APPROXIMATION BY CERTAIN POSITIVE LINEAR
METHODS OF CONVERGENCE

Ph. D. THESIS

by
MEENU RANI

DEPARTMENT OF MATHEMATICS
INDIAN INSTITUTE OF TECHNOLOGY ROORKEE
ROORKEE- 247 667 (INDIA)

MAY, 2016



APPROXIMATION BY CERTAIN POSITIVE LINEAR
METHODS OF CONVERGENCE

A THESIS

Submitted in partial fulfilment of the
requirements for the award of the degree
of

DOCTOR OF PHILOSOPHY
in
MATHEMATICS

by
MEENU RANI

DEPARTMENT OF MATHEMATICS
INDIAN INSTITUTE OF TECHNOLOGY ROORKEE
ROORKEE- 247 667 (INDIA)

MAY, 2016



OINDIAN INSTITUTE OF TECHNOLOGY ROORKEE, ROORKEE-2016
ALL RIGHTS RESERVED



INDIAN INSTITUTE OF TECHNOLOGY ROORKEE
ROORKEE

CANDIDATE’S DECLARATION

| hereby certify that the work which is being presented in the thesis entitled “APPROXIMATION
BY CERTAIN POSITIVE LINEAR METHODS OF CONVERGENCE” in partial fulfilment of
the requirements for the award of the Degree of Doctor of Philosophy and submitted in the
Department of Mathematics of the Indian Institute of Technology Roorkee, Roorkee is an authentic
record of my own work carried out during a period from January, 2013 to May, 2016 under the
supervision of Dr. P. N. Agrawal, Professor, Department of Mathematics, Indian Institute of
Technology Roorkee, Roorkee.

The matter presented in this thesis has not been submitted by me for the award of any other

degree of this or any other Institute.

(MEENU RANI)
This is to certify that the above statement made by the candidate is correct to the best of my

knowledge.

(P. N. Agrawal)
Supervisor

The Ph.D. Viva-Voce Examination of Ms. Meenu Rani, Research Scholar, has been held

Chairman, SRC External Examiner

This is to certify that student has made all the correction in the thesis.

Signature of Supervisor Head of the Department
Dated:






Abstract

The present thesis deals with the approximation properties of some well-known
linear positive operators and their new generalizations which include the Stancu
type generalization, bivariate generalization, Bézier variant and g—variant of the
well known operators. We divide the thesis into eight chapters. In Chapter 0, we
mention literature survey, basic definitions and some notations of approximation
techniques which we have used throughout the thesis. In Chapter 1, we define a
general sequence of linear positive operators and discuss their approximation be-
haviour e.g. rate of convergence in ordinary and simultaneous approximation and
the estimate of the rate of convergence for functions having a derivative equiva-
lent to a function of bounded variation. Further, we illustrate the convergence of

these operators and their first order derivatives by graphics using Matlab algorithms.

In Chapter 2, we consider a one parameter family of hybrid operators and study
the local, weighted approximation results, simultaneous approximation of deriva-
tives and statistical convergence. Also, we show the rate of convergence of these
operators to a certain function by illustrative graphics in Matlab.

The third chapter involves the Kantorovich modification of generalized Baskakov
operators. We obtain some direct results and then study weighted approximation,
simultaneous approximation and statistical convergence properties for these oper-
ators. We also obtain the rate of convergence for functions having a derivative
equivalent with a function of bounded variation for these operators. Further, we de-
fine the bivariate extension of the generalized Baskakov Kantorovich operators and
discuss the results on the degree of approximation, asymptotic theorem, order of ap-
proximation using Peetre’s K —functional and simultaneous approximation for first

order derivatives of operators in polynomial weighted spaces. Lastly, we also show



i

the convergence of the bivariate operators to a certain function and demonstrate the
comparison with the bivariate Szasz-Kantorovich operators through graphics using
Matlab algorithm. In Chapter 4, we study some approximation properties of the
Bézier variant of generalized Baskakov Kantorovich operators. We obtain direct the-
orem by means of the first order modulus of smoothness and the rate of convergence

for the functions having a derivative of bounded variation.

The fifth and sixth chapters deal with the g—analogues of general Gamma type
operators and the Stancu generalization of Szasz-Baskakov operators respectively.
First, we obtain the moments of the operators by using the ¢—beta function and
then prove the basic convergence theorem. The Voronovskaja type theorem, local
and direct results and weighted approximation in terms of modulus of continuity
have been discussed for both of these operators. Lastly, we study the King type

approach in order to obtain the better approximation for both of these operators.

In the last chapter, we introduce the complex case of the Szasz-Durrmeyer-
Chlodowsky operators and obtain the upper estimate, Voronovskaja type result, the
exact order in simultaneous approximation and asymptotic result with quantitative
estimates. In this way, we show the overconvergence phenomenon for these opera-
tors, namely the extensions of approximation properties orders of these convergencies

to sets in the complex plane that contain the interval [0, 00).
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Introduction

0.1 General Introduction

The theory of approximation of functions is now an extremely extensive branch of
mathematical analysis. The Weierstrass approximation theorem [155] is one of the
most fundamental theorems of approximation theory given by Weierstrass in the year
1885. This theorem characterizes that there exists a sequence of polynomials which
is dense in space of all continuous functions on a closed interval. After that there
were great mathematicians such as Runge, Lebesgue, Landau, Vallée-Poussin, Fejér,
Jackson and Bernstein who relate their names with this most celebrated theorem.

In 1912, Bernstein constructed Bernstein polynomials

B.(f;z) = En: (Z)xk(l —z)" " f (%) , forany f € C[0,1],0 <z < 1.

k=0

The sequence of Bernstein polynomials converges uniformly to f on [0, 1], thus giv-
ing a constructive proof of Weierstrass’s theorem. In 1940s Mirakjan [116], Favard
[47] and Szdsz [148] independently introduced the generalization of Bernstein poly-

nomials to infinite intervals which is given by

% k
Gu(f;2) = e_”wZ%f (%) , for any z € [0,00), and n € N.
k=0 ’

If f is continuous on (0,00) having a finite limit at infinity, then these operators
named Szdsz-Mirakjan operators G, (f) converge uniformly to f as n — oo.

The foundation of the theory of approximation by general sequences of linear posi-
tive operators was introduced by Popoviciu [133], Bohman [29] and Korovkin [104].
Subsequently, many linear positive operators were defined and their approxima-

tion behaviour was discussed by many researchers. Now, we list some of the expert



mathematicians who involved in significant activities in development of theory of ap-
proximation by different linear positive operators and made many efforts to improve
the degree of approximation of the different linear positive operators: Kantorovich
[95], Phillips [130], Baskakov [25], Durrmeyer [43], Stancu [145], Rathore and Singh
[137], Lupas and Lupag [109], Mazhar and Totik [I14], Agrawal and Thamer [13],
Srivastava and Gupta [143], Ranadive and Singh [134], Abel and Ivan [3], Abel and

Heilmann [2] etc.

The aim of the general approximation methods concerning linear positive oper-
ators is to deal with convergence behaviour. For the convergence, the important
basic concept is concerned with the study of direct results such as rate of conver-
gence, asymptotic behaviour and order of approximation. The direct results provide
the order of approximation for functions of a specified smoothness. The best ap-
proximation by direct estimates was first obtained by Jackson [92] for algebraic and
trigonometric polynomials. Rate of convergence of linear positive operators infers
speed at which a convergent sequence of polynomials approaches to the function.
Some operators reproduce constant as well as linear functions. We can also get a
better approximation by modifying the operators that do not even preserve linear
functions. King [I01] was the first person who has taken initiative by modifying
Bernstein operators. He showed that the modified operators yield a better approxi-
mation than the operators B, whenever 0 < z < %

Apart from earlier well known operators, several new sequences and classes of
operators were introduced and studied. Here we give the series of some linear positive
operators: Stancu [145] introduced the positive linear operators e 0,1] —

C10,1] by modifying the Bernstein polynomials as

Peosin) =3 (1) - (E9),

k=0

where «, § be any two non-negative real numbers which satisfy the condition 0 < o <
B. If a, B = 0, the above sequence of operators reduces to Bernstein polynomials.
Subsequently, several authors (cf. [5], [78], [94], [I50] etc.) developed such a modi-
fication for some other sequences of positive linear operators. Another modification
in Bernstein polynomials consists of Kantorovich integral operators by Kantorovich

[95] and Durrmeyer integral operators by Durrmeyer [43] in order to approximate



Lebesgue integrable functions on [0, 1]. Also, several mixed summation-integral-type
operators [37], [44], [66], [76], [79], [I39] have been constructed by using different
basis functions and their approximation behaviours were studied. In [132], Phillips
defined another alteration in Szdsz-Mirakjan operators by considering the value of
the function at zero explicitly. After that many researchers implemented this tech-

nique on different linear positive operators [11], [13], [69] etc.

In order to study more general case of linear positive operators, many mathe-
maticians combined different operators by using different parameters [120], [128].
Another method to generalize the operators is given by Mihesan [I15] who inves-
tigated the generalized Baskakov operators and obtained the uniform convergence
on closed interval and point-wise estimate for these operators. After that Wafi
and Khatoon [152] studied many approximation properties i.e. rate of convergence,
asymptotic formula, direct and inverse estimates. They also defined the bivariate
extension of these operators and studied convergence of first derivative and Voron-
vskaja type results. In [45], Erengin and Bagcanbaz-Tunca also found the weighted
approximation theorem and estimated the order of convergence for these opeators.
Later on, Erengin [44] introduced the Durrmeyer type modification of generalized
Baskakov operators and obtained some local direct results. Recently, Agrawal et
al. [8] studied simultaneous approximation and rate of convergence for these opera-
tors. In the present thesis, we define the Kantorovich modification of the generalized

Baskakov operators.

Mazhar [113] investigated the general gamma type operators and discussed some
approximation properties. In [97], Karsli reconstructed these operators and obtained
rate of convergence for that modified operators. After that Mao [I11] considered
generalization of gamma type operators which include both operators defined by
Mazhar and Karsli and studied the rate of convergence for these operators.

A Bezier curve is a parametric curve frequently used in computer graphics (i.e. de-
sign of fonts, animation etc.) and related fields. Bezier basis functions are very
useful in computer aided design. Bojanic and Cheng [31], [30] obtained the rate of

convergence for functions with derivatives of bounded variation for Bernstein and



Hermite-Fejer polynomials. Guo [64] studied it for the Bernstein-Durrmeyer poly-
nomials by using Berry Esseen theorem. Zeng and Chen [I58] initiated the study of
rate of convergence for Bernstein-Beézier-Durrmeyer operators. Zeng and Tao [159)
obtained the rate of convergence for Bezier variant of Baskaov-Durrmeyer operators
for # > 1. They also termed these operators as integral type Lupas -Bezier opera-
tors. Abel and Gupta [I] introduced the Bezier variant of the Baskakov operators
and then Gupta [68] estimated the convergence of Beézier type Baskakov-Kantorovich
operators and studied the rate of convergence for 0 < § < 1. Guo et al. [63] gave the
direct, inverse and equivalence approximation theorems with unified Ditzian-Totik
modulus wyx (f,£)(0 < A < 1). For further research in this direction, we refer to [70],
[76] and [90] etc.

0.2 Fundamental of ¢—Calculus

Let ¢ > 0. For each integer k > 0, the g—integer [k|, and the ¢g—factorial [k],! are
defined by

L= idrkeN d o], =0
. q or an =0,
k] = l—q !
k, q=1,

(k]! = [1]4[2]4 - - - [K]4 for k € N and [0],! = 1.

The g-analogue of beta function of second kind is defined by
t—1

(0.2.1) B,(ts) = K(A,1) / OO/A : v

14 a)tts o

where K (z,t) =

1\’ .
xt<1+—) (14x); " and (a + b), = I (a+4¢'b), seZt.
T

z+1 q

In particular, for any positive integers n, m, we have

n(n—1)

(0.2.2) K(z,n)=q 2z K(z,0) =1,

and
I'y(m)Ly(n)

B,(m,n) = T (mtn)



I'y(m) and B,(m,n) are the g—analogues of the Gamma and Beta functions. As
g — 1 the ¢—Gamma function and g—Beta function reduce to I'(m) and B(m,n)
respectively.

The g—analogue E of classical exponential function is defined as

[e.9]

T iG-1/2 %
BT = jzo ¢/ W

For further details on g—calculus, one can refer to [22] and [93]. The applica-
tions of g—calculus have been proved to be an active area of recent researches in
approximation theory. It has been shown that linear positive operators investigated
by ¢g—numbers are quite effective as far as the rate of convergence is concerned and
we can have some unexpected results, which are not observed for classical case.
This type of construction was first applied to generate Bernstein operators. The
generalization of Bernstein polynomials involving g—integers was first investigated
by Lupas [108] which provides rational functions rather than polynomials. In the
discussion of uniform convergence of g—Bernstein operators, the Korovkin theorem

1—q™ 1

is used in classical Bernstein operators. But for 0 < ¢ < 1, we get [n], = — T4

as n — 00, so for uniform convergence of g—Bernstein polynomials we take a se-
quence of ¢, which goes to 1 as n — o0. In the case ¢ = 1, these polynomials coincide
with the classical ones. Phillips [I30] further generalized ¢—Bernstein polynomials
and Phillips and other researchers obtained extensively studied these polynomials
(see [131] and references therein). Ostrovska and other researchers [88], [L00], [123],
[124], [154] also derived new results about convergence properties of the g—Bernstein
polynomials. In [38], Derriennic discussed modified Bernstein polynomials with Ja-

cobi weights in g—calculus.

Many researchers introduced a similar modification on different discrete g—operators
which include the ¢g—Blemian-Butzer-Hahn operators, ¢—Szdsz operators, g—Baskakov
operators [19], [18], [20]. Although, from the structural point of view the ¢—Szdsz-
Mirakyan operators have some resemblances to the classical Szdsz Mirakyan oper-
ators, they have some similarities to the Bernstein-Chlodowsky operators from the
properties of convergence standpoint, but ¢—Szdsz-Mirakyan operators with this

construction are sensitive or flexible to the rate of convergence to f. In point of



g—Baskakov operators, Aral and Gupta [2I] improved and represented the oper-
ators in terms of divided differences to study the g—derivatives, shape preserving
properties and the applications of these operators. Integral modifications of these
operators using g—beta functions of first and second kind such as ¢—Bernstein-
Kantorovich operators, g—Bernstein-Durrmeyer operators, ¢g—Baskakov-Durrmeyer
operators, q—Szdsz-Durrmeyer operators and ¢—Phillips operators were also pro-
posed and moment estimation, direct results, asymptotic formula, weighted approx-
imation and the rate of convergence results have been studied for such operators. In
this direction, significant contributions have been made by (cf. [6], [35], [71], [122]
ete.).

0.3 Simultaneous Approximation

By the simultaneous approximation, we mean the approximation of derivatives of
functions by the corresponding order derivatives of operators. Lorentz [107] pio-
neered the study in this direction who studied the point-wise convergence for Bern-
stein operators. Rathore [I35], [I36] studied more results of simultaneous approx-
imation in detail and established the existence of Voronvskaja type formulae and
degree of approximation by means of the higher order modulus of continuity in si-
multaneous approximation. Later on several researchers implemented this method

on various operators [36], [77], [80], [84], [85] and [140].

0.4 Statistical Convergence

Six decades ago, the concept of statistical convergence was first introduced by Stein-
haus [147]. It was further developed by Fast [46] and studied by various authors.
After Gadjiev and Orhan [51], many researchers have been concerned with the Ko-
rovkin type approximation theorems for positive linear operators by using statistical
convergence. The main concept of the statistical convergence of a sequence is that
the majority of elements from sequence converge and we do not consider the other

elements in that sequence.

Let M be a subset of the set of positive integers; then the natural density of the



set M is denoted by §(M) and defined as

M,
(M) = lim M|
n—oo n
where M, := {k < n : k € M}. The statistical convergence is a generalization of

ordinary convergence and was defined by Fast in the following way [40]:

e Statistical convergence A sequence = := (x,,) is called statistically conver-

gent to [ and denoted by st — lim x,, = [, if for every ¢ > 0,
n—o0

kell,n|: |z, —1] > €
o HEel A -zl
n— 00 n
After the statistical convergence, the different researchers introduced some

other methods.

e Lacunary statistical convergence : Recall that a lacunary sequence 6 =
{k,} is an increasing integer sequence such that kg = 0 and h,, = k,, — kp,_1 —
o0 as n — 00. A sequence x := (z,) is said to exhibit lacunary statistical
convergence [49], [118] if there exists [ such that, for every € > 0,

: -1 >

n—oo hn

e )\—statistical convergence : Let A = (\,) be a non-decreasing sequence of
positive numbers satisfying A, — oo (n — 00), A1 = 1, A1 < A, + 1; then a
sequence z := (z,,) is said to be A—statistically convergent [I17] if there exists

[ such that, for every € > 0,

— : -1 >
lim Hk € n—A,+1,n]: |z l|_€}|:0

n—o0 An

e A—statistical convergence : For any non-negative regular matrix A =
(ank), statistical convergence was extended to A—statistical convergence by

Kolk [103].

Let A = (a,;) be an infinite summability matrix. For a given sequence z :=

(xg), the A—transform of z, denoted by Ax = (Az), is defined as (Az), =

Z ankTk, provided the series converges for each n. A is said to be regular if
k=1



lim(Ax),, = [ whenever limz,, = [. Suppose that A is a non-negative regular
n n
summability matrix. Then x is A—statistically convergent to L and denoted

by sty —limx, =1, if for every € > 0,

lim Z anr = 0

keK(e)

where K (€) := {k : |zxy — | > €} and we write sty — lim, z,, = [. If A = (1,
the Cesaro matrix of order one, then the A—statistical convergence reduces to
the statistical convergence. Also, if A = I, the identity matrix, A—statistical
convergence coincides with the ordinary convergence. Statistical convergence,
lacunary statistical convergence and A—statistical convergence are well known
examples of A—statistical convergence.

Recently, Aktuglu [14] introduce a/5—statistical convergence methods which
include not only some well known regular matrix methods such as statistical
convergence, lacunary statistical convergence and A—statistical convergence

methods but also some non-regular matrix methods.

0.5 Bivariate Extension

Kingsley [102] first introduced the Bernstein polynomials for functions of two vari-
ables of class C®) (class of k times continuous and differentiable functions) on a
closed region R: 0 < x < 1,0 <y < 1.If f(x,y) is a continuous function in R, then
the bivariate generalization of Bernstein polynomials V,,, ,(f;z,y) is given by:

n m

. _ P g
(0.5.1) Vi (fi2,y) = Z f <n> m> Anp(2) A, (4),
p=0 ¢=0
where A, ,(z) = (Z)xp(l — )" Ang(y) = (?)yq(l —y)"
Butzer [32] has also proven some results for these polynomials. After that Stancu

[144] defined another bivariate Bernstein polynomials on the triangle
A=S={(z,y):x+y<1,0<uzy<1}

In [I46], Stancu considered new linear positive operators in two and several dimen-
sional variables. Barbosu [23], [24] proposed the g—analogues of two dimensional

Bernstein operators and Kantorovich-Schurer operators respectively. Many papers



were published on approximation by modified Szasz-Mirakyan and Baskakov oper-
ators for univariate and bivariate cases [48], [83], [119], [I38], [142], [I57] which deal
with convergence, degree of approximation and Voronovskaja type theorems as well
as convergence of partial derivatives of these operators. Later on Dogru and Gupta
[41] constructed a bivariate generalization of the g—Meyer-Konig and Zeller while
in [7], Agratini proposed two-dimensional extension of some univariate positive ap-
proximation processes expressed by series.

In [I51], [153] Wafi and Khatoon introduced generalized bivariate Baskakov op-
erators in polynomial and exponential weighted spaces. They studied the basic
convergence, degree of approximation, direct theorems, convergence of partial first
order derivatives and also obtained a Voronovskaja type theorem.

Orketii [121] proposed a new bivariate generalization by qr—integral. She pre-
sented many approximation properties i.e. Voronovskaja-type theorem in polyno-
mial weighted spaces and weighted A—statistical approximation properties for these
operators. Also, she estimated the rate of convergence of the proposed operators in
terms of modulus of continuity. In the present thesis, we also define the bivariate

extension for the Kantorovich modification of generalized Baskakov operators.

0.6 Complex Extension

In the complex extension of linear positive operators, we mean to extend and pre-
serve the convergence properties and orders of approximation to large sets in complex
plane than real interval. Bernstein [107] proved that if f : G — C is analytic in
the open set G C C, with D; C G (with D; = z € C: |2] < 1), then the complex

Bernstein polynomials B,,(f; z) = E (Z) =) <E) , uniformly converges
n
k=0

to f in Dy. This important concept of the overconvergence of Bernstein polynomials
has been discussed by many researchers: Wright [156], Kantorovich [96], Bernstein
([26], [27], [28]), Tonne [149] and Lorentz [107].

Initially, Sorin Gal has done commendable work in this direction and for uniform
convergence of B,,(f;z) to f, he estimated upper quantitative estimates in [52]. Ex-

act quantitative estimates for different operators also studied by him in his recent
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papers [17], [54], [55]. Voronovskaja-type results with quantitative estimates for the
different operators attached to analytic functions on compact disks and the exact

order of simultaneous approximation by different complex operators were collected

by Gal [53], [56].

After that similar results have been done in this direction on different linear
positive operators e.g. complex Bernstein-Schurer and Kantorovich-Schurer polyno-
mials [16], complex Bernstein-Durrmeyer polynomials [17], complex g—Durrmeyer
type operator [60], complex Kantorovich type operators [I10], complex g—Szdsz-
Kantorovich operators [61] etc. Recently, Gal and Gupta [57], [58], [59], Gupta
[73], Gupta and Soybas [82] put in the overconvergence phenomenon for complex
Phillips Stancu, complex beta operators, complex Szdsz-Durrmeyer operators, com-

plex Baskakov-Szdsz-Stancu and complex genuine hybrid operators respectively.

0.7 Basic Definitions and Notations

Throughout the thesis, let R denote the set of all real numbers, C the set of all
complex numbers, N the set of all positive integers, N® = NU {0}, and C|[a, b], the

space of continuous functions on [a, b].

Let Cg[0,00) denote the space of all real valued bounded and uniformly contin-

uous functions on [0, 00) endowed with the norm

I/l = sup |f(z)|

z€[0,00)
and C%[0,00) = {g € Cp[0,00) : ¢, ¢" € Cp[0,00)}.

Definition 1. The m'™ order modulus of continuity w,,(f; 6, I) for a function contin-

uous on [ is defined by
Wi (f;0,1) = sup{|A} f(x)] : |h| < 0, 2,2+ h € T}

For m = 1,w,,(f;d) is usual modulus of continuity on [0, 00).

The Peetre’s K-functional is defined as

(0.7.1) Ko(f,0) =inf{|| f =g || +3 | ¢" ;9 € C5[0,00)},
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where § > 0. By Devore and Lorentz [39, p.177, Theorem 2.4], there exists an
absolute constant C' > 0 such that

(0.7.2) Ka(f,08) < Cuwn(f: V),

where wy(f; v/9) is the second order modulus of continuity on [0, 0c).
Further, for v > 0, we define C, [0, 00) := {f € C[0,00) : | f(t)] < C e, for some C >
Oand ¢ € [0,00)}, endowed with the norm || f |c,p.00)= sup |f(t)]e™",

te[0,00)

and for ¥ > 0, we define Dy[0,00) = {f € C[0,00) : |f(t)| < M;(1+t?), for some M; >

. | f(?)]
0} endowed with the norm = su
} ||f||19 tE[O,Eo) (1 + #9)

and also D3[0,00) = {f € D,[0,00) : tliglo O+ < oo}.

Let f € D3[0,00). The weighted modulus of continuity is defined as :

- |f(x +h) = f(z)]
%(f.0)= mzozlill)hlﬁ L+ (x+h)?

Lemma 0.7.1. [106] Let f € D;[0,00), then:
(i) Qa(f,0) is a monotone increasing function of 0;
(i) Jim, 92(1,0) = 0
(11i) for each m € N, Qq(f,md) < mQa(f,0);
(iv) for each \ € [0,00), Qa(f,A0) < (1 + N)Qa(f,0).
The Lipschitz-type maximal function of order 7 introduced by Lenze [105] as

073) G(fa) = sp LOZS@]

, £ €[0,00) and T € (0,1].
t#x, t€[0,00) |t - ‘T|T

Let f € DBV,[0,00), v > 0 be the class of all functions defined on [0, c0), having
a derivative that coincides a.e. with a function of bounded variation on every finite
subinterval of [0,00) and |f(t)| < Mt",V t > 0.
We notice that the functions f € DBV, (0, 00) possess a representation

f(z) = / " n(tydi + £(0),

where h(t) is a function of bounded variation on each finite subinterval of (0, c0).
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Definition 2. For sufficiently small > 0, the Steklov mean f, 5 of 2" order corre-
sponding to f € C,[0,00) and t € H; = [a;,b;],7 = 1,2 is defined as follows:

n/2  rn/2
Fralt) = 172 / . / (S0) = ARty
-n -n

where h = # and A? is the second order forward difference operator with step

length h. The following properties are satisfied (see [74], [86] and references therein):

(i) f,2 has continuous derivatives up to order 2 over Hy;
(i) | £,3 e < On"we(fin, Ha),r = 1,2
(i) | f = foz o)< Cwafin, Hy);

1v) || fo2 len) < C Nl f llen < Cllflleyio.)

where C'is a constant not necessarily the same at each occurrence and is independent
of f and n.

0.8 Contents of Thesis

The thesis consists of seven chapters and the description of contents in these chap-

ters is given below:

Chapter 1. In this chapter, we introduce a general sequence of summation-
integral type operators. We discuss some direct results which include Voronovskaja
type asymptotic formula, point-wise convergence for derivatives, error estimations
in terms of modulus of continuity and weighted approximation for these operators.
Also, we study simultaneous approximation by these operators and estimate the
rate of convergence for functions having a derivative that coincides a.e. with a func-
tion of bounded variation. Furthermore, the convergence of these operators and
their first order derivatives to certain functions and their corresponding derivatives
respectively is illustrated by graphics using Matlab algorithms for some particular
values of the parameters ¢ and p.

The results related to the simultaneous approximation and the rate of approximation
of functions with derivatives of bounded variation are published in the Proceed-

ings of the International Conference on Recent Trends in Mathematical
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Analysis and its Applications (ICRTMAA-2014), (Springer).

Chapter 2. We introduce a one parameter family of hybrid operators and study
quantitative convergence theorems e.g. local and weighted approximation results
and simultaneous approximation of derivatives. Further, we discuss the statistical
convergence of these operators. Lastly, we show the rate of convergence of these
operators to a certain function by illustrative graphics in Matlab.

This chapter is published in Applied Mathematics and Computation (Else-

vier Publications).

Chapter 3. In the present chapter, we construct generalized Baskakov Kan-

torovich operators. We establish some direct results and then study weighted ap-
proximation, simultaneous approximation and statistical convergence properties for
these operators. We also obtain the rate of convergence for functions having a
derivative coinciding almost everywhere with a function of bounded variation for
these operators.
Also, we define the bivariate extension of the generalized Baskakov Kantorovich op-
erators and discuss the results on the degree of approximation, Voronovskaja type
theorems and their first order derivatives in polynomial weighted spaces. Further-
more, we illustrate the convergence of the bivariate operators to a certain function
through graphics using Matlab algorithm. We also discuss the comparison of the
convergence of the bivariate generalized Baskakov Kantorovich operators and the
bivariate Szasz-Kantorovich operators to the function through illustrations using
Matlab.

The results in the first part of this chapter are accepted in Filomat.

Chapter 4. In this chapter, we introduce the Bezier variant of the general-
ized Baskakov Kantorovich operators. We establish a direct approximation theorem
with the aid of the Ditzian-Totik modulus of smoothness and also study the rate
of convergence for the functions having a derivative of bounded variation for these
operators.

This chapter is published in Bollettino dell’Unione Matematica Italiana (Springer

publication).
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Chapter 5. The purpose of this chapter is to introduce the g—analogue of the
general Gamma type operators. Here, we establish the moments of the operators
and then prove the basic convergence theorem. Next, the Voronovskaja type theo-
rem and some direct results for the above operators are discussed. We also study
the rate of convergence and weighted approximation by these operators in terms of
modulus of continuity. Further, we study the A-statistical convergence of these op-
erators. Lastly, we modify these operators by King type approach to obtain better
estimates.

This chapter is published in Applied Mathematics and Computation (Else-

vier publication).

Chapter 6. In the present chapter, we construct the g—analogue of the Stancu
variant of Szdsz-Baskakov operators. We obtain the moments of the operators and
then prove the basic convergence theorem. Next, the Voronovskaja type theorem
and some direct results for the above operators are studied. Also, the rate of con-
vergence and weighted approximation by these operators in terms of modulus of
continuity are discussed. Lastly, we study the A—statistical convergence of these
operators and also in order to obtain better approximation we find a King type
modification of the above operators.

The results of this chapter is published in Journal of Inequalities and Applica-

tions (Springer publication).

Chapter 7. The present chapter deals with the overconvergence of the Szasz-
Durrmeyer-Chlodowsky operators. Here we study the approximation properties e.g.
upper estimates, Voronovskaja type result for these operators attached to analytic
functions in compact disks. Also, we discuss the exact order in simultaneous ap-
proximation by these operators and its derivatives and the asymptotic result with
quantitative upper estimate. In this way, we put in evidence the overconvergence
phenomenon for the Szasz-Durrmeyer-Chlodowsky operators, namely the extensions
of approximation properties with exact quantitative estimates and orders of these

convergencies to larger sets in the complex plane than the real interval [0, 00).
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Chapter 1

Approximation by certain genuine

hybrid operators

1.1 Introduction

Gupta and Rassias [81] introduced the Lupag-Durrmeyer operators based on Polya
distribution and discussed some local and global direct results. Gupta [72] studied
some other hybrid operators of Durrmeyer type. Paltanea [129] (see also [12§])
considered a Durrmeyer type modification of the genuine Szész-Mirakjan operators
based on two parameters «, p > 0. Inspired by his work, we now propose for f €
C,[0,00), a general hybrid family of summation-integral type operators based on

the parameters p > 0 and ¢ € {0, 1} in the following way:

L1 BUfe) = 3 pas(eno / "0 (01 ()t + paol, )0,
(1.1.2) _ /OOAg(x,t>f(t>dt,
where

pasdnd) = S0l 00,0 = oL apt)r

and AP (xz,t) = Zpa,k(x,c)%,k(t)+pa,o(x,c)(5(t); z € (0,00).
k=1

It is observed that the operators B?(f,z) are well defined for ap > 7. Further, we
note that the operators (1.1.1]) preserve the linear functions.

Special cases:

17
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1. If ¢ao(z) = e, then pyi(zr,0) = e (a]f!)k, we get the operators due to

Paltanea [129]. Also, for this case if p = 1, we get the Phillips operators [132].

() P

Kl (14 x)oth’
rising factorial given by (n); =n(n+1)---(n+i—1), (n)o = 1. For p =1, we

2. If pp1(z) = (14 2)"* and o = n, then p,x(x,1) = with the

get the operators studied in [12].

3. If c=0,a =nand p — oo, then in view of ([I12§], Theorem 2.2), we get the

Széasz-Mirakjan operators.

4. Similarly, if c = 1,a = n, f € II, the closure of the space of algebraic polyno-

mials in space C[0,00) and p — oo, we obtain at once Baskakov operators.

The aim of the present chapter is to discuss some direct results for the generalized
operators . We study some direct results in simultaneous approximation by
these operators e.g. point-wise convergence theorem, Voronovskaja-type theorem
and an error estimate in terms of the modulus of continuity. Then, we obtain error
estimations by means of modulus of continuity and weighted approximation. Next,
we estimate the rate of convergence for functions having a derivative that coincides

a.e. with a function of bounded variation.

1.2 Basic Results

In the sequel, we need the following lemmas. For f : [0,00) — R, we define
@

(121) Sulfia) = gpa,m,c)f (%)

such that (1.2.1) makes sense for all x > 0.

For m € N°, the m!" order central moment of the operators S, is given by
V() = Sal(t — )5 2) = 3 pas(a, ) (5 - x>m
’ ’ Q
k=0
Lemma 1.2.1. For the function vy, (), we have v, o(z) =1, va1(x) =0

and (14 cx)[V), ,(7) + MVUam-1(2)] = Qa1 ().

Thus,
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(1) Vam(2) is a polynomial in = of degree [m/2];

(ii) for each x € [0,00), Vam(z) = O(a”l"TV/2) " where 3] denotes the integral
part of (3.

Proof. For the cases ¢ = 0 and 1, the proof of this lemma can be found in [99] and

[141] respectively. O
Lemma 1.2.2. For the m' order (m € N°) moment of the operators defined

as uf, ,(x) ;= BL(t™; x), we have ul, o(x) = 1, uf, ,(v) =z,

z (1
up o(x) = 2 + o <; +(1+ cx))

and x(1 + cx) (uf,, (x)) = ol 1 (x) — <% + ax) uf, (x), meN.
Consequently, for each z € (0,00) and m € N,u? . (x) = 2™+ a *(pm(z,¢) + o(1)),

» Ya,m

where py,(x,¢) is a rational function of x depending on the parameters m and c.

Lemma 1.2.3. For ¢ = 0,1 if the m™ order central moment 1, () is defined as
o (@) = BE((t = 2)™ ) = ) pa(z, C)/ 00k ()t — )" dt + poo(z, ) (=)™,
k=1 0

then, up,o(x) =1, pb 1 (z) = 0 and there holds the following recurrence relation:

sl = 2l )l ) e (54 (14 0) ) a0+ 0,

Consequently,

(i) pf () is a polynomial in x of degree atmost m depending on the parameters c
and «;

(it) for every x € (0,00), pf, . (x) = O (a " TV/A) “where [s] denotes the integer
part of s.

Proof. We shall prove the result for different values of ¢ separately. For

c € {0,1}, using the identity (1 + cx)p), ,(z,c) = (k — ax)par(z, ), we may write

o0

21+ ) (@) = 3 (k- a)pos(e, ) / o ()t — x)mdt

k=1

—max (1l + cx) Zpa,k(x, c) /000 or, 1 () (t — z)™ 1t

T (—am)pag @, ) (—2)™ — mer(1 + ct)pao (e, €) (—2)™!
= Z Pak(, C) /O [(k — at) + alt — 2)]07,.(t)(t — z)™dt

—ma (1 + cx),ugm,l(x) + apao(z, c)(—z)™ .
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d
Next, using the identity E(wg’k(t)) = p(k — at)d;, (), we have

21+ ) (@) = 3 sl o) / °°})<tez,k<t>>'<t—as>%

mir(L+ )l 3 (2) g ()
— —% kz:;payk(x, c) /000 107 () (t — x)™ " dt

—ma(1+cx)pl, 1 () + apl, .. (2)
((ug,mm = Do )= + 2 (1 1(@) — Pl c><—x>m-1))
(1 + ex)l oy (2) + Ol s (2)

m
- -z (ug,mm ; xug,m_1<x>) (14 )il () + ol (),

m
p

which is the required recurrence relation. The consequences (i) and (i7) easily follow

from the recurrence relation on using mathematical induction on m. O

Remark 1. From Lemma [1.2.3] for each = € (0,00) and ¢ € {0, 1} we have

(I +p(l+4cx))

(1.2.2) fio o) = ap ;
foa(z) = x(ig—;;x) (3p(1 + 2cz) + p* (1 + 2¢z)* + 2ca(1l + cx)) + 2) + 32%(1 4‘(55;" cx))?
+ (3pz(1+ cx)(3 + p(1 + 2cx)) + 61)

(ap)?
Corollary 1. For x € [0,00) and « > 0, it is observed that

Ax(1 1
pl H(x) < M, where A =14 - > 1.
I a p

Corollary 2. Let vy and 0 be any two positive real numbers and [a,b] C (0,00) be
any bounded interval. Then, for any m > 0 there exists a constant M’ depending

on m only such that

gpa,k(ﬂ% c) /

t—x|>6

927k(t)67tdtH < Ma™™,

where ||.|| is the sup-norm over [a, b].
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Lemma 1.2.4. For every x € (0,00) and r € N°| there exist polynomials q; ;. (x, c)

i x independent of o and k such that

dr . (Qz 'r(x C))

X . W — J MBI AT 7))

FrPes(®0) = pasle,€) 3 ol — o) T
,j>0

where p(x,c) = x(1 + cz).

Proof. For the cases ¢ = 0,1, the proof of this lemma can be seen in [99] and [141]

respectively. O]

1.3 Convergence Estimates

Our first main result is the basic convergence theorem for the operators defined in
(1.1.1)).

1.3.1 Simultaneous approximation

Throughout this section, we assume that 0 < a < b < oo.
In the following theorem, we show that the derivative Bg(r)( f;.) is also an approxi-

mation process for ().

Theorem 1.3.1. (Basic convergence theorem) Let f € C,[0,00). If f) exists

at a point x € (0,00), then we have

(13.) i (B(riw) = )

.
a—oo \ dw I

Further, if f7) is continuous on (a —n,b+n),n > 0, then the limit in holds

uniformly in [a,b].

Proof. By our hypothesis, we have
")
0= 3 ey vt — 7, e 0.0),

where the function (¢, x) — 0 as t — z. From the above equation, we may write

(e B0

— f¥)(x)
B VZ:O V!

= Il + .[2, say.

w=x

(Gt =)+ (GmBewta—ario)
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First, we estimate I;.

f - SR (S ) )

i
I
~
< | =
NS
S~—
5
]!
AR
/‘}
~__
n
8
=
I
<.
VRS
S
oy
SE
=N
et
S
~__
+
~
< | =
NS
S~—
N
|
= 3
oy
SEN
=N
v*}
S
~_
i
8

j=0
= I5 + 167 say.

By using Lemma [1.2.2] we get
1 1 1
IGZf(T)(CE)‘i‘O — ,IgzO(—) andI5:O<—>,asa—>oo.
Q@ «

a
Combining the above estimates, Vz € (0,00) we obtain I; — f™(z) as a — oo.
Next, we estimate I,. By making use of Lemma we have
— pa,k ‘T7C 7 ] > r
Ll < SRS S - anlla (ol [ o0l o)
k=1 ’

2i+5<r
1,50

d’f’
+‘ <Wpa,0<wa C))

Since ¢(t,z) — 0 as t — =z, for a given € > 0 there exists a § > 0 such that
|(t,x)| < € whenever |t — x| < 0. For [t — x| > 0, |(t — z)"(t, x)| < Me, for some

(0, z)(—x)"| := I; + I3, say.

wW=x

constant M > 0. Thus, we may write

- : i ()l
[I7| < E E o'k — axl = ——pa k(T 0)
k=1 2i+j<r (p(z,c))"

0,420

X (e /| | 692,k(t)’t—x]7’dt+M eg,k(t)ewtdo — Iy + Ly, say.
t—z|<

jt—a|>3

Let S = sup M By applying the Schwarz inequality, Lemmas |1.2.1| and
2ity<r (p(z,c))"
l’.]_
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2.3 we get
|Iy] < ESZ Z 'k — ax poi(z,c) (/ 0% () (t — x)Q’”dt)
0

k=1 2i+j<r
,j>0

eI

< €S ) ot (i (g —x)zj pO[’k(:E,C))é X (i:: Pak(, €) /0 h Qg’k(t)(t—x)”dt>

2i+5<r k=1
4,j>0
L 9 1 9 9 1
S eS Z OfH_] ('Um?j(x) - & ]¢a,c(x))2 X (Bg((t - LL’) T;x)) - T¢o¢,c(£)>2
2i+5<r
4,j>0

= € Z aT{O(a™) + O(a™)}2 x {O(a™") + O(a™*2)}/?, for any sy, 55 > 0.
2i45<r
i,j>0
Choosing sy, s, such that s; > j and sy > r, we have
I = €Y a0 )0(a ) = e0(1).
2i+5<r
i,j>0
Since € > 0 is arbitrary, I9 — 0 as a — o0.
Now, we estimate 5. By applying Cauchy-Schwarz inequality, Lemma and

Corollary [2] we obtain

Lol < MSY Y o'lk— ozl par(z,c) / 07 L(t)e'dt

k=1 2i+j<r |t—z|>6
i,j>0
Nk 2 2
S M1 Z O_/H'J (Z (— — ZE) pa,k’(l‘7c)>
2i+j<r 1 \&

00 1/2
X (Z Pak(T, C)/| | ngk(t)(g?vtdt) , where My = M S

o0 1/2
S M 32 a'™ (vazi(@) = 79 ae(@) (Zpa,m,a/t >5eg,k<t>ewdt>
k=1 —T|=

2i+j5<r
4,520

= Z @ {0(a™) 4+ O(a™™)NW2{O(a™2)}/2 for any my, my > 0.

2i+5<r
4,520

Choosing m; > j, we get

|110| = Z &i+j0(a—j/2)0(a—m2/2) — O(a(r—mg)/Q)’

2i+j<r
1,520

1
2
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which implies that [0 = o(1), as & — 0o, on choosing mqy > 7.

Next, we estimate Is. We may write

d’r’
[Is] = ‘(dpra,o(U),C))

1 T
Now, we observe that gbg%(:p) = e *(—a)" and qb(r)( ) = (( J'(a () J)r , which implies
x (03

that Iy = O(a™?) for any p > 0, in view of the fact that |¢(0,z)z"| < Ny, for some
Ny > 0.

(0, 2)|z" = [pL()] [¥(0, z)|a"

w=x

By combining the estimates I; — 1o, we obtain I, — 0 as a — oo.
To prove the uniformity assertion, it is sufficient to remark that J(e) in the above
proof can be chosen to be independent of = € [a, b] and also that the other estimates

hold uniformity in x € [a, b]. This completes the proof of the theorem. O

Next, we establish an asymptotic formula.

Theorem 1.3.2. (Voronovskaja type result) Let f € C,[0,00). If f admits a
derivative of order (r + 2) at a fized point x € (0,00), then we have

(1.3.2) lim « ((dcj;Bg(f;w)) x)) = :ij@(l/, e, x) fY(z),

a—r00
where Q(v,r, c,x) are certain rational functions of x independent of c.
Further, if £ is continuous on (a—n,b+n),n > 0, then the limit in holds

uniformly in [a, b].

wW=x

Proof. From the Taylor’s theorem, for ¢ € [0,00) we may write

r+2 (v) T
(133 10 =3 228 6oy o aye oy,

v=0

where the function ¢(t,2) — 0 as t — x.
Now, from equation (|1.3.3)), we have

(GeBetn) = 51 (e = o)

r | r
dw ez per 2 dw

+ ( Bt - W’”;“’))M

dw"

r—42
f
-2
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Proceeding in a manner similar to the estimate of I in Theorem [1.3.1], for each
z € (0,00) we get aJy — 0 as a — oo.

Next, we estimate J.

v=0 =0
(@) < g [
R () ()

* (r+2)!
By making use of Lemma [[.2.2] we have
r—+2
Ji=fO(x) +a! (Z Qv,r,c,x) f)(z) + 0(1)> :
v=1
Thus, from the estimates of J; and .J5, the required result follows.

The uniformity assertion follows as in the proof of Theorem This completes
the proof. O

Corollary 3. From the above theorem, we have

(i) for r =0
tim a(Bg(f52) — fla)) = LT g,
(ii) for r =1

d 1/1
o (g = @) )= s (w5 (1))
n 1
+f_(x) (ca:2+ <—+1)x).
2 P
Ezxample 1. For a = 20,50, 100, the convergence of the operators B2(f;z,c) to the

function f(x) = 2% — 627 + 5z — 423 + 222 + 3 (blue) is illustrated for c = 0,p =1
(green) and ¢ = 1,p =1 (red) in figures 1.1 — 1.3, respectively.



26

35

251

Figure 1.1 Figure 1.2
Figure 1.3
Ezxample 2. For o« = 20,50, 100, the convergence of the operators B2(f;z,c) to
the function f(z) = z*(=2™) (blue) is illustrated for ¢ = 0,p = 1 (green) and
c=1,p=1 (red) in figures 1.4 — 1.6, respectively.
Figure 1.4 Figure 1.5
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Figure 1.6

d
Ezxample 3. For a = 50, 100, 140, the convergence of the operators (d—Bg(f; w, c))
w

wW=x

d d
to the function d—f(a:) = d—(:cs — 627 + 5at — 423 + 227 + 3) (blue) is illustrated
T T

for c=0,p=1 (green) and ¢ =1,p =1 (red) in figures 1.7 — 1.9, respectively.

w10 ¥ 10
ar g
stk
sl
7k
8 ar
st Sl
sk
3 2
2t ik
ik
i
i
g 1 3 3 4 B [3 7 F] E] 1 g 1 3 3 4 B [3 7 F] [ 0
Figure 1.7 Figure 1.8
w10’

Figure 1.9
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d
FExample 4. For a = 50, 100, 140, the convergence of the operators (d—Bg(f; w, c))
w

d d
to the function d—f(:t) =0 (z%e(=2m)) (blue) is illustrated for ¢ = 0, p = 1 (green)
T T

and ¢ =1,p =1 (red) in figures 1.10 — 1.12, respectively.

w=x

Figure 1.10 Figure 1.11

Figure 1.12

The next result provides an estimate of the degree of approximation in
Bg(r)(f;x) — fO(z),r € N.

Theorem 1.3.3. (Degree of approximation) Letr < ¢ <r+2,f € C,[0,00)
and f\9 erxists and be continuous on (a —n,b~+n) where n > 0 is sufficiently small.

Then, for sufficiently large o

|G

where Cy = Cy(r,¢) and Cy = Co(r, f, ).

o w)) — f(x) < max{Cya~T/%, (f(‘Z); a2 (a—n,b+ 77)) ,Cy a1},

Cla,b]
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Proof. By our hypothesis we have

(1.3.4) ¢( )( x(1)),

where £ lies between ¢ and x and x(¢) is the characteristic function of (a —n,b+n).
The function ¢(t, x) for t € (0,00)\ (a —n,b+n) and z € [a, ] is bounded by Me*

for some constant M > 0.
s

d
p B?(.;w) on the equality (1.3.4) and break the right hand side into
w’l”

three parts Fy, s and Ej, say, corresponding to the three terms on the right hand

We operate

side of equation (|1.3.4)).

Now, treating F; in a manner similar to the treatment of J; of Theorem [1.3.2] we
get By = f(z) + O(a™!), uniformly in z € [a, b].

By making use of the inequality

7969 - 19w < (14 5w (0sba - b+ ) >0

and Lemma [1.2.4] we get

w(f@:§ (a—n,b—i-n k‘—ax Gijr(z,c
|E2| < ( Z Z | | |>>j ( )|pa,k(l’70)
q k=1 2i+j<r
4,50
o0 t— q+1
<[ %ﬂw@+‘6$Du—ﬂwwﬁ+(ﬂ+$5)¢$@ﬁ
0
= FE,+ Es.
Finally, let
|93, (2, ¢)|

S* = sup sup ,
wefap) 2itj<r (P(T,0))"
4,720
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then by applying Schwarz inequality, Lemmas [1.2.1| and [1.2.3] we obtain

. /2
w (fD:6,(a—n,b+n))S* &k 2 '
E4 < (f ( q‘n 77)) Z OéH_j (Z (a—x> pa,k($,C)

2i+j<r k=1
,7>0

{ (2 Pak(T,C) /000 0% () (t — :L’)qut> "
(15 (Zpak z,c / 0! )2q+2dt> 1/2}

< w(fD8 (a—nb+n) ST S ™ (vag(r) — a¥u.(x))"?
2i+5<r
1,720
% Bp 2q;$l}) . $2q¢a,c<$>)l/2 1 % (Bg((t . x)2q+2;x) . x2q+2¢a,c(5€))1/2 }

— w(f a—mb—kn)) g o/u“j{O(oz_j)—1—0(04_81)}1/2
2i+5<r
ij>0

<{(0(a™) + O(a™)}!/? + {( (a~ ") + O(a™*))}"/?, for any s, 5,55 > 0

Choosing s1, o, s3 such that s; > j,s0 > ¢,s3 > ¢+ 1, we have

; 1 1 1
By = w(f(q);é,(a—n,b—i—n Z ozHO( ]/2) {O (W)—i—gO (a(q+1)/2) }

2i4+7<r
4,720

Now, on choosing § = a~1/?

, we get
|E4| < Cia” (@=n)/2 (f(q)§a_1/27(a_7lab+77)>-

Next, proceeding in a manner similar to the estimate of /g in Theorem|[1.3.1} we have
Es = O(a™P), for any p > 0. Choosing p > 1, we have E5 = O(a™!), as a — oo.

Finally, proceeding along the lines of the estimate of I3, of Theorem|1.3.1} we obtain
FE3 = o(a™') as a — co. On combining the estimates of E; — Es5, we get the required

result. O

1.3.2 Local approximation

Theorem 1.3.4. Let f € Cgl0,00) and x > 0. Then, there ezists a constant C' > 0

such that
B2, %) — (&) < Cluy <f; \/x{l + (1 +cm>}> |

ap
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Proof. Let g € C%[0,00). From the Taylor’s theorem, we may write

o) = 90 + 1~ 2)g') + [ = 0)g”

which implies that

|Bo(g,x) —g(x)] =

B ( / - v)g”(v)dv,x)

Since

< (t—2)llg"ll

[ = ugwa

by Remark [I} we have

ap '

1Bi(g,x) —g(z)| <
From (|1.1.1)) it follows that
|BL(f2)l < ISl

Hence

B (foa) — F@) < |BAS = g.2) — (F — 0)(&)] + | BE(g.2) — g(a)
< gllf - g+ EELEEE gy

Taking infimum on the right hand side over all g € C%[0, 00) and using (|1.3.5]), we

obtain the desired result. Hence, the proof is completed. O

Let us now consider the Lipschitz-type space [126]:

Liviy(r) = { £ € Col0.00) 1 16) = f(0)] < Mt € (0.00) .

where M is a positive constant and r € (0, 1].

Theorem 1.3.5. Let f € Lipy,(r). Then, for all x > 0, we have

BA(f,0) — f(a)| < M (%ﬂ)
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Proof. Initially for r = 1, we may write

B = S0 < pan(ene) [ 0,010 S

z|
< MZpak:vc/ (9 t—i—:cdt

1 1
< —= and the Cauchy-Schwarz inequality, the above
Vitz  r Y Aratty

inequality implies that

Using the fact that

|BE(f, x) = [ ()]

IN

M o0
— ak(T,C 0% ()|t — x|dt
it [

- %Bgat—xL@SM( %)

which proves the required result for r = 1. Now for r € (0,1), applying the Hélder

inequality with p = = and q= , we have

B~ I@] £ Y patend) [ 0 OO — fl))de
k=0 0

{ flw o[ i - o)
{kf%pa,kw [T o - st

{Zpakxc/ o t+i;dt}
T{Zpakxc/ 0~ 1 |t—:1:]dt}

1+ p(1+cx))?
ap
Thus, the proof is completed. O

1}1”
T

r

IN

IN

IN

IN

<

Bl sl <1

€T2

Theorem 1.3.6. Let f € D5[0,00) and w(f;6,[0,b+1]) be its modulus of continuity
on the finite interval [0,b+ 1] C [0,00). Then for any o > 0, we have

| BE(S) = [ Nl < AMp(1+ %)l 5 (b) + 2w (f; 18 5(6), 0,6+ 1]) :

b1+ p(1+cb)}
ap

where if, 5(b) =
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Proof. From ([75], p.378), for = € [0,b] and t € [0, 00), we have

1£() — fz)] < AMp(1+ ) (t — 2)* + <1+ “%ﬂ) w(f;0,[0,b+1]),0 > 0.

Applying B?(.,z) and then Cauchy-Schwarz inequality to the above inequality, we
get

BECf0) = F@)] < AN+ PIBE(E— 0)%a) 40 (136, 0.0+ 1) (14 55200 - ol )

< AMG 0 PNE0) + (0 00+ 1) (14 5]

By choosing & =/, 5(b), we obtain the desired result. O

1.3.3 Weighted approximation

Theorem 1.3.7. For each f € D;|0,00), we have
lim || BE(f) = f [l2= 0.
a—0o0

Proof. From the Korovkin theorem, we see that it is sufficient to verify the following

three conditions

(1.3.5) lim || B2(t";2) — 2%) ||l.=0, k=0,1,2.

a— 00
Since B”(1;x) = 1,the condition in (1.3.5) holds for £ = 0. By Lemma [1.2.1] we
have for o > 0
| BA(t; ) — x) ||2= 0, which implies that the condition in (1.3.5) holds for k = 1.

Similarly, we can write for a > 0

pr(l+cx) +x 2

po

1 1
< (1+—+0)—
p a

which implies that lim || B2(t*;x) — 2* ||;= 0, the equation ([1.3.5) holds for k = 2.
a—00

1
<p—|— . x c T

+ su
A me[OEO) L+22 o xe[ogw 14 a2

| Bo(:2) o [ls = ]

This completes the proof. n

Theorem 1.3.8. Let f € D3;[0,00), then there exists a positive constant K such

that
wp BT L@ e <f’ \ﬁ)
z€[0,00) (1+2?)2 o
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Proof. For t > 0,2 € [0,00) and § > 0, by definition of Qs(f,d) and Lemma m,
we get

f) = f@)] < A+ (@ + ]2 —t)*)Q(f, [t — )

< (1+ 2z +1)?) (1 Ll ; x‘) Qa(f,0).

Since B’ is linear and positive, we have

| BA(Sf,x) = f()]
(1.3.6) < Qu(f, 5){35(1 + 2z + 1) x) + B? <(1 + (22 +1)%) 1t ; x',x) }

Applying Cauchy-Schwarz inequality to the second term of equation (|1.3.6[), we have

B? ((1 o)l > 2l x)

< \/Bp 1+(2:L‘—|—t) )/ B ((t — x)2, x).

Also from Lemma (1.2.2)), there exist positive constant K; and K5 such that

(1.3.7) BP(1+4 (22 + 1), 7) < Ki(1 + 2?),
and
(1.3.8) (B2 ((1+ 2z + )22 ) < Ky(1+27).

Now, from (1.3.8]) and Corollary (I} we get

1\/3" (1+ (22 +t) z)/BS ((t — x)2, x)

< ?z@u +o?) @

,A>1

(1.3.9) —— K3(1 4 2°)*2, for some positive number K.

(5\/_
Combining the estimates of (1.3.6), (1.3.7)), (1.3.9) and taking K = (K; + K3),

0= \/La, we obtain the required result.

O

1.3.4 Rate of convergence

In this section, we shall estimate the rate of convergence for the generalized hybrid

operators B?, for functions with derivatives of bounded variation. In the recent years,
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several researchers have obtained results in this direction for different sequences of
linear positive operators. We refer the reader to some of the related papers (cf. [4],

[127), [65], [74], [89] and [97] etc).

Lemma 1.3.9. For all z € (0,00), A > 1 and « sufficiently large, we have

¢ 1 Az(1+cx)
) M = p < < :
(i) A (x,t) /0 AP (z,u)du < 1) - , 0<t <
1 Ax(l+4cx)

r <z <OoQ.

(1)) 1—Ne(x,2) = /00 AP (z,u)du <

(z — x)? o ’

Proof. First we prove (7).

Mo ) = /OtAZ(x,u)dug/Ot <Z:1:)2Ag(x,u)du
P L ACEERE
1 Azx(1+cx)
(x —1)? o '

The proof of (i7) is similar. O

Theorem 1.3.10. Let f € DBV,[0,00),7 > 0. Then for every x € (0, 00),
2r(€ N) >~ and sufficiently large o, we have

| BL(f5 ) = ()]

"(x4) — f(z— x cx) ) M2 xH% cmﬁ v
f(+)2f( )'{/\ (1+ )} L5 \/(f;)+/\(1+ )mzv(f;)

«

T CIr 1/2 CIr
Hr e R @) - o) - e n P
JA(r, ) A1+ cx)
+M oz T \f(9€)|7,
where

f'(t)— fllz+), z<t<oo
fa(t) = 0, t=u
@)= fl(z—), 0<t<uz,

\/Z(f;) is the total variation of f. on [a,b], A(r,x) is a constant depending on r and

x and M’ is a constant depending on f and .
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Proof. By the hypothesis, we may write

PO = S+ F )+ F) + 1 () — Fam) sanlt — )
1310) a0 (£ - 5 (en) + Fao),
where

1 t=ux
0.(t) = ’
) {0, t# x.

From equations ((1.1.2) and m we have
Bo(fiw) - f(z) = / A0 @t = 5(@) = [0 = ) Arge.

- / () — £() A )i+ / ) — Fa) A, 1)t

_ _/Ow (/t f’(u)du) Ag(a:,t)dH/:O (/t f’(u)du) AP (2, 1) dt

= —L(z,a,p) + L(z,a,p), say.
By using equation , we get
nwaw) = [{ [ G0+ @)+ 0+ 5 () - ) sgntu—a)
+6,(u) (f’<u> S+ f/(:v—))> du}Az<x,t>dt.
Since [ 8, (u)du = 0, we have
hwap) = 5(f@H)+f-) / (o — 1) A8 (o, )t + / ) ( / f;<u>du) A2, )t

(1311) 4 (fat) — () /0 & — A (, D)t

Proceeding similarly, we find that

Lz, a,p) = %(f(x+)+f( ))/ t—x.Apxtdt—i—/:o </xtf;(u)du)Ag(x,t)dt

(1.3.12) —|— / |t — x| AL (z,t)dt.

By combining ([1.3. 11|) and (1.3.12), we get
Bo(fix)— f(2) = +(fet)+ (o)) / (- o) Ana, 1yt
(F(a+4) — / t— 2| A (z, 1) dt

/0(/ falu du) A (z, t)dt+/ (/ fx(u)du> AP () dt.

N | —

+

(f
1
2



37

Hence

f'(at) + /e f'(a4) = f'(a—)

2 2
Ox (/:“ f;(u)du> Aﬁ(x,t)dt‘ e (/; f;(u)du> Ag(x,t)dt‘.

On an application of Lemma [1.3.9 and integration by parts, we obtain

/(/f du)A”xtdt /(/f du)—)\pxtdt /f DN (z, t)d

Thus,

01 (/tw fé(u)du> Ag(x,t)dt‘ < /Ox (DN, 1) dt

| i ods [ Inapena
0

T
x Vo

|BL(f ) = f()] <

B2t 3001+

BE([t — [;x)

(1.3.13)

IA

Since fl(z) =0 and M2 (z,t) < 1, we get

[ iopeeod = [ 1m0 - pekeods [\

Ve N Vet
< V() dt=—=\/ (f2)

Similarly, by using Lemma and putting t = x — £, we get

T

[ o e < S [Tt
0

< 1+ca:/ \/

o x—t

_ A(l—i—cm/a\/ 1l—cx) \/(f:],c)

r—

x
u

Corésequezntly,
i (/t f;(u)du> Ag(x,t)dt‘
z Vo] =z
(13.14) <= Vs Y V)



38

Also, we have

h </: f;(u)du) Ag(x,t)dt‘

< Qx(/f du) 1—>\”(:Jct))dt‘+ Aj(/ztf;(u)du>¢4§(x,t)dt‘
< | [Cue - rona ] +17ao| [T oo

xT

2
fo(u)du

T

. 120+ [ 1010 - X )

Ap%iying tLemma 1.3.9, we get
< / f;<u)du) Ag(:c,t)dt‘

1/2
< M [ A i+ |/ Ac(z, )dt + |z ”{M}

2x

FAED) 00) @) — )
e [Va] e+
R AATARE ) DAVATA

We note that we can choose r € N such that 2r > ~.
Since t < 2(t — x) and © < t — x when ¢t > 2z, by using Hdlder’s inequality and
Lemma [1.2.3, we obtain

M/Qx tmg(;c,t)dH|f(x)|/:,45(x,t)dt

< 27M/ z) AL (z ‘ x)? AP (z,t)dt
W/QT
< 2 ([Ta- >2TAz<x,t>dt) +|f<x>\%

A(r, z)

A1+ ex)
an/? a

(1.3.16) < M'——= , where M' = 27M.

+|f(2)]

By using Lemma and combining (1.3.13), (1.3.14)), (1.3.15)) and (1.3.16]), we
get the required result. O




Chapter 2

Quantitative convergence results

for a family of hybrid operators

2.1 Introduction

In order to generalize the Baskakov operators, Mihesan [I15] proposed the following

operators based on a non-negative constant a, independent of n as

n

k
k .
ax :0 Z ajk

a 7

n,k(x) =e e L! (1 + x)n-‘rkza

(2.1) M (i) = gws,k<x>f (%),

where

and the rising factorial is given by (n); = n(n+1)--- (n+i—1), (n)y = 1. It was seen

in [I15] that Z Wy w(z) = 1. Obviously, if @ = 0, we obtain at once the Baskakov

k=0
basis function

k
e = (" Ve

By considering the generalized Baskakov basis functions, Erencin [44] proposed
the Durrmeyer type operators, which for a = 0 reduce to the modified Baskakov
type operators considered in [67].

Here we propose a new kind of hybrid operators by considering the two general-

ized basis functions of [44] and [128].

39
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For f € C,[0,00), we propose the hybrid operators depending on two parameters a

and p as follows:
RLYLP(fia) = Y Wiala) [ 050d+Weg(o)0), 2 € .00)
k=1

where
(npt)*!

I'(kp)
It is observed that the operators (2.1.2)) preserve only the constant functions.

327,6(15) = npe "t

Special cases:

1. For a = 0 and p = 1, these operators include the well known operators intro-

duced in [10].

2. For a = 0 and p — oo, these operators reduce to the well known Baskakov

operators.

3. For a > 0 and p — oo, these operators reduce to the generalized Baskakov

operators [115].

The aim of the present chapter is to study some direct results in terms of the
modulus of continuity of second order, the weighted space and the degree of approx-
imation of £ by L& (f; .). We also study the statistical convergence. The rate
of convergence of the operators L{* to a certain function is also illustrated through
graphics in Matlab.

In what follows, let us assume that 0 < ¢ < d < 0o, H = [c,d]; 0 < ¢1 < c3 < dy <
dy < ooand H; = [¢;,d;],i =1,2.

2.2 Basic Results

For m € N° the m'* order central moment of the generalized Baskakov operators
M is defined as

o8 () = M2((t = 2)™; ) = g Wois(@) (E ) x)m

n
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Lemma 2.2.1. [9] For the function ¢, , (), we have

ax
a -1 a _
pn,O(‘r) ) pn,l('x) TL(]_ +I‘)

and

2(1 4 2)* (95 (7))
(22.1) =n(l+ 2)g) (@) — azghy (1) = ma(l +2)*g; (1), for m>1.

Consequently,
(i) @5 () is a rational function of x depending on the parameter a;
(ii) for each x € (0,00) and m € N°, gt (z) = O(n~{m*V/A) “where [o] denotes

the integer part of c.

Lemma 2.2.2. For each x € (0,00) and r € N°, there exist polynomials q; ; () in

x independent of n and k such that

d ; i di r(x)

(1) = Wi () n'(k —na) 22,

e * Z (p(2))
4,70

where p(z) = z(1 + ).

Proof. The proof of this lemma easily follows on proceeding along the lines of the

proof of ([141], Lemma 4). Hence the details are omitted. O

Lemma 2.2.3. Form € N°, the m! order moment for the operators defined

as
pot () = LEr(t™z) = > Wi (x) / sh (O™ dt,
k=1 0

we have ju,0(x) = 1 and there holds the following recurrence relation:
a a m(l+z a
n(l+ ) (@) = ol +2)" (e, (2)) + <”“’(1 o) +az+ ) )> it

Proof. By using the identity

x(1+x)2{% g,k(x)}:{(k—nm)(ux)—m} o (@),
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we may write

2(1+2)* (@) = Z((’f —na)(1+x) — ax)Wy, (z) /OOO Sy i (1)t

_ Z We (e / T ) (k= nt) + i)t (D) de
C (a1 +2) + anyist ()

Using the identity (ts) ,(t))" = p(k — nt)s; ,(t), we have
2(1+2)*(ufh, (2)) + (na(l+ 2) + ax)ug?, («)

9] % 1
= (142 W) / (150t 01+ 2)p 0 (0)
k=1

m(l+x a
= P et (o) 1+ Do),

which is the required recurrence relation. O

Remark 2. By Lemma [2.2.3] we have

az
n(l+z)’

(i) ™8 (x) 2+x(1+$) I ar 1+ 1 n a’x? n 2a1°? n T
ii r)=2x - l
Hn2 n n?(1+ x) p n?2(1+x)2 n(l+z) np

(iii) for each € (0,00) p? (z) = 2™ + n~ (gm(x,a) + o(1)), where g,(z,a) is a

rational function of x depending on a and m.

Lemma 2.2.4. If the mt order (m € N°) central moment for the operators
1s defined as

T (@) = L((t = )" Z Wiale) | o)t = a)mde + Weg(o) (=)™
then T56(x) = 0, T5 (x) = 55 and there holds the following recurrence relation:

w0 = ol o { @) m (14 ) T )]
AT P
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Proof. By using the identity

2(1+ x)z{%Wﬁ,k(a:)} - {(k —nz)(1+z) — ax}wg,k(x),

we may write
v+ 2 (Ton () = ) ((k—nx)(1+z) —azr)Wy i (2) /Ooo S (8) (8 — )" dt

1

—ma(l 2 S Wis(o) [ (00
—(nz(l+z)+ aa:)WfL”,O(x)(—x)m —m(—z)™ tz(1 + x)QW,f’O(x).

Thus,
o(1+2)* {(Toh () +mTh 1 (o)}

o

- (%—n@ﬂ+x%ﬂw)&mwlmiﬁﬂ@—wmﬁ

“(ne(1 + @) + ar)Weo(z)(—a)"
S W) /0 Tt @) (k= )+ nlt — x) + na)st (O — o)t
k—z(lnx(l + ) + ax)Th (x).
Using the identity (¢57 ,(£))' = p(k — nt)s” (), we have
v(1+2)? (Tom (@) +mTy_1(2)) + (na(l + x) + ax) T (x)
— (42 kf; We () /O N %(tsfl’k(t))’(t eyt (L )T () + na(l+ @) T ()

_ _m(l —HE)T‘W (2) — ma(l + x)

; , ; Tom-a(x) +n(l+ )T o (2) + ne(l + 2) T (x),
which is the required recurrence relation. O
Corollary 4. For the function T} (x), we have

N ax z(l+z) =z a’z? ar
(i) 7,2 ()

n(l+x) n np  n?(l1+x)? * n?p(1 + x);

(ii) Tf () is a rational function of z;

(iii) for every z € (0,00), T2 (z) = O (n~[(™*D/2) "where [a] denotes the integer

part of a.
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Corollary 5. Let v and § be any two positive real numbers and H C (0, 00) be any
bounded interval. Then, for any m > 0 there exists a constant M’ depending on m

only such that

EZWQAm/"

sﬁ}k(t)ewdtH < M'n™™,
t—x|>8

where ||.|| is the sup-norm over H.
Lemma 2.2.5. [62] Let f € C(H). Then,

7 2k .
I £59% lean< CAll faz loan + 11 £5%) lean}, = 1,2+, 2k — 1,

where C;’s are certain constants independent of f.

2.3 Main Results

2.3.1 Local approximation

Theorem 2.3.1. Let f € Cg[0,00) and x > 0. Then, there exists a constant C' > 0
such that

u¢%%m—gwﬂgcmxﬁv7?@»+w(f—if—),

;n(l + )

here Co0(x) a z(1+ ) LB 2a°z? L
where (¥F(x) = — :
" n(l+ x) n np  n*(l1+2x)2  n?p(l+x)
Proof. First, we define the auxiliary operators

(23.1) L (frz) = Ly’ (fi2) + f(a) = f (w + -n(lajj- :c)) '

We observe that L."(1;2) = 1 and L, (t; ) = z.

Let g € C%[0,00). From the Taylor’s theorem, we may write

o) =90+t~ 2)g') + [ (0= 0)g"

which implies that

L (g;x) —g(x) = ¢(@)L"((t—x);2)+L" < /x t(t —v)g"(v)dv; w)

— I < / (= ) (o) x)

t SC“F% ax
— [oP — " : — _ — " .
a (/z (t—wv)g (v)dv,x) /z (:1: + n(+ 1) v) g"(v)dv



45

Hence,
L, (g;2) — g()]
t x+n —
< Ly’ ( /x (t—v)g”(v)dv‘;x) + /x " <:c—|— ﬁ —v) g"(v)dv‘.
Since .
[ =g @i < (¢~ o2lg')
and o ,
T n(1+z) ax " ‘ ax y
_ = dv| < | ———
/x <“n(1+x) ”)9 (w)dv] < (n(l+m)) "1
we have

2
L (g;x) — g(x)| < LeP((t —2)%2) + T g
L) - 9@l < {2 -0k + () J
z(14+z) = 2a°1* azx "
< l
- { (1+2) n +np+n2(1+x)2+n2p(1+x) "l
(2.3.2) < @@l

In view of (2.3.1]), we obtain
| L5 (g5 ) — g(2)]

< LS - )l 10 = ) + [ i) g + |1 (a4 05 ) = )|

Since |Z.°(f; )| < 3||f||, we have

—a, ax
L27(052) ~ )] < 41—l + [E27 i) — )] + |7 (o4 ) = fio)|
Using ([2.3.2)), we get

L#(gi0) — g(o)| < 41 = gl + @+ (£ ).

Now, taking the infimum on the right hand side over all g € C%[0, c0), we obtain
L¥P(g;x) — < AR (f;¢”
L7052 - o) < Wl i)+ (Fi ).

Thus in view of (0.7.2)), we get

L57(g5) - <|<CWZ<f”T>“’< x>

n(l+ x)

Hence, the proof is completed. O
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2.3.2 Weighted approximation

Theorem 2.3.2. Let f € D;[0,00). Then, we have
233) T IL7(F) = flla =0,
Proof. From [50], we know that it is sufficient to verify the following three conditions

(2.3.4) lim ||L&P(t%; 2) — 2F|l, = 0, k=0,1,2.

n—o0

Since L%*(1;z) = 1, (2.3.4) holds true for k = 0.
By Remark [2] we have

azr 1
L¥P(t;x) — x = sup |+ ————T|l—
Iget) — el = s ot sl
a
< =
n

Thus, lim ||L3*(t;2) — || = 0. Similarly, we obtain
n—oo

L3P (825 ) — 222

= su +
xe[oEo) n n2(1 + I)

2+2a+pt d*+a+ap!
- 2
n n

z(l+x) ax 1 a’z? 201> | 1
1+ =)+ + +—
p n?(1+z)2 n(l4+z) np|l+a?

?

which implies that lim ||L%?(¢*;z) — 2*|]y = 0. Thus, the proof is completed. [
n—oo

2.3.3 Simultaneous approximation

r

In the following theorem, we show that the derivative ( Ler(f; w)) is also

w=x

dw"
an approximation process for f)(z).

Theorem 2.3.3. (Basic convergence theorem) Let f € C,[0,00). If f) exists

at a point x € (0,00), then we have

(23.5) i (L)) = )

s
n—oo \ dw I

Further, if f) is continuous on (c — k,d+ k), k > 0, then the limit in holds

uniformly in [c, d).
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Proof. By our hypothesis, we have

(2.3.6) Z f "t x)(t— )", t €0, 00),

where the function ¢ (t,z) — 0 as t — z. From equation (2.3.6]), we can write

(oL troiw))

wW=x

Z f(z (dw:L‘é”((t ~ 2" w)>w:z + (dirLZW( 2)(t x)T;w)>

= ]1 + Iy, say.

wW=x

First, we estimate I;.

n = B (S (eormem) )

Making use of Remark [2] (iii) , we obtain

1 1 1
fﬁZf(T)(@*l-O(ﬁ)vIS:O(E) andI5:O(E),asn—>oo.

From the above estimates, for each z € (0,00) we have I; — f")(x) as n — oo.

In view of Lemma [2.2.2] we have

Ll < 30 3wl ne e @) [ o0t - ol
k:l?i;]é%r
231) 00| (W) = h ks
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Now, we estimate I.

Since ¢(t,z) — 0 as t — z, for a given € > 0 there exists a § > 0 such that
|Y(t,x)| < € whenever |t — x| < 4. For |t — x| > §, we have |(t — z)"(t,x)| < Me,
for some M > 0. Thus, from equation we may write

< ] |Qer(x |

|I;| < n'|k — na SEESEWE (2) | e sh ()|t — x|"dt

;Qi;q (p(z))" : tmal<s
4,520

+M sz,k(t)e”tdt> = J1 + Jo, say.

jt—a|>3

Let K = sup |q”r(:)3)|.
22 ()
0=

Using Schwarz inequality, Lemma and Corollary 4| we have

- o 1/2
no= ek Y k- nabwio ([T su0)
0

1,j20

o0 1/2
« </ (Ot —xy’”dt)
0

% 1/2
e K Z n't (ZWﬁk (——x> _I'ZjWﬁ,o(iC))
2i+j5<r
i,j>0

x (LoP((t = 2)> ) — "W (w))

o 1 1 1/2
5 ofo(d) o[}
2i+75<r

1,520

1 1 1/2
X{O(—)—I—O(—)} , for any s,p > 0.
nr np

Choose s and p such that s > j, and p > r

; 1
J1 < € Z n+JO (n]/z) O <W> == 60(1)

2i+j5<r
2,720

IN

Since € > 0 is arbitrary, J; — 0 as n — oo.
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Again, by using Schwarz inequality, Lemma and Corollary [5], we obtain

) 1/2
o 00 Lk 27 .
Jy < M, Z n't (Z (ﬁ — x) Wie(z) — szWﬁ’O(m‘))

k=0

k=1 [t—z|>6

o 1 1 1/2 1 1/2
< M Z n’ﬂ{O (E) +0 (ﬁ) } {O (n_m) } , for any p > 0.
2i+5<r

4,520

0 1/2
x (Z WSk(‘T)/ SZ,k(t)ehtdt)

Choose p such that p > j

it 1 1 1
Jy < M Z ntti0 <n3/2>0<nm/2) :MlO (m)

2i45<r
,j20

which implies that J, — 0, as n — oo on choosing m > r.
From the above estimates of J; and J,, Iy — 0, as n — oo.
Next, we estimate Ig.

Bl = oo (5 Ws,o<w>)m.

dw”

Since [1(0,z)(—z)"| < N; for some N; > 0, we get

& &' [ o »
<an’0(w))w:x = <dw7‘ <el+w (14 w) )) — 0 as n — oo,

wW=x

which yields that Iy — 0 as n — co. By combining the estimates of I; and Ig, we
obtain Iy — 0 as n — oo. Thus, from the estimates of I; and I, the required result
follows.

To prove the uniformity assertion, it is sufficient to remark that §(¢) in the above
proof can be chosen to be independent of = € [, d] and also that the other estimates

hold uniformity in = € [¢,d]. This completes the proof. O

Next, we establish a Voronovskaja type asymptotic formula in simultaneous ap-

proximation.

Theorem 2.3.4. (Voronovskagja type result) Let f € C,[0,00). If f) exists at
a point x € (0,00), then we have
r+2

(2.3.8) lim n ((%Lgp( f;w)) — f“")(x)) = ;Q(U,r,a,x) (),

n—o0
wW=x
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where Q(v,r,a,x) are certain rational functions of x depending on the parameter a.

Further, if f0+2) is continuous on (c — k,d + k), k > 0, then the limit in
holds uniformly in [c, d].

Proof. From the Taylor’s theorem, we may write

r+2 (v) T
(2.3.9)  f(t)= Z / U!( )(t—x)”+w(t,x)(t—x)’“+2, t €0, 00),

v=0

where the function ¢ (t,2) — 0 as t — x. From equation ([2.3.9)), we obtain

(%wa@;w)) = g%w(di%”“ x)v;“”)w

|
I S

n (ddrr LoP((t, z)(t — )2 w))

w=x

_ é f@U!(a:) 2; (;f) (=) <di Lt ))w:z
(2.3.10) < ddrr Lo0 (ot ) (t — )2 w)>w:m — S\ + Sy, say.

Proceeding along the lines of the estimate of I of Theorem [2.3.3] it follows that for
each = € (0, 00)

I (dd (L= ) =0

Now, we estimate 51

In view of Remark [2| (iii), we have

S = i fO(x)0 (%) + f(x) (1 +0 (%)) + ()0 (%) + ()0 (

1

n

)
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Combining the estimates of S; and S, we get the required result. The uniformity

assertion follows as in proof of Theorem [2.3.3] Hence the proof is completed. m

Corollary 6. From the above theorem, we deduce the following Voronovskaja type
asymptotic results:

(i) for r = 0, we have

lim n(L%(f:2) — f(z)) = f(z) —I—% (

and

(ii) for r = 1, we get

i o ((Foretn) - r@) = gt Fa)+ (w+2+ L)

n—00 (1 + l’)2 (1 + :C)2
x? ax(2+2x)Bz+ 1)\ ,,
+<7+l’+ 3(1+J})2 )f (.13)

The next result provides an estimate of the degree of approximation in
L?{p(r)(f;x) — fO(z),r € N.

Theorem 2.3.5. (Degree of approximation) Let f € C,[0,00) for some vy >0
and 0 < ¢ < ¢y < dy <d < oo. Then for n sufficiently large, we have

< Crwo(f7n ™2 H) + Con™ || fll s o,00)s
C(Hy)

| @) - 50

where Cy = C1(r) and Cy = Cy(r, f).
Proof. We can write

H@W“um»—fm LEPO((f = fro); )

S ‘

oty -1

C(Hh) C(H1) C(H1)

IO — o) = My + My + M.
Since féTQ) = (f™),.2, hence by property (iii) of the Steklov mean, we get
My < Crwp(f©s0, H).

Next, applying Theorem and Lemma [2.2.5] we obtain

r42

r+2
My < Con™ > £ o < Con Il foz lean) + I 35 llean) -

1=
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By using properties (i7) and (iv) of Steklov mean, we get

My < Con M| f llesfome) 1 w2 (f7);n, H)}.
Let ¢* and d* be such that 0 < ¢ < ¢* < ¢ < d; < d* <d < oo and H* denote the
interval [¢*, d*]. Now, we estimate M;.
Let f — f,2 = F. By our hypothesis we can write

T ) ) ") (5
) = Sy THOATTE g

m=0

(2.3.11) +0(t, ) (1 — x(1)),

where £ lies in between ¢t and x, and y is the characteristic function of the interval

H* Fort € H* and z € Hy, we get

R (g ) ™) (5

— m! rl
and for t € [0,00) \ H*,z € H; we define
T ) () -~
0t z)=F(t)— ) m!( (t —z)™.
m=0

Now, operating L&”") on both sides of (2.3.11), we get three terms .J;, Jo, and Js,
corresponding to three terms in right hand side of (2.3.11)). By using Theorem m,

we get
r—1
|| = F© 4 p7t (Z Qv, 7, a,x)FY () + 0(1))
v=1

which implies that J; <| f) — f,gg) o) -
Next, by applying Theorem we obtain
2| P

rl
< Cs || £ = £ N -

/2] Ly ((t = ) x(); x)

Lastly, we can easily find that
|Js] = L1 —x(1)8(t,z);2) = O(n~*), for any s > 0.
Combining the estimates of J; — J;, and from property (iii) of Steklov mean, we get
My < Cgl [ - férz) e < Cowa(fT5m, H).

1/2

On choosing 7 = n~"/=, the required result follows. O
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2.3.4 Statistical convergence

In the following result, we prove a weighted Korovkin theorem via A-statistical

convergence.

Theorem 2.3.6. Let (a,) be a non-negative reqular summability matriz and x €

[0,00). Then, for all f € D}[0,00) we have

st — lim [ L22(5.) — ]2 = 0.
Proof. From (i) of Remark 2] st —lim, [|L%*(eo; x) —eo()||2 = 0. By (i) of Remark
2 we obtain

Lap . _ |l’ + % — l‘|
p B —a@] i
2€[0,00) I+ 2€[0,00) 1+

a
<=
n

Since stq — lim < = 0, sta — lim||L3*(e1;.) — er|la = 0. Similarly, from (zii) of
n n n

Remark [2 we get
| L7 (e2; ) — ea()]

z€[0,00) 1+ x?
1 |z(1+x) 4 oF ] 1 N a’x? N 2ax? L
= su - i
mE[O,E)o) 1422 n n2(1 —f-I) P 712(1—{—1‘)2 n(l—i—x) np
949 -1 14 2
(2.3.12) g2raty L erap A4

n n

For € > 0, we define the following sets

E = {n . HLZ”’(eQ; ) — 62”2 > 6}

-1
B {n:mzf}
n 2
-1 2
B, {HLZ_}
n 2

From ([2.3.12)), it is clear that £ C E; U E, which implies that for all n € N

Zank < Z Qnk + Z Qnk-

keE keEq ke E>

Taking the limit n — oo, we have sty — lim,, || L%"(es;.) — e2||2 = 0. This completes

the proof of the theorem. n



o4

Now, we illustrate the rate of convergence of the operators L{* to a certain

function using Matlab in the following example:

Ezxample 5. For n = 50,100, the rate of convergence of the operators L%*(f;z) to
the function f(z) = 22 — V52 — V/3 (red) is illustrated for a = 1,p = 2 (blue) in
figures 2.1 — 2.2, respectively.

Figure 1

Figure 2.1 The Convergence of L7 (f;z) (blue) to f(z) (red).

Figure 2

Figure 2.2 The Convergence of L1 (f;x) (blue) to f(z) (red).



Chapter 3

Generalized Baskakov Kantorovich

operators

3.1 Introduction

The generalized Baskakov operators ]\Nﬁ [115] is defined as

k
M“f:z; Z (n—l—l)’

k
= Py(n,a zk k —i
where W (z) = eT+= Pk(k!’ )(1+x—l;"‘H“’ Pi(n,a) = Z <z) (n);a*~", and
i=0
(n)o=1,(n); = n(n+1)---(n+i—1) for i > 1. In [44], Erengin defined the Durrmeyer
type modification of generalized Baskakov operators introduced by Mihesan [115],

as

. 1 o tk
Lilfie) = Z OB ), e 20

and discussed some approximation properties. Here, we consider the Kantorovich
modification of generalized Baskakov operators for the function f € Dy[0,00) as

follows :

k+1

(3.1.1) Ko(f;x)=(n+1) Z / f(t)dt, a>0.

n+1
As a special case, for a = 0 these operators include the well known Baskakov-

Kantorovich operators (see e.g. [160]). The purpose of this chapter is to study

95
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some local direct results, degree of approximation for functions in a Lipschitz type
space, approximation of continuous functions with polynomial growth, simultaneous
approximation, statistical convergence and the approximation of absolutely contin-
uous functions having a derivative coinciding almost everywhere with a function of
bounded variation by the operators defined in . Lastly, we also introduce the
bivariate extension of these operators and obtain some approximation properties.

Throughout this chapter, M denotes a constant not necessary the same at each

occurrence.

3.2 Moment Estimates

For r € N° the rth order moment of the generalized Baskakov operators ij is
defined as

n+1

(@) = Mg(tr;x)ziwﬁ,m)( k )

and the central moment of rth order for the operators ]T/[:‘{ is defined as

g (x) = Ms«t—x)nx):gws,k(x)( - -)

Lemma 3.2.1. For the function vy, (x), we have

1
o o@) = 1, ofy(2) = <m~+ )

n—+1 1+2x

and
(3.2.1)z(1 + m)Z(UfM(JC))’ =+ 1)1+, (x) = (a+n(l+2x))zo,, ().
Consequently, for each x € [0,00) and r € N,

(3.2:2) vt (@) = & + 0 (g, (2, 0) + o(1))

where q.(x,a) is a rational function of x depending on the parameters of a and r.

Proof. The values of v, .(z),r = 0,1 can be found by a simple computation. Differ-

entiating vy, (r) with respect to x and using the relation

o) (W) ) = (0= na)(1+ 0) = ) W),
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we can easily get the recurrence relation ([3.2.1]). To prove the last assertion, we note

that the equation (3.2.2)) clearly holds for » = 1. The rest of the proof follows by
using (3.2.1)) and induction on 7. O

Lemma 3.2.2. For the function & . (x), we have

1 ax
~a =1. &° — _
pn,O("L‘) ’ pn,l(x) n _|_ 1 ( T + (1 +x))

and

z(1+2)* (g, ()
(3.23) = (n+ (1 + @)@ 4 (2) — axfy ,(2) — ra(l +2)°0h (), r €N,

Consequently,
(i) &5 ,(x) is a rational function of x depending on the parameters a and r;

(ii) for each x € (0,00) and r € N°, gt (z) = O(n~[TY/2) where [a] denotes the

integer part of a.

Proof. Proof of this lemma follows along the lines similar to Lemma [3.2.1, The

consequences (i) and (ii) follow from (3.2.3)) by using induction on r. O

Lemma 3.2.3. For the rth order (r € N°) moment of the operators , defined

as Tj . (v) == Ky(t";x), we have

T

1 r+1 1
T — E —
TL,T‘(x) r + 1 ( ] ) (n + 1)7»_] UTL,] (x)7

J=0

where vy, () is the jth order moment of the operators Mﬁf

1
Consequently, Ty o(z) =1, Ty (z) = L (nx + ar + _) 7

T n+l 14+ x 9
1 2ax? a’x? 2ax 1
Te _ 2.2 249 =
n2(®) (n+1)2 <nx +n(x * x+1+x)+(1+x)2+l+x+3>’

and for each x € (0,00) andr € N,T° (z) = 2" +n" (p.(x,a)+0(1)), where p,(x,a)

) T n,r

18 a rational function of x depending on the parameters a and r.
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Proof. From equation ([3.1.1]), we have

T, (r) = (n+1) Z k(T / t"dt

(5
e S0 () () () )
- Ziiz}wﬁk(:v){ 'T (T}rl) ni1)](n}r1)r+w}

1 r+1 1 a
(3824) =-— jzo < ; )mvn,j(x)

from which the values of 77, (z),r = 0, 1,2 can be found easily. The last assertion

follows from equation (3.2.4)) by using Lemma|3.2.1} the required result is immediate.

O
Lemma 3.2.4. For the rth order central moment of K¢, defined as
Vo(e) = Ka((t - 2)7sa),
we have
1 ax 1
) V¢ 1,ve =— |- =
) Vinlo) = 1.%0) = g (o 15 4 5)
azr ax 1
dve =— 1)—x(1— 2(1 — =0
and V,&y(x) T 1)2{nx(x+ )—x( x)+1 a <1 +x + 2( x))—i—s},

(i4) V. (x) is a rational function of x depending on parameters a and r;

(iii) for each x € (0,00), Vi .(x )—O( L )

» Ymyr n[%i]

Proof. Using equation (3.1.1)), assertion (i) follows by a simple computation. To
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prove the assertions (7i) and (ii7), we may write
Ve(z) = (n+1 Z (@ / (t — ) dt
S () (o))
00 r+1 r+l—v v r
- Z——::i kZ:OW’?k(x) {;0 (7’7;1) (nf—l _"T) : (nil) B (nf—l —:v) +1}
r+1 o0 r1—v
- r—lirl ; (le) (n —1—11)”1 — W) (nf— 1 :v) +
r41
= Jlr 1 Vi} (T Jyr 1) W@%rﬂ_y(ﬂf),

from which assertion (ii) follows in view of Lemma |3.2.2] Also, we get

r—+1 1
|V x < CZTLV 1 [r+1 1/] — O [7‘+1]’

This completes the proof. n

Remark 3. From Lemma [3.2.4] for A > 1,2 € (0,00) and n sufficiently large, we

have

Az (1l + x)

Ki((t = 2)52) = V(o) < 5=

Now, for f € Cg[0,00),z > 0 the auxiliary operators are defined as

Ritia) = Kitio) - £ (5 (o4 155 4 3) ) + 70,

Lemma 3.2.5. Let f € C%[0,00). Then for all x > 0, we have

Ra(fi0) = f(@)] < 52 141,

where

1 ax 1\?
a = Ko%(t — 2. _ _

(n+1)2
1 2a%x? dax? 3ax 7
= — 2) 22 -2 — — 5.
(n+1)2{(n+ Jx® + (n )x—|—<1+x>2 1—|—x+1+:c+12}
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Proof. 1t is clear from the definition of }?ﬁ that
Kt —z;2) = 0.
Let f € C%]0,00). From the Taylor expansion of f, we have

F(t) = f(2) = (¢ — 2)f'(2) + / (t — u)f"(w)du.

Hence

Ke(f;x) — f()

= f(2)Ki(t —z2) + K¢ (/;(t —u) f"(u)du; a:) = K, (/:(t —u) f'(w)du; :z:)

¢ 1 (et i) 1 ax 1
ke ( [~ u>f“<u>du;as) -/ (n = (m:+ 4 5) —u) ()

and thus
Ko (f;2) = f()]

il [

(3.2.5) + /;H e (n—lk 1 (nx + 1Cfx + %) - u) f(u)du).
Since

[e-wrwa] <S5y
and

w1 (et ) 1 ax 1 "
2 - d
L (n+10m+1+$+2) “)fW)”

<s— ECEREANTE
— _l‘ —

= 2(n+ 1) l+z 2 ’
it follows from (3.2.5)) that

T-a . 1 a 2. 1 ax ? "
Ritia) = f0] < 5{KC-0%50) + g (<o b 15 +5) J I
1
= Le@ .

This completes the proof of the lemma. O
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3.3 Main Results

3.3.1 Local approximation

Theorem 3.3.1. Let f € Cg[0,00). Then for all x > 0, there exists a constant
C > 0 such that

|Kﬂﬁ@—f@NSC@(ﬁMﬂ@D+w(ﬁE%T—m+1fw+%D7

where y%(z) is as defined in Lemma|[3.2.5

Proof. For f € Cgl0,00) and g € C%[0,00), by the definition of the operators l?fl‘,

we obtain

Ka(fs2) = f(2)] < |KS(f = g:o)| +|(f — 9)(@)] + | Ka(g; 2) — ()]
1 ax 1
ks (o250 2)) -

and

[Ka(fio) < f I Kg(a) 20 flI=31 FIl-

Therefore, we have

IKﬂﬁw—f@M§4Hf—gHHKﬂ%@—@®N+w<ﬁ;%I—x+1f;+%D.

Now, using Lemma [3.2.5, the above inequality reduces to

1 1
lKﬂﬁ@—f@H§4Hf—gWHﬂ@HdW+w(ﬁ;:I—x+1fx+§D.

Thus, taking infimum over all ¢ € C%[0,00) on the right-hand side of the last
inequality and using (0.7.2)), we get the required result. O
Let us now consider the Lipschitz-type space in two parameters [125]:

[t —=[*

(t + a 22 + asx)?

Lw$MN@:={fecaux»wﬂw—f@MSA4 ;%t€®w®}

for ay,as > 0, where M is a positive constant and a € (0, 1].

Theorem 3.3.2. Let [ € Lipg\‘}[“az)(a). Then, for all x > 0, we have

Viia(v) )?

(@122 + agw)

\Mﬁm—ﬂM§M<
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Proof. First we prove the theorem for the case « = 1. We may write

k+1

i) = 1) < e DY Wi /"Wﬂw—ﬂww

+1
k+1

n+1 t J—
n+1§: L —

\/t + Cllﬂfz + asx

IN

n+1

Using the fact that 7 L o < 7 12+ and the Cauchy-Schwarz inequality, the
a1x?+azx ai1x?+asx

above inequality implies that

00 k+1

(n+1) /n
K} (fix)— f(x)] < Wi i( t—x|dt
Ki(f50) - f(a)| < mﬂ+®$§j o) [ -
M Vi, (x)
— (KY(t—2)%2)? <M 2
\/a1x2—|—a2x( al( Vo)< a12? + asx

Thus the result hold for @« = 1. Now, let 0 < o < 1, then applying the Holder

inequality with p = E and ¢ = , we have
K3(r) = @) < e W) [ 170 - sl
< { <m+m/fﬁﬂﬂ—ﬂmuﬁ }

VAN
/—’H
E
=
3
+
=

3
t
=
—
St
QL
~
——
Q

IN

G [t — x| “
M . n+1 dt
{ Z (2 ) ko Vit + a12? + asx }

k+1

n+1 «
a 1 t — x|dt
(a1x2+a2x 2{2 Jn+ )/k ¢ =<l }
n+1
M Vi () z
(@122 + ayw)? (@122 + agz) )

IN

<mw—w%wWSM(
Thus, the proof is completed. [

Next, we obtain the local direct estimate of the operators defined in using

the Lipschitz-type maximal function of order 7.

Theorem 3.3.3. Let f € Cp[0,00) and 0 < 7 < 1. Then, for all x € [0,00) we

have

|K3(f;z) — f2)] < @ (f 2)(Viy(2))2.
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Proof. From the equation ((0.7.3]), we have
Ky (fi2) = f(2)] < ©(f, ) Kp([t — 2] 2).

2 1 1
Applying the Holder’s inequality with p = — and — =1 — —, we get
T q p

K5 (f;) = f@)] ST (f, ) (Kp(t = 2)% )2 = O (f, 2) (Via(2))?.
Thus, the proof is completed. n

Theorem 3.3.4. Let f € D5[0,00) andw (f;0,[0,b+ 1]) be its modulus of continuity
on the finite interval [0,b + 1] C [0,00) with b > 0. Then for every x € [0,b] and

n € N, we have
Ko (fi2) = f(2)] < AMp(1+ ) Viy(a) + 2w (f; Ve (2), 0,0+ 1]) .

Proof. From [87], for x € [0,b] and ¢ € [0, 00), we have

1£() — fz)] < AM(1+ ) (t — 2)* + <1 + ”%f') w(f;6,[0,b+1]),6 > 0.

Applying K¢(.;x) to the above inequality and then Cauchy-Schwarz inequality to

the above inequality, we obtain

Ki(fia) = F0] < AMG(1+ PIRE(E—2)%0) 40 (726, 0.0+ 1) (14 52— o))

< AMp(1+0*)Viy(x) +w (f:0,0,b+ 1]) (1 + % V,;f2(:z:)> :

By choosing § = (/V%/(z), we obtain the desired result. O

n,2

3.3.2 Weighted approximation

Theorem 3.3.5. For each f € D3[0,00), we have
T || K2(f) = f [la= 0.

Proof. From [50], we observe that it is sufficient to verify the following three condi-

tions:

(3.3.1) lim || Ko(t5;2) —2%) |,=0, k=0,1,2.

n—0o0
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Since K2(1;z) = 1, the condition in (3.3.1) holds for £ = 0. Also, by Lemma [3.2.3

we have

| K5t 2) — ) |2
1 ax 1
n+1 (_x+1+x+§>
x x 1 1
n+1 (mifélio) 1+ 22 +axes[3£o> A+a)(i+a) 2 selone) 1 +x2>
1

3
< —
- n—l—l(a+2>’

which implies that the condition in (3.3.1) holds for £ = 1. Similarly, we can write
IR (85 ) — 22 |2

2

1 2ax? 22 2 1
(n2x2+n<x2+2x+ “ )+ e a‘r —|———(n—|—1)2x2>

(n+1)2 1+z (1+x)2+1+x 3

2
2 2

T
———((n+1) su +2n su + 2an su
(7’L + 1)2 (( )xE[O,Eo) 1+ x? xe[o,}zo) 1+ x? xE[O,Io)o) (1 + 17)(1 + 1’2)

T x? 1 1
+2a su +a? su + — su
xe[OEo) (14 z)(1 + 2?) a:e[O,IZo) (I+z)2(1+2%) 3 xE[OEO) L+ xQ)

ﬁ <(n—|—1)(2a—|—1)+ (2n+a2+%)>,

which implies that the equation (3.3.1)) holds for & = 2. This completes the proof of

theorem. []

Theorem 3.3.6. Let f € D3[0,00), then there exists a positive constant My such
that

Ka(f,x) —
oy [KEl2) ~ )
z€[0,00) (1 + 1‘2)5
Proof. For t > 0,z € [0,00) and § > 0, by the definition of Qy(f,0) and Lemma
0.7.1], we get

f() = f@)] < 1+ (@ + ]z —t))0(f ]t —2])

g<1+@x+w%(r+“;“)ﬂxﬁ®.

< M@y (fin'12).

Since K¢ is linear and positive, we have

[KG(f, ) = f(2)]

(3.3.2) < O(f, 5){[(;;(1 + (27 + 1), 2) + K° ((1 + (27 +t)?) i x|,a:) }
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From Lemma (3.2.3]), there exist positive constant M; and M, such that

(3.3.3) KA1+ (22 +t)% 2) < My(1+ 2?),
and
(3.3.4) (Ko (14 22+ )%, 2)) " < My(1 + 22).

Applying Cauchy-Schwarz inequality to the second term of equation (3.3.2)), (3.3.4)
and Remark [3] we get

K ((1 + (2x+t)2)’t%;x|,x)

< 3K ((1+ @0 +17) ) VEE ((t = )% 2)
VA oy [T(1+2)

< — M, (1
_5 2(1+ %) n 1

6\/_
Combining the estimates of (3.3.2)), (3.3.3)), (3.3.5) and taking M = (M; + M3),

JA>1

(3.3.5) —— M;(1 + 2%/, for some positive number Mj.

0= \/Lﬁ, we obtain the required result. n

3.3.3 Simultaneous approximation

Theorem 3.3.7. (Basic convergence theorem) Let f € Dy[0,00). If f) ewists

at a point x € (0,00), then we have

d?"
i (ki) =10

w=x

Proof. By our hypothesis, we have

) (g
£ = S I e et - oy, £ [0,00),

V.
v=0

where the function (¢, x) — 0 as t — z. From the above equation, we may write

(ddwrrKﬁ(f(t);w)) Z f <dera( >V;w))w:x
+( - Kz<w<t,x><t—x>%w>)

dw”
= 11 + IQ, say.

w=x
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Now, we estimate I;.

v B (S () me) )

w=x

_ if(v;!(x) ‘V <,{>(_x) (dcj:rKa(tj >>w:z

I
&
+
I
\.U)
&

il
Il
~
=
=
S—
5
g
< <
~__
n
8
=
I
.
N
ISH
3
igt
=N
\.k)
S
~__
i
15
+
~
=
=
S~—

dT
Ka tT‘,
2 ()

= ]5-+»]5,say.

1 1 1
By using Lemma|3.2.3, we get Is = f)(z)+0O (—> A3 =0 (—) and I5 = O <—) :
n n n

Combining the above estimates, for each z € (0,00) we obtain I; — f(z) as

n— 0o.

Since ¢(t,z) — 0 as t — x, for a given € > 0 there exists a § > 0 such that
|9(t, 2)| < € whenever |t — x| < 6. For [t — x| > 4, [(t,z)] < M|t — z|?, for some
M, 3 > 0.

By making use of Lemma [2.2.2] we have

k+1
qi,5r\T a ntl N
Bl < o0y 3wtk o) [ ya
k=0 2i+j<r p n+1
1,750
|G j.r ()]
< (41 Y — map o Dy
3 3 el
i,5>0

X (e/ |t —x|"dt + M |t—$|r+’3dt) = I + Iy, say.
|t—=z|<é [t—x|>6

Let S = sup s ($2|

2irj<r (p(2))
4,720

and by applying the Schwarz inequality, Lemmas [2.2.1| and
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B2.4, we get
00 Lf
< 1 i oira L Ner
] < e(n+1)28) Y nllk—nal Wi, (x) (/ (t — ) dt)

N|=

k=0 2i+j<r [Es1
i,j=>0
< e(n+1)%S Z n' (Z( —nz) W ( ) (Zwsk / (t—:p)Q’"dt>
2i+j<r k=0 +1
i,j=>0
0o % 00 k41 %
_ 4 _ 2j117a a 2r
= eSS D> <Z(k ni) ]Wn’k(x)> <n+1)ZWn7 (- dt)
2i+j<r k=0 k=0 (=31
i,j=>0
< s Y o(n) o) = o).
2i4+75<r
i,j=>0

Since € > 0 is arbitrary, I; — 0 as n — 00. Let s(€ N) > r 4+ 5. Again, by using
Schwarz inequality, Lemmas [2.2.1| and [3.2.4, we obtain

Iy < MS(n+1)) Y ni]k—na;\jW,fik(:c)/ It —z["Pdt

k=0 2i+j<r [t—z|>6
i,j>0
n+1) 4
< M ED S 5 k= nap Wiy [ 1t aleat, where a5 =
k=0 2i+;5<r nL-H
4,720
00 k1 1/2
M'(n+1)'/? ; . e .
< TS > k- nafwio) ([l apar
k=0 2i+j<r n+l
4,720
M’ 1/2 0 s} 1/2
. bt
g —— sy n (Z We( —nx)23> ((n—l— 1)ZW5’,€(:C)/ (t—:c)25dt>
2’L+j><07‘ k=0 ni-!—l
LyZ
M/ . . M/ T—S8
= s Y OO = = 0m T
2itj<r
4,720

which implies that Iy — 0, as n — oc.
Now, by combining the estimates of I; and Iy, we get I, — 0 as n — oo. Thus, from

the estimates of I; and I, we obtained the required result. O

Theorem 3.3.8. (Voronovskaja type result) Let [ € Dyl0,00). If f admits a
derivative of order (r + 2) at a fived point x € (0,00), then we have

" r+2
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where Q(v,r,a,x) are certain rational functions of x depending on the parameters

a,r,v.
Proof. From the Taylor’s theorem, we have

r+2 v) T
(3.3.6)  f(t) :Zf V!( )

v=0

(t — )’ +(t,z)(t —x)"2, t €0,00)

where ¢(t,x) — 0 as t — x and Y(t,x) = O(t — z)’.

From the equation (3.3.6]), we have

(o) w>)

w=x

) w>)w:x ¥ (Ji} K (ko) — o) “’))w:x

- Zf () (gmriwn) (K-

= T1+T2, say.

Proceeding in a manner to the estimates of I5 in Theorem [3.3.7] for each z € (0, 00)
we get

n—oo w

i o (o (RE( )0~ 2 w>)m -0,

Now, we estimate T}.

v=0 7=0
f(r)($) - r r— d’ a
IR () e (e
f(T+1)(x) r+l r+1 L dr .
S () (Ese)
[r(2)

By making use of Lemma |3.2.3] we have
r+42

Ty = fO(x) +nt ZQ v,7,a,2)f"(x) + o(1) | . Thus, from the estimates of T}

and T3, the required result follows. This completes the proof.
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Corollary 7. From the above theorem, we have

(i) for r =0
lim n (K (f;2) = f(2)) = (16:69; + % - m) f'(w) + %(x +22)f"(2);
(ii) for r =1

s (ki - @) )= (214 i) Fe (14155 ) 1@

]

In this section, we obtain an estimate of the degree of approximation for rth

order derivative of K for smooth functions.

Theorem 3.3.9. (Degree of approximation) Let r < q < r + 2, f € Dy[0,00)
and 9 exists and be continuous on (a—n,b+n),n > 0. Then, for sufficiently large

n, we have

d" a/ r. (r)
H (dwTKn(Lﬂ w))w:x - f (t)

where Cy = C1(r) and Cy = Cy(r, f).

< Oy TP (FDn 2 (a—n,b+m)) + Conh

Cla,b]

Proof. By our hypothesis we have

F9() 19 a)
q

9 ) (y
Zf '(>

7 (t—z)" +

o = (t =)' (0)

(3.3.7) +o(t,2)(1 = x(1)),
where £ lies between ¢ and x and x(¢) is the characteristic function of (a —n,b+ 7).

The function ¢(t,z) for t € [0,00) \ (a — n,b + 1) and = € [a,b] is bounded by

M|t — x|* for some constants M, k > 0.
s

d
Operating d—Kg(.; w) on the equality (3.3.7) and breaking the right hand side into
w'f’

three parts Ji, Jy and J3, say, corresponding to the three terms on the right hand
side of equation ([3.3.7)) as in the estimate of Is in Theorem [3.3.7] it can be easily
shown that J3 = o(n™!), uniformly in z € [a, b].

Now treating .J; in a manner similar to the treatment of 77 of Theorem [3.3.8, we
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get J; = f(t) + O(n~'), uniformly in t € [a, b].
Finally, let

S1 = sup sup Qi’j’r<x),
vefa) 2i+j<r (P(2))"
4,720

then making use of the inequality

|t — |

D) — f9(x)] < (1 - ) w(f9:6,(a—n,b+mn)), >0,

the Schwarz inequality, Lemmas and |3.2.4), we obtain

k41
k - i.dr n+1 (q)
|J2| < n+1 Z Z | nx\ QJ ( ) g,k(x)/ + ’f ( ) 'f (x>‘|t—l‘|qx(t)dt
k=0 2i+;j<r ey T
4,70
w (FD6,(a—m,0+1) S (& | V2
< , >0t D (k= na) Wi (x)
EA 2i+j<r k=0
,7>0
0 k1 1/2
x{ ((n+1)ZW;k(x) / " (t—m)qut>
=0 T
] IS % 1/2
- 1 W t —x)?7 2t
+5 <(n—l— )kZ:O N (t — ) ) }

< (n_(q_rw) w (f(‘I); n Y2 (a—n,b+ 77)) , on choosing § = n~Y/2.

By combining the estimates of J; — J3, we get the required result. O]

3.3.4 Statistical convergence

Theorem 3.3.10. Let (a,x) be a non-negative reqular summability matriz and x €

[0,00). Then, for all f € D%]0,00) we have
sta =l [KG(f, ) = fllcr2 = 0.

Proof. From ([42], p. 191, Th. 3), it is sufficient to show that st 4 —lim,, || K?%(e;,.) —
eill2 = 0, where e;(z )—x =0,1,2.
In view of Lemma [3.2.3] it follows that

(3.3.8) sta —lim || K7 (e, .) — eoll2 = 0.
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Again, by using Lemma [3.2.3] we have

[Kh(er,z) —ei(z)|
sup 3 = sup 5
z€[0,00) l+a z€[0,00) 1+

< 1 +3
a+—=1.
- n+1 2

For € > 0, we define the following sets

B: = {n | Ka(er,.) —er]ls > e}

1 3
B : = C— — | >
1 {n 1 <a~|—2) _e},

which yields us B C B and therefore for all n, we have Z i < Z ank and hence

keB keBy

(3.3.9) sta —lim || K7 (e1,.) —erll2 = 0.

Proceeding similarly,
| Kq(e2;.) — ez [l

1 n 2 op 2ax? . 1 a’z? n 2ax 2, 1
= su —x x -+ 3
xe[o};) T+22|(n+1)2 1+z (n+12\(1+2)? 14z 3

1 1 13
< 20+3)+ — | a®> +da+— .
< n+1(a+)+(n+1)2<a+a+3)

Let us define the following sets

G: = {n | K (es,.) — eafl2 > e}

1
o= : >
Gl {n n+1(2a+3)_ }
1 9 13 €
o= P— 4 — ] > =3
Go {n CESIE (a+ a+3)_2}

Then, we obtain G C G; U GG3, which implies that

Zank S Zank+ Zank

keG keGy keGa

DO | ™

and hence
(3.3.10) sta —lim || K7 (ez,.) — eala = 0.

This completes the proof of the theorem. O
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3.3.5 Rate of approximation

The rate of convergence for functions with derivative of bounded variation is an inter-
esting area of research in approximation theory. A pioneering work in this direction
is due to Bojanic and Cheng ([31], [30]) who estimated the rate of convergence with
derivatives of bounded variation for Bernstein and Hermite-Fejer polynomials by
using different methods.

Now, we shall estimate the rate of convergence for the generalized Baskakov Kan-
torovich operators K for functions with derivatives of bounded variation defined on
(0, 00) at points x where f'(z+) and f'(x—) exist, we shall prove that the operators

(3.1.1)) converge to the limit f(z).

The operators K¢(f;z) also admit the integral representation

(3.3.11) Ka(f;2) = / " 7o, 0 f (1)t

where J%(x,t) := (n+1) Z Wi o (2)Xnk(t), Wwhere X, x(t) is the characteristic func-

tion of the interval {ﬁ, Si}] with respect to [0, 00).

In order to prove the main result, we need the following Lemma.

Lemma 3.3.11. For fized x € (0,00), A > 1 and n sufficiently large, we have

1 Azx(l+2)
a t < <
(i) of(z,y) = [ Tz, t)dt < o F nil , 0<y <z,
1 Az(l+2)

(it) 1 —al(z,z) = [°T(x, t)dt < , T < 2z < 00.

(z—x)2 n+1

Proof. First we prove (7).

Y vz —t\?
i) = [ awoas [[(E20) g

1 a — 2,1,
< mKn((t )7 )
1 Mx(l+x)

(z—y)? n+l

<

The proof of (ii) is similar. O
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Theorem 3.3.12. Let f € DBV, (0,00). Then, for every x € (0,00), and n suffi-

ciently large, we have

-l

a1

af s. ‘ 1+z  2][f'(z4) + f'(z—)| Ax(1+ ) |f/(a+) — (2
A<1+x>§": Ve
n+1 k=1 z—(z/k) \/ﬁ z—(z/v/n)
M1+ z) Vs shalyn
n+1g;\{u»+;% V)

where \/(f1) denotes the total variation of f. on [c,d] and f. is defined by

f'@) = flla=), 0<t<u
fo(t) = 0, t=x
f'@t) = fl(z+), z<t<oo.

Proof. For u € [0,00), we may write

Fu) = f;<u>+;<f< B+ P ) + 5 ) = o)) sgnu — )
(3312 () (u) = 5 (7 (a4) + fa)),
where
1, u==x
596(“):{ 0, u#=x

From ((3.3.11)) we get
Ko (frx) — f(2) = / T T O () — Fa))dt
(3.3.13) - / " T / ) dudt,

It is obvious that

/OOO (/t (f’(u) - %(f’(:w) + f’<x—))) 5x(u)du> T (@, t)dt = 0.

By (3.3.13)), we have

/Ooo </t %(f’(w) + f/(x—))du> Tz, t)dt = %(f’(x+) +f(zo)) /Om(t )T () dt

= L)+ P ) K - )ia)
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and by using Schwarz inequality, we obtain

/ T 1) (/ L) = fa—))sgnu — :Jc)du) dt‘

< 5 - ol [ - algie o
_ §|f(a:+)— (2K (]t = zf;2)
< SIf ) — P — 2 2) .

From Lemma | Remark [3| and from the above estimates, (3.3.13)) becomes

a(f. 1 / , ax 1
(K (fi2) — fl2)] < m\f(x+)+f(x—)\)—x+1+x+§‘
2lP ) - foly 22y / ( / f;<u>du> T )t

(3.3.14) / (/f )j“wt) ‘

i) = [ ([ swnda) g2te. 0
vitii = [ ([ nwan) i

v,x) and VA(fr, x). Since fcd dial(z,t) <1 for all
[c,d] C (0,00), using integration by parts and Lemma [3.3.11| with y = = — = we

have
’ (/t fg’c(u)du) dtafl(x,t)dt‘
0 T

a0

Let

and

Now, we estimate the terms US(f,

U (fr2)] =

()
A:cl—k:c /Oy

n—l—l

Az(1l+ x) /y
T n41 0

|fo ()|l (z, t)|dt

IA

Vi
i x



x
By the substitution of u = pramy we get
x _

x z) [TV ’
D [ w0V ar

n+1
A1+ )
T on+1 / \/

z—(x/u)
k+1 z [vn] x
A1+ 2)
< / V ¢ \V ().
n+1
z—(z/u) k=1 z—(z/k)
Thus we obtain
[\/m x x
A1+ x) x
3.3.15 aff! < ! — .
(3315)  i(fi @)l <= V +z= V@
k=1 z—(z/k) z—(z/y/n)

Also

vaal = | [7( [ ) gzl
)

(/f )1 = al(z, 1)) du) / L1 = al( xt))dt‘
/mfzt (1—a%(z,t) dt‘+

By using Lemma [3.3.11} with z = 2 4 (x/y/n), we obtain
1_'_1_ co t 2t
a/ g! -2 /
vl < S [TV [V

S T /m+(x/ﬁ>\x/(fx)(t_x)_ dH% \z/ )

x
By substitution of v = o we get
x

()1 —al x,t))dt‘.

t

A1 +a) [~ ity M) ,
1 o Vi = 2 / VTR

IN

A
>~
S |=
1+
’“a
z~e<

)
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Thus, we obtain

n+1

3316) (o) < MEDST N gy TN (),

From (3.3.14)-(3.3.16]), we get the required result. O

3.4 Bivariate Operators

Let I =[0,00) % [0,00) and w,(x) = (1 +27)~" for v € N°(set of all non-negative
integers). Further, for fixed 71,72 € N°, let w., ~, (%, y) = w., (x)w,,(y). Then, for

feC, () ={feC):wyn(z,y)f(x,y) is bounded and uniformly continuous on I},
we define a bivariate extension of the operators as follows:

K (52, 9)
ko+1 k1
ng+1 ni+1
(3.4.1) =(ni1+1)(ne +1) Z Z R ¢ ) . . f(u,v)dudv,
=0 ko= ng+1 ni+1
where

—axr =

a (IE ) = xklyk2pk1 (n7a)pk2(n’a)€1+z€1+y
ni,n2,k1,ka Y) = kllkgl(l+w)"1+’“(1+y)"2+k2 .

If feC,, () andif f(z,y) = fi(x)f2(y) for all (z,y) € I, then

(3.4.2) K3 o, (f(w,v);2,y) = K3 (fi(w); 2) K5 (f2(v); ),

for (z,y) € I and ny,ny € N. The sup norm on C., ,, (/) is given by

(3.4.3) I f o= sup | f(@,y)|wy, 0 (2,9), F € Oy (1)

(z,y)el

For f € C,, ~,(I), we define the modulus of continuity

(344) w(f; 0’71772;15: 3) = sup || Ah,5f(" ) ||"/1,’Y27 t,s >0,

0<h<t,0<d<s

where Ay 5f(z,y) == f(z + h,y+6) — f(z,y) for (z,y) € I and h,é > 0. Moreover,

for fixed m € N, let CI _ (I) be the space of all functions f € C., ,,(I) having
k

the partial derivatives pyer € Cypl),s =12k k=12---,m. The
S y —s ’

bivariate part is organized as follows:
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In Section 3.5 of this part, we give some definitions and auxiliary results. In Section
3.6, we prove the main results of this section wherein we study the degree of ap-

proximation, Voronovskaja type theorems and simultaneous approximation of first

order derivatives for bivariate Baskakov Kantorovich operators K , . The section
3.7 is devoted to the illustrations of the convergence of the operators K, , . to a

certain function and the comparison of the convergence with the bivariate Szédsz

Kantorovich operators to the function using Matlab.

3.5 Auxiliary Results

Lemma 3.5.1. Let e;; : I — I,e;; = 2'y?,0 < 4,5 < 2 be two-dimensional test
functions. Then the bivariate operators defined in satisfy the following re-

sults:

(Z) ni, n2(€0,0;%?/) =1;

1
n1+1

(7111'4-&"‘ )

(”) n1 no (61,0; x, y) = 14z

1 a
(Z”) ni, n2(60,1;$)y) = Ny + 1 (n2y + 1+yy + )

1 2an,2? a’x? 2ax
) _ 2,2 249
(iv) Ky, .,(€20;7,y) CREE (nla: +maz® 4 2nx + T2 + 0+ 2) + Tz
1 2an2y° | 2,0
(v) Ky, ny(€02;7,y) = m (nng + nay® + 2n9y + 11y + (1+y)2 + 121‘1; + )
3n’z? 3nz? nx
(vi) K¢ ., (es0;,y) = ( (nl 34 ; (3+2z)+ ; +%(4x2+6$+5)
+3a:v n% 3an1x . ax 7+ 7T ax . a’z? . Iy
1—|—x 1+z|2 2(1+2) (Q+2x)2) 4)
1 3n3y? 3noy? Moy
(vit) K3, o, (€032, y) = m(n393+%(3+2y)+ 5 T3 (4y*+6y+5)

3ay®n?  3anyy’ 77 22 1
JSa'ns | Sanay {(3+y)+ v }+ = {—+— L }+—>.

1+y 1+y 1+y I+y 2 2(14+y) (14y)? 4

Lemma 3.5.2. For ni,ns € N, we have

1 ax 1
(i) K o ot (U= T y) = (—x + + 5) ;
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1 ay 1
(i) Kyl = 00) = g (0 72+ 5 )

(iii) K3, n,((u—2)%2,y) = ((m + 1)z + (n — D + CixQ S+ 2az (1 — x) 4

(ng + 1)

1

(Z’U) ni, nQ((U_y)2; T, y) - m

((m +1Dy? + (no — Dy + (1a+ ME + 2ay (%) + %) .

Remark 4. For every z € [0,00) and n € N, we have

{&, (@)}

nl—l—l
where {£2, (2)}? = ¢*(x) + 2L and ¢(x) = /2(1 + 2).

Proof. From Lemma 3.5.2] (iii), we have

K3y (= @)% 2,y) <

ni,n2 ?

+ 1)a? + iz 1 a’z? 2ar 1
Ka 2, < (nl —_
mana (0= 2)52,y) < (ny + 1) (1P \(0+2? 1+z 3
1 1+a)? o (x)}?
< z(1+ )+ (L+a)f) _ i (@)} .
m+ 1 n+ 1 m+ 1

]

Lemma 3.5.3. For every 71 € N° there exist positive constants My(v1),k = 1,2
such that

() on (@) (wvl(t);x) < Mi(m),
(i) w,, (v) K¢ ((Z;é; ;x) < My(m ){fai)l} ’

for allz €e R® =R, U{0},R; = (0,00) and n € N.

Lemma 3.5.4. For every 7,7, € N° there exist positive constant Ms(7y1,72), such
that

(3.5.1) | Ko (F5 ) o< Ms(v1,7%2) | f [l e

for every f € C,, ~,(I) and for all ny,ny € N.

Proof. From equation (3 and Lemma [3.5.3] we get

W, DS, (w;(u)y) - (w% @2, (o)) (st (o250
(3.5.2) My (1) Ma(v2),

IA
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for all (x,y) € I and ny,ny € N.
Taking supremum on the left side of the inequality of (3.5.2]) and using (3.4.3]), we

obtain
(3.5.3) H . ( ,) < My(71,72)-
v w’)/l 72 (u U) V1,72
Now, | K8,y (P s I W [ B2 ()| From (35.3). we
get the desired result. O

3.6 Main Results

3.6.1 Local approximation

For f € Cp(I) (the space of all bounded and uniformly continuous functions on I,
let C%4(I) = {f € Op(I) : f»? € Cy(I), 0 < p+q < 2}, where P9 is (p, q)th-order

partial derivative with respect to z,y of f, equipped with the norm

2

o f
oy’

o'f
oxt

2
1 lloz = fllesay + Y

i=1

Cp(I) =1 Cgr(I)

The Peetre’s K —functional of the function f € Cg(I) is given by

K(f:0) = gmf (1S = gllesm + dllgllez m, 6 > 0}

It is also known that the following inequality
(36.1) K(f18) < My{@a(f;V/8) + min(L, 8)]|fll e}

holds for all 6 > 0 ([33], page 192). The constant M, is independent of § and f and
Wa(f;/9) is the second order modulus of continuity.

For f € Cp(I), the complete modulus of continuity for bivariate case is defined as
follows:

(:8) = sup { F(u0) = Fla )] (1, 0), o) € T and =07 T (0= 9" < 8

The details of the modulus of continuity for the bivariate case can be found in [I5].

Now, we find the order of approximation of the sequence K3 . (f;,y) to the func-

tion f(x,y) € Cp(I) by Peetre’s K —functional.
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Theorem 3.6.1. For the function f € Cg(I), the following inequality
‘ ni, ng(f7x7y) - f(x7y)‘

< AK(f; My, ., (2, y))
N 1 ax 1\\? 1 ay 1\\?
T i (n1+1(_x+1+$+§)> +(n2—|—1(_y+1+y+§>)

< atfa (£ Mo+ mind1, 02 ) kg
o . 1 ax 1 2 1 ay 1 2
@ (n1+1(_x+1+x+§)> +(n2—|—1<_y+1+y+§))

holds. The constant M > 0 is independent of f and My . (z,y),

where My, . (v,y) = {ffll(—i—)l} {iz(—i->1}

Proof. We define the auxiliary operators as follows:

le7n2(f;$,y) = n1 ng(fﬂaj y)
1 azx 1 1 ay 1
3.6.2 — - 7 ]
( ) f(nl—l—l(n1l‘+1+x+2),n2+1<n2y+1+y+2)>+f(x,y)

Then, from Lemma [3.5.2, we have

=1

K, n,((u—2);z,y) =0 and Kn1 e (U —=1);2,y) = 0.

Let g € C%(I) and (u,v) € I. Using the Taylor’s theorem, we have

g(u,v) —g(z,y) = agg;’ y) (u—z)+ /u(u — a)%j;’y)da + %‘Wy’y)(v — )

(3.6.3) /v( iy a(;z@dﬁ.

Operating KZ \.np ON both sides of 1| we get



Koy ns (952, Y)
_ —( (- a0 ga( Daoizg) + Ko [ 0= 05t
= K m( 98( )da;x,y)
£2+1) (mlﬂ ( - 1cfx+%> _a> 02§§£y)da
([0
/ | 1( lTy+ ) (7121‘1 ( Tyt %—i_ ;> ﬂ) 8298(;2’/8)dﬁ

Hence,

‘?nl no (97 x y)

2
n1n2</ |U— a—)da;m’y)
o (mat 25 +3) 1 ax 1 g(a,y)
— ) — o | L d
+/x n1+1(n1x+1+$+2) a‘ oa? 'a‘
’ Pg(z, B)
LK </| agl;z,y
1,12 y 852
n2+1 (n2y+ Tiyta ) 1 Yy
7 d
+/y +1(n2y+1+ +5 ) 862 ‘B’

2
< {t =t + (g (mot 155 +5) o) Hlllogan
a Y 1 2
+{Kmn2<<v W xy>+(n2+1(n2y+m+§)—y) ity
< { {sa<>}2+( ! <_x+ az +1))2
- g +1™ ng+1 1+z 2
e <>}2+( : (—wﬂ#))z}ugnw
n2+1 & s + 1 1+y 2
Thus, we get

— 2
|Kn17n2(g;$,y)—g(l’7y)’ S {n1+1

2
a 2 a 2
@+ 21,07 sl
z, y)| + [ f(z, )]
n ax +1 1 n ay +1
nix — n —
I\ T e T2 Y

1+y

Also,
|K?Ll,n2 (f’ .T, y>| S | TL1 ND) (f)
o
ny
(3.6.4) < 3lfllesm-

2

81

)

)
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Now, from equation (3.6.4), we get

K, (fr2,y) — fz, )]

< K (f — gz )| + 1K (g5 2,) — g(@,9)| + lg(z,y) — f@,y)|
T A S ) | N
BI1f = gllesn + 1 = gllesw) + 1Ky ny (g7, 9) — g(,y)]
DO L )
1F = gllewn + { 68, 0F + (68,0 Hislleg

)f( 1—|—1( x+1cfx+%)’n21—l—1< y—l—%—l—;))—f(a:,y)‘

(411 = gllean + 2082, . @ )lgllesen)

2 2
to | f 1 n ax n 1 L 1 n ay n 1
w | f; —x = — ~
1 Ttz 2 1\ YT 15y 2

Taking the infimum on the right hand side over all g € C%(I) and using (3.6.1)), we

IN

IN

IN

obtain

‘ nlnz(f;xvy)_f(xay)‘
< AK(f My, (2, y)

2 2
v | f 1 N ax " 1 . 1 N ay N 1
o AR VA I T R R RIS 1\ YT Ty 2

< at{e (Fi /Mt o)) + min{1, 088, o} g

2 2
1o | f 1 n ax n 1 L 1 n ay n 1
| f; —x = - =
AT 1tz 2 1\ 11y "2

Hence, the proof is completed. ]

3.6.2 Rate of convergence of bivariate operators

Theorem 3.6.2. Suppose that f € C’il (D) with y1,7 € N then there exist a

positive constant Ms(v1,72) such that for all (z,y) € I and ny,ny € N

8T 000 = £ € M {1 e s Sty s 2
1,n2 7+ 1 Vg +1



Proof. Let (x,y) € I be a fixed point. Then, we have
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f(t,2) = flz,y) = / fulu, z)du—i—/z folz,v)dv for (t,z) el

Kgl n2(f(t7 Z); :L‘,y) - f(I, y)
(3.6.5) = K, ., (/ fu(u,z)du;x,y) + Ky, s

1

(L

fv(x,v)dv;:c,y) .

Now, by using (3.4.3)), we get
t t du
T e A e
/x e, Weyy 4y (U, 2)

and analogously

fo(z,v)dv
/y Wy 1yo (z,2) Wy 1yo (z,y)

By using these inequalities and from ([3.4.2] , we obtain for ny,n, € N

w%wxy‘ nlm(/fuuzduxy)'
xy)

/fuuzdu
|t — |

A (

Weyy 1y (t Z)

S w')’l»'}? (x y n1 n9 (

< et o) {2 (i) K (s
V1,772 ? V1,72

1
= o s (), ( >;y)

Wy (2

360) s {wnts, (e ) - el f

and analogously

)| K [ o)tz )|

Y

3671 <l fy s {0, (B 0o + 80 - ol

By the Cauchy Schwarz inequality and Remark 4} we get for ny € N

a . a 2 1/2 a . 1/2 le(x)
(3.6.8) K (|t —z|;z) < (K2 ((t—2)%2) " (K2 (L;2)) S\/ﬁ

o ()
< o (3 () (s ()
(3.6.9) < My(p)=2 i view of Lemma B33

\/nl—l—l’

1
w’n,'yz(xa z)

1 1
<1 f, T ( ; ) J_—
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Analogously for ny € N, we have

(3.6.10) Ki,(1z = yly) < ——iz(i)l,
and

From equations (3.6.5)-(3.6.11]), we obtain
w'Vl:'YQ ('r7 y) | Kgl,nz(f(t7 Z)? T, y) - f<x7y) |

< s {11 o s St Ly s 2

Thus the proof is completed. [

} , for all ny,ny € N.

Theorem 3.6.3. Suppose that f € C., ,(I) with some 1,72 € N°. Then there

exists a positive constant Mo(v1,7v2) such that

U)’Yly’YQ(x,y) | Kgl,ng(f(t,z);x,y) - f(x,y) |§ Mg(%,w)w <f7 0’717’)/2; \/;11(—‘7_)17 \/:;(_yi_)l) 7

for all (x,y) € I and ny,ny € N.

Proof. Let f5s be the Steklov function of f € C., ,(I), defined by the formula

1 [h 5
(3.6.12) fro(z,y) = —/ du/ flz+u,y+v)dv,
(x,y) € I and h,d € R;. From (3.6.12) it follows that
1 h )
frsto) = Fo) = o5 [ du [ Buf@aan
0 0
D pstw) = o [ DS+
8:1:‘ h,o €,y - h,5 o h,0 x,y v)av

6
= %/0 (Ah,vf<x7y) - AO,vf('Ta y))dvv

s, 1 [
8—yfh,5($, y) = s Aosf(z +u,y)du
0
1 0
== % (Au,éf(xv y) - Au,Of(xa y))du
0

Thus, from (3.4.3]) and (3.4.4) we obtain

(3'6'13> || Jno — [ ||71,'yz < w(f;C'V17’72;h76)7
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(3.6.14) ag;"; < 2h7'w(f; Cynyi by ),
V1,72

(3.6.15) ag;,a < 207 w(f; oy by 6).
1,72

For h,é € R, we can write

Weyy ’72(33 y) ’ ni, nz<f(t’ Z)Sﬂ%y) —f(x,y) |

< Wy (@, YUK,y (F (8 2) = frs(ts 2)s2,9)+ | K, (Frs(t 2);2,9) — frs(@,y) |
(3.6.16) + | fus(z,y) — f(x,y) |} := R1 + Rz + Rs.

By (3.4.3)), Lemma [3.5.4] and (3.6.13) it follows that

Rl <|| ni, ng(f_fh,é;-,-) ||71,Vz < MlO(’Yly%)Hf_fh,6||71,72
S Ml()(,}/h’}/?)w(f;O’y1,’yz;h75)7

and
R3 S Cd(f, 071,’72; h7 5)

By using Theorem [3.6.2f and ((3.6.14)) and (3.6.15]), we get

Hafha ?Ll(x) n ‘&fw
Y172 VU +1

&, ()

\/nl—i—l

Ry < M11(71,72{

S }
vy V2 T
1 532 (y) }

+90
Vg +

S 2M11(F)/17 ’72)“)(]07 O’Yly’Yz; h7 5){h_1

Consequently, we drive from (3.6.16|)
w’Yl’YQ(‘T y) ’ ni, ng(f(taz)ﬂ$7y>_f<x7y) |

+9

. . -1 531(33) 1 fﬁ;(y)
< Ml m)ulf ’C“”’h"”{”h Noes m}

for all (z,y) € I, nl,ngeNandh JEeR,.

n (2) ns(Y) : . . .
On choosing h = ——— and § = , we immediately obtain the required
| & vng+1 vVng +1 Y q o
result.

As a consequence of Theorem [3.6.3] we have

Theorem 3.6.4. Let f € C., .,(I) with some v1,72 € N°. Then for every (x,y) € I,

lim  Kp o (fi2,y) = flo,y).

ni,nx—0o0
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Theorem 3.6.5. (Voronovskaja type theorem) Let [ € 031 (D). Then for

every (z,y) € I, we have

i {0, ()~ S} = (ot 12 ) R+ (vt 1L 1) A
)

+g(1+x)fm(m,y)+§(1+y)fyy( Y)-

Proof. Let (x,y) € I be fixed. By Taylor formula, we may write

flu,v) = flz,y)+ folr,y)(u—2z)+ fy(z,y) (v —y)
+%{fm(w,y)(u—w) + 2 fay (2, ) (u— ) (v — y) + fyy(z,9) (v — y)*}
+(u, v; 2, )/ (u— )t + (v — y)?*

)

where (., ;z,y) = ¢(.,.) € Cy, (1) and Y(x,y) = 0. Thus, we get
Ky (f(uv)iz,y) = foy) + folz, ) Ki(u — 232) + fy (2, ) Ko (v — y3y)

+%{fx:}c($a y)KZ((U - LE)Z; SL’) + 2f:}cy<x7 y)KZ(U - T SE>K’?I:(,U - Y y)
+ Loy (@ ) K (v = )% 9) 4+ Ko (0w, 0)y/ (u — 2) + (v — y)h 2, y).

Hence, using Lemma [3.2.4] we have

Tim n{ K5, (f(u,v); 2, y) = f(z,9)}

+;¢u+@nAmw+yu+wnauw}
(3.6.17) —l—nh_)rgo nky <w(u, V)V (u— )4+ (v —y)4; y) .

Applying the Hdolder’s inequality, we have

K5 (U, v)/ (u = 2)t + (v — )2, y)]

( ( )x Z/ }1/2{ K (((u_x)4_'_(v_y)4) ;Z‘,y)}l/2
), ) L ) ) + 0= )5 )

< {K;
{5,

IA A

By Theorem |3.6.4

lim Kﬁ,n(W(Uav);%y) = ¢2($7y) =0,

n—oo
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and from Lemma m (iii), for each (z,y) € I, K2((u — z)%z) = O (%) and
Ka((v—y)%y) = O (35) . Hence

(3.6.18) 7hbh_)rgo nky (zp(u, )V (u—2) + (v — y)4 y) =0.

By combining (3.6.17)) and (3.6.18)), we obtain the desired result. O

3.6.3 Simultaneous approximation

Theorem 3.6.6. Let f € C) _ (I). Then for every (z,y) € R =Ry x Ry,
_ 0 0 /o _of

(3.6.19) nh—>n§o (%Kn,n(f, w,y))w:x = (z,y),
_ 0 a /4 _of

(362()) nh—>Holo (%Kn,n(fa z, V)) s - ay (I, y)

Proof. We shall prove only (3.6.19)) because the proof of (3.6.20)) is similar. By the

Taylor formula for f € CI _ (I), we have

1,72

f(u,v) = f(xay) + fz(xvy)(u - ZL‘) + fy(QT,y)(U - y)
+1/)(u,v;x,y)\/(u —x)2 4 (v—1y)? for (u,v) €I,

where ¥(u,v;z,y) = ¢(.,.) € Cy, 4, (1) and ¥(x,y) = 0.
Operating K, (.;.,y) to the above inequality and then by using Lemma we
get

(i)

wW=x

= 1) (geiatwn) o+ fulon) (et o)

wW=x wW=x

) (oKt i)

wW=x

(gt =2 =) for (w) € 1

P 1 aw 1
= fac(xay){_w (n+ (nw+1+w+§)> }wﬂf
1

w=x
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It is sufficient to prove that £ — 0, as n — oo.

E = ZZ( W s o (W0, y))

k1=0 ko=0 w=x
ko+1 kq+1
n+1 n+1
X/k /k V(u,v)y/ (u— )2 + (v — y)2du dv
At Tl
B {(ky —nz)(1+2) —az} .,
- n+ ZZ 1"‘1') nnklkz(x y)
k1=0 ko=0
ko+1 ky+1
n+1 n+1
X /k . Y(u,v)y/ (u— x)2 + (v — y)2du dv
Tfl At
- (M) e
k1=0 ko=0
ko+1 kp+1
n+1 n+1
X/k /k Y(u,v)y/ (u— )2 + (v — y)2du dv
f2_ 1
n+1 n+1

mK“ (¢(u,v)\/(u —x)2+ (v—y)%x,y) == Ey + E,, say.

First, we estimate E; by using Schwarz inequality.

o< (fj Wi ) (2 - )) :

k1=0
kol  kq4l 1/2
R B 2 2
( Z Z nnk1 kg )/kg /k1 w (u,v)((u—x) +(U_y) )dUd’U)
k1=0 ko=0 n+1 n+1l

IN

1/2
i (Z Wi (@ (——x)) (K (0 (w0, g) (K (u — ) 2)

+2K5 ((u — )% 2) (K (v — 9)%y) + Ka((v — ) 9) P
|Ey| < M12(x,y){KZ7n(¢4(u, v);z,y) Y4, in view of Lemma 3241

From Theorem [3.6.4] we obtain
lim K2, (4 (u,0); 2, ) = 6 (2, 5) = 0, for (z,y) € R,
n—00 ’

To estimate Fsy, proceeding in a manner similar to the estimate of F, we get Fy — 0,
as n — o0o. Combining the estimates of F; and FEj, it follows that £ — 0, as n — oo.

This completes the proof. O

Similarly, we can prove the following theorem:
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Theorem 3.6.7. Let f € C3 _ (I). Then for every (z,y) € R, we have
of

0
nhﬁrgon{ (%Kg,n(fa way))wx - %(ZE?g/)}

’Yl 72

_ (—1+(1+x)2>fx(x,y)+(1 Tz )fw( )

+ (—y iyt ) Fool, ) + SO ) oy (@,9) + 5L+ ) fraa(a,y)

N

_ <_1+ﬁ) £,z y) + (1 o )fyy( y)
n <_x n ﬂ + %) Fogla,y) + 5(1 + 2) foay (T, ) + %(1 +Y) Loy (2, Y)-

3.7 Numerical Examples

In the following, we give some numerical results regarding the approximation prop-
erties of bivariate generalized Baskakov-Kantorovich operators Ky, . (f;,y) using
Matlab algorithms for construction of operators.

Let us consider the function f : I — R, f(z,y) = 2*y* — 9zy* + 42%. The conver-
gence of the bivariate generalized Baskakov-Kantorovich operators to the function

f is illustrated in Example 6.

FExample 6. For n; = ny = 100; ny = ny = 500 and a = 10, the convergence
of the bivariate generalized Baskakov-Kantorovich operators Ky, . (f;z,y) (red) to
the function f(x,y) = x*y* — 9zy? + 422 (yellow) is illustrated in figures 3.1 and 3.2
respectively. We observe that as the values of n; and ns increase, the error in the

approximation of the function by the operators becomes smaller.
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Figure 3.2 The Convergence of K1 500(f:2,y) (red) to f(z,y) (yellow).

FExample 7. For ny = ny = 100; ny = ny = 500 and a = 10, the comparison of the
bivariate generalized Baskakov-Kantorovich operators K7 . (f;x,y) (red) and the
bivariate Szész-Kantorovich operators (blue) to the function f(z,y) = x%y? —9xy*+
422 (yellow) is illustrated in figures 3.3 and 3.4 respectively. It is observed that the
error in the approximation of f by the bivariate Szasz-Kantorovich operators is

smaller than the bivariate generalized Baskakov-Kantorovich operators.
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Figure 3.3 The Comparison of bivariate Szdsz-Kantorovich (blue) and

bivariate generalized Baskakov-Kantorovich K{f 140(f;z,y) (red) to f(z,y) (yellow).

Figure 3.4 The Comparison of bivariate Szasz-Kantorovich (blue) and

bivariate generalized Baskakov-Kantorovich K3y 500(f; 2, 4) (red) to f(z,y) (yellow).
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Chapter 4

Bezier variant of the generalized

Baskakov Kantorovich operators

4.1 Introduction

For § > 1, we now define the Bezier variant of the operators (3.1.1]) on [0, 00) as:

k+1

(4.1.1) Kio(fiw) = (n+1) Y F) () :H

k=0 n+1

ft)dt,

where F\) (x) = [J2p(2))° = [J4py ()] and J2 4 (2) = > We i (2),
j=k

when k& < n and 0 otherwise.

Some important properties of Jﬁk(x) are as follows:
o Js,k(m) - Js,k—o—l(m) = Ws,k(x)v k= 07 1a 2a SERE )
o Jio(x) > Ji(x) > Jio(x) > - > Jt (x) > 0,2 € [0,00).

The operators K7} ,(f;z) also admit the integral representation

(4.12) Kiglfia) = [ Tl f 0t
0
where J¢o(v,t) == (n + 1) ZFéf),zja(x)ka(t), where x,x(t) is the characteristic
k=0
function of the interval [niﬂ, %}] with respect to [0, 00).

It is easily verified that for § = 1, the operators (4.1.1) reduce to (3.1.1), i.e.
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Ko (fix) = K (f; ).

The purpose of this chapter is to introduce the Bezier variant of the opera-
tors (3.1.1) and investigate a direct approximation theorem with the aid of the
Ditzian-Totik modulus of smoothness and the rate of convergence for functions with

derivatives of bounded variation.

4.2 Auxiliary Results

Lemma 4.2.1. For f € Cg[0,00), || K¢(f) I<|| f | -

Proof. From (3.1.1]) and Lemma [3.2.4], the proof of this lemma is immediate. Hence
the details are omitted. O

Lemma 4.2.2. Let f € Cp[0,00). Then, || K7 ,(f) [|< 0| f 1 .
Proof. Using the well known inequality |a”® — b%| < Bla — b with 0 < a,b < 1,0 > 1

and the definition of F)

n,k,a(x), we have

(42.1) 0 < [ (@)) = [T paa (@) S OLT7 () = T g ()] = O W i ().

Hence, from the definition of the operator K, ,(f; ) and Lemma [4.2.1} we get

1 K o(fi2) <O B IO f -

4.3 Main Results

4.3.1 Direct approximation theorem

In this section, first we recall the definitions of the Ditizian-Totik modulus of
smoothness wy-(f,t) and Peetre’s K —functional [40]. Let ¢(z) = \/x(1+ z) and
f € Cg[0,00). Here, we use moduli wg-(f,t) which unify the classical modulus
w(f,t),7 = 0 and the Ditzian-Totik modulus wy(f,t),7 = 1. For 0 < 7 < 1, we
define
wer (f,t) = sup sup ‘f (35 + h(bT(:c)) —f (93 — hW(m))‘
)

0<h<t 44 BOTE) g o 2 2
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and the K —functional

Kor(f2) = inf {1 £ =g ll+¢ 11 79I}

where W, = {g : g € ACle;|| ¢7¢" ||< oo} and || . || is the uniform norm on
Cpl0,00). It is proved that [40], wy-(f,t) ~ Ky (f,t), i.e. there exists a constant
M > 0 such that

(4'3'1) M_1W¢T(f7 t) < K¢T(f7 t) < Mw(b'r(ﬁ t)'
Lemma 4.3.1. For f €¢ W, ¢(x) = \/z(1 +x),0 <7 <1 and t,z > 0, we have

/xt I (u)du

Proof. By applying Holder’s inequality, we get

<O (@TPAH) T4 67 () [t — al |67 £

t . bodu YIRS td_uT
(4.3.2) /mf(u)du < o7 fl /x ¢T(u>‘gu¢f“‘t o /x¢(u)
Now,
tﬂ</td—u< L )
e O] 7L Vel \WIHe VI
and
b du <2|t—l’|
[l="%

On using above estimates in (4.3.2)) and then the inequality |a+b|" < |a|”+ [b]", 0 <

r < 1, we obtain

t o7 1 1 7
!/ d < T £/ t— +
[ £ < el g = e
2T —T —T

Lemma 4.3.2. For any s > 0 and each x € [0,00), there holds the inequality
Kp((L+1)"%2) < C(s)(1 + )7,

where C(s) is a constant dependent on s.
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Proof. For x = 0, the result holds from (3.1.1)). For z € (0,00), using (4.2.1]) we

have

k41
n+1 1

K140 50) = (04 )Y Wio) [

k=0 n+1

We first observe that

k+1

Thus, we get

B 1 > el_iipk(n,a)xk E\°
43.3) K2((1+t) %z < 1 .
( ) Kal(+1)75e) < (L+a)* = KI(1 + ) th=s * n+1

On using the ratio test, we note that for each z > 0, the series on the right hand

side (4.3.3)) is convergent. This proves the desired result. O

Theorem 4.3.3. For f € Cg[0,00), we have

(43.4) K o(f52) — f(@)] < Cog (f, ¢”<x>>_

vn+1
Proof. By the definition of Ky4-(f,t), for fixed n,z, T we can choose g = gn . € W-
such that

) ¢ (z)
435) Il =l + S < 2 (1920 ),
Applying Lemma we may write
(4.3.6) K5 o(fi2) = f(2)] < 201f = gll + K5 (g5 2) — g(2)].

Using the representation g(t) = g(x) + f; ¢'(u)du and Lemma , we obtain

Keslain) —oe)] = |z ([ oy

t_
(43.7) < 2oy {as-f(m)Kz,e(rt —alia) +a K, ((1'+—t)'/) } -

By using Cauchy-Schwarz inequality, (4.2.1)) and Remark [3, we have

Kot =aliz) < (Kga((t = 2)%2)""

(138) < YOrla)

Vn+1



97

Similarly, from Lemma [4.3.2] we get
|t — x| |t — x|
—_ < UK | ————
<(1 o2 t) = (+e2"

< 0 (Ko((t—2)%2)? (Ko +)752))
(4.3.9) < Clej_:b_ﬁ(ux)”/?
By combining —, we get
1-71
(1:3.10) 5 (g50) — o(0)| < Cllorg | 2.

Using (4.3.1)), (4.3.5)-(4.3.6)) and (4.3.10]), we obtain the required relation (4.3.4). [

4.3.2 Rate of convergence

Lemma 4.3.4. Let x € (0,00), then for § > 1,\ > 2 and sufficiently large n, we

have

L . O\ ¢*(z)

(Z) an,G(x7y):foyjn,e(x’t)dtg 7’L+1([E—y) 0<y<[L‘

y . O ¢*(x)

(i) 1 —al, = [T dt<n+1<z_x)2,x<z<oo

Proof. (i) From (4.2.1) and Remark 3| we get

ataten) = [ i< [(E20) gt o
< KEy((t - o) (- 9) 7 ORIt - 2)i)(e - v)

A ()
n+1(z—y)?*

The proof of (ii) is similar, hence it is omitted.

<

Theorem 4.3.5. Let f € DBV, (0,00),0 > 1 and let \/ (f1) be the total variation
of fi on [c,d] C (0,00). Then, for every x € (0,00) and sufficiently large n, we have

K5 o(fi2) = fz)] <

0+1 n+1
032 )\x(l—i—x)
o ) = )
[\/ﬂ x z
A1+ z) , T ,
=12V +—= V()
k=1 a—(a/k) a—(a/ /)
A1+ 1) [vVn] z+(x/k) z+(z/v/n)
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where A > 2, and the auziliary function f. is defined by

f') = f(z=), 0<t<uz
fo(t) = 0, t=ux
fi@t)— fl(z+), =z <t< .

Proof. From the definition of the function f.(¢), for any f € DBV, (0,00), we may

write

Fo) = +1( (#4) 46 (a=) ) + 100

( )) (sgn(t o)+ gl—D
(13.11) 5.1) ( Fe) - ( @) +16)) ),

l\Dll—

where
1, z=1
0. (t) = ’
) { 0, x#t.
From (4.1.2) and the fact that [ (z,t)dt = K y(eo; v) = 1, we get
Kiylfia) = fla) = / £~ F@)Tala )t
(4.3.12) = / (/ f(u du) (T, t)dt.

It is clear that

/OOO Tno(@:1) /; {f'(l‘) - % <f’(x+> + f’(x—))} 5, (u)dudt = 0.

Thus, from (4.3.11)) and (4.3.12]), for sufficiently large n, we have

ﬂfa([fgii(fm~»+9f%“*)“0 ke

< lren vore ]Kzeu o) 2)
0
(4.3.13) = m (l"i‘) +9f ’ o 1¢( )

and by applying Cauchy-Schwarz inequality, we obtain
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/Ooo (/t : (f’(x—l—) - f’(x—)) (sgn(u —)+ Z+ D du) ,fﬁ(a:,t)dt'

0 a
< m|f z+) |/ |t — x| Tpp(, t)dt
0 / a .
= 9_'_—1|f(95+)_ =) Ky g (It — 2] 5 2)
0 / / a 2 1/2
< g ) = Flam)l (55 (¢ = o))
(43.14) < PP ey - paoly 2 o)
e - fA+1 n+1 ’

By using Lemma [3.2.4, Remark [3| and considering (4.3.12)-(4.3.14) we obtain the

following estimate

K o(fr) = f(o)] < |USo(fh2) + Vig(fr, @)
+9L|f ) 400 |\/ e
3/2
(4.3.15) 0+1 |f (x+) =) gb
where
USO / (/f du) next)
and

Vo fo / (/f du) wo(w,t)dt

Now, let us estimate the terms U ,(f;, ) and V,7,(f;,z). Since fcd dagy g(z,t) < 1,
for all [¢,d] C (0,00), using integration by parts and applying Lemma with
y=x— (x/y/n), we have

’Us,é(f:i:?x” =

(f .
(. O F(0)t

IA

t)| | o

t)f

Jroiests
\t/ 2dt+/j\t/f
Vi

/za
(/
=
)

IN

A¢2
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By the substitution of u = z/(z —t), we obtain

xT

p20" (@) /x_(xw<x—t>-2\gc/<f;>dt - A " (P

n—+1 : n+1

z—x/u
[vn]

/\(1+ ) k+1 T .
p= Z/ \ ()

=1

IN

Hence we reach the following result

a / 1+ZE [\/m ’ / T y /
(4316)  |U5o(fr, )| < 0= — Z\/(fm% Vo)

k=1 z—ax/k z—(x/\/n)

Again, using integration by parts and applying Lemma with z = z+(z/v/n),

we have
Veo(fla)| = ( / £ du> 41— a (o, t))dt'
ol 5z, 1) dt+/ £)(1 = af o, t))dt’

w
< n+1/ 2dt+/
M) 2\ o w T
(4.3.17) < 0T /m+(z/ﬁ)\!(fz)(t—x) dt+\/ﬁ \/ (f1).

By the substitution of u = x/(t — ), we get

\/‘x—i—w/u
-0 — 020 /

t

Ap* () [
0
n+1 /x+<x/¢ﬁ>\m/(

(4.3.18) < e)m”)z \/ (1)),

Now, combining (4.3.17))-(4.3.18)), we obtain

[f] zta/k z+(z/v/n)

LY Ve Vo

(4.3.19)  |Vi(fr, )
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By collecting the estimates (4.3.15)), (4.3.16]) and (4.3.19)), we get the required result.
This completes the proof of theorem. n
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Chapter 5

General Gamma type operators

based on ¢-integers

5.1 Introduction

In [113], Mazhar investigated and studied some approximation properties of the

following sequence of linear positive operators

mfiz) = [ [ oo wgus(uts@dud

(2n )1zt Vi
T onlln—D) (x+ t)2n+1f(t>dt7 n>1z>0,
0

n+1

where g, (z,u) = e ""u". Recently, Karsli [97] considered a modification and

n!
studied the rate of convergence of these operators for the functions with derivatives

of bounded variation.
Lofia) = [ [ wsalowigalu. ) f(0)dude
0 0

Later on, Karsli and Ozarslan [98] established some local and global approximation

results for the operators L, (f;z).
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In 2007, Mao [IT1] defined the following generalized Gamma type operators

M) (@) = [ [ oo gastuts@duds

(5.1.1) _ @nok+ e 0/ ( e f@)dt, z >0,

nl(n —k)! x + t)2nk+2

which include the operators H,(f;z) for k = 1 and the operators L, _o(f;z) for
k= 2.

For f € Dyl0,00), 0 < ¢ <1, 0 < a < and each positive integer n, we
introduce the following Stancu type modification of the operators based on

g—integers:
2nok1 \"TL
(M(a,ﬁ)f) () = 2n — Kk + 1],/ (q 2 x) (oo
[l — ]!
00/A tn—k ¢
(5.1.2) < / ; (mq + a) it
0 (T2 x +t)nk+2 [n], + B

For @« = f = 0, we denote (Méo;i)f) () by (Mpgqf) (z). Clearly, if ¢ — 1~
and « = 8 = 0, the operators defined by reduce to the operators given by
(G.1.1).
Very recently, the case k = 2, namely (M, 2,f) (r) was introduced and studied by
Cai and Zeng [34]. Subsequently, Zhao et al. [I61] discussed the Stancu type gen-
eralization of (M, 2,f) (x), i.e. (Mff;?f) ().

In the present chapter, we study the basic convergence theorem, Voronovskaja
type asymptotic formula, local approximation, rate of convergence, weighted ap-
proximation, point-wise estimation and A—statistical convergence of the operators

(5.1.2)). Further, to obtain better approximation we also modify the operators (/5.1.2))
by using King type approach.

5.2 Moment Estimates

Lemma 5.2.1. For any m,k € N° satisfying m,k <n and 0 < g < 1, one has

(k) [n — k4 m],l[n —m],!

[n]q![n - k]q!

™.

(Mo pgt™) (2) = q*
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Proof. We observe that for every z € [0, 00), using (0.2.1)) and (0.2.2]), we obtain
(M gt™) ()

no n+1
2n — k + 1], <q2 Hlx) oA -
— g(n—R n—h+1)/2 / Ry
[n]ql[n - k]q‘ 0 <q2n—21<+1m n t) n—k+
e n+1
2n — k1 (¢2F0) " e -
N ¢ —d,t
[n]q'[n - k]q' /0 2n—ktl on—k+2 2n—k+2
(22 (1 )
[Zn —k+ 1]q' 0o/A n—k+m
- n—k+1 2n—k+2 dqt
[n]g![n — Klg! (¢ ) .
o

n—k+m
t
( q 2n72k+1 N ) ( t >
xr

2n—k+2 dq 2n—2k+1
t
1 + 2n—k+1 >
q 2 z

2n — k 4 1] lq@n—ktDn=ktmt)/2 B (n — k +m +1,n —m + 1)

B [2’/1 —k+ 1]q!q(2n7k+1)(nfk+m+1)/2 . oo/A
B (][ — k] lgm—R+Denz 0 ) (

T [l = k] lgE D@D/ KAn—k+m+1)
— g [n — k+my![n — m]q!xm
[n]g![n — Klg! ‘

]

Lemma 5.2.2. For the operators (M, .f) (x) and (Mf,;f]) )(x) as defined in
, the following equalities hold:

1. (Mg t°) (z) = 1;
w-n [n—k+1],

2. (Mypqt)(x)=q 2 €
! [n]q
oIn—k+2),n—-k+1],
3. (M, t2) (z) = ¢F2 22, forn > 1;
! [n —1]4[n],
4o (M) (@) = 1;
(1) [n—k+1], o

()]
=
S =~
=R
2=
~
~
—
8
N—
Il
i

o8 T+ p

o () = () (Pt
+2a[n [_n]lz+ 1]qq%x + %} , form > 1.
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Proof. The proof of this lemma is an immediate consequence of Lemma|5.2.1] Hence

the details are omitted. O

Remark 5. For every g € (0,1), we have

<th@—x»u»:${______

(Mgt —2)%) () = :c2{ n— k[;j[];[ﬁ I]f s e _ 2%{ : 1}, for n > 1
= Tnpg(T), say
and
(o=@ = (¢FEE T )es o
(=) = (et g )
+2a (q““z” [an_]qkjﬁl)]; - [n]q1+ B)x + ([n]qa—jﬁ)? for n > 1

= (@), say.

Lemma 5.2.3. For f € Cp[0,00), one has
[asas] <.

Proof. In view of (5.1.2)) and Lemma/|5.2.2} the proof of this lemma easily follows. [

5.3 Main Results

Theorem 5.3.1. Let ¢, € (0,1), such that ¢ — 0 as n — oo and J > 0. Then
for each f € Dy|0,00), the sequence {(M,(Lak q)f) (:v)} converges to f uniformly on
[0, J] if and only if lim g, = 1.

n—oo

Proof. First, we assume that lim ¢, = 1. We have to show that {(M,Ea,;’? f) (x)}
n—oo sy
converges to f uniformly on [0, J]. From Lemma we see that

(Méakﬁq)to> (x) =1, (Mé?‘,;i)ﬂ) (x) = x, (M,(L k’?ﬁ) () — x?, uniformly on [0, J]

as n — 00. Therefore, the well known property of Korovkin theorem implies that

{( aﬁ)f) (x )} converges to f uniformly on [0, J] provided f € Dy|0, c0).

n,k,q



107

We show the converse part by contradiction. Assume that ¢, does not converge to 1.

Then, it must contain a subsequence {¢,, } such that ¢,, € (0,1), ¢,, —a €[0,1) as
1-— an

[k + 8lgn, 1= (Gn )"

q = Gn, in (M(a’ﬂ)ﬁ) (z), from Lemma [5.2.1] we have (M(a’mt2> () - 2* as

n,k,q n,k,q

k — oo. Thus, — (1 —a) as k — oco. Choosing n = ny,

k — oo, which leads us to a contradiction. Hence, lim g, = 1. This completes the
n—oo

proof. O

Theorem 5.3.2. (Voronovskaja type theorem) Let f € Dyl0,00) and g, €
(0,1) be a sequence such that g, — 1 and ¢} — 0 as n — oo. Suppose that f"(x)
exists at a point x € [0,00), then we have

il (M50.0) (0) - 1) = (a= (5452 ) ) o)+ S

Proof. By the Taylor’s formula, we may write

(6.3.1)  f(t) = fz)+ (t — ) f'(x) + %f”(x)(t —2)* +r(t @)t — o)

where r(t, ) is the Peano form of the remainder and %im r(t,z) = 0.
—T

Applying (Mﬁf;f) (z) to the both sides of (5.3.1), we get
nla, (M50 1) (@) = 1 (@)
(6% 1 14 (03
= [nlf'(@) (MU (¢ = 2)) (@) + 5lnly, () (M. (= 2)?) (@)
il (MU (= 2)r(t,2)) (@),

In view of Remark |5, we have

(5.3.2) tim [y, (M50 (0= 2)) () = o - (5 + %) v
and
(5.3.3) lim [n],, (M,ﬁf;;{f; (t— @2) (x) = 22

Now, we shall show that

0l (MU (= 2)r(t ) (@) = 0

n,k,qn

when n — oo. By using Cauchy-Schwarz inequality, we have

(M) (¢ = 2pr(t,2) ) (@)

(5.3.4) < \/ (M2t )) (;c)\/ (M = 2)1) ().
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We observe that r?(x, x) = 0 and r?(-, z) € Dy[0, 00). Then, it follows from Theorem
5.3.1] that

(5.3.5) Tim (Mff;i) 2(t, x)) (z) = r2(z, ) = 0,
in view of the fact that <M7(Lak q) (t — :1:)4> (x) = O([ B ) Now, from (5.3.4) and
n
qn
(5.3.5)), we get
(5.3.6) Tim [n],, (Mg o) (1 — 2)? (t,x)) (z) = 0.
From (5.3.2)), (5.3.3)) and ([5.3.6)), we get the required result. O

Theorem 5.3.3. (Voronovskaja type theorem) Let f € Dyl0,00) and g, €
(0,1) be a sequence such that ¢, — 1 and q — 0 as n — oo. If f"(z) exists on
[0, 00), then

i (o, (M55.0) (0= 50)) = (a= (54552 )2) o)+ 1)

n—o0
holds uniformly on [0, J], where J > 0.

Proof. Let x € [0, J]. The remainder part of the proof of this theorem is similar to
that of the proof of the previous Theorem. So we omit it. O]

5.3.1 Local approximation

Theorem 5.3.4. Let f € Cg[0,00) and q € (0,1). Then, for every x € [0,00) and

n > 2, we have

[n—k—i—l]q k—1 «
D

‘(Méaki)f) (x) — f(x )’ < sz(f’(snkq< ) 4w (f;

where C is an absolute constant and

a2t (e o)+ (Bt o))

[n]y + 8 [n]y + 8

Proof. For x € [0,00), we consider the auxiliary operators e n k it ) defined by
“7(@B)
(Mn,k,qf> (33)

(53.7) = (Mv(fféi)f) (x)_f([n[;]qk—jﬁl]q
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From Lemma |5.2.2] we observe that the operators Mia,i) are linear and reproduce

the linear functions. Hence

n,k,q

(5.3.8) (M“” Dt - :1:)) (z) = 0.

Let g € C%[0,0). By Taylor’s theorem, we have

9(t) =g(x)+9’($)(t—$)+/ (t = u)g"(u)du, t€0,00).

Applying e n k q ) to both sides of the above equation and using ([5.3.8]), we have

(30500) () = ote) + (W55 [ (6= g )t o),

Thus, by (5.3.7 m we get
( ?B)
(3153509) (@) = g(2)|

< (u o [ ie=ulgo i) (2

nk+1 k—1
+/ Terpta T ot s n—k+1]; k- R
g
x [nlg + 8 [nlg + 8

< ((M,S“k@( —2)?) (1) + ([”[;]’“—jﬁ”q T x)> ra
(6539) < (350@) 141

On the other hand, by (5.3.7) and Lemma [5.2.3] we have

9" (u)|du

—Uu

(5:3.10) (A1000) @)| < | (M5 r) @[ +211 £ 130 71
Using and ((5.3.10) in (5.3.7)), we obtain
(MSr) @) = f@| < |(T50F = 9) @)| + 10 = @) + | (Mig) (@) - (9)(@)
n—k+1]; 1 a
(7 (M i) @)
< 4l f-gl+(0@) 1
n—Fk+1]; w1 a
(1 (Mg ) 1w).

Hence, taking infimum on the right hand side over all ¢ € C%[0,00) and using

(10.7.2), we get the required result. n
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5.3.2 Rate of convergence

Theorem 5.3.5. Let f € Ds[0,00),q € (0,1) and w (f;9,[0,b+ 1]) be its modulus
of continuity on the finite interval [0,b+ 1] C [0,00), where b > 0. Then, for every
n>2,

(M5 F) @) = F@)] < a1+ 82300 (@) + 20 (f 79 (), [0,b+ 1]),
where 7( 5)( ) is as defined in Remark @

Proof. From ([75], p.378), for x € [0,b] and ¢ € [0, 00), we get

|f(t) — f(@)] <4M(1+0*)(t —2)* + (1 + @)w(f;é, [0,6+1]), 8 > 0.

Thus, by applying Cauchy-Schwarz inequality, we have
(M 5) @) = 1)
« 1 «
< AMp(1+8) (MG = 2)%) (@) +w (£:6, (0,6 + 1) (1 + = (M5 —0?) @)
=AM P ) + 20 (. 0 11).

on choosing § = viak q)( ). This completes the proof of the theorem. O

5.3.3 Weighted approximation.

In this section, we shall discuss about the weighted approximation theorems for the
operators ((5.1.2)). Throughout the section, we assume that {g,} is a sequence in

(0,1) such that ¢, — 1 and ¢ — 0 as n — oc.

Theorem 5.3.6. For each f € D3[0,00), we have

lim || 2855 = 1| =

n—o0

Proof. From the Korovkin theorem [50], we see that it is sufficient to verify the

following three conditions

(5.3.11) lim H(M(“ﬂ ) 7 -,

n—o00 .k, an

=0, v=0,1,2.

=
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Since (M(a’ﬁ) 1> (r) = 1, the condition holds for v = 0.

n,k,qn
By Lemma [5.2.2] we have
| (i) @ - <], < (% Ikt A, et
2 [n]Qn + /6 [n]Qn + B 9
(qn [n—k+ 140 1) ; x N @ . 1
= - up up
[n]Qn + 6 x€[0,00) 1+ 22 [n]Qn + B z€[0,00) 1+ 22
W2 n—k+1
< |4 i +]q"—1‘—|—L—>Oasn—>oo.

Hence the equation m ) holds for v = 1. Similarly, we can write for n > 1
|(nihe) @ -

qﬁ_Q[n —k+2]y,[n =k +1],,[nl,,
[n = 1]q.([n]q, + B)?

which implies that lim H( (ex,5) t2) r) — 2°

n—so0 .k,

’2qs;a[n—k+1]qn N a?
([nlg, + B)? ([nlg, + B)?

= 0, the equation ([5.3.11)) holds for
2

_1'+

v = 2. Thus, the proof is completed. 0
Now, we present a weighted approximation theorems for functions in D30, 00).

Theorem 5.3.7. For each f € D3[0,00) and d > 0, we have

(M £) (@) = f(@)

nll—>nc>10 xes[lggo) (1 4 22)1+d =0.
Proof. Let xy € [0,00) be arbitrary but fixed. Then
(M2 5) (@) = £l (M2 £) (@) = £l . (M55 5) @) = £l
S = s S
xe[%}go) (1 + 22)i+d m;ﬁ) (11 22)1+ $;1£) (1 + 22)1+
(a0 ‘(M kqn(HtQ)) (m)‘
< H nkqnf f HCOZ‘O] + || f H2 S;lp (1 +$2)1+d
>x0
(5.3.12) + sup ()l

x> (1 4+ 27) M4

| ) 2 I
Since |f(@)] <I| £ lz (1 +2%), we have sup 7-=5e < e

Let € > 0 be arbitrary. We can choose z( to be so large that

(5.3.13) sl

€
(1 +a22) 3
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In view of Theorem [5.3.1], we obtain

(. 8) 2
LA ) o] IR R FA PR VA PR
2 n—00 (1+3§'2)1+d (1+ )1+d ( ) = <1+$%)d 3
Using Theorem [5.3.5 we can see that the first term of the inequality ([5.3.12)), implies

that

o €
(5.3.14) I M2 f— flloom< 50 0571 00,
Combining (5.3.12))-(5.3.14)), we get the desired result. O

Theorem 5.3.8. If f € D}[0,00), then we have

(M52 1) @) = )] < 0O+ (£,6,), 2 € [0,00),

n—=k+2 —k+1|,|n
where X > 1,02 = max{a,, by, Cn}, tn, bn, €y being ( = + ] [ i ]q;[ Jan + 1) ,
ED [kt o : . . ‘
20| qn ? Tl 5 and W respectively and C' is a positive constant in-
" ngy,

dependent of f and n.

Proof. From the definition of Qy(f,d) and Lemma | we have

O 1@ < Qtatli-a n(r+‘5 outro
2
)

< u+@x+w%( )Qﬂﬁ®

= 60 (14 50200 ) 1),
where ¢, (t) = 1+ (2z + t)? and 9, (t) = |t — z|. Then, we obtain

a, Ot ]‘ Oé
Now, applying the Cauchy-Schwarz inequality to the second term on the righthand
side, we get | (M5 £) (@) = ()

(5.3.15) s((Mﬁ@@J@r+%vK ﬁ@¢ﬂ<>¢(7m%w)@09xﬁ%»

From Lemma [5.2.2]

1 (@) 2> 1 G (Mg, [n — K+ 1g,[n —k+2],\ 2
- M El 1 t — n n n
1+a? ( i LHE) ) (@) = o [ — 1, ([n]q, + B)? 1+a?
204qn [n —k+1], = a? 1

[l + B2 1122 (i, + B2 1422
(5.3.16) < 140
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For each t > 0 and z € [0, 00), we get
Go(t) =14 (22 +1)* < 1+ 2(4a® + 2t%).

From ([5.3.15)) and ([5.3.16)), there exists a positive constant C5 such that
MY (fps 1) < Cy(1+ 2?).

n,k,qn

n,k,qn

1 « . .
Proceeding similarly, Tt <M (,8) (1+ t4)> (x) < 14C4, so there exists a positive
x

constant Cy, such that \/<M(a”8) qb%) () < Cy4(1 + 2?), where z € [0, 00).

n,k,qn
Also, we get
o on—=k+2],,[n—k+1],[n] t-12[n — k + 1]
Mé ,B) w‘i (,’I‘) — <qfl 2 [n qn qn an 0n 5 dn 4 1 xQ
< ot > [n - ]']Qn([n](hl + /8)2 ([n]lIn + 6)

w[n_k—i_l]‘hl 1 a2

e G e e ) At e

< apr? +byx + ¢
Hence, from (|5.3.15]), we have
o 1
(M2 5) @) = f@)| < 1+ 27 (02 + = Cav/ana® + b + ) (f.5.).

)
If we take 62 = max{a,, b,,c,}, then we get
(MS0 1) @) = f@)| < (1+a?) (02 AV 1) (/. 6,)

< Os(1 4+ 2™ (f, 6,), © € [0, 00).

Hence, the proof is completed. O

Next, we obtain the local direct estimate of the operators defined in (5.1.2)), using

the Lipschitz-type maximal function of order 7.

Theorem 5.3.9. Let f € Cg[0,00) and 0 < 7 < 1. Then, for all x € [0,00) we

have
o =N a, T/2
(M52 5) @) = £ <8050 (@)
Proof. From the equation ((0.7.3]), we have

(ME27) @) = F@)] < 0(fr0) (MEGD1e — o) (o).

2 1 1
Applying the Holder’s inequality with p = — and — =1 — —, we get
T q p

ISR

a ~ a, ~ a, /2
(M) @) = F@)| <@-(F) (M= 22) (@) =B f.2) (350 @)
Thus, the proof is completed. O
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5.3.4 Statistical convergence

Let ¢, € (0,1) be a sequence such that

=0.

(5.3.17) sty —limg, =1,st4 —limq, = a(a < 1) and st4 — lim m
n n nNlg,

Theorem 5.3.10. Let A = (a,y) be a non-negative reqular summability matriz and
(gn) be a sequence satisfying . Then, for any compact set K C [0,00) and
for each function f € C(K), we have

sta —hmH( nakﬁq) > () — fH = 0.

(M5 e0) () —eoH ~ 0.

Proof. Let xq = max &. From Lemma [5.2.2 st
re

Again, by Lemma [5.2.2] we have

n2 n—k+1],,
nQn+/8)

-1

For € > 0, let us define the following sets:

e () 0o

h {j:%lﬁ;i;] 1|25}

L S €
E2 = {] []]q]+/822}7

which implies that £ C F; U E5 and hence for all n € N, we obtain

Zanj S Z Qpj + Z Apj-

sup | (M5 1) (@) zo +

zeK

(g, + B

JEE jEB jEES
(Méaki) > () —ex]| = 0.
Similarly, by using Lemma [5.2.2] we have
k—2
(e,B) ap [n]Qn [n —k+ 1]Qn [n —k+ Z]Qn 2
sup(Mn e)a:—e :1:‘ < — 1|z
SR | (Mndne2) (2) = e2(2) 0 =10, [, + 7 0

a2

2aqn [n—k+ 14
O [l ¥ B

([nlg, + 8)




115

Now, let us define the following sets:

P {5 (i) -] > )
R =z e B
Fy = {j QQQJ([]Z;Z)JF] Zg}

e et

Then, we obtain F' C F} U F, U F3, which implies that

Zan]‘ < ZanijZanijZanj-

JjEF JEM JjEF jeF3

(M0 e2) () =2
proof. O]

Thus, as n — oo we get sty — lim = 0. This completes the
n

Theorem 5.3.11. Let A = (an;) be a nonnegative reqular summability matriz and

qn) be a sequence in (0,1) satisfying (5.3.17). Let the operators A = N, be
(4n)

n,k,qn’

defined as in (5.1.3). Then, for each function f € D3[0,00), we have
a,B
stA—hmH( nkq)n ) (.) _fHC+2 =0,¢>0.
Proof. From ([42], p. 191, Th. 3), it is sufficient to prove that
a,B
stA—hmH< nkq)e> () —e ,

From Lemma |5.2.2| st4 — hm H( MeH) eo> — eOH = 0 holds.

n,k,qn

=0, where ¢;(z) = 2", i=0,1,2.

Again using Lemma [5.2.2, we have

N x nT[n_k 1]qn 1
|(Mhe) O —el|) < x;ﬁﬁo){(ux?) : ([n]anr;) _1‘+<1+x2)<[n]qn+6>
w? [n—k+1],, @

(5.3.18) - q(w%+;) _4+dm%+®'

For each € > 0, let us define the following sets:
oo ool 0=, )
g7 -k,
Gy = {j: J 1>
1 (1o, +5)
! €
Gy = > =5
: {] Ul + 8 2}

N
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which yields us G C G; UG5 in view of (5.3.18]) and therefore for all n € N, we have

Zanj S Z Q5 + Z Q-

JjEG jeG1 j€G2

= (. Proceeding

Hence, on taking limit as n — oo, sty — liin H (M](‘Zi)el> () —er )

similarly,

q?ﬁi_Q[n]Qn [n B k + 1](]77. [n — k + 2]Qn

M(a’me>.—eH < —1'
I 2= T, + 57
k=1
20qn% [n—k+1],, N o?
([n]q, + B)? (g, +8)*
Now, let us define the following sets:
R = {j : ‘(M](’(Zig])€2> () — €2 ) > 6}
o { 2l — k1 — k2, ‘ }
1= E . . 5 -1 =3
[j _1](1]'([.]]!1]' +ﬁ) 3
k—1
2a0q.2 [j — k+ 1],
Ry = {j: 2 .[j Jg b ZE}
([7]g; +8) 3
a? €
Rs = Jim—— > —}.
’ { (e, +8)* — 3
Then, we obtain R C Ry U Ry U R3, which implies that
PILTEDBLIEDSLIED DL
JER JER, JER> JER3
Hence, taking limit as n — oo we get st4 — lim H <M7§a,£) 62> (.) —es|| = 0. This
n AT 2
completes the proof of the theorem. O

5.4 Better Estimates

It is well known that the classical Bernstein polynomials preserve constant as well as
linear functions. To make the convergence faster, King [101] proposed an approach
to modify the Bernstein polynomials, so that the sequence preserves test functions

eg and ey, where e;(t) = t',i = 0,1, 2. As the operator M,(f,;i)(f; x) defined in (5.1.2

reproduces only constant functions, this motivated us to propose the modification
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of this operator, so that it can preserve constant as well as linear functions.

The modification of the operators given in is defined as

n+1
2n — k4 1], (q2n2k+l sg(x))
@B ) _ (n—k)(n—k+1)/2
( n,k,q f (.CE) [n]q|[n _ k]q' q

o0/A tn—k [n],t + a)
d
. /0 (¢ 2 sh () + )2+ f( [nlg + B o

for xefnz[[n]q%ﬁ,oo) and n € N.

([] + Bz —
q = [n—k—i—l]

where si(z) =

Lemma 5.4.1. For each z € I, by simple computations, we have

1 (M(“’5)1> (z) = 1;

2 (M) (@) ==
a,B) 42 n—k 2]11[”](1 2 20 n—k Q]q[”]q
o ( "'“it) [[n—k:]][[?]z—uf*[n]qw(lq[n—k++11q[n—1]q)‘”
n—k+2 q
*m + B)? ( [n—k+1Jq[n—uq‘1>’f‘””>1'

Consequently, for each x € I,, , we have the following equalities:
(M55 (¢ = ) (@) = 0;
(M = 2?) (@)
[n —k + 2]y [n], ) 2 2 ( [n =k + 2]y[n] )
= —1)z" + 1—- x
(q[n_k+1]q[n_1]q [n], + 8 gln =k +1y[n — 1],

o L A T
+([n]q+5)2(q[n—k+1]q[n_1]q 1)>f >1

(5.4.1) = fqgof,;’ﬁ;(x), say.

Theorem 5.4.2. Let f € Cp[0,00) and x € I,,. Then for every x € [0,00), there

exists a positive constant C' such that

(M) (@) = (@) < Cu (f Vi (x)) ,

where fnkq( x) is given by (5.4.1)).




118

Proof. Let g € C%[0,00), z € I, and t € [0,00). Using the Taylor’s expansion we
have

g(t) = g(2) + (t — 2)g'(x) + / (t - u)g" (u)du.

Applying Mﬁ;? on both sides and using Lemma [5.4.1, we get

(31529 () = o0 = (3755 ([ 6= g ) 0.

Obviously, we have ‘f;(t — u)g”(u)du‘ < (t —2)%g"||. Therefore

|(M539) (@) = 9(a)| < (55 =) @) 19" 1= €57 19" 1

Since | (MG 1) (@)] < 11711, we get

IN

(M52 (= 9) @+ 1 = 9)@) | +](M559) (@) - 9(a)
< 20f = gll + €55 @) "

(M07) () = ()

Finally, taking the infimum over all g € C%[0, c0) and using (0.7.1)), (0.7.2)) we obtain

(F521) (0) - 1) < Cun (1375500 ).
which proves the theorem. O

Theorem 5.4.3. Let f € Dyl0,00) and ¢, € (0,1) be a sequence such that q, — 1

and q' — 0 as n — oo. Suppose that f"(x) exists at a point x € I,,, then we have

tin ol (((557) (0) - 1(0)) = 3os"(0),

Proof. The proof follows along the lines of Theorem [5.3.2, n



Chapter 6

Szasz-Baskakov type operators

based on g-integers

6.1 Introduction

For f € Dyl0,00), Gupta [69] introduced the following operators

(6.1.1) Tu(fi0) = 3 guo(o) / b (07 (1)t + e £(0),

1 T

B(v+1,n) (14 x)rtv+t’
sidering the value of the function at zero explicitly and studied an estimate of error

where ¢, ,(x) = e—ne (nz)” by () = x € [0,00) by con-

vl

in terms of the higher order modulus of continuity in simultaneous approximation
for a linear combination of the operators (6.1.1]), introduced by May [112]. Later on,

Gupta and Noor [79] discussed some direct results in simultaneous approximation

for the operators (6.1.1)).

For f € Dy[0,00), 0 <g<1, 0<a<f and each positive integer n, we introduce
the following Stancu type modification of the operators (6.1.1)) based on g—integers:

() oo/A v
@A f:0) — vt ¢lnlgt + o
Bn»q (f) ZL’) - ;qml/(q’x)q /0 bTL,V—l(qv t)f < [n]q + ﬂ ) dqt

(6.1.2) VE, (—[n),z) f (m) ,
where C]n,y(q, ) = L, (—[n]qx) [H]Zx” and bm,,(q,t) _ t”qV(u_l)/Q

Vg (1 + )" 1B, (v + 1, n)

!
For « = 8 =0, we denote Bgfxq’ﬁ)(f;x) by Bn(f:7).

119



120

Clearly, if ¢ — 1~ and o = = 0, the operators defined by (6.1.2)) reduce to the
operators given by (6.1.1]).

The purpose of the present chapter is to study the basic convergence theorem,
Voronovskaja type asymptotic formula, local approximation, rate of convergence,
weighted approximation, point-wise estimation and A-—statistical convergence of
the operators . Further, to obtain better approximation we also propose a

modification of these operators by using a King type approach.

6.2 Moment Estimates
Lemma 6.2.1. For B, ,(t™;x), m =0,1,2, one has

1. B, (l;z) =1,

[n]yx

2. Byy(tix) = -1, for n>1;
2., q[n]g 2 [2]¢[n]q
3. Bng(t%2) = =1, — Q]qit + gl —1],n — 2]q.r, for m > 2.

Proof. We observe that B, , are well defined for the functions 1,¢,¢*. Thus, for

every z € [0,00), using (0.2.1) and (0.2.2)), we obtain

0 oo/A
Bug(lit) = 3 anula.a)a”™ / by (0, D)t + Ey (—[1]g2)
v=1 0

= > quulgx) =1
v=0

Next, for f(t) = t, again applying (0.2.1]) and (0.2.2)), we get

i o0/A
Bn,q (t7 .Z') - Z Qn,u(q, x)qyil / bn,ufl (q7 t)qyt dqt
v=1 0

Proceeding similarly, we have

[2]4[n]q q [n]g 2

qu(t o) = q[n — 1]q[n — Q]qx n— l]q[n - 2]‘1x ’

by using [v + 2], = [2], + ¢*[V],- O
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Lemma 6.2.2. For the operators By(fq’ﬁ)(f;x) as defined in , the following
equalities hold:

1. Bff;ﬁ)(l;x) =1;

2
n
L 2 , for n>1;

(nlg+B)n—1],  [n]g+8
(@) (2. 1y — [n] ’ (q[n]g +2aln — 2]‘1)332 [2]4[nlq v
5 Bug () <[n]q + B) { [n —1]4[n — 2], " q[n — 1]4[n — 2], }

2
«
+ (—[n]quﬁ) , for n > 2.

2. BY (tx) =

Proof. This Lemma is an immediate consequence of Lemma|6.2.1} Hence the details

of its proof are omitted. m

Lemma 6.2.3. For f € Cgl0,00), one has

[BE N < I1£1-
Proof. In view of (6.1.2)) and Lemma|6.2.2] the proof of this lemma easily follows. [

Remark 6. For every ¢ € (0,1), we have

Bl o - ) = Wb 90 b=y

and
a, 2, _ Q[n]g _ 2[”]2
B (¢ = wha) = {”<[an+@>2[n—uq[n—2}q“O‘ Dl B2 — 1,
{ 2}’ B }H 2
A0y 7 BRI — Uy =2, Wyt 8" (W, + B
= 20(2), say.

6.3 Main Results

Theorem 6.3.1. Let 0 < ¢, < 1 and J > 0. Then for each f € Dyl0,00), the
sequence {Bﬁﬁjf)(f; x)} converges to f uniformly on [0, J] if and only if lim g, = 1.
n—oo
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Proof. First, we assume that lim ¢, = 1. We have to show that {Bn i ( f;x)} con-

n—oo

verges to f uniformly on [0, J]. From Lemma , we see that Bé?‘gf)(l;x) — 1,
B (t:x) =z, B%P (1% 2) — 22, uniformly on [0, .J] as n — oo,

Therefore, the well-known property of the Korovkin theorem implies that {qu‘i}f ) (f;x)}
converges to f uniformly on [0, J] provided f € Dy[0, c0).

We show the converse part by contradiction. Assume that ¢, does not converge to 1.

Then, it must contain a subsequence {g,, } such that ¢,, € (0,1), ¢, — a € [0,1)

as k — oo.
1 1—gq, .
Thus, e T 3] =1 v q)zﬁs — (1 —a) as k — oo. Choosing n = ng, ¢ = gy,
an ng
in Bfﬂz’f) (t*; ), from Lemma , we have
+2a(l —a))x (1—a*)x (1—a)?a?
B(aﬂ) 2 ) — (a + + - 1% as
A N e (e R (R e R e (e
— 00,

which leads us to a contradiction. Hence, lim ¢, = 1. This completes the proof. []
n—oo

Theorem 6.3.2. (Voronovskaja type theorem) Let f € Dyl0,00) and g, €
(0,1) be a sequence such that g, — 1 and ¢} — 0 as n — oo. Suppose that f"(x)

exists at a point x € [0,00), then we have

lim [n],, (B (i) = f(x)) = (@ = Ba) f'(x) + (1 = @)a(1 — 2) f"(2).

n—oo

Proof. By the Taylor’s formula, we may write

(6.3.1) f@) = flz) + (=) f'(z) + %f”(l“)(t — @)’ +r(t,2)(t - 2),

where 7(t,z) is the Peano form of the remainder and lim r(t,z) = 0.
—x

Applying B? o ( f;x) to the both sides of |D we get

o (Big? (fra) = f(2) = [nlo, ' (@) B2 (= 2)52) + %[n]qnf”(w)Bf{f‘q’f)((t — )% )

o, B (t = 2)Pr(t, 2); 2).

In view of Remark [6], we have

(6.3.2) li_)m [n]an,(Lfo)((t —z);x)=a—fz
and
(6.3.3) lim [n]anqgf‘q’f)((t — )% 7)) =22(1 —2)(1 — a).
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Now, we shall show that
[n]an(a’f) (r(t,x)(t — )% x) — 0, when n — oo.
By using the Cauchy-Schwarz inequality, we have
(6.3.4) B,(L‘féf) <r(t, z)(t — x) ) \/Bn o (r2(t, x) \/Bn o ((t —2)% ).

We observe that r?(x, x) = 0 and 7?(-, x) € Dy[0, 00). Then, it follows from Theorem
6.3.1 that

(6.3.5) lim B(a )( 2t,x);x) = r¥(z,2) =0,

n—oo

1
in view of the fact that B{%2((t — 2)%2) = O ——
»q [n]

5 ) Now, from (|6.3.4) and
(6.3.5)), we get

qn

(6.3.6) lim B O‘5)( (t,2)(t — )% z) =0,

n—oo

and from (6.3.2)), (6.3.3]) and (6.3.6)), we get the required result. O

Theorem 6.3.3. (Voronovskaja type theorem) Let f € Dy[0,00) and g, €
(0,1) be a sequence such that g, — 1 and ¢} — 0 as n — oo. If f"(x) exists on
[0,00), then

lim [n]g, (B (fi2) — f(2) = (a = Ba) f'(z) + (1 — a)x(1 — ) f"(2)

n— 00 ’

holds uniformly on [0, J], where J > 0.

Proof. Let x € [0, J]. The remainder part of the proof of this theorem is similar to

that of the proof of the previous theorem. So we omit it. O

6.3.1 Local approximation

Theorem 6.3.4. Let f € Cg[0,00) and q € (0,1). Then, for every x € [0,00) and

n > 2, we have

B 050) — 0)| < Con 88z ) 1 LTI et aln = T

([n]q + B)[n — 1],

where C is an absolute constant and

=l _ Bln — T+ an— 2\ /2
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Proof. For x € [0,00), we consider the auxiliary operators B D defined by

—(o,B) . aﬁ) T [n]gx - L
(6.3.7) B, (fiz)= (f;z) = f <([n]q+@)[n— 0, " [n]ﬁﬁ) + i)

(c,8)

From Lemma [6.2.2) we observe that the operators qu are linear and reproduce

the linear functions. Hence

(6.3.8) B ((t - 2);2) = 0.

n7q

Let g € C%[0,00). By Taylor’s theorem, we have

o) = 9(a) + )0~ )+ [ (¢~ g, € [0,00),

B)

to the both sides of the above equation and using (/6.3.8]), we have

t
B (g;0) = g(a) + By ( / (t — w)g" (u)du; x> .
Thus, by (6.3.7) we get

B (g:2) - glw)] < (/Nt ullg” )i o
)20

/q BTl T g ¥8 N
. (Inlg +B)n—1]g  [nlg+8

)
f;(Bgmw_mfmw%anfgi_”q+mﬁiﬂ—{f)mw

Applying EELCZ

[n]gx a

— ullg" (u)|du

639) < (%) 191
On other hand, by (6.3.7) and Lemma |6.2.3] we have
_(CY,,B) o
(6.3.10) By (F2) < IBES (o)l + 20 < 31711

Using (6.3.9) and (6.3.10]) in (6.3.7)), we obtain

B (f:2) — f(2)] < [BEO(f = gio)| +1(f — 9)(@)| + BV (gs ) — g(a)
[n]2x o B
W( I ]+[]+5) f@)

< allf o+ 0 1o+ |7 () )|

Hence, taking infimum on the right hand side over all ¢ € C%[0,00) and using

(10.7.2)), we get the required result. m
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Theorem 6.3.5. Let f € Dy[0,00),¢q, € (0,1) and w (f;4,[0,b+ 1]) be its modulus
of continuity on the finite interval [0,b+ 1] C [0,00), where b > 0. Then, for every
n>2,

B (i) — £@)] < 4M5(1 4+ Pi0) + 20 (D@0 0.0+ 1)

where %g?‘q’f)(x) is defined in Remark @

Proof. From [87), for x € [0,b] and ¢ € [0, 00), we get

|t

1f(t) — flz)] <4AMp(1+b°)(t —2)* + (1 + %x')w(f;é, [0,b+1]), § > 0.

Thus, by applying the Cauchy-Schwarz inequality, we have

|BEG (fiw) — f(x)]

< AMp(1+)(BE (= 2)%2) +w (f36,0,b+ 1)) <1+§(B£‘?q’f’(t—x>2;ar)§)

=4Mm+wwﬁﬂm+m(f wﬁkxmwuo,

on choosing 0 = vflaqf )( ). This completes the proof of the theorem. ]

6.3.2 Weighted approximation.

Throughout the section, we assume that {g,} is a sequence in (0,1) such that

gn — 1 and ¢, — 0 as n — oo.
Theorem 6.3.6. For each f € D3[0,00), we have

lim ||B —fH2:O.

n—oo
Proof. Making use of the Korovkin type theorem on weighted approximation [50],

we see that it is sufficient to verify the following three conditions

(6.3.11) lim || B2 (t%:2) — 2¥)||, =0, k=0,1,2.

n—0o0

Since Bfﬁ;’f)(l; x) =1, the condition in (6.3.11)) holds for k£ = 0.

By Lemma [6.2.2] we have for n > 1

n-l —1] x a 1
Bna ﬁ) t .:C — S [n]ann /B[n Adn Sup + Sup -
[ ]QnQZ ! ﬁ[n — 1](1n a
B ([nlg, + B)[n — 1], [n]g, + 8’
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which implies that the condition in (6.3.11)) holds for k£ = 1.
Similarly, we can write for n > 2

HBnaqf) t2 ) z?
2

[n—=1g,[n =2, [n—1, gnln — 1, [n —2lg,  ([n)g, +5)
which implies that hm HB O‘B) % x) — x2||2 =0, (6.3.11)) holds for k = 2. O]

Now, we present a weighted approximation theorem for functions in D30, 00).
Theorem 6.3.7. For each f € D3[0,00) and d > 0, we have

B (fr2) — f()]

1111—>11<;lo xes[ggo) (1 + 22)1+d = 0.
Proof. Let xy € [0,00) be arbitrary but fixed. Then
By (fix) = f(x By (fiz) = f(x Bl (fiz) — f(x
sup | Br.gn ( 2)1+d( )| < Sup| an ( 2)1+d( )|+Sup| an ( 2)1+d( )|
z€[0,00) (]- +x ) z<zo <]- +z ) T>10 (]. +x )
(o,8) 2.
of | Bn.g, (1 + % 2)]
S HBn qn) - fHC’[O,:cO] + ||f||2s;lmo (1 4 172)1+d
|f(@)]
6.3.12 _ @
(63.12) TR Oy
Since |f(z)| < || fll, (1 + 2?), we have sup £(@)] < 171l

w>ao (L4 2%)1+ 7~ (14 2§)®
Let € > 0 be arbitrary. We can choose z( to be so large that

/1 < £

(6.3.13) T <3

In view of Theorem [6.3.1], we obtain

. Bnn 1+t2 1+x2
1], lim B+ i) Leat
(6.3.14) SR 75 PO ¥ R

(1+22)4 — (1+23) 3
Using Theorem [6.3.5 we can see that the first term of the inequality (6.3.12)), implies
that

€

(6.3.15) HBT(laqf _ fHC[O,xo] < 3 asn — 0.

Combining (6.3.13))-(6.3.15]), we get the desired result. O
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Theorem 6.3.8. If f € D3[0,00), then we have

BSG (fre) = f(2)] < O+ 2 M)Q(f, 80), 2 € [0, 00),

gn[nly, +2an — 2, [n]2
= g0 — 2 (s + B

1) ( Anly, ) P tively and C i

, and —————, respectively an s a pos-
qn[n - 1]‘1n [n - Q]Qn([n]%’z + /8>2 ([n]Qn + /6)2

itive constant independent of f and n.

where X > 1,62 = max{aun, B, Yn}» Ons B, Vo being <

Proof. From the definition of Qs(f,d) and Lemma|0.7.1} we have

10 7@l < @Gt ie-a?) (145 )autro)

< (14 (22 +1)?) (1+ i )Qg(f,é)
= a0 (14 5000 )90(1.5),

where ¢, (t) = 1+ (2z + t)* and v, (t) = |t — z|. Then we obtain

B (fr) = f(x)] < (Bﬁﬁ;f)(@; z) + }B,S?;fkmx; x)) D (f,6n).

n

Now, applying the Cauchy-Schwarz inequality to the second term on the right hand
side, we get | By, (f;2) — f(x)

<6.3.16>s( 06w + B s B )>Q2(f5)

From Lemma [6.2.2]

1 1 + 2afn — 2 2 2
237(1aqﬁ)<1 —|—t2 ) _ > + ( [n] qn a[n ]Qn[n]qn 2) X .
[ Qn[n gn x + 052 1
qn[n - 1]Qn [n - Q]Qn([n]Qn + /8)2 ]‘ + xQ ([n]q'n + /8)2 1 + l’2
(6.3.17) < 14 Cy, where (Y is a positive constant.

From ([6.3.17)), there exists a positive constant Cy such that
B (¢ai ) < Co(L+27).

Proceeding similarly,

1 a . .
g Bﬁl,q’f)(l—i—t“; x) < 14C5, where Cj is a positive constant.

So there exists a positive constant Cy, such that \/ B (¢2;2) < Cy(1 + 22),

,qn
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where = € [0,00). Also, we get

PN A8 IR U P A ) AP
Bia, (2:0) {[n—uqn[ (N <[n]qn+ﬁ>[n—uqn}
2[71]2n 2a o?

+{qn[n "] 7 = 2o, (s T B [l + ﬂ}x T [l + B2
<z 4 Bpx + .

Hence, from (6.3.16|), we have

B (fi) — fla)] < (1+27) <02 + %@\/%aﬂ + Bux + %) Qo (f, )

If we take 62 = max{a,, 5,7}, then we get

(14 2?) (02 +CyVar2 4z + 1) Qa(f, 6,)

< Os(1 4 22™Q(f, 6,), = € [0,00).

|BH (fr2) — f(z)]

IN

Hence, the proof is completed. n

Next, we obtain the local direct estimate of the operators defined in (6.1.2)), using

the Lipschitz-type maximal function of order 7.

Theorem 6.3.9. Let f € Cg[0,00) and 0 < 7 < 1. Then, for all x € [0,00) we

have
Q, ~ «a 7/2
B (i) — f(o)] < @r(f,2) (e (2)
Proof. From ((0.7.3)), we have

B (fra) = f(@)] <@ (f,2)BYSP (1t — 2|75 ).

2 1 1
Applying Holder’s inequality with p = — and — =1 — —, we get
T q p

BEA(f2) = f@)] < B(f,2)(BE (¢ — 0% 2)F =0,(f,2) (@)

Thus, the proof is completed. [

6.3.3 Statistical convergence
Let g, € (0,1) be a sequence such that

(6.3.18) sty —limgq, =1,sty —limq! = a(a < 1) and st4 — lim = 0.

o [n]g,
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Theorem 6.3.10. Let A = (an;) be a non-negative reqular summability matriz and
(gn) be a sequence satisfying . Then, for any compact set K C [0,00) and
for each function f € C(K), we have

sta —lim|| B0 (f:.) — f|| = 0.

Proof. Let xy = maxz. From Lemma |6.2.2 stA—hm HB eo, )= 60” = 0. Again,
Te

by Lemma [6.2.2] we have

[l

Q@
supB e x) —e < dn —1lzg + ——.
sup B eria) — @)l < | =, Rt 5 5
For € > 0, let us define the following sets:
F o= { HB,&O;IC e1; . —61H > e}
(k)3 €
F o= {k‘ Tk -1 > =
([k]Qk + 6)[1{: - 1]% 2
o €
B = <k:i—>—>%,
i { [klq, + 5 2}
which implies that F' C F; U F, and hence for all n € N, we obtain
Zank S Z Qpk + Z Qnk-
keF keFy keFy
Hence, taking the limit as n — oo, we have st — hm ||B )(el, )= elH = 0.
Similarly, by using Lemma [6.2.2] we have
4
sup | B, (eg;x) —ea(x)| < — 1|z
swp B exss) —ealell < e R, Gl AR [
2], [n]? 2
N 2], T
gn[n — 1]g,[n — 14, ([n]g, + B) ([ng, +B)

Now, let us define the following sets:

-]

G = { HB’“% (€9;.) — e

o - et
o -~ e 2 5
Gy = b e 2 5
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Then, we obtain G C G U G5 U G5, which implies that
Zankg Zank+zank+ Zank-
keG keGy keGo keGs

Thus, as n — 0o we get sty — hm HB(O‘ 5)(62 — €2H = (. This completes the proof.
O

Theorem 6.3.11. Let A = (anx) be a non-negative reqular summability matriz and

(gn) be a sequence in (0,1) satisfying . Let the operators Bﬁf‘q’f),n eN, be

defined as in . Then, for each function f € D3[0,00), we have
sta—lm||B{G2(f;.) = f| ., =0, ¢ > 0.

Proof. From (|4 ] p. 191, Th. 3), it is sufficient to prove that
sty — hm ||B el, ) - ein = 0, where ¢;(x) =2', i=0,1,2.

From Lemma[6.2.2) sty — lim HB,%?(@@ )= 60”2 = 0 holds.

Again using Lemma [6.2.2] we have

[n]2 1 «
BB (ep; ) —e < sup { * qn — 1|+
[B50 ) — el < s \ G52 et A=, T o8 (il + )
(6.3.19) [n]in _ 1' P
For each € > 0, let us define the followmg sets:
R = { HBkaqf) er;.) — ey 226}
(k] ’ €
Ry, = {k : ‘ & 1 —}
' ([k]% +5)[k_1]% 2
o €
Ry = {k:—— >3,
’ { [H%+B—2}
which yields R C Ry U Ry in view of (6.3.19)), we have
Zank S Z Ank + Z Ank-
kER kER; ke Ry
Hence, on taking the limit as n — oo, st4 — hm HB )(el, )= 61”2 =0.

Proceeding similarly,

aﬁ) (e9;.) — e qn[n]gn + 20— A, o
1BiG) (e23 ) — e [ — 1.0 — 2y, (g, + B)? 1‘
(2], [n]2, o’

T =g — g (g + B2 (Wl + B
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Now, let us define the following sets:

M = {k’ Hquk 62;.)—62”226}

k 2k — 2
M, = {k’ qulkly, +2alk — 2]y, 2_1'25}
[k - 1]% [k: - 2]Qk([k]Qk + B) 3
My - {k : (2], [K]5, 5 € }
[k — g [k — g ([Flg. + B)?
a? €
M, ::{k:———————z—}.
(kg +8)* — 3
Then, we obtain M C M; U My U Ms, which implies that
Zank S Z ank+ Z ank+ Z Qn -
keM keMy keMs keMs
Hence, taking the limit as n — oo we get stq — hm ||B (62 — GQHQ = 0. This
completes the proof of the theorem. O

6.4 Better Estimates

We propose a modification of the operators Bfﬁ;’ﬁ )( f;x) defined in , so that it
can preserve constant as well as linear functions.

The modification of the operators given in is defined as

N oo/A Yin «
Bfﬁéqﬁ)(f,l’) = quu(r?ql(x))q’/l/o bnﬂ/il(q’t)f <q[7[1]1q—i—;)) dqt

v, (=1l 120) £ (1755)
(1 + B)n — 1) — afn — 1,

where ri(x) = A for z € I, = [[n]q%ﬁ,oo> and
q

n > 1.

Lemma 6.4.1. For each x € I, by simple computations, we have
(i) Biiy” (L) = 1;

(ii) BY (t;2) = x;
[n— 1y(q[n]2 + 2aln — 2),) ,  [2]4[n]2 — 2gan — 1],(g[n]2 + 2a[n — 2],)

iii) B (2, ) = z? L
) B ) n=ABE T T gl Al - 2
J Olialn =y = 2) + 2000~ Uoln =2y,

([nlg + B)[nf3ln — 2],
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Consequently, for each x € I, , we have the following equalities

E,(z‘f‘f)(t —xx) = 0
~ n]2(q[n — 1], — [n — 2],) + 2a[n — 1],[n — 2]
@B ((+ — )2 1) = q q a q 92
Pt CEEAT:
+@Mﬂ2—%am—ﬂ(ﬂ]—ﬂam—ﬂ)x

q([nlg + B)[n — 2lg[n];

o2[n2(gln — 1)y + [n — 2],) + 20{n — 1],[n — 2],
+ ([nlq + B)2[n)2[n — 2], , forn > 2.

(6.4.1) = f(aﬁ)(x), say.

Theorem 6.4.2. Let f € Cp[0,00) and x € I,,. Then, there exists a positive constant
C such that

B () — 1) < e (£ V657 @)

where €57 (x) is given by .
Proof. Let g € C%[0,00), z € I,, and t € [0,00). Using Taylor’s expansion we have

o(0) = o) + (1= ) ) + [ (¢ = w )
Applying §,(f‘q’6 ) on both sides and using Lemma , we get

B (gi0) — o(0) = B (¢~ 0 o)+ B ([ 6= g )
Obviously, we have ‘f u)?g"( du) < (t — x)?||¢"||. Therefore
| B g 0) - o(0) 1< B2 (4 = %) 1"l = €57 171

Since | Biq” (f:2) |< |If1, we get

| BED (f32) = f) |

IN

| BeO(f —gia) | + | (f — 9)(@) | + | B&A (g32) — g(x) |
< 2|f — gl + P @))g"]-

Finally, taking the infimum over all g € C%[0, 00) and using (0.7.1)), (0.7.2)) we obtain

| BEO(fra) - f(a) |< Con (f; @, >) ,

which proves the theorem. O



Chapter 7

Approximation by complex
Szasz-Durrmeyer-Chlodowsky

operators in compact disks

7.1 Introduction

For a real function of real variable f : [0,00) — R, Izgi [91] introduced the fol-
lowing composition of Szasz-Mirakjan operators by taking the weight function of

Chlodowsky-Durrmeyer operators on C[0, c0) as

o0 b,
n 10 n n

k
where p,(z) = e <n;) , Oni(t) = (Z) t*(1 — )"* and b, is a sequence of

positive real numbers which satisfy lim b, = oo, lim — = 0.
n—o0 n—oo M
In the present chapter, we extend some overconvergence properties of the Szasz-
Durrmeyer-Chlodowsky operators to complex domain. The complex Szasz-Durrmeyer-
Chlodowsky operators are obtained from the real version, simply by replacing the
real variable x by the complex variable z in the operators defined by ([7.1.1]), which

is given below:

1) FEHE = 1§pn,k (bi) / " (bi) f(y,

133
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where z € C is such that 0 < Re(z) < b,.

Throughout the chapter, we consider Dr := {z € C : |z| < R}, R > 1. By

Hg, we mean the class of all functions satisfying: f : [R,b,] UDr — C is con-

tinuous in [R,b,] U Dg, analytic in Dy ie. f(z2) = Zcpzp for all z € Dg. Let
p=0
1<r<Rand| f |,=sup|f(2)|]- In this chapter, we present rate of convergence,

|z[<r
Voronovskaja type result for the Szdsz-Durrmeyer-Chlodowsky operators F,(f; z)

for analytic functions on compact disks and also study the exact order of approxi-

mation for these operators.

7.2 Auxiliary Results

In order to obtain the main results, we first prove basic lemmas:

Lemma 7.2.1. Denoting e,(z) = 2° and 11, ,(2) = Fu(ep; 2), for all e, = tP, p €
N n € N and z € C, we have F,(eg;2) = 1 and

nz+ (p+1)b,
n+p+2

bnz ,
n+p+2 "

(2) +

Hn,p+1(2) = Hn,p(z>'

Also, 11, ,(2) is a polynomial of degree p.

Proof. Using b,z p), (bi) = (kb, — n2) Pk (bi) , we have

1 & bn
b,z H:Lp(z) — n;’ b,z p;Lk <bi) / an,k <bi) tP dt
n k=0 n 0 n

n+1 z bn t
- b, Z(kbn - TLZ) Pn.k (E) /0 Pk (E) P dt

k=0
n-+1

_ épn’k (%) Obn{(k Dby — (n+ Dt + (n+ 1)t — by — n2)} b (bi> P dt.

by, n

Using the identity (b, — t) (tqsn,k (%)), ={(k+ 1)b, — (n+ 1)t} (aﬁn,k (%)) ;
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we obtain

bor I, (2) = ”“ank (bi) /b {(k+1)bp — (n+ 1)t} (qsn,k (%))t:ﬂdt

TL n

+(n+1) L, p41(2) — (nz + b,) I, ,(2)

n+1 b t\\ .,
= bn kz:%pn,k <E)/O (bn_t) (t¢n,k (E)) P dt

+(n+ 1)1, p11(2) = (nz + b,) I, ,(2).

Thus integrating by parts on the right side, we get

bnz ]'_‘[;L,p(z) = —pbp I p(2) + (P + 1) Wppy1(2) + (0 + 1) I i1 (2) — (02 + by) I, p(2)
= (n+p+2)ILpn(2) = (nz + (p+ 1)bn) Uy p(2),

which completes the proof of the recurrence relation. Further, by mathematical

induction on p, we easily get that II,, ,(z) is a polynomial of degree p. O]

Lemma 7.2.2. Let f € Hgr and be bounded and integrable on [0,b,]. Suppose that

f(z) = Zcpzp for all z € Dg and 1 < r < R. Then for all |z| <7 and n € N, we

p=0
have
Folf;2) = Zcp}"n(ep;z).
p=0
Proof. For any m € N and r < R, we define f,,(z Zcpzp if |z] < r and

p=0

fm(x) = f(z) if x € (r,b,]. Since |fin(z)] < Z lcp|r? = C, for |z| < 7, m € N and

fm is bounded and integrable on [0, b,,]

p()/ b () (O < .

Thus, F,,(fm; z) is well defined and an analytic function of z.
Similarly, for the function f, it follows that F,(f;z) is also well defined and it is an

o0

—>

n =0

| Fulfmi 2)| <

analytic function of z.
Further, we assume that f,,,(z) = cyep(2) if |2] < 7 and f, () = L2
Let |z| <rand 1 <r < R.

(7, by).
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Defining f,,(z Z fmp(2), by the linearity of F,, it follows that

Folfm;2) = Zcp}"n(ep; z) for all |z| <r and m, n € N.

p=0

It is sufficient to prove that for any fixed n € N

lim F,(fim; 2) = Fulf; 2),

m—0o0

uniformly in compact disk |z| < 7.

But this is immediate from lim ||f,, — f|l» = 0, from || fr, — flIBlo,0c) < || — flIr
m—r0o0

and from the inequality

| Fulfmi 2) = Fulf;2)]

o0

— p"’k( )‘/b%k( )Ifm() Fb)dt

=103 oo ()

<

IN

k=0
s k
= |7 (3)
< | fm—erZ T
k=0
[e.e]
< N fo = f e e
il
< ||fm_f|| eb" eb"<Mrn”fm f||7‘
valid for all |z| <7, where || . ||5o,00) denotes the uniform norm on [0, 0o). Thus, as
m — 0o, we get the required result. O]

7.3 Main Results

7.3.1 Upper estimates

In the following theorem, we obtain an upper estimate of the error in the approxi-

mation of an analytic function by the operators (7.1.2]) in a compact disk.

Theorem 7.3.1. Let f : [R,b,|UDg — C be continuous in [R,b,]UDg and analytic
in Dg. Further, let f be bounded and integrable in [0,b,]. Suppose that there exists
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M AP
M >0 and A € (}%, 1) with the property |c,| < m, VpeN. Let1 <r< % be
p)!

arbitrary but fived then for all |z| <1 and n > ng, ng € N, we have

Full:2) = J(2) < Coa(NE where Cpa(f) = MY (A < oo,

p=1

Proof. By using the recurrence relation of Lemma [7.2.1] we have

nz+ (p+1)b,
n+p+2

B b,z ,
S n+pt2 P

L, p41(2) (2) + I, ,(2),V2z€ C,pe N’ n e N.

From this we immediately get the recurrence formula

b,z v nz+pb _
11, —r = T (1,,_ — ol = (1, — p1
7P(Z) % n+p+1 ( P 1<Z) z ) +n+p+1 ( Y 1(2) & )
2p — 1)b, — 1
(2p—1) (p+ )Zzp_l, Vze C,p,n eN.
n+p+1

Now, for 1 <r < R, by linear transformation the Bernstein’s inequality in the closed
unit disk becomes P/(z) < 2| B, ||, for all |z| < r, where P,(z) is a polynomial of

degree < p. Thus, from the above recurrence relation, we get

b,r p—1  nr-+pb,
Hn - T < — Hn -1 —1f|r Hn -1 —1f|r
My — epllr < n—l—p+1“ -1 — €p—t| ” +n—i—p+1” -1~ €p-1l]
L Dbt
n+p+1
(2p — 1)b, Cp—-1b,+(p+Dr
< ——— ) [, -1 — €ptllr P
< (74 BB ) Maps = eyl + =t D,
(2p — 1)b, 2p(by + D)r?
< - 5 Hn -1 = Ep—1|lr - 5 -
< (4 P M = el 20

In what follows we prove the result by mathematical induction with respect to p,
that this recurrence relation implies

(2p)'rP(b, + 1)
n+2

L., —epllr < , forall p e N, n > ng,no € N.

b, + 2
Indeed for p = 1 and n > ng,ng € N, the left hand side is : r and the right
n
2r(b, + 2
hand side is % Suppose that it is valid for p, the above recurrence relation

implies that

b, +1

2 2 p+1
+(2p +2)r Y

(2p + l)bn) (2p)!rP (b, + 1)

HHn,p-i-l - ep-HHT < (T+ n+2 n-+2
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it remains to prove that

(2p+ 1)b,\ (2p)!rP(b, + 1)
(7’ + P )

bo+1 _ (2p+2)rPt(b, + 1)
2p + 2)rP 2 < i
n+2 +@p+2)r n+2 n+2

or

(r L (2p+ 1,

n+2 )<2p)!+(2p+2)r < (2p+2)0r

It is easy to see by mathematical induction that this last inequality holds true for
all p > 1 and n > ng,ng € N. From the hypothesis on f, by Lemma we can
write

oo o0

Folf;2) = Zcpfn(ep; z) = Zcpl_[mp(z), for all z € Di,n € N,

p=0 p=0

which from the hypothesis on ¢, immediately implies for all |z| < r with

Re(z) < b,,n € N with n > ng,ng € N

) =S € i) — e < 3 =

where C, 4(f) = MZ(AT)p < oo for all 1 <r < <, by ratio test. Thus, the proof
p=1

is completed. O

7.3.2 Voronovskaja-type result

In the following theorem we obtain a quantitative Voronovskaja-type result:

Theorem 7.3.2. Let f € Hr and be bounded and integrable on [0,b,] and suppose
M AP
that there exists M > 0 and A € (%,1) with the property |c,| < ———. Let1 <r < &

(2p)l’

be arbitrary but fized then for all |z| <r and p € N°, n > ng, ng € N, we have

s =16 - 2 (1= F) 1@+ (1- 50 ) 10| < Ll P

[a]
+4M Zp(Ar)p < 00

p=1

2M
(1 — Ar)log ﬁ

where L, 4(f) =
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Proof. By using Lemma [7.2.2) we may write J,,(f;z) = Z cpFn(ep; z) and

p=0

b 2z z b > _ p? + 3p

n 122 ¢ 1 2 ) _ _n 2. p—1 _ F.p) .
n+2(( bn)f(ZHZ( an)f(z)) n+2pch(pz 2b, Z)
Defining I1,, ,(2) = F,(e,)(2), we get

Fisi) -1 -5 (1= ) ra+ (1- 5 ) 10|

)
< Z ||
p=1

for all z € Dg, n € N. Now, by applying Lemma [7.2.1] we get the following recur-

Y

n -+

My (2) = ) = 25 (erma(2) = Py ()

rence relation

bz ,

m nz + pby,
n+p+1 "

n+p+1

I, ,(2) = () +

n,p—l(z>-

Let us denote

Eupl2) =TL,(2) — ep(z) — —2 (pZep-1<z>—p2+3pep<z>)‘

n+2 2b,,
Then,
b,z nz + pb,
(7.3.1) Sn,p(z) = m 7/17p,1(2) ntp+ 15n,p71(2) + Xn,p('Z)v
where
X p(2)

1 p—2712 2 2
_ 2(n+p+1)(n+2)(z B{2(p — 1)2(p— 2) + 2p(p — 1)%)

+2P7 0, {(n+2)(dp —2) +2n(p— 1) —2(n+p+ 1)p* — (p— 1)(2p* +p —2)}

+2P2n(n+2) —2n+p+D(n+2) —n(p—-1>=3np—-1)+ > +3p)(n+p+ 1)})

1
= P22 04 (p — 1)3Y — 2P, {4p® + p? — 10p + 6

Lo+ 1)+ 3p 4)}).

Hence

2(b, +1)%(p+1)3
(n+2)?

(7.3.2) | X p(2)] r?, V' neN.
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It is immediate that &, ,(z) is a polynomial in z of degree < p and that

Eno(z) = 0. Combining ([7.3.1)) and ((7.3.2)), we have

b,r
n+2

, pby,
mwﬁuﬂ+(r+ )qu@n+

<
Eal2)] < -

Now, we shall find the estimate of &’

hp—1(2) for p > 1. Taking into account the fact

that &, ,-1(2) is a polynomial of degree < p — 1, we have

p—1 p—1
< E il < 220 (s = e,

bn (p—1)°+3(p—1)
g (0= vPepate - EZE=0, )|
p—1(@Cp—2)" (b +1) 2(p—1)°bu+(p—1)(p+2) ,4
< + r
r n+2 2(n + 2)
2(2p — 2)!(p — 1)rP—2 1
< 22l p - (bn+),Vn€N.
n+2
Thus
e 2(2p = 2)(p — 1) (b, + 1)?
<
7’L—|—2|$"”’_1<Z)| - (n+2)? , vneN
and
|Enp(2)]
by 2(2p =2)!(p = D" (b +1)* | 2(by + 1*(p+ 1)°
< P
> (7‘ + "t 2) |Enp-1(2)] + (n+ 2)2 ™ (n + 2)2 r
bn, 4(2p)'rP (b, + 1)?
< (r + np—i— 2) |Enp—1(2)] + ( pzn—iEQ)z ) , for all |z| <rand n € N.
n+2 o
For1 <p< = «a(say) and |z| < 7, taking into account that (r + pa) < (r+1),
we have !

4(2p)'rP (b, + 1)2.

Enp(2)] < (r+1)|Enp-1(2)] + (n+ 2)2

But &,0(2) = 0, for any z € C, therefore by writing the inequality for 1 < p < a,
we easily obtain step by step the following

4P (b, +1)? Zp: (2))1 < 4p(2p<)T!Lri(l;7;2+ 1)2_

|Enp(2)]
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Denoting by [a] the integral part of «, it follows that

Fisi - 16 - 225 (1-2) rar+e (1- 5 ) 10|

[a] oo
< Z|Cp||gn,p(z)| + Z |¢pl|Enp(2)]
= p=[a]+1
P(b, + 1) —
< Z| o L + D lell€ns(2)l
n+2)
p=[a]+1
[o] 00
4M (b, + 1)
n+2 Zp (Ar)? Z |cpl|Enp(2)].
p=[a]+1
But
00 00 , p2+3p
Z |cpl[Enp(2)] < Z lcp|  Hnp(z) — €p(2) +2 pep-1(z) — % ep(2)
p=la]+1 p=[a]+1 "
S @) (b + 1) P | 5 p(p+3)
< b, + AP T2
- _%};J%’(‘ n+2 +n+2 * 2
(2p)!rP(by, + 1)
<2 ) Il

pmfali1 n+2

2M(b, +1) «— P < 2M (b, +1) (Ar)~
C(n+2) Z = (n+2) (1-Ar)

,Vn > ng, ng € N.
p=[a]+1

Also, by et =1+t + % + -+, we get e >t V¢ >0, which combined with
1

1
VoG — elog(4r) s e > alog o, for all & > 0. So, (Ar)* < ——.

alog o
Therefore, we get
= 2M (b, + 1)?
Z lepl|Enp(2)] < 5 —, for all |z| <r and n > ng, ng € N.
et (n+2)%(1 — Ar)log +

Finally, we obtain )
\ 2
A= s -2 (1= E) 1o+ (1- 50 ) o)

UMby + 1PN 2M(b, + 17
Trzr 2P e A

where for 7A < 1, by ratio test the above series is convergent. This completes the

proof of the theorem. O
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7.3.3 Exact order of approximation

To obtain the exact degree of approximation by F,(f;z), in the following theorem

we get a lower estimate of the error in the approximation of f by F,(f;2):

Theorem 7.3.3. In the hypothesis of Theorem if [ is not a polynomial of
degree < 0, then for any 1 < r < R, we have

b, +1
n -+ 2
where the constants in the equivalence P.(f) > 0, depends on f,r.

| Fulf) = f 1> -(f), n>mng, ng €N,

Proof. For all |z| <r, and n € N, we can write the following equality

Fulfs2) = f(2)

il e (5) o)
+

n+2 \ (b, +1)2
By applying the property

IE+G L= E =Gl =2 F =[G

it follows that
| Fulfs) = fl,

wrall (o 0oz ) e () )|

et (G| - f—m(61(1—571)f”+(1-i—?)f’)

Taking into account that by hypothesis f is not a polynomial of degree < 0 in Dg,

(e Cm) e (-5) )

Indeed, supposing the contrary, it follows that

(7.3.3) (1 - §> () + (1 _ i—:) F(2) =0 for all |2 <r.

)}

we get
> 0.

T

o
Let us take f(z) = Z cp2?, where ¢,,0 < p < 00, are certain constants.
p=0

o0
_ p—1 // p—2
—gpcpz , Ep — 1)e,2P=
p=1

Then

(Fro-10- 2 (1= 2) ra+: (1- ) ra) ) b
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By substituting these values in ([7.3.3]), we obtain

<1 — ﬁ) ip(p — )2 + (1 - —) chpzp L=,

or
2 = +3
c1 + (402 - aﬁ) Z+ ;2 ((p +1)%cpp1 — p(pQTn)cp) =0, [s] <

From the above series, we easily get ¢, =0, Vp € N and f(2) = ¢o, a contradiction
to hypothesis.
Now, from Theorem [7.3.2] we have

URL (T bii(( 2b)f" (“%f)

(b +1)2
< Lr,A(f)? vVn > o, Mo € N.

T

Therefore there exists an index n* > ng depending only on f,r such that n > n* we

have

(o) e (=)
b+ 1 [ (n+2)? ' b, +1 er \ L. 2e1\
S— ((bn+1)2 n<f7->_f_n+2 (61(1_E>f —l—(l—a)f)

Y
T

1 ey " 22\ .,
23| () e (05 7)

which immediately implies that

b, +1
" 2(n—|—2)

1Fulf5) = fl, =

For ng < n < n*, we have

b
[ Fn(f;) = fll, =

2
with Jyn(f) = ::1 1Fa(f:) = fIl. > 0. Indeed, if we would have

|\ Fulfs) = £, - 0, it would follow that F,(f;z) = f(z) for all |z| < r, which is

valid only for f, a constant function, contradicting the hypothesis on f. Therefore,

finally we get

b, +1
(n+2)

[Falfs) = fll, = P.(f), forall n >ng, no €N,

)
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where

. . 1 €1 ” 261 ,
P.(f) = min Jr,no(f)7jr,no+1(f)7'"Jr,n**l(f)v§ e 1—§ S+ 1_b_ f
which completes the proof. n

Now, combining Theorem [7.3.1] and Theorem [7.3.3] we immediately get the fol-

lowing;:

Corollary 8. In the hypothesis of Theorem if f is not a polynomial of degree
< 0, then for any 1 < r < R, we have

b, +1
n+2’

| Fulf5) =l

n>ng, ng €N

holds, where the constant in the equivalence ~ depends on f,r.

7.3.4 Simultaneous approximation

Concerning the derivatives of complex Szasz-Durrmeyer-Chlodowsky operators, we

can prove the following results:

Theorem 7.3.4. In the hypothesis of Theorem[7.3.9, let 1 <r <r; < R andp € N,

then for all |z| < r and n > ng, ng € N, we have

(b + 1) Cyy a(f) P! 11

@ (f. ) _ £
’Fn (fa Z) f (’Z)’ S (n+2)(rl —T)p+1 )

where Cy, A(f) is defined as in Theorem [7.3.1]

Proof. Denoting by T, the circle of radius r; > 1 and center 0, since for any |z| < r

and v € " we have |v — z| > r — r, by Cauchy’s formula, it follows that for all

Ffi) - f0)
/F D

n € N, we get

|FP(f;2) — fP(2)] =

pl
o
For all v € ' and n € N with n > ng, ng € N, we get

plri(bn +1) Crpa(f)
(n+2)(ry —ryptt ’

(P (fi2) = fP)] <

which proves the theorem. O
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Theorem 7.3.5. In the hypothesis of Theorem[7.3.3, let 1 <r <ry < R and [ be
not a polynomial of degree < p — 1, (p > 1) then we have

b, —|—1
I FP(f;.) —

ng € N,

where the constant in the equivalence ~ depends only on f,r,ry,p.

Proof. Let I be a circle of radius r; > r > 1 and center 0, we have

LGPESE
G S i L
X/ (n+2)? [fn(f?”)_f(” (Z;:zl) <(1_z_y> fl(”””(l_ﬁ) fﬂ(y))]dy}
 (by +1)2 N " (/v—z)ff’+1 r
UG L G ST
L (n+2)? / (fn(f;v>—f< )= (l;:zl) < (1_2671) '+ (1_%> f/>>dy }
b+ 1) ) (v — 2+ o)

Now, applying Theorem [7.3.2

g e 230 (-2)r (1-2)1)),

27 (b, +1)?
. b, +1 2eq , €1 "
fn(fv')_f_<n+2> (<1—E)f +e (1—%)]0)

261 , €1 1 @)
(5 ren ) )

Indeed if we suppose the contrary that

H ((1‘%) fie (1_2%) fﬁ)(@

< pl 27 (n+2)?
= 27 (b, + 1)%(ry —r)ptl
p! ™ LT1,A(f)
(7“1 — r)p-‘rl ’

but by hypothesis on f, we have

T

=0,

r

then
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where (),—1(%) is a polynomial of degree < p — 1, thus f satisfies the differential

(1_

Now, denoting f’'(z) = y(z), the above differential equation reduces to

(1-F )+ 5 (1= 5 ) ) = Qi) ¥ ol <

In what follows, let us define y(z) = y1(x) + iy2(z), where y;(z) and ya(x) are real

equation

Sk

) f(z)+= (1 - %) F(2) = Qpr(2), V2| <7

functions of the real variable and > = —1. The functions y;(x),j = 1,2 satisfy the
differential equations

(7.3.4) (1-?) yj(a:)+x<1—§) f(2) = Qpa(x), Yo e [-1,1], j=1,2,

n
which is a non-homogeneous differential equation. By a similar reasoning as in the
proof of Theorem|[7.3.3] the unique solution of homogeneous differential equation cor-

responding to equation ((7.3.4)) is y;(z) = 0, Vx € [—1,1]. To find the particular so-
p—1
lution of non-homogeneous differential equation (7.3.4)) of the form y;(x) = Z cra®
k=0

with ¢, € R, by simple calculations we easily obtain that

p—1
(I—Z—f>zckxk+ (1——)chkx = Qp-1( dex (say),

k=0

which implies that

k—1 2
C():do, (k+1>ck_( 2 b_> Ck*lzdlﬂ k€{1727p_1}

Thus, ¢;’s can be uniquely determined. Hence, it follows that y;(x) and yo(z) are
polynomials of degree < p — 1 in x. Now, because y(z) is the analytic continuation
of y(z), from the identity theorem on analytic functions, it follows that y(z) is a

polynomial of degree < p — 1 in z, a contradiction to the hypothesis.

So,
261 (p)
(2 (=5) = (-5) )

In continuation, reasoning exactly as in the proof of Theorem and using The-

> 0.

orem [7.3.4] we get the desired conclusion. O]
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