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Abstract

ABSTRACT
In the present scenario, it has become a characteristic feature fo use fast and reliable
computations in almost all branches of science and engineering by the evolution of
modeling and simulation techniques. Various systems, processes, scientific and
engineering principles, theories are being constantly modeled to carry out design,
research and application oriented works. Coming to engineering field, these model
equations provide a platform for a detailed analysis of the system to provide for safe and

efficient operations and devising a control theory employing the system parameters.

Convection Diffusion equations are one such type of the equations that are frequently
used in describing a variety of chemical engineering systems such as reactors, heat
exchangers efc.

The solutions to these partial differential equations many a times are not possible using
the regular analytical techniques and imply the use of numerical methods in finding out
the solution. The development of the numerical methods which can capably represent the
system is a major area of research.

Presently in literature, the method of finite differences and method of finite elements are
mostly used to simulate these types of equations.

In this dissertation work, a detailed study on developing finite difference equations for
the so termed Convection Diffusion equations (Linear or non linear partial differential
equations) is carried out.

Computer programs are developed in the MATLAB 7.0 software for the drafted
difference schemes. The programs written are quite user friendly and hold a capability to
give error free results with minute tolerances. These programs are constantly checked
and compared with the PDEPE toolbox in MATLAB software for their efficiency in
calculations and convergence towards the exact solutions.

Finally it is concluded that the formulated difference schemes along with the computer
program codes can be used effectively to carry out the simulation of a large number of
Convection Diffusion equations from the fields of chemical engineering.

A brief reference is given to the future research and advancements that can be carried

out in the present work to simulate even complex systems for higher dimensions.

1i1
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Introduction

CHAPTER-1
INTRODUCTION

“

Various engineering and physical systems are characterized by the flow of mass,
momentum and energy. Thus we require considering these flows in a detailed manner
while modeling these systems. The detailed modelling often needs to consider both the
spatial and transient nature of the system. This is very important in Dynamic Modeling.
Further; Dynamic simulation plays an important role in analyzing and predicting the
spatial and transient behavior of chemical and biochemical processes and is therefore
very used, especially in the last decade. But, as mentioned long time ago by Heydweiller
and al. (1977) and confirmed more recently, most existing dynamic modelling and
simulation tools are primarily suited to lumped parameter systems {1 9].

In fact, in the reality, a large number of unit operations in Chemical Engineering
such as catalytic reactors, absorption column, and extraction column based on mass
transfer approach and in Biochemical Engineering are intrinsically distributed in
nature. It means that their properties exhibit spatial as well as temporal variations.
The resulting set of equations for these types of models may be viewed as a
combination of lumped and distributed parameter systems, namely described by
Partial Differential Algebraic Equations (PDAE) submitted to initial conditions and
boundary conditions [19].

And thus, Partial Differential equations (PDE), PDAEs arise in an enormous number of
modelling applications.

In this report we study one such form of the partial differential €quations namely
Convection Diffusion equations. These are basically the equations that describe the flow
(both molecular and bulk flow) of fundamental property (mass, momentum and enthalpy)
and are used in a large number of systems/processes.

During the course of this report, we shall discuss in briefly about the basic derivations
and models that use the Convection Diffusion equations. A discussion about modeling
and simulation of a number of chemical engineering systems based on such equations is

carried out.
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1.1 Objectives:

We set the following objectives for the present work
= To derive the basic important models that use Convection Diffusion equations.
= To prepare finite difference analogues of these model equations.
= To develop the algorithm to solve descretized model equations.

=  To develop computer programs in MATLAB and analyze their results.

1.2 Organisation of Thesis:

Here in the next sectidn, we mention the classification of partial differential equations
first and thereafter we shall study the definition of Convection Diffusion equation, its
general forms and the engineering implications of the equations.

In chapter 2, we study the application of the Convection Diffusion equations to some of
the chemical engineering systems and develop their respective model equations. A
literature study on the recently used numerical techniques to handle these Convection
Diffusion equations and their limitations is mentioned.

Further a special focus is given to the ‘METHOD OF FINITE DIFFERENCES’ as a
numerical tool for simulation.

In the chapter 3 the very basic fundamentals, nomenclature about finite differences
method and their use in tackling a number of different situations for steady state and
dynamic conditions are covered.

Thereafter in the chapter 4 the difference equations for some of the chemical engineering
" applications are developed with due consideration given to the system constraints and
boundary conditions.

In the chapter 5 the results obtained as a result of application of the finite differences
schemes developed in previous chapters through the implementation by MATLAB
software codes are mentioned.

Finally in the concluding section, a brief mention of the various works carried out in this
dissertation work is done along with the conclusions drawn from the simulation work.

A reference for the scope of future work that can be carried out in this field is given at the

end.
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A detailed Appendix covering the various MATLAB codes written for this dissertation

work is attached to the report.

1.3 Classification of Partial Differential Equations
When considering the partial differential equations we can classify them by considering a

.general form given as [19, 16];

2 2 2
8?+2Ba(D+C6(§>+D8(D+E6®+F®=g(x’y) 1.3-1
Ox OBy oy Ox oy

A
We define a variable d as d .= AC — B?
One defines the differential equation as parabolic, hyperbolic or elliptic depending on the
values taken by*d’.
The equation is:
Parabolic Differential equation: d = 0 (one parameter characteristics)
Hyperbolic differential equation: d < 0 (two parameter characteristics)
Elliptic Differential equation: d > 0 (no real characteristics)
This classification of the differential equation is oriented to the equations for parabolas,
hyperbolas and ellipses of the plane geometry in which the equation

ax® +2bxy +cy’ +dx+ey+ f =0 1.3-2

describes parabolas (ac-b° = 0), hyperbolas (ac-b° < 0), and ellipse (ac-b° > 0).

Accordingly for the differential equations discussed in the text we have;

. : ) oU o’U ..
Diffusion equation: =~ = v peE 1.e.itholds 4= v ,B = C = 0 and thus D = 0. The
Diffusion equation has parabolic properties.
. 2(] 2 azU . « 2 2
Wave equation: —=c P i.e.itholds 4 = C*, B=0, C = -1 and thus d = -¢* < 0.
! 29
The Wave equation is hyperbolic.
2 2
Potential equation: E; ? + i‘fy? =0 1e.4 =C =1, B=0 and thus d > (. The potential
X

equation shows elliptic behavior.
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For parabolic equations, they have a property which is important for the numerical
solution. The solution of the differential equation determined at a certain point of flow
does not depend upon the boundary conditions that lie downstream. This makes it
possible to find the solution for the entire flow field via forward integration. i.e the
solution can be computed in a certain level alone from the values of the preceding level.
This characteristic behavior is not found in the elliptic equations [19].

Further the equations which we are going to consider are called Convection
Diffusion equations which are basically Diffusion equations. But they contain an
additional term to account for the convective process in the équation which
entertains some hyperbolic characteristics to the parabolic nature of the Diffusion
equation. Thus the numerical solution of such an equation is a considerable part of
study and research [16,15].

In the subsequent chapters of this work we study the various details of the
“CONVECTION DIFFUSION” Equations along with a comparative study of the recent
methods used to solve them. We start here with the basic definition and derivation of the

equation.

1.4 Definition & Theory:

CONVECTION DIFFUSION EQUATIONS:

Convection Diffusion Equations can be defined as the partial differential equations
resulting from basic conservation laws of mass, momentum & energy transfer

considering both molecular (Diffusive) and bulk (Convective) flows [2].

A general form of Convection Diffusion equation (for mass flow) is shown below [1, 2];

2 2 2
oc ,,, oC aC Vac_D(ac 8°C acJ L4l

a T artar ta TP a Tay Taxe
Where;

C- Concentration of the component species in flow

Vx, Vy, Vz are the components of velocity in the spatial directions X ¥, & Z

In a similar fashion we can represent the momentum and energy balances.
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The above equation (1.4-1) considers both spatial and temporal variation of the
concentration. A detailed method of deriving the above Convection Diffusion equation is
given in Appendix Al.

The above equation can be written in a compact form as;

DV*C -V VC = é;—f 1.4-2

Equation (1.4-2) represents the general form of Convection Diffusion equation for mass
transfer.

Further if there is a volume source of solute within volume ‘V” of strength Op
(mass/volume/time) then Q, is added to the LHS of above equation.

For smallV , diffusion is dominant & the convection term may be neglected.

If D is small then Convection dominates almost everywhere. However the term cannot be
neglected or omitted as a first approximation unless a boundary condition is also omitted.
This is the phenomena of boundary layer.

Next, we study the engineering implications of the Convection Diffusion equations.

The concentration satisfies the Convection Diffusion equation at steady state as;

DV!C-V.VC =0 1.4-3
Further let; L is the characteristic Length
& Up is the initial fluid velocity.

Then the above Convection Diffusion equation can be efficiently written as;

ivzc*—z.yczo 1.4-4
Pe

Where Peclet number, Pe = U L/ D

Since D is usually small; Pe is nearly always large; which means that mass transport

is dominated by Convection except in boundary layers [2].

As can be seen from the basic Convection Diffusion equation we require knowledge of
the velocity field. The governing equation for velocity distribution is also a Convection
Diffusion equation which is derived same as shown above considering the momentum

fluxes instead of the mass fluxes.
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These governing equations are also called as Navier-Stokes equations [2].
For an incompressible, Newtonian fluid with a density p and subject to a body force F,
the velocity field V and the pressure field P satisfy the following equation;

o
ot

+(Z.2)K:——1—ZP+E+VV2Z 1.4-5
Yo

where;
v = Kinematic Viscosity
and the Continuity Equation=V.V =0
U,L

| %4

. This determines the relative importance of the

Also, Reynolds number =Re =

Convection & Diffusion fluxes.

For the steady flow with zero body force ( £ = 0) the Navier Stokes equation becomes;

oV

—+(z.z)z=—izp+vv2z 1.4-6
ot e,

this can be easily written as;

VP 1.4-7

For small Reynolds number: Viscous (Diffusive) forces dominate

For large Reynolds number: Inertial (Convective) forces dominate

Thus the Reynolds number indicates the relative importance of the momentum
convection over momentum diffusion in a fluid. While the, Peclet number indicates
the importance of the mass convection over mass diffusion.

As we have seen till now, the Convection Diffusion equations for mass and momentum
balances, similar way we can derive for the energy balances considering energy fluxes.
However in the energy equation we need to consider one more term to account for the

conduction occurring along the boundaries of the system.
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1.5 Generalized forms of the Convection Diffusion equation [2, 6]:

The Convection Diffusion equation in its very basic form as derived in Appendix Al is

given as;
pvic-vyc=°< 1.5-1
ot
writing in a more precise manner we have;
2 2 2
C v, Ly, y, o _ploC,0C 0C 1.5-2
ot oY oY oz oZ oY ax

This equation can be taken as the most general form of the “Convection Diffusion”
equation in terms of rectangular co-ordinates. Here we have not considered the source or
sink term which can be added or subtracted from the above generalized form.

The equations are supplemented with some initial and boundary conditions to solve
analytically or numerically and determine the distribution of the dependant variable(C, V
and 7) spatially and temporally.These set of conditions work out many times for a
preliminary solution of the system.

It is generally found that the systems evaluated are not essentially easily described by the
rectangular co-ordinate system. Further the systems many a times do have complex
geometries. For such cases we find it easy to describe the system in terms of spherical
and cylindrical co-ordinates.

Here in this section we present the general forms of the Convection Diffusion equation in
these co-ordinate systems.

Once again we recall the Convection Diffusion equation in terms of the dimensionless

form as;
%—f + Pe(V.V)C = AC 1.5-3
In terms of Spherical Co-ordinates:
vvx=v, gg +V, aaf +V, Zi and ; 1.5-4
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2 2
AC=l o [a) 8CJ+ o S+ 12 o Ci where, 1.5-5
w 0w ow 0z w” Oy
w=+x>+y?
In terms of cylindrical co-ordinates;
v)c=y 2 YeoC, Vv oC 1.5-6
or ¥ 06 r.sinf Oy

2
AC:J{E[H 8C)+ > 1 0 (singacj+ 5 1 > 0 C; where,
r< or or r°siné 06 o6 r°sin” @\ oy

1.5-7

y= \/ x* +yt42°
Any of these general forms of the Convection Diffusion equations can be used to describe

the system; however the boundary and the initial conditions are essentially required to be

considered in the same co-ordinate system.
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CHAPTER 2
LITERATURE REVIEW

2.1 Applications of Convection Diffusion Equations:

Convection Diffusion Equations have a wide range of applications in various fields of
engineering, physical sciences and financial analysis [8].

Recently the equations are also applied to various biological processes to describe the
fluid phenomena in cellular reactions.As the equations represent the spatial and transient
characteristics of the basic laws of conservation of energy, we can use them describing
various unit operations that are carriéd out in the branch of chemical engineering.
Various operations such as catalytic reactors, absorption column, extraction
column, adsofption column, fluidized bed reactors, packed bed reactors etc...

involves these equations as model equations in different forms.

Further the equations are also used to model the processes such as flow in porous media.
The dusty gas model based on Convection Diffusion equations is used to describe this
particular flow.

In the field of physics, we use the equations in the problems of non linear heat transfer
problems, transport of charged species in semiconductor and plasmas. Recently the water
transport through a polymer electrolyte membranes (PEM) cell has been proved to obey
the equation. This problem is of large interest since PEM is a key component to of fuel
cells, which are expected to perform revolution in mobile power sources including
vehicles [13].

Next, in the field of hydrology, the equations are used to describe the flood waves after
an approximation using the kinematical wave equation.

In the following discussion we list out some of the chemical engineering applications of

the Convection Diffusion equations.



Literature Review

2.1A Isothermal & Adiabatic Fixed Bed Reactors [4, 17]:

The plug flow model may be employed to the fixed bed catalytic reactor; provided plug
flow behavior is a valid assumption.

Here we consider a small volume element of radius ‘»’ width Arand height Az, through
which reaction mixture flows isothermally.

Suppose that radial & axial mass transfer can be expressed by Fick’s law, with D,, and
D.; as effective diffusivities, based on the total (void and non void) area perpendicular to
the direction of diffusion.

The volume of the element = 2ITrArAz

Concentration in the fluid phase is constant within element.

Ar

AZ

N

u(r)

Fig. 2.1 Volume element of reaction mixture
Mass Balance equation:

The steady state differential equation for mass balance is given as;

0 oC ] aC
g(r(De,)ija(—chde gJ—r;,,,o»,j.mo 2.1-1

Where;
rp, = Global rate of disappearance of reactant per unit mass of catalyst.
Py = density of catalyst in the bed.
u = Superficial velocity in the axial direction.
Further; if the diffusivities are not sensitive to #; or to z, the velocity is not a function of z

then we write above equation as;

10
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2 2
(De),[—rl—aaf+aarf}—uif+(De)[%§—rppg=o 212
If the velocities varies with z ;( due to changes in temperature or number of moles in a
gaseous reaction), then the previous equation is to be used.

Assumptions:

Concentration entering the reactor = Co

& there is no axial dispersion in the feed line; the boundary conditions are;

o« 0; —(D, )L [G_CJ +ulc)., at z = 0 for all ‘»
oz 0z ) q

and;

£=0 forr=rpandr=0 atall z 2.1-3

or
Next using dimensionless variables;

x=C°—C S LA 2.1-4
C, d, d,

The above equation reduces to;

1|1 ox 0% Ox 1 0°x  r.pzd,
- * * *2 . *2 - :0 21-5
Pe, | r" or or oz Pe, oz Cu
where; Pe, = ud,
(D.),
and  Pe, _ udp 2.1-6
(De)L

Above differential equation shows that conversion depends upon the dimensionless

reaction rate group; 7,p,d, /C,u and the radial & axial Peclet numbers.

The typical profile is flat in the center of tube, increases slowly until a maximum velocity
is reached about one pellet diameter from the wall & then decreases sharply to zero at the
wall.

The numerical solutions of this model are developed in the subsequent chapters of
the report assuming a one dimensional dynamic equation where the radial terms are

neglected.

11
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2.1B Catalytic micro reactor [S]:

A model for the analysis of the fluid dynamics and heat transfer in catalytic micro reactor
systems for the decomposition of the ammonia over a monolayer Ni non porous catalyst
are discussed in literature (Ammonia being a potential source of Hydrogen for a number
of fuel cell applications for small scale power generation).

The overall model consists of a flow model, mass transport model, an energy

conservation model & a reaction kinetics model for ammonia decomposition.

The chemical reaction occurring is;
2NH; ¥ N, + 3H, AH =11kcal/mol. 2.1.-7

The small scale micro reactor devices generally have high heat transfer coefficients
and mass transfer coefficients, enhanced surface to volume ratios for reactions &
smallest occupied volumes for convenient end use in small scale application.

The small dimensions of the micro reactor systems reveal that the transport
processes are strongly dominated by the Diffusion mechanism.

Assuming the gas to be an ideal & incompressible homogenous fluid, we get following
equations;

Continuity equation:

1 aP 8V, &V,

5 + + =0 2.1-8
pCs Ot Ox oy

‘Where;
P = Hydrostatic pressure
Cs = speed of sound in gaseous fluid.

The term in the braces accounts for the fluid to be slightly compressible.

Conservation of momentum:
(Navier —Stokes equation) [2, 6]:
The contribution of convective and diffusive mechanisms to momentum transport can be

evaluated by the value of Reynolds number.

12
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In absence of body forces the conservation of momentum for the creeping incompressible
Newtonian fluid flow is expressed by the Stokes equation [2].

In two dimensional co- ordinate system;

paVX __op a( aVX}__a_ Wy Oy 219
ot ox  ox ox oy ay ax
paV,,z oP 0 2 oy ), @ ” oy , AV 5 1-10
or £ ay 3y Ox ox Oy

where, 77 = Fluid viscosity.

Mass Transport equation:

Convection Diffusion equation gives;

a—CL—f-VX oc, +Vy oc, =i DX;'QC“‘L +i Dysa—c“i' + 8¢ 2.1-11
ot Ox 3y Ox Ox oy oy .
i= ], 2...N o
where;

Dy & Dy, = mass diffusion coefficients in X & Y directions respectively.

and N = Total number of components in gaseous reaction.

Sc = Source / Sink term.

Energy Transport equation:
Solid walis of the domain are considered to be insulated so that there is no heat exchange
with surroundings.
Assume negligible effects of boiling & condensation.
Two dimensional transient energy balance equation is as follows;

or T\ o ar\ o, or
pcp pCP(VE Vy—ay—J—a[kx 8x] ay(k EJ+SI¢ 2.1-12

where, 7 = temperature term
C, = Specific heat capacity
k: & k;, are thermal conductivity of gaseous fluids.

S#h = Heat source/ sink.

13
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Initial & Boundary conditions:

At the inlet of the catalytic micro reactors a plug flow velocity field is specified.

On the impermeable boundaries of the micro reactors, no slip wall boundary conditions
are imposed.

The condition of the entering gases is specified at the inlet of the reactor.

Different constitutive relationships are required for fluid property evaluation.

The rate of ammonia decomposition can considered to be 1st order with respect to
ammonia’s partial pressure. The small dimensions of the micro chemical reactor systems

reveal that the transport processes are strongly dominated by the diffusion mechanism.

The numerical solution of the governing equations can be Stiff in temporal direction due
to diffusive terms and steep in spatial direction due to convection terms.
In literature a standard Galerkin Finite Element Technique has been employed for

solution of the flow equations mentioned.

2.1C Adsorber Design [3]:
We discuss the Thermal Swing Adsorption type of adsorption as this type of adsorption
is the most commonly used to prevent contamination of air by organic solvents of low
concentration and to dehumidify gases.
Drying of air by TSA is one of the major commercial gas separation processes.
In practical adsorption, a one dimensional model serves to be enough for design &
operation of the system, where radial temperature and concentration distributions are
neglected.
The thermal properties of the adsorbates and adsorbents, radial temperature gradient and
heat transfer through the column wall can affect the column dynamics due to high
temperature of purge gas. The system is a packed bed with porous spherical adsorbent
particles. |
Mathematical model:
Assumptions:

1. The flow patterns of gas phase in the packed bed can be described by an axially

dispersed plug flow model.
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2. Gas phase behaves as an ideal gas mixture.
Frictional pressure drop is neglected.
4. Velocity distribution & second order concentration gradient in radial direction is
neglected.
Because, only axial dispersion is considered both in one & in two dimensional
models, the same component and overall mass balance equations for the gas phase
were used.
5. Contribution of Nitrogen to total adsorption is neglected.
6. Thermal equilibrium is assumed between gas and solid phases.
7. Axial conduction in the column wall can be neglected but heat loss through
column wall and heat accumulation in the wall cannot be neglected. -
The balance equations are as follows:
Component mass balance:

2 ~ _
- D, 9 ?+a(uc)+ aC+,0p L=y %4 _g 2.1-13
bz oz ot £z )Ot

Overall mass balance:

o/ T) 1 0r  R(l—e,)0q
oz 7> ot TP

=0 2.1-14

Energy balance in bed:

- or o
(angPg + pBCPg + pB qCPaMa )E_ + ~a—z (gBungPgT)_

dq T 1 a( aT) :
—AH ) —-k, — -k |—|r—(|=0 2.1-15
pB( S)at ZaZZ ’"|:rar a’,.
Energy balance in wall:
oT,,
Puw Cpy Ay _Eg*zanmaW (Tlr=Rw Ty )_anyoko (TW _Tatm) 2.1-16
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In axial directions we need the Danckwert’s boundary conditions for both energy and
mass balances.Clean bed conditions and saturated bed conditions were used as initial

conditions for adsorption breakthrough and regeneration breakthrough.

2.1D Fixed Bed catalytic reactors [7]:
Here we mention the Convection Diffusion equations required to represent the transport
model of a fixed bed catalytic reactor.
The term “fixed” means that the catalyst pellets are held in place & do not move with
respects to fixed reference frame.
Material and energy balances are required for both the fluid & catalyst particles.
Essentially all reactions occur within catalyst particles.
This step to consider;
1) Transport of reactants and energy from external surface
2) Transport of reactants & energy from external surface into porous pellet
3) Adsorption, chemical reaction and desorption of products at the catalytic sites.
4) Transport of products from catalyst interior to the external surface of the pellet
5) Transport of the products into the bulk fluid.
Next we take the rate limiting steps as below;
The system is intra particle transport controlled if the step 2 is the slow process
(referred to as diffusion limited).
For kinetics or reaction control step 3 is the slowest process.
For the step 1 as the slowest process, the reaction is said to be externally transport
controlled.
Let the effective diffusivity coefficient is D, and sold density is p
Pellet void fraction (g)= p, Y,

Let;

V; = velocity of species j giving rise to molar flux &,

N, =GV

E = Total Energy within the volume element

e = flux of total energy through the boundary surface due to all mechanisms of

transport.
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The conservation of mass and energy is given by following Convection Diffusion

equations;
oC )
5 =-VN, + R, J=12,.N
._a_.E. = —Ve
ot
where;

R, = production of species ‘;° due to chemical reactions.
2 .
N,=-D/V°C, +R, j=12..N
e=—kVT-> N H,
~

Boundary equations are given as;

Cy=Cys where r =R

2.1-17

2.1-18

2.1-19

2.1-20

2.1-21

The symmetry of pellet implies the vanishing of derivative at the centre of the pellet.

oC, =0 at r=20
or
Next in terms of the characteristic length for sphere;
4T1R’
_Kf_z%zﬁ : r=r&C= C,
S, 4IlR 3 a C s

Above equation becomes;

%i[rz.ﬂ]_q)za:o

14 d; dr
subject to; ﬁi—g—=0 for r=0
dr

2-1_22.?}.‘2.

2.1-23

2.1-24

2.1-25

The numerical simulation of this equation considering steady state conditions has

been done in this report.

In a similar way we can formulate the Convection Diffusion equations for other

types of reactors. Even the Combustion process can be modeled by such equations.
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As we have seen that the convection diffusion equations consider both the temporal
and spatial variations in the systems, the resulting partial differential equations are
not easy to solve using the analytical techniques and thus require a variety of
numerical methods to solve these equations.

In the next section we discuss some of the numerical methods that are in recent use to

solve these Convection Diffusion Equations along with their applications.

2.2 Numerical methods to Solve Convection Diffusion Equations

In the previous section we have described the importance of the Convection Diffusion
equations in characterizing flows in various fields of Science and Engineering.The
equation is a very useful in predicting the dynamic characteristics of a number of systems
in the field of Chemical Engineering.

In the present section we shall discuss briefly the various numerical methods for
obtaining the solution of these Convection Diffusion equations with as much as practical
accuracy as possible.

Several methods are applied to the Convective Diffusion equation because it has a sharp
front but is a linear problem with an exact solution. However due to the hyperbolic
behavior of the equation induced by the term of Convection we need to handle the
equation cautiously. |

While investigating the interpolation error when we use some general numerical methods
such as finite difference or finite element method to interpolate the exact solution, we
find that there comes a restriction on the maximum number of interval that are considered
to reduce the possible error [15].

We write the Convection Diffusion in the mathematical form as follows [2];

2
8C+P88C=6C

2.2-1
ot ox  ox?

subject to C(x,0)=0;C(0,1)=1; %C (1,1)=0 2.2-2

A variety of traditional numerical methods including method of finite differences, finite
element method, Galerkin finite element method ,Orthogonal collocation, method of

lines(MOL),Weighted Residual Methods, Finite Volume methods, Adaptive Grid

18



Literature Review

Methods & Moving Grid Methods are presently used in dealing with the solution of

these equations. We discuss some of these methods in the following sections.

2.2A Numerical Solution of One-Dimensional

Convection-Diffusion Equation (finite differences method) [8]:

Here several finite difference schemes for solving the one-dimensional convection-
diffusion equation with constant coefficients are discussed.

In the research carried out by Mehdi Dehghan [8] the use of Modified Equivalent Partial
Differential Equation (MEPDE) as a means of estimating the order of accuracy of a given
finite difference technique is emphasized.

This approach can unify the deduction of arbitrary techniques for the numerical solution
of convection-diffusion equation. It is also used to develop new methods of high
accuracy. This approach allows simple estimation and comparison of the errors
associated with the partial differential equation. Various difference approximations are
derived for the one-dimensional constant coefficient convection-diffusion equation.
Computational aspects are also studied in the research work. e

When comparing the explicit finite difference techniques described in the report, it was

found that the most accurate method is the fourth-order explicit formula.

2.2B Finite element Approximations of Convection Diffusion Equations

Using Graded Meshes [18]: X
As i1s well known, the numerical approximation of convection-diffusion equations
requires some special treatment in order to obtain good results when the problem is
convection dominated due to the presence of boundary or interior layers. A lot of work
has been done in this direction. There are in principle two ways to proceed: to use some
kind of upwind or to use adapted meshes appropriately refined. Ricardo G. Duran and
Ariel L. Lombardi [18] proved that, using appropriate graded meshes, the solution is
well approximated by the standard piecewise bilinear finite element method.

The numerical experiments showed that no oscillations appear in the numerical solution

and the predicted order of convergence is observed.
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2.2C Finite-Element Solution of Convection Diffusion with reaction {11]

The techniques are based on the modified method of characteristics, in some cases
including streamline or velocity-weighted numerical diffusion to suppress numerical
oscillations.A effective scheme is mentioned in the paper authored by Biyue Liu, Myron
B. Allen, Hristo Kojouharov, Benito Chen [11].

The finite element method discussed involve the dividing the volume of the system into
small elements (fine gridding) and are analysed each of these elements for solution. The
equations obtained are expressed in terms of matrices and are thus solved by integrating
over the volume.

The study is focused on Finite Element scheme for the two-dimensional, advective
reaction-diffusion equation.

The general form of such a equation with reaction is given as;

(DG_C +V.VC-V.(DVC)= f(C) for concentration C(x, #) 2.2-3

ot
What makes the above equation numerically challenging is the advective term V.VC
One can measure the degree of advection dominance via the dimensionless Peclet
number. The numerical solution requires considering fine gridding and is expensive.
A common alternative to fine gridding is to suppress the oscillations by adding
numerical diffusion of various types.

The amount of such numerical diffusion to be added is devised in the work.

2.2D Fourth-order difference schemes on rotated grid for

two-dimensiothnal convection—diffusion equation [10]:

A fourth order difference scheme on the rotated grid for the two-dimensional
Convection— Diffusion equation is also developed in the literature.

A comparison of the fourth-order schemes with the nine point scheme obtained from the
second-order central difference scheme has shown remarkable accuracy and sharp efror
reduction. In literature a fourth-order compact finite difference approximation for above
Convection Diffusion equation is already derived by Gupta et al. The idea behind the
method is to utilize the Taylor’s series expansions of all the functions involved in above

equation. In the paper authored by, Jun Zhang, Jules Kouatchou & Lixin Gea [10] a
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derivation of a family of fourth-order finite difference schemes of above equation on the
rotated grid is given.

Besides the numerical techniques discussed above a large number of methods are
currently in research and applications such as Sinc-Galerkin method for convection
diffusion equation with mixed boundary conditions [14] , Broyden scheme[20], High
resolution FEM-FCT scheme, Finite volume Descretization scheme, method of
approximation etc. ..

However it is seen that the most commonly used and widely accepted methods are
the methods of finite elements and the method of finite differences [15, 16].

This is because, these are easy to formulate, less expensive when carried out with
accepted limits of error, easily converged, stable, accurate for designing and using in

the computational Software applications with short computational times.

From the literature review carried out on CONVECTION DIFFUSION equations it is
clear that a vast number of engineering & physical systems can be modeled using the-
Convection Diffusion equations. The recent applications include the use of the eqﬁ%.tionv
in biochemical engineering, fuel cell modeling, modeling & modeling of the micro
reactors. The equations have a great importance in describing the flow & conservation of
mass, momentum, & energy in various unit processes and operations from the field of
Chemical Engineering. ‘

The numerical solution of these equations determines transport models of the systems
which is a very good tool in writing the computer algorithms for studying and
determining the fluid properties.

From the field of the numerical techniques, we find that the ‘Method of the Finite
Differences is largely used in handling the convection diffusion equations which has
many advantages over other classical techniques in the view of convergence, accuracy

and error reduction.
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CHAPTER 3
METHOD OF FINITE DIFFERENCES

Finite Difference Method [15, 16, 21]:

Here in this chapter, we first discuss the basics of the method of finite differences, the
different approximations meant for the partial derivatives along with the order of the
errors associated with their use.

Subsequently we derive the difference equations for the steady state and dynamic
Convection Diffusion equations. Consequently we include the addition of different
complexities such as non linearity, complex boundary conditions (moving boundary
type), addition of source terms, purely hyperbolic nature, solution for simultaneous
differential equations etc.

Based on these difference schemes we carry out the descretization of some of the

engineering problems in the next chapter.

The Finite difference method is concerned with specific points in the domain called grids.
The domain is divided into a number of equidistant intervals. We then use the Taylor
series expansion to deduce the difference formulae for first and the second derivatives of
the given differential equation.

Using these approximations of the derivatives we obtain an interpolation formula.

Further we obtain the value of a parameter at a grid point using the linear difference
equations and carry out similar scheme for other grid points. |

Thus we see that the Finite Differences method has the advantage that the method is
easy to formulate, although it may need a large number of grid points for high accuracy.
Derivatives must be correctly evaluated in order not to destroy the accuracy that has been
achieved. While handling the partial differentials we express the spatial derivatives too in
the same way as shown in the previous equations.

The local truncation efror is defined as the difference of the differential equation and the
finite difference scheme. The finite difference scheme is called consistent if the limit of the

local truncation error is zero as Ax and/or At approach zero.
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While obtaining the higher order derivatives we use the derivatives interpolations
obtained by the difference equation of lower order derivatives.

A different range of the finite difference schemes are available based on the consideration
of the number of grid points in the estimation of the values at a particular grid point.

In practice we use 2-point, 3-point, 5-point and 9-point schemes.

The finite differences schemes are also classified based on the truncations done in the
Taylor approximations. These are called first order, second order, third order & fourth

order descretizing techniques.

3.1 Steps involved in Finite Differences method

A Finite difference method typically involves the following steps:

1. Generate a grid, where we want to find an approximate solution.

2. Substitute the derivatives in an ODE/PDE or an ODE/PDE system of equations with
finite difference schemes. The ODE/PDE then become a linear/non-linear system of
algebraic equations.

3. Solve the system of algebraic equations using some standard iterative techniques.

4. Implement and debug the computer code.

5. Do the error analysis, both analytically and numerically.

In the following section we study the difference equations for steady state Convection

Diffusion equations.

3.2 Finite Difference methods for steady state Convection diffusion Equations:

In this part of study, we shall study the method of formulation of various finite difference
schemes that can be used to approximate the steady state Convection Diffusion equations.
To understand the approximation procedure we consider a differential equation and
subject it to different situations and conditions for analysis [16, 21, 23].

Here as an example, we consider the differential equation used to describe the heat
conduction in an un-insulated, tapered rod which is thin enough that a one dimensional

analysis can be used.
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d*u 2 du 2p
5+ — - u=20
dx* qg+xdx g+x 3.2-1

The length variable, x and the temperature variable, u, are dimensionless and normalized.
The constants ‘g’ and p’ are dimensionless combination of parameters which describe

the geometry and heat transfer characteristics of the rod. These are defined as;

=”?L 1+}4_2 and q:% 322
where L is the length of the rod.
h is the coefficient of heat transfer between the rod and surroundings.
k is the thermal conductivity of the rod.
fand Dy define the diameter, D, of the rod by D = D0 + fLx.
Consider the simplest boundary conditions as:
u@) =0 and u(l)=1 3.2-3

The above differential equation is a steady state form of Convection Diffusion
equation. The first term accounts for the diffusion of heat and the second term
results as a result of convection.

Now we convert this continuous differential equation into discrete finite difference
equation that is an approximation with some error.

Using the Taylor series expansion, the adjacent points that are separated by finite

difference, Ax (i.e. step size), are given as;

u(x +dx) = u(x) + %(x).Ax + Z:; (x)- (A;!)z * f{;? ). (A3xf)3

+ . + 324

Notation for the discrete variables:
It is very convenient to use a special notation for the discrete variables that are spaced

between 0 and 1 as shown in figure 3.1
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Uxy

u(Xi) = u;

c o o o o O o O O

X X X X ~>| |4—

Fig. 3.1 Discrete and continuous variables

We denote the value of the discrete variable at each of these points by the subscript ‘i’
and define it as; 7

x, = i(Ax) 3.2-5
The index ‘i’ takes the values from 0 to R, where R is the total number of increments in
the complete interval between 0 and 1.
Further the adjacent values are given as;
=x, +Ax

x1+1

X, =x,—Ax 3.2-6
Now the values of dependant variable u at x; are denoted by u;
We follow this nomenclature through out this work.

In the nomenclature given above, the Taylor series appears as;

2 2 3 3 4
U, =u, _,_[i”_J Ax+(d gJ (Ax) +(d ?J (Ax) +( 4J (Ax) ..... + 3.2-7
dx ), dx” ) 2! dx” ) 3 dx* | 4

Similarly the value u, , at x,, is;

(2] o) @ _(£0) O () o
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Analogs for the derivatives:
a) Analog for the first derivative:

When equation 3.2-7 is solved for the first derivative; it takes the form;

du) U, —u, (du) & (d’u) (Ax)
=1 = — — | — — . — 3.2-9
a ), A \ax? ) 2 &) 3

The error in using this analog is of the order of the first term which is truncated

(d*u/dx?),(Ax/2!). This term containsAx , so the truncation error is said to be first

order, and the analog is said to be first order correct.

b) Analog for second derivative:

A finite difference analog to the second order derivative is obtained by adding equations
and 3.2-7 and 3.2-8. The result is;

]i(,mc)2 +2[§%1£A"—y+....+ 3.2-10

d*u
2 4!

U, +u, =2u, +(

On writing the equation explicitly for second derivative, we have;

[dzu) U =24, U, _(d“uj (ax)” 3.2-11

dx? (Ax) dx* ) 12

This approximation is second order correct, since the first term dropped contains (Ax)2

An improved analog for the first derivative is obtained by subtracting equation 3.2-8

from equation 3.2-7. The resulting equation, written explicitly for the first derivative is;

— 3 2
(d_”_) _twm (du) (&) 3.2-12
dc ), 2(ax) \a’ ) 6

This approximation is second order correct and possesses a good degree of precision.

Finite Difference Equations:
On substituting the respective difference equations for first and second derivatives into
above equations we obtain;

Ui — 20, + Uy + 2 Ui _

) — Yy 2p u =0
(Ax)? g+i(Ax) 2(Ax)  g+i(Ax)

3.2-13
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When rearranged, it becomes;
2
L PR S C. ) PO PP S PO 3.2-14
g +i(Ax) g +i(Ax) q +i(Ax)

Boundary conditions:

The finite difference equations written about the points x; and xg are different from the
above equations and contain the terms involving the boundary points that are known from
the boundary conditions. Putting these values we get the following equations for the

boundary points.

[zm}[l

- }uz =0 3.2-15
q+

g + Ax

[1— ax JuR_2+[—2— 2p(Ax) }uR_l:—[l+ Ax } 3.2-16
g +(R—-1)(Ax) g+ (R-1)(Ax) g+ (R —1)(Ax)

Hence we have converted the given non linear differential equation into a set of

linear algebraic equations. This is the essence of using the finite differences method.

These equations are to be solved simultaneously for determining the values of
dimensionless dependant variable u’.

The equations above can be written in the following tridiagonal form:;

biuy +ecrup+0+ .+ 0=d

asu;+bous +couz+0+ ... +0=d>

0+ LAty + b,-uj +Citiv; ot 0= di 3.2-17

0+..... + 0 + aroug.z + broug o+ Crour.; = dgp.
0+.... + 0+ agjupz + brjur.; = dr.;

A method for solving a set of equations of this type (3.2-17) has been developed by
Thomas. An algorithm to implement this method is given in Appendix A2.
The computer program for this entire difference method is also given in Appendix A4.

The results and discussions obtained are discussed in detail in the chapter 5.
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Other types of Boundary conditions:
We now apply the method of finite differences to the same differential equation, but for
some complex boundary conditions.

We consider the following types of boundary conditions:
du
a) —(0)= 3.2-18
) - O=¢

u(l) =1
These conditions arise when the rate of heat transferred to the rod is specified at one end.
The boundary condition at x = 7 is unchanged. However the boundary condition specified
at x=0 is that the first derivative, dw/dx, is equal to the constant value g. To specify the
value of the first derivative at the boundary, a fictitious point, x_, , outside the region is
used. The second-order-correct analog to (du/dx)g, given by equation 3.2-12 with i= 0, is
then set equal to g. Thus,

u, =u —2g(Ax) 3.2-19
The boundary equation is obtained by substituting this value for u_, into ‘equation 3.2-14
for i = 0. The resulting equation is

li—2 — MJ Uy +2u; = 2g(Ax)(1- ﬂ) 3.2-20
q q

This equation is included in the formulation of tridiagonal system of equations and is
solved using Thomas Algorithm (Appendix A2).The computer code is given in Appendix

A4.The results and discussions are given in the chapter 5.

b) Now we consider a more general boundary condition that results when the rate of
heat transferred to an end of the rod is given by Newton’s law of convection. In this case

the boundary condition at x = 0 can be expressed as
du
—(0)— Hu(0) =— 3.2-21
T (0) 0)=-g

where H = hTL

The condition of equation 3.2-21 for x = ¢ is handled similarly to that for equation 3.2-18

A fictitious point is used, and the dependent variable at this point, u_,, 1s eliminated from
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the finite difference equation for x = 0 by the finite difference analog of the boundary

condition. This is;

Uy —u_,
—Hu, =— 3.2-22
2(Ax) Uy g
u_, =u, —2H(Ax)u, +2g(Ax) 3.2-23

The resulting finite difference equation is

[—2 2 (Ax)— 2P (A )’ :]uo +2u, = —2g(Ax)(1— i‘qﬁ) 3.2-24
q

The equations for this problem also are of the tridiagonal form and can be readily solved
by the Thomas algorithm (given in Appendix A2). '

A computer program for this problem is also given in Appendix A4.

Many a times, it is desirable to develop a single set of equations that can handle a variety
of boundary conditions. This objective can be accomplished by spacing the first point at
half increment from the boundary. The points are arranged as shown in the following

figure 3.2 and the value of the independent variable at each point is given by
1
x, =( —E)Ax 3.2-25

The complete set of difference equations for the difference equations are given in the
following chapter.

The program to implement this technique is given in Appendix A4 and the results that are
obtained with exactness are discussed in the chapter 5.

One disadvantage of the arrangement of points as mentioned above is that the
temperature at the boundaries is not computed. However, each of these can be evaluated
as the average of the exterior value and the last interior value. The exterior value can be

obtained from the appropriate boundary condition analog.
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u(X)
0 X 1
—» ’q——- AX
2
AX
@) O @) O O O O @) O O
Xo X, X Xi+1 XRr+1

Fig 3.2 Grid points shifted from boundaries.

The arrangement of points shown in Figure 3.2 is also convenient to use when the

problem is described by radial coordinates. The differential equation for heat conduction

in radial coordinates is similar to the equation for a tapered rod which goes to a point at

one end. This latter equation is obtained by setting the parameter ¢ in equation to zero. In
fact, when the parameter ‘p, is also set to zero so that there is no heat loss from the
surface of the rod by convection, equation 3.2-1 becomes the equation for heat
conduction in a sphere. The equation for heat conduction in a cylinder is similar.
Although numerical methods can be used to great advantage for unsteady state heat
conduction in a cylinder or sphere, the steady state problems for these geometries have

trivial solutions.

3.3 Finite differences for unsteady state Convection Diffusion Equations:

In the Introduction chapter it was stated that most of the applications involving
Convection Diffusion equations are dynamic in nature (behavior varying with time).

[n this section we shall see the treatment of such applications. The equations arising from
such analysis are mostly partial differential and possess either parabolic or hyperbolic

nature.
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We first consider the most general form of such equation where the term interpreting the
convection phenomenon is neglected. This simplification gives a good understanding of
the derivation of difference equations[16, 21, 23].
Consider the one dimensional diffusion equation.

The equation is purely parabolic.

2
Qu_ou 3.3-1
ox ot
the boundary conditions are given as,
0,6)=0
“O0=01 ), 332
u(l,n) =1
With an initial condition given as;
u(x,0)=0; x<1 3.3-3

Since the time domain has to be included in the difference equations, we do this by
adding ‘n’ as subscript for ‘%’ in the difference equations. We take the time step as Az .

The descretization grid is as shown in the following figure.

Fig. 3.3 Grid points for unsteady state problem.
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For many numerical solutions, it will be desirable to increase the size of the time step as
the solution progress. However in this entire simulation work we shall consider the step
size to remain constant along the time axis.

The dependant variable is now a function of two independent variables, x and .

3.3-1 General procedure for solving Parabolic Equations:

For the problem described by above equations (3.3-1), the value of the dependant
variable is unknown at a row of points at each time level and there are actually an
unlimited number of time intervals. It is not feasible to solve for all the unknown vales of
u simultaneously even when a limited number of time intervals are considered.
Consequently the technique employed is to solve for the unknown values of u at one time
interval, using the known values of u at the previous time level.

The values of u at the initial time level, where n = 0; are given by the initial conditions.
These values are used to determine the unknown values of # at the next time level for
which n = [ and so on. This procedure is continued for as many time increments as
desired. Therefore the finite difference equations are so formulated that they contain

values of u at two consecutive time leveis.

3.3-1a Forward Difference equation.

The forward finite difference equation is an explicit method and is probably the most Wéll
known, although it is the least efficient of all the possible equations which can be used:”
In developing the forward finite difference equation, we write an analog for 8%u/ ax? at
the known time level which is indexed by .

The relation thus used is,

52 o =2u. +u,
l; ~ u1+l,n I,n2 i-Ln 3.3-4
ox® ) (Ax)

This analog is second order correct in the variable x.

The analog to time derivative is obtained from Taylor series in time about the point x,,7,
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This is given as;

a uin+ —uin 2 At
[l) Mo Ty _(OU )AL 3.3-5
ot ), At ot ) 12

The analog resulting from truncations of this series after the first term is first order

correct in 7.

When the analogs defined as above are substituted in to the equation; we get the

difference equation as;

Ui =—Aii—(ui+ln+ui—ln)+ 1- 2Al‘2 U, 3.3-6
’ (Ax) ’ ' (Ax)" |

This equation certainly contains only one unknown value and is written explicitly.

The numerical computations of the dependant variable are thus made one point at a time.
Even though it appears that the forward difference equation is an easy way to estimate the
dependant variable, there lies a problem with its convergence.

For a numerical solution to be of any value, its solution must converge to solution of
the corresponding differential equation when the finite increments are Ax and At are
decreased.

Analysis has shown that a very restrictive relationship between the size of Ax and that of
At must be satisfied in order for the solution of the equation to approach that of the
equation. The restriction requires that the ratio of Arto Ax must remain less than or
equal to 2.

This restriction is rather a serious one, because in order to minimize the truncation errors
in the x analogs, the size of Ax has to be small. Thus for the forward equation, the size of
At must remain on the order of Ax for the solution to be stable and hence a very small
value of Armust be used for stability even when a much larger value could be used
without causing truncation error.

A difference equation which does not need this restriction is therefore a much better one

to use as an analog to the diffusion equation.
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3.3-1b Backward Differences:

In searching for a new finite difference equation which does not have a restriction on the
size of At for stability, we might write the finite difference analogs for the 8%u/dx? at
the new or unknown time interval which is indexed by n+ 1. This backward difference is;

2
(a U] _ ui+l,n+1 _2u1,n+l + ui—l,n+l
in+l

= o 3.3-7

The time derivative analog is obtained from a Taylor series in time about point x

i’tn+l

The series 1s;

(_aﬁ) — ui,n+l ui,n + a g E_“-_ 33-8
or i n+l At at in+t 2

The first term on the right side of the equation is a first order correct analog to the time

derivative.
On substitution we arrive at the following implicit equation;

_(Axy?
At

2
CoI 3.3:9
At

uf—l,n+l +':_2 jlui,n-»-l + ui+l,n+1 =

The equation is implicit because it contains three values of the dependant variable u at the
unknown time interval.

If we consider R increments along x direction then; we have to write down the separate
equations for the boundary conditions for i=17 and i=(R-1).

For the given boundary conditions we get the following difference equations for these

values of i.
2 B Ax 27
[_2 . (i)? j'”R—l,nH Uy = “‘( Al‘) U 3.3-10
(Ax)’ } [ (A ]
Up—2ne1 T {_2 - TUp it = T Yo -1 3.3-11
At | A

Finally, we get a set of equations in the form of; 3.2-17. In terms of matrix, we have a
coefficient matrix that is tridiagonal. Thus the equations can be readily solved using the

Thomas Algorithm (Appendix A2). After determining the values at one time level we
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can proceed for the next time interval with the same type of equations and the values
found in the previous time level.

The difference equation suffers no restriction on time step for stability. However we need
to use a small time step in order to reduce the truncation error of the Taylor series in time.
The backward difference is an efficient one, and is simple to use. However, it is only first
order correct in time.

It is thus desirable to find out second order correct analog to this derivative.

3.3-1¢ Crank-Nicholson equation:

The desired second order correct analog is called the Crank-Nicholson equation.

For this equation all the finite difference equations are written about the point x,7,,,,,

which is half way between the known and the unknown time levels.

The second order correct analog for the time derivative at this point is given by;

[gg] _ Yina "% 0 uy an” _ _ 3.3-12
3 )y (AD o Y 24

The second order spatial derivative is approximated about the point x by the arithmetic

average of its finite difference analogs at the point x, 7, and x, 7, ., . The resulting analog is

the average of the forward and backward analogs and is given as; .
627;4 ~ l Uiy, — 2ui,n2+ U _1n + Uil nel — 2ui,n+2l FU) 3.3-13
ox .y 2 (Ax) (Ax)

Further on substituting these approximations in the differential equations we get the

following difference equation;

2
2(Ax) 3.3-14

+u

lu +[2——2—%‘:i]u,.m —u

ui—],n-;—l + [—2 - in+] i+l,n+1 = _ui—],n i+ln

The boundary condition equations can then be derived from the above difference
equation in a similar way as was done in the backward difference scheme.
The set of equations thus obtained are readily solved in the tridiagonal form employing

the Thomas Algorithm (Appendix A2).
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Here a large value of time step can be effectively used since the time derivative analog is
second order correct. Thus the Crank-Nicholson equation is more efficient than the
backward difference method and is thus the preferred method for obtaining the numerical
solutions for parabolic differential equations.

The Crank-Nicholson equation, like the backward difference equation is stable for
all ratios of Ax and Ar.

For other types of the boundary conditions:

The difference equation developed in the previous sections(3.2) can be used with other
types of complicated boundary conditions with approximations for the derivative terms in
the boundary condition equations and including them to approximate the difference
equations for the values of i=7 and i=R-1;

However it is observed sometimes that the coefficients in the boundary conditions may
bring oscillations in the solutions which cause the smaller step size selection inevitable.

The smaller step size serves the purpose by compensating these oscillations.

3.3-2 Parabolic equation with small Dispersion Coefficient:

Consider the following Convection Diffusion equation. As expressed in detail in the
previous chapters, the first term here considers the diffusion of the dependant variable
which may be as such concentration, Velocity, temperature etc. The second term is the
convective transfer term which considers the bulk transport of the dependant variable.

The differential equation to be considered is;

&’u ou Ou
2 _b_ =4
ox ox ot

The above equation describes the one dimensional flow of a fluid with dispersion or

3.3-15

diffusion. Here the parameter b is the ratio of the velocity of flow to the dispersion
coefficient.

When the dispersion coefficient is small, or the parameter b is very large, the adjoining
term becomes the controlling term on the left side. Under such conditions the numerical
solutions at a given time interval oscillate around the true curve. The extent of these
oscillations depends upon the relative values of b and Ax .Price et al have shown that for

the Crank Nicholson equation there will be no oscillations when;
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(é;g)<l for 0<x<1. 3.3-16

As a result, for large values of ‘b’, small values of Ax are to be used to eliminate this
oscillation. For problems in one space dimension, it should be possible to use a Ax , small
enough to eliminate the oscillation. When the dispersion coefficient becomes zero so that
‘6’ becomes unbounded and the equation is no longer parabolic, it is impossible to use
small enough time increment. Consequently, the crank Nicholson and backward

difference equations are not applicable to the solution of differential equations of such a

type.

The difference equations that are developed by the three methods: Forward Differences,
Backward Differences, Central Differences (Crank Nicholson scheme) are applied to the
one dimensional parabolic equation as shown and the results are analyzed to check for
their accuracy and stability in the chapter 5.

A difference method to solve for the parabolic equation with small dispersion coefficient
is also develop;ed and analyzed in the next chapter.

MATILAB programs for all these equations are given in Appendix A4.

3.3-3 Linear Hyperbolic partial differential equations:

One-dimensional hyperbolic differential equations arise from pure convection problems.

The simplest equation describes the flow of a fluid through a tube with no transfer of the
quantity conserved and with no generation or consumption. This equation is

_pou_ou

ox Ot

The centered difference equation is used for its numerical solution.

3.3-17

The Centered Difference Equation:

For the centered difference equation, the finite difference analogs are centered in both
space and time with respect to the grid points at which the values of the dependent
variable are determined. In Figure 3.4, two successive time levels of grid points are

shown in space.
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Subscripts for u

® @ O O O O @) O O O n+l
@ O @ O ®) O O @ O o
1 i-1 i R-1 R
=1
=0
2 | i 1+1 R R+1
O O O O O @) O O O @ ntl
O Q O O O O O O O @ 0

Subscript for v

Fig. 3.4 Split points for coupled hyperbolic equations.

b

A single, representative point about which the finite difference analogs are written is

shown; this point is designated by a cross. The coordinate of this point isx, ,,,,Z,,,,,. As

in the Crank-Nicholson equation, the space derivative at the # + % time level is
approximated as the average of the space derivatives at the time levels for 7, and #

n+l *

This analog is;

U, —U. U, —uU,
[?ﬂ] ~ _1_[ in+l i-l,n+1 + in i—1.n ] 33_ 1 8
ax i-1/2.n+1/2 2 Ax AX

This analog is second-order correct. In a similar manner, the time derivative at the (i -1/2)

space position is approximated as the average of the time derivatives at the space

positions for x, and x, . This derivative is also second-order correct, and it is given as;

U, — U, . —U.
(@_] ~ l in+l i,n + ul—] J1+] ul—l,n 3 -3_ 1 9
at i=1/2,n+1/2 2 At At
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Both of these analogs contain values of the dependent variable at the same four points in
the grid. Consequently, when they are substituted into equation 3.3-17, the resulting finite
difference equation will contain values of u« at these four points. This equation is

b 1 1
('— + _‘—)ui,nﬂ = (_IZ_' - __](ui—l,rwl - ui,n )+ (i + —L)ui-l,” 3°3-2O

Ax At Ax At Ax At

This equation 1s stable for any ratio of Ax/ At .

The centered difference analog of equation (3.3-17) is explicit. Although the centered
difference equation is stable for any ratio of increments, the truncation error can be
minimized by a proper choice of this ratio. In fact, there is no truncation error at all in
equation (3.3-20) for the proper value of the ratio Ax/ A¢. This value is b, the velocity of
the fluid.

Numerical methods are not required to solve hyperbolic equations as simple as equation
(3.3-17). For many physical problems, however, the material conserved is being added to
or removed from the stream by a mechanism such as adsorption, heat transfer, or
chemical reaction. For these equations a numerical solution is often desired, and the

/

centered difference equation is very satisfactory.

A large number of physical problems are described by two or more coupled hyperbolic
equations. Some of these arise from fluid-to-fluid heat exchangers, while others describe
fixed-bed adsorbers. In these latter cases, there is no spatial derivative in the equation
for the solid, since it is not moving. The centered difference equations have proved

excellent for these problems also.

This is demonstrated by the simulation of a counter current heat exchanger where we

experience two or three partial differential equations as model equations in the chapter 4.

3.4-1 Nonlinear Parabolic Equations:

One of the most important applications of numerical methods is solution to nonlinear,
partial differential equations. Several methods for solving quasi-linear equations have
been developed that result in linear finite difference equations which can be solved by

existing algorithms and which do not involve excessive iteration. These methods are used
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with finite difference analogs which are centered midway in time between the old and the

new time steps. The general quasi-linear parabolic equation is

)2+ e+ [ = 24 VS

In order that the equation to be quasi-linear, these coefficients must be functions of

‘u’only and not of its derivatives. The general finite difference equation to be used for
solving (3.4-1) is the Crank-Nicholson equation, and various methods of handling the
nonlinear coefficients are used in conjunction with this method. For many quasi-linear
equations, the boundary conditions are linear and can be handled by methods discussed
previously.

In order to study the various methods to solve the quasi-linear parabolic equations, it is
sufficient to consider the following partial differential equations with some non linear

coefficients. All other non-linearities can be handled in a similar way.

[«

Following are some of the efficient methods to solve the above equation numerically.

8u Gu

3.4-2

3.4-2 Iteration using old value:
The Crank-Nicholson analogs to the derivatives are centered about the time level

t,.1,,-An analog to the nonlinear coefficient, a(u), is required at this time level; and, if the
resulting finite difference equations are to be linear, analog must not contain values of
at the time level 7,,,. The simplest analog is obtained by evaluating a(x) at the old time
level and using for a(u,,,,, ). If the function a(u) does not change very rapidly with u, the
solution to the resulting finite difference equations should be fairly near correct values.

These values can be improved by next evaluating a(u,,,,) as a[(un + 2 )/ 2 J where

n+l

u,., is the value obtained when a(u,) was used for alu,.,,, ). The result of a continuation

of this procedure is the following iterative equations:

(m) (m+l)
.+ ;
a ul n+1 1 !2x( l(y;:]l))_ in+l :,n 34_3
2 2 At
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u - 2ui,n + ui—] N

. 2 _ Ti+ln
where ; A, = o 3.4-4
and ui, =u, 3.4-5

i) = 4" within a predetermined tolerance. The resulting

in+l

Iteration ts continued until

finite difference equations are linear in u,.(;’:]’) with the coefficient matrix being

tridiagonal so that the Thomas algorithm can be used for the solution. This method
should converge in three or four iterations. Notice, however, that the first analog to

a(u,m , 2) is completely forward, so that there will be some limitations on the size of the

time increment to ensure stability.

3.4-3 Forward projection of Coefficient to Half Level in Time:

Douglas has devised a method for projecting the value of  to the half-time level for use
in the nonlinear coefficients. This method has less stringent restrictions on the time-step
size for stability and converges more rapidly than the method described above.

For this method the value of the dependent variable at the half level in time is obtained

from a truncated Taylor series as follows:

\ 2 2
SONPRYRN (CC I (0 T A e ﬁ) ot 3.4-6
: ) \2 ) a? ) 22

The series in equation (3.4-6) is truncated after the second term to obtain a second-order-

correct analog to #,,.,,,.The time derivative in this analog is then obtained from equation
(3.4-2). The resulting finite difference analog for to be used in the nonlinear coefficient
is;
At 2
ui,n+l/2 = ui,n + —2—[61(1/!!-’" ) xui,n 3.4-7

This value is then used in evaluating a(u) for use in the Crank-Nicolson analog to (3.4-2).

The resulting finite difference equation can be written as;

o ol b, Ll o) Bie
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The values of, u,,,,which result from the application of equation (3.4-8), can be

corrected by an iteration procedure similar to that described in the previous section. The
need for such a correction can be determined experimentally and usually is found
unnecessary. It might be more advisable to decrease the time step rather than to iterate.

The set of equations thus obtained from equation (3.4-8) are solved by the Thomas
algorithm. Such procedure has been proved to be very efficient for the numerical solution

of a number of quasi-linear, partial differential equations.

3.4-4 Backward Taylor series Projection:

An analog to u,,,,,, for use in the nonlinear coefficients can also be obtained from a

truncated Taylor series written about the time level¢, ,,,. In this case, the Taylor series is

2 2
U, = U 170 —(—a—?{) é£+ 0 1; —1—(9—{) - 3.4-9
’ ’ Ot /i pinin 2 o™ ) . 22

Again, the Taylor series is truncated after the second term to obtain a second-order-

correct analog, and the time derivative is obtained from (3.4-2).The resulting' finite

difference equations can be written as

[a(ui,n) 2qui,n+l/2 = u—{%—z‘& 3.4-10

This equation is not explicit, but the resulting coefficient matrix is tridiagonal. The values

of u,,.,,,can thus be readily obtained, and these are used in a Crank-Nicholson analoé to
(3.4-2), which is

ui n+l —uin
—_— 3.4-11

1
[a(ui,n+l/2 )]EAZX (ui’" * u"’""t): At

The values obtained can be refined using the iteration scheme given in section 3.4-2

3.4-5 Centered Taylor Series Projection:

The centered Taylor series projection for u,,,,,,can be obtained from the Taylor series
for u,,,.,,and u,, written about the levels, ,,,. In this case a(u,.,,,) 1s used for a(u,.,m ,2),

and the resulting finite difference equation is;
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[a(ui,n )]';_ Azx (ui,n +uri;n+]/2 ) = u‘—nzit% 34-12

The values of u,,,,,,obtained from this implicit equation are then used in (3.4-11) to

obtain the values of u, ,.This method is called a predictor-corrector method by Douglas.

in+l

All the above discussed methods are implemented using MATLAB. The codes generated
are used for developing the results. The results are given in the chapter S of this report.
The programs for the above methods are given in Appendix A4.

Further, all these methods discussed above can be used for the solution of non linear
coupled (more than one) partial differential equations.

These equations are successfully used to simulate for the enthalpy and material balances
describing a packed bed reactor. The equations can be easily coupled with the reaction
term also. This is included in the simulation of an isothermal packed bed reactor with
second order reaction as demonstrated in chapter-4. Computer program is given in the

Appendix A4.

3.5 Nonlinear Hyperbolic Equations

Most of the méthods described in the previous sections can be adapted for use with quasi-
linear, hyperbc_’)lic equations. As one of the more important applications of numerical
methods of solution of hyperbolic equations is to those with split boundary conditions,

the methods will be illustrated on this system. Consider the equations

5 [%z_] e )= 2

ov

+b, (%} s~ )= 2 3.5-1

More generally, the coefficients of the space derivatives could also be functions of « and
v, but the methods of handling the nonlinear terms would be the same.
The nomenclature and indexing for the centered difference method applied to a split

boundary value problem is illustrated in Figure (). The derivatives are centered about the

point x, ,,, ¢,.,,, for the variable # and about the point x,,,,,,?,,,,, for the variable v.

Actually, this is the same point in space, but the x index is shifted for the two variables.
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It is necessary then to evaluate u,_,,,,,,and v,,,, .., for determining the c,{,v)and

c,(u, v)in the centered difference equation.
A method of straight iteration using old values similar to that described in the previous

section can be used. The average of the two values at the level ¢, must be used for the

starting value; as a result, the starting value of the nonlinear coefficient c, (i, v) is

1 1
Clo (ui—IIZ,n+1/2 sVir1/2,n41/2 ) = {5 (ui—l,n +u,, )’E(Vi,n +Viim ):| 3.5-2

The starting value for c,(u,v) is defined similarly. With c,and ¢, being known, the
centered difference equations, such as (3.3-20) can be used to compute the values of

U;,, and v, .. by one of the algorithms. These values can be further improved by an

iterative process similar to that described in previous sections.

Forward Projection:
The forward projection method described in Section 3.4-3 is also readily adaptable to
hyperbolic systems. The Taylor series of equation (3.4-6) is written about the point

X, 1,2-%, for the variable u, and it is also truncated after the second term of the series. The
time derivative is evaluated by equation (3.5-1). The values of the variables u, /2., and

V.2, are evaluated as the average of the values at the two grid points on either side.

These values are used both for evaluating the nonlinear coefficients and in thé’ term

(u — v) .The finite difference analog of the space derivative is second-order correct and is;

(a_uj _ui,n—uj—l.n 3.5-3
ax i-1/2.n Ax ‘

The resulting relation for u,_,,,,.,,,, is;

7

Uitz = Wizn — % {bl (ui,n —Uin )/ Ax + [Cl (ui—]!2,n sViv1/2.n )Kui—l/2,n “Vir2n )} 3.5-4
where
1
ui—]/Z,n = E(uf_n + ur‘—l,n ) 3.5-5

Similar equation can be written for the dependant variable v, 1o~
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Using the value from equation (3.5-4), the values of the nonlinear coefficients,

o (u, v)andc, (u, v), can be computed. These can then be used in the finite difference
equations, and, and the values at the new time level, u,,,,andv,, ,,, can be computed.

The difference schemes for some of the examples involving the forward difference
equations for non linear hyperbolic equations are discussed in the next chapter.
The program for such an example is given in Appendix A4.

Results and discussions are given for the particular example in the subsequent chapter.

3.6 Nonlinear Boundary Conditions
All the second-order methods described in the previous sections have been applied
satisfactorily to all types of linear boundary conditions without any complications in the
use of existing solution algorithms. These algorithms can be used on problems with
nonlinear boundary conditions with little additional complication and with a negligible
increase in computer time. The method of handling nonlinear boundary conditions can be
described easily for a single parabolic equation so that the resulting finite difference
equations are tridiagonal and can be solved by the Thomas algorithm.
Consider heat conduction in an insulated rod, which is described by
Fu_ou
oxt ot

Let one end be held at a constant temperature and the other end receives heat by radiation

3.3-1

from a constant-temperature source. These boundary conditions are

u=u,
si—ut)-2 20 3.6-1
Ox
with the initial condition
u=u, 3.6-2

In this case the temperature has been divided by the absolute temperature of the source of
radiation in the normalization process. The parameter‘s’ in equation (3.6-1) is
dimensionless and contains the cube of the source temperature, the Stephan-Boltzmann

constant, and the thermal conductivity and length of the rod.
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The Crank-Nicholson equation can be used for equation (3.3-1) as shown in the previous
sections, and the boundary condition at x = 0 can be handled readily as done previously.
Consider that the grid points are arranged as shown in the figure; 3.3.The backward
analog to should be used at x=/ to ensure against oscillation of the computed values
ofu, . This value can be obtained from equation (3.3-9) as

2 2
Upipa T [— 2 - £AL):|uR’M1 Uit = [— (Ax) jluk’n 3.6-3

At At

The discrete analog to the boundary condition of equation is ;

Ugitnnt “Upaps
S(l—uloé,nﬂ)_ 2L 21(AJC)R Ll =0 36"4
Or
uR+1,n+1 = uR—l,n+l + 2S(A7CX1 - u;,"“ ) 36-5

When the value of u from equation is substituted into equation as was done with the

linear boundary condition, the resulting equation is nonlinear in u, , , and this is one of

-

the unknowns to be evaluated.
If this equation were linear, it would have been written as the last equation of the
tridiagonal system and would be

G, +bru, =d, 3.6-6
where a,,b,, and d, are known constants. Since this equation is nonlinear, we write it
as;

Apup_, +bpti, = h+gu,y 3.6-7
where a,,b,, 4 and g are constants. Now we write this as the last equation of the
tridiagonal set of the difference equations. All the rest of the equations are linear. Thus

the first half of the Thomas Algorithm, as given in the appendix, can be applied exactly

as shown except for the computation ofy,, which is alsou,,, . In place of this

I

computation, cT‘oefﬁcients in a nonlinear equation containing only u, ., are computed.

Ron+

This equation is;

h_aR7R—1 + g

up .. 3.6-8
By B

Upnit = VR =
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or
4
uR,n+l =p+un,n+l 3.6'9
where p and g are constants as defined in equation. This equation can be solved by a

number of techniques. Once the value of is u, ., determined, the back half of the

Thomas algorithm can be used to obtain the restof #,, ;.

Hence the non linear boundary can be handled with a negligible increase in computation

ttme. Here we determine the value of u,,, from non linear relationship given by

equation using the method of false position, or regula falsi method. This method gives
assured convergence. The algorithm for the regula falsi method is given in Appendix AS.
The entire difference equations are developed and implemented using the program code

given in Appeﬁdix A4,

Similarly we c‘an handle the situations with non linear boundary conditions at both ends.
In this case however, we need to first consider initial assumptions at one boundary and
carry the forward calculations as was done with the case of single non linear boundary
conditions and further the back calculations are carried to refine the initial assumptions
using a similar analysis as shown above.

The results obtained are discussed in the chapter 5.
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CHAPTER 4
ENGINEERING APPLICATIONS

App_lications to Engineering Problems:

In this chapter we apply the numerical schemes developed in the previous chapters to
a number of engineering problems. The examples considered are quite general, but
they can be used to simulate a number of systems where such types of equations are
found. The fundamental difference equations are developed to treat a particular type
of system with a set of initial and boundary conditions. The computer programs given
in Appendix A4 are based on these numerical schemes. A reference can be taken
from the Appendix for various algorithms used to solve the linear system of equations
developed here in this chapter.

The results obtained from these schemes are discussed in the next chapter.

4.1 Heat Flow in Insulated Rod:
The heat flow in an insulated rod is modeled by Diffusion equation as given below.

The equation may be having constant parameters multiplied on both sides of the

equation.
2
u_ou 3.3-1
ox ot
1u(0,£)=0 all t
u(l,t) =1

u(x,0)=0 all x.
This equation is in dimensionless form and all the variables are normalized.
Following are the resulting difference equations when the respective analogs for the
partial differentials are substituted.

for2<i<R-2

2 2
Ui 1 T+ !:_ 2- 2(ﬂ)~‘j,u:,n+1 F Uy = U, — UL, T [2 - z(ﬁ)_]ui » 4.1-1
’ At ‘ ' ’ ’ At ’
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for i =1
Ax 2 2
[— 2-2 ( At) }ul,nﬂ + Uy, = |:2 — 2—(—A—Axtl—:|u,’,, —u,, 4.1-2
fori=R-1
Ax ) Ax )
Up 2ne1 T [_ 2— ZLZt)—':luR—l,rﬁ-I =Ugon T l:z -2 ( At) }ule—l,n -2 4.1-3

These result in a set of linear algebraic equations that can be readily solved using

Thomas Algorithm A2 for the estimation of dependant variable.

4.2 Heat Flow in Tapered Rod

Here we consider the heat flow in a tapered rod with some moving boundary
conditions. The equation consists of both Diffusive and Convective terms. Here the
term ‘p’ is dimensionless combination of parameters that describe geometry and heat

transfer characteristics.

2
G ?+3[§£_pu]=ﬁ‘_ 4.2-1
ox x\ Ox ot
subject to;
u(l,t) =1
ou
——pu=0 atx=0allt 4.2-2
ox

u(x,0)=0 all x
We define: x;, = (1' —1/2)Ax and the step size is given as;Ax =1/ R
Next we use the Crank-Nicholson method to derive the difference equations as given

below.
for 2<i<(R-1)

) 32 ;

2i—1 2i -1 At 2i -1

. . 2
~ [ 2i—3 ju,-_l,n ~ [ 2i+1 )um,n . [2 L4 p(ax)  2(ax) ]uw

2i—1 2i—1 2i—1 At
4.2-3
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for i=1

[_ , _Ap(ax) 2-plax) 2(ax)
2i—1 2+ p(Ax) At

:iu11,n+| + 3”2,n+| =

[2 L 4p(ax) 2-plax)  2(ax)’ }, 3
2+plax)y  Ar |V 2

4.2-4

2R-3 4p(Ax) 2(Ax) 2R+1
[212 1)%"’”“{_2_ 21;?( 1)_ (A) - Juk’"ﬂ N
— _ ¢ 2R—1

- [ZR — 3)uR_,’n - 4(2@] {2 N 4p(ax) 2R+1 2(&)2}

2R-1 2R—1 2R-1 2R-1 At

4.2-5
This set of equations again constructs a tridiagonal system of linear equations that is
readily solved using Thomas Algorithm as given in Appendix A2. The results

obtained are explained in chapter 5.

4.3 Countercurrent Heat Exchanger
The equations that model the transfer of heat in an unsteady state countercurrent heat
exchanger are purely convective as given below. These equations are a result of heat

balance of fluids (cold and hot) flowing in the countercurrent heat exchanger. Here
4’ is the dimensionless temperature. The parameters b, and b, are dimensionless
velocities of the two streams and the parameters ¢, and ¢, contain the coefficient of

heat transfer between the two streams.

2 -(3)

o 5 4.3-1
b,| — |+ —v)={—=
2[8)‘:) cz(u v) (at)
Subject to;
u(x,0)=0 x>0 4.3-2
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u(0,0) =1
0)=0
v(x,0) all t 4.3-3
u(0,7) =1
v(l,z) =0

We define x, = i{Ax) for u and x, = ( —1)(Ax) for v.
The difference equations generated as a result of application of difference analogs

given in the previous chapter (section 3.3-3) are;

for 2<i< R-1

b, c, 1 b, ) 1 i S
———A—x-f—z-—{——g u'-_l,n_‘q + E-F?‘FE u,-,m_l -+ __2_ vi,n+l + —E- vi+l,n+1 =

b 1
(_bl__._c_l_‘_ 1 )ui—l,n +(——]——C—I+E‘ju1,n +£l—(vi+l,n +vi,n)

Ax 2 At Ax 2 2
4.3-4
and
—CL U 10041 + 52“ U, T _EZ___C_Z__I__JVI n+) +(ﬁ—_&—i‘)vi+] nyl —
2 Sl 2 ’ Ax 2 At ) Ax 2 At ’
——ci(u,.n+ui_1n)+ ~b—2—+52——i vin+(—éz—+—c—2——l~)v£+,n 4.3-5
2 ’ ’ Ax 2 At} " Ax 2 At ’

The boundary condition equations are found by substituting their values in equations
for i=1 and i=R. The resulting equations form a bi-tridiagonal coefficient matrix that
is solved using the Algorithm given in Appendix A3. Results are discussed in chapter

5.

4.4 Isothermal flow reactor )

The model equation given below is a Convection Diffusion equation usually
describing the flow of mass in a variety of reactors such as packed bed catalytic
reactor and Adsorber etc.The equation also contains a source term to account for the

reaction. The dependant variable u, is the dimensionless concentration.

82u_s_a£_ru2 _ Cu

> — 4.4-1
Ox Ox (51
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Subject to the boundary conditions;

u(x,0)=0 forall x 4.4-2

Ou —=0; atx=1,allt 4.4-3
ox

— + s(l u) =0 atx=0, allt 4.4.4

The equation is a non linear partial differential equation. We apply the Crank-
Nicholson equation. The resulting finite difference equations are;

for2<i<R-1

2
[1 + E.(__A_x._)_:iui_l,nﬂ + {— 2 — r(Ax)z Ui p1r2 — 2(AJC) :Iu,.,,,,,l + [1 — i(—;‘.—x—)-}uj.{,l,n-}-l =

2 At
2
- |:1 + f%jlui—l,n - |:1 - S(—;Ax)-}ui+l,n + [2 + r(Ax)2 ui,n+l/2 - 2(if) }ui,n
4.4-5
With
At Ax slAx
ui,n+1/2 = ui,n + 2(A}C)2 {[1 + S(z ):|uf—1,rr + [1 - —(—2—):|ui+l,n + [2 + r(Ax)z ui,n }’li,n}
4.4-6
for i=1
2(Ax)? Ax Ax
{“‘ r(Ax)z Uy palr2 — _(—At_) - [1 + S(T)]}ul,n-’-l + [1 - S(T)']uz,nﬂ =
2
- [l - S(Ax)j]uz »t {V(Ax)z U pe1r2 _.%(ﬁ)__{_“il + M:’:!}ul n 2S(Ax)
2 ) ’ At 2 ’
4.4-7
with
At Ax Ax
Uiz = Uy, + INE {[1_ S(z )j]u” + s(Ax)— [ _S(_z_)+ r(Ax)zu,’n :lul,n}
4.4-8
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For i=
Ax 2(Ax)® Ax
{1 + S(z )}‘R—l,n + {_ r(Ax)2 Uiz — —(Z% - I:I + LS(*Z_Q}}”RJH] =
Ax 2(Ax) Ax
- l:l + 8(2 ):|uR-l,n + {r(Ax)z Up nsisz — _(.A-tl + [1 + f(—z“‘)]}ule,nﬂ
4.4-9
With;
At Ax Ax
Upparia =Upp + 2(Ax)2 {[1 + S(2 )j'un—l,n — [1 + i(z—) + r(Ax)zuR,,, }uR,n}
4.4-10

The resulting equations here again are tridiagonal in nature and are readily solved.
This example illustrates the simplification of a number of reactor models. The results

and the concentration profiles are discussed in chapter 5.

4.5 Parabolic equation with small dispersion coefficient
This problem illustrates the effect of dispersion coefficient on a Convection Diffusion
equation and shows the numerical instability introduced by the Convective term

The differential equation to be considered is;

2
o I;—biu—=% 4.5-1
Ox ox ot

The above equation describes the one dimensional flow of a fluid with dispersion or

diffusion. Here the parameter b is the ratio of the velocity of flow to the dispersion
coefficient.

When the dispersion coefficient is small, or the parameter b is very large, the
adjoining term becomes the controlling term on the left side. Under such conditions
the numerical solutions at a given time interval oscillaté around the true curve. We
firstly develop the difference analogues for the partial differential equation.

By Crank Nicholson analog;

&%u 1) u, —2u,, +u,_ U, —2u, ., +u,_
( ~ i+1,m in i-1.n + i+1,n+1 i,a+l i~1,n+1 4.5_2
i,n+%

ox? 2 (Ax)? (Ax)?
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ou U, .U, J’u (AD)?
and = — i+l in . A 4.5-3
{ax ) ol (A7) Geiness 24
0 1 il — Yiilns U, , —U;,
(_Uj ~ __(u.,n 1 Lart B 1, J 4.5-4
OX )i 112mi12 2 Ax Ax
Substituting these analogues in the equation 4.5-1 we get the following difference
equation
2
(1 + be)ui—l,n+l + [—_ 2 - bA‘x - ZAx ]ui,n-ﬂ + ui+1,n+[ =
2Ax?
(— bAx — 1)1«1,-_1’,1 + [2 +bAx — Ar Juj,n —UiiLn 4.5-5

This numerical scheme can be tested for different values of & and Ax to study the
convective effect. The results obtained for such a system, as a result of

implementation of above scheme are given in chapter 5.

4.6 Heat flow in a rod with heat received by radiation at one end
This application explains the methods to handle the non linear boundary conditions.
For understanding purpose we may consider the simple Diffusion equation with non

finear boundary arising as a result of radiative heat transfer. The equation is;

2
Ou _ou 3.3-1
Ox ot
Subject to;
u(x,0)=u, all x.
w0,t)=u, allx
4 au
s(l—u )———=0 at x=1 andt 4.6-1
ox
Let x, =z‘(Ax)
The resulting finite difference equations are;
Ax? ?
U 3o T ,:— 2-2 j]ui wrt T Ui = T U, U, T 1:2 —2 —(E)—:lui , 4.6-2
’ At ’ ’ ’ ’ At '
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for i={

2 2
[— 2-2 (Azt) ]umn Uy = Uy, — 20Uy + [2 - 2(—2—’;—) }u,m 4.6-3

For i=R
Here we use the backward difference equation to prevent oscillation in the values of

the dependant variable.

Ax)* Ax)?
2”19,n+1 + [_ 2~ (At) Juzo,nﬂ = [" ( At) Uy, — 23(“)] + 2S(Ax)u;0’,,+, 4.6-4

The first half of the Thomas Algorithm is implemented till the computation of g3,

and y, , . Hereafter we follow the method discussed in previous chapter (section 3.6).

(Ax)*

Pr=-2~ Al —2/ fp, 4.6-5
then, we have;
Up 1 = VR = (dr —agyra)/ Br 4.6-6
Ax 2

= [* ¢ At) Uy, —25(Ax) - a, ;V,HJ/BR +[2s(ax) 7 By b oo 4.6-7

Comparing equation with equation , we get;

2

)2 =[—£—A—z;)~u&n —ZS(Ax)—aRyR_IJ/ﬁR and; 4.6-8
g = 2s(Ax)/ B, 4.6-9

The function to determine the value of u,, ,,, using regula falsi method is;

S =Pprquy,,, —tg,., =0 4.6-10
Thus we obtain the values of u,, ., . Thereafter we can implement the remaining half
of the Thomas Algorithm for the estimation of the all the remaining values of #«,, ,, .

Thus the nonlinear boundary conditions are easily handled and their solutions are
numerically comparable to that obtained by FEM (Finite Element Method) as will be

shown in the next chapter.
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4.7 Shrinking core model:
The model equations developed by this method are used for the concentration
analysis of
Catalytic packed bed reactors, slurry reactors, and bubbling fluidized bed reactors.
The model equation is given as follows. The equation holds true for first order
reaction.
d’¥  2ad¥ _
dA’> A dAa
with the boundary conditions;
=1 at A=1

O =0 4.7-1

and Y = finite at 1 =0 4.7-2
; kl pcS . s 3 M
here ® = R ——D——"— = Thieles modulus and is a dimensionless term.

The equation is derived for steady state conditions. AlsoW¥ is the dimensionless
concentration. We derive the difference equations for this differential.

Using the difference approximations for second and first derivatives as mentioned in
the previous chapter, the following difference equations are formulated.

Uy, —2u, +u, 4 2 u,,—u
Ax? i(Ax) 2Ax

it _@%u, =0 4.7-3
This equation can be rearranged as;
[1 —l}u,_l + 2 -0 (ax? )k, +li1+l_j|u,+l =0 4.7-4
l z

The above difference equation is implemented on MATLAB and the results obtained

are compared with the theoretical result which is given by;
W = %(sinh ®A/sinh ©) 4.7-5

The detailed discussions are carried in the next chapter.
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CHAPTER 5
RESULTS AND DISCUSSIONS

In this chapter, the numerical results obtained as a result of implementation of the
various finite difference equations for a number of situations are presented. The finite
difference equations so developed in the previous chapters are to be tested with a
number of alterations to prove their efficiency and accuracy in handling the
Convection Diffusion equations.

All the problems discussed assume that the equations derived are normalized and
dimensionless.

The results are obtained from the different MATLAB codes generated in cohesion
with the formulated difference equations (as given in the Appendix A4).

The results are checked for a number of parameters such as Convergence, Accuracy,
Sensitivity, Stability and Error analysis. The various engineering applications that are
discussed in the previous chapter are also included for result analysis in a serial-wise
manner. The program codes are so written thélt they can be run for a number of
variations in step sizes and other parameters. Most of the times, the accuracy of the
results are compared with those obtained from ‘PDEPE tool box’ of the MATLAB
software.

This tool box is based on the ‘Finite Element Method’ for partial differential
equations.

The programs are written in such a way that the user can enter the step sizes and
ascertain the boundary and initial conditions. The script files written in MATLAB
simulate the given problem with these inputs and calculate the results. The files are so
written that the user can watch the value of the dependant variable at a particular
instant of time and space. There is provision of plotting the dependant variable
against the time and space as variables at the user prompt. At the back end, the step
sizes and parameters so entered are passed to the programs written with PDEPE tool
box and thereafter are compared with those obtained from the simulation of

difference equation. This allows to carry out the error examinations.
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5.1 Heat conduction in uninsulated tapered rod
Consider the problem of heat conduction in an uninsulated, tapered rod. The

differential equation (Convection Diffusion) for steady state conditions is;

d*u 2 du 2p
A u=0
dx* qg+xdx q+x 5.1-1

The length variable, x and the temperature variable, u, are dimensionless and
normalized.
The constants ‘g’ and ‘p’ are dimensionless combination of parameters which
describe the geometry and heat transfer characteristics of the rod. These are defined
as;

= hTL 1+ -f4—2 and g = Do

where L is the length of the rod.

4 is the coefficient of heat transfer between the rod and surroundings.
k is the thermal conductivity of the rod.
fand Dy define the diameter, D, of the rod by D = D0 + fLx.
Consider the simplest boundary conditions as:

u(0) =0 and u(l)=1 5.1-2
The finite difference approximations for this equation are developed in the section 3.2
On implementing the program written in the Appendix A4 we get the following
results.
For g=1,; p=80 and step size of Ax= 0.1, we get the following plot as shown in figure
5.1
The figures show that the results are converging towards 1 and are not sensitive to the
step size (no oscillations). For error analysis we compare the numerical value of the

dependant variable with the analytical value at x=0.9.

Analyticalvalue — Numericalvalue

Seerror = x 100 5.1-3
Analyticalvalue
Yoerror = 0'4192(())84_1 8'210193 4849 100 = 54.83%
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The analytical value forx = 0.9 is 0.419208.
For Ax =0.01

Yoerroy = 0419208 — 0.3856 1 _ ¢ 515304

0.419208
Further on running the code for Ax =0.001 and 0.0001 we get 0.69 % and 0.0954%

error respectively. Thus the difference scheme is efficiently representing the given

differential equation.
b) Consider the same differential equation discussed above with a changed boundary

condition as;
du
—(0)= 5.1-4
- (0)=¢2

We take trials for g= -70. The resulting figures are shown in the figures 5.3 and 5.4
We see that the solution is converging towards 1 even with this case. It is noticed that
the solutions are converging and the wvalues for Ax =0.0/ and Ax =0.00] are
comparable and thus the results obtained are accurate with a truncation error.

c) Consider the moving type of boundary conditions of the type for the same

differential equation

gx’i(o)—Hu(o)z —g 5.1-5

where; H = l;c—L = Nusseltnumber

The figure obtained on inputting the values g=2.5 p=80,g=10;H=300 for Ax =0.001
is shown in figure 5.5 , for Ax =0.005 in figure 5.6. The obtained results are
compared at x=0.6 and found to be satisfactory. Thus the developed schemes are
working well with moving boundary conditions and give comparable values of the

dependant variable .
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5.2 Diffusion Equation

Consider the one dimensional diffusion equation. The equation is purely parabolic.

2
a t; :@_ 5'2_‘1
Ox ot
the boundary conditions are given as,
0,2)=0
wWO.0=00 1 5.2-2
u(l,2) =1
With an initial condition given as;
u(x,0)=0;, x<1 5.2-3

We have already developed the difference equations for the above Diffusion equation
via three methods. We present them serially.

a) Forward Differences:

The difference equations using this method are given in sections 3.3-1a. As already
mentioned this is an explicit method and imposes a criterion on step sizes for stability
of the solution. The stability criterion is Az/Ax? = 0.5

A plot to illustrate violated stability condition is shown in figure 5.7. Here we used
Ax =0.1=At.

Next we use the step size along time dimension that is well-matched with the stability
criterion. For a step size of Ax =0./, this comes out to be A¢ =0.005.

The subsequent plot obtained is shown in figure 5.8.

The overall percent error obtained in the method when compared with the PDEPE
tool box solution is: 2.682149%. We use the same formula for evaluating the percent
error as given in equation 5.1-3 except for the analytical term is replaced by the one
obtained from PDEPE tool box. The error initially is too high, because the value of
the dependant variable changes very slowly, i.e. at successive grid points for every
time interval. The error can be further reduced, but at the expense of huge
computational times.

The figure 5.9 is obtained using the PDEPE tool box of MATLAB and figure 5.10 is

the result from finite difference schemes. The profiles from the figures are

comparable.
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b) Backward Differences:

The difference equations for this method are described in section: 3.3-1b.

The system does not suffer any stability criterion and reduction in step size entirely
depends on truncation errors. The error obtained for step size Ax=Ar = 0.01 is:
2.563%.

Further the error resulting from Ax=0.1 and A¢=0.01 is 1.9135 %. A table showing
the error values for different step sizes is shown in Table: 1

The respective plots obtained are shown in figure 5.11, 5.12, 5.13, 5.14.

c¢) Crank Nicolson method:

In this method we use the central difference equations to approximate the given
partial differential as is described in the section 3.3-1c.The method is stable for all the
ratios of Ax/ Ar . Further the method gives the most accurate results for Ar < Ax step
sizes. One such trial for Ax =0.1 and Ar=0.01 is run and the percent error is found to

be 0.60528%. The respective plots obtained for these values of step size are shown in

figure

Finally we present a tabulated form of the percent error found in each of the methods
(Forward, Backward & Central Differences) for different step sizes along the length
and time dimension. This is given in Tablel.

From these tabulated error analysis, one may easily conclude that the Crank
Nicholson (Central differences) equation is the most effective method as compared to

others.

The error obtained is too low to be considered and thus the equations depict the real

situation of the physical problem.
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Ax At Percentage Error Remarks
Forward Backward Crank-
Differences Differences Nicolson
0.1 0.1 Not applicable 4.81672 4.6961523 Crank-
Nicolson is
better
0.1 0.01 Not applicable 1.9135264 0.6052854 Crank-
Nicolson is
better
0.1 0.05 Not applicable 3.39369 1.650292 Crank-
Nicolson is
better
0.1 0.025 Not applicable 2.59934 0.8888068 Crank-
' Nicolson is
better
0.01 0.01 Not applicable 2.56344 1.5665114 Crank-
Nicolson is
~ better
0.01 0.001 Not applicable 1.41275 0.6609212 Crank-
Nicolson is
better
0.01 0.005 2.682149 2.14429 1.1033498 Crank-
Nicolson is
better

Table:1 Comparison of difference methods for Diffusion equation

67




Results and Discussions

Dependant varieble U

0.9

0s

0.7

0.6

0.5

0.4

03

0.2

0.1

solution of Diffusion equation using PDEPE

1

T

T T T T

—r

—

- S S P
2 0.3 0.4 05 0.6
Position vector X

Figure 5.11 Diffusion equation (PDEPE Tool Box) Ax = 0.01, Ar =0.01

Plot of dependant variable U vs dimensioniess length for a particular time ¢

T

T T T

b

i = . ,_i'__:__,*_‘i —

= i
0.2 0.3 0.4 0.5 0.6

Position(X)

Figure:5.12 Diffusion equation (Backward Differences) Ax = .01, Ar=0.01



Results and Discussions

Piot of dependant variable U vs dimensiontess time for particular position X
1

0.9

0.6 S - E R

0.7 B g e R - S
% 0.6 (I S S
> 05 ./ e
"
0.3 ///
02 / / /

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
Time (1)

Figure: 5.13 Diffasion equation (Backward Differences) Ax = 0.1, A7 =0.01

Piot of dependant ariable U ¥s dimensionless time for pasticular position X

1 T - T e} e D S e

05 0.6 0.7 0.8 0.9 1
Time (%)

Figure: 5.14 Diffusion equation (Backward Differences) Ax = 0.01, A7 =0.01
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Piot of dependant wasiable U v's dimensioniess length for a particular time t
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Figure: 5.15 Diffusion equation (PDEPE Tool Box). Ax = 0.1, Ar=0.01
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Figure: 5.16 Diffusion equation (Crank Nicholson). Ax = 0.1, Ar=0.01
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Plot of dependant variable U ws dimensionless time for particular position X
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Figure: 5.17 Diffusion equation (Crank Nicholson). Ax = 0.1, A7 =0.01
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Figure: 5.18 Heat flow in a tapered rod (Crank Nicholson). Ax = 0.1, A7 =0.01
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5.3 Heat Flow in a Tapered Rod (Unsteady state):

The governing equations are

2
d 3+£(6_u_Pu):@ 5.3-1
Ox x\ Ox or
subject to;
u(l,t) =1

ou

——pu=0 atx=0allr 5.3-2

ox

u(x,0) =0 allx

The numerical difference equations are developed using Crank Nicholson method and

are mentioned in the section 4.2

Here we present the results. When the difference scheme is run for Ax =.0.1 and Ar¢

= 0.01, we get the profiles as shown in figure 5.19 and 5.20. Here we observe that the

proﬁlés do match to some extent, but the percentage error calculated achieves a
greater value of 28.01%. The high error can be devoted to the oscillations brought in
the numerical scheme by the convective term. This erratic profile can be stated from

figure 5.18. The convective term is multiplied by the reciprocal of x. This extends the

effect caused by Convective term. The equation no more possesses the parabolic

characteristics and develops hyperbolic nature. The PDEPE tool box which we are

using for error analysis do not support for the solution of hyperbolic equations. Hence

the tool box cannot be used to handle such situations. This it can be presumed that the
difference equations are simulating the situation more powerfully than the PDEPE

tool box.

5.4 Shrinking Core model

The difference equations that are derived in the section: 4.7 are simulated. The results
are compared with those obtained by analytical solution for error analysis. The
dimensionless concentration profiles are shown in figure 5.21 and 5.22. The error
obtained for Ax =0.001 is 0.2045%. The results are converging towards 1. Hence the
developed numerical scheme is efficiently simulating the given steady state system.
This difference scheme thus can be used to simulate the model equations of a number

of reactors under steady state conditions.
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Piot of Dimensionless Concn ¥s position vector(X) using Finite Differences
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Figure: 5.22 Shrinking core model (Analytic Solution) Ax = 0.001
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5.5 Isothermal Flow Reactor with a Second order Reaction:
The flow equation describing the concentration in an Isothermal flow reactor with a
second order reaction can be depicted by a second order non linear partial differential

equation (Convection Diffusion equation). This equation is as follows

L . 5.5-1

Subject to the boundary conditions;
u(x,0)=0 forall x

_6_u =0;, atx=1, all ¢ 5.5-2
Sx

The second order partial differential accounts for the molecular diffusion. The single
partial differential with respect to space is representing the convective or bulk flow of
mass where as the term 7z” is the source term accounting for the reaction occurring.
The difference equations for this non linear partial differential are developed in the
section: 4.4

Here we shall discuss the results obtained after simulation of this system.

For the step size of Ax =Ar=0.1 we get the profiles as shown in figure 5.23.

There is some sort of oscillation in the initial time period. This is because the non
linear terms are dominant and the linearization of this term is insufficient with these
step sizes.The percent error in the calculation is 4.1596618%.

When the step size is reduced to Ax =Ar=0.01, the error is 1.360%.

Further for the step size of Ax =0.01 and Ar=0.001, the error is 1.04714%

The profiles for both PDEPE tool box and the difference schemes are exactly
matching as can be seen in the figure: 5.24, 5.25, 5.26, and 5.27.
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Figure: 5.23 Isothermal flow reactor Ax = Ar=0.1
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Conoeﬁtrahon profites in a flow reactor with second ontermactuon usmg PDEPE
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Figure: 5.24 Isothermal Flow Reactor (PDEPE Toeol Box) Ax = Ar=0.01
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5.6 Countercurrent Heat exchanger
The equations describing the flow of hot and cold streams are purely convective.
These are represented by hyperbolic equations.

The equations are given as;

o 5.6-1
bz(a )+cz(u -—v):(—a?j
1(0,0) = 1
0)=0
Subject to; u(x,0)=0 x>0 ~0 all t 5.6-2
u(0,1) =
v(l, 1) =0

The differf;nce approximations for these equations are covered in the section: 4.3

The simulation results are shown here. )

Since the equations are purely hyperbolic, the PDEPE tool from MATLAB is not
applicable for this particular case.Thus only the profiles obtained by the simulations
using the difference schemes developed are presented here (see Figure 5.28, 5.29).
Further the difference scheme can be said to be converging and accurate as it is
producing the same value of the dependant variables « and v for different step sizes
(Figure: 5.28, 5.29, 5.30, and 5.31).
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Plot of dependant variable (V) Vs position vector(x)
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5.7 Heat flow in a rod with heat received by radiation at one end
This application explains the methods to handle the non linear boundary conditions.
We may consider the simple Diffusion equation with non linear boundary arising as a

result of radiative heat transfer. The equation is;

2
Cu o 5.7-1
Ox ot
Subject to;
u(x,0)=u, all x.
u(0,0)=u, all x 5.7-2

s(l —u4)——gg =0 atx=1 and ¢
The difference schemes are developed in the section: 4.6. This is clear that the non
linear boundary conditions increases the computationali times. A functional
relationship is derived for the grid point along the boundary, which is solved by using
the regula falsi method as is described in section: 4.6. A similar treatment can be

prescribed for solutions invelving boundary conditions at both the system boundaries.

Here we analyze the results. For a step size of Ax =Ar=0.1, the error is 0.3362%.For
Ax = At =0.01 error: 0.045248% and for Ax=0.1 and Az=0.01, the error is 0.0478 %
(see Figure: 5.32, 5.33, 5.34, 5.35).

We observe that the percent error in the simulation results is very less. This accuracy
can be devoted to the method of iterations used in refining the values till the tolerance

level is achieved.
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Dependant variable(U) v's time as solwad by PDEPE
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5.8 Parabolic equation with small dispersion coefficient
The difference equations for this case are derived in the section: 4.5. Here we check
the dependence of the solution for the varying values of ‘b’ .i.e for the effect of

convection dominance in the differential equation.

The condition given in the literature is; < 1. Thus if we choose the value of

b=20, and Ax =0.1, the condition is violated. The plot obtained shows severe
oscillations (see Figure: 5.36, 5.37). Next if we take the value of b as 0.005, Ax=0.1
and Az=0.01, the profiles obtained are shown in Figure: 5.38, 5.39 and the condition
is not violated. The error in the calculation is 2.303%. Thus for higher values of b one

cannot use the regular difference equations meant for parabolic equations.

From the results discussed in the various sections of this chapter, we find that the
most of the systems modelled by Convection Diffusion equations are simulated and
the solutions represent the exact characteristics of the system to a considerable extent.
However it becomes sometimes necessary to analyze the difference equations for

stability and convergence owing to step size restrictions.
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Plot of dependant variable U v's dimensionless length for a particular time ¢
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Plot of dependant variable U Vs dimensioniess length for a particular time t
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CHAPTER 6
CONCLUSIONS AND RECOMMENDATIONS

Conclusions:

In the present dissertation work, we focused on the simulation of Convection

Diffusion equations using method of Finite Differences. As a result of this analysis,

we may write the following conclusions.

Convection Diffusion equations are widely used in many chemical
engineering applications to characterize the flow properties of fundamental
modes of transfer

i.e. mass, momentum and energy.

The Convection Diffusion equations are mostly unsolved by regular analytical
techniques as these are basically non linear partial differential equations. Thus
it becomes mandatory to use several numerical techniques to simulate them.
The most widely used numerical techniques in handling the Convection
Diffusion equations are: Method of Finite Differences and Method of Finite
Elements.

The finite difference approximations are easy to formulate and can be utilized
in the development of computer algorithms for large simulation works.

The method of Finite Differences is an effective and reliable method, when
the difference equations are formulated with appropriate understanding of the
system.

In this work, the very basics of the method of Finite differences are studied.
Thereby a number of finite difference schemes are developed for various
types of changes involved in the Convection Diffusion equations, such as non
linearity, moving boundary conditions etc.

The finite difference approximations can be successfully used to discretize the
partial differential equations into a set of linear algebraic equations that can be
solved easily for solutions. This method gives significant results for a number
of applications in the field of engineering. Further, the error analysis shows
that the stipulated accuracy can be achieved by simply varying the step size of

descretization. Knowledge of the stability of the method is essential to avoid
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erratic results. This needs a considerable study of the physical behavior of the

system under examination.

= The results obtained on application of finite difference schemes to various

engineering problems are comparable to those affirmed by the PDEPE tool
box of MATLAB software (based on Method of Finite Elements).

* Thus the objective of simulation of Convection Diffusion equations using

Method of Finite Differences is realized.

Recommendations for future work:

The conclusions in the previous section imply the capability of Method of Finite

Differences as a simulation tool. The future developments that can be suggested

in this work are;

Development of various new models that involve the application of
Convection Diffusion equations.

The difference equations formulated in this work are suitable for handling
one dimensional Convection Diffusion equations. Consequently, a search
for new difference methods pertinent to multidimensional Convection
Diffusion equations can be recommended.

The finite difference schemes for coupled partial differential equations can
be formulated for simultaneous simulations of engineering systems.

A considerable study can be done in the field of error reduction and
.accuracy.

A new user friendly software can be devised that considers the formulated

difference schemes for fast and reliable computations.

&89



References

—________ _REFERENCES

[1] Bush,A.W.,Gibson, R.D.,1982. Proceedings of Polymodel4, the fourth Annual
Conference of the North East Polytechnics Mathematical Modeling & Computer
Simulation group- Sunderland. Numerical Modeling in Diffusion
Convection.Pentech Press, London.

(2] Polyanin, A.D., Kutepov, A.M., Vyazmin, A.V., Kazenin, D.A.,2002.
Hydrodynamics Mass & Heat Transfer in Chemical Engineering. Vol 14. Taylor
& Francis.

[3] Warnatz, J.1987. Physical chemical Applications. Modeling of ChemicalReaction
Systems. Springer series in Chemical Physics. Springer-Verlag New York.

[4] Smith, J.M., 1992.Design of Heterogeneous Catalytic Reactor. Chemical
Engineering Kinetics.3 rd edition. Mc Graw Hill International Book Company.

[5] Waghode, A.N., Hanspal, N.S., Shigidi, . M.T.A., Nasselli, V., Hellgard, K.,
2005. Computer Modeling and numerical analysis of Hydrodynamics and heat
transfer in a non porous Catalytic reactor for the decomposition of ammonia
Chemical Engg Science 60, 5862-5877.

[6] Carberry, James. J., 1976. Conservation Equations for Reactors. Chemical

Catalytic Reaction Engineering. Mc Graw Hill Co.

[7] WilHelm, H.Richard., 1977. Steady state operation of Fixed Bed Reactors &
Monolith Structures. Chemical reactor Theory: A Review. Prentice Hall, Inc.

[8] Dehghan, Mehdi., 2005.0n the numerical solution of the one dimensional
Convection Diffusion Equation. Mathematical Problems in Engineering .Hindawi
Publishing Corporation.

[91 Kulikovsky, A.A., 2001. Simple and accurate Scheme for Nonlinear Convection

Diffusion equation. Journal of Computational Ph)‘/sics 173, 716-729.

[10] Zhang, Jun., Kouatchou, Jules., Ge, Lixin., 2002. A family of fourth order
Differences schemes on rotated grid for two-dimensional convection-diffusion
equation. Mathematics and Computers in Simulation 54, 413-429.

[11] Liu, Biyue., Myron B.Allen., Hristo, Kojouharov., Benito, Chen., 1998. Finite

Element solution of Reaction Difusion equations with Advection.

www.prosim.net/pdf/13 1CL 1998.

90



References

[12] Chantasiriwan, Somchart., 2004. Cartesian grid methods using radial basis
functions for solving Poisson Helmholtz, and Diffusion-Convection equations.
Engineering Analysis with Boundary Elements 28, 1417-1425.

[13] Cockburn, Bernardo., Shu, Chi-Wang., The Local Discontinuous Galerkin
Method for time dependant Convection Diffusion systems. University of
Minnesota. www.uta.edu/math/faculty/hristo/research/paper/cmwr96.pdf2005.

[14] Mueller, J.L., Shores, T.S., 2004. A new Sinc-Galerkin method for Convection
Diffusion Equations with mixed boundary conditions. An International Journal
of Computers & Mathematics with applications 47, 803-822.

[15]} Finlayson, Bruce A., 1980. Non-linear analysis in Chemical Engineering. Mc
Graw Hill series.

[16] Jain, M.K., 2002. Numerical Solution Of Differential Equations-second edition.
New Age International (P) Limited Publishers.

[17] Yordanidis, A.A., Annaland, M.Van Sint., 2004. A numerical method for the
solution of the wave model and convection dominated diffusion type models for
catalytic packed bed reactors. Computers & Chemical Engineering 28, 237- 249.

[18] Duran, G.Ricardo., Lombardi, Ariel L., Finite Element Approximation of
Convection Diffusion problems using Graded meshes.Mathematics Subject
classification. 65N30.

[19] J.M. Le Lann, A. Sargousse, P. Sere Peyrigain, X.Joulia., 2005. Dynamic

Simulation of partial Differential Algebraic Systems: Application to some
Chemical Engineering problems. www.simulink/dynamic/modeling.pdf

[20] Ivan Cimrak., Numerical Solution of Degenerate Convection-Diffusion
Problem using Broyden Scheme. Conference on Scientific Computing, 14-22,

Proceedings of ALGORITMY.

[21] Taggart, N.Mc., Zagorski, R., Finite Difference Scheme for Solving general 3D
convection diffusion equation. Computer Physics Communications 164, 318-
329. |

[22] Fogler, H.Scott., 2002. Elements of Chemical Reaction Engineering 3 edition.
Prentice Hall of India.

[23] Rosenberg, Dale.,Von U.,1969. Methods for the numerical solution of Partial
Differential equations.,American Elsevier Publishing Company, Inc. New York.

[24] Bird.,Byron. R., Stewart.,.E Warren, Lightfoot.,Edwin N., 2002. Transport

Phenomena second edition., John Wiley & sons, Inc.

91



References

[25] Mariano, Pinto., Adriano.,Vasco de Toledo.,Coselli.,Eduardo.,Da silva., F.,Jose
Marcos.,Maria regina.,W.,Maciel., 2005. Development of a software for
simulation analysis of the phenomenon of the phase change of three phase
catalytic slurry reactor. Computers and Chemical Engineering 29, 1639-1378.

[26] Pellegrini.,L.,Ranzi.,G. Biardi., 1989. Dynamic Model of Packed Bed Tubular
Reactors. Computers Chemical Engineering 13, 511-518.

[27] Fink., D. Kurtis., Mathews., H. John.,2004 Numerical Methods using

MATLAB, 4 edition. Prentice Hall of India Private Limited New Delhi.

[28] Pushpavanam.,S. 1998, Mathematical methods in Chemical Engineering.

Prentice Hall of India Private Limited New Delhi.

92



APPENDIX



Appendix Al

Derivation of Convection Diffusion Equation [1]:

To derive the governing equation we consider the convective diffusion of a solute in a
liquid.
Let C = Concentration (Mass/Volume) is a function of the space variables x, y, z and time

L.

Concentration Differences give raise to mass transfer by the process of molecular
diffusion.
The flux due to diffusion, j,, is given by

Jn =—DVC 1.2-2

Where j, has magnitude equal to the mass of the solute crossing unit area in unit time.

Direction of j,, is the direction of flow.
The diffusion constant ‘D’ (length?/time) varies with the solute & liquid involved; but is

typically about 10 m?%/s (H>20 & NacCl).
‘D’ varies with ‘C’ and Temperature but we shall assume that the changes in these two

quantities are sufficiently small to treat D as a constant.

The flux due to convection, j. isgiven by ;

(V3]

Je = CK 1.2-

where ;¥ is the liquid velocity:
The total flux of matter ; j is the sum of the equations 1.2-2 & 1.2-3

l.e.
Je =CV - DVC 1.2-4

The convection Diffusion equation for mass transport is an expression of conservation of

matter.
Consider an arbitrary fixed volume V of space with surface S through which the solute is

transported.

Thus the rate of flow of solute out of ‘¥’ is;



[\
1
W

f J J-n.ds I.
Y

Where; # is outward normal.

This is equal to the rate of loss of solute within ‘}” giving the equation;

fjnds=-2 fffcav 12:6

The Left hand side can be changed to a volume integral using the Divergence theorem

and time derivative on Right hand side can be taken inside the integral since V is fixed &

therefore ;

J.IJ(VJ—F———JdV 0 1.2-7

Since the volume V is arbitrary the integrand is zero; we get;

vj+§9 0 1.2-8
ot

Substituting for j from equation and assuming that the fluid is incompressible; so that

the V.V =0; we obtain the final form of Convection Diffusion Equation as ;

vicv - pvc]+ —aa—(t: =0 1.2-9

VCV - DV C+%£:O 1.2-10
/4

DZZC—K.ZC=%—f 1.2-11

The above equations are the general form of a CONVECTION DIFFUSION equation.

Here the fundamental property considered is mass. Similar equations can be formulated

for energy and momentum.
The different forms and the applications of these equations are discussed in the chapter of

Introduction.
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Appendix A2

Thomas Algorithm for Tri-diagonal Matrix

The given the linear algebraic equations are written in the following form.
by +ciu; 0+ ooeeneeei. . H0=d;
au;+ bowy + couz + 0+ +0=d,

0+ ...ajui;+ bit; + Ciltis) + eeveeennennnnee +0=d;

0+...... + 0+ agiip.; + broatig.s+ crour.; = dg.s
0+..... + 0+ ag. gy + bp_jttg.;1 = dg;

The equations can be represented in general as;

au,_ +bu, +cu, =d, for;1<i<R

i Piiel
with a, =¢c, =0
The algorithm is as follows;
First Compute;
a.c. )
__il_ W'lth IBI :bl

il

b —

B

and;
d —a. d
yo == with g, =L
f bl

The values of the dependant variable are then computed by back substituted from;

cu
up =ypand u, =y, ——

it

B

The algorithm however suffers a drawback that, if the coefficients b, are assuming

very small values, then the algorithm gives erratic results. Further the algorithm is not

applicable for the conditions when b, =0
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Appendix A4

MATLAB PROGRAMS FOR THE SIMULATION OF CONVECTION
DIFFUSION EQUATIONS |

\4 |



Matlab Program
Heat conduction in an uninsulted tapered rod (steady state)
Heat conduction in an uninsulted tapered rod (moving boundary)
Heat conduction in an uninsulted tapered rod (Neumann boundary
condition)
Heat conduction in an uninsulted tapered rod (Neumann boundary
condition-shifted boundaries)
Steady state heat conduction in sphere
Simulation of heat (diffusion) equation-forward differences
Simulation of heat (diffusion) equation-backward differences
Simulation of heat (diffusion) equation-Crank Nicholson Method
Heat conduction in a tapered rod (Crank Nicholson Method)
Shrinking core model
Simulation of Isothermal flow reactor
Simulation of parabolic equation with non-linear boundary
conditions

Simulation of counter current heat exchangers

Page No.
VII
IX
XI

XIII

XV
XVIII
XX
XXVI
XXX
XXXIV
XXXVI
XLV

XL



A program to calculate the Solution of Convection Diffusion Lgquatlons
for Steady State Conditions.

Here mention the values of the specified variables as required

The program simulates the Dependent variable using Finite Differences

chemes
Under Steady state conditions the profiles have been generated.

[SISe SR o

o0 N oo

% The differential equation used to describe the heat conduction in en

uninsulated, tapered rod which is thin enough that a one dimensional

analysis can be used.
% The independent variable is x,and the dependant variable is the

0
L}

temperature i.e. 'u
All the variables are normalized and dimensionless.

The differential Egquation is basically given as:

D~2U/Dx"2 + (2/{gtx))Du/Dx - 2p/{(g+x)u=0

The parameters q = DO/fL

and p = hL/k{sqroot(l + 4/£72))
where L is the Length of the rod, H,
 the thermal conductivity

and f and D define the diameter.

The boundary conditions we assume are the simplest i.e u(0)
(1)=1;
function steady ()
clc;
clf;

the heat transfer coefficient ,

C o0 00 X o0 o 00 o0 o0 g0 a0

q=3;p=7;
delx=input {'Input the Required grid size along the x direction '):
R=1/delx;
for i=1:R

if(i==1)
A(1)=(0);
B{i)=(-2~(2*p* (delx)"~2)/(gq+delx))
Cli)y= (l+(delx/(g+delx))):
D(1)=0;
elseif(i>1 && i<R)

A(i)= {l-(delx/(g+i*delx))}:
B(i)= {(-2-(2*p*(delx)”™2)/(gti*delx));
V)Y ,

C(i)= (1l+(delx/(g+i*delx ;
D(i1)=0:

else
A(i)=(1-(delx/(qg+(R)*delx)));
B{(i)= (=-2-(2*p*(delx)"2)/{(g+(R)*delx));
C(i)= 0O;
D(i)=-(1+(delx/{(g+((R)*delx))));

end

end
for i=1:R
if(i==1)
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else
beeta (1)=(B(1i)-(A{1)*C(i-1))/beeta{i-1));
gamma (1) =(D (i) -A{i)*gamma(i-1))/ (beeta(i)) ;
end

end

format long
x=0:delx:1;
for i=R:-1:1

if (i==R)

U (R)=gamma (R) ;
else
U(i)=(gamma (i) -(C (i) *U(i+1) /beeta(i)));
end

end

X=[0,U(l:R-1),17;
% plot(x,X);
for{ctr=1:10)

messagel="Enter a choice:"';
choice=input ('press "A" to see the Solution Matrix, \n B to see

the specific value of the U at some X value, \n C to see the plot for

entire U along entire X\n Press Q to Quit\n ','s'});
if (choice=="0Q"}
clc;
break;
else
switch (choice)
case 'A'
clc;clf;
disp (X} ;
case 'B'
cle;clt;
message="' To see the value of the Solution U at a particular
instant of time\n :':
time=input ('’ Enter the value of time :')
disp(U{time)) ; '
case 'C°
clc;clf;
message=' You entered the option to view the plot of U versus
x \n";
plot (x,X);
end
end
end

disp('You came out of the program')
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% program to calculate the Solution of Convection Diffusion
Equations for Steady State Conditions

% Here mention the values of the specified variables as required

5 The program simulates the Dependent variable using Finite
Differences Schemes

% Under Steady state conditions the profiles have been generated.

% The differential equation used to describe the heat conduction in
an uninsulated , tapered rod which is thin enough that a one
dimensional analysis can be used.

Q

[}

temperature i.e. 'u

[ete)

e A Q0 oo

[o4

=S M

The independent variable is x,and the dependant variable is the
All the variables are normalized and dimensionless

The differential Equations is basically given as:

D~2U/Dx"2 + (2/(g+x))Du/Dx - 2p/(g+x)u=0

The parameters g = DO/fL

and p = hL/k{sgroot(l + 4/£72}))

where L is the Length cf the rod, H, the heat transfe coefficient
k , the thermal conductivity

and £ and D define te diameter.
The boundary conditions we assume are the simplest i.e du/dx(0)=g

e

and u(l)=1

function steadyl ()
clc:
g=0.2;p=80;

g=input ('Enter the value of

"

g", for the boundary value of the type

du/dx(0)=g \n');
delx=input ('Input the Required grid size along the x dlrectlon \n ')

R=1/

for

end

for

delx;
i=1:(R+1)
if(i==1)
A(i)=(0),
1)=(-2-(2*p* (delx)"2)/(q)) .
C(l)“ 2;

D(i}=2*g*delx* (1-delx/q);
elseif(i>1 && i< (R+1))

Al(i)y= (1- (delx/(q+1*delx

)))
B(i)= (-2-(2*p*(delx)"2)/(g+i*delx));
C(i)= (1+(delx/(q+1*delx)));
D(i)=0
else
A(i)=(1- (delx/(q+l*delx)))
B(i)= (-2-(2*p*(delx)"2)/(g+i*delx));
C{i)= O;
D(i)=-(1+(delx/ (g+(R*delx))});
end
=1:(R+1)
1f(i==1)
beeta (i)=B (1),
gamma (1)=D(1)/B(1);
else
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,*C\_L 1,‘/beeta(1

beeta (i) =(B (1) b
i) *gamma {i- 1))/(beeta(1));

(1)~ (
gammaxl)—( (1) ~A
end
end

format long
x=0:delx:1;
for i=(R+1):-1:1
1f(i==(R+1))
U(R+1)=gamma {R+1) ;
else
U(i)=(gamma (i)=-(C(i)*U(i+1) /beeta(i)));
end
end
% plot(x,U)
for(ctr=1:10)

messagel='Enter a choice:';
choice=input ('press "A" to see the Solution Matrix, \n B to see the

specific value of the U at some X value, \n C to see the plot for

entire U along entire X\n Press Q to Quit\n 'L's')
if (choice=="Q")
clc;
break;
else
switch (choice)
case 'A'
clf;
disp(U0);
case 'B'
clc;cilf;
message=' To see the value of the Solution U at a
particular instant of time\n :°';
: message="' Enter the particular instant of time you
wish to see the value of Dependant variable:';
time=input (' Enter the value of time :')
disp(U(time));
case 'C'
message="' You entered the option to view the plot of U
versus x \n';
figure
plot (x,U);

grid on: :
title ('PLOT OF DIMENSIONLESS TEMPERATURE (U) V/S

POSITION(X) ');
xlabel (*Position Vector (x)'):
ylabel ("'Dimensionless Temperature (U)"');

end
end
end
disp('You came out of the program') ;



A program to calculate the Solution of Convection Diffusion Equation
for steady state conditions

Here mention the values of the specified variables as required

The program simulates the dependent variable using Finite Differerces

Schemes.
Under Steady state conditions the profiles have been generated.

o0 a0

o o©

o oQ

lod

N

% The differential equation used to describe the heat conduction in an
uninsulated, tapered rod which is thin enough that a one dimensional

analysis can be used.
The independent variable is x,and the dependant variable is the

temperature i.e. 'U'
All the variables are normalized and dimensionless.

o0 o oe

oR

% The differntial Equation is basically given as:

$ D"20/Dx"2 + (2/(g+x))Du/Dx - 2p/ (g+x)u=0

% The parameters g = DO/fL

% and p = hL/k{sqroot(l + 4/£f72))

% where L is the Length of the rod, H,the heat transfer
coefficient, k,the thermal conductivity

% and £ and D define te diameter.

The boundary conditions we assume are the simplest i.e du/dx(0)

*U(O)= -g,
where H is the Nusselt number and is given as H=hL/k and U(l)=1;

o0 TN o

function steady2()
g=2.5,;,p=80;clc;clf;

g=input ('Enter the value of "g"
"du/dx (0} -Hu (0)=-g "\n');
H=input ('Enter a Value for Nusselt Number i.e H as pr the problem

norms\n') ;
delx=input ('Input the Required grid size along the x direction\n');

R=1/delx;

in the boundary value of the type

for i=1: (R+1)
if(i==1)
A(i)=(0);
B(i)= (-2 - (2*H*delx)- (2*(p-H)*delx"2)/q);
C(i)y= 2;
D(i)= -2*g*delx*(1l-delx/q):

elseif(i>1 && 1< (R+1l}))

]

A(i -(delx/(q+l*delx)))

) (1
B{i)= (-2~-(2*p*(delx)"2)/(qg+i*delx));
C(i)= (l+(delx/(gt+i*delx))):
D(i)=0;
else
A(i)=(1l-(delx/(g+i*delx)})
B{(i)= (-2-(2*p*(delx)"2)/(g+i*delx)):
C(i)= 0;
D(i)=-(1+(delx/ (gt (R*delx))));

end
end
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for i=1: (R+1)
1f(i==1;
beeta(i)=B(1);
gamma (i)=D(1)/B(1);
else
beeta (1
gamma {1

b= (B(1)-(A(1)*C(i-1))/beeta(i-1));
)=(D(i}-A(i)*gamma (i-1))/(beeta(i))

il

end
end

format long
x=0:delx:1;
for i=(R+1):-1:1
if(i==(R+1})
U(R+1)=gamma (R+1) ;
else :
Uli)={gamma (1) -(C(1)*U{(i+1) /beeta(i)));
end
end
for(ctr=1:10)

messagel='Enter a choice:';
choice=input ('press "A" to see the Solution Matrix, \n B to see the

specific value of the U at some X value, \n C to see the plot for
entire U along entire X\n Press Q to Quit\n ','s');
1f (choice=="'Q")
cle;
break:;
else
switch(choice)
case 'A'
disp (U);
case 'B’
clc;clf;
message="'

particular instant of time\n :';
message=" Enter the particular instant of time you

wish to see the value of Dependant variable:';
time=input (' Enter the value of time :')
disp(U{time});
case 'C'
clc;
message='

To see the value of the Solution U at a

You entered the option to view the plot of U

versus x \n';

figure

plot (x, 0} ;

grid on;

title('PLOT OF DIMENSIONLESS TEMPERATURE (U) V/S
POSITION(X) '); |

xlabel ('Position Vector {(x)'):

yvlabel ('Dimensionless Temperature (U) ');

end
end

end
disp('You came out of the program');
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program to calculate the Solution of Convection Diffusion Eguatizh
for steady state conditions.

Here mention the values of the specified variables as reguired.
The program simulates the dependent variable using Finite
Differences Schemes

% Under Steady state conditions the profiles have been generated.

2

¥ The differential eqguation used to describe the heat conduction in
an uninsulated,
% tapered rod which is thin enough that a one dimensional analysis

can be used.
% The independent variable is x,and the dependant variable is the

Q
temperature i.e. 'U’
RAl]l the variables are normalized and dimensionless.

The differential equation is basically given as:

D~2U0/Dx"2 + {2/ (g+x))Du/Dx - 2p/ (g+x)u=0

The parameters q = DO/fL

and p = hL/k{(sgroot{l + 4/£72)) )

where L i1s the Length of the rod,h,the heat transfer
oefficient, k, the thermal conductivity

and f and D define the diameter.

% The boundary conditions ws assume are the simplest i1.e du/dx(0)
H*U(C)= -gqg,
% where H is the Nusselt number and is given as H=hL/k

(=]

% and u{l)=1;

oo oo

ol ol

o () 6° 60 oR OO P Of oP

function steady3 ()
q=2.5;p=80;clc;clf;
g=input ('Enter the wvalue of "g", the boundary value of the type
du/dx (0)-H*U(0)=-g \n'}); ‘
H=input ('Enter a Value for Nusselt Number i.e H as pr the problem
norms\n'});
delx=input ('Input the Required grid size along the x direction\n');
R=1/delx;
format long
for i=1:(R)

format long

1f(i==1)
B{i)= -(delx/(g+(0.5*delx)))*((2-
H*delx)/ (2+H*delx)+2*p*delx)—( (2+ (3*H*delx) )/ (2+ (H*delx)));
C({i)= (1+(delx/(g+{0.5*delx))));
A(i)= 0;
D(i}=—-{1~(delx/{g+0.5*delx)) ) *{(2*g*delx)/ (2+ (H*delx)));
elseif (1i==R)
A(1)= 1l-(delx/{g+(R-0.5)*delx));
B(i)= (=3={((2*p)*(delx)"2)+delx)/ (gt (R-0.5)*delx));
C(i)y= O;
D(i)= -(2*(1+(delx/(g+(R-0.5)*delx))));
else
A(i)= (l-(delx/(g+(i-0.5)*delx))};
B(i)= (-2-(2*p*(delx)”™2)/(g+(i-0.5)*delx))
C(i)= (1l+(delx/(g+(1i-0.5})*delx) )}
D(i)=0;
end
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end
for 1=1:R
format long
if(i==1)
beeta (i)=B(1):
gamma (i)=D(1)/B(1);
else
beeta (1i)=(B(1i)~-(A(i)*C(i-1))/beeta(i-1)) ;
gamma (i)={D(i)-A(i)*gamma(i-1))/(beeta(i)):
end
end
format long
x=0.001l:delx:1;
for i=R:-1:1

if(i==(R))
U(R)=gamma (R) ;
else
U(i)=gamma (1) - (C(i})*U(i+1) /beeta(i)};
end

end
for(ctr=1:10)

r

messagel='Enter a choice:";
choice=input ('press "A" to see the Solution Matrix, \n B to see

the specific value of the U at some X value, \n C to see the plot

for entire U along entire X\n Press Q to Quit\n t,'s');
if(choice=="Q")
clc;
break:;
else
switch {choice)
case 'A'
clf;
disp(U);
case 'B'
clc;clt; :
message=' To see the value of the Sclution U at a
particular instant of time\n :';
message="' Enter the particular instant of time you
wish to see the value of Dependant variable:';
time=input ("' Enter the value of time :")
disp(U(time))
case 'C!
clc;
message=" You entered the option to view the plot
of U versus x \n';
figure
plot {x,U);
grid on;

title('PLOT OF DIMENSIONLESS TEMPERATURE(U) V/S
POSITION(X) '); ‘
xlabel ("Position Vector (x)'):;
ylabel ('Dimensionless Temperature (U)"'):
end
end

end
disp('You came out of the program')
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A program to calculate the Sclution of Convection Diffusion Egquations
or steady state conditions.

Here mention the values of the specified variables as required.

The program simulates the Dependent variable using Finite Differences

chemes
Under Steady state conditions the profiles have been generated.

[<ISE 5 Q= e L

=

% The differential equation for heat conduction in radial co-ordinates
is similar to that for a tapered rod which goes to a point at one end.

% This is obtained by setting the parameter g=0 in the equation given
below

% The differential Equation is basically given as:

% D"2U/Dx"2 + (2/(g+x))Du/Dx - 2p/(g+x)u=0

% The parameters q = DO/fL

% and p = hL/k(sgroot{(l + 4/£f°2))

% Further when the parameter "p" is also set to zero so that there is
nc heat loss from the surface of the rod by convecticon, then the above
eguation may be treated as the equation of heat conduction in a Sphere.
% Also the heat conduction in a cylinder is similar.

% The independent variable is x,and the dependant wvariable is the

temperature i.e.'U’
% All the variables are ncormalized and dimensionless

B e e e e e e e e e o e e e e e e e e e e e e T e e M e e e e A =

% Here L is the Length of the rod, H, the heat transfer
coefficient, k, the thermal conductivity

5 and £ and D define the diameter. )

8 The boundary conditions we assume are the simplest i.e du/dx(0) -
H*U(0)= ~d.

% where H is the Nusselt number and is given as H=hL/k.

%2 and u(l)=1;

% ______________________________________________________________________

function steadyi4 ()

clec;clf;

q=0;p=12;

g=input ('Enter the value of "g", the boundary value of the type
du/dx(0) - H*U(0)= -g \n");

H= p;
delx=input ('Input the Required grid size along the x direction\n ')
R=1/delx;

format long

for i=1:(R)
format long
if(i==1)
B(i)= - {delx/(g+(0.5*delx))) *((2-H*delx)/(2+H*delx) +2*p*delx)-
((2+ (3*H*delx)}/ (2+ (H*delx)));
C({i)= (l+(delx/{(g+(0.5*delx})));
A(i)= 0;
D(i)=-{1l-(delx/ (g+0.5*delx)) ) * {{2*g*delx)/(2+ (H*delx)));
elseif (i==R)
A(i)= 1-(delx/ (g+(R-0.5)*delx));
B(i)= (-3-(((2*p)*(delx)"2)+delx)/(gq+(R-0.5)*delx));
C(i)= 0:
D{i)= - (2*(1+ (delx/(g+(R-0.5)*delx))));
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else

A(i)= {l-(delx/(g+{i-0.5)*delx)));
B(i)= (-2-(2*p*(delx)"~2)/(g+(i-0.5)*delx));
C(i)= (1+(delx/(g+(1-0.5)*delx)));
D(i)=0;
end
end
for i=1:R
format long
if(i==1)
beeta(i)=B(1l};
gamma (1)=D(1)/B(1);
else
beeta (i)=(B(i)-{(A(1)*C(i-1))/beeta(i-1));
gamma (1)=(D(i)-A(i) *gamma (1-1} )/ (beeta (i}):
end

end

format long
x=0.001:delx:1;
for i=R:-1:1

if(i==(R}))
U(R})=gamma (R} ;
else
U(i)=gamma (1)-(C(i)*U(i+1)/beeta(i));
end
end
X={U];

for(ctr=1:10)

messagel='Enter a choice:"';
choice=input ('press "A" to see the Solution Matrix, \n B to see the

specific value of the U at some X value, \n C to see the plot for

entire U along entire X\n Press Q to Quit\n ','s');
if (choice=='Q")
clc;
break:
else
switch (choice)
case 'A'
clf;
disp(U);
case 'B’
clc;clf;
message=" To see the value of the Solution U at a
particular instant of time\n :';
message=" Enter the particular instant of time vyou
wish to see the wvalue of Dependant variable:’';
time=input ("' Enter the value of time :')
disp(U(time))
case 'C'
clcy
message=' You entered the option to view the plot of U

versus x \n';
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figure

plot(x,U);

grid on;

title ('PLOT OF DIMENSIONLESS
POSITION(X) ');
Xlabel {'Position Vector (x)');
ylabel ('Dimensionless Temperature

end
end

end
disp('You came out of the program'):
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Numerical simulation of Heat(Diffusion) Equation.

basically a second order partial differential

The equation is
guation of parabolic nature. i.e

subject to boundary conditions U(0,t)=0 and U(l,t)=1 for all t;
we further need a initial condition i.e U{(x,0)= 0 for all x<1

We adopt the method of Finite Differences where by we substitute the
various differential terms in the equation with thier respective

difference equations
% The space and time domain is replaced by respective grid points of

o
significant step size which has to comply with the stability and

truncation error conditions.

% Here we use the forward differences eguations for the analogs of the

partial diferential terms.

%
e
% d~2U0/dx"2=du/dt
3
%
%

O

Q
G

- ————— —— T — T - S e - e e W T Gt e S e e e A e e

%
function unsteadyforward()
clc;clf;
disp ('’ Program for simulation of Heat eguation "y;
')

delx=input ('\n\nEnter the step size along spatial direction:
delt=input ('Enter the step size along the time domain: S I

format long
for(i=1:10)

temp=(delt/ (delx"2));
templ=(delx"2)*.5;

if(temp>0.5)
disp('The time step is too large for computation’);
delt=input ('Enter a new step size which satsfies the stability

condition'):
else
break; end;
end

R=1l/delx:
N=1l/delt;
x=[0:delx:1];
t=[{0:delt:1];
for(n=1:N+1)
U(1,n)=0;
U(R+1,n)=1;
end
for(i=1: (R+1))
Uu¢i,1)=0;
end
U(R+1,1)=1;
for(n=2:N+1)
for (i=2: (R))
U{(i,n)=(delt/ (delx"2))*(U(i+1,n-1)+0(i~1,n-1))+ (1~
(2*delt/ (delx™2)))*U{(i,n-1);
end
end
Uu=u";
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for(ctr=1:10)

disp('press "A" to see the entire Solution Matrix. '}

disp('press B to see the specific value of the U at some X &
values');

disp('press C to see the values of the dependant variable ar a
particular instant U(T)for all x');

disp('press D to see the plot for entire U along entire X');

disp('Press Q to Quit ');

choice= input ('Enter a choice: YL 's)
if(choice=="0Q")
clc;
break;
else
switch(choice)
case 'A'
clf;
disp{('The Solution matrix U is :: '),
disp(U);
case 'B’
clec;clf;
disp (' You choose to see the value of the U at a
particular instant of time and position ")
disp('Enter the particular instant of time you wish to
see the value of Dependant variable: ') '
time=input ('Enter the value of time : ')
disp(' Enter the position along the X direction, vou

wish to see the value of Dependant variable:');
position=input ('Enter the wvalue of exact position
Y}
xp= R* (position)+1l;
tp=N*(time) +1;
disp (U (tp, xp));
case 'C"
ciec;
disp('You choose to see the values of the U at a
particular instant(t) along entire X'):
time=input {'Enter the value of time: 'Y
tp=N*(time) +1;
for (i=1:R+1)
Uinstantaneous (i)=U(tp,1i):
end
disp{Uinstantaneous);
figure
plot (x,Uinstantaneous);
case 'D’
clc:
disp{'You entered the option to view the plots of U '};
st=input {'Press 1 to view U v/s X and press 2 to view U
v/s T '),
if (st==1)
figure
plot{x,U):
grid on;:
title('Plot of dependant variable U v/s
dimensicnless length for a particular time t');
xlabel ('Position(X)');ylabel{'Dependant
variable (U) ")
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elseif (st==2)
figure
plot (t,U");
grid on;
titlie('Plot of = dependant variable

dimensionless time for a particular position(X) ')
xlabel ('Time (t) ') ;ylabel ('Dependant variable(U) ') ;

u V/S

end
end
end
end
[ans]= linearparabolicpde(delx,delt);
for(n=2:N+1)
for{i=2:R)
percenterror (n,i)=abs(((ans{(n,i1)-U(n,1i)))/ (ans(n,i)))*100;

end

end

disp (percenterror) ;

Avgerror=0;

for(n=2:N)
for(i=2:R)

Avgerror=Avgerror+percenterror(n,i};

end

end
disp (Avgerror/ ((R)* (N))};

disp('You came out of the program'):;

% Simulation of Diffusion Equation using the PDEPE tool box

% Functions are written for the differential equation as well as for

the initial and boundary conditions.

% The tool box simulates the. solution using

Analysis.

% _____________________________________________________________________
function [ans]=linearparabolicpde(delx,delt)

clc;

format long;
% x=linspace (0

% t=linspace (0,1,
x=[0:delx:17];
t=[0:delt:1];
m=0; ,
sol = pdepe (m, @pdexpde, @pdex7ic, @pdexibc, x,t);
u=solf{:,:,1);

disp(u'):;

figure

plot{x,u');

title('solution of Diffusion equation using PDEPE');
xlabel ('Position vector X'):;

ylabel ('Dependant variable U'")

thre Finite Element

»1,10)
10

) ;
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figure

surf(x,t,u);

title('Surface plot for U")
xlabel ('Position vector X');
ylabel ('Time t');
ns=u;

D o0 o0 W o g0

2 function [c, f, s}=pdex7pde(x,t,u, DubDx)
% c=1;

% f=DubDx;

% s5=0;

% function uo=pdex7ic{x)

% uo=0;

% function [pl,ql,pr,qgr]=pdex7bc(xl,ul,xr,ur,t)
% pl=ul;

% ql=0;

% pr=[ur-1];

% gr=(sin (pi)):

&
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Numerical simulation of Heat (Diffusion Eguation:}
g i

The eguation 1is basically o©of the type of a second order partial

ifferential equation of parabolic nature.
d"20/dx"2Z=du/dt

subject to boundary conditions U(0,t)=0 and U(1l,t)=1 for all t;
we further need a initial condition i.e U({x,0)= 0 for all x<1

is replaced by respective grid points of
to comply with the stability and

i.e

The space and time domain
significant step size which has
truncation error conditions.

Here we use the backward differences equations for the analogs of the

%

$partial diferential terms.
¢The backward differences scheme do not impose any stability conditions

and 1is free to choose any of the value of step size.
function unsteadybackwardl ()

clc;clf;
delx=input{'Enter the step size along spatial direction\n');

delt=input ('Enter the step size along the time domain\n') :;

%

R=1/delx;
N=1/delt;
x=[{0:delx:1];
t=[0:delt:1];
for (n=1:N+1)

U(l,n)=0;
U(R+1,n)=1;
end
for(i=1:R)
Ui, 1)=0;
end
% Formation of tri diagonal system of equations
for(n=2:N+1}
for(i1=2:R)
if(i==2)
A(i,n)=0;
B(i,n)=(~2~(delx"2)/delt);
Cl{i,n)=1:
D(i,n)=(~(delx"~2)/delt)*U(i,n-1);
elseif (i==R)
A(i,n)=1;
B{i,n})=(-2-{{delx"2}))/delt});
C{i,n)=0;
D{i,ny=(-(delx"2)/delt)*U(R,n-1)-1;
else ’
A{i,n)=1;
B(i,n)=(-2-((delx"2)) /delt):
C(i,n)=1;
D{(i,n)={(-(delx"2)/delt)*U(i,n~-1);
end
end
for(i=2:R)
if({i==2)

beeta (i, n)=B{i,n);
gamma (i,n)=D(i,n)/B(i,n):

XXII



else
beeta(i,n)=(B(i,n)-(A(i,n)*C(i-1,n)/beeta(i~-1,n); ;
gamma (i, n)={(D(i,n)-A(i,n)*gamma(i-1,n}))/(beetalr, n, ;
end
end

format long
for i=R:~-1:2

1f (i==R}
U(R,n)=gamma (R, n) ;
else
U(i,n)=(gamma{i,n)-((C(i,n)*U{(i+1l,n)) /beeta{i, n)));
end
end
end
g=u';

for (ctr=1:100)

disp('press "A" to see the entire Solution Matrix.')
disp('press B to see the specific value of the U at some X & T

values');
disp('press C to see the values of the dependant variable at a

particular instant U(T)for all x');
disp('press D to see the plot for entire U along entire X');

disp('Press QO to Quit ")
choice= input ('Enter a choice: 'y's');
i1f{choice=="'Q")
clc;
break;
else
switch (choice)
case 'A'
clf;
disp('The Solution matrix U is :: ');
disp(U);
case 'B'
clec,;clif;
disp ("' You choose to see the value of the U at a

particular instant of time and position ')
disp('Enter the particular instant of time you wish to

see the value of Dependant variable: ')

time=input ('Enter the value of time : ')

disp(' Enter the position along the X direction, you
wish to see the value of Dependant variable:");

position=input ('Enter the value of exact position : )
xp= R*(position)+1;
tp=N*(time)+1;
disp (U (tp,xp));
case 'C'
clecy
disp('You choose to see the values of the U at a
particular instant(t) along entire X');
time=input {'Enter the value of time: ')
tp=N*(time)+1;
for (i=1:R+1)
Uinstantaneous(i)=U(tp,1);
end
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disp(Uinstantaneous);
plot (x,Uinstantaneocus');
case 'D?
clc;
disp('You entered the option to view the plots of

dependant variable U ') ;
st=input ('Press 1 to view U v/s X and press 2 to view U

v/s T ")
if(st==2)
figure
plot (t,U);
grid on;
title('Plot of dependant variable U v/s
dimensionless time for particular position X');
xlabel ('Time (t) ");ylabel ('Dependant variable(U) "};
elseif{st==1)
figure
plot (x,U"');
grid on;
title('Plot of dependant variable U v/s

dimensionless length for a particular time t')
xlabel ('Position(X) ') ;ylabel ('Dependant

variable (U) ') ;
end
end
end
end
[ans]= linearparabolicpde (delx,delt)
for(n=2:N+1)
for (i=2:R})
error{i,n)=abs({((U{(n,i)-ans(n, 1))}/ (U{(n,1)}))*100;
end
end
disp(error);
Avgerror=0;
for (n=2:N)
for(i=2:R)
Avgerror=Avgerror+error (i, n);
end

end
disp (Avgerror/ ( (R+1)*(N+1}));

disp{'You came out of the program')};

% Simulation of Diffusion Equation using the PDEPE tool box

& Here we give the partial differential equation in terms of parameters

well as for

%

% Functions are written for the differential equation as

the initial
% and boundary conditions.
% The tool box simulates the

(5]

Analysis.

solution wusing thre Finite Element

function [ans]=linearparabolicpde (delx,delt)
clc;
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format Llong;

% x=linspace{0,1,10);
% t=lilinspace(0,1,10);
x=[0:delx:1};
t

={0:delt:1];

m=0;

scl = pdepe (m, @pdexTpde, @pdex7ic, @pdexTbc, x, L)’
u=sol(:,:,1);

disp(u');

figure

plot(x,u'):

title('solution of Diffusion equation using PDEPE');
xlabel ('Position vector X'};
ylabel ('Dependant variable U')

oo

fiqgure

surf(x,t,u);

title('Surface plot for U')
xlabel {'Position vector X');
ylabel ('Time t');
ns=u;
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function uo=pdex7ic (x)
uo=0;

oR

oe

function ([pl, gl,pr,gr]=pdex7bc(xl,ul, xr,ur,t)
pl=ul;

ql=0;

pr=[ur-1];

gr=(sin (pi)):

oo o

oL o0 o

oo
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Simulation of the Heat Equation using the Crank Nico!

2 Here the differential Equation 1is replaced by Diifere:
written about a point half way between two Successive time step
consider U{(i,n+1/2)
% The method 1is
Differences.

% The method do not establish any stablity criteria on

(23

as such a combination of Forward and
the time step
considered.

$However we use a smaller step size for time dimension than the space
%direction in order to prevent heavy oscillations.

% Hence we simulate the equation:
% D"2(0U)/Dx"2=DU/Dt
% subject to U(x,0)=0 for all x;

% U(0,t)=0 for all t;

% U(l,t)=1 for all t;

% _____________________________________________________________________
function cranknicolsonl ()

clc:;clf:

size along the Spatial Direction x: )

delx=input ('Enter the step
size along the time Domain t: Y

delt=input ('Enter the step

R=1/delx;
N=1/delt;
x=[0:delx:1};t=[0:delt:1];

for(n=1:N+1)
U(l,n)=0;
U(R+1,n}=1;
end
for (i=2:R+1)
U(i,1)=0;
end
% Formation of tri diagonal system of equations

=]

for{(n=2:N+1)

for{(i=2:R)
if(i==2)

A(i,n)=0;

B(i,n)=(-2-(2*(delx”2)/delt)):

C(i,n)=1; _

D(i,n)=(2-(2*{delx"2)/delt))*U(2,n-1)~-U(i+1,n-1});
elseif (1i==R)

A(iln)zlr

B{i,n)=(~-2~(2*(delx"2)) /delt)

C(lrn)=0; ’

D{(i,n)= -U{i-1,n-1)+{2-(2*(delx"2))/delt)*U (R, n-1)-2;
else

A(i,n)=1;

B(i,n)=(~2-(2*(delx"2})/delt);

C(i,n)=l; )
D(i,n)=-0(1i-1,n-1)-0U(i+1, n=-1)+{({(2~(2* (delx"2))/delt)*U(i,n-1));
end

end
for(i=2:R)
1f(i==2)
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beeta (i, n;=B{2,n);
gamma {(1,n)=D(2,n)/B(2,n};
else
beeta(i,n)=(B(i,n)-(l1/beeta(i-1,n)));
gamma (i, n)=(D(i,n})-gamma(i-1,n})/(beeta(i,n));
end
end
format long
for i=R:-1:2

if (i==R)
U(R,n)=gamma (R, n) ;
else
U(i,n)=(gamma{i,n)-((C(i,n)*U(i+l,n))/beeta(i,n)});
end
end
end
u=0";

for(ctr=1:100)

disp{'press "A" to see the entire Solution Matrix.')
disp('press B to see the specific value of the U at some X & T

values') ;
disp('press C to see the values of the dependant variable at a

particular instant U(T) for all x');
disp('press D to see the plot for entire U along entire X');

disp('Press Q to Quit '};

choice= input ('Enter a choice: ','s'"):
if(choice=='Q")
clc;
break;
else
switch(choice)
case 'A'
clf;
disp('The Solution matrix U is :: '");
disp(0):; :
case 'B'
clc;clt;
disp(" You choose to see the wvalue cof the U at a
particular instant of time and position ')
disp('Enter the particular instant of time you wish to
see the value of Dependant variable: )i
time=input ('Enter the value of time : Yy,
disp(' Enter the position along the X direction, you
wish to see the value of Dependant variable:');

position=input ('Enter the value of exact position : BN
xp= R*{position)+1;
tp=N* (time)+1;
disp(U{tp,xp});
case 'C'
clc;
disp('You choose to see the values of the U at a
particular instant(t) along entire X');
time=input ('Enter the value of time: Y
tp=N*(time) +1;
for(i=1:R+1)
Uinstantaneous (i)=0(tp,1);
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end

disp (Uinstantaneocus;} ;

plot (x,Uinstantanecus'};
case 'D'

clc;

disp('You entered the option to view the plots of

dependant variable U ');

st=input {'Press 1 to view U v/s X and press 2 to view

i1

v/s T Y
if(st==2}
figure
plot (t,U);
grid on; :
title('Plot of dependant variable U v/s

dimensionless time for particular position X');
xlabel ("Time (t)');:;ylabel('Dependant variable (U)"');

elseif(st==1)

figure
plot (x,0");
grid on;
title('Plot of dependant variable U v/s
dimensionless length for a particular time t')
xlabel('Position(X) ') ;ylabel {’'Dependant
variable (U) ")
end
end
end
end
[ans])= linearparabolicpde{delx,delt);
for (n=2:N+1})
for(i1=2:R)
percenterror(n, i)=abs(((U(n,i)-ans(n,1)))/(U(n,1))) *100;
end °
end
disp(percenterror);
Avgerror=0;
for(n=2:N)
for (i=2:R)
Avgerror=Avgerror+percenterrcr(n, i) :;
end
end
disp(Avgerror/ { (R+1)})*(N+1)));
% surf {x,t,U);

disp('You came out of the program');

Simulation of Diffusion Equation using the PDEPE tool box

o0 oo

de oe

o e e e e e e e . e A = = A T A = - — — = —— —— — o —— = —

3 Functions are written for the differential eguation as well as for

the initial and boundary conditions.
% The tool box simulates the solution using thre Finite Element

Q

Analysis.
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functicon [ans]=linearparabolicpde(delx,delt)
cicy

format long;

% x=linspace(0,1,10);

% t=linspace{(0,1,10);

x=[0:delx:1};

t=[0:delt:1};
m=0;
S

= pdepe (m, Bpdex7pde, @pdex7ic, @pdex7bc, x, £}’
sol(:,:,1);

title('soluticon of Diffusion eguation using PDEPE');
xlabel('Position vector X');
ylabel ('Dependant variable U')

% figure

% surf(x,t,u);

% title('Surface plot for U')

% xlabel ('Position vector X'};

% yvlabel('Time t');

ans=u;

% _____________________________________________________________________
2 function [c,f,s]=pdex7pde (x,t,u,DubDx)

% c=1;

% f=DuDx;

% s5=0;

% function uo=pdexTic (x)

% uo=0;

% ______________________________________________________________________

¢ function ([pl,gl,pr,qr]=pdex7bc(xl,ul, xr,ur, t)
%2 pl=ul;

% gl=0;

% pr=[ur-1);

% gr={(sin (pi));
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% Simulation of the Heat Eguation in a tapered Rod wusing the Crank
Nicolson Method

ference eguation

o

%2 Here the differential Equation 1is replaced by Dif

written
1 1 of X

% about a point half way between two successive values i.e

successive

%3time steps i.e we consider U(i,n+1/2).

%we use the crank nicolson method for descretization

% The method 1is as such a combination of Forward and Backward
Differences.

% The method do not require to fulfil any stablity criteria on the time
step considered.

A

% Hence we simulate the equation:
D™2{(U)/Dx"2 + (2/x){Du/Dx-pU]}=DU/Dt
% subject to U(x,0)=0 for all x;

% Du/Dx - pU =0 for all t;

% U(i,t)=1 for all t;

function cranknicolson?2 ()
p=10;clc;clf;

delx=input ('Enter the step size along the Spatial Direction x: ')
delt=input ('Enter the step size along the time Domain t: Yy

R=1/delx;
N=1/delt; .
x=[0:delx:1];t=[0:delt:1]
for{n=1:N+1)

U(R+1,n)=1;
end
for{i=1:R)

U(i,1)=0

end
% Formation of tri diagonal system of equations

for(n=2:N+1)
for(i=2:R)
if (i==2)
A(i,n)=0
B(i,n)=(-2-(4*p*delx)-((2-p*delx)/ (2+p*delx)) -
((2* (delx"2))/delt));
Cli, n)=(3);
D(i,n)y=-3*U(i+1l,n-1)+{2+(4
((2*(delx”"2}))/delt))*U(i,n-1);

*prdelx)+ ((2-p*delx) / (2+p*delx) ) -

elseif (i==R)
A(i,n)=((2*R-3)/(2*R-1)):
B(i,n)=(-2-((4*p*delx) /(2*R-1))~((2*R+1)/(2*R-1))~-
((2* (delx"2))/delt));
C(i,n)=0
D(i,n)= -((2*R-3)/(2*R-1) )} *U(R~-1,n-1)+ (2+( (4*p*delx)/ (2*R-
1))+ ((2*R+1)/(2*R~1))—-((2*(delx"2) ) /delt))*U(R,n-1)-4* ((2*R+1)/(2*R-1})
else
A(i,n)=((2*i-3)/(2*i-1)}:
B(i,n)=(-2-((4*p *delx)/(2*1—1))*((2*(dele2))/delt));
Cli,n)=(2*i+1)/(2*i-1);
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T

Dii,n)=-({(2*1-3)/(2*1-1))*U{i-1,n-1)+{2+{ d*p¥rdelx) /{2 i-
Iyy-{{2x(delx"2) ) /delt) ) *Uli, n-1)-((2*i+1)/(2<1-1})*U{i+t n-1};
end
end
for(i=2:R)
if(i==2)
beeta{i,n)=B(2,n);
gamma (1,n)=D(2,n)/B{2,n);
else
beeta(i,n)=(B(i,n)-(1l/beeta(i-1,n))
gamma (i, n)={(D{(i,n)-gamma(i-1,n))/ (beeta(i,n));
end
end

format long
for i=R:-1:2

1f (i==R)
U(R,n)=gamma (R, n)
else
U(i,n)=(gamma(i,n})-((C(i,n)*U(i+l,n))/beeta(i,n)})};
end
end
end
U=0';clf;

for(ctr=1:100)
disp('press "A" to see the entire Solution Matrix.')
disp('press B to see the specific value of the U at some X & T
values');
disp{'press C to see the values of the dependant variable at a

particular instant U(T)for all x');
disp('press D to see the plot for entire U along entire X');

disp('Press Q to Quit ')

choice= input ('Enter a choice: ‘,'s');;
if (choice=='Q")
clc:
break;
else
switch (choice)
case 'A'
clf;
disp('The Solution matrix U is :: ');
disp (U);
case 'B'
clc;clf;
disp (" You choose to see the wvalue of the U at a
particular instant of time and position 'J; i
disp{'Enter the particular instant of time you wish to
see the value of Dependant variable: 'Y
time=input ('Enter the value of time : )
disp(' Enter the position along the X direction, you
wish to see the value of Dependant variable:');

position=input ('Enter the value of exact position : Yy
¥xp= R*{(position)+1;
tp=N*{(time)+1;
disp(U(tp,xp)):
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case 'C'

clc;

disp('You choose to see the values of the
particular instant(t) along entire X');

time=input ('Enter the value of time: v

tp=N*(time)+1;

for (i=1:R+1)

Uinstantaneous (1)=U(tp,i);

U at a

end
disp (Uinstantaneous);
plot (x,Uinstantaneous');
case 'D’
clc;
disp('You entered the option to view the plots of

dependant variable U ');
st=input ('Press 1 to view U v/s X and press 2 to view U v/s T Yy ;
if (st==2)
figure
plot (t,U):
grid on;
title('Plot of dependant variable U v/s

dimensionless time for particular position X');
xlabel('Time (t)'):ylabel{'Dependant variable (U)"):;
elseif(st==1)
figure
plot(x,U0');
grid on;

title('Plot of dependant variable U v/s dimensionless length for a
particular time t')
xlabel ('Position(X)');ylabel ('Dependant variable(U)"');
end
end
end

end

% disp (unew) ;

{ans]= linearparabolicpdel (delx,delt)};

$Error Analysis

for(n=2:N+1)

for(i=2:R)
error{i,n})=abs(({U{(n,i)-ans(n,1i)))/(U{(n,1}))*100;
end

end

displ(error);

Avgerror=0;

for{n=2:N+1)

for (i=2:R)
Avgerror=Avgerrorterror{(i,n)j;
end

end

disp (Avgerror/ ((R)* (N+1)));

disp{’'You came out of the program');

Simulation of Diffusion Equation using the PDEPE tool box

Here we give the partial differential equation in terms of parameters

oL o

o
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%2 Functions are written for the differential

the initial and boundary conditions.
% The tool box simulates the solution wusing thre finite Element
P2

o At A A, T A o N o e s e M T S S e v e e o A o o e o e A e e T e S e v e o e e e e e = —

function [ansl=linsarparabolicpdel {(delx,delt)

clic;
format long:
x={0:delx:1};
t={0:delt:1];

m=0;

sol = pdepe{m, @pdex8pde, @pdexBic, Bpdex8bc, x,t);
u=so0l{:,:,1);

disp{u);

figure

plot{x,u};

title(’soluticn of Heat flow in a tapered rod using PDEPE’};

xlabel {'Position vector X');
yvlabel (' Dependant variable U');

figure
surf(x,t,u};
xlabel!{'Position vectgr X'):
viabel {'Time £7);

ans={uj};

function f{¢, f,s]=pdexBpde{x,t,u,Dublx)
c=1;p=10;

f=Dubx;
s= (2/x)* (DbubDx-p*u);

e e - _ A S ot T e ot - e o — —__—— A S o m o o ok A WA h " . A A = W W S A o e

o gP g0 oo e

function uo=pdex8ic{x)
no=0;

o T o i bt e A e St e i e P i o > e e e S i W i oy o A v o v ot o e e o

[S R ]

e}

function [pl,qgl,pr,gri=pdex8bc{xl,ul,xr, ur,t]
p=10:

pl={-p*ul]);

gl=1;

pr=fur-1};

r=0;

o0 o G0 60 o0 gb Qo o
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Simulate the Differential equations describing the

%  Program to
of Catalyst pellet under Steady

pDiffusion & Reaction on the surface
State conditions (Shrinking core model)

[e]

% Here the differential eguation 1is given in terms of dimensionless
form

% D~2U0/Dx"~2 + (2/x)* DU/Dx - phi”~2* U =0;

% subject to BC (1) U=1 for x=1;

% BC (2) U=finite for x=0;

G o -
2 The descretization is done using Finite Differences

% The computed solutions are then compared with the analytical results

for error analysis.
% The average percentage error 1is

<

close to zero.

calculated and is found to be very

function shrinkingcore ()

clc;clf;
delx=input {'Input the Required grid size along the x direction\n');

R=1/delx;phi=10.0;

U(1)=0;

U(R+1)=1;

for i=1l:(R)

if(i==1)

A(i)=(0};
B(i)=(=2~(phi™2)*(delx"2}));
C(i)= (L+(1/(1i+1)));
D(i)= 0;

elserf(1>2 && 1< {R))
A(Ll)y=(1-(1/(i+1))):

B(i)= (-2-(phi~2)*(delx"2));
C{i)= (l+(1/(i+1)));
D(i)=0;
else
A(L)=(1-(1/(1i+1))):
B(i)= (-2-(phi™2)*(delx"2}};
C(i)= 0;
D(i)= {1+ (1/(i+1)))*U(i+1);
end
end
for i=2:(R)
Lf(i==2)
beeta (i)=B(2) ;
gamma (1)=D(2) /B(2);
else
beeta (1)=(B(1i)-(A(1)*C(i-1))/beeta(i-1});
gamma (1}=(D{i)-A{i)*gamma{i-1))/(beeta(i));
end
end

format long
x=0:delx:1;
for i=(R}):-1:2
if(i==(R))
U(R)=gamma (R} ;

else
U(i)=(gamma (i)-(C(1)*U(i+1)/beetal(i))):
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end
end

tAnalytical solution
Uanalytical (1)=U(1);
Uanalytical (R+1}=U(R+1};
y=delx:delx:1;

for(i=1:(R))
{i)=sinh (phi*{i*delx)};
B=sinh {phi);

C(iy=(A{1i}/B});
Uanalytical(i)= (1/(i*delx)}*C{i};
end
plot{x,Uanalytical);
error={(Uanalytical-U};
disp{error);
for (i=2:R+1)
Avgerrer{i)=error{i)/Uanalytical {(i)*100;
end '
disp(Avgerrorj;

for{ctr=1:10)
messagel='Enter a choice:’;
choice=input ('press "A" to see the Solution Matrix, \n B to see the

specific wvalue of the U at some X value, \n C to see the plot for
entire U along entire ¥\n Press Q to Quit\n ','s'"};
if{choice=='Q")

cle;clsy
break;
else
switch{choice)}
case 'A'
clf;
disp(U):
case 'B'
clc;clf;
message=' To see the value of the Solution U at a
particular instant of time\n :';
message=" Enter the particular instant cof time you
wish to see the value of Dependant variable:';
time=input (' Enter the value of time :'}
disp{U{time)}};
case 'C*
clec;
message=' You entered the option to view the plot of U

versus x \n';
plot(x,U};
end
end

end
disp('You came cut of the program');
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the solution fo guasi linear partiatl

tprogram to calculate

equations
the general form of the eguation is

%

% [a(U)]D"2U0/Dx"2 + ([b(U}]DU/Dx + [c(U)Y]U = DU/Dt;

% ______________________________________________________________________
3 As an example we solve the Isothermal Flow Reactor with Second Order
Reaction:

3 The model equation for this system is given as

% D"2U/Dx"2 - s*DU/Dx - rU"~2 = DU/Dt;

% subject to the boundary Conditions

U(x,0)= 0 for all x:
DU/Dx =0 at x=1 and all t;
DU/Dx + s*{(1-U)= 0 at x=0 all t:
Here we shall use the Crank-Nicolson scheme for developing the

ifference
equations.

0, o 0P o go

[*)

o
$The simulation gives the dimensionless Concentration as a function of

time and space{both dimensionless).

function flowreactor ()
clc;

disp ("'
delx= input

Simulation of Flow Reactor ')
'\nEnter the step size along the X direction: )

(
delt= input ('Enter the step size along the time direction: D
S=10;r=5;x=(0:delx:1);
format long:
R=(1/delx) ;

N=(1l/delt);
U=zeros (R+1,N+1);
for (i=1:R+1)
U(i,1)=0;
end
for(n=2:N+1)
for(i=2:R+1)
if(i==2)
Upre(i,n)=0(i,n-1)+{delt/(2*delx"2))*((1-S*delx/2)*U(i+1,n-
1)+8*delx - (1+S*delx/2+r*(delx"2)*U(2,n-1))*U(2,n-1));
A{i,n)= 0;

B{(i,n)={(-r*(delx"2)*Upre(i,n)-({2*{delx)"2)/delt)~(1+S*delx/2));
C(i,n)= (1-(S*delx)/2);
D{i,n)=—(1-(S*delx)/2)*U(i+1,n~-1)+{(r*{delx”"2) *Upre(i,n}-

((2*delx"2)/delt)+(1+8*delx/2))*U(i,n-1)-(2*S*delx)

elselif(i>2 && 1i<(R+1}))
Upre(i,n)=U(i,n-1)+(delt/(2*delx"2))* ((1l+S*delx/2)*U{(i-1,n-

1)+ (1-S*delx/2)*U(i+1,n-1)~(2+r*(delx"2)*U(i,n-1))*U(i,n-1));

A(i,n)= (1+(S*delx)/2):
B{(i,n)= (-2-r*(delx”"2}*Upre(i,n)-(2*(delx"2)/delt));

C(i,n)= (1-(S*delx)/2): ,
D{(i,n)= -(1+(S*delx)/2)*0(i-1,n~1)- (1-(S*delx)/2)*U(i+1,n-

1)+ (2+r*(delx"2)*Upre(i,n)-((2*delx"2)/delt))*U(i,n-1);

else
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Upre{i,n)=0{(i,n-

1,n-1)-(1+S*delx/2+i{r*delx"2
A(i,n)=(1+{S*delx)/2);
B(i,n)=(-r*{(delx”2)*Upre(i,n)-((2*(delx)"2)/delt)-(1+3*d=lx/2)};
C(i,n)= 0;
D(i,n)==(1+(5*delx)/2)*U(i-1,n-1)+(r*(delx”2)*Upre(i,n}-

((2*delx"2)/delt)+(1+5*delx/2))*U(i,n~1);

1¥+(delt/(2* (deix"2
y*U{i,n-1))*0U(1 1

end
end
for{i=2:R+1)
1f(i==2)
beta(1i,n)=B(2,n);
gamma (i,n)=D(2,n)/B(2,n);
else
beta({i,n)=B(i,n)-(A(i,n)*C(i-1,n) /beta(i-1,n));
gamma (i,n)=(D(i,n)-A(i,n)*gamma(i-1,n))/beta(i,n);
end
end

for(i=(R+1):~1:2)
if(i==(R+1))
U(R+1,n)=gamma(R+1,n});

else
U(i,n)=gamma(i,n)-{(C(i,n)*U{i+l,n)/beta(i, n));
end
end
end
t=(0:delt:1);
U=0";

for{ctr=1:100)

disp('press "A" to see the entire Solution Matrix.')
disp('press B to see the specific value of the U at some X & T
values');
disp('press C to see the values of the dependant variable at a
particular instant U(T)for all x");
" disp{'press D to see the plot for entire U along entire X'};

disp('Press Q to Quit "):
choice= input{'Enter a choice: tL,'s ') ;
if(choice=="'Q")
clc;
break:;
else
switch (choice)
case 'A'
disp{'The Solution matrix U is :: ');
disp (U} ;
case 'B’
clc;clft;
disp (' You choose to see the value of the U at a
particular instant of time and position )
disp({'Enter the particular instant of time you wish to
see the value of Dependant variable: )
time=input ('Enter the value of time : ')
disp(' Enter the position along the X direction, you

wish to see the value of Dependant variable: '),
position=input {'Enter the value of exact position : ');
xp= R*(position)+1;
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Cp=N*{(Limel<+1l;
dispilite, xp));
case 'C!

clc;

disp{’'You choose to see the wvalues of
particular instant(t) along entire X');

time=input {('Enter the value of rtime: bo;

tp=N*(time) +1;

for{i=1:R+1)

Jinstantaneous (1)=U0{tp, i)

{u

at

P
ct
¥
D
-

end
disp(Uinstantaneous) ;
plot (%, Uilnstantaneocus’);

case 'Df
clc:
disp({'¥You entered the option to view the plots of
dependant variable U '} ;
st=input ('Press 1 to view U v/s X and press 2 te view U wv/s T ')

if({st==2)}
figure
plot(t,U)’

grid on;

title('Plot of dependant variable U v/s dimensionless time for

particular position X'};
Xlabel {"Time (t) ');ylabel ('Dependant variable(U) "} ;
elself{st==1)
figure
plot{x,U*});

grid ong:
title('Plot of dependant variable U v/s dimensionless length for a

particular time t');
xlabel (fPosition(X) ')} ;vlabel {*Dependant

variable(U) ") ;
end

end
encd’

end
disp{'You came out of the program');

{ans]= nonlinearparaboclicpdel (delix,delt):

$Error Analysis
for{n=2:N+1}
for{i=2:R+1)
error{i,n)=abs({({U{n,i)~ans(n,i}})/{(U{(n,3i1)))*100;
end
end
disp({exrror);
totalerror=0;
for(n=2:N+1)
for{(i=2:R+1)
totalerror=totalerror+error{i,n)’
end
end
Avgerror={(totalerror/ ({R+1}* (N+1)));

disp (Avgerror);
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3 Simulation o Iscothermal trlow Reactor{with a second order rezc
2 using the PDEPE tool box
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% Functions are written for the differential eqguation as well as

the initial and boundary conditions.
¥ The tonl box simulates the solution

]

Analysis.

using tnre Finite Element

function [ans]= nonlinearparabolicpdel (delx,delt)
clc:

format long:

x=[0:delx:17];

t=[0:delt:1];

m=0;

scl = pdepe(m, @pdexllipde, 8pdexllic, Epdexllbc, x,t);
u=sol{:, :,1};

dispf{u);

figure

plot{x,u'};
title{('Concentration profiles 1in a
reaction using PDEPE'};

xlabel ('Position vector X'}:

vliabel (*Dependant variable U’}
ans=[ul;

figure

surf(x,t,u);

xlabel (*Position vector X'):

ylabel ("Time €'}/

flow reactor with second order

function [c, f,s}=pdexllpde{x,t,u, Dubx)
c=1;

a=10;r=5;

f=DubDx;

s={-r*(u"2))-a*Dubx;

function uvo=pdexllic(x) .

uo=0;

function [pl,ql,pr,gri=pdexlilibc{xl,ul, xr,ur, t)

a=10;
pl=a*{l-ul);

Q\QUPO\O()\OUSGO\UdPOWol\?o\Go\ca\Odpé!Po\Qo\Ga\Oo\oo\O\':\0
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function CountercurrentHE/()

clc;clf;

delx=input ('Input the step Size along the spatial Direction:

delt=delx;
R=(1/delx);
N=(1/delt):
x=({0:delx:1]
for(n=1:N+1)

Countercurrent Heat Exchanger

0)y=1;
0)=0;
£)y=1;
t)=0;

.
r

U(l,n)=1;

end
for({n=1:N+1)
V(R+1,n)
end
for(i=1:R+1)

U({i,1)=0;
Vi(i,1)=0;

end
U((l,1)=1;
format long
U(l,1)=1;
bone=1;
btwo=0.5;
cone=0.05;
ctwo=0.05;

for{n=2: {N+1))

for(i=2:

(R))

if (i==2)

Acne (i, n)=0;
Atwo (i,n)=0;

The heat balance equations give a set of
re to be solved using Central finite Differences

Hyperbolic Equations which

Here we consider a unsteady state Countercurrent Heat Exchanger
The Equations describing the problem are:

-bl(DU/Dx)~cl (U-V)=(Du/Dt)

b2 (Dv/Dx)+c2 (U-V)=(Dv/Dt)

subject to following boundary Conditions
0)=0 for x>0;

$For simplicity we take same step size along time and space domain

Bone(i,n)=((bone/délx)+(cone/2)+(l/delt));

Btwo (i, n)=(-cone/2);

Cone (i,n)=(0);

Ctwo(i,n)=(-cone/2);
Done{i,n)=({(bone/delx)-(cone/2)+{(1/delt))*U(i-1,n-1)+((-

pone/delx)-{cone/2}+(1/delt))*U(i,n-1)+{cone/2)*(V{(i+l,n-1)y+V{(i,n-1})-

((-bone/delx)+(cone/2)+(1/delt))*U(i-1,n);

Athree(i,n)=0;
Afour (i, n)=0;

Bthree(i,n)=(ctwo/2);
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Bfour (i,n)={-btwo/delx)-(ctwo/2)-{1l/deit.
Cthree(i,n)=0;

Cfour(i,n)={{(btwo/delx)-(ctwo/2)-(1/delt)):

Dtwo (i, n)= (—ctwo/2;*(U(i,n-1]+U{1-1,n-
1Y} + { (btwo/delx) + (ctwo/2)—(l/delt))*V(i,n—1)+((—btwo/delx)+ictwo/2)—
(1/delt))*V({i+l, n-1)-(ctwo/2}*U{i~-1,n);

elseilf {i==R)

Rone(i,n)=(-bone/delx+ (cone/2)+(1l/delt));

Atwo(i,n)=0;

Bone (i, n)={( (bone/delx)+ (cone/2)+(1/delt));

Btwo(i,n)=(-cone/2);

Cone(i,n)=(0);

Ctwo (1,n)=0;

Done(i,n}=((bone/delx)—(cone/2)+(l/delt))*U(i—l,n—l)+((—
bone/delx)—(cone/2)+(l/de1t))*U(i,n—1)+(¢one/2)*(V(i+1,n—1)+V(i,n—1))—

(~cone/2)*V(i+l,n);
Athree(i,n)=(ctwo/2)};
Afour (i, n)=0
Bthree(i,n)=(ctwo/2);
Bfour(i,n)=((—btwo/delx)—(ctwo/Z)-(l/delt));
Cthree (i, n)=0;
Cfour (i, n}=0;
tho(i,n):(—ctwo/Z)*(U(i,n—1)+U(i—l,n—
))+((btwo/delx)+(ctwo/2)—(l/delt))*V(i,n—1)+((—btwo/delx)+(ctwo/2}—
(l/delt))*V(i+1,n—1)~((btwo/delx)—(ctwo/2)—(l/delt))*V(i+1,n);
else
Aone (i, n)=(-bone/delx+(cone/2)+(1/delt));
Atwo(i,n)=0;
Bone (i, n ( (bone/delx)+ (cone/2)+ (1/delt));

)=
Btwo(i,n)=(-cone/2);
Cone(l n)=(0);
Ctwo (i, n)=(-cone/2);
Done(l, n})= ((bone/delx)-(cone/2)+(l/delt))*U(i—l,n—1)+((—

bone/delx) - (cone/2)+(1l/delt))*U(i, n-1)+(cone/2)*(V(i+l,n-1)+V (i, n-1));
Athree(i,n)={ctwo/2);
Afour (i, n)=0
Bthree(i,n)=(ctwo/2);
Bfour (i, n)=((-btwo/delx)-(ctwo/2)-(1l/delt]));
Cthree(i,n)=0;
Cfour (i, n)={((btwo/delx)-(ctwo/2)-(1/delt)];

Dtwo(i,n)= (-ctwo/2)*{(U(i,n-1)+U(i-1,n-
1))+ ( (btwo/delx)+ (ctwo/2)~(1/delt))*V(i,n- 1)+ ( (-btwo/delx)+ {ctwo/2) -
(1/delt)) *V{(i+1,n-1);

end

end

for(i=2: (R))
if(1==2)

betaone (i, n})=Bone (i, n);

betatwo (i, n)=Btwo (i, n)

betathree (i, n)=Bthree(i,n};

betafour (i,n)=Bfour (i, n);

mu(i,n)=betaone(i,n)*betafour(i,n)—
betatwo (i, n) *betathree (i, n);

deltaone (i, n)=Done(i,n);
deltatwo (i, n)=Dtwo(i,n);
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lambdaone (1, n)={(betafour (i, n)*Cone (i, n}) -
(betatwo (i,n)*Cthree (1, n});/\mufl nyj;

lambdatwo (i,n)={({betafour (i, n)*Ctwo(i,n);-
(betatwo(i,n)*Cfour{i, n)\)/( ul(i,n));

lambdathree(i,n)=((betaone(i,n)*Cthree({i,n))-
(betathree(i,n) *Cone(i,n)))/(mu{i,n)});

lambdafour(; n)=((betaone(i,n)*Cfour(i,n))-
(betathree (i, n)*Ctwo(i,n)))/ (mu(i,n));

gammaone (1, n)={{betafour (i, n)*deltaone(i,n))-
(betatwo (i, n) *deltatwo(i,n}))})/(ma(i,n));

gammatwo {i,n)={( (betacne(i,n)*deltatwo(i,n)) -~
(betathree (i, n)*deltaone (i, n)))/{(mu{i,n));

else

betaone (i, n)=(Bone (i, n)-{(Aone{i,n) *lambdaone(i-1,n)) -
(Atwo (i, n})*lambdathree(i-1,n)));

betatwo (i, n)=(Btwo{i,n)-{Aone(i,n)*lambdatwo(i~-1,n))-
(Atwo{1,n)*lambdafour{i-1,n)}):

betathree(i,n)=(Bthree (i, n) - (Athree(i,n)*lambdaone{i-1,n}) -
{(Afour{(i,n)*lambdathree(i-1,n)));

betafour (i, n)=(Bfour{i,n)-{Athree(i,n}*lambdatwo{i-1,n)}-
(Afour(i,n) *lambdafour(i-1,n))) ;

mu(i,n)=betaone(i,n)*betafour(i,n)-
betatwo (i,n) *betathree (i, n);

deltacne(i,n)=(Done{i,n)~-(Aone(i,n) *gammaone{i-1,n))-
(Atwo (i, n) *gammatwo (i-1,n)) )
deltatwo (i, n)=(Dtwo (i, n)~(Athree(i,n)*gammaone{i-1,n)) -

(Afour (i, n)*gammatwo(i-1,n)));

lambdaone (i,n)=((betafour(i,n}*Cone(i,n) ) -
(betatwo (i, n)*Cthree (i )))/( u(i,n));
lambdatwo (i,n)={((betafour(i,n)*Ctwo(i,n))-
{(betatwo (i,n)*Cfour (i, n)))/(mu(l n)):
lambdathree (i, n)=((betaone{i, n)*Cthree(i,n))-
(betathree(i,n)*Cone(i,n) )} )/ (mu(i,n));
lambdafour (i )=((betaone(1 n)*Cfour(i,n))-
(betathree (i, n)*Ctwo (1, n)))/( (i,n));
gammaone (i,n)=((betafour(i,n)*deltacne{i,n)} -
(betatwo(i,n)*deltatwo(i,n)))/(mu(i,n)):
gammatwo (i, n)=( (betaone(i, n) *deltatwo (i, n))-
(betathree{i,n)*deltacone(i,n}})/(mu{i,n));
end
end
for(i=(R):-1:2)
if(i==(R))

U(R, n)=gammaone (R, n) ;
V(R, n)=gammatwo (R, n} ;

else
U{i, n)=(gammacne (i,n)- {lambdaone (i, n)*0(i+1,n))-

(lambdatwo (i, n)*V(i+l,n)}));
V(i,n)=(gammatwo (i, n)- (lambdathree(i,n)*U(i+1l,n))-

(lambdafour (i,n)*vV(i+1,n)))
end
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U=su',v=v"',
for{ctr=1:100)

disp({'press "A" to see the entire Scolution Matrix for U ang V.')
disp('press B to see the specific value of the U and at some X & 7T

values');
disp{'press C to see the values of the dependant variables at a

particular instant U(T) and Vv (T) for all x'};
disp{'press D to see the plot for entire U or V along entirs X');

disp({'Press Q to Quit "y

choice= input{‘*Enter a choice: L8
if{choice=="0"}
cle:
break;
else
switch{choice)}
case 'A'
clE;
disp(*The Soluticon matrix U is :: '};
disp(U);
disp{'The solution matrix V is :: "};
disp{V);
case 'B’
clc:;clfE;
disp{’ You choose to see the value of the U and V at
a particular instant of time and position )
disp{('Enter the particular instant of time you wish to
see the value of Dependant variables: '
time=input ('Enter the value of time : Yy
disp{' Enter the position along the X direction, vyou

wish to see the value of Dependant variable:');
position=input{'Enter the value of exact position

")
xp= R¥{positiocon)+1;
tp=N*{(time)+1;
disp{Ultp,=p}}:
disp{Vitp,xp));
case 'C°
clc;
disp('You choose to see the values of the
particular instant(t} along entire X'};
time=input{'Enter the value cf time:
% U=g";
tp=N*{time)+1;
option=input('Press 1 for getting values of U and press
2 for getting values of V:: N B
if(opti@ﬁnz )
for{i=1:R+1)
Uinstantaneocus{1)=U{tp, 1)

U at a

€Y.

P

end
disp{Uinstantaneous};
plot {x,Uinstantaneous):
cnd
1f{option==2}
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for{i=1:R+1)
Vinstantaneous (i)}=V(tp, i) s
end
disp{Vinstantaneous) ;
plot (x,Vinstantaneocus) ;
end
PD’
clc;
disp(’You

entered the option to wview the plot

versus entire X and Time ') ;
for U and

Zz for viewing plot for V::

end
end
end

coption=input {*Press 1 to view the plou
) s
1f (option==1}
figure
plot (x, Q) ;
end
if{cption==2}
figure
plot(x,V);
end

disp{'Ycocu came cut of the Program®):;
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% program to solve the parabolic and hyperbolic eguaricns with
3 linear boundary conditions.

2

% The resulting differential equations are converced

equations
% that are converted to tridiagonal system ,which i1s there by solivea

using Thomas Algorithm.

o

As an example we solve the heat equation
D"2U0/Dx"~2 = DU/Dt;

subject to the boundary conditions

U=Uo at x = 0 for all t;

s(1-04) - DU/Dx = 0 at x =1; all t;

and U = Uo at £t = 0 for all x;

The parameter s in the equation 1s dimensionless and contain the cube
of the source temperature, the Stephen Boltzmann constant and thermal

conductivity and length of the rod.

oW o

A0 ¢ o0 oo

o]

>3

O

o

E4

% We use the crank Nicolson eguation for the partial
equation

differential

function nonlinearboundary ()

clcrclf;
delx=input ('Enter a specific step size along X direction: ")
L}

delt=input ('Enter a specific step size along T direction:

format long;
R=(1l/delx);
N=(1l/delt);s=0.1;
U=zeros (R+1,N+1);
Uo=input {'Enter a particular initial value of the variable U at x=0 and
for all t: '
for{n=1:N+1)

U(l,n)=U0o0;
end v
for(i=1:R+1}

U(i,1l)= Uo;
end
for (n=2:N+1)

for{ctr=1:100)

for(i=2:R+1)

if (i==2)
A(i,n)= 0O:
B(i,n)= (-2-(2*(delx"2))/delt);
C(i,n)= 1;
D{(i,n)= (2-(2*(delx"2)}/delt)*U(i,n-1)-U(i+1,n-1)-2*Uo;

beta{i,n)=B{2,n);

gamma (i, n)=D(2,n}/B(2,n});
elself (1>2 && 1<{R+1)}

A{i,n)= 1;
—-2-{2* (delx™2))/delt);

B(iln)z {
C(i,n)= 1;
D(i,n)=-U(i-1,n-1)+(2-(2*(delx"2))/delt)*U(i,n-1)-
U(i+l,n-1);
beta(i,n)=B(i,n)-(A{(i,n)*C(i-1,n)/beta(i-1,n));
gamma (1, n)=(D(i,n)-A(i,n)*gamma(i-1,n))/beta(i,n);
else
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Ali,n})= 2;

B{i, n)=(-2-{(delx"2}) /delt)
C{i,ny= 0:
= ~((delx"Z/delt*U(i,n-1))+2*s*delx) ;
g={Z*s*delx); '
beta{i,n)=B(i,n)~(A({i,n)*C(i-1,n)/betati-1,n)j;
p= {({(h~A{i,n}*gamma(i-1,n)) /beta(i,n)):
ag= g/betaii,n);
1f{n==2)

Ul=Utli,n-1):

disp(Ul) ;

U2=U(31,n-1)+2*{(U{(i,n-3)~-0);

else
Ul=U(i, n=-1):
U2=0U(1,n=-1)+2*(U{i,n-1)-U{i,n-2}};

end
U{i,n)=regulafalsiip,q,U1,U2);
end
and
for(i=(R}):-1:2}
U{i,n}=gamma(i,n)~(C{i,n)*U{(i+1,n)/betal{i,n)};
end

for(i=2:R+1)
Un(i,ctr)=0{i,n}:
end
i1f{ctr==1}
continue;

else
if(Um(i,ctr)~Um(i, (ctr-1))>=0.0000000005}
break;
else
continue;
end
end
end
“end
x=(0:delx:1); t=(J:delt:l);
U=0U" ;

for{ctr=1:100)
disp('press "A" to see the entire Soclution Matrix.')

disp({'press B to see the specific value of the U at some ¥ & T
» P

values');
disp('press C to see the values of the dependant variable at a

particular instant U(T) for all x';);
disp('press D to see the plot for entire U along entire X'};
disp('Press Q to Quit D I
choice= input({’'Enter a choice: ,t's 'y s
if(choice=="'Q")

clc;
break;
else
switch {choice)
case AT
clf;
disp{'The Solution matrix U is :: "};
disp (0);
case 'R’
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cic;clf;

disp{' You choose to see the vaiue ¢ tne U at &
particular instant of time and position Tl

disp('Enter the particular 1instant of time vyou wish =o
see the value of Dependant variable: ')

time=input ('Enter the value of time : "y

disp(' Enter the position along the X direction, you
wish to see the value of Dependant variable:');

position=input ('Enter the value of exact positiocn
")

Xp= R* (position)+1;

tp=N*(time) +1;

disp(U(tp,xp)):

case 'C'

clc; .

disp('You choose to see the values of the U at a
particular instant(t) along entire X');

time=input ('Enter the value of time: ")

tp=N* (time) +1;

for(i=1:R+1)

Uinstantaneous{i)=0(tp,1i):

end

disp(Uinstantaneous) ;

plot (x,Uinstantanecus’');

case 'D’
clc; ‘
disp('You entered the option to view the plots of

dependant variakle U '),
st=input ('Press 1 to view U v/s X and press 2 to view U
v/s T '
if(st==2)
figure
plot (t,U");
grid on;
title('Plot of dependant variable U v/s
dimensionless time for particular position X');
xlabel ('Time (t) ') :;ylabel ('Dependant variable(U)"');
elseif (st==1)
figure
plot (x,U};
grid on;
title('Plot of dependant variable U v/s
dimensionless length for a particular time t'};
xlabel ('Position (X) "),ylabel ('Dependant
variable{U) ') ;
end
end
end
end
fans]= radiationdiffusion{delx,delt);
$Error Analysis
for (n=1:N+1)
for(i=1:R+1)
error(i,n)=abs{((ans(i,n)-U(n,i))/(ans(i,n)))*100;
end
end
disp(error):;
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Avgerrcr=0;
for{n=1:N+1)
for{i1=1:R+1)
Avgerror-Avgerryor+error (i, n);
end
end

disp (Avgerror/ ({(R+1)* (N+1))) -
displ'You came out of the pragram');

Simulation of Heat flow in a rod{(Conduction accompanied by Radiation
long Boundary) using the PDEPE tool box

Functicns are written for the differential equation as well

he initial and boundary conditions.
The tool box simulates the solution using thre

Analysis.

T o0 o0 o o0 U o

Finite FElement

o

function [ans}= radliationdiffusion{delx,delt)

clcy

format long:
x=[0:delx:1};
t={0:delt:1];
m=0;

sol = pdepe{m, 8pdexl2pde, BpdexiZic, @pdexllbc,x,t);
u=sol{:,:, 1) -
disp (u):;
figure

plot (x,u}:;

title('Dependant variable (U} v/s Position as solved by PDEPE');

xlabel {'Position vector(X)'):;
.yviabel (' Dependant variable U'};
fans]=u';

% figure

surf(x,t,u); )
xlakel ('Position vector X'}:;

of

%
% ylabel {'Time t'};

% _____________________________________________________________________
% function {c, f,sl=pdexl2pde (x,t,u,Dubx)

% c=1;

% [=DubDx;

2 5=0;

% function uoc=pdexlZic{x)

% uo=0.50;

% function [pl,ql,pr,qgrl=pdexliZbc{xl,ul,xr, ur,t)

% uo=0.50;s5=0.1;

% pl=ul-uo; f

% qgl=0;

% pr=s*(l-(ur)”™4;;

& gr=-1;

o
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Results and Discussions
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solution of Diffusion equation using PDEPE
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Appendix A2

Thomas Algorithm for Tri-diagonal Matrix

The given the linear algebraic equations are written in the following form.

bju; tcju; +0+ .onan.......... +0=d;
azu;+ bz + cruz + 0+ aeanevvnnennct 0 =d>

O+ ecatitty g+ bitt; + Citting + ueveeenenannas + 0 =d;
g+........ + 0+ agp gz + brottp.r+ Crotip; = dp_ >
0+....... +0+ag. g+ b jur ;= dg_;

The equations can be represented in general as;

au,_, +bu, +cu, 6 =d, for; 1<i<R

i7isl
with a, =c¢, =0
The algorithm 1s as follows;

First Compute; ,

B, =b, — 255 with g, =b,
i—1
and;
—a.r, d
}/,' — d/ a:;/r-l Wlth }/l =_b_l_
1

i

The values of the dependant variable are then computed by back substituted from;

ciui+|

B

up=ypand u; =y, —

The algorithm however suffers a drawback that, if the coefficients b, are assuming
very small values, titen the algorithm gives erratic results. Further the algorithim is not

applicable for the conditions when b, =0

1
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DIFFUSION EQUATIONS

VI



Appendix A2

Thomas Algorithm for Tri-diagonal Matrix

The given the linear algebraic equations are written in the following form.

bru; iz +0+ oevevenian .+ 0=d;

aru;+ bru; + couz+ 0+ .aeeeeneenen +0=d,

0+ . ..aiu;;+ biu; + cittjvg + aueannann.... +0=d;
0+........ + 0+ agottp; + brottg:+ Crottg; = dgr_2
0 +...... + 0+ ap_jitgy + br_jttp 1 =dg_;

The equations can be represented in general as;

au, , +bu, +cu,, =d, for;1<i<R
with a, =c, =0
The algorithm 1is as follows;

First Compute; ,

ﬁi-_—bi—&ﬁ with ﬂ|=b]
i-1
and;
—a.y. d
i :i'___ﬂ?/_'—_' with y, =—-
ﬁr bl
The values of the dependant variable are then computed by back substituted from;
cu,
uR = }/R and Lll. :-}/‘_ __ i i+l

B

The algorithm lowever suffers a drawback that, if the coefficients b, are assuming
very small values, then the algorithim gives erratic results. Further the algorithinm is not

applicable for the conditions when b, =0
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Appendix A3
Algorithm for Bi-Tridiagonal Matrix

The two equations are written in the following general form as;

5
ai“)ui—l + ai(Z)v:—l + b.-'(l)ur' + b.‘(z)v: + c(]}uz+l + Cr'(—)ViH = d/(])

!

and
al.('”u'__l + al.(4)vl._l + b,.o)u',. + bf‘”vf. + c,o)um + 654)\}“, = d‘-(z) for 1</<R
with al™ =c{ =0 forl<m=<4
The algorithm is as follows;
First compute;
B =60 —a®20 — a2
P =5 —a® AR - a® A2
PO =5 —a® A0, ~a" A2
B =b® —a® AN —a® A2
“with; " =p" for1<m<4
and;
0 =d —ay® - a3
5 =d® —aPy® ~aty )
with;
51(1) — dl(l) and 5}(2) — dI(Z)
and;
#=BPBO - OB
The B, &' and g, are computed to aid in the computation of the following functions
and need not be stored after the computation of;

5 = (B0 — 5O ) s,

2y __ 4) .(2) (2) (4}
/15)"(181 c;” =B Ci( )/#i

v



A8 = (Bt = P )iy,

(4) __ () (4 (3) 2)
/1! ——(ﬂl Cr —ﬁi Ci( )//Ll:

and;
r =B = P52 )
r (08— 5650 s

The values of A’ and »{”’ must be stored, as they are used in the back solution. This is;

i

_ . D
Up = Vi

—_ . (2)
Ve =¥Var

and;
— D ) (2)
u, =Yy, —'/1:' Ui —ﬂ’i Vi
v, =7 = AP, = 2V, -

for (R-1)=i=1
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