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ABSTRACT

The programmed pulse width modulation (PPWM) technique was originally -
proposed by H. S. Patel and R. G. Hoft in 1973. PPWM inverter generates high quality
output spectra by eliminating several lower order harmonics, which in turn results in
minimum current ripples and reduced torque pulsations in an AC drive.

This technique necessitates solving a system of nonlinear transcendental equations
and multiple solutions are possible. So, the main challenge of solving these equations is
the convergence, and_therefore, an initial guess which is considerably close to the exact
solution is required. This report discusses a simple algorithm to generate the initial guess
from the symmetry of exact switching angle -trajectories at zero modulation index. Two
objective functions for eliminating selected harmonics and minimizing total harmonic
distortion, while controlling the fundamental, are formulated.

The main contribution in this work is development of a software program for
minimizing the formulated objective functions using nonlinear constrained optimization
functions in MATLAB and the optimal switching angles are obtained for a wide range of
modulation index and number of switching angles. Usually minimization subroutines of
NAG or IMSL library were employed in earlier work, which are not as easily available as
MATLAB. Two sets of solutions have been identified, one in 0°-60° range and other in 0%
90° range. It is found that, the developed algorithm was able to find the optimal angles for
all modulation indexes, even higher than unity, in a very less time.

Simulation model of the VSI fed induction motor drive is developed in MATLAB-
SIMULINK environment. A firing pulse -generator with digital logic is designed for
converting the optimal angles into firing pulses to the inverter and the waveforms of the
voltage and current at the input of the induction motor are obtained by simulating the
system. The harmonic spectra of the obtained waveforms are analyzed at various operating
conditions.
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Chapter 1
Introduction

1.1 Introduction

Recent advancements in semiconductor and microprocessor technology have
made the variable frequency adjustable speed AC drives a serious competitor for the
conventional DC motor Drive. Some of the advantages of adjustable speed AC drive
when compared to DC drive are:

e Ruggedness of the motors and supcriority of their modified characteristics

e They are better suited for hlgh speed operation with no size limit, since there
are no brushes and commutation is not a problem.

¢ AC motors require vrrtually no maintenance

e AC motors are less expensive and more reliable

- The Induction motor is an important class of AC motors which finds wide
applicability in industry and several domestic drive applications. More than 85% of
industrial motors in use today are in fact induction motors. Various methods can be used
to control the speed of an induction motor. But the more efficient method involves
variation of the stator supply frequency and stator voltage. A voltage source inverter used
as a frequency converter is widely used in these variable frequency speed reguiation
systems. However, the benefits of variable frequency adjustable speed drives are not
obtained without the introduction of some negative effects, particularly high harmonic
content at the output of the inverter. Induction motors are sensitive to harmonic voltages;
both their efficiency and performance can be considerably affected by the poor power
quality of the supply. Therefore, research on improving the output spectra of the voltage
source inverter (VSI) is given more importance in the electric drive system field. The
development of pulse width modulation (PWM) technology made this task easier. '

~ The PWM methods used in Voltage Source Inverters can be classified according

to switching frequency. Method that works with high switching frequencies involves

many switchings in one period of the fundamental output.voltage. A very popular and

well known method in most of the industrial applications is the carrier modulated

sinusoidal pulse width modulation, which uses the phase shifting technique to improve

“the output spectra [1]. The other important PWM methods are regularly sampled PWM
and Area Equalization PWM [2]. Although these methods produce high quality output '

with low Total Harmonic Distortion (THD), they provide no direct means of contfolling.

the levels of harmonics present. Programmed PWM method is an optlmal strategy that

rehes on eliminating selected harmomc< from the PWM waveform This method got more

~.
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importance in applications which are pafticularly sensitive to the presence of undesirable
harmonics.

The Programmed PWM technique establishes a set of mathematical equations
(detailed in chapter 3) of output waveform based on (a) the characteristic of the output
waveform of man-made inverter, (b) the amplitude of the fundamental wave of output
voltage and (c) the number of harmonics to be eliminated. These developed equations are
solved for obtaining the exact switching angles. Thus, the aim of eliminating the desired
lower order harmonics from the output of the inverter is achieved. The Selective
Harmonic Elimination (SHE) technique is a PWM technique which has the advantages of
lowering the switching frequency of the power device and eliminating the low order
harmonics [3].

So far, the principle limitation ‘with the application of Programmed PWM
technique is solving the developed equations. These equations contain trigonometric
terms, which are transcendental in nature and therefore exhibit multiple solutions. To
obtain convergence with numerical techniques, the starting values (or the initial guess)
must be selected properly. Therefore, the main drawback of Programmed PWM method is
that it relies on heavily on off-line computing power since it involves solving nonlinear
“transcendental equations, which cannot be solved on-line by microprocessor based .
controller. Its implementation is thus based on look-up tables and interpolation between
these tables, hence requires large storage memory. With advances in computing
technology, these mentioned limitations become insignificant, making the Programmed
PWM techniques more attractive and versatile means of power control. '

1.2 Literature Review:

In 1973, at University of Missouri, H. S. Patel and R. G. Hoft for the first time
introduced the selective harmonic elimination technique [4, 5]. Since then it has been the
research topic in the power system field. The recent developments in microcomputer filed
made this technique much more important in the industrial applications.

Due to the symmetry properties of the exact solution pattern, an algorithm based
on two straight lines with positive and negative slopes that closely approximate the exact
solution is proposed by Enjeti and Lindsay in 1987 [6]. With this algorithm, the starting
values for obtaining exact solutions using numerical techniques can be found even for
large numbers of harmonics to be eliminated. However, the algorithm is only applicable
when (a) the number of switching angles per quarter cycle is chosen to be odd and (b) this
number is greater than 3.

In 1990, Prasad N. Enjeti, Phoivos D. Ziogas, F. Lindsay discussed the various
programmed PWM techniques to eliminate the harmonics [7]. They gave a general
classification for various techniques depending on the inverter configuration that is three-
phase and for single phase and also depending on whether it is line to neutral or line to

2



line PWM waveform. The techniques were also divided into those that seek solutions
within 60° and 90°. They used the International mathematical and statistical library
(IMSL) for solving the non-linear equations.

In 1992, R.G. Hoft and J.A. Asumadu [8] described a method for the elimination
of harmonics in PWM waveforms using the algebra of linear block digital codes which
substitutes harmonic generator polynomials, with zero and unity coefficients, for the
nonlinear equations requires in Fourier series harmonic elimination.

In 1995, Sidney R. Bowes and Paul R.Clarke [9] developed the modified regular-
sampling techniques to generate the PWM strategies online in real time using a simple
microprocessor algorithm without resorting to the offline mainframe computer harmonic
elimination numerical techniques. Using this technique, they achieved the
voltage/frequency range from PWM to Quasi-square wave operation.

In 1996, J. Sun, Stephen Beinke and H Grotstollen [10] implemented and
described a new scheme based on real time solution of nonlinear harmonic elimination
equations using a digital signal processor DSP56001.

In 1999, T. Kato proposed an approach that makes it possible to solve the HE
problem based on a homotopy method which finds multiple solutions for a specific
degree of freedom N from those existing for N-1 sequentially by the mathematical
induction of varying a fundamental component value as the homotopy parameter [11].
However, the method is long and cumbersome, and the paper does not mention which set
of solutions from the multiple available ones is optimum as measured against overall
harmonic performance.

In 2002, D. Czarkowski, David V.C., Georgy V.C. and Ivan W.S. analyzed the
basic algebraic properties of the optimal PWM problem [12]. They reformulated the
nonlinear design equations given by standard mathematical formulation and found the
solution by computing the roots of univariate polynomial. The reformulation is done
based upon the Newton identities, Pade approximation theory and properties of
symmetric functions.

In 2004, J. Chiasson, L. M. Tolbert and Z. Du converted the nonlinear
transcendental equations into polynomials and applied theory of resultants to determine
the switching angles to eliminate specific harmonics {13]. However, as the number of
switching angles increases, the degree of the polynomial in these polynomials becomes
large, which increases the computational difficulty. Moreover, the paper briefly treats the
bipolar waveform and only reports the angles to eliminate 5 and 7 harmonics.

In 2005, Jason R. Wells, Xln Greg, Patrick L. Chapman and P.T. Krein,
formulated the harmonic elimination problem without quarter wave symmetry constraint
for the two classes of the m-level, n-harmonic control problem [14]. Here, they presented

3



the special cases of two and three level harmonic elimination in detail along with
representative solutions for harmonic control problem.

In 2006, V.G. Agelidis, A. Baloutktsis, 1. Balouktsis and Calum Cossor, discussed
a minimization method as a way to-obtain multiple set of switching angles [15]. A simple
harmonic distortion factor that takes into account the first two most significant harmonics
present in the generated waveform is considered in order to evaluate the performance of
each set. :

In 2007, Vladimir Blasko proposed a systematic design approach for applying
signal processing methods (like modified adaptive selective harmonic elimination
algorithms) as an addition to the conventional control [16]. Thus, both control objectives
like fast transient response and efficient harmonic filtering are achieved.

Recently, Mohammed S.A. Dahidah, V.G. Agelidis and M.V. Rao proposed an
efficient hybrid real coded algorithm for selective harmonic control [17]. Here, an
objective function describing the measure of effectiveness of eliminating selected orders
of harmonics while controlling the fundamental, namely weighted total harmonic
distortion is derived.

1.3 Organization of the Report:

Chapter — 1: Introduction and Literature survey of Selective Harmonic Elimination is
presented in this chapter including the scope of the present work.

Chapter — 2: In this chapter, the basic configuration of VSI fed Induction Motor drive is
discussed explaining the operation of Voltage Source Inverter. Also, PWM techniques for
voltage control are introduced. '

Chapter — 3: This chapter discuses the Programmed PWM technique for controlling the
desired harmonics in the inverter output. The formulation and analysis of the problem
associated with the bipolar waveform is presented.

Chapter — 4: MATLAB Optimization algorithm implementation is presented in this
chapter, along with the flowchart summarizing the algorithtm. The switching angle
trajectories are presented for various values of number of switchings.

Chapter — 5: This chapter gives the detailed implementation of the proposed PPWM fed
Induction motor drive model in MATLAB-SIMULINK environment explaining every
individual block operation.

Chapter — 6: This chapter illustrates the simulation results of line current and voltage
waveforms along with the frequency spectrum of current at different operating points
including discussion of the results. V



Chapter — 7: Some conclusions and a summary of the proposed method are presented in
this chapter pointing future research in this area.

1.4 Scope of the Work:

The main aim of this dissertation is to develop PWM voltage source inverter fed
induction drive model with harmonic control, including the problem formulation,
calculation of switching angles and SIMULINK implementation of the model. '

For this purpose, a system of non-linear transcendental equations is formulated by
means of Fourier analysis of the PWM Inverter output waveform. The objective functions
are formulated for both harmonic elimination problem and harmonic minimization
problem. The formulated objectlve functions are minimized with the belp of Non linear
constrained programming in MATLAB. As the developed equatlons produce multiple
solution sets, the initial guess to the problem are generated with proper care. Here, the
initial guess is generated from the straight-line approximation approach and from the
study of the nature of exact solution trajectories. And also the performance of the
algorithm is studied for both the cases. Two sets of solution vectors, one is in 0° to 90°
range and other in 0° to 60° range, are obtained from the MATLAB program for both the .
harmonic elimination and minimization case. The results are presented for switching
angles over wide range of modulation index and number of switching angles.

~ The obtained switching angles are stored in LOOKUP tables and a logic switching
circuit is designed for generating the firing pulses to the inverter. The proposed method is
simulated in MATLAB — SIMULINK environment. The drive performance is studied
when fed from Programmed Pulse Width Modulated Inverter and the results are presented
for various operating conditions.
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Chapter 2
Voltage Source Inverter

In this chapter, the basic configuration of VSI fed Induction Motor drive is
discussed explaining the operation of Voltage Source Inverter. Also, PWM techniques for
voltage control are discussed briefly.

2.1 Introduction

The supply of an induction motor in variable frequency adjustable speed drive
requires the use of an inverter which transforms the rectified DC-voltage into a three.
phase AC-system with variable frequency and voltage. The basic configuration of VSI
fed adjustable speed drive is shown in Fig 2.1.There are two basic types of forced-
commutated inverter: The current source inverter (CSI) and the voltage source inverter
(VSI). In speed regulation applications, the latter inverter is used most widely.

Figure 2.1: Block Diagram of Variable Frequency Adjustable Speed Drive [21]

2.2 Inverter RequirementS:

The Voltage Source Inverter is expected to:

» generate smooth Variable-Frequency Variable-Voltage (VVVF) power

* produce nearly sinusoidal current waveforms throughout the operating range to avoid
undesirable torque oscillations

* permit highly dynamic control both in motoring and braking operafion

« provide as nearly as possible equivalent performance to the dual converter-fed dc
drives with respect to cost, _service reliability, and harmonic effect on the system



- 2.3 Voltage Source Inverter:

The inverter consists essentially of six power switches that can be metal-oxide
semiconductor field-effect transistors (MOSFET), gate turn-off thyristors (GTO), or
insulated gate bipolar transistors (IGBT), depending on the drive power capacity and the
inverter switching frequency (Hz). The three phase Voltage Source Inverter is shown in -
Fig 2.2. The voltage source inverter (VSI) produces a relatively well-defined switched
voltage waveform at the input terminals of the A.C. motor. A switching device conducts
when the firing pulse is given to it and the switch is forward biased.

P
sk os(h s

Vg |
T A ! B C
qu % | =i S|
YL YL

Figure 2.2: Voltage Source Inverter [21]

Three switches remain on at any instant of time. When S1 is turned on, terminal A
is connected to the positive terminal of the D.C. supply source. When transistor 'S4 is
switched on, the terminal A is connected to the negative side of the D. C. supply. The
pole voltage waveform of phase A is obtained by switching the devices S1 and S4 in a
complementary manner. The pole voltage waveforms of phase B and phase C are
obtained by phase-shifting them with respect to phase A by 120° and 240° respectively,
which results in a balanced three-phase supply (Fig 2.3).

If each switching device of the inverter is made to conduct for half cycle of the
- period, which is 180 degrees, then the pole voltage waveforms of all the three phases
becomes quasi square wave consisting of one half-cycle with a magnitude of half the dc
voltage and the second half cycle with a magnitude of half the dc voltage with negative
sign. The line voltage Vg, the pole voltages and the six-step phase voltage Vy, are shown
in Fig 2.3.



The quasi square or squaré wave is characterized by dominant lower order
harmonics. Fourier analysis reveals that a square wave, which is antisymmetrical about
the 180 degree point, contains only odd harmenics, the 3rd, 5th, 7th etc. Induction Motors
are sensitive to harmonic voltages; both their efficiency and performance can be
considerably affected by the poor power quality of the supply. Therefore, research on
improving the output spectra of the Voltage Source Inverter is given more importance in
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Figure 2.3: Line and Phase Voltages for 180° Conduction [21]

the electric drive system field. The development of Pulse Width Modulation (PWM)

technology made this task easier.

2.4 PWM Techniques of Three-Phase VSI
The common PWM techniques in use for controlling three-phase inverters are:

1. Sinusoidal PWM
2. Third-harmonic PWM
3. Space vector modulation



2.4.1 Sinusoidal PWM (SPWM)

The SPWM technique is very popular for industrial converters. The basic
principle of the PWM technique involves the comparison of triangular carrier wave with
the sinusoidal modulating wave. In this technique, there are three sinusoidal references
waves (or modulating waves) each shifted by 120° as shown in fig 2.4 (a).

A carrier (triangular) wave of high frequency f_-is compared with the reference
signal corresponding to a phase to generate the gating signals for that phase. Comparing
the carrier signal with the reference phases Va, Vg, and V¢ produces Vo, Veo and Vo
respectively as shown in figure 2.4. Then the instantaneous line-to-line output voltage is
Vap= Vao— Vio. ' ‘

The fundamental frequency component in the inverter output voltage can be

controlled by amplitude modulation index,M = =2, Where 7, and V. are the peak values

SR

of the modulating and carrier waves respectively. The frequency ratio is defined by,

p= ];—" Where f;, and f,; are the frequencies of the modulating  and carrier waves
m .

respectively.

/V m_C
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Vag
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Figure 2.4: Sinusoidal PWM Technique [21]
-



Since the line voltage waveform is sine wave modulated, its harmonic spectrum
approaches that of a sine wave. However, this applies to the values of M up to 1. For -
M > 1, over modulation takes place and benefits of SPWM is no longer available.

2.4.2 Third-harmonic PWM

This technique is implemented in the same manner as sinusoidal PWM. The
difference is that the reference ac waveform is not sinusoidal but consists of both a
fundamental component and a third-harmonic component as shown in fig 2.5. The
advantage is, the harmonic spectrum of the resulting pole voltage is rich with third
harmonic component. However, it cancels up in the line voltage in a three-phase system.
Hence, line voltage harmonic spectrum is as good as in SPWM case. The available
modulation depth is more in this case as compared to SPWM case, since the reference
wave is ‘flat topped’. ' ‘

V16

el e / v YOG i

Oulput'Voltage,

i I i
0: . 90 480 270 360

Figure 2.5: Reference waveform of third-harmonic PWM [23]

Vo(x) is reference waveform with third-Harmonic injection
V,(x) is the fundamental component and
V3(x) is the third harmonic component

2.4.1 Space vector modulation

Space Vector Modulation(SVM) is a digital modulating technique where the
objective is to generate PWM load line voltages that are in average equal to a given (or
reference) load line voltages. SVM is quite different from the other PWM methods. With
PWMs, the inverter can be thought of as three separate push-pull driver stages, which
create each phase waveform independently. SVM, however, treats the inverter as a single
unit; specifically, the inverter can be driven into eight unique states. Modulation is
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accomplished' by switching the state of the inverter. The control strategies are
implemented in digital systems. '

SVM was originally developed as a vector approach to PWM for three phase
inverters. It is a more sophisticated technique for generating sine wave that provides a
higher voltage to the motor with lower total harmonic distortion. It confines space vectors
to be applied according to the region where the output voltage vector is located.

modulating , E

vector Ve = [v ] sector number

Figure 2.6: Representation of rotating vector in complex plane [23]
2.5 Conclusions:

The mentioned pulse-width and space vector modulation schemes result in
converters with low-harmonic distortion waveform characteristics.. Although these
methods produce hlgh quahty output with low Total Harmonic Distortion (THD), they
prov1de no direct means of controlling the levels of harmonics present. A generalized
harmonic elimination technique to sefectively eliminate and control the desired harmonics
from the PWM waveforms was suggested in early 1970’s. The main drawback of this
techmque is that it relies heavily on off-line computing since it involves solving non-
linear transcendental equations, which cannot be solved online by a microprocessor based '
controller. Its implementation is thus based on look-up tables and the interpolation
methods. Therefore, they require large storage memory for implementation. With
advances in computing technology, these limitations become insignificant, making
Programmed PWM techniques more attractive and versatile means of power control [2].

11



Chapter 3
Programmed PWM Technique

This chapter discuses the Programmed PWM technique for controlling the desired -
harmonics in the inverter output. The formulation and analysis of the problems associated
with the bipolar waveform is presented.

3.1 Introduction

The objective of Programmed PWM techniques is to control amplitude levels of
individual harmonics to the desired level for generating high quality output, thus
satisfying several performance criteria. It was originally proposed by Patel and Hoft [4, 5]
in 1973. Some advantages of the Programmed PWM over the conventional natural or
regular-sampled PWM are:

i. About 50% reduction in the inverter switching frequency is achieved when
compared with the conventional carrier-modulated sine PWM scheme [7].

ii. A much higher pole switching waveform fundamental amplitude is attainable before
the minimum pulse-width limit of the inverter is reached.

iii. Due to the high quality of the output voltage and current, the ripple in the dc link
current is also small. Thus, a reduction in the size of the dc link filter components is
achieved.

iv. The reduction in the switching frequency contributes to the reduction in the
switching losses of the inverter and permits the use of GTO switches for high-power
converters.

v. Elimination of lower-order harmonics causes no harmonic interference such as
resonance with external line filtering networks typically employed in inverter power
supplies.

vi. The use of pre-calculated optimized programmed PWM switching patterns avoids
online computations and provides straightforward implementation of a high-
performance technique.

3.2 Bipolar Waveform and Ana]ysis

In the development of SHE techniques, the two-state output waveform of the
voltage source inverter, shown in fig. 2.3, has been investigated. The basic square wave
output is chopped a number of times, and a fixed relationship between the number of
chops and possible number of harmonics that can be eliminated is derived. The problem
formulation and the Fourier analysis of the output waveform are illustrated in this section.

12



Fig 3.1 shows the two-level pole voltage waveform of a PWM Inverter with N chopé per
quarter cycle (i.e. 2N chops per half-cycle). The waveform has half-wave symmetry and
unit amplitude. '

i
a];,w ey foeeEm——

~ Figure 3.1: Two-level bipolar PWM Inverter voltage waveform

aq, Ay, A3 ... A,y represents the 2N chops in the half cycle. A Fourier series can
represent the waveform shown above in general as

v(wt) = z[an sin (n(pt) +.by cos (nwt)] e (3.1)
n=1
Where, a,, = %foznv(wt) sin (nwt) d(wt) INURRUR ¢ ) B
and b, = ifoznv(wt) cog (nwt) d(wt) | TR ¢ X )|

Substituting Eq. (3.1) in Eq. (3.2) and using the half wave symmetry property

2N Qe+ i
a, = %Z(—l)"f sin(nwt) d(wt) ver eee ere wen ene e eee (3.4)
k=0 Cay '

i Where, Ao = 0, Arn+1 =T and (247 < aq < Ay ... < XaN+1

From Eq. (3.4), evaluating the integral

, 2N )
Ay = ;2;;)‘(—1)" [cos (nay) — cos(nay.q)]

ZN
2
—— [C"S Ny — COSNAzN41 2 2(-—1)" cos nak] ee wen e (3.5)
k=1 :
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But, ay = 0 and a,y.1 = . Hence
cosnag =0 : RS < X-)
cos Ny = (1 vt e ven een ren een e (327)

Thérefore, Eq. (3.5) reduces to

2N -

2

ap = — 1—(-D)"+ 22(—1)" cos nak] T X =)
k=1

Similarly, we can write the second component of the Fourier expansion (Eq. 3.3) as,
2N
b, = — — Z( ¥ sin (3.9)
- n = i £ ) nay R e N

Utilizing the half-wave symmetry property of the Waveform[f(wt) = —f(wt +
m)], only the odd order harmonics exist. Therefore, for odd n '

2N
4
= — 1+ ;(—1)" cosnak] » cen ven ven vee nen e e (3.10)
2N
4
b, = —|— Z(—l)" sinnakl ISUTRRRRRRY ¢ 3 & §
nw| L

Equations 3.10 and 3.11 are functions of 2N variables, a4, a3, a3 .. Q2. In order ,
to obtain a unique solution for the 2N variables, 2N equations are required. By equating
any N harmonics to zero, 2N equations are derived from equations 3.10 and 3.11.

The N equations derived by equating b,=0 for N values of n, are solved by
assuming quarter wave symmetry[f(wt) = f(mr — wt)]. From the quarter wave
symmetry property of the following relations are obvious, with regard to fig 3.1:

@ =T — Qzpn

@z =T — QaN—q
@z =T — Az2n-2
Oy =T — ANy

In generalized form, we can say that

A =T — AaN—(k—1)
= g =T — Qon_k+1 fork=1,2,..,N ..(3.12)
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Therefore, using Eq. 3.12

sinnay = sin n(jr — QoN_k+1) Y : :
= [sinnm cos na,y_g+1 — cOSNESiNNAN_p41], fork=12,..,N ..(3.13)

For odd n,
sinnt=0 and cosnm=-1 e e e e e e e (3.14)

On substituting Eq. 3.14 in Eq. 3.13

sinna, = sinna,y_ix+1 fork=12,..,N U ¢ 2 1)

Now, on expanding equation 3.11

4 [& 2N
b, = - [Z(—l)"sin nay + Z (1) sinnak]
k=1

k=N+1

4

nmw-
+ (—I)ZN—Z Sin naZN_z + (_ 1)2N—1 Sil’l naZN—l + ('— 1)2N Sin naZN]

~

[-sinna, + sinna, —sinnas + -+ (—1)* sinnay + *-

= - [-sinna, + sinna, —sinnaz + -+ (—1)* sinnay + -+ + sinnayy_,

- SinnaZN_1 + sin naZN]

On rearranging the terms, b,, becomes

b, = — = [—(sinna, + sinna,y) + (sinna, — sinnayy_1) + -

+ (=N (sinnay — sinnay,1)]

‘N
4 : : :
= —EZ(—l)"(sin nag — Sin Ny n_k+1) vor vae wen es ven en eee nee s (3.16)
k=1

. Substituting Eq. 3.15 in Eq. 3.16,

by=0 SOOI ¢ % )

Similarly, from Eq. 3.12

cosnay = cosn(mT — Aoy—k+1)» fork=1,2,.. ,N (3.18)
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For odd n, Eqg. 3.18 becomes
COSNA = — COSN Apy—k+1» fork=12,.. N (3.19)

And by expanding Eq. 3.10 and rearranging the terms, a,, becomes

Qan

. _
= 1+ Z(—l)k,(cos na, — cos naZN_kﬂ)] R (274 )
k=1

Substituting Eq. 3.19 in Eq. 3.20,

N
4 .
= — ll + 2 kzl(—l)_" cos nakJ | ver er een een eee enen (3.21)

Equation 3.21 gives the amplitude of the n™ harmonic when N switchings per
. quarter cycle are used. Hence, one can write the magnitude of the lower order non-triplen
harmonic components, including the fundamental, as

Vilay, ag, @z ... ay) = (4/m)[1+ 2(— cosa; + cosa, — cosas + -+ (—1)V cos ay)]
Vs(ay, 0z, as ... ay) = (4/57)[1 + 2(— cos 5a, + cos 5a, — cos 5az + -+ (—1)N cos 5ay)]
Vo(ay, az, as ... ay) = (4/7m)[1 + 2(— cos 7a, + cos 7a, — cos 7as + -+ (—1)N cos 7ay)]

Vo(ay, az, a3 ... ay) = (4/nm)[1 + 2(— cosna, + cosna, — cosnaz + -+ + (=¥ cosnay)]

v e e e (3.22)
Where,

N is the number of switching angles per quarter cycle,
n=35,7,...,3N-2 when N is even

=5,7,...,3N-1 when Nis odd,
ay is the K™ switching angle.

3.3 Problem Formulation

Programmed PWM techniques optimize a particular objective function such as to - -
obtain minimum losses, reduced torque pulsations, minimum total harmonic distortion,
and selective elimination of harmonics [5]. Thus, these techniques are the most effective
means of obtaining high-performance results. | '

In the scope of the present work, only harmonic elimination and harmonic
minimization problems are discussed.
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3.3.1 Selective Harmonic Elimination

The equation 3.21 has N variables (ay,a,, @3 ... @y) and set of solutions is
obtainable by equating (V-1) number of harmonics to zero and assigning a specific value
of the amplitude to the fundamental component (¥;). These equations are non-linear and
transcendental in nature and multiple solutions are possible. Two solutions have been
identified. One is in (0° — 60% range and other in'(0° — 90% range. So, solutions for the
switching angles satisfying the criterion, as in equation 3.23, need to be obtained for each
increment in the modulation index to provide voltage control with simultaneous
elimination of harmonics.

Amin < A < Ay < A3 < Ay < Amax vee e ve wen e e (3.23)

. 60 for 0° — 60° solution set
Where, @i =0 and ={
°16, Gmin an¢ %max =194 for 0° — 90° solution set
Therefore, the nonlinear equations for selective elimination of N-1 number of

lower order non-triplen harmonics can be written as

V1 =M
V5 =0
V, =0
v, = ‘ e e oo ren oo e e (3.24)

3N—2 forevenN

whers, = {3N 1 forodd N

On solv1ng, the equation set 3 24 provides switching angles of the PWM
waveform which is free of 5, 7%, ..., n™ harmonics and with a fundamental component
magnitude equal to M. These N equatlons can be solved offline using numerical
techniques. Standard nonlinear constrained optimization functions are available in
MATLAB for solving these equations. For this an objective function describing a
measure of effectiveness of eliminating selected order of harmonics is specified as

F(al, (12, a3 aes aN) = Vsz + V72 '.i' V121 + 4 Vnz tee ses mEm mEE ses ves ....; (3.25)

Subjected to constraints

V1=M

and Apin < 0 < 0y < A3 < Ay < Apax } ..(3.26)

Minimizing F, subjected to constraints of 3.26, will result the optimal switching
angles for the elimination of selected harmonics. The switching angles are generated for
different modulation index and stored in lookup tables for controlling the inverter at
certain operating point. The function mlmmlzatlon using MATLAB programming is
clearly discussed in chapter — 4.
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The selective harmonic elimination technique eliminates (N-1) harmonics from
the output PWM waveform when N switchings per half cycle are provided. In three phase
applications, when certain non-triplen harmonics are eliminated the magnitude of next
non-triplen harmonic component becomes very high. For example, if 5 switchings per
half cycle are provided, the harmonics eliminated are 5% 7% 11" and 13™. The next non-
triplen harmonic i.e. 17™ harmonic is found to be more than 50%. Under low frequency
operation of the drive, this harmonic may cause undesirable effects .on the ‘drive
performance. However, if N is high, this harmonic amplitude is quite low to cause any
problems. Another limitation in Selective Harmonic Elimination technique is the
accuracy of implementation. A small error in the calculated switching angles may
reintroduce the eliminated harmonics with appreciable magnitude.

There is an alternative approach to selective harmonic elimination which aims at
harmonic minimization rather than harmonic elimination.

3.3.2 Harmonic Minimization

In this method, a performance index is defined which is the measure of total
harmonic distortion in the output waveform. In general, the THD is expressed as per unit
of the fundamental component of the voltage as follows:

S ()
Vi

THD = oo e (3.27)

Where, V; and V; are the amplitudes of the fundamental and k™ harmonic
components as given in Eq. 3.22. Minimizing THD, subjected to constraints of 3.26, will
result the optimal switching angles which produces a PWM waveform with low total
harmonic distortion. The MATLAB nonlinear constrained minimization functions are
used for minimizing the objective function. The order of highest harmonic to be included
is kept reasonably high. It should be noted that the highest harmonic to be eliminated in
SHE technique is 3N-2 for odd N or 3N-1 for even N. The calculation of switching angles
in harmonic minimization technique is discussed in chapter — 4.

3.4 Conclusions

The basic i)rinciple of PPWM ‘technique is illustrated in this chapter. The Fourier
series of the two-level bipolar PWM Inverter voltage waveform is derived to formulate
the objective functions for harmonic elimination and minimization problems, which can
be solved to obtain the optimal swiitching angles. The obtained objective functions
involve transcendental equations which may possess multiple solutions. The algorithm for
obtaihing the optimal angles for harmonic control is discussed in the next chapter.
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Chapter 4
Algorithm for Generation of Switching Angles

The problem formulation and design for obtaining the optimal angles with the
help of MATLAB® nonlinear constrained minimization functions is presented in this
chapter, along with the flowchart summarizing the algorithm. Also, the switching angle
trajectories are presented for various values of number of switchings.

4.1 Introduction

Determination of switching angles, with which the harmonic elimination objective
is achieved, necessitated solving a system of nonlinear transcendental equations as
discussed in the previous chapter. Due to their high complexity, real-time solution of
harmonic elimination equations has been considered impractical. Consequently, all
implementation systems reported so far are based on off-line solution of these equations.
As a result, many people have utilized numerical iterative techniques in order to solve
these equations such as Newton-Raphson method, gauss-seidel method etc. Newton-
Raphson method is a derivative dependent and may end in local optima. Further, a
- judicious choice of the initial values alone will guarantee convergence [17]. Another
approach uses Walsh functions [18] where solving linear equations, instead of solving
non-linear transcendental equations, optimizes switching angles. Chiasson proposed
theory of resultants where these transcendental equations are converted into polynomials
[13]. Recently evolutionary techniques such as Genetic Algorithms are gaining
importance in finding the solution without using initial guess to the problem.

In the current work, the objective functions provided in equations 3.25 and 3.27,
for harmonic elimination and minimization respectively, are minimized with help of '
Optimization Toolbox available with MATLAB Software Package. The Toolbox includes
routines for many types of optimization including

e Unconstrained nonlinear minimization

e Constrained nonlinear minimization, including goal attainment problems,
minimax problems, and semi-infinite minimization problems

e Quadratic and linear program1.11ing

e Nonlinear least-squares and curve fitting
e Nonlinear system of equation solving

. Constrainéd linear least squares

e Sparse and structured large-scale problems.
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The proposed harmonic elimination/minimization problem in the previous chapter
can be solved constrained nonlinear minimization programming. The available function
for non linear constrained minimization in MATLAB is fmincon which finds the
minimum of constrained nonlinear multivariable function.

4.2 Function (finincon) details

fmincon finds the minimum of a problem specified by

mmf(x)

Subjected to,

c(x) <0 .

ceq(x) =0

Ax<b

Aeq.x = beq -

lb<x<ub

where x, b, beq, Ib, and ub are vectors, 4 and Aeq are matrices, c(x) and ceg(x) are

functions that return vectors, and f{x) is a functlon that returns a scalar. f{x), c(x), and
ceq(x) can be nonlinear funct10ns [19]." :

Syntax:

[x, fval, exitflag, output, lambda, grad, hessian]
= fmincon(fun, x0, A, b, Aeq, beq, lb, ub, nonlcon, options)

Where,

- fun is the function to be optimized,
- x0 is the initial guess to the problem,
- Ib and ub are the lower and upper bounds on the variable x,
- nonlcon defines nonlinear inequalities c(x) and equalities ceq(x),
- options is a structure which specifies the optimization options,
- fval is the value of the objective function fun at solution x,
- exitflag describes the exit condition of fmincon, .
- output is structure which contains the information about the optimization,
- lambda is also a structure whose fields contain the Lagrange multipliers,
- grad and hessian are the values of gradient and hessian at the
solution x respectively.

4.3 Design of the problem

This section describes the formulation and design of the problem for both
harmonic elimination and minimization problems with the help of fmincon.
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Firstly, the magnitude of the fundamental, number of switching angles, highest
harmonic to be optimized and the range of the optimal switching angles (60° or 90°) are
read from the user. With the help of the input given by the user, the objective function of
both the harmonic minimization and elimination cases are formulated as described in
section 3.2. The objective functions thus formulated are passed as the input arguments to
the optimization function fmincon.

Following are the key points in designing the optimization problem, for both
"harmonic minimization and elimination methods, with fmincon.

i.  Objective function fun

fun is the objective function to be minimized. It a accepts a vector x and
returns a scalar f which is the objective function evaluated at x. This function can
be specified as a function handle for an M-file function. The format of the
function fmincon become, |

x = fmincon(@objfun,x0,4,b ...)

Where, the objfun is a MATLAB function which defines the objective function
for harmonic elimination/minimization problem

ii. Specifying linear inequality constraints

The linear inequality constraint of the problem is
Amin < a1,< a < (2 4:] < AN < T max

Where, @pnqax can be 60 or 90 and @y, is always zero. If the variablés are
designated as x(1), x(2), ..., x(N) for N switching angles per quarter cycle. Then
the linear inequality constraints can be written as

x(1)—x(2) <0
x(2)—x(3) <0
x(3)—x(4) <0

Ax(N—-1)—x(N) <0

These constraints are imposed by specifying the elements of matrices A
and b. The size of matrix A is (N — 1) X N with 0, —1 or + 1 as its elements and
matrix b is a null matrix with size N X 1. For example, if 5 switching instants pér '
quarter cycle are required, then the linear inequality constraints are

x(1)—x(2)<0
x(2)-x(3) <0
x(3)—x(4) <0
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iii.

iv.

x(4)—-x(5)<0
And the matrices A and b becomes,

1 -1 0 0 o0 0
10 1 -1 0 .0 —10]. ,
4= 0 0 1 -1 o0 andb—[o]suchthatA*x<b
0O O 0 1 -1 0

Therefore, we can »say that AQ,0) =1and A, i+1)=-
wherei =1,2..N —1 and all the other elements of 4 are zero.

Specifying linear equality constraints | . T

As there are no linear equality constraints for harmonic
elimination/minimization problem, the equality matrices Aeq and beq are set to
NULL matrices.

Aeq=[ ]Jandbeq=1[ ]

Specifying lower and upper limits of the variables

. The lower and upper bounds on the solution set are imposed by specifying .
the values of (b and ub.

lbb=20
b= {600, for [0 — 60°%)]solution set
“190° . for [0 —90°]solution set
Specifying the nonlinear constraints (nonlcon)

nonlcon is a function that computes the nonlinear inequality constraints
c(x) <0 and ceq(x) = 0. It accepts a vector x and returns two vectors ¢ and
ceq. The vector ¢ contains the nonlinear inequalities and ceq contains the
nonlinear equalities. The function nonlcon can be specifies as function handle
similar to objective function i.e.,

X = fmincon(@abj fun,x0,4,b, Aeq, beq, b, ub, @confun)

Where, confun is a MATLAB functlon which defines the nonlinear
equality and inequality constraints of the problem.

There is only one non linear equality constraint,V; = M, which can be

written in the equality form as,

Vi—-M=20

Where, V; is the amphtude of the fundamental voltage and M is the
Modulation Index.
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Therefore, the linear equality constraint ceq becomes,
ceq =V, — M
As there are no inequality constraints, vector ¢ can be set to null values.
c=1[ 1
4.4 Initial guess to the problem

The problem formulated so far can be solved with the help of nonlinear
constrained optimization program (fmincon) to get the switching angles. But, the key
issue is the selection of the initial guess, because it is related with the convergence of the
solution. It should be sufficiently close to the exact solution to guarantee the convergence.
In the present work, the initial guess is obtained by two ways based on the symmetry
properties of the exact switching patterns. They are,

1. straight line approximation algorithm
2. solution at zero modulation index

4.4.1 Straight line approximation algorithm

The straight line approximation algorithm is proposed by P.Enjeti and J. F. -
Lindsay in 1987 based on the study of exact switching trajectories [6]. For odd values of
"N, it is noted that with the exception of a;, the odd switching trajectories (a3, as, @7, ...)
exhibit negative slopes and even switching trajectories (@, a4, @, ...) exhibit positive
slopes. These trajectories of exact switching angles exhibit near-straight line behavior and
at zero modulation index these angles are separated by 120/(N + 1) degrees. This
symmetry is valid for all values of odd N greater than 3.

The approximation algorithm generates two sets of straight lines with positive and
negative slopes that closely approximate the exact solution pattern of the nonlinear
equations. The general algorithm is valid for all odd values of N greater than 3. Fig 4.1
shows the exponential behavior of the average positive slope m,, of the odd switching
instants against number of switching angles per quarter cycle N. A similar characteristic
behavior of the negative-slope m,, trajectories is also noted.

A least squares exponential fit algorithms is employed to characterize m, and m,.
The slopes m, and m, can be expressed as functions of N by,

m,, = 5.0391 ¢~0.07125*N RN ¢ % )
my, = —6.4384 ¢~0.05672+N VY ¢ )
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=334

Figure 4.1: Variation of average slopes m, and m, against NV [6]

- For the generalized straight-line approximation of the switching angles, as
ay, = m.M + C, the constant term Cj, has to be determined. At zero modulation index,

the constant Cj, can be expressed as follows: -

C,=0 ,
_ 120
Q_m+n
(K +1)60
Ck=Ck+1=N—+1 fOT3SkSN—1,0ddk
_(N—-1)60
Cv-2="§F1
Cn_1 = 60
Cy=0

The generalized positive slope lines can be expressed as,

a =my. M + Cy, for k=124.. U € %)
and the negative-slope lines are given by,

ay =my. M+ Cp, | for k = 3,5,7 RN € X3

Where, M is the modulation index. The fig 4.2 illustrates the proposed algorithm
where the dotted lines are the straight-line approximations of the exact switching patterns.

This algorithm ensures convergence by closely approximating the exact switching
angles and thus reduces the computational time to great extent. But, it fails to
approximate the switching angles when the number of switchings per quarter cycle is
even and cannot guarantee convergence for harmonic minimization problem. -
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Figure 4.2: Straight line approiimation of exact switching pattern (N=11)
4.4.2 Solution at zero modulation index

At zero modulation index, the equation set 3.24 can take up the following form

[1+2(—cosa; + cosay —cosaz + -+ (—=1)N cosay)] =0
[1+ 2(~cos5a; + cos 5, — cos 5as + -+ + (—1)" cos 5ay)] = 0
[1+ 2(—cos 7a; + cos 7a, — cos 7as + -+ (—1)Y cos 7ay)] = 0 e e (4.5)

[1+ 2(—cosna; + cosna, — cosnas + -+ (—1)¥ cosnay)] = 0

From the above equations, we can say that, the variable terms in all equations are
equal to 0.5. This can be written as, '

cos(6i + 1)a; — cos(6i + 1)a, + cos(6i + Daz — -+ (=1)V* cos(6i + Day = 0.5
' e e (4.6)

0,1,2,3,.. N/2 for evenn

Where, © = {0,1,2,3, ~(N=1)/2 - foroddn

The angles satisfying equation 4.6 are the optimal switching angles for the
harmonic elimination problem at zero modulation index. These switching angles can
closely approximate the optimal switching angles for a modulation index greater than and
near to zero. Therefore, these angles can be given as the initial guess to the problem when
the modulation index is close to zero. This process of computing the optimal switching
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angles is repeated for higher values of modulation indexes in small incremental steps and
the optimal switching angles of the previous step is taken as the initial guess to the next
step. The switching angles are calculated for a given range of modulation index and step
size. The step increment in the modulation index should be sufficiently small for ensuring
convergence. '

The solution to the equation 4.6 is considered separately for odd and even values
of N and the following relations are used in obtaining the solution

05 fora=mn/3

cos(6i + 1a = { L e e (87)
and |
cos(6i + 1)(t/3 — a) —cos(6i + 1)(m/3 + a) =cos(6i + Da ...... (4.8)
0Odd N:

For odd N, the equation 4.6 is always satisfied if the angles
@y, Ay, 03, ... &y Occupy values between 0° and 90° and such that these values are integral
~multiples of an angular unit 8, given by

_ 120
T (N+1)

degrees

Two sets of solutions have been identified; one is in 0° & 60° range and other in 0°
& 90° range.

i 0%60° solution:

For 0°-60° range, the equation 4.6 is satisfied if the angles a,, a3, a3, ... ay
satisfy the following constraints

a1 = Q3,03 = Uy, A5 = Ag, -.., AN-2 = Ay—1
and ay = 60°

With these angles,

a. The last term of the equation 4.6 will be equal to the required value 0.5
b. All the remaining terms cancels in pairs

As the switching angles are multiples of the angular unit 8, we can write
the values of the angles as

a1=a2=9,
a3=a4=29,
a5=a6=39,
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(N—1)
An-2 = ON—1 = > 8

and ay = 60°

For example, if 9 switchings per quarter cycle (N = 9) are considered,
then the angles at zero modulation index can have the following values

a, = ay = 120, a3 = Ay = 24‘0, a5. = dg = 360, a; = Qg = 4‘80
and ag = 60°

ii.  0°%90° solution:

For 0°-90° fange, the solution to the equation 4.6 at zero modulation index

is given by
a, = 0,
a, = 6,
Az = Ay = 29,
a5 = Ag = 39, '
(N-3)
AN—4 = Ay—3 = 2 7
An-_2 =60 - 91
Ayn_1 = 60,
and ay = 60 + 0
With these angles,

a. The cosine terms of angles a; and ay_; in equation 4.6 sum up to 0.5
b. Sum of second and (N-2)™terms cancels the N™ term
c. Remaining all terms cancels in pairs

It should be noted that, solution does not exist at zero modulation index when
N is less than 5.

For example, if 9 switchings per quarter cycle (N = 9) are considered,
then the angles at zero modulation index can have the following values

a; =00,

a, = 12°,

az = a, = 24°, as = ag = 369,
a, = 48°,

ag = 60°

and ag = 72°

27



Even N:

We can say that, for even values of N, the equation 4.6 will have even number of
cosine terms with the last term becoming negative. Here also two sets of solutions have
been identified (0°-60° range and 0°-90° range). For even values of N, the angular unit 8
found to have different values for different ranges (0°-60° range and 0°-90° range) of the
solution.

1. 0°-60° solution:

For 0°-60° range, solution to the equation 4.6 for even number of switching
angles per quarter cycle are given by,

a1=0,
a2=a3=9,
a4=a5=28,

(N—2)
Uy-z = ay-1.=—— 0

and ay = 60°

120
where, = —
N

With these switching angles,

a.” The difference of the cosine terms of angles a; and ay in equation 4.6 gives
0.5 '
b. Remaining all terms cancels in pairs

For example, if 8 switching angles per quarter cycle are considered, then
the angles at zero modulation index can have the following values ' '

a, =09,

a, = az = 15°,

a, = as = 30°, ag = a; = 45°,
and ag = 60°

ii.  0°%90° solution:

The solution to the equation is given by
L a; =0,
a, = a3 = 20,
a, = ag = 30,
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(N—2)

On-4 = On-3 = — 6
aAn_o = 60—6
ay-1 = 60

andaN=60+9

- 120
where, 8 = —
N+2

With there switching angles,

a. The (N-1)™ term in equation 4.6 will be equal to 0.5
Sum of N" and (N-2)™ terms cancels the first term
c. Remaining all terms cancels in pairs

For example, if 8 switching angles per quarter cycle are considered, then the
angles at zero modulation index can have the following values
ay = 12°, '
a, = az = 249,

and ag = 72°

It should be noted that, for 0°-90° range, solution does not exist at zero
modulation index for number of switchings less than 4.

The switching angles derived above will eliminate all the non-triplen harmonics at
M = 0. Since, the equations 4.7 and 4.8 are true for all values of i. These switching
angles also coincide with the harmonic minimization solution at M = 0, because the THD
due to all non-triplen harmonics is also minimum (zero) in this case.

The resulted angles from the above discussion can be used as the initial guess(x0)
to the problem when the modulation index (M) is very close to zero (say M = 0.01).
The obtained switching angles after minimization process, started at x0, can be used as
the initial guess to obtain the optimal angles for next modulation index incremented by
step size AM. This process is repeated for a given range of modulation index 0.01 to
Mmax. ‘ '

4.5 Flowchart

The flowcharts given in figures 4.3 to 4.5 illustrate the entire minimization
algorithm including the subroutines for objective function and constraint function.
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=0

Read Number of Switchings per Quarter Cycle N,
Highest Hamonic to be eliminated,

Maximun Value of Modulation Index Mmax,
Step size of Modulation Index Am,

Maximum Value of Switching Angle 0.«

y

Calculate Initial Solution Vector o, based on opacand N J

M=0.05

) y
Is
M <= Mmax

?

Yes

!

N,&,and M are provided to Nonlinear Coristrained Optimization Toolbox to minimize the
objective function objfun satisfying constraint function confitn, which produces the selution
vector ¢¢

‘Write Solution Vector¢y and Modulation Index M

M=M+Am
a, =«
]

Plot Switching Angles vs

- Modulation Index

y
{ Stop )

Figilre 4.3: Flowchart of main program
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{ Enter )

Highest harmonic-to be eliminated
from the main function

Import N (number of switchings) and

Set h=3, i=1, v=1

Set

R l«—Yes N
sign =1

Set
sign = -sign

Set Harmonic voltage as

v=v—ysign*cos(h*a,)

. Set
vV=v* (%-h)

Form the objective function

=S+t

h=h+2

Is
h <= highest harmonic

to be eliminated
?

No

Figure 4.4: Flowchart for obj fun subroutine
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{ Enter }

4

Import N (number of switchings) and
M (Modulation Index)
From the main function

Set i=1, v=1

Set
sign = 1

Set

sign = -sign

Set Harmonic voltage as

V=V—SIgn*cosq;

S

et
V=Vv* (%*h)

y

Form the equality constraint as
Coq =V —m
and inequality constraint as

c=[1

A
@eturn Ceq and CD

Figure 4.5: Flowchart for confun subroutine
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These flow charts are valid for both harmonic elimination and minimization
problems except that, the number of harmonics to be eliminated is kept reasonably.high
for harmonic minimization problem. Where as, the number of harmonics to be eliminated
for harmonic elimination problem is (3N — 1) for even values of N or (3N — 2) for odd
values of N.

4.6 Switching angle trajectories

The optimal angles for both the harmonic elimination and minimization cases
have been obtained by the algorithm described above. The MATLAB program for
calculation of these angles is given in appendix A. This section gives the plots of the
obtained angles with respect to modulation index for both the harmonic elimination and
minimization problems. The plots have been given separately for odd and even values of
N.

4.6.1 Trajectories for odd values of N.

. Modulation.Index vs Switching Angles
70 T T T T

[—Harmonic Elimination
—~-Harmonic minimization

Switching Angles

L L i :
%: 0.2 0.4 N 0.8 1 12
Modulation index

Figure 4.6: Switching angle trajectories for N=3 (00-600)
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Figure 4.12: Switching angle trajectories for N=15
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4.6.2 Observations

Harmonic Elimination

1.

4.
5.

As discussed, at zero modulation index, the equal angle pairs are separated by an
angle 120/(N + 1).

For (0°-60°) range, all the odd switching angles (a4, a3, @s, @7, ... ) have negative
slopes and all the even switching angles (&, a4, @, ... ) have positive slopes.

For (0°-90% range, the first angle (a;) and all even switching angles
(ay, a4, ag,...) have positive slopes and all the remaining odd switching
angles (@3, as, @, ...) have negative slopes. '

The trajectories are linear in the range of modulation index between 0 and 0.8.

Above modulation index of 0.8, the trajectories are nonlinear

Harmonic minimization

- 1.

The switching angle trajectories in case harmonic minimization follow the similar
pattern as that of harmonic elimination. But, they are found to be less linear when
compared with harmonic elimination switching trajectories.

The nonlinearity in all the angles increases at modulation index greater than 0.8.

In case of (0°-90%) range, the first angle a, varies in a nonlinear manner with
respect to modulation index.
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4.6.3 Trajectories for even values of N

0,

Switching:Angies

,
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(] 02 04 06 [X) KT
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Figure 4.15: Switching angle trajectories for N=2 (0°-60°)
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—
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Figure 4.16: Switching angle trajectories for N=4
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4.6.4 Observations

Harmonic Elimination

1.

‘Unlike the case of odd value of N, the angular spacing between equal angle pairs is

not equal. If the angular interval between two equal angle pairs is denoted by 6,
where a and b points the angles involved, then

012 >.034 > O56 > - > Ov_1)n

For (0°-60°) range, all the odd switching angles (a;, a3, s, @7, ...) have positive
slopes and all the even switching angles (a5, a4, @, ... ) have negative slopes. .

For (00-900) range, the switching angle trajectories are found to be nonlinear over
the entire range of modulation index which cannot be defined.

Harmonic minimization

1.

For (0°-60%) range, the first angle @, is found to nonlinear with respect to
modulation index. ‘

All the remaining switching trajectories are linear for a modulation index of 0 to
0.9. '

The switching trajectories are highly nonlinear for a modulation index of above 0.9.

4.7 Conclusions

The problem formulation and design for solving the harmonic control problem is

discussed in this chapter. As the objective functions formulated involve nonlinear
transcendental equations, the convergence of the solution is difficult and multiple
solutions may exist. The convergence can be ensured by proper selection of the initial
guess to the problem, A simple algofifhm for generation of optimal angles is proposed in
this chapter and the plots of obtained optimal angles against modulation index are
presented for various values of number of switching angles. This algorithm is found to be
simple in implementation and fast in convergence. It is also proved to be an appropriate
technique when over modulation operation is demanded, since it can find the solution for
modulation indexes which are higher than unity.
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Chapter 5
SIMULINK Implementation of PPWM VSI fed

Induction Motor Dnve

This chapter gives the detailed implementation of the proposed PPWM fed
Induction motor drive model in MATLAB-SIMULINK environment explaining every
individual block operation. '

5.1 Introduction

A SIMULINK model VSI fed induction motor drive is developed for.analyzing
the performance of the harmonic elimination/minimization method proposed in the
previous chapter. For this purpose, mathematical models of three phase induction motor
and inverter are developed in MATLAB-SIMULINK environment. The calculated angles
are given as the firing pulses to the inverter to generate harmonic controlled waveform.
The induction motor developed is fed from the inverter employlng selective harmonic
elimination/minimization.

The schematic model of the programmed pulse width modulated VSI fed
Induction motor drive system is shown in figure 5.1 and the SIMULINK model is shown
in figure 5.2. Here, the switching angles obtained from the nonlinear constrained
- programming are stored in the lookup table for varying modulation index. For a given
modulation index, the lookup table produces the switching angles by interpolation-
extrapolation method. The switching angles from the lookup table are converted into the
firing pulses to the inverter by a firing pulse generator for a given frequency. The inverter
thus produces a PWM waveform which is free from selected harmonics with desired
fundamental component. '

Modulation’

Fundamentali

Figure 5.1: Schematic model of VSI fed induction motor drive employing harmonic
elimination/minimization
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5.2 Modelling of three phase induction motor:

5.2.1 Mathematical model of induction motor:

One of the most popular induction motor models is Krause’s model detailed
in[22]. According to his model, the modeling equations in flux linkage form are as
follows: ’ '

d;i's = 0y :vqs - z—ZFdS + 9% (Fq + F,,s)] (5.15
d;‘:s = w, [vds + i‘—)’fﬁ;,s + %Z(Fmd + Fds)] o (5.2)
dgr — tv‘" _E&fz)‘?“irl F + x% (Fg — qu)] o (5.3)
dj;”’ = w, {vd,. + (w—e(;)‘”—r).@, + :;l: Fong — Fd,.)] e en (5.4)
Fg = Xt rzils + %—j s (B.5)
Fna = %o L;“—l: -IJZ’—:] .. (5.6)
igs = x_::s (Fys — Bng) D e ere een e ev vee s (5.7)
igs = %(Fds ~ Fpg) 3 - | et eeeeen eee oo wee - (5.8)
igr = % (Fyy ~ Eg) - e (5.9)
igr = x—::r(Fdr — Fpa) oo e e (5.10)
T, = ;(g-);l;(Fdsiqs — Fysigs) e e (5.11)
T,—T, =] (3) da, e (5.12)
p/ dt .
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Where,

Subscripts: d — direct axis, q — quadrature axis, s — stator variable and r — rotor
variable,

F;j is the flux linkages (i=q or d, j=s or 1),

Vgs and vy are the q and d — axis stator voltages,

Vgr and v, are the q and d — axis rotor voltages,

Engq and Fp, are the q and d — axis magnetizing flux linkages,

R, and R are the rotor and stator resistances,

X and x;s are the rotor and stator leakage reactances,

_ 1
S I L1y
xls Xir

igs and lds are the q and d — axis stator currents,
iqr and iy, are the q and d — axis rotor currents,
p is the number of poles,

J is the moment of inertia,

T, is the electrical output torque,

T is the load torque, ‘

w, is the stator angular electrical freéluency,

wp, is the motor angular electrical base frequency,
w, is the rotor angular electrical speed,

For squirrel cage induction machine, as in the case of current work, Vg, and vdr
in equations 5.3 and 5.4 are set to zero.

To solve the above mentioned differential equations, they have to be rearrangéd in
the state space form X = Ax + b. Where, x = [Fgs Fas 4r Far @] is the state
vector. '

In this case, state-space form can be achieved by substituting equations 5.5 and
5.6 in equations 5.1 to 5.4 and Cbllectirig the similar terms together so that each state -
derivative is a function of only other state variables and model inputs. Then the modeling
_equations 5.1 to 5.4 and 5.12 for a squirrel cage induction motor in state space form
become [20]

qus ' We Rs Xmi Xml
Lo [~ 22 4 Ko (b (203 )] e
dt Wp [vqs wb. ds s \ % qr + Xjs . qs (5 3)
dFds [ wé Rs Xmi Xmi
- + %5 ——(——F ( - 1)F )] e (5.14
dt Wp ‘vds Wy, qs + X1s \ Xpr dr + X1 Jtds (5 )
dFy, (we — wy) Ry (X Xmi
cp |- Lo Re(Emp e s
dt g wWp “ e Ny P \xyy T (>15)




abc-dg conversion block:

To convert three phase voltages to voltages in the two-phase synchronously
rotating frame, they are first converted to two-phase stationary frame and then from the
stationary frame to the synchronously rotating frame.

v, 1 O1 (1) Uan
[vs ] =lo L L[|vem R (% £ )
s 3 Bllval
Vgs = Vgs €050, — Vg Sin b, U N L)
Vgs = Vgs Sin 6 + v, cos b, ver ven wee vee wee s (5.20)

where the superscript “s” refers to stationary frame.

dg-abc conversion block:

The three phase current variables can be obtained from the stationary frame by

igs = Vgs €OS B¢ + Vg5 Sin 6, wee e e e e (5.21)
igs = —Vgs Sin 6, + vys cos b, cor vee sne wen oes (5.22)
- 1 0 -
i 1 VB
. - —_——— qs
bl=) 2 2 [is ]
i 1 V3 |™*
L 2 A

Induction motor d-q model block:

Fig 5.4 shows the inside of this block where each e
motor model is implemented in a different block.

First consider the flux linkage equations because flux linkages are required to
calculate all the other variables. These equations are implemented using discrete blocks
so as to have access to each point of the model. Once the flux linkages are calculated, the
rest of the equations can be implemented without any difficulty. With the help of the
obtained flux linkages the equations 5.5 and 5.6 can be implemented for magnetizing flux
linkages. The equations 5.7 to 5.10-use the flux linkages to solve for the stator and rotor
d-q currents. The electrical torque and rotor speed can be calculated using the equations
5.11 and 5.12 respectively. The rotor speed information obtained is required for the
calculation of the rotor flux linkages of equations 5.15 and 5.16.
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Figure 5.4: Induction motor d-q model

‘5.3 PWM Inverter

The SIMULINK block for a three phase, two level PWM inverter is shown in fig
5.5. Each leg of the inverter is représented by a ‘switch’ which has a three input terminals
and one output terminal. The output of a switch (Vg,, Ve 0V,) is connected to the upper
input terminal (+0.5 V) if the PWM control signal (middle input) is positive. Otherwise,
the output is connected to the lower input terminal (-0.5 V). The output, or (v,,), voltage
thus oscillates between +0.5 V4 and -0.5 V4, which is characteristic of a pole of an

inverter [21].

Figure 5.5: PWM Inverter
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The output phase voltages are constructed by the following equations:

2 1 1

Van = 3 Va0 ~ 3 Vbo ~ 3 Veo crneen ee eee eee s (5.24)
2 1 1

Vpn = §-vba - -§vao — §vco v e e wen anns (5.25)
2 1 1

' VUen = '-;;vco —- §17a0 — §17b0 (526)

5.4 Firing pulse generator

The firing pulse generator converts %he switching angles obtained from the leokup
tables into the firing pulses to the inverter. Fig 5.6 shows the SIMULINK implementation
of firing pulse generator. It mainly consists of clock and zone bit generator, logic
switching circuit and firing pulse selector blocks. The following subsections will explain
each block.

Tt NEE

' g=uy
(A ——PFroquency L. Saturation?
Fraquency cik
Zone-bit and clock
Generator Zone-bit
»a
—W ok s
Pt .
(0-90) Interval
., » D
Pa » \ Sa
2 ok < 2 » 2
Angles »lt 3 | >
(90-180) Intorval s o —»{: > TLK'X '—K‘ST;)
m - Gaint Variable .
Constant — Multiport Switch Transport Dalayl
»|a
—Pick s 0%(
¢ Firing pulse selection *[: >———P|To —’%)
{180-270) Interval Gain3 Variable
: Transport Delay2
a
L Pk s

»|t

(270-360) Intarvai

Logic Switching Circuits

Figure 5.6: Firing pulse generator

Clock and Zone bit generator block:

For the quarter wave symmetry of the desired outpuf waveform, the complete one
cycle of the wave can be divided into four symmetrical intervals: (00-900),' (90°-180%),
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(180°-270% and (_2700-3600). At an instant, the simulation time can lie in one of the
mentioned intervals.

The clock and zone bit generator block generates the zone-bit (1, 2, 3 or 4) based
on the interval .in which current simulation time is lying and the clock required by the
comparators in the logic switching circuits. It accepts simulation time and frequency of
operation as inputs to generate the zone bit and clock. Fig 5. 7 shows the SMULINK
1mplementat10n of clock and zone bit generator block.

——f

Clock
"3

0 ' © Clk
Simulation ti.me i - Zonebit

floor - AddZ | Product5 Gain2 Rounding
_ Product3 Rounding Function 2
D Function 3 Product 4 ——@
Frequency ) Zone bit
u V . '
Frequecy (2D
to time t
Figure 5.7: Clock and zone-bit generator block
03 o <Slock!
D25 .
ol S il S A — L
D= 0.0 0.02: 1'"“. 0. ” 0057 0.06
5 Zoneblt
Figure 5.8: Clock and zone-bit for three full cycles
Logic switching circuit:

The firing pulses to the inverter- are generated individually for all the four
intervals. Proper switching angles are selected based on the zone-bit obtained from the
above discussion through a multiport switch (firing pulse selection block). Fig 5.9 shows
the generation of firing pulses for 0°-90° interval. It mainly consists two blocks: staircase
wave generator block and a multiport switch.
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The staircase wave generator block generates a staircase wave with each raising
edge corresponding to the appropriate éwitching angle. For this purpose, the switching
angles obtained from the lookup tables are first converted into time and compared with
the clock provided by the clock generator. The output of the comparator is applied to the
XOR gates and gain blocks to generate the desired staircase wave as shown in figure
5.10. '

The multiport switch selects ,éither 1 or 0 at each raising edges of staircase wave.
Thus, it generates a series of pulses required by the inverter. '

Add

GoO———>o
clk -
@‘“—'—>a P m »
a Saturation »
GO—»r
t : 1 >
Stailrcase wave
generator 1 - >]
e e B
; . p
[N —
Multjport
Switch
Figure 5.9: Logic switching circuit
c t > t ={>—T
— xor] [conver—>f=
[conver o] e e D
p— xon] [converd—>f=
[convery on] [conver] e >
P = [conver] —Sixon| |convers
Comparator m m 4 } P
X
Product ws,:,m,, - — [xoR] [convert >
e — pxor [conver——>{s>>
I — ron] [comerd—sfiz==
[conver] Sixon [convord——i=>
p— vixon P

Figure 5.10: Subsystem for generating staircase wave
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Chapter 6 |
Results and Discussions

This chapter presents the simulation results of line current and voltage waveforms
along with the frequency spectrum’ of current at different operating points. Also, the
variation of THD with the variation of modulation index and number of switching angles
is presented. '

6.1 Simulation Results

The simulation model developed in the previous chapter is simulated in .
MATLAB-SIMULINK environment. A Shp, 4 pole, three phase induction motor is
considered for the analysis (parameters given in Appendix — A). Simulation is carried out
for various number of switching angles per quarter cycle at 0.8 modulation index. The
current and voltage waveforms including the frequency spectrum of the current waveform
are obtained for both harmonic elimination and harmonic minimization cases.

Figure 6.2 shows the phase to pole voltage waveform of the voltage source
inverter employing harmonic control. This waveform is obtained at 0.8 modulation index
when 11 number of switching angles per quarter cycle are considered. Figure 6.3 gives
the output phase voltage (V an) waveform at 0.8 modulation index with 11 switchings per
quarter cycle. '

Figure 6.1: vRepresegt_ation of line voltage and current

Figures 6.4 to 6.13 show the line voltage (Vag) and current (In) waveforms with
line current harmonics spectra for N=3 to 11. It is to be noted that for harmonic
elimination case, the highest harmonic eliminated is (3N — 1) for even values of N or
(3N — 2) for odd values of N. As mentioned in chapter 4, for harmonic minimization
problem, the highest harmonic considered is 71. ?
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Figure 6.14 shows the variation of THD with modulation index for various
number of switching angles per quarter cycle where the dotted line gives the THD for
harmonic minimization case and solid line gives the THD for harmonic elimination case.
From figure, we can say that the total current harmonic distortion reduces with the
increase in the number of harmonics eliminated. '

“THD v&:Modulation Index

«18 =T T - T T T

= Elimination
TR , =~ Minimization’

A2F

Figure 6.14: Line current THD variation with Modulation Index

Figure 6.15 shows the current THD variation with number of switchings per
quarter cycle for various modulation indexes. It is seen from the figure that, the THD
decreases as the number of switchings are increased.

THD vs Number:of switchings per,quarter;cycle
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Figure 6.15: Current THD variation with number of switchings (V)
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Figure 6.16 shows the induction motor response when fed form voltage source
inverter employing selective harmonic elimination/minimization.
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Figure 6.16: Induction motor free acceleration characteristics when fed from harmonic
controlled VSI

6.2 Conclusions

The simulation results of the line \}oltage and current along with the frequency
spectrum of the line current are presented for various values of number of switching
angles per quarter cycle. It is found that, in harmonic elimination case the desired
harmonics are completely eliminated. But, in harmonic minimization case the harmonics
are not eliminated completely but they are attenuated so that the THD is low compared to
other PWM techniques. It is also found that' the THD is reduced with increase in the
modulation index and number of switching angles per quarter cycle (V). ‘
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- Chapter 7
Conclusions

The programmed pulse width modulation technique has been revisited which was
originally proposed in 1973 by H.S.Patel and R.G. Hoft. A method to generate the
optimal switching angles to eliminate a certain order of harmonics or to reduce the total
harmonic distortion is introduced in this work. For this, two objective functions for
eliminating and minimizing harmonics are formulated from the Fourier analysis of the
inverter output voltage waveform. The design of the problem for optimizing these
~ objective functions using nonlinear constrained optimization function is describe in detail.
But, due to the transcendental nature of the objective functions, the main challenge
associated is to obtain convergence which requires a proper initial guess to the solution.

A simple algorithm, namely solution at zero modulation index, is proposed to
generate the initial guess to the problem for ensuring convergence. The algorithm was
developed using MATLAB software and is run for a number of times independently to
ensure the féasibility and quality of the solution. This method is found to be simple in
implementation and fast in convergence. It is also proved an appropriate technique when -
over modulation operation is demanded, since it can find the solution for modulation
indexes which are higher than unity. Inh order to prove the feasibility of and effectiveness
of the proposed method, the algorithm is successfully applied to different operating
points/cases including harmonic elimination & harmonic minimization problems and
even & odd number of switching angles. Two sets of solution have been obtained for all
the cases, one in 0°-60° range and othier in 0°-90° range.

A simulation model of three phase inverted fed induction motor system was built
and simulated for all the operating points in MATLAB-SIMULINK environment. A
firing pulse generator with digital logic was designed for converting the optimal angles
into firing pulses to the inverter. The waveforms and its frequency spectra are analyzed
. for all the operating points/cases.

Further work should focus on practical real time implementation of programmed
PWM method which does not require online processing of the associated cumbersome !
calculations. The future work should also focus on extending this proposed method to
optimization of various performance indexes in programmed PWM inverter fed induction
motor drives, €.g., harmonic loss factor and magnetic noise etc. '
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Appe‘ndix —-A

A 5hp, 400 volts, 3 phase, 50 Hz, 4-pole, delta connected squirrel cage induction motor is
considered for the study. '

Equivalent circuit constants of the Motor (referred to stator side):

Stator Resistance = 4.68 Q2

Rotor Resistance = 5.06 Q

Stator Leakage Inductance = 0.0039 H
Rotor Leakage Inductgnce =0.0039H -
Mutual Inductance = 0.93 H

and Moment of Inertia = 0.032 kg-m?
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Appendix’— B

clc;
clear all;
global n;
global m;
global N;
ch=1;

%% MAIN Program %%

while (ch ~= 4 )

clc;

display('************************************************************');
display('***%*kkkxx**x* CALCULATION OF SWITCHING ANGLES FOR HARMONIC

CONTROL  **kkkkkkkkdkkkk1) ;

display( T % % J % %k % % %k % % % %k %k %k %k ko ke ko de e ok g ok de e dk ke ke ke vk de ok ok ke ok Y e ok ok ok ke e ok e gk e e vk e ok g e ke ke ok e ke ) ) 5

display ('MENU - ');
display ("' 1. Harmonic Elimination');
display (" 2. Harmonic Minimization');
display (" 3. Comparision of Harmonic elimination and minimizatioen');
display (" 4. Exit'); .
ch=input ('Enter your choice: ") ;
switch (ch) :
case {1,2,3} % Read Input

n=input ('\nEnter the Number of Switching Angles per Quarter cycle
\n'); :

if ch ~= 1 % highest harmonic to be summed (harmonic minimization)
N=input (' \nEnter the Highest Harmonic to be Optimized\n');

end

amax=input ('\nEnter the Maximum value of switching angles (60/90)")

mmin=input ('\nEnter the Minimum value of modulation index \n');

deltam=input ('\nEnter the stepsize for modulation index \n');

mmax=input ('\nEnter the Maximum value of modulation index \n');

case 4

break;

otherwise

end

cle;

input ('Invalid option (Press ENTER to continue)} !');
c¢ontinue;

if mod(n,2)== % Inintial guess for odd number of switchings
if amax == 60 % Inintial guess for 0 to 60 degree range

else

theta=120/(n) ;

i=1;

x0(1)=0.1;

for t=3:2:n-1
x0 (t)=theta*i;
x0(t-1)=x0(t);
i=1i+1; :

" end

x0(n) =60;

% Inintial guess for 0 to 90 degree range
theta=120/ (n+2);

Ti=1; :
x0 (1) =theta;

for t=3:2:n-3
x0(t) =theta* (i+1);
x0(t-1)=x0(t)-0.01;
i=1i+1;

end
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x0{n-2)=60-theta;
x0{n-1)=60;
x0(n)=60+theta;

end
else % Inintial guess for even number of switchings
if amax == 60 % Inintial guess for 0 to 60 degree range
theta=120/ (n+1) ;
i=1;

for t=2:2:n-1
x0(t)=theta*i;
x0(t-1)=x0(t) ;
i=i+1;

end

x0(n)=60;

else % Inintial guess for 0 to 90 degree range
theta=120/ (n+l) ;
i=1;
x0(1)=0.1;
x0(2)=theta;
for t=4:2:n-3
x0 (t)=theta* (i+1);
x0(t-1)=x0(t)-0.01;
i=i+1;
end
x0(n-2)=60-theta;
x0(n-1)=60;
x0 (n)=60+theta;
end
end
lb=zeros(1l,n); % Lower limit of the solution vector
ub=zeros(1,n);
for 1=1:n
ub(l) =amax; % Upper limit of the solution vector
end
A=zeros(n-1,n);
for 1=1:n-1 % Linear inequality constraints: definition of A
A(ll 1)=li'
A(l,1+1)=-1;
end
b=zeros (n-1,1); % Linear inequality constraints: definition of b
for s=1:n-1
b(s)=0; -
end
Reqg=1[]; % Linear equality constraints
beg=1[];
options = optimset ('MaxFunEvals',10000, 'MaxIter’',10000, 'GradoObj', 'on'};

switch (ch) :
case 1 % switching angles for harmonic elimination problem

i=1;

for m=mmin:deltam:mmax :
[x_she] =fmincon(@obj_fun,x0,A,b, Aeq, beq, 1b, ub, @mycon, options) ;
for 1=1:n

a_she(l,i)=x_she(l);

end
mi(l,i)=m;
i=i+1;
X0=x_she;

end

figure(l);
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plot (mi,a_she, 'LineWidth', 1) ;

xlabel ( 'Modulation Index', 'fontsize',12, 'fontweight’','b'};
yvlabel ('Switching Angles', 'fontsize',12, 'fontweight', 'b');
title('Modulation Index vs Switching Angles (Harmonic

Elimination) ', 'fontsize',12, 'fontweight', 'b');
clc; -
disp (' ' Modulation Index ')
disp(mi) ; '
LGP (' m-mmm-mmmmmmmmmmmmmmemmmmeoooo S S SR ;o

disp(a_she) ;

, input ('Press Enter to continue');

case 2 % switching angles for harmonic elimination problem
i=1; .
for m=mmin:deltam:mmax

[x_shm] =fmincon(@obj_ fun thd,x0,A,b,Aeq,beq, 1b,ub,@mycon, options) ;
for 1l=1:n
a_shm(l,i)=x shm(1l);
end
mi(l,1i)=m;
i=1i41;
X0=x shm;
end
figure(2);
plot (mi,a_shm, 'LineWidth',1);
xlabel ('Modulation Index', 'fontsize',12,'fontweight’,'b');
ylabel ('Switching Angles', 'fontsize',12, 'fontweight' 'b');
title('Modulation Index vs Switching Angles (Harmonic

Minimization)', 'fontsize',12, 'fontweight', 'b');
cle; . ;
disp (' : _ Modulation Index ')
dispfmi); '
Aigp('-—--mm e mm e m e e e LD I

disp (a_shm) ;
input ('Press Enter to continue');
case 3
i=1;
x0_shm=x0; o
for m=mmin:deltam:mmax
[x_she]l =fmincon(@obj_fun,x0,A,b,Req,beq, 1lb, ub, @mycon, options) ;
[x_shm]=fmincon(@obj_fun_thd,xO_shm,A,b,Aeq,beq,lb,ub,@mycon,options);
for 1=1:n
a_she(l,i)=x she(l);
a_shm(l,i)=x shm(1) ;
end '
mi(l,i)=m;
i=i+1;
X0=x she;
x0_shm=x_she;
end
figure(3)
hSLines = plot{mi,a_she, 'k', 'LineWidth', 1) ;hold on
hCLines = plot(mi,a_shm,'--b', 'LineWidth’',1);
hSGroup = hggroup; |
hCGroup = hggroup:;
set (hSLines, 'Parent', hSGroup)
set (hCLines, 'Parent ', hCGroup)
set (get (get (hSGroup, 'Annotation'), 'LegendInformation'), ... . .
'IconDisplayStyle','on'); % Include this hggroup in the legend
set (get (get (hCGroup, 'Annotation'), 'LegendInformation'), ...
'IconDisplayStyle', 'on'); % Include this hggroup in the legend
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legend ('Harmonic Elimination', 'Harmonic minimization')
axis ([0 1.2 0 70])
xlabel ('Modulation Index', 'fontsize’', 14, 'fontweight','b');
ylabel {'Switching Angles', 'fontsize', 14, 'fontweight', 'b');
title('Modulation Index vs Switching

Angles', 'fontsize', 14, 'fontweight', 'b");
end :
end

%% Objective function for harmonic elimination %%
function [z,g]=0bj_ fun(x)
global n;

t=4/pi;
v=ones (3*n,1);

<

v(5)=1-2%cosd (5%x (1)) +2*cosd (5*x (2)) ;
z=v (5) * (t/5) ;

z=2"2;
else if (mod(n,2) ~= 0)
for k=1:(n-1)/2
v(e*xk-1)=1;
v(6*k+1)=1;
for 1=1:n
Vv(6*k-1)=v(6*k-1)+((-1)*1)*2*cosd ((6*k-1)*x(1));
v(6*k+1)=v(6*k+1)+ ((-1)*1) *2*cosd((6*k+1) *x (1)) ;
end :
v(6*k-1)=(t/(6*k-1)) *v(6*k-1);
v(6*k+1l)=(t/(6*k+1) ) *v(6*k+1) ;
end .
z=0;

for 1=1:(n-1)/2
z=z+ (Vv (6*1+1)) "2+ (v(6*1-1))"2;
end ’
else
for k=1:(n/2)
v{(6*k-1)=1;
v(6*k+1)=1;
for 1=1:n
v(6*k-1)=v(6*k-1)+((-1)"1) *2*cosd ((6*k-1)*x (1)) ;
v(6*k+1)=v{(6*k+1)+((-1)"1) *2*cosd ((6*k+1) *x (1)) ;
end
v(6*k-1)=(t/(6*k-1))*v(6*k-1);
V(G*k+1)=(t/(6*k+l))*v(6*k+1%;
end : '
sum=0;
for 1=1:(n/2)-1
sum=sum+ (v (6*1+1) ) *2+ (v (6*1-1))*2;
end :
l=1+l;
z=sum+ (v{6*1-1))"2;
end
end
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%$%%5%%%%%%%%% Gradient %%%5%%%%%%%%%%%%%
if nmargout > 1
g=zeros(1l,n);
if (n==2)
for h=1:n : :
g(l,1)=t*4*sind (5*x (1)) *v(5);
g(l,2)=-t*4*sind (5*x(2))*v(5);
end .
else if (mod(n,2) ~= 0)
for h=1:n
suml=0;
for k=1:(n-1)/2.
suml=suml+v (6*k-1) *sind ( (6*k-
1)*x(h))+v(6*k+1) *sind( (6*%k+1) *x(h)) ;
end ' )
g(1,h)=suml* (4* ((-1)" (h+1))*t);
end . ‘
else
for h=1l:n
suml=0;
for k=1:(n/2)-1
suml=suml+v (6*k-1) *sind((6*k-
1)*x(h) ) +v(6*k+1) *sind ( (6*k+1) *x (h) ) ;
end
k=k+1;
suml=suml+v (6%¥k-1) *sind((6*k-1) *x(h)) ;
g(1,h)=suml* (4*((-1)" (h+1))*t);
end
end .
end
end

%% Objective function for harmonic minimization %%

function [z,gl=obj_fun thd(x)

global n;

global N;

t=4/pi;

%%%%%%%%5%%%%%%%%% Objective function %%%%%%%%%%%%%%%%%
if ( mod((N-1),6) == 0 )

for k=1: ((N-1)/6)
v(e*k-1)=1;
v(6*k+1)=1;
for 1=1:n
v(6*k-1)=v(6*k-1)+((-1)"1) *2*xcosd ((6*k-1)*x (1)) ;
v{(6*k+1l) =v(6%k+1)+((-1)*1) *2*cosd { (6*k+1) *x (1)) ;
end
v(6*k-1)=(t/(6*%k-1))*v{(6*k-1) ;
v(6*k+1)=(t/ (6*k+1) ) *v(6*k+1) ;
end
sum=0;
for 1=1:((N-1)/6) . -
sum=sum+ ( (v (6*1+1) )/ (6*1+1) ) *24 ((v(6*1-1))/(6%1-1))"2;
end ’

else
for k=1:((N+1)/6)
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v(e*k-1)=1;
v(6*k+1l)=1;
for 1l=1:n
v(6*k-1)=v(6*k-1)+((-1)*1) *2*cosd ( (6*k-1) *x (1)) ;
v(6%k+1l)=v(6*k+1)+((-1)"1) *2*cosd ( (6*k+1)*x (1)) ;
end
v(e*k-1)=(t/(6*k-1))*v(6*k-1) ;
v(6*k+1l)=(t/ (6*k+1) ) *v(6*k+1) ;
end
sum=0;
for 1=1:(((N+1)/6))-1
sum=sum+ ( (v (6*1+1) )/ (6*1+1)) "2+ ((v(6*1-1))/(6*1-1))"2;
end :
1=1+1; .
sum=sum+ ( (v (6*1-1))/(6*1-1))"2;

Z=sum;

25%TT3555%%%%% Gradient $%%%%3%%%5%%5%%%%%
if nargout > 1
if ( mod((N-1),6) == 0 )
for h=1:n
g(l,h})=0;

for k=1:(N-1)/6
g(1l,h)=g(1,h)+(v(6*k-1)*sind ((6*k-1)*x(h)))/ ({(6*k-
1) *2)+v(6*k+1) *sind ((6*k+1)*x(h))) / ((6%k+1)*2) ;
‘end
g(l,h)=g(1,h)*(4*((-1)" (h+1))*t);
end '
else
for h=f:n
9(1,h) =0;
for k=1:((N+1)/6)-1
g(1l,h)=g(1,h)+(v{6*k-1) *sind((6*k-1)*x(h)))/ ((6*k-

1) *2)+ (v (6*k+1) *sind ((6*k+1) *x(h) ) ) / ((6*k+1)*2) ;
end : '
k=k+1; .
g(l,h)=g(1,h)+(v(6*k-1)*sind( (6*k-1)*x(h)))/ ((6%k-1)"2);
g(1,h)=g(1,h)*(4*((-1)" (h+1))*t);
end .

end
end

%% Constraint function %%

function [c,ceq] = mycon(x)

global n;
global m;
t=4/pi;

v(l)=1;

for 1=1:n
v{l)=v(1l)+(-1)*1*2*cosd(x(1));

end )

v(l)=t*v(1l);

ceq(l)=abs(v(l))-m;

e=[1;
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