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HOMENCLATURE

B = Nagmetie flux density

H = Negne$ising -Ar_om.

¢ = Magnetic petentisl function
¥ = Magnetie flux function

ry@= Polay ceordinate

URSYT 01 ¢ O’ = Bipelar ecordinates defimed in Fig, 2.2.
R, = Radius of retor surface
R, = Radius of stater dore
§ = Ecc#ntueu'y of retor
§ = Nominal air=gap
6, = Virtusl air-gep
P = Numdar of pole pairs
P' = Permeance in the secentria sir gap.
",'uuuu of retoy surface and stator bore in weplame.
M* = Not air-gap m.m. .
F‘ s UM, P. = Unbalanced Magnetic Pull

L

r " Batio of yotor deflection caused by the V.M P, to the

dupxtuunt oausing the unhslanced pull

N‘ = cuuux speed

¢ = Uravity deflection in cme, caused under the static
influence of retor weight W,‘

W = weight e? the roter in Kilograme.

L 2
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INTRODUCT ION

The knovwliedge of magnitude of the unbdalanged
sagnet ic pull occurriag in scoesntrically placed rotor
in synchronous and asynchrvonous méghine is an important
gactor for the design of the electrical machine because
‘such forves can greatly influonce the critical running
spead of the machine. An unbkalanced pull may be defined
&y the net side ways foree betveen the stator and the
rotor of the electrical maching resulting from & 4d4ff-
erence in the aire gap fiux densities on the opposite
sides of the machine. This differemce in flux densities
is generally caused by & differense in She airmgops of
two side., Many causes contribute to such & gondition.
Frogquently the outer surface of the rotor and the inner
surface of the stator are mot perfectly cylindrieal,
Even if they sre perfecatly eylindrical and concentric
wvhile thi 'utoutnn is eold, a noticendhle deviation may
oscur dus So the difference in temparature betweean the
stator and the bodplate whon the michine is hested,
With a machine of five meters diometer, for instance, &
difference of 20°C in the average temperaturas of f\?n
and bedplate weuld correspond to spproximately cm; i\i?.

differense im length, N
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1. INTRODUCTION
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INTRODUCT ION

The knowvledge of magnitude of the umdalanged
magnetic pull ocourring in egeentricslly placed rotor
in synchronous and ssynchronous méghine is an fmpertant
gactor for the design of the elaeotrical wmachine because
‘such forces can greatly influinee the eriticeal running
spead of the madchine. An unbslanced pull mAy be defined
g the net side ways foree between the stator and the
rotor of the electrical maghing resulting from & diff-
ervence in the agyw gap flux densities on the oppoeite
sides of the machine. This difference in flux donsities
is generally coused by a difforense in the airmgaps of
twvo side., Many causes contyridute to such s gondition.
Froquently the outer surfage of the rotor and the imnor
surface of the atater are wt perfectly cylindrical,
Even if they sre perfectly ¢ylindrical and soncentric
while the machine is cold, a moticeable deviatien may
oSocur dus to the difference in tempareiure betwosn the
stator and the bedplate when the miahine is heasted,
With & machine of five meters diameter, for instance, &
difference of 30°C 1in the average temperaturas of ne
and dedplate weuld gerrespont to approximately Qll,; i{t.

differense in length,
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Another factor is Sbe clesrance betveen the
shaft and bearings. While the machine s at rest, the
0il 4is squeesed out from underneath the shart, and all
the clearance will he between the top part of the shatt
and the upper bearing shell. In this position the machins
is errected nnd centered. ¥Yhen the machine is running,
the bearing is flooded with o1l and elearance divides
equally arround the shaft, Very frequently of course,imperfect
orrection, & bending of the shaft or slight subsidence
of ths foundations with-consequent distortion of the
badplate may bde the cause of a displacement of rotor

and stator centres.

REVIEY OF GARLIER YORK :

(1)
Fisher=Hinnen in his *Dynamo Design'® pubdbl ished

in 18990 derivoas the following formula iw

2
B A §
pull in dynes = ——— ] c

A,
\
N

25x10° g o
Yhere
B = Fiux ‘dnm:.ty in the airegap in lines por saq.cmy.
A = Sestfon of the pole tsce in sq. enms, \
X = Rotor dispiracensnt
g = /I,,Algu‘tltp oclearance
d 4 Ratio of ‘the reluctance of the total magaetic

circuitito that of the noymal airegap

alone. N

C = 44 & galculsted coefriciont, given im
the follevwing table.



Value of Number of

e polos Remarks
' 2.0 4 Displacemont along the
fiold mognots.
2.8 4 Displaceuant along the
mutral 1ine,
4,0 & Jisplncomant along the _/y
Qus of the magnet y
8, 0 8 . Displacement along /
neutral 1ine. o
13,0 12 Displacement along
neutral lino,
20,0 16 Displacoment slong
mutral l1imm,
(2)

I A, Bohrond , in 1000, gives o mathomatical
discussion of tha c¢aso of o mdching with very large

nunber of poloa and dorrivos the fornulo i=

B® 3

8 a8
Yhare g8* = wRri = ;-- R Total agy=gap area and
shove that thias is exactly ono half thy valup obtained

by assuming that half of the poles have a gap (gex)

and the othor half a gap (g + x ),

1 vo gsudstitute for S' = :—- % A % Polos, DBehron

exprassion becomas:



Py = —2 = xp

Edgar Knovltoa“). about the same time , derives an

expression for & machine with definate anumbor of poles

and obtain the formulna i=

| B A X c
Pull in ibe. = , ‘ X ———
77134, 00 g 4

Whe re
B = Normal gap density 4n lines per sq., inch
A = Area of the pole facs in sq, ineh.
X = Displacoment
& = Nominal airegap
d = Ratio of the total reluctance of the Magnetie

circuit to that of the normal gap aloae.
C = Coefficiant , obtained by esleulation
= 32 for 4 poles
=2 4.7 for & poles
= 7 for 8 poles

& 6.6 for 10 polos

Avove 10 polas, C = No., of poles, and then the
fermuls shesks with that of Hehrend. Knowiton's expression
is of the ssas form &s that of Fisher~ Hinnen, but the
constants givan by the fwo authors for 6 und § peles
differ oconsideraply. Kmowlton, moreover, states, that
1% makes 1little differance whether the plane of deflestion

is taken through » pole i?‘qr detwaen the twve poles. |



il -

J. “ﬂ'“} s 4n 1964, gtates that Dehrend's

and Fisher= Hinnen's formulas &are not sonsistent and
sets out to derive & mev fermula especially applicabdle

te Induetion Motors with evcentrie retor. Rey's formula

is $ w
i 3
¢ . — -

Pall in ynes P (a.") Sx¢C

B.‘,r‘ - 1.1 B&v. for Sine distribution of
'ﬂ“ﬂo

s = Rotor surfsce = a7 R{

c = £ (o)

. = gecentgieity, expressed as & fraction in

terns of the single air-gep = x/ g,

and for

e = x/g = 0,08 0,12 .13 0.3 0.2%5 0.3 0.4

c = 0,137 0,310 0,488 0,088 0,806 1,084 1,8

For an escem ricity less then 30 percens, this formuls

reduces to

@, >° '
wtfl x3 x %  Apprewgmatery
s

| B g

which is identieal with Behrend’s formula, bacause with
& gine distridution of filux, &8s in industion motors,

2
(B,p¢” 18 the average value of B , vhers B ts

denaity at any point along the air « gap. -

J. K, Sﬂﬂﬂ(') derives » einflar formula to that eof

Bekrend ant Rey, dus By ¢ertain transformstion redusjpes



4t to the formt =

8? X 1
Pull 4n dynes ™ === x S x 7
v & i e
| 2
[1—— (f) ]

This is the sane as Dehrend‘’s formula except for
the last Serm which for sn eccentricity as large as
23 percent, is equal to 1;1 or differenve of only
10 percent, the eorrection tera differs from unity

by only one percent,

Sumea s formula, as might de expected, gives the
same vAlue as derived by Rey . It 1s to be notad that
in most of the formulas derived mathematically, the
effect of reluctance of the iron park of the magnetie
cirvcuit is neglected. The assumption made that the
flux density is inversely proportional to the air-gep

and iw therafore only true in unsaturated machines,

In 1003, B, Sotohtnnk!,“)

gives an sacouat
of some tests made to check the formulas of Rey and
Symec. Very good sagreement was obdtained for smallier
iy~ gaps and iron feebly saturated, taking the areas
and flux density at the top of the testh but with
increasing saturation, the calculated rasult (iron
reluetance neglected) wers higher them experimentak

ensg, With largeyry values of airegap, hovwevor, the

test values ware threughout higher (upto 100 perceat )
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The latter result was adcounted for by the fact that as
the armature moves to one s ide the flux lines become
concentrated st the tooth tip of the side of the reduced

g%p and spread out on the side of increcsed gsp.

In the same yoar (1003), Nuihtncr" ) by &

transformation of Sumesi’s equation obteing the follow-
ing formula which permite taking into ascount the
reluctonce of the iron path by detemmining the flux dene
sity from the saturation curve. This expression is

regarded by hinm as giving the most relinble results .

B a2 B
ulu)_( min 2

= )| p-A
3000 3000

u]»

Resultant Puli in Kg., =

Ce Ry Moora“’. in 101i, gives a graphical

mathod of studying the undalanced Magnetie Pull, dy using
Maxwelli®’s formula and ths given saturation eurve if the
machine, and ;ummz’np the pull for various sdjagent
halves of adjoining pole faces, He takes the l-:u";‘ap
dens ity for these half ares as correspondiang to the
sverage air~gap Jlengths across these faces snd to the
given exsitation. Upoan plotting various field excita=
tions he estadlishes that for low saturation the pull
ing refses with the excitatfonj &t a eritical density,
however, corresponding to adout the knee of magnetisation
ourve, the undalanced pull reaches a maximum for all
sgscentricities, and for larger exgitation decresses

agsin, Therefore, a machine, wvhich normslly o‘poratn
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at high saturasion, may be subjected to & gredter stresses

wvhile 1t ig duilding up tham under normsl fleld excitation,

Miles ﬂslkcr“’ in his dook on ‘*Specification
and Design of Dynamo=Blectric Mschinery' (19018) , points
out that the ammeunt of unhkslanced pull for & given dig
placament will depend on the axtent to which the diron
parts are saturated, and that the effect of Aincreasaed
saturatfon iy to reduce the pull for a given agfre-gap gleas
rence ond magnetic induction, He first assumes that all
the ampere turns are expended in the air~gap and by
the usual method derives an expression for the undalanced
pull exactly similar to that of Behrend. He then
showvs how tho' saturated magnetic eircuit may be replaced
Dy &n equivalent air-gap obtained by medns of & graphical
constyuction on the saturation gurve of the machine, and
then uses this equivalent ajiregap in the fowmula for

the unbalaneced pull,

. (10) ‘ ,
Rosendberg , in 1018, iavestigases the ocourrance

and the effect of unbalanced pull in electrical maschines
and has dsyrived some prastical formulus for the use of
the designer. He has studied the influonce of sagturation
on the unbalanced pull for o given induction and found
that in a given machine there is a "eritioal inductdon”
whish gives & higher unbalanced pull ﬁuu any other

sasllier or larger induction, He gives a simple ™ile fer
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detormining this eriticsl induction and alxo investigate
the permissible daflection of the machines parts in
connection with the unbalanced pull, and the influence

of the latter on the epritical speed,

bbtnun(u" in 1043, gives the formula for e
caloulation of undalanced pull whieh takes into acooumt
the combined effects of ssturation, paralliels and primary
reagtance. He represents the me load saturation curve

By & pover sguation of the form 1 =

Whevre,

e = Voltage in p.u. corrssponding to airegap flux,

I‘ = Magnetising surrent for the air-gap at normsl

voltage,
l. = Magnetising cun;r-nt for -atnru‘uoa' at norial
| voltage.
t‘ = Magnetising ourrent at any volsage
= ® Saturation eurve exponent defined by i = o I‘

Assuming & wmtgnt gsp density over a sastion
of the machine and gonsidering that a constant ehange
is made in the air-gap while the magnetizing csurrems is
kept constant, he finds the expression for the resultant
ehange in the gap denssity due to the rotor secentrieity,

which 1¢ given by i~



K g
I e B
Kq ¢ ¢
»P =
Ky w=b .
Ko 8 I
g
Where

% = Rise in gop flux density
8 = Singls air=gap in inohes

€' » Single sirgap when the rotor ia displaced
by (g=&) inches.

4 = Amount of the rotor displaced from the
eentnrvot the stator in inches,

K, = Carter coefficient for an air~gap g

K; = Carter coefficient for an sir gap g°

B = Afir gap flux density at normal voltage
ia Kilo=1lines par square inch,

It vary small deflection is considered this equasion
has the folloving form ¢

L ‘K. “é;. B‘

1

4he re K. - 1
1 + = o'"‘ o
l'

K"‘ = Factor allowing for the effect of satu-
rotion on deons ity rise.

~The ewprussion for unbalansced megnetic pull in
Induction motor with & series or two parallel primery

winding operating at any speed and voltage 8e given



-tie
Rebinsen 18 ag fellovwse ¢

UMP. = 0,01300 ‘. "'%"' .’ l: A

In ancther fomm, this may be written as |

.3
UM.P, = Constant =x
g
t I O '."‘ w——
lg

Soiving for a maximum $

L 3
| (nn '31)11
is

Where E is the per unit woltage 0% which maxsmum
pukl odsurse.,

He further gives the expression for unbalanced
pull with moro paraliels ipn the pricary vinding expre=-

ssing 4t in the followving form !

: ' .
U.'K.P' = 2,88 n’ .....l..."."._ [I K:. + (i=a) Rn ] % 10 4
: s

fhere & = Fastor depending upon the number of
parallels,

K, = Pastor slioving fer the effect of satura~
tion and primary redetante on the
dens ity rine, '

i
=
1 «n.c"‘"-'l'-"*' J
I lg Xy

. = Stator leakage Reactange,
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From this equaston, 1t is practically impo=
ssible to solve snalytically for the veltage at whieh
meginun pull will ocecur, Hovever, & sloge approxima=
‘t4on ig obtalined, Af we use in this fommula the
voltage &t which the pull Lis & naximuwm, censidering

saturat ioa alone,

With the constants that are wed in mess
induction moters, the factor [n K, + (i=a) Kn] is
approximately equal to K, divided by the numder
of paralle-in., Therafore, the important fact which
vas established by Rodimson is thas the unbdalanced
pull for o8n induction motor having three or more
parallels in the primsry winding may be obdtained
spproxinately by caloulating the pull for & series

vinding and then dividing by the number of parallels.

(12)
Cove e in 1034, dorives the following

formula for calculating the Average unbkbalanged pull
ag vell as its magnitude at different angular positfon
af the yotor. This expresaion is regarded by him ag

giving the most reliable resulss for higher eccentric

T DWW 3
Pay * Ja' Cay
7T3.13 x 10¢

Whe re
§ = [ocentricity ia imeches

o % Angle of the eccentrisity = angle betves
axis and th
centre 1
magnet 10
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o

= Diametor of averagae sir gap An inches.
W = Longth of rotor stackings.

a = Average machanfoal air gap.

b = Numbor of poles.

Bn % Maximum gap flux donsity of motor with

aven aiyr gop aqgual to in linoes por
squara inch,

i am
av o ] 2
. - [cu%mu )= Ay] s
and Cd = " f ' as
2T Y 0 (1=0Cs8
2
P ri GHJ ‘nea p/
y:) = Con = o
o 2 l 20
(2t L« 4
P Con ~(@ + & ) ~4
P o
y:‘ u:' Z % 2 ae

(am3)§‘¢ 1= g Cos 6

The tactor C,, s o function of offoctivo

rolative eccentricity ‘@' and the numbor o2 poloes

ps Curves of C:av a8 o function of e for various
numdoxr of pole ahows that tha avorage pull PM
increoases with incroass in tho numbor of polos

and alternating componsnt of pull Qocronses with in~

crouso of p.

The equations derivad by Covo are applicadle
on the motors running at mo load or vory light loads,

The rosults are pnot valid for hoavy load conditions
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sinco cm a«ffacts of rotoy currents and rotor skew
vere not token into account in the calgulation of afr-

g2p flux distribdution.

He further anslyses the pulsating character
of these forces, It is shown in Fig. 1.2, thot the
slternating component of the resultant force has &
first harmonic of the form P’ Cos p ol « The space
sngle « will usuelly vary with time. He coasiders

tho two extreme casas!i

t. STATIC BCCENTRICITY s.e.4 the rotor and the shafs
are concentrie to oach other by‘mt the bhearings are
eccentric with respect to ths 's#tator bore, the rotor
will rotate arround with its *X&?ntra ‘o' (Fig. 2.1)
In such case sngle o will be A‘tauonu'y with raspecs
te the stator Ddut will vary at i\v‘kﬂhwmu- spead with
Tespact to the retating field prodited By the stator

vinding ., Therefore the sngle o s given dyi-
2
oL = = (am )

¥here £t ™ Line frequoney i \

t = Time in sgoonds, E ,‘. )

\

Therefore the fiyst harmonic of the magnet do P“\l

(Poc > VALl bs of the fork P’ Cos 2 (2We)n. The

4
i

fundamental frequency of Py Will bde doubdle A ine

frequeney.

v

<
7
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£3. DYNAMIC ECCENTRICITY 4.e, the bearings are

concentric with respect to stator but the rotor is
eccent ric with respact to the shatt, The angle of
will vary at slip frequenoy.

or of = g- S (are h.

The fundamental frequency of P* will pow be double

slip frequency,

Thorefors the important fact Which Covo estap=
lishas, 1% that the change in tho magnitude of the
resultant pull can be at double line freguency or
double slip frequency asacording to tho nature of

escentricity,

(13 '
Frieso and Jordan ?. in 1002, have studied

the pull ocecurring on an eccentrically placed rotor
in synchronous and asynchronous méchines, Its effect
on eritical running speed and the effeot of damping
on its magnitude 8ro also considerad. An analogy

is made Dbetwaean thae pull and an electromuagnetic
spring having a negative coefficient to simulats the

reduction in critical running speed which occurs.

The derive thw fomsula for criticsl speod

N = 300 / S‘-.-.:..ct
’ %,



Jhe vre,

= EClectromdgnatic spring numdar = F/4
= GL/ ¢
= Yo ight of rotor.

= Magnetic pull

= Defloction of the rotor under the
influoncae of its own waight.

and (2"‘P aro oxpressed in Kilogroms / anms.




C HAPTUER 2

CALCULATION OF NAGNZTIC PIELD IN THS AIR GAP OF A

_NON SALIENT POLE MACHINES WITH ECCENTRIC ROTOR

S TRt T R AR . . T il —— . —— "




3.1, In this Chapter, &8 method of galeulation is

develeped for the detormination of the mugnetic field
in the air-gap of an idealized muchine without aslient
pele and with an eccontric motor for various distribu-

tions of the ampere turns of the statoyr surface,

CASE 18, FULL, PITCH CONCENTRATED WINDING

It 38 shown in equation (6) of the Appondix &
that the m.m. f. distridution of & full piteh concan=
trated winding referring to the origin O' can be

SXpressed as )

: - n Cox (2n+1) PO
a = %-- : (=1)
- n=Q (2n +1)P

sse (2.1)

We shsll nov investigate the flux density dis= |
tribution in the afyegap of the concentyric rotor with

the following agsumptiongt=

1. Salisncy is neglected owing to exsessive mathemstical

complexity,

2. Effeet of magnetic aaturation is ignozed. This 4s
partly due to the Lack of mathemstical relation
detwveen the magnetie intensity and the corrvesponding
induction §n the ferre=magnetic materials and, mere

egpacinlly, to the grave difficulty in taking secoun
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of any such relation in the solution of the field

squations,

3. The permeadility of the roter and stator materialg

ares assumed to he infinite.

4. Effeat of slots and ventilating duets are alse

omistod again oving to the mathemat isal complexity,

3, The stater and the rotor ars assumed to have smooth
cylindrical fron surfaces and the length of the
sore is Assumed to de larger in comparision with
its diametor so that the problem e¢an b»e trsatsd

ag two dimensionsl one,

8, Two cases may he distinguished sccording as the
stator cors is assumed to have a finiteo or an un=
limited wadisl depth, Howvever, as will bdecome
apparent in the later section, only the lagter con=
dition s amenadle to ealculation when the rotor
bscomes escantrie, and consideration will therefore

e liagted to this case only,

The lluchu”aqunuonu for calculating the
nagnetic field in the air=gap with concentric asfr-gup
can be written as

c“fl H = 0 e (2.2

91\' B = 0 000(2.3
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Chooeing tha eylindrical polor coordinate
systeoms of axes, equation nos., (2.2) anda (.2.3) econ

be exprossod as o

515 Y1 e A BH' -

A Ak T
pye 1 0

--! e Yo &v = 0 .o¢‘3¢5)
or * rm ’r pY")

Yhero H, = Radiol componont of the Magnetle fiold
intonsity,

Be = Tangonttal component of tho Magnotic field
intensity.

Ditforonasating equation No, (2.4) with rospact to O ,

a

31' 80 Y r Sa r gaa 0 ees (2. 8)

Prom aquation No, 2.3, we have

1
--; aa »n - —5‘; > ""xlf .0.(3.7’
O . dm, 2 JH, .85
w a6 T TF At Ty, e

Fron Squations No, (2.9) (2.7) and (2,8) , ws havo

J'thp dH 1 4°H
' e E 3 " ,’ L ﬁ 4‘ L] = 0 *ee (pc 9)
dr2 or T r et

The abovo oquation raprisents tho fiold of tho
air gap which can bo soivod by tho nethod of separagion

of variablest
Assuming, as usual, tho solution of equation

(2.9)0f the forn
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He = R(r) ® (@) ees(2,10)

The independent variablos are saparoted and agquation

No. (2.9¢). 48 roplucod by i=

2
»? 48 +*3p 28 + : - (20+1 F pz R = 0
d['z dr - ~ees (24 11)
a2 |
and """"’"@2 L 4 { 2n + ,.)3 _pa o - 0 eee (7 ig)

a8”
thﬂra 'n L 0 ['] t.ﬂ.’-ﬁ.ﬂ TREEEY

Since tho variation of (® 1 of tho form

o Cos (2n+1) P @
oyt (2n + 1) P |

By moans of the substitution R = ‘mr. s Whoro o = *

oquation No« (2,11) 418 poducod to thes forn =
H 4

-2-..?. 3 n:‘.ﬁ + 1 -(3‘3-@»;)39*' R = 0
a x2 dx

‘hich has the solution

’(ﬁn*l -1 w (2n+l )P=1

B = > +D, *

n
Tho solution of FEquation (2,.12) 19 =

s Ay Cos (2n+1)P® + B, Sir (2n+1) PO

Hengca the solution of Baustion No. (2.0 ) 4s Ziven by

ﬂ' - Ca r(8n+1)?—1+ D, ¥ (2n+1 D=1

Ap Cos (2ne1) PO + B, Sin (2n+1 )P0 ETAR



From aquosion 2. (2.0 ) vOo hovo

c)L*In,

110 o < {2 w« Ilﬂ‘ )da -..(8.30)

by

fron oquation Mo, (2.13) and (2.384) wo got
' o8 )P o (2adi Pl
5o = - [an(amu. s, Dnn'(a P ]

{Anaau (aned PO = B, Coo 2n+d R@] + X
ese (2. 800
Ihaes K = gomnstoant of intogrodden, Bat oo 30O
astaitation 3o h&mﬂaﬂso-ﬁm gungentiol ond oo mold
gonporant of Gho nogrotia £ioid intons ity obkould

oloo bo haroonfc. Honco Gho aonantont K vonlohoo

audonaticoll Ye

2.1,) BIUNDARY CONDITIONS

4, Anpors TLERd dingridbution ot tho a¢tntor orefoQd

al o n Coo (2n%3 J2O
o = T op 8 —

Qs (3n¢+a ) P
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Roforring to Pig., (2.1) consider tho clomontal path
ABCD at¢ the boundary surfaae betwoon stator and the

airegap, The sido BC and DA are saall aos comparad

to tho side AB and CD, so BL and DA doos not

sequire m.m. £

Also AB = Rb 46

ve Total ompero turns = Bﬁ Ro 40

2 Totol curront onclosed

= 4 ( AT)
. % ' n Cons (2n+1)PO
S Hy o P TS
/ e % '*7' n=0 (3n+1 )2
=R

. ' o n |
o Hs m o - -yf) 34n (ﬂn'ﬂ.) p9 .o (an 1“)
/t- Ry T Ry

From oquations No., (2,13) and (2.16) , W¢ have

ey

- Cp B

o

%

(2n+l Y=g w (2n+t =y
- D, R, ]

rAn Sin (2n+L )09 = Bncos (2n+3) Fﬁ]

4 M n
R (1) Sin (2n+1) PO

Since this is indepandont o€ ® , the cofficionts

of Comine and Sine toms can bo canmparod on bhoth

#idaos of tho ahrove osquation, which gives

Bnno



*23=

-

(2n+4 =1 «(2n+1 =y ! 4M n
Ca B, - D R, | a e
N WR
. e o
[ 3K N ‘2. i? )

14, Since the permeadility of the rotor is infinity,
tangential compoxent of the magnetfc flold intensity

at the ywtor surfiace vanishos?

r o
; (2n+1 =1 = (2nég )t 0
«2(2n+i B
or Cn - Dll R‘ 000(201'}

From esquations No. (2.,17) and (2,18) , wa have

AW T

D, * (=1)" s (2.10)
pb @n+#1 )P < (ann @
";f] "R
1
M =(2n+1) 2P
S (2.20)
- e ve (2,20
Ca = e (20+1 )P = (2n+s )P
[&] . (R )
[ ]
7

The equations 'No, (2.13) and (2,14 ) are reduced to

the forwm.
-
@ ;. (2n+1 )=y - (2n+1 W=y ?
Ho=> (CyF * D,¥ ! Cos (In+L P O
"o ) (2.21)
L 20
® 7 (sl )= = (2n+l ey
=S =iC.F -0, ¥ Sin (2n+1 )09
TR
o o

vs (2,23)
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2.9.4. EFFECT OF ROTOR ECCENTRICITY

The agsumptions are same ns with the gongonsrie

retor coneidered above.

A difficulty, hovaver, arises in the determinae
tion of the censtents §, ond D, By aid of eonditions
of oontimuity, The simplicity of caloulating shese
comstant in the concentric annulus 4s duo to the
fact that the radius vector at any point on the boundary
surface coincides with tho normal at thst point and
consequently the nowmal induction is governsd by the
potent fa]l gradient in the dirsction of the radius
veoctor, Hente the Analytical expression for the normel
indquotfon and like~wise for the tangential intensity,
at ultimasely cosncident points on efther side of
the boundary &s immedistely obtained as the appropriate

partial derrivative of the peotontial mmt!.on aoncerned.

This simplicity of expression disappesrs when
ths annulay afr=gap docomes eecentric. If the origin
of the polar coordinates is taken in the axis of the
stator Core, the expression of & normal or of a
tangent ftal component of either magmtie lgducuon
or intensity st & point on the roter surfade takes
the form of combination of both radial and ¢ ircum-
ferventianl components rewelved along the tangent or
normal at the point concerned. The expression of thes:
resolutss involves the angle batween the normal and th

radius vester &t any point and analytieal conpx.:u\/
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are thoreby introduced,

In ordar to overcoms this difficulty tho mothod
of conformal tronsformation will be ussd to roe=map the
field in a»n 4@econtric annulus on & concentric annulus
in another plane, The potentsal function at any point
in the eccentric airegap may thon be deducod from

the corrosponding wresult with & concontrio goap.

2, 1,3, CONFORMA L REPRIRENTATION ORAN BCIINTRIC ANAULUS
ON A CONCENTRIC ANNULUS

e b ——————-

Since the permoability of tho rotor and atator
are as:umod to Do infinito, tho fleld in the gap imm=
ediataly adjacent to all points on eithar the rotor or
stator surface must be nommol to those surfages,
wvhich are, thaorofores oquipotential surfaces, Thus
the magnetic fisld in tho airegap is hounded by
equipotontial surfaces, yeprosented on o two dimensione
al diagram by & pBir of oozentric circles 3,
and 33 in Fig, (2.2) ond tho linos of forco crossing

the gap wmust maot 3‘ and Sﬁ 0o radlly,.

It may be showvn by elomantary goometpry thas
thore oxists a family F of circlos, roprosentod dy

33 o having their eentres on the radical axis of
31 and 83‘”‘ having tho propervtios of ie



e

FIG.2.2 EQUIPOTENTIAL LINES IN AN ECCENTRIC AIR GAP

W- PLANE

FIG.2.3 . CONFORMAL RE?QESENTATION OF AN ECCENTRIC RING
IN THE Z-PLANE BY A CONCENTRIC RING IN THE W-PLANE
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a, Intereecting 34 and 3, at right anglas and (») passing
through the limiting peints A and B of the soaxisl system
F' ef eirclos containing S, snd 35 . This temily F is
also orthogonal to all other mombors of the system F*,

se that Fand F' form an orthogonsi net in the space
betvean 3‘ and 3’ and tharafore represent the poasible

systems of eQuipotential lines &nd lines of force respag-

tl.v.ly.
It 38 shown in Appendix '3°' that
—i = Constant on S
ry 1
= Kt (say) v _ eeo (2.23)
Also
2 1
L) = (x+n) + ¥ |
r,. eee (2,%4)
tg ® (g= -)2 + 9 L
Frow equation No. 3.23 and 2,24 we have
(x +u P + f - Kf
(xem)? + 2
K: + 3 Kl m J2
or { X = g ~e——) ”a - eEee— 0'0(2.25,

The above expression s the aquation of 3‘:

vben referred to axes Ox and Oy,

ym
:a u‘ - ‘: see (2-30)
- 3
"t - m‘ =nm -—T——o “esn (’o”)

Ky = 8
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It 38 shown in Appondix €4) ¢hat

L % - < (2.28)
g‘ = a ‘ o * s sen ]
and also R, - By
| S
x, = 0C; e + « | eee (2,20)

o

Yhere <« denotos tho distange CyCy in Pag. (2.3) f.0.

the accontricity,

3 2
1 R, M 2
Honce .’3 = “"‘""‘""‘ [ < - "] - ﬂ‘ ess (3.39)

The oquation of the circlo S3 18 obvicusly

62 - 61 = Conatant on 93

= I, (3&?) een £3,.31)
Thoe system of coaxial airolos including S‘ and Sz

may by a conformal transforaation do vepresontsd by a
aystom of consentric¢c circles in another plans. Thus

the bilinoar Sransformationie

7

w L "} ees $2.32)

bR Y

Converts a e¢irele in tho 2+ planad into o ¢ircle

in tho ‘v » plane,

A circle poassing through ¢ha peoints o, =6

%3 = b d4dn the 3= plane tharefore bdecomes a cirsle

pussing Sthrough the sorresponding points v, «®
Ve = 0 in the w = plans, 1.9.» & gtyaight 1ine th=

rough the origin, If now th? points By e By in tho
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= plane are identsfied with the pointe A , B in

Fig. 2.2 , the lines of force, typified dy S,
bacome transformod into & pencil of ltr‘lght 1 ines
through the origin in the w = plans, Thus the origin

2 weing at 0 in F‘s. 2.2

A = =« 5 |} b =

and the relation (2.32) becomas

t g |
L7 ¢ - 3 km q--(ﬁa33)

By this transformation the equipotentials, Sypified by
SI. and 83 in Pig, 2.2, ors tranaformed into & systom

in the v » piane(f1(2.3)] orthogonal to this poncil of
styaight lines, 1.0., & system of concontric circles

hBaving their common centre &8¢ the origin.

By virtus of equastgon No, (2,331 the points in
the w=~ plane eorrosponding o points p and q in Fig.

2,2, 1.0.» the & = plane , aro

=, ~R‘*n
w = k '
w = g _ﬂr .fﬂﬁ“‘
q %y + Ry*+m

These o,ré doth real q_uantttws. i? & is roal,
and the corresponding point muss therefore 1ie on.
the real axis in the w= plane, Since the centwre of
the circle on which these points 1ie iz at the origin,

¢ follows that the diametor of this circle is given



Fig (2.2) 4s then

K
£ = ’5; - La 0ee(2.30)

v
Whe -:-- * | -:ur 3 + 1 (2.,40)
re K R, [ R,] o $2

The value of [, varies with = &nd hence with
the eccentricity, from equation No. €(2,30) For sero

sgcentricity 4t is easgly shown that f;s R° s and

with maximum eccentricity, i.e. complete ' pull over’,
1% is found that [, Ry » w®o thas the concentrie
au-sép in the ww= plane shrinks to 4 circle of radius
Ry o

Thus 1t has dean shown that the conformal
trans formation repreaented by aqaathn’ﬂr’n te.sn asps
the sscentric annulus of redit Ry s By € By 2 RyJ
in the =z~ plane on a qom»-ntrto annulus in the weplans
wish contye at the origin and radti , -Ri ’ V(%) B‘ ’

vhe 1o K‘)' K’z .

3.1.4. COMPLEX POTENTIAL IN THi ALR-GAP OF AN IDEALIZED
MACHINE W ITH CONCENTRIC ROTOR

Tor ths purpose of making ude of tho transformo~
tion discussed adove, it 4is necessary to consider the
complex potentisl function d+ay and to express
this as & funetion of complex variable =. Lines of
squipotential and l1ines of farce &re charscterized by

econstant value of (p and \P respactively.
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From eaquation No. (2,41) and (2.42) , the

with
conmpleox potantial in the alr gap }wxmentrtc rotor

i3 givon by

. 2+ -{(3n+1
O+ 3y =-[c;,v BT AR

- (2n+L
-3 [cé ’(mxﬂ x’.n;‘ r J'Stu (2n+1 )P0

2n+t -(2n# ®
P+ gy =o {C; (2) - D (a) ]

.4‘(2.‘3}.

“‘heyre 2 = P Cos & + § r3in e a'ma"o
2,4.5, COMPLEX POTENTLM, IN THI AIR GAP OF AN 10S\LILED
MACHING /IIH SCCENTRIC ROTOR

A AT PN kG e ey W Aot VO g e i

The occentric aip gap may bo logated in tho
2» plane and roe=mapped as a concentric gap 4in tho
we plans by mosns of conformal transformation exprossed
in squatson (2,38) , The complex potential at any poins
in the consentric oir gap is given b equation (2.43)

on rplugcing = by v

(2n+l -(2n+y W
i.0, ¢" JV’“-[C‘; (w)n P - D;(V) ]otc{ﬁ.“)

The oxprasifon thus odtained algo gives tho eom
plex potontisl at any point ® in the cccentyisc
aizwgap o 4f 3 43 roplaced to ¥ by oquation (2,38)

The origin of 3 doing at '0' in Fig., (2.2) and tho
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The ecomponent of magnetic field intensity in
any direction is given by the nsgative poteatisl
gradient in that direction.

. H = = -é-g. » and Hﬂ » . t -%IOL

* e ] ar

ng_oquattgn No. (2.21) 4, we have

6£ (2ot Y= g w(2n+l JP=1
- « |C* = e Cos (2n+1 )09
or n
A -{2n+1
S P me {c; 2R pe g 0 ’p] Cos (2n+1 )09
eve (2.41)

Cn i)n

Yhere C? - e D' = .
n (2n+1 W B (2n+1 P

Since @ apd Vare congugate function defining the

tunction -!"(l) e From Couchy Riemann equation, ve

have
2 1 9 d .- p -SE
-t g o S S

xr

- 1 %% - = [cngzn*iﬂbl + DJ-(zn*t m-:]ﬁa.(ﬂnﬂ. »

K om *[,C; v + D2 ¥ m“"»] Sin(In+l YO

L N ] (3.“2 )

( The integration gsonstant is ignored sinee the total

potentisl will be diffevenciated to determine the

magnetic fileld intenswity ).
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origin of ¥ Weing &% the contre of the roter.

The complex potential function at any point *x ¢

in the eecentric sir-gop is given hy

r (201 PP i
; ol ] - s ‘g“ -(2n*‘ P
0+w--ic; (x o ) Dnm----'" ) , J

The sbdove expression can B resolved into roul and

imaginary parts dy the asd of the following identities =~

=g B Po N - 1
(o) = (.;i.) {cm n@,~ 8,) +J Sin n (65~ B, ) !
e S ® @g~ 8,) |
(S =~ Cos n (9= ) )= J Stn a By~ 6, ) |
z -
(2n+1 )P « (2n41 )P
© x =(2n
0§ aa ‘-c:v ) D7) Cos (20+1 )L
" weo | A .
- v.fﬂcé’)
o | ) =(2n+t B
Vae o lce kPP 00 X Sia (2041 )PL
)—- n K n K
n=0 |
. o (2.48)

2.1, 0, DETERMINATION OF THE COORDINATES (K, L) OF ANY
PQINT IN TH{ ACCENTRIC GAP

It (r, ® ) b the polar coordinate referred
to pole C,(i.e¢ the cantre of the rotor) and the initial

t1ine AOB ot Fig. 2,2 of & point in the eccentric air-gap.

Then



e
- Since "sl = 0

Similerly He ¢ the component of the intenmity in the
direction of dS, s is given by ‘=

% £} - ﬂ-
38,
.- 282, a0 &
oK €S, L 45,
. 9 “*® cee(2.80)
. 43
P
dL
Sinee® —— = 0
ls.‘
di a al,
I¢ is showvn in Appendix (6) ¢hat W;SQ an ;gl
sre given hy
2m
“ . - .,.r . eee (2.51)
m, Ty
4L = an .o ore (2,52)

S4ince the family of the curves reprssented % K = Constant
and L. = Constant are orthogonsal. Henae the resultant

magnetic intensity &t any point in the gap 4

B = <u’+a’ )“’

2 ) ?
- {%@. %} + {:%g‘ :é‘;} veve(2,53)

&
o
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(O = oxem rred®
l’a .J ‘3 - xtw m + ¥ .J ®
30
... --a!: L ] - K L = Je
) Xy = = +re

It 4o shown in Appendix 3 (a) that

(n+x1)i +2 (m +x5) r Cos © + r°

K = A .
[( K, +7 +2 % rCos 00+ (znmns)’]

LA (30‘?)

and L = T"u.i 2mrSin® cse (2.48)

ni-o-rz«ra x, 8 Cos O

2.1.7. MAGNSTIC FISLD INTENSITY IN AN ECCENTRIC AIR GAP

B s e

The componant of magnetic fiold intensity in
any direction is given by the negative potontial graes
dient in that direction. Thus Ret dB‘ and 432 deno te
elements of ayc of the curveas K = Constans and L = Const
passing through any point 4n the gap. Then Hy , the
somponent of intenwity in the diyection of dSt is given

| 3 2

1
as‘

H = - 90 4K _ 40 oL

K = - Am ‘L LE N ] (’a‘.,
: oL 481
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Tho diroction of H 40, 0f couro, roranl to
¢k oguipotontiol cumrwo Shroush tho point considomd,
Tha diraction of Thy conpOmand Ha ot any point fo
tongontiol to tho curvo L = Constant, pasging Shrough
6ho points ond 40 Ghorofore olvays momal Go tho curgaco
of odthor ¢ho olor or $hko otatov. Sinao Ghoso OO
cupunad to bo oquﬁgoﬂont;&nﬁm 4¢ forlows Ghot ¢
roculitant adgegop dndonadtye 08 odlhor 4to Anpop
or outor Doundoryy, 1o givon Dy oquotion (2.50)

2.1.8, BFPSCT OF PINITS RADIAL DESTH OF STATOR

Wr R R neem e e

Az ntatod im the assumptiono, tho foropoing
anslysio hoo boon roostrictod to o ptotor of unlinitod
radiol dopth. Tho rodpon for this ip Chot, olfkough Oho
conforncl Sransformation (2.30) nbpa tho ageontric adre
gop 4n thoe a8 <« plane O&g o consontric annulus fin Cho
we plonoy the oCmo $rongformation nopo Gho goncongsria
annsluo sopracsoanting tho ofador coro g on occeontria
annuluo in tho v @ polmd, A congontria otolor sing 4n
tho v= plonc would corrospond to an oacontric ring in
tho o = ploano boundod ontornally Dy & girsdoc coonial

with tho ¢iprelon 31 and ﬁia in Pig. (2.2)

It odght oproar cuporficfally Ghat thio dige
fioulsy ocould Do ovozgcono DY Gho doviao of wuoing o
O8pn dng funstion Qor Cho otoator difforant fron thod

givon Dy oquation (2,30) and ouch that Sho agtunt
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atator wing 4s roprasontod in tha w = plane dy annulus
consantric with that ropresenting tho eceontric iy
gaps and the intornal dmmotw of re~napnad stator
is tho same Voa the extarnal diagetar of the re=mdppad
iy = gape such 8 mapping function for tho stotory s

ovidently

R

83 ¢an be msaon from Fig, (2.2 )

Iowaver, Whilo squation (2.38) givos a conformal
transfornotion of tho atregap osnd the ahove suggosted
fornula givos a conformal transfoymition of tho stator,
thore 43 not o c¢onformal transfornation of tho tte;ﬁ at
ths boundary botvoon stator and tho ateegap, This is
dug to tho fact that the diroction of tha f49lg &t any
pomt.on th> statoy aida of this houndary $s deeemmd
by tho diroction of the fisld in the alp-gop adjacont
in conjugtion with the 10v of ‘'magnotic refraction’
incorporating the boundary conditions on magnotio Linduw
ction and on magnotic intonsity. Consequantly an
arbitrary moapping function such ag sugzosted ahove
whon Gpplied to thoe stator ring 4o tho 2= plano will
not, in general, give the corroet intonsity and orioms
tatfon to Sho fiold 4in tho stator ot pointe on the
bouniary, and thorofora elsewharo, whan tho air=gap
fiold 1s re~mapjyod by equation No, (2.38) I% is

therefore avidaens that aaquation (2.38) aust do usad




o3 0>
to ivo o gonforonl tranofornation of cntiry fLiaokd

gron tho ow plano o wo plona.

2,10, CALCULATION OF LIAGNEFIC FLiLD AT Tii SURFACE OF
AN_ECCENTRIC GOTOR

From oquation No. (2.90) ond €3.51) , wo bovo

2n d :

H TE  emeeedee % ¢ on (3. 34 )

I w
Aloe from oquations No, €(2.54) ond (2,43 ) ve haw

‘ In O x (3net )P 11 2(2net )P
By ° ;'5 : cn(-ﬁ 0 * Dﬂ(ﬁ ) Con(2n+i YL
?3 n=0
L ] ‘2. 55 )

On acoount of confornsl ¢ ransformations wo havo

K T
ﬁa“ﬁﬂ%”ﬁa”ﬁjas

2+ (2.00)

and B o= K, R,

(Kol ) aro caloulotod £oon aquations M. (2.47) opd
(2,40) ., 3inso Sho pros.nd coloulagton paforo e tho
ourfoco of tho rotogs L 2o odtoinod by putting w = Ry

in oquotion (2.,40) , thus Chving

él = Tan® o S4a O eea (3,372

Rﬂ + 2,000 O

K 25 oqual to Ka ot tho rotor surfaco and 4o

obowvn in Appondiz 3 (O M
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And from Fige (2.2) , wo can oxpro’s tho valus of r, a9

/2
fa = [(R‘qtn o )2 + ( ﬁi. m + R‘Cos ﬁ)a ] 00(2058)

From Equations (2.10) , (2,20) £2,33) and (2,30) 4, wo have

® . | |
B = —p Mo Cos (2n+4 XL
K, r:v n=0 £ (2n+1 @ [K‘ J = (2n+1 2
=] "

....(9.39)

The r#dtnl conponont of Re flux density is given by
% = “‘0 Hz ess (3,00)

From equations (2.37), (2,38) (2.30) and (2, 00), wo havd

Cos (2n+L )P [Tun"

m Sin O
® ‘

Rt* Xy Cos ©

BG =2 Fx

n=0 ] 2
[(R‘S:ln 8) + (x4 m + R,Cos ©) ]

LR ‘3. al )
Whera F is given by
0 16 n M 4, b 1
& e tllO
T K, asQ K, (2n+1 @ [ €y -(2n+1 30
=R
ves (2,62)

2.2.0 FCTIONAL PITCH CONCENTRATZD ¥INDING

It %a shown in BEruation 1Q of Appondix 1 thes

the amporo turns distridbution of the fractional piteh
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concentrated winding can be expressed as

® ‘ Y Cos (*
. . «M = (._‘)n Cos (2n+1) PY Cos (2n+1 W9
T a=0 (3n+1) P
vee (2,03)

The radial somponent of the flux deasity in the cccentris
sir~gap ean % e¢aloulated exagtly in tm sinllay mannoy
as that of full piteh concentrated coil, which on

simplification givesile

‘ » -y n Sin®
Cos (2ne1) pY Cos (2mL P [‘_l‘au nm]

m‘

*Px
nereg, p :
(R“Sin 6 + (xlo n + Ricoa 9 )

ces (2,04)

P 1is given by Equation (2.862)

2.3, STEPPED DISTRIBUTION

The winding is distriduted in tho sieds in the
manner indicated in the lever part of Fig. 1~C of Appondix
1« It is shown in Bquation (18)of Appendix 1 , that
the ampereturns distridbution of such an arrangemert

CAn be exproszed as e

siﬂ[‘l (2n:t )PY] Com [(q*t)(amg )--?] Con (2n+1 00
m .
("1}“ Y- m——
=0
. q Sin [“nﬂ» l (3ne1 )P
|

000 (2,68)
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The radial compensnt of flux dems ity corresp=

onding to this m.n.f, dutr.thu;ton is given by
+ +
S1n [q (zngl)l’ ]Ca; [(q-t)’(zn 1 Y

s

[(an;-l )PY]

q Sin

By = Fx >
as=Q

(RS190 )" + (xyom + RCou® )’

Cos (2m+1 )0 [Tan ]
R‘ +* xl Cos ©

ces 2., 080)
(11) The winding is distributed in slots with tho outer
coil of less than full pitch (Fig., 1~E of Appendix 1),

but with all the coils having the same nunber of turas.

From squations No. 232 of Appendix 1, we have,

Sin [‘ (2n+1 ﬁ‘f] .
> -
s = “—-‘-r- z_oc-u“ 2n+1 0¥ Cow (In+l P [.+ - Y],
~ .
q S“(Rn:l -
. Cos (2n+1 @
(a1 @
[q(zuﬂ »Y ces (2,67)
snd Sin 2 X
[(811-01 X’T'] Cos (3n+1 [o + 3—;--7]
€S4in
BO = P x> x

=0 ] 2
. RSin 8) + (x= m + R€es & )

-t Sin @ ']

Rt* JllCo o9 J

Cos (2n+1 0P [’!‘t

ea(2,08)
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2,4, TRAPSL01DAL DISFRIBUTIUN « PuLL 21TCH TYPE

From oquation (2€)of Appondix 1, tho n.m. L.

distribution of this type of arrsnzemant odn be axprasgod

as
“ . ( “n Sin (2n+1 W4 con (Burtr B0
e - - ] n
4 4 %‘-o (2n+1 P p?
.00(2;6’)
Sin (2n+1 )04 .y 9548 9
o B Gt Cos(2n+1 @ | Tan
B = Fxs ol Rytxg Cosd
n=0

(510 87 + ( x= n + RCos 6)°

ees (2,70)

(14) TRAPSLZ0IDAL DISIAIBUTIUN = FRACTIONAL PLliCH TYPE

Brom Squation (38)of Appondix 1 , the meim. f,

distribution of this arrangomsent of winding can de axpr:ssed

as
8 a 3in (2n+1 )?- Cos(2n+t )P(""é") Cos (2n+1 ¢
a n;}:‘ Z_o (=1)
=
" (an+1 F o?
eee (2.71)

and tho radial compomant of tho flux deonsity is givon by
Sin(2n+1) .9 Cos (2net )P(o'r-e)

A (2nvL B
W ) e %
Ba = 2F x 3_
n=0 (a‘«agw)’ + (y= n + R4Cosn 9)’
Cos (2n+t W ‘l‘unﬂ Riin®

vees(2.72)




L=TaYol

0.3, 1o oaporo tupns ddatpidatton 40 of Sk fom
ol o'g Fs.

Tho gaddol conpomont of flun domsily 0 givon
Dy oquaGlon (2,080 Dy pudtiny n = 0 ond woplocing

a1/7T by M, vo hovo

Cop P [?anoz 0 Sin @ ]
R,¢ 1,000 O
D o PO ox . 4 nﬁ ° - ‘00‘3008)

X _
310 0 (g~ a ¢ BEGo0 0

Ay 1
P o T x vee(aB.73)
4

SN

2,0, ILLUSTRATIVE BXAMPLE

In Shio castion, dotoldlod calgulations amo
ohovn Go filugtmato Gtho mallsd disousnod caplior, A
O ILPso 400 Yoir6, 3 Phanoy 00 o/, Cogo snduetion motor

50 poleatod w4th Sho followvinn poranotorg.

Tlanbopr 02 polo podrs P* o g

%u s 3800 R, a 0,070 o

L* s 0,00 0y 80,0738 o

4o a 0,804 $ o 040043 n
o 0, 0000 o K, s 0,008

3, a 0,40 wo/n’ s a 00 oo
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Ampere turns distridution at tho stotor surfacs is

assunad to bo of tho form M Q"m

The constants C and D gan dbo ovaluotad by
Rouation (2,10) and (2,20) by putting n = 0 and

replacing 4/T by M. Prom ogquation 2., 18, wa havo

or D = C % 230.8 x 10”9 vee(B3.75)

Also from Squotion (2,21) , Wo have
Pt - g
BQ = Mo [c [% + Df% ]

or 4 T =x 10°7 [C x 0,73 + D ¢ (3.78)‘.3] = 0,40

ses (2,78)
Simplificution of dquation (2,73 ) and (2,76 ) givon
C = 24,8 xn 103
D = %6,%
Also Pey o e 4 MP
CR, - DR, = -—T";

On putting the valuas f eonstant C anda D, In tha
above oxprasslon, wa got ,

M/ Ro = 7000 f.0. M = 282

From Equations No, (2.28) , (2.20), (2.30), (2.3¢)

and (2,38) , wo have

=, = 1,379 %, = 1380
n B 1,37 ‘ Kl = 36, ¢

K, = 36.7 P = 1,11 % 107



- 1'3
Cos 2 [Tan 1 750 0 ]

3 0, 0743 +1,376Cosd

Ba .11 x 20

The yaiues of 38 have bean determinod gorroct to throo
signiticant figures and oyre given in Tadle 1. The valuos
of B, are plotitod against & 4n Fig, 2.4, Tho carvo

evidgntlily eontiins both aven and odd hormonics,

Table 1 .
; e By
f {In DGB: b
’ !
{4 0, 0422
13 0, 0370
‘ 30 0, 0238
A 49 0, 00344
60 -0, 0182
i 73 . =0,03860
1+14] ;. =0, 044
109 ' -, 041
120 -0, 02060
138 T w0, 00337
130 0, 0224
163 . 0, 040
180 0, 047
198 0, 040
210 0, 0224
228 -0, 00337
240 -0, 02053
2583 -0, 0412
270 -0, 044
2893 -0, 0330
300 -0, 0182
313 0, 00344
330 G, 0238
343 0, 0370

360 0, 0422
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FIG.2 4.RADIAL COMPONENT OF MAGNETIC INDUCTION AT THE
SURFACE OF AN ECCENTRIC ROTOR
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CALCULATION OF UNBALANC:D PULL DUE TO ECCENTRIC ROTOR

AND ITS EFFECT ON CRITICAL SPEED
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3.3, CALCULATION OF UMBALANCED PULL

An unbalongod pull nay bo dofimad oa tho ot
0ida ways forco Datvoon Tho ntotor and tho rotor of an
olaaeSpicold nochino raoulting fron o differonge 4n $ho
adregop fRlun donoidfioo on tho opposdto nido of G0 naahgm.
Tho nognotic pull An Nowvgor/ Motor oguaro mosulling
gzon [amxroll s Comodlo oSroosonos whisl ocours on tho
uppor oupfacoo of otator ond rotor i givon Dy Gin
formulo

F = “;7;;' Nowton/ motar® see(3.1)

Tho ompracoion dorpivod for tho radfol compe
orant of tho filux domr3ity dnm Choptor 8 Dy pigmrous
nethod, nmay U3 usoed to coleulato tho unbalarsod llagnotio
pull ( ULILDP) ompopioncod Dy o poregoliand polo
meshino vith on ogoontrde xotor with tho folloving
tooumptions 3
. Sotupstion 1o mogloatod.

38, Bfgoeto of cloto and vomtilating duato aro oloe onmittad
fe0sp tho 0Ar=gop of o ndohine 40 soooth ond unslodttod.
J¢ Tho porooobil ity of motor ond niotop natoriod o™

agounod te bo infénito,

T poracopso 4n Gho ogooatria adpegop (Fig. 3e1)

nay do soprosontad Dy R0 oquatinn of thy formt

L}

P a Pﬁ -:'Fg Coo O ves (38 )
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dhore & = 0 , correspond to the moximum air-gap

& =T s GOrraspond to the minimum air-gap

Noglecting tho Hormonics, tho total airegap

m.m.f, ¢Con be oexprasod in thoe form §
a = M* Cos (PO = wt) see $3.3)

Multiplying oquation No. (3.2) snd (3.3) , wo zZot the

net airegap fiold as ¢

Bﬂ‘ = (Poi- P;Cos &) Con (MO = wt)
PIM.

B“ = P M* Cog (PO - wt) i»-;m { Cosn [(P*lﬁ «-wt]

+ Cos [(P=19 = wt]}

Tho radial magnotic foros along o singlo stator

radius 4s proportional €Co tho square of the flux - deonsity.

2
s gul
B, == [t + Cos 2 Hee«-wn]
Py Py |
+ {Co- [(amx b - -athmcoua +Cos [52?-1» -zw]}
pPu 2

+ --;-{a«:o-z [(P+3 8 =wt] +Cosz [(P=1 5 -ut]

+ 2Cos [az«'e “2w§] + 2 Cos 26}

«» [Tho resultont forco on tho stotor (or rotor) which
is odtainod by integrating the projoction of Sthe radial

force componant along o fixed oaxis 49 given by

P = - Cos ©
' ‘“o of BS @ d & svae (30‘)
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Aftor putting ths volug of BG in the abova
exprasaion and integwating 4t within tho propar limits,
we got

DL, 5 aee2
FFo = =—— p2u°T e (3,3)

4“0

Tho value of the constants P, ond Bl can he
calculatod with tho holp of aquaotions (2,73 ) and (3.1 )
Thus wo hava, Bhax'

B ese (3,0)

o 1 i 4

Tha mininun and moximum valuo of the flux
dons ity is caloulated b, Bgquation No, (2.73) by

putting & =2 0 and @ = T raspactivaely.

F .
B =
min A (x + By)
b : ‘00(3.7,
= P
4 i
Jhere F = o mMP 1
& By | _ ..‘S:...I'P
K| Xy
ees (3.8)
and A = 2 (nl_‘m )oo ...(3;9)
from dquatgon No, (3.6 ) and (3,7) , wo 7ot
¥
Po » “l ees (3,10)

2M' (x=m ) (x: - n’i)
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;'_3ﬂ £ vo (3. 88)

o
03 ¢men) (e 0 )

AfSor hmowing Sho voluad 02 conatonto P,
oad Py o tho Y.IL D  omporioncod Dy o cocPooliont polce
maahing vith ooconieds  wolor gon Do enlguingod by oquadion

%, €3.9)

o8 GEAAIICAL 4TEOD OF CALCULATION OF JNDALAITED PULL
PAKING IHE0 ACCOUNT THI BFRICT OF SALIZICY AND
SATURATEON

349 8, LULTIZOLAR SALGBNE POLE LIACHINZS

Tho stotor ond tho goSer oro nosunod o howo
oooth cyliadpicol idron oupfacoo with Sho contiog dioe
piocod Dy on onsunt < (ogerntrisdty ) 78houl Aloplocos
aont $hvo rodial olr gop would hovo o sonatond valuo °
Tho ddomotor dpava Shrough Gho twvo contpos has bIan
anginod oo “ayoaotey ddomotor® o T on3Aling coidlg
050 dzounod to give ooy nuabor of omporalurnig, Cring
00 Ohy ocecontpigidGy S0 0dsegop o0 omay ploas da Gho
op0tpy ddomolor wall rodugo g0 § o 4 a dn tho
op2ooito plaao dmdpodsood o 5 +4 o+ At ooy poinS
Sho sadduo Shrowugh whish Joooribos on angio O wash 0o
ppmotey dicnotors 002 obange in ¢ho adregop coab Do
cmponcod 03 4 Cao O arprondmatoly. AS pighn onglog
8o S0 oyamsyy dddntop Sk SR0moar? o roduslleon 4n 0RO

odregop will Do prodtianily soro.
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Tho flux omittod by ono filolid pole rmturxia thyw
ough the contiguos halves of tho m‘ishwumlnw poloo.
In & bipolar machine tho flux of each pola is same
inspite of airegap diffovonces, In multipolar
machine the poles of ono half of tho wachine will carpy
a grodtor flux thon thoso of the othey hulf, unlosa
the winding arrangemont pmvadtﬁ 1% = {oqualising
connection). Apart from enh tho flux 4n aach polae will
bo differxent from that of tho othar3, dapendent upon the
local agr=gap. Poles in the diamotor ot right angles
to tho synmetry diametor will corry tho nornal flux,
for thoir neighdbouring polos in tho ono half (with ro=.
ducad airegap ) will tond to incrcasc thoir flux Just
a® nmuch as thosoe in the othor half (with inorsasod atir=
gop ). The rosult $s thut Sn & multipolar machine; oach
pola should bo considercd as it it vould oroate its own

fiux and not bho depondent upon adjacont poloes.

Lot us asgume that Tho machino he excited to
give with mean aiy=gap, o flux density of B Wnb/mtgva
of the pole ftace and also lot,

B, = Flux density dorresponding to the reduced aire
gap = 4

B‘ = Mux density corrvesponding to Mzé inasroased
ajir=gap 8.’. o o
Since By, > B; , tms flux density By gives
the greatar magnetic pull 4in one diroction than $he
fiux donsity B‘ e in tho opposity dirsction and the
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FIG 32 F15373

CALCULATICN (F FLUX LENSITIES b1 ANL Bp
FROM MAGNETIZATILN CUKRVE




afile

dagcoronao of tho tJo pulio of Sho *loeoi unbolonsod pudld’

in ilowton/ :bﬁor:a o Slm poloo supgoac 4o glvon DY G fo rouldo

o) mp R @D

= .00(3033)
28, 245

p o

B, onga B, oon bo oooily goformim @ 4¢ Sho sognatic
ohapaetoriotdo of Sho moohino 4o Jivon « 10 Fige Je3p O
nbadscs ropzedonto Sho 0x3404ing a.nefs  por poloy while
Sho oprdsnnto B poprooontu Gho £3iun donsity por nolor OQuUORd
of 0 ;040 £aco ©ith Cho roninod oads»gon.

ON o IC1 , soprogsonto S0 n.m. £ roquirod 6o arodugo Sl
induetion D

QG 4o tho sim=gop 2ino.
KL o 5% % paquirod for Sho mazuatisotlon of GCho vimen.

Bl 2 .LLf soguirod for $hy nsgootisotfon of Sho Aron.

Fho flux donoitiac Dg ond Bﬁcan Do caleuictod by
ﬂra;ﬂns throush ’O‘, two Ainop OY, ond oY, uuop that _i’o'al’.
any induction B = Gll) ., lir’a Popooonts Sho Den. e oquldsod
for tha aﬁsusaza o4 apd .'S.:,‘L apPasents tha p.n, £ zocoipod
for tho oigp=gop ¥ o L, sn doow Swo 1imoo Shiough
i parallol Co GYB apd OYB o Thnoo 3inoo AnGogoest GLo
nagrotisagion curve o6 :3:1 axd [l o vhaish 34vo Gho cotund odge

3p fun domoity [haad :33 undar Sho polos with Cha dnepodood

ond poducod Odregep for 0 given omadtoton Qd o Doeouso

hl:‘lﬁ o hﬂmfl a O
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in gensral, tho ahecissas of thse lines 0¥y and
OYy (Fig. 3.2) will booar to the aboissa of OG for
the same flux donsity vory nearly the ratio of the
displacement <« to mniinal air-gap ., Dt if the
displacomant is very greate comparad with tho average
oixgap and if tho machine has opoen slots, the propore
tionallity will do disturdod dus to the orowding of the
flux 1ines 4n the afir- gap neoyr tho teoth, For

small displecement 0¥, and OY, con always bo drawn

symneterical with roforancd to thy ordinnts and tho
nem.f. for tha given induction B 135 approximatoly

S A B/ M, , where displaconcnt is mossured in metors,

In Fig. 3,3, tho pord Mlm }’-’120' F’;Qo 3.2. 4=
drawn on the greater scale and also the chord thawhmh

cuts the ordinate of point i1 fnm . The ehord doso=
ribes with tho horizontal en angle o .

PPy = Pym + Pau = ( M‘Pi* ann) Toan «

4Py Bant M, Pp are thoe aboiscos of the <« ocharactoris=~

$ios for inductions DByand B, rospactivolys ond are
therafors equal to « B, / s, ond € B, /By, .
Theratore wa have 3

(B,+B )< Tan

PgPa = Ba - Bl = —2 - . 00(30‘13)
#0

% From equatioms No, (3.12) and (3,13) s WO have, .
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o9 Bes

3
{ Ba¢ By) <« Ton
A 22 el = cees(3.30)
a B,

12 4 8o pot wory gmoot, tho gun ( Dh+ Oy )

can oagcuratoly Do Poplocad Dy 2 B 4 ard tho anglo
vihidch Gho 6bkerd formo with Gho horluontol can bo poplos
©03d Dy Sho anglo fomad Dy tho Sonponto ob U2

point L wish Ok hopisontal., Ton of 40 Shon Sho
gradiont of tho aurva ot point ¥ ond aon o onpra-

ocod 6o o difforondiod guetilont ap/ad

o+ Tha unboiongad nogeotie pull in Hwton/ 0000?3
10, Shomafowo

a p° aB
= i
a o‘-&o
B a8
———— ' S s [ ] 3. 13

I < 8o lorgo ord 49 Sho nogrotisnoGion ohaw
000rsi840 Yoro O otpaight Rino (Fig. 3.4) o Gho
oun By ¢ By tYould actuolly bo grootor Shon 38 . To
voluo of B, + By / 3 40 chowa dottod in Fag. 3.4, Ig
hovovowr, Gha oharaetorfotic 4n nétrongly curved (Fig. 3.9 )
na-:’aa wall to olightliy omédllor thon 2 B, For hapd
pulliny ovor , whon < rocohao Sho gwoostent possibdlo
voluoe tho coturation in that coso vilil do bigh omough
thot the ougvdtupe of tho Choraatoriotic 4o moarod,
It 45 gGhoroforo corSodn Shoag tho fopaula (39 doos

250 gavo too low woluog for G ontrdmo 600G
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3.2,3. BF7SCT OF SXCITATION ON UNBALANCSD PULL

The first part of olmont ovory magnetization
curve 19 & straight 14n0 godng thiough the origin of
the coordinates, For every straight 1ina charactorise
tic, tho gra dient 4B/ dH 4s constant, the V.M D.
will grow therofore with tho squarg of the induction B,
But as goon 83 tho saturation of tho &ron port is nots~
ceable, the quotiont dB/dH will constantly diminish.
The pxoblom now is to f£ind ¢ho induction B for which
tho product D° % 1s o maximum, This, in faot, can

bo caleulatad by granhical mathod explaimed in Pig. 3.0,

For o point ¥ of thy saturation curve I 4 the
ordinate B = NI ~4s dravn ond 8 line MP perpondi~
cular to the direction of tho curvo in poins M. The
angls NMNMP 43 2dentical with tho anglo « formed datwaeon

tho curve in point M and tho horizontal, Vo hova,

Tan « n-ﬁ%— and NP = I Ton o = B Ton

oo Avea of tho triangle MMP = g- « Z0 Tan « = < -*:-g

It such trianglos are drawn for difforont points of tho
eurve, tho trianglo area will ¥s proportional to 4B

aH
for tho various points,

In oxrdar to obdiasin a curvo Yoprosonting the
mognetic pull for svery axcitation, 4t is now ¢nly nocessary

$o replince all the trisagles NPM by othexs which have &
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eilo

culdtadlo orbitpory boce MR Conmoating R wath 11 ord
draving o Aden P3 porollic) o Il o 48 followo fzon
4ha olotmnlory oty Shint Gkn 'Is-s’ﬂ.sz::g:,on wal oA

N3 oro oquold 4 orsoe B 40 ST o nocoure of
gho fucation 1‘.33 -3%— « Tho oodlo 40 dotorainod Dy SIo
togso N, If O@n goratmuotfon Ao oopotHod point for
p24n3e wo got o Told 3Aro oupvs II an Pig. 3.0, T
2apos pord o whish mvmopangﬁng 8o S otzadrng por:%
tdong of Gho aagnoticodlon Choerdatorliatic, ocoralato
of? o porabolo wiAth vortiend onilo, bDut oo (i oognatiocs
tion ohopraaorintic DoOgirm So bond, Cho aunpvd c? 4ho
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B 2
7= oAy« - .re (3. 10)

Let Bm be the induction at the ond of tho
straight 1ine cmmtirhtu which givos the samo |
nagnetic pull as is actuslly ohtainoed by tho crtﬂcai
induction (at Which U, M. P 13 maximun) In weality
B‘, will bo slightly loss than thy ¢ritical induction,
put with small inagcuracy wo cén asguns Bm as crisical
induction. Foyr the straight Line part of the ¢harae~

toristic going through tho origin, wo con praploce

4 de , 2B, R
Ho \ﬁH Mo H Tc

Whare T4 reprosonts the ampore turns required to
produce in an aipegap <« any flux density with tho
unsasturated region and T, roprosonts the smpexe
turns por polo, Taquired €to producs the mognotio oir=
cuis of the machine with tho corrects airgap for the
some flux donsisy,

The equation (3.10) ¢tokos the simpio form ¢

P
F, = A B’ Ti ve (3,17 )
“, To
PAB «
oFr E' = ve {3, 18)
s &

Wha re $ = virtusl air~gap which would taka, for
on induction within tho straight 14ino chara~
oteristic os many sampere turns os the real aiwegap and

the fvon path of the magnotic half cirouit . sogether,
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For machines with smallor asr-gap , as in
Induction motor, the virtual ajir~gap is appreciably
higher than the r9al afywgap, say 30 percent higher
er more, wvhile in generators, aspecislly turhogensra=
tors, the virtual ajrvgap is nearly oaqual to the acstual

one.

Instend of total pole face aroa 2 PA, Wwe
can gubstitute tlw csylimdrical fiasld surfece C ¥ DL,

where C repraoments the pole factay (Pole are/Pole piteh ),

Cw o B 4«
My S

1
Fi ""‘""‘;’ ...(3.10)

L

3.2.3. BIPOLAR SALIENT POLE MACHINA

In & multipolor machines the flux 1-svln¢-
the field at & place where the airwgap ias reduced By
the eccentricity, slse returns into tho field vhere
the air~gap 1is reduced. The sum of all the fluxes
taken over one half of the machine will therefore be
greateyr than the sum of all the fluxes taken over the

other Rhalf of the machine.

(a) DISPLACEMINT OF BOTOR AT RIGHF ANGLE TO THE

e e —— e

FIELD AXI3

The same possidilisty exists in a twvo pole
machine, if the escentris displacemont is &t right

sngles to the field axis asw showvn in Fig. (3.7 )
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FIG 38.LISFLACEMENT “F LT R IN THe LIWECTICN TF FIELDL AX'S
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by an amount «€ in the direction of the field axis (Fig.
3.8) ., Although the air gap in the left half is smaller
than in the right half, the Setal flux must be equal

tn Both halves, if mo flux ocan veturn through the
neutyral sone, The flux passes in geriss thrvough the
smallier and the larger aifire-gaps, The only effect of
esscentrioity will be different distribution of the

flux over the pole faces,

Let us asgume for simplioity sake thast the
otor in a central position, the ajiregap induetion
ovey the whole pole faee would de sgual, Then it i»
evident from Fig, (3.8) the flux density wilil dbe
minimum in the centre A of the pight pole, whare the
six=gap 43 maximum, while it will inorsass gredually
8o the ¢orner 1 and 2 of the right pole. In the left
pole, however, the flux demniSy will be waximum in

the pole centre A, and will grade devwn towards the
sormer 3 end 4. Therefere an unhkalanced pull will

agt directed towards laft.

AN

Within the portion 3=0-08 shown in Fig. 3.8,
the flux density will be greater, and in the corners
3 and 4 smallier thon the average. In the oppesite
pertion T=0=8, the flux density will be smeller
and im the corners pArts 1 and 2 greater than the
avervage. The portions mentione d will sontributes an
unbalanced pull directed to the left, the Cermrs

parts & smallier component directed to the right., 1t
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is oloar that total V.M. P. is swolior than in Fig, 3. 7.
A two pole rotating field, thoraforo, oxnporionce on
VM, P s changes twice during o ravolution from &

maxdnun . o ixsiaum value,

Ia prictice & sal font pole of tWo pole machine
covors apout 120°, In tho c¢ase Corrosponding to Pig. 3.7,
the limits of ® from 1 80 A aro We ¢ 7/2, An
eloment of tho surtacge covering on infinitoly small
angle 4 @ bhas on arca 1/2 DLA® componant of
U Mo P 40 & horizontal diraction contributod by the

olemant is

., 2
4 _ Cos” ©
EER o™ all

é’ oL ? o« a8

The integration must bae made from + 30° to + e0°
and from «=30° to =90 or tho integration made from

30° to 00° must bde doubdlod.

m/3
DL 4 :

2 l‘*ﬁ aH /8
= 3,298 Dl 52 *
’ M, &

82
F = 0.307 DL - Nowtons eee €3.20)

' wo sl

The polo factor 43 0,30 2nstoad of agoustomad
value of 2/3 comparing oquations No. (3.10) and (3,20)
we see that tho unbdalanced pull in eadse of tWo pole
salient polo machine with 128° pole anzla is only 30k
of thaot of multipolar machine of sama dinonsafons and
total pole arsa, provided that tho c¢critical finduction

and virtual air-gap aro same in hoth tha cases,



3.3, INCREASE OF ECCENTRICITY DUE TO UNBALANCED PULL

A dssplacement of yotor frem its true ceatral
position ssuses & one sided magmetic pull. A one sided
mogoetiec pull, on the other hand, cﬁusns a furthey 4dio~
placensnt. There is & forve working on She stater and
the rotor pulling them towards sach ¢ther in the
direction wvhers the aiy~gap iy & minimun., This will esuse
ot only an elastic deflection of roter shaft bdus
siso of the statoyr frame, of the bed pilate and of the
pedestals, If the machine is not excited, sll iss
parts experiencs a certain defledtion due to the
weights, The elastic desflections of all narts .vul
ohange 4£f & one sided magnetic pull accurs,; wintever
ui divection may be . ‘A magnetis pull directsd upward
will reduce the apparent weight of the rotor and inorease
the apparent wveight of stator. The transfer of this
weight from She yetor Dbearing te the feet of the
stator frame will alse change the slastic defelation
of tha hedplate. The absolute vaiue of Sthe Aifference
will be same, 'whothcr the unbalanced pull on the yotor

is directed upvards or dovnwards,

From aquation No. (.3.19) 4 the UM P, 1=
preportionsl to the displecement « ., "nw elantie deflec~
tions ef all the machine parts esused undery the Lnfi=
uenee of 'F° are propertional to this ferve, thervefore,

aslse preportional te the initisl displacement < ., The
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sum of these defleations constitute the ‘first ineremens'
of the original displacement, This inereoment im dis~
plagemant vill sause an iagrenent in ome sided magnetie
pull which bears the same ratieo ’to the original pull

an the increment in digplacement kesrs $o the origimsl
displacenant. The inerement in pull would csuse »
second fucrement in displacement, Sthe sesand inerement
in pnulwouli cause & third inarement in displacemens,
As long as the proportionsl ity between displacoment
and pull exists, every following inorement will hawyy
the same ratio to its immediste predecessoy as Sthis
to its own predecessor . The initiasl digplagement
and fts increments arve upuaoutn;t by & geometric

series, wvhioh ocan b e=xproessed Iin the formi-
, 3
« ‘-}q(i'qa* + q+4 * sssese

The sum of this soervies is finite value, if ¢ € 1»

smdller than € 1.e., 4 %8 less thean unity.

-

£
+e Final statie displagement L9 given by € * = v
P

ees (3,21).

On substituting < ' instead of € 4in She previous
formulag, the Final statis fores of the undhalanced

pull ia known,

EFFECT. QF EXCITALION

It the mashine is suddenly excited, as 1t is

generally the sase With an industion motor, the shafts
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frame and other parts of the machine vill ot only deflecs
80 a8 to incresse the initiasl displasement <« to final
displacement <«' , but all parts of the maghine deing
elastie will overshoot the position of new static equi~
1ibrium 1ike & spring ¢ & chord, The distance trovelled
by the parss of the maechine from old position o She

nevw u €< =« ana they wvill over-sboot this position
3y approximately the ssme asmount. The wmosmutary 4isp~

lacemont therefore will be
« B o +3 (€'~ ) = 3L
mom

1 =
= o Qv

[ 3 I BN AN J (3.’2)
1 + 4

T refore the original mechanlcal displacenent must be

multiplisd »y 3...:....! to obtasn the displacement osourring
1 + q

at the wmoment of switehing in,

We ean mowv formulate the requirement, that a
machine, say induction mdchine, should be free from
'pull ing over' 4, even i¢ ¢the initial displacensnt of
the retor is egual to one half of the mesn aiyegap., In
other vords the displacement at tha moment of switching
in, should be less than twice tha initinl displecenent,

L.¢.9 “"}“3“"'& < 3

or q < /3

The smaller the ¢ the safer is Sthe machine against pull ing

over,
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3.4, INFLUENCE OF UNBALANCED PULL ON CRITICAL SPZID

If she cenire of gravity of rotor dees ot eoin-
cide Wwith the axis of wtatfon, but hes & distsnese «
from the same, & cesntrifugal force willi be developed
whish is proportional to the displecement € and te the
square of the numder «f revolution per minute. At
cersain speed the centrifugal forve will do =0 gveat that
1t wvould casuse (in the absence of frietion stc., J) o def=
Jection of the shatt egual to tho original displacanment,
The displacement being doudled, the centrifugal forge
will bhe doubdbled cauming & double imcrement in deflection
ete., A ¢t this spead so calied ‘eritical specda’ an
original digplacemunt, if not intinitesimal, would cause
an infinite final displacemant, if there Wore no resis-
tance to the movements., Although &n reslity, the resis~
tance will keep the displacement dovan te the finite values,
The great inereass of vidration at the oritical gpead is
highly odjectionasble And there is always careful calcula~
tion in the designs of high speed mochines t0 make sure
that the running specd is well abave er well below the

#rit ical speed ¢

Let « = digplacemont in ome ,
| ] = weight of retor in Kilograme

4 = QGrevisy deflection in ens, caused under the
statie influenesd of rotory weight w,

Then the centyifugal fo rce

N 3 2

o 81 100 300 vse £3,23)
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Let 9, the ratio of the rotor defelction esused dy $he
unbalanged pull to the displacenant <¢susing the unda=

ienced pull, Then the foree of unbalanced pull cauged
by deflecssion ¢ 1is

Ff - .‘l' w eee (3,24)

But 1f the stationary parte of the asshine are assumed
to be infinitely atiff, thon qp = q and the UMP,
for a displacement <« 1is given by

< W
P q eee (3.25)

se The sunm of the centrifugal foree and unbalanced pull is

P = £ u (-5%3)2 v X g eee (3.26)
"

The sliagtic gravity defdection, causad by the
welght W s £ 4 B0 the eslastic deflestion cauged by one
Kilogram 18 £/ W , The elnstic doflection caused by

the foree P s given by multiplying equation N, (3.28)
oy £/ W , whieh gives |
4

2
£ [:-( w5t . ‘§qw] -« [:t-—g— ,..]

For the grit ical specd this deflection should be
aqual to tha original displocement <«  The expression

in the dracket therefors will be unity for critical

spead N

Ny =
£ (v’ + q = 3

300 .
300

rt

® e (3.3')

N
oS Ny = /4. q



For unexcited machine, ¢q = 0 , and the orit ical spead is

given by =

W
e
e

. Nc » “awee (3.3‘)

St

The critiesl spesd is reduced, if the machine decomes
excited and wiil be lovoest for that enocitation which gives

the highest value of unbhalancaed pull.
Jd. 5 {hLUS‘S’RATIV&} EXAMPLE

3.8,1, CALCULATION OF U.M, P, HY RIGROUS METHOD

imt us econsider en Induction motor of 5 K P.,

. 400 volt 2 gonnected o 1300 r.p.m.

The varicus celeulntoad pavomstorn ef thg naghing

in question is given Helow !

p = 3 g = 3

D = 0,13 = L = 0,00 m
Np‘ = g0 Kn, =2 0, Uss
Kp'q = 1 R = 0.8

ca‘ é = 0. 84

3 x 0,746
I, = Ppinary current = = 4,5 Aap.
In400x0, 830, 84

Prisary m.wm, f. in ampere turans/pele is given by
2/2

Ay, = = Koy &y ombNp, I, = NI,

Ny a-?—/-%- %0085 x3 x 0 = 247 )

No load currest ia = 3,35 amporve.
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Net air-gep ampere surns/ pole = I, N

®» 3.3 x 247 = 803

o+ Total Net airwegap u-p-fo surns = M*' = 4 x 863 = 3400

U.u.p. = cm-u. .PO Plu', .8
e H,
P x,
P = e . - .
° al (mem ) (A= RY)
PO By =)
P" = ‘

2 M (x =m )E = B})

The vaiues of P , M , %X som bag buen valieculated in

Section 3.0 &f Chapter 2 for ihe seme motor, On

pusting the value in thy odovoe exprossion ve get ,

p, = .73 x 1074 , p, = 0,828 x 10

-l 2
.07% x ,00 x ,0623 x 1.73 x 10 x {3460 )

2 x4Tx 107
F = 1100 Newton.

U M. P, = 1100 / %.61% u 113 Kitogram,

3. 8.2, CALCULATION OF U, M, P, BY GRAZPHICAL MATHOD TAKING
INTO ACCOUNT THE S¥72CT OF SATURATION - SXAMPLE 2,

Let us consider an alterastor with number of poles = 40
Pela face Ares = .00850 u’
Radiol atywgap = (0031 m

Critscal Induetion = 0, 63 voi-/a’. § = ,001 meter.
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The Magnetic charecteristic of the machine is
showva in Fig, 3.6, The Curve 1]l or Fig, (3.6) shows
that the maxiwum U.M.P. 1 100000 Newtons / metesr?
and it can be verificd for any particulay induction on
the »straight part of the magnetization charzcteristios,
The straight part of the 1ine goas Shrough & point with
an ordinste B = 0,43 web/m® ena H = 2000

Q
‘ an 43 «
7o The roatio 2 - = h
by aH 2000 x & T x 10”7
=172 <
. SR .
ke A, aH
2
o 2 2830 172 x . 001
-y
4¥ x 106

= 108000 MNowton / m°

The nottod of naleuletion gives the rasuls 8A higher than

that of graphicanl nethod, which s entirely suatiwfactory.

UM.P. of the wivle uuehzim can be calculated by
Bquation €(3,16)

B3 1 < 4B

P = DA = 0, 000 New .
f ‘“o by . 70, ewtons

It wo had used forsula (3,182 4 instoad of €(3,1€0) , we
swhould have ohtained at firet faom straight line

charagieristic virtual air « gap
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oo motor wolight
Yartuod oaldg gop & 0,080 n
Maatar odp = pop = 0,003 o
Criticol lInduction 03, S 9,8 wob/n”

3
2 0,003 nn 2,92 nn (0, 0)

(] ja | = 110 - Q
23 2000 x 0.0 11 2 1t &7 n 4F7

i

o 21.2 x 0, 007 =3 4,070 for 30 pp.o.
o 43,2 2 ,270 B 0,31 for 3800 rip.n. A
“‘;
In ¢ho 21attor owsoo the cratical gpood would bO mﬂu"?od
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i,
6o = V2 e 0,32 =R 8000 = 2300 TePemls
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NOISE IN ROTATING MACHINES

4 1, An extremnely small amplitude of vidration of &
moter frame, of the order of half a micron at usual glot
frequenc ies arrund 1000 ¢ycles per seconds, will produce
okjectionadle noime. To Aavoid this, it 14 necesasary to

" palance out” the magmetie forces acourately, to make
She laminations, shaft and the frame adequately stiff,
and to prevent any natural {(resonant ) frequencies of the me~
chanical parts from coinc iding with frequoncies of the
impressed magnetic forces, The sotual sound observadle
sone distance awvay will depend very markedly on the arsa
and the vidbration pattern of the surfase. To calculate
the sound level at any point, therefore, it ig neecessary
first to determine the amplitude and mode of vibration of
the surface that give rise to noise, sescond, % calgulate
the resultant sound :lntuniity at the surface, and then to
eslsulate the sound intensity at the (distant ) point of

mnedsurenent as deterained by the radiation pastern for the

partisular conditions, and finally, te find the sound
level by meking allovance for the audivility vergus fre-

quyney curve of hearing (Fig, 4.1).

4,2, STATOR FRAME VIBRATION

Mueh of the nosise present in zotating machines 4s

due to the poor manufasture, Careless or insgcurate
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manu facturing aethods often show uUp in gome maAnner &g un-
even air-gaps, loose hearings, loose rotor bars etc., The
radial forces dus to the air-gap fields, therefore, &xrs the
lergest sources of magnetic vibration and nodse in Eleetrical
Machines, lf the flux wers sinusoidally digtrivuted,

and there wWere 0 flux pulsations, the magnetic forcs wave
sround the periphery would be & simple Sln’ PO Curve =

that 19, a fully displaced sinuscid with twice as many
‘poles of force as there are magnetic poles. The field

exigting in an airegap may He youghly elaseified as followst,

1. Fundamental for wvhich the motor is designed.
3. Stator m.m. f. force harmonics.

3., Stator m.m. f, force sub=harmonios.

4, Rotor m,m.fs force harmonios.

5, Rotor m.m. f, force sub harmonics,

6. Eacentric = gap perseince variation.

7. Stator slot permeance variations,

8., Fotor slot permesance variation

€ Permesance variation due S saturation.

When these fields are superposed on the fundamantal
tlu: wave, they give rise to high frequency pulsations
An the radial magnetic forces, These may be resolved into
a gories of sinusoidal force waves With different nusber
of polesy, revolving at difterent speeds, each force wave
having Swice &8s many poles &8s the magnetic field that

preduces it,
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Under these radianl forees, the stator frams “\and the
eore are aset inte vibration, in the same manner that u hoop
of steel, or & eylindrical bell, responds when struek. If
the feree « producging mdgnetic field hag two poles, tha:?b
will be tvo eoppesite centres of maximun pull at the p@le'.%n;
and two intermediate peints of 3ere forse. The stator véula
therefore, be pulled into an elliptiecal shape, the short axis
of the ellipse ecoinciding vith t he pole axis, and rovolving
syachrenously with it, This will give & four nmode vidration
(Fig. 4.2 ), In sddition to this, four pole distridution
(or any other number) will tend to distert the stator os
tour ( or more ) poinse (Fig., 4.3 ) That is & 3 P= Pole nmag~

netia field will produce & vibration with 4 P noden,

It is assumed that the noise~ prwducing force
curve for & 2P = pole field is & symmetriocal 4P pole forews
wave, with a peak value in oach direction squal to one half
the actual msximum pull at the eentre of & sagneties pole.
The resultant displasement curve will have & point of infle-
etion at each nodey, 9o that there will be Zero bending
moment at these pointe, The defleetion of the stator can,
therefore, be appreximated by fomulag for the deflection
of & beam freely supported at each end, and earrying a

sinuse idally distributed 1load.

For simplieity, the stator *bdesn’ styrength is
Sgsumed same as that of 5, solid stesl besnm with the stnae

sTosseetion 8s the stator yoke, the stiffening due to
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stator teeth and frame being neglected. The formula for
the deflection of & uniferm beam freely supported at both
onds and weighted syawtrically with s sinusoidally

digtributed load 1ig¢ ¢

wi? 0.8¢ WLox 10°°
4 = =
v g1 I
i cee ‘4; ‘)
&
Yhere L = Digtance betwgen beam sumn‘z't-.Gz

W = Total load £n 1ds,

7
B = Modulue of Elasticity = 3 x 10 for Steel.
I = Moment of Imertis of the beam section adout

its sentre line, 8ll in imnch units,

To adopt the adove formula for noise studies,
mean peripheral distance between nodes is gsudstituted for

L and I is expressed in terms of stator core depth. Let!

A = padial depth of stator core behind the slots, in
inches,

D = Mean diameter of the statory core in inches
= D + 2 (slot depth) + 2

n s Qng=half the numbor of modes of core flexure.
= 2P = Numbder of poles of the force producing

magnetic fields,

- r

L = T - - 2 cee (4,3)
an 49
n?

1 = i3 DPor ineh of core stacking eve (4.3)

» - 55

[
v Ne

‘e
."\,Au“ w
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FPronm equations (4,1) (4,2) and (4.,3) 4 the radial deflec~

tion 4s ¢ D’ -
4 - .38 W L 3 x 10 Inches ...(4.4)

“3 ha

The above formula is derived from familiar doam
theoory to give & oclear understanding of the prodlem. The

true fornulas for deflection of & curvad ring under »

sinuso $4all y appliod force aye z
For 4 ncdes , n = 3 v
d "g,- 4.5)
‘ [ X IR J *
6 En
For O nddes , n = 3
. 3
ewVWD
4 = LY see (4,0)
236 B n?

For 8 nodes o u = 4

3
¥ Dy cos (4.7)
75 En’

It is odserved from oquations (4.4), (4.3), (4,6)
and (4.7) that as n increases, oquation (4.4) approaches
the correct valuol the ratios for 4,6,8 nodes deing 0,36,
0,70 and 0,88 , Thus equation 4,4 13 true oniy whon B 15

1argo.

Sinco we are interested only in magnatic forces,
we can obtain a direct formula bdy substitdting for ¥ ite
value in tems of peak sir-gap flux density., The value of
4 49 half the peak magnetic pull intensity in ibs., per

square inch, mulsiplied by 2/7 and by tho pole aran,
GH762

o ek USRARY UNIVERSYTY O Rovaiia
.



This gives !

1 1.3 8

2 D
W = o () =) )

= 0,347 B® 10°%0vP) 1bs. per lnch of core stacking

® oy (‘. ' )
Equation No, (4.4) then becomes!
R D o"‘ 17
» ‘ o‘ B‘ x—?n X ‘ lnﬂh 0.0(‘.9)
pou?

in agoordance with equatsions (4.5), (4.8) and (4.7),
the coefricient 1,08 should be replaced dy 1.903 for P = 4,
Dy 1.37 for P = 2 and by 1.23 for P = 3 , Rquation (4.8)
gives the single smplitude of (non wesonant) radial vide
ration of the statoy surface due to the force wave of
2P pole magnetic field, #ith given value of B , h and
Dy the vibratien amplitude varies inversely as the fourth
pover of the number of poles. Hence in & given machine,
only the fieldg vith fewesnt poles apre factors in noise

production, in the absence of raesonance,

4.3, SOUND FADIAIION

The thwory of rediation of sound feom circular
cyhinder has deen doveleped by i!arn(zo ).Horn derives a
formula for ealculating the gound intensity (S. L ) in
des idels &t & radiug °‘r’ o, vhich is given dY the

expression}
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Pg B M f_x + A Cos 6][1 + B Cos s'a] [in*'cCoa R(b‘—iﬂ't)]

p eve (d,14)

P P R

?129:’8 Aa.fo" B SE"E'O e ai‘;“ : aoo(dg‘&)
o o

Heglecting all the harmonics, the aiy Jop m.m.f. Can be

axpraossed as

o = M Cos (QG‘WG ) 000(40‘6)

fho flux density 1in tho oir gap iz obtainod by multiplying

oquation No., (4, 14) and (4. 16 ) togothor.

M2 A -
fg = ' 2 CostP® ~ws) + — 2 {Cos [(P418 = we] + Cos [ 10-wt]’
e i
+ =T Cos [(SH.’ »—wt] +Con [(:,-9)9 - wq}

U2 AB
4

2

{Cos [(S+P+1 b-wtl +Cosa [{p-s-z b2 -w::]

[

+ Con [(9*‘3—1 » 'wt] +Com [(F—?%-H” “‘*’ﬂ}

AP, C

+ —*—{Cos [w+a:e—¢«+na;el+cnkp-aﬁ-tw-mm]]

M2 BC
* — {Cos [wmﬁ B ~ (uwdR)| + Cos [(oeRe3 0 «-(w-a:n)t]}

s 29 BC { Cos [(9.,.3.3 X - (w-l-NR)t] +Coa [U‘-‘Ri"'i A = (w=RR )“]}
4
AP A
+ --“---; s {Gos E(:?-rzu-i)ii - CW*NR”] +Cos [““&*#(WNR”I}

B AQ
+ -:--g—— {%s [(Pﬂl- 10 - (w+NR)t] +Cos [w- R4+1 Jo= (w=NR )l]}

2P ABC ,
+ Cos [wﬂmu Jom= {w+NR }tl *Coa[(?-&- A1 Jo= (w=NR )t]}

+ —A-‘-’%o“'pa‘i s [wm-ﬁ- 1 Jo= (w+NR )t] +Cos | (M R+F+1 Jo= (wNR )t]}
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(2n+1 )3
Roforring to origin O' we havo ‘”'2’27)
VQH o n Sin (2n+1 252 Coo(2n92 )P(o+ 57 Coa(2n+1 )96
8 = . z‘ (-1) -
L (2n+1 ) P

=0 . (@n#t)P 6

eee (28)
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APPENDIX 2

SOME DEFINATIONS

1. ORTHOGONAL CIRCL:S

Two circles are said to intersect orthogonally,
when the tangents of their points of intorsection are at

right angles,

3. RADICALAXIZ

The locus of the points from which the tangents
drawn to two oircles are equal is called the RADICAL AXIS
of the two circles,.

It é&n be shown that the radicol axis is perpenddl

cular to the line joining the contres of the circle.

3. COAXIAL CJIRCLES:
A system of circles ara said to be coaxial, when
they havo & common radicnl axis, 1.e.p, When thoe radical

axis of each pair of circles of the system 1is the sama.

4, INTERSECTING COAXIAL CIRCLES

- ——————

If any circle of a coaxial system cuts the radical
axis at C and D say, all the circles must pasy through C and
D, for the tansoent to the ono circlo from C (or D) 18 of
Zzoro length, and therafore the tangent from C (or D) to

each circle of thoe system must be of 2eyro length,

In the same way, if any two circlss of the system
intersect at C and D , all the circles must pass through

C and D, and CD 1s thoir common radicol axis.
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8. NON INTERS=CTING COAXIAL CI:NCLES

o will mow consddoy O construction for a gyastan
of coaxal circlog for the cano in which ro circlo of ths
syctom cuts tho radical axis ( and no two circlos of tho
oysten cut ono anothor) .,

Supposo wo have o radical oxis and one circle of
tho oyotom. From N, draw & tangont NQ to the circilo.
With contro N and radius NQ doseribo o e¢irclo. Draw BR
& tangent to this circle from ény suitadlo point in AN
(or that lino produccd) . Thon ths circle with B an

coentrc and BR as radius will bo o circlo of tho syoton.

2

2
For AN? = A0 = N0® =nNR® = BN° ¢« BR

8. LLMITING POINFS

It 15 obvious from the method of comstructing
non = intorsecting coanal eircles ( and olso from ths
relation ANzw AQB = BNan BB?) that B connot bae within
the construction circloy but nmoy be anywhere else along

the linoc through A and N,

Tho circloo of thoe syntonm whose o¢ontros are ot
thy points L ond L' whorse tho comstruction circle cuts
tho line AN hnvé zoro radiug, 1.0., &ro point circles.

L ana L* aro colled tho limiting points of tho syston.

A pyaton of intorsoccting coaxal circlos hag no

ronl limiting points,
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7. THEQREM ,
WITH EVERY SYST:M OF COAXAL CIRCLES THERE IS AS30CIATED
ANOTHER SYSTEM OF COAXAL C1RCL:ES, AND EACH CIRCLRE
OF EITHER SY3T3s CUTS EVERY CIRCLG OF T.ud OTHER
SYSTEMS ORTHOGONALLY,

Since tho tangents to a system of coaxal circles (A)
from any point P on their rad_j.cal axis are agqual to one dno=
th.er. it ftollows that the circlae (B) with centre P and any
one of theso tqgsantﬂ as :fadins will cut all the circlesa‘

of the system (A) orthogonally,

Again, since there is an infinite numbor of posi-
tions of P on the radical axig,} thore 1s an infinite numbor
of circles(B) each of which cuts all the circles of the system

(A) orthogenally.,

Woa have still $o show that these cutting circlea(B)

form another coaxal systom,

Consider any one circla of the systom(A)l the tangents

f\r\?m itz contre to the orthogonnl circles 8ro stdch a radius
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APPENDIX 3.

Fron Fig., 2.2, we have

8o n - rao‘°3
® +n = ’.30‘
1
. B -
v W B u+gv = K '
2 +nm
¥a 36, » 8, )
u + 3v = g o' 2 i
b o
%
* ra
[ S n = kg cos(“’el,
e
2
u = g = Cop L
s
b = == Cds L
u
2

= Conssant on S’;

= K ( say )
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APPENDIX 4

Referring to Fig. 4«A , it can be shown that the tangants
drawn from any point on the radical axis to the co-axial
oircles is of equal length.

2 2
1.0 PO = PR

2 2 2 2
Or ((PCa) =~ (Rp) = (PG ~(Ry.)

) 2 2 2 2

2 2 2 2
OR (OCp )= (0Cy) =R, =R, cea (1)
But DCZ = 001 -+ * Py (2)

From equations (1) and (2) , woe have

' 2 2 2 2
5. ©Cg+4 ) = (OC 9 = B~ R,
2 2 _ 2
R° - R1 «
.. oc, =
1 2 «
, 2 2
1 Ro- Rl - £
or Ocl = '2_ < eee 3)
2 2
. T R, = R
—— * 4 4
.. oc, = — l = + < (4)

Also (PB )2 = (P!’tz)
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2 2
OB~ + OP = pcf
2 2 2
OB oc, - R,
2 2
2 1 Ro = Ry
= 2 [ <

-xXv 11~

2
+ Qp

2
.Ri

vee(8)
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F 8
z-t + gq
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- ®

14 e
I 331 [

FE,2 + qu

= ?QTS’}I? - ] SO0) W

’.x + Qe
2 .
ARy om

Aby 30 ao (h¢Ty Burs rdy g ny
@ %00 X 4 w Ty
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. -1 2 mr Sin &
. L = T&n voa(S)

2 2
Ri+r * 2 xq4r Cos ©

Ri.-ﬁ r *2x,r Cos 6
o.o Cos L = 1/2
] 2 ?1- 2
[(Rfl- r + 2x5r Cos®) ¥(2murSind) ]

000(6)

From equation No. (3) and (6) , we have

. (xl-l- r Cogb )2- ‘ m2+ r281n26

K = _
Cos L (x,+ r Cos 8P + m?+ 2m ( x, +rCos6 ) + r?’Sin26

) |
(m+x) +2 (m+x;)r Cos 6 + r° ,
K:} 000(7)

1/2
2 2
{(Rﬁ* r2+ 2xyr Cos ) + (2mrSind) ]

b) At the rotor surface 1 = Ri

- m Sin O
S L o= Tan . e eo(8)

Ri + %4Cos %)

Put r = R in equation No, (7))

f
1/2

2
D = 2 R‘{ (Ry+ x4Cos® )2 + (m Sin 6 )

1/2

—

2 2 2 2
= 2R, 4 * 2::1310336 + xf Cos @ +m” Sin"®

b

/2

2 2 2
= 2R, rRi +2x, R,Cos6 + xiSinzﬂ + x4 Cos & - RiSin 0]

1/ 2
2 2 2

= 2 R (x, +RCos 6 )



T 2 : 2
N = ll2 + xl * 2 m X3+ 2 m R‘_g_ﬁﬂe + 2 le,_CosO + R.‘l

=2 (x+m ) (x3+ RCos & )

2(x1+n)(x1+3100ﬂ9)

..bK =
at r = Ry 2 R, ( x,+R; Cos & )

x n
S8ince =x = m + R

' m m 2
K = — + t+(31,‘) ] =K1
at r=R1 _ .

- -
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APPENDIX 0

(a) DSTSRIINATION OF 4K/ a3,

Fig OA 4s lottorcd to corrcepond to Fig. 2.2, The

longth ADB(®2m ) doing ropresentod by a.

r .
G400  wde = K

l'z .

A o.o d!‘i =2 K d!‘z* rgdK eees (1)
. e Sinco 63 - el = L ses ()
T 48, =48, S eee (3)
Again r, Sin 6‘ = r,Sin 62 vea 8)
and rtCOQ 61 - !’QCQB 62 = a cese (5 )

From .quation No. (3) , wo havo

dry Cos Oy = dryCos 83 = »ySin 634 6= WSin P46, 0

IQC(G)
From EBquvation lNo. (4) and (3) wo gos,
2a_ 2, .2
5 rp - o
Cog 92 =
2 a ra
4o
Goa o i =
2 a 8‘1 |
. ar drg
JolPe 2ral)mba (f A g%) cea7)
)} 2 tl 3 ] ga

From Equations (1) and (7) , ve get

ar
]
4 K
drz S - (rg- r§+aa)x~2-§.—

2a K



FIG.6-A .DETERMINATION OF dK/dSz  FIG.6-B.DETERMINATION OF dL/d S

FIC.6-C .DE TERMINATION OF ALGEBRAIC SIGNS OF dK/dSz AND dL/dS




2.+ + 8L

2
Also (45,0° = (dry P+(r a8, P = dry + (r40,)

2 2
fhere dSq = (4Sp) , etc.

2 2
a6? @2 - arf )/ 1, '
=
" ee? ( 35 - ary / 5° =t
Honeoe as3 = (rfard e 2 axl )/ 2.2 i)

From Squatgons (1), (7)and (8) , we got

48,

2m
——— ...(L‘)
aK =+ T

aL
b ) DESTERIINATION OF == 4.
as,

Fig, 0=B 48 lettored to corrospond to Fip, 2.2
- =
0y 61 L

dﬂz- dﬂl = dL

» r, +dr
Also K = b = ) )

fa Ty L 4 dra
‘. Qe ’26 ’1 = 1’14 92 e s (10)
A9 bhefore

drICus 8x - draCou 62 = rls:tn &x dﬂ‘ - ra.‘?»tn eaasz

= « r34in 8, dL

Also (‘-) Sinﬂ‘ = ‘:S:lnh
2
2



e=xniii-

Hence

( 13 rz" la) drl_/zn - (ra- ~ aa)dr/ zurz

rr
B e ( "'A:?‘) Sin L 4L 000(11)

From oquating (10) and (11 ) , we havo

dyy = = ( zfrz/ a2 ) 8in L akL

dr, == (rr/ a?) S4n L AL vee €82)

Again Since r"S&n ﬁl = vﬁaxn ﬂn

- wx - %8 53
T a8, K Cos ©,
2 Yoo 38
4 b a - B.‘,
60: K2 0 aarao 3“"10
Thorofore , a8s in ‘a)
2. 2y - 2 2
T T L S Ll
2 2 ) ( 2 a )
¢ (e~ axl Y ry2 ) C rf ygd' a® 9

Jhic¢h on subl.tf:lcuthn givon =

2
| (r‘- r:+a ) - (rﬁ* r: az) 2 2
as” = e 2 rldra
(!‘2" rz“'“ )ra‘ (3‘%’ ra'.az)rc
...(13)
( 2+ #f = o® >
Also S‘nL R le 2 000(14)
{2 »r» )

12
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Again sincs L = 93 - &x s 3t is ovident

that L2 : LJ.

45, as shown, 1.0, in the positivo dirvetiosor &

it follovs that %—- is positivo.

1

« iloncoy with positivo directiv. of

[ 1 3 4 2 . 3
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The rost of tho strosaes boim Yero.
Honce we can say that tho modly 44 4n & static of stross
having -
Ko 2

o tensilo stress of mognityy D -~ - H newtons

per squaro motoyr along the 449 of foxce at each

point.
2
meter in every direction at right engle to thd line

i3, o compressivo stress b 1 Neowtons per square
0

of force at aeuoh point,
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