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SYNOPSIS

8ingle phase, capacitor run, induction motor with
a solid rotor has been investigated in detail and an
analysis 1s attempted on the basis of the rigorous
solution of the pertinent electromagnetic field problenm,
The 1lmportant performance parasmeters have been derived
along with the equivalent circuit, The considerations
for the design of the auxiliary winding capacitor and
the cholce of the flux density have been stated and the

procedure broadly indicated,

111



1, INTRODUCTION

Polyphase induction motor with solid rotor has been
analysed in sufficient detail in recent yearslbs. Apart
from the analysis and performance evaluation, certain
design outlines have also been indlcated. These investiga=
tions have shown that the solid rotor induction motor in
the polyphase case, does have a performance comparable to
that of the conventional induction motor, The efficlency
1s reasonably high though not quite as high as in the
conventional case, Other characteristics are more or less
the same though the rotor temperature rise is consideradls,
consequently its application 1s rather limited, The idea
behind the use of solid rotor igs largely to elliminate the
laminated rotor construction and economise on the rotor
cost. The ruggedness of the solid rotor can also be a
consideration of secondary importance,

One important area, where the use of solid rotor may
be of appreclable practical importance, is the field of
single phase motors., Single phase induction motors are
normally in the fractional horse power range and used
largely for domestic appliances suchas fans, mixers ete. For
such low output machines the efficiency of the device is not
an overriding consideration, and the cost factor assumes
appreclable importance, Further, the ruggedness has also to
bq considered. This possibility of the application of the

s0l1d rotor in single phase motors has received little
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attention so far and 1t is here that the cost reduction

may evantually over weigh the lowered efficiency criterion {\
and make the proposition considerably more feasible, \§
In the material to be presented here, a single phase i&v
capacitor run solid rotor induction motor has been
’consideréd. This has been chosen since by and large most
domestic fans are of this type, The derivation of performe
ance equations and the equivalent circuit is based on the
rigorous solution of Maxwell's equations for the linear
case with due cénslderation having been given to the
hysteresis in the rotor material by assuming a complex

permeability,



2. ANALYSIS

2,1 Boundary Conditionss

Consider the developed view of the induction motor as
shown in Fig, 1. Both the rotor and the stator surfaces
have been considered smooth with a uniform air gap in

between.

Assume two co~ordinate systems x, y, 2z and x', y', 2z'
fixed to the stator and rotor, respectively, The active
length of the induction motor is very large compared to
its air gap, and hence z and z' co-ordinates are ignorable
and the problem reduces to a two dimensional one, Further,
the alr gap 1s very small when compared to its radlus, and
therefore the annular gap reglon can be transformed ¥nto a
rectangular region without appreciable error.

If the rotor is rotating at an angular speed wp, the

relationship between the two co-ordinate systems is given by

wx = x' + p oot (2.1)

and
y = y! (2.2)
wvhere,
W p = Angular veloelty of the rotor in radians
per second,

T = Pole pitch in meters,
t = Time in seconds,

The air gap region, shown as region I in Fig, 1, 18 a

current free region, and hence laplace Equation for the
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5
magnetic scalar potential 1s satisfied, which is given by
v2q =0 C(2.3)

The rotor shown as region II in Fig. 1, is subjected to a
harmonicaly time varying magnetic field, and hence satisfles

the diffusion equation given by

v2E - jugamOF = 0 (2.4)

H = Magnetising force in amperes per meter,

g = Slip frequency of the rotor in radians per second,

/2 = Permeability of the rotor in henerles per meter,

O = Conductivity of the rotor in mhos per meter,

A harmonically time varying magnetizing force gives
rise to a magnetic field vector B which also varies harmon=
ically with time and is in time phase with the.ﬂ vector
provide& the magnetisation characteristic is linear. Since
the rotor is made of magnetic material e. g, mild steel, due
to the hysteresis effect the magnetisgtion characteristic
would be non-linear and consequently the magnetising force
would give rise to a magnetic field which contains harmonics
apart from the fundamental component, Further the fundamental
component of the magnetic field vector lags the magnetizing
force by an angle A , which is known as hysteresis angle,

In what follows, the harmonics produced due to non-linear
nature of the magnetisation characteristic would be ignored.

This would amount to approximating the hysteresis loop by an



ellipse and the problem would become a linear one, Under

such conditions the diffusion equation (2,4) takes the form

v2He-JwgmOexp (37N E = 0 (2.5)

Eqs.(2,3) and (2.5) now require a set of sultable
boundary conditions for the complete solution,

Consider the auxiliary and main windings on the stator
as sinusoldally distributed in space and this agaln amounts
to ignoring the harmonics in the mmf waves produced by the
two windings, The two windings are in space quadrature and
the same voltage 1s applied to the two windings. The windings
will carry sinusoidal currents of supply frequency, and
evidently the current in the auxiliary winding will lead the
current in the maln winding by an angle © due to the presence
of capacitor in the auxiliary winding., Thus, the mmf at the

stator core-air gap boundary can be expressed as

Hil ’ = 2 A Cos '% X Sinwt - 2 42! Sin-%k Sin(t+0)
y=0 (2.6)
where
2 A = Magnitude of the mmf produced by main winding,
and
2 A'= Magnitude of the mmf produced by auxiliary winding,
On expanding and rearranging the terms, the above equatim
yields,
HXI ‘.—.(A-r A'* 5in B) sin (0t = -;-f x)
y =0= A' Cos O Cos (wt -~¥ x)

w
+ (A=A 51nB) Sin (ot + P X
+ A’ Lo3 O Los (et +._Z\r‘.x) @7



substituting,
( A+ A' 5in ©) = 43 Cos .617 (2.8) \
A* Cos @ = Aj Sin 81 | .
and _
( 4~ A" 5in ©) = Ay Cos b3 |
(2,9)
A' Cos © = A2'Sin sz
in equation (2,7), one obtalns
: "
HI],' = A 5in (wt = = x = &)
y=0 *
w
+ Ay Sin (wt + 5 x + 83)
r
= A1 Im exp. J(ewot = ; x = 67)
* Ay Iy (Wt e T X485, (2.10)
where 1 -
A = EAz + a'2 + 2a4° 8in 9] 2
N (2.11)
- '
51 = tan A Cos O
(a+A' Sin Q) _
and 1 -
a, = [4%+ a2 -2 sin 0 J° |
| (2,12)
( A= A" sin ©)
-




It will be recognized that the first term of
Equation (2,10) represents the forward field and the second
term represents the backward field of the conventional,
revolving field theory,

At the alr gap-rotor boundary, the boundary conditions

are 3
Hey | % Hxg ’ (2.13)
y=8 y=8
and }
Po Hyy | = /0 By, l (2.14)
y=8 y=8
where,

g = Alr gap length in meters,
Sclutions of equations (2,3) and (2.5) will be obtained
separately for forward and backward flelds with the help

of boundary conditions defined by equations (2,10), (2,13)
and (20 14)0

2.2 Forvward Fleld:
The equation (2,3) in the differential form is written
as,
2 2
0 ?m 0 Pm
9x2 oy 2

= 0 (2.15)

The solution of the equation (2.15) 1s obtained by the method
of separation of variables, and 1s given by

P, = exp. 381 = Xy) E’i exp. (#,) + ¢! exp. (~ ecy):]
(2.16)



where c!, o;, B, and X are some cen stants,

b1

4

1
Since’
E =YV ?m - ' (2,17)
-9 -2p
m
Ixjp = —=, and Hy = > (2.18)

where the subsceript f denotes the fleld quantities for the
forward fleld,
From equations (2,16) and (2,18), one obtalns,

fagg = 3% Lome 303 - ][y ooy 7]

= Eexp. gy - ocx)][cl eﬁy-l- L e' qyj

(2,19)

wvhere ¢y = §« ¢! and ¢, = § o ¢!

Hyn‘ 2 - !-éxp, iy - o(x)]E ci e‘*y- o cé e- “Y]

Ly -y
= J _e:xp.J(ﬁl - d:ﬂ[@l © - 02 e ]
(2.29)
Equation (2,19) at y = o ylelds,

Hxlf ' = Esxp. J B, - xx)][cl + 02] (2,21 )
y=9

The boundary condition at y = o is defined by equation (2.10),
which reads
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H,.  |-A, exp. E(wt -T x5 ] (2.22)
xlf l“l T 1 L ]
y=0
Comparing equations (2,21) and (2,22), one obtains,

31“(""3"51) -
T
o = =
7T (2,23)
and
’ cl"“ 02=A1

Thus, the fleld distribution in the alr gap region is given

by,
Hepp ° Eaxp-.i(wt = %x - 51)_-_]_'}1 :y”ca o y]

(2,24)

Ly =y

(2.285)
For the rotor Eqn,(2,5) can be rewritten as,
<2H«x¥F = o (2.26)
vhere
o .
K" = § w3 m O exp,(=jA) (2.27)

and Wy = W = 8lip frequency of the rotor in radlans per
second for the forward field,

Expansion of Eqn,(2,26) in terms of its rield component s
ylelads,

82 ﬁxv 62f-{xt

83*2 ayca

Hy = 0O (2.28)
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and '
%5, P,
—_— AN - Hpe = 0 (2.29)
x*2 By

Let the magnetizing force in region II for the forward
field be denoted by Hyiye and let this be denoted by,

Brge = Hp(x') Fyty") (2.30)
wvhere H;(x') and Hz(y') are functions of only x', and y'
co~-ordinates, respectively,

Substituting the partial derivatives from Eqn, (2,30)

In Eqn.(2,28) and rearrangins the terms, one obtains,

A ax® 2 .x®=0 (2.31)
1 X Y d.y'

It is evident that the first and second terms in the
above equation are constants, and let the constants be

denoted by —-dlz and dzz, respectively,

Thus,
O o
4 & Hy o
b = o= %y (2.32)
1 dx.z
1 etz'i';a .
= 5 = %5 (2.33)
Hg d.y'

and xg = n(l "+ k (2034)
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substitution of the sclutions of Eqns, (2.32) and (2,33)
in Eqn.(2.30) yields for the forward field

ﬁg'gf = I?i exp. (= % x') + D, exp. (] “13'):}

X I?é exp.(dzy) + D; exp. (= “zy{:]
(2.35)

where Di, Dé, Dé, and D; are some constants,
The skin depth for mold steel is considerably small

compared to the radius of the rotor, and hence the field

quantities attenuate to an insignificant value at

y =|(r + g), where r 1s the radius of the rofor. In view of

the jabove, the region IT can be assumed to approach

infinity without any appreciable error, In order that the

fields may be bounded in region II, it 1s necessary that

D! = 0,

3
Sinde Dé = 0, Eqn,(2.35) can be rewritten as,

ﬁ%:gf = [§i exps (=J «;x') + D, exp. (] 41;'):]

x [exp. (= «,y )7 (2.36)
where Dl and Dé are some other constants.\
4 sinusoidal time variation of the field quantities

in reglon II has been assumed, and its ineclusion in
Eqn, (2.36) yields, |
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‘ﬁx‘Zf = E)l exp.j(wlt - %3x') + D, exp. J{wqt +

+ dlx')J [_exp.(- oL, ,Y)l (2,37

Substitution of y = g in the Eqn.(2,37) results in,

Farge | = [Py expedtugt = sqxt) + by exp.ytuyt

Further, substitution of y = g in Eqn,(2.24) ylelds,

’Hnr ‘ = [exp..‘l(wt - oAx - 61)]

y=8
x [°1 exp. (Ag) + c5 exp.(- c(g)-_](2.39)

The above equation when referred to rotor co-ordinates

system with the help of Eqn.(2.1) becomes,

Hevgg ' = E;D-J [(w “w,) t - xlx'-aﬂj
Y=

x [°1 €xp. (o(g)-w2 exp. (= “g):] (2.40)

Equating Eqn.(2,38) to Eqn.(2.40), in order to satisfy the
boundary condition (2,13), ocne obtains, |

D2 = O, wl = (w-wr}) 9 «1 = d’ and

[cl exp, (Ag) + Cp ©XP. (= dg)]E&xp. (-361)]

= Dy |exp.(~ ﬂ(ag)j (2.,41)
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Thus,

Hyvop = Dy [exp.(-.j dx')][exp. (= dQY'] (2.42)

When the time variation is shown explicitly, one may

rewrite the above as,

Hxizf = Dl EXPQJCWlt" dx')][e.’xp. ("' °('2y.).]
(2,43)
Since,
vi«$® = 0, and conseguently<v.,H = O, one obtalns,
Miyror

Hyrge = = —5== 47 (2.44)

Substituting the partial derivative of Hyige with respect

to x' from Eqn.(2.42) in Eqn.(2.44) and integrating, one

obtains,

' Dlﬂt : , (= Xy
(2.45)
Showing the time variation explicitly in Egn,(2.45) ylelds,

=3 D «
Tytet T [539'3‘“1t - x|

x foxp. (= %gy) ] (2.46)

- by «
Hytzf ' B [EXD‘J(WIt - qxﬁ):]
y=8 2

x [exp. = w0 | (2.47)
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Eqn. (2.25) for y = g can be rewritten as,

Hype | = 3 [exp.j(wt - ox ~ 51)]
y=8
x [:cl exp. (€g)=-o, exp, (= dg)] (2.48)

In terms of the rotor co-ordinate system, the above

equation may further be express as,

HY'lf ' =1 Exp. [(w - W)t = odx! - Slld
y=g
x [cl exp. ((g) = cy exp. (- dg)..i

(2.49)
The application of boundary condition (2,14) to Eqns,. (2,47)
and (2,29) yields,

I Po Exp- [(w “ Wit » oAx' - 61]]

x [el exp. («g) = o, ©Xp. (- "g)]

J Mo pr Dy X
= Eaxp 3wy x J

x Exp. (- «gg)] (2,59)
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It follows from the above equation that,

[“1 exp. (Xg) =~ oy exp.(= n(g)j :exp.(-:l 51)j

Dy X M
2

Constants ¢4, €5, and D] are related to each other and Ay
by the Egs.(2.23), (2,41), and (2,51) and are rewritten

—

Exp. (« %58) (2.51)

here for convenience,

01 + 02 = Al (2.23)
[cl exp. (Xg) + cg exp. (= #g)][exp. (=] 51)]

=y [exp. (- q2g>j o (2.41)
[cl exp. (Xg) = c, exp,(~ °<8>j E"P- (-3 51)]

.. Dy « Pop :
=, [exp. (*“gg)] (2.51)

The solution of the above three simultaneous equations

yields the values of the constants as,

N [“2 - "f/\lrJExP.(- utg)]

ey = g

<, cosh g + « Am,, sinh «g

g [ersme]fom @]

02 = '5"" g (2.53)
%, cosh g + X Ay, sinh o«g
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)

%, cosh «g + My sinh «g

Dl’Alo

X [exp. (c(zg -] 61)] (2.54)

Thus, the field quantities in the two regions are given by,
Hyip = [éxp.;l (Wt = ox = -81)]

x ~°1 exp, (Xy) + ey exp. (- “Y)] (2.55)

Hylf =] :gxp.;l(wt e oAx - 61)]

X r.cl exp. (Xy) = ¢, exp. (- ﬂy)] (2.56)

HX'Qf = Dl Exp. J(wlt - dX')j

x [exp. (= %, y')] (2.57)

H "‘J Dl «
y'of = "2 - Exp. J(wlt - n(x'):]

x IExp.(- %o7") ] (2. 88)

where the constants ¢) ¢, and D; are defined by Eqns, (2.52),
(2,53) and (2,54) respectively,
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Further, the constant X, defined by Eqn.(2.34) 1s
rewritten here for convenience,

o2 a %2 + 1;2 (2.34)

2 i\
But k2 = Jwy 0" e , and hence,

1
-1 - .
<, = [atz-tjwl m o ej:l 2 (2,59)

Let the real and imaginary parts of the constant 42 be
denoted by a and b, respectively, Writlﬂg %, as (a+jb) in
Eqn. (2.59), ane obtains,

d
1 R
(a*j,b)"[“g*ﬂwl/u(?ej Jg
1

2
= Ee(a + Wi m 0" sinhA )*J"l/“ o °°3A]

(2.60)
Taking the square of the sides of the above eq ation and

equating the real and imaginary parts, one obtains,

a2 e b2 = (=2 + w; a0 sin) ) (2.61)
and 2ab = wym Ocos ) - (2.62)

Solution of the Eqns, (2.61) and (2,62) for a and b yields,

| 1

1 =

Q”E’?E‘4*2wlﬂ 0’ %2 sinh + (wl/uO’)zj?
1

1
* 3 (a(2+w1/u 0 sin A )]2 (2,63)
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| 1
.and (v) = E E‘4 +2wp 6'0(2 sin +(\r1ﬁ1 0’)2-‘] 2

o

- -3 (u<2 + vy 6" sinA) ] (2.64)

2.3 Backward Field:

Proceeding in a similar way, one obtailns the field

distribution in region I and II as,
Hy1p = Exp.j(wt + x4 523

x [ci exp. {(Xy) + cé oxp. (-vty)] (2.65)

Hylp = - j Etp._j(wt + Ax + 52-]

x [ci exp. (Xy) = eé exp. (- 4?)](2.66)

Hovgy = D! exp’.;](wgt + dx')_:]

1l
x foxp. (= <oy ')] (2.67)
H 3 ﬂ(Di
= ' -
y'2b “é EXP. (wzt + oAx ]Exp.( xéyt)]

(2,68)
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where the subsceript b means that the field quantities are
partaining to the backward rotating field and w, is the
- 8lip frequency for the backward field,

The constants c]'.‘, cé, and Di- are given by,

sz Boenfrc]

e(é cosh %g + X mp sinh ig]

o Fren o]

cé = "‘é"“o (2.70)
Eé cosh g + o /u, sinh u(g‘!

(2,69)

of
' 2
Pyl —
:té cosh «g + « a, sinh O(g]
x L:a_xp. (até g+ 62 )] (2,71)

Further, the constant dé is given by,

1
2 .jA- -
qé: «“ + Jwom O @ lg (2,72)

-

If the real and imaginary parts of the constants u(é are

denoted by a' and b respectively, one obtains,

a'? e p2=u2s wou 07 sinA (2.73)
2a'b’ =wy, m 0 cos) (2.74)
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1
1
. al = [«5 E4 + 2 w,z A 6“2 Siﬂ?\* (wg A 6)235

=

1
+ 35 ( o2 4 v, A ] sinﬁ)] 2 (2.78)

b!' =

lmh—-'

. 1
. | =
[ut * 2w, T2 ginA+ (wg u 5')2]2
1
1.0 2
=3 (%% +wu O sin}) . (2.76)



3, PERFORMANCE PARAMETERS

3.1 Rotor Power 3
The power flow out of a volume bounded by the surface
S 1s glven by ‘
P=dK g

where N 1s the Poynting Vector, and for harmonically time
varying electromagnetic flelds is given by,

N = Re, (Exﬁ**)
E and H are the field vectors on the surface ds.

The average power over a cycle is given by,

P = Re'& ﬁ (

> xﬁ*w ). ds (3.1)
s

el

Consider the region I, use is made of Maxwell's equation,

= 038
VXE =+ _=

to evaluate the D E field in the alr gap reglon. Expanding
Eqn.(3.2) into its components, and comparing the field

quantities along the three axes, one obtalng,
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It follows directly from Eqn.(3.3) that,

0%, - 0 Hyyp
dy Mo 9t

(3.4)

Hyi¢ 18 given by Eqn,(2,55), and which is rewritten here
as

Eglf = [Exp.J(wt - Ax - 61):]

x [:cl exp. (Ly) + ¢y exp, (=~ dy):] (3,5)
From Eqn,(3.4), one obtains,

- 0 I‘."ixlf‘
Epir = = Mo J =35 dy (3.6)

SubstitutiBn of the partial derivative of Hyje with respect
to time from Eqn.(3.5) in Eqn,.(3.6) and integration results in,

- “Jw
EZIf = n(/uo [exp. (*j)(ﬂ(x + 51)]

x [:31 exp, («y) = c, exp, (- €>‘3’):‘] (3.7

Considering per meter length of the rotor,(E x H) . dg 1s
given by,

- - — »
(ExH) ds =~ ( E,yp Ho,g) & (3.8)

1f
Hence,

(ExH*) . ds == (B, Hyyp) dx (3.10)
Considering a two pole machine, without any loss of generality,
and substituting Eqn.(3.10) in Eqn.(3,1), one obtains the

expression for power enering the rotor surface as,
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1 27T -
Pp=3 Re [ Ear| g | ax (3.11)

y=g v=8

- -J W/uo
Eae | =
y=g

[exp. - J(Xx + 61):'

x [cl exp. (Xg) = ¢o exp. (- dg)-l (3.12)

Consider the term Ecl exp, (Xg) ~ co exp, (- ctg)j in the
above equation. Substitution of the values of ¢y and cy

from Eqns, (2.52) and (2.53) gives,
[°1 exp, ((g) = Co exp. (= dg):j

Ay (tp = X py) = (K5 + % Mip)

= s @ "
2
°<2 cosh olg + X Ml sinh g
. A n(/u:.
== (3.13)

(X5 cosh og + %, sinh <g)
As «g <<1, approximation of cosh g = 1 and sinh Xg = Xg and
substitution of these values in Egn, (3,13) results in,

Ecl eXxp. (dg) - 02 expo(-ﬁg)J

= A Ly
= > (3.14)
(a + %% mpg) + 3D o




Hence,

E,ir | = 1* 2 Exp. -3 (xx + ola

(3.18)

Further,

?IX].f l = [exp. (=3)(xx + 61)]
y=8 ‘

X [01 €XPe (“g) + 02 exp. (" ‘*8)] (3. 16)

Substituting the values of ¢, and ¢, from Eqns,(2,52) and
(2,63) in Eqn.(3,16), and after approximation one obtains,

(a + jb)

Hy1s | = 4

v =g (a+=Zp, g) + §b

x [exp,-j («x + Bl)J (3.17)

-
It follows from Eqn.(3,17) that Hyjp ' is given by,

y = g
- ¥ -
Beir | = & (a = Jb)
y=g (a+etg/urg)-3b
x [exp. J («x + 51)] (3.18)
Thus,
2
. JAlw/u(a-jb)

Ear | Hyae | =

(a + = 2 4 p2
y=g y=g Mr )

25

(3,19a)



and - - * | Ago wﬁl b
Re | Ez1p ! Hxlf ' =
‘ y*+ 8 y=8

(at+ <2 gy 8)240°
(3.19b)
Substitution of Eqn.(3,19b) in Egn.(3.11) ylelds the expression

for rotor power pertaining to the forward field as,

2
Alv m » T

Py = (3.20a)

(a+ «2 . g)2 + b2

b
SE

Proceeding in a similar way, one obtains the expression for

and p.f =

(3.20b)

power entering the rotor surface pertaining to backward field ai

_ A‘;" wa b T

Py ,
(a'+ 0(2/(1’ g)g + b2

(3.21a)

b.

and (p-fo) =
[a02 + bv2j %

(3.21b)

3.2 Rotor Losses:

The power loss in a conducting medium for harmonically
varying flelds is given by,

- 712 av

Considering per metre length of the rotor, the above

expression reduces to
2T o

1 o2
1t 55 ! ! | 2] ax ey (3.22)
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where J 1s the current density in the rotor and § 1s the

conductivity of the rotor material,
Since, J = OFE and E has only z component at the
rotor surface, it follows that J has 6n1y z component,

4 1s given by the relation,

Vx H = ¢
Expansion of the above equation and after comparision of

the co~-efficlents, one obtains,

OH 1o OH ' :
T = y - x'ef ' (3.23)
ax' Ay’

The field distribution in the rotor given by Eqns,(2.57)
and (2,58) is rewyritten as,
Hysiop = Dy [exp. (=3 dx')][exp. (= dzy')] (3.24)

Hyvor = -3«:1 - [xo- (=3 a?] [ex. - dey')J
(3,25)

Substit '
stitution of the m rtial derivaties of Hx'zf and Hy'zf

weret y' and x', respectively, in Eqn.(3.23) results in,

Jar = D Jexp. (-] otx')]Eaxp.(- *2:/')]

[‘-5(22 - 0(2]
(3.26)
%2
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From Eqno (2c59) 9

Dtg -dzzjwl/uo- ©
=wy a6 [expy (- ")j (3,27)

The constant D; defined by Eqn,(2,54) is reproduced as,

JA

Ay cosh g + X A1, sinh o«g

x Exp. (ﬂzg - 61)J |
Substituting X5 = (g + Jb) and approximating cosh o«g and
sinh «g in the above equation, one obtains,

(a + 3b)
Dy = 4 g . [exp.(a + Jb)g - 51]
+ +
e e (3.28)

Substitution of ®y = (a + Jb), the value of (dg - 0(2)

from Egn,(3,26) and the value of D, from Eqn,(3.27) in
Eqn,(3.25) yields,

I = [J 4 (v m 0)(a+ §b) exp.a(g-y')]

x Eaxp.-J(bg + §) + «<x! + aY'-bY')J

1l
” [ar <@ e 2+38] [(a + 320 ]

It follows from the above equation that,




Ai. E’l/“ O"]z Eaxp.Za(g-y')] |

2
72el” = (3,29)
(a + “2/‘11' g)2 + v2
Substitution of Eqn,(3.28) in Eqn,.(3,22) results in,
2
P1r = ’ T 12, 12 o
20 (a4q2ﬂrg) + b= g
‘ExpoZa(g-y')] ax' ay*
Af(wl/u ) (wym T |
(3.30)

+ 2a[(ar 2, €)% + b77]

Substituting the value of (wy u 0°) = 2ab Sec A from

Egn, (2,62) in the above equation, one obtalins,

A% wia b T Sec) |

ir = . (3.31)
(a+ dgﬂr g) +‘b2

P

The power loss given by Eqn, (3.30) includes hysterésis loss
also, Howevér, if 1t 1s assumed that A = 0, the above

equation reduces to

2 oy pbe

(a+ o2y )2 + b2

Pie = (3,32)

From Eqns,(3,20) and (3,31) one verifies the well known
relation, |
Rotor copper loss

Rotor Input

Slip =
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A similar analysis for the backward field shows that,

(3,33)

3,3 Torque Developed:

The general expresslon for the force is given by,

F =1 (IxB)av
v
For harmonically varying flields, one obtains the time

averagged force as,
*

1 - o | -
Eo =3 Rel (IxE ) av (3.32)

From Eqn,(3.26), the current density 1is given by,

= . (J wpm 6 pp) [exp.(-J Axte Agy'=J A )]
zf o
2 (3.35)
Further,
Byige = /“E:var V (3.36)
and -ﬁytgf = ﬂﬁyvzf (3.37)

only the tangential component of the force would contribute

towards the production of the torque, and therefore only

the x component of the force given by,
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Eqgn, (3.34) need be considered. Expanding @ x E*) into 1its
components and considering only the x component of the final

expression, one can write,

— - P - —
Jd x B =« (aT,e Hprgey)  (3.38)
x component
substitution of Egn,(3.38) in Eqn.(3.34) gives the tangential
component of the force on the rotor per meter length of the
rotor as,

2% o

Fgp = ° -g-/u Re [ [ (Jgf ?ly.zf*) dx* dy' (3.39)
g

o

From Eqn,(3.,35), it follows that?

- ﬁ vy M o‘nljj}xp. (=] xx'= Loy'=JA )]
sz = :

"2 (3.40)

Substitution of o« = (a + jb) in Eqn,(3,40) results in,

- E) via o Dl] [exp.-j (Lx'+by '+ ?\] [e:xp. (=ay'] )J
Jof = ,
(a + 3b)

(3.41)
From Eqn,. (2,50),

Hyior = *szl : [exp‘("J “"ﬂ’}xp' - x"’y')]

-3 Dy « [exp,=j(x'+by’ )] [exp. (~<ay") ]

(a + jb) (3.42)
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Taking the conjugate of both the sldes of the above equation
yields, '
o 30"« foxpgtaxtanyn] [exp. (-ay") ]
Hyizr =

(a=-Jp) (3.43)
It follows from the Eqns. (3.41) and (3.43) that,

- - »

p 4 Exp.-J(dx'-rby' + %J[_.exp.(-aY')]

X ';xp.j(xx'+by'i][%xp.(~ay'):]

(a2 + b))
Noting that Dl Dl'.i = |D1‘2 and taking the real part of the

above equation, one obtalns,

2 \
[("':L/‘1 0 cosn ) « IDll ][}XP--(Zay'.

Refj’zf -ﬁyng]u -
(a2 + b2)

(3.44)

substitution of Eqn, (3.44) in Egn.(3.39) results in,

2
(wi o O cosA) X ) |Dg )" 27w
2 12 ddat- J;I exp.(—zay')]d:
g

= e

Fer = 3 (a2 + b2)

‘ 2
(v, 4 O cos A)(xm T) IDI}

. 'Exp.-(zag)]

(3.45)

b ew

2a (a2 + b2)
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The constant Dy given by Eqn,(3,28), after approximation,
is rewritten as,

5 . (a + jb) [
= . exp. | (a+iblg-] & ]

It follows from the above equation that,

2 o (a2 + bg) Eaxp.(zag)j
oy | = - (3.46)
(a+ ﬂta/ur g)e + 'b2
Combining Eqns,(3,45) and (3.46), one obtains,
& (wy f Ccos A m T)
Foo= 2 1
tf (3.47)

2a [(a + %2 g, g)2 4 sz

Noting that radius of the rotor r =§ s the expression for

the torque is given by,

2
Aj.(wy 0"0037\)(*,0 ™ T
Taev.t = "

2a Ea + etgﬁr g bz:,

Since « =§ s the above equation results in, after the

substitution of the value of (w;m O cos ) from Eqn.(2.62),

2
A mb T

Tdev.f (3048)

(a + 12y 2)2 + b2



with the help of Eqgns, (3,20) and (3,48), one again
verifies the well known relation,
Torque = Rotor input in synchronous watts,
| A similar analysis proves that the torque due to the
backward field is given by,

A b T
A A
)

Tgev.p = (3.49)

(a' + o7 u, g)2+ b2
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4, EQUIVALENT CIRCUIT

The baslc voltage equations for the maln and auxiliary

windings are,

- - d Uy
vV = r1m11 * Jwxy Iy ¢ pr (4.1)
- 1l E
VEraTas v, Ip + T T2
d Uy
+ 4,2
at ( )

vhere subscripts m and a refer to main and auxiliary
windings, respectively,
and

V = Supply voltage in volts,

I = Current in a winding in amperes.

x,1= Leakage Reactance of a winding in ohms.

r = Reslstance of a winding in ohms,

C = Capacltance in the auxiliary winding in farads.

U = Flux linkages of a winding in Webers,

The flux linkage U for both the windings will be a
function of the currents I; and I,. The total normal
component of thé magnetizing forge in the air gap is given
by the sum of ‘Eqns,(2,56) and (2.66). At y = 0, the above
mentioned Eqns., sum to give the total normal magnetizing

force at the stator core-air gap boundary as,



Hy | =] Eucp.d(wt- oAx - 81)3[01 - 021
7O =Jlexp.J(wt + o«x + 62)]'-0; - cé]

(4.3)

The constants ¢y and cp are given by Eqns.(2.52) and (2.53),

respectively, Thus,

A g g
(cl-cz)'—’-é-Eg [e 5. e ]

-dg g
.dﬂr[e + @ ]

1 ——
x o, cosh g + « inh «
o cosh g M sinh Ag

—

Substituting %5 = (a 4 Jb) and approximating one obtains,

(a + §b)g + map 16
(Ol-cz)'-:-Aln(. =« A1 ky e
(a + o2 up g)+yd
(4.4)
where k; and ) are some other constants,
Similarly,
(a'+jb")g + py )
(ci°0é)='52°(' - - =« Ao ko © 2
(a'+ o€ pap g)+3b"
(4.58)

Substitution of the value of (e¢; = ep) from Eqn.(4.4) and
(ci - cé) from Eqn.(4.5) in Eqn,(4,3) yields,
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Hy ' = » J[AI kl exp.a(“t - X - 81 + 91)
y=0

- A5 k2 exp.J(wt + ox + 6y * 92):{

2 - jEl Exp.i(wt - x 4 91):

' -
x [Al cos 87 ~ h Al sin 61__
- 1{2 Eexp.;l(wt + Lx + 92):]

x Ezcossg*‘J A281“52]

| (4.6)
It follows from Eqns,(2.8), (2.9) and (4.6) that,

I~ -
Hy l == [k |exp.ilwt - x4 61)]
y=0 L

- _ ;0
x{ A=) A' e ]

hooss

- k2 Exp..‘l(wt + Lx + 82)]

[1o00 7]
X | A+ ] A e (4,7)

Let A = 7

et A=kyl I3 and A' =k, I

where k., depends on the winding design. Replacing A and A'

by kyq Iy and kys Iy, respectively, in Eqn.(4.7), one obtains,



By | == E:l Eaxp.j(wt -ox 4 61)]
y=0

| om
"Eulll"“‘\yzlze

il

| - +39 1
- ky fexp.J(wt + <x + 92-] fwl I; +d ko I ] |

-

(4.8)

After additicn and substraction of the term -93 ko
3
x [exp..j(wt - «x + 92’1@1 I; + Iy I © ] y Eqn,.(4,.8)

takes the form, |
3 9 0
Hy ' 2 - ] [[exp.;l(wt - dx)]Ewl I1 (k3 ¢+ kzej 2)
y=0 |

30 jo 394
K, o002
-k 0 exp. j{wt + «x) + exp.J(wt - xx)
3]
x E'l I; + 3k I @ ] (4.9)

Eqn. (4.9) expresses Hy ]
y=0

which is purely rotating and the other is purely pulsating.

in two types of flelds one of

The rotating part of Hy ' 1s given by,
y=0



| w
Byp | =79 [E"p'“"t - “x)j[k,,l Il(kleael‘.kze’ee
=0

y

)

) G 39
+ 3 kw2 I ej (k,, e3 2 k, © 1)]] (4.10)

and the pulsating part of Hy ' is glven by,
y=90

38,
= 2§ cos «x k2 e cos wt + J sin wt

H
|
y=0

e
xlkoq I; + Jkyo Io eJ ]=23k2 cos %x

- aF
x::jexp.J(wt + ez)j][%wl Il + JkVZ IZ e :]

-

(4.11)
It is now unnecessary to carry on the term exp.j(wt), as

qau . jw for the rotating field as well as for the pulsating

at

field,
Thus, the rotating part of Hy | can be expressed as,
y=0
' ) x 391 300
Hyrl='ae [kwlrl(kle #kze )

y=0
0 o 0 ’
+3 Ko Ip ej (ko e’ 2.1:1 ej 1)] (4,12)
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and the pulsating part of H is glven by,

y |
y=0
19, 39
Hyp = 2] ko cos Xx e kwl Il + Ik Ip @
y=9 (4.13)
Both the windings will have flux linkages due to
rotating andpulsating parts of the magnetic fleld, Let the
flux linkages due to rotating and pulsating components of

the fleld be denoted by Uy, and U

P respectively. Thus,

Um = Umr + Ump ' (40 14)

and Uy = Ugp + Uy (4.15)

The main and auxiliary windings are assumed to be
sinusoidally distrivuted in space and are in space
quadrature, It is also assumed, of course arbitrarily, that
the distribution of the main winding 1s a cosine function
and that of the suxiliary winding is a-vesine function, Thus,

the winding distribution of the main winding 4s given by
«x ‘
kyy © and that of the auxiliary winding is given by

J «x . Hence the flux linkage of the main winding

J Ko @
due to rotating component of the magnetic field is given by,
Tx_ {]“‘X
Unp = Mo £ 'i Hyr (8,y) 'kwl e d 6§ dx
y=0
(4.16)
/050283,

TNTRAL LIBRARY UNIVERSITY OF ROORKER
ROORKEE.
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where § is a dummy varliable.

Substitution of Hyr(s.y) | from Eqn,(4,10) in Eqn, (4.16)

0
results in, y=

39, 39
Umr”"jl“o[_klel(kle *kge

9. 0o 39

2)

T §j «x }x - £ 8
d e ds
X £ kyy © x ! _
kwl/uo 39 392

o 8, o
Fikal, o G R B ):] (4,172)

U p is given by,

T N x - -
= . \
Upp = /o g k,y cos ox dx -; Hyp (6,y) l.d6
y=0
Substitution of Byp(ﬁ,y) ' from Eqn,(4.13) in the above

y=0
equation yields,

. 305 1., | 10
Ymp = |23 Koo o T hyy |1 T IR Iy e

T +X
x fceosxxdx J cos«X5d56
o -x

=0 (4.17b)



Thu‘,
Uy = U
wlﬁo Je 192
) Eﬂn Ly e " +ke )
390 9 3O
The dlstribution of the auxiliary winding is given by
4} «x
J kyo e s and hence

9, 39,
Uar 2 - JﬂO kwl Il(kl e +k2 e )

- §o 5 30

,’}? § ox X =) «§
X d as
ojsze x [ e

-X

_i koM T [ 3§09

k el
\ 30 2] je
Y ¥k Ize (kg e"l 2. k) e 1)] (4.19)
Uap 1s given vy,

T x
Ugp = =M { I Hyp (849 | ko sin xx a5 dx

0 =X
==
y=0 (4,20)
Substituting the value of Hyp ‘ from Eqn. (4.13) 1in
Eqn. (4,20), one obtains, y=o0 |

42
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39, 19
Ugp = =23 Kppo kg e (g Ip + § g Ipd )
T +x
x| sindx dx [ cos %5 46
o -x
39
_ 2 koo T ko @ 36
= o NIII“'Jk"zIze

- (4,21)
The total flux linkage of the auxiliary winding is given by
the sum of Egns,(4.19) and (4,21}, which reads,

g = J kyofio T 30, 9,
B I R X |
“‘ j w2 12 e (kl e * kz e ) (40 22)

Substitution of Eqns.(4.18) and (4,22) after multiplication
by (Jw) in Eqns.(4.1) and (4.2), respectively, ylelds,

2
v =I'lm II + jw xlm Il + = Il(kle 1‘*‘1‘29 D,

' wpag T 39 16, e |

. Ig h| sz wiAig T 12 e
v"rga 2*’3"’31 I *ch* ¢
o o
x(klejl-vkzej)
v kg T ) 39;
- kw :wa/uo Il Eg e 2’/+k1 L] 1] (4;0._‘?24)

. . 0
In Egns, (4.23) and (4.24) eJ 1ndicate§6the phase of
Io wer, to -fl and hence replacing Io e by -fz, one obtains,



J
+ Ip tk, e "4 k) e 7) (4.25)
o

9 30
I; ¢k, 2k 0 Y (4.26)

_ Vi ke T
¢

Eqns, (4,25) and (4,26) can be reyritten as,

- 4.
V=230 +2501y (4.27)
where,
| 2
v kwl/“o T jel 392
211  Tqp * IV xqp *+ " ky e "4k, e
(4.29)
v kwl k\i? Po T Jea’ 191
212 = ¢ - p, © +k1 e (4.30)
1 Jwigy po T
222 = rla‘ + jw X1g * e ¥ o ~

e e
x [}1 ej 1 + ko ej 2:] (4.31)

14
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One concludes from Egns,(4,27) and (4.28) that the

fimpedance matrix of the single phase motor is given by,

[ | B “12 (4.32)
Z] - ‘ P
=212 Zgp

and is non-reciprocal.

The non=reciprocal nature of the impedance matrix rules
out the equivalent circuit representation in terms of purely
passive circuit elements, such as reslstances, inductances
and capacitances, The most convenient representation, thus,
1s in terms of a network constralned by a gyrator as is

shown in Flg.2.
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5, DESIGN CONSIDERATIONS

5.1 Cholce of the Capacitor:

while designing a capacitor run single phase induction
motor, one should aim at exploiting fully the presence of
the capacitor in the auxiliary winding for the betterment
of performance viz,, better power factor, and a higher value
of efficlency and torque, Thig can be done by a proper
choice of capaciter value and the ratio of the effective
main winding turns to that of the auxiliary winding so that
the backward fleld is reduced to zero., However, this condition
can be achieved at only one value of slip, and therefore the
choice of capacitor value and turns ratio kt should be
such that the motor operates under balanced conditions at
full load slip or at very near to the full load slip. The
most suitable value of capacitor and turns ratio kt can
be obtained with the help of the equivalent circuit shown

in Fig, 2, one can, thus, write,

Va2, I+ 240 12 (5.1)

The values of Zyq) Z99y and Zgo are gilven by Eqns.(4,29),

(4,30), and (4.31) and are rewritten herefor convenience 3
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*“

Zog = Ty * v 314 Jwe
2
Jwk, Mo T 36 R[]
o /*0
+ ‘: E:101+k292] (5.5)
16
After approximation, one obtains the values ky e

[
ko @ 2 from Egns, (4,4) and (4,5). as,

and

Jel o Aty
(a + <2, g) + 3b
u « pp Ba v %2y g) - 3‘3]

ey 2 [ e - g ]
2 @ =

(5.68)

(5.7)
(a.+°(2/ur 3)2_,,\,.2 .

Substitution of Eqns.(5.6) and (5.7) in Eqn.(5.3) results in,

Znsrlm-tijlm# [;!wksl YN '1‘]

x F& + <%y @) - §b L «2 ur g) ~3v'
lia + %2 up )2 b2 (a'+ =2 up g)2 + b2
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A‘fter rearranging the above Eqn., one obtains,
2 2
11 % Py *+ IW X3 + E'kwl M Tj

b+ j(a+ <2 up g) b'+i(a' + <2 my g)

X

+
(a+ =<2,0.1. g)2 +p? (a'+ o(e/ur g)2 +p'2

(5.8)
Let
(Prigle (wkyum
be g tasCpuy g
x = ,0(2/% RepET (5.9)
and

bi+3(at+ °(2/ur g )

(' + 3¢ = (wkd o1 » (5.10)
vy (a'+ «2 g g)2 4112
Now Eqn.(5,8) can be rewritten as,
Zy  (Pqp + W xgp + p+ Jq+p' 4 3q' ) (5.11)

Let the impedances Zyo and Zgo be referred to the main
winding and the referred impedances be denoted by ziz and
25, respectively, Thus, one can write from Eqns,(5.4) and

(5.5),

210 =3 k [(p’ + Jq') - .(D + JQ)] (5.12)
2 1
200 = Kt E‘la*"""lg*P* Jg + p* + Jq’]+-5;;5

= k% E’la +p4p') o+ J(wxy, +qe q'_)]- Ixg

where xc‘ Tye
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Approximation and substitution of Egns.(5.11), (6.12)
and (5013) 1n Eant (501) and (5.2) yields,. .

V=1 Ep»* p') *3,(q*q')]

* 3k Ip [O0r ¢ 20 - (oo 0] (5.14)

V=0=)keIy [Ep' +3q') - (p + Jq)t] :\\

+ I, [:ki [3p +p') + J(q+ Q'):] -3 xc:]\(5.15)

It follows from the Eqns,(5,14) and (5.15) that,

Il - V-i%_ [(P"‘P') + J(Q"'Q's_-l- jxc + § kt[(p”qu')'(bf;q)]

D
_ v;[;%(p*p') + kt(q'q:z]+1j§%(q+q')-kt(p-p’)-x;:]
| - D (5.16)
=V, [(D*p' )+3"§q+q! )]1»;] kth"’J?")"(P"Jqﬂ
D

=,v,[39+p')+kt(q'q'z]*d[ZQ*Q')'kt(p-p'):]
D

Ip

(5.17)

where,

D = [29"‘9’)*3 (Q"’Q')]Eig [(p-l'p')-tj(q-!-q'a-;]xg \f

2
2
= ke [Ep'+dq') - (p*dq)i] (5,18)
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For balanced operation at desired slip it is necessary
that the magnitudes of I; and I, be equal and Iy and Ip be
in phase quadfature, I, leading I;. Equating the magnitudes
of I, and I, from the Eqns. (5.16) and (5.17), one obtains,

.

- 2
[;%(p+p')+kt(q~q') +[;%(q+q')2-kt(p-p')~x°j]

. -9 2
= [overrokgtamary [iararr-xgomp

Simplification of the above equation results in,

4 . K \2
(kt - 1) .fp*p') *(q*q')z:] -4 kt(kg-l)[EPQ"P'Qi]

= Xo {2 ki (q*q') = 2 kg (p=p') = xc‘] (5.19)

In order that Ip leads I; in time phase by 90%, it is

necessary that,

tan™ [ta+ ) -k & - o
lﬁp +p') + kg (g - q')

-] 2 <
- tan ke(q + q') = ky (p = p') = xg

k%(p + p') + kt (g ~q')

i
ois
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Simplification of the equation yields,

2eaint2, ,2 2 - 1
X = 2Kg . ktE’ +q74p'Teq! ]+(1+kt)(p'q Pq')

(q +q') - kt (p - p')
T (5,20}
Thus, with the help of Eqns.(5.19) and (5,20) one can
determine the values k¢ and x, for balanced coperation at
any desired slip,
The general solution for the above set, however, can
not be given explicitly since it involves higher order
equations and one has to resort to the usual numerical or
graphical means,
5.2 Cholce of the Flux Density:
The total rotor power is given by the sum of Egns,(3,20a)
and (3.21a). Under balanced operating conditions, the power
corresponding to the backward field reduces to zero, and

therefore the total power 1s given by,

2
A v abT

[(a+ 2, g)2+bﬂ

The rotor efficiency under balanced conditions is

P (6.21)

(1-5) and is maximum, As pointed out earlier, turns ratio

kt and the capacitor can be suitably chosen to obtain balanced
operation at any desired slip, normally full load slip., Under

these conditions, one ean find, for a given mmf, a suitable

value of the flux density so that the rotor input is maximum,
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From the knowledge of proper value of the flux density in
"the alr gap region at the given slip the number of turns
in the main winding can be determined, The value of turns
ratio k, determines the no of turns in the auxiliary
winding.

However, the determination of a suitable value of the
" flux density depends on a number of involved relationships
e.g. the variations of the congtants é and b, In order to
obtain the general idea of these variations curves have
been plotted indicating thelr nature. Fig.3 shows B V/s H,
Mp V/8 H and A V/S H curves for mild steel, Fig.4 has been
drawn for a single phase induction mctor of § em rotor
diameter, The conductivity of the rotor material has been
taken as 0.6 x 107 mhos per meter, Fig, 4 shows the
variation of a, which is defined by Egn, (2.63) with slip for
different values of flux density. Filg. 5 gives the variation
of b with slip for different values of flux density.

Eqn.(5.21) can be rewritten as,

12 b up

=

2
Al V¥ Po Ea + dg/ur g )2 + b2]

For constant mmf the right hand side of Eqn.(5.22) is

(5.22)

proportional to the rotor input and takes values depending
upon the flux density. With the help of the information






1200

A V/s sLIP

08
-2

&

wfr/ml




4 Vfs sup

1

, |

56 ;

a

i
d
-5
-8
oy
7
8

(g @hfrm?
[




57
available about the varlations of i, a and b with B
in Figs., 3, 4 and 5 respectively, the variation of
P
A?'W/“o
at 10 per cent slip,

with respect to B has been plotted in Fig.6

Another consideration would be the allowed power density
in the rotor, This of course would depend on the permissible
heat dissipation., It would be necessary to provide fing and
ducts at sultable places since rotor heating would be

appreciable,



FIG 6.




6, CONCLUSIONS

In the foregoing study the solid rotor single phase
capacitor run induction motor has been completely analysed.
The analysis has been based on the formulation and the
rigorous solution of the pertinent electromagnetic field
problenm,

Performance parameters such as rotor power, rotor
losses and rotor torque, have been calculated for the
general case of unbalance and the equivalent circuit derived,
For the design of the auxiliary winding capacitor the required
condition for the existence of the purely rotating field
has been stated and the relevant expressions have been
derived,

It can be seen from the material presented here that the
equivalent circuit of the machine can not be represented by
means of purely passive bilateral elements since it is none
reciprocal in nature, Here a gyrator has been utilized for
the required circuit representation, |

From the design angle it can be seen that the two
important criteria are, the cholice of the auxiliary winding
capacitor and the operating flux density. As has been shown
in detall these depend on certain involved relationships and

one has to resort to numerical or graphical methods for their
solution,
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Due attentlion has not been given so far to the utility
of the solid rotor fbr single phase operation. The
investigations presented here indicate certain possibilities,
Further work in this area can now establish the extent of

its use and adaptability in the practical fielgd,
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