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ABSTRACT

Every physical system can be transformed into a mathematical model.
The modeling procedure often leads to a comprehensive description of a process
in the form of higher order differential equations, which are difficult to solve for
analysis and design. These differential equations can be represented either in
the form of a high order state space model in the form of first order differential
equations or a high order transfer function.

Model order reduction is significant for better understanding a system's
behavior, simplifying controller structures, and reducing system analysis and
design complexity. In reduced order modeling the high order transfer function
model or the high state space model is required to be reduced in such a way that
the reduced order model retains the important properties of the original high
order system. | '

In this dissertation continued fraction expansion (CFE) approach has been
used for deriving the reduced order models using second Cauer form. The
method is quite simple and attractive but it has a serious drawback of producing
unstable (stable) models for stable (unstable) systems. To overcome this
- drawback a mixed method has been developed using Routh approximation,
which has been extended for discrete time systems also. The method is having a
unique feature, that it gives stable models for stable systems and matches the
initial and final values of the responses. The methods discussed, has been tried
to reduce single input single output (SISO) systems and extendable for muiti-
input multi-output (MIMO) systems.

Necessary computer programmes have been developed in 'C+#
environment for CFE, bilinear transformation and computing o (Routh) quotients.
The results of the original and the reduced models have been compared by

plotting the unit step responses with the help of MATLAB software package.
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Chapter-1

INTRODUCTION

1.1 NECESSITY OF MODEL REDUCTION

Complex dynamic systems e.g. power system, communication system,
transportation system, economic system etc. are frequently described by a large
number of differential equations. When many such systems are interconnected,
the resulting system size may be too large to be conveniently handled, even by
the large computers. A typical example of this situation occurs in the dynamic-
stability studies of modern interconnected power systems. Dynamic stability of
- power systems is defined as the stability under infinitesimal disturbances with the
action of the regulating devices taken into account. Under dynamic conditions,
the system equations are linear, but the total number of differential equations that
describe the system performance increases rapidly with the increase in the
number of interconnected machines. Therefore, the need for techniques to

produce lower-order dynamic equivalents of higher-order systems is apparent.

In recent years, considerable attention has been given to the problem of
approximating a linear dynamic system of high order by a model having a lower
order. The time-domain methods of system simplification are usually based on
the neglect of the non-dominant eigen values of the system or on the
minimization of a functional of error between the output vectors of the reduced
model and original system. On the other hand, the frequency-domain methods of
system simplification usually consist of the determination of a transfer function

whose frequency response is close to that of the system.

A large number of methods of reduction are based on the retention of the
dominant poles of the system in the reduced model. The most important feature

of these methods is that the reduced order model is always stable if high order



system is stable. However most of these methods assume that the system is
described in a state-vector form, and thus involve the computation of the eigen
values and eigen vectors of the high order state matrix. This is computationally
very cumbersome, and is known to fail when eigen values of the system are

widely spread out.

Some of the reasons for using reduced order models of high order linear systems
could be:

o The development of state space methods and optimal control techniques
has made the design of a control system for high order multivariable
system quite feasible when the order of the system becomes very high,
special numerical techniques are required to carry out the calculations at a
reasonable cost, on a digital computer. Hence the reduced order model
reduces computational complexity, which leads to the saving in both the

memory and time requirement of the computer.

o A system of uncomfortably high order poses difficulties in its analysis and
synthesis. Hence in dealing with such a high order system is to
approximate it by a low order system such that characteristics of the
original system, e.g., time constant, damping ratio, natural frequency etc.

are similar.

1.2 APPLICATION OF REDUCED ORDER MODELS

The reduced order models and reduction technigues have wide

application in the control engineering field. A few are discussed below:

o Dynamic errors of high order systems can be calculated by using low

order models.

o Transient response sensitivity of high order systems can be predicted by

using low order models.



o Provides guidelines for on-line interactive modeling.
e In contro! system design and in designing reduced order estimators.

e And many other applications like, sub-optimal controls, adaptive controls

etc.

1.3 STATEMENT OF MODEL REDUCTION PROBLEM
1.3.1 CONTINUOUS TIME SYSTEMS

Consider the linear time invariant dynamic system expressed in state

space form as:

x = Ax + Bu
y=Cx

where xeR", ueR?’, yeR",with p<n, g<nand p <or 2 are state, control
and output vectors; (A) n+n , (B) n*q, (C) p+ » matrices. g is the number of inputs

and p is the number of outputs.

Alternatively (1.1) can be expressed in frequency domain as:

-

Y(s)=G(s) *U(s)

...... 1.2
G(s)=C(sT — A)* B = ) (1.2)
. D(s)
D(s) =det(s/—A)=5"+a,s"™" +a,s" > +....... +a, ,s+a, ... (1.3)



For single input single output (SISO) system (p = g = 1) and G(s) is the transfer
function which can be put into the form:

G(s)= by

In the time domain methods a reduced model of order r < n is given by
the state equations:

i

x, =Ax, +Bu
yr = Cr‘xr

where, x,e R, ueR’ y e€R’;and A,, B,, C, are constant matrices with
dimensions compatible with x,,u and y,, such that for a specified set of inputs

the reduced model response is a satisfactory approximation to the system
response.

In the frequency domain, for SISO systems, the reduced model of order

r< nis represented by:

G,(s) = il 1 T et e (1.6)

1.3.2 DISCRETE TIME SYSTEMS

Dynamic systems [30] can be described by discrete state-space
models or by input-output relationships in the z-transform domain. The purpose



here is to extend the ideas and methods of simplification by the continuéd
fraction expansion to discrete time systems. This extension will serve to unify the
existing theoretical basis and will allow to present techniques, which are
applicable to a wider class of system models. By reviewing the basic system

properties of discrete time models in contrast to continuous-time models.

Let the discrete-time model be described by the difference equation:

x [(k+1DT] = Ax(kT) + Bu(kT)
y(kT) = Cx (kT)

Where' x (kT) e R", u (kT) e R™, Y (kT) € R? are the state, input and
) output vectors respectively. The A, B and C are coefﬁcie’nt matrices of
appropriate dimensions. The input output description of (1.7) is given by the

z- transform transfer function:

G(z) = C[zl-A]" B L (1.8)

We recall that the use of the relation z = e* transforms the s-

plane of the continuous time systems into the z-plane of the discrete systems. In

particular:

+ The left- half of the s-plane is mapped into the unit circle in the z-plane where

the points s =0 and s =- o« corresponds toz =1 and z = 0 respectively.

¢ The right-half of the s-plane is mapped into the region outside the unit circle

in the z-plane where the points = « corresponds to the point z = .



Therefore, (1.7) can alternatively described for SISO system in the form of

n order transfer function:

bz" +b,z" +bz" + ... +b _z+b

n—1 n-2

G(z)= p
z"+az" +a,z" +. +a, ,z+a

1.4 MODEL REDUCTION USING CONTINUED FRACTION EXPANSION (CFE)

The basic philosophy which give rise the derivation of simplified models by
CFE are based on expanding the original higher order system using continued
fraction expansion. As quotients descend lower and lower they have less and
less significance as far as the overall system performance is concerned. Hence,
truncating_the continued fraction after some terms, and inverting the truncated

CFE results in a redubed order model.

Consider the following rational transfer function:

Gls) = A, 5" Ay, ST + Ay, 87 + Ayyst + Ay,s + Ay, o (1.10)

n n—1 3 2
A aS" AT+ + A S+ AysT + Aps + A,

1,n+1

where A; are constants.

Because a general control system is a low pass filter in nature, therefore
in simplification, we take care of the steady state first and then the transient part.
Hence we start Continued Fraction Expansion from the constant term, or arrange

the polynomials in ascending power of 's’.

So first rewrite the polynomials in ascending order:



AZ! + A22S + ABSZ + . + Az'"_‘s"—z + A’Z,nS (1 1 1)
AH+AIZS+A|352+ .......... +Al.nS - +Al,n+|S O

G(s)=

The continued fraction proposed by Chen and Shieh [1], which is equivalent to a

Taylor series expansion about s = 0 is [2] obtained as:

G(s) =
A, 4 A, + A5+

! co(1.122)

1
. (1.12b)

where,
Az = Az —hy A A1 = Azz — hoAs2
Az = Aqn—hi Aoy Ay na = Agn — h2Aan
Azn = Aq s Asn = Azns

And

hq1 = Aq1/Az, ha = Az4/Az,...... . hi = Aj/Aiv1



In order to find a ' order reduced model it is necessary to keep the first 2r
quotients in (1.12) and reconstruct R,(s) from it. Most important properties of the
CFE are:

¢ It contains most of the essential characteristics of the original model in the

first few terms.
¢ It converges faster than other series expansion.
+ It does not require any knowledge of the model eigen spectrum.

+ Since the denominator coefficients of the simplified model depend on both
the numerator and denominator coefficients of the original model. Hence

the continued fraction, like the time moments and Pade approximation,

often gives unstable reduced models for stable full models.



Chaptef-2

LITERATURE REVIEW

In any modeling/ model reducing task, two often conflicting factors prevail-
“simplicity” and “accuracy”. Therefore a great deal of experience is needed for a
sound compromise between accuracy and simplicity. The common practice has
been to work with simple and less accurate models. There are two motivations

for this practice:

¢ The reduction of computational burden for system simulation, analysis and

design; and,

+ the simplification of contro} structures resulting from a simplified model.

It should be emphasized that these motivations are distinct in the sense

that one does not necessarily imply the other.

The very old technique of model reduction is Aggregation Method [13].
The treatment of aggregation in modern time is probably due to Malinvaud
(1956). Aggregation of large-scale linear time invariant systems is not merely a
model reduction scheme but more importantly, a conceptual basis for other
approximation techniques, including the modal aggregation (Davison, 1966,

1968) which retains the dominant modes of the original system.

One of the more popular methods for large-scale systems order reduction

has been the “Continued Fraction” technique first introduced by Chen and Shieh



[1] and extended by many others. The original technique is based on a Taylor

series expansion of the system’s closed-loop transfer function about s = 0.

This method [1] has been modified and applied to multi input multi output
systems and mixed with other methods by others (Chen and Haas,1968;
Chuang, [2],1970; Chen and Shieh [4](1970). Various modifications and
extensions to continued fraction expansion (CFE) have since been presented by
Chen and Shieh [3,4]; Chen and Huang and many others. As pointed out by
Wilson, Chen’s results are probably the best that have been obtained, although
the method is only applicable to single input single out put systems.

One of the better modifications of the original CFE is due to Chuang [2]
which has carried out a Taylor series expansion for both s = 0 and s = «. This
‘would, in effect, mean that the expansion begins from the constant term and then
from the highest order term. Shieh and Goldman [5] have shown that a mixture of
the first and second Cauer forms give good approximations. Bosley and Lees [6]
have compared the step responses of Chen and Shieh's reduced model and
original system and have found very little error. Shieh et al. have shown that
the first, second and third Cauer form formulations for order reduction gives good
approximations in the transient, steady state and overall region of the response
curve respectively. Chen (1972,1974), Calfe and Healey (1974) have extended
the method to the multivariable systems. Wright (1973), Davidson and Lucas
(1974) have proposed general expansion in place of original Cauer's
expansion.These later results, although sound, have Iless attractive
computational features as mentioned by Parthasarthy and Singh (1975). A
potentially attractive method from the view of stability and computational efforts is

the mixed Cauer expansion of Shieh and Goldman [5].

The relationship between the inputs and outputs of multiport networks or
multivariable control system is often expressed in terms of transfer function

matrices. Expansion of transfer function matrices into a matrix continued fraction

10



and the inversion of a matrix continued fraction to a transfer function matrix

represents two basic operations in multiport network analysis and synthesis.

One difficulty with the CFE approach is that the stability of the model is not
guaranteed, even though the original system is stable Chuang [2] modified the

original techniques to have expansions about s = 0 and s = « alternatively,

thereby showing good agreement in both the transient and steady state region.

The very recent published papers are in the direction of model reduction
include, reduction of unstable systems [28] and continuous time, time invariant

stochastic systems [29].

11



Chapter-3

REDUCTION OF CONTINUOUS TIME LINEAR SYSTEMS BY
CONTINUED FRACTION EXPANSION

The model order reduction using CFE approach involves two basic
operations viz., expansion and truncation. These operations for various Cauer
forms are given below.

3.1 CAUER FORMS OF CFE

For the system whose transfer function is in the form of (1.10) can be

expanded into the following three different Cauer form representation.

3.1.a. THE CAUER FIRST FORM

13



3.1.b. THE CAUER SECOND FORM:

G(s) =
1
h, + 7
hy/s+ - ceerrn(3.1D)
hy + z
h4/S+,—
3.1.c. THE CAUER THIRD FORM:
1
G(s)=— s (3.1¢c)
h +H s+
h,/s +H,+ 1
hy +H,s +

1

hy!ls +H,+——

Equation (3.1¢) is a combination of the Cauer first and second forms in

such a way that if we let the h or H in (3.1c) approaches zero, then it will be

identical with (3.1a) or (3.1b), respectively. The Cauer second form has been

successfully applied by Chen and Shieh [4] to control system design and system

identification.

Shieh and Goldman [5] developed the algorithm which is generalized

Routh’s algorithm for Cauer third form CFE , as follows:

3.2 EXPANSION BY GENERALIZED ROUTH’S ALGORITHM

Performing the long division in equation (1.11) we have

14



1

G(s) =
(AIZ _ A|1A22 . Al.n+lA21 )S+(A,3 B A|1A23 __ Al‘n+1A22 )Sz +
Al | ALHH A2I A2u A21 Azn
+ S+
| 4, A4, Ay + Ayys + Ayys? +
+ (A ) AHAzn - Al,pH—lAZ,ﬂ-l )Sn»l
1n AZI AZH
+ Aznsn-]
........ (3.2)
define
. A
h, = 2l p=123,....n eeae(3.3)
A/)-H.l ' ‘
A
L= par2op p=12.3,....,n . (3.4)
Ap+],n+l—p

where hp = 0, Hp = 0, and substitute (3.3) and (3.4) into (3.2) and we have

1
(A, — Ay —H Ay )s+ (A, — b Ay — H Ay, )s? + ...
Ay + Ayys+ Ays® +
+(Aln thAer - HIAZ,n—i)’S”_] }

n-1

G(s) =

h, +H s+

i

+ A,,s

et (3.5)

15



in which (A12— h1 Azg -H1A21), (A13 — h1 A23 — H1A22 ),....,(Am — h1 on — H1 Az,n_1 )

can be written as Aa4, Asa, ......, Azn1, respectively. Therefore we have:
G(s) = 1 (3.6)
Ays+ Ays® +.+ A, 5" T
h, + H s+ 5
A+ s+ + A, 5"
Dividing again, we have the expression
1
G(s) = T e (3.7)
. h+Hs+ 1
h,/s+H, + . .
hy, + H,s+

/14/.5‘4-1’-14-}-,L

The quotients in expansion of (3.7) can be obtained by the following

generalized Routh algorithm and the modified Routh array.

The coefficients in (1.10) can be expressed by the following double-

subscript notation:

A1 Az Ao Ain A (3.8)

Azi Az Aoza..... Az

And the elements of third, fourth and subsequent rows can be evaluated from the

following algorithm:

16



and

Aix = A2 ket = N2 Ajg a1 - Hio A,

j=3.4,.....n+1, k=1,2,.......
A A
hp — p.l , H =__M’ p= 1,2,3,_.“’[1
A 14
p+1.1 p+lLin+i—p
The complete array is
A11 A12 A13 ........ A1n A1,n+1
Ay
AZ]
A21 A22 A23 ........ Agn
Ax
A31
Azr Az Az -1
A.’Sl
A4l
A41 ........ A4,n 2

.............................................................................

17

ceeenn(3.9)



Anat Anciz Anaas

An,1 An,2

An+1,1

The triangular pattern in the formulation of (3.11) is called the modified Routh

array.

Equation (3.9) is generalized Routh algorithm. If all H are zero, (3.9) is

simplified as:

Aj = A2 k+1— Dj2 Aja, k+1,

j=3,4,.....n +1, k=12, (3.12)

Equation (3.12) is a regular Routh algorithm which is commonly used to
obtain the quotients of the Cauer second form. On the other hand, if all h are

zero, (3.9) is simplified as:

Bjk= Bj-2,k+1— Hj.2 Bj. 1, k1,

i=34,...., k=12,.... . (3.13)

18



where

B1i = A1, n+2i, i=1,2,....,nH

and

B2j= Az n+14, j=1,2,....n

Equation (3.13) is a regular Routh algorithm, which is used to evaluate the
quotients of the Cauer first form. Either formulated pattern by the algorithms
shown in (3.12) or (3.13) will be a Zigzag pattern. It is noted that the elements A
j=34,..and k =1,.2,....,in (3.12) or (3.13) do not have the same values as
those elements of (3.11).

3.3. CAUER MODIFIED FORM

One of the better modification of the original continued fraction expansion
is carried out by Chuang (1970) which has carried out a Taylor series
expansion for both s = 0 and s = «. This would in effect mean that the expansion

begins from the constant and then from the highest-order term.

Shieh and Goldman [5] have shown that a mixture of the first and second
form give good approximations for both the transient and steady state responses.

The Cauer modified form is

19



G"I (S) =

The transfer function G(s) is expanded into Cauer type CFE about
s=0and s =c. hy, hy ,....... , and Hqy,Hy ,........, are evaluated by modified
Routh array [7].

a,, o SRR a ., a, 1
. a
h = ——
bll
b, 2 N b,,., b,
Hllzbl,n
a,, o SO a,,, 1
h; — aZI
b,
b, Dyyernnnen b,
............... H,=b,,,
anl 1
' anl
hll =
bnl
bu]
H;I =bnl
where
Aj+1.k = Ajk+1 — hj Djk+1 j=12,...n-1
Dj+1,k = Djk - Hj @j+1k k=1,2,...n—j

20



and

4 b
h-= Jl , Hfz__iul_, : j=1,2...-n
: ' a

J+hn+l—j

3.4 CONTINUED FRACTION INVERSION

If the quotients of a Continued Fraction of the Cauer third form are given,
or all h and H are known, what is the corresponding transfer function ? This is the

- problem of Continued Fraction Inversion.

Derivation of the transfer function, directly from the continued fraction
representation, is tedious and involves many multiplication's. it is desirable to
have computerized algorithm to implement the continued fraction inversion.
Various simple algorithm for developing the entire Routh array and the
corfesponding transfer function from the known continued fraction coefficients,

are being described below.

Method no. 1:

The algorithm was given by Shieh and Goldman [5].
From (3.11) it is noted that

‘Ar_m = hn An 41,1

An-11 = hna An 1= hnot heAne

An21=hnz Aq A41=ha2 hn -1An+1,1



A21 = hz A31 = h2 h3 hnAn+1,1

A11 = h1 A21 = h1 hz ..... hn An+1‘1 ........ (314)
and

An,2 =Hp An+1,‘l

An1,3=Hn 4An2=Hn -1 Hy Ansq 1

Az'n = Hz A3,n-1 = Hg H3.... Hn An+1,1

A1,n =H1 Azn = H1 H2.... Hn An+1,1 ......... (3.15)

Equation (3.14) and (3.15) can be written as the following general
equation.

Let An+1_1 =1, then

Ai=T1#,, Pp=ii+1...n L (3.16)
p=Jj
And
Ainsz-i= [[H,, p=ij+1...n (3.17)

p=i

Where | is the row number in the modified Routh array. The intermediate terms
can be evaluated from (3.12), starting from the element in the last row of the
modified Routh array and ending up at the elements in the first row. Or if we
substitute j= n+ 1 and k=1, then (3.12) yields:

22



Aneir =Aniz-PoaAnz=HoAos (3.18)
Likewise, if we rearrange the order of (3.18), we have

An-12 = An+t1F Nnog An 2+ Hin1An
If we perform the same procedures on other elements, we have

An-2.2=An1+ha2An1 2% Hy2An 1 4

An-2.3=An2 Tt ha2An, 3t Ha2An-1 2

Atn=As n1+ hy Agn+ HiAzn e, (3.19)

The general form for (3.19) is
Aik=Aj+2. k14— Dy Ay, + Hp Ajeg k1,
j=n-1,n-2,...,1, k=23, ....n+1§ ... (3.20)

Equations (3.17), (3.18), and (3.19) are used to obtain the continued

fraction inversion.

Method no. 2:
The algorithm was given by Rao and Lamba [8].

Let the truncated transfer function be represented by

23



G(s) =

H
", N I
o H; +- L
L]
HZn

A

........ (3.21)
where H, through Hy, are called “ partial coefficients.”
The continued fraction inversion of (3.21) can be represented as:
G(s)= Ay + Ayys+ Aypys® + Ayys® +oo+ Ay, s" 4+ A4, 5" (3.22)
——— .

A+ A,s+ As® + A’ + .+ A4, 5" + 5"

| 7]

The constants Aq11-A1n and Az1-Azn are to be evaluated from the partial
coefficients Hq-Hyon. It is easy to see that for the type of continued fraction form
shown in (3.21), the coefficient of s" in (3.22) is always equal to unity and that the

order of the numerator cannot be greater than (n -1).

The first and second rows of Routh table (3.23) are written by copying the
coefficients of the denominator and numerator of (3.22), respectively. The

subsequent rows are developed by using Routh algorithm.

Routh table:
A1 Az Ass Ain 1
- A1 Az Az Az, O
Az Az Ass 1
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Asq Az Agz ... ... O

A51 A52 A53 . 1

A61 Aez Asa e 0
Azn1 1
A2n.1 1
) 1 (3.23)

If the last two elements of the first rows of the Routh table are as shown -

then last element of the first column is equal to unity.
That is

Agnsra= 1. (3.24)

The partial coefficients are related to the first column of Routh table by the

. following equations.

H = pd , p= 2n,2n—1,___’1 , Hp 0. .. (325)

p+1.1

Once we know the partial coefficients H;y — Hap, the first column of (3.23)
can be evaluated with the help of (3.24) and (3.25), starting from the bottom of
the table.
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The recursive relationship between the other elements of the Routh table

Is given by

Ay =4, + Arwfpgn (3.26)

' ‘ i

for

j=2n,2n-1,....,3

k=1,2, ..., n-1
‘with

Az =0

Ask =0, - for k > n+1

As=0

Asx=0, fork=>n

Aonk=0

Aon+1 k= 0, fork=2 Ll (3.27a)
And

Ainst = Asn=Asn1=....=Agp2=1 (3.27b)

With the help of (3.26) and (3.27), all the elements of the Routh table

other than first column are evaluated. The transfer function corresponding to the
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continued fraction expansion (3.21) can be written from the first two rows of the
Routh table (3.23).

Method no. 3:

The following algorithm was given by Parthasararathy & H. Singh [9].In
method no. 2 Rao and Lamba have proposed a simple algorithm for developing
the Routh array and thereby converting a continued fraction into a rational
transfer function. This technique is limited to case where the continued fraction is
in the Cauer second form. But there are many cases where the continued

fraction expansion is available only in the Cauer first form.

This method gives an algorithm for inverting a continued fraction given' in

the Cauer first form in the light of the method presented by Rao and Lamba(8].

Let the transfer function be represented by equation (3.22), which
generates the continued fraction in Cauer first form represented by

equation(3.1a), where H4 to Ha, are known as the “ partial coefficients.”

Without loss of generality the coefficient of s" in (3.22) can always be
taken as unity and numerator is at least one degree lower than the denominator.
The problem is to evaluate the constants- A, to A1+ and Agq to Az, From the
knowledge of the partial coefficients Hq to Hz, and construct the transfer function

of the form shown in (3.22).

1 Az Atz e oo Atn Agne
Ass Az Ax ... ... Asn O
Asi Az Asz ... ... Agn

Asr Ap Am ... ... 0
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Aon11 Aona2

Aczn 1 0

Aonsrs (3.28)
ft is to be noted that

An=1 (3.29)

And the end elements of all the odd rows will be the constant equal to Azn.q.1 (the

last element of the array) and those of the even rows will be zeros.

The authors later [12] pointed out that the generalized algorithm given by
Chao K.S. et al. based on a backward expansion of the Routh array, can be
applied as well to the inversion of the continued fraction in Cauer first form which

is represented by (3.1a).

3.5 ILLUSTRATIVE EXAMPLES

The method of reducing the large scale transfer function by continued
fraction expansion can be illustrated by taking examples as below. The algorithm

for deducing the reduced order model is explained in the following steps.
Step 1:

Find out the coefficient hy, hp, hs,.....for Cauer second form by the

developed computer programme as given in appendix.
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Step 2:

Substituting these values of h4, hy, hs,.....in the Cauer second form as
given in (3.1b). After performing the algebraic calculation the required reduced
order model R(s) is obtained.

This method is illustrated with the h'elp of following example:

Example 3.5.1

The original system [11] is described as:

8s> +6s +2

G(s) =
() s*+ 45 +5s5+2

Coefficients for Cauer second form are computed as -

0.22

1

h1 =1, h2 = -2, h3 =0.5, h4

With the help of equation (3.1b) the following second order reduced model is

obtained.

—1.78s% = 0.22s

R, (5) =
2 (5) 52 —0.685 —0.22s

The negative coefficients in the denominator of Ry(s) shows that the poles fall in
the right half of s-plane, which explains that the reduced order system Ry(s) is

unstable.
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Example 3.5.2:

The original system [14] is described as:

285> +496s? +1800s + 2400

G(s) =
(s 25* +36s° +204s% + 3605 + 240

Coefficients for Cauer second form are computed as -

h, =0.1, h, = 13.33333, hs = -0.695876, hs = -1.350645

With the help of equation (3.1b) the following second order reduced smodel is
obtained.

11.979355s +12.528619
s? +2.1377495s +1.2528019

) R,(s)=

The comparison of unit step responses of G(s) and Ry(s) is shown in fig. (3.5.2).

Example 3.5.3:

The original system [15] is described as:

8169.13375s5> +50664.96749s2 +9984.323435 + 500
100s* +10520s°% +52101s% +10105s + 500

G(s) =
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Coefficients for Cauer second form are computed as -

-

hy = 1, h, =4.1433, hs = 0.029912, hs = 19.039186

With the help of equation (3.1b) the following second order reduced model is

obtained.

23.182486s +2.3596099

R(s) =~
s? +23.751986s +2.3596099

The comparison of unit step responses of G(s) and Ry(s) is shown in fig. (3.5.3.)
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Qutput: Y(1)

Amplitude: Y(1)

—— Original System G(s)
—— Reduced SystemR(s)

s 4 5 s
Time {(Sec.)

Fig 3.5.2 Comparison of unit step responses

——— QOriginal system G(s)
—— Reduced systemR(s)

145 2 25 3 35 4 45
' Time (sec.)

Fig 3.5.3 Comparison of unit step responses
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Chaptef-4

STABILITY BASED REDUCED ORDER MODEL USING
CONTINUED FRACTION EXPANSION

4.1 ROUTH APPROXIMATION METHOD

Hutton and Friedland [16] introduced this well-known method for
obtaining stable models of asymptotically stable continuous time systems. The
Routh approximation is a novel method for reducing the order, based on the idea
of truncating the well-known Routh table used to determine stability. The Routh
approximants can be computed by a finite recursive algorithm that is suited for

programming on a digital computer.

Here the reciprocal transfer function G(s)='lG(l) is expanded in the
R) A\

alpha — beta canonical form that is truncated after r terms and reciprocated back

to give a desired model of order r.

A higher order SISO system may be described by the n"-order transfer

function as:

n=1 n=2 n=3
G(S)= bis + b2s +b352 +. b (41)

aos" +a1s" + axs™”

It is required to reduce the form (4.1) to r " order given by -
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b'Sr—l + bl Sr-Z + bl Sr—3 + + br
~ DSy o, S +0, 85 T ... .
R,. (SL: 1 2 3

[ |

a,s" +a; s vay s +a

Alpha — Beta Expansion

Hutton and Friedland introduced this expansion for a transfer function of
‘the form (4.1) that is asymptotically stable can always be expanded in the

following canonical form [13]:

-

G(s) = BiF(5) + BoF (S)Ey () + -+ + B, E (8)F, (5) -+ F, (5)
= iBiI—IIFj(S) ....... (4.3)
i=1  j=t

where Bi,(i =12, ....... ,n) are constants and the F, (s) forr = 2,3, ...... N

are defined by the continued fraction expansions.

o, S+ ——
a, s

n

For Fq(s), definition (4.4) is modified slightly, the first term of the continued

fraction expansion is (1+ as) instead of as.
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1

E(s) =
1s) l+o;s

The canonical form (4.3) is referred to as the alpha—beta expansion of

G(s) and plays a fundamental role in the theory of Routh approximations.

The n parameters o, (i

=1,2

-------- ,n) appearing in the alpha — beta

expansion can be computed by using the classical Routh table in the following

fashion:

Alpha (Routh)Table

800 =4do

8101 =aq

dz = Az

821 = a3

840 = ag

841 =as

860= ae..

o = 800/ 801

802 = 820 = Ol 821

822 = 840 - Oy a4'

642 = aso— o1 831

o= 301/ 302

303 = 321 - 2 322

823 = 321 - 02 842

.......

o3 = 802/ 803

804 = 822 - 03 823

at = a,%- azas’

g = 803/ 304

805 = 823 - Olg 324

o5 = 804/ 805

Og = 805/ 806

The first two rows of the table are formed from the coefficients of the denominator

of G(s).

The B; parameters can be similarly obtained using the coefficients of the

numerator.
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Beta (Routh) Table

,n, as shown in (4.1).

Bo'=b1 b2'=bs bs'=bs | .......
Bo’=b, b2?=by ba®=bg | .......

B1=bo'/ag! | Bo’=bz'-Braz’ | bl=bs'-Bras’ | ......

Bo = bo¥ap? | Bo*=ba? -Paaz® | ba*=bs®-pras® | .......

Bs = bo*ae® | Bo°=bz® -paaz® | ......

Ba=bo*/ac? | Bo®=by* -Bsaz’

| Bs=bo%ac® | ......
Be = bo%/ac® | ......

The recursive formula to compute the entries of alpha and beta tables can be

obtained from the following :

a5 =a, —0;a,
ay! =ay —aay
T i -
an_i_z - an_i (Xian_i I - 1,2, ...... ,n‘1 ....... (4.6)

for (n -i) odd, the last equation in (4.6) is replaced by
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il il

moist T St . (4.7)

The «; are marginal entries given by

The coefficients Bi appearing in the canonical form can also obtained by use
of a tabular algorithm as shown in beta table. The first two rows of the beta table
are obtained from the coefficients of the numerator of G(s).The remaining entries

are computed from entries in the Routh table, using the following recursive
formula :

pi= b—:b i=1,2,........... n (4.8)
i
and
b}i% b} - ,a} ,
j=24,...... ,n-i  forn-ieven.
j=24, ... , n—i—1 for n-i odd
i=1,2,...... n-2. ......(4.9)

The ™ Routh reduced model using alpha-beta expansion R:(s) for the full
model G(s) is found by truncating the expansion (4.3) and rearranging the
retained terms as a rational transfer function.Truncating the continued fraction
(4.4) after the ™ term and denoting it by gir(s), the reduced model transfer
function R(s) is similar to (4.3):
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R.(s)= iﬁ.- flg,,,, s (4.10)

Where

Denote the numerator and denominator of R(s) by Nis) and Dgs),

respectively,defined below:

Ni(s) = B4, Di(s) = 1+ ass.
NZ(S) = B2 + azP1s, Da(s)=1+oays + OL1OL2$2

N3 (S) = (B1 + B3) + 03Pas + c203B1s®,  Da(s) = 1 + (o4+ag) S +oo0t3 8° +orqo003 S°

............ (4.12)
And in general
N/(s)=cSNra(s)+Nr2(s) +p (4.13)
Dr(8)=(XrSDr.1(S)+Dr.2(S) ........... (414)

For, r=1,2,......... ,and
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N.1(s) = No(s) = 0, Da(s)=Do(s)=1 (4.15)

The relation (4.13) — (4.15) along with the a-B tables are sufficient to find
a ™ —order reduced model. Hutton and Friedland (1975) mention that this
reduced model preserves high-frequency characteristics, and for control

application it is preferabie to use reciprocal transfer function defined by -

A 1 1. bs""+...
G(s) =Gy = DS Folysth (4.16)
s 8T as"Fa, a,s+a,

n n

Which, if compared with (4.1), is simply G(s) with a;, b; coefficients reversing their

orders.

4.2 ROUTH - HURWITZ ARRAY METHOD

A more direct approach to derive the Routh approximantsrof the transfer
function was suggested by Krishnamurthyand Seshadri [17,18]. The proposed
technique consists of obtaining the numerator and the denominator polynomial of
the reduced order model respectively from the numerator and the denominator
polynomial of the system by forming the Routh - Hurwitz stability arrays for the

numerator and the denominator polynomial of G (s) = N (s) /D (s) where,

N(s)=ny 8™+ ngy 8™+ ngps™24nges™3+ . L (4.17a)

D(s)=d 8"+ nzy 8™ + Ny sy, s+ . L (4.17b)
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By using the conventional Routh algorithm given by

I

n

n; B2 e T Mgy "Ry )/ (ni-_l, 1/ -
- (di- 2,1 * d:’-:‘,’n)/ (di—l. I)

iy o= di-z,j+1

fori 23 and1<j<[(m—-i+3)/2 or[(n—i+3)/2]where[*] stands for the
integral part of the quantity and m & n are degrees of the numerator and

denominator polynomials respectively. The stability arrays are given below.

Numerator stability Array Denominator stability Array
N14 N2 N13 N1 di4 d12 di3 dia
N21 N22 N23 N24 d21 d22 d23 d24
N34 N32 N33 daq daz L da3
N41 N42 N43 da1 da2 da3
Nm,1 dn,1
Neme+1,1 dn+1,1

A reduced order r < n can easily be constructed with (m + 2 - )" and (m + 3 - )""

)y Y™ rows of

rows of numerator stability array and (n + 1 - r and (n + 2 - r

denominator stability and is given by:
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- R(s) = 1”'"”-"" e (4.19)
G

\
n+t—r, -r,

For r > (m+1), the first two rows of numerator stability array should be used for

numerator polynomial while, forr = 1 last two rows should be used.

4.3 MIXED METHOD USING CAUER SECOND FORM OF CONTINUED
FRACTION EXPANSION

The major problem of continued fraction expansion technique [1,5] often
leading to unstable models, has been solved by many authors [1,19,20].
Shamash [21] has shown that for systems dominated by large magnitude poles,
such methods [1,19,20,21] may approximate the poles with small moduli and

thus show poor matching during transient period.

A computationally attractive algorithm for SISO systems is developed that
overcomes these drawbacks. Comparison of the original system and reduced
order system are made through examples. In this method, the denominator
polynomial of the reduced model is found by the Routh Approximation method
[16,18] and the numerator polynomial by matching the quotients of the second

form of continued fraction expansion.

Consider the n order system transfer function G(s) and its " order

reduced equivalent R(s) be represented as:
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G — i=l
(s) D)
....... (4.20)
B 1
B 1
h + L T
S hy + 7
4
S .
sz’js’ !
R(s) = ‘D i (4.21)
where -
n+l -
D(s) = a, s’
(5) Z:, WE (4.22)

and D,(s) is the denominator polynomial of degree r. Equation (3.1b)
gives the second Cauer CFE of the original system transfer function G(s). The
first 2r quotients h; are retained and truncated continued fraction is inverted to
obtain the ™ order reduced model R(s).

The procedure, as proposed here, is to find denominator polynomial D(s)
in equation (4.21) using the Routh approximation method discussed at (4.10) and
the numerator polynomial b, ; matching the second Cauer CFE quotients with the

D:(s) quotients. The method consists of the following steps:
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Step 1:

The denominator polynomial D(s) is first written with inverted coefficients
as D(s), form the alpha (Routh) table as given at (4.1..)and find the o

(i=1,23,...... ,r). The D, (s) polynomial quotients are determined with the help of

equation (4.14).
Step 2:

Evaluate the quotients h;, (i = 1,2,3, ....... ry of second Cauer CFE
quotient in equation (4.20) by using the developed computer programme on the

basis of Routh algorithm equation (3.12).
Step 3:

Match the quotients h; with D, (s) coefficients to determine the numerator
coefficients N(s).

4.4 ILLUSTRATIVE EXAMPLES
The above given algorithm is illustrated with the help of following examples-
Example 4.4.1
Consider the original transfer function as in example (3.5.1)
Step 1:

For second order reduced model (r = 2), the values of oy and a, are

evaluated as:
oq = 0.4

oz =1.3888
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Step 2:

With equation (4.14) and above values D, (s) is evaluated:

Dy(s)= s +1.38885s + 0.5555 ... (4.23)
Step 3:

The second cauer quotients h,, i = 1,2 are evaluated and matched with

D2 (s) in equation (4.23), to evaluate N2 (s) as:
h1 = 1
h2 = -2

Na(s) = 1.111212s + 0.5555

Hence, second order reduced model is written as -

1.111212s5 + 0.5555
s +1.38885s + 0.5555

R, (s)=

Comparison of unit step responses of G(s) and Rx(s) plotted with the help
of mat lab. is shown in Fig. (4.4.1). The same model when reduced by Cauer

second form CFE in chapter-3 gave unstable model.

Example 4.4.2:

Consider the original transfer function [17]
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G(s) =

D(s)
N (s) = 35s” + 1086s° +13285s° + 80402s* + 23837s® + 511812s® + 482964s
+194480

D(s) = s® + 33s” +437s® +3017s® + 11870s* + 27470s® + 37492s® + 28880s +
9600 '

Step 1:

For third order reduced model (r = 3), therefore, values of oy and a2 and a3

are evaluated as -

ot = 0.332410

ax = 1.018311

oz = 1.728900
Step 2:

With equation (4.14) and above values, Dj(s) is evaluated -

Ds (s)= s® +2.06131s% + 1.7605579s + 0.585227 ......... (4.24)
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Step 3:

The second cauer quotients h,, i = 1,2,3 are evaluated and matched

coefficients of D3 (s) equation (4.24), to evaluate N3 (s) as -

1l

hy = 0.049362

h, = 38.589317

hz = 0.453857

N3 (s) = 26.657933s? + 29.442228s + 11.85582

Hence, third order reduced model is written as -

R, (s)= 26:657933s" +29.442228s +11.85582
f27 5742061315 +1.7605579s + 0.585227

Comparison of unit step responses of G(s) and Rs(s) plotted with the help

of mat lab. is shown in figure (4.4.2).
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—— Original system G(s)
—— Reduced systemR(s)

o 16 3.2 4.8 64 3

Time (sec.)

Fig 4.4.1 Comparison of unit step responses
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20+

—— Original system G(s)
—— Reduced system R(s)

Lo

Time (Sec.)
Fig 4.4.2 Comparison of unit step responses
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Chap tef-5 '

REDUCTION OF DISCRETE TIME SYSTEMS USING
CONTINUED FRACTION EXPANSION

5.1 INTRODUCTION

For discrete time system also the same arguments as for continuous
systems hold as far as the need for reduced order modeling is concerned.
Moreover, the fast development and usage of small digital computers and the
proceésor in the design and implementation of control system have increased the
importance of reduced order modeling methods for discrete systems. In this
chapter the CFE technique for continuous systems are extended to the discrete

time systems.

The use of bilinear transformation [25] plays an important role to extend
CFE methods for continuous time systems to reduce discrete time systems i.e.,

z-transfer function in the ' w domain.

5.2 MATHEMATICAL FORMULATION

Let the n™ order discrete time stable SISO system Go(z) = Np (2) / Do (2)
and its '™ order model R; (z) = N, (z) / D, (z) be

given by:
No(Z)za(,+alz+a222+ ______ +a"_lzn-l (5 1)
Dy(z) =b, +bz+byz" +....... +bz" T .
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- . * 4* * 2 » =1
N, (z)=a,+a,z+a,z" +...... a,_,z
D, (z)=by +b z+bz> + ... b z"

The direct substitution of the bilinear transformation [25],

z=(1+w)/(1—w)in Gp(z) gives Gop (w) in w-domain which can be simplified as:

Go(2) =|zetmmrgom =0Cow) = k+Gw) . (5.3)

where k= G,(w)

W —> o

and

G+ (w) can be simplified by continued fraction expansion method. This
gives an ™ order reduced model R; (w) in w-domain of Gi(w), which can be

written as:

R (Wy=k+R, (W) (5.6)

R; (w) is then transformed back to the ‘2z’ domain by using the reverse bilinear

transformation w = (z — 1)}/(z +1) as:
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R, (2) = R,(W)|, - sy eeee(B7)

The reduced order model obtained by the above steps gives a stable
model if, the original system is stable. But the initial value of the step response of
reduced order model will not be zero even if the initial value of the original
system is zero. To overcome this drawback the numerator and denominator
polynomials of the original system are expressed as a function of the bilinear

transformed variable ‘w’, i.e. by writing Np (z) & Do(z) as:

NO (Z) z=(l+w) Al-w) = N(W) /(1 - W) " =O
P PP (5.8)
Dy (z) z=(+w) (1-w) = D(w)/(1-w) " '=0
Which gives
2 n—1
G(w):N(W):CO +c,w +c,w 2+ ....... o (5.9)
D(w) dy+dw+d,w +...... +d , w"
In this case the rank of G(w) remains the same as that of Gg(z)and
GW|yso=kk=0 L (5.10)

Hence the step response of Gy(z) and reduced order model will match at
t = 0. G(w) can be simplified by continuous time methods to give an ' order
model R; (w) which by using the reverse bilinear transformation separately in the
numerator and denominator may be converted in the ‘ZZ domain as in
equation (5.8). G (o083

s

ey

® ) "

- V k
k. b
W
) A -
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N, (w)

w=(z=1) /(z+1) = N,. (Z)/(Z -+ 1) =1 =0 }

D, (w) w=(z-1) f(z41) D.(2)/(z+1)" =0

The above scheme is used in developing the following method for the

reduction of discrete time SISO systems.

5.3 MIXED METHOD USING ROUTH APPROXIMATION

The complete scheme of the method is carried out in the following steps:
Step 1:

Convert G(z) to G(w) by using bilinear transformation as in (5.8).
Step 2:

Compute second Cauer form quotients CFE, h; (.i=1,2,...r) of D(w) by

developed computer programme given in appendix.
Step 3:

Compute «o; , | =1,2,....r, of D(w) by alpha (Routh) table as given in
chapter-4 then D, (w) is obtained with equation (4.14).

Step 4:
Obtain N; (w) by matching the quotients h;with the coefficients of D, (w).
Step 5:

Obtain R, (z) by applying the reverse bilinear transformation in R(w).
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Step 6:

To remove any steady state error between. the original system and model
output (for a unit step input) multiply the numerator of the reduced order model

with gain correction factor kg obtained as:

_ G(=)
£ R(z)

2=l eeeene

5.4 ILLUSTRATIVE EXAMPLES

The above giveh algorithm is illustrated with the help of following
examples-

Example 5.4.1:
Consider the 8" order system [26]:
G(z) = N(z2) /D(z)

N(z) = 1.6822" + 1.1162° — 0.212°+ 0.152z* — 0.5162° — 0.2622% +,0.044z
—0.006

D(z) = 82% —5.046z" — 3.348z° + 0.63z° — 0.456z" + 1.5482° + 0.7862°
0.132z + 0.018

Step 1:

By applying the bilinear transformation, G(w) is obtained as:

G (w) = N (w)/D(w),where

N(w) = -1.525879e-05w’ + 4.879944w° +27.856186w° + 54.127853w* +
62.176041w> + 46.255997w? + 18w + 2
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D(w) = 8wW® + 78.64w’ +292.928w° + 526.818w° + 584.144w* + 400.24w°
+ 139.232w? +16w + 2

Step 2:
Second Cauer quotients h; for r=2 of G(w) are evaluated as -
h1 =1

hz = -1

Step 3:
From D(w) of G(w), compute o; (for r=2) as -

0.125

X1

a2

0.1793681

Compute D, (w) by equation (4.14).

D, (W) = W2+ 0.1793681w + 0.022421

Step 4:

Match h; with coefficients of D, (w), to obtain Nz (w).

N2 (w) = 0.201789w + 0.022421

N,(w) 0.201789w + 0.022421
D,(w) w’ +0.1793681w+ 0.022421

Express, R,(w) =

-
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Step 5:

‘Convert Ry(w) in R2(z) by reverse bilinear transformation.

R,(z) = N,(z) _ 0.22421z - 0.179368

D, (z2) 1.2017891z% ~1.955158z + 0.8430529

Step 6:
Compute the correction factor kg by equation (5.12) and muitiply in Ny(z).

We have, kg = 2

The corrected Nx(z) is obtained as -

No(z) = 0.44842z - 0.358736

The final reduced order model is expressed as -

0.44842z —0.358736
1.2017891z% —1.955158z +0.8430529

R,(z) =

The unit step responses of G(z) and Ry(z) is compared as shown in figure (5.4.1)

Example 5.4.2

Consider the 5" order system [27]:
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G(z) = N(z) /D(z),where
N(z) = 3z* — 8.8862> + 10.0221Z% - 5.091975z + 0.981112
D(z) = 2% — 3.72* + 5.472° - 4.0372% + 1.48562 - 0.2173
Step 1:
By applying the bilinear transformation G(w)is obtained as:
G (w) = N (w)/D(w),where

N(w) = 27.981188w* + 15.663599w°> + 3.842474w” + 0.487501w
+0.025238

D(w) = 15.909901w° + 11.989698w* + 3.5302w°> + 0.532201w? +0.0367w
+0.0013

Step 2:

Compute second Cauer quotients h; for (r = 2) of G(w) as -

h1 0.05151

2177754

h2
Step 3:

From D(w) of G(w), compute «; (for r=2) as -

0.035422

1

0.090138

a2
Compute D, (w) by equation (4.15).

D, (W) = W2 +0.090138w + 0.00319286
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Step 4:

Match h;with coefficients of D, (w), to obtain N2 (w).

Na(w) = 1.1973514w + 0.061984

- N,(w) 1.1973514w + 0.061984
Express, R, (w) = = -
| D,(w) . w” +0.090138w+0.00319286

Step 5:

Convert Rx(w) in R2(z) by reverse bilinear transformation.

N,(2) 1.2593354z —1.1353674
D, (z) 1.0933308z> —1.9936144z + 0.9130548

Step 6:

Compute the correction factor kg by equation (5.12) and multiply in Na(z).
We have, kg = 1.9999
The corrected Ny(z) is obtained as -

Na(z) = 2.5186424z — 2.2707092
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The final reduced order model is expressed as -

2.5186424z —2.2707092

. (z)=
2(2) 1.0933308z2 —1.9936144z + 0.9130548

The unit step responses between G(Z) and Rx(Z) is as shown in Fig.
(5.4.2).
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Chapter -6

CONCLUSIONS AND FUTURE SCOPE OF WORK

Reduction of linear dynamic systems has been an active area of research
during the last few decades. The work included here in deals with the reduction
of linear dynamic systems using continued fraction expansions. This concluding
chapter is primarily devoted to summarising the main contributions of the work

done and scope of future work in this field.

The continued fraction expansion approach is an algebraic method for
deriving the reduced order models using various Cauer forms. The method is
quite attractive and simple but it has a serious drawback of producing unstable
(stable) models for stable (unstable) system, this has been shown in chapter-
3.To overcome this drawback a mixed method has been proposed in chapter - 4
which has been extended for discrete time systems in chapter-5. The mixed
method utilizes the advantages of continued fraction expansion, bilinear
transformation and Routh approximation. The unique feature of this method is
that it gives stable models for stable systems and matches the initial and final
values of the responses. The methods included here are illustrated for SISO
systems only however, these are extendable for multiinput - multioutput (MIMO)

systems.

The future scope of the work include extension of these methods for
MIMO systems. The other possibility may be developing new mixed methods
using Cauer first and third forms of CFE coupled with other stability based

reduction methods. These methods can also be tried for the design of controller.
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Appendix

//*****************************************************************************************//

//********************************* SOURCE CODE FOR *****************************//
//'k*'k***********************‘k* BILINEAR TRANSFORMATION ****************‘k******//

//*****************************************************************************************//

#include<iostream.h>
#include<fstream.h>
#include<conio.h>
#include<math.h>
#include<stdio.h>
void main(void)
{
int i,j,k,n,l;
float a[20],b[20];
- char” str;
cout<<"\n Enter output file for results\n”;
cin>>str;
ofstream outfile(str,ios::out);
cout<<"\n BILINEAR TRANSFORMATION OF POLYNOMIALS",
cout<<"\n ENTER THE POLYNOMIAL DEGREE n: ";
cin>>n;
cout<<"\n ENTER THE COEFFICIENT IN DECREASING ORDER \n";
outfile<<"\n THE COEFFICIENT IN DECREASING ORDER \n";

I=n+1;
for(j=1;j<=l;j++)
{

cout<<"\n a["<<lj<<"T =",
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cin>>alj];

outfile<<"\n a["<<l-j<<"] = "<<g[jj<<endl;
}
b[1] = a[1];
for(j=1;j<=n;j++)
{
k=1+1-j;
for(i=2;i<=K;i++)
{
bli]=a[i]+b[i-1];
b
for(i=2;i<=kK;i++)
{
afi]=bli};
}
}

cout<<"\n TRANSFORMED POLYNOMIAL ;
outfile<<"\n TRANSFORMED POLYNOMIAL ";
cout<<"\n HIGHEST POWER COEFFICIENT FIRST";
outfile<<"\n HIGHEST POWER COEFFICIENT FIRST";
for(=1;j<=Lj++)

{
i=1+1-j;
blil=alil;
}
for(j=2;j<=l;j++)
{
afjl=b[iI"pow(2,(-1)):
}
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for(j=1;j<=n;j++)

{
k=1+1-j;
for(i=2;i<=K;i++)
{
b[i] = alii-b[i-1];
}
for(i=2;i<=k;i++)
{
a[i]=b[i];
}
3

cout<<"\n";
outfile<<"\n";

for(j=1;j>0;j--)

{
cout<<"\t"<<bl[j};
outfile<<"\t"<<b[j],
3
getch();
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//*****************************************************************************************//

//***************************** SOURCE CODE FOR *********************************//
Jpexsxxsseenness CONTINUED CAUER FRACTION EXPANSION *+rtrsksssnsnnsss)

//*****************************************************************************************//

#include<iostream.h>

#include<fstream.h>

#include<conio.h>

#include<graphics.h>

#include<dos.h>

void main()

{
float a[20][20],h[20],H[20];
inti,j,k,n,r;
ofstréanﬁ outfile("output.dat”;ios::out);
clrscr();
cout<<"Enter the order of the transfer function n:";
cin>>n;
cout<<"Enter the order of the reduced order system r:",
cin>>r, |
cout<<"Enter the numerator coefficients:"<<endl,
outfile<<"The numerator coefficients:"<<endl;

for(i=0;i<=n-1;i++)

{

cout<<"a2['<<i<<"] = ";

cin>>a[2][i+1];

outfile<<"a2['<<i<<"] = "<<a[2][i+1]<<end|;
}

cout<<"Enter the denominator coefficients:"<<endl;

outfile<<"The denominator coefficients:"<<endl;
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for(i=0;i<=n;i++)

{
Cout<<"a1 [ll<<i<<l|] = ll;
cin>>a[1][i+1];
outfile<<"a1["<<i<<"] = "<<g[1][i+1]<<end];
}

h[1] = a[1][1}al2][1];
H[1] = a[1][n+1}a[2][n];

for(j=3;j<=n+1;j++) //n+1

{
for(k=1;k<=n+2-j;k++)
{
afjl[k] = a[j-2][k+1] - H[-2]*a[j-1][K];
}
H[-1] = a[j-1][n+3-jl/a[j][n+2-]];
}
cirscr();

cout<<"\t"<<"Coefficients for the Cauer First Form are as follows:"<<end}i;
outfile<<"\t"<<"Coefficients for the Cauer First Form are as
follows:"<<endl;
for(i=1;i<=n;i++)
{
cout<<"\t\t"<<"H["<<i<<"] = "<<H]Jij<<endl;

outfile<<"\t\t"<<"H["<<i<<"] = "<<H[i]<<endl;

cout<<"\t"<<"Coefficients for the Cauer Third Form are as follows:"<<endl;
outfile<<"\t"<<"Coefficients for the Cauer Third Form are as

follows:"<<endl;
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for(j=3;j<=n+1;j++)

{
for(k=1;k<=n+2-j;k++)
{ ,
afilik] = (a[j-2][k+1]) - (h(-2]"a(-1][k+1]) - (H[-2]*a[-1][K]);
}
hi-1] = afj-1][1}a[ill[1];
H[-1] = afj-1][n+3-j})/afjl[n+2-]];
}

for(i=1;i<=n;i++)

{
- cout<<"\t\t"<<"h["<<i<<"] = "<<h[i]<<"\{"<<"H["<<i<<"] =
"<<H[i]<<endl,
outfile<<"\t\t"<<"h["<<i<<"] = "<<h[i]<<"\t"<<"H["<<i<<"] =
"<<HJi]<<endl;
}

for(j=3;j<=2"n+1,j++)

{
for(k=1;k<=n;k++)
{
afllk] = ((ali-1101] * al-2][k+1]) - (a(-2][1] * a[i-1][k+1]))
fali-1111;
}
if(j%2==0)
af]ln+2-j/2] = O;
}

cout<<"\t"<<"Coefficients for the Cauer Second Form are as

follows:"<<endl;
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outfile<<"\t"<<"Coefficients for the Cauer Second Form are as
follows:"<<endl,
for(j=1;j<=2"r;j++)

{
hijl = a(l[1)/al+1111];
cout<<"\t"<<"\t"<<"h["<<j<<"] = "<<h[j]<<endl;
outfile<<"\t\t"<<"h["<<j<<"] = "<<h[j]<<end]l;

}

outfile.close();

getch();
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//****************************************************************************************//

//********************************* E;C)LJF{(:EEYC:C)[)EEl:()F2 *****************************//
e sROUTH APPROXIMATION FOR ALPHA COEFFICIENTS *******xxxxx/)

//***************************************************************************************//

#include<stdio.h>
#include<iostream.h>
#include<conio.h>
#include<math.h>
#include<ctype.h>
#include<dos.h>
#include<graphics.h>
#define M 10
#include<stdlib.h>
void routh();

FILE *fp1;

void main()

{
char c,t;
int i;
int gdriver=DETECT,gmode;
fp1=fopen("output.dat”,"w"),
textbackground(3);
textcolor(BLACKY);
initgraph(&gdriver,&gmode,"c:\\tc\\bgi");

clrser();
routh();
setgraphmode(gmode);

cleardevice();
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setbkcolor(7);

typedef struct
{

int n;
double x[M];

ypoli;

void tini_1_dim(double a{M]);
void tini_2 dim(double afM]{M}]);

void routh()

{.

int i,j,n;

double A[M],B[M],a[M][M],b[M][M],alpha[M],beta[M];
tini_1_dim(A);

tini_1_dim(B);

tini_1_dim(alpha);

tini_1_dim(beta);

tini_2_dim(a);

tini_2_dim(b);

clrscr();

cout<<"\n\n\WIMENTER ORDER OF DENOMINATOR : ";

cin>>nN;
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cout<<"\n\t\tEnter Coefficients of Denominator in Decending Powers of s
cout<<end], '
for(i=0;i<=n;i++)
{

cout<<"\{t\t";

cin>>BI[i;

/*cout<<"\n\t\tEnter Coefficients of Numerator in Decending Powers of s";
cout<<endl;
for(i=n;i>=1;i--)
{
cout<<"\\t";
cin>>A[i];
ro

clrscr();
int k;
i=0;
for(j=0;j<=n;j+=2)
{
k=n-j;
if(k<0)
b[i][j]=0;
else
b[i]l]=BIK];
}
++i; _
for(j=0;j<=n;j+=2)
{
k=n-j-1;
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if(k<O)
blil[i]=0;
else
b{il[j1=BI[k];

}

for(i=1;i<n;i++)

{ |
atphali]=bl[i-1}{0}/b[i][O];
for(j=0;j<n;j+=2)"

{
b[i+1][i]=bli-1]+2]-alphalil*b[i][i+2];

}
- "b[n][0]=1;
alphal[n]=b[n-1][0];
cout<<"\n\n\t\tAlpha Table................ "<<endl;
fprintf(fp1,"\nMt\Routh's Approximation:");
fprintf(fp1,"\n\n\t\Alpha Table........... An™);
for(i=1;i<=n;i++)
{
printf("\t\t%IA\n", aiphali});
fprintf(fp1,"\t\t%IA\n",alphalil);
}
gotoxy(50,23);puts("Hit Any Key To Continue..");
getch();

clrscr();

void tini_2_dim(double x[M][M])
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int i,j;
for(i=0;i<M;i++)
{
for(j=0;j<M;j++)
{
x{i][1=0;
}

void tini_1_dim(double alpha[M])

{
inti}j;
for(i=0;i<M;i++)
{
alphali]=0;
}

void impengy()
{

inti,j,k,s,t,n; _
float a[MI{M][2], bIMIM][2],alpha[M],beta[M],imp{M], AIMIIMI[2}, BIMIIM]{2];

for(i=0;i<M;i++)

{
for(j=0;j<M;j++)
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“for(k=0;k<2;k++)

{
afi]lilik]=0; A[i]b1[k]=0;
b[i]i]l{k]=0; BI[i]l][k]=0;
h
}
}
for(i=0;i<M;i++)
{
. alphali]=0;
beta[i}=0;
impl[i}=0;
) _

printf("\n\n\tenter order of the System\n");
scanf("%d",&n);
printf("\n\tEnter den coff in ascending powers of s\n");
for(i=1;i<=n-+1;i++)
{
printf("al1]{%d]\t",i);
scanf("%f",&a[1][il[0]);
}
printf("\n\tEnter num coff in ascending powers of s\n");
for(i=1;i<=n;i++)
{
printf("b[1][%d]\t",i);
scanf("% ", &b[1][i][0]);
}
alpha[1]=a[1][1][0)/a[1][2][O]:
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beta[1]=b[1][1][0)/a[1][2][O]; |
t=2; |
for(i=1;i1<=n;i+=2)
{ .
a[1]1[1]1=a[11t[o]l;
b{1]1[ij[1]=a[1]t][O];
t+=2;
}
for(i=2;i<=n;i++)
{
for(j=1:j<=n;j++)
{
if(j%2)
{
afil[jliCl=ali-1][i+1][0];

a[i]gl[0]=a[i-1]l+1}[C]-alphali-1]"a[i-11[+2][0]; -

}
alphali}=alil[1][0)ali][2][0];
t=2;
for(j=1;j<=n;j+=2)
{
a[i]G1)=aliltioL;
t+=2;

}

/* N table*/

for(i=2;i<=n;i++)
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for(j=1;j<=n;j++)
{
if(j%2)
{
BLIGI[O]=bli-1][+1]{0];

bIi][]{0]=bli-1](j+1][0]-betali-1]*a[i-1][j+2][0];

}
betali]=b[i][1][0)/a[i]{2][0];
- t=2; , '
for(j=1;j<=n;j+=2)
{
b[i]fil[1]=ali][tl[0];
t+=2;

}

clrscr();

printf("\n\n\t\tN table\n\n");
fprintf(fp1,"\n\n\t\tN table\n\n");
for(i=1;i<=n;i++)
{
- for(k=0;k<=1;k++)
{
for(j=1;j<=n;j++)

{
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printf("%At", blil[IKI):
fprintf(fp1," %At", b[il[1[K]);

i

}
printf("\n");
fprintf(fp1,"\n");
) :
printf("\n");
fprintf(fp1,"\n");
getch(); |

printf("\nEnter order of reduced system"),

scanf("%d",&K); .

for(i=1; i<=n;i++)

{
ALZ]L][0] = a[n-k+2][i][0];
ALZ][][1] = a[n-k+2][][1];
A1) = a[n-k+1][][1];
B[2]{i][0] = b[n-k+2][i][O];
B2][i][1] = b[n-k+2][{][1];
B[11[i1[1] = b[n-k+1][][1];

} |
for(i=1;i<=k;i+=2) ’
‘0 -
A[1][i+1][0] = A[][][1]:
B[11(i+1][0] = B[2](i}[O];
}

A[11[11[0] = A[1][1][1]"alpha[1];
B[11[1][0] = A[1][1][1]*beta[1];
for(i=3;i<=k;i++)

{
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AM][][0] = A[2][i-1][0]+alpha [1]*A[1][i+1][0];
B[1][1[0] = B[2][i-1][O0]+beta[1]*A[1][i+1][O];
}
getch();
clrscr();
printf("REDUCED ORDER SYSTEM\n");
printf("\M\n\tNUM IN ASCENDING POWERS OF s\n\n\t");
fprintf(fp1,"\"\n\tREDUCED ORDER NUMERATOR
POLYNOMIAL'S COEFFICIENTS \n\n\t IN ASCENDING
POWERS OF s\n");
for(i=1,i<=k;i++)
{
printf("%f\t",B[1][i]{0]);
fprintf(fp1,"%f\t",B[1][i][0]);
}
printf("M\n\n\tDEN IN ASCENDING POWS OF s\n\n\t");
fprintf(fp1,"\n\n\t REDUCED ORDER DENOMINATOR
POLYNOMIAL'S COEFFICIENTS\n\n\t IN ASCENDING
POWERS OF s\n"),

for(i=1;i<=k+1;i++)
{
printf("%At", A[1][i][C]);
fprintf(fp1,"%M\t", A[11[i][0]);
} ,
getch();
fclose(fp1);
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