I"; is written as
#1'7011(13—1) + 41 ¥11p = Brrp
#2¢21(P—1) + W21 = Ba1p
Us¥s1p—1) + A3¥31p = B31p

HM¢M1(P—1) + Am¥mip = Burp
#1'7012(13—1) + 41 ¥12p = Brzp
#2¢22(P—1) + A2W22p = Bazp
UsWs2p—1) T A3W¥32p = B32p

(3.21c)

HM¢M2(P—1) + AWV mzp = Buzp
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t¥inp-1) + MPine = Bine
#2¢2N(P—1) + 2%2np = Bonep
UsPanp-1) T A3Wsnp = Banp

Um¥Punp-1) + AuPune = Bune

From each set of equations of (3.21), we select the first equations and put together as one
group of equations; again we take the second equations and put together as a second
group of equations and so on till we get the last set of equations from each of (3.21a),

(3.21b), ..., (3.21c). In doing these we obtain the following sets of equations

M¥111 + P112 = Bina
111 + M¥112 + 1P113 = Prrz
112 + MP113 + iP114 = Pras

1111/)11(13—1) + 11¥11p = Brrp

AWo11 + U212 = Bo1s (3.22)
UaW11 + AoWP212 + UoWa13 = Pa12
U212 + AWP213 + UoWr14 = Po13

UoW21p-1) + A2W21p = Ba1p

Av¥mir + Uu¥uiz = Buia
Un¥Pmi1 + Au¥miz + Uu¥miz = Buiz
UnWPmiz + Au¥miz + Uu¥mia = Buis

#M¢M1(P—1) + Au¥umir = Buip

Observe that here in the above set of equations (3.22) j = 1, and for each i = 1(1)M the

coefficient matrix of the left hand side is a tri-diagonal matrix of order P and has the form
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A H
oA
A .
M= H i M . , i = 1(1)M
o A
oA

Continuing for the other groups of equations as above from j = 2, ..., N, we get

MPij1 + uihy = Bij1
P¥ij1 + Ay + ez = Bij2
Pa¥ij2 + Ajs + P1ja = Bijs

ﬂ11/11j(P—1) + /111.b1jp = ﬁ1jP
/121/)2]'1 + H11/)2j2 = ,82]'1
Uiz + /121/)2]'2 + uyj3 = ﬁz;’z
U2z + /121/)2]'3 + U, = 32]'3

m¥2jp-1) + L2¥2jp = Bajp
Av¥umji + t¥Puj2 = Buj1
ti¥umjr + AuPumjz + ti¥ujz = Bujz

t¥umjz + Au¥umjs + U1¥mja = Bujs

M1 lpMj(P—l) + /1M¢MjP = ﬁMjP

(3.23)

For each j = 2, ..., N the coefficients matrix of the left hand side of (3.23) is a tridiagonal

matrix similar to that of the form for j = 1
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A
o AW
A wu
M= s A . ,i=1(1)M, j=2,..,N isof order P.
Mo A p
JI

(3.24)

Observe that (3.12) reduces to a diagonal matrix (3.24) fori = 1,2,...,M, j=12,...,N
and k = 1,2,..., P. Thus we solve these sets of equations (3.24) for v, ;, by the use of

Thomas Algorithm [30]. Once after getting each v, ;  (and hence ¥, ) by the help of

(3.19) we get w, and again by the help of (3.13) we obtain U, and this means that each
U, ;. are obtained. Thus, this solves our problem.

1. 27 Points Stencil Scheme

In this scheme we consider all terms of equation (3.6) and simplifying

—~(400+ 200U, |, +(80-20r) (U, +U,y j +U; o +U; )+ (20-20) (Upy oy +U o
+Up e +U i ) (007 =40) (U 4 +U5 s # U0 i FYi e #U s +Ys e
U, ke +ULH,H) +(2+7) (Ui+l,j+l,k+1 Ui ke TV ke TV ks PYn e Y i
+Ui+1,j—l,k+1 +Ui—1,j—1,k—l)
—h? [144+12(5x2 +0,2+6,2)+(5720,2+6,5, +5y2522)+$5x25y2522j ik
(3.25)

Taking first in the X-direction, next Y-direction and lastly Z-direction in (3.25) we get a
large system of equations (the number of equations actually depends on the values of

M, N and P); and these systems of equations can be written in matrix form as

AU =B (3.26)

where
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it has P blocks and each block is of order MN x MN.

Rl
RZ

Py)

I
o

Pu)
Il
Py
N

0
ey
N

RZ Rl RZ
R, R

N

w
N

v n um
=

N

R and S have N blocks and each block is of order M x M.

80— 20r
FQ1 =
80—20r
R, =
100r —40
8-10r
S, =

20-2r 80-20r

—-400-200r  80-20r
—400-200r

80—-20r

20-2r

80—20r

—400-200r 80-20r

20-2r

20-2r 80-20r 20-2r

8-10r
100r —40
8-10r

20-2r

8-10r
100r —-40 8-10r

S7

80—-20r

80— 20r
20-2r

8-10r

—400-200r

80—20r

20-2r
80—-20r

100r - 40
8-10r

(3.27)

80—-20r
—400-200r

8-10r
100r —40
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8-10r 2+r
2+r 8-10r 2+r
2+r 8-10r 2+r

2+r 8-10r 2+r
2+r 8-10r

B=(B, B, B, ... By, B,) (3.28)
where

U, =[uy Uy ... uy 1" and uy =[ Uy Uy .o Uy T
and B, =[dy dy ... dyJ" and d, =[d, dy... dyy ] k=12,3...,P

is the known column vectors such that each d, represents known boundary values of

U and values of f .

Using (3.27) and (3.28), we write (3.26) as

R S U, B,
S R S U, B,
S R S U, _ B, (3.29)
S R S| U,,| |Bp,
S R\ U, B,
Equation (3.29) again can be written as
RU,+SU, =B,
SU, +RU, +SU, =B,
SU, +RU, +SU, =B, (3.30)

SU,, +RU, =B,
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Now by applying extended Hockney’s method to three dimensions we obtain the

solution of the system of linear equations (3.30)

3.3.2 Extended Hockney’s Method for 27-Points Scheme

Observe that all the matrices R,,R,,S, and S, are real tridiagonal symmetric matrices

and hence their eigenvalues and eigenvectors can easily be obtained. [30]

The eigenvalues of R;,R,,S; and S, are given by

iz
- = (—400-200r) +2(80—20r)cos
7= ( )+2( ) [M +1)

ri=(80—20r)+2(20—2r)cos( 7 j
M +1

ai:(100r—40)+2(8—10r)cos( '” )
M +1

a;,=(8—10r)+2(2+r)cos(lv:zlj i,j=12---M

Let g, be an eigenvector of R,R,,S, and S, corresponding to the eigenvalues 7, 7,, ¢, ,
and o, respectively, and Q be the modal matrix [q,,q,,d,,...,d,] Of the matrix
R.,R,,S, and S, of order M such that Q'Q =1,

Q"RQ =diag(7,,7,,%;,---,7 ) = H (say) ,

Q'RQ=diag(7,7,,7;...,7 ) =T (say),

Q's,Q =diag(oy,0,,c;,...,q, ) =P (say) and

Q's,Q=diag(m, ®,,@;,..., 0, ) =Q (say)

The M xM modal matrix Q is defined by

! \}M+1 M +1

Let Q=diag(Q,Q,Q,...,Q)is a matrix of order x MN .
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Thus Q satisfy Q'Q=1,

H T
T H T
T H T
Q'RQ= ) and
T H T
T H
o Q
Q O Q
. Q o Q
Q' SQ=
Q o Q
Q O
Let Q'U,=V,=>U, =QV,
Q'B, =B, =B, =QB, (3.31)

where V, =[v, V, ...V, ] and Vi =[vige vy - vMJ.k]T
B, =[by, b, ... by 1" and bjk =[ bljk szk ijk]T

Consider the first equation of (3.30) i.e. RU, +SU, =B,, and pre multiplying it by
QT and using (3.31), we get

HoT Vi ¢ Q Vip by,
THT Vo Q0 Q Vo b,,
T HT Vy |t Q¢ Q . Vi, | = | by

T H T vy QO Qv B -1y

T H){ vy, Q o) vy, by

(3.32)

Again we write equation (3.32) as
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Hv,, +Tv,, +®v, +Qv,, =b,,
Tv,, +Hv,, + Tv, +Qv,, + DV, + Qv,, =b,,

Tv,, +Hv, +Tv,, +Qv,, + Dv,, +Qv,, =b,, (3.33)

Tv(Nfl)1 +Hv,, + Qv(,H)2 +dv,,=b,,

Now collect the first equations from each of (3.33) and consider as one group of
equations

MViyy + TVigy + QVyp + @OV =byyy
TNy Vi) TV + OV, + Vg, + OV, =Dy

TV, + 1V + TV + OV + Vg, + @V, =Dy (3.34a)

T VN T THViNG T OV Ny T Vi, = by,

Again we collect the second equations from each equation of (3.33) and consider as a
second group of equations
MVary + ToVogy + ApVipgy + @Vpy =0,y
T)Vo1y +775Vogy + To\ogy + @Ngp + ApNgy + D)\Vgy =Dy

TNy +1pVgy F TyVog + O Nogy + ANy + @\, =15 (3.34b)

T Vo +1T2Vans + @ Vo iz + Az =B

Lastly we collect the last equations from each equation of (3.33) and consider as a last

group of equations
Vi + T Viar + G Ve + Oz =Bun
T Vi T 7w Viar + T Ve T OuVinz + B Vi + Oy Vs, =By

TuVizr T Vs T T Vinas T OuVinzz + G Vise + Oy Vi, =By (3.34c)

o Vi vty + T Vi + O Vi vz + Ve = B
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Now we write equations (3.34a) to (3.34c) in matrix form as

T T Vit a0 Vit bill
LonoT Viar Oi @ O Vizo b,
LN Viar | T 0; ;0 Visz | =| Miat
R/ VINl wi al V|N2 b|Nl
i=12,..M (3.35)
ni 7’-i ai a)|
TI 77| Ti a)i 0£i a)i
Let 7 = /T L= o o o
A/ @, O
Vit i1k
Viok 2k
W, =| Vg | and By =| by
Vink Bini

Equation (3.35) which is the same as the first equation of (3.30) once again can be written

as Fw, +Lw,=B,

where F = F , L= L both are of order MP

w, =[W, W, W, ... \Nip]T and Ek =[Bi,Bip. -, BiP]T
Similarly, we can write the other equations in (3.12) using the matrices F , £, W, and B, .

Therefore, (3.12) can, equivalently, be written as
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Fw, +Lw,=B,
Lw, + Fw, + Lw,= B,

LW, + Fw, +Lw, = B, (3.36)

Lw, , +Fw,=B,
Observe that
Q' FQ=diag(Z,,Z,,Z,,...,Zy) = A(say) where Z, =diag(4, 4, 4., Ay)

Q'LQ=diag(E,,E,,E;,...,.E ) =Y (say) where E; =diag(z4, 14, t13,---r 1)

Here /1,,=77i+2ricos( 7 j and
M +1

iz ..
- =q. +2 [CO0S ,j=12,---,M

Let Q'w, =¥, =>w, =QY,
Q'B, =I',= B, =Qr, (3.37)
where ‘¥, =[¥, ¥, ¥y ... ¥y ] and ¥ =iy Voi Vs - ‘//Mjk]T

T =By B Bar By I and B z[ﬁljk'ﬂzjk"'"ﬂMjk]T

Now pre-multiplying (3.36) by Q' and make use of (3.37), we get
AY, +YY, =T,
YV, +AY,+ YV, =T,

Y¥, + AP, + Y, =T (3.38)
2 3 4 3

YW, +A¥, =T,

Starting from the first row of (3.38), i.e. AY,+ YW, =TI, , we write these set of

equations turn by turn as
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M¥111 + ¥P112 = Bina
APo11 + U212 = Boaa
A3P311 + UzP312 = P311

Av¥mir + iu¥miz = Bz

(3.39)
MW121 + 122 = Bi21
AWo21 + U222 = Baz1
A3Psz1 + UsWs22 = P321
AvW¥mz1 + UuW¥mz2 = Buz1
M¥int T PNz = Bina
AYont + UaPanz = Pana
Assng + UsPsnz = Bane
Av¥unt + Uy unz = Buni
For YW, +AY,+Y¥, =1, , we get
Ui1111 + M¥112 + iP113 = Prrz
U211 + AoWP210 + U213 = Pa12
UsWz11 + A3P312 + UsP313 = P312
Upm¥Pmi11 + Au¥miz + b1z = Buiz (3.39h)

U121 + MP122 + 1 P123 = Pr22

UaWaz1 + A2W222 + UaWo23 = P22
UsWsz1 + A3P322 + UzP323 = P32z

UnWmz1 + AuWmz2 + Uu¥uzs = Buazz

64



NUMERICAL SOLUTIONS OF POISSON’S EQUATION

vt + M¥inz + vz = Binz
UaWant + AaWanz + UaWans = Banz
UsWsn1 + AsPsnz + UzPsnz = Bane

Un¥unt + Au¥unz + UmPuns = Bun:z

And the last equation of (3.20), i.e. YW, ,+AY, =T, is written as

t11p-1) + A¥11p = Prrp
U2W21p-1) + A2¥21p = Ba1p
UsPz1p—1) + A3¥31p = B31p

Um¥mip-1) + Av¥mir = Buip (3.39c)
tWP12p-1) T AW12p = Bizp
UoWa2p—1) + A2W22p = Bazp
UsPszp—1) + A3W¥32p = P32p

Em¥mzaip-1) T Au¥mzr = Buzp

#1¢1N(P—1) + L Y1np = Bine
Lo¥anp-1) T A2Wanp = Banep
UsPsnp-1) T A3Wsnp = Banp

ﬂMlpMN(P—l) + Am¥une = Bunp

From each set of equations of (3.39), we select the first equations and put together as one
group of equations; again we take the second equations and put together as a second
group of equations and so on till we get the last set of equations from each of (3.39a),
(3.39b), ..., (3.39¢). In doing these we obtain the following sets of equations
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M¥i111 + 112 = Biaa
U111 + M¥112 + P113 = Braz
U112 + MP113 + WP114 = Pi13

ti1p-1) T+ AM¥11p = Buap
Aa211 + o212 = Bo1a

Numerical Solutions of Poisson’s Equation

(3.40)

UaWz11 + A2W212 + U213 = Pa12
U212 + A2W213 + UaWr14 = Po13

ﬂ2¢21(P—1) + 2¥%21p = Ba1p

Av¥mir + bu¥miz = Buiz

Un¥mir + Au¥miz + bu¥mis = Buiz
Un¥miz + Au¥mis + bu¥mia = Buis

Um¥mip-1) + Av¥mir = Buip

Observe that here in the above set of equations (3.40) j = 1, and for each i = 1(1)M the

coefficient matrix of the left hand side is a tri-diagonal matrix of order P and has the form

A

Hi

Hi
A
oA w

, i=1(1)M

Continuing for the other groups of equations as above from j = 2, ..., N, we get
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MP1j1 + Ui, =Pij1
tP1j1 + A1jo + 13 = Pij2
#11/)1]'2 + 111/11]-3 + #11/)1j4 = ,31j3

#11/)1j(P—1) + /111/)1jp = ﬁle
APaj1 + 2, = B2j1
tWzj1 + A2, + 23 = Baj2
MWz + W23 + Wi2ja = Bajs

ﬂ11/12j(P—1) + /12'7[)2]'13 = BZjP

Av¥umjr + t¥Puj2
1111/)Mj1 + /1M1/JMj2 + ﬂ11/JMj3 = ﬁsz
H11/)Mj2 + /1M1/JMj3 + H1¢Mj4 = BMj3

U Yumjie-1) T Am¥umjp = Bujp

(3.41)

For each j = 2,..., N the coefficients matrix of the left hand side of (3.41) is a tridiagonal

matrix similar to that of the form for j = 1

AH
Mo A
A A
M= Hi At § ,i=1(1)M, j=2,..,N isoforder P.
Mo A
A
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Observe that (3.30) reduces to a diagonal matrix (3.42) fori = 1,2,...,M, j=1,2,..,N
and k = 1,2,..., P. Thus we solve these sets of equations (3.42) for v, by the use of

Thomas Algorithm [30]. Once after getting each v, ;  (and hence ¥, ) by the help of
(3.37) we get w, and again by the help of (3.31) we obtain U, and this means that each
U ;. are obtained. Thus, this solves our problem.

3.4 Numerical Results

For 19 and 27 points stencil schemes, computational experiment is done on six selected
examples as a test problem in order to test the efficiency and adaptability of both
methods. The results are reported in terms of maximum absolute error and the computed
solution is found for the entire interior grid points but results are reported only at some
mesh points. The results for these test problems are reported in Tables 3.1 to 3.6.
Example 3.1 Suppose VU =0, 0<x<10<y<l0<z<1

with the boundary conditions

U(0,y,z)=U(x,02)=U(xy,0)=U(xy,1)=U(Ly,z)=U(x,1,z)=1

The analytical solution is U(X,y,z) =1 and its results are shown in Table 3.1

Example 3.2 Consider V°U =0, 0<x<10<y<10<z<1

with the boundary conditions
U(0,y,z)=U(x,0,z)=U(x,y,0)=0,

ULy.z)=yz, U(xLz)=xz, U(xyl)=xy.

The analytical solution is U (X, Y, z) = xyzand its results are shown in Table 3.2
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Example 3.3 Suppose VU =6, O0<x<10<y<10<z<1
with the boundary conditions
U(0y,z)=y*+2% U(x,0,z)=x*+2?%,
U(xy,0)=x*+y? U(Ly,z)=1+y*+2%,
U(x12z)=1+x*+2% U(x y,1)=1+x*+y?

The analytical solution is U (x,y,z)=x*+y*+2® and its results are shown in Table 3.3
Example 3.4 Suppose VU = 2(xy + XZ + yz), 0<x<10<y<l0<z<l
with the boundary conditions
U(0,y,z)=U(x,0,z)=U(x,y,0)=0,
ULy z)=yz(1+y+z),
U(x,4,2)=xz(1+x+2), U (X, v,1)=xy(L+x+Y)
The analytical solution is U (x, Y, z) = Xyz(X+Yy+2z) and its results are shown in

Table 3.4.
Example 3.5 Suppose VU =—z°xysin(rzz) 0<x<10<y<l0<z<1

with the boundary conditions
U(0,y,z)=U(x,0,2)=U(x,y,0)=U(x,y,1)=0
U(Ly,z)=ysin(zz), and
U (x,1,2) = xsin(zz)

The analytical solution is U = xysin(zz) and its results are shown in Table 3.5
Example 3.6 Suppose V°U =-37° sin(nx)sin(my)sin(72)

with boundary conditions
U(0,y,z)=U(Ly,z)=U(x,0,z)=U(x12z)=U(xy,0)=U(x,y1)=0

The analytical solution is U (X, y, z) =sin(nx)sin(my)sin(rz) and its results are shown in

Table 3.6
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Table 3.1

The maximum absolute error for example 3.1

(M,N, P) 19-Points Scheme 27-Points Scheme
(9,9,9) 1.99840e-015 1.55431e-015
(9,9,19) 1.55431e-015 2.22045e-015
(9,9,29) 1.90958e-014 7.88258e-015
(9,9,39) 5.10703e-015 5.66214e-015
(19,19,9) 7.54952e-015 9.54792e-015
(19,19,19) 1.55431e-015 1.19904e-014
(19,19,29) 6.43929e-015 2.15383e-014
(19,19,39) 7.21645e-015 234257e-014
(29,29,9) 1.69864e-014 1.11022e-014
(29,29,19) 9.43690e-015 4.66294e-015
(29,29,29) 1.63203e-014 6.66134e-015
(29,29,39) 3.96350e-014 8.43769e-015
(39,39,9) 6.43929e-015 5.77316e-015
(39,39,19) 2.33147e-014 2.88658e-015
(39,39,29) 4.46310e-014 1.62093e-014
(39,39,39) 3.29736e-014 1.39888e-014
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Table 3.2

The maximum absolute error for example 3.2

(M,N, P) 19-Points Scheme 27-Points Scheme
(9,9,9) 5.55112e-016 5.55112e-016
(9,9,19) 7.77156e-016 5.55112e-016
(9,9,29) 2.83107e-015 1.30451e-015
(9,9,39) 1.72085e-015 1. 16573e-015
(19,19,9) 1.27676e-015 1.55431e-015
(19,19,19) 2.33147e-015 1.99840e-015
(19,19,29) 1.38778e-015 3.38618e-015
(19,19,39) 1.33227e-015 3.99680e-015
(29,29,9) 2.44249e-015 1.52656e-015
(29,29,19) 1.77636e-015 2.02616e-015
(29,29,29) 2.80331e-015 1.67921e-015
(29,29,39) 6.16174e-015 2.08167e-015
(39,39,9) 1.24900e-015 1.66533e-015
(39,39,19) 3.69149¢-015 1.88738e-015
(39,39,29) 7.54952¢-015 3.05311e-015
(39,39,39) 6.59195e-015 4.49640e-015
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Table 3.3

The maximum absolute error for example 3.3

(M,N, P) 19-Points Scheme 27-Points Scheme
(9,9,9) 1.11022e-015 1.33227e-015
(9,9,19) 1.55431e-015 1.11022.e-015
(9,9,29) 5.13478e-015 2.88658e-015
(9,9,39) 3.83027e-015 2.88658e-015
(19,19,9) 2.77556e-015 3.05311e-015
(19,19,19) 4.77396€-015 4.10783e-015
(19,19,29) 3.55271e-015 6.71685e-015
(19,19,39) 3.10862e-015 7.99361e-015
(29,29,9) 4.71845e-015 3.10862e-015
(29,29,19) 3.94129e-015 4.44089¢e-015
(29,29,29) 5.27356e-014 4.44089¢e-015
(29,29,39) 1.24623e-014 4.44089e-015
(39,39,9) 3.10862e-015 4.44089e-015
(39,39,19) 7.82707e-015 4.99600e-015
(39,39,29) 1.49880e-014 6.32827e-015
(39,39,39) 1.37113e-014 1.03251e-014
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Table 3.4

The maximum absolute error for example 3.4

(M,N, P) 19-Points Scheme 27-Points Scheme
(9,9,9) 2.55351e-015 1.77636e-015
(9,9,19) 3.10862e-015 2.22045e-015
(9,9,29) 1.74305e-014 7.43849¢e-015
(9,9,39) 6.88338e-015 5.88418e-015
(19,19,9) 7.54952¢-015 9.32587e-015
(19,19,19) 1.44329-014 1.28786e-015
(19,19,29) 6.99441e-015 2.14273e-014
(19,19,39) 7.77156e-015 2.28706e-014
(29,29,9) 1.48770e-014 9.99201e-015
(29,29,19) 9.32587e-015 8.43769e-015
(29,29,29) 1.58762e-014 8.88178e-015
(29,29,39) 3.67484e-014 1.02141e-014
(39,39,9) 7.32747¢-015 7.43849¢-015
(39,39,19) 2.17604e-014 7.10543e-015
(39,39,29) 4.39648e-014 1.78746e-014
(39,39,39) 3.39728e-014 1.79856e-014
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Table 3.5

The maximum absolute error for example 3.5

(M,N, P) 19-Points Scheme 27-Points Scheme
(9,9,9) 5.89952e-006 5.90013e-006
(9,9,19) 3.67647e-007 3.67666e-007
(9,9,29) 7.25822¢-008 7.25853e-008
(9,9,39) 2.29611e-008 2.2962e-008
(19,19,9) 5.92320e-006 5.9233e-006
(19,19,19) 3.69122e-007 3.69124e-007
(19,19,29) 7.28734e-008 7.28737e-008
(19,19,39) 2.30532e-008 2.30533e-008
(29,29,9) 5.94508e-006 5.94513e-006
(29,29,19) 3.70486e-007 3.70487e-007
(29,29,29) 7.31427e-008 7.31428e-008
(29,29,39) 2.31384e-008 2.31384e-008
(39,39,9) 5.94513e-006 5.94515e-006
(39,39,19) 3.70489¢-007 3.70489e-007
(39,39,29) 7.31432e-008 7.31433e-008
(39,39,39) 2.31386e-008 2.31386e-008
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Table 3.6

The maximum absolute error for example 3.6

(M,N, P) 19-Points Scheme 27-Points Scheme
(9,9,9) 4.07466e-005 9.56601e-005
(9,9,19) 2.80105e-005 3.9912e-005
(9,9,29) 2.73312e-005 2.79092e-005
(9,9,39) 2.72169e-005 2.35847e-005
(19,19,9) 1.52747¢-005 1.01614e-005
(19,19,19) 2.53918e-006 5.93387e-006
(19,19,29) 1.85988e-006 3.47172e-006
(19,19,39) 1.74565e-006 2.48652e-006
(29,29,9) 1.3916e-005 3.32432e-006
(29,29,19) 1.18059e-006 1.88497e-006
(29,29,29) 5.01294e-007 1.17049e-006
(29,29,39) 3.87057e-007 7.96897e-007
(39,39,9) 1.36876€-005 7.87013e-006
(39,39,19) 9.52114e-007 6.34406e-007
(39,39,29) 2.72819e-007 5.30167e-007
(39,39,39) 1.58582e-007 3.70168e-007

This example 3.6 was considered as a test case in [29] and [104] and we have found that
our scheme shows better results as compared to results in [29] and [104].For instance,

when hzéour result is 9.96995e-005 but in [104] it is 3.84e-003 and in [29] it is

1.015e-004.
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3.5 Conclusion

In this work, the three dimensional Poisson’s equation in Cartesian coordinates system is
approximated by two different fourth order finite difference approximation schemes.
Here we used to approximate the Poisson’s equation by 19-points and 27- points stencil
schemes. In doing this, by the very nature of the finite difference method for elliptic
partial differential equations, it resulted in transforming the Poisson’s equation in to a
large number of algebraic systems of linear equations. In both schemes these systems of
linear equations, then, arranged in order to get a block matrices; these block matrices are
reduced to a block tridiagonal matrix by extending Hockney’s method, and by the help of
Thomas Algorithm [30] we obtained the solution of the system.

It is found that both fourth order approximations methods produce accurate results for the
test problems. Actually it is shown that the discussed method, in general, for 27-points
scheme produces better results (though the computational cost is high) than 19-points

scheme but 19-points scheme has also shown comparable results to 27-points scheme.

The main advantage of these methods is that we have used a direct method to solve the
Poisson’s equation for which the error in the solution arises only from rounding off
errors; and the methods allow considerable savings in computer storage as well as

execution speed, that is it reduces the number of computations and computational time.

Therefore, this method is suitable to find the solution of any three dimensional Poisson’s

equation with the given boundary conditions in Cartesian coordinates system.
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CHAPTER IV

Second Order Numerical Solution of the Three Dimensional
Poisson’s Equation in Cylindrical Coordinates System

4.1 Introduction

The three-dimensional Poisson’s equation in cylindrical coordinates (r, 6, z) is given by
Urr+%Ur+r—12U09+Uzz=f(r,@,z) (4.1)
is often encountered in heat and mass transfer theory, fluid mechanics, elasticity,
electrostatics, and other areas of mechanics and physics. In particular, the Poisson
equation describes stationary temperature distribution in the presence of thermal sources
or sinks in the domain under consideration.
To solve the two dimensional Poisson’s equation in polar and cylindrical coordinates
geometry, different approaches and numerical methods using finite difference
approximation have been developed, for instance, Chao [21] developed a direct solver
method for the electrostatic potential in a cylindrical region; Chen [32] a direct spectral
collocation Poisson solver for several different domains including a part of a disk, an
annulus, a unit disk, and a cylinder using the weighted interpolation technique and non
classical collocation points; Christopher [36] a solution method in an annulus using
conformal mapping and Fast Fourier Transform; Kalita and Ray [39] have developed a
high order compact scheme on a circular cylinder to solve their problem on
incompressible viscous flows; Lai and Wang [65] a fast direct solvers for Poisson’s
equation on 2D polar and spherical coordinates based on FFT; Swarztrauber and Sweet
[85] a direct solution of the discrete Poisson equation on a disk in the sense of least
squares; Mittal and Gahlaut [89] a boundary integral formulation in polar coordinates
using conformal mapping and four point Gaussian quadrature formula, and other several
attempts have been made to solve the two dimensional Poisson equation in particular for

physical problems that are related directly or indirectly to this equation.
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The analytic solution for the three dimensional Poisson’s equation in cylindrical
coordinate system is much more complicated and tedious because of the complexity of
the nature of the problems and their geometry, and the availability of methods. Some
contributions have been done to solve the three dimensional Poisson equation, for
instance, Tan [14] developed a spectrally accurate solution for the three dimensional
Poisson’s equation and Helmholtz’s equation using Chebyshev series and Fourier series
for a simple domain in a cylindrical coordinate system; lyengar and Goyal [101]
developed a multigrid method in cylindrical coordinates system; Lai and Tseng [64] have
developed a fourth-order compact scheme, and their scheme relies on the truncated
Fourier series expansion, where the partial differential equations of Fourier coefficients
are solved by a formally fourth-order accurate compact difference discretization; Xu et al
[106] developed a parallel three-dimensional Poisson solver in cylindrical coordinate
system for the electrostatic potential of a charged particle beam in a circular, which uses
Fourier expansions in the longitudinal and azimuthal directions, and Spectral Element
discretization in the radial direction, and some other developments have also been
observed. The need to obtain the best solution for the Poisson’s equation is still in
progress.

In this chapter, we develop a second order finite difference approximation scheme and
solve the resulting large algebraic system of linear equations systematically using block
tridiagonal system [60] and extend the Hockney’s method [96] to solve the three

dimensional Poisson’s equation on Cylindrical coordinates system.
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4.2 Finite Difference Approximation
Consider the three dimensional Poisson’s equation in cylindrical coordinates (r, 6, z)
(4.1) given by

o°U 10U 190U oU
sttt
or ror r°o060° 0z

=f(r,0,z) onD
and the boundary condition
u(r,8,z2)=g(r,0,z) onC 4.2)
where C is the boundary of D and

Dis a) D ={(r,0,2):R <r<R ,a<z<b6, <0<, ,6,<0,<2x}

and b) DZ:{(r,6’,z):R0<r<R1 ,a<z<b, O£6’<27z}

Figure 4.1
Portion of a cylindrical grid

Consider figure 4.1 as the geometry of the problem.

Let U(r,0,z)be discretized at the point (r,6;,z)and for simplicity write a point

(r.0,,z,) as (i,j,k)and U(r,6,,2,) asU, ;.
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Assume that there are M points along r, N points along 8 and P points along the z
directions to form the mesh, and let the step size along the direction of r be Ar, along the
direction of @ be Af@and along the direction of z be Az.

Here r =R,+IiAr, 0, =6,+jA0 andz,=a+kAz where i=12,..,M, j=12,..,N

andk =12,..,P.
When r = 0 is an interior or boundary point in (4.1), the Poisson’s equation becomes

singular. To avoid the singularity in (4.1) we take the condition %—U=O (this is the
r

essential condition), thus the limiting value of Eaa—uas r—0 (applying L’ hopital’s
ror

2

rule) is the value of at r = 0. The second order finite difference method to solve

r2
Poisson’s equation under this condition is well explained in the paper by Mittal and

Gahlaut [91]. As a result of this we adopt a new approximation scheme in Chapter V1.
Thus we discuss in this chapter only for the case r #0.

Using the central difference scheme

Q:Um,j,k _Ui—l,j,k +O(AI‘) ,

or 2Ar

2 U, . .-2U . +U . .

0 g _ i+1, ),k |,J,2k i-1,j,k +O((Ar)2)

or (Ar)
oU _ Uik =2 U, +O((A¢9)2)

00? (AB)?
aZU Uijk+1_2Uijk +Ui jk-1 2

= bl Jk LA 1 o((Az 4.3

oz? (Az)? (( ) ) (4.3)

Substituting (4.3) in (4.1), we get

£ Uik =Y tVYisie Vi Vi 1 (Ui —2U 50 tU 0
ik = 2 + +— >
(@) (any (26)
Ui,j,k+1_2Ui,j,k +Ui,j,kfl 2 2 2 (4'4)
+ o +0((ar)’)+0((a0)")+0((42)’)
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and truncating higher order differences of (4.4), we have

£ :Ui+1,j,k —2U, itV Ui —Yig 1 Uik =2V tUi e ) Uia—2U U5
i (Ar)? @anr r? (A0)* (Az)?
(4.5)
Ar Ar)? Ar)?
Let o = __(an _(an and vy, =-2(1+a, + p)

T TR @ey T @y
Multiplying both sides of (4.5) by (Ar)? and rearranging and simplifying further, we get

At+to)U Q- @)U U g tU ) U5 TU ) T YU = (Ar)z fiix (46)

When there are two or more space dimensions the band width is larger and the number of
operations goes up and thus the computation for the solution is not such an easy task.
Thus our aim now is to solve (4.6) systematically.

The system of equations in (4.6) is a linear sparse system, and if we solve this sparse
system technically we save both work and storage compared with a general system of
equations. Such savings are basically true of finite difference methods: they yield sparse
systems because each equation involves only a few variables. Now we use these

advantages.

Consider equation (4.6) first in the @ direction, next in the z direction and lastly in the r

direction, and hence equation (4.5) can be put in matrix form as

AU=B 4.7)
Rl Sl
S, R, S,
S R, S
where A= A N :
S;ﬂ—l M-1 SM—l
S,t,l Ru
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it has M blocks and each block is of order NP by NP

L T
T L T
T L T .
R = . is of order NP by NP (4.8)
T L T
T L
For domain D4,
Yi o
al yi al
L - o Y ¢ § (4.9)
o Y o
al yi
and for D,
Yi & 20
al yi al
L = “ Yioa is a circulant matrix, (4.10)
o Y 9
Q ai yl

in both (4.9) and (4.10) L, is of order N.

and T =diag(p, o, p,...,p)is of order N.

S, =diag(m,,®,,®,,...,®,) has P blocks and o, =diag(l+ @ ,1+@,...,1+ @) is of order

N by N

S, =diag(e;,9;,9,,...,9;) has P blocks and ¢, =diag(l-@,1-@,...1-@) is of order

N by N.
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.
B=[B, B, B, ... By] ., By=[dy d,...dyTand d,=[d dy...dyT
such that each dj, represents a known boundary values of U and values of f, and
Uu=[u, U, U, .. U,] ,and U =(U, U, U, - U,) and
T
Uik:(Uijl Uij2 Uij3 UijP)
We write (4.7) as
RU,+SU, =B,
S, U,+RU,+S,U, =B,

S, U, +RU,+S,U, =B, (4.11)
s, U, +R,U, =B,

4.3 Extended Hockney’s Method

Observe that the matrix L, is a real symmetric matrix and hence its eigenvalues and

eigenvectors can easily be obtained. [30]

=Y, +20¢iCOS[J—ﬂj i=1,23..,Mand j=1,2,3,...,Nfor D,
N+1

and nij:yi+2aicos[%j i=1,2,3,...,Mand j=12,3,...,N for D,.

Let q; be an eigenvector of L; corresponding to the eigenvalue 77;and Q be the matrix
[0,9, ds...q,]" be a modal matrix of L, ,Vi such that

QQ" =1 and

Q"LQ =diag (7,71 hsr---+ 11w ) = E; (s2y)

The N xN modal matrix Q is defined by

q,;= /isin LUS i=1,2,3,...,Nand j=1,2,3,...,N for D;.
‘ N+1 N+1
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(cos@+sinH) (27:) . :
=" 7 where =] — |(i-1)(j-1),
i=123..,Nand j=123,...,N for D,

Let Q = diag(Q, Q, ..., Q) be a matrix of order NP by NP.

Thus Q satisfy the property that QT Q = I since Q7Q =TI and

E T
E T
Q'RQ= T E, T -R

T E,

Q'S,Q=S, and Q'S Q=S," since both S; and S’; are diagonal matrices.
Let Q'U,=V,=>U, =QV,
Q'B,=B =B, =QB

where V; =V, V,, \/iS"'\/iP]T and Vi =[Viy Viae Via "‘ViNk]T

B, =[B, B, ... B, ]"and B, =[ by, by ... by T
Pre-multiplying equation (4.11) by Q' and applying (4.13), we get
RV,+SV, =B
SLV,+R°V, +SV, =B,

SV, +RV,+SV, =B,

S*M VM at R*MVM = BM

(4.12)

(4.13)

(4.14)

Consider the first equation of (4.14) i.e. R"V, + SV, = B, and write this equation as
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E T vy, 0, Va bll

T E T V), 0, Vo b12

T E, T vy, |+ o, Vo |=| D

T E )V O, )\ Vap b (4.15)
Again we write (4.15) as
Evy, +Tvy, + oV, =by,
Tv,+Ev, +Tv,;+0 v, =b,
Tv,+EV,;+Tv,+0,v,, =b,, (4.16)

TVl(P—l) +EVp +@ vy, =bgp

Now from each equation of (4.16) we collect the first equations and put as one group of
equation

ThaVigy + PV, +(LF @)V, = by,
Py + Vg, + PVyys + (L ay )V, =Dy,

PVygp + 1 Vigs + Pgg + (L@ )y, =Dy (4.173)

PVyypgy FhiVage + (1@ )V =0y

Once again collect the second equations of (4.16) and put them as other group of equation
ThoVizr + Pz + (L@ )V =Dy
PVigy + TiaVigy + Py + (1+@3 )Vop, =Dy

Pigy + Vg + Py + (1@ Vopy =155 (4.17b)

leZ(P—l) +7712V12P + (1+a)1)V22p = b_|_2p

And lastly collect the last equations of (4.16) and put them altogether to form one group
of equation
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T Ving + PV, + (LF @)V, = by
Py 1 Ving + PVys + (L@ )V, , =By,

PV, + 1 Vins + Vi + (L@ )V, s =By,

leN(P—l) + 771NV1NP + (1+a)_|_)V2Np = ble

The equations (4.17a) to (4.17c) can again be written as

Ty P Vijp 1+
P T P Vii2 1+
p M P Vijs [+ 1+
P i )\ \Vijp
1=123,..,N
h; P
P T P
Let]—“lj= P M P ,VVijZ
P My P
P Thj

,

1+,

and B; =

(4.17¢)
Voir bljl
Vaia b1j2
Vois |=| Bijs
Vaip ble
(4.18)
bijl
bijz
bij3
bijP

Thus the equations (4.17a) to (4.17c) can be written as 7, W,; +@&,W,; =B, ;.

Let F= F is of order NP

W; :[Vvil \Niz \Nis VViN]T and Ei :[Eil’BiZ"“'BiN]T

Thus the first equation of (4.14) can be written as

Fw, +S,w,=B,
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By a similar procedure we can write for the second, third and last equations of (4.14) as
the first equation, for instance the i equation of (4.14) can be written as

S*i W, + FW, +Sw,, = Bi

Hence we can write (4.14) as
Fw, +Sw,=B,
S",w, + Fw, +S,w,= B,
S™, W, + Fw, +Sw, = B, (4.19)
S’y W, +Fw,, =B,
Observe that
Q' FQ=diag(®,,, D,,,D,5,.... Pp) = A, (say)  where @, =diag(Ay, Ao Agerr Ani)

Here Ay =7, +2pcos(Pk—ﬂlj,i =1,2,3,..,.M,j=12.3,...N andk=1,2,3,...,,P
+

Let Q'w,=¥,=>w,=QY,
QT E. =I= Ei =Qr; (4.20)
where W, =[¥, ¥, ¥;;... Y] and ¥, =[vi Vin Vs - Vi’

I :[BillﬁiZ'BB""’BiP]T and B :[lBilk'ﬂizk""'lBiNk]T

Pre-multiplying (4.19) by Q" and make use of (4.20), we get
ANY, +SVY, =T,
S,W,+A,¥,+S,¥,=T,

SLW, +AW,+SW, =T, (4.21)

Sy W¥ua+A,Yy =Ty,

Now we write (4.21) turn by turn starting from the first equation i.e. A,¥,+S,%¥, =TI as

87



M11¥111 + A+ w)Pa11 = Pina
Aiz21P121 + (1 + w221 = P11
A31P131 + (1 + w1)Pa31 = P31

Avivive + (1 + 0oyt = Bina
Ai12P112 + (1 + 0 ) Y212 = Pi12 (4.22a)
A22P122 + (1 + @Yoz = Bra
A132¥132 + (1 + 0232 = Piso

MinzWanz + (L + 0)Yons = Pinz

A1pP11p + (1 + w1 )P21p = B1ap
Ai2pWP12p + (1 4 w1)P22p = B12p
A13pP13p + (1 4+ w1)P23p = Pi3p

Mine¥ine + (1 + w)Ponp = Bine

The second equation of (4.21) i.e. S, ¥, +A, ¥, +S,¥, =T, is written as

(1 = w111 + A211¥211 + (A + w311 = Bora
(1 = w121 + Ap21¥221 + (1 + W) P321 = By
(1 = w)Py31 + A2319P231 + (1 + W) P331 = Baz1

(1 = w)YPin1 + AonaPons + (1 + w2)P3n1 = Pona
(1 = w112 + A212¥212 + (1 + @) P312 = Par2 (4.22h)
(1 = w122 + Ax22W222 + (1 + W) P32 = Paz2

(1 — w132 + Az32232 + (1 + W) P33, = Pazo

(1 = w)Pinz + Aan2Panz + (1 + W) P3n2 = Ponz
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(1 = w)P11p + Ap1pWPo1p + (1 + w)YP31p = PBo1p
(1 = w)P12p + Apapop + (1 + W) Y320 = Pozp
(1 — w)P13p + ApzpWPazp + (1 + w)YP33p = Pozp

(1 — w)Pinp + AonpPonp + (1 + 02)W3np = Bone
And the last equation of (4.21) i.e. S*,, ¥,,, +Ay,¥,, =T, is Written as
(1- wM)¢(M—1)11 + An11¥mr = Buia
(1- wM)¢(M—1)21 + Am21¥m21 = Buz
(1- wM)¢(M—1)31 + Amzi¥mir = Busza

(1 — o)¥m-1yv1 + Auni¥unt = Bunt
(1 — oY m-1y12 + Am12¥m12 = Puiz (4.22c)
(1 — wp)Ym-122 + Am22¥mzz = Buzz
(1 — wp)Ym-132 + Amz2¥miz = Busz

(1 — oY m-1yn2 + Aun2Punz = Bunz

(1 — w)Ym-11r + Am1p¥uir = Buip
(1 — wp)Ym-12p + Am2p¥mir = Buzp

(1 — wp)Ym-13p + Auzp¥uir = Busp

(1 — o)V m-1yne + AunpVPune = Bune

Now take the first equations of (4.22a) to (4.22c) , and get

A11P111 + (A + w11 = Pina
(1 = w111 + Aa11¥211 + (1 + @) P311 = Pona
(1 = w3)P11 + A311¥311 + (1 + 03)Pa11 = B31s

1- wM)¢(M—1)11 + Am11¥mi = Buna
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M12W112 + (1 + w212 = Pr12 (4.239)
(1 = w) Y112 + 212212 + (1 + W) P31 = Po12
(1= w212 + Az12W312 + (1 + W3)P412 = Ba1z

(1- wM)lP(M—1)12 + Am12¥m1z = Buaz

A1pP11p + (1 + w1 )Y21p = Pr1p
(1 = w)P11p + Ap1pWPa1p + (1 4+ w)YP31p = Bo1p
(1- (Us)l/’zuv + A31pWP31p + 1+ w3)¢41p = P31p

(1- wM)l)b(M—l)lP + Am1pVmip = Buip

Observe that here in the above set of equations j = 1, and for each k = 1(1)P

the coefficient matrix of the left hand side is a tri-diagonal matrix of order M and has the
form

Ay 1+
l-w, 1, l+o,

l-o, 4, l+o

1-wy, /1(M—1)1k 1+ oy,

1_a)M A’Mlk

Now collect again other groups of equations of (4.11) for j = 2(1)N, and get
AMjiPijn + (A + w0 = Pija

(1 = w11 + AzjaPajn + (1 + w) P31 = oy

(1 = w31 + A3j1¥3j1 + (1 + w3)Psjn = P3jn

(1 - oY m-nji1 + Ampp¥mpn = Pup
MjpPijz + 1+ a)l)ll)zjz = Bij2 (4.23b)
(1= w)P1j2 + Ajp2jp + (1 + w)P350 = Paj
(1 = w3)P3jz + A3joP3jp + (1 + w3)YPujp = P32

(1- wM)l/)(M—l)jZ + Aszlpsz = ,Bsz
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Ajpijp + (L + w)Y,jp = Byjp
(1 = w)YPyjp + Azjpvzjp + (1 + w)YP3jp = Pajp
(1= w3)jp + A3jpP3jp + (1 + w3)Psjp = P3jp

(1- wM)l.b(M—an + /1MjP¢MjP = ﬁMjP
As we can easily see that these set of equations (4.23b), have tridiagonal matrix structure
for j=2(1)N and observe that (4.11) reduces to equation (4.23b) which is a tridiagonal
matrix
Ay 1ro
1-o, 4 l+o,
l-o, 4y 1+,

1-wy, /1(M—1)jk 1+oy ,

1-o, Avik
for j=1,2,3,...,Nand hence we solve these sets of equations (2.23b) for v, ; , by the
use of Thomas Algorithm [30]. Once after getting each v/, ;, (and hence '¥;) by the help

of (4.20) we get w,and again by the help of (4.13) we obtain U, and this means that each

U, ; , are obtained. Thus, this solves our problem.

4.4 Numerical Results

In order to test the efficiency and adaptability of the method, computational
experiments are done on seven test problems that may arise in practice, for which the
analytical solutions of U are known to us. The computed solutions are found for all grid
points but results are reported here only for some points in terms of the absolute

maximum error and are shown from table 4.1 to 4.7.
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Example 4.1 Consider V°U =—3cos@ with the boundary conditions

U(0,6,z)=U(16,z)=-2z,U(r,0,z)=r(1-r)-2z, U(r,%,zJ:—Zz

U(r,8,0)=r(1-r)cosd, U(r,0,1)=r(1-r)cosd—2
The analytical solution is U (r,8,z)=r(1-r)cosd—2zand the results of this example

are shown in Table 4.1.

Example 4. 2 Consider VU =—zrcosésin(rzz) with the boundary conditions
U (L6,z)=cosfsin(zz), U(2,0,z)=2cosdsin(xzz)
U(r,0,z)=rsin(zz), U(r,7,z)=—rsin(zz),and U(r,0,0)=U(r,6,1)=0

The analytical solution is U (r,8,z)=rcos@sin(zz)and the results of this example are

shown in Table 4.2.

Example 4.3 Consider VU =—7° (rz —izjsin(ZH)sin(ﬂz) with the boundary
r

conditions U (1,6,z)=0, U(2,6 )=—sm(29)sm(7zz)
U(r,0,z)=0 [ % j U (r,6,0)=0=U(r,6,)
The analytical solution is U :( —%jsm(Z@)sm(ﬂz) and the results of this example

are shown in Table 4.3.

Example 4.4 (See [101]) Consider

2 2 2
VU = 1—7[——4— cosr’ — £+7[—+47I sinr” |(cosé, +sin €,) (cosz, +sinz,)
2r 2 r? 2r 2 r?

where r*=%(r—4), 6,=x(20-1), 21:%(2—1), 2<r<4, 0<6<05
and -1<z<1.
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The analytical solution is U (r,8,z) = (cosr” +sinr”)(cosé, +sin 8,) (cosz, +sinz,)

This problem was considered as one test problem by lyengar and Goyal [101]. Their

results and ours are found to be the same forh = % but their method is restricted only to

the same values of h;, h, and h;. We have shown the results of this example in Table 4.4.

Example 4.5 Consider VU =-3cosé where 0<@ < 27, with the boundary conditions
U(0,6,z)=2=U(16,z), U(r,6,0)=r(1-r)cosd, and
U (r,6,1)=1+r(1—r)cosd

The analytical solution isU =r(1—r)cosfd+z and the results of this example are shown

in Table 4.5.

Example 4.6 Consider V°U =6rz cos@ where 0< @ < 27, with the boundary conditions
U(0,0,z) =0, U(1,6,z) = zcos30, U(r,0,0) =0 and (r,0,1) = r3cos36

The analytical solution is U = r3zcos36 and the results of this example are shown in
Table 4.6.

Example 4.7 Consider V2U = —m? (rz — riz) sin(20)sin(mz) V?U = 61z cos® with the
boundary conditions

U(1,0,2) =0, U(26,2) =~sin(20) sin(mz) U(r,6,0) = 0 = U(r,6,1)

The analytical solution is U = (rz — riz) sin(26)sin(mz) and the results of this example

are shown in Table 4.7.
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Table 4.1

The maximum absolute error of example 4.1

N,P,.M Max. abs. error N,P,M Max. abs. error N,P,M Max. abs. error

9,99 6.83901e-005 (19,19,19) 1.71675e-005 (29,39,19) 7.63846e-006
9,9,29) 6.85359e-005 (19,29,39) 1.72164e-005 (29,39,29) 7.65884e-006
9,19,9) 6.85882e-005 (19,39,9) 1.71752e-005 (39,9,19) 4.28351e-006
(9,19,19) 6.85881e-005 (19,39,39) 1.72198e-005 (39,9,39) 4.29603e-006
(9,29,39) 6.87927e-005 (29,9,39) 7.63105e-006 (39,19,29) 4.30845e-006
(9,39,29) 6.88027e-005 (29,19,9) 7.64055e-006 (39,29,19) 4.29998e-006
(19,9,9) 1.71132e-005 (29,29,19) 7.63684e-006 (39,39,9) 4.30369e-006
(19,9,19) 1.71127e-005 (29,29,29) 7.65726e-006 (39,39,39) 4.31261e-006

Table 4.2
The maximum absolute error of example 4.2

N,P,M Max. abs. error N,P,M) Max. abs. error N,P,M Max. abs. error

9,9.9 5.97565e-003 (19,19,19) 1.6095e-003 (29,39,19) 4.18664e-004
9,9,29) 6.04232e-003 (19,29,39) 7.53504e-004 (29,39,29) 4.19068e-004
9,19,9) 1.68198e-003 (19,39,9) 4.50526e-004 (39,9,19) 6.23836e-003
(9,19,19) 1.69672e-003 (19,39,39) 4.53562e-004 (39,9,39) 6.24401e-003
(9,29,39) 8.9486e-004 (29,9,39) 6.25865e-003 (39,19,29) 1.5717e-003
(9,39,29) 6.14273e-004 (29,19,9) 1.56933e-003 (39,29,19) 7.07837e-004
(19,9,9) 6.18349e-003 (29,29,19) 7.21066e-004 (39,39,9) 4.01493e-004
(19,9,19) 6.24022e-003 (29,29,29) 7.21498e-004 (39,39,39) 4.05867e-004
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Table 4.3

The maximum absolute error of example 4.3

N,P,.M Max. abs. error N,P,M Max. abs. error N,P,M Max. abs. error

9,99 1.0041e-002 (19,19,19) 2.51841e-003 (29,39,19) 6.45366e-004
9,9,29) 1.03659e-002 (19,29,39) 1.33191e-003 (29,39,29) 6.85093e-004
9,19,9) 3.33415e-003 (19,39,9) 6.40825e-004 (39,9,19) 8.98428e-003
(9,19,19) 3.5776e-003 (19,39,39) 8.95344e-004 (39,9,39) 9.07348e-003
(9,29,39) 2.39279e-003 (29,9,39) 9.14135e-003 (39,19,29) 2.30437e-003
(9,39,29) 1.94206e-003 (29,19,9) 2.09239e-003 (39,29,19) 1.01451e-003
(19,9,9) 8.97807e-003 (29,29,19) 1.08113e-003 (39,39,9) 3.98681e-004
(19,9,19) 9.24935e-003 (29,29,29) 1.12241e-003 (39,39,39) 6.31752e-004

Table 4.4
The maximum absolute error of example 4.4

N,P,M Max. abs. error N,P,M Max. abs. error N,P,M Max. abs. error

9,9.9 1.52153e-002 (19,19,19) 3.87647e-003 (29,39,19) 2.13081e-003
9,9,29) 1.18196e-002 (19,29,39) 2.66641e-003 (29,39,29) 1.558e-003
9,19,9) 1.26939e-002 (19,39,9) 6.34865e-003 (39,9,19) 4.98915e-003
(9,19,19) 9.82575e-003 (19,39,39) 2.49938e-003 (39,9,39) 4.21468e-003
(9,29,39) 8.67411e-003 (29,9,39) 4.59667e-003 (39,19,29) 1.82246e-003
(9,39,29) 8.68314e-003 (29,19,9) 5.9446e-003 (39,29,19) 1.91856e-003
(19,9,9) 9.48954e-003 (29,29,19) 2.29605e-003 (39,39,9) 4.97913e-003
(19,9,19) 6.4572e-003 (29,29,29) 1.72475e-003 (39,39,39) 9.7357e-004
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Table 4.5

The maximum absolute error of example 4.5

N,P,.M Max. abs. error N,P,M Max. abs. error N,P,M Max. abs. error
(10,9,9) 2.91054e-003 (20,19,19) 7.34274e-004 (30,39,19) 3.26426e-004
(10,9,29) 2.94732e-003 (20,29,39) 7.39078e-004 (30,39,29) 3.28008e-004
(10,19,9) 2.91942e-003 (20,39,9) 7.28843e-004 (40,9,19) 1.82891e-004
(10,19,19) 2.94503e-003 (20,39,39) 7.3923e-004 (40,9,39) 1.83977e-004
(10,29,39) 2.96297e-003 (30,9,39) 3.27118e-004 (40,19,29) 1.84332e-004
(10,39,29) 2.95912e-003 (30,19,9) 3.2355e-004 (40,29,19) 1.83546e-004
(20,9,9) 7.26075e-004 (30,29,19) 3.26362e-004 (40,39,9) 1.8211e-004
(20,9,19) 7.32065e-004 (30,29,29) 3.27939e-004 (40,39,39) 1.84702e-004
Table 4.6
The maximum absolute error of example 4.6

N,P,M Max. abs. error N,P,M Max. abs. error N,P,M Max. abs. error
(10,9,9) 8.08303e-003 (20,19,19) 2.06074e-003 (30,39,19) 9.74094e-004
(10,9,29) 7.78161e-003 (20,29,39) 1.99772e-003 (30,39,29) 9.19684e-004
(10,19,9) 8.13051e-003 (20,39,9) 2.35229e-003 (40,9,19) 5.8771e-004
(10,19,19) 7.87559e-003 (20,39,39) 1.99854e-003 (40,9,39) 5.1461e-004
(10,29,39) 7.82057e-003 (30,9,39) 8.96012e-004 (40,19,29) 5.35984e-004
(10,39,29) 7.84024e-003 (30,19,9) 1.26723e-003 (40,29,19) 5.9185e-004
(20,9,9) 2.33516e-003 (30,29,19) 9.73704e-004 (40,39,9) 9.27532e-004
(20,9,19) 2.0482e-003 (30,29,29) 9.19304e-004 (40,39,39) 5.18641e-004
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Table 4.7
The maximum absolute error of example 4.7
N,P,M Max. abs. error N,P,M Max. abs. error N,P,M Max. abs. error
(10,9,9) 2.8935e-002 (20,19,19) 7.39905e-003 (30,39,19) 2.97592e-003
(10,9,29) 2.9406e-002 (20,29,39) 6.2994e-003 (30,39,29) 3.02879e-003
(10,19,9) 2.2444e-002 (20,39,9) 5.55157e-003 (40,9,19) 8.42863e-002
(10,19,19) 2.29089e-002 (20,39,39) 5.89069e-003 (40,19,29) 7.43613e-002
(10,29,39) 2.18002e-002 (30,9,39) 1.14219e-002 (40,29,19) 3.30954e-002
(10,39,29) 2.13515e-002 (30,19,9) 4.40139e-003 (40,29,39) 6.92702e-002
(20,9,9) 1.35531e-002 (30,29,19) 3.40452e-003 (40,39,9) 7.68463e--003
(20,9,19) 1.38225e-002 (30,29,29) 3.4587e-003 (40,39,39) 5.36082e-002

4.5 Conclusion

In this work, we have transformed the three dimensional Poisson’s equation in cylindrical
coordinates system in to a system of algebraic linear equations using its equivalent
second order finite difference approximation scheme. The resulting large number of
algebraic equation is, then, systematically arranged in order to get a block matrix. Based
on the extension of Hockney’s method we reduced the obtained matrix in to a block
tridiagonal matrix, and each block is solved by the help of Thomas algorithm.[30] We
have successfully implemented this method to find the solution of the three dimensional
Poisson’s equation in cylindrical coordinates system and it is found that the method can
easily be applied and adapted to find a solution of some related applied problems. The
method produced accurate results considering double precision. This method is direct and

allows considerable savings in computer storage as well as execution speed.

Therefore, the method is suitable to apply on some three dimensional Poisson’s

equations.

97



98



CHAPTER V

Fourth Order Numerical Solution of the Three Dimensional
Poisson’s Equation in Cylindrical Coordinates System

5.1 Introduction

The three dimensional Poisson’s equation in cylindrical coordinates system (1,6, z) is
given by
U 16U 10U oU
R R M
o” ror roo0 oz

has a wide range of application in engineering and physics.

=f(r,0,2) (5.1)

In physical problems that involve a cylindrical surface, (for example the problem of
evaluating the temperature in a cylindrical rod), it will be convenient to make use of
cylindrical coordinates. For the numerical solution of the three dimensional Poisson’s
equation in cylindrical coordinates system several attempts have been made in particular
for physical problems that are related directly or indirectly to this equation. For instance,
Lai [62] a simple compact fourth-order Poisson solver on polar geometry based on the
truncated Fourier series expansion, where the differential equations of the Fourier
coefficients are solved by the compact fourth order finite difference scheme; Mittal and
Gahlaut [90] have developed high order finite difference schemes of second and fourth
order in polar coordinates using a direct method similar to Hockney's method; Mittal and
Gahlaut [91] have developed a second and fourth order finite difference scheme to solve
Poisson’s equation in the case of cylindrical symmetry; lyengar and Manohar [102]
derived fourth-order difference schemes for the solution of the Poisson equation which
occurs in problems of heat transfer. The need to obtain the best solution for the three
dimensional Poisson’s equation in cylindrical coordinates system is still in progress.

In this chapter, we develop a fourth order finite difference approximation scheme and

solve the resulting large algebraic system of linear equations systematically using block
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tridiagonal system [60] and extend the Hockney’s method [96] to solve the three

dimensional Poisson’s equation on Cylindrical coordinates system.

5.2 Finite Difference Approximation
Consider the three dimensional Poisson’s equation in cylindrical coordinates (r,#, z)

(5.1) given by

azLi +1%+%52g +82Li =f(r,0,z) onD and
or- ror r°00° 0z
u(r,8,z)=qg(r,8,z) onC (5.2)
C is the boundary of D where D is
a) D,={(r.0,2):R,<r<R ,a<z<b,6,<0<6,, 6,<6, <2z} and

b) D,={(r.6,2):R,<r<R ,a<z<b, 0<f<2z|

Consider figure 4.1 in chapter IV as the geometry of the problem.

Let U(r,®,z)be discretized at the point (r;,6;,z,)and write the point (r;,6;,z,) as
(i,J,k) and U(r,0,,2,) as U, ;. Assume that there are M points along the r direction,
N points along @ and P points along the z directions to form the mesh, and let the step
size along the direction of r be Ar, along the direction of § be A& and along the
direction of z be Az.

Here r, =R, +iAr,0, =6, + jAO and z, =a+kAz, i=1)M, j=212N and k =1(1)P

When r =0 is an interior or a boundary point in (4.1), then the Poisson’s equation
becomes singular and to take care of the singularity we consider a different approach will

be taken in the next chapter.

Thus we discuss in this chapter the fourth-order approximation scheme only for the case
r=0.
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Using the approximations that

52U 1 1 2 N 2 4
= 1+—6 oU... +0O((Ar 5.3
[arZ Ji’j’k (Ar)Z( 12 I’) r i,jk (( ) ) ( )
(yuj _ 1 % U, +0((a0)") (5.4)
892 - (AH)Z 1+i5g2 i,j.k
12
oU 1 522 4
and | =row| 1 [V tO((42)") (5.5)
oz ik (Az) 142 52
12 ¢

Now using (5.3), (5.4) and (5.5), we get the following approximations (Refer the work of
Mittal and Ghalaut in [91])
i) In the three dimensional Poisson’s equation in cylindrical coordinates system (5.1)

consider only the approximation of the sum of the first term and the third term, that is,

o%U 1 6°U
7 and = 7
or - 00

o' 10U 1 ®
PR R j = 2 {(1+_ZJ(Ui+1’ ik FYi ok FYi +Ui—l,'—l,k)
( or* 7 00% ). 12(Ar) r ! ! . !

0] Sw 0]
+2[5—r—2j(umyj,k +Ui1,,-,k)+2(7—1](Ui,,-+1,k +ui,jl,k)—2o[1+r—2juiyj,k} (5.6)

the sum of

: ( a 5 82 j((Ar)za—zﬁL(A@)z a jui,j,k+o((Ar)4+(A9)4)

12\ o 06” or 06"
2
where @ = (Ar)2
(A0)

i) Again in (5.1) consider only the approximation of the sum of the first term and the

U U
> and —-.
or 0z
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oU oU 1 Ar)?
( 2 + 2 J = 2|:[1+( )ZJ(UHleJrl_'_UHljk 1+Ui—1,j,k+l+Ui—l,j,k71)
i,j.k

or: oz 12(Ar) (Az)
(ar)* (ar)* (ar)*
+2(5—(AZ)2 (Uipju +Ui )2 5(AZ)2 ~1|(U; gy +U; jai ) 20 1+(AZ)2 Ui
1 82 82 ) 82 2
- Ar)? —+(Az +0((Ar)* +(A2)*
12[ar aZJ{() (Az)* ] ((an)*+(a2)*)
(5.7)
iii) Again in (5.1) consider only the approximation of the sum of the second term and the
2 2
fourth term, that is, the sum of iaLi and ali
00 0z

10U o 1 1 1
[r_z 262 + 22 ] :EK (FA9)2 + (Az)zj(ui,j+1,k+1+ui,j+1,k1 +Ui,j—1,k+1+Ui,j—l,k—l)
i ijk i
5 1 5 1
+2((I’-A9)2 - (AZ)2 j(ui,jﬂ,k +Ui,j1,k)+2((AZ)2 - (rAe)zj(Ui,j,ku"'Ui,j,k1)

—20( L 2 + : 2juijk:|_i(i2 a22 62 ]((AQ)Z 82 +(AZ)2 az j ik
(rAQ)"  (Az) 012\ P e oz . (5.8)

+0((A0)" +(A2)")

Once again approximating the term % by

[a_U] _ ¢52r(ui,j+l,k +Ui,j—l,k +Ui,j,k+l +Ui,j,k—1)+(1_4¢)52rui,j,k —E(Ar)z 63Ui,j,k
or Jiix 2Ar 3 or’
3

aUIJk IJk 4 4 4
— §(AO)? =g P 7)? aaz +0((Ar)* +(A0)" +(A2)*), 0<g<1 59)

Equation (5.9) implying that
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(GUJ ¢62r(Ulj+lk+Ulj lk+UIjk+1+U|]k 1)+(1 4¢) 2r i,jk i(Ar)Z agui,j,k
or 2rAr 3r or’
10U,
— A AG A
~$(A0)’ o P 22 : o +O((An"+(80)" +(a2)") 6.10

2
Now letting o = Eiriz and adding (5.6), (5.7), (5.8) and twice of (5.10), we get
VA

U 10U 19U U
2 St — St —
o’ ror oot o),

1 10) 1)
= 12(Ar)2 Kl"'r_gJ(Um,mk +U|+1 j-1k +Ui—1,j+l,k +Ui—1,j—1,k )+ Z(S_r_zj(uiﬂ,j,k +Ui—1,j,k)

5w
+2[r__1](ui,j+l,k +Ui,j—1,k)+(1+a)(ui+1,j,k+l+U|+1]k L4+, 1jk+l+Ul 1k 1)

+2(5_a)(ui+l,j,k "‘Ui—l,j,k)+2(5a_1)(ui’1+1’k +Ui’j_1’k)_20[2—%0{4_%}%']"(}

1[( 1 1 L .
+EK(nAé’)2 ' (Az)zJ(U”’“'k*ﬁu””'kl +Ui,,-1,k+1+Ui,,-1,“)—20(%9)2 ’ (AZ)ZJU' i

+2[ > 2 . 2 (Uij+lk+Uij—1k)+2( > 7 . 2J(Uijk+1+uijk—1)
a0y (aay e s 2 G gy e P
_i(ﬁ_z-i-ia—zj (Ar)2 o +(A9)2 & J j,k—i{ & 82 J((Ar)z & +(AZ)2 il ] ik

12\ or* r?06° 06° 12\ or® oz
1(1 0> &° 0° $6,0 U; i Uk +U5 i Y5 i)
- __+_ AH _+ AZ 2 ) r I, )+ Ly e I, J,K+ 1],
12(r.2 06’ 822J a0y (42) j h Ar
(1 4¢) r i, l a?’Ui' a3U| aSUi'
R (AN (A0 — (M) — +0((Ar)* +(A0)" + (A2)")

(5.11)
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Now choose ¢ :é and consider the following terms in (5.11)

1(o*> 1 ¢° 0’ 0°
T m?w}(w +(A9)2692] s

2 2 2 2 63U
_i a a J((Ar)Z a +(AZ)2 a j __k_3i(Ar)2 aI3]k
i

12\ o2 o

1(1 &2 az 62 02 1 U, . o°U. .
| == A@Z -+ (Az)? o ———| (AG)P — (A7) L
12\ r? 00 o }(( ) (a2) j LIk 12ri[( ) oroH? (a2) oroz?

U o° o° a?N\e* 18 &
=——(Ar)’ ———=| (Ar)’ —+(A6)* +(A2)? — +=—+ U,
r,( 2 or® (( 2 ( )aez (a2) j{az r? 00 azj LIk

62 62 62 82 62 82
el J*(A“ﬁ(aw] e (az o
1 oV, . oV, .
_ AHZ I,J,k+ Az 2 i,jk
12 (( ) oro6? (42) arazzj

o o 2N o* 162 @
=——| (Ar)? —+ AG)? — +(Az)° +—5—+— U,
[( ) (40) 06° (A2) ](& r? 06 622) 1k

1 2 62 2 0 le
—E(——(( s ] }——( 2

& o 62 *? 10 1 &* & 1 ou
2—+(A0)° +Az2 S+ — |U, ., ——(Ar LIk
(A0) gz +(8) o’ ror rroe® ezt ) M- ar ¢ y ort

282

=——[(Ar)

(5.12)

oU, |
Again consider the term —4—(Ar) 8r “in (5.12)
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ot
or’ ror r?oo* oz’

_@PoV @ afdt 10 13 & (Ar)* 2 (10U,
4r.  or’ 4r or bk

, , , 4r, or\r, or
Lan? o 10U, +(Ar)2£ U,
4r. or\r? 00? 4r. or| oz°

__(Ar)® of _(Ar)® 0Uy N (AN OV, 1 (AN O°U,
4r or  4r°  or 4r?  or? 2t 06°

+(Ar)2g{ﬁzUi,j,k}(Af)zQ(azUi,j,kj

4r® or| 06? 4r. or| oz°

(5.13)
Using (5.12), (5.13), and multiplying both sides of (5.11) by 12(Ar)? and rearranging and
simplifying further, we get

(Ar)’ [24+5r2 +592 "'5z2 +%5er fi ik =MV +a, U, +a, (U,

+3,(NU, o Ui ) a0V a U5 ) (DU HY )
+ (U tUi ) T (DU e Y ) 30U i+

U. ..
- |—1,J,k—1) (514)
+ a9 (I)(Ui,j+1,k+l +Ui,j—l,k+1 +Ui,j+1,k—l +Ui,j—1,k—1)

where
: o (Ar)? o (Ar)?
aO(I):_40[1+a+FJ_6 2 +12ﬁ_2 2
3 2
ai(i):20—2a—2—62()+8£—§(£} +3[£j —322£—3a£
f f f f I f
3 2
az(i):20—2a—2—620—8£+§(£] +3(£] 132480, 3, A0
oono2(y n)ooE R

as(i):—2a+12r£2—2
a4(i)=20a—2r—‘2"—2
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as (1) :1+22+£+§2£

cono25
. o Ar 3 wAr
a()=1+—-—-——-—-—— —
R T
a7(i):1+a+£+§a£
o2
. Ar 3 Ar
)=lta-—-Sa=—
(i) i
. [0
ag(|)=05+r_—2

The system of equations in (5.14) is a linear sparse system, and thereby when solving we save

both work and storage compared with a general system of equations. Such savings are

basically true of finite difference methods: they yield sparse systems because each equation

involves only few variables.

To solve equation (5.14), consider first in the 6 direction, next in the Z direction and lastly in

the r direction, and as a result of this (5.14) can be written in matrix form as

AU =B
RS
T2 RZ SZ
where A= T R S
TM -1 RM -1 SM—l
TM RM
order NP
R R
R," Ri' Ri"
R R R
Ri — 1 1 1 ,
R R R
R R
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R.,S;, and T, are of order NP

for the domain D,
a,(1) &)

a;(1) (1) &)
R = (1) a,(1) &)

(1) (1) as(i)
a;(i) &, (i)

a,(i) a(i)
a,(1) a,(1) a(i)
R = (1) a,(1) &)

a(1) a,(i) a(i)
a(1) a,(i)
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a,(1) a(i)
a;(1) a(i) ai)
a;(1) a() as(i)

Si': .
as(i) a() as(i)
as (i) a(i)
a,(i)
a, (i)
Si": a7(i)
a, (i)
a,(1) &)
a(i) a,(i) ai)
e a;(i) a,(i) a(i) ) T -

) a0) a0
a,(i) ,(i)

for the domain D,,

a,(i) a,(i) a (i)
a,(i) a,(i) a()
a,() a,() a)

(1) 2,(1) (i)
a,(i) a;() &, (i)
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a,(i) a(i)
(1) a,(i) a(i)

(1) a,(1) &)
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8 (1)

R = |
a,() a0 a()
a,() a,(0) a,()

a() () a ()
a,(i) () a)

o | a0 a® al

a,() a() a
a () a,(i) &)
a, (i)
2, (i)
S = a, (i)
a, (i)

2,(0) a() X0
a,(0) () a)

po| a0 a0 &l

a,@) a0 a)
a ) a,(0) a,()
a,()
2()
T = a,()

a(1)
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"

Here in D,, the matrices R/,R

S.,S,",T! and T." are circulant matrices of order N ; and
B=[B, B, B,--B, ] , B,=[d, d, dy... dpTand d,=[d,, d,,... ] such

that each dy, represents a known boundary values of U and values of f, and

u=[u, U, U, ... U, I, U=U, U, U, - U,) and
T
Uij:(Uijl Uij2 Uij3 UijP)
We write (5.15) as
RU,+SU, =B,
T,U +RU, +S,U, =B,

T,U,+RU, +S,U, =B, (5.16)
TMUM—l + RM UM = BM

5.3 Extended Hockney’s Method

Observe that the matrices R',R",S, and T, are real symmetric matrices and hence their

eigenvalues and eigenvectors can easily be obtained. [30]

For D, 4 :ao(i)+2a3(i)cos(Nj—flj

_a(i i) cos| 7
By = a4(|)+2a9(|)cos( N +1j

g . j7
My = a1<u>+2a5(u>cos(—N +1j
&, :az(i)+2a6(i)cos(j—” i=1()M and j =1D)N
N +1
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and for D, 7, =ao(i)+2a3(i)cos(2%j
S, =3,(0) + 23, (i) cos %
=)+ 28, cos| 2]
Gy =a+ 2005 1) i—1oMand j 10N

Let g, be an eigenvector of R’,R",S;" and T, corresponding to the eigenvalue 4, 3,7,

and &;; and Q=[q, g, d; ..., ]" be a modal matrix of R’,R",S and T,", Vi such

that
Q'Q=1.

The N x N modal matrix Q is defined by

/2 (] -
For D, g;= N+1sm(Nlej I, j=11)N

For D, qijz(%J where 9:%0—1)(1'—1), i j=1ON .

Since R',R",S, and T, are symmetric matrices, we have
Q'R'Q=diag(5,, 5, 55, ) = X; (say)
Q'R'Q=diag(py, @, Bsr - o) =Y, (saY)

QTSi’Q =diag(77,y, 77,5, 50"+ 77 ) = H; (say)

QTTi,Q =diag($iys Ginr Gizr Gin) = Z; (say)
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LetQ=diag(Q,Q,Q,...,Q) be a matrix of order NP by NP.

Thus Q satisfy the property that Q"Q =1 since Q"Q =1 and

X, Y,
Y, X, Y,
; Y, X, Y
QRQ=
Y, X, Y,
Y. X,
Hi S|”
Siu Hi Sin
. Si” Hi Sin
QS5Q= :
Si” Hi Siﬂ
S" H,
Zi -I-in
Ti” Zi Ti”
. Tir! Zi Tir!
QTQ= :
-I-ir/ Zi Tiﬂ
Ti” Z.

Q'S/Q=S and Q'T/Q=T," since both S/ and T," are diagonal matrices.

Let Q'U,=V,.=U, =QV,
Q'B, =B =B, =QB,

T T
where V, =[v,, V,, V;5...Ve] and v, =[Vi, Viy Vig .--ViyJ and

B, =[by, b;, ... by I and by =[ by Bz - blNk]T
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Consider the first equation of (5.16) ie. RU,+SU,
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by QT and further by using (5.20), we get

X
Y

=<

=

el
<

-

=<
el
=<

We write (5.21) again as

XV +Y vy, +

Vi H1 81

n n
Vi, 31 H1 51

" "

Vis |+ 51 H1 S1
Vi
Vip

14
H1V21+Sl Vo

=B, and pre-multiplying it

"
Sl

= b11

4 4 —
Yl Vll + X1V12 +Yl V13 + Sl V21 + H1V22 + Sl V23 - blZ

"” 4 —
Yl V12 + X1V13 +Y1 Vl4 + S1 V22 + H1V23 + Sl V24 - b13

Y1 Vipy + XVip +

We write (5.22) turn by turn as

14
Sl Vaop-y +H,V,p

O Vi + PiVis + 1 Vory + 3, (DVyy, =y,

OpoVioy + P Vi 115V + 3 (Vo =By

6‘13\/131 + ¢13V132 + 7713\/231 + a7 (1)\/232 = bl3l

OinVing T PuinVinz T T Vans T3 (Voo =By

¢11Vlll + 611\/112 + ¢11V113 + a7 (1)\/211 + 7711\/212 + a'7 (l)v213 = b112
¢12V121 + 612\/122 + ¢12V123 + a'7 (l)v221 + 7712\/222 + a7 (l)v223 = b122

Py + O1Vigy + PrgVygg + 85 (DViogy + 7715V, +8,(DV,gs =Dy,

qolelNl + 61NV1N2 + ¢1NV1N3 + a7 (1)V2N1 + 771NV2N2 + a7 (1)V2N3 = blNZ
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blP

Ho S
S/ H,

<

21

<

22

V23

Vor-y

(5.21)

(5.22)

(5.23)
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PuViypay T 6‘11V11P +a, (1)V21(P—1) F1hVorp = b.llP
PNy T 512V12P +a, (l)VZZ(P—l) + 1 Voop = blZP

PraVizpyy 513V13P +a; (1)V23(P—1) +7h3Vozp = b13P

PinVinepyy T 5:LNV1NP +a; (1)V2N -1 TThnVone = blNP

Now collect the first equations from each of (5.23) and consider as a first group of
equations

O Vi + PiViso + 1 Vory + 3 OV, =y,
OuVi1 + OV, + @V + 3 OV, +77,V,, + 3, (DY, =byy,

PiVigy + O Vigs + PV + 85 (DVog, + 1701 Vo15 + 37 DV, =Dy (5.249)

PuViypgy + 5:I.1V11P +a; (1)V21(P—1) Vo = bnp

Now once again collect the second equations from each of (5.23) and consider as a
second group of equations

OpoVioy + P Vigy + 1oV + 3 (Vo =By
D Vo1 + O Vipp + PVps + 8, (DVyy; +17,,V0p, +8, (V0 =D,

ProVigy + OV + Pl Vo +3; (1)V222 H Vo +&; (1)V224 = b123 (5.24h)

ProVippgy 512V12P +a; (1)V22(P—l) T 1oV = blZP
Similarly collect the last equations of (5.23) and considering as a last group of equations
OinVing T PinVinz Vot + 8 WVoy, =By
qolelNl + 61NV1N2 + ¢1NV1N3 + a7 (1)V2Nl + 771NV2N2 + a7 (1)V2N3 = blNZ

PuiwVinz + O Vins + GinVing +8 (DVanz + 7 Vons + 8 (DVans =By (5.24c)

PinVinegy OinVane + 87 DV -1 TThnVone = bye
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Now we write these set of equations (5.24a) to (5.24c) in matrix form as

TRy Vija m o Q) Voir by
Py Oy @ Vij2 a0 m; a@ Voo by,
@ O @ Vijs * &) m o a Vois | b113
D 51] Vije Q) m;) (Vo ble
1=12,..,N (5.25)
5., Gjj ij1 ij1
§0” é‘ij ¢IJ ij2 1j2
Let ;= i O @ , W, =| Vy; |and B; = b
¢|j é‘ij Vle bijP
T a,(2)
a,(2) i a,(2)
and C= a®) n a@
a,(2) ;i
Thus we write the j" equation of (5.22) as
-7:1]\N1j +Cle21 = §1j
i G
7, c,
Let F, = Fi , C, = G; both are of order NP
F; G

W; :[Vvil \Niz \Nis VViN]T and E. :[Eil'EiZ’“"BiN]T
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Thus the first equation of (5.16) can be written as

Fw, +Cw,=B,

By the same procedure as above after pre-multiplying by Q" and make use of (5.20) we

can write the second equation of (5.16) i.e. T,U, +R,U, +S,U, =B, as

22 Tz”
TZ” Z2 T2”
TZ” 22 TZ"
T, Z,
Hl 81” Va
S| H S )
81” H1 51" 23
Sl" Hl Sl” V3(P—l)
81" H1 Vap

<

11
V13

Vipy

X

o

21

o

22

23

.. O-

bZ(P—l)
bzp

2

Y,

Y
X
Y,

N

Y
X

)

2

Y2

Va
Va
Vs |+

Var-y

(5.26)

After rearranging and applying the same process as in the first case, equation (5.26) can

be written as

E,w, + F,w, +C,w,=B,

where E
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¢y a(l)
&) & &)
and Ey = a(i) ¢y a(i)

(1) &

Thus, in general, pre-multiplying (5.16) by Q" and make use of (5.20), and rearranging
the equations, we obtain

Fw, +Cw,=B,

E,w, +F,w, +C,w,=B,

Ew, +FEw,+C,w,= B, (5.27)

E,W,_, +F,w, =B,
Observe that

QTEQ =diag(®;y, Dy, Dy, Ppp) = A (say)  where Dy =diag( Ay, Aas diger s Ain)

Q'CQ=diag(Ly, Ly, Lis, -, Lip) = 4 (say) where L, =diag(ziy, 7o+ Zin)

Q'EQ=diag(G,,G,,,G,....G,) =& (say) where G, = diag(ty, , Ly » -+ L)

Note that

kz
ﬂ,,jk = 5“. + 2% cos[ 5 +J

. kz
Ty = T +2a7(|)cos(P—+1j and

. k
Ly = & +2a8(|)cos[mj

1=123..,M,j=123,...Nandk=123,...,,P
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Let Q'w,=¥,=>w,=QY,

Q'B =T, =B =Qr, (5.28)

where WV, =[¥,; ¥, ¥;;... T'p]T and ¥, =[viy Vix Vis - '//iNk]T

I :[Bil’BiZ'BB"“’BiP]T and Bi :[ﬂilk’ﬂizk""’ﬂiNk]T
Pre-multiplying (5.27) by Q' and make use of (5.28), we get

A +LY, =T
EY, + ANV, +LY, =T,

EW, + AW, +LY, =T, (5.29)

gM\PM—l +AM\PM ZFM

Now we write (5.29) turn by turn starting from the first equation i.e. A,\¥,+L¥, =T as

M11¥111 + 11118211 = Pina
M21¥121 + T121¥221 = Pi21
A31¥P131 + T131¥231 = P13t
M1t + Tiva¥an: = Bina
M12¥112 + T112¥212 = P11z (5.30a)
M22W122 + T122W222 = Pi22

11321/J132 + T1321/)232 = :8132

Mn2Winz + Tina¥anz = Binz
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AllPlpllP + T11P¢21P = :811P
/112Plp12P + T12P¢22P = :812P

Al3Plp13P + T13P¢23P = ,813P

AINPlplNP + TINPIPZNP = ,BINP

The second equation of (5.29) ie. &Y, +A,¥Y,+L,W, =T, is written as

Uz11P111 + A211%211 + T211¥311 = Pa1a
Ua21P121 + A221W221 + T221W321 = Paz1
Uz31¥131 + A231W231 + T231W331 = Bas1

HaniWPint T AanviWPani T+ ToniWPant = Bant
Uz12W112 + A212Y212 + T212W312 = Pa12 (5.30b)
Uz22W122 + A222W222 + T222W322 = B2z
Uzz2W132 + A232W232 + T232W332 = Pase
Uzn2Winz + Aan2Wanz + TonzWsnz = Banz
Uz1pW11p + A21pY21p + T21pW31p = Pa1p
UzzpWiz2p + Az2pW22p + To2pW32p = Pazp

UzzpWizp + AzzpWasp + To3pWssp = Basp

UanpWine + AanpWanp + TanpWsne = Bane
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And the last equation of (5.29) i.e. &,Y,, ,+Ay Y, =T}, IS written as

¥ m-111 + Am11¥mir = Buna
Im21¥m-1)21 T+ Amz21¥m21 = Buz1

Imzi¥m-1)31 Amz1¥mir = Busa

tuni¥m-nn1 T Aun1¥mnt = Buni
Imi2¥m-1)12 + Am12¥mrz = Buiz (5.30c)

Im22¥m-1)22 + Amz2¥m22 = Buz2
Imz2¥m-1y32 + Amz2¥mrz = Bus2

Eun2Wm-1)n2 + Aun2¥unz = Bunz

tmip¥Ym-11p + Amip¥mip = Buip
EmzpWm-1)2p + Amzp¥mrr = Buzp

EmzpWm-1)3p + Amzp¥mir = Buse

tune¥m-yne + AunpWune = Bune

Now we collect the first equations of (5.30a) to (5.30c) , and get

M11¥111 + T111¥211 = Bina
Uz11P111 + A211¥211 + T211¥311 = Ba1a
Us11¥211 + A311W311 + T311Wa11 = B311

Im11¥m-n11 + Ami¥min = Buia
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M12¥112 + T112W212 = P11z (5.31a)
Uz12P112 + A212W212 + T212W312 = Pa12
Us12W212 + A312W312 + Uz12Wa12 = Ba12

Im2¥m-112 Am12¥m1z = Buiz

MipW11p + T11pWP21p = P11p
Uz1pWP11p T A21pW21p + T21pYP31p = B21p
Us1pWo1p + Az1pWP31p + T31pPa1p = P31p

Imip¥m-1)1p + Av1p¥umip = Buip

Observe that here in the above set of equations j = 1, and for each k = 1(1)P the

coefficient matrix of the left hand side is a tri-diagonal matrix of order M and has the

form
A T
oy Ao To
M, = Mo A Taw
=

Hv -1k /1(M Dk YM-Dik
Hik A

Now collect again other groups of equations of (5.30) for j = 2(1)N, and get
)11j11/11j1 + le11/)2j1 = 31j1
lizj11/11j1 + Azj11/J2j1 + sz11/13j1 = sz1

/J3j11/12j1 + )13j11/13j1 + 73j11/)4j1 = ,33j1

Umjpr¥Ym-1yj1 T AMjll/)Mjl = ,BMjl
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/11j27~/)1j2 + T1j2¢2j2 = ,311'2

ll2j2¢1j2 + /12j27~/)2j2 + szzlijZ = ,821'2

ﬂsjzl/)zjz + /13j27~p3j2 + #3j21p4j2 = ,33j2

,quzlp(M—l)jZ + Aszlpsz = ,Bsz

(5.31b)

Ajpijp + TijpW2jp = Pijp

.quPlple + AZjPI/’ZjP + T2jP1.b3jP = ,BZjP
UsjpW2jp + Az3jpWsjp + T3jpWajp = B3jp

:quPl»b(M—l)jP + AMjPl»ijP = ,BMjP

As we can see from these set of equations (5.31b), the matrix structure for j=2(1)N has

the form

ﬂijk
Ho ik

Tk
4 ik
Hijk

ok

23jk

T3k

Hv ) jk

ﬂ“(M -1) jk
Hik

T(M-1) jk

X’Mjk

(5.32)

This Matrix (5.32) is a tri-diagonal matrix and hence we solve for 1;j,, by using Thomas

algorithm [30]. Once we get v, by the help (5.28) again we get all v;;;, and by the help

of (5.20) again we get U;j, and this solves our problem as desired. By doing this we

generally reduce the number of computations and computational time.
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5.4 Numerical Results

In order to test the efficiency and adaptability of the proposed method, computational
experiments are done on seven selected problems that may arise in practice, for which the
analytical solutions of U are known to us; and in some of the examples even we have
considered forr =0regardless of the finite difference approximation when r=0 is an
interior or a boundary point. The computed solutions are found for all grid points incl.
But here results are reported at some mesh points in terms of the absolute maximum error

and are shown from table 5.1 t0 5.7.

Example 5.1 Consider V2U = 0 with the boundary conditions
U@,0,z) =0 U(1,0,z) = zsin8
U(r,0,z) =0= U(r,m, z) , and
U(,8,0)=0, U(r,0,1) =rsiné
The analytical solution is U(r,0,z) = r zsin 8 and the computed results of this example

are shown in Table 5.1.

Example 5.2 Consider V2U = —m?rcos8sin(mz) with the boundary conditions
U(1,0,z) = cos8sin(rnz), U(2,8,z) = 2cos8 sin(rrz)

U(r,0,z) = rsin(nz), U(r,g,z) =0, and

U(r,0,0) =U(r,0,1) =0
The analytical solution is U(r,0,z) = r cos@ sin(rrz) and the computed results of this

example are shown in Table 5.2.

Example 5.3 Consider V2U = —3cosf with the boundary conditions
U@,0,z) =U(1,0,z) = -2z,

U(r,0,z) =r(1—r) — 2z, U(r,g,z)z—Zz
U(r,8,0) =r(1—r)cos8, U(r,0,1) =r(1—r71)cosd — 2
The analytical solution is U(r,0,z) = r(1 —r)cos8 — 2z and the computed results of

this example are shown in Table 5.3.
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Example 5.4 Consider V2U = —m? (rz — r—lz) sin(20)sin(nz)
with the boundary conditions

U(1,6,2) =0, U(2,8,2) = lrssin(ZH)sin(nz),
U(r,0,z) = 0 = U(r,g,z) and U(r,6,0) =0 = U(r,8,1)

The analytical solution is U = (rz —riz) sin(260) sin(mrz) and the computed results of

this example are shown in Table 5.4.

Example 5.5 Consider V2U = (8rz(1 — z) — 2r3)(sin 8 + cos 8), where 0< 0 <27
with the boundary conditions

U(0,6,z) =0, U(1,60,z) =z(1 — z)(sinf + cos H)

U(r,06,0)=0, U(r,6,1)=0
The analytical solution is U = r3z(1 — z)(sin 8 + cos0) and the computed results of this
example are shown in Table V.
This example was considered by M.C. Lai [64] as a test problem and our results are
better than their results in terms of accuracy. For instance, for (8,16,16) the maximum
absolute error in their result is 9.1438e-004 and while ours is 3.28689e-004.

Example 5.6 Consider V2U = 6rz cos@, where 0 < < 27 with the boundary conditions
U(0,6,z) =0, U(1,6,z) = zcos30 ,
U(r,0,0) =0 and (r,0,1) = r3cos30

The analytical solution is U = r3zcos30 and the computed results of this example are

shown in Table 5.6.

Example 5.7 Consider V2U = —n? (rz - r—lz) sin(26) sin(nz), where 0< @ <27
with the boundary conditions

U(,0,z) =0,U(2,6,z) = 1Tssin(ZH) sin(nz), U(r,6,0) =0=1U(r,0,1)

The analytical solution is U = (rz - r—lz) sin(26)sin(mz) and the computed results of this

example are shown in Table 5.7.
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Table 5.1

The maximum absolute error of example 5.1

(N,P,M) Max. abs. error (N,P,M) Max. abs. error

(9,9,9) 3.51670e-005 (29,9,39) 1.37257e-006
(9,9,29) 1.46565e-005 (29,19,9) 4.15180e-006
(9,19,9) 3.53325e-005 (29,29,19) 2.45633e-006
(9,19,19) 2.06578e-005 (29,29,29) 1.74383e-006
(9,29,39) 1.13280e-005 (29,39,19) 2.45924e-006
(9,39,29) 1.46438e-005 (29,39,29) 1.74829¢e-006
(19,9,9) 9.21838e-006 (39,9,19) 1.35171e-006
(19,9,19) 5.32850e-006 (39,9,39) 7.75143e-007
(19,19,19 5.46733e-006 (39,19,29) 9.82456e-007
(19,29,39 3.02425e-006 (39,29,19) 1.38647e-006
(19,39,9) 9.27536e-006 (39,39,9) 2.34568e-006
(19,39,39 3.02636e-006 (39,39,39) 7.68613e-007
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Table 5.2

The maximum absolute error of example 5.2

(N,P,M) Max. abs. error (N, P, M) Max. abs. error
9,99 2.93159¢-003 (29,9,39) 2.98714e-003
(9,9,29) 2.95649¢-003 (29,19,9) 7.39877e-004
(9,19,9) 7.32025e-004 (29,29,19) 3.31950e-004
(9,19,19) 7.38648e-004 (29,29,29) 3.31771e-004
(9,29,39) 3.27574e-004 (29,39,19) 1.86718e-004
(9,39,29) 1.83450e-004 (29,39,29) 1.86618e-004
(19,9,9) 2.95328e-003 (39,9,19) 2.98618e-003
(19,9,19) 2.97861e-003 (39,9,39) 2.98710e-003
(19,19,19) 7.44907e-004 (39,19,29) 7.46353e-004
(19,29,39) 3.31145e-004 (39,29,19) 3.31953e-004
(19,39,9) 1.84585e-004 (39,39,9) 1.84916e-004
(19,39,39) 1.86232e-004 (39,39,39) 1.86784e-004
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Table 5.3

The maximum absolute error of example 5.3

(N,P,M) Max. abs. error (N,P,M) Max. abs. error
9,99 1.81124e-004 (29,9,39) 1.16544e-005
(9.9,29) 4.45263e-005 (29,19,9) 1.82484e-004
9,19,9) 1.81185e-004 (29,29,19) 4.61297e-005
(9,19,19) 6.02480e-005 (29,29,29) 2.04978e-005
(9,29,39) 3.97430e-005 (29,39,19) 4.61300e-005
(9,39,29) 4.46327e-005 (29,39,29) 2.04979e-005
(19,9,9) 1.81939¢-004 (39,9,19) 4.61828e-005
(19,9,19) 4.59426e-005 (39,9,39) 1.17058e-005
(19,19,19) 4.59583e-005 (39,19,29) 2.05467e-005
(19,29,39) 1.50833e-005 (39,29,19) 4.61879e-005
(19,39,9) 1.82013e-004 (39,39,9) 1.82652e-004
(19,39,39) 1.50852e-005 (39,39,39) 1.15493e-005
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Table 5.4

The maximum absolute error of example 5.4

(N,P,M) Max. abs. error (N,P,M) Max. abs. error
9,9.9) 3.68396e-003 (29,9,39) 3.98135e-003
(9,9,29) 4.07400e-003 (29,19,9) 6.33780e-004
(9,19,9) 7.68229¢-004 (29,29,19) 3.64070e-004
(9,19,19) 1.04366e-003 (29,29,29) 4.17368e-004
(9,29,39) 5.73867e-004 (29,39,19) 1.75928e-004
(9,39,29) 3.62888e-004 (29,39,29) 2.24720e-004
(19,9.9) 3.58663e-003 (39,9,19) 3.89251e-003
(19,9,19) 3.92179e-003 (39,9,39) 3.97355e-003
(19,19,19) 9.34774e-004 (39,19,29) 9.60868e-004
(19,29,39) 4.61633e-004 (39,29,19) 3.55183e-004
(19,39,9) 7.29565e-004 (39,39,9) 7.23913e-004
(19,39,39) 2.68695e-004 (39,39,39) 2.34933e-004
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Table 5.5

The maximum absolute error of example 5.5

(N,P,M) Max. abs. error (N,P,M) Max. abs. error
(10,9,9) 5.97062e-004 (30,9,39) 1.65910e-004
(10,9,29) 4.42157e-004 (30,19,9) 4.11093e-004
(10,19,9) 5.09956e-004 (30,29,19) 1.01380e-004
(10,19,19) 3.72361e-004 (30,29,29) 6.92680e-005
(10,29,39) 3.26827e-004 (30,39,19) 1.03392e-004
(10,39,29) 3.27891e-004 (30,39,29) 6.38312e-005
(20,9,9) 3.72181e-004 (40,9,19) 1.80739e-004
(20,9,19) 2.39220e-004 (40,9,39) 1.49613e-004
(20,19,19) 1.52973e-004 (40,19,29) 6.95506e-005
(20,29,39) 1.04227e-004 (40,29,19) 1.06985e-004
(20,39,9) 3.96923e-004 (40,39,9) 4.28673e-004
(20,39,39) 9.84850e-005 (40,39,39) 3.91182e-005
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Table 5.6

The maximum absolute error of example 5.6

(N,P,M) Max. abs. error (N,P,M) Max. abs. error
(10,9,9) 3.04648e-003 (30,9,39) 3.06543e-004
(10,9,29) 3.18297e-003 (30,19,9) 2.00777e-004
(10,19,9) 3.05549¢-003 (30,29,19) 2.85659e-004
(10,19,19) 3.16606e-003 (30,29,29) 3.02059e-004
(10,29,39) 3.19893e-003 (30,39,19) 2.85718e-004
(10,39,29) 3.19459¢-003 (30,39,29) 3.02122e-004
(20,9,9) 6.03143e-004 (40,9,19) 1.42033e-004
(20,9,19) 6.87721e-004 (40,9,39) 1.62951e-004
(20,19,19) 6.89766e-004 (40,19,29) 1.58004e-004
(20,29,39) 7.13568e-004 (40,29,19) 1.42553e-004
(20,39,9) 6.05428e-004 (40,39,9) 1.58596e-004
(20,39,39) 7.13712e-004 (40,39,39) 1.63583e-004
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Table 5.7

The maximum absolute error of example 5.7
(N,P,M) Max. abs. error (N,P,M) Max. abs. error
(10,9,9) 3.00418e-003 (30,9,39) 4.13706e-003
(10,9,29) 2.36262¢-003 (30,19,9) 8.41886e-004
(10,19,9) 4.54924¢-003 (30,29,19) 5.78646e-004
(10,19,19) 4.13088e-003 (30,29,29) 6.30456e-004
(10,29,39) 4.49099¢-003 (30,39,19) 3.91287e-004
(10,39,29) 4.67590e-003 (30,39,29) 4.41870e-004
(20,9,9) 3.54731e-003 (40,9,19) 4.01710e-003
(20,9,19) 3.84938e-003 (40,9,39) 4.09806¢-003
(20,19,19) 1.08325e-003 (40,19,29) 1.10354e-003
(20,29,39) 6.43373e-004 (40,29,19) 5.01257e-004
(20,39,9) 9.83307e-004 (40,39,9) 7.61254e-004
(20,39,39) 4.66590e-004 (40,39,39) 3.82100e-004
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5.5 Conclusion

In this work, we have transformed the three dimensional Poisson’s equation in cylindrical
coordinates system in to a system of algebraic linear equations using its equivalent fourth
order finite difference approximation scheme. The resulting large number of algebraic
equation is, then, systematically arranged in order to get a block matrix. Based on the
extension of Hockney’s method we reduced the obtained matrix in to a block tridiagonal
matrix, and each block is solved by the help of Thomas algorithm.[30] We have
successfully implemented this method to find the solution of the three dimensional
Poisson’s equation in cylindrical coordinates system and it is found that the method can
easily be applied and adapted to find a solution of some related applied problems. The
method produced accurate results considering double precision. This method is direct and

allows considerable savings in computer storage as well as execution speed.

Therefore, the method is suitable to apply on some three dimensional Poisson’s

equations.
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CHAPTER VI

Numerical Solution of the Three Dimensional Poisson’s
Equation in Cylindrical Coordinates System when r=0 is an
interior or a boundary point

6.1 Introduction

In cylindrical coordinates system (r, 8, z) the three dimensional Poisson’s equation given
by
oU 10U 10U oU
o —+= +
or* ror r?oH* or’
has a wide range of application in engineering and physics especially whenr =0.

= (r,0,2) (6.1)

For the numerical solution of the three dimensional Poisson’s equation in cylindrical
coordinates system several attempts have been made for r = 0. But in particular if r=0

is an interior point or a boundary point, the numerical solution of this equation because of

the factors E and izin (6.1) requires special attention.
r r

In this regard, for r=0 lyengar and Manohar [102] derived fourth-order difference
schemes for the solution of the Poisson equation which occurs in problems of heat
transfer; lyengar and Goyal [101] implement and compare S- and V-cycles in the
multigrid context for the fourth-order method derived in[102]; Mittal and Gahlaut [90]
have developed high order finite difference schemes of second and fourth order in polar
coordinates using a direct method similar to Hockney's method; Mittal and Gahlaut [91]
have developed a second and fourth order finite difference scheme to solve Poisson’s
equation in the case of cylindrical symmetry. To obtain a good approximate solution for
the three dimensional Poisson’s equation in cylindrical coordinates system is not an easy
task.
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In this chapter, we develop a second and fourth order finite difference approximation
scheme when r =0 is an interior point or a boundary point, and solve the resulting large

algebraic system of linear equations.

6.2 Finite Difference Approximation
Consider the three dimensional Poisson’s equation in cylindrical coordinates (r, &, z)
(6.1) given by

2] 2 2]
82+E@+%g+g:f(r,e,z) on D and
or ror r-o6° 0z

u(r,08,z)=9(r,6,z) onC (6.2)
where C is the boundary of D;and D is
a) D, ={(r,0,2):R,<r<R ,a<z<b,6,<0<6,, 6,<6 <2r} and

b) D,={(r.6,2):R,<r<R,,a<z<b, 0<6<2rx}

Consider figure 4.1 in chapter IV as the geometry of the problem.

For the discretization of (6.2) we consider r, =R, +iAr, 6, =6, + jA@ and

z, =a+kAz, i=1OM, j=12)N and k =1Q)P.

When r = 0 in (6.2), the Poisson’s equation becomes singular and to obtain the solution
we need a difference equation which is valid at this point.

As r — 0 from equation (6.2), we get

., +U, ,+2U,=21(0,0,2) (6.3)
Now using the idea what we have discussed in chapters IV and V for r = 0and the

approximation scheme (6.3) when r =0 is an interior point or a boundary point, we

develop first a second-order and then a fourth-order numerical scheme.
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CASE |l SECOND-ORDER APPROXIMATION SCHEME

Consider the approximations

22U _ Uik =2V ik +O((Ar)2)

or? (Ar)?
2 u .. -2U . +U. .
ZQUZ _ Tijlk (AIQJ); i,j-1k +O((A(9)2) (6.4)

oU U a—2U, +U
ot - (Az;; - 1+O((AZ)2)

and substituting (6.4) in (6.3) when r =0, we get

4(Ui+1,j,k -2V, 5tV +O((Ar)2)J+(Ui+1,j,k —2U, Uk +O((Ar)2)j

(Ar) (Ar) " (65)

Uiika =Y tUi 2\ | _
+2[ s +O((Az) )j_zf(o,e, 2)

But for r=0, U, =U,, =U, ,, =0 and since

Ui+1,j,k _2Ui,j,k +Ui—l,j,k
(Ar)®

+0((ar)’)= ZU‘“’&_)?U”* +0((ar)’),

equation (6.5) becomes

4[2Ui+1,j,k _2Ui,j,k +O((Ar)2)J+[ZUM’j'k _2Ui,j,k +O((Ar)2)]

(ar)? (Ar)?

00

Ui j,k+1_2Ui,j,k +Ui,j,k—l 2
+2( e +0((42) )J:Zf (0,6,2)

8 Ul,j,k _L:O,j,k +O((AI’)2) ) Ul,j+l,k _2U1,j,k +U1,j—1,k 2_U0,j+21,k +2U0,j,k _UO,j—l,k
(Ar) (Ar)=(A0)
2 2 Uiika—2Y; 6tV 2\ | _
+0((ar)*)+0((ar) ))+2[ ™ +0((a2)°) |=21(0,6,2)

(6.6)
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_Ar o (Ar)? _(Ar)? 1

Let i T A~ i = ) - ’
AT ST eey T ey (20)

truncating higher order differences of (6.6), multiplying both sides of (6.6) by (Ar)? and

rearranging and simplifying further, we have

(Ar) Ty, = (@4=2b)U, ,, +(4—2p+20)U,

(6.7)
+p(U0,j,k+l +U0,j,k—1)+b(U1,j+1,k +U ik —Yg _UO,j—l,k)

Since Uy ., Uy ;.. and Uy, are the same point and thus we write equation (6.7) as
(Ar)* o, =(4=20)U, ;, +(4—2p)U;  + PUq ;s +Yo 1) +BU; o +UL 1) (6.8)
and for r =0, we have from chapter IV

@+ @)U,y +@=a)U Ly + AUy +Ys )+ U e TU ) + YU = (A2 (6.9)
Now by combining (6.8) and (6.9), we get

(AI’)2 fO,j,k = (4_2b)U1,j,k +(4_2P)Uo,j,k +p(UO,j,k+1 +U0,j,k—1)+b(ul,j+l,k +U1,j—l,k)’
(Ar)® fi,j,k = (1+a)|)Ui+l,j,k +(l_a)i)Ui—1,j,k + (Ui,j+1,k +Ui,j—1,k)+p(Ui,j,k+1 +Ui,j,k—1) (6.10)
+ yiUi,j,k

Considering equation (6.10) first in the @ direction, next z direction and lastly r

direction, equation (6.2) can be put in matrix form as

AU =1 (6.11)
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Py

o

iy

|
o1 oo
NN
w

where A=

TM -1 RM -1 S M-1
TM RM

it has M +1 blocks and each block is of order NP by NP

B
C

O m O
x O

where R, =

and B=diag(4—2p,4-2p,---,4—2p),

C =diag(p,p,---,p)

4-2b b
b 4-2b b
Sozdiag(D,D,m,D),WhereD: b 4-2b b
b 4-20 b
b 4-2b
For i=123,--,M
L T
T L T
T L T _
R = . is of order NP by NP
TL T
T
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For domain D4,

Yi &
al yi al
L=| & %4 § (6.12)
al yi al
o Y
and for D,
Yi & %
al yi al
ai yi al H H 1
L= is a circulant matrix, (6.13)
al yi al
al ai yl

in both (6.12) and (6.13) L, is of order N.

and T =diag(p, p, p,..., p)is of order N.

S, =diag(m,,»,,®,,...,»,) has P blocks and o, =diag(l+@,1+®,...,1+ @) is of order

N by N

T. =diag(e,,9,,9,,...,¢,) has P blocks and ¢, =diag(l-@,1-a,...,1-®) is of order
N by N.

B=[B, B, B,:B,, | , B,=[d, d;, ds... dyTand d,=[d,, d,... d, ]’  such
that each d, represents a known boundary values of U and values of £, and

T

U=y, U, U, .. U], U=, U, U, - U,) and
T
Uijz(Uijl Uij2 Uij3 UijP)

We write (6.11) as
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RU, +S,U, =B,
TU,+RU,+SU, =B,
T,U,+R,U, +S,U, =B,
T,U,+RU,+S,U, =B, (6.14)

Ty Uy, +R,Uy =By,

Now we follow the same procedure what we have done so far as in chapter 1V.

CASE Il  FOURTH-ORDER SCHEME

Consider the fourth-order approximations that

2 2
[Z_gj _ Al : 51r U, +O((ar)")
ik (AN 1+Eéf

ou 1 5}
2 = 2 f Ui +O((A9)4) (6.15)

00” ). i (A6) 142 52
127

2 2
and (a_LZJJ = 1 5 5{ Ui,j,k +O((AZ)4)
" ), (A7) 1+552

z

Now we write (6.3) as

: L : ) 2 4 1 1 2 - 2 4

1 1 ,) ., N
+2[(AZ)2 (1+Eazj 52U, ;, +0((A2) )]_2f(o,9,z)

00
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L L s b 2 4 1 1. N 2 4
4(W(1+E5rj 87U, 5, +O((Ar) )}Z(W(“Egzj 82U, +0((4A2) )J

1 1) (1.1 o) e . NE
{W(“E@j (“55’] 8,50, 1, +O((Ar)*)+0((A0) )]_2f(o,e,z)

(6.16)
Truncating higher order differences of (6.16), multiplying both sides of equation (6.16)

1 1 1 ] ] e .
by (Ar)?| 1+—062 || 1+—62 || 1+— 062 |, rearranging and simplifying, we get
y()( 12r)( 12.9j( 122j ging plifying, we g

1
144(1"‘5 (5r2 + 592 + §z2) £(0,0,2)) = boUo,j,k + bl(UO,j+1,k +U0,j—1,k) +b, (UO,j,k+l +U0,j,k—1)
+0, (UO,j+1,k+1 +U0,j+l,k—l +U0,j—l,k+1 +U0,j—1,k—1) + b4U1,j,k +by (Ul,j+1,k +U1,j—1,k ) +bg (Ul,j,k+l +U1,j,kfl)

+b7 (Ul,j+1,k+l +U1,j+1,k—1 +Ul,j—1,k+l +U1,j—l,k—1)
(6.17)

b, = —400—-240b—-200p
b, =-32+120b—-20p

b, =-40-12b+52p
b,=—4+12b+10p

b, =400-240b—-40p
b, =40+120b—-4p

by =—8-24b+20p

b, =4+12b+p

Since U, Uy and Uy, are the same point; Uy, 5, Ugjgaand Uy, are
again same point; Ug;, ,, Uy, ,and Uy, ., are also same point thus we write

equation (6.17) as
1
144(1"‘5 (5r2 + 592 +522) £(0,0,2)) = (b, + 2b1)U0,j,k +(b, + 2b3)(U0,j,k+l +U0,j,k—1) + b4U1,j,k

+ b5(U1,j+1,k +Ul,j—l,k) +by (Ul,j,k+l +U1,j,k—1) +b, (Ul,j+1,k+1 +U1,j+1,k—1 +Ul,j—1,k+l +U1,j—1,k—1)
(6.18)
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and for r =0, we have from chapter V that

(ary [24+5f 87+ +3§52,} fe =0+ 80U+ 3,00
+ as(i)(ui,j+1,k +Ui,j—1,k) +a, (i)(Ui,j,k+1 +Ui,j,k—1) 3 (i)(Ui+1,j+1,k +Ui+1,j—1,k)
+3(NU g jax tYi i) (DU ea Y ) 180UtV d)

. (6.19)
+ a9 (I)(Ui,j+l,k+1 +Ui,j—1,k+1 +Ui,j+l,k—l +Ui,j—1,k—1)

Now by combining (6.18) and (6.19), we get

144(1"‘%(53 +6,+6;)1(0,0,2)) = (b, + 20U i (b +20,)( Uy 4 +Ug 5 0) £RU

+by (Ul,j+1,k +Ul,j—1,k) +b, (Ul,j,k+l +U1,j,k—1) +b, (Ul,j+l,k+1 +Ul,j+l,k—l +U1,j—l,k+1 +Ul,j—1,k—1)
(6.20)
ar?| 2445215745238 5 1t —a U . +a (iU, +a,@()U
¢ F 0 T T 0 i = B ikt ivsjk T i1,k
+a,(DU; 0 HU ) (U e tU ) T30V ke TV j0k)
+ a6(i)(Ui—1,j+l,k +Ui—1,j—l,k) +a; (i)(Ui+1,j,k+l +Ui+1,j,k—1) + aS(i)(Ui—l,j,k+l +Ui—1,j,k—1)
+a (DU e Y ks TYi U )

Considering equation (6.20) first in the @ direction, next Z direction and lastly r

direction, and hence equation (6.2) can be put in matrix form as

AU =5 (6.21)
RO SO
Tl Rl Sl
T, R, S
where A= 2 7z , it has M +1blocks and each is of
TM—l RM—l SM—l
TM RM

order NP
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o
o

O w
O w0
w O

o

Q)

R, = . is of order NP

B, = diag (b, +2b;, b, + 20y, -+, by +2,)

C, =diag (b, +2b,,b, +2b,,---,b, +2b,) both are order of N

Bl C:l
Cl Bl Cl
C, B C
S, = o is of order NP
Cl Bl Cl
Cl Bl
4 5
5 4 b5
b, b,
B, = R is of order N
b b, b,
b5 4
b6 b7
b7 b6 b7
b b
C, = e is of order N
b, by b
b7 bG

For i=12,3,---,M
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R R
R R R
R R R
Ri: 1 1 1 y
R| Ril RI
R R
s S
s s S
s| S s
s s S
s s
T T
T T T
T T T,
TI — 1 1 1
T
T T

R,S;, and T, are of order NP

For the domain D,

a,(1) &)
(i) a,(i) &)
a;(1) a,(1) &)

(1) a,(1) &)
a;(i) &)
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a,(i) a(i)
(1) a,(i) a(i)

R =
a () ()
a(i) a() a)
o | a0 al)
a, (i)
2, (i)
s/ = a, (i)
a,(i) a(i)
a(i) a,() a(i)
T - ag(i) a,() a(i) )
a5 (1)
a5 (i)
T = a,(i) .

(1) a,(1) a(i)

a, (i)

a(1) (i) ai)

Numerical Solution of Poisson’s Equation

a,(1) a,(i) a(i)
a,(1) a,(i)

a;(1) a() al)
a;(1) a(i)

a;(i) (i)

2 (1)
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For the domain D,,

2(1)
a,(i)

a5(i)

a,(i)
2y(1)

2y(1)

a,(i)
a(i)

a(i)

a, (i)

a,(i)

2,(1) a,(i)
a;(1) a,(1) &)

3y (1)

a,(1) &)
a,(1) a,(i) a(i)

as(i)

a,(i) as(i)
a;(1) a() as(i)

a, (i)

a,(i)

a;(1) a() al)

a0

Numerical Solution of Poisson’s Equation

a,(i)

(i) a,(1) &)
a;(i) & (i)

8y (i)

a,(1) a,(1) a(i)
(1) a,(i)

a;(i)

a;(1) a(i)
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a,(1) a;(i) 3 (1)
a;(1) a,(1) a(i)
a;(1) a,(i) a(i) ,

a;(1) a,(i) a(i)
a5 (1) a,(1) a,(i)

ag (1)
a, (1)
T = a,(i)

2()

Here in D,, the matrices R',R",S/,S,",T., and T." are circulant matrices of order N ; and
B=[B, B, B,B, | , B,=[d, d, dy... dyT"and d,=[d, d,,... dp]"  such
that each dy, represents a known boundary values of U and values of f, and

U=y, U, U, ... U,], U=U, U, U, - U,) and

Uijz(Uijl Uij2 Uij3 UijP)T

We write (6.21) as RU,+S,U;, =B,
TU,+RU,+SU, =B,
T,U,+RU,+S,U, =B,
T,U,+RU,+S,U, =B, (6.22)

T,Uu,+R,U, =B,

Now we follow all the procedure what has been done in Chapter V.
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6.3 Numerical Results

In order to test the efficiency and adaptability of the proposed method, computational
experiments are done on two selected problems that may arise in practice, for which the
analytical solutions of U are known to us. The computed solutions are found for all grid
points in both second order and fourth-order schemes. But here results are reported at
some mesh points in terms of the absolute maximum error and are shown in table 6.1 and
6.3 for second order approximations and in tables 6.2 and 6.4 for fourth order

approximation .

Example 6.1 Consider V2U = 3z sin 8 with the boundary conditions
U(0,0,z) =0 U(1,0,z) = zsin6
U(r,0,z) =0= U(r,m, z),and
U(r,8,0) =0, U(r,6,1) =1r?sin6
The analytical solution is U(r,0,z) =12 zsin@ and the computed results of this

example are shown in Table 6.1 and 6.2

Example 6.2 Consider V2U = —rZcos(z)sin(20) with the boundary conditions
U(0,0,z) =0, U(1,60,z) = cos(z)sin(20)
_ T\ _
U(r,0,z) = 0, U(r,z,z> — 0, and
U(r,6,0) =r?sin(28)  U(r,6,5)=0

The analytical solution is U(r,8,z) = r%cos(z)sin(20) and the computed results of this

example are shown in Table 6.3 and 6.4.
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The maximum absolute error of example 6.1 for second order scheme

Numerical Solution of Poisson’s Equation

Table 6.1

(N,P,M) Max. abs. error (N,P,M) Max. abs. error
(9,9,9) 2.51924e-004 (29,9,29) 2.83122e-005
(9,9,29) 2.57e-004 (29,19,9) 2.91765e-005
(9,19,9) 2.6086e-004 (29,29,19) 2.87145e-005
(9,19,19) 2.59295e-004 (29,29,29) 2.86698e-005
(9,29,29) 2. 59459¢-004 (29,39,19) 2.82675e-005
(9,39,29) 2.60338e-004 (29,39,29) 2.96831e-005
(19,99 6.44475e-005 (39,9,19) 1.55121e-005
(19,9,19) 6.42538e-005 (39,9,29) 1.61678e-005
(19,19,19) 6.44773e-005 (39,19,29) 1.54823e-005
(19,29,29) 6.44177e-005 (39,29,19) 1.67638e-005
(19,39,9) 6.42091e-005 (39,39,9) 1.56909e-005
(19,39,29) 6.53267e-005 (39,39,29) 1.65403e-005
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Table 6.2

The maximum absolute error of example 6.1 for fourth-order scheme

(N,P,M) Max. abs. error (N,P,M) Max. abs. error
(9,9,9) 1.32542e-004 (29,9,29) 2.83122e-005
(9,9,29) 1.67253e-004 (29,19,9) 1.48821e-005
(9,19,9) 1.82314e-004 (29,29,19) 1.43577e-005
(9,19,19) 1.34261e-004 (29,29,29) 1.43349e-005
(9,29,29) 1.17898e-004 (29,39,19) 1.41388e-005
(9,39,29) 1.06752e-004 (29,39,29) 1.48151e-005
(19,9,9) 3.21189e-005 (39,9,19) 1.22061e-005
(19,9,19) 3.36108e-005 (39,9,29) 1.31834e-005
(19,19,19) 3.37823e-005 (39,19,29) 1.27411e-005
(19,29,29) 3.84921e-005 (39,29,19) 1.45328e-005
(19,39,9) 3.90121e-005 (39,39,9) 1.43206e-005
(19,39,29) 3.95478e-005 (39,39,29) 1.44301e-005
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Table 6.3
The maximum absolute error of example 6.2 for second-order scheme

(N,P,M) Max. abs. error (N,P,M) Max. abs. error
9,9.9) 1.17818e-003 (29,9,39) 1.58485e-004
(9,9,29) 1.18044e-003 (29,19,9) 1.36197e-004
(9,19,9) 1.16232e-003 (29,29,19) 1.32054e-004
(9,19,19) 1.1647e-003 (29,29,29) 1.33336e-004
(9,29,39) 1.16095e-003 (29,39,19) 1.38773e-004
(9,39,29) 1.16116e-003 (29,39,29) 1.31696e-004
(19,9,9) 3.16888e-004 (39,9,19) 1.0258e-004
(19,9,19) 3.17872e-004 (39,9,39) 1.01089e-004
(19,19,19) 2.96772e-004 (39,19,29) 7.88867e-005
(19,29,39) 2.9245e-004 (39,29,19) 7.39098e-005
(19,39,9) 2.9096e-004 (39,39,9) 7.24792e-005
(19,39,39) 2.90751e-004 (39,39,39) 7.14064e-005
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Table 6.4
The maximum absolute error of example 6.2 for fourth-order scheme

(N,P,M) Max. abs. error (N,P,M) Max. abs. error
9,9.9) 1.1213e-004 (29,9,39) 1.78325e-005
(9,9,29) 1.13739%e-004 (29,19,9) 1.76276e-005
(9,19,9) 1.13923e-004 (29,29,19) 1.72107e-005
(9,19,19) 1.13947e-004 (29,29,29) 1.69578e-005
(9,29,39) 1.14609e-004 (29,39,19) 1.65938e-005
(9,39,29) 1.14821e-004 (29,39,29) 1.60254e-005
(19,9,9) 6.43336e-005 (39,9,19) 1.57034e-005
(19,9,19) 6.67782e-005 (39,9,39) 1.50069e-005
(19,19,19) 6.79586e-005 (39,19,29) 1.20564e-005
(19,29,39) 6.85401e-005 (39,29,19) 1.17830e-005
(19,39,9) 6.90615e-005 (39,39,9) 1.0412e-005
(19,39,39) 6.90758e-005 (39,39,39) 1.00231e-005
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6.5 Conclusion

In this work, we have transformed the three dimensional Poisson’s equation in cylindrical
coordinates system when r =0 is an interior point or a boundary point in to a system of
algebraic linear equations using its equivalent second and fourth-order finite difference
approximation scheme. The resulting large number of algebraic equation is, then, can be
solved by following the same procedure as in chapters IV and V.

We have successfully implemented this method to find the solution of the three
dimensional Poisson’s equation in cylindrical coordinates system when r=0 is an
interior point or a boundary point and it is found that the method can easily be applied
and adapted to find a solution of some related applied problems. The method produced

accurate results considering double precision.

This method is direct and allows considerable savings in computer storage as well as

execution speed.
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CHAPTER VII

Efficient Numerical Solution of the Biharmonic Equation of
the Second Kind in Cartesian Coordinates System

7.1 Introduction

Consider the biharmonic equation on a domain D

VU = f(P), (7.1)

where P is a point in the domain D, with two types of boundary conditions.
In the first case with the Dirichlet boundary conditions

U(P) = f,(P) PedD
VP _¢ P PedD (7.2)
on
(where 8U8_(P) is the normal to the boundary derivative), which we call the first kind
n

problem and in the second case with the Dirichlet boundary conditions

U(P)=f,(P) Pe oD
oV (2P) = f,(P) PeoD (7.3)
on

which we will refer to as the second kind problem.

Attempts are made by different workers to solve (7.1) with the boundary conditions (7.2)
or (7.3) in two or three dimensional Cartesian coordinates system.

For instance, in two dimensional Cartesian coordinates system Buzbee and Dorr [12]
have developed a direct solution method based on matrix decomposition; Smith [12], [13]
has developed a numerical solution method based on coupled equation approach using
finite difference method; Altas et al [35] have derived a family of finite difference

approximation using a symbolic algebra package; McLaurin [44] have developed a
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method based on reducing to a coupled system of Poisson equations, which depends upon
an arbitrary, positive coupling constant c¢ = 0; Stephenson [45] has established a second
and a fourth order approximation schemes; Ehrlich [56], has described a semi-direct
method for solving the biharmonic equation in a square using a coupled pair of finite
difference equations based on a general block SOR method; Ehrlich and Gupta [58] have
developed several finite difference schemes for solving the coupled Poisson equations
obtained by splitting the biharmonic equation; Arad et al [61] have derived the high-
order accuracy discretization scheme using the symbolic operator procedure ; Lai and
Liu [63] developed a simple and efficient FFT-based fast direct solver for the biharmonic
equation on a disk by splitting into a coupled system of harmonic problems using the
truncated Fourier series expansion to derive a set of coupled singular ODEs, and solving
those singular equations by second-order finite difference discretization; Dehghan and
Mohebbi [73] have derived a method by combining compact finite difference schemes
with multigrid method and Krylov iteration methods preconditioned by multigrid for the
second biharmonic equation; Gupta [77] has examined the discretization error of the
finite difference scheme by splitting the first biharmonic boundary value problems;
Gupta and Manohar [78] have tried to solve the problem directly without splitting it in to

two Poisson’s equation and much more progresses has been observed in this dimension.

For the three dimensional biharmonic equation, for instance Khattar et al [18] derive a
fourth order finite difference approximation based on arithmetic average discretization
for the solution of three-dimensional non-linear biharmonic partial differential equations
on a 19-point compact stencil using coupled approach; Altas et al [34] considered several
finite-difference approximations using a symbolic algebra package to derive a family of
finite difference approximations for the biharmonic equation on a 27 point compact
stencil; Dehghan and Mohebbi [72] have developed a multigrid solution of high order

(second and fourth-order approximations on a 27 point compact stencil) discretization;

Mohanty et al [95] developed a higher order compact difference scheme, which is O(h“),

using coupled approach on the 19 point 3D stencil for the solution of non-linear
biharmonic equation; and other contributions have been made in developing schemes and

methods.
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In this chapter we examine a finite difference scheme for solving the biharmonic equation
(7.1) along with the Dirichlet boundary condition of the second kind in two and three
dimensions.

In the first part we consider the two dimensional biharmonic equation and in the second

part the three dimensional one.

7.2 Linear Biharmonic Equation

Part1: Two Dimensional Biharmonic Equation

Consider the two dimensional biharmonic equation on a rectangular domain D

o'U . 8'U ol
4 + 2 2 2 + 4
ox* T oax’ey’ oy

=f(x,y), (x,y)eD (7.1a)

where D ={(x, y):0<x,y <L}with the second Dirichlet boundary conditions

U(x y) = f.(xy) (x,y)e D
% =f,(x,y) (x,y)eadD (7.3a)

Using the splitting method where the biharmonic equation (7.1a) is replaced by
introducing an auxiliary variable v(x,y)=V?U(x,y) and splitting the biharmonic
equation into a coupled system of two dimensional Poisson equations,

VA(x,y) = f(x,y) (7.4)
VAU (X, y) = V(X Y)

This means that we are transferring the two dimensional biharmonic equation with the

given boundary conditions in to its equivalent coupled Poisson equations.

Since the grid lines are parallel to coordinate axes and the values of U are exactly known

on the boundary, and this implies, the successive tangential partial derivatives of U are

known exactly on the boundary. For example, on the side y =0, the values of U(x,0) and

U, (x,0)are known, i.e. the values of U, (x,0),U, (x,0) are known on the side y =0.
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This implies, the values of U (x,0) and
VU (x,0)=U_ (x,0) +U,, (x,0) are known on the side y =0.
Similarly, the values of U and VU are known on all sides of the rectangular region D .

Therefore, (7.1a) is reformulated as

U U

VU(X,Y) = Ve +W:V(X' y) (x,y)eD (7.5a)
) ov  o%v
VV(X,y)=y+y=f(X,y,U,V,UX,VX,Unyy) (X!y)ED
(7.5b)
with the Dirichlet boundary conditions
U y)=fi(xy) (x,y)edD
v(x,y)=9(xy) (x,y)edD (7.5¢)
7.3 Finite Difference Approximation
Let h be the mesh step size along the X- and Y-directions, and let &, be the central
difference operator, and we know that
2 82 1 2 N 2 4
h* —=1+-—9, o +0(h 7.6
ox? ( 12 " j X ( ) (7.6)
Using (7.6) in (7.5b), we have
Ll L) 52,1 (1 Ls2) s200(n f
e R P LAl B E R L I +0(h*) v = f, (7.7)
wherei = 1,2,3,..,M, j=123,...,N
Lo (1oL o) [sofqn L o) sofq, L 5 4 ’
1+=87| |1+=5 82| 1+-87 |+ 1+ =572 |+O(h*) |w ; =h*f, |
12 127 127 Y 12 ! X
(7.8)

Simplifying (7.8) further, we get
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1 1 1
[55 +6,f +g5x25y2jvi, j=h* (uﬁ(éf +5y2)+m555y2j fi| (7.9)

Using the central difference approximation scheme, omitting the last term in the right
hand side and simplifying (7.9) further we get,

4(v +V. . +V +V +V

i+,j T Viegj +Vi,j—1)+v

i+1, j-1

i, j+1 i1 T Visgjun T Vi — 20Vi,j =F (7.10a)

2
where F =%(8 foi+ foay + fy + fja* fi)

Similarly, by applying the same principle as above to (7.5a), we get

4(Ui+1,j +Ui—l,j +Ui,j+1+Ui,j—1)+Ui+1,j—l+Ui—1,j—1+Ui+1,j+1+Ui—l,j+l_20Ui,j =G (7.10b)

2

h
where G = ?(SVLJ- Vi Vi +Vi,j+l+vi,j—1)

Taking first the X-direction and next Y-direction in (7.10) we get a large system of
equations (the number of equations actually depend on the values of M and N), and these

systems of equations can be written in matrix form as

AV =B (7.11)

w
w O w;mw
 u;m
w

where A=

20 4 4 1
4 20 4 1 4 1
4 20 4 1 4 1
R= ' s=
4 20 4 1 4 1
4 20 1 4
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R and S are each of order M,

V=(V, V, V, ..V,) where V, =(v, Vi, Vs ..V, ) and
B=(B, B, B,..B,) where B =(b, b, b, ..b,) .
Now by applying Hockney’s method we solve (6.11).

7.4 Hockney’s Method

Observe that the matrices R and S are real symmetric matrices and hence their
eigenvalues and eigenvectors can easily be obtained. [30]

Note that the eigenvalues of R and S are given by

M +1

iz
M +1

Let g,be an eigenvector of R and S corresponding to the eigenvalues A; and «;,

2,,:—20+8cos[ 7 j and

a :4+2003(

i=12,...,M respectively, and Q be the modal matrix [q1 d, q; ... dy ]T of the matrix R

and S of order M such that QTQ =1,
QTRQ = diag(Ay, Ay, A3, ..., Ayy) = A (say), and
Q7SQ = diag(ay, ay, @z, ..., ay) = O (say)
Let QV,=T,= V, =QT,
Q'B,=b,=B; =Qb, (7.12)
where T, =[w; w,;..w,;T', and b, =[5, 8,;...8;] i=12...N.

Equation (7.11) can be written in terms of the matrices R and S as

158



Numerical Solution of Biharmonic equation

RV1 +SV2 = B1
SVl + RVZ + SV3 = BZ

SVN_1 + RVN - BN
Pre multiplying (7.13) by QT and using (7.12), we get
AT, +®T, =b,

OT, + AT, + DT, =b,

®T, + AT, +®T, =b, (7.14)

DT, , + AT, =b,
Now we write (7.14) starting from the first equation i.e. AT, +®T, =b, as
Awir + aywyp = Big
AaWa1 + QaWy = B2y

A3ws3q + azv3; = Bag (7. 15q)

AuWm1 + AyVmz = Pur
The second equation i.e. ®T, + AT, +®T, =b, again can be written as

awyg + 43wy + agwys = Byp

AaWa1 + AaWay + AWz = Bay
a3W3g + A3W3; + A3Wizz = P, (7. 15b)

AyWym1 + AyWiz + ayWys = Buz
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And the last equations i.e. ®T,_, + AT, =b, be written as

a;Wyn-1) + Alwiy = B
AWy (n-1) t AaWan = Ban

A3W3(ny—1) + A3Way = Bay (7. 15¢)

AyWy(n-1) T AuWun = Bun

Now we arrange (7.15) as follows:
Firstly we take the first equations from each of (7.15a), (7.15b) and (7.15c) and write as
one set of group of equations
Aiwig + aywyp = By
aywyy + 4wy + aywyz = By

aywyp + 4wz + aywyy = B3 (7.16a)

a1 Winv—1) + Lawiy = Bin
Again collect the second equations from each of (7.15a), (7.15b) and (7.15c¢)
AaWyq + AWy = Boq
A Wa1 + AaWoy + AWz = Boy
A Wop + AaWo3 + AWy = Bo3 (7.16b)
AWy (n—1) T AaWon = Bon

Keep on doing for all groups of equations and for the last equations, we get

AuWy1 + AuWiyz = B

AWyt + AyWiz + ayWuyz = Bz
AyWynz + AyWuz + AuWys = Bus (7.16¢)

arWrn-1) T AWy = Bon

As can be seen from the above set of equations, all groups have the same matrix form
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4«
o A q
o 4 «q .
M = ) 1=12,..,M oforder N .
o A o
o A
Thus, equation (7.13) reduces to
M T) (B
'/\/li T2 BZ
M T, |=| B, (7.17)
M)\T,) By

We can easily observe that (7.13) reduces to the matrix (7.17) which is a tridiagonal

matrix and we solve this system for w;, ; by the use of Thomas Algorithm [30], and once
after getting w; ; by the backward substitution and make use of (7.12) we get the solution
for v;.

Now we use these values of v; as the right hand side of (7.10b) and we apply the same

procedure as previous to solve the Poisson’s equation in terms of U .

This solves the given two dimensional biharmonic equation as desired.

7.5.1 Numerical Results for Two Dimensional Biharmonic Equations

In order to test the efficiency and adaptability of this method in two dimensional
biharmonic problems, a computational experiment is done on three linear biharmonic
problems of the second kind for which the analytical solutions of U are known to us. The
computed solutions are displayed in terms of maximum absolute error for some grid
points but results are available for all grid points. It is shown that the method produces

accurate results.
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Example 7.1 Consider the biharmonic equation of the second kind on the unit square

where the exact solution U(x,y)=1. The forcing term f and boundary
data f,and f, can be obtained from exact solution.
Table 7.1

The maximum absolute error for U and VU of example 7.1

h U VU
0.01 1.76081e-013 0
0.02 2.77556e-014 0
0.04 1.66533e-014 0
0.05 4.21885e-015 0
0.1 1.55431e-015 0

Example 7.2 Consider the biharmonic equation of the second kind on the unit square

where the exact solution U (X, y) = (1—cos2zx)(1—cos2zy). The

forcing term f and boundary data f,and f, can be obtained from the

exact solution.

Table 7.2

The maximum absolute error for U and V?U of example 7.2

h U VU
0.01 6.40764e-004 2.75741e-006
0.02 2.50084e-003 4.41543e-005
0.04 9.54848e-003 7.02282e-004
0.05 0.0146972 1.72793e-003
0.1 0.0554526 0.0281114
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Example 7.3 Consider the biharmonic equation of the second kind on the unit square

where the exact solution U (x, y) =sinzxsin zy . The forcing term f and

boundary data f,and f, can be obtained from the exact solution.

The maximum absolute error for U and V°U of example 7.3

Table 7.3

h U 4
0.01 5.41107e-009 5.34052e-008
0.02 8.65655e-008 8.54367e-007
0.04 1.37861e-006 1.36063e-005
0.05 3.37726e-006 3.33323e-005
0.1 5.37909e-005 5.30902e-004
Part 1l : Three Dimensional Biharmonic Equation

Consider the three dimensional biharmonic equation on a cube D given by

o'y o'U ou o'U o'U o'U
4 + 4 + 4 + 2 2,2 + 2 2152 + 2 2,2
ox" oy" oz OX“oy OX“01 oz°oy

=f(x,y,2), (X,y,2)eD

with the second kind Dirichlet boundary condition

uxvy,z)=f(xYy,z) (X,y,2)edD
M,zy,z): f,(x,y,2) (x,y,2)edD
on

(7.18)

(7.19)

Using the splitting method where the biharmonic equation (7.18) is replaced by

introducing an auxiliary variable v(x,y,z)=AU(X,y,z) and splitting the biharmonic

equation into a coupled system of three dimensional Poisson’s equations,

V(X y,2) = f(xY,2)
VU (X, Y,2)=V(X,Y,2)
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I.e. the biharmonic equation with the given boundary conditions of the second kind is
equivalent to the Dirichlet problems for two Poisson’s equations of three dimensions.

Since the grid lines are parallel to coordinate axes and the values of U are exactly known
on the boundary, and this implies, the successive tangential partial derivatives of U are

known exactly on the boundary. For example, on the plane y =0, the values of U(x,0,2)
and U, (x,0,z)are known, ie. the values of U (x0,2),U,(x0,2), U,(x0,z2),
U, (x,0,2), ... are known on the plane y =0. This implies, the values of U(x,0,z) and

VAU (x,0,2) =U_(x,0,2) +U,,(x,0,2) +U ,(x,0,2) are known on the plane y =0.

Similarly, the values of U and VU are known on all plane sides of the cubic regionD .

Therefore, the biharmonic boundary value problem is reformulated as

o’v o oA
VA(X,Y,2)=—+—+—= f(X,V, 2 X,y,2)eD 7.21
(y)axzayzazz(y) (X, y,2) € (7.21)
VU (X,y z)=aZU +62U +82U =v(X,V,2) (x,y,2) D (7.22)
) ) axz WZ azz b 1 H ] .

with the Dirichlet boundary conditions
uxy,z)=f(xvy,z) (x,y,2)edD

v(x,¥,2)=9(X,Y,2) (x,y,2) edD (7.23)

Now the given biharmonic equation is transformed to coupled Poisson’s equation and we
find the solution of the coupled equation first for the auxiliary variable v in (7.21) and
using this value of v then for U in (7.22); this solves the given biharmonic equation
(7.18).

Here to solve for v in (7.21) we directly use the fourth order finite difference
approximation method especially the 19-point stencil scheme developed in chapter 11l

with the boundary conditions (7.23).
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Thus the Poisson’s equation (7.21) be written using the 19-point stencil approximation
scheme

—(32 +16r)vi,j,k +(6-2r) (Vi+1,j,k Vi ik TVijak TVi ok ) +(8r-4) (Vi,j,k+1 + Vi,j,kfl)
+(+7) (Vi+l,j,k+l FVisn ke TVicy s TVicsjer T Vi TVijeakar Vi Vi,j—l,k—l)
+2(Vi+1,j+1,k Vi ok T Vicy jk +Vi—l,j—1,k)

=12h? (1+ i(@z +6,7 +522)j ook
12 (7.24)

Now we solve these systems of linear equations (7.24) for v by the method developed
there.

Once if we get vthen we consider the values of vas the right hand side of (7.22), write

this Poisson’s equation (7.22) using the 19-point stencil approximation scheme and we go
to find the solution of U in (7.22).

Thus, we will have the Poisson’s equation as

~(32+160)U, ;, +(6-2r)(Uyp sy +U iy jy +U oy #Us 0 )+ @ =4 (U; 0 +U, )

+(@+r) (Ui+1,j,k+1 +Ui+l,j,k—l +Ui—l,j,k+l +Ui—1,j,k—1 +Ui,j+1,k+l +Ui,j+1,k—1 +Ui,j—1,k+l +Ui,j—1,k—1>

i+1, j, i, j+1,

+2(Ui+1,j+1,k +Ui+1,j—l,k +Ui—1,j+1,k +Ui—l,j—1,k)
1
=12h’ (1+E(5X2 +6,? +522)]v”,k
(7.25)

We solve these systems of equations (7.25) for U as we have solved Vv in the case above.

Thus, the boundary value problem (7.18) with the given Dirichlet boundary condition of
the second kind is solved as desired.
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7.5.2 Numerical Results for Three Dimensional Biharmonic Equations

In order to test the efficiency and adaptability of this method in three dimensional
biharmonic problems, a computational experiment is done on two linear biharmonic
problems of the second kind for which the analytical solutions of U are known to us. The
computed solutions are displayed in terms of maximum absolute error for some grid
points but results are available for all grid points. It is shown that the method produces

accurate results.

Example 7.4 Consider the biharmonic equation of the second kind on a cube where the

exact solution U(x, Yy, z) =sinzxsinzysinzz . The forcing term f and
boundary data f,and f, can be obtained from the exact solution.

Table 7.4

The maximum absolute error for U of example 7.4

M P Maximum Absolute error M P | Maximum Absolute error
9 9 9.49352e-003 29 9 7.78734e-004

9 19 9.30127e-003 29 19 2.62716e-004

9 29 9.28032e-003 29 29 1.22990e-004

9 39 9.27483e-003 29 39 1.22952e-004

19 9 2.10435e-003 39 9 3.69283e-004

19 19 6.16428e-004 39 19 1.35733e-004

19 29 6.15533e-004 39 29 6.76903e-005

19 39 6.15286-004 39 39 3.90621e-005

Example 7.5 Consider the three dimensional biharmonic equation with exact solution

U(X,Y,z)=(1-cos2zx)(1-cos2zy)(l—cos27z) on a unit cube. The
forcing term f and boundary data f, can be obtained from the exact

solution and the second boundary data f, is as follows:
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2
aag =-U,, =—47"cos2zx(1-cos2zy)(1-cos2rz) x=0, (y,z)edD
n
oU )
P =U,, =47’ cos2zx(1—cos2ry)(1-cos27z) x=1 (y,z2)edD
oV =-U_ =-4r° 27y (1 2 1 2 =0 oD
7 =Yy =47 cos2zy(1-cos2zx)(1-cos2zz) y=0, (x,2)e
oV =U, =4r? 27y (1 2 1 2 =1 oD
7 =Yy =47 cos2zy(1-cos2zx)(1-cos2zz) y=1 (x2)e
oV )
P =—U,, =—47"cos27z(1-cos 2zx)(1-cos2ry) z=0, (x,y)eoD
U )
p =U,, =47°cos27zz(1-cos2zx)(1—-cos2zy) z=1 (x,y)edD
Table 7.5
The maximum absolute error of example 7.5
M P Maximum Absolute error M P | Maximum Absolute error
9 9 0.0521407 29 9 0.0654526
9 19 0.0730145 29 19 0.0526271
9 29 0.0911132 29 29 0.0516799
9 39 0.0987464 29 39 0.0512763
19 9 0.0643510 39 9 0.0438912
19 19 0.0716329 39 19 0.0413573
19 29 0.0617234 39 29 0.0406761
19 39 0.0635286 39 39 0.040124

167




7.6 Non-Linear Biharmonic Equation

Consider the two or three dimensional non-linear biharmonic boundary problem given by

VU = f(U) on D (7.26)

where f(U) is a non-linear function, with the second Dirichlet boundary conditions

U=f, on oD
o°U
e =1, on oD (7.27)

To solve (7.26) with the given boundary conditions (7.27) first we reformulate (7.26)

as coupled Poisson’s equations, and write equation (7.26) as

v = f(U)
VU =v (7.28)

To find the solution of the biharmonic problem we assume an initial guess for U say
U®© in (7.28).

Now we iterate as follows:

vA™ = fU®)

(7.29)
vay M = ym n=0,12,..

We start with n=0.

By using the method developed in the previous part we solve for the first equation of
(7.29) and get say v, again we solve by the same method for U in the second

equation of (7.29) and get say U® . Therefore, equation (7.29) becomes

VAP = fU®)

v @ — O (7.30)
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In the second iteration again we repeat this process to solve for v® in the first
equation of (7.30) using the new U®and get say v?; with this v®® once again using

the second equation of (7.30) we solve for U®. Therefore (7.29) becomes

v = f(U®)

L0 o (7.31)

We keep on doing up to some iteration steps say itand get U. ; at each stage of the

it ?

iteration we check whether the convergence condition is satisfied or not.

i.e. Uy, —U,|<ewhere ¢is the measure of the convergence.

If the convergence criterion is satisfied, then we stop the process and U, will be a

solution to the biharmonic problem.

Example 7.6 Consider the non-linear biharmonic equation VU =1—-U?in a unit square
region i.e. D ={(x,y):0< X,y <I}with the exact solution U(x,y)=1.

The convergence condition here is 1.0e-010.

Table 7.6
The maximum absolute error of example 7.6
h U
0.01 1.82675e-007
0.02 2.44147e-006
0.04 9.73538e-006
0.05 1.52481e-005
0.1 6.08285e-005
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Example 7.7 Consider the non-linear biharmonic equation V*U =1—U?in a unit cube
i.e. D={(x,y):0<Xx,y,z<1}with the exact solution U(x,y)=1. The

convergence condition here is 1.0e-010.

Table 7.7
The maximum absolute error of example 7.7
h U
0.01 2.49637e-007
0.02 7.44147e-006
0.04 3.52438e-005
0.05 5.33341e-006
0.1 9.14263e-005

Example 7.8 Consider the non-linear biharmonic equation V*U =U (4z* +U, +U, )in a

unit square region i.e. D={(x,y):0< X,y <1}with the exact solution

U (x,y) =sinzxsinzy . The convergence condition here is 1.0e-010.

Table 7.8
The maximum absolute error of example 7.8
h u
0.01 4.72314e-004
0.02 5.93628e-004
0.04 8.02736e-004
0.05 9.39247e-004
0.1 9.72369e-004
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7.7 Conclusion

In this work, by using splitting method we have transformed the two or three dimensional
biharmonic equation of the second kind in Cartesian coordinates system in to two
Poisson’s equation in two or three dimensions. These two Poisson’s equations by using
their equivalent fourth order finite difference approximation schemes converted in to a
system of algebraic linear equations. The resulting large number of linear algebraic
equation is, then, systematically arranged in order to get a block matrix. Based on
Hockney’s method we reduced the obtained matrix in to a block tridiagonal matrix, and
each block is solved by the help of Thomas algorithm [30]. We have successfully
implemented this method to find the solution of the two or three dimensional linear or
non-linear biharmonic equation in Cartesian coordinates system. The method produces
good results and comparable with the results obtained in the literature. This method is a
direct one and it allows considerable savings in computer storage as well as execution

speed.
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CHAPTER V1lI

Conclusion and Future Plan

The aim of this work is to find efficient numerical solutions for the three dimensional
Poisson’s equation in Cartesian/ Cylindrical coordinates system and for the two/three

dimensional biharmonic equation in Cartesian coordinates system.

In Chapter Il we have transformed the three dimensional Poisson’s equation in Cartesian
coordinates system in to a system of algebraic linear equations using its equivalent
second order finite difference approximation scheme. The resulting large number of
algebraic equation is, then, systematically arranged in order to get a block matrices.
Based on the extension of Hockney’s method we reduced the obtained matrices in to
block tridiagonal matrices, and each block is solved by the help of Thomas algorithm

[30] and we use backward substitution to get the solution for U, ;.

We have successfully implemented this method to find the solution of the three
dimensional Poisson’s equation in Cartesian coordinates system. It is found that the
method can easily be applied and adapted to find a solution for problems of this kind and

produce accurate results considering double precision.

In Chapter Il the three dimensional Poisson’s equation in Cartesian coordinates system is
approximated by two different fourth order finite difference approximation schemes, the
19-points and 27- points stencil schemes. In both schemes the systems of linear
equations, then, arranged in order to get a block matrices; these block matrices are
reduced to block tridiagonal matrices by extending Hockney’s method, and by the help
of Thomas Algorithm we obtained the solution of the system and we go back to get the

solution for U, , .

It is found that both fourth order approximation methods produced accurate results for the
test problems. Actually it is shown that the discussed method, in general, for 27-points

scheme produces better results (though the computational cost is high) than 19-points
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scheme but 19-points scheme has also shown comparable results to 27-points scheme.
Therefore, this method is suitable to find the solution of any three dimensional Poisson’s

equation with the given boundary conditions in Cartesian coordinates system.

In Chapter IV the three dimensional Poisson’s equation in cylindrical coordinates system
is approximated by its equivalent second order finite difference approximation scheme.
Here also we have applied the same technique as in the previous chapters, and we have
successfully implemented the method to find the solution of the three dimensional
Poisson’s equation in cylindrical coordinates system. The method produced accurate
results considering double precision and it is found that the method can easily be applied

and adapted to find a solution of some related applied problems.

In Chapter V, the three dimensional Poisson’s equation in cylindrical coordinates system
is approximated by its equivalent fourth order finite difference approximation scheme,
19-point stencil scheme derived directly. Here we have also applied the same technique
as in the previous chapters, and we have successfully implemented the method to find the
solution of the three dimensional Poisson’s equation in cylindrical coordinates system.
The method produced accurate results considering double precision and it is found that
the method can easily be applied and adapted to find a solution of some related applied

problems.

In Chapter V1, the three dimensional Poisson’s equation in cylindrical coordinates system
when r=0is an interior or a boundary point is considered. We approximated by its
equivalent second and fourth-order appropriate finite difference approximation scheme
and by combining the difference scheme obtained in chapters IV and V we have
successfully implemented the method to find the solution of the three dimensional

Poisson’s equation in cylindrical coordinates system. The results obtained are accurate.

In Chapter VII by using splitting method we have transformed the two or three
dimensional biharmonic equation of the second kind in Cartesian coordinates system in to
two Poisson’s equation in two or three dimensions. For the two dimensional biharmonic
equation we have established how to apply Hockney’s method while for the three

dimensional case when the forcing function f is linear we have solved the Poisson’s
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equations by using the method developed in Chapter Il directly; and when f is non-

linear we have used the iterative method by assuming an initial guess for U . The method

produced good results as in the literature.

In general, the main advantage of these methods is that we have used a direct method to
solve the Poisson’s equation and the biharmonic boundary value problem of the second
kind for which the error in the solution arises only from rounding off errors; and the
methods allow considerable savings in computer storage as well as execution speed, that

is, it reduces the number of computations and computational time.

For future work,
- To work on more practical applied problems that use biharmonic equations in
solid mechanics, fluid mechanics and other engineering problems.
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