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ABSTRACT

The stability of Couette flow of power-law fluid of thickness R past Neo-Hookean
deformable solid of thickness HR subjected to shear flow is considered in this work. Power-
law fluid is chosen as it is the simplest model of fluid which can show the effects of shear
thickening and shear thinning behavior. Whereas Neo Hookean solid, which is a nonlinear
constitutive model accurately captures the behavior of flow as it leads to values of critical
shear rate which are smaller than those obtained by using the linear viscoelastic solid model.
Four key dimensionless parameters, i.e. y (Imposed shear rate), n (power-law index), T
(interfacial tension) & H (thickness ratio) characterizes the problem. Linear stability analysis
is performed to find the stability of the system. Shear flow of the fluid due to Couette flow
tends to destabilize the surface fluctuations. Various diagrams have been plotted between
growth rates as a function of wavenumber showing the study of parameters how they affect
the flow. For large values of H, i.e. solid to fluid thickness ratio, critical shear rate goes on
decreasing and shear thickening fluids has more stabilizing effect in comparison with shear
thinning fluids keeping all other governing parameters constant. The results obtained are

potentially of great interest for enhancing mixing in microfluidic devices.
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CHAPTER 1

INTRODUCTION

1.1 Motivation

Many recent experimental works (XI11) and studies show that fluid flow past deformable solid is
qualitatively different from fluid flow past rigid surfaces. Flow of fluids past soft or deformable
solids induces oscillations in the surface and these oscillations in turn changes the dynamic
characteristics of flow. They deform under the action of tangential and normal stresses at the
interface. If these disturbances grow with time they can change the pattern of fluid flow, creating
complicated time dependent flows. Flow past flexible surfaces is encountered in a wide variety
of applications such as in biological systems in which flows of fluids such as blood occurs in
arteries and veins and are generally made of soft tissues. If the fluid is power-law i.e. non-
Newtonian, then it exhibits properties such as shear thickening and shear thinning. The stresses
at the fluid solid interface depend on this additional factor which changes the growth or decay of

interfacial disturbances.

There are several applications for which fluid—solid interfacial instabilities are relevant. Fluids in
microfluidic devices may be shear-thinning , such as blood, or viscoelastic, such as DNA
solutions, and are often difficult to mix due to the associated length scales and flow rates.
However, one may be able to design a microfluidic device with flow channels made of, or coated
with, a deformable solid and induce the instability between the flowing fluid and the deformable

solid to create complicated flow patterns, thereby enhancing mixing.

Instabilities can be either desirable or undesirable. For example, mass transfer and heat transfer
operations are effective when the interface between the phases is wavy as it leads to and
consequently better mixing. On other hand, in case of photographic film formation, surfacing of
the one layer on other should be done steadily since the optical properties of the resulting film
would be degraded if instability of interface prevails. This shows that flow instabilities can be
desirable or undesirable depending upon the objective of a particular process and a strategy is

frequently required for inducing or suppressing the flow instabilities.



Previous studies in this field provide many details about the stability of fluid flows past soft
polymer gels or deformable solids. Newtonian fluids have been largely considered to this point.
Many potential applications of these flows, however, may use shear-thinning or shear thickening
fluids. In the creeping flow limits stability of power-law fluid past deformable solid was studied
by Roberts and Kumar (2006). To address the issue of how shear-thickening and shear thinning
affects the elastohydrodynamic instability of the interface between a flowing fluid and a
deformable solid, we focus our study on the case of plane Couette flow of a power-law fluid past
an incompressible and impermeable neo-Hookean solid. Fig 1.1 shows the flow configuration

considered in this study.

_*V

2 POWERLAW FLUID

S sS Sr S S 7SS S S S

Fig 1.1: Problem Geometry showing the deformation of solid due to Couette flow

1.2 Couette Flow

It is a type of flow in which the displacement in the fluid is caused due to the movement of the
plate or wall with which fluid is in contact. Due to no slip condition, the fluid which is in contact
with the moving plate also moves with the same velocity. As seen in fig 1.1 the bottom plate
with which the neo-Hookean solid is attached remains fixed and the top plate with which the
power-law fluid is in contact is moving with velocity V in x direction with respect to the fixed

plate. Hence shear stress sets up the flow field. This type of flow is known as Couette flow.



1.3 Power-law fluid

It is clear from the previous discussions that the objective of this thesis is to determine the affects
of shear thickening and shear thinning for the stability of flow past deformable solid. Since
power-law fluid model is the simplest constitutive model equation that captures a shear rate
dependent viscosity so we use power-law model to study the effects of shear dependent

viscosity.

A power-law fluid is a type of generalized Newtonian fluid for which the shear stress is given by

o <6u)”
T= ay

Where 7 is the shear stress of the fluid, k is the flow consistency constant, Z—; is the velocity

gradient or the shear rate which is perpendicular to the plane of shear and n is the power-law

index.

The quantity

ou\" !
s = (35)
is the effective viscosity which is a function of the shear rate or the velocity gradient. The above
model is also known as the Ostwald de Waele power law model. This relationship is used
because of its simplicity, but it approximately describes the behaviour of a real non-Newtonian
fluid. This point can be justified by taking an example, if n is kept less than one, then the power
law model predicts that the effective viscosity would decrease with increasing shear rate
indefinitely, requiring a fluid with zero viscosity as the shear rate approaches infinity, and
infinite viscosity when the fluid is at rest. This is in contradiction because a real fluid always
possesses @ minimum and a maximum effective viscosity whose value can’t be zero or infinity.
Therefore, the power law model is only used to describe the fluid behaviour depending on the
range of shear rates at which the power-law coefficient n is properly fitted. Other than power-law
model there are certain other models which also describe the flow characteristics and behaviour
of shear thickening and shear thinning, but the problem with other models is they do so at the

expense of simplicity, so we are using power law model to describe fluid behaviour.


http://en.wikipedia.org/wiki/Generalized_Newtonian_fluid
http://en.wikipedia.org/wiki/Shear_stress
http://en.wikipedia.org/wiki/Viscosity
http://en.wikipedia.org/wiki/Non-Newtonian_fluid
http://en.wikipedia.org/wiki/Non-Newtonian_fluid

Power-law fluids are generally subdivided into three different types of fluids based on the value

n i.e. power-law index.

n Type of fluid

<1 |Pseudo plastic, shear thinning fluids

=1 Newtonian fluids

>1 | Dilatants, shear thickening fluids

shear thinning

Bingham plastic

l |

1 Newtonian

Shear stress

|

shear thickening

Rate of shear strain

Fig 1.2 Types of fluid

1.3.1 Pseudoplastic

Pseudoplastic or shear-thinning fluids are the one which have a lower apparent viscosity
at higher shear rates, and these are generally the solutions of polymeric substance. It is usually
assumed that the large molecular chains tumble at random and affects huge volume of fluid
under low shear, but they gradually align themselves in the direction of increasing shear and

produce less resistance to the flow.

Shear thinning property is found in many complex solutions such as blood, ketchup,
paint, lava, nail polish, and whipped cream. This property is a common property of many

polymeric solutions and molten polymers.



1.3.2 Dilatant Fluid

Dilatant or shear-thickening fluids are the one for which apparent viscosity increases with
increasing shear rates. These are rarely seen, uncooked paste of cornstarch and water is the
example of shear thickening or dilatant fluid. With high shear stress in the paste water is
squeezed out from the starch molecules, these are able to interact more strongly. Another
example of dilatant fluid is sand completely soaked with water. It is easily seen that when we

walk on wet sand a dry area appears below our foot.

1.4 Neo-Hookean Solid

The neo-Hookean solid model is the generalisation of Hooke's law and it is also valid for small
and finite deformation-gradients. The stress-strain relationship for a neo-Hookean deformable

solid is nonlinear.

As we are dealing in this thesis with the issue of changes in stability characteristics of fluid flow
past deformable solid, so it’s very important to appropriately choose a model which can
accurately captures the characteristics and behaviour of deformable solids. Many of the research
papers in the field of flow past deformable solid have employed a linear constitutive relationship
to describe the characteristics of deformable solid layer. But the problem of using the linearised
elasticity is that it is only applicable when the deformation gradients in the solid layer are small
as compared to unity. If the deformation gradients are large, then this linear elastic model can’t
be used to predict the dynamic behaviour of deformable solid and it is quite necessary to use a
frame invariant model which takes into account of the nonlinearities between stress and strain in
the soft solid. Since the stress strain relationship for neo-Hookean deformable solid is nonlinear,
as a consequence of this neo-Hookean model exhibits a first normal stress difference. On the

other hand, the first normal stress difference is zero for linear viscoelastic model.

Neo-Hookean solid model is one of the simplest model which gives nonlinear constitute relation
for elastic solids and accurately captures the behaviour of deformable solids in the real system
like rubber reasonably well. In the present thesis, we use neo-Hookean solid model to represent

the dynamics of deformable solid layer.



CHAPTER -2

LITERATURE REVIEW

Yih (1967) and Hickox (1971) first studied the stability of Couette flow of two Newtonian fluids
with fluids having different viscosities. They performed a longwave asymptotic analysis and
concluded that viscosity stratification is sufficient to cause the interfacial instability, at any non

zero Reynolds number.

Silberberberg and co-workers (1987) have studied the flow of Newtonian fluid through tubes
with gel coated walls and concluded that the pressure drop required for maintaining the fluid
flow is higher than what required for rigid walled tubes. This result is valid if Reynolds number
is much below the transition Reynolds number. This increased pressure drop is a result of

increase in dissipation of energy due to the oscillations at the interface.

Fredrickson and Kumaran (1994) have studied the Couette flow of Newtonian fluid past linear
viscoelastic solid and shown that as the work is done at the interface by the mean flow,
instabilities is caused due to this work done or the energy transfer from mean flow to
fluctuations. They concluded that the interfacial waves become unstable beyond a critical

dimensionless strain.

Gkanis and kumar (2003) investigated for Couette flow of a Newtonian fluid past neo-Hookean
deformable solid. They carved out the linear stability analysis to show how Newtonian fluid flow
over a Neo-Hookean solid can become unstable due to the fact that waves may propagate along
the solid—fluid interface. They have assumed inertial effects to be negligible as they were
working creeping flow limit. In the base state solution of the solid they found that Neo-Hookean
solid exihibits a first normal stress difference, and this leads to instability behaviour that is
significantly different from what is observed in using a linear constitutive equation. This
highlighted the importance of using a nonlinear constitutive equation for solid layer. While
neglecting the interfacial tension, the first normal stress difference which the Neo-Hookean solid
is exhibiting gives rise to a new short-wave instability. They concluded that for thin solids, high-
wavenumber modes is getting unstable first for a wider range of wavenumber with the increasing
strain imposed on the system, while for thick solids, it was shown that a small range of first

order wavenumbers becomes unstable first.



They had compared the results by using the linear elastic model and neo-Hookean model and
found that Neo-Hookean model leads to larger values of the critical wavenumber and smaller
values of the critical imposed strain, but this difference rapidly minimizes as the solid thickness
goes on increasing. The result of this study highlights the importance of using nonlinear
constitutive model when modelling for elastohydrodynamic instabilities accounting for large

displacement gradients.

Gkanis & Kumar (2005) have studied the “effect of pressure gradients on the stability of
creeping flows of Newtonian fluids in channels lined with an incompressible and impermeable
neo-Hookean material”. They concluded similarly as Gkanis and kumar (2003) that it is
necessary to account for non linear rheological behaviour in the solid layer. Further, they pointed
out that the stability characteristics of pressure driven flow past a neo-Hookean solid is

significantly different from that of Couette flow past a neo-Hookean solid.

Gaurav and Shankar (2007) have studied for stability of Newtonian liquid flow down an
inclined plane lined with a deformable solid layer. They carried the analysis for both linear
viscoelastic and neo-Hookean solid at zero and finite Reynolds number. At finite Reynolds
number, they concluded that for both the solid models, free-surface instability in flow down a
rigid plane can be suppressed at all wavelengths by the deformability of the solid layer. They had
shown that the neutral curves which were associated with instability suppression were found to
be identical for both linear viscoelastic and neo-Hookean solid models. It was concluded that a
soft elastomeric coatings offers a passive route to control and suppress the interfacial

instabilities.

All the work mentioned above used Newtonian fluid. There is limited work done for the case of
non Newtonian fluid. If the fluid is non Newtonian, it will show the properties of shear
thickening and shear thinning. These additional factors may also amplify or suppress the surface
instabilities. So in thesis we are interested in knowing the effects of these additional parameters
on the stability of the system. Below are the some works which have been done using the non

Newtonian fluid.

Khomami (1990) studied the “interfacial stability and deformation of two stratified power-law

fluids in plane Poisseuille flow”. It was observed that dependence of viscosity on shear rate has a

7



huge affect on the interfacial stability regime in comparison with the effective viscosity change.
They also concluded that effect of shear thinning viscosity mainly shows the effects in the less
viscous fluid if the viscosity ratio is less than one, while if viscosity ratio is greater than one then
shear thinning in both the fluid layers affects the stability regime, this effect is generally shown

at small depth ratios.

Waters (1983) and Waters and Keeley (1987) studied the effects of shear thinning only and
combined effect of shear thinning and elasticity. They had done the analysis using longwave
asymptotics method. They concluded that the presence of shear thinning in the fluids has
significant effect in the stability of the system and while considering elasticity they found that it
can stabilize or destabilize the system in the presence of viscosity stratification.

Our objective in this thesis is to find the effects of shear thickening and shear thinning on the
stability of plane Couette flow past neo-Hookean deformable solid and to find all the other
parameters which can affect the stability of the system. We start our work with the problem
formulation in which we write the governing equations for both fluid and solid, and then we
carried out further to find out the base state solution. In chapter 4 we will be linearising our
equations using the linear stability analysis. In chapter 5 we will be using spectral collocation
method so as to solve our linearised equation in Matlab.



CHAPTER -3

PROBLEM FORMULATION

3.1. System configuration:

The system we consider consists of a neo- Hookean solid of thickness HR fixed onto a
surface at z = -HR and a layer of power-law fluid of thickness R in the region 0 < z <R as shown
in the figure 3.1. The fluid is bounded by a solid plate at z = R which moves at a constant
velocity V in the x direction. Small perturbations to the interface and other dynamical variables
are imposed on the base state variables and we study in this thesis the growth or decay of these
perturbations. If the perturbations grow with time, we call it as an unstable configuration while if

they decay with time it is referred as stable configuration.
Assumptions :

e Incompressible power-law fluid

e Impermeable and incompressible Neo-Hookean solid

e Two dimensional system

e Top plate is rigid and is moving steadily with velocity V in the x direction

e Densities of power-law fluid and Neo-Hookean solid are assumed to be identical.

777777 z=-HR

Fig 3.1: System configuration



3.2. Governing equations for power-law fluid

1) Conservation of mass

Superscript [.. ]* shows the dimensional variables

vy |, 0vy
ax* az*

=0

2) Conservation of momentum (Navier Stokes equation)

X- momentum

+v

—4v
at* X 9x* T

vy « OVx « OUY\ _ 0Ty
g - o

Z 9z* ax*

Z- momentum

vy « 0V} « OV 0T,
+v, —+v =—
p (at* X ox ax*

VA az*
Where dimensional stress 7* is

1 (n—1)/2
T*=—p}5+m*(—n*) VA

2
Rate of strain tensor y*

v = W+ (Vv*)T

Second invariant of the rate of strain tensor *

1
=3 [(try™)? — tr(y*)?]
Where

py = fluid pressure

v* =fluid velocity

& = identity tensor

10

*
0T &z

az*

*
at™,,

az*

1)

)

(3)



(n-1)/2 . . . o . :
m* (% n*) y® = is apparent viscosity and it is replaced by u as in Newtonian

fluid.

E J—

m* = is the consistency constant its value is dependent on power-law index n , for

keeping the scope of this work reasonable we set the value of 'm' is set as unity.

e for shear thinning fluids, n < 1

o for shear thickening fluids, n >1

Y= VW + (Vo)T

dvy 0dv, dvy 0dv,
« _ |0x*  0x* ox* 0x*
T = ov: av; + ovy ov;

0z* 0z* dz* 0z*

ovy av, = Ovy
* ox* ox* az*
Yy = av; = ovy ov; (4)
az* ox* az*

Therefore we get

vy

try* =2 (ax* + Z_‘;g)

Where tr is the trace of the matrix, which is sum of the diagonal elements. From conservation of
mass, equation no. (1)

We get, try* =20
(try")> =0 (5)
Now,
dvy av, N dvy dvy av, N davy
£2 _ ox* ox*  0z* ox* Jx*  0z*
v ovi , Ov; ov; ||0vi , ov; ov;
dz*  0x* daz* dz*  Ox* dz*

11



(2 av;;) (2 av;;) N (av; N av;;)z v <av; av;;) v <av; N av;;>'
2 ox* ox* ox*  0z* ox* \ox* o0z* 0z* \ox* dz*
dvy (0v, Ovy dv, (0v, 0Ovy av, av, v Ovi\°
-2 ox* (E)X* 62*) 2 0z* (ax* + 62*) (2 az*) (2 62*) + <6X* + 62*)
A <av;;)2 N <av; N av;;>2 v <av; N av;;) v <av; av;;>‘
y*z ox* ox* dz* ox* \ox* 0z* dz* \ox* 0z*
v (av; N av;;) ) v (av; N av;;) . <av;>2 N (av; N av;;>2
L~ ox* \ox*  dz* 0z* \ox* 0dz* 0z* ox*  0z*

2

v 2 ov.,
*2  __ X Z
try” =4 (ax*) + <6x* +

Oviy2 Oviy2 ov.,
*2 X Z Z
try™ =4 ((6){*) + (az*) > +2 (ax* +

we will show in the next chapter, chapter no. (4) when we linearised all equations that we neglect

viN:  OvE  Ovh\2 av,
az*) <6X* + 62*) +4 (62*)
av;;>2
Jz*

the higher order perturbation terms, which would simply mean we are interested in state of vey

small disturbances.

4 2)° ©)

tl'Y*z =2 (avz az*

Hence we get
g ox*

m = =3 [(ery)? - r(y)?]

from equation no (5) and (6) we get

e 1 IO ) <6v2 + 6v§>zl

2 ox* 0z*
. 1 Vi Ovi\?
=72 I_Z (ax*+az*> l
* * 2
. _ (Ov; | Bvy
T= (ax* + az*) 0
* * * 1 * (n_l)/z *
9= —pyfé+m (E") Y

from equation no. (4) and (7)

12



dvy dv, 0vy

i L2 @-D/2| 9
T* — * [1 O] + * l(avx + aVZ aX* OX* + aZ*
Prilp 1 2\az" " ax* 0vy , OV, av;
Jz*  oOx* 0z*
dvy dv, Odvy
-1)/2 * * -1 2
= —p [1 O] + m* l(n g (BVX + 6VZ>(H : ox* ax oz
Prlp 1 2 oz ' ox" ovi dv, 0,
Jz*  oOx* 0z*
. N . 1(n-1)/2 dav; = ov, (n-1) v
T XX - pf + m E (az* + ax*) 2 ox* (8)
10-D/2 5y g\ D gyt gyt
T* — T* — m* - X n zZ X n Z
xz zx 2 (62* ax*) (62* ax*)
N N N 1(n-1)/2 ov; . av\!
T XZ =7 zZX =m E (az* ax*) (9)
. . L 1=1)/2 gy gy (=1) gy
Tz =P T 5 (az* T ax*) 250 (10)

Substituting T*,.,, and T*,., in equation no. (2), we get

X- momentum

vy « OUx " 6175}) _
(at* T e TV g) =
9 1(0=1/2 vy avy\(D vy 9 1(0=1)/2 rav; | ovy\"
—pf +m* 2 (&J,ﬁ) 2 0Vx) m* L (&J,ﬁ)
dx* 2 dz*  ox* ox* 0z* 2 Jz*  ox*

> 0 (61;,’; 4oy ov; *a_v;;) _ _opf* o l(n—l)/Z (ﬁ av;)(n—l) 5 a2ve
Z 9z* ax* 2 az* ax* 3 x*?

n-1

15 ov} avi . avy\ (avi  avi\(™72) / gzvy 92y 10=1)/2 /gy
Zm* - 2 _X n _ 1 (_X Z) ( X Z) ( X Z ) m* it n ( X

2 ax* ( ) az* T ox* az* + ox* ox*oz* + 9 z*2 t 2 az* t

av;)“‘l(azv; + azv;)
ox* 9 z*? ox*0z*

As we will be dealing with the linear stability analysis , so the higher order perturbation terms

are neglected. So the terms which we neglect are

13



v (av;;+av;> (av;;+av;>(“‘2) d%v; . 0%v;
ox*\oz* ox*/\oz* o0Ox* 0x*dz* 9 z*?

So the above equation reduces to

v v v aps* 1(-1)/2 rgyr  gy\(M—1) 52«
> p( X+ vl "+v;—")=—pf+m*— ( X Z) X
at* ax* az* ax* 2 az* ox* ad x*
o 1V (av;; + av;)“‘l (azv;; L0 ) (11)
2 az* ox* d z*2 ox*oz*

Now, for Z-momentum, substituting 7*,, and t*,, from equation (9) and (10) in
equation (3)

) ,1(0=1)/2 rgyr  gyr\D a . L 10=1)/2 rgyr gur\(M=1) _ gyr
ax* (m 2 (02* + ax*) ) t o <_pf tm (az* %) 2 02*)
Upon simplification

* * * * - * * -1 2% 2.,%
v . v . avz) aps , 1(n=1)/2 (avx avz)“ (a v a%v; )
+VL 4 v =) =— 2t m* - n(=+ +

p (at* X ax* Z 9z* az* 2 az* ax*

a x> ox*oz
(12)

3.3. Non-dimensionalisation of fluid equations :

Dimensional variables and quantities are non -dimensionalized using following scales

'R ' for lengths and displacements;

In_fl

for time
E

" E " for pressure and stresses, E is the shear modulus of the neo-Hookean solid

X z*
x=E:>x=xR z:E:z*:zR

14



e MUyt nf z nf

" x* XR _ XER __ VxRE v = VzRE

Now substituting the above dimensional variables in terms of non dimensionalised so as to

convert all the governing equations into non dimensionalised equation.

vy N av, _ 0
ox* 0z*
N i(vaE> n i(szE) —0
OxR \ nf 0zZR \ ng
v, = 0dv,
= — =0 13
ax 0z ( )
X momentum
av} . av} *6_175:-) _ apf* *l(n—l)/Z (% a_v;)(n—l) azv;k( *l(n—l)/Z (0_‘,;“(
p (at* + Uk dx* t vz az*) ~  ox* tm 2 daz* = ax* 9 x*2 + 2 o +

av;)n‘l(azv; + azv;)
ox* a z** ' ox*dz*

VxRE VxRE VxRE no1 [GUXRE  nvzRE (n—1) 92VxRE
s Wi VxRE nf n vzRE = Ty _ __ OEps 1727 nf nf 2 Ny
n?ft Ul OxR ny 0zR 0xR 2 dzR 0xR d(xR)?2
vxRE vyRE\ "=1 , v, RE 2VzZRE
, 1(n=1)/2 9 N5 9 nf 9 Ny 9 nf
+ m -
dzR dxR 9(zR)?2 0xROzZR
- n -1) 2
PR2E? (a& vy vy ) __ops L100-1/2 (g (avx %)(“ 921,
= ng? at T Vs dx t v 9z ) dx +m 2 Ny 0z t 0x 2 0x2 T
o 1(n-1)/2 W (E n (avx + %)“‘1 (62vx + azvz)
2 uli 0z ax dz2 0x0z
E n
m” (U—) = m is dimensionless Parameter, in this thesis its value is set to unity in order to
f
keep the scope of this work reasonable.
pR2E (% o v L 0v ) _ b 1(n-1)/2 (6vx +%)(n‘1) 921,
ne? \ ot X 9x Z 9z ) 7 ox 2 9z ax dx2

1(n-1)/2 vy v, \"1 ra2v, 0%v,

2 n (Ge+ 5 (e ties)
1(11—1)/2

mz = MU
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Vg
RE

Multiply the above equation on both L.H.S and R.H.S by

We get
ﬂ(% vy avx)_m _ 9 (6& %)“‘—1) 0%vy (avx
ul; 6t+vx ox T az /] RE ax+“ 0z+6x 28x2+un az+
%)n—l (62vx +62UZ)
ox 0z2 0x0z
%4

Where, Reynolds number Re = 25 and y = -2

nr RE
Hence

-1) 52

Re (0v, v, v, ) aps (avx avz)(“ 0°v, (avx
—\5-tv v =—-——+2 n
y(at+xax+zaz ax+p'az+ax ax2+p‘ 6z+
ov n-1 v v
ox az2 0x0z

Z momentum (Non Dimensionalisation)

_ 9pf’ o 10"1)/2" (av;; +av;)“‘1 d%v: 9%
0z* 2 d0z*  o0x* 0 x*? 0x*0z*

(6172* , vy b av;)
P Vz 5

Similarly we get

-1) 52
Re (v, v, v, ) aps v, v, (n “v, o,
— =——42 —_ n
y(at+vx x TV, 0z az+ H az+ax dz2 TH az+
avz)“‘l (azvx N azvz) (15)
ox az2 oxdz

This completes the governing equations of the power-law fluid. Now, we move forward to write

the governing equations for the gel i.e. neo-Hookean solid.

3.4 Governing equations for Neo Hookean solid

Spatial position of a material particle given by vector X = (X, Z) at time t = 0. This initial
unstressed state is chosen as the reference configuration in the Lagrangian method for describing

the motion of particle. Let the solid body be deformed to a new state at a later time t so that each

16



of the material particle moves to a new position with respect to its position in initial unstressed
(reference) configuration. In this new deformed state, the current positions of material particles
are denoted by (x, z). Note that the independent variables are the spatial position in reference

(unstressed) configuration (X = (X, Y, Z)) and time t.

(1)  Conservation of mass, continuity equation
DetF =1
where F is the deformation gradient tensor given by F = Vy.x

Ox Ox
_lox oz
F= dz 0z
0X 07
Therefore

DetF=— = - =2 =2 =1 (16)

(i)  Conservation of momentum, Navier Stokes equation

X momentum

V,..T = &
X p atz
Z momentum
0%z
VX.T = pw

where T is the piola kirchoff stress tensor, T = F~ 1o

o= —p6+FFT

dx 0Ox dx 0z 0z 0x

_ lox oz T _ |0x o0Xx -1 _ 0z 0z
F= 0z 0z F = ox 0z F~ = 0z ox
X 0Z 0z 0Z i)' 5)'¢

X- momentum



Z- momentum

6 0 0
( —psFiih) + ( psF") + (F11) + (F21)

0 0
&(_Pstzl) + 37 (—-psFz") + (F12) + (Fzz) = P3z

0 ( ax) d ( ax) 0 (62)+ 0 (62)_ 0%z
ax\ Psaz) Y az\Psax) Y ax\ax) Y az\az) = Pae

92x
VX- (F_l O') = pﬁ

. r 0%x
Vx. (F71 (= ps6 + FFT)) = Poz

_ 02x
Vi (P F T+ FD) = poy

0%x
P ot?

6( 02)+0( 62)+6(0x)+6<6x>_ 0°x
ax\ Psaz) T az\Psox) T ax\ox) T 9z\6z) T P oz

aps(az) 0ps( ) *x i_ 9%x
ax \az T az \ax +6X2+6Z2_pat2 (17)

3 0%z
~ Poe

_ 0%z
Vy.(Fto) = Pz

V. T

9 . 0%z
Vx.(F~1 (= ps6 + FFT)) = Poz

0%z
Vg (=psFH+FT) = Pa

0%z

_ s Ops (9x\ | 0%z 9%z _ 9%z
azZ (ax)+ ( )-l_axz'l_az2 =Pz (18)

18



3.5 Non dimensionalisation of Neo-Hookean solid equations

Using the same scales we used earlier, we non dimensionalized the governing equations in the

Same manner.

X-momentum

~E () + () + ot o = (55
ax \az T az T ax2 7+ az2 ~ y \at? (19)
Z- momentum

_ 9ps (9x ps (0x 3%z 9%z  Re (3°z

oz (ax) tox (az) +m+@—7(ﬁ) (20)

3.6 Base state solution

It is the steady state solution. The total fluctuation at the interface is the sum of base state

solution and the perturbations. Superscript overbar is used to represent the steady state quantity
0Py _ 0vx _ 00 _ 5 _ 0K _ 0% _ .. diracti
For base state v T o S VzT oz T =0 (.- steady & unidirectional flow)

3.6.1. Base state solution of Power-law fluid :

X momentum

X 9x 9z dx 0z ax dx2 0z
@)n‘l (azﬁx 4 62172)
0x 0z?2 0x0z

0V, )“‘1 (azﬁx ) a
= Hn ( 0z 9z2 ) 0

For a Couette flow, velocity gradient cannot be equal to zero, so the ter

(o T 0, ) = - 2 (% +@)(n_1)62‘7" +un (B +

to zero.
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0z2
0V, _
= 9z 1
= ﬁx == Clz + C2

Boundary conditions

Atz=1,vy = V*, where V" is the velocity of the top plate (x direction)

Non dimensionalizing VV*

y is the nondimensional shear rate.
Thereforeatz=1; v, = y
atz=0;v,=0

Substituting the above boundary conditions we get

_ 0 e | 2 AV v, . Oy
__ [~Pr v, | v\ ox  ox | oz
t= [0 —ﬁJ'+“(ax+'m> ov, om0
ax 0z 0z
— _ﬁf 0 ] (n-1) [O 14
= T= _ | +
0o —p ] TH (v) v 0
__ |=pr wr
= T= n —
ny — Pr

20
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3.6.2. Base state solution of Neo- Hookean Solid :

_ 0ps (62) 6ps( ) 9°x i _
ax \oz +az +axz+azz_0

x
= — =0
9z2
= af—c
az 1
= X= cz+c

Boundary conditions
X=X atz= —H
Tangential stressatz =0

= (sz)liquid = (0xz)solid
= w () )

Applying the boundary conditions we get

= X+ uy™H =
= X=uy*z+X+ uy"H

= X=X+ uy*(H +2)

atz=0

21
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o= —pgd+FFT

[0x 0x 0x 0z

_ _ M o ax az| |ax oax

= 0= —Ds 0 1] T loz oz| |ox oz
|0X 0Z 0Z 0Z

0% [1 0
= az—ﬁs[l 0]+ L 5z| |os
0 "o 1] 3z 1

[ ax\2 ox
o, @) %
= 0= —Ds 0 1]+ ox .
0Z
_-+1+(@)2 0%
— F= Ps az az
o% 1— 5
9z pS
—ps+1=-C
_C+(@)2 ox e
N 5= 0z oz | - [-CH+@wy™* ny
0x n —-C
9x -C uy
0z
__[-C+uy™? "
- a:[ (y™™ ny ] (24)
ny —C

Equation (24) shows the base state solution of the Neo-Hookean solids displacement field. It is
clearly seen that as the shear rate is increased the magnitude of displacement gradient of solid

also increases. This shows that neo Hookean model gives rise to a first normal stress difference,

a1, — 0y, = (uy™? , which is not observed when linear viscoelastic solid model is used.
Since solid deformation fields and the base state velocity are same for both linear viscoelastic
solids as well as neo-Hookean solid, the main difference between both models is in the base state

solution of the stress fields; this difference surely influences the stability of the system.
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CHAPTER -4

LINEAR STABILITY ANALYSIS

To study the stability of the base state configuration to small amplitude perturbations, we
express each field variable as the sum of the base term and a perturbation term. A normal mode
expansion is then applied to the perturbation terms so that each field variable can be written in
the form

Small perturbations (denoted by primed quantities) are imposed to the fluid velocity field
v; = v; + v; and other dynamical variables in the fluid and the solid displacement field are
similarly w; = u; + u; perturbed in order to examine the stability of this fluid-gel system. The

evolution of these small perturbations to the base state is determined by this analysis.

The perturbation quantities are expanded in the form of Fourier modes in the x-direction, and

with an exponential dependence in time

u;(x,z,t) = i;(z)expik[x — ct]

vi(x,z,t) = U;(z)expik[x — ct]

where,

k is the wave number. (inversely proportional to the wavelength) of perturbations,
¢ = growth rate

1i;(z) and 7;(z) are eigen functions determined from the conservation equations
Vy = Uy + vy = U, + Deexpik[x — ct]

v, = U, + v, = V,expik[x — ct]

p=p+p =p+pexpik[x — ct]

The linearised equation for the fluid displacement field is calculated as follows:

Now governing equations are converted in terms of perturbations:
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4.1. Linear Stability analysis of fluid equations

Conservation of mass, from equation no. (13)

v, . Ov,

dx 0z =0
> L, expik[x — 9 %, expik[x — ct] = 0
o Ux expi [x —ct] + o, Uz expi [x —ct] =

> ki, + D%, =0

~ _ iDV
> v, = k’

X-momentum, from equation no. (14)

Re <6vx v, avx)

T \ae "o TG,

(25)

Oy , 92v, (6vx s avz)"‘l s (avx s avz)"‘l 9%, N 0%v,
~Tox T M axz Gz T ax 1oz ™ ox ax2 " 9xdz
Re, ., .~ . ~
> 79 (—ikcv, + yzikv, +yv,) =
—ikp; — 2K*puy™ v, + puny" 'D*v, + uny™ 'ikDv, (26)

Z —momentum, from equation no. (15)

> \oe oz oxz \oz T ax

Re (B gy, Doy, 00y 207 5 00 (20 aw)”‘l (2 &)"‘1(6% o)
(Zz+v, 240, 22) = -2y gy + un (L= 4 +

dx2 0x0z

0%
> 13?'(“ilk(fi52 + )’ZfilCiiz) = -—-752; — [(2’111]/71"1ijz + :!ll],1l—ﬁll)lliiz +

uny™ likDv,

From equation no. (26)

ik

(27)

> P = _l<—2k2uy”‘11~7x + uny™ 'D%%, 4+ uny™ tikDv, — % (—ikcDy + yzik, + yﬁz)>

op 01
» Pr__91

= <—2k2,uy”‘117x + uny™ 1D%%, + uny™ tikD¥, — %(—ikcﬁx + yzik¥, +

0z 0z ik

Vﬁz))
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0
> —=L= i(Zkzuy”‘lDﬁx — pny™ D3%, — uny™ LikD?%, + % (—ikeDD, + yikd, +

yzik DD, + yDﬁz)>
From equation no. (25)

iDD,

> b=

ap 1
> Zr_1
0z ik

<2ikuy"‘1D2ﬁZ — Sy D5, — uny™1ikD?%, + % (cD%*%, — yD#, —
yzZD2%, + yDﬁz))

Substituting the value of — % in z momentum equation (27) ,

% (—ikc®, + yzikv,) = %<2ik2uy"_1DzﬁZ — iuny™ 1D*9, — uny™tik*D*, +

Rek (D2, — YD, — yzD?¥, + yDv,)| — k*uny™ 10, + 2uy™ 1k2D%, — uny"1ik?D?¥,
Y
Rearranging the above equation, we get

> —ik%%ﬁz + yzik3 %ﬁz = 2k?uy™ D%, — uny™ 1D*%, — uny™" 1k?D?%, —
ike D23, + ikReDT, + ikRezD?¥, — ikReDT, — k*uny™19, + 2uy" 'k2D*9, -

uny™ 1ik?D?v,

> —ikc%l)zﬁz + ikRezD?D, + ik%%ﬁz - yzik?’%ﬁz = —2k2uy™ D%, +

uny™ D45, + uy™ tk2D?%%, + k*uny™ 10, — 2uy™ k?D?%%, + uy™ 1k?D?%,

. Re ~ . ~ . Re . Re
> —lkc7D2vz + ikRezD?*v, + lk3c7vz — yzik? S V=

uny™ 1D*%, + 2uy™ k% (n - 2)D*v, + k*uny™ 1y, (28)

This is the fourth order Orr Sommerfield type equation for the power-law fluid.
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4.2 linear Stability analysis of neo-Hookean solid governing equations

=X+ uy™(H +2)
Rewriting the various variables:
x=X+x'"=X+ uy™"(H + z) + Xexpik[x — ct]
z=27+z = Zexpik[x — ct]
ps =bs +0s' = (1+ )+ Ps expik[x — ct]

Continuity equation, from equation no. (16)

0 .. d . . )
> a_x(X+ uy™(H + z) + Xexpik[x — ct]) a—Z(z expik[x — ct]) — a_z(X+

uy™(H + z) + Xexpik[x — ct]) %(2 expik[x —ct]) =1

> 1+ ikexp[x — ct]X — iku y™exp[x — ct]Z + expik[x —ct] DZ =1

A\

ikexp[x — ct]x — iku y"exp[x — ct]Z + expik[x — ct] DZ = 0
» kX —ikuy"'z+DzZ=0

> x =YD yng 4 B2 (29)

X- momentum, from equation no. (17)

_ 0ps (0z ops 0%x _ Re az_x
ax(az)+az( )+a7+ﬁ_y(at2)
B - .  rn . )
> —a—X[(1+c)+psexplk[x—ct] ]a—Z[zexka[x—ct]] +a_z[(1+c)+
Ds expik[x — ct] ]%[Zexpik[x —ct] ] +a—22[X + uy™(H + z) + Xexpik[x — ct] | +
azZ[X+ uy™(H + z )+ Xexpik[x — ct] | = Re(atz X+ uy™(H +z)+

Xexpik[x — ct] ])

On simplification
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= —lkps—k2~+ﬁ =—%k2c2% (30)

_ 1 ( Re;o 24 25 _ D2
= pPs= (ykcx+kx Dx)
Using equation no. (29)

po= [~ 2k (ynz + 22) 4 k2 (w2 4+ 22) = 02 (uynz +2) |

Bo = [ -5k Py =2k c? iDZ + kPuy"z + kiDZ — uy"D?7 — D*7 |

Ps =3 —%k3 ccuy"z — %kz c?iDzZ + k3py"z + k*iDZ — uy"kD?*z —
iD*7 | (31)

Z momentum, from equation no. (18)
_ Ops (0x dps (0x 0%z | 3%z _ 9%z
0z (ax) tox (az) toe Tz T (at2 )
= —;—Z[(l + ¢ ) + p, expZ expik[x — ct] ]i[X+ uy™(H +z)+ XZ expik[x —

ct] ]%[(1+C)+ﬁsz~expik[x—ct] | = [X+ uy™(H +z)+ XZ expik[x —

0z
o2

ct] ]+6X

7 7Z expik[x — ct] + :—ZZZZ Z expik[x — ct] = Re at2 (z expik[x — ct] )

On simplification

ikpuy" ps— Dp, + (D* — kZ)Zz—%kZCZZ (32)

Using equation (31), we get

= —k4 cA(uy™?z + X k3 c2iuy™zi— k*(uy™?z2—-k3iuy"Dz + (uy™)?k?D?z +
ikuy™D3z + 7k3 ciuy™Dz — 7k2 c2D?2 — ik3uy™DzZ + k?D?Z + iuy"kD37 —

D*s + k2(D? — k?) z = —%k‘* 2z
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- %k‘* c2(uy™)?s + %k3 c2ipuy"D7 + %k3 ctipy"Ds — %kz c2 D27 +
iny™"kD3z + %k‘* c27 = D*s + ik3uy™D7 — k2D?% + k*(uy™)?%Z + k3i uy™Ds —

(Ly™2k2D2Z — i kuy™D32 — k*(D?* — k?)

= %k‘* c2(uy™?z + %k3 c2iuy™Ds + %k3 c2iuy™Dz — %kz 2 D%5 + %k‘* 2z =
D*Z —k?D?Z + k*(uy™?Z — (uy™)?k?D?Z — 2i kuy™D3z + 2k3i uy"Dz —
k? D%z + k* 2

Re

k2 c2 D27 + 2%k3 c2iuy™Dz +%k4 CZZ+%k4‘ c2(uy™?2% = D*s —

20 kuy™D3z — 2k?D?Z — (uy™?k?D?z + 2k3i uy"™"DzZ + k* Z + k*(uy™)?z

= —%kz c’* D*7 + Z%k3 ciuy"Dz +%k4 c[1+ (uy™?)z=D*z -

2i kpy"D3z — k*[2 + (uy™?|D?*z + 2ik3 uy™"Dz + k* [1 + (uy™)?)z
(33)

the above equation is fourth order differential equation for the Neo-Hookean solid.

4.3 Linearized boundary conditions:

Z=1
Z=0
777777 Z=-H
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Taylor's expansion-
Gl=gex) = Glz=0+ g Z—Z o ; G is a dynamical quantity.

At interface, i.e.atz = g(x):

The stress continuity conditions at the interface z = g(x) are linearized about the unperturbed

interface at z = 0.

z=9(x)

=>z—gx)=0=1f(g9,2) (say)
Normal to the perturbation is defined as,

_Vr
0= v

Vf = (ex0x + ezaz)[z - g(x)]

=>Vf =0,g(x)ex—e,

IVl =1+ [0,9(x)]2 =1 (g is a small perturbation)
sn=-0,g(x)e,+e,

Normal in the lower part of perturbation will be

n=—0,g(x)ex —e,

As nt=0; t is the corresponding tangent to the perturbation
t=—ey+0,9(x)e,

where, e, and e, are the unit vectors in x and z directions, respectively.

So, we have
ny = —0,g(x) n, =—1
tp=-1 ty = 0xg(x)
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Tangential stress-

(n.7.t) = Tty + NyTaty + NyTyity + NyTyyt,
= 0, g(X)T11—[0xg(X)]?T12 + Tp1 — 0, g(X) T3
= 0,g(X)T11 + T21 — 0, g(X) T2

= Ty1 — 0, g(xX)[T22 — T14]

Normal stress-

(n.7.n) = TNy + NyT1aNy + Ny Ty Ny + NpToN,
= [0xg (0)]?T11+0xg(X) T12+0,g(X)T21 + T,
= 0, g(X)T12+0,g(x)T21 + T2

= T22+axg(x) [T12 + T21]

Continuity of velocity at = g(x) :

(i) z-velocity

piluid — 8¢l at z = g(x)

= v, =0,z

=[v, + 90,v,],=0 = 0¢[z + g0,2] =0 (-~ Taylor's expansion)

= [vzl + gazvz,]zzo = at [Z'+ gazzqz=0
= v, =0,z

~

v, = —ikcz

30
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(if) x-velocity

piluid — 8¢l at z = g(x)
= v, = 0ix
= [vx + 90;Vx]z=0 = Ot[x + 90,x],=0 (- Taylor's expansion)

= [(v, + V) + 90, (Vs + Vx)]z=0 = O[(X + x) + g0, (X + Xx))] =0
= [(v, + v) + g0,Vx],=0 = 9¢[(X + x) + g9,X],=¢ (linearization)
= v+ gazvx|z=0 = Oy

(" Vxlz=0 = 0;0,Xx = 0)

= T, + §d, Uyl = —ikcX
= Ty + 2d, Uyl ;o0 = —ikcX
= U, +YZ = —ikcx (35)

From equation no. (25) and (29)

iD¥,
k

+yZ= —ikc(,uy”2+iDTZ)

iDV, + kyZ = —ik*cuy"Z + kcDz

U

= iDV, — kcDZ + kyz + ik*cu y"z =0 (36)

Continuity of stresses at z = g(x):

(iii) Linearized tangential stress balance

(n.7.t)!uid = (p, g t)solid atz = g(x)
(n.7.t) = T2 — 0,9 (%) [T22 — T14] similarly (n.0.t) = 031 — 0xg(x)[022 — 014]
(n.7.n) = 755+0,g(x)[T12 + T24] (n.o.n) = 022+0,g(x)[012 + 021]
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From equation number (8), (9) and (10)

/ 1\ (n—1) /
= 14 avz avx v
= ™= —Pr —pp t24 (Y+?+ az) 6;(

n
v,

vy’
= T2 = T1= U (Y"‘E"‘ az)

12 12 (n—l) !
_ I} v, vy v,

(n.7.t) = Ty1 — 0, g(X)[T22 — T14]

fluid av,' | oav'\" _ , ov,’
= (n.7.t) =Uu (]/+E+ az) - xg(x)[<_pf — Py +2u (V+E+

v,

n\(m—1) ' ’ 1\ (n—1) ’
0vy v, _ , vy vy
%) E)_(_pf_pf tou (v+ 55+ ) a)]

n dv, n avx’)
Yy Ox Yy 0z

> o™=y (14
(n.7.t)%°M = g,, — 8, 9(x)[022 — 011]

_ , ox’ ox’
= o =—pPs —ps F1H22 +uy™) + 2wy

ax' az' oz’
= Oz = O =+ — +uy"_ +uy®

_ 0
= 022 = — Ps _ps, +1+26_;

ax' oz’ !

solid — n%’ ny _ — . —n' 9z _
= (n.7.t) = (az + 2 tuyt— +uy ) axg(x)[( Ds — Ds +1+262)
_ ax'
(—ps —ps’ +1+26—§ +uy™? +2uy" o )]

!
oz n

solid _ __ n 26_2'
= (n.1.t) = —(uy™) % T ox
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(n.7.t)Wd = (p, g. )selid

n novy | nov\_ _ o my2 oz ny 9 n 9z
= W (1+y dx +y 62)_ (”y)ax+ax+'“y +az+'“y EY

n n ov, | n dvy ny2 92" 9z' n_0x' 07" _
= W (1+y dx +y Z)+(,uy)ax X 1y az HY az_o

on simplification
= uny™DP, +uny® tikv,—-DXx— ikZ—uy"Di+ (uy™?ikz=0
Using equation no. (25) and (29)
=  uny™ 1D(leZ) +uny”_1ikﬁz—D(uy"2+%)— ikZ—uy™DzZ+
(my™?ikz=0
=  ipny™ D%V, + pny™1i k?v, — Kny"DZ —iD?%Z — ik?*Z —
nYy"KDZ+ (ny"?ik?zZ=0

(iv) Linearized normal stress balance at z = g(x):

(n.7.n)Md _ (n.g.n)s°Md = T (V.n) atz = g(x)

62
= T+ 0,g(X)[T12 + T21] — 022 — 0,g(X)[012 + 021] =T a2 gx)=0

ov,’ vy )(” D oy,

_ ) az
= (—pf—pf +2u (y+ + - )—i-axg(x)[( y+ 2=+

T )+ (e (v 5+ %")n)]—(—ﬁs —p +1428) =095 + 5

X

azl !
hY" 5, +”Vn) ( +—+uy 0z +uy )] Taxz_o
on simplification

= —Pr+Ps+2uy" DV, - 2Dz - k*Tz=0
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Using equation no. (26) and (31) we get

iRek
Y

> 2k2uy™ D%, — uny™ 1D3%, — uny™ k2D, — (cDV, — yzD¥, + y¥,) +
—%ik3 cAuynz + %kz c2DZ + ik3uy"Z — k2DZ — iny™kD?% + D3% + 2u y" k2D, —
2k2D7— k*T =0

Arranging the above terms

iRek

> —uny™ D3V, + 4k*uy™ 1DV, — uny™® 1k*Dv, cDv, —
iRek¥, + +D3% — iu y"kD?% + %kz c? D7 — k*Dz — 2k*D 7 +

ik3uy"z — %ik?’ uyz— k*Tz=0 (39)

(v) Noslip conditionatz=1

[ J Avizzo

e {, = 0using equation no. (25), %, =0 = DU, =0 (40)

(vi) Noslip conditionatz =-h

using equationno. (29) ¥ =0=DZ =0 41

Hence we are left with two fourth order Orr Sommerfield eqn (equation no. 28 and 34) and eight

boundary conditions.
. —ikC%Dzﬁz + ikRezD?, + ik%%ﬁz — zik3Re®, = uny™ 1D*, + 2uy™ k% (n —
2)D?%%, + k*uny™ 19,
_Re; 2 2 p25 Re, 3 2. - npns 4 Rerpa 2 n\213 — N4s _ o: np3s _
o ychz+2ykcznyz +ykc[1+(,uy)]z—Dz 20 kpy"D>z

K22+ (uy™?ID?%z2 + 2ik3uy™Dz + k* [1 + (uy™?]Z
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No slip conditionatz =1

No slip condition at z = -h

[ J Z:O

e DZ=0

At interfaceie.atz=0

o —uny™ D39, + 2k2uy™ 1DV, + 2u y™ *k?DV, — uny™" k?Dv, — iRyek cD, —

iRek®, + +D3% — iuy™kD?z + %kz 2Dz — 3k?D 7 + ik3uy"s —

%ik3 Ctuyni— k*T =0

e DD, —kcDZ+ kyZ+ ik*cuy™Z =0
o uny™ D%%, + uny™ 1 k29, — D?Z — k? Z+ 2iuy" KDZ+ (uy™? k?2=0
o U, =—ikcz
We will be solving the above equations using pseudospectral also known as collocation method for

solving in Matlab and similarly we will also be using Mathematica to solve the fourth order

differential equation.
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CHAPTER -5
SPECTRAL COLLOCATION METHOD

For solving the differential equations in Matlab, We need to opt this method so as to find out the

eigen values. We need to convert the variables in the y-domain between (-1,1).

5.1 Power-law fluid
Orr-Sommerfeld Equation (from equation no.28)
= —lkC—DZU + ikRezD?v, + lk3C7U — zik3Re®, = uny™ 1D*T, + 2uy™" 1k?(n — 2)D%*¥, +

k*uny™

= —ikc%dﬁiz + ik%%ﬁz = uny" LA, + [2uy™ k% (n — 2) — ikRez]dT, + [k*uny™ ! +

zik3RelD,

Converting the above Orr Sommerfield equation into Y - domain

7= > y=1-2z (42)
Atz=0=>y=1

Andatz=1 => y=-1

3
Also, % = -2 dz = - : (d )2 (dY) : (dz)S — _ (dy) :

4 _ @p*
(dz)* == (43)

Converting to Y domain, using equation (42,43)

= —4lkc—d YUz + lk3c—vz = 16pny™td? YU, + 4 [Z,u]/n k2(n —2) — ikRe (1 y)] d32,17 +

Z

Kyt + (55 ire] o,

= —4ich—ed}2,ﬁZ + ik3cR—eﬁZ = 16pny™ " 1d,v, + [Buy™ 'k2(n — 2) — 2ikRe(1 — y)]do_+

[k umy™t + (S5) k3Re]
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Let
dyﬁz =@
d)zlﬁz =dyp1 = ¢
d33/17z =dyp; = @3
Hence we get,

= —4ikc$<p2 + ik%%\”xz = 16pny" 'd, @3’ + [8uy" 'k*(n — 2) —

2ikRe(1 — y)l@, + [k“uny“‘1 + (%) ik3Re] v, (44)

=>d,v,—¢p;=0
- dy(pl —@,=0
= dyp; —@3=0 (45)

5.2 Neo-Hookean Solid
Now, converting the solid equations into Y domain

Orr-Sommerfeld Equation (from equation no. (34))

—%kz cZDZZN+2%k3 cipy"Dz +%k4 c2[1+ (uy™)?]Z = D*2 — 2i kuy™D3% —

k2[2 + (uy™?21D?Z + 2k3iuy"DZ + k* [1 + (uy™?]z

—%kz c?d?z + 2%1{3 cZiuy™d,z + %k“’ c2[1+ (uy™?)z2 =diz — 2ikuy™d3z —

K2[2 4+ (uy™?dzz + 2k3ipy™d,z + k* [1 4+ (uy™?1z

Converting to Y domain
At z=-H vy=-1
Andatz=0 y=1
Therefore,

= ()

2 2 3 3
dz =%dy ; @?2="9C . (@=L (@yt=T90 (46)
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Using the above equation, converting the Solid Orr Sommerfield equation

—ay K Gz LR iy dyZ + TR [+ (uy™)z = g dyz — ikuy™d

k2 (y™dSE + Ly dyZ 4 K [1+ (ny™)?)2

Let dyZ =y,

Eq. transforms to,
—4H? K Py, + 4T HPIR P i pyty, + CHAR 1+ (Y22 = 16y -

16Hikpy"y, — 4k*H?[2 + (ny™)?ly, + 4H ki py™y, + k*H* [1 +

(ny™?*z (47)
dyz—-—vy, =0
dyz—vy,=0
dyz—y, =0 (48)

Now converting the boundary conditions into y-domain
° U, +ikcZ =0

= T,+ikcz=0

U, +yl, = —ikcX
id, D, — kcd,Z + kyz + ik*cuy"™Z =0
—~2id, ¥, — ~ked,Z + kyz + ik2cuy"z =0

—2Hid, ¥, — 2kcd,Z + kHyZ + ik*Hcuy™Z =0

bououou

—2Hip, — 2kcy, + kHyZ + ik*Hcp y"z =0
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uny" D20, + uny™ T k0, — D?Z2 — k* 2+ 2iny" KDz + (uy™)? k*2=0
ﬂn]/"_ldgﬁz + ﬂnyn_l kzﬁz - dgﬁz —k*Z+ 2ipy™ Kd,z + (.u yn)Z k?z2=0
4uny ™2, + uny " kPG, — i di0, — k2 2+ iy KdyZ 4+ (uy™? k22 =0

4pny™ 'H?@, + uny" 'H*k*V, — 4y, — k* H*Z + 4ipy" HKy +
H? (uy™)? k’z=0

uny"rdom, + 4kuy™1d, v, — umy™1k2d, v, — %Cdﬁz - iRek?, +d;7—

iny kd*z + %kz 2d,7—k*d,z — 2k*d, 7+ ik’ uy"s — %uﬁ Auyz— k*Tz=0
n-1.3% 2,yn-14 5 n-15,24 3 iRek 4 ~ oo 8 3

Buny™ *d, v, — 8k“uy"d, U, + 2uny™ 'k*d, U, + 2 Tcdyvz — iRek?, + Fd zZ—

z

%iu y%diﬂ%%kz 2 dyz— ~k*d, z+ ik’p ynz—%ilﬁ Cuyz— k*Tz=0
iRek

14

- - - , ~ 8 4
Buny™ 1, — 8kZuy" 1 + 2uny™ k2@ + 27y — iRekd, + -3y — iy hy, +

P Py — Py U pyz =i pyhz— K T2 =0
iRek
8H ymy" ™' @3 — BH3 K py™ 'y + 2umy™ kP HP @y + 2= = Hcgpy —

iRekH T, + 8y, — 4Hipy"ky, + 2H>°k* ¢y, — 6H*K?y, +

ik3H3p y"% — %ik3 CCH3uy"z — k*H3T2=0

v, =0 D, =0
§Z=0 (p1=0
Z=0 DZ=0
z=0 v, =0
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CHAPTER -6
RESULT AND DISCUSSION

As stated earlier that four dimensionless parameter govern the problem. These parameters are the
imposed shear rate y, solid to fluid thickness ratio, interfacial tension and power-law index. In
this section, we will now be showing the parametric study i.e., how the system stability is
affected if any of these parameters values are altered and the effects of shear thickening and
shear thinning in the stability of the system. With two fourth order differential equations and
eight boundary conditions, we solve the equations using symbolic package Mathematica 9.0 and
Matlab.

As we had performed linear stability analysis, we study the stability and instability depending

upon the value of c. This ¢ is a complex number consists of real and imaginary parts.

v;(x,2,t) = ¥;(2)expik[x — ct]
c=cgrtic

substituting c in the above equation , we get

v;(x,z,t) = D;(2)expik[x — cgt —ic;t]

v;(x,z,t) = D;(2)expli(kx + t keg) + keyt]
v;(x,z,t) = D;(2)exp[i(kx + t keg) ] exp[keyt]

from De Moivre's theorem
e? = cosz + isinz
Hence we get,
v;(x,2,t) = D;(cos(kx + t keg) + isin(kx + t kcg))exp[kc;t]
(cos(kx + t keg) + isin(kx + t kcg)) has a range [-1,1] So the growth and decay of

perturbation depends on the imaginary part of c. Hence flow is stable if ¢; is negative and its

unstable if the value of c; is positive.
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6.1Growth rate curves :

We start our discussion showing the effect of power-law index, n on the growth rate curves. It is
important because power-law index is the only parameter which is going to decide whether fluid
Is shear thickening or Newtonian or shear thinning. Depending upon our application, i.e.,
whether we need stable or unstable mode for the system, we can choose the type of fluid.

Fig 4.1 shows the plot between the growth rate and the wavenumber for thick solid (taking H =
10) at various values of power-law index n. in this plot, shear rate is the critical shear rate for n
=1, here the critical condition is meant for the value of ¢ imaginary is either less than or equal to

zero for all values of wavenumber.

0.0002

0
0.25

-0.0002
growth .c.0004 4
rate

n= 0.9

—n= ]

-0.0006
n= 1.1

-0.0008

=0.001

-0.0012

wave number

Fig 6.1 Growth rate vs. the wavenumber, when T=10, y =0.34245, H =10, m=1, for different

values of power-law index.

From this plot we can conclude that for thick solids as the value of n is increasing, i.e., fluid is

getting shear thickened and the system is tending towards more and more stable.

6.2Variation of shear rate (y) and thickness ratio (H)

We are now interested to know the variation of shear rate in the stability of the system for
thin and thick solids. First of all we plot for Newtonian fluid for different values of shear
rate, as it would be helpful further for selecting the value of shear rate in the plots where

we show the variation of power-law index for thin and thick solids.
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First plot is imaginary part of C vs. wavenumber k, n=1, H=2 and neglecting the interfacial

tension.

3.00e-01

2.00E-01

1.00e-01

==gamma = 0.05

‘maginaw 0.00E+00
part of C

wm—pamma =0.1

gamma =0.5

-1.00E-01 +
—EMIME =1

—pamma =2

-2.00E-01
gamma =3

gamma =5

-3.00E-01

-4.00E-01

-5.00E-01

Wavenumber K

Fig 6.2 Imaginary part of C vs. wavenumber k for n =1, T=0, H=2 and different values of

shear rate.

As we are interested in showing the both stable and unstable modes for a particular
configuration, So for H=2 we plot taking y = 3, as shown in figure the orange curve shows for

this value and it is more unstable for a large range of wave number.

From this plot the points which we can note are for constant thickness ratio, we can find unstable
modes even with the variation of y. As the value of y is increasing the system is becoming
more and more unstable although it can also be noted that the range for which the system
is becoming unstable goes on decreasing as the shear rate increases. For this particular

configuration i.e.,, H=2, T=0, n=1, the critical shear rate is somewhere around 1.5.

Fig 6.3 shows the plot for more thick solid (H=5), n=1, T=0 and we find that same
conclusions as we stated earlier are valid for this case too. The value of y for which we can
find the unstable modes with the variation of power-law index can be selected as 2 from
this plot for H=5.

The critical y for this case is approximately equal to 0.55.
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Fig 6.3 Imaginary part of C vs. wavenumber k for n =1, T=0, H=5 and different values of

shear rate.
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-2 00E-02 +—
1
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Fig 6.4 Imaginary part of C vs. wavenumber k for n =1, T=0, H=10 and different values of

shear rate.

From this plot the shear rate required to show the unstable modes for the variation of power-law

index is sufficiently 0.5. The critical y in this case is calculated and found to be 0.34245.

So from the above three plots we can conclude that with increasing shear rate system becomes

more and more unstable and further we can see that for first plot when H = 2 critical shear rate
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was around 1.5, in second plot when H = 5 critical shear rate was around 0.55, and in third case
when H = 10 critical shear rate is found to be 0.34245. This shows that as the thickness of the

solid increases, the critical shear rate goes on decreasing.
6.3Variation of power-law index, n
Now we will be showing the effects of shear thickening and shear thinning in the stability

of Couette flow. For different thickness ratio we have decided what values of shear rate have to

keep for making the system unstable at most values of power-law index.

03

02 o

Imaginary / /(\ : . . |
riorc, | N N S,
NI R e N —s
N S~ SN

L // N

05

[

wave number, k

Fig 6.5 Imaginary part of C vs. wavenumber k for y=3, T=0, H=2 and different values of

power-law index, n
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Fig 6.6 Imaginary part of C vs. wavenumber k for y=3, T=0, H=2 and different values of

power-law index, n

From the above two figures the conclusions that can be drawn are, as the value of power-law
index goes on increasing i.e. as fluid is getting shear thickened and system is becoming more and
more unstable. Moreover, changing n from shear thickening to shear thinning fluid it is seen that
the instability mode is moving from a low wavenumber mode to a high wavenumber mode. This
is due to the jump in the first normal stress difference across the interface. Hence the use of
power-law model alters the instability mode which is selected, but it does not introduce any new

modes of instability.
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CHAPTER 7

CONCLUSION

We have studied the stability of Couette flow of powerlaw fluid past Neo-Hookean deformable
solid and investigated the role of shear thickening and shear thinning of fluid in inducing the

surface instabilities. Following are the conclusions which have been drawn from this thesis.
e For thick solids, it was seen that shear thickening fluids has a stabilizing effect.
e Keeping all the parameters constant and varying the shear rate, it was found that with

increasing shear rate system is becoming more and more unstable, and it was also found

that as the thickness of the solid increases, the critical shear rate goes on decreasing.
e From fig 6.5 and 6.6 it was concluded that as the fluid is getting shear thickened, the

system is getting more and more unstable, and the instability mode is changing from a

low wavenumber mode to a high wavenumber mode.
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