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The c yels end snth.sts et control s rye tear vsr 
adtsntsgsouit ^ been dons b thi p 	r plwe asthod, This 
bis opt! up a big seeps for its application to the design 
of Ltrisr continuous eysteia sampled data systems aM non* 
ltneør s tar The sensitIvity of pro*► p*rto a ee index due 
to seams parameter fluctuation can be obtained b' this nethod, 
So*r of the frequency domain specifications can also be sib► 
tansously satisfied elorz 4th thö time doh spsoifictions, 
The Cbsbyshv tuna ie are used to t~cWtate the compUceted 
calculations that arise in the analysiø, The sus are 
illustrated by to examples, 
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Various matheds for the study of atabi3 ty of control systeas  
are available but they do not futfil all the remdrements of a design 
problem ilk, the essential features of the system response. Better 
tach quay for the analysis and • th*sia of oontrol systems in terms  
of the system response have therefore become assantipi, The parae 
motor plans method Is a good tool used for this purpose, Atislyals 
and synthesis of linear co tinuous1 sampled data* nonlinøar systems  
and sensitivity problems have been very off lent y handled by means 
of this sSthod,0 

101« P4 Af' ` s 

When t e design information required is of a frequency response 
natures the Bad* diagram1 Nyquist plot* Nichols *hart techniques are 
usually used, W *n frequency response methods are to be used 4th 
the transfer funations1 the stability test most commonly used is the 
øyquist criterion. This to a teat for the existence  of roots in the 
right hand halt of the a Lane. It 1a hUed on auuhy#i princip 
of argument1 and the manipulation involved is a conformal mapping 
of the imaginary axis Of the 500,440 on a Polar plane defined by 
th. loop transfer function, Absolute stability end steady state 
accuracy are determined rather *early from the plots1 particularly 
from the Bodo diagram which permits *Valuation of the transfer 
`unction gain, It Is ales, relatively simple to check the affect of 

gain adjustments and gain variations on stability and accuracy. The 
frequency response approach has certain disadvantages In that (1) 
the tt*e.doaain characteristics such as overshoot and settling time 
can hardly be recognized from the frequency aharaeteri,tto and (ii) . 
frequency response techniques are net suitable for the design of 
mutt oop d itrol systems and particularly useless in the ewes 
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harms mere than one ad jus tabic pnnaeter. 
A correlation between the frequency and transient responses 

Is absolute ► essential In the Majority of control systus and 
Lspl*c• tran,fe with the concept of complex frequency 0 becoming 
an taportentmathematical tool to the analysis ad synthesis of 
re.eb*ck control systems*  This inspires one to develop synthesis 
techniques In the slg.brte domain where the characteristics of both' 
transient and frequency responses are avidin , 

The Idea of investigating the transient response of feedback 
control systess in the slgebrto domain was first mooted by Vis a. 
radsky. ' e approach developed by bus designates that the two 

middle coefficients of the Srd degree charsateristte equation be 
considered variables, But this work does not provide #**p* for study. 
Ing the higher degree characteristIc equations. 

Vis'hnegrsdsk 's work was extended by elms in his D.p+xtitien 
Method for the Stability analysis of control systems. D.psrtttion 
method enables a designer to asses two system parameters which 
appear linearly in coefftcionts of the nth degree ehanoteristio 
equation to be va ► ables# With the help of this Mthod It is poenible 
to dst. in.. the mer of loft half plane roots of the characteristic 
equation In various areas of the parameter plane. Though  the work 
may entail t&*e.consumtng inconvenience, the et od may be extended 
to investigate the degree of stability. The main: drawback of this 

s•thod lies in its Inability to apply to design problems in terms r of 

tr r lent response, 

The root loot metes presented by Evans provides interest. 
ton, shout *11, the roots of the characteristic equation, and it 
permits a staple numerical evaluation of the&* rests for different 
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values of the Open loop gain,* Applying  full potentials of the 
Laplace tr rfo # this procedure admits control over both time and 
froqusnC r domain characteristics,  But this method has two main 
limitations (1) it Is basically a single parameter method and ( ) 
it makes the synthesis of multfloop systems inconvenient, Thus toot 
locus method suffers from the same difficulties experienced 174 apply.  
Ing frequency response techniques to th. design at *ultitoep atruc' 
urea with more than one ad table parameter, Moreover, accurate 
plotting of the locus requires a consid9rabie amount of labour, 
A.thouugh the root locus t.ebnioue No been veil developed and 4dely 
used for the analysis and design of linear feedback control  syst # 
it was originally defined with only the open loop gain K as the 
varying parameter; that is the root locus diagram is defined as a 
plot of the poles of the closed loop function C(e)/R(i) as K varies 
from 0 to oo , In most design problems,  the effects on the closed 
loop system poles mat be studied when parameters other than K are 
varied and frequently there an more than one variable, partes. 
In feedback control systems with multiple feedback loops, the 
forward path gain K does not appear only as a miltip1ying factor 
in the c e l,*r transfer unction; therefore, the conventional root 
locus techniquot again. can not be applied directly. The root contour 
t.thniq s is utilized to construct the reot loci when parameters ether 
than K are, varied In a feedback control l s stem, In this proved ► 
I is held constant but the open 'Loop kation poles and zeros are 
varied (due to the variation of psrm*ters other than ), In the 
design of a onsating networks for single loop or mi4tiloop systems 
the root contours give a clear indiceti ►n of the proper choice of 
the parameters of the compensating notions. 

$itxovio'$ method brings out solution to the algebric problem 
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of centro] s teem synthesis in en eztreme1y eff oti s canner. The 
orijinsl es hod designates that the hest two coefficients of the 
characteristic eq tion be oonsidsrd variables, This Is a limit*ti► 
Ion in that the f`re• eys tem paremeteres are often found to appear in 
any arbitrary pair of aoeftie snts In the characteristic equation. 
Gen.re]isati.n of .tro,j ►' a iethod [5 ] rear this difficulty, 
Mitrovie's a.thott can to extended to tare Into aunt the frequency 
de*dn characteristics, 6] e 

After the application of the .Laplace transform, the ceeffio- 
lent* of the obtained characteristic equation are given as known 
functions or system p aeters,#  Seas of those pareuters sre 
adjusted and zhcnild be determined by the synthesis procedure to 
suet  the system specifications of performance which Bare given in 
advance,# In the ei ebric domain, these specifications are not by 
ad, usting the systea paraieters so t C t the roots of the cheracter- 
tetic equation are set at some desired locations. 'herefore, 
useful method to obtain a et ple correlation between adjustable 
system parameters and the root locations has been long recognized 
and desired, 

The parameter plane method has very creditably been put to 
wide use by D.D. $i13* k, Uts works have opened up a big scope in 
the field of analysis and synthesis of control system problems. 
Results of some of the illustrative examples presented by his are 
given her* In brief* 

The first example has been taken from the paper [1.] whieb 
corresponds to a linter continuous s t+ , Let us consider a 
central system with the block d etrea given in Pig,l,3 and transfer 
functions, 
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It is neó005ar7 to determine all the possible values of the 
variable parameters Kg and 1 ., so that the corresponding character. 
istie equation« 

has all this roots rithin the s ply contour given in the Upper bait 
corner of g,l,4, 

Before the specifiede.plano conte is mapped onto the 0c j3 
plan*# It Is to be noted that the variable parameters do net appear 
..nearly In the coefficients of the <hsracteris tic equation (1.2) , 

Lot us tek+ew 

K2 

From the Vig 4 4 it Is clear that the specified contour is 
0 eo arinstten of all the woe contours Oho  I " g41,l.. Thus 
each Port of the contour should be mapped onto the 93 pi , sep rote3 
The values of the cons tents are found to be 

B2 00*2v U2 . 0,5v, 02 - 
1~ $+Q ,t vU3 *Q, M► U2 +112v2, l 
1)2 a 0.04 vn'~U' 4 . 0.34 V tT3 + 1.12 V2 U2i4.? V. 
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The real root boun4 triea which correspond to o-  * 1,2 and o* 5 

&Pow 

.0,312 4 t 0,0 P+ 0,07 a  0 for Q' 1 
2,5 4  •3.0p +3.0 40 for v-a6 	

.. 1 

Fioe the mopping COMM in thsp plans It Is possible to 
esr trk the region i*h corresponds to all the rooms within the 
s'pls w► contour i.e, I a a a 4. The rear 'values of th. pars. 
motors Xg 	1  can be obtained very easily ! the region 

The second example Is takes from the Vapor [a] *icI corru 
ponds to a real describing fincUon in the act ,Weis system,  
system block diagram of F,g.l.5 has the folic wing transferfictions, 

G2(s) °-r 	 ,.. (1.6) 

- 

The nonlinearIty shown in flg4.5 which relates to the 
purely and only amplitude d, e4d.ant describing fiction h(A) is 
locate in the feedback Pet, of the minor control le"#  The ran. 
linesriti s % end n3  are not considered here, 

The characteristic equation of the system under investigation 
is,  
N(0) 0 y , 2(o 2s+1) ( M+l)+K Y3(o.e.+l}ss(o, 1) (o.8.+11 x 

(sf1) '(2s+l) 0 0 	 so# 	g+w# 	(1w?) 
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If % Is ansidered en adjustable system parameter With 

* ac1 	 1 
.0, (log) 

The curve * 0 to plotted as eempl.x Mt absolute 
stability bouM*rj In Pig406 ¶4th normaUred¶ . 	coordinated axis. 
The real root boun" is simply the cG * xlso  After these bounder.  
iu art purely shaded* the stable region to found to be the ares 
betveen the boundaries* 

The third OXWPIe to taken from tio paper  [ ] w This Is a 
case of relative stability  in the nonlinear system, The system 
block diagram IS same as ?ig45 and trans-for fictions ere 

0( 5) 	4 +, 

The nonlinearity fl,1  of Pig.l.5 is oo id*red o It is 
necessary to study the relative stsbiltty of the system which is 
specified by '' a Q5 for various values of system parameters 

c1 ,1# 8 and the Initial sigma, level, 

The characteristic equation or th. above system is. 

'(o) a o,oics (4. 4+O,04)s .(2 	,Ø)3+($  41'o.a 443 E)s+ 

4s' 1  am P a 

4 
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The varfltle* of f resulting t*ov changes► in the sapUtude 
A would be drams along the p as by using standard diagram*, This 
obtains thi Fig 4,?  in which several K loci are plotted for 
different Values of the Uneer system parameters T 0 'C mad the 
ratio B/D of the nen1iner opton parseeterl, Fig4,7 indicates. 
that the locus (A) is utisfeotery# since it portion if ts lads 
is outs de the region > 0.5, fiver it the Initial valve of 
the sarplituds A to chosen so that it Use *a the left side of the 
K loco aM under the curve ' 0*$, thu relative stability 
reuirenieflt is fulfiUed, The relative stublitty requirsesuts is 
also satisfied by the I► 	(C), Bch is the same locus (A),, it 
to shifted the £.- axis, ta,  loci (B) and CD) whiCh are plotted 
for dtf `arsnt values of 8/D and 't 	44 also satisfy the presorib. 
ad degree of .relative *tabiItty, 

1efsving to ?3g.i,?, as the dotted curve' + I. is dry*  it 
is easy to conclude that the *•nt onad root configuration Is 
obtained to the loft of the curve since two tangents  may be drawn 
to the. curve 	- 1* As heady known these tangents dote ins 
the real roots of the characteristic equation (140). The ronaining  
two roots are thu complex control pair related to the cuter, 
`herefore# the K locus shown in (B) of s,1,1, represents en 
ti.sus coinatien of system psEasut.re 4th respect to the 

prescribed relative stablUtY r.q tr+ nt, 

0 





2.1. trqiii 
The fasterixation sf the ehar*et.ris tic potnoda1s posed a 

biS problem in the control theory for a long ties. Par meter plans 
aethed being a used and. grapb&ce3 procedure eased this difficulty 
to $ mini . Two pare tars ihieh appear linearly in the coefficient 
of the characteristic equation are co it3.erid ► aoordinata* in the 
Parameter plane* The procedure consists of plotting nou of specific 
contours tree thO sopl*M  onto the panneter plan, thereby the  
oharectiristic root locations with different paraistir values can be 
obtained without Wither calculations. The introduction of Chebyshev 
polynomials sade the york sisple and crnvtntent. Moreover, all 
analytical and graphical. operations are dons in the real domain. 

The method enables a designer of tin. r a*r tirn us syst5 to 
got information  about absolute as  veU as relative stabilities of the 
systems on adjusting some of the systen parameters. Zt. is easier 
to have control over both freriu noy and transient responses of the 
$yst•ms  besides it is very useful for eultiloop systems having more 
than one *duo * 1, system parameter, 

By the describing function techniques this netted can very 
veil be applied to the study of osoilistioni in non ins r systems, 
control systems having nonliaerriti, 	th real describing funotiont 
complex describing functi##q with two ni.in*srit ►s and non. 
1in.ariti.a with frequency and s*piitude dependent describing funotien 
can be considered, 

A limitation of persister pi*n* method may *o # up %,then 
adjustable system parameters do not appear linearly In the 



10 

coefficients of the OWsieterlsttc equation. The gsnorsliud sat hod 
Is basad on a specific case when the coefficients art the funati ns 
et the It ar co*bit etten of two prna.ters and their product. Then 
the meted applied for the stability analysis  to US design of e. 
Unset tm4 yr i le sad else to a iian.lizser mi4ttvariable control 
system with two nenlinesritise. 

In the design of linear control sys teas It is desirable that 
e certain degree of stability and the cin ! ensiti ty of the 
s tem response to the persester variations be aehievo+ ,* Though 
both are contradictory to each other# a satisfactory promise Is 
arrived at on the basis, of pareneter plane aethod. In the procedure,, 
a tiae.doaajn ennsi.U. vity index, is idnisized within the required 
stability constraints, 

Extensive  rks on ere etsr plane Method have been done by 

I.D. $113sk In a niber or published papers The frequency doaain 
specificationsare not dealt in these papers, 

I n this work we have propoSed a need by Bch the freqwnoy 
do**in opscitieatien* can be obtained in the parenteter plane« The 
works of the previous authors along with the work presented here 
will enable a designer to design any eo*penent whiob may simultan.  
ecuely sa tefy the frequency doedn and the tine do in epsaifloeti*acs; 
F` r the a peaoet.en in the parameter plans the type of the eo en 
actor is first assumed i.e. whether the compensator should be in the 

forward or in the feedback path or in both. The nature of the 
transfer tunetisns are also arse , and only two panaetsrs ere 

taken as variables fah can be $elected by the designer,, The 

problea is now to specify the Uidts of the two Verisbie parameters 
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such that all the systes specif.ontlons are set with. 

toe 	nl71tIq SW 

The paper [3] presents a method for en 71IS d Synthesis 
of linear Continuous eontro3. systess. The Method provides the $cop* 
for studying both absolute and relative stabilities In the parameter 
piano, The graphical procedure maps the spec tale contour (for 
absolute stability a 01 relative stability 0 g < 1) from the 
su ply onto the parameter plan*. Covpsred to relat .ve stability, 
the absolute stability study is an outer one beoausa of ease of 
msmptlatiDn► 

Bale equations derived for extensive use In the Vapor are 
given below. 

Lot us consider the ohs otetktio equwtlou'. 
a 

? 	51   o 	. 	. • (4) 

in which the coefficients 	(K e 3 	 n) are real and  
r Is the complex variable« 

It a is +xpres.d by 

s*.vn +3A 2 	
1** 	(9) 

sre1 

cru * undesped natural frequency 
g * relative damping coefficient, 

It has been shown t r t +~K may be given in the form which is 
demonstrated as follows. 

$X * v 	 +3/].i2 1K( 	'•• (23) 
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Ut. ) * (3)1 	() 	j 
n*ti a T( ) and ( ) 	► c b b*v Polyno ial$ of the 

first anil the + .ca kinds re p. ttv.1y« The e argu*rnt of Cheb bev 

• for tri stable system Ito < 	1. 

? ( ) ind U( ) a may be obtained by appi7ing the  

as, 
P~dol) 3j7 

C 

t) 	, 'n,( t) LO0 	am UL( 	Lv I 	ne* 

to,, their mtm.riea3. vaiuee for -pertinent values 
!pøfldiX 8.1. For an ev a tion of 

trigonometric functions tr t1so be used 

Ct) * 	s ( a 	* 1 
,. , 2.6) 

( ) $  

Substituting equation C,3) into equation (,i) and appting 
the eenditton that the as n*ations of the reals an the i g, cries 
a*zat go to zero iMpend•nt1y, enables (2.1) to be rewritten as tvo 
stii*lt*neous equations rich are as to U s. 
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Since the motions Tx( ) ray be expressed in term of the yeti ► 

 U () 	 040 (n.e) 

Then from a atto (.?) cM (2.4)  

4K 
9 

*0 

 

~
('l)~ '~C v alt (§ '! *0 

0 

 

$e to coefficients 	of the ch ac ertotia equation (awl) 
ore considered as linear tuntions or varieble s tem par eter s 

£ and p as fellows, 

a 	J + 	p + d1 	. *. 	000 +kf • (2,10) 

0vft to ewa ion (240), equations (.) may be revritten air. 

°C 83 (VOO 	+ ~ 0(V 	) + 	CWS► 	0 0 	1 
... (2 41) 

0C$2 (Writ 	+ C2( n1 ) + D2 (way; ) * 0 
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where , 

.KaO 
0 

Cie* )(.l)Ev 	 44 

t 
	 .0. (2,1) 

ag 	ol)e,K r 

ria 	 a ► 	~., 

K*O 4K 

Eq do (2 41) may be *01V*d f*r Unknvn 4 afldp 

  

B2 D. +r► 	X11. 
0#0 

In eq tions (2 2) a6 (2,13) the .r ent+ w~ and .rc 
omitted fer slap city'+ 

Zr the equations (2,11) are revritt•n so that the first 
ve itb1. is .c. and the ascend variable Is 	then rectenguler  

eosrdnsl. ,art .G and P sake a right coordinate systemIn the 
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parameter plan.. In this SCP plant, equation (2 43) may represent 

the lath of points corresponding to the roots with relative damping 
coefficients $ undasped natural frequincy or set . t *s being 
constants depending on which variable ai.ng wng , or v t is 
considered eenstast« In further dsveiap naso then* )eel will be 
walled the I eve,, W. ire end prat curve respectively, According  
to equations (2.1$) and (243) w2 eh indicate that the par tens 
4- 

 
and p are expressed as ratios tuctioni of v and. , the 

curves represent plane aigebric curves in th. ` pare ".r plans,@ 

In some of the epplicstionn of the parameter plans aethed, 
when attention is focussed on the setfing.tm. curves equation 
(,,) oho ld be r.itten as. 

t(v 	, V.;")+ , 	~ Qr(Vn 	) 	.i 

there fun tions P and 	are rel t+md to the Chebyshev functions as 

tv to ) a 	 t~►~ )*(.i)~ T ( 

,w) ' 	1( 	t 	r,  

The functions PK and MAY else be obtained from the general  

! n~P'r + Px'1 a0 

..1 * 2wn ►1 	40 

with Po L It, Px 	«. rw ~ .~ 01 	, 	g I 

dire functions P~ may be expressed in Was of c, functions 
PK 	' * .. 	 wi. (,1`) 
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By using equations (2*14) and (2.1) the f,U. n* rel*tle*. 
ship any be derived fro* eq tion (2.1)- 

0*# 	00* (2018) 

which 3o sisilar to equation (,9) 

With ► equations (2,18), equations (.13) are the same but the 
sipres stone for 8 # H ,C3.l  CO, 1$  D. are ehartged into the follow. 

2) 
94? 

In equations (2 46) . (2.19), the arc ruts vn I a 	ren 
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are osttt.d for sire otty. 

Since functions Qk(w 	are po1.inomias in 	and 
ori 9 as a result of equatio (2,la) the variables d, a ►d P are 
•xpr•ssid by eq tians (2,13) e1 rationaUfunotions of v.Iand 
t~ * Thus settling Use curves determined by equatio (2* i) and 
(2,13) represent plans alg brio curves. 

By the definition of and v. curves given 	 equations  
(242) as (2013) It may be concluded that It certain values of 
d and P (xray cC1, Q are evaluated #gym aquatic (2.13) for 

certain values of ~r and say C r) and 	thou equation (4) 
must be latiefiad satin 	 by the not of vada of ~G1L ,* P v 
accerdinr to the substitutions of equations (2,2) a (2,10), This 
means that for k * 4 1 and P a P ,# characteristic equation (t,1) 
has a cEtplSx con jugate pair of roots htth coreaponds to the 
values of Cry} i and ~ 3. as stated in equation (,2) . 

If the complex variable a is replaced in equation (i) by 

where r is the normal symbol for the real coordinate of any point 
on the s p].ane , In accordance with equations (2 ,1.0) ) the +canter* 
is tic equation (2.1) bac tss4o 

p<a 	 <e  
o- 	1) 	i ., (2.21) 

K 

For a given value of o', equation(2,221') represents a straight 
line in the b plane, which 3a the locus of points oerrnpandt g 
to real roots with value - (r, It equation (2,21) is satisfied 
for certain values of cG 9 p and d- 9 the characteristic equation 



(.1) est have a rem root -* a-  eccordini to equation (2.20). 
Now It is iapørtant to cortalu6• that by applying oquatisnas 

(2,13) sad (2.l) the pr blsm of deterring the variable pars. 
motors 4 , 	p may be solved so that the corresponding character. 
istic equation (2.1) has a pz.soribed root value* In order to 
solve that problem In a gin rs1. manner for oil root locations$, It Is 
necessary to plot the appropriate yes end straight lines In the 
ps.ra eu.ur plane by using equations (.1) and (.21). 'hen by 
investigating the position of the point NC £ # [3) in relation to the 
obtained diag o the designer Is able to ed3uet  Mable paters 
£ aid p so that oil the roots of equation (24) are got at some 

d*sired locations, After the mention diagram Is plotted in the 
ply, the parameters C and p are determined witbot any calculatiens, 

Absolute stability for linear control  s; t 	may be utter.' 
pn t d by observing the existence of roots in the right heif of 
s.pianm. This is don* by Wiping 'h imaginary axis eM an intinft.s 
radius clawing aeoietrcle tram the "lam onbo the parameter plans, 
To analyse the 	 attire stability of the linear control syst.s we 
shall take any contour of Jig,24 or their possible combinations 
for mapping onto the cC plane. The interpretation orf relative 
stability enables a designer to determine adjustable system pars. 
meters to that the roots lie is certain areas or the s«.pieps. 

' `he$rspbieal procedure adopted bars utilises the equations 
(2 3) a (22i) In s*p4ng a specifiedcontour onto thø C f3 plant ► 
The parameter plans Is divided into various regions by the co"Ism 
and real root baundaries # To determine the number of roots lying In 
oath region of sp plsas oorrespsnding to specified s plane cont$$ur, 
certain rules " graphical techniques are developed# But we shall. 
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first take up some preliminary considerations. 

The co*plex complexroot boundaries in the £p Alae, are curves deter.  
mined by equations (2,13) while real root boundaries are always 
strst ht lines defined by equations (2.21) for a given value at o- , 
The latter are known as 6` lines, If the votes point K( C, P ) 
aver** a complex root boundary, two complex roots sift eouus]y 
cross the specified contour in the sblan., It the point M(i, p) 
crosses a real root bounda , one of the real . root# siul*anaonsly 
Cr0535s the opeetfied søplene contour along the peal s4a, To  

determine the number of its in various regions in the, parameter 
pian* it is necessary to know whether a root to leaving or entering  

the s.plans contour at the moment goes over a boundary in the 
parameter plan**, Certain rules till be followed to solve this 
problem* If the s.plene contour to shaded on the loft , facing the 
direction in which W Increases as shown in .g.24(A) then the 
crossing ef the boundary from shaded side vi'll, i icato s pair of 
roots leaving the contour and the crossing of the boundary from 
unshaded side will indicate a pair of its entering the contour, 

f 

This 1s also valid in ip plane, But the :side, to be shaded to 
ascertained by the sign of the denominator d a hog -► 03.which 

appears on the right side, of equations (2.13), tracing the 
direction in which v~ increases # the boon Wives in the 
plane should be shaded on the left if Q > o and on the right if L. (0. 

To investigate the number of roots at a point of the 
plane $ the characteristic polynomial is denoted by (u , I ) and 
given in the erecter form. 

)* R(w~, )+ 3I(v~, ) 	"I 	(2.2) 



20 

X (t7E ) \/1 > 	;4 (4)za t( 
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a 	t' O' 	t'OV vt tto 09' t o t%O0Oaoa` vr1tot of 

O.Wi : to V 	 « o ciQ l o roc 9 dk o t' Yb1.o 	Thou :o on ob G' n 

(t at ) mz 	y 	t ) 2.n oqu tLou (?3) t 	yi=IOD 
ttg t 
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ng,9,1(8), The lecu► will describe, an arusent 	tez,e n is 
the number of roots corresponding to the given *rsct ri a tie 
equation f(t) a O and the chosen point K( k, P ) In the £ p1eni, 

It we co idtr g.2.1(C) # the vector defined by equations 
(2,22) and (2,23) shouXd be eonstd rd, When the r*cin point 
loves along the upper half of the contour A*, the rector of equation 
(2.22) r t*ts* in a eomtercbookvise direction describings argueont 
n pf where A 10 the corresponding 'fie Of roots. 

A feedback control system %4U meet the performance spoof. 
fico .one In both the time and frequency domains it the synthesis  
In interpreted as en ei3ust*nt of the poles eta. Zeros Of the 
los,d loon transfer functionwhich permits the maintenance of 

control over both transient and frequency responses, W+ know that 
the transfer tuncttne of linear continues control systems are 
ra iozi functions of the Atex vericbt. s* The central prebleo  
Use in the factoring of the polynomial  equations, The coefficients 
of polyrtomiols  are functions of adjustable system parameters ihioh 
should be determined so that the sores of 	 polynordels are located 
at some desired leeatlons# To realize the full potentials and 
advantages of the preposd metes the designer should make rapid 
transitions from root loestions to both :fragrancy and transient 
responses, In the nznerical evaluation of roots, an essential role 
is played byt and v moves and Q- straight lines,, By i.i ee tiga » 
in the position Of the working point M(£ , p) In relation to those 
curves and straight lines both complex and real roots can $ilUltSn4» 

•eusly by ovaluatsd for different values Of system parameters,  
Complex roots are liter 	. by the 	was on which the values 
of era  are interpolated. Only a t points of these cis ebeul. be 
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computed for * °anon of co*plex roots sin** At graphical inter. 
p.lattin giver the designed results, Real roots aner psphiasU7 
•'Valuated free o straight lis, 

taitstiens of 	 psreeetr plans Mtho may was vhen the 
ad uetable Birt paraMeters enter 	iusa ►y into the eoeffiotents  
of the ciiarsotertsttO equstion, he P Ver [a►] Øoneitt.rs a general 
case in Which eeaf i .n depend nonlinearly on two 575t5a pare. 
motors and app .es the obtained results to the specific case when 
the eostfieir nto are functions of the linear ao*bination ot two 
para*otsre and their product, The presented procedure is the 
*pp ad to the design of a linear multtv*riable control e7stee, 

In addition certn ate** for the mapping of the conteurs 
from the complex variable  plane onto the 'peter 	which have 
given intuitively in the reference papers [1] +0 [a] are now preyed, 
80*• additional theorem are introduced to facilitate the inter. 
pi station of the parameter plan, dtagras, The mapping rode 
has been laid down below* 

Lot us take up the characteristic  equation given as Ia 
equate (2.1)., 

>: 	 0 

In which the coefficients (K • 0 	, * . a on real and 
nonlinear actions of two eye tee parametee C and p 

and a is the coapl z variable SIM as in equation (.2).  

quet ons (2,,23) can be considered as tv equations In the 
twe unknowns J- and 	which may be solved for oC  and p so . 
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c 	) *4 	 4 9 o 

aaat tit i m bl 	a (, xlkp ) w i ► 

4 (c3.?)  
p 

o f o ww4 dl$ QOn fGI c vo* Thc po 44Ut 	colvi 
3 an tiD 0? 4 am p to aivo . In n 	aoii  

n Zia `orm or 	1O3 tir(-C , 	ac a . 	Tho mn;,-P J procC *0 
In 	&Q rjl la an in t" o p 	ouO ac-so, But; o si & of tho 
bo•. .:,v to bo Qtc& 	ato ni od by o o .cn or tAo t7 .,ro i+ 

xt tho root bot t1a ioo r O piottod in r 9p to  1i a r o3q  
tho  bcr or rcoto In one of tAo toUndod room of thopm-m- 3to ? 
pl .:o cr n bo doo3d In a. o r iaiit tQ4 acs! .io'  
in t to odn 

Lot us co ldor tho ccoo tQn this co 	 oar rocood 
IntOt1Dof4 1 — 

• 0 0 	('6m 

(•) c.. i o 'I) Into 	 4) O 	O i' m 	('0",3) In tht3 fO 	, 

Cti 0  )' J;pflg P E) )* D2(t 	)c Q j  



C31 * )_* (*)lCq 
1K TK () 

* ___¶.) K+31 	 () 
K 

i e 	(.i)z  la ,t 	Tx( 

00* (20) 

too 

D_ 

using the toUowtng notation 

d * R31D2  40 B2 	 000 £2. ► ,1 

$ a B2C1 oo  C2+  UDC 

+ 

and oUminat 	p OM (2.29) one obtains* 
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Eliminating 	fret (2.29) yelIdi 

e soluti 	of (.a9) for £ and p in term of era  and 
are given by (42) provided 4 A 0 it a a 0 the solutions are 
given by (2.333) provided b A 0ibeu aa b a 0 the solutions fez' 

£fl4 p are 

400 	(2,34) 

In the original par for p1cne method where bK a 0 
i f  . . ) and 	a a 0 the nolutioms for L and p may be 

obtained free (2,34),  

It is important to notes that 1  in genua is for given values 
of ria  and 	I there are t%V pairs of values 4,wV r i) rind (cC2 3g) 
vhioh opeoi (.29). 	In addition, lice In a linear system 
Analysts parameters are represanted by real numbers the folloving  
conditions sba►uid be satisfied. 

02  ** 4 40 >, O f2  "0  4b4>10 ... 	(2035) 

lkpiations (2.32) or (2,33) present (9,26) ax 	are used to 
plot complex root bodes when the coetfioiaate a have tho 
form (2,28)  * 	The shading of the boundaries is deternined by 
the Sign of the J cabian given in (2.31),, 

Ther real root boundaries are obtained by substituting tar 
¼ frea (.28) into 

25 
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to Obtain 

p c(ø cr) +i3  H(, c-)+ NO c) * t 

where 

K 

6 _  
KO 	

(2,3?) 

R(.r) 0 	(4)K  bK  or  

uatiou (2136) is solved for p to give  

nation (2,38) repr*enta the o mea in the sp plane. 
For a given value of a-  there is only one pair of the al es 
( Zi,  P ) which satisfies (2.38). When the psreieters and 
sipper lineal (0 0) in the coefficient ¼of (2.25), 
curves are straight lines tangent to the curve 	1. 

203, 
Several methods for stability analysis and Investigation of 

#*lt excited oscillationsin nonlinear conA system are 
available, The describing function technique stands out beoain 
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of its usefulness in engineering problem, Often it Is feuM to 
be the only ma restleai tool for suoceasful solution or thss*- 
probl ,, 	scribing function tachniques snnble the coxrvntiensl 
design Mthods used for liras Mira s r s vith conparstiTe  
*as* In Performing the a.**utst ene in lr , The application 
of the describing tinoti*n technique or ny of the linger methods 
Upends on the nature and specifications of the control prb)ems, 

The paper [a] presents the applicQtion of as paramstr 
plane analis ' to the mrd tidsbion of atsbiUty end, sett. 
excited oscillations is nonlinear control systas. The utilisat. 
ion of the describes .function technique nskes the s . as sort or 
analysis as used for linear continuous a3PUtems for the study or 
nonlinear system • Variations of the describing functioni are 
drawn along one or both parameter axes and some characteristic 
curves are platted#  This method enable# the designer to maintain 
central over the amplitude  and frequency of the ttstained osei at'. 
lore when sduattiig parameters of both Uneor and nonlinear pe is 
of the systems, 

This method IS particularly convenient for e design of 
*ultl3.oep nonlinear control systms, The method I o a plIcable to 
nonli earity 4th complex describing tunctions two nonlinscrities 
with purely real describing motions and nenlinscritise with .. 
both fluency and amplitude dependent describing fictions, The 
analysis Procedure is suitable for application to both 	log 
and digital conputers, All the analytical and graphical operations  
are performed in the real domain„ 

In most *1 the nonlinear control aystesss err stability and 
e*1 " excited Oscillations are determined by the nonlinear 

Z7 



dttfsrsnti4 sqwtion,. 

C(s) + B($) P(x, sx) a 0 
	

600 (2,3) 

vhere s a 	0 C(s) end B(s) Are Polynomials In a vi ut the 
degree or pol oai C(s) higher than tho degree of the pot iew is . 
B(s) and function ?(z, s represents the onUnErity, 

In the describing function tMthod , it in iupcs+ d that the 

colutien x a xO of the differential equation (2.39) is euftioi. 
entl7 o1a►ss to the volution. 

x 0 A sin4 	 ,r (2,40)  

where) 0 a vt of the espo ding linear  differenti equation 
which has the eh recteri*tie equation, 

!Q 
C(e) + Zi(a) ( • ---)x a 0 	 .,. (2,41) 

4,wwtion (2,40) ts obtainedfro* ems. cn (a,39) by replacing thM 
function ?( , sz) by  

(x , ex) a S e + 	sr 	 •' • (2.42) 

ere$  
(A sin , , 	eon 	atn d ... (2.43) 

Q 

In partienlar eu the funotlo* F(x, ax) is (x) only the 

expressions for N1 nd t ice to 

x, a - » 	to sin ) sin d` 1 
(2.44) 

'[ *+ V  
E 
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POP the rsnWieariti Isuo1.y enoowt.ed Irk conA syltns, 
the iittr jr*is of aquwti 	(,43) aad (2,44) hey, been coepntod  
ono* end .r• eU*eted In st+Msrd ttegnsi, 

In *4s.s where the p ruodic a to t 	.te eiet1tsttene ere 
Idered the sUUtuc2s A WA frsqusre7 vat equate (2I40) 

and 	 orietia sgttm on (2.41) corresponding to 
a Unset difforenti su*tton with constant coefficients fi dents y be 
written as 

r* the e.rttietr ► a 	- 	are known function 
at the describing motion N a + 3W wd e ft psr tors* The 
o*tfietents K have one of the I ng forms 

10, +asp #49 #40 	 •.. 	(,46*) 

* hh  + xN 4  dK 001  

depending on the kind at nocUneority rimer investigation, fie. 
tie tem wi13. be 4iscnsed beLow on t ih bash the reLotteaw. 
ships derived for the 	er *ontim a system rsfaxtng to 
•qty (Z )O) .0 (2.13) 

As £to y known emotion (243) present the t cuffs 
vhieh a the absolute ( s 0) or reLative (0 < < stebiUty 
boWarIes in the £p pig. Ater the curves Are plotted and 
the cerrespending stable region Is deterntned by studying the 
position of the point 1(C, p) La reLation to five yes t  th• 
dssignr can readily ebb► infEn*tion about the offset# Vn 
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$t*biULt7 If Vt1ng the v uee Off- 	P # 

For the ertdyaie of etsbtUty s siasteined esotUatieni in 

substituted with var sW 	£ SW Pse indictsd in e4 e ans 
(2,45), 'hen the +mre 	0 Is plotted in the £13 p aas$ with 
points marksd for different vs3ues of ria 0 v 04 the sfabte region 
to det,ratned, Xt will ' shown that the sbsobzte stabIlity stability analysis  
Proos s In the tiisn. fsahlon with the a eeption of point (( 4 , j3) 
hick noves with ehngeg in 8ptitdo A W. frequeno7 v of the 

sustain itgnal z 	.. n Vt for vhIc the de eribig Co en 
N(A, v) Is defined, The cIvo location of the curve * 0 and 
the N 1001 described by the point fl( £ . 3) determinsa the stability 
of the noiI1L •ar eyed,. 

he relative ste ility of n l mar control yatems may be 
studied advantageously In the prstatsr plans by u5ing the ~ 
tees and the approach of 1rrlott and go 	o ut g o 

N w if Iw essias that the input to the n 	neerity to 

%th•re and w are varying slowly with tom. 
oAt 

* f or 	* At 	 .. 
when a- setts 4 	; 

and v 0 	. 0 a 	v dt + Ate 	 *, • (,49) 

're* (RAS) * (2,48), (2,49) #sue► obt*iflaw 
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W gi 

$in { f vdt 
4 

#00 au 0 

+ 040) W a(t) sin (t) # 0, 	(,5O) 

4#0 (2.51) 

."..X09 is 	Coit0+ ►(r+ 	00 	+ 	it+ 6x 

troii bieb1 	coo 0 * 	l r 

?(x, ax) can be expressed MV Sao 

xax) 
N 

+ 	ax  

where$ 

►4r J(A stuO, Mt 000A+A6s$► ) AAnOd0 

21 	 0 	
(2.53) 

Mg  + 	F(A *t 	Air eos if + lTSIA $)caro it d0 
0 

r .so 'we mote. 

o 	«v 

V Wr t 

Xv, and 112 are the trnctionl Of A 	and 	POZ 0 00 V 
equation (2,53) reduces to that of equations (2*43) • With equations  
(282), the characteristic equation of the Unurt,d differential 
e+ uation vhich correspon a to equation (2,41) may bewritten as. 
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C(s) 4 i(i) ( 	► 	. 	 1)x a 0 •►.r (2154) 

$ubstitut g 8 0 * Vn ~ + SWU 	In equation (2.54), the 
tatter r be rsri ten as tvo aim4teneous e4uatiorw tri three 
worn* A 	r. deh say the* be rsphieaUy solved in the 
per stir plans for funati 	(A) and v (A).fir the f ly of 
and V yes is plotted in the usual aanner and the K toe .s is 
c*r*trtzctd in the case parareter plow diagram iccording to the 
function $(A', , v,) given by ec nations (2.83), the values of the 

tians (A) and v~ (A) are read at the r respo d 	inter. 
ictton. of the not curt and the 14 locus* 

It thenonlinear function is (z).1 the coefficients N1 and 
may be coaputod using equations (2,44) derived for * 0 and 

V~ + rand the standard diagrams of describing Actions asy be  
utiUsed, 

For the analysis of absolute stability and investigation  of 
sustained oscUlations or Unit cycle, two loci are to be drawn in 
the Parameter p3.ane, my the curve • 0 and the M locus# The 
liar part of the oyetsn to repreoent by the cures a 0 and the 
nn1inasr part by the K • locus, Along the cue * O various 
values of v us marked end along the loom K values of the amplitude 
A and frequency v ar. ate,, The absolutestabiUty of the non.  
linear system depends on the relative Isostion of curve 	0 and  
the K • locus# Limit cyoles sac fry at the Intersection** 

In the dm lopn.nts tollwod the stebility is discussed in 
regard to ..11 the cares Inc equation (2,48), The ata* block diagram 
of i54.2 serves t►, tiluatrete the general technique. As seen ,in 
the 71g2,2 the system has to oentrol loops with a non i aritles 
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In both terv*rd and tredbeck paths, 

It the nonlinearity 4th purely real dei oribing function i1 
l ► loeded so 	ere in the control loop of a feedback sys tea, the 
+gee "f.ei~rhte 	of the torresp nding characteristic egmatien (23) 
have the tort (2,48x) I, In this er etiont P represents an adjustable 
parameter or the linear portion of the system and is called the 
linear psrsast.ro For eonvenlence , par&neters determining the non. 
lineartt ► ear nemtd the nonlinear parameters* The stability 
analysis of a control system with one real no inanity can be 
performed with respect to Initial conditions on the one hand and to 
the linear and nonlinear system parameters on the other* 

The problem of two read. n' .neerities often arises in the 
design of nonlinear control system, It Involved a rather general 
rephieal solution In the parameter plane, 

When the describing fimotion is complex the stability analysis 
I.s si l r to that presented In the pre 'dons sections; the only 
difference is the neaplex coefficients ¼ of equation (P.48.) vhi+h 
changes equation (241) to the to 

k 10 B2P + D1 00 
0 • 
	

(2055) 

Whene, d;, * 1 	and P a N13'0 
Promemotions (2.55) (243) ebtein the torn.  

1 2 



The plotting of the r3 curves with equation* (2,66) is 
performed in the usual vers ataapt the determinant 4 *92 +32 
of equations (2.85) is always greater than or atleast *"al tea► 
zero sad the shading of the curves is on the left side facing the 
direction of increasing We  

Vs $hall mew consider a control system with that block 
diagram of ftg.#,2, the only orLtinerit7 ng  is located in the \\ 
forward path of the inner control loop* This block diagram may 
represent a positional control system with a tachogonerator teach. 
The component, in the fsrward path of the inner control loop are 
the amplifier $ generator and servomotor, It the motor exhibits a 
quadratic coulomb friction described by the function 

P(sx) a k1  (SX)2  sin ix 	 00# 	(2.57) 

whero, ix represents the angular velocity of the motor shaft,, 
Then, 

(Ts+i) ax a► - 	• k F(s) 	44 	(2.68) 
1 

whr+ 
2 is the shaft position 
a is the error signal of the inner control loop 
K2 is the gain constant 

is the tine constant of the amplifier  
T2  to the time constant of the ear motor 
k2  is the proportionality factor. 

By applying s describing function method, the noniinscr 
fwtetion P(sx) say be expressed as 

?(sx) a 	r .'" Lw ix 	 000 	(2.5'x) 
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and l in aoeord*.noe r dth equation (2.58) 0 overall transfer t nonan 
of anp1itisr, generator and serve *o r bsco es 

o ~i N) * ~ .. , ~. » 	*0 w 	(2.60) 
$(T1s "l) (T +l*N4t) 

in which N1 a (~) Lv Is the correspond ng describing function 
arid, for , cenvonit ►ds t 1c a k1k2. The derivation of eQuations (.5) — 

—( #60) Is given only is brief. 

In applying conventional design techniques, difficulties 
arise because the gall transfer function is +fig(s o N3), rather 
than the single product !t3,# 2 t ,~ In the parameter  lane alysis, 
this ntaile it real difficulty, since N can be eonsid*rod as 
variable Sc or p is the usual armor* 

The parameter plane enables a relative stability analysis 
of nonlinear control sy ems to be performed on the basis of the 
functions (A) and v (A) defined previously, The functions are 
obtained graphically in the parameter plans by plotting a family of 

and rrt rV*a and plotting the corroaposing H locus from 
equations (2,52) and (2.53). At the points of intersections between 
the family ones and the Xolac the corresponding values of v. 
and o" read at functions of the amplitude A rhich is marked on 
the H locus. fiver, for most practical poroses , it is not 
necessary to determine noti. 	(A) and v ( 	In an ir,lyt since 
the evaluation of their extreme value ► Is. sufficient to predict the 
system performance chars c en stics.: Therefore1 a relative stability 
analysis may be directed tavvd the determination of • tem pens. 
asters rhiah result 'in a aiaiaua valor for the function E5 (A) which 
is greater than a preScribed value % for all possible values of 
the 	►litud+, A, 
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in terms of the parameter piano analysis, the formulated 
relative stability requirement Si readily interpreted as deteraainat. 
$on of system pat waters so that the entire M Ions is located 
Inside the relative stability region specified for S > qo  •w 

It is assumed In the relative stability analysis that t e 
corresponding characteristic equation has only one pair or complex 
control i ts, sad that other roots are real* In normal control 
system dosigl  such a rest configuration Si desired, Vius the 
parameter plane method vhieh permits the evaluation of all roots in 
a simple uannsrp enables the complete relative stability' analysis or 

nonlinear control syst t•  

The performance indices of a servo eye tsar in the frequency 
domain are known as the frequency doh ape*iftertions, The gain  
margin and the phase margin are the two of them which measure the 
degree of stability quantitatively. 

Gain margin is the ratio of the gain at which the system 

becomes unstable to the actual system saint assuming that the phase 
of all vectors remains unchanged, The system is Not unstable Si 

the polar plot posses through the .1*30 points From the plot of 
,g ,3, this condition would exist If the vector along the negative 

real ads was increased in length a until its tip reached the *3,♦SO 
point,*  Th. gain margin Is then IJ OA and as shown in the 8# the 
Bails margin is positive* 

Pas.• margin is the amount of negative phase shift which 
oust be introduced (aunt gain increase)to make the curve pass 
through •i,+J© point. The vector which must be shifted to obviously 
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that vector which is unit long $ end it 1ay be located by drawing 6 

circle with centre at the origin end unit radius. The phase margin 

is then the angle between this vector and the negative real axis as 

shy by angle 0 in Fig3, The phase margin has the significance 

of estimating the tobtUty effect of changes of the para mere of 

the system which affect the phase of t CS)H(S) s 

It I s usually preferable to evaluate the gaitmargin and the 

phase margin of a control y*t+m from its aod0 plot because of ease 

or construction traction and they vay results obtat E' from the plot, sere 

the gain margin and phase margin are obtained from ty quist plot,* 

The characteristic equation of a unity foedbc4ok closed loop 

system in given In terms of the parameters £ and 3 by 

f(s) * p( )s + Q(*) + fl(s) 0 	0«0  (2,61) 

The system can be represented with an .quialent single loop 

(Refer to Ftg,1.) having the opem400p transfer n*tion. 

GK( 3v) a kt- ti4  tk ~y R. 

r 0 1 	x11 * ( ) 

We knew from the definition that the magnitnds of the OH 

plot when It intersects the unity radius circle is unity ad the 

angle is. (100° 0) where 4 0 s they photos margin, Therefore 

(,62) reduce$ to 

+.00 	 • 



Then we have 

[P3(N) + , P2(w)]£ + [Q1(w)+$Q2(v] 	(a+,fib) [R1(v)+3R2(vJ 

•.. (2,63) 
E uating realand imagS.naz,y terms1 one obtains 

F1( )k + 	Q1(v)J3 * a (w) . bRq,(V) 	1 
4 (,64) 

PZ(w 4 + Q2(w) 0 a(v) + bR (w) 

From the above equations (2,64), we can obtain two expreeaiona  
for z and In terms of 4 

	

*RIM A» bR2(w) 	Q1(w) 

L ') + 	+(v) 	Q fes}ri ~c 	
(w) 	

• ,•6WW 

	

P (w) 	Q2(w) 

P (w) 	aR1( r) * b (v) 

P (' 	(w) + 'b (') 	 (2.66) 
' ( 	Q1(v) 
"2(r) 	Q2(w) 

'Herefore, giving different values to w we Can plot the values of 
c and p in the parameter plana. Reece once the pie margin is 

given the stability of a particular system can be ascertained in 
the parameter plane# 

From the definition of the gain margin- 

20 log j 011 I in db * Gain margin in db, 
When the phase of 011(3w) is - I80  

$~ Q» (SVi 
Rtw 	 C 

or [PI(y)+ 3P (v)] 1 +[Q1(v)+3 Q2(w)] P cxa [RR(w)+jR2(wj •,(2,6?) 



or, P1(V) L + glis*) p * &1(v) 

P2(v) C+ (v) Ps o112(v) 

On • the gain, margin is known vs can proceed exactly the  

similar way as in the case of phase margin to st two expresrionn  

for £ end p In to2ms of V. 

	

o (v) 	Q (v) 
Q (v) 

	

P2(v) 	Q2(v) 

	

FI(N) 	a ( ) 

	

1PX(w) 	( 

The plotting of the values of £ and p in the pax'eeter plens will 
enable one to cheek the stability of the system for the given 

gain margin. 

Now a family of curves for constant phass eargins  
constant #&In margins can bo planed in the parameter plane. The 
values of the parameters £ and p can be selected to satisfy the 

requird frequency domain specifications. 

T' 	J 1 TT1J 

Frequency domain sensitivity helps to consider the Influence 
of small parameter changes on the frequency response e char ae ristics, 

and to minimise the mean squared variation of the system response,, 
Side by side with the sensitivity considerations the standard 
frequsnoy response technique is used to determine system stability 

and response characteristics. The frequency domain sensitivity 
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also helps to find out the eta, of a system parameter r which will 
place a stable system an the verge of initsbi].itro 

A3.gebric methods  iietbod may be applied to the design of a control 
systemthe pols'sIre sensitivity can be used ta perform the 
sensitivity anal is. 

With the help of tiaeu.deiu n sensitivity an efficient 
computer metes hats been devised to investigate control system 
sensitivity, 

Then methods enable the designer to satisfy both stability 
and sensitivity requirents, The design process may involve 
interchanging the stops for std ility and sensitivity censiderat. 
loan until a sattstaetor*y'solutiou is obtained, The v►theds may 
help, to moot a desired set of system performance characteristics,  
but this achievement is meagre -vthen ecared to the tedious work 
they involve, 

sued on the application of the parameter plate method this 

paper [4] presents a procedure thich enables the stability and 

sensitivity requirements to be considered simultaneously in central 

system design# Here, a timeedomain sensitivity Index is mtniized  

within the required stability limits, Limitations of this technique 

may come up due to the tact that the form of the system must be 
defined before bend and also because only two system parameters can 

be adjusted sl*iltane.ualy, 

In a linear control system subject to an input lima* the 
errors  o a e (t qj  ,,) is a function of the time t 

mind a set of system parameters ql, q  To investigate 

bow the smell ehsnps in a par. for qi  affect the error signal f  
6'/73' 
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parameter Influence ceeffictents 	hairs been defined as 

'd• "" 0 	1 $(,2 .,.........,r).. 	(.71) 
1  

Fer 0 9:LV n Set of Values of the system pars sters q1t %0. 

+ * . t + 	the function U W (t) to ♦ function Of time. The 
Shope of the functiem (t) detersinee the seistttvity of the 
error Signal to ditf x entisl changes in the parameter tai. The 
tMetien u1(t) use depends on the input signal which is usually 
a test signal such as an Impulse,* stop or romp function, Therefore 
in order for (t) to be used In the sensitivity analysts of a 
control system1  the Input signal must be defined, In this Vapor#  
a unit iiulss1  end stop input are asen as the input test 
signals, 

The mein weakness et the ceeftiotnt u as a s ure or 
Index of a system sensitivity is that a function cwt readily 
serve as a metric system performance. The purpose of the 
performance index Is to represent in a single mensurs1 or in a 
limited group of such nu ibex 1 * quality measure for the perfor. 
manes e of the system.  The system ten can be optimie.d on the, 

basis of this =* r#  A general ,index Is introduced by 
00 

I ii 	 Cu., vt2 	+ * r r s 	, 	dt 	(2.72 ) 

which establishes an Integral as a measure of the system sensitt. 
vity to smell parameter variations. A set of perameter values 
which minimizes the above integral provides a lsaatsexSuivo 
system according to the defined performance index, In a system 
design$ the chose* of the fiction F should be governed by used. 
ness in that the particular index which is selected must be e 
convenient one to use as veil as one which ysilds practical 



rss t$, It should all* be noted that In the design , the para. 
motor iref]uenes coefficients should ba nermaitsod to beeemt 

(i, 2........,a 	,,, 	(2,73) 

But bar* for simplicity we shall takø t ø the sensitivity index 
00 

x * 	t Ct) dt 	.#M 	 * 	(2.14) 

The Index considers the influx at the u*aU variations in 
a systom parameter qi  By using P ►ca 's theorem# the Index 

of (',?4) readily can be a rased at a function of system 
parameters. 

When the test input sigma (a unit impulse) is applied to a 
linear control systems  the Lsplae transformation of the error 
signal is a rational function of a given o 

4 	3 	*** 	 #to 
	

(2,15) 
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where# 

1,16) 

 

The coefficients at surd b are functions of the st.m 
param►tor 

bK  * bit  (qit qit . «• *..'..., Q 
From (,11) it till wrs that the Laplace transformation 

Vi(s) 
 

St the aoeffiatent Ott) I$ 
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using (N„7W) •► (N.7) $ one abets the functien U,4S) n the form 

(*7) 

Thus, Us(s) to a rational function in s o, and Pareavall 
theorem can be used to express the integral 11  of (2,74) 49 

X3-00 
U (.a) do 	. 	(2.80) 

,x 300 

B r substituting (2.' ). into (2.80) and using the standard 
irate#r4 tables (Appendix 8.2) , the Integral i of (2.80) can be 
calculated In tear of the system parameters to Obi 

► Zj  (qt q2+ 	s. . 	c ,) 	 (2.øi)  

Thus the mintideation of the sensitivity in reduced to a 
minimization of the function 1, with respect to the system 
p&i'smeters q1  q2 	q,, 

Zt should be noted that the proposed index of eeusit .vty 
can be readily applied to any sib in the s tea other than the 
error signal, Pur yrs re#  the form of the index can be extended 
to the case thOn the so xsitivity of several signals with respect 
ter multtperamotor variations is to be considered*  

After the sensitivity index is expressed as a fiction or 
system parameters,, the minimization procedure can be done formally 
in the standard mer of equating the partial derivatives of t the 
obtained fimetion to sire and salving  the resultant sot of 'equations. 
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* 	3 * (1, 	 r) 	•. « 	(2.82) 

for the 'values of the parameters, The set of parameters which 
st ltin sl' satisfies (2,2) corresponds to it system rhicb 3s 
relatively insensitive  to smefl variations in the parameter q1  
Before the solution set of parameters is accsepted$ the higher 
order derivatives std be calculated to verify the minimum of 
function X1, 

The formal minimisation procedure, outlined above1  suffers 
from a serious limitation In that the obtained set of parameters 
asy result in a unstable, or even unrealisable, system. Therefore, 
In the coni nation of the sensitiv*ty Index# certain stability 
limits have to bo introduced, The design objective here will be to 
determine values of system parameters which  n*intnize the sensitivity, 
index rider the constraint that all the roots of the system 

characteristic e ,utidn lie at certain desired root locations. 
These shultaneoue stability and sensitivity considerations are 
performed in the parameter plan**  

In the parameter plan* method1  the characteristic equtition 
of the system is considered in the form given in ('.i) and the 
complex variable a is given in (2, 2) , two system parameters and 

p are given In (,26). 

Parameters rc and p are chosen 	ng the parameters ql*q2, . 
vhioh appear In the coefficients a% (2,,V), They r can 

be chosen to either parameters of the controller or as parameters 
of the controlled part of the system, 

In the 9  plow# characteristic curves are platted using 
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(3090 c cLo ro S s a 	foifor 	O1 all t o 'GOO O? 

(j r' ) Lv=Vo 	«tV A,~i a~ j iiVL~31S i~LTi:5e4.::+3 i
n
t 	~.17A' E+ 1'GAF 4i i~vWr 7+r1 w~+Ca1 

ovlca cal shy voot v2to 0 	0 afi v3cD10wo : 	e 
cat o Q3cX73t3 o .o .2.y 	 tis In r zotori  

oo ►c oz o4 C cad p 0 o oocLa29 cto oocL1co 

a e o of dao ;: a vc c io pQr otcroo 

OO ?O3, fi O 	0 ooaotc + ?3D cos bO pot d S.L than far=tov 
jmo c2o ui tho dInGr:aoo baa 6o ornIm th oto3 ac ility, 

aonnoo 	v1io of to Lactot d^ p 0 c; ,hick 	.ca 
X41 oars i ric► ' Indoj tna3o a t000a V atvo ticpt.g ogøn 
0% npdndtoa 1OQl fU colutiono AfZ ' Zo ^VL 0tc ` TAtto (1.dc 't'? 
to n otto and to  s 0eorwtont=Mn Oro IvIt o coc tho 
so . o vaino of C to p arcs fob byI opt 





• Paas ter plow . method is hen applied tO two na.rje4 
.*nisi of es i•ns tie* The nature of the tunater fuactien of 
the ceep+ ator is assumed tabs ern and on.y two pars*stSrs are 
assumed to be edjustable, The re4i2ition of the eaensator its not 
our prebles aM so It Is not disetisud hE'S 

In the first. semis j the eopensator to used cn1 in the 
inner feedback path Both the gal. OW tie. eD tn[ are taken  
to be the sd useable psra*stsr , 

In the second 	the cope a rIsusedbothinthe 
forward aM ia the inner feedbaek M4ha, TM OffeOUte adjust ie 
persiiators are the gain KO msesotttid with the taro plants and the 
gain K4 associated with the inner teadbaek ion 

34. £zsaLa 
fletai4ng to Pig, 1,3, the loop tr ufe fiction. are giten 

Gi(s) 

- ;2 t3$ + 

The eheract r .stic equation corresponding to (#1) ic.  
f(s)* A* " ;04+(1. ► i ► s i~'l. 	i+ ~i 2i' 	ifUO3)# " 

+ 	+ 0 	 0*0 000 (3.2) 

It is elesidend thst 	 . 



for 

(3,4) .ewi.8g,72v +333•Ø 
4 53.2v • 110,0 
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We s UU cheek bet the abse3►u ( 	0) end the relative 
(0 , 	, 1) stabilities of the given system. 
sr 	 0,O 

• 

OO 	► 20,av a 110,0 
+r r► 	vt ,•M 	(3.3) 

0045* 2 .11,0 
Oo. 	« 	. 	► 110, 0 

o  . 
►~►' '*, 	t"`' «~ 71ev + 	##0 

.0.54v 437y 444i, +X00 
dW i7tjk + 0.468v«► .'7 	?,8v 	110,0 	

08) 

0.57Ov + 0.4EJBç 	.14v + ' ~►!! n ►110.0 

. 3 „"r a 19.Ov + 200,0 

p 21v~► .9+1aa,0v .110.0 



K 

For a phase *argtn if 3Othe 	z and p an given by. 

£$ 

i 	 lk 	3ev 117,v+104 
* 4'0.r 20 n UO#O wU 

Per a phase margin of 45• 

e 
~► t 	2b.. 	3lO,O 

b 	onv6 	 "494. 9vO. 	 .lv}as. 
C

iLo  

Fora 'ain t gin of 6 db, the pares r' are grassed aa-► 

1.35v2 + 50,0 

er 	2.1v ' + 61.6w2 ,5 
O 	"a. - 110.0 

For a gain margin of 12 db, 
0.87 	• 25.00 

0.025 V6 .3..0913w4 +33.76w2 + 30.2 
02..9v a 3 0,9v1 0 .0 

Per an lapulsca input the actuating sinal.«. 
$„ 	e ( ..9? 	.3) s*y+(3. .3T_ +1. 	' +3,~E 	* , 	" 

I+ ►4 ,~,.~ 	 . 	 r r.► 

 

,(3,u) 
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he sensitivity index U is ivøn' 
30.0 £r'+ U30,0I • 3O,O)a + (ioO.00 3.3O.0)s*3O0,O ( 

vhoro 	

L I-1$* 	 11jT1Ir tL*J*U.*tlELi 1*U1*PLI .il %1 

* 0,o s+i1.i4 40,IL )1  +(U.5G + 0.09 .23k )s 
2. 

(614£ i8 £ +23.19 +144)s6+(21s,e9-2+u,80 + 

fl4,24L +1,'7,4t 	)s +(8?,1.U8.OJ3 +11,4 p 

438,52 003 .(58.0J •t10 £+ 9,0 +2I9,89 +32,0 £3 + 

p )$2+(eo,o 2  •3324p + 293,0 +24210J. +220#W) 8+ 

22040 +100+3.21,Oi 
(3.13) 

get.' 

Co? *0# G6  .0 	04  .0 03 3O.0 Se2  * 3.3.0J+30.0 

al.  *O00+130,0, e*iO0.* 

and 	as * 0,00, 47  * t44 4 

* 1159/ • 0000 + 2.84 45  5741,3e2348t +3.14, 

44  0 23$,69+1t5 +U4,244+1'7,4L 3  + IA I 

43  0 61.4+ 18.0 + 11,4p +92,2 + 438.52 

* 4.0J+ t21.0L + 	+238,60 + $2,03+Ui.3 

43. * 220*0 p + 10000 	121.0 

t.. 	(3.14) 

The sensitivjti index for a stop ipnt. 
30,0s + (130,oa+ 30.0) 30,0 +130.0)s+100,0 

•U1J A  

r 



so 

whet 	s [0.02-  #o +(114 +. ~) ►8+(U 5* o. +2.28 J) s1 + 

11424.+11.4 -p+1.! 	+ (81,i +118 0 11,4 4 

99209 L + 4I38, 52S )s4.( 	k, + 40cS .O~+gw.w  

332.0 + .1,8 r )s+(ec.0 j2432.0 p +293.0+242,0 o s22G.0&) 

*. ►~► 	I **,► 	, (34e) 

0Ot a, got., 'mss *5 * 0G 	0, c3 * WO' 

130$0 	30,0., 	.0 C + I20.O f 1000 

x'0.09 9+ 	.3  d 	, 	£ r 

* 814 J 4 1,$ 3 • 234 £ + 

45 * 218.8as • 31.88 s114,lc- + 11,4 +1,8 r ' 
4 a 813 +11,0 3+P2.,2 L4 3J2ó4- 17.4f3, 

$g4,o L+ 121.0 	 ► +23a 	3 	i?. p , 

5 a 60.0p .332# p + 93,0 + 242,0J+ 220.0k~, 
.0 • 300,0p + 121.0 ,  

The s.nsjtivtty index er.spsnding to £ for arm J u ee 1rput .  

V3 

vhsr* D3 • 
r + of 06 a01 o,a0, 04 *0# 	*-w ,Op 

02** 1300 	a* 3 , 0000 



0.0 ' ' d1 a144 	045L  

44 a =. L,o +UU15 +j4 24k + .4 £'p •1,R 

43 * 5744 + 3.18:0 £ +17,4 p X2,2 + 4J$,,52 £ 

62 * 540 k + 121,0 • 0,0 + ma.,60 + 32,Q9P+ "170? p•I 

di * 60,0 +332,0 p +293,0 2420 Jr- $ M00 

d. x 2,0 3 4 IOO.0 ~ + U160 
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SsnsiUvtt Index cerre*pendiflg to c . to a stop Input 

TJX 

horn, D4 $ 021 
' 0 67 	% + 'v *500$ 64I0 gew3O.0r3, a 43O.O 

03. 	a03 I s a 0 

a 0.09.8,49a  'AO 	, ' 	 1  
46 '* 673 d?;"+18+23.  8 £ +1,14, 

da a 2, 9+U.59 +U4 4L+17,4 +1+ ,8 
44 * "w +1. +1?,4 p +292. k + 4 52 k 

d3 0 504,0k 4 121,0j + 9.0 ~ • 218A6D + 332,Okp +U7$ 

d a 60.0 ? .+33 Q r3a0 +2420 £ ^M►i0dG 

41 a 20,0 p + 200a0 p + m4of. 
d.*0 

3,2, L2' 

Refi.ntng to ?tg4,31 the leap transfer .inott 	*r* given 



52 

~~►.~ 	• 	(.a) 

The t aractapiotic aqu&tion correaporidig to (3,22) It* 

f(s)a 04.a+ 1,2 ` .., 	8 3y +X23 y 

We aha . ash 

For 	0.00 
,35 +2.6 +6.25 

0.11 v 0 0.4625 	•- a." 	 . 

For X0002# 

£s.0,315 v .0,690+3,82'►74V .5 1 

Per O,3, 
~C 0P ! w 1,137 + 4,$7 w .10,x% • *26 

0 3,26) 
ps .0,0 12 4 04aew 4,ø25v + 5,25w .9.15 

V.P *O,5 

~-'s . , 37573 +80875 ,•17.75 V. + x8,25 

P s 0,5825 v .2,8375v • a,97 n ►8„76 



Far a p  s phase rixo `f par tez1$ ar+w 
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O#W'v* .rw 'v  

Per a phalø xi ► of 4' 
.t,~5 *6 v̀  .0a «.2,33V 

I, ■ 

0,031ev 4O4598,~+0443+ 

For a gain margin of 6 db 

+8,25 

* 0,05 Pir~ + 0,22 v. 4037 

For a gain rgin of 12 Gb 

0043 ' 	+ 4*3,23 

13* Q.028125 v + !,~116~ «~ 2,1876 

(3,29) 
*707 

riIftrW 

., 	(3. 31) 

For an omit s. Input the aotunting sign  
0,1 '+X,P 0 +(3,$ ,3a)a +1 +,C + 3.55 S2 

015*+1,25*+3,56*+(. . J+p)a+K+2p+1 

The sensitiv1tr iadE 
[o,ia 5.i.asa4 +6.o5* +(3J,9 	•53)  
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h•r• Dt 	[0.02.160 • 0.37507 • 2*62' 	+(1 *01 "0,09L *0#3p10 ' • 

(92;1. +1,0 +3*lP)s4 +(4,63J.3,14 +3005)0 +C0.o9 t 

21 5 +9,3 + 3, 	PS + 	sR +(8. I +1,7.2 P +?.6 + 

	

0,6 £ 2 + 4,0 • . AP) $ + 9,2 +4,0 	+4Q £P 

We harm, 
a *) e a0# es .i# 04 *1,58, 03 * *6.08 

09 ►(10.9 f d,3J,j 	a.(8,6 +1. c )# + s .(2 4 

r a d.o' .5, did * 0,315, % a 2,6275, 45 *' *0VO o 	.3 p 

4 *0 	+2245+9* S-+ 249 +~2 

,d 

 

	

*8,j,+  111.2 . 1.6 • 006 Z + 4,,0 	3..p, 

do aP + 4.0 + 1.0 + 4.0 ''P• #0̀c* ' ,00 

	

t • 	$ ~ f 	(3A35) 

For a unit stop Input the unsitivity Index. 

	

. [o,isa .i.a ' +6,,0513+C10, 	3 	d +2+2 , ) 

vhoo 1 is [o.os a9 ,315s +'j##+( oC # z4003P)06 

+24o L+► 	s5.c4.e3 .12,E r3+ ►63 1" +(o,09 

0.6 + 4,0f +3.2Cp )$2 .( +4.0 '1.d +4.00c+ 

' 	9- ++ •0 P )f] 

 

(3.37) 
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°?°' *1 *Q ea0 + *.0. , 04*4.55, 43 *u4*05 

and 

Q,O225 de 0.315, d, 2.6:r . , dde .o1'O.0 so.3 , 

d$ a 8.t -+V?,2p+ I*$+006k'+4.0  

dl a + 4.0 	• 4,0 	' 2.0 + 4,0 ~r 

d0 *0 

Ssnettivityr l*x eorrspond1ng to for an ttipu1se input 

v`heze, 	_ * p51 

'3* •6 Po 

awl 4* 000MI d 	$ d 

4* 10,01 , 	,3 Ps d4 *221 +1,08J+3,1 P 

d3* 4-663 + 124 • 30.5 d 	8+3. L .af3+ *O* kP 

d* 8, 9, +1?, f3 . + 0,8 	0 + * kp 

dd 	+ 4,0 + 1,#0 + 4a0' 2,,0 + 4,0 

d.zsitivity 3 •z errs*ponding to £ for a step► Input signal» 
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eo, e , O4 *dam# oo*O. 

e1.1.6 e0 " 

49* O~►O5, d 	0 2, ''5, 4, * ►,Ol$O.OE L . p 
d 224 +1.t +3 ,4 p. 404 l d +12#1 +' .5 

o-ooz 2.8 * + i. 	► 3 	' • O.6aLN  
4s 9.2 4 1 *23+706+ OSP+4,0?+ 

d~~'2 +4.0 fo +3.0+4..0£+ 2.0-  ..Gp,. 



"~ 	.!P 	3 	'i 	~~ 	~ 	a 



In bath the nuasrical eicep1es we have obtained the 
exprOSOLO s Of IC and p In teras it w for the absolute stabi ity# 
sol tiv. stsbi1ittes# phase margin# gain margin end sensitivity 
functiens, The rrespon ing curves are plotted In the parametr 
plens Isbawn in Fiss. 4,i(a) ; 4.1(b) aM 4,2(a) # 4,2(b) I by varying 
v from o to a►. S 	of the results along with the computer prego 
ring have boon shown In Appendix 5,4, TakIng any point within 
the stability rogioi and then applying Routh iinrwitx Criterion vi 
can cheek our calculations end manipulations, The sensitivity of 
both the systems corresponding to each parameter and within certain 
stability constraints will ba interpret her** 

44, 
Let us take any arbitrary point M(,2,5) within the stable 

region of ?ig,4 4(a), 

The eharsotenie' e $ ►tion corresponding to this point is 

'(s) ` ►~r06 i " '' 0#6130' + 4+ 	' 33,ofR +1" '~ a t, 	.r 	(4*1) 

Routh Horwitz Criterion to now applied. 
W ! have- 

.06 456 01071 

0.68 33,5 0 
2 

21 1100 0 

0 

Th* system has been found stable. 
r. find a point of atniusa sensitivity for a specified 

da pint ratio in the finite. c,f3 plan is not possible* 	But 

4,2) 
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we can a 11ize the I a contest curves corresponding to each 
psra*etsr for choosing a desired syat n response, , Ire g444(s) 
two operating points (0„1, S) and M2(0,3, 1.0) may represent 
two systems which may have satisfactory system reapers•, Accord. 
Ing to the pól..zero conligcratious of their o1osed400p transfer 
functions. 

$ Poles at 0 i,5, .1 , 	► *4 3 6086 
Zeros at • 1# .25 

... (4.3) 
$ Poles at 	1.7, « 	.1.24 ± 3 6+ 09 

Zeros at .3, 3, .6,6 

The point N2 As preferable because K1 corresponds to higher 
Sensitivity. 

pert pro shall consider two points H3(0,2, ,2) a )44(O.3?p3) 
Of g,4,1(b), 

Prdøeding a in the prtvi.ns case we have- 

* Poles at •2 , .l.3' 36,3? 
Zeros at *511 .6 

% $ Palos at •3 ~4# 	.1,2 	35,88 

Zeros at *2#7* .11,0 

Hors we have soon that the value of sensitivity is 	moot. 
independent of £ 00 depends  only on the value Of p * 

K is preferable because It corresponds to cinimum  

$ ens t 	ty, 

4,2. ~~2L 
we shawl consider the arbitrary point M(36) In F g#4,2(a). 

The characters tie equation bscaaissw 



- 	1 	.1-_..... 1. 	_ .1.,,.,~ 1. 	J. 
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" 	0.15 k  + $,25s + 355$2  + 10.70 P 1$ 0 0 , , (4,,5) 

As in the proyt 	example we haves 

$4 

 

045 3.85 	16 
10 3  1#2 20,67 	0 

s̀ 16 0 

(4.6) she" the s t ► to be stable.. 

Nov If we put the constraint of atabittt ' , a damping ratio 
a 0.3 aM oonsicsr two points 1 (%St 143), %(3*6 0,?) 

proceeting to in the pr,vioua exmp1e vs obtain. 

145  I Poles at •2,,18# • 4,6k «0.87 + 31.8 
Zeros at .2, 

... (4•?) 
s Poles i t 4#  •3,rn4di0.643141 

Zero* at • 2 .12  
Herr sensitivity curves v.r.t.per. mast independent of the 

value, of £ and depends oar on the v .uo of . The pot t 5  is 
preferred because of atninu sensitivity, 

Next we $ha l consider two points M(1.85, 1,?), and 
(3.35k 0.9) of Tig,4,2 b), Th* pole sore configuration or 

closed loop trans for fictions of the systems sets that. 

).7  0 Poles at .2.5, .5,, .0.6 3 1*9 
Zeros at •2 	.2 

$ Pales Nt .3.4.0,54.3l41 
Zeros at .2 03604 

On the consideration of si. o* serisitiwity the point 1s j referred, 
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The ceaptex variable a at the c) racteristic equatieri of a 
serve syst.an is expressed by* 

whores, v~ s undo*ed natural frequency 
9 * re1stiro doth 0oef iei t, 

Given a characteristic equation«► 

f t) 	Of 	 (5.2) 

S" can be given by 

vher 	. 	? ( 	 1 
(5.4) 

) 0 (.1)3V() 	 j 
fiction TK( €) 	( ) are ehebysh,v motions of the 

tirct and the second kinds respectively* The argument of the 
Chebyshev function is 04  I4 1; for the stab., system it is 
0 

notiono 1( .) and 1K' ~) may be obtained front the 
recurrence form es 	 " 

 T 	+ 	]( ) *0 

and 	tJK l ( ) • 2 	( ) + Uw ,C ) ' 0 

with 	? 	* 1 * , 	, Le 0 and U1(, )Lau, 

The numertca.1 values of ' K+ ( 	for pertinent values of 

are given in this tables I and II, 
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0.00 

0,03 

4010 

0*15 

0#20 

0.25  

0.30 
0* 

0,40  

0046 

0,080 

005$ 

0060 

Oise$ 

0.0 

0480 

0,55 

0090 

0.95 

 

0000 

0003 

Colo 

0,15 

0.20  

0*2  

0,30 

0.35 

0.40  

0,45  

50 4* 
0,065  

0060 

0#65 

0070 

0.lo 

0.0 

0.95 

0.90' 

0.*95 

1.00 

EiJ 
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0 
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5.2k 

* r J 	
d-i2-h- 

.SOD 

goo 

too 

$oluttone of t 	1't integrals are ebt.ued. 

2 

W# 

0 	3 

" ; L% • (4 . 5  ) + c4 ► 4t 6+c3  ) • 

(o 2e3e5  +2ee 2*tO,) +(4.2e2e4+2c15.2e,c6)*4+ 

(44ee3s2ae4) s5+c %c2  + e 	(541) 

*1* d. 	s) (.4147 * ,l, 	*) +( .r) s+ 

d1d )  + ' 3' 3 (4,43.' S)  *dj% 	► 

X444) (4 55414  4 '  



2 *(43  ' 	(40 '"d1 	.41d647 	+ 47)Z 

(*4d35 5 $d•, • 23 * c m) o 45d7(d d54 d4) + 

4 8Ø(4&7 	 .w 	( 	) 

113 ' "04 ~ ' ~ ► *t 	+4' .(4,44 	,  

444) 9 ' 4d?(v"od +d%d4 4d3) + 2 d d d3% (54 4) 

*4 * 	+457) (24,4 d . 4d345 +  	1'l + 

	

(04A + 4447) (4043 ► . ► 	° 	+ , 

a. '-td6%x 0102*dO 1, 4) 	 (5,18) 

5 II 	** +14 	d* « 4* 	. 	7) 

0 

(5.19) 

d (4 	+ di*.  4 4) 	.• • 	(5.20) 

29 * ALX [14 ". 9(4* 2 O081 +°&'? °4aa*2 

(4i2040e * 3 71 2°2°e 3• (off *2030 , X206 

2cic+2e.eg)a4+ (4.a4+ 01c2o,c6)+ (4.20103+ 

	

0) +(I 2a s2)*7 + ON] 	,., 	(8,21) 

where$ 
*1 * *1(*],*1O **g$9+*3e8 +3*8 +2s$ .+** .4 

( *16 w 	* *5 *4 ) *$ 	,,, 	(542) 
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(5,23) 

1S.M) 
(6.25) 
(5625) 

(5.??) 

(a.30) 

(5,31) 

and 

0 4,49•4,06 

 

  

 

4344 * dog (8.32) 
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In mapping a Constant contour fro the euipiane onto the 

' p W* ► obtain the related curve,, It to of Interest to 
d.terdne hiob side of the curve carr+ pe s to a positive increment 
of L~~ „ Then that old* of the care should be shaded In order to 
do erdno the n ab.r of rote in various regions of the CP p]. en*, Zt 
will be proved here that *,• 



if theZ'* bis* I a ItR, 1/4,13 ) is positive, thou teeing 
ditch,* In which va iner,ues the loft side of 	cue 
corresponds to a positive increment t $ 

To promo this at*ten ent vi $hall define a vector. 

as the ores* product 

(5033) 

where# 

o 	
a 	+ ate 	3 

(v.34)  

z 

The vectors I and 3 are unit vectors In the J and f3 
directions, and the vector r I' is a unit voctar such WW t the 
vectors I # 3 and form a tghtmh*Med syete* W at note tore 
asst the side it the curer, to be hadsd Is dstrinsd by the  
orientation of th. vector 	since 	tncrs ses In the direction 
of this vector* The ttr.ettom of the vector with respect to the 
veeterp a to detwrnti 	`ren (5,33) by the alga of  

given as, 

~► 	 (5,35) 

Nov it is ti be pfd that the sign of $3 is, Mud to 
sign of the Jacobian Z defined w► 

'* 	 (5.36) 

It Can readily be shown that. 

;1(J). a 	~ *1 	*00 	(5.37) 

: 	-4 2( 	
(3a) 
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P,s (5.3?), It feuevs that the twa $acobisnw 413i-,Pfra ,$) 
~ 	►a# / k- #3) b 	*t3.was the sees sign. Then to prop, that the 
baabians 3 and , .I b ve also the sir sign# it to n oosssr rte show 
that the Jacobian 4'9 on the right old# of (5.38) to always pest 	* 

(,36),  the relies can derived $ 

"' 	 . 

In deriving (5.37) fr (5.34) the reitions 

KU(). 	 (5,) 

are Used, whieb exist aesag. Cheb; hev roti+ 	 j(L) M(S ) 
The g cobs 42 off' (5.36) is always post vo ( the case 

0 is not of interest sine* then (S#34) are not eol ;*i. for £ 
and p as erection of v. lad ¶), and the signs of Jacobia J 
$3. are the esae# 	er.for# #, the statement outlined in the begining  
of this Ape ix is praweL, 

Before e.aeluding this ppandtz it ehauld be nowt that 
the preview theorem extends to the mat matng of iere generalcentours 
from the ear a Am onto the ap plane since the proof Is valid • 
for other pal" of indepe *nt variables such as (r's, 'S) 6 (x ,v ) 
*to, lr sdditton when two parameters 	cad p appear only linearly 
in the coefficientsof the oh acteristie a uatien, the same theorea 
is valid provided the Jaeebi 3 is reduced to the carreaponding  
detereix t A given in the linear continuous or the nonlinear 

TT 



C PARAMETER EVALUATION Z M.N.SHARMA. EX 1 
wWo.3 68 
PUNCH10 

10 F©RMAT(6X,1HW,1OX,2HAP ,1OX,2HBP,10X,2HAG,IOX,2H5G) 
L XP*-0.636*W**4+1.9*W*W *W-14.8*W*W+70.66*W+77.8 

YP*.063*W**7+,001*W**6 -3.09*W**5+.096*W**4+94;5*W*W*W*.1*W*W+85.58 
XGv.675*W*W+25. 
YG*•0225*W**6-1.0935*W **4+33.75*W*W+30.2 
Z*. 9eW**4-20.9*W*W.-110. 
IF(Z-0.)2,3.2 
AP.XP/(Z*W) 
BP*YP/(Z*W) $ AG*XG/Z 5 RG=YG/Z 
PUNCH4,W,AP,BP,AG,BG 
FORMAT(SF 12.4) 

3 W*W+0.3 
IF(W-10.)1,1,5 

5 STOP 
END 
w 	AP 8P AG 8th 
.3000  -2.9114 -2.6255 -.2240 -02970 
.6000  -1,6353 -1.5009 -.2150 -.3595 
09000  -1.1466 -1.3426 -.2022 -94498 

1.2000  -.8636 -1.4557 -01879 -.5541 
1.5000  -.67220 -1.6720 -.1139 -.6615 
1.8000  -.5330 -1.9245 *.1616 -.7657 
2.1000  -.4284 -2.1852 -.1515 -.8648 
2.4000  -93476 -2.4469 *,1441 -.9606 
2.7000  -.2836 -2.7155 -.1395 -1.0574 
3.0000  --.2314 -3.0071 -.1380 -1.1624 
3.3000  -.1873 -3.3502 -.1401 -1.2869 
3.6000  -.1478 -3.7935 --.1469 -1.4493 
3.9000  -91095 -4.4261 -.1605 -1.6831 
4.2000  -.0676 -5.4357 -.1858 -2,00581 
4.5000  -.0114 -7.3024 -•2355 -2.7537 
4.8000  .0943 -11.7599 ».3564 -4.4.166 
5.1000  .5479 -33.7168 -.9512 -12.6099 
5.4000  -.8639 37.6442 .9750 14.0173 
5.7000  -.3485 12.4683 02915 4.6218 
6.0000  -.2439 7.8252 .1622 2.x#874 
6.3000  --.1962 5.9988 .1083 2.2037 
6.6000  -.1678 5.1109 .0792 1.8698 
6.9000  -.1483 4.6554 .0611 1.6969 
7.2000  -.1338 4.4385 .0490 1.6126 
7.5000  -.1225 4.3701 .0403 1.5834 
7,8000  --.1134 4.4025 .0339 1.5914 
8.1000  -.1057 4.5080 .0290 1.6265 
8.4000  -.0992 4.6695 .0251 1.6821 
8.7000  -.0936 4.8758 .0220 1.7542 
9.000  -.0886 5.1193 .0194 1.8398 
9.3000  -.0843 5.3946 •0173 1.9371 
9.6000  -.0804 5.6977 .0156 2.0444 
9.9000  -.0769 6.0257 .0141 2.1608 
STOP  ENO OF PROGRAM AT  STATEMENT 0005 + 00 LINES 
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20 0000OOu .OQ+ '4471 
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c 0506?Cgo~ .5a4"t 	1'0+ .00 1371 
7.1000000 t * "1 	0 	11)4 i ,0 001518 
2050000-fto T. ►~ 	t C 3+ *0005366 
205000000 21 	~3OW U v 	0674 
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3.0000000 1.0000006 ,ø003041 
3.0000000 1:.5000000 000047f'l 
3.000000 2. 	't* ' 
3. 0000*d 45 	0000 *0006959 
3.0000000 3,0000000 ,o007570 
3.0000000 3.5000000 „0007939 
3.0000000 4,0O0000f 00003125 
s.0000000 4,3000000 00008175 
300000000 5.0 00000 .O00126 
5.5000000 000000000 0.0000000 
5.'50000 7 # *5000000 .00009e9 
5.50 	co o i.0 0000f , .0102663 
1.5400000 1.3000000 .0004211 
105000000 2,0000000 .0005434 
3.3000000 2.5000000 .0006328 
3,5000000 3.0000000 •000693 " 
3.5000000 905000000 00007324 
5.5000000 4, 	0 0 . 0 7538 
3,5000000 4.3000000 .007621 
1.5000000 3.0000000 00007606 
4.0000000 0.00 0*00 0,0000000 
4.0000000 .5000000 .0000856 
4.0000000 1.0000000 . 002 ' ? 
4,0000000 1.5000000 * is 03768 
4,0000000 2,0000000 00004915 
4,0000000 2.5000 00 •0005774 
4.0000000 3,0000000 .0006318 
4.0000000 3,3000000 *0006775 
4.0000000 4,0000000 00001009 
4,0000000 4.3000000 .0007117 
4.0000000 3,00 0000 „0007191 
4.5 000000 0.0000000 0.0000000 
4.5000004 .5000000 .0000740 
4.500000* 1.0 00000 .0002085 
4,5000000 1.5000000 .0003390 
4.5000000 2,,0000000 .0004466 
4.5000000 2.5000000 ,0005289 
4.5000000 3..00 0000 .000-9882 
4.5000000 3,000000 * 006 83 
4.5000000 44 0000000 .0006531 
4*5000000 4,5000000  
4.5000000 5.0000000 ,0006698  
5,0000000 000000000 0.0000000 
5.0000000 ,50000O0 *0000659 
3,0000000 1.0000000 *0001867 
5,0000000 10 5000000 *+ 0 ? 065 
5.0000000 2.0000000 oD0040 
500000000 2.100000 .0004861 
5.0000000 3.0000000 .4000439 
5#00000001 3.5000000 .000384.+ 
3.0000000 4.0000000 t t 06 0 
5.0000000 4.3000000 .0006241 
3.0000000 5.0000000 .0006291 

STOP 	END Of PROGRAM AT 	STATEMENT 0007 + 00 LINES 
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