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The analysis and synthesis of contrel systems have very
advantagecusly been done by the paremeter plene method, This
has opsned up a big scepe for its application to the design
of Linecr continuous systems, sampled data systems and nons
linear systems, The sensitivity of some performance index due
te goue parmsﬁ&i fluetuation can be obtained by this method,
Scme of the fraquency domain specifications can alse be simule
tanecusly satisfied sleng with the time domain speciffications,
The Chebyshev functions are used to facilitate the complicated
ealculations that srise in the anslysis, The mathods are

fllustrated by tw‘e exunples,
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INTRODUCTION,

Varieus methods fer the study of stability ef control systems
are available but they do not fulfil all the recuirements of s design
problen like fhn sssential features of the system response, Better
techniques for the anslysis and synthesis of control systems in terms
of the system response hove therelore becoms essentisl, The parse
meter plane methed is a good tool used for this purposs, Analysis
and synthesis of linear continuous, sampled dats, nonlinear systems
and sensitivity problens heve been very efficiently handled by mesns
of this method,

1.1, Sevisx of Earliar Morkss J
Yhen the design infermation required is of a frequency response §

nature, the Bode diagramy Hyguist plot, Nichola chart techniques are

usvally used, Uthen freguency response methods are to be used wvith

the transfer functions, the stability test most commonly used is the

Nyquist eriterion, This 45 a test for the existence of roots in the

right hand half of the seplane, It is based on Cauchy's principle

of argument, and the manipulation involved is » conformal mapping

of the imaginary axis of the s«plane on a polar plene defined by

the loop transfer funotion, Absolute stability and steady state

accuracy srs determined rather sasily frem the plots, particularly

from the Bode dlagram which permits evaluation of the transfer

functien gain, It is alse relatively simple to check the effsct of

gain adjustments and gain variations on stadility and accuracy. The

frequency response approach has certain dissdvantages in thet (1)

the timeedemain characteristics such as evershoot and setting time

can hardly de recognized fros the frequency characteristic snd (i1)

frequency response tschniques are not suitable for the design of

multilocp eontrel systems and particularly useless in the cases



having mors than one adjustable parsmeter,

A correlation batwesn the frequency and transient responges
is nbsolutcxyfaistatial in the majority of control systems ma
Laplace transferm with the aoncept ef complex frequency s beceming
an important mathematical tool in the analysis and aynthesis ef
fosdback contrel systems, This inspires one %o develop synthesis
teabniques in the algebrios domain vhers the charasteristiocs of both
transient and frequency responses are svident,

The 3dea of inveatigating the transient response of feedback
contrel systeus in the algebric denain was first mooted by Vishnee
gradeky., The npgrmaah developad by him designates that the twe
niddle coeffiolenta of the Srd degree charzaterietic aguation de
cormidered variables, DBut this work does not provide scope for study-
ing the higher degree characteristic squations,

Vishnegradsky's work was sxtended by Heimark in his Departitien
method fer the stability anglysis of control systems, DUepartitien
method enables a designer to assume two systen paramatari vhieh
appesr linearly in cosfficlents of the nth dsgres characteristic
squation te be warisbles, ¥ith the help of thia method it 18 posaible
to dstermine the number of left half plane reots of the characteristic
squation in various areas of the parsmeter plane, Though the vork
may sntail time-consuming inconvenience, the method mey be extended
to investirate the degree of stadility, The main dravdack of this
method lies in its inability te apply to deaign problems in terms of
transient response, | |

The reet locus method pressnted dy Evans prevides infermate
ion about all the reets of the characteristic equatien, and it °
persits a simple numsrical evaluatien of these rosts fer different



values of the epen loep gein. Applying full potentisls of the
Lapluce transfors, this procedurs admits control over both time and
frequency domain chuaracteristics, BPut this method has two main
1imitations +» (1) it 4s baslcally & singls parsmeter method and (2)
it makes the synthesis of rultiloop systenms incenvenient, Thus foet
loous method suffers Lfrox the same difficulties experienced in apply-
ing frequency response techniques to the design of multiloop structe
ures with more than one adjustedle parameter, Hersover, accurate
pletting ef the loous requires s considerable amount of labeur,
Although the reot locus tsohnique has besn well developed and widely
used for the sanalysis snd design of linessr fesdback control systems,
1t was originally defined with only the open loop gain K as the
varying parsmetery that is the root loous disgram is defined as a
plot of the poles of the closed loop function Cim)/R(s) as X varies
from O te oo, In most degign prodlams, the effsats on the elosed
loop systea poles must be studled vhen parazeters other than xlnrc
varied and frequently there are mors thsn one vardable parangeter,

In feedback control systess with smultiple fesdback loeps, the |
forward path gain K does not appear only &8 a multiplying facter

in the open=lsop transfer functienj therefore,; the conventional root
loous technique, again can net be applisd dirsctly, The root contour
technique 1s utilized to censtruct the reot loci vhen parameters other
than X are varied in s feedback control system, In this procedure
K s held constant but the open loop functien poles and reros are
varied (due to the variation of parameters other than K), In the
design of compensating netwerks for single loop or multiloop system,
_thu reot contours give a clear indiuatlén of the proper cholce of
the puyanntors of the compensating funotions,

Hitrovie's method drings eut solution to the algsbhric problem
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of centrol system synthesiz &n an extremely effective manner, The
originel sethod dasignates that the last two coefficients of the
characteristie equation be considered varisbles, This 1s a linmitate
ion in that the froe system parazeters ars offen found to eppear in
any arbitrary palir of gosfficients in the characteristic equation,
Generalizatien of Witrovie's method [6] removes this diffioulty,
M¥itrovic's method can be extended to take into account the frequenay
domain characteristics{c] .

After the application of the Laplace transform, the ceefiice
ients of the ebtained cheracteristic squation are given ag known
functions of systen pavameters, Some of these paraxsters are
adjusted and should bHe deberh&nn& by the synthesis precedure to
ueet the system spacifications of performance which are given in
advance, In the algebric dousin, these specifications are met by
adjusting the system parameters so thot the roots of the character.
1stic equation are set st some desired locations, Therefore, a
useful method to ebtain s simple correlation betwesn adjustable
aystem parameters and the root lecations has bsen long recognized
and desired,

The peraneter plane method hay very creditadly besn put to
wide use by D.D. S4ljak, lis works have openad up a big scope in
the fisld of analysis and synthesis of control system problems.
Results of some of the 1llustrative examples pressnted by him are
given hers in brief,

The first example has been taken from the paper [1] whieh
corresponds to a linear centinuous system, Let us consider e
contrel system with the block diegram given in Pig,1.3 and transfer °
functions,
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It 1s necessary to determine sll the pussible values ef the

variable parameters K, and K.y 8¢ that the corresponding characters
istle squation-

J

© £(0) = 0,048%+0,308%0(0, 5% ;K ,#1,12)5%4(0, 8K 1K 4K, #1. ) 842K 0100
 aws ese (1,2)

has all the roots within the s plane contour given in the upper half

corner of Fig.l.4.

Before the specified s<plane contpur is mapped onto the L |
plane, it is to bs noted that the varigble peramsters do net appear
linearly in the coefficients of the characteristic equation (1.2),

Let us tskee
Kwifmﬁ » £
ses  sxe (1.3}
RQ » F

Prom the Fig,l.4 it 4s oleay that the spscified contour ia
& comdination of gll the thres contours shown in Fig.l.2. Thus |
each pert of the contour should be mapped onto the LB plane separatel.
The values of the constants are found to de

. 2 A
tho.z:g; Glm-fﬁ
B, ® 0,2 w° U, « Dy8w C. =™ oy
A . n 2 * ¥t 2 n >"* (1.4)

plno,,ogw;vaaa.atv:%*hm'wiél

2
D2 = 0.0‘ ':‘u‘ - OOa‘ ': ua * 1.13 ”u UQ‘]A? \fu
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6 o o)t wrmp ] o, 3]
v - gy = ry —_ 1 n G, (s)
o ol L. .-l_ 2 3 | 3

- e e
Fic1:5 SYSTFM BLOCK DICRAM.




The real root boundaries vhioch correspond to o= 1,2 and ow 8

arew
#0,312 L ¢ 0,8 + 0,07 0 for g ®1p2

‘u {1.5)
2,8 L « 3,08 #30 s0fop o m§

From the sopping contour in thep plane 1t 1s possidle to
earmark the reglon which corresponds to all the roots within the
snpiq;;q contour 1,8, 1 = m » 4, The required values of the para=
muﬁ Ko and Ed can ba ebtained very easily from the region
A'BCRY,

The secend axample 1s taken from the paper [2] whieh eorrese
ponds to a real describing function in the nonlinenr system, The
systen block diagran of Fig,l.5 has the follawing transfer functiens,

o
0,(8) = ~5mvT
K
0p(8) = B e
L2 2 ) L

o) = STy
) 4
Oy(s) = —-ﬁ-’*;‘q. .

The nonlinearity shown in PFig,1.5 vhich relates to the |
purely cnd only amplitude dependant desoribing functien !1“) is
lacated in ths feedback path of the minor control leocp, The nene
1inesrities n, and ny are not considered here,

The characteristic egquation of the system under investigatien
i3~
£(s) » x,‘xﬂxgng(a.eam (2841) K, K K (04 85841)+8(042042) (0. 50+)x
(s+1) (28+1) =0 ' see (1.7



It K1 is oensidersd an sdjustable system parameter with

xlnoﬁ

xl ® B
The curve € = 0 4s plotted as a complex root shsolute
stability boundary in Plg.1,6 with narmalized coordinated axes,
The real roet boundery is simply the L «gxis, After these doundare
4es are purely shaded, the stable region §s found to be the ares

ven see  (1,8)

beatween the boundaries,

The third example is taken from the paper [2], This is a
case of reletive stadility in the nonlinesar system, The system

block dlagram 48 sawe as Fig,1,8 and tranafer functions ere-
M

O.287% 0,881
oo = g
e
thg.)* ‘!‘1".& -

The nonlinesrity ny of Pig,1.8 1s considered, It i»
necessary to study the relative Mmh:lliﬁy of the syatem which is
specified dy § w 0,5 for varieus vamés of aystem parameters
K30 T.y¢ 5/D and the initial signal level,

Lon eve (149)

",

The aharacteristic equatien of the above system igw

£(s) = 0,08 < 8%+(0,36 < +0,04)87+(24 40,38)6%+(8.C40,8K , p +2)9+
‘xp].P *2 =0, e s (1,10)

.Vhll’.‘
L = !‘.1 and ]3 - l1
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The varistion of N, resulting from changes in the amplitude
A wvould be dravn along the B axis by using standard diagrems, This
obtains the Fig,1.7, in vhich several ¥ lool are pletted for
aifferent values of the linear system paramsters T , = < and the
ratie 5/D of the nenlinesr system parameters, Fig.l.7 indicates
that the locus (A) is unsatisfactery, since a pertien ef the lecus
1s eutside the regien § > 0.8, However, if the initial value of
the smplitude A is chesen so that it lies om the left side of the
M locus and under the curve S m 0,8, the relative stebility
roguirumant is fulfilled, The relative stabil&ty requirements is
also satisfied by the leocus (C}, which is the same lecus (A), 1t
is shifted the <- axis, The lsci (B} and (D) which are pletted
for different velues ef 8/D and T 4 =y also satisfy the preserid.
el degres of relative stability,

Refewing te Fig.1.7, as the dotted curve § » 1 is drawn, it
is easy to conoclude that the mentionsd reot vonfiguration is
ohtained to the left of the curve since two tangents may be drawn
to the curve § = 1, As already knowny these tangents deteraine
the resl roots of the charactesristic equatien (1,10}, The remsining
two roots are the complex control pair related to the S curve.
Therefore, the M locus shovn in (B) of Fig.l,7, repressnts an
eptimum combinatien of system parameters with respect to the
praserided relative stability requirement,






2.1+ lutceductian-

‘ The fagterization ef ths éharaetcrastia polynomials pesed a
big predbles in the centrel theory for a leng time, Parameter plane
rethed being a useful end graphical procedurs sased this difficulty
to & minimum, Twe parametors vhiech appesr linearly in the coefficient
of the charactsristic squation are considerad am coordinates in the
paraneter plaén. The procedure ceunsists of plottiag some of specific
contours frem the s+plane onte the parameter plane, thersdy the
sharacteristic roet locatliens with 4iffersnt parameter values can be
obtained witheut further caleulatiens. The introduction of Chebyshev
polynomiels wade the work simpls snd convenient, Msreover, all
snalytiosl and graphical opsrations are done in the real domain,

The mathod enables a designer of lineasr contimious systems to
get information sbout absolute as well as ralative stablliities of the
systems on adjusting soms of the system paraneters. It is sasler
to have contrel over both frenuency and transient responses of the
systex, besides it is very useful fer multiloop systems having more
then one adjustadble systen parameter,

By the describing funation techniques this method can very
vell de applied to the study of oscillations in nonlingsr systems,
Control systems having nonlinenrities with real deseribing function,
complex descriding functien, with twe nonlinearities and nons
linearities with fraquency and amplitude d«yenﬁcnt desoribing funotien
can be considered,

A Maitation eof parazeter plane uathnd aay come up vhen
adjustable system parameters do not appear linearly in the
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geefticients of the characteristic equation, The generalized method
1s based on & specific case when the coefficients are the functiens
of the lnecr comdinatien of twe paremsters and thefr product. Then
the methed applisd fer the stability analysis to the design of a
1lineer mltivariable and alse to o nenwlinsar multivariadble centrel
systen vith two nenlinearities.

In the design of linear control systems it is desirable that
a certoin degree of stability and the minimum sensitivity of the
systea respense o the parsmetsr variatiens de achieved, Though
both are contradictory te sach other, a satisfactory compronise is
arrived at on the basis of parsmeter plans method. In the procedure,
a time~domain sensitivity index 84 minimized within the required
stability constraints, '

Extensive works on parameter plane method have been done by
Delle 8113ak in a number of published papara, The freguency domain
specificatiens ars not dealt in thess papera,

In this vork we have proposed n metho@ dHy which the frequency
doasin specifieations can be ohi-ut;ed in the parameter plane. The
vorks of the previeus authors along with the work pressented here
will enabls a designer te design any compenent which may simultane
soualy satisfy the frequency domain and the time domain specifications
For the compensation in the parameter plans the type of the cozpene
sator is Cirst assumed 1,e, whether the compensator should be in the
fervard or in the feeddack peth or in both. The naturs of the
transfer functiens are alee naM, and only two parameters are
taken as varieabler vhich can bs selscated by the designer, The
problen ia now to specify the limits of the two variable parameters
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such that all the system specificntions are met with,

2.2, Linaar Continuous Systess~
The paper (1| presents a method for enalysis and synthesis

of linear continuous control systems. The method provides the scope
for stulylng both sbsolute and relative stabilities in the parsneter
plane, The graphical procedurs maps the specitic contour (for
absolute stability S= 03 relative stebility O (§( 1) from the
seplane onto the parsmeter plane, Oompmﬁ to relative stability,
the absoluts stability study is an easler one decause of ease of
manipulations,

Basie squations derived for sxtensive use in the paner are

given helovw,

Let us consider the characteristin sguatione
n

£ls) = § o Fao | ase see (241)
Kn0

in which the cosfficlents ay (K ® Oy 1,2¢4ssss0ey B) are resl and
s is the complex varisble.

If » i3 expressed by

2 R.ovn§ + ’Vn\fg - §8 tEE eaw (2,2’

Wh‘l"'
v, * undamped natural frequency
§ = relative damping coefficlent,
It has been shown thet :x may be given in the forws which is
denonstrated as follows- ’

‘K ﬂé [’K («§5) + iV 1= §3 VK (*g):\ YT YL (2.3)
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vhere,
e §) = (1F 1 (5)

0e5) » (™2 g ()
Punotions Ty (€) and U(€) are Chebyshev polynomials of the

ses  wea (244)

firat‘ and the second kinds mﬁpmtiwlm The argument § of Chabyshev
Cgemes %18 | (15 for the stable system 1t 1s 0 (5S¢ L.

e ‘\’K(ﬂ and Up( S) way be obtained dy applying the
\as,
fdoo MV
2 5§ %(S) *'Bxdt'éi ® 0
: ons (QWG)
R SU(S) + U 4 (S) » O

WS = &, U (S) =0 and Uﬁ%) x 1 38ince
\ and Up(S ) play an important role in the

ts, their numeriecal valuss for pertinent vsiues
ypendix Ge1s For an evaluation of these

A

| trigenometric functions may aslsc be used

Tx(S) = cos (K are &es9) |
| | gtnwvfﬁoﬁ}

Ug(S) = Sin T arc Gos &)

Bubstituting equation (2,3} into equation (2.:2) and applying
the cendition that the sunmations of the reals snd the imaginaries
muast go to zere independently, enables (3.1) t5 be revritten s two
simultuneous egquatiens which are as follows,
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?au» u; (2.7

Knh) ]

Sinoce the funotions Tyl §) may be expressed in terms of the functions
Up(5S) as |

7(5) ® STLS) = Gy (S) o aes (2,8)
Then from sguations {2.,7) =and (ﬁﬂg‘“

a
) e e (%) w0
L4 ‘ }Mﬂ wes (th)

zfca.:uK U (5) w0

-

New the coefficients "x of the charasteristic equation {2,1)
are considered ns linear funotions of variedle system parameters
£ and B a8 fellows,

& 'b’;‘ﬁ * QKP * G-K eop sos  see (2,10)
Owing to equation (2,10), equatfions (2.9) may de rewritten ase
LBy (wyy ST ¢BOyw 3 §) + Dy (W, 5 ) w0

aee (£2,10)
L By (vugg) *Pcatwn, §) e D, (vng' S) =0
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KeO
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>0’M Cens (2,12)

.J

Equations (2,11) may be golved fer unkmevns £ and P

C.D, » C_]
~ Balg = By

B,D, = ByD,

LB
P 10p = Byt

]

Lvn voe $2,10)

In equatiens (2,12) and (2,13) the arguments w, and € are

cnitted for simplicity,

If the equations (2,11) ere revritten se that the first
varisble is £ and the second variadle is B, then rectangular
cosrdinate axes & and P make s right coordinate system in the
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paraseter planes In this LB plane, equation (2,13) may represent
the lecl of peints cerresponding to the roets with relative damping
coefficients, undamped natural frequency, or sstting-time boing
constant, depending on which variable ameng w,y € or w nS 8
considered constant, In furthsr developments, thess looi will be
eolled the § curve, v, curve and v nS Curve respectively. According
to equations (2,12) and (2,13) which indicate that the paransters

L and P are expressed as rational functions of ¥, and S, the
curves represent plane algebric curves in the parm “or plam.

In some of the applimtmm of the pwmntm plans method,
vhen attention is focuszed on the setiing-time em-va. squation
(2.3) should be revritten ase

O Pplv,S o Ve e e P gl o) L (200)
where functiens Py and Qp are related to the Chebyshev funotions as

Pelv,$s vD) = WTeles )t 1 (5 cee (2416

(v v = 2 (a6)a (w0, Ko g (6)

The funotions Pr and Gy may alse be obtained from the general
forsulase

~

Pregy *2VSPr * VAP 4 =0
SRR
Ggay *2¥ SO VG *O

vith Pyml, Pymevs5, Q=0 and g =1

~7

Since functiens ?x may de expressed in terams of S functions
Px E 3 ””ng % ”» w: %‘1 ‘e ‘3‘17)



ship may be derived from equatien (2,1)«

vhich is similar te squation (2,9)

inge
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By using equations (2,14) and (2,17) the folloving relatiene

% % Oy "0
Ty w0
K»)

" oee

ver (2,18)

With equations (2,18), equatiens (2,13) are the same but the
expressions fer Bl‘ Bz* 01, ca, f)l, Dg are changad into the follove

pym

o1 "g LR XY

"a=§"x°s

In equations (2,16) « (2,19), the arguments w, s and W’

2

Sees

</

ers  (2,19)

n
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are omitted for simplicity,

Singe functions Qelw, €, wﬁ) are polynomials in % & and
vﬁ s 68 @ result of squations (2,19) the variables ( and p are
expressed by equatiens (2,13) as rationsllfunctions ef w, 5 and
wg. Thus settling time curves determined by tduatiom (2,19} endt

(2,13) represent plane algebric curves,

By the definition of § and v, curves given in squatiens

(2,12) and (2,13) 1t may be concluded that if certain values of

£ and B (say Ly, By) are evaluated from squations (2,13) for
certain values of v, end § say (w,)y and§,  then squation (2.1)
must be satisfied by the set of values of Lyy B4y (w )y and S,
accerding te the substitutions of equations (2,2) and (2,10), This
means that for L= L, and B= P 44 characteristic equatien (2,1)
has 3 camplex conjugate pair ef roets which corresponds to the
values of “‘n’: and §, as atated in equation {242) s

If the complex variable s 1s replaced in equation (1) by

$ % wg see ses wee (2420)

vhere o is the normal symbasl for the resl coordinate of any peint
on the seplaney in accordance with equations {2,10) the characterw
istio equatien (2,1) becsmes~

P ¢n rim
LZ(-?.)‘S‘ 5 B t‘_mx . 1)y Fo0 ,4(2,20)
K=0 Kn0 . K=o
For a given valus ef o, squatien (2,21) represents a straight
line in the ,L[s plane, which iz the lecus of points cerresponding
te real roets with value-g o If equatien (2,21) is satisfied
for certain values of £ , P and o, the characteristic equation
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(2.1) must have & real root -~ o according to equation (2,20),

New 1t is impertant to conclude that by applying squatiens
(£,23) and (2.21) the prodlem of detbrﬂning the variable paras
neters £ aad P may De solved so that the cerresponding charecter-
1stic equatien (2,1) has a presoribed root velus. In erder to
solve that prodlem in a goneral menner for all root locations, 1t is
necessary to plot the sppropriate curves snd straight lines in the
paraseter plans by using equations (2,13) and (2,21), Then by
favestigating the position of the point M(L,B) in relstion to the
ebtained diagram, the designer is able to adjust varioble parometers
£ and B s0 that oll the reots of equation (2,1) are set at soue
desired locations, After the mentioned dlagram is plotted in the
plane, the parsmeters L snd p sre deternined without any caleulatiens,

Absolute stability for linenr control syatems may be intere
prated by obaerving the existence of roots in the right half of
s«plune, This is done by mapping the imaginery sxis and an infinite
redius clesing senicircle from the seplans onbe the parsmeter plane,
Te analyse the relative stabdility of the linear control systems we
shall take any eonﬁmx? of Fig,2,1 or thsir possihle vambinations
for mapping onto ths LB plane. The interpretation ef relative
stability ensbles a designer to determine adjustadble system parae
neters gse that the mot§ iie in certain areas of the seplane,

The graphical procedurs adepted here utilises the squations
(2,13) ang (2.21) in mapring a specified conteur ento the<pplane,
The parameter plane is divided inte various regiens by the complex
and real root boundaries, Te determine the number of roots lying in
sach regien of Lp plane cerrespording to specified s-plsne contreur,
gertain rules and graphical techniques are developed, But we shall
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first take up some preliminary considerations,

The complex root boundaries in the LB plane ares curves deter
mined by equations (2,13) while resl root boundaries ars alvays
straight lines defined by equations (2.21) for a given value of ¢
The latter are known as o lines, If the working potnt K( L, p )
crosses a aoaphi: root houndary, two gamplnx roots a&amitmwusly
cross the specified contour in the s=hlane, If the point M(&, p)
erosses a real root bauzﬁar.y,‘ one of the real roots simuldsnsonsly
crosses the specified swplsne contour along the reel axis, To
determine the number of roots in various regions in the parameter
plane, 1t is necessary to know whether a root is leaving or entering
the seplane contour at the moment M goes over a boundary in the
parameter plane, Cortain rules will be followed to solve this
problem, If the seplane contour 18 shaded on the left, facing the
direction in which ¥, increeses es shown in Fig,2,1(A) then the
crosaing of the boundary from shaded side will indicate a pair of
roots leaving the contour and the orosaing of the doundary from
unshaded side will indicats a pair of roots sntering ths gontsur,
This is also valid in LPp plane, But the side to be shaded is
ascertained by the sign ef the denominator A = Blﬂﬂ - B:a“:. which
appears on the right side of equations (2,13}, Facing the
direction in which w, inorsases, the boundary curves in the
plane should be shaded on the left if ANO and on the right A (0.

To investigate the number of roots at s point of the
plane, the charscteristic polynomisl is denoted by £{w,; S ) and
given in the vecter form.

f(vn, € )u R(Vn’ g )*ﬁ(vm g ) Y (2.27)
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tICroy : |
3('{?&9 §) o § O t}é (GE)K % (5) ace &(an‘?a)
Hed .

| 2 B _ ;
WSt e Ve § ) oef 0F2 (s
- _

hon tho gharcetoriotle onuntlon 40 glvon and o podat IHLB)
g onoolfdod, the soaffieclontn cp avo ovalunted mnosdendly frea
onuntion (2.10), Por o pw%ﬁw&w 70lu0 0f § o mOEANONUY valros of

Ghahyolov anlmmondsls ara rocd from foblos, Thom o ecn obteln
Rere § ) ond (1,9 §) 4n oquation (2,23) as polyncatols 4a wye
Putting @irforont voluen to v, ond wolng oquotioas (2.22) and
(2:88) 5 o Josuo of tho voetor £lir,,S) vhich nepo tho redfol Mmd
T fron o seplony oabe the £(g) ﬁlam noy ocsily bo plottod, o
4% 40 odmdo %o Hrove that m locus will dooerido on argumont nd,
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241(0) s

Ig ©d econcddor Fige2:1(B), tho prosofuro for dotornining
tho mw3or of pootn of an orbiteary polat of tho poranotor plrno
oho 34 Do oliphtly mﬂ&x’ﬁoﬂa Tho Comehy®a thoowpen 20 ¢ ho orpiled
to (o fumotlon £lu,.§ u Ypivonan

£ RS Uﬂ) ;: i‘-g/&y @(YR X )2 ZCE Q‘( sos (2:24)

Tho funotions Py ond O aro @ofinod im ogquations (2,10)
whon o ¢harsztoriotle oguntion 40 pcivon cpd tho veluvo of Y §
opoeldfdcdy Dy vneylnr U, ond wolng ornglen (2:80)y o loeng of v
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Fig.2:1(B). The lscus will describe an argument “g— g Vhere n is
the numbar of rests cerresponding t# the given characteristic
equation £{g) = 0, and the chosen peint H( <P ) in the LB plene,

If we consider Fig.2,1(C), the veoter defined by equations
(2,22) and (2,23) sheuld de considered, Vhen the traeing point
moves along the upper half of the contour ASC; ths vecter of squation
(2.22) retates in a counterclochkwise direction describing an argument
nn where n is the corrsspending number of roofs,

A feaddack control system will mest the performance qptei-
Tications in both the tims and frequency demains if the &yntha:ia
is interpreted as gn adjustment of the poles end zeros of the
closed=loop transfer function which permits the maintenance of
control ever beth transient snd frequency responses, Ye know that
the transfer functions of linear contimious control systems are
rational functions of the complex vardeble 8. The central preblem
‘1ies in the factoring of the polynemial eyuations, The coefficients
of polynominls are functions of adjustable system parameters whioch
sheuld be deternined se that the sgeros of the polynomlals are located
at some desired locations, To realize the full potentials and
sdvanteges of the preposed method, the desipner should meke vepid
transitions from ropt locations te both frogusncy and transient
presponses, In the numerical evaluatlon of roots, an essentisl role
is played by s and w, ourves and o stralght lines, By investigate
ing the position of the werking point (<, ) in relatien to these
ocurves and stratight lines beth complex and resl roots can simultane
esusly by avaluated fer &ifferent values of system parazeters,
Cemplex roots are determined by the § curves on vhich the values
of v, are interpolated. Only a fev peints of these curves shenld be



computed for svalustion of complex roots since s graphiocal intere
pelation gives the designed results, Real roots are graphically
evaluated frem o straight lines,

Iimitations of the purameter plans method may arise vhen the
sdjustadble systen paransters enter nonlinea®ly into the soefficients
of the charasteristis equation, The pesper [3] considers s general
case in vhich ceefficients depend nonlinearly on two system parae
neters and applies the obtained results te the spscific case vhen
the ceefficients are functions of the linear cembinatien of two
paramsters and their producty The presented procedure is then
applied to the design of a linear multivarisble control system,

In addition certain rules for the mapping of the conteurs
from the complex variable plane onte the parameter nlsns vhich have
given intuitively in the raference popets [1] = [2] are now preved,
Some additiona) theorems ars introduced to facilitate the intere
pretation of the paranster plans dlagrams, The mepping procsdure
has been laid dowm below,

Let us teke up the characteristic equation given as in
squatien (2,1),

m
£(s) = E m&mue
K n)

in vhich the ceafficlents ax(K = 0, 1,2,,usssessrept) are resl and
nonlinesr funetions of two system paranetes < and P

Ixf’&s(&' p) | e (2.28)
and 8 13 the complex variable given &3 in squatien (2.2),

Bquations (2,23) can be considered as two equations in the
twe unknowns £ and B which nay be solved for < and 13 .. .
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Lo &luy &)y Po Pluy §) ee see  (2429)

acowiing $hat Gy Jeeodion I = SR, I/LP ) vhdeh dp

3“'%%""‘%% ® “%%‘° “g“%‘ soe  (2:87)
oxdsta and 80 4ifcoront fron 20P0s Thn pmmnw of solving
omurions (2,73) au Lavas of £ ong B a0 nivon dn (2,23) dopondo
on ¢ho form of funotlons oaxl{ £, P dnvolved, Tho pasping proecdunso
in ponowal 4o 0indler ag in ¢ho provious coso. Bub tho sido of tho
bound~ry %o bo choded 4o dotornined by tho sipn of thn Jresdion
3 0o provod in Anyondds Bels

If tho root boundopdos aro plottod and opproeminatsly oshadod,
tho munbor of reotn in orel of tho bounded ropglons of o porcmdtor
piong ern bo dotorndiand 1n o otrnight forwverd ooanop oo 111usratof
in tha folloving dovolonmonto

Lot us conoldor tho ecoq vhon the esoffielents op avo omroosed
in toroo of L and B oo

g oWk Cepp e igLp ¢ & oo (2428)

vBoro Byo Oy by oud dp oo pivon munordcolly, Subsddtuting
(2,0) el (2,23) dnbto (1) oo obtoinog (2.,23) &n tho forpe

&%(Vmgg) *‘F%(Wmsa%)‘?ﬂﬁﬂa( 9§ )@ ch eSO

Lﬂaﬁ%g S) ¢ POyl 5) ¢ LPHylu g €)% Byl o8 ) 0

{2,29)

93, i OF waf o206

%0 mz.; BT RVNE S WTY



ﬁ"Z"" x Vi Tg (8)

Oy ® Z(-.nmcxuﬁﬁ S 0 (6)

B o) D n n(s)
=0

Hy ® [;;cni:“*’nx EAas (s)

Dy = i(ml}ndx Y Ty (§)

n
KaQ

-] f ‘
Dy =.};__g..1,m o ViA- & U (5)

By uszng the followling mmb&m ,
& = Bjil, « ByH,
b= Of, - Oy,
e ™ 0108 - 0391
d= 313 - HaDI
o # Boly « ByCqt ByDgm HoDy
fﬁllcgﬂnzcli'ﬂlnam%

§=eai+Bp + B, @ ByCy

and eliminating B from {2.,29) one edbtains,

24

g ess (2,30)

} ves (2,31)
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et /o7 = a0 . mg+n

“32 " %% -~ Pe®- e T Oy (2

Eliminating  from (2,20) yeilds

2 CyP *
wfd /1% 4bd
- by n® ..JJ.EL.% (2.33)
Pl'aa 5 RS W B H]Plga’ eelly

The solutions of (2,29) for £ and p in terms of w, and
are given by (2,32) provided a A0y 4f a = 0 the so:l.utiena are
glven by (2,33) pmﬂdw b # Oyvhen a's b = 0 the solutions fer
L snd B are

£ B , Pnp%’ avw {2:34)

In the original parsmeter plons method wheras hg = 0 |
(204142, 00004m) and Uy = Hy ® 0, the solutions fer < and p nay be
sbtained frem (2,34),

It 1a important te nete that, in genaral, for given values
of w, and § , there are two pairs of volues (oC,_, P 1) and (LnyfFp)
vhich specify (2,29), In addition, since in & linesr system
analysis parameters are reprssontsd by real nmumbars the follewing
conditions should be satisfied, |

62« 400 )0, 22+ ama)0 ver  (2,35)

Bquations (2,32) er (2,33) mrwmt' {2426) ant are used to
plot complex root boundaries when ths cnefi'iclents ag have the
form (2,08), The sheding of the boundaries is deteruined by
the 3ign of the Jacebian given in (2,31),

The real roet beundaries are obtained by substituting fer
o from (2,28) inte : d
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£ {ec) m > (0F o &

) )
to obtain

LB(«a)* PClec) +£P Hleao ) Dao) w0 e (2,98)

where,

n o
Blec) ® ) (1% o°
E»0

P g A

Clw =
(w0) . («1)" o o
| Y:“ X X
Bleo) = (1) bK B

] |
Dlwo) = E (ml)xdx 05

& vee (2,37

Bquations (2,38) is solved for P to give

P " e --a‘&—‘u-—w | Ty Y (3,38)
HL + € |
Equatien (2,38) repressnts the o curves in the <p plane,

Por a given value of o, thers is only one palr of the values
(&, P) which satisfies (2,36)s Vhen the parameters & and p
eppsar linsarly (H = 0) in the coefficient ag of (2,25),
ourves are straight lines tangent to the curve § = 1,'

2,3+ Henlinase Systamss

Several metheds fer stability analysis and investigation eof
self excited oscillatisns in nonlinear control systems are
available, The describing function technique stands out bHesauwse
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of 1its ussfulness in enginesring problems, Often 1¢ 1s feund te
be the only mathematicel teol for successful solutien of uiu;‘;
problems, Desoribing function technigues snable the cenventienal
design nithnﬂs uétd for linear centrol systems vith comparative
case a‘n: ptrfamt the cemputations involved, The application
of the descriding functien technique or any of the linesr methods
depends on the nature and specifications of the control preblems,

The psper [2] presents the application of the parameter
plane analysis to the investigation of stability and gelfe
excited oscillations in nonlinear control systems. The utiliszate
lon of the deseribing funotion teshaique mskes the snme sort of
anelysis as used for lineser continuous systems for the study of
nonlinear systems, Variations of the describing functions are
drawn elong one or both parameter sxes and soms chargeteristic
ourves sre platted, This method enshloes the designer %o maintain
centrel over the amplitude and froguoncy of the snstained oseillaet- |
ions vhen edjucting parameters of both linear and nenlinear parts
ef the swtmv

This method 48 perticulerly convenient for the design of
multilosp nonlinesr contrel systems, The method 12 applicable te
nonlinearity vith complex descridbing functions, two nonlinearities
with purely real desoriding fuanctions and nonlinearities with
both rmuéncy and amplitude dependent doscribing functions, The
analysis procedure is suiteble for application to bath analeg
and digitel computers, All the snalytical and graphical eperations
are performed in the resl domain,

In most of the nenlinear centrol aystems, the stability and
8e1f excited oscillatiens are determined hy the nonlinesr
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aifrerential equction,
Cls) + B(n) Pix, sx) » 0 see (2439)

wvhere s = &g s Cin) and B(s) are polynonials &n s with the
degrse of polynomizl C(s) higher than the degree of the polynemial
B(s) and function P(x, sx) represents the nonlinsarity,

In the describing funstion method, it is gupposed that ths
solutien x = x(h) of the aiffersntial equation (2,39} is suffiocls
ently close to the solution,

x®Asing S e (2,40

vhere ¢ = wt of the correspending linesyr differential squation
which has the eharacteristic squation,

N
0ls) + Bla) (8 + =Eremelx = 0 o (20
Bquotion (2440) is obtained from eguation (2,39) by replacing the
funetion Flx, sx) by
g
F(x, sx) = Nyx ¢ *;:a sx | ees  (2442)

Ny » "ﬁ-}‘ F (A oin 8§, M!. 4303 P aingaf ... (2,43)
0

In particular vhen the function F(x, sx) is F(x) only the
oxpressions fer Nlana Zia reduce to

2
’1”7&" fl‘(aanﬂ) sin # &f |
>ene {2.44)

en
"a"v'r}'f PA sin §) cos 8 of )
0
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| Por the nonlinoarity usually encountered in control systems,
the integrals eof equatiens (2,43) amd (2,44) have been compuved
once and are collected in standerd disgrenmm,

In cases vhers the periodic steasdystate onscillatiena are
ponsidered the amplitude A and Irsquency w of equation (3.40)
and 8 = jw, the characteristic sglistion (2.41) corresponding to
o linear difforential equation with constant coafficients may be
written as

u .
r(:)-té a““na

 whers the ceefricients ay (X ® Op2yByeesenssgm) ere known function
of the desoriding funetion N » ﬁl + 3“3 and system parasetsrs, %he
eoefficlents ag have one of the folleving forms «

o * by 31 * QK? * dx 1Y) sne  (8,48a)
o * by ’n. +og Byo » dy wee _ sen  (ZaA5D)
ay * h! “!. * MNE * CE A L3 aes  (2e48c)

depanding on the kind of nonlinearity unier Snwestigation, Theos
three forms will be discussed belov on the basinel the relation
ahips derived for the linesr continuous systams reforing to
equation (2,10) « (2,13),

As elresdy knowvn equation (2,13) represent ths € curves
wvhieh are the absolute ( S = 0) er relative {0 ( § { 1) stadility
boundarfes in the Cp phane, After the S curves ars pletted amd
the cerrespending stabls regien is detormined by studying the
position of the peint M(LB) in relatien to these gurves, the
designer oan resdily ebtain infermation adout the effoots ¢n
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stability of varying the velues ef < snd B ,

For the analysis of stadility and sustalned escillations in
noniinear control systoms, the desoriding funstien NeN( AW ) iy
substituted with variables < and B as indicated in squations
{2,48), Then the curve € » O 15 plotted !.u thu LB plm; with
points marked for different valuee of "u » w, end the stable rogion
is determined, It will Bbe shown that the abmolute stability analysis
proceeds dn the ususl fashion with the exception of point K(L,P)
vhich moves with changes in amplitvde A ond frequenay w of the
 gustained signel 2 = A 3in wt foyr wvhich the desaribing funotien
N(Ay w) 15 defined. The rolotive location of the curve € » 0 and
the ¥ loel described by the point M(L ¢ B) datermines the stability
of the nenlinear ayston,

ihe relative stability of nonlinear control syatems may be
studied advantageously in the paramster plane by using the §
curves and the approach of ¥, Kryloff and H, Bogolulboff, |

Now 1f we assume that the input to the nonlinesrity is

x @ 8078 sin (vt + ) sen  (2446)
vhere and w are vmryiu slovwly with timas,
'f Tdt
fTawe o sen (24T
ggw 2o or, B« gae ene  {2448)

vhen o = constant, aw%bﬁ'
and w = %’ ‘ - jwd‘b ‘.'\‘“_ Y (2949,‘

From (2,48), (2,48), (2,49) ene obtains~
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4 04t t
..x ain g wit + d’) w g(t) sin 4(t) see  (2,80)

t'i l“‘. f"
o'c'!'ﬁ savcos g+aceingmavoosgd e ox

from whien, cos ¢ = ~A= 4 ces  (2,81)

¥(x, sx) can be expressed nev as

Pz, sx) & Hyx ¢ N, B2Cy

K
w (N S Hp) + e gy

| R
s (K, + S~ - iz » . R seen  (2452)
e v A '%2 w;;:i,-u %ﬁ oh*

whare,
gn .
LN -71‘;;‘0[ F(A sin dy Av cos § + Aosin ) sin 4 &4

ﬂzu-ﬁ%—- fm sin #, Av cos # + Acuin dlces £ af
6
Also we notee

88 MV ewws + %\/1» %3 |

- Ny and Ny are the functions ef Ay § and w,, Tor § = 0y v v
equation (2,53) reduces to that ef equations (2,43), ¥ith equatiens
(2452), the charscteristic equation of the linearized differential
equatien vhich corresponis to equation (2,41) may he written ase
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] N
C(s) » B(s) (N, */;:ﬁ' * ;‘75;%—- )X =0 400 (2,54)

Substituting s = = v, & + “n‘, | % %E $n equation (2454), the
lattey way be revrittan as two simultansous equations in three
unknowns Ay S5 and w, vhich may then be graphically solved in the
parameter plane for functions S(A) and v,(A).After the family of
and w, curves 15 plotted in the usual manner and the K locus is
constructed in the same paranetor plans Glagram asccording to the
fumction N(A-4 Sy W) given by equations (2.53), the values of the
functiens S(8) and w, (A) are resd st the corresponding inters
sactions af. the net ourves and the M locus,

If the nonlinesr function is F(x), the coefficients Ny and
N, mey be computod using squetions (2,44) derived for S= O snd
Vp % wy and the standard disgrams of deseridbing functiens mey bde
utildzed, | |

Por the anslysis of abyolute gtability and fnvestigetion of
gsustained cacillations or limit cycle, two locl are te be drawn in
the mrmwn- ploney nanely the curve Sw= 0 and the M « locuss The
linear part of the system is reprecentsd dy the curve §= O and the
nenlinear part by the ¥ » locus, Aleng the curve § w Oy various
values of v are marked and along the loous ¥ valuss of the amplitude
A and froguency w are shown, The absolute stability of the none
18near systen depends on the relative location of curve § =0 and
the M « locus, Limdt cycles are feund at the intersestiens,

In the developments follewed the stability im discussad in
regard to all the cases in equation (2,45), The system block diagram
of Figif.2 sevves to fl.)‘.uahmto the gencrgl technique. As seen in
the Yigs3,2 the systes 'm tvoe oontrol loops with nonlinearities
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in both forwvard and feedback pathn.

1f the nonlinearity with purely real deseribing functien 'i
$» located somevhers in the control loop of a feedbeck system, the
ceefficients ay of the cerrespending characteristio equation (2,1)
have the form (2,45a), In this equatien, P represents an adjustadble
‘parameter of the linear portion of the system and is called the
linsar parameter, Fer convenience, parausters determining eh. none
1linearity are nazmed ti:e nonlinear parameters, The stability
analysis of a control system with one reel nonlinenrity can be
norrbrnaa‘with respect to initisl conditions én the one hand and te
the linear and nonlinear system paramoters on the other,

The preblem of two real non-linsarities often arises in the
design of monlinear control systems, It involves a rather general
graphical solutien in the parameter plane.

When the descriding function 18 complex, tho stability analysis
is similer to that presentsd in the previous sections; tho enly
difference is the cemplex coefficients me of equation (2,454) which
changes squation (2,11) to the forme

A » B * D, L IR ¢ ]
e o * 0y ves  (B,55)
82&', Qalﬁ 4‘})2 n

vhere, L =Ny and P = Ny,

From equatiens (2,58) (2,13) ebtain the forme
B +B 7

L W= e
2
B’n * ’2 ?oco (25,56)

f3 B o« B.D
- % ) % -
B® ¢ 33

1




The pletting of the & curves with equations (2,58) is
perforaed in the usual manner, efcept the determinant A wB: +B3 |
of squations (2,86) is always greater than er atleast equal to
gserc end the shading ef the curves is en the left side facing the

direction of increasing LA
\

We shall new consider a control system with the block \
diogram ef Mig.2,2, the only nenlinearity n, is located in the \\4
forvard peth of the inner control loop, This block disgrenm may
represent a positional centrel system with a tachogonerator feedback.
The compenents in the forvard path of the inner control loep are :
the amplifier, generater and servemotor, If the moter axhidits a
quadratic coulomb frictien deseribed by the function

FMsx) = ky (sx)2 sin sx sse (2,57

vhere, sXx represants the angular velacity of the moter shaft,

Then,

(‘1‘3”1) sx = _T'.l;&?f ¢ = k F(s%) ohe (2.58)

wherey
x is the shaft pesitien
8 is the errer signal ef the inner contrel loop
Ky 13 the gain constant
rl i3 the time censtant of the smplifier
T, 15 the time constant of the servemotor
kg 48 the proportionality facter,

By applying she desoribing function method, the nonlinesy
funetion F(sx) may be expressed as

ak
Fisx) = -5-1-- Av sx oes (2.59)
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snd, in accordance with squation (2,58), overall transfer function
of awplifier, generater and servomotor becomes

Oy (s, Hy) ® 52 e {2,60)
s(Tys *1) (T8 *14-1!1)

in which "1 . (%-) Av i: the ceorresponding desoriding function
and, fer cenvenience, k = kykn,s The derivation ef equations (2.58)—
—(2,60) 1s given enly in bdrief,

In spplying conventional design taehniqueé, aifficulties
arise because the oversll transfer function is ﬂatu, ’1) y rather
than the simple preduct N,G,(s)s In the paraueter plane snalysis,
this sntalls ne real dirficulty, since Hl can be considered as
variable < eor B in the usual manner,

The parameter plane enables s relative stability snalysis
of nonlinear gontrel systams te be performed on the dbasis of the
functions & (A) and LA A) defined previously, The functions are
sbtained graphically in the parameter plane by plotting & fanily ef
g and wz; mwvcd and plotting the corrasponding ¥ locus from
equations (2,62) and (2,53), At the points of intersections between
the fmniiy curves and the Melocus, the correspording values of vy
and § are resd as functions of the amplitude A which is marked on
the X locus, However, for mozt practical purposes, it is not
necessary to determine functiens §(A) and w,(A) in entirely, since
the evalugtion of thelr extreme values i3 suffioclent to prediet the
system perfornsnce charasteristios, Thereforey & relative stability
anelysis may be directed towards the determinatien of system parae
saters vhich result ‘in & minimum value for the function € (A) which
~ 4s grester than a prescribed value §_ for all pessible values of
the amplitude A, )
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In terms of the parameter plsne analysis, the formulated
relative stadility requirenment is readily interpreted as determinste
jon of system parsmeters so that the entire X locus is lecated
inside the relative stability regien specified fer s >g ,

It 18 assumed in the relative stability analysis that the
corresponding characteristic equation has only ene palr of complex
control reots, and that other reots are resl. In normsl control
cystenm design, such a reet configuration is dusired, Thus the
parsseter plane methed which permita the evaluatien of all roots in
a simple manner, ensbles the cemplete relative stability analysis of
nonlinear control systems, | |

244 Eregusncy demain Spacificationat

The performance indices of & servo system in the frequency
domain are known as the Crequency domain specificntions, The gain
margin and the phase margin are the tws ef them which messure the
degree of stsbility quantitatively, '

Galin margin is the ratie of the gain at which the syntem
becomes unstable to the actusl system gain, assuming that the phase
of all vecters remains unchanged, The system is just unshadble 18
the polar plet pesses threugh the «1+3J0 point, From the plot ef
Piga2,3, this conditien weuld exist if the veoter along the negative
real axis vas increased in length until its tip reached the «1+30
point, The gain margin is then 1/0A snd as shown in the Fig, the
gain margin is pesitive, |

Phase margin is the spnunt of negative phase shift vhioh
must be intreduced (vithout gain increase)te make the curve pass
threugh «1+j0 peint, The veoter vhich must be shifted &s odbviously
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that vecter whioh i1s unit leng, end 1t may be located by draving a
cirole with centre at the origin end unit radius, The phase margin
4s then the angls hetween this vecter and the negative real axis as
shown by angle @ in Figd, The phase margin has the significance
of estimating the stobility effect of shanges of the parameters of
the system which affect the phase of G(s)H(s),

It is usually preforable to eveluate the gain margin and the
phase maygin of a control systen from its Bode plot becsuse of sanse
of construction and the way results cbtained from the plot, Here
the gain margin and phase margin are obtsined from Nyquist plot.

The characteristic equation of a unity feedback closed loop
system is given in terms of the paremeters £ and B by

£(s) = P(s)}L + Qlw)p + ﬁ(a) ®» 0 vee (2461)

The system can bhe raprecented with an equiwalent single loop
{Rafer to Fig,1.2) having the openeloop transfsr functione

) » —PUE Qe

e s 1408 w £(s)

*

e’ ﬂﬂ(jw) - W . (2,62)

We Mnow from the definition that the magnitude of the CH
plot when 1t intersects the unity radius circle is unity and the
angle is « (180° « @) where 4° 1s the phase margin, Therofore
(2.62) reduces te=

o » —BHOC QP & 1z (1ae® - Y,
| = cos (®) + § sin («0%)

LN S | QP *
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Then we have
[Py (W) + P, (W& + [Q (W) +4Q, (W) B 2latib) [R, (w)+$R,(w)]

ooy (2,63)
- Eyuating real and :lmaginary terms, one obtains

Pl + (WP = aR)(w) = bRY(W)
e (2464)
Pp(w)c + Q(wB = aRylw) + DR, (w)
From tha above equations (2,64), we can obtain two éxprass;ona
for £ and B in terms of w,
aR, (w) « bRy(w) QW)

bmw e g

e (2.65
Py (w) Ry (w) = bR, (w) R
- Polw) aRﬁ(w) * le(w) — (2.66)
Pa(‘w} QB(W)

Therefere, giving different values te w we can plot the values of

£ ond B in the paramster plane. Hence once the pbase margin is
given the stability of & particular system can be ascertained in
the paramster plane,

From the definition of the gain margin-

20 log |GH| 4n db = Gain margin in db,
When the phase of GH(Jw) is = 180°

P(30)L + Q, (3w
GH(jw) = 3“ R(W) : ﬁ =0

or [Py(w)+ Po(W)]C +[Qy(W)+3 QW] B =0 [Ry(w)+Ry(w)] «a(246M)
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or Py(w)L + Q(w)p = oRy(w)

Lese  (2,68)
Polwdle Qy(Wips eRy(v)

Once the gain margin 4i® known we can pracesd exactly the
similar way as in the case of phase msrgin to pet two expressions
for £ and P in terme of v,

,ol\z(w) ot

eRn(v)  Qulw)
L = ”Mm Ve e (2.69)

Py (w) oR, (w)

P, {w) oR,(w) ‘
P - 1 ¢%)! 2?{% e ( 3070)
: ) Gptw

The plotting of the values eof < and B in the peraseter plane will
snsble one to check the stability of the system for the given
gain margin,

Now & family of curves for constant phase mcm and
eonstant gain margins can be pletted in the parameter plane, The
valuss of the parameters < and p can be selected to satisfy the
required frequency domain specifications,

2,8, Sansitivity dus te some pacagatar variationas

Frequency demain sensitivity helps to consider the influence
of small parameter changes on the frequency response characteristics,
end to minimige the nean squared variation ef the system response,
81de by side with the sensitivity consideration, the standard
fraquency response technique 4s used te determine system stability
and respouse characteristics, The frequency demain sensitizity
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alse helps te £ind out the change of a system parameter vhich will
place a stable system en the verge of instability,

Algebric methods may be applied to the design of a control
- aystem and the pole-zere sensitivity can ds used te perfornm the
sensitivity analyuis,

| With the help of timewdemain sensitivity an efficient
computer msthod has been devised to investigate control systen
sensitivity, "

These methods enable the dssigner to aaﬁary both stability
and sensitivity requirements, The design process may involve
interchanging the stape for stability and sensitivity considerate
fons until a satisfactory solution is= obtained, The metheds may
help te meat g desired sat of system performance characteristies,
but this achlevemsnt 15 measgrs vhen compared to the ﬁsdiaus work
they involve,

Based en the application of the paramster plane method this
paper [4] presents a procedure which enables the stability and
sensitivity requirements to be considered simultansously &n contrel
system design, Here, a time«domain sensitivity index 4s minimized
within the rtqui.rea stability limits, Linmitations of this teshnique
may come up due te the faoct that the form of the aystem must be
defined hefore hand end also becnuse only twe system paraneters can
be sdjusted simultanecusly,

In a linear centrol syatem subject to an input signal, the
arror, ¢ w ¢ (t, Q1s Qgesereresy q,) is a funotien of the time ¢
and & set of system parameters dyy Qpy ereseery Qpe  To investigate

hev the small changes in a parsmater q, affect the error signsl,

64734
WV dbAKY UNivzks,

-

veoANY NGy,
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parameter influence ceefficlents u; have besn defined as
vy é"gq"; ' 1 = (1) 2y eevsevncoraeny®us (2.71)

For a given set of values of the system parameters Q3 Qpees
sereey Qup the functien uy # uy(t) is & functien of time. The
shope of tha functien ui(t) deternines the sensitivity of the
srroy signal te differentiasl changes in the parameter Qe The
functien u,(t) alse depends on the input signal which is usually
s test signal such as an impulse, step or ramp function, Therefore
in srder for u‘(t) te be used in the sensitivity analysis xnf a
control system, the input signal must he defined, In this paper,

o unit impulse, and step inmput are chosen as the imput test |
signals,

The main weckness of the cesffictent Wy as a neasure or
index of a systea sensitivity is that a function cannet readily
serve ps g metric system performance, 7The purpese of the
performance index is to represent in a single mensure, er in a
lintted group eof such nuzbers, a quality measurs for the perfore
mance of the system. The system then aan' be optimized on the
basis of this nurber, A general index l2 introduced by

0]

Is j F(“J.' nanuunungurgﬁ) 4t cove (2,72)

which establishes an integrel ss s measure of the system gensitie
vity to smell parsmeter varistions., A set of parameter values
vhich minimizes the above integral provides a least-sensitive
systen uecordm'g' te the defined performance index, In a system
design, the choice of the functisn F ghould be governed by usefule
ness in thet the particular index wvhich is selected must be a
cenvenient ons to use as well as ene which yeilds practicsl
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results, It sheuld alse be neted thaty in the design, ths parae
neter influence ceefficients sheuld be nermalized te deceme«

uﬂ- % Si:‘h ] i = (lg 2‘ ‘uiwn;.‘, ‘r) .“.,v (3’73)'

But here for simplioity we shall take the sensitivity index-
v F ) ,
1, » J dWa . v (2,74)
y .
The index censiders the influence of the small variations in
& systen parameter q,. By using Parcoval's theorem, the index
14 of {2.74) resdily can be expressed as s function of system
paransters, '

¥hen the test input signsl (a unit impulss) is applied %o a
linear control system, the Laplace transformation of the errar
‘signal is a rationsl function of a given dse

{0 e . Xy (26?5)

?o L 3 3076)

</

The coefficients ey and by are functions of the system
parameterse
Sy ® 8y (ng, Qg pd.omwig&ou’“ q,)

ey (2'?7)
hx » bx (Q'l. Iai shensacvitey q')

From (2,71), it fellews that the Laplace transformation
Uy (8) of the ceefficient u (t) 1s- .
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Ul(i} *‘%&L see YT | ees (2478)

using (2,78) » (2.‘78), one obtains the functien U;(s) in the fornm

U, () B0 .x'x %-;A‘ m (2,7)
o]

Thusy Us(s) is a ratiensl function in s, and Parceval's
theoran con be used te express the intogral I, of €2,74) as

1, = g}f‘;sf ﬂ"(l) U'i(*ﬂ} an eas (2.80)
i
By substituting (2,79) into (2,80} ond using the standard
mmm. tables (Appendix B,2), the integral I,. of (2,80) con be
ca&eulatqa in terms of the system parameters to obtain

1& o 11 thg Qgp seecesvecssyly) ore (2.81)

Thus the minimiszation of the sensitivity 1s reduced to a
minimization of the function I,_ with respect to the system

paransters th Qﬂi shraesony qr..

It should be noted that the prepesed index of sensitivity
can be readlly applied to any signal in the system other than the
errer signal, Furthermore, the form of the index osn be extended
to the case when tho sensitivity of several signals with respeact
te multiparamster variations is to be considered,

After the sensitivity index 1s expressed as .a function of
system paraneters, the minimization procedure can he dons formally
in the standard manner of squating the partisl derivatives of the
obtained function te zere and selving the resultant set of ‘equations.
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%“ =0, I = (1) Chevvansensasy 1) soe (3,‘93)
for the values of the paremetsrsy 7The set of parameters which
simultanecusly satisfies (2,82) corrasponds %o a system which is
relatively insensitive ts smnll varlastions in the parameter Gy
Before the solution set of parameters i3 nccepted, the higher
erder derivatives should be caleulated to verify the minimm of
function Is, |

The formal minimization precedure outlined nbuﬁa, suffers
from s serious limitation in that the obtained set of parameters
may result in a unatabl@, or even unrealizeble, system, Therafore,
in the minimization of the sensitivikty index, certain stebility
Jimits have to bo introduced, The design odjective here will be to
deternine volues of system parameters which mininize the sensitivity
index under the constraint that all the roots of the ayatem
characteristic equation lie at certain desired root locations,
These simultansous stability and sensitivity considerations ore
performed in the paraneter plane,

In the parameter plane method, the characteristic squatien
of the system is considered in the form given in (2,1) end the
eomplex variable s is given in (2,2), two system parametors £ and

B are given in (2,26),

Paransters £ and p are chosen awong the paraneters Q909
eessenseyd, vhich appear in the coefficlents ag (2,77), They can
bes chosen as either paraneters of the controller or as parameters
of the controlled part of the system,

In the LB plane, sharacteristic curves are plotted using
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{21)y c2d Sho poglons apo dotoralinod for vhiehk all tho roots of
(2.53) hnvo Sho Qomion eoogedelcas € grortar then a apeedfiod
valuwde Fuethoroora, odneo ho poarenotor pleno dleepon plocos 4
ovidcaes o1l tho oot voaluon, tho syaton pocponso ehovnetorlotics
san) O Chaoved azoldy, Lony AF 0l Tho POFOIOLORS Qqp Qgpessessy
Qp 38: G onecptlon of £ and B o om0 0p0cldfdal, o porforacieo
oo E, 45 only o funeGlon of thoso Gio voruoblo porcatorde
Thowofopay tho Kﬂ_ & conotent eurvon ecn bo plotied dn tho noremator
odamo clong with ths dlagrony thileh dotoradne tho asynton oteblldty
ond 20390n00e  Tho voluog of tho parcotors & c24 By vhich mindndso
¢ oonodCivity indon inelddo o dosircd rolativo domping poglon,
goepoapond to o doodgn nolution, AfCIe (a2 nopetotor plenw Aldogeen
40 nlotiod cad tho 'Iﬂ @ gonstont Gurvos aro datpoducod, tho
golution veluos of £ and P oro found by ingpogticn.
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The parameter plane method is here applisd ts twe mumeriesl
exanples of cempensatisn. The nature ef the transfer functien ef
the conmpensater 1s assumed %o be known and only twe parsmeters are
assumed te be eljustadle, The realization ef the compansator §s not
sur prebles and se 1t 1s not discussed hares

In the first exazple; the compensator ics used cnly in the
inner feedback path, Both the gain and time constonts are taken
te bo the adjustable parsmeters, |

In ths second example, the compensater is used doth in the
forward and ia the inner feedback paths, The sffective adjustable
paraneters are the ga&n ﬁg associated with the melin plant, and the
gain K, asscclated with the inner feadback doop.
3¢le Exszals )t .

Reforing % 'ms\ 1.3, the loop transfer functions are given
belove

ese (3,
Gq(s) w2 Pers  wen (31

4 T
3&1(‘)*” % '1". +1 :
J

The clieracterintic ig,uﬁﬁion sorresponding to (3,1) fow

£(8)® 0,37, ,8%4(1,07,140,3)875(18,37 1 +1,0)a4(112 103K ,+13,3) s+
11+ m"l =0 | oes sve (3.2)

It 1s censidered thate
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¥e shall check both the shseluts { § = 0) and the relotive

(0 ¢ § < 1) stabilities of the given system,
Yor § » 040 | ,
2eN3  + 100,0

L=
wai » ?vaz » 110,0

«-mewﬁmm‘ms.ow“ #121,0 e
ﬁaﬂwn *» 1100

Pw

Par € = 0,8

ﬂﬂom 4‘3; 76“ * 100;0

" oo .o.oks o«ﬁ 63,2v = 10,0

m%nﬂs «-nm o.ow"*wmﬂwmm 2200

i Qu’?BGVn “QQQ 934:94&1*‘ 5302V - 11090
Fer § ® 0,3y
, m..M *3,799° » 4444w, + 133,0
L= %

o,mw: + 0,463 » 27,7002 + u8¥, = 110,0

wae L (3,3)

L (3s4)

3.8}

For § = 0,8,

.ow\gn m.wz = 190w, + 10040

Bﬂva - 30.9&2 + 13340 W,=110,0

L m

5 omh-o.a-nﬁ?_.am L7,3N° + 187,2%146,0v p*t121,0
W s

27,w3e39,9v2 + 133,0v, =110,0
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For a phase margin ef 0% the paraneters C and pare given by

~0,45w342, 300> + 10,46v° ¢+ 86, T¥, + 5540
Lm j -
nga w X, * 110,0 V

0,08v. +05001%5 ~a.m%.9:aaw‘mv,1w3 + 104,80

P*W 5 W

Yor a phnn margin of 45’
«0,630u% ¢ 1,007 » 14,&1«2 * m.ﬁ% #7178
G,QV - 200 n * :.m.mr

€3,7)

(3.8)
_ o.oeaug-ro. w.mw”m Qo0a, %vm%.aﬁvas.af "
P o.w5 20,9%3 = 1100 v,

For a yain nargin of 6 dab, the ‘parmux;s are sxprassed sse

1.3&5 * 5,0

0&% wmiﬁ\lﬁ nlﬁﬁrﬁ
. o.%a.x - m.a§ +00,5

0s9vg -m.wﬁ - 110,0 ]

L - .
o L (348)

For a gain mrgin of 12 db,
o.s'mu?* * 25,00

P o» SN PO

X aao.ewa *110,0

sve (3e10)

0,0228 v& 6 .1,0008v3 4-33.7&3 + 20,2

P= e.w‘“ «m.w% - :l.m.a |

Fer an impulse input, the actuating signsle
0,37 :"’(10”g"@03). +(3,37 ""1‘9}‘2*(%3‘“ ]”3‘3).‘*
0437, ;5441097 140,308+ (13,07 s2,000%4 (01T 43K 1 423,30

110K
11930K_,

E(a)=

oo | © e .31
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The sensitivigy index U E iven by
30,0 Lafe (13040 s0)a® + (100:0“130*0)"10"*0 (3,12)

Upw& ——— -———5;-*

vhere Dy = [0,007680(1,14.F 40,185 )87 +(12.507 + 0,00 2,285 )a®

(s101f s Cp 2384 +2,14)8 *(am.mn3+u.so *

| 114,20K 417,44p 41,8 P e’ *(s'r.mm.onp *map +202,2:5
438,52 £)0° +{630,0% +120,0 & % 0,0(P+218,69 +308,0 £p+
117,85 18%(60,0(7 +332,0B + 293,0 242,04 +220,04F) 8+

220,0 B +100F° + 121,0]
| e {3,13)

otelle gots
Gy 0y Cg W0y Cg ¥y 04 %y caitao,&& . 8y » 13040 £ 430,0
oq ® 100,05+ 130,0, o, * 100,0 -
and 8y ® 0,095, 4y 2243 + 0,184,
g » 11.59&3 + 0,00 + 2,284, dg = 5T,15%00,85pA22, 185 41014,
8, » 218,695411,59 +:m,a4£+1?.4 Lp+ L8P
8y ® 67,1 + 118,065 + 17,4 92,22 + 438,505
8 % 834,05 % 121,07 + 0,05 +218,69 + $32,0p+11745 B
4, = 220,0p + 100,08 + 12,0
| cer (3.14)

The sensitivit 3 index fer n step ippute
3040 L8 ¥ (130,0 & + 50,0)8%100,0 £ +130,0)#+100.0 (3.18)

U, = s
P A
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vhere Dy = [o.,os- 2 41,142 +0,1808%0(11,50.250,09 +2,285)47 +
(67,10 %3,8 4p +23,18 5 41.14)6% +(218.605411,50 +
114,24 £ 9170457 ﬂ.am * (57,1 +UB0PATAP ¢
22,2 52 + 438,525 )8 *(Mammm 99,0 g%m.en *

332,055+4117,8F ) »(m.a pﬂwaa.ap $203,09242,0 & +220,05p)

(220,0 P mamp 2 ao1,008]
‘ - Cane - ase - (3418)

8y = 0y Gy %0y g W0, 85 ® 0y 0y ® 0y 6, » 0K,

8g ® 130,04 ¢ 30,0y ©y = 100.0 £ + 130,04 o, = 100,0

8 = 0,00, 8y w1.14240,185 18,211,50:240,00¢2,28 £ o

dg % 57,15 + 1,35p+ 22,385 + 1,34, |

g = 218,607 + 11,56 +114,2K ¢ 17,455 41,8 Ba (3,17
8, = 5741 +118,0 5P +292,2 &% 438,82 04 17.4p, |

dy ® 584,0 £+ 12104 + 0.0 +218.60 +332,00P9117.8F

dp = 6040 pP+322,0p + 203,0 + 242,00+ 220.0 oc;a ,

4y = 220,0p « 00,0 52 + 12,0,

4, =0
Tho smaitivity index m;mnpwﬁine te £ for an impulss fvput -
B&/' 0(300 ' '@‘lﬁm.ﬁ' +w0.0l)f3 ese (301&)
\ 3 '

ﬂ?ﬁei 66'0‘ ‘5.0' o‘ﬂﬂgcaﬂvmﬁﬂﬁg

ogaa-mmP, e ® 1008 , ¢, »0
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dg = 0,002, 4y = 2,348 « 0,18<, dg ® 11,60 2840,0042,285,

8g ™ 67,15, 41,800 403,185+ 1,14,

8y ® 218,60:% +11,60 +114,045 41744 4P *mp .

&, = 57,1 + 118,0 <p 17,4 p+292,22 + 4,825,

8y = 534,0 L+ 191,042 + 8,0 F + 212,60 ¢332,05p4117,8P 4 (3,19]
8, = 60,0 +302,0F 4293.0 + 2420 & + 20,0

dg ® 220,0 P + 100,0F ¢ 121,0

Sensitivity index eorroﬁpunding ta £ for o slep input
5 o b0 08 +130,08%+100,08) B e e
i By , _ |
wherey Dy = Dy, | |
og Oy &? 0, Ce w0, G'am; %*O, 63“'3@&9?; ﬁwmakﬁp

(3420,

¢y #+1000F 4 ¢, * 0
6y = 0,007, 4 w 2,24 Z w0284, a.,m,. o@w.mﬂma '
8 = 6741 291,85p423,18.C 41,24,
Qg ™ 218,69 501150 +114,240417,4.58 +1, 8P 4
8y % 571 +LIB,06P417:4P +202,2 &P + 438,824 (3.2
a4y » 584,04 + 121,02 + 9,0 F + 218,69 + 332,045 +117u8p,
dy ® 60,0 F +332,0p203,0 +242,0 & +220,047
dl = 220,0 B + 100,0 ‘32 + 121,0, |
d‘ = 0
3.2« Examole .2t

Refening te Mig,).3, the lodp transfer functiens are given



6y(0) = 5i2r

$eas 9
4
G q(0)m *;#T

gt

The characterigtic equation corresponding to (3.22) ise

>vee P

52

(3,22)

£lad= 0.150% 1,266° +3,608% v(a.,m.sagdmgmxax 3 * 91 %0

L2 2 LA R
¥Ye shall num-r
Kk & ¢ Bp®p
Fer § = 0,0, |
L n #0378 V: + 2,628 V‘g * 16,20
' 1 2 X
B® 0,125 v} + 0,4625 w° » 8,75
For %m&;
L w0415 V3 0,698v] #3,62552 w7,1 v, *16,6
P 0,0048u% + 0,000v3 + 3,80v, « 8,78 "

FG!‘ % ‘ﬂhl%,

Cua0y 2w = 2102378 2 + 4,070F <10,60v, + 26,25
8

Pw 0,072 v + ommn D «6,020wF + 5,200, 3,75
For Sw 0,8

Lu w2378 s..mwa 17,75 v, * 16,25 }

P 0,5625 v «2,6376u7 + 8,870v, #8,75

eve

. {3,28)

(3,24)

(3.25)

(3426)

(3.27)
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For & phase uuia nf 3%, the parameters sree

e =0, 1w -0,52564 40, 1v: LSBT 4601

e ?.(aqu)

Ovbvy - (3429)

For a gain margin of 6 4b

£ 0,103 + 1,32 ¢ 8,08 | [
Pw 005N} + 0,22 vF » 4,37 | ’

Fer u gain margin of 12 db

L «0,08375 ¥ + 0,86878 P + 4,128
e Yo ’ vﬁ * ook {3.31)

p= 0.,008125 vl + o,1168v% - 2,1875

For an impuldse input the actuating signal

e 0,188%41,786% +(3,8 40,3808 +1 *Ltosss (3.32)

00155‘*1.»28‘ *3&5533"’(3¢3m03“P }5 + &*”P +1

The sensitivity 1nﬁm

- - [0.1&35’1‘55‘4 M,o&a +(10,0 *0.3@'34'(8;6*1*6@'*3*2&] (5,33)




J54

vhere Dy = [0,02058% ¢ 0,37887 + 2,62788% +(10,01 40,005 +0,3p)e% ¢
(22,1 +1,08543,1F) 8% +(4,634012,1p +30,8)8° +(0,0020
21,6 +9,380421,8 B+ P2 ¢ 0.8:p)8 #8424 417,25 47,6 +
0.8 8 ¢ 4,0 + 3,258 + < +4,0 F41,0 +4,04p +
205+ 4,05 | ' | vess  wes (3434)

Ve have,
By ﬂ, Qc wly Qﬁ #0415, ﬁ‘ M)y 55, Ca L _-6«06,

8y 5+(10,9 + 0,35), 0y #=(3.6 +1,64), oy = «(2 +24)

and « ‘
ds u 0,0228, ﬂo’ = 0,375, dﬁ a 28,6278, ds - 10.01*0.09&*0.3;3

44 = 92,1 ¢ LOBK43,1P 4 & ® 4,635 #1201F ¢ 0.5,
g % 0,092 + 2,8 + 9,385+ 21,8 ¢ P 2 + 0,655,
8y # 8,204 1T2P+ 76 + 0.6.c3 + 4,0 p2 + 2,245,
e, 2 4.0;39 1.0 + 4,04B ¢ 2,00 + 4,0P
srw oo (3435)

Por a uait step Input the senal t&vﬂ,ty indaxe
- [0 35-5*1.551 +6,068°4+ (10,040,300 874(3,641,6)84242} o o5)

uP' wwmm

vhere, Dy ® [0,0225 8%+0,373 +2,627687+(10,0140,00 £ +0,37)8°

400,1+1,08:53,1F) 8 7+ (4,635412,2p+30,6)8% 40,005 +
81,549,385421,8 P + B+ 0.6K)A° +(8,25 417,25 7,6 ¢
0,82 + 4,07 +3,2 50102 +(B 24,0 Pe1,0 +a.05p+

2405 +4:0F )3 (3437)
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0g™0y Oy W0y 0490, OykeD4ll, 0,2=1455, oy M.O&
0y ®4(10,040,30, 6, #-(8,691,60y egu.«(2¢2L)

and
8y = 0.0225, dy %0,375, 4,242,678, dgs 10,0190,0040,3F,

Qg ® P21 +1,06543,1P, 0, #4s635 #12,1PK30.6,
‘ &9‘ | ' (3,38)
da = 0,09 21.5 *@g@gﬁg}.a»ap“ @ +0.6 &P, ‘
Gp = 8,20417,2P + 7,8 + 0,65 + 4.6? Haa2ify
g, eBra0fer00 4406 # 205+ 407
d. "0 |
Sensitivity index corresponding to £ feor an impulse input

2 o
u'&,w. Case . wes (3,39)

'h.”, Do’ = ns’r

0p 50y 05 "0, Qﬁg "4*9& 6%y 89043 Py

€y*146Py 0 ¥Z.0P

8y 0,0226, 4, 20,878, 4426275,

dge 10,01 40,00040,3F, d, %22, +1,0558,1F 4

85% 4,635+ 12,1F + 0uBy A%0,00 3%3@;33&%.&;3'» FP40,64p
y® 8,25417,28 #7,8 + 0,65 m@pa * 3,24p s

8,0 B + 40 + 1,0 + 4,050+ 2,00 + 4,0P

| | ver  (3440)
Sensitivity index cerresponding te L for a step Soput signal |

t] .
U = W% cos (3.41)
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vhere Daf by
G.ﬁ, €0, a‘t@, 953'9’ o‘t@, 6310, cgﬂo,a P s
‘9' 0;0225' % *0.3’75, 4? » 2,6278, %"10;01’0.0900.3[3
dyn 33.1 "‘1&0&*3.1?’ d“‘tﬁaﬁ "‘mglp *30, 8,
agn 0,002 +20,8 + 9,380421,8p + o 2 (3.42)
age 8,26% 3.9.2[34» 7,8 + 0,67 + 4.9? * 3,25F,
41‘ 2 40@ ,3 + L0 "' 4.0 &P"’ 2.0 *4,0P

d.no |






Xn beth the numerical exsnples, wvs have ebtained the
expressions of £ and B in terms ef v for the absolute stability,
relative stabilities, phase mergin, galn margin and sensitivity
functiens, The correspending curves are pletted in the parmur
plane Ishewn in Figs, 4.1(a), 4.1(d) and 4.2(a), 4.2(d)I by varying
v from o to @, Some ef the results along with the computer proge
ramming have beaen shown in Appendix 5,44 Taking any point within
the stability region and then spplying Reuth Hurwitg Criterion we
can check our celculatiens and manipulatiens, The sensitivity ef
both the systess correspending te each parameter and within certain
stability constraints will be interpreted hers,

4«1, Sxomple Lt .
Let us take any arbitrary gxamt M(,2,8) within the stable
 region of Fig.del(a),

The characteristic equation corresponding to this point is
£(s) = 0,06 8% ¢ 0,680° ¢ 24,563% ¢+ 02,58 + ML m O ,, (4.1)

Routh Hurwits Criterien is now applied,

We havee
4 '
8 +08 4,56 0,71
s  o.e 33,8 0
‘3 22 n 0 - e (4.2
.1 11.0 4]
* n 0

The aystem has been found stable,
Te £ind s peint of minizum sensitivity fer a specified
damping ratio in the finite <p plan is net possible. But
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ve can utilize the I = constent curves corresponding to each
paraneter for choosing a desired systen responss., In Fig.4,1(a)
two operating points M;(0,1y 1.5) and M,(0,3, 1,0) may represent
twve systems vhich may have satisfactory system response, Accords
ing to the poleezero configurations of thelr closedeloop tranafer
functions,

“1 s Poles ot *' 105’ -ﬂb, »lod : a 6,86 | )

Zaros at « 10, 25

. - > (443)
My ¢ Poles at  «1,7; «6 »le24 & § 6,00

Zeres at «3,3y »6.6 |

The peint HQ is prafersble dacause ”1 corresponds te higher
sensitivity,

Woxt we shall consider twe points M;(0.2, 2,2) and M, (0,37,3)
of mﬂviqlﬂi)*

Precesding a® in ihe previous cose we havee

“8 ! Polas at «2, -8, ﬂlﬁaz 36,37

Zeros at «5, -6 ' :
Ll (4‘.4)

H, t Poles at «3, =4, «1,2 § }5.88
Zeros at «2,7, 11,0

</

Here we have seen thet the value of sensitivity is almost
independent of L and depends only on the value of B .

My 13 preferadle bscause it corresponds te ninimum
sensitivity,

4.2+ Examole 21
We shell consider the arbitrary point M(3,6) in Pig.4.2(a).

The characteristic equatien becomase
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£(s) = 0.158% + 5,256% ¢ 3,8502 » 10,7 + 18 = 0 ., (4.8)

As in the previous example we havew

e 005 3.8 16 A
d 1,25 10,7 0
2
s 2423 18 0
1 ’ . &' T (4.6)
L 1.8 0 :
. 18 0
(4,6) shews the system to be stable, 7

Now 4 we put the constraint of stability h, a damping ratio
S = 0,3 and consider twe points “5 (2«:5' 1‘3)' 56(305‘ 0&'”
proceeding as in the previous example wve wbtam«

Mo  Poles at 2,75, -4;8, «0uB87 * 31,8

Zeros st =2, «6 T $
B (4o
My § Poles a% w3y wiy «0,54 ¢ § 1,11

Zaros at =2, «12 - J
Here sensitivity curves Veletopare alnost indspendent of the
value of < and depends ouly on the valus ef B, Ths paint Mg is
preferred because of aininus sensitivity,

Next we shall consider two points M,(1,88, 1,7), and
Hg (3,35, 0,8) of Fig.4,2(d)s The pole zere configuration of
closed loop transfer functions ef the systems shows thate
My # Poles at =2.8, =By =046 & § 1.0 |
Zeres at <2, 4,2 -
Ng & Poles at «3y =4y «0,54 2 § 1.11
Zevos at 2, »10.,4 ‘
On the consideration eof minimum umitivity the paint Hsas nreferred,

> (48)
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ACPENDICED
5.1+ Chebvahay Functianar |
The complex varisble s ef the characteristic equatien of a
serve system 15 expressed dy=

l.*? %*aﬂn\fi é "TY S (6&1)
wmre, v, undamped natursl frqquﬁnay
§ » pelative dazping ceefficient,

Given a characteristic squations

£{s) ‘i lex = 0, | e (8,2)
K=0
2" con be given by
[16e8) o s A-Ence)]  wn s
Vhersy g (eg) = («1F Te(8) s
“es ’ ~ \De

Tgl=5) = 15 (s)

mnatian Te(S) and Bp(S ) are ﬁhuhyahw functions ef the
firat .md the second tinds vespectively, The armmmu § of the
chqbyahw function is 0 < \“%’| < 13 for the stable system it is
0 {§<1

Punotions Te(S) and Up(S) may be obtained from the

rwuwmaa formulase -’
Trag( & ) « 26%(S) + T (S ) =0 -
| | ' - e (848)
o8 Up,g (S) - 26T-(E) # Ux (S ) w0

vith T,(§) =1, T,(8) =& ,U(S) =0 end U(S)m,
The numerical values ef Tx(S) and Ug(S) for pertinent values of §
aro given in the tebles I ang II, | .



0,00
0,08
0.10

0,18
0,20

0,28
0,30
0,38
040
0.45

080 .

0.85

0,80

0468
0.7
076

0,80

0.88
0,90
0.98
1,00

0,00
0.08
€10
O.18
0,20
0.25
030
0,38
0:40
edb

1 @450

04568
0,60
.65
0.70
0.75
0,30
0.98
0490
0,98
300

ol

| 5 % T10
1.000000000 040000000000  *14000000000K
0.901096006  0,5321445505  «0.847831549¢
0.695745280  0,7842626560 0, 530302748
04358110805 09768206915  ~0.065067397:
101040056320  0,07099B2720 04423455623
047626953128 0,815384521
043085276480 049955225088
2040764725466 0490724101
o 0, 5329205960 04462346291
BEDSI0NS  #0,8720108058 04044720670¢
'n DOOG00  «1,0000000000 tﬁam‘)ﬂc
LOJOSIMIDSIE  ~0,8633061045  =0,9862553195
DudZINOBO «0,472003420 «04938496885¢
0812407608  0,0840000385  «0,701960857¢
0,096801980  0,6406365000 «0,09840051
0.876953128  0,9755850975 045864257012
04420972480  0,8315431680 0.9834965254
L0,270488705  0,2772303988 0,7417504724
k0,BI0ITUE0  =0.6076A92160 <0, 2007474808
W0.B24700708  «0,0600686608  +0,0994216590
1,000000000  1,0000000000 140000000000
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5424 mmammm

| T (5.6

»J®
n»3 | A
vheres  o(s) = E' ot |
. Ew
n %n (8.7
d{s) = E dxpn
~ KaQ) _
Solutions of thafollieving integrals are chtainede ~
2
e
3& - Zﬁ:&;‘" T {8.8)
of 4 + oA | |
xa » : “'al dz ' '3 r (5‘9}
I, = (5410)

IG ﬂAs I:"%o * “5 "9351'7)l; * (05 uﬁe‘uaﬁ'%aa?)ua *
£°§ naﬁaﬂ5 "‘20306 ”%107)”3 %(Qaqggag 4;*3‘31'5 5,.. 8)‘4

(e5-a0y05020,0)mgs (ot 0gdng + ofwy | (8,20)
whers, | | |
| mye (d,8,40585) (~0,810, + 8,8,8, +2a7ag) +(astma5)EGRG

85030+ dy8ylg(d,05mty0) <70 (d,8,-010,) *(edgly*dtge
840g) (44037038 0-0y8, (430593808500, 8,05 (250 w0 8,0+
.ﬁ1§4pﬁ soe (8412
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.# #(8,0, «0;85) (4,07 8,8,0, «dyded, *4,0.0,) +{d dyed dq)x
(eBgdidy +8,02 «d,00, + 470,) <8 dc0 (8, 800d) ¢
a2 ag(a,8, -8,d,) ves (5413)
g oty (4480000 ® $etly Hgdy) (8,038, ~4,05 *y8 -
aSa)+ 4,0%,(«1,8,00,8, 4405) - 2 4,0,4.4.0, (5,14)
" (otty tgty) (st = 88y + ay0zh; wafeg) o

(edgly + 4,47 (8,340, s010,8, + a¥ay) - 283 (5,10)

n, " -};aea,_ “dm, *8m, - d0,) cos (5.18)
ng "%:“a"a . 8m, *am, « Oomy) srse (8.17)
mg ® "};(“a"s - A‘n‘ * dgm, = dyn) sese (8,18)
ty ® -ﬁ: (dgng ~ &y * dom = dom,) ooo (5.19)
By = d, (0,8 = dm, + Qg « A, oss (6,20)

Iy = %3'9— E,g ", ﬂeg - 20409)m Stcg-a%o,* 28,00)0, ¢
(cgézﬁgca * Bogey « 20,0500, ¢ (cﬁ “20q0g 2005 «
Bog0792040g )+ (052ug0,+2010xv20,0g)agt (oge2oyoqt
20,0)mg *+(05m20 8500y + afna:‘ e (8e2)

vhere,

% = 8181010 “agtgtagg vassy 2agag ~aZeagey -ef) ¢
sg{=agas »azn, *a 0y +288,) wng eae (5,22)
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mymay (a30yPa58g =Sghyvaghy) vhgloagagrasageailentn,  (5,20)

mytay (03010%0,81 %07 00003) 48, (engty s tapagden ol 15,24)
gy (Rghyg #80s000oRo 0o ) ¥as (By0gea 6y 0oty (6425)
Wy %; {%4‘44'3 ¢ ‘5‘3 ’43‘1) Y {5,26)
R Ei (dgny = dmy + dgmy » dym) Y (8.27)
o é; (ymg = d mg + dony « dgng) rer (828)
&. t {d'?‘l ‘45’3 + ﬂdﬂa bl é‘l“’ avke <5¢29>
b t (“g“'r‘%% Mg"%ﬁ’ v “on (8430)
Ag - d.(dlnﬁ‘d@‘? * d&“ﬁ - d?“ﬁ * dﬂ”‘:’ e (B431)
amd '
Sp ™ &yd, ~ 4,9, ap * dydg « 49y
.’3 L Gédd - dﬂd,ﬁ | ‘8 » ﬂsﬂg - da‘o - 55;33)
8y = dydg ~ 44, 8 ® d50g ~ 338y
8y = 4o, ~ 4,4, g dady = 80 )
8.3, dagablan.nl fangtiona

In mapping a constant § sontour fm the seplons onto the
£pplane to obtain the related § curve, it is of interest to
deteraine vhich side of the curve correspends te a positive inorement
of A§, Then that gide of the § curve sheuld be sheded in order to
deternine the nusber of rosts in various reglons of the LB plane, It
will de provsd hers thet te '
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tr the Jacobian & = J(R, I/L.B ) 43 pesitive, then facing
direotisn in which w, incrsases the left side of the § curve
cerresponds to a positive increment AS,

Te preve this statenent we shall define a vectors

L :3? as the oross product

?1 *mn XA€ der ‘ﬂ#%’

vHerey ow ow, 8
&;ﬂ . oL 1+ Sp ‘ g (a 20}
e L R

J— 08
R e

The vecters 1 and § are unit veotors in the & snd P
directions, and the vecter X 4s & unit vecter such thot the
vectors 1, § and K form a rightehanded system, e must note bese
that the side ef the § curve to de shaded Lz deternined by the
orfentatien of the vecter ZE since € increzses in the dirsction
of this vecter, The direction of the vecter € with respect to the
‘uqtor&?u 1o deternined from (5,33) by the sign of Jyudy(w,,5/Cyp)
given gae

My O o 0§
31 L SE‘ . '3%"' - '()rp“" L. v ere (8438)

Row 4t 12 te De preved that thy sign of "1 is squal to the
sign of the Jacobian J defined #ne

J’!%‘%‘q'gg*%g% teen {5,36)

It can readily be showvn thate

31%% )g 31 (“%""'Ps") =1 tne - (5437)
B} w 7,( At " (5.28)
‘3 M)n 31("—%"“' :2( ¥t §
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Pren (5,37), 4t Tellevs that the twe Jacobiens Jz(&,ﬁfw“,é)
and Jo(v 45 /< yP) hove ulways the same aign, Then te prove that the
JIncebians J and 3‘1 hove alss the same signy it is necesssry te shov
that the Jacchbian :2 en the right side of (5,38) is alvays positivew

Fron (§,38), the touwing- can be deriveds

Jg(%) . ['g‘é)g * (‘Ez)ﬂ YT (8.39)

In deriving (5,37) frem taaaa'), the relations

4T, () a4 S Ble) KT (€) ,
-J-E--uxux&%)g 3; b 53 m%?%— (8440}

o8
ore used, vhich exist swemg Chebyshsv functiens Tp(s) end Up(S),
The Joooblan 3, of (8.38) £s alvays positive ( the case
Iy ® O is not of interest since then (8434) are not solvable fer &£
snd B as function of w, and S )y and the signs of Jacoblans J and
:1 are the same, Therefors, the statement eutlined in the degining

of this Appendix is proved,

Befere concluding this Apnandix 4t sheuld be neted that
ths previous theorem extends to the mapping of mere general centours
from the s or g y!.m onte the £p plane since the proof 1» valld
fer other pairs of indepsndent variables such as (v 4§ )y(w -;( V€ )
ete, In sdditien, when twe parameters £ ond p  sppear enly nmarly
~ 4n the ceefficients of the characteristie equatien, the same theorem
is valld provided the Jacoblan J is reduced to ths carresponding
deterainant A givun in the nmar continusus or the mmumax-‘
AYSLONS ,




C PARAMETER EVALUATION Z MeNeSHARMA. EX 1
Wx0 .3 68
PUNCH10
FORMAT(6X s 1HWy 10X s 2HAP s 10X 9 2HBP s 10X 92HAG» 10X 92HBG)
XPBaw (o836 WHHL4]  FRUNWRY =14, BRWHW+TO e 66%WH+TT,8
YPE 063 %WRRT+o 001 %Y RNE=F O RWRRE 4 G OTOERYRKLLDL o SRYRWH Y o I ¥R 485,58
XGCm o6 TERWRW+25 ¢
YGRp0228%WH%6-] 40935%WRR44+33,T58WHW+3042
2'09*w**4“2009*w*w~110-
IF(2-04)293»2

APeXP/(Z%W)
BPaYP/(Z#W) $ AG=XG/Z % BGeYG/Z
PUNCHG s W AP+BPyAGsBG
FORMAT(5F 12.4)
WziWs0,3
IF(W=10a)1s1s5%
STOP
END |
W AP BP AG BG
«3000 ~2.9114 -246255 ~e 2240 ~e2970
+6000 ~1e6353 -1 5009 -¢2150 ~53595
29000 ~1e1466 ~123426 -g2022 ~o4498
12000 -~ 8636 ~1e4557 ~41879 ~-e5541
145000 ~e6T720 ~1¢6720 ~e1739 ~e6615
1.8000 ~e5330 ~1e9245% ~s1616 ~s 7657
21000 04284 -2s1852 ~e1515 ~e8648
244000 “~e3476 204469 ~el44] “e9606
247000 ~9 2836 ~2¢T185 ~e1308 ~1e0574
3,0000 ~e2314 -3,0071 ~¢1380 “~1el624
2.3000 ~91873 ~3,3502 ~-e1401 ~1.2869
36000 ~e1478 ~3,7935 ~e1469 T =144493
349000 -9109% -84 44261 -e1605 ~1 6831
442000 -e 0676 ~544357 ~+18858 -240581
445000 ~40114 ~73024 ~e2355 247537
4,8000 « 0943 ~11,7599 -e3564 -8 44166
561000 ¢ 5479 =33,7168 -e9512 ~-12.6099
544000 ~o 8639 376442 « 9750 14,0173
57000 ~e3485 12,4688 02915 446218
6.0000 ~e2439 Te8252 «1622 2«8874
643000 ~61962 59988 +1083 22037
66000 ~e1678 541109 s 0792 1.8698
649000 -s1483 446554 + 0611 1.6969
Te¢2000 ~¢1338 44385 « 0690 1e6126
T¢5000 ~e1225 443701 « 0403 15834
Te8000 ~-s1134 444025 «0339 145914
841000 ~s10567 445080 «0290 146265
844000 -4 0992 446695 w0251 146821
8,7000 -e0936 44,8758 00220 17542
9.3000 ‘00886 501193 00194 108398
94,3000 -0 0843 543946 « 0173 149371
946000 ~9 0804 546977 « 0156 240444
9.9000 ~e0769 6.0257 + 0141 241608

5TOP END OF PROGRAM AT STATEMENT 0005 + 00 LINES
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PARPAMETFR FVALUATION FOR HRAIM BAOGIN & DR EX § 7 MM, SAPMA,

L A
Pinen 10

FORPMATY (R 1HW, 18Y 3 THA18Y 4 1HP)
Xwl, AS0WRWeRN

Yo g NASSHERL D T HYGRRASA T RONEWLAN Y
Zult QB EBLIN OB~ 10,

IF(7=Nu) 73,2

AuXt?
Ru¥/7?

PUNFH botly ANl
FORMAT(AFI6.T)

Wallen «?

TF(Re?) 19148

LTOP
FND
W
«3050RPN
LENNANNA
PR-Fiitstatalel
1.2000000
1o ENONNEN
1, 8700000
241000000
2,40000AR
74 700ANAD
7, AANOAAN
2,2000000
%, & AR0AAN
2, 0000000
Ly 200NN
L rannenn
he AOBANAR
S Refslitalaly
8 4 &ODDANN
L P dilalelilils’
BenpaACRE
feADARANA
f6NNONNA
o OANOBNA

AR LU

T SN000NA
T AOOAANND
A 1Rnpnnn
BeaANAOLA
Ry TABOANA

A
weAHANLIFE
-y GANNINTY
-abN68178
- RTETRO?
-y 34 TREL P
= 37231300
- ANPAGRYG
o PRA1P4O
-y FTADANE
- PENZHYY
- 2VABHAN
~e 2716280
- 5710064
-e7128222

19022441
1,0400n0) 2

«ER29040

« 7269421

2 1RRORG

172221927

0T8N

«NANE2HL 2

+NETTERD

08 TONER

W1GNY5RY

420103

R
- 5G8N]1 04
-aT7202788
- FOIRERD
~1 21134857
~1«A2BN1084
w] o 5IQDHAN
wlaTh1TY1O
-] oD APORYIA
- g 1ANYTAEA
-2 2 AHENARGNG
w2 a& 227344
-2 o DERVVES
~BeBHBRLITO
i g 2HIBOTY
~BaTATLED?4
w ¢ 2AN2M4
=26, 507200
PO, THELTIO
ReRILAKD4
£ 1 BTARNR
L 4TN?RE4
A2 OBEAILY
R GNOAZHT
Re&a2NZAYY
A ILOKNED
3438114AR%
Fe8127041%
15162211
AebhBHbIAY
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QL OnfnnNn
9 A 0ONNAN
Q ENOHDNN
gL annnnnn
102080080
10 L BAMONDN
10, 80000D0N0
1].39ﬂﬁpﬁﬁ
114000000
1171000000
12, AONRONON
122000000
12. 6000000
12,9000000
13, 2000000
13.8000000
1%, 8000000
141007000
144000000
14, TOOONAN
18, 00000N0
14 42 000DNA
18 APDHNOR
18, 0000D0AN0D
16207 0nNN
14, 830008000
1&A00ANNA
17,1000000
17 4000NANN
17,.700000A
18 AONOAD
1R ONNBAN
1A, 6000080
1p, 0000008
18,200000N
19,8 nn0aNN
10, 8000000

YA  FHD OF PROGRAYM AT  STATFRENT QONB 4 00 LINES

«NIRRLKO
ETPELE
«02110Y4
«ZRINGS
s 255307
el ki id
L7108 8
«N10T0RY
«D122104
+DIEROGR
«1%8T242
+N 144724
oN13T284P
1128737
«N121001
113072
oNINTHED
+NINTAGY
Paal-T ) R
Al R b 5
,ﬁbSﬁﬂlﬁ
wNA2ROL
OOTRARAC
OLTROEAN
«NTIARS
«TOLBRRD
PRt f 2% Sl
« CE2RTQ
Ml GERS
JPPRTONY
2IOBREAT
PRALE LS ¥
NOBIEAS
+ICaRID
TINLTEAS
+T048147
«ONREREN

B H2OHTETY
LeDB1INNRAG
ho22722610
e hBPO2P0
Lo EOREIIT
b AHNTBAN
52737814
BaR2TE2EY
G.ARNEHIN
6166870
EabTIHAST

C BeBIZ6E10

Tel620184
TaB2614%0
TeB061208
B ?TBEAT?
RaET154NR
QN THTIEY
NLARTIRS
GeB112%04
103660450
1N TATLAE TN
11e2600100
1341076630
1261707420
12.8%43010
1 2. 145480
136882300
14,1583350
Yo, 677005860
1822087800
15 TABDIND
Y& 4202590N
14 0400830
1740150620
3?.??11”40
1o 08 ren

. 70
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74
SFMSITIVITY FUNATION WITH A FOR I4PULST FY2 2

A'.q
PUNCH 10
CEABIATIAX s 4 FALF AL 12X a4 HOFTA L INN o PHINTENRAL)Y

e’

ﬁHu.’?zﬁ

Miey, 379

ﬁFnE.ﬁ??&

L S TaPaad Bl L3 L £ g

DBNm224 14140088247, 18R

D ml o AAART T, 1¥REIN G

Nimg “OMARLLD 12 O ANBA4D ) JASOAR TS AR ASE

DARE L 2BART Vo 2R T4 LRARASH L HARR T, FRARN

DT RARAGAUTHNE] g Sb oW AEC D g0 AGG o 1D

CAn] o 68N

fﬂa.ﬁ*%‘,‘

Clud b
EAWIDYIANGENNSNE J R {DZADARNGCHN 28 NCH DA T 4 HIANPARNT )
Fow(DCENGDEENT 18 (DTRN2ANTINA4NN#NR )

COuNAMNCRIME (DI SCDARNE JuASDARDIMNS (D RDT DALY Y

N (DB DCADNCHNT=DOINE IS (DT ERCENTHDABDANNT)
FrawARDFR(DARDASDIEES AN aBCEDE )
TrasNARNRENCE{DOENTLNRENT )2 DTN RN AT RN
AMAREA ST RACCHEDITESFF
Fre(DZaDCananR YR (N ZHNGRN NN AN SN LM AR EOS4NRENT NN )
FHW [DCANMWNIENG ) R (D7 ¥ DBARDE 4N Z ENC SNC-NAXNRAINCINASPARND Y
EYma 7 aNCanGe (D7 aNEaDARRP 4D ARDASEHE [ N2 4 DG-D AR

AN FaReFHM R

Fhe { DU DIANFRDG ) #{ DZIDASHELARDCH DL+ S LAY O ~DARDARDD )
FROEDLS (AR HeDPRRG J 8 (DA RN HeDMNRNN ) P L 6N7 DM SN0
FCaNZROGanos { =D NS4 DAFDD4E 100 )

AMCafFA+F P

FRa (=N enHeNFRNG 8] 2, 4N ENARRGSN I N 4NC LN LN ENTAARDIASDE )
Fra(=NCRRHeDDENG ) 8 N2 8NTANGwLAR LS DOSMARIANN LY N2 D2 XDCRDGENG
AMDmFNeFT

AT R (DA AN AACHDF R AT DR AMA § D7

AMPs { DD S AT LONSAVDAAF S AV C U AMS ) JOF

AN (B0 B AP NN AT LNT B PN IR A5 ) 02

AMZ u { NFRAUA DT AMPANDRAMNC=NTBAMP Y /DD

DFLT AxN 7% DA% AMCaNC R AT LB TBAMT w8 AN )
GARCRRCOUMAME S (CARC LD (MO THCT Y BAMNY

AlwOiA 2 {2 o #NFLTAY '

DI feAeT Al

FORMAT(AF 1€,47)

Peld, ®

JE{NwRy) 1aleb

AnAey B

IF(A~T43 1740147

SYOP

Frn

ALFA 9FTA IFTTGPAL



ALFA

« 3000000
« SGO0000
« 300000
» SCOOO00
« 000000
«B00C000
« BON0O00
28000500
« 5000000
« 5000000
« S0000200
1¢ COOOND0
1 3000D00
1« 2000000
1 ¢ HOODOON
10002000
1« ONO000
1 COONDON
122000000
1000000
142000000
1.6 3O20HG0
1«+3000000
18000000
15000000
15000000
15000000
1 BON00N00
1+ 5O008500
13000090
190003000
15000000
1 8000GD0D

20000000

22 2580000
240050000
27000000
2. 0000009
2220006000
2. 0000000
2« 2000000
23000000
20 OOUGO0
2e NGOONDIN
283000030
2o BONMON0
2 800G040
245000000
25000000
23000000
25000000
25005000
b Teistaly Tnid)
2 3CODO0N
2450000040
14 0000000
2, 3000000

BETA
Qe NOCONCO
o BOC0CND
10000000
1450640000
2:0000040n
2.5020NNC
3. 0030000
2. 5000000
4o CQO0GAN
4,5000000
5, N3OB000
0 NQONON
0200000
10 O0GNNE
1.8000000

24DONO0OR

285000200
i PSalateteislady
23000000
&4 CONBQOGLN
6 H30B000
B QO000
0, HOOTAOO
» SOO0GON
1200020
1 502050
20020320
23000000
3 OODG20N
B BADONRG
i o COLOBON
&8 80008000
£.,0000000
G ZQBLUON
«S000000
10000000
1. 57300600
220000000
225000000
1 20 000ND
3458000000
HoLOORON0
48 5600000
%o OOON0ON
Ve TOBOCON

o HQJGOHTN
12000000
1 HO0N0SNON
24720000
2+ 5300000
A H0A00N0
345000000
WS b Ialels Eyly
Lo ROA0ONDNNH
540000040
G MOnOnen

» BCONRO0N

IMTEGRAL

000000
+OND3367T
«00N7T192
«OUU9T56
11289
20012111
«DOY2460
«00124968
«0012332
20012036
0011459

eI Tidvieiaisind
SDD028T0
+SOO05053
«OONB%Y
SBHOT96
HO0INTHR
+NN11168
011324
WNT1272
0011080
JINI0TE8

0 0OONGHN
0002073
WQ004863
OG0T
«ODGRS82
e iaier - LX Fal
+O0100468
#THH1G308
LO010929
010210
«DH010025

0« ODR000
+0001652
«O00A10R
2DO0E122
JAUNGTIRBY
JOANOAS2G
SONN9114
20109414
#3209%14

T 0G94 T1
0009328

2 «OHN2000
OO0
+0303518
JONDHBER
oDO0GTAS

 WD0GT688

XN/ 2 G0
D000631
«OOGRTAN
DNCRTRY
«NR0RAVE
Mo 0ANRAIN

WDODYI1%Y
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3. 0000000
3, 0000000
2, 0000000
3, 2060000
% 3000000
34 000000G
1, 0000000
9, Q000000
340000000
3. 5000600
35008000
34 5 H00000
1,5000000
35000000
35000000
2, 5000000
35000000
32 500CVVU0
8, 50002000
B¢ 5000000
40 2000000
4,200008090
A D0CO0CY
4o 0000000
4, DQON0GY
4 OONOO0
4 o 3OQB0GS
40000020
%44 ONO00C0

4o 0000000

420000000
45000000
443000000
445000000
&4 5000000
%4 5006000
4,5000000
4, 3000000
4, 5000000
445000000
%2 5000000
4.5000000
50000000
59 00C0G00
8.0000000
B« 0000000
£, 0000000
%6 HOOON00
8. 0000000
%+ 0000000
520000000
5, 0000000
%0 0000000

STOP END OF PROGRAM AT STATEMENY 0007 + 00 LINES

18000000
145000000
24090000

248000000

2,,2000000
3. 5000000
A LOQ020000
48000000
% o DAQOOR0
H,Q0000000

» 2000000

1.0080000 °

15000000
23000000
245000000
3.0000000
2,5080000
& JCOVDTY
& B000CN0
540000000
G ROLOHON

+ 5020000
1 OCO0G0D
185000000
20000000
2, %000000
30000000
3, 8000000
& GRQORO0
445020000
% G0000CN0
W J T #leteliTely

« SO00A00
30000000
1 S000G00
20008000
2.5G08000
3, D00
%4 R00000N
44 HO0Q000
44 5000000
£ 0000000
Qo DOOQHON

« 000000
177000000
14 5000000
20000000
230C00G0
24 HABOGOO
345000600
4o DDOGAG0
45000000
5. 0000000

«OO0304T
«D00ATEY
«D0LAGES
«HO04HD5S
+«000757T0
« 007239
«H00RL 2%
«O0081TS
«N008124
00004000
- «Q00N9 89
«ONN24L8
«O004&211Y
«HC0%A3G
«0006832¢
2ON06937
«0007324
«GUTH38
#D00T7621
«0O0TEDS
0 +0000000
«00G0854
oDHT02350
0003768
« 0004215
+O0OSTT
NO0OH3TE
L0067
«DOGT00Y
000117
Q007131
0 JO0D0000
+B00O748
«O002088
+IG03%90
2HR086466
#0008289
NHO0RB82
«N008283
«O00E53])
ORDAKSY
«00D8696
20000000
+D3000659
Q001847
»Q003065
«O00ADTS
«(004861Y
«OR05439
«0005840
w009
oN00424)
«0006297
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