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it,+~do#q 	a Field, Direct Axis, Quadrature axis Voltage 
i fOld'tq 	Field, Direct Axis, tuxdrnture axis currant 

" f"id,~~►~ 	*0 Field, firect Axis, Quadra~ture axis flux linkage 
ItoLdrL at Field, Direct Axis, Quadrature axis winding •*1f 

inductancxx 

	

Lad 	* Mutual inductance of field and £.axis winding 

	

d~ O xQ' 	s Direct axis, Quadraturx axis transient re4ance 
Including extional reactance if any. 

xdox4 	• il►xxis• Q sxis reactance 

Yd ,Y 	Direct axis and Quadra~ture axis equivalentq 	admittances 

Angle between gen r for voltage and bus 
F 	i voltage behind transient reactance or bus voltage 
V 	+ FleCtric speed 

Frequency CA 
r~► • Plectric : 0.+ d, rad/sxc or P.U. 
p 	m Power 

a 	Direct axis transient op,n circuit time constant 
at 	Direct axis Td" subtrxnsient open circuit time constar 
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A R1V2 ° ON ml r*ANcz T sTAøLXTY  
()I 	Hm Us MAcHTNU  

24 	! 	 t1J L1AN T s4 

The prebleos associated with the *intsnonce of 
stability of synchronous machines In Power systems have received 
~esn*id. 	a sttentt n In recent y*sroo This has led to 
sentinsus investigations in the subject and several authors 
have contributed towards the study of power systemstability 
and methods to salve stability- p blew . The teportant 
aspects of stability preblva. are is d.t.rnin. the transient at** 
bility regions and critical switching time of power systems* 

I ►fir# on these lines. x1mbs*  and Crary 
discussed the sppllcatiøn of ss1 ares criterion, pointøpotnt 
ossput.tton of swing curves, graphical int.+grstien of Ong 
auxvss, and pre"cstsulsted wtng curiae to dstsrnine transient 
stsbthtty and critUc Z wttching angle and critical switching 
tlas of power systeas. Their discussions gained 1jo atsnce 
sines th$s* methods save sticast to approximate, solution to 
they stability paobl * 

Later In l9,8, l~ylitt(' 6) probably for the first ti . 
used an entirely different approach naoly, the energy °'Integral 
criterion to study the transient stability Hilts of power 
syst•ai. No devised the methods 4 fai td nttfying the nature of 
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the phase trajectories in the study of nonlinear *#tend order 
di fgaaentisi o"atIons without finding the solutions to the 
oquations and derived the 	iss for the critical switching 
tin,. However, the i rtano+ of this p .r is that it gives. a 

thGd of finding the critical + witihtnq tims though •pprox at. 
and *ids In determining tom► transient stability units with 
usual ac4u tions without finding thesolutions to the systeo  
differential epaáttons. 

After Ayl*tt' s w,rk, Dhsr Ram(i' )  In Z%2 presented 
o now approach to the transient stability problem. Br energy  
methods ho found out s rapid way of detsrrdng the critical 
swttchtnq tier$  while Rs ch*nd 	nand t)h*ra* Rao{16)  gave 
a slept* graphical method to dotormtno nth critical swttchigg 
time for a slept* system. me importance of these papers is 
that they giv. a +.thud of rapidly. determining the critical 
iwttshing timer of o •ons.xvattv. sys tew, 

Later In l66 Gl.4lDd nPAblod and Naq sn' 
investigated successfully the transient stability of siultimschtne 
system using second method of Lispunov« iPnuçyh they used many 
assumptions, their investigations are of at soot importance 
since they have pxovtded an approach for automatic deter ination 
of stability. 

Is 19 67„ cc l,r(21)  investigated the stability of 
various systems of synchronous mmitht**s using i :nesriud 
syst.em of differential sas*tlons. Ni solved the problem of 
otsbtlity in critical **ses such as sin the characteristic 
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•qatton of the ltn.axisqd stsn has zoots with net parts 
Squol to sera without h:pvtng any other its %44th positive zeal 
parts, by setting up Ltasiun v functions* 

Just in the same year l97, ', 1Latasen and " snikessZaa(22 
vet a.. stop further and st;.dted soy. aspects of the transient 
stability domain of integrated power systems Including governor 
action tieing Uspunev's methods 

in the present dtesertetto °, travts in stability of a 
single and *ltts cht.' a system is investtate!,teking Into 
account., ssii•ncy, dnn ing and roiulator action so as to 
represent th. Actual sy,tem to a nearer approxtmation,ustng the 
►n,r4 and powerful method of £.tpunov. 

2. 
The problacros asioctat+ d with the meintentnce of stability 

of synchrrvws machtno in pewee systerte and thhe Method $ Of 
analyse the transient stability of ever system Is rori**#d in 
this a tici.. 

and r r~t6) hard disc tased the application 
of enu l area criterion. pointbypotnt co puttation of r rtng 
hires, gr phtcel i' tegrett n of s ►inq curves, end prs.ceiculeted 
swing curves to d texnina the transient stability and critical 
cl arinq enola and erIttal clearing time. Both the authors In 
their stability studies dtscu%sed the Ofoots of (1) flux decay 
(2) voltage regulators (3) seortissour and prim► rover damping 
one ax'.cltatten sy,t s. They e ahostsed that the transient 
$tabtdity limit can be Incro sad by rductng the time of fault 
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3c.vtoss yoc o bo ro (0)0 AVhcttQ ) a Pro"-, t) 4V 
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o7 ra  	- 	rz no ^n io ":9^o t.00 oC tho 
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cln,ly n:y mclo no tho obcci of tho tr to o0c AAn pan otooi 
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vco th.i t.U. a .On o ~a s 	'i2ttcMno oyoc uotng 
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tea rra 	o (ot) r once t 	t Od ocd co cp oo 
modtoo5 onV a rt2in 0 St crr to ü2. ü2.t thot tot' trwoottcnt no 
op0n 3 too c.3oµ Co 	 otozmftnotion of tho otnbiJfty of 

P69# 10 0lov(ry~~ lc",Voat .votod 	 Cl otnb 11ty + Of 
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c t20 casr~e bp oo tiny .ic a w° o Avnet n . ' ii 	poor 10 
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d1?ovnt qptnth ut to wootiçnto the of b tty of oync~ 

Soot gn tho O3 VQf2' I<'? f ot000n ord Tbo t_h000, co( ) 
¶ZSOLt a oc Uur f -'r mfl O WI C co' o 0C;~ Ito of tho t nni t 
otoIity rn2o o 	+ d ot,or oyotc n Including pvo o 
c1  in n un s icvo cOtdo xt taro OJOO1C1 Olt &at, 

+ 	4 	3flVO 3 O C7 f i COnt OfOC c o tto 
c C 	1 	dcna 	tO n") tiro aneraocon vitth vi . 	 ug ^hov 
3ocrooco Of Cola" it r, at ors '0our t t° ^~t rnnoilor voluon a9 
r of, o cnczlnc ehMcii 	t r;Iat1v cc octc cUCo a . L3OI 
ct tOt fl Pcoo v.'h1 o o cc1ino ttch io IoDaly ,onnoctc e, km 

Qis`7FCOt on e" t icol 	t tch n tTa ' at ofl. ! ~? i'o a 'op tho  

tOO comilve ± tInt OrMcd, c:jItcbincj tin", ct nn os t th 
ci= to o? 3 6 tho iichj o ?3 tt t / CDrr oats;~ Q 	;- ca OOtC 

'fit tt o St. ;^^ t p ` con to ont(.1 	^ .''. t S o r-,) C;*,' ( OQ.') 
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tho o1c onto of n ocjaro czt i to 

tat ate MCI Cbrs. 	~ ocrtbc t v T,ablo 
r ort 3t1 of` rc o ntifO lcpu1Ot! funCt OnO b000 on t 
ooc c9tLon O r vo ttz ' `i àpt tb r edd to nod co ,en 5 :! Tho 
r. :t:0ra tc vo 9'0-.~r t s ten 	.nn 

 
zr1vaUio of Ll - ur 	3flOC) 

c,nci V0 th f1 ,CZ~aw rot tco C' m 7P o 
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7Q Vjfl 

0 

cok vac v icy atoto vortci l oo r on by u 0 C() zwtot io 
oc ccius z voc ro 0(n) So 0 oriav cntzluo 

Tho aut 	oni W bo rn ntotV CO1tQn vQOtO 

t 3O coop*1c!flo -.m o o :oc to bo uovo oQ tt atoto 
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4A + nOt a 7i riq 17 co Lo OU000t -9z~OCI too 
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pfl to ond 	tho notind bbd Ctiz co difQo oat ovoGo o 
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'rmcth. n t? ?1O (i t;') no *o the Qlc onto SIS of 
.tiQ r:,)n1gnonr rnc) t1r c vn dnr ianct,ono. The vuth r 

tl1uctrntc tt to —ott*d v h throe di 7VO--Oat oyctonc nnmlvo 
(1) 	th flea vciDytnc 	rco :a a only (2) c r toao v th 

nd (3) ytto ritth r nitnc ortttoc rind t .c 

voz ytng i3tono. 

The e?^ol rn1 pogo-, ;7c to can cpt •cho of Ltnpur v*c 
CC -oboe I,) ?to totn1 rnorgy In the nyotc - 

*j'i o OOCK1Qtj d of LMpuv to noc o for Ito 
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t urn n c~ntc ~ nzy of Routh rnt Icttu. Th oioziul god 
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?r.cttcri &cult woo cchiovod by tho 
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p a 

(3 ) 

?1V Or Or 3 1Y t 3Q 1V3 ?ç 

Cam' tip~) a? octnç cone to tti u 3t o -ao6o a s' on U ,nos tto 
ovot : ? to 	$,c c x oc o o2rglo a" jvcjc t S CM .no C3 nC C(7. 
to cc In2bbtto Lo tt uct 0 do I n3, 

To C llotAnv orc t no n o r o in tbc,eorlVa,21 n off" 
ono ogj3t 0$ 

B. Tt'o opnchromcj c ctiirno to dooi.. 
2. 	' ot r~ ov 	rotcnt uzn } the on 

toozolont PQ IOd 

oED,ttIro an &rte zototrcoc ^o nofi1ic.blo. 
46 	c 	i000 v dc~ Ano: As rllclb1o. 

C.  

T. 	r.~dogo o a or c 03 doncd ti t5t ifl 
c, 2. ' 	 1tr,nr oquat 4XIO(23) of 0 
r to 	n ach± no (at: 	In 'Ic 1) oroD 



cd 

0(1 

['on (32.) c2 (Z02) o ti:o 	1tnC o 	otic 	In to 	o o ' 
aRo,, ~t ,mot ofto and oc tottiro cn o 	'lu z Urn 	o o 

	

' p017 	 ( ) 

Qd c 
	

(J,4) 

0 c p 0q 0 y `110 	 (+zoo) 

S'&& coletions Coe (I c ac t Q C :~ o zti co ( o) ocx, 
ccn to ob tofnctl Do 

7 r ►t r 	 (z) 

2 co 0 +t 3tflç 	cfioiwr t3MXoo rind 	t . ting 
v c o 	 rca 0,0 c d 0 	(o4) r-rd (O9) cto 

t;c ^() tt rn Ct fo 0 	:1n 0 Ct2d 0 + fly CDO t to ci 
0c ) c 	th vnlu0o a f 	c=~6 	aEO 

0 a 1? o 	/ t 	 (3 O) 

0(1 0 	If 3 / to 	 (3cc)) 

t:::ac do 2oMn to 	or trio tor. 
~z::~ Vivot OQ co o ettn o (34) 

of  ~ 
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substituting £,f in second of the equations (3.2) 

Od * La id +Lad • 	 3.11 
f + L f P 

Cs 	14 rt * p(Lj L - L. *) 	Lool O'r 	t 

N 9listtnq the tole (L J . L 4 ). *d becomes 

4 xf+Lf 	rf+L1P 

Qs  . 

Ld 	Ld Irf 	Ld r f 

Cr 

* • 	b + I jn 6(p6). 	+ 	 (3.1) 
4 

a ~ metre 	* 	o ff , is the tWadreture axis transient internal 
,*ltago. 
From third of the ,nuations(34) 

The .1.ctrical power is given by 
►* • w( 14 *q0 14 4 ) 	 ($.17) 

Substitutin* 104. * , i4 and Iq from (3.8), ($.c), (3.1) and 



("®ac.) In t) tho o1cctt c pct or Io 

0 
I 

es o, t bo uc 00 

t: 3 pQ Z4 :~ZC? cccolt}nt .ne D'Cr"'cam CO ctcd or Io t loi . 

CPS tL0T..' 	 t5 fl1t.  

C 

o co:: h rr c 	rio' OczntiOf of, 0 CUILC 	O10 

*aocyio c! no la a o c nd orlon r.-)r,11ronr d1 Cfomn 2. I 
i.j ~~7-.I Viu~.J G 	'44So y~\ c)n 1Silo lont1N 	lril+Li ,o V`, Yrw loMY he tc! oIf^,J Vc 

fi."~o o ,a, t.to MoN w o 1 o do 71inq pot.ot mo&mci by tho 

0t.2 ov C1( 'Aunt l tawc o , c ::! t o 	Co ►oio,od 6 o to 
ooM cacv EOc3c 	1y. 
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3.1.2 
In this cases ss shown In pit 3, the voltage proportionall 

to the power angle abid the voltage proportional to the Us, 
drurivatty of the power angle are applied to the field In addition 
to the steady state voltageof the (told winding. Therefore the 
voltage equation of th. field is 

of " dfs4kit64# '(Po) - arfIt p*t 	(3.21) 
substituting (3.21) in (3.14) 

14 • • 	4 Sin 6 . (pI),~ * ~ 	.... ~. (3•n) 
+d 	 *4 	*4 

where 

	

ci w L kI' , k2 01a2' and 	w ' ' ► 
The electrical poser Is given by 
4, a W td ►q '* 14 %)  

substituting d,~' q' 14 and iq from (3.0), (3.9). (3.22) and 
(3.16) in ('3.23). the •ieetrica1 power is 

g~ s 
p ~r !&!2_ n6.f4.(L * 	Sn26 

ki  o  f 

	

s«. .....6. Sin $4•6I 	.( ) 

4 	(,,* as 26) (p6) 	 (3.24) 
X41 

The elactrosshantcal power eight be written as 
a  

mart 	 Co 26) +~ 1a 	o ftn 6i. 

+~ In $ 4 ~ e. in I t 

• d
- $in 	a Pt 	 (3.Z) 
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I }~ tid 	.td  
L4 j be 

I f G. 1. DIAGflAM O1- SYNCHr,0( OUS MACHIZE 
EI 	 E2 
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t~ 	 E I 

	

efo ! 	, 

BUS 

T 

r- I c . . ONE 

 

MACHINEYSYEU WITH I EGULATO#3S . 

POWER OUTPUT 

 A/ 	B POWER INPUT 

O 
a 

0 
 

s 
 

(ir89 )  R 

ROTOR ANGLE 

F I C. 4 POV: ER VS ROTOR ANGLE 

A ~ STAGLE EQUILIBRIUM STATE 

13 t , UNSTALE 	0.111L..I3 IUt! STTE 



i krtac, 

 

ttx oc 	tc.cr or o of on of o + ollc-at 
a ocOCio n-;o tg o ti!.tt 	ci2oto s ED a flood or+or cat 

22 oo d1 µr tiaX o aztgan. Thy coc rth!Q fif %) nrd 
~sgr~th 

 
'or Co tho 10 tooi o do of tho tat 	(3.2) arr,, 

t o do ac çj xoi byto ctboora of Ztokk Mon 1oçpc 
OO1PCI uo to tho t m dootcacW10 

*~0 error + to1otnod d to h0 anc 10 C , 310to nn 
Cc0 

 
33 2' 	o to ao oncy cpoat .atrlvo 
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3.2 	?LT A'ti 4F t 	p 1 f 	V* 

The phase-plan# tichniqu# is used in the transient stsbblity 
studies to find out whether the system is totally stsbl• or 
unstable. The sy%t.m Is stsbl• if and only if the phaa~• trsj.ctory 
comes to s stable .operating point# othsrwis. unstable. 

The phase trajectory of a second order nonlinear differ►ntti 
equation may be obtained either by graphical methods or by 
numerical methods. A detailed description of the graphical methods 
is found in (3) • (27), (28). Rungskutta m.thod(N), 0) x (31) of 
numerical solution is superior to graphical methods, because,, it 
gives more sce-urste results, the col utations can b, dons on 
digital cov uter$ and the time solution can simultaneously be 
obtained. 

As an example$ a nonlinear second order differential 
equation (3.7)) is solved by ungokutts fourth order method as 
follow*: 

The equation (3.20) can be written as 

d'8 	ds 

 

+ e(1•Co# 26)—. + a Sind + b Sin 26 0 P  (3.26 
dts  dt 

wh# ►'. 11 	ffi I 	 Tda' 
a0 	, b a 	(, . .. «. ) and#*  

xd. ! 	2.M 	#q 	#d 	2 

The equation (x.26) is converted into two 'Ir*t order differential 
equations„ as 
45 ..■. * v 	 (3.2 i 
dt 
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d * P • a Stns • b Sin 26. C (1. Cos 26) v 	(3.28) 

it the initial conditions ore. 

6 6Mi 
 Vol vft»  1  

t 0 tr  

then the ordinate at the nth interval can bo obtained by Rungekutts 
formulao* 
d61 	H (v1) 

dvi * H Ip a $ Si ,I  - b nin 25 	c (1. Cot  

where H is the increment in tint 

d&2  a H P 1  4 

dv2  * H Ps asin(a 	4 =4 » bSin2(aew  + 	) n 	2 	 2  

• e 	 •• Cos 2(arr1. { 	&) 	{v  i 	} 2 

3 	 2 

dv3  * 1 F s sin(s 	+ 	) ,. b #n 2(a,".1  + 	) 

• 
2 	 2 

o «► Cos 2t 8nr 	1{ y 	4 

dS *  

der# 	H P •► a Sin (1, j+ d5) •► b Sin 2(6 	+ '3) 

. 4 11 • Cos 2(6 1  + 03) ] (v , 1 4 dv3) 



2.G 
a 

The values of be v and t at the n th interval sr., 

Gn a 6,. j + + (d61 + 2d62 4 2d63 + d64) 

vn • V60I + (dvi + 2dv2 + 2dv3 # dv4) 

to " tr4 +H 

The proc.ssis repeated as many times as neces .azy. The entire 
procedure given shove, has boon programed for on ZfN 1623, and 
the program is given in ! p#ndix I. 

LiapvnOV"s Thooar~rm~ ) stat*si If a positive dofinit, function 
(xl#x,2.»• • •. xn,t) exists for a system of the n th order, described 

by the ordinary differential equations 

rdi a is (it1, x2, M . s a r * it,). I a 1,2 ♦ • , n 

so that its derivative with respect to time along the trajectories 
of the system "4 a W(x3,.x2.••, •.in) is negative definite, the system 
is asymptotically stable. 

The function V, called Lispunov function will yield a strong 
sufficient condition(1) • (d,. To study the stability of the system, 
the Li.punov function is constructed satisfying the following 
condi tionst 

1. The function should be a continua scalar function of the 
state variabl,as, 

2. Its value at the equilibrium stale is zero and is positive 
Inside the bounded region A. 



30 	'Ito ttro dorivotivo si u1 mist and bo Continuous In o ocfrmn 
r eo 2nod by VD v a f is o pooitivo canotcnt 	ttya 

40 	'Ito tin-) do itrntivo 3hnuld 	nogotivo In A o~seopt of tho 
o(rJlilbrAum Ot0tJ WhJO It VO ifho0, 

Theo nro c gonerol Euloo to ConotrUct Lirpunov functions, 
olthouCb a-)oc n1 nott')r c Novo boon dovolopod for cortain eleaopo of 
unction,. The uouol r thodo of g+ orating Litpunov functions aro 
o inottc fo=(z) 0 n vo oblo grodiont + ottod(23y , (24) o and o 
c:andottc 20 plus on a ,r priato intogrol" )0 

to o2 	ioOt o,rnr)10 of on actual ttnpunov function is tho 
total 	o?P in the mymuc . 	in o Hyoid tAth di forontiol c 	ation 

0 c71(n) s 0 ç() 	a 0 
	

(3.2c )  

tho Ungar ,v f'u otion s ç)ht bo cir ttcn using the total onorgyb that 
is, the tzinotio o -o r,a of the nyf)tom plus the potontlal ono y Dt r 
In the OyOtOt0 no 

0 

ht o function fro c,oeitvo dofinito ovor the whole phase plonoo The 
Limo dortvnt?vo 09 v Is 

1 +t it 
	

(3.31) 

(3e3) 

cubatituting fo n fron (3.2) in (3.32) cAaoa 

V2{ n) '0 4j () ) 
	

(3,33) 
a 	 a 

0 c 01(12) tip (3,34) 
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which 3s always negative or zero for darping parameter gi(x) positive 
if damping factor g1(x) is zero. it is zero and V is constant and the 
system travels along a contour of constant energy and Is stable* 4t 
91(x) is positive, V ±s negative and therefore ' and the system ensrr 
decrease with time. Such a sy*'ors is as toticaily stable as it 
,comes to rest at a stable equilibrium. If 91 (x) is negative, t' e 

•nrrgy would continually increase and the system would bo unstable. 

3.4 	. C A X N OP Ti i S)O1N► T.-! I» A yy4y 

The metbod of application of the second L .apiur v process for 
establishing the region of stability and detsrniniAg thin critical 
switching time consists of the following main stepst 

1. Conjtxuctton of a suitable► Uapunov function. 
2. fte instion of the equilibrium states of the system 

befor, the dtsturhance. 
3. Vetøz,njntion of the limiting value of V 
4. Forward integration of the disturbed system to find the 

critical switching time. 

The above steps are explained In detail as under. 

3.4.1 	jtj 	f_Ltaoupov funCttoni  

In view of the many choices available. 'what passes for 
competence is a krowl.dge of previous fortunate experience' (3)  is 
still not inappropriate. Various I.iapunov functions were triad, 
before the Li+ punov function based on energy concept is found 

suitable in this stability study* 
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The Li punov functi'►r for a syffahro us n cbins without 
regulator can be constructw3 using tho total rnergr In the sygtam, 
that it, the kinetic energy of the system plus the Potential 
energy stored to the systam, As 

y it 	MV* 

t . (p • .~ SIM •~ ; 	j in 26) do (3.3) 
 Xq d 
6s 

or 

V ~• My • P1(6.6)  	Cos 6 . Cos 6 ) 

s 
~►: 	(Coo 26. Cos 26«) 	(3.3) 

4 q d 

This fashion Is positive definite over the ho1• phase plane. 
The time ftriv ttv► of V is 

d 	q d 

ubstttuttnq the value of V from (3.20) to (3.37) 
~y r 

0 0 • 	(1 *Coo 26) va 	 (3.38) 

which is Always negative dsft'itts except of the equilibrium where 
It vanishes and the uUibriu:-m Is asyr:,tticrlly, 	stable. 

The Ltapuv #u ncti n can slnt1rly be constni ctsd for a 
synchronous machMsr with requlntors using the total , energy in the 
systan, ss 	6 

V . ~. NV* 4 .» (P 	sin o . .. (. .► } in 26 
2 	 x~ 	 2, 	d 

ft m.6M!~ina) dO 	 (3.35) 



3 `) 

or  

v • A u*. Pt(6u65) w 	(Coo 6 ••Cos 6¢) .. 	.. 
d 

,!2 	(Cs26-Cs285) 
d 

.. 	' ( n . - $3n 60) + 	(vP) (COQ -a Cr►r~ub `) 	(3.4) 
*i 	d 

This function is positive 4sftnits in the whole phase plane. 7ho 
time derivative of V is 

• 4 + (.p,.!  sin 6 + 	(L.) Sin 26 
d  q d 

rd 

Substituting for it fro n (3,) in (3.41) 

.y 	Cos25).v5   	(3,x42) 
Q 	d 

which Is always neg*ttv% definite and the equilibrium Is csyitoti. 
tally *tables 

3.4.2 1011r *tati 

The stable equilibrium %tat* of the prf"distarrbcnas system 
is feund by Newton Rcphson mothod('0) with the velocities and 
acc*l+rrationc made equal to xerO, since, at the equilibrium  state 
velocities and accelerations are so=* 

The unstablea l ltbrium state closest to the stable 
equilibrium state is found in the sawn way as in the ease of stale 
equilibrium, but the initial value of 6 is chosen is it radian, 
since the stable equilibrium value $ is 	roxiactity ,moray from 
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3 3 

un~►tabl• •uuilibrium Value & by (s.6), as shown in Fig 4. 

The .qul1Ibrtum states can also be found from the Potential 
nerqy of the Liapunov function. The Value of 4 which gives the 

minimum value of the potential energy is the stable equilibrium 
•t*»t. and the value of a which gives the maximum value of the 
Dot rntial energy is the unstable ,ouUUtbr.um $tot*. 

314.3 	V 

The limiting +ray the maximum value of V In the closed region 
R is given by 

A * VUu .rvu) 
	

(343) 

vu • 0 	 (3.44) 

The surface given by' B p**s($ thzough the uin*tsble 
equilibrium *tot*. The regi ̂ n R includes only the equilibrium state 
under the investtq.tton, Ott this equilibrium state d fdt is zoo. 

3.4.4 etica wLth4pg  

During the forw 4rd (swing cure) integration of the 
disturbed system, the state at every Instant of time is tested to 
determine whether or not It is inside the region R, by checking 
the aerre ondinq value of V against 8 which serves as an Index 
for the region eR. " h. tiu, at which the value of V is just equal 
to gives the critical switchthr angle and the cirtical +witchtng 
time. 

3.8 	 C$4P4j 

' h. synchronous **thin* connected to an infinite but will 
be sonsidar d. Assuming average values for the machine constants, 
the power angle equations for  both the systems will to obtained, 
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6 

y. , *v4 t J (4o.932 S1n6 4 0.8326 : in8 4 0.210 Sin 26) d6 (3.49) 
s$ 

v 0 4 	• 0.932 Coss + 0.932 Cos6i t.$32 SInM • 0.832Sitt$ 
• O.832.6.C'os6 + 0.832.61.Co:6'0.L Coo26 # 0.105 Cos265 (3.5C 

The steady state stable equilibrium and unstable equ l librium 
values for the systems with pig"! are sound to be 6 00 and 
8u v 18W*. The maximum trsjectozywhieh Is the stable boundary 
for the particular system may her found by setting v a 0 and 
a * 6U sine* at the unstnbte *quifibriun point the velocitl+rs are 
~nrxo. The result is a value for V which defines precisely the 
region of stability for the equilibrium b - 	 The  The maximum 
values of V for the machin, without and with r lators are 
'W 1.6640 and Wb" 4.2778 respoctiv ly. The equation to the 
sepsratrix or the maxim phs. trajectory in the ark plane 
(Which I,s not nocesssry to determine stability) io 

V • 	[v,. c - P.8(6)] 	 (3.51) 

where h. (6) is the potential energy. The details of the 
procedure for Constructing the maximum trajact'ry are shown in 
Fig $(s) and 8(b). 

The critical switching angle and Critical Switching time 
are determined as per the procedure outlined earner. The 
critical clearing angle end critical clearing time for the 
systems without and with regulators for an snout load of 2.4 P.U. 

are bx • 62.4 and to M 0.97 #*o and &4 • 51.3° and to a 1.33 toss 
respectively. 
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.~- 5Ci FREE OSCILLATIONS OF THE 	FIG. S.b. FREE OSCILLATIONS OF THE 
SYSTEM b'!I T IOUT REGULATORS. 	SYSTEM WITH REGULATORS. 

PHASE TRAJECTORY OF 	FIG 6.b. PHASE TRAJECTORY OF THE 
SYNCHRONOUS MACHINE WITH 	SYSTEM WITH REGULATORS 
INPUT LOAD OF P2-4pU. 	AND WITH AN INPUT LOAD 

OF 
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FIG 7.b. STABLE PHASE TRAJECTORY OF THE SYSTEM 
WITH VOLTAGE REGULATORS AND WITH INPUT 

LOAD OF 1.2 RU. 
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FIG. 8a) PHASE TRAJECTORY FOR THE SYSTEM WITH OUT 
REGULATORS. 
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FIG 90 STABLE DISTURBANCE CLEARED AT 0.97 SEC, 

FOR THE SYSTEM WITHOUT REGULATORS. 

FIG 9b -UNSTABLE DISTURBANCE CLEARED AT I.O5 SECS 

FOR THE SYSTEM WITH REGULATORS. 
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TABLE-1 

RESULTS OF SINGLE MACHINE SYSTEM WITH AN INPUT LOAD OF 2.4 P.U. BY 
RUNGEOKUTTA FOURTH ORDER METHOD 

SYSTEM WITHOUT REGULATORS- 

TIME  DELTA  VELOCITY  VFUNCTION 

0,00 0.000 0.000 0.000 

.04 5.436 4.661. .223 

.06 19.318 6.411 .481 

.12 30.318 3.055 .261 

.16 35.093 1.503 .243 

.20 38.022 1.135 .269 

.24 40.427 .9.80 .297 
..• ... ... ... 
... ... ... .. . 
.80 60.746 .490 .588 
.90 63.244 .886 .633 
.92 63.584 1.415 .650 
.94 63.697 2.727 .706 
.96 63.275 6.258 1.017 
.98 61.684 16.818 3.428 
1.00 58.848 42.487 18.607 

SYSTEM WITH REGULATORS- 

TIME  DELTA  VELOCITY  VFUNCTION 

0.00 0.000 0.000 0.000 
.04 5.351 4.480 .206 
.08 17.530 5.083 .324 
.12 25.849 2.319 .202 
.16 29.688 1.285 .215 
.20 32.236 .991 .246 
... ... ... ... 
... ... ... ... 
.84 50.882 .324 .614 
.96 52.731 .828 .666 
1.00 52.721. 3.042 .752 
1.02 52.066 7.380 1.187 
1.04 50.452 21.675 5.300 
1.08 74.022 32.975 12.174 
1.10 42.993 79.511 63.651 
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The direct •r.thad of Lfspunov may be sxtend~rd to any 
dynamical system, If the %ysttm Can be represented 6s a mathematical. 
model. The sort of differential equations d,scribiiq the Mu l ti-
msthi r tr system (wit)nut r. i 1 a'o ) May b* de~vloped from the 
ba*tc synchronous Machine, + uatlon (3.20), using the some assu 
ttons as in Chapter 3.1. The equations corresponding to the 
three stages namely pre' fsult syst*m, faulted system and post-
fault system will be sae as given by (4.1) ,, except for the 
difference in parameter. from one stage to the other. 

$ 	N N 
d ~ 	[E/#T") 	d6 

E 	(1 CO ) 
gal
*= 

+fit* 	Ka,1 	' d  2 	' Ki 	eft 

2 C 
(x
.2(6K • 6 ) 
q ) 	d) 

'K 	 (4.1) 
Kul 

it is rf primary importance to determinethe system stsbiltt, 
during and after clearing the disturbsnas. 
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READ MACHINE DETAILS  

LINE CONSTANTS 

PRE FAULT ANGLES 
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? 	OF FAULTED 5YSTP'4 	` 	Pk1NT 

STOP 
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i 

T 
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IS 

I 

—~_NO 

Y-n WT+AT 
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COMPUTE SL AND yL 

OF FAJLTED SYSTEM 
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4.24 	nJzuctipl of Uspiry n ti n 

The Lispunov function may be written fzorn the mathematical 
x~d.l of the 2tii ►chins system (4.1), using the total energy In 

the system, s$ 

N 	 H 
V' • 	MKVKa 	PK(6,•5K6) 

Kai 	Kul 

+ 	 .. 	.~.~.. 
C 

	Cos(W5K 6/)] 
K.1 	t#1 	

xd 

• . ..f ~.....~... 	x ae* )-Cos 2(8 + s) 	(4.2) 
qKJ XdKS  

The first su^ astton term on the right hand side of (4.2) Is 
t ►• kinetic energy of the systems and the lost three terns are 
equal to potential energy of the system. 

This unction is positive definite in the whole phase specs 
and the vsiut of V at the equilibrium state (051,') 3s 

i (65,o) • 0 	 (4.3) 

The time derivstiv, of V is given by 
N 

fi '> -i ( K 
•c + 	

1 
- 	) 	 (;4.4) 

K-i 

Hong*„ the time dorivativo of (4.2), after substituting for s►K 
from (4.1) Is 

N N 

* > 	- 9 *..~, t.~ t. 	(1.0Cos 2e) .v 	(4.) 
Kai Ju1 	 d KJ 
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C is negative definitf for all values of vK except et the 
equilibrium where it vanishes. Therefore, the equilibrium of the 
system is asymptotically stab... 

4.2.2 	ix ib um 

The stable equilibrium state of the post-fault system is 
found by solving the following nonlinear' algebre.ic sauations (4.6) 

by the method of steipesit Descent to a mininximn(33) 

KMl J'* 1 L d 
X3 	 xq } 	4d 

N 
•~ 

	

	Py a 0 	(4.6) 
K*l 

The eqa atior s (4.6) can also be represented in aiap l* for s as 

	

F1(63,82,,.. ... ,hn) • Pi * 0„ 1 a i,2,...n 	(4.7) 

Defining the function 
('fi • Pi)e 	 (4.8) 

is' 

which has a imintmum at the solution of (4.MM and the minimum value 

of Q+ is Zero►. 
The Pro e* of minimising is don* by changing all the 

coordinates (6X) to ( +d6r) where dbr are given by 

Vol 
,c6 	 - 	-----.-- 	(4.9) 

n 	I& 	 x s 

in which orP1 	' •r.a ~` nç 



and rsp.mting the process ,t rtit g with these coordinates a$ thi 
origin until + is rdnianis d. 

A an Oxari 1l , the solutions of nonlinear algebraic eauatinng 

Sin(&1P62) - 1 	* 0 

Stn(62u &1) + 1 	a 0 

can be fsund with the aid of steepest Descent to a minimum method 
as failows« 

As per definition 

1 	[Sin(r1.62).3 	Sin(6► b )awl '', 

The partial derivatives of it •2* 

01 a cirt2(61.62) • 2 Cs(bf'62) '0 Sin 2(66i) ,► 2 COON-61) 

f1~2 2 Cos 2(6l*8) + 2 Sir (61.62) 4 2 Cbs 2(&261) ,. 2 Sin(62.81) 

4102+.2 Cos 2(8..6) •► 2 Sln(6, 6) 2 Cos 2(6,.61) + 2 Sin(6 .6l) 

The Initial values of bl and 62 are assumed to be zero and 
substituted In 01,41.1.+ 1,2s$2*42,.1 ' 4'2,2 to got *4.+4,•0+4#-w4 

and +4 respectively. The increments in 6 and 82 at. given by 

dbi . 0 	 (4.10) 
4'111,1 + $14';,1 1,,2  4''14'2,1 + 02'2~`2r2 

4l4l4'I 1' 4'1'' '12 ♦4'214'21 +02' 	2 	
~.11~ 2 

~  ~  w  2* 
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Substituting the nuceric4 values in (4.10) and(4.11), the 
iner.m.nts of the angles ail and d&2 are 

,d l.+o.s 

The change in the coordinates are 
31 * starting *uo of Al + increment in 61 
,61 * 61+del * 0* 0.5 a +0.5 cad * + 28.+64®0 

bZ * starting valuer of 62 + lncroment in +~ 
62 ~r62 + 262 x0-0.' *-0."5 red 	"8.6480 

The valu of # with these now values of 81 and 62 is 
0 a + 0.00263 

The process is repeated until i becomes zero taking the 
preceding ordinate as the origin. That values of 6's and 0 for 
•ach process are ihown in Table 1. Fft*r ton steepest descent„ 
the values of 61082 and o ax, 
6104 450 
62 0 0 , o 

0 a 0 

Thar values of l's and at each steepest descent 

61 ( degrees) a2 (deg ress) 	
I. 

0.000  '✓'000(X) 200(XXY 

10412 28.649 -28.646 5.0263 x 
34.417 .34.417 9.1016 x 11"3 

ir3' 36.027 .36.027 1.7373 x 
40.335 .40.375 3.3823 x 101"'4 
41.923 .41.923 6.634 x 10'"3 
42«951 -42.951 1.30 x 1O 
43,34 -43.634 2.SSL* x 10 10` 44.090 -44.090 5.1025 x 
44.534 ..44.530 1.1030 x "7 
45.000 -45.004 0.0 
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The Rost.feult unstable equilibrium angles 6 are found in. 

the same way as that for the stable equilibrium. auto  for the 
mtnimis*tio+n of + , the initial guess of bi  for the Machine, which 
is likely to go out of step first (mast probably the machint which 
is connected to the faulted bus) may be assumed to be s radians and 
for the other machines, their respective prep fruit values. 
The computer program for an irn 162 is given in Appendix II. 

4.2.3  
The limiting value of V in the closed region R Is given by 

a a V (6U  vtu) 

a 0 for I. a 

The region R is defined by V 9 . It can be shown that the 
surface given by (4»2) is closed for V 9 and open for V B. Thine 
surfaces completely span the region R. tnce, V is fires ear than 
zero in the region R, except at the equilibrium state (6t*rv16) 

where it vanishes« The surface given by VmB pass** through the 
un$tsble equilibrium state closest to the dandy state stable 
•iuilibriu* state of the post-fault system. Thus, the region R 
includes only the equilibrium state under invsttigstf,n. At this 
equilibrium sate time derivative of V Is ZUOt This state is the 
only invariant got in B, sad#  hence, the largest. 

4.2.4 c 1caijçinoTi 

As stated, before, the region B define,: ail the initial 
conditions of the post.f*ult system for which, it is asymalotiesxiy 
stable. in power system transient stability .studies, the possible 
initial conditions for the post•feult system are along the 
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v'IK 	' N + dv1K) 

d a jK) 

42K ■ 

N 
* H Ix 	: 

1.1 

v2X 	• (vk +4dv ) 

d63 • H( ) 

N 
d 	•RPK 	F$ . .  

d-i 

v  a (vK # d y ) 

& 	a (#K 4 d *3k) 
dA, 	* N(y3 ) 

 N
. 

d v4X 0 H 
	

> P(dot, , 3i7• V3 
jai 

The values lot the next tntervel a"► 
t 	* t4H 
6K 	* 8K 	' d6lK 2d 6 + 2d 6 + d a 
vk 	a VK # (dvzK # 2d v + 2dv 4 d v ) 

6 
The, paroc..s is rspest.d as many ttraes as n.c.sernry. Th• sntiro 
p~* cedure gty.n abGve, has boon paagram ad fer an IN 16Z, and 
the pro,gra* Is +tv.n In Appfndtx III* 
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4.3 	Nt M! +NCAL _X_1PL S 

In the following numrric4 examples, firstly an 
interesting sysm+.tricxl !rxchine system w),oso b ha~riour can be 
corpared with that of. 2machine system is considered, and 
secondly, a a r 9snsrxi 3-machtns stem is studied. 

Symmetrical 3-machine system: 

The following o r* the constants assumed for a symmetrical 
3machins sy*tad► shown in fig 11. 

M1 	M2 • !43 a l 

€l 	!3 a 1 

P1. • - '3 s 10 P2 • U 

(Yd)12 " (''di 21 " (Yd)13 	(Yd) 31 ` d23 	d 32  * 1 

{Yq)12 *~ (Y q) 21 a (Yq  13 * (Yq) 31 '"` (1q) 3 (Vq) 32 1/223  

d2 0 (re) 04 sec 

If the disturbances are int2 ticad by changing only Y130 
the symmetry will be maintained, and 6 '. •63,, 62* 0, 
d& /dt ► d*aldts a d. Under these conditions equations (4.1) 
berm, 
06 

- a 1. SinM, - SinMM, + j,(Sin 26 + Sin 48 ) 

	

dtO 	
!I 

- 2(1-Cos 26i) 

0 	s o - sin(-81) . Sin 6t * x(sin(o281) + Sin 261) 	(4.16; 

	

. d 	a 	(4x) -Sin(•261) • %(Sin(-261) f stn(.461) 

• 2(1.'Co►s(.261)) (. 	) 



x  
z 
m 

C, 
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N 
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Using the relation Sin x 	Stn(- x) , (4.16) becomes 

1 	 d~ 
+itx a losinl1•5in26j+ .4(Sin281+Sin461)e,2(1-Gos2di 

(4.17) 

d* -M • 1•8ir6 	nt +  8in2 18 +Stn~18~) 	1 »~ 1»cos26. d 
dt1 	1 Si 	~ 	ddt 

The Liapunov function for the system might be written *4 

V • 	J:(l_S1n6l  - sin261 + (sin 2 1+ Sin 481)) da 
 

t 
The equation (4.18) should be coipare*d with (3.47) for the 
1-machine system. The presence of the quadreple angle term Is 
caused by the nature of the system. 

Now the faulted and port-fault system* are set up. In 
this ease, the post-fault system happens to be the some as the 
pre fault system, since the faulted line is first switched out and 
then reconnected after an interval of time. The faulted system to 
set up by reducing (Vd)18 from 1 to 1/4 and (Yq)13 from 1/2 to 1/8. 

The stable and unstable equilibrium states of the post- 
fault system are 8' • 31.80 and b 	9O, ss obtained by getting 
up d81/dt a d$81/dt' a 0 in (4.17). 	8ubst#t► tion of these values 
of 6$ and 6u in (4.18) gives the value of V a 0•4Th for this a 
system. The critical switching time obtained by this method is 1.465 
It is evident that the sym' etrteal 3.machine system Is much like 
that of the 1-maehin, system. 
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2-Machine Systems 

The general 3.mac'.ine system to he studied is shown in 
Fig 11. The machino details, Internal bus voltages for pre-fault 
condition, equivalent admittances (su eptnnces) for pre-fault, 
faulted and post fault conditions are given in Tables t1I-VI . In 
this case also the post-fault system happens to be the same as 
the papa-fAult system* since the fiwilfad line is first switched out 
and then rt►connected after an intervml of time. The stable and 
unstable eoullib ium states for the post-fault system are given in 
Table V11 . 

The critical switching time ob ained by this method of 
Liiapunov is tc a o - 4,a sec. When the fault was +cl*ar+ at 0.40 sq.c 
the system was stablo, when cleared at o • A-&sa.~: the system was 
found to be unstable as shown in Fig 12(s) and 12(b). 

TthIe 1T1 
t chi D•t t l 

Generator M x~' x' I" 
P.U. p.V. F.". P.u* 

i 0.02 1.0 2.000 1.000 
2 0.002 0.50 1.000 0.500 
3 0.03 0.400 0.B)0 0.040 

is bi. Ii. 

Internal, is It 	for P f i s ter 

Gen a a P (input) 
V.0  . . Rae an• P.U. 
1.0410 0.48852 0.500 

2 .1.190*0~ .0.0 /
!

'+ 	18 0.0 
3 1.0730 .0.41 .0. 00 
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M t i1F1 S f t Ind  

Y Matrix 	 Y ldst x 

1 	1,000 	0.!i00 	0.45 J 0.504 	0.286 0.278 
2 0.500 2.000 0.835 0.'286 1.000 0.416 
3 	0.4155 	0.85 	2s 	0027.8 	0.476 	1r 

-- 

Mtrtç . for fult 	L 

Yd  Matrix 	 Y Matrix 

1.000 0.500 0.00 0.5 0.286 0.00 
2 	0.54() 2.000 0.00 0.286 1,oOo 0.00  
3 	0rt 0.000 2.50 0.000 0.000 1.25 

L1• V 
Stabis andWnftabif1uiUb,tum  Vain 

Angles 	Stable *r uflibriurn 	Unstable FquilibriuM 
voluss in tadion, 	vxiu,s In radians 

ii 	0.48852 	 %731394 
62 	-0.074018 	0.343136  
a3 	 ..0.4145 .46+04 
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Sz 

7.6 	•8 	1.2 

- TIME SECONDS 

-.5 

FAULTED SYSTEM T FAULT SYSTEM 

G. 12° STABLE FAULT CLEARED AT 0.4 SEC FOR 

THE 3-MACHINE SYSTEM. 

O- - --r- -~ 
O 	•2 	•4 

dz 
_ 5 

FAULTED SYSTEM.--I 

•8 	1.O 

----aw- T I M E SECONDS 

POST FAULT SYSTEM 

=l G.l 2.b. UNSTABLE FAULT CLEARED AT 042 SEC 
FOR THE 3 MACHINE S ;'STEM. 
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A review has boon presented in Chapter 2, on stability of 
synchronous Machin** in Power systems. To provide a unified 
picturi of the whaler  vari ux techniques to determine the 
transient stability and critical switching tine have been surveyed. 
A basic problem In power system stability fs the,  exact determine. 
tin of the critical switching time by which the system can be 

restored to its normal operation by switching at the critical 
ti,.. 

In contribution towards determining the actual critical 
switching time by mathematical means, the Lispunov''s second 
method has boon used. The Phase plans technique has also been 
used$ in eoartson with Its unov's method to dt*xmine the 
stability ♦ f a single machine system. 

In Chapter 3, the skier aigle equation, of a synchronous 
machine nnectxd to on infinite b s hav boon derived, starting 
from voltage and flux linkagr equations considering (1) saliency 
and field daiing and (2) saliency, field daring and regulator 
action. L•ss.r number of assumptions`  nsmly,, (1) constant input 
power, (2) omission of aniortisuur damping and (3) omission of 
armature and Lino resistances have been made in deriving the 
equations so as to rspr sent the actual system to a nearer 
approximation. 
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APPENDIX -1 
SOURCE PROGRAM FOR AN IBM 1620 

C RUNGE-KUTTA FOURTHORDER METHOD FOR THE SYSTEM WITHOUT REGULATORS Z 
READ5,H,TLAST,E,A,B,C,T,XXsVV 
DD•XX*3.1415926/180. 
PUNCH 4 
AKE$+0.5*0.02*VV*VV 
PE=+0.937-0.832*COSF(DD)-0.105*COSF(2.*DD) 
VF=AKE+PE 

1 PUNCH3#T,XX,VV,VF 
F=E-A*SINF(DD)-B*SINF(2.*DDI-C*(1.--COSF(2.*DD!?*VV 
DELD1ffiH*VV 
DELVI=H*F 
DeDD+DELD1/2. 
V=VV+OELV1 /2. 
F=E-A*SINF(D)-B*SINF(2.*D)-C*(1.-COSF(2.*D)1*V 
DELD2=H*V 
DELV2-H*F 
D■DD+DELD2/2. 
V=VV+DELV2/2. 
F=E_A*SINF(D)_B*SINF(2.*D)-C*(1.-COSF(2.*D))*V 
DELD3=H*V 
DELV3=H*F 
D•DD+DELD3 
V=VV+DELV3 
F%E-A*SINF(D)-B*$INF(2.#0)-C*(l.-CO$F(2.*D))*V 
DELD4=H*V 
DELV4sH*F 
T=T+H 
DD=DD+(DELD1+2.*DELD2+2.*DELD3+DELD4)/6. 
VV=VV+(DELV142.*DELV2+2.*DELV3+DELV4)/6. 
XX=DD*180./3.1415926 
AKE=+0.5*0.02*VV*VV 
PE+~+0.937-0.832*COSF(DD)-0.105*COSF(2.*DD) 
VF=AKE+PE 
IF(T-TLAST) 1#1,2 

2 STOP 
3 FORMAT (F7.2,4F14.3) 
4 FORMAT(3X,4HTIME,8X►5HDELTA,7X,8HVELOCITY,6X,9HVFUNCTION//) 
5 FORMAT (6F12.6} 
END 



APPENDIX —2 
SOURCE PROGRAM FOR AN IBM 1620 

NOMENCLATURE  c 
XItc`i, tY=0j1Z=Q3,W; oA ~T= 	F~ - `I1 J Fil 4 

P1,P2,P3,P4 *I:(PUT POWERS 

C C STEEPEST DESCENT TO A MINIMUM METHOD FOR FOUR MACHINE SYSTEM Z 
READ4,P1,P2,P3,P4 
READ5,A1,A2,A3,A4sA5.A6 
READ5,B1,B2sB3sB4,B5,B6 
READ5,C1,C2,C3,C4,C5,C6 
READ5,D1,02.D3,D4,05.D6 

1 READ4,XsY,Z,W 
2 E1=PI,—A1*SINF(X—Y)—A2*SINF(X—Z)—A3*SINF(X—W) 

G1-E1+E2 
E3=P2—B1*SINF(Y—X)-82*SINF(Y—Z)-83*SINF(Y_W) 
E4m—B4*SINF(2.*(Y—X))-85*SINF(2.*(Y—Z))-86*SINF(2.*(Y—W)) 
G2=E3+E4 
E5nP3—C1*SINF(Z—X)—C2*SINF(Z—Y)_C3*SINF(Z—W) 
E6=—C4*SINF(2.*(Z—X))—05*SINF(2.*(Z—Y))—C6*SINF(2.*(Z—W)) 
G3QE5+E6 
E7*P4—D1*SINF(W--X)—D2*SINF(W_Y)—D3*SINF(W—Z) 
E8=—D4*SINF(2.*(W—X))—D5*SINF(2.*(W—Y) )--D6*SINF(2.*(W—Z) ) 
G4-E7+E8 
G-GI*G1+G2*G2+G3*G3+G4*G4 
PUNCH6,X.Y,Z,W,G 
IF(ABSF(G)-0.001)1.1,3 

3 H1= —A1*COSF(X—Y)—A2*C©SF(X—Z)—A3*CGSF(X—W)  
H2=2.*(—A4*COSF(2.*(X—Y1l—A5*COSF(2.*IX—Z1)—A6* CO SF(2.*(X—W1)) 
H3=+B1*COSF(Y_X)+2.*B4*COSF(2.*(Y—X)) 
H4=+C1*COSF(Z—X)+2.*C4*COSF(2.*(Z—X), 
H5=+DI*COSF(W—X)+2.*D4*COSF(2.*(W—X)) 

100 F1R2.*(G1*(H1+H2)+G2*H3+G3*H4+G4*H5) 
H6=+A1*COSF(X—Y)+2.*A4*COSF(2.*(X_Y)) 
H7■—B 1*COSF (Y—X) —32*COSF (Y—Z) —83*COSF (Y—W ) 
H8=2.*(-84*COSF(2.*(Y—X11 —B5*COSF(2.*(Y—Z)1--A6*COSF(2.*(Y—W))) 
H9-+C2*COSF(Z—Y)+2**C5*COSF(2.*(Z—Y)) 
H10=+D2*COSF(W—Y)+2.*D5*COSF(2.*(W—Y) ) 

110 F2:2.*(G1*H6+G2*(H7+H8)+G3*H9+G4*H10) 
H11=+A2*COSF(X—Z)+2.*A5*COSF(2.*(X—Z)) 
H12-+92*COSF(Y—Z)+2.*85*COSF(2.*(Y—Z)) 
H13e—C1*COSF(Z—X)—C2*COSF(Z —Y)—C3*COSF(Z—W) 



H14.2.*(-C4*COSF(2.*(Z-X))--05*COSF(2.*(Z-Y))-C6*COSF(2.*(Z-W))) 
H15.+D3*COSF(W-Z)+2.*D6*COSF(2.*(W-Z)) 

120 F3.2.*1G1*H11+G2*H12+G3*(H13+H14)+G4*H15) 
H16.+A3*COSF(X-W)+2.*A6*COSF(2.*(X-W)) 
H17■+83*COSF(Y*W)+2.*86*COSF(2.'(Y-W)) 
H18*+C3*COSF(Z-W1+2•*C6*COSF(2.*(Z-W)) 
H19=-Dl*COSF(W-X)-D2*COSF(W-Y)-D3*COSF(W-Z1 
H20=2.*(-D4*C©SF(2.*(W-X))-D5*COSF(2.*('W-Y))-D6*COSF(2+*(W-Z)).) 

130 F4a2.*(G1*H16+G2*H17+G3*H18+G4*(H19+H20)) 
Q1•+A1*SINF(X-Y1+A2*SINF(X-Z)+A3*SINF(X-W') 
Q8*4a (+A4* SINF(2.*IX-Y))+A5*SINF(2.*(X-Z)I+A6*SINF(2.*(X-W))l 
09=b1+08 
Q2*+81*SINF(Y-X)+4•*84*SINF(2•*(Y-X)) 
03•►+C1*SINF(Z-X)+4.*C4*SINF(2.* (Z-X) ) 
Q4at+D1*SINF(W-X)+4.*D4*SINF(2.*(fit-.X) ) 
H50=(HI+H2)*(H1+H2) 

140 F11=2..(G1*49+H50+G2*02+H3*H3+G3*a3+H4*H4+G4*Qf.+H5*HS) 
Q5*-A1*SINF(X-Y)-4.*A4*SINF(2.*(X-Y) ) 

150 F12*2.*(G1*©5+lH1+H2)*H6-G2*02+H3*(H7+H8)+H4*H9+H5*H10) 
R1#-A2*SINFtX-Z)-4.*A3*SINF(2.*(X-Z) l 

160 F13=2.*(G1*R1+(H1+H2)*H11+H3*H12-G3*©3+H4*(H13+H14)+H5*H15) 
R8n-A3*SXNF(X-W)-4.*A6*SINF(2.*(X=fit)) 

170 F14R2.*(G1*R8+(H1+H2)*H16+H34H17+H4*Ht8-G4*04+H5*(H19+H20)) 
F 21=F12 
S1s+61*$TNF(Y-X)+B2*S!NF(Y-Z)+83*SINF(Y-W). 
$2n4.*t+64*SINF(2.*(Y-X))+85*SINF(2.*(Y&Z))+86*$INF(2.*(Y-W)) ) 
53«*S1+S2 
S4+ +C2*$INF(Z-Y)+4.*C5*SINF(2.*(Z-Y) ) 
S5*(H7+H8)*(H74H8) 
S6■+D2*SINF(W-Y)+4.*05*SINF(2•*1W--Y) ) 

180 F22*2.*(-G1*05+H6*H6+G2*S3+S5+G3*54+H9*H9+G4*S6+.H10*H10) 
57*-82*SINF(Y-Z )-4.x'85*SINFl2**1Y-Z) ) 

190 F23=2.*(H6*H11+G2* S7+(H7+H8)*H12-G3*S4+H9*(H13+H14)+H10*H15) 
59=-83*SINF(Y-W)-4•*B6*SINF(2.*(Yw-W)) 	' 

200 F24a2.*(+H6*H16+G2*S9+(H7+H8)*H17+H9*H18.G4*S6+H10*(H19+H20)) 
F31iF13 

210 F32tF23 
T1*+C1*SINF(Z-X)+C2*SINF(Z-Y)+C3*SINF(Z-W) 
T2s4•*(C4*SINF(2.*(Z-X))+C5*SINF(2.*(Z-Y))+C6+~SINF(2.*(Z-W)) ) 
T3*T1+T2 
T4■+D3*SINF(ii-Z)+4.*D6t$INF(2.*(W-Z)) 
15s(H13+H14)*(H13+H14) 
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220 F33=2.*(-G1*R1+H11*H11-G2*S7+H12*H12+G3*T3+TS+G4*T4+H15*H15) 
T6=-C3*S INF (Z-W)-4.*C6*SINF(2.* (2-W) ) 
F34*2.*(+Hll*H16+H12*H17+G3*T6+(H13+H14)*H1$-G4*T4+H15*(H19+H20)) 
F41■F14 
F42-F24 

230 F43=F34 
T7=+DI*SINF(W-X)+D2*$INF(W-Y.)+U3*SINF(W-Z) 
T8=4.*(+04*SINF(2.*(W-X))+D5*SINF(2.*(W-Y))+o6*SINF(2.*(W-Z))) 
T9=TB+T7 
T10.(H19+H20)*(H19+H20) 

240 F44=2.*(-Gl*R8+H16*H16-G2*S9+H17*H17-G3*T6+H18*H18+G4*T9+T10) 
F=F1*F1+F2*F2+F3*F3+F4*F4 
U1■Fl*Fl*F11+2.*F1*F2*F12+2.*FI*F3*F13+2.*F1*F4*F14+F2*F2*F22 
U2=2.*F2*F3*F23+2.*F2*F4*F24+F3*F3*F33+2•*F34F4*F34+F4*F4*F44 
U=U1+U2 

250 S=F/U 
EX=-S*F1 
EY=-S*F2 
EZ=-S*F3 
EW■-S*F4 
X. X +£ X 
Y=Y+EY 
Z=Z+EZ 
W=W+EW 
GOTO 2 

4 FORMAT (4F12.6) 
5 FORMAT (6F12.6) 
6 FORMAT (5F12.6) 

STOP 
END 



• 
to 

APPENDIX —3 
SOURCE PROGRAM FOR AN IBM 1620 

NOMENCLATURE 
T  s t 
D(K)  * sk 
V(K) = vK 
DS(K) a fiK 
P(K) =PK  
E(K) =Ex  
A(K) wMK  
TD(K) wT 
Y1  =(Y) 
Y2  a(Y) 

Y3  m(Yd ) 
Y4  =(Ycb ) 

C C PROGRAM FOR MULTIMACHINE SYSTEM BY RUNGE—KUTTA METHOD Z 
600 DIMENSION COEF(4) 

DIMENSION 0(4) 
DIMENSION V(4) 
DIMENSION DS(4) 
DIMENSION P(4) 
DIMENSION E(4) 
DIMENSION A(4) 
DIMENSION T0(4) 
DIMENSION Y1(4.4) 
DIMENSION Y2(4.4) 
DIMENSION Y3(4.4) 
DIMENSION Y4(4.4) 
DIMENSION D6(4) 
DIMENSION VS(4) 
DIMENSION SUMD(4) 
DIMENSION SUMV(4) 
DIMENSION DD(4) 
DIMENSION DV(4) 

700 COCF(1)=1./6. 
COEF(2)-2./6. 
COEF(3)=COEF(2) 
COEF(4)6COEF(1) 
READI.N.HITLAST 
READ2.T.(D(K),K=1,N)•(V(K)*K=1.N) 
READ3•(DS(K).K=1+N) 
READ3.(P(K).K=1.N) 
READ3,(E(K)*K=1,N) 
READ3.(A(K)*K=1.N) 
READ3s(TD(K),K=1•N) 
READ3.((Y1(K.J)sJal'*N),K=1,N) 
READ3s((Y2(K.J)►J=1.N) +K=1.N) 
READ3.((Y3(KtJ),J=1,N),K=1.N) 
READ3+((Y4(K+J).Jm1+N) +K=1►N) 



50 SUM*O. 
DO 200 Kw1,N 

200 SUM•SUM+0.5*A(K)*V(K)*V(K)-P(K)*(D1K)-DS(K)) 
M■N-1 
DO 210 Ka1,M 
I■K+1 
DO 210 J=I,N 
Glm+(E(K)*E(J)*Y3(K,J))*(COSF(D(K)-D(J))-COSF(DS(K)-DS(J))) 
G2aE(J)*E(J)*O.25*(Y4(K,J)-Y3(K,J) ) 
G3=G2*(C0SF(2.*(D(K)-D(J)))-COSF(2.*(DS(K)-DS(J)))) 
SUM •SUM-(G1+G3) 

210 CONTINUE 
DO 110K=1,N 
D8(K)=D(K) 
SUMD(K)'D(K) 
SUMV(K)aV(K) 

110 VS(K)aV(K) 
D0120KK=1,4 
DO100Kr1,N 
DD(K)=H*V(K) 
SUMAaO. 
DO 90 Ja1,N 
IF( J-K) 400, 90, 400 

400 G4a(E(K)*E(J)*YI(K,J))*SINF(08(K)MDB(J)) 
G5*E(J)*E(J)*0.25*(Y2(K•J)-Y1(K,J)) 
G6=2.*G5*SINF(2.*(DB(K)-DB(J))) 
G7a(E(J)*E(J)*TD(K)*0.45*Y1(K,J))*(I.-COSF(2,*DR4K)))*VB(K) 
SUMAsSUMA+(G4+G6+G7) 

90 CONTINUE 
DV(K)=H*(P(K)-SUMA)/A(K) 
SUMD(K) SUMD(K)+COEF(KK)*00(K) 

100 SUMV(K)*SUMV(K)+COEF(KK)*DV(K) 
IF( KK-4)70,120,120 

70 DO 80 KA1,N 
IF(KK-3)30,60,30 

60 VB(K)=V(K)+DV(K) 
DB(K)=D(K)+DD(K) 
GO TO 80 

30 VB(K)iV(K)+0.3*DV(K) 
DR(K)=D(K)+0.5*DD(K) 

80 CONTINUE 
120 CONTINUE 

PUNCH2,T,(SUMID(K),K=1•N),(SUMV(K),Ki1►N),SUM 
T a T+H 
DO 40 KzI,N 
D8(K)=SUMO(K) 
D(K)aSUM0(K) 
V8(K)aSUMV(K) 

40 V(K)*SUMV(K) 
GO TO 50 

1 FORMAT(I2,2F10.21 
2 FORMAT(10F7.3) 
3 FORMAT(4F12.4) 
STOP 
END 
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