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ABSTRACT

An undamped stiff two degree of freedom system s
considered for thié’ study. The solution methods of equilibrium equation
includes mode superposition and some popular time stepping methods.
The time history for various time stepping methods are obtained by the aid
of computer pfogramming in C++. Due to inherent property of stiff system
higher frequency is obtained of the order of 100 times greater than the
fundamental frequency. This leads to the time history obtained in high

frequency as well as low frec']uency region. An aim is to get the accurate
response in low frequency mode. Another aim is to filter out response in
high frequency mode in as few time steps as possjble.

The popular time stepping methods are studied with
respect to stability of solution, accuracy in first mode response and
damping characteristics for higher mode response.

The solutions obtained by the popular time stepping
methods for the two degree of freedom undamped system. are compared
with the‘ exact response obtained by mode superposition for the
undamped case.

The strengths and weaknesses of the time stepping

methods studied in chapter 4.



LIST OF SYMBOLS

amplification matrix

-i" mode corresponding to " frequency

identity matrix

‘stiffness matrix of the system

load vector of the system

mass :natrix of the system

m™ step in response

n™ step in response

time period of the system

time step |

critical time period of the system
displacement vector

frequency of the system

.square of frequency of the system

damping of the system

spectral radius of matrix A



Chapter

1.0
2.0
2.1
22
3.0
3.1
3.2
3.3
3.4
35
4.0
4.1
4.2
4.3

‘CONTENTS

Title Page No.
CANDIDATE'S DECLARATION
ACKNOWLEDGEMENT
ABSTRACT
.LIST OF SYMBOLS
INTRODUCTION 1
MODE SUPERPOSITION METHOD
General 4
Analysis
TIME STEPPING METHODS 6
General , ' 6
Central difference method 6
Houbolt method- 8
Newmark family of method 10
3.4.1 | Newmark's constant average acceleration
method 10
342 Newmérk’s linear acceleration method 11
Wilson théta method 12
STABILITY, ACCURACY AND
DAMPING CHARACTERISTICS 15
| Stability aha_lysis (General) 15
; Derivation of Amplification matrix 16
4;2.1 Central diﬁerence method 16
422 Houbolt method 17
423 Wilson theta method 17
424 Newmark method 19
Accuraby analysis | 21



4.4 Numerical dissipation
4.5 Logarithmic damping
5.0 STUDY OF RESPONSE HISTORY

5.1 - General ' |
5.2 Central difference method
53 Trapezoidal method

5.4 Damped Newmark method
5.5 Wilson theta method

56 Houbolt method

CONCLUSIONS

SCOPE FOR FURTHER STUDIES
REFERENCES

FIGURES

APPENDIX

22

23

25

25
25
26
26
27
27

g

29
30

31

45



CHAPTER 1

_INTRODUCTION

Two principal procedures are used for the solution of the

dynamic equilibrium equation:
MU+KU =R

The two procedures are mode superposition and direct
 integration method. In‘the méde superposition method the response in the
lowest few modes is usually evaluated. The response in the higher modes
is considered to be an artifact of the mathematical modeiing of the
structure and is usually not evaluated and is ignored. Moreover the
method can be used only for linear analysis.

Several time stepping schemes are popular for the direct
integration method. These ar=s the Central difference method, the Houbolt
method, the Wilson-theta methbd and the Newmark family of methods
including constant average acceleration (also called trapezcidal method)
and linear acceleration method. These methods are reexamined in detail
in this thesis. The desirable features .of the time stepping methods are
following:. _

» Unconditionally stable so that the time step size used is
governed only .by the time periods of the modes whose
response is of interest and not by the time period of the
highest mode present in the mathematical ‘model.

» Accurate for obtaining the response in iower modes,i.e,for
modes for which T (time period) is much greater than At (time
stép size). In other words At < T, / n where T, is the highest

Hmm:;l':%f interest and n>>1 may be 4,10 or 20 depending on

accuracy.



~

> Must possess high numerical damping so that the responses
N in the modes higher than those of in{erest should be damped
oo out. . |

It is seen that using the central difference method, a time step At smaller
than a critical time step ’th has to be used; but employing the other three
integration schemes, a similar time step limitation is not required. Hence
all the considered metnods except the Central difference method are
unconditionally stable and meet the first desirable requirement. |

An undamped stiff two-degree of freedom model having

the following specifications is considered for studying the second and third

desirable features.

m, 01, k,+k, -k;[U, 0
- 00 + =
0 m,|yU, -k, k, [ U, 0

where, m, =m, =1 and k, =10000,k, =1 with initial conditions as,

BEREIEEH

The intent of twd degree of freedom model considered is
to represent the character cjf large system. The exact solution of the above
equilibrium equation in chapter 2 shows that the first mode is intended to
represent those modes of a large system that are physically important and
must be accurately integrated. The second mode represents the high
frequency mode of a large system in which significant response is not
expected. It is desirable that the step by step integrator filters out these
high modes from the system:. '

An important observati,onv was’ that the cost of direct
integration analysis is directly prdportional to the number of time 'steps
required for the solution. It follows that the selection of appropriate time

step size is of much importance. On one hand time step must be small



enough to obtain accuracy in the solution; but on the other hand time step
must not be smaller than necéssary because with such time stép the
'solution is more costly than what is required. For this reason desired time
step size At = T1 / 20 ~ 5T, to obtain accuracy in computation of response
in first-mode. The two fundamental concepts in selecting an appropriate
time step At are stability and éccuracy characteristics of integration
| metho'ds, which%%iséussed later on. |

Finally comparison study is done for damping out of
higher modes by all integration methods and damping phenomenon by
considering logarithmic damping.



CHAPTER 2

MODE SUPERPOSITION METHOD

2.1 GENERAL

The response analysis by mode superposition method
requires the following [10]: |
> The solution of eigen values and eigen vectors of the
problem. '
» The solution of the decoupled equilibrium equations and-
> Finally the superposition of the response in each eigen
vectors..
2.2 ANALYSIS

An undamped stiff two degreé of freedom system is considered

for the analysis.

MU+ KU=0 | - 2.1

The solution can be postulated to be of the form U = A sin (ot+y).The

follewing =~ case is"  considered for the analysis:
1 0] Q) 10001 ~1U,1 0]
Uls = ' 2.2)
0 1)y,! —1 L Ju,| {0 ‘

with the initial conditions as,

-0 Q T |
U, U, =@ 10T PL UJ=D.MT
General eigen value problem is obtained as KA = o2MA. from which A,i.e.,

mode shapes and frequencies can be determined. Hence it can be written
as, | ' '



_ 1! |
10001 — A _ 0 | (2.3)
-1 1-A

which gives,

(10001-A)(1-A) -1 =0.

A%~ 10002) + 10000 = 0.

A =1, 10001 | '
where A = ©? and neglecting the negative s_igh, two values of @ can be
obtained as vy = 1; vz = 100.005 and corresponding mode shapes ‘are
Az1= 10000A1; and Agz = -10000A;; where A; is the i mode at j*

frequency. By combining the above mode shapes U; and U, can be

written as,
Us = Aqq sin (oqt+yq) + Agz sin (eat+y,)
Uz = Azq sin (01t+yq) + Az sin (o2t+y2)
Unknowns are eliminated by the help of given initial conditions and hence

the final response can be written as,

U, 107 1 cost ,
B - [ | (2.4)
U, 10 =107 || cns(100.005t) | -

Yesponse ~ o
Hence goges of the system can be written as,

Y —[10"4 10cost + ! 100.005t 25
u 17l 4 L cos(100. )v | (.‘)

2 L



CHAPTER 3

TIME STEPPING METHODS

3.4 GENERAL
| In time- stepplng methods, the equnllbrlum equations are
integrated using a numencal step by step procedure. Numerical
mtegratlon is based on two ideas. First, instead of trying to satisfy the
equilibrium equation at any time t, it is aimed to satisfy only at discrete
time ihtervals_ At apart. The second idea is that a variation of
displacements, velobities and accelerations within each time interval At is
assumed [1].
The various time stepping methods considered for the
analysis of dynamic equilibrium equation are following:
» The Central difference method.
» The Ho&:)bolt method.
». The Nimark families of methods including

|. Constant average acceleration method.

II. Linear acceleration method.

- » The Wilson theta method.
, Th.e derivation of each method is carried out for constant
time interval At. | |
3.2 CENTRAL DIFFERENCE METHOD |
| Central difference method is a two step method. It is an
explicit and only conditionally stable method [1,6). In this method
acceleration and velocity at time t can be written in terms of displacement
at time t by the help of central difference. From figure 3.1 velocity in the
middle of time interval can be written as,

6



t-M/2 4 t U_t—At

- = B ERY
X _

Jo U (32
At - |

Hence acceleration at time t can be written as,

t+At/2 t-At/2

U U- U
At

U oo (t+At U _ 2.t U+t—AtU)

2.At

U= (3.3)
At? |
Velocity at time t can be written as, |
t o t+At __t—At
U= ( ) U) (3.4)

The displacement solution for time t+At is obtained by considering

equilibrium equation at the beginning of step,i.e.at time t,

U oo

M. U+ K. 'U='R . | (3.5)

Putiing the value of acceleration at time t from equation (3.3) in equation
(3.5) and after rearranging it is written as,

M 2 M
i t+A1U=tR__ K_ M tU_______t-AlU 3.6
(AtzJ ( At J At’? (3.6)




Thus the calculation of **U involves 'U and "*'U. *"*U can be obtained
'by the above relationships as given in equation (3.3) and equation (3.4).

L

ey =tU= UAts UAtL?/2 (3.7)

Thus from equation (3.6), displacement at next time step can be
determined. Moreover acceleration and velocity at that time step can be
determined by'the aid of equation (3.3) and equation (3.4) respectively.
Hence the equilibrium is considered at time t to get the response of the
sysiem in the time step. |
3.3 HOUBOLT METHOD o

The Houbolt method is a three step method. In this
méthod the acceleration and velocity at the end of the step is
approximated in terms of displacements in the previous three steps. To
derive the required 'relationship a cubic function of displacement is
assumed passing through the four points as shown in figure 3.2. Hence
displacement at any time is written as, |

U =a,+at+a,t’ +a,t’ | (3.8)

Where & , a1, a2 ,a3 are constants to be determined.

velocity at any time t is written as,

- U(t)=a, +2a,t+3a,t’ (3.9)
~and acceleration at any time is written as,

U(t) =2a, +6a,t (3.10)

‘Considering the current displacement at t = 0, displacements in the next

step"and previous two steps can be written as



'‘U=U(0)=a,
woJ = U(At) = a, +a,At +a,At” +a At
“oJ = U(=At) = a, — a,At + a,At” —a,At’
28] = U(=2At) = a, — 2a,At + 4a,At” —8a,At’ |
The four constants can be determined by solving the above four
equations, thus |
a,=U
a, =" U+3'U —6"A‘U+““‘U)/6At
a, =("U=2'U+"4U)/ 24t
a, =(""U-3'U+3™ U-"*U)/ 6At°

Hence acceleration and velocity can be written as,

leeussu 44‘-A‘U—“”‘U)/Atz G1)
which follows,

=1t U 18 U497 U -2 U) /6t (3.12)
S = (6 At Ut 8 U -9 U +2°*U)/11 | (3.13)

In order to obtain the displacement at time t, dynamic equilibrium equation
at time t+At is considered,i.e;

AL

I\/I U+Kt+AtU:t+AtR (3.14)

Substituting the values of acceleration as obtained above in equétion
(3.11) in equation (3.14) we get,

2 4
_M + K)*MU="*R + > ~M'U - —‘lz—M"’“U ML VT (3.15)
At? At At At?

(




" Thus it is observed that to get the displacement at next step, in addition to
displ_acjeme'nt at present step the'displacements at previous two stéps are
also ‘required. In other wbrds a special starting‘ procedure is to be
employed. . | |

Features of the Houbolt method:

o It is an unconditionally stable method.
K ‘It is an imiplicit method.
e A special starting procedure is required.
e - ltis a stiffly stable as well as A-stable method [6].

3.4 Newmark family of methods.
The Newmark methods are single step methods. The two
methods considered under this family are Constant average acceleration

method and linear alcceleration method.

3.4.1 Constant average acceleration method

" The acceleration is assumed to be constant and equal to
the ave‘rage- of two accelerations in consecutive time steps. From figure =
3.3 acceleration at any time can be written as, |

t g0 t+AL oo

U+ Y (3.16)

U(t)=
By successive integration velocity and displacement at any time t can be
obtained respectively.
tgo tHAt oo . oo AL op

.t W U+ U,
U= U+ 2+ Y, U(O="U+ Ut ——t

Hence velocity and displacement at time t+At can be written as,

too UHAL oo

U= 13+—9f5-2m R | (3.17)

10



t oo t+AL

eU="U+ ﬁAt+——U+ S

At? (3.18)
3.4.2 Linear Acceleration method.
The linear variation of acceleration with respect to time is

shown in figure 3.4. Thus acceleration at any time t can be written as,

' AL 66t oo
U(t)= U+ %—Ut (3.19)

by integrating the above equétion velocity can be written as,

t+At 00 t oo

o o oo U_U
U(t)= U+ Ut 4+ ———+? | | 3.20
(t o ‘ (3:20)

Further integration gives displacement,

AL o0t ooo _

o 00 t- U_ U .
U(t tU—i— Ut+ U—+—"—¢ 3.21
(= et G

Hence velocity and diéplacement at time t+At can be written as,

t+At t o

U= U+ —U;—U—At (3.22)
} AL 4 t 0o ' )
MU= ‘Ut UAt+ U A; + U A: (3.23)

11



In order to obtain the displacement at time t, dynamic equilibrium equation
“at time t+At is considered,i.e,

e o |

M U+K'*§‘U=_‘+‘“R | (3.24)
- Putting the value of accelere_ition at time t+At in equation (3.24) from the

equation (3.16) and equation (3.19) displacement at time t+At can be
determined by constant average acceleration and Linear acceleration

method respectively.

t oo

4 . : t o
(—M+K)"*U="*R + —4—2~M‘U + M UM U (3.25)
At At At
And
' 6 . ‘ t+ At t+At 6 t 6 Lo foo
(—M+K)**U="*R + —M'U+—M U+2M U (3.26)
At At? At

Thus by knowing the displacement, velocity and acceleration at time t,
displacement can be determined at next time step t+At. Moreover first
acceleration and then velocity in next time step can be determined .
Features of Newmark family of methods:

. Constant average acceleration method is an

unconditionally stable method.

e . Linear acceleration method is a conditionally stable
method.
J Both are implicit methods.

3.5 The Wilson theta methéd
The Wilson theta method is essentially an extension of the
Linear acceleration method, in which rather a linear variation of

‘acceleration from time t to time t+6At is assumed, where 6 >1.0. When

12



0 =1.0, it reduces to Linear acceleration method. But for unconditional

stability we need to use 8 =1 .4.

From figure 3.5 acceleration at any time t can be written as,

t+0At 50t g

(3.27)

t oo U-
U(t)= U+ — 9= Y4
BAt
By successive integration velocity and displacement at any time t can be
obtained.
. WAL oyt
o U-U
U(t)— Ut Ut4——— ¢
20At
t+0At gt oo

U(t)= U+ Ut+ lojt +_Q_—_U ?
2 60At

Hence velocity and displacement at time t+6At can be written as,

HOAL o6t 4
U= U+ ——Uéiﬁ BAL

1+6AL

+0At o4 t oo

vy UBAL 4 %Hewz

(3.28)

(3.29)

To obtain the solutions for the displacements, velocities and accelerations

at time t+At, the equilibrium equation is considered at time t+0At.
LHOAL
M U+K:+9AtU:t+8A(R
Where,
© o t+0At t t+At t
R="R +6(**R-'R)

13

(3.30)



~Putting fhe value of ‘,acceleration,at time t+0At in equation (3.30) as

derived in equation (3.29)‘displacement in the next time step can be

obtained.
6 1+0At T 7__t+6At 6 . 6 to taa
(G MA K™ U=""R+ MU +—=M U+2M U (331)
0 At BAt |

oAt?

Further velocity and acceleration in the next time step can be determined
with the help of equation (3.28) and equation (3.29) respectively.

Features of Wilson theta method:
o . tis an unconditionally stable method when 6 > 1.37.

'« ltis an implicit method.

14



CHAPTER 4

STABILITY,, ACCURACY AND DAMPING
CHARACTERISTICS

4.1 STABILITY ANALYSIS [1,4]

| Stability of an. integration method means that the
response 'in the higher modes i.e modes wiih large AY/T ratio must not be -
amplified by the Amethod and thus render worthless any accuracy in the
integration of the lower mode respgnse. It also means that any initial
condi{ion at the beginning of the time step given by errors in the
displacements, velocities and accelerations which may be due to round off
in the computer, do not-grow in the integration. Stability is ensured if the
time step is small enough to integrate accurately the response in the
highest frequency componeht of the system. In the derivation of various
time stepping methcjds, behavior of system is considered at discrete time
interval. Then for specific time stepping method considered, we aim to
establish the following recursive relationship,

MY = A'X 4L (4.1)

where "X .and 'X are vectors storing the solution
quantities,i.e, displacements, velocities and accelerations. *¥r is the load
at time t+v. v.may be 0, At or 8At for the central difference method, the

Houbolt method or the Newmark methods and Wilson theta method

respectively. The matrix A and vector L are the amplification matrix and
(g N
load \zetef’respectlvely.

15



4.2 DERIVATION OF MATRICES AND VECTORS CORRESPONDING
TO DIFFERENT TIME STEPPING ME_THODS[‘I A]

Variables to be considered in the stability analysis of the
time stepping methods are only At and o and not all elements of the
stiffness and mass matrices. Furthermore, because all n equations are
similar we only need to study the integration of one typical row, which may

“be written as

0o

X+OX=T (42)

4.2.1 The Central Difference Method: ,
- In the Central difference method acceleration and velocity are

approximated at time t. Also équn:'ibrium equation is considered at time t.

1

S - | 43)
foo 1 A t oy
x=—At2( X2 X+"X) ‘ (44)
fo 1 A t+t V
x=—/(""x+""x

Al ) (45)

substituting equation (4.4) in equati'on (4.3) and solving for "“x, we obtain

t+Atx =(2_(D2At2)tx_t—-&x +At2tr

The solution can be writen in the form

l-t+Alx ~ ‘X t ' . . '
I_‘X A +LT | - | (4.6)

where

- A — 2
A=[ oA 1} and L=[At ]
1 0 0

16



4.2.2 The Houbolt method
In the Houbolt method the equilibrium equation is
considered at time Vt+At.'_The acceleration and velocity at time t+At can be

_written as derived before. -

A o ) i ‘
X+ xS | 47
'm""_ 1. ‘2c‘+a § 440 g2 '
x—*&; CXIXAMTX X) 4.8
ter)0(=l— (11 x—18x49"x27x) 49

by rearranging thé above equations it can be written in the matrix form as,

t+t : t

X X ‘ , ,
'x |=A Tx HMr (4.10)
t—étx : t—2£tx |
‘where, .
B 4B B ] B ]
A o*At?  oAt? ) o’
A={ 1 0 0 wheref =(1+—-—)"'andL=| 0
- - At
0 1 0 0

4.2.3 The Wilson theta method ' -
The basic assumption in the Wilson theta method is that

the acceleration varies linearly over the time interval from t to t+0At, - where
8 > 1. Let t denote the increase in time from t, where 0 < © < 9At then
acceleration, velocity and displacement in this time interval can be written

as,

17



UT oo t a0

A Gy tag

T
X=X+ X—X)—

At

T o to too A o oo
X=X+ XTH X—X)—
_ 2At
[ 9PN toa 8t 4o too T3

TTX="X+ x1'+5 X+ X—X)—

At timet + At wehave

WA, U, WAL, 8

00

X=X+ X+ X)—

t 3]
AL

AL

t [>75]

X=X+ XAt+( x+2 x)_é'_

6/t

t2

@11
(4.12)

| (413

(4.14)

419

In the Wilson theta method the equilibrium is considered

at time t+0At,

L+0AL

2 1+0A0 (,_ 1+0At

X+ X=

r

(4.16)

By rearranging the above equations the following relationship can be

established as,

[(t+it o] oo ]
X X
t+At 0 t o
X |=A] x[+L"*r
t+AtX tx
L i L
where,
i pO* 1
1— -
(1-52)
2
A= At(’l—i—Be )
20 6 )
a1 _BE
i 2 606 18"

~pB6
At
RO

_Bo
M(1 -1

18

B [ B
AP w’At?
——B: cand L= b
2At | 2wPAt
_B B

6] | 607 |

(4.17)




4.2.4 The Newmark method

In the Newmark method the equilibrium is considered at
time t+At. ~

t+At o

M U+K**U="*R

(4.18)
The expression for velocity and displacement at time t+At can be written
as, - | |

- tht ot too titgg
X= X+ [(I ~8) X+9 X]At (4.19)
to ' t aa A 4o
“x="x+ xAt+[(——a) X+0 x:lAt (4.20)
By rearranging the above equations in the matrix form
[ a7 '_tooT
1 x|
t+At o _ to
x|=A x|+L™r (421
t+AL tx -
'whéfe, -
' I - =B | (B
- —-—a : - _
€2 P At At o At?
1 - —Boé Bd
A= A]1-8—(=—)d 1-B3 —— | and L=
o Ai-o-Gam| 1-ps
VVAtz —1——'oc—(—]—'—oc)ocB 'At(l—ocB) I—af ab
2 o2 | Lo

The stability of an integration method is therefore
determined by examining the behavior of the numerical solution for

~ arbitrary initial conditions [1]. -

19 -



Therefore we consider the integration of equation (4.1)

when no load is present, i.e r=0.Hence :
FAX = AX » ~ - (422
the stability of the system can be explained by the eigen value

problem as |A-Al=0. Let p(A) be the spectral radius of matrix A which is

defined as, '
P(A) =max|\| | | (4.23)

i=1.2.
Then stability criterion is that
o If all eigen values are dlstmct we must have p(A)< 1,whereas
e If A contains multiple eigen values, we requlre that all. such
eigen values in absolute magnitude be smaller than 1.

Thus the stability of time stepping methods depends only
on the time ratio At/T and the integration parameters used. Therefore, for
given At/T, it is possible in the Wilson theta method and in the Newmark
method to vary the parameters 6 and a5, respectively to obtain stability
charaéteristics. We will see. later thét that it is also true for accuracy

analysis. Now the stability analysis of the Central difference method is

considered. The eigen value problem to be solved is

A -A|=

A 2—-2At? -1
1 0

by solving the two values of A are obtainedas, _

7\12:2—@2&2 i\/(z—omﬁ)’
2 4

- for stability we need that the ‘absciute value of A1 and Az be smaller than

Where

-1 (424)

or equal to 1 and this gives the condition AUT <1/H

Hence the central difference method is stable provnded that

20



At < At Where VA‘tc'r-,‘='; T;,/H.‘:‘By"the,sem_e procedure as employed above
the Wilson theta,'N_ewmerk'-'endi' Houbolt methods can be analyzed for
stability using the corresponding approximation operators. It is noted that
. eentra|: .difference,vrrlethod is only conditionally stable and the other three
| metheds are 'unc':oriditiohallly: stable. Figure 4.1 shows the plot of spectral
radius of amplification matrix of dlfferent methods with respect to ratio of
time step. Moreover |n order to obtarn the opt|mum value of 0 for the
Wilson theta method, the variation of the spectral radius of approximation
operator with respect to 6 is plotted as in figure 4.2. It is seen that
unconditional stability is obtained when 6 z' 1.37. Considerihg the
Newmark method, it is unconditionally stable when § > 0.5 and o > 0.25
(8+0.5)° |

4.3ACCURACY ANALYSIS [1, 4>6]

' The choice of particular time stepping method depend
upon the cost of anaIyS|s which in turn depends upon the number of time
'steps‘ required in the mtegratlon. in the case of conditionally stable method
like the Central difference method where the time step is determined by
the critical time step, not much choice is available. However, using an |
unconditionally stable method, the step has to be chosen to yield an
accurate and effective solution.

~Letus consider for a simple accuracy analysis the solution

_of the mrtral value problem defined by

[20]

x+a'’x=0 . | - (42

0 o 000

and’x=10, x=00, x=-0o'

| The above equation has the exact solution as x = cos ot.
The Newmark and Wilson theta methods can be used directly however in
the Houbolt method, the initial conditions are défined only by initial
displacements, and in the following study the exact displacement values

d 2At

for 2% an “Txare obtained using the solution of x = cos ot.

21



The numerical solution of equation (4.25) using the
different integration methods show that the: erfors in the integration can be
measured in terms of period elongation and amplitude decay. Flgure 43
shows the percentage period’ elongahon and amplitude decay as a
function of AY/T. lhe curves in figure 4.3 shows that the methods are
accurate when /_\btl?|s smaller than about 0.01. However when AUT is
larger, the various time stepping methods exhibit quite different
characteristics. For a given -At/T, the Wilson theta method with 6 = 1.4
introduces less amplitude decay and period elongation than the Houbolt
- method, and the Newmark’s constént average acceleration method
introduces only périod ‘elongation and no amplitude decay:.

. The response calculated by the four methods in
fundamental and higher modes reveals that the amplitude decay caused
by the numerical integration effectively filters the high mode response out
of the solution in the Wilson theta and Houbolt method. Whereas, when
constant average acceleration is employad the frequency response is
retained in the solution as it qoes nat introduce amp_litude decay. In order
to obtain amplitude decay using the Newmark method,vit is recommended
that 6 > 0.5 and correspondingly o = 0.2‘5(6+O.5)2 as Damped newmark's

response spectra is obtained by § = 0.6-and a = 0.3025 .

4.4 NUMERICAL DISSIPATION [4,6]

In many structural dynamics application only low mode |
response is of interest. For these cases the use of implicit unconditionally
stable algorithms are generally | oreferred over' conditionally stable
algorithm. The reason is that, in condiﬁona!ly stable algorithm the size of
time step employed is inversely proportionai to the highest vfrequenéy of
the discrete system. In practice this is a severe limitation as accuracy in
the lower mode can be attained with the time steps, which are very large
compafed with the period of the highest rode. In unconditionally stable,

when only low mode response is of interest it is often advantageous for an
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algorithm to-posses some form of numerical damping to damp out any
participation of _hi'gher-mbdes.' Algorithm commonly used in structural
dynamics -which osses! these properties are the Houbolt method, the
Wilson theta method and‘ the Newnﬁark. family of methods restricted to
parameters with value of §>1/2 and o > 0.25 5 (5+0.5)° .
| ‘The Newmark family of method allows the amount of
dissipation to be continuousiy C_bntrolled by a parameter other than the
“time step. For example set oc'=0.25(5+0.5)2 and 6>1/2, then the amount of
L di-ssipatidh,_ for a fixed time step is increased by increasing 6. On the other
hand di'ssipatiVe property"of‘ this family is considered to be inferior, since
lower modes are affected too strongly. In Wilson theta method 6 must be
selected greater than or equal to 1.37 to maintain uncc_mditional stability. It
is recommended ‘that 8 =1.4 be emnloyed as further increasing -6 reduces
~accuracy and further increases dissipation. Houbolt method is even mare
dissipativeAthah Wilson theta method. Since it seemed that the commonly
~ used unconditionally stable, dissipative algorithm of structural dynamics all
'posse_sseq some drawbacks, a research work was undertaken to see if an

~improved one :step method could be constructed. In the Newmark family a

new form of dissipation called a-dissipation, was introduced. [4,6], which -

could not be included in this dissertation.

~ A close sfud_y of the plot in figure 4.1 reveals that no
dissipation is prese-ht in the Constant average acceleration method and
Houbolt method possesses the strongest dissipation

4.5 LOGARITHMIC DAMPING

It is noted that the logarithmic decrement which is given by

A

S=ln{ Ut,) }:[ 2mn§J | 426)
U(t,...) 1-&
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is commonly used measures of algorithmic dissipation. m indicates the
number of séps > Following table shows logarithmic decrement with
different values of damping ratios and at different number of.umg-stepé-

TABLE 4.1
No. of 1 , 10 100 1000
gd |
0.001 0.9937 0.9391 | 0.5335 1.9x10°
001 0.9391 05335 [ 1.9x10° 51x10%
002 0.8819 - 02845 35x10° 26x10™
0.03 0.8281 0.1517 6.5x 107 13x10%
0.04 0.7776 - 0.0808 12x 10" 0
0.05 0.7301 0.0430 | 22x10™ 0
0.1 0.5318 18x.0° 3.8x10% 0
0.2 0.2773 27X 10° 20x10°° 0

The above quantities in the table is plotted in figure 4.5.
The study of Table 4.1 reveals that logarithmic decrement tends to zero
aven in ten steps having £= 0.2 and in hundred steps having &= .0.02,
which is not obtained by any algorithms, not even by the Houbolt method

which possesses highest damping among the methods discussed.
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CHAPTER 5
STUDY OF RESPONSE HISTORY

5.1 General
‘As it is seen in mode superposition method that the
response contains low frequency' modes as well as high frequency modes.

In the problem that we have considered it can be written as,

Ul 107 1
: "= 10cost+| . _, |cos 100 .005t (5.1
ISR - 10

~ the first part ~contain§ low 'freq'uency and second part high frequency
component. In other words Uj represents higher modes and U, represents
lower modes. it represents the sinusoidal wave with maximum amplitude
as 1 for Uy in high frequency component and 10 for Uz in low frequency

component. From the above equation velocity can be written as,

O 10 oginecl 1 Tioo.00ss
=- 10sint— _, [100.00551n100.005t - (5.2)
U2 1 —10 .|

it represents the snnusondal wave with maximum amplitude multiplied by
100.005 and 1 respectively. By extending the same operation it is obvious
that acceleration response is further multiplied by 100.005 and 1
respectively. With this background now we try to analyze the response
history- obtained by all methods individually.

5.2 Central difference method.
It shows the beating phenomenon for response in the high

Fiquvess.(,5.2 and $-3)
frequency reglo Also response in the low frequency region is not able to

(Fiqereé 5-4,8.S ard 54
complete even one cyciexlt is due to the smaller time step considered as it
is condltlonally~-stab|e method. The time step considered in this case is

0.01999 in place of conventional time step as 0.314159. Moreover in high
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* frequency response peak is obtained after more than 20 cycles which is

due to elongation of time pericd.

- 5.3. Trapezoidal method.

lt also shows the beating phenomenon in the high
v Cerqures 51,58 and 519) _ _
frequency region,ybut in the low frequency region exact response is

(Figuress 10,84 and 5:12)
obtained with very small damping in the higher time steps),.As maximum
amplitude of the response is concerned, it‘gives the exact figure as
discussed above. In this case also period elongation is observed. Wrinkles
occur in the acceleration response because high frequency component of
acceleration response is not damped out, which adversely. affects the
acceleration response in low. frequency region. But it is not going to affect
the displacement and velocity response as smooth curves are obtajned.
This phenomenon can be better understood- by the response expressioh

as written in equation i5.1 ). | |
U, =10cost ( displacement response in low frequency region)

U, =107 cos100.005t (cohtribution from high frequency region)

U, = 10sint (velocity responsein low frequency region)

U: =107 sin100.005t ( contribution from high frequency region)
Obviously contribution from high frequency region is negligible.
But ‘

00

- U2 =10cost ( acceleration respone in low frequency region)

Us = c0s100.005t (contribution from high frequency region)

It shows that contribution from high frequency componeht is one-tenth of
low frequency component due to which acceleration response in low

frequency region is affected.

5.4 Damped Newmark method.
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(iqures 53,8 1o 6o s D OUL TeSPOnses I O e amd 5

regionsy.Although damping is smali in low frequency region,it completely
-damps out. responses in high frequency region in higher time steps.
Moreover in the Iower time steps also dampmg is prevalent partrcularly in
‘hlgh frequency region. Smooth curves are obtained for all three quantities |

"’|_n low frequency region, except for initial “wrinkles in acceleration
: response; because as it is ‘clear from the response in high frequency
region-that although acceleration response is damped out in higher time

steps, it is present in lower time steps.

5.5 Wilson theta method

| Although it is able to damp out responses rapidly as

‘ CFiqures 5.26,5.2¢ and$:

‘compared to previous method in the .high frequency region ,\but the
responses amplitude in the lower time steps exceeds the value that
discussed above. The responses in the low frequency region IS okay in a
sense that 'exact figure is obtained with smoothness except for initial
wnnkles in the . acceleration, response and very small damping in the

| higher tlme Steps,'(F\'qv\"‘% 5.28 ,5.99 and £730)

5.6 Houbolt method.

-The damping of responses in hlgh frequency reglon is
even fast as compared to prewous method or in other words it is fastest in

(Fiqures 5.19, 5 200nd & 2 )
all the methods drscussed,Awhlch is desrrable and moreover damping is
. (Hqures 5.22,5 5.23a9d &.24)

small in low frequency region.,.Since acceleration response is totally
- damped out in jUSt few steps, smooth curves are obtained for all quantities

in-low frequency region.
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CONCLUSIONS

. The study of various time stepping methods reveals that
' the Central difference method and Newmark’s linear acceleratlon method
are conditionally stable methods. This :s a stringent condition Ieavmg no
choice in ~selecting the time steps. Naturally unconditionally stable
. methods are our ch0|ce Among other uncondltlonally methods discussed
_the best method identified is the Houbolt method. The aim is to obtain the
exact response in lower frequency region which can be obtained by
~filtering' the _.high‘ frequency response. It is evident from the response
spectra obtaine‘d‘by the Houbolt method that the smooth curves with very
Asmelt.d:amp'in,g is observed in the-low frequency region. It is due to the fact
that reSponses of the ‘ouantities in high frequency region is damped out in
just few steps, whrch renders the desired response unaffected.

, | The superiority of the Houbolt method is further supported
by'study_ir_ig the damping phenomenon of different time stepping methods
“in theé :plot ot_speo_tral radius vs ratio of time steps. The spectral radius for
the Houbolt method goes to the minimum value as compared to the other
'methods.

As we compare the plot of spectral radius vs.ratio of time
‘. steps WIth the plot of displacement decrement vs. damping values and
number of - tlme steps the Houbolt method although having the largest
dampmg propertles doesn't damp the response in the high frequency
region as it should' damp as seen in the plot of logarithmic damping with

comparable damping value and comparable number of time steps.
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SCOPE FOR FURTHER STUDY

_ In present study we investigated undamped systems only.
However, a more descriptive behavior of system can be obtained by
‘considering the damping in the system. This dissertation would be helpful

- in generalization for damped cases also.
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Figure 3.1Displacementvs Time [Central Difference method]
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—>

Figure 3.2 Displacement vs Time [Houbolt method]
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Figure 3.4 Acceleration vs Time [Linear Acceleration method]
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Figure 3.5 Acceleration vs Time [Wilson 8 method]
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~ TIME HISTORY PLOT FOR DISPLACEMENT,

. VELOCITY AND ACCELERATION

~ CENTRAL DIFFERENCE METHOD
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x# %% %5 CENTRAL DIFFERENCE METHQD #%%% %%

- #include<fstream.h>
" #include<iomanip.h>
#include"central.h”
#include<math.h>

~ #include<conio.h>

vbid main( )
O
clrser( ),

-int nr,nc;
float K[2]1[21,M[2){2],R[21[2], u0[21[2] ul{2][2),v0[2][2),accO[2]{2];
float u[100][2][2],v[100][21f2],acc[100][2}[2];
float m[2}{2],k[2][2],mi[2]{2],MI[2](2};
| ﬂoat t=0.01999,a0=1/(t*t),al=1/(2*t) ,a2=2*a0,a3=1/a2;

// ENTER NO.OF ROWS & COLS. FOR MASS MATRIX & STIFF. MATRIX
Afin>>nr>>nc;

getmat(M, nr,nc};
fout<<"MASS MATRIX FOLLOWS----"<<endl;
printmat(M,nr,nc);
fout<<"NEW MASS MATRIX FOLLOWS----"<<end]l;
 pmassmat(M,nr,nc,a0,m);

- getmat(K,nr,nc),

fout<<"STIFFNESS MATRIX FOLLOWS----"<<endl;
printmat(,nr,nc);

fout<<"NEW STIFFNESS MATRIX FOLLOWS----"<<endl,
nstiffmat(nr,nc,a2,k, M, K);

// ENTER NO.OF ROWS & COLS. FOR LOADING MATRIX
U fin>ne>nc;
: getmat(R,nr,nc); '
fout<<“LOADING MATRIX FOLLOWS----"<<endl,
pnntmat(R,nr nc),

! ENTER NO. OF ROWS FOR DISPL AND VELOCITY MATRIX
fin>>ns>>nc;

getmat(uO,nr,nc);
fout<<"INITIAL DISPLACEMENT MATRIX FOLLOWS----"<<endl,
printmat(u0,nr,nc);

getmat(vO,nr,nc);
fout<<"INITIAL VELOCITY MATRIX FOLLOWS----"<<end];
printmat(v0,nr,nc);

E fout<<"IN"ITIAL ACCELERATION MATRIX FOLLOWS----"<<endl;

inverse(MI,M);
~accmat(K,u0,accO,MLR);

46



fout<<"u(-t) MATRIX FOLLOWS----"<<endl;
ulmat(u0,nr,nc,a3,accO,ul);
fout<<"FINAL RESPONSE FOLLOW-—-"<<end1

. inverse(ii,m);
displmat(a0,al Rk, m,w,u0, vO accO, ul mi,v acc)

fin.close();
fout.close();

-

********************HEADER FILE**********}************

ifstream fin("central.dat"),
ofstream fout("central.out");

// FUNCTION DEFINITION
void getmat(float a[2][2],int nr,int nc)
¥ _

t
for(int i=0;i<nr;i++)

{

for(int j=0;j<nc;j++)
{ .
fin>>ali](j};

I3
.8

-

(S

void printmat(float a[2][2],int nr,int nc)
{
for(int i=0;i<nr;i++)
¢
for(int j=0;j<ncj++)
{ :
fout<<"  "<<afi][j];
¥
fout<<endl;
v }
H
void nmassmat(float a[2][2].int nr.int nc,float a0,float m[2]{2])

§
t

int i, j,
for(i=0;i<nr; 1++)
{
for(j=0;j<nc;j++)

- { ‘
m[i][j]=a0*afi][j];
fout<<"  "<<mli}fj];
]

)
fout<<endl;
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3

~ void nstiffmat(int nr,int nc, float a2 float k[2]{2],
float M[2][2].float K[2]{2])
{

for(int i=0;i<nr;i++)
' A i

+ for(int j=0;j<nc;j++)

{ ) )
klilG1=K[i][]-a2*Mi][j];
fout<<" "<<K[i][i];
3
fou§<<epdl;

¥
,
void accmat(float K{2][2].float u0[2][2].float accO[2]{2],

float MI[2](2].float R[2][2])

{
float d[5][5]. _
for(int i=0.i<2;i++)
{
for(int j=0;j<13j++)

: {
d[i][jI=0;
for(int I=0;1<2;1H+)
' {
dli]1=dl]G+KEI*eO 1]
31}

for(int i=0;i<2;i++)
for(int j=0;j<l;j++)
: £
L3
accO[1][j]=0;
for(int 1=0;1<2;I++)

{
accO[i}[j]=accO(i][j]+MI[i] [1]*(-d 1 D+MIGI*R G

fout<<" "<<accO[i](jl.
¥
fout<<endl;
¥
3 |
void ulmat(float u0[2][2],int nr,int nc.float a3,
float accO[2][2],float ulf2][2])

for(int i=0;i<nr;i++)
{ .
for(int j=0;j<nc,j++)
- 4
: 1t
ulfilljl=u0[illj}+a3*accOli}Ljl:
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fout<<" "€<u ITHINE
}
fout<<endl;
}
H

void inverse(float b1 [2][2].float al [2][2])
1

float c;
c=1.0/al[0][0]*al[1][1]-al[O}{1]*al[1]{OD);
bi[0][0}=al[1}[1]*c; _
bl{0}{1]=-al{0]f1]*c;
bl[1][0]=-al[1][0]*c;
bl[1][1]=al[0][0]*c;

- for(int i=0;i<2;i++)
{
for(int j=0:j<2;j++)
5

bL[AI[T:
) '

void displmat(float a0,float al,float R[2]{Z),iloat k[2)2],
float m[2][2],float u[100][2][2],float u0[2][2].float vO[2]{2],
float acc0|2][2] float ul[2][2],float b1[2][2],
float v[100][2][2] float acc[100][2][2] )
{
float A[100][2][2],B{100][2][2],R1[100][2][2];
for(int p=1;p<=100;p++) ' ,
{
for(int i=0;1<2;i++)

{
for(int j=0;j<l;j++)
{

Alpl[i}{jl=0.0;
B[p-1][i](j]=0.0;
u[p+1][i][j]=0;
for(int 1=0;1<2;14++)
{ .
ul 1] [5]1=u0{1]{j];
wol]l=ul 1);
AlpIGI=AIP)GIGIFKAIN *ulpl]G);
Bip-1}ii]j=Bip-HE] [+m] {1 *ulp-11[11[];
}}}Rl[P][i]U]=R[i]U]-A[P][i]U]-B[Pl]_[i][i]; ‘
for(int i=0;i<2;i++)
{
for(int j=0j<1;j++)
{

for(int 1=0:1<2;14++)
{ BN
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u[P+1][1]U]‘u[pﬂ][1][1]+b1[11[1]*R1 (P11

V[P][ﬂ[}] al*C-u[p-11{i]Li Fulp+1][E1D;
acc[p][i]{jl=a0*(ulp-1][i](j]-2*ulp][i]Li]
'y +u[p+1[I0D;

. for(int 'p=0;p<= 100;p++)
s

L
for(int i=0;1<2;i++)
s
3
for(int j=0;j<l1;j++)
{ : .
fout<<setiosflags(ios::fixed)<<setiosflags(ios::showpoint)
<<setprecision(4)<<setw(20)<<u[p+1][i]{j];

3
¥

fout<<endl;
H
fout<<endl<<endl,
for(int p=0;p<=100;p++)
{ _
for(int i=0;i<2;i++)
{
for(int j=0:j<1:j++)
{
v [jJ=vO(il[i].
fout<<setxosﬂags(1os fixed)<<setiosflags(ios: showpomt)
<<setprecision(4)<<setw(20)<<v{p+1][i][j];

¥
y

fout<<endl;
3 _
fout<<endl<<endl;
for(int p=0;p<=100;p++)
{ L
-for(int i=0;1<2;i++)
s .
[}
for(int j=0,j<1;j++)
{
acc[1][i](j]=accO[il{jI;
fout<<setiosflags(ios::fixed)<<setiosflags(ios: showpomt)
<<setprecision{4)<<setw(20)<<acc[p+11{i}[i];

¥

y

- fout<<endl,




******************INPUT»DATA FILE****h************v***—*

SO =N

Pt
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THE NEWMARK METHOD{TRAPEZOIDAL RULE)

#include<fstream.h> -
#include<iomanip.h>
' #mclude"newmark h"
#mclude<math h>
#include<conio.h>

void xﬁain( ).
{

clrser();

int nr,nc;

float K[2][2],M]2]]2], R[2][2] u0}2]{2],v0[2](2],acc0]2][2];
float u[100][2][2],v[100][2]]2],acc[100][2][2];

float m1{2][2],m2[2]{2],m3[2]{2].k[2]F2] ki[2](2]. MI{2][2];
float t=0.314159,x=0.25,y=0.50,a0=1/(x*t*t),a2=1/(x*t),

~ /* Take x=0.3025; y=0.6 [ FOR DAMPED NEWMARK METHOD]*/

a3=(1/(2*x))- 1,a8=t*( 1-y),a7=y*t;
float al=y/(x*t),ad=y/x-1,a5=(t/2)*(y/x-2),

//[ENTER NO.OF ROWS & COLS. FOR MASS MATRIX & STIFF. MATRIX
fin>>nr>>nc;

getmat(M,nr,nc),

fout<<"MASS MATRIX FOLLOWS----"<<end];
printmat(M,nr,nc);

fout<<"FIRST NEW MASS MATRIX FOLLOWS----"<<endl,
nmasslmat(M,nr,nc,a0,ml);

fout<<"SECOND NEW MASS MATRIX FOLLOWS----"<<endl,
nmass2mat(M,nr,nc,a2,m2);

fout<<"THIRD NEW MASS MATRIX FOLLOWS----"<<endl;
nmass3mat(M,nr,nc,a3,m3);

getmat(K,nr,nc);

fout<<"STIFFNESS MATRIX FOLLOWS----"<<endl:
printmat(K nr,nc);

fout<<"NEW STIFFNESS MATRIX FOLLOWS----"<<end],
nstiffmat(nr,nc,a0,k, M .K);

//ENTER NO.OF ROWS & COLS. FOR LOADING MATRIX
fin>>nr>>nc;
getmat(R,nr,nc);

fout<<"LOADING MATRIX FOLLOWS----"<<endl,
printmat(R,nr,nc);

//ENTER NO. OF ROWS FOR DISPL. AND VELOCITY MATRIX
fin>>nr>>ne;

_ getmat(u0,nr,nc);

fout<<"INITIAL DISPLACEMENT MATRIX FOLLOWS----"<<endl;
printmat(u0,nr,ic);



getmat(v0,nr,nc); .
fout<<"INITIAL VELOCITY MATRIX FOLLOWS----"<<endl;

printmat(v0,nr,nc);

fout<<"INITIAL ACCELERATION MATRIX FOLLOWS----"<<endl;

inverse(MI,M);
accmat(K,u0,acc0,MILR);

fout<<"FINAL RESPONSE FOLLOW---"<<endl,

inverse(ki,k),
displmat(a0,a2,a3,a6,a7, R, m1,m2,m3,u,u0,v,v0,acc,acc0,ki);

fm.cl'ose();
fout.close();

2
s

*********************HEADER FILE ¥ e vk e ok ok de e ok e e sk se sk ek sk sk s ek

ifstream fin("newmark.dat");
ofstream fout("newmark.out");

//FUNCTION DEFINITION
void getmat(float a[2][2],int nr,int nc)

{
for(int i=0;i<nr;i++)
{
for(int j=0;j<nc;j++)
{
fin>>ali][jl;
¥
¥
b

void printmat(float a[2][2],int nr,int nc)

{
int i,j;
for(1=0;i<nr;i++)
) .
for(j=0;j<ncj++)
{
fout<<"  "<<ali][j];
b}
y
fout<<endl;

}

}
void nmasslmat(float M[2][2].int or.int nc,float a0,float m1[2][2])
for(int i=0;i<nr;i++)



{ o
for(int j=0;j<nc;j++)
4 :
ml[i]{j]l=a0*M[i][j];
fout<<"" "<<ml[i][j];

' 3
" fout<<endl,
3
}
void nmass2mat(float M[2][2],int nr,int nc,float a2 float m2[2]{2])
- for(int i=0;i<nr;i++)
{
for(int j=0:j<ncij++)
{
m2[i][j}=a2*Mli][j];
fout<<" "<<m2{i][j];
¥
fout<<endl;
y _
void nmass3mat(float M[2][2],int nr.int nc,float a3,float m3[2][2])
© for(int i=0;i<nr;i++)
{
for(int j=0;j<nc;j++)
5
£ '
- m3[i]}=a3*M[i}[j];
fout<<"  "<<m3[i]{i];
y
~fout<<endl,
¥

void nstiﬁ'méi(int nr,int nc, float a0,float k[2]{2].float M[2][2],
float K[2][2]) .
t

for(int i=0;i<nr;i++)

{ .
- for(int j=0;j<nc;j++)

A
k[]1G=K[](1+a0*M(i][j];
fout<<" "<<Xkli][jl;

: :
fout<<endl,
) .

void-accmat(float K[2}[2],float u0[2][2],float accO[2]{2],
float MI[2](2],float R[2][2]) o
{0 |
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float d[21(2];
for(int i=0;i<2;i++)
f
L
for(int j=03<l1;j++)
{
d[il[1=0;
for(int 1=0;1<2;1++)

[R—

: _
?!i G1=dB1GHK AT uo ]G

b

-

for(int i=0;1<2;i++)
{
for(int j=0;j<ljj++)
{

accO[i][j}=0;
for(int 1=0;1<2;1++)

{
accO{i] (j]=accO[i] [jI+MI[i} (11 *(-d[1GD+MILI{*R ][]
¥
fout<<" "<<accOfilhj};
13
fout<<endl;
¥

void inverse(float bl [2][2].float alf2]{2D
{ .

float c; S L
c=1.0/(al{0][0]*al[l][1]-al[O][1]*al]1][O]);
bl[0}[0)=al]ll{i}*c;
bl{O][1]=-all[G}{1]*c;
bl[1][0]=-al[1][0]*c;
bl[1][1]=al]0]}[0]*c;

for(int i=0;i<2;i++)
{
for(int j=0:j<2j++)
{
bI[]GT
¥

void displmat(float a0,float a2,float a3 float a6 float a7,

float R[2][2],float m1{2](2],float m2[2]{2],float m3[2]{2],

float u[100][2][2].float uO[2][2].float v[106][2][2],float v0[2][2],
float acc[100][2][2].float acc0[2][2],float B1{2][2])

{

float A[100}{2]{2],B[100]}[2][21,C[100]]2][2],R1] 100)[2][2];
for(int p=1;p<=100;p++)
¢ )

for(int i=0;i<2;i++)
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{
for(int =0;j<1;j++)
{
Alp][i][j]=0.0;
B[p](i][j]1=0.0;
Clpliij1=0.0, -
ulp+1][i]{j}=0.0; -
for(int I=0;1<2;1++)
{ _
-~ ulliG=eon)l;
vi1mil=vo(l;
acc[1][1][j}=accO[1][j]; .
Alp][EGI=AP] G H+mI] 0 *u[plN[5);
Blpl[i](}=Blp] il 5} +m2[i][1]*v[pl (] (j];
Clp]lilLiI=Clp]{i]G]+m3[il{1)*acclp]1{jl;
}};’d[p][1]DlxR[i]U]+A['p][i]lj]+B[p][i]U]+C[pJIi]U];
for(int i=0:i<2:i++)
{
for(int j=p;j<.l;j++)
-

for(int 1=0;1<2;1++)
{
ulp i} [j]=u[p+][E1GI+LEN*R pI T
acc[p+1]{i]{j1=a0*(ufp+ 11{i} il-ulpl (il j])
_-ax*vplfil(jl-a3*acc[p]{illil;
vip+1[il[}=vIpl[i)[j]+ac*acclp]|i][j]
+a7*acc[p+11[i][j];
Y3}
for(int p=0;p<=100;p++)
{
for(int i=0;i<2;i++)
for(int j=0;j<1;j++)
{

fout<<setiosflags(ios: :fixed)
<<setiosflags(ios::showpoint)<<setprecision(4 )<<setw(20)
<<u[p+1][i] [l

R
_ fout<<endl;
}
fout<<endI<<endl,
for(int p=0;p<=100;p++)
{ ,
for(int i=0;i<2;i++)
{
for(int j=0;j<l;j++)
{ N
fout<<setiosflags(ios::fixed)
<<setiosflags(ios::showpoint)<<setprecision(4)<<setw(20)
<<v[p+1]fi}{j};

)
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fout<<endl;
} B
fout<<endl<<endl;
for(int p=0;p<=100;p++)
p e
- for(int i=0;i<2;i++).
{
for(int j=0;j<1j++)
{
fout<<seuosﬂags(1os ﬁxed)
<<setiosflags(ios: showpomt)<<setprec151on(4)<<setw(20)

<<acc[p+1]{illil;

-

¥
fout<<endl,

(o)

***_*****************INPUT DATA FILE*****************

OOS'—"—'NOO)—-M»—-



*************** HOUBOI/T METHOD dhdhhhh bbbt d

- #include<fstream.h>
#include<iomanip.h>
#mclude"houbolt h"
#mclude<math h>
#include<conio.h>

void maih( )
{

clrscr( %

int nr,nc;

float K[2][2),MI2]12],MI12][2], W0[2)(2] RI2I21V0[2][2]. accO 2] 21
float u[100][2][2),v[100][2][2],acc[ LOO][2][2];

float m1[2][2],m2(2) [2];m3[2] (2] k[2](2)ul [2][2],u2[2] (2], KiR][2:
float t=0.314159,a0=2/(t*t) a1=11/(6*t),a2=5/(t*),a3=3/t a4=2*20,
a5=-0.5*a3,a6=0.5*a0,a7=23/9.0;

//ENTER NO. OF ROWS & COLS. FOR MASS ‘& STIFFNESS MATRIX
fin>>nr>>nc;

getmat(M nr,nc);

fout<<*MASS MATRIX FOLLOWS----"<<endl,

_ printmat(M,nr,nc);

fout<<"FIRST NEW MASS MATRIX FOLLOWS----"<<endl,
nmass Imat(M,nr,nc,a2,mi);

fout<<"SECOND NEW MASS MATRIX FOLLOWS----"<<endl
nmass2mat(M,nr,nc,a4,m2);

fout<<"THIRD NEW MASS MATRIX FOLLOWS----"<<endl;
nmass3mat(M,nr,nc,a6,m3},

getmat(K,nr,nc);
fout<<"STIFFNESS MATRIX FOLLOWS----"<<endl;
printmat(K nr,nc);
fout<<“NEW STIFFNESS MATRIX FOLLOWS----"<<endl;
~ nstiffmat(nr,nc,a0,k,MK);

E //ENTER NO. OF ROWS & COLS. FOR LOADING MATRIX
© fin>>nr>>ne,
- getmat(R,nr,nc),
fout<<"LOADING MATRIX FOLLOWS----"<<endl,

printmat(R,nr,nc);

//ENTER NO.OF ROWS & COLS. FOR DISPL.& VELOCITY MATRIX
fin>>nr>>nce;
getmat(u0,nr,nc);

fout<<"DISPLACEMENT MATRIX UO FOLLOWS----"<<endl.
printmat(u0,nr,nc);

getmat(v0,nr,nc);

fout<<"VELOCITY MATRIX VO FOLLOWS----"<<endl
printmat(v0,nr,nc),
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fout<<"INITIAL ACCELERATION MATRIX FOLLOWS----"<<endl;

inverse(MI,M);
accmat(K,u0,accO,MLR);

//FIRST TWO DISPL. MATRIX AS OBTAINED BY TRAPEZOIDAL METHOD
getmat(ul,nr,nc);

fout<<"DISPLACEMENT MATRIX Ul FOLLOWS----"<<endl;
printmat(ul,nr,nc);

getmat(u2,nr,nc);, .
fout<<"DISPLACEMENT MATRIX U2 FOLLOWS----"<<endl,
printmat{u2,nr,nc), .

fout<<"FINAL RESPONSE FOLLOW---"<<endl; _
inverse(ki, k); ~ :
displmat(a0,al,a2,a3,a4,a5,a6,a7,R,m1,m2,m3,u,u0,ul,u2,v0,acc0,v,acc.ki);

fin.close();
fout.close();

*********************HEADER FILE*********************

ifstream fin("houbolt.dat");
ofstream fout("houbolt.out"),

//FUNCTION DEFINITION
void getmat(float a[2]{2],int nr,int nc)
tior(int i=0;i<nr;i++)
{for(int j=0;j<nc;j-f—+)
f‘ln»a[i][i];
13

havad
-

void printmat(float a[2][2],int nr,int nc)
4
3

intij;
for(i=0;i<nr;i++)
{
- for(j=0;j<nc;j++)
{
fout<<" “<<ai]jl;
h
fout<<endl;
H
h
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void nmass1mat(float a[2}{2].int nr.int né,float a2 float m1{2]{2])
R .
~for(int i=0;i<nr;i++)
{.

for(int J=00<ncij++)

{
ml[i][jl=a2*ali]lj];
fout<<" "<<mlli][jl;

fout<<endl,
}
}
void ninass2mat(float a[2]{2].int nr.int nc float ad, float m2{2]{2])
¢ _ R
for(int i=0;i<nr;i++)
{
for(int j=0;j<nc;j++)
-~ m2(i][j=a4*ai]i;
fout<<" "<<m2[i][j];
H
fout<<endl;
;
) .
void nmass3mat(float a[2][2],int nr,int nc float a6, float m3[2][2])
{
for(int i=0;i<nr;i++)
{ o
for(int j=0;j<nc;j++) .

. P :
m3[i}(j]=a6*alil[jl:
fout<<" -"<<m3[il[j];

: ¥
fout<<endl:;
1
’ .
¥

void nstiffmat(int nr,int nc, float a0,float k[2][2],
float M[2][2].float K[2][2]) ‘
{ S
for(int i=0;i<nr;i++)
{ .
for(int j=0 j<nc;j++) .

{ .
KHl[I=K1G1+a0*MIi]{j1

3

fout<<endl;
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}

void acc;ﬁat(ﬂoat K[2][2],float uO[il[Z],ﬂoat acc0[2][2],
float MI[2][2],float R[2][2])

{ ,
float d[5][5];
for(int i=0;i<2;i++)
{
for(int j=0;j<ljj++)

{
d[i][j1=0; .
for(int 1=0;1<2;1++)

{
dliljl=d ]G+ (*uoligl
b

h

-

for(int i=0;i<2;i++)
t{"or(intj=0;j<l;j+‘*’) _

accO{il][j]=0; {
for(int 1=0;1<2;1++) ‘
%ccO[i]m=acc0m{i}+MI[i][i}*(-d[1]U])+Nﬂ[i][ll*Rtilb'];

. fout<<"" "<<accO[i][j];

Y
f

fout<<end],

)
f

}

void inverse(float b1]2)[2],float al[2][2])

s
t

float c;
c=1. Ol(al[0][0]*al[1][1]-a1[0][1]*a1[l][O])
b1[0][0]=al[1][1]*c;
b1{0]{1]=-al[0][1}*c;
bl[1][0]=-al[1][0]*c;
bl[1][1]=al[0][0]*c;.

for(int i=0;i<2;i++)

{

for(int j=0;j<2;j++)
{

1

bIGGL.

D)
1

¥

} .
void displmat(float a0,float al,floar a2,float a3,float a4,

float a5,float a6,float a7,float R[2}j2],float m1[2][2], -

float m2[2]{2],float m3{2]{2},float u[100}[2][2],float u0{2]}]2],
float ul[2][2],float u2{2][2],float vO[2][2].float accO[2][2],
float v[100][2]][2],float acc[100]{2]][2],float b1[2][2])

{ ’ ’ .
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float A[lOO][Z}[Z],B[IOO][Z][2],C[100][2][2],R1[100][2][2];
for(int p=2;p<=100;p++)
{ .
for(int i=0;i<2;i++)
{ :
for(int j=0;j<‘1 JHH)

{
Alpl[ij[j]=0.0;
- B[p-1][i][j]=0.0;
Clp-2]{i](j]=0.0;
, for(mtl =0;1<2; l-H-)

.'u[21[11u1~uznm1
[ 1101 G]2ul [1][j];
[0 Gl=voL}:

Alp]lIGI=ALpI] G1+m[i][1]*u[p] ][]

- Blp-11[][1=Blp-11[i] [j]+m2[i] (1 *u[p-11[1] [j};
Clp-2]li][1=Clp-2][i} jl+m3[i] [I]*u[p-2][11[i];
-Rl[pllilfj]= R[l]D]+A[p][l][f] -B[p-11[il[j]+Clp-2][10]:

¥k
for(int i=0;i<2;i++)
{
for(int j=0,j<1:j++)
{
u[p+1][i]{j]=0.0;
for(int 1=0;1<2;1++)
{ , ‘
;llxr*l][il[i]=u[p+l]li]UJ+bl[iJﬂ]*Rl[pllllLi];
vip+1][illjl=al*u[p+1][i][j]-a3*u[p]{il (]
-a5*u[p-11[il[jl-a7*ulp-2][il(j];
ace[p+11[i][il=a0*u[p+11[i]{jl-a2*u[p] (il[j]
} -ad*ulp-1][i][}-a6*ufp-2][ilLil;
¥
for(int p=0;p<=100;p++)
h o ,
for(int i=0:i<2;i++)
for(int j=0;j<I;j++)
: { _
fout<<setiosflags(ios::fixed)
<<setiosflags(ios::showpoint)<<setprecision(4)
<<setw(20)<<u[p]lilijl;
ha ' ,
} -
. fout<<endl;
fout<<endl<<end];

. for(int p=0;p<=i00§p+:+)

1
for(int i=0;i<2;i++)
{ .
for(int j=0:j<l1;j++)
{
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vI2][i]G1=vOli] )
fout<<sectiosflags(ios::fixed)
<<setiosflags(ios::showpoint)
. <<setprecision(4)<<setw(20)<<v[p+2][i]{j];
3 : ‘
¥
fout<<endl;
¥
fout<<endi<<endl;
for(int p=0;p<100;p++
{ ' .
for(int i=0;i<2;i++)
{ .
for(int j=0;j<1;j++)
1

[}
accl2][i][j]=accO[i][j];
fout<<setiosflags(ios::fixed)
<<setiosflags(ios::showpoint)
<<setprecision(4)y<<setw(20)<<acc[p+2][i}[j];
)
} )

fout<<endl;

)

R
]

*******************INPUT DATA FILE*******************



* #include<fstream.h>
#include<iomanip.h>
#include"Wilsonh" -

- -#mclude<math h>

#include<conio.h>

- void méin( )
0

clrser( );

intar,nc; -
float K[2][2], M[2][2] R[2][2], u0[2][2] v0[2][2] acc0[2][2];
- float u[100][2][2],v[100]]2][2],acc] 100][2][2];

- float m1[2]{2],m2[2][2]),m3[2][2].k[2][2]}.ki[2]{2}.MI[2][2];
float t=0.314159,h=1.40,a0=6/(h*h*t*t),a 1 =3/(h*t),a2=2%*al;
float a4=a0/h,a5=-a2/h,a6=1-(3/h),a7=0.5*t,a8=(t*1)/6;
//float a3=0.5*h*t'

//ENTER NO OF ROWS & COLS. FOR MASS & STIFFNESS MATRIX
fin>>nr>>nc;

getmat(M,nr,nc);

fout<<"MASS MATRIX FOLLOWS----"<<endl,

-~ . - printmat(M,nr,nc);

fout<<"FIRST NEW MASS MATRIX FOLLOWS----"<<endl;
nmass I mat(M,nr,nc,a0,ml);

fout<<"SECOND NEW MASS MATRIX FOLLOWS----"<<end],
nmass2mat(M,nr,nc,a2,m2);

fout<<"THIRD NEW MASS MATRIX FOLLOWS----"<<endl;
nmass3mat(M,nr,nc,m3);

getmat(K,nr ne);
_ fout<<"STIFFNESS MATRIX FOLLOWS----"<<endl

; - printmat(K,nr,nc); -
* fout<<"NEW STIFFNESS MATRIX FOLLOWS----"<<endl
' nstiffmat(nr,nc,a0 k M,K);

//ENTER NO. OF ROWS & COLS. FOR LOADING MATRIX
fin>>nr>>ng;
getmat(R,nr,nc);
fout<<"LOADING MATRIX FOLLOWS----"<<endl;
' prin;rnat(R,nr,nc);

//ENTER NO. OF ROWS & COLS. FOR DISPL. AND VELOCITY MATRIX
fin>>nr>>nc;

getmat(uQ,nr,nc);

fout<<"DISPLACEMENT MATRIX UO FOLLOWS----"<<end,
pnntrmt(uO nr,nc), _
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getmat(v0,nr,nc),
fout<<"VELOCITY MATRIX VO FOLLOWS----"<<endl;
printmat(v0,nr,nc);

fout<<'INITIAL ACCELERATION MATRIX FOLLOWS---"<<endl;

inverse(MI,M), o
accmat(K,u0,accO,MI,R);

fout<<"FINAL RESPONSE FOLLOW---"<<endl;
inverse(ki,k);
displmat(a4,a5,ab,a7,a8,t, R, mI,m2,m3,u,u0,v,v0,acc,accl ki),

fin.close();
fout.close();

i
**********************HEADER FILE********************

ifstream fin("wilson.dat"};
ofstream fout("wilson.out");

//FUNCTION DEFINITION

void getmat(float a[2][2],int nr,int nc)
7
Y
for(int i=0;i<nr;i++)

3

1

for(int j=0;j<nc;j++)

[ 4

fin>>afil(i];

—_
-y

void printmat(float a[2][2],int nr,int nc)

{
for(int i=0;i<nr;i++)
{
for(int j=0;j<nc;j++)
{
fout<<"  "<<ali][j];
}
fou[<<endl;
} .
}

void ninass lmat(float M[2][2},int nr,int nc,float a0,float m1[2][2])
for(int i=0;i<nr;i++)
f .
3
for(int j=0;j<nc;j++
s
3
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ml[i][j]=aO*M[i]U]‘;
fout<<" "<<mlli}{j];

}
fout<<endl;
-} ‘
void nmass2mat(float M[2][2],int nr.int nc.float a2,float m2[2][2])
(. .
for(int i=0;i<nr;i++)
A : :
- for(int j=0;j<nc;j++)
. .
-m2[i][j]J=a2*MJil[j}; -
fout<<" "<<m2[i][jl;
} ‘ '
fout<<endl, - -
} .
Ha _
void nmass3mat(float M[2]{2],int nr,int nc,float m3[2]{2])
¢ o 3 ,
for(int i=0;i<nr;i++)
for(int j=0;j<ncj++)
{ _
m3[i][j]=2.0*M[i](j];
fout<<" "<<m3[il{j];
} . .
- fout<<endI;
} -
B

void nstiffmat(int nr,int nc, float a0,float k{2][2],
float M[2][2].float K[2][2])
oy . _
. .
for(int i=0;i<nr;i++)
_ -,
L% .
for(int j=0;j<nc;j++)
{ ,
k[i]{j]1=K[i][j}+a0*Mlii] [j];
fout<<" "<<Kkiil]ljl;

H

fout<<endl;

¥

!
s

void accmat(float K[2]{2],float u0[2][2],float accO[2][2].
float MI[2][2],float R[2]{2]) .

1 : :

{ .

float d[2][2];

for(int i=0;i<2;i++)

¢
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for(int j=0:j<1:j++)
{
dri]ljl=o;
for(int 1=0;1<2;++)

" dG1=dGGHK I *eonIGl;

by

for(int i=0;i<2;i++)
{
for(int j=0;j<I1j++)
{
accOfi][j}=0;
for(int 1=0;1<2;1++)

{ | -
accO[i](jl=accO(i] (I+MI]{1}*-d{A]G1+MIGT PRI
3

3 L.
fout<<" "<<accO[i][j];
) .
fout<<endl;

}

)
e

void inverse(float b1[2][2].float a1[2][2])
float ¢;
c=1.0/(al[0][0]*al[1][1]-al[O]{1]*al[1}[O]);
b1[0][0]=al[l][{]*c;
b1[0][1]=-al[0][1]*c;
b1[1][0]=-al[1][0]*c;
bI[1}[1]=al[0][0]*c;

for(int i=0;i<2;i++)

{
for(int j=0,j<2:j++)
{
131 110k

} ]

b

void displmat(float a4,float a5,float a6.float a7,float a8, float t,
float R[2][2],flodt m1[2][2].float m2[2][2] float m3{2][2],

float u[100][2]{2].float u0[2][2].float v[100][2][2].float vO[2}{2],
float acc[100][2][2].float accO[2][2],float b1[2][2])

i3

'float A[100]]2]{2),B]100][2]2],C] 100][2} 2], R 1[100}{2][2];
for(int p=1;p<=100;p++). : J

1
for(int g=1;q<=101;q++)
£

t
for(int p=1;p<=100;p++)
{
for(int i=0;i<2;i++)
{ o
for(int j=0;j<lj++)
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Alp][i][j]=0.0;
- BIp][i][j}=0.0;
Clp](il[il=0.0;

- for(mtl 01<2 l++)

UIII{IIU]—HOIIIU]
v G1=vo[11[];
acc[][1][jI=accO[1]{j];
Alpllilljl= A[p][l]D]+m1[1][l]*U[p][l]Ll}
- BIpIlIGI=BlpllilG1+m2[i][11*v[p] [1][j]
' C[p],[i].U]fC[p][i]U]+m3[i]Il]*aCC[p][l][i];
?;}l}[cu[l]lJ]=R[i][j]+A[p1[i]U]+B[p][i1Li1+C[p][i]U];

- for(int i=0;i<2;i++)
!
{
~ for(int j=0;j<1:j++)
- d

ulq)[i][j}=0.0;
for(int 1=0;1<2;1-++)
{ - .

’ ;l[qj{il[i]'=11[q][i][i]‘+bl[i][ll*Rl[(1][1][j];

“acc[p+1][il[jl=a4*ulqllil[j]-ulp]Lil[i])
_ +aS*v{p]li][j]+a6*acc[p}[il[j];
vip+11[i][jl=vIp}li] [i]+a7*(acc[p+1][i}{j]
+acclplli][D:
ufp+1}{il1=ulplil ]+t vIpllilij]
+a8*(acc[p+1][i]l[j]+2*acc[pilili]);
13233

for(iﬁt p=0;p<=100;p++)
A
for(int i=0;i<2;i++)
{ '
for(int j=0:j<1:j++)

{

fout<<setiosflags(ios::fixed)
<<setiosflags(ios::showpoint)
<<setprecision(4)<<setw(20)<<u[p+1][i}{j];

o
H
h
fout<<endl<<endl;
for(int p=0;p<=100;p++)
{ . :
for(int i=0;i<2.i++)
{
for(int j=0;j<I;j++)
{

- fout<<endl;

fout<<setiosflags(ios::fixed)
<<setiosflags(ios::showpoint)
<<setprecision(4)<<setw(20)<<v[p+1][i](i];

68



fout<<endl;
}
- fout<<endl<<endl,
for(int p=0;p<=100;p++)
{ .
for(int i=0;i<2;i++)
{ .
for(int j=0;j<I1;j++)
{ .
fout<<setiosflags(ios::fixed)
<<setiosflags(ios::showpoint)
<<setprecision(4)<<setw(20)<<acc[p+1][i}(j];
) 4 '

fout<<endl;

******************-*INPUT DATA FILE*-*'***********-*****i*

<
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