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INTRODUCTIION

_ In case of resonance circuits, we assume that the ine.
‘dncfbaneé of the circuit is independent of the current and ig
conpgbant, This isg actually tme if the magnetic field of the
inductean ce flous preponderantly in air, for example arund over
hesd lines, underground cables or in the leakage peths of mtéting
machines or transformers. HBwever if the magnetic field flows ene
tirely or to a large part through iron, the cirouit has no longer
o consbant inductance; rather this will decrease with larger
current s and magnetic field strengthe. HNence the phenomena in
litersture occuring at a critical value of spplied voltage where
| the non linear inductance variable with the magnitude of the
foroing function reaches a value #0 as to reasnate with the
fixed cepacitor is known as femmmnanéc. This 1a probably the
reacon for uging the term ferroresonance to describe the hysteresls
behavior, '

The pfoa’ent problem is to gtudy the behavior of oscillatory
eircuits under the influence of magnetic saturation in the iron core
of the trensformers connected to the long transmission line to
deliver power at the load centre, Here it ig tried to consider
the effect of the variation of the digtance ab which the fault occurs
in the transmigsion line, It is known that for & perticular
systen the line parameters are fixed and they are taken in per unit
length, The logs component of capacitance of the line is neglected,
Now as the distance of the fanult is increased fxoﬁ the sending end, then
the magnitude of the inductance resistence and cepacitence increases,
The amnormel voltages which may occur at thope ingbants will e
dependent on the megnitude of the capacitance which oomes across the

transformer, The transformer May We assumed to be a non linear °




inductors 4 grapbical method 1s suggested in Chgpter II t.br caloulating
Ahmrﬂal voltages 4and the conclugion is drawn that the effedt of the
distance of fault is directly related to the amormal voltage and -
currents produceds 4s the distance Ls increased the megnitudes of
the over voltages alao inoreasss., This analysie is based under
the assumption of sinusoldal Variétion of current end & steady state
voltage characteristic is obtained from the circuit equation, though
it i‘atz}ue that the current in the non linear circuit is not & ainu-
solidal function Wt it ig composed of harmonics,

In Chapter III sttempt is made to give mathematical
trestment for the non linear circult arising under above mentioned
ol roumgtances, In the study of these non linear cireuits with a.c,
epplied voltage, regorous methematical trestment has been found practi.
cally imogssible, bt under certein dnplirying assumtions, however, the
mlution i being given which serve to describe the nature of the phenox
mena, in general, |

In Chgptor III & IV cortaln simplifying assumptions are sugges-
tod which lecd to Duffing's equation for which gtandard solution is aveil-
able, Initially a sinumoidal flux linkages is uélmed which give rise
to the 3rd harmonic current after expansion i of the non linesr
oquation for inductor characteristic, Murther the gpproximation is
oorrected and the solution is assumad for thé flux, linkages to contain
fundamental and 3rd hammonic, Then it gives rise to 5th, Tth end Sth
harmonics toos The coefficlients of fundamental and 3rd harmonios are
found under certa.:lh slmplifying assuq:tiqna.




The further eorreqbion can be made in the assumed slution for

the flux linkages, which may ocontgin upto 5th hemwonic, = the

slution of the Diffings equation for current is a odd multiple

series of fundemental having their amplitudes different, actual magni-
tudes of which can be determined only wdth further slmplifying assum.
ptions, The extenalon is maie upto fifth harmonie in the flux linkages
for mwre accursto solution, It is not advisible to go for higher
correction because the magnitude of £4fth harmonic itself is very smell
with resgpect to fundamental, so the higher harmonic will be more smaller,

In Chepter V & IV it 15 shown that the solution for Daffings®
equation can alm exist in eubhsrmonic form, under cerbaln initial
conditions, Subharsonics are defined as the comonents having their
frejuenay an integral submltiple of the driviné frejuency. Most
comonly obaserved alwamhica are defined as the components having
their freluency an integral submltiple of the driving freduencys
Mosh comwnly observed subharmnic in the system descrdbed by
uffing's equation is &b one third the driving frequency.

Mr, Iwven Uravis and G.N, il’oy@andtésinwed that the inltial
conditions are met important if the subbamonic oscillation is to
exist in the physical sysbem, Under different initial conditions
aifferent solutions may exist, These initial conditions should
exist with in the system 1tself, These conditions are found for
& perticulsr examples,
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REPRESENIATION OF THE SYSTEM

The effect of the iine length is considered on the
nonlinearity in the following. This nonlinearity is due to
transformers in the transmission circuits,

Let the transmission system be represented by a single
line diagram as shown In figure (2.1). The line is represen-
ted by a T equivalent circuit with lhmpe& parsmeters., More-
over the transformer is represented by a nonlingar inductor
with a voltage source behind it. Now with these Types of
representation the transmission ci?cuit takes the form as
shown in figure (2.2). In the circuit R L and C are the
resistance, Inductance and capacitance per unit length of
the transmission line 1 1s the length of the transmission
- Xine. - ‘

During the switching out of a fault on the transmission
line at a.certa;n distance say X from the sending end the sys-
tem may be represented by a serles circuily shown in figure (2.3)

- Under these circumstances the circuit becomes a non-
linear oscillatory one which may cause high magnitude of
current and voltages., |
FERRQ-RESONANCE CIRCUITS:

Ferro-resonance may occur in a circult consisting

Nz, 3

of resistance, capacltance and an iron core inductahce.

In the study of ferro-resonant circuits regorous mathemati-
cal treatment has been found practically impossible. With

certain simplifying assumptions, it 1s possible to compute

performance data which describe the nature « ferro-resonance
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phenomens . The methods followed in treating the series
circuits in figure (2.3) needs determination ofvé func-
tional relationship between current and inductance of the
iron core reactor. Under the assumpt:loh of sinusoidal
variation of current a continuous voltzge characteristic

is obtained from the well known circult equation,

Be1/ @R (uav B ghe) T (e
vwhere the functional relation is defined by

| The graph:tcal solnt:l.on for the series -~ ferro -
Te sonant circuit figure (2.3) follows irom 'cwo independent
relations for transformer voltage, namely the volt ampere-

characteristic of the transformer,

By =£ (I) wmmmmem (243)
and the circuit equation (assuming sinusoidal quantities)

| 2 )2 o SRR A
Bp = % "(%I) Y Zwe

or Er!- 1 :-.-5‘\/%2...'(2%1- )e + i S— ———(2o4)

2 xX6w



where

V= J 33 ...(lg I)2 —eeen (2.6)

= %3 (3:8)

' Here fire: of all the @udy Ls made for the different
 conponents of equation (3.4) individusily. Tho eqebion (32.6)
Arqmnaﬂs':‘an ellipse bebvean voltage m& ourrent whose princijal
. axes have values § and -3- o Jor thig ellipse the pﬁ.nclﬁal

B
axls. B is dependent tipon the distanoe of the line where the
Lenlt hﬁi occureds The pﬁnci;pal axis ia inversely proportional
to the distgnce, There are two limiting velues for the prinsipal axis

%‘B + one corragpondité to the fault ocondition at the sending end,

ihgfh.ﬂ cace the ellipse veduces Yo two lines Pua\lel to the curyenl axis at” didkainces
ot habxensexbiusxekitpen of & E,  Other extreme fault condition may

- ogour at rc%aivinc ead at a geater distance corregponding to an
infinite line, the ellipse collgpses t0 a straight line correspond-
ing to the vqibage axis figure 2.de ‘

Gonsldering the voliage drop equation 2.7, the relstion
bt ueed voltage and current can be represented by a g raigits m-
of differnt slopes deending on the line length invoived. The
slope 18 given by the relation

tmvﬂi"“wzﬂ —1¢X))

The tw limiting values, one eo—rreq:onding to sending end
st which the dlstance is zero and the other at receiving end at
which the distsnce is maximum and is infinite in case of infinite
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line, are 90° and zerv degres. The rotation of the line is clock~
vise as the fanlt moves from the sending end towards receiving end
having its one end fixed at the étigin (figure 2.8).

The sum of the oquations 2.6 and 2.7 bebween the linits
0L %X/~ 1is an ellipse ( a fact that may be readily ascortained).
The position of this ellipse changes as the distance of the fanlt
changes fig. 2.6, _

On the left hand side of equation 2.4 the firet tem is
indgpadet of the fanlt disance x, it represents the tranafomer
volt ampare characteristic ( O.c.0.)£ige2.7 |

The equabtion 2.8 gives a strdaght line relation &twqm
voltage and curret, The aslope of the‘ line ig given by the following

-~

tan ‘5 . =X V% g . m(a.m)

The above relation shows that the slope of the line is dlire-
otly proportional to the feult distauoe X. In this case tho rotation
of the line will bo anticlockwise ( opposite to that ot‘ cap;cieiv.
drop characberisuc represented by mtion 2.7 ) as the fault moves
L£rom the gmnding end towards racaiﬂng end hav:lnz its one end Lixed at
thn orialn. ‘Mgure 2,8,

The eddition of the volt gmpere charac:b erigtic or transfor.
ner 1o the inductive drop charactezdetic of the tranalias.inn line
(equation 32,8) gives the total inductive drop characteristic, The
total charateridiic is lifted upvards as the £anlt proceeds £rom
md_inz ®d towards receiving «nd end has got the same tendency of
rotation as the straight line reproswted by equation af,a 1,0, in
an anticlockwiss direction fig. 2.9,
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The intersecbion of this total magnetic charadteristic
with the total ellipse are the graphlcal solutions for the ourrent (
(points 1, 3 and 8 in £ig, 2,13). The repressutation in this fors,
becsuse of its component ngture, permita a simple graphiobl study
of the olrouit characteristic with a variation of fault distance X.

Maltiple current’ values gre due to the discontinuties
or jumps, 4s the voltage is grsdually increased accross the combi-
nation of the ldeal reactor and the ogpacitor, the reactor does not
oconduot wntil g oriticel voltage is reached ab which the operation

point muddenly jumpa to &3, wWith further graiual increass in voltage
the curremt increamses emoothly slong the curve tal (£ig,2.10) wpto
same point A3, With the deorease in voltage the current reduces in
& sinilar mgner upto point 4y, where the voltage is again eqal

to its oritical value, Now if the voltage is further reduced the
ourrent reduces ssoothly upte point 43 which corsesponds to a second
oritical point at which the further reduction in voltages reduces the
current abruptely to zer. Curves b and ¢ of figure 2,10 corresponds
to less ideal ferro-resonsnce aamcia.tod wvith the B - H curve b and

o of figure Z.11, |

4t the critical points 4y and 4, bhere is an sbrupt change
in ourrent which takes place and is shown by the dotted lines in
figure 2,10, The path between those extremities is not lmown, it may
have any ghape, Hmnce for the voltage between those extremities
there may be dileast as many values as three for current, Qut of
these one is ungtable and des not exist in tho gystem, © ve
call thaet value unsteble one, dctually curret velues are dependent

4
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upon non linearity ourve, :

B avold smbiquity of multiple current velues however
it is necessary w0 digtinguish the real or stable solutions from the
unstable golutions.

2 A '
STABILITY TEgTy~ Margend had given a method to test the stebility

of the miltiple current vglues, Point 1 and 2 correspondies to stable
mlutions whereas point 3 givee an ungtable solutions, The reason
for this digtinction 13 as follows:-;-

It we loave a stable point the current sddenly changes
by a small amount I end dts effect on the cirouit cen be consldered from
the following relation, |

( Xg 1 )2‘ o ER w [:"'(I) -Xéb— + X’Wg I] 2 (2.11)

Due to a slight incremse in curremnt, if the quantity

[r () » AT L increases in magnitude then (381 )%

X
vill tend to decrease eccording to eduation noe. 2.11s The smse
of varietion of { x? 1‘)'3, bowever is euposed to the assumed change

of currert, therofure thes point is indicative of a circuil condition

in fgvour of stability, Now with the increuse of curreat, if the

@anbity '[f(I) + X ﬂz" 1-Y ch] decreases in magnitude

then (Iéi 1)2 willi Gend to incregse aceonding to equation 2.11,
mdiioe.t:!ng S: senze of variaztion gimilar to that of current, Hetce the
polnt is indicative of & circu:it condition which is not in favour of
gtabllity. In a eimilar mgnnor arguaments can be given if tihe current

is sssumad to doorease slightly,
. _The' sbabllity of multipie current valuss can be obgerved -
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graphically by secing the variation in magnitude of the ‘quantity

[f () ,,wXJé‘ 1w i‘%c] &5 1s shown by tha hableked oriinutes in

tiguro 2.12,
EFFECT OF DISTANGH:~ A48 the lenghh of the line is increassed, all

paranebors of tranamlesion line increases in magnitvde, The effcat
uof resistance will 0 to shorten the prineipal axis end hmc; it is
of glight influence on the position of intersection point 1 fighre
2.12, pemitting owall values of currents and voltages in the circuit,
At pointi}:owcmr with large current e pemnitted to {iow, the red gbance
provents an excessive increase of currents md volagess It is
possible that the Increased resistance may shorten the ellipse

far that the intersection 3 entirely dissppears, HNow only s single
state of osolllation can develop, with small current md voltagéa, and a
tuming over to high valnes is no longer possible., Hence the insene
tion-of otmie rosistance is the safest means for stabilising of ferro-
resonent cirouit which tand to over turm.

The effect of increased inductahce due to the trensmisgsion
line will be to 1lift uwp the saturstion characteristic of the transformer
It hes alwo vary slight offect on the position of intersection point
1, while it hap gt an uppreclablie effect on the interasction point 2.
The value of current snd wiltage increasss congiderably by the
incragaed inductance for point 2,

| The increased ocapacitance has a slight eoffect on the
position of point 1 and the values for current and voltages are
aMghtl& reduced, while there is m gppreciable increase in the value

of current znd woltege correcponding %o point 2,
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of
-It 1g/theoritesl importsnce to note that in cawe of o

ideal line i.e, having po loasas in the trensslssdon system, as the dis
tance of the fault is increased the caluration characteristic mmd |

the condenger line are robuting in opposite directionsg between zero
degroe to 90% Ibwever the intoersection of the condenser line and

the magnetic characterigtic now may move to infinity, This will

ocwur if the aslupes according %o sGuations 2,9 and 2,i0 are equal,

.‘. tan Y = tonp = x‘?gg x.;é...

8ince the slope of totel mugneblc characteriatic for
largs vslies of current is governed by the slope of inductance line,

Henoe & true resgonance can develcp if,

A pasann

Wic

From the above considerstions it is clear that in oscilla-
tory circuits containing elements having nonlinear balmmur due
to saturstion there never can develop sustained resonance bstween
eapacitance and inductsnce, Hovever there may ocour a change in
the state of circult due to the jump fyom one point of the character-
igtic to enother far distant one., Hence 1n case of ferroresonant
cirouit thore is no frequency which is extremely dangexous for the
cironit, This 1s due to the fact that ogsciliatory eircuit with
magushic gaturatlon do not have a natural freyrency, .

For en ungymuetrioul f£emlt Lhe same procedure will be
adopted excegpt that the eource voltage B will now be modified to E's
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BYAMPLE:

The grgphical mebhod is expiained with the help of following
example, The power of 100 MVA is required to be trensmitted through a
digtance of 800 milos. &b the sending end the step wp three bank
trensformer of 100 MVA, 13,%/132 KV is instolleds The linc has gob the
following eonsgtants,

Resistence r = Q275 /milgfhase.
Inductance L = 3,48 n ¥/mile/phose

Capacitance G = 0v0218 A/ mile/phases

The stander megnetization curve in per unit 1s taken
from ALEE dugust 1954 pp 102732

1
ip.u.ﬁagna‘tlaing current § p.u. wlbage

1 G.5 0 €0
2 1.0 14000
3 2.0 1,060
4 340 | 1,100
5 4.0 14130
6 540 1,140
7 6,0 | 1,160
8 1.0 1.0
¢ 8.0 1200
10, 9.0 1.210
i1 10.0 1.220
12 11,0 10280
13 12.0 14240



14 18.0 1.245

15 1440 1 250
16 15.0 1.255
17 16,0 10260
18 17.0 | 1,265
19 18,0 1,270
29 19.0 1,275

21 2.0 1,380

Pll ad current per phase = 437 ampa.

Genemllj the magnetizytion current is leass than 5%, S
the magndbizgblon current for euch a transformmer mny be tcken a3
equal to 20 amps.‘

Now ncbual magnetizztion curve becomics as under taking

seoondary gide vollage to be base voltage

| i
81.§ Magnetizing current 4pp s% Yaolbage In KV,

No.
4
L 10 105, 6
2 20 132,40
3 40 139,9
4 6 145,2
8 80 147.8
6 100 150.5
7 120 15341
8 140 155,8



9
10
i1
12
3
14
s
1é
17
13
19

D
21

158,4
159,8
16140
162,38
162,7
164,2
165.0
165,6
16642
167,0
167,
168.4
168,9

Br diiferent digtancos bhe cuwwes sre dram;

.M‘ o

vhon X = 100.miles

.. By

= X ch = 100, Q%.gls.t V’Oltﬂ.

13.75. 1070 I KV

it

i

Xw g I = 100,1007.,

-3
= 54.70.10 ) KV.

2

woloma I' volts

LU
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. . 1

= ., - . i ’

B™ T * 5 0m.0.0818 . 1078 volta.
= 1,46 I KXV,

CASE I

When X = 1235 mile
Bp =X 51 wazs, WA gy,
2
) -3 .
= 17,8 . 2, 10 I KV,

B =%l I=1as,000m. 28,107 1 volte,

= 68,4, 071, KV,

B, = TWG = 128.1007] 20,318 » 10-% Volts,
= 1.1“ I . n.

When X = 150 miles.
By =X Br=as0, B8y ig
3 2
320’62.10-31 IW'.
E=Tw 2l =150 . 1007 “RAl 10”3 1 volte,

= '2.3 [y 10.3 I Wo

By = “Yow = 15001007 +0,0318,10~6 Volts,

= 009?‘ I KV-
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£43E IV
. yhen X= 175 miles,
Enu X glufls. Q-"gn I Volta,
= 24,05, 10" 1 & s xv,

B =Xwv SI=75,0007m , A 193 1 youeg,

= 95.6 o 1073 I kv,

1 1 )
By * Tw ™ 175,100 ™ 0.0818 , 10~° ‘Volts

= 0O"83%35. T. KV.

CASE Y.
¥When xﬁ 200 sdlos

By =X BI =0 .9-‘3%5' I Volts,

= 37,5, 2073 1 zv,

& =Xwv g: = 200 o 100Ts 15‘!‘0 0“311!’01‘!:3
e 100,4 . 1070 I RV.

T e — , Volts,

e e 200 o 100 T .0.0218 o 10™

= 0,73 I KV,
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QRN CLUSIONSe.

ooneluglons are draws- ‘ AN

1)

11)

134)

iv)

‘the mgpgitnde of cirrent and volbage to en gpprecisble extent

Froa the comparstive study of the grephs the following

The effect of line resistance only on points 1 & 2 4g
negligible as the digtance of the fault is inoreased,

The effect of lj.ne i.nduebanac only ém point 2 is to inorease
the magnitudes of current md ‘mlbaza:to an appreciable
extent with the incresse of the faplt aistanco. ﬂhoroa;
point 1 has got o tendency to decrease 'bh. magnitude of
current and voltage, of oourse, to a negiu.g:m.e extent,

The effect of line capacitance only on point 2 is to in.
oreaso tho meggnitude of current and volbage to an epprecio~
ble extent with the inoreaée of the fanlt dlstance whereas polnt
i has gof. a tendm&y to decrease the umitnde of surrent
and voltage, of oauise, to @ negligilble extet,

The net ;ﬁ'ecb of lne ;?aransters on point 2 ips to increass

with the increase of the fanlt distance. Whoreas point 1 has
ot a tendeacy to deoreane the magnitude of current snd vol.

tage, cf courss, to a negligible oxtent,
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The cquivalent oircuit representing the trasnsmission line
as formulated in the Chapter 3, is utilized here for calculabing
the circuit abnormsl current and voltage.

The following assumptions are mede here.

1. The line inductence and cgpacitances are considered
to be lumped one.
2. The resistance of the line is assimoed to be negligible,

3. The loss component of the cspacitance of the line is alm

assuned 3o be zexo, | |

The circuit paremcters of the transmisclon line are such
that the ferroresonance phenomena may ocour under oertain ooﬁditions.
Let the alnormal condition ocours at a distance X from the ssnding
end and L gnd ¢ are tho inductance and egpacitance faer' ﬁaii; 1mgbh ,
of the line, 4t this distence the lumped values for the para-
meters are expreaced in a T formm, The expression for the vol‘bagc

can be written from the ciicuit (figure 3.1) ."?f

at

(#- 2%

Let

Vpan (eeo)ef By gk B0 (o (s

$=stemd (3.2

¢ g-g = 4 ® 333.2 s { 3¢ 8)
Putting the valune of AW/dt in (3.1), the remlt is
Ty otn (4 e @) = B (aeant?) L Foxk B o [1a

:-." (NA*3N312%X % ) ?t%' + i%‘fm 0———(3.‘)
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QHGLISTONS: | \

conoluglons ars drawis- ‘ N

1)

11)

114)

iv)

‘ﬁhé Repglinde of current end voltage to en gppreciable extent

From the comparstive study of bhe graphs the following

The effedt of line resistance only on points L & 2 1s
negligisle as tho distance of the i‘aul‘b is increased.

The effect of line indaabanoo onl,y on point 3 is to increase
the magnitudes of current and voltagq\to an sppreciable
exbent vith the incresse of the falt gmanc.. Whereas
point 1 has got a tendemoy to decrease .'l"’_hﬂ magnitude of
urrent and voltage, of course, to a negligible extent.

The offect of line capacitance only on point 2 is to in.
crease the msgnitude of current and voltege to an apprecia~
ble extent with the increase of the fanlt digtance whereas point
1 has got a tendency to decrease the magnitude of current
and voltage, of course, to a negligible extent,

The net eff ach of line ;?aramtera on poinbt 2 is %o increass

with the increase of the fanlt digtance. Whoress point 1 has
ot a tendency to deereese the magnitude of current snd vol-
tage; cf courss; %0 a negligible extent,
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The cquivalent oircuit representing the tranamission line
as formulated in the Chgpter 2, is utilized here for calculabing
the circult atnormal current and voibage.

The following agsumptlonag are made here,

1. The line inductance and cepacitances are considered

to e lumped one.
2. The resistance of the line 1s assimod to be negiigi.b.le.
3. The lose component of the cepacitance of the line is alw

asgumed %o he zexo,

The circult paremeters of the transmission line are such
that the ferroresonance phanomena may occur under certain aoxiditions.
Let the almormal condition nccurs st a distance X from the sending
end and L and C are the Inductance end capacitance per wnit length
of the ling, 4% this distence the lumped valuss for the para~
meters are expressed in a T form, The expression for the voltage

8,
can be written from the cireutt (figure 3.1). '2.'

Vnﬁj& (Wt'*e)rﬂﬁo g%*xg.% 1';(’_Cfidtm(3ol)

4 - 48]
Let

° g‘g = 4 ¢ 335.2 wvsemreme (3¢ 3)

Putting tho value of d@/dt in (3.,1), the result is
Vv, sin (vt + 0) = N, (as3B4?) , gén:g g% o%;fm

= (Nasammiex K ) gi'- + A f 14t e (3.4)




3l

— e - - i L
r N “, X5 X3
l APt AT TN ———
I —_——
' l
| | N
| XC
f r
| |
' 1
. ]
[ —_ _
J !
[ - X -
SENDING END
FIG. 31

RE ACTANCE -

D!ISTANCE -

FIG.3.2




32

In order to obtaln an approximate steady state solution by
Daffing's method a periodic solution of the following form is assumed
izIn sin wt e ¢ 30 3)

dis= .
pory In W08 Wb

and jidt:z-_;s wsw +» Q

Putting these velues in emuation (3.4), the result 1s

Vyoln (be0)= v B o 3mn? wio® w] Luvwsw
e z |
* = [@- ;-@ coawb]
. . Ly Iy
orVy #in wt 08 0 ¢ Vy cos wt sin d = [(NMz)!mw-mw]coswt.

+2 1’ oot sinzw e &

or ,
vmamwmse*vm wsvwh . sln &= [(NA«!»?‘)UI.&&% Nﬂwl.s]

003 b, - i v KB Im3 o3 3 b+ fig woreme{ s 3 6)

The undeternined ocoefficients I and O may bo sijusted to meke
en approximstc solution by equating the condhant tem and the cvefficiente
of sin Wb end 008 Wb on toth Ades of the above equation,

¢ o 'fcg' =0 —-v--s~--(3.7)

v, 088 =0 e ( 30 8)
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‘_( Fa « XU)w I, - %“f Oi' NBw I::, =V gln 0 «—x(3,9)

© can be calculated from equation No, (3.8) and it is
spproximately equal to 90° and value of I, cen bs found £rom equstion
Nou(8.). It is a cublc oquetion @d 1t can bo written as 34 Niw L’ -

i [JJXC\:- v (Na + n/z)]- Vp sin 0= 0

3 1 _ |
or In” - I ﬁnw XOw (w B + y?“)}]

4V, slu ©
TR = 0 smsmeen 39 10}

This equstion is of the fom
3 . Ggl-2 =0 e { 3411)

where q = "5&5;’“‘ {# -,-QWNA* "g; )} e ( 34 1.2)

4 V! gin 0
NBw

and r=

(3.13)

There are two principsl cases to be ocongldored,

8
Cask () where & B > 27 £°
In this case the cubic equation has three real rots,
The emallegt positive sngle @ is found such that

wsp= (8)¥2 =z (3.14)

Then the real wots are given by



3y

4/3 p
Ilaa od o 008 g

/3
2
R W P ——
2
13 a‘«—s- . q‘&o con 'L;i‘j

Where 4q3 Y i rz

In this case the cublc ejuation has one real ot and tw
womplex oota, Then if § and r are both positive. dngle @ is found
gach that

Cosh g = (2 V2, § —mm(3216)

Then the real 100t L8 given by the equation

I, =4 qi/%osh gﬁ

() 3 """""""(3. 1?)

Dividing equetion No. (3.11) by (I -Io) the equstion is
reduced to o Quedrstic one md the pair of complex roots is obtained
by solving the resulting quadratic eqation.

If q is negative and r is positive, the mgle k is foung
such thet

: &
sinn g = (3)¥, £ e (3418)
Then the real oot is given hy the equation

It mpy be noted that r may always be sipposed to be positive
since if the sign of ¥ is chenged the sign of tho roots is merely
changed,
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Now for equation Mo, (3.10) to hava tha'tfhree real motg,
the following condition mist e satisfied

4,[“3“ { - (4NA + )}j > a3t ( sh 2] )
or #Nr{iat— (A + m )} > 27 V Sinz (34 20)

The quaRtity i‘c'i"““' - (wiia + nzﬂi)} is changing

with the dlstance, The first tem in the bracket oorresponds to the
capacitive reactance and the temm within the emall bracket represents
the inductive reactance. The curves sre drawn for these two types
of veactsnces ageinst distence, as s hown by figure (3.2.)

Generglly the congtsnt B has a neéabive value, if the current
ig to have three reagl values, then the industive reactance should we
more than the capactive reactance, then and then only the condition
given by equation No/{20) mey be satisfled, Tho inductive reactance
is a d‘-raight line gharasteristic having =n intercept with the reactance
axis as (wlA). Tho capacitive reactance v/s dlstonce greph is of
tho hyperbolic nature, me_ inductbive reactance is inoreasing with the
distance, while the éapa.c'hive reuctencs 1s decreasing with the distance,
® the tw curves will definitely cut at a polnt T as shown in the
greph at which the valu_qu of the twq reaqbanéesvwill be equal, Before
the distance P, the current will have one real value and a palr of
conjugate complex values, But as the distance is gredually increased
boyond distance Py abt soue point the wpression (.20} will be sabis-
fied remlting in all real velues for the current, For all the three
real values of currant, the distance can be found out Yty the expression
(3.20) end this i given by | |
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Generally when the power is tranamitted thmugh long distances,
it is required to inegtall sbutic cepacitors or gynchronous condensers
a,t the receiving end at mome times intormediate stations are also required
vhere these equipments are also installed, otherwise the stabllity bas
got mach etto?‘b over the distance through whish power can be transmitted,
In such cases, if the oonductor gets opened beyond these stations then
gstatic ogpecitors also coms in ploture, The effect can be studied by
adding this value to the ogpacitive reacténce curve as shown in the
tigure (8.3)s The initial int.eraeébi;m point when the otféct of static
cgpacitor is not considered, is ab a distence T;» mnd efter oonsidering
the effect of copaciior which is ingballed ab o distance X from the
sending end, the total cegpacitive reactance curve tokes the form es
is represented ¥y the thick line. The point of intersection shifts
towards right ab a digbance T, o It shows thet the real values for

corvenl moyw would bo obbgined ab a largey disbggca.

So far we have considered the gystem to be solidly zzoqnded.
if tho gystem is inductance grounded (assuming here that the inductance is
linear one) than the grounded inductive reactance will be constant

[}
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4

through out t5o lengbh of linel This can be added to the inductive
mctanco'oharac‘berlatie to get: the net etfaci‘» and the shgpe of the
cive vill bg of the form g8 shown in the figure (8.4) by the thick
line,

Here the intersection point is shifted towsrds the left hand
glde and honce all the three real values of currant will be obtalned

at a losser disbance,
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A pover system having generators connected to transformers

to tranemit power at high voltage through transmission lines to the
load cemtre having low power factor, which i improved with the help

39

of static capacitors or gynchronous condensers, may be converted into
a simple non linear osclllatory oircult, in case a fault at the load
centre had ocenred and is being cleakod.

The following assukptions for converting this circuit to the

ordinary non linear oscillatory circuit are made.

1.
2

3.

4.

The line parametors are assuned to be lumped one,

The line resistance is assumed to bo negligible,

The line inductive drop is added to the voit - ampdre
echaracterigtic of the tranefomer,

The transformer mey be assumed to be a non lingar inductor
having a voltage murce bshind it,

12,16

Ha,xmhic mlution may be given for such a eAreudt,
Let the magnetigation cuwve is given by

N
i= ESE_ + 4 ..¢3 (40 1)

where N is tho no, of tums on the coll carrying current

. L :
i and L, and 4 are positive congtents. Constent e represents the self

inductance of transformex together with the line, which wouid exigt, in

cafe the ssturation offect is absent, a0 that 4= 0

The ckrouit equation can be written from fig, (4.2) as

2 +g =B slnwt  eme(dh)

Gy

Here q represents the instsntaneous charge on the capacitor,

Cx is the total cgpacitance of the line end the p.f. correction
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equipment,
o, is the ingtmtanoons voltage acrves the transforser teking into
ascount the inductive drop of the line alm,
£ oin wlt is the driving voltage,

It i well known that the rate of change of eharze“thu
ourrent L in the circuit and this is related to th:“sﬁntaneouu flax
# in the core by equation (4.1)

do/dt =41 = gﬁ uﬁ’ s (4 e 8)
0

- Further the :lnatantaneoua voltage across the trenaformer is
pmpcrbional to the rate of change of flux, 91, = Hodf/fat. The oirouit

equation (4,3) is differentiated with reipac‘h “time end these relations
substituted,

% . gg * g;. (o) = By Cos wyb (¢.4)

or % {% ’493] +N . gﬁ sk o8 wit

juat t = 8

o Al 4 AX v 2
. O[Lo’ NS] + ¥V cmlooawlt

Agein put

Rance | - .
F o woleoll ¥ n By 008 Wt e (40 T)
Now equation (4,7) is of the ssme fom as Duffing's equation
i,0. .

Zovy' ZoBX = G 008 uyh —e(de®)



42,

One of the kinds of phanomena appearing m aystems
@vemed by Daffing's equation is thét of discontinuous jumpa
in amplitude, as the mggnitude of the driving function is varied
mmoot hly a;zd continvously, &b t’he some time, hammonics of the
driving frequacy are gmerated,

12,

" fhe solution for equation (4,7) in the form of
lo assmeds |
qu_m_gqaéhipg no. (447) there is mo tem representing

desasipstion which is included, and hence it is expected that v
will o exactly in or out of phase with the driving force, &e
The phase witi-the-driving angle is not included, The equation
No.{4.9) 1o differentiated twice and is substituted into equation

- 3 .
1o, (4,7) giving = X w® s Wt -moa X oo Ulfo_* hX wa® vyt = By

Fow it is required that only terms of fundemental fremency
should satiafy the equation (4,10) s all the tems 1n cos Wyt
are oollected. %he tem cos® Wyt 1s ignored wntil later, Emabing -
_the wefficlents of cos wyt on Woth sides following results in
-wg X wgoaxc- 22 Xs = Ewl arsnesee (49 11)
 EQuation no, (4,11) is & cublc in the wnlnown ewplitude
X. It is evident thet it will always yield one real value of X,
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and there may be as meny resl valiues as thwes. Nence it is possiile
to oitaln the mltiple valued solubion needed to allow Jumps in
amlitude, The 1ots of cuklc eduation are discussed in chepter 3,

Therefore

$= X cos wyb
ut $w=R @
= XN, 008yl evemee-(4.13)
Now putting the value of ¢ in equation no.(4.1) we have

1:%; ws wt 0;&1} ouawlt] 8

3 s ‘
iz [ #m ]Goa a * 3 cos 3 wlt w(‘,la)

Thic is the required solubion of Duffing's equabion, though
it is not accurate becaise s third harmonic term was ignored,

SOLUTICGR (11D
The solution ¥o,.{X) is based upon just ths fundamental
component of what ectually ls a monsginueidal elution for the origingl
nonlinear differamtial equstion, In reality a thixd harmonic tem has
bemr upletely ignored, which ariged when the assured slution vas
mibstitubed into the equation, S the slution 1s spproximately correct.
Now to improve the accuracy of the solution, an obvious way
is to asmume the polution of the fom as |

b= Xy 008 Wit + X3 008 3 Wy b eeemees(4,14)
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This solution ig composed of both the fundamental and
third harmonic term, instead of eduation no.(4.9) having only the
fundamentel. The ooefficienta Xjand Xg miat be determined, Now

subgtituting the assumed elution given Wy edmation no, (4.14) into
_ N

equation n0,(4.7) spplicable to the gystem without dissipation,

The we:fioimta of ®s w,} and oo @ wit arve wllected and are

equated on koth gdes. Tho remlt ig s pair of gmulgtaneous sigebric
equations for the coefficients.
-xlwla cos wyt -9x3v13 Cos 3 wyt owoa (Xy008 wit +X3 0a 8 wyt) +h

3 S
[x1 o8 wyt +Xg006 3 wlt] = BEvy 08wt weea(d,15)

or

2 ' ‘
(-Xlwl #xlv ) o8 v, t +{-9 X3 v, z 813) ws awlt
+b {xl o8’ v toxs cwasw 3L x3 cos S, t.oo- 3w f»axlxg o8 wt o8

wlt]

= B Wy 08 wlt.

.3 2 ' 2o, d 3 [3c0s w tecos 3w, ¢
or (.xlwi ."‘1"0 )coawihxa(% - Py )oos‘ Swl‘lwhxi [ s‘ - ;_]
cos3wit

"“3 [3”‘“1‘5' 8 991#] 430X, xa [-} 08 v, tii o8 swlﬂcoa ﬁlt]

+3hX, X, [i» s witv ws v yWtoos 'Iw,_t] * Buy oo vyt

or [(w -V, )X,_& ih X.1 aul zr»sx 2] Com w, b [(w -9V, a)x{a&.

2

hx,

& —— (xu )]oosswlttthtlx(x vx)con tothxx3ooc‘rwt

4 1

+§ 1330039 wb = By oos wh
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.o @8 vlt: (qu - 13)11 * ?l xla + 32 x,lxs(xfazs) = B, ~=—(4e16)

TR AR (woa-iiv:)latgh l;a 0‘2 tlz (ll O‘Is)' RO eeem(d,17)

In theory, these siuation can be mlved for X, ed Xy, Wb in
roallty their ‘solntion is ot @ gisple. BNumericel laolntion is posalble
in a perticalar casd, b a general representation of the mlution
oan not be oWbalned, ) | |

It 1s supposed that the conditicns ere uch thet the third
hawmonic is relatively smell in comparision to fundamental i.e, Xy%,

£¢] , then the equation no, (4.17) cun be reuritte as

5

2 | o
b 4 ~hX

and equation no.(4.18) becomep the same as equation no.(4.11), Nence
X, cab bs found from eqiation (8.11) as bofore and X, is then caloulated

from equaiion (4.18)

Now if w, >w /3, the algebric sigus for X; and K; are the
same © Bhat the third hamonle component 1p of such phase as %
accentuste the peasks of the wave.

Hence o= xx oos wlt * x3 T 3‘«1_#
Nt ‘bn!ﬁcx’.coawlttxa &831t
. 0¢ = ;1_ one “1'“ » g.a. cog 3 wlt -........(4.19)

Now putiting the value of ff in equation (4s1)
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L= [2 008 vyt + ‘?; s 3'1*]’ :3‘ [11 cos -wlt +X_co8 3\"19;

After expansion end simplificstion the result is as unden-

Lol o g danks 2 x?) o oo (28 -‘-—%— iz’

3 A & v (v o o
£%5 )J s dw,tifs - XX (xl fxa) o8 ft 3 :s‘xi"sg ©s ”1‘
d v3 ,

et . 48 X" s 9 wlt (e 20)

Now this ig the reuired solution of Duffing's equation and
it 1g more socarabe than solution No,I, Tn this dérlyetion the £ifth,
seventh and ninth harmonic terms, arlsing whon the essumed solution
vas sibstituted into the eguation, have been completely ignored,

Farther more socurste sclution mey be olbelned by considering
the fifth harmonic also in ths assumed solubicn,

The analysis is nov extendsd to include the £ifth hammonic
of the £lux or 3rd epproximetion, With the thind gproximation the
acouracy of the gystem 1s lmproved, though the analysis bmcy more
complicatods Hove She mlubion is assmed in the form

o= X, ©s ult +I, ©8 Bt e Xy s LA SR 9 §

~ The cwefficlmte X, 13 and Is sugt be delemined, The way %o

cctemine these ooefficients L2 the same as 1s uped in previous
glutions, Upon substitution of the sasumed olution given by
eqation (4,31) Into emetion (4.7) sppliosiile to the sysies without
diasipation, one obtalnas
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L

2 2 Come . 3 ~
L IR xiw’. ®s "1“"‘"3"1 oon 3w, $-35XgW,“ cos wlt-—--(i.zz)

wga\;. u:sroz(xl cos cltoxsoos 3&11}&15 co8 5':1‘)‘ (4.33)
h v = h.(xloas W toxs cos sw ¢ #Xs cos 5w t)s eeimces (40 24)

Here first of gll ‘P is -mended dn the multiples of wlt.
It is known ' manwn that -

(asbeg)® =a3+b3oc3¢6abor.3ab93b3maozmaab2 +3be® #80a%  wwua (4, 25)
Row put =X w08 vlt
b= X ewealv,t

cuxseoaswit
| 3 ) ,
eo & =4X" cos "3_*** X" s 3wt

o® s}xf cos 5w, t 4 § 1’53 cos 15 vyt

abe = 3 z.xlxaxs [ms wltocoaavﬁ fcos‘iylheos wlt]
3a%y = %11313 [w'a w‘ltozmmlt » 08 591*&]

: 3 £430065v_ & <]
8b ¢ ctx,xg [aoawl 3eos v, % e “8,11"1 J

2 2
8¢ a | = -&xs x‘ [z éos Wb e s 9w1t\ + s 11 wlt]
Bab = i-xlx: [2 s Wt +c0a 5, be 087 vl‘b']

]

= gxsx: [2 ws Bugt 4 08 T, b » oo-lla»vlt]

3 0a® #ixsxl [oos Wtqaoos Syt » oos?vt]
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Now adding these and collecting the coefficlent of cos wyb

cos a., t......sperately one obteine

(aebec) = s A [&x1 +3/2%1X3Xse 3 xlxaoix 31508/%3 xpallexg‘ﬂ

veos Buyt [ex5 a1/’ dn ey,
v 0a 7wt [ YaRLL o B2 o drrt o+ 212
+ 008 w45, 442 Xpks 0 4 X xl]

¢ ®s vt | 4% x 2 2% AR TEER “‘B“a‘

.(4.36)

o-kxns s 15 wlt |

Upon subgkitution of the values of % , Yend ¥ in eqation(4.7)
and aftor making pimplifications the following remlts in

["I,y AT YCARE AL L RN MY, 3/2 1,5, | s
+[-‘1x3w. +uws g +h(fxded it ay AgXe +3 XP %+ 2 X% 43 Xs":")] Cos 3t
25 %0+ wo xg +h ($x3 + X kgt 300 xg +3 X, X3 + 4 xsx})] tos St
+h[%-x.x3xs + 3 TN m‘3 + %..xes + % Xg BY» ] Cos 1wt + “["E x'3 +§.x,x3xs+3..x;
Cosuwit + h[3 W %o + Txe %] Cosnwit 4 TAXRS szt

T 5 xd cos 15wt

= Bw, o8 vt e L Y )

Bprating the coefficients of cos wlt. (. F] Swlt and cos 51.111'.

on toth side and ignoring the other higher harmonlcs, the following
relstions are obtained,
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| 3 Y &
RS AR Ty TR R VLR
= nni wmnnimee (o 28)
~913V12*V°2l8*h€§113*¥13303/3111315 . a/zxfxao»a/ zxsx:oixsxif =0 (4.29)

3 .
-z5x5wlzow°3x.¢h(-&x_53 02!3%43/ 213215 0}:1133 *3/3%X; ) ® 0 wem(d30)

In theory these equationg can be @wlved for xl. '13 and x5

Wt in reality their solution 1z not oo simple. Nunerical solution is
possible under certuln slmplifying cssumptions, in a pastioular case,
but the gemeral representation of the solution can not be obta ined,

It is sipposed that the oonds.uoné are such that the |
“$hird harmonic is relatively small in comparision to fundamental
and £ifth hamonic 1s relastively small in comparision to thimd
haronic .00

- )
= <<
and % ¢

Then the equation nos. 4.28, 4429 and 4.30 can be rewritten
aa follows reqaect;vely.

{-hxls * (“03 - wla)xi - EUJ. = Q --—--‘(4.31)

Lo owm?

Pﬁ" :.-.‘..ml(ﬁ’xi,l_
X3 ,

smsrmamcienes (& 0 B3)
[4.(%3‘ -.aaswf) *Mjﬁ]
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Hence X; can be caleulated from equation 4.31 as befors
and xs and X are then found £zom eqiza.tioxia (4.32) and'(t.sa)
ropedtively,

B geb the values of Xy, xa‘ @ad Xy anelyticelly for
compairing their emplitudes the values for h and > are taken
from chgpler V for the aystewn disocussed there. |

h= 10.37
o= 1060 0%

o Upon mbstitution of these values in equation 4,31 the
cubic equation gives the root for xl as

Xa_ = 119.2
From equation 4,32 the value of X, is found
XQ = 5,08

end fonm eduation 4,33 the value of Is is

The magnitude of the 3rd and Sth hammonics are 4.2% and

0.22% respectively. |
Now the expression for current will be dedived

T o= x]_ e "’1" 4-13 oos 3 w‘t 4-!,5 s Swlt

1
Mt p = Ng
’ .. § = 5. Cos wlt * Ea oos 8w3_t . %ﬁ.oos Swlt o (4431)
[] K E >
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gubstituting the value of § In equation 4.1 to get the
value of current the following relation is obtained,

i ::Lg&oos wit 45_: €08 81;:,54-5?- cos Swt *{,9[11‘”5 witeX cos

3
vt e X5 08 5 wlt]

Hrer emmadon and simplifiestion of the ehove relabion

the result lg as undeiye

¢

L 2oy B (23 '
R AR SRR Y >s"><3+-%,-x§'xs-+-a;¢x::><.l+%x.><§)] Cos it

+[’_<_S.+.ﬂ. (I 3213 >

2+ Rt %%t 3 0%+ 30 ek Bt +—?;-><:><T)J ¢os 21, t,

+[X:+R_Ax3ﬁl 3 2
Rt Ng(l, et 5% X;—i-_ixgxs-i-%xtx’;-t--} xsxﬁ-)]cos-s'u.t
Afa

+ Nl['ﬁf X1 X3 X +%X|X§'+% X_;X;'

+3 x;x’;] Cos Tart + BLLX}+2x,% %
+3x¢ %] os gt 4 A [wiwe £ 3,2 " -
TELH "3 S'+—u-)(s- X’J Cﬂsnldp-t

+2 RN xE g izuit + AL i3
e fesi3ut AL Xe Gsisat.,, Ll (bess)
SOHEUSTOR

S far the soiution of puifing's aation was found upto
gecond gpproxingtion i,e. only the fundamental and thi.rd‘ harmoniec
freuancios ware inecludeds Here in this work the solutlon has been
obbagined upts the tbird gpproximation i,e. fifth harmonie han
beso inclided with the condition theb XyZ, £ 1 and Xy/Zg {1
which generally 1s She cpse. -

15 hag been shown by taking one example that the megnitude
of £itth barmonic 15 moh mmaller than the third aud it itself is a
very small quactity, ‘therefore even though Duffing's equation cbuld
be @olved for an infinite serics containing odd harmonies, it is not
wise to o heyond £ifth harmonie practically bacause the complete
solution is very guch eompliceted,
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The solution for pDuffing's equation formed in chapter IV
can also exlist in subharsonics ror-:'mer o8 suitable initial
condition, 8Subharmonica are defined ss the components having their
frequency sn integral submultiple of the driving frequency. Most
commonly observed subharmonioc in the aystems desoribed by Duffing's
equation is at one third the driving frequency.

The initial conditions are quite important if a subharmonio
oscillation is to exlet in a physical system, The frequency and awp~
litude of the driving force mast fall with in certain definite limits,

Bxact initigl oondition must exist with in the system itgelf,

The subharmonics in the solution tor mLfing' s eduation gan

be predicted with the help of perturbshion method,

\}Z.... %3* gb,hh.‘l"z = &11 c0s V:_t m(sol)

In this cgse both the free and forced osclllations are deslred
in the gemerating solution, The emall parameter is assoclated with
the non linesr term only. The driving frequenoy will be at an integral
miltiple of the natural frequency. A solution for equation (5.1) is

assumed In the form as

¥ s R e (5.3)

W o= woz ¢ ML (B) wwme(563)

Hers only firsgt order crrectionsg are usede w is the actual
fundamental £requency of the mlution and this frequency should be an
integral submltiple of the driving frequenoy wy.

Sey v= w,/h) wheren 1ip an integer.
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The generating solution is found ffom the relation,

Ma ¢ \'&Oﬂz Vo = yz ws wl‘b ---(5.4)

and 13 ¥, = B oos Wb+ D 008 wt --7--—(5.5)
NMore the amplitude of the subharsonic component is B

wdp = B
(V= w3 )

is the amplitude of the component of driving frequemocy end

moreover WA § wy®

This mlution satiafies the initisl conditiony, 0 et b =0
Wt the asmplitude of the subharmonic component B is not being determined
till now, One thing more is to be noted over here is thet the sum of
the tw oosine functions with thelr freMencies integrally related is a
function of even .aévnwry as migt be tho case for a solution for equation
: (5.1) since this equation 1; \mohangod ig &t 16 replaced by - ¢
" fhe firs omer ¢orrection terms are fund
The torms im first order correction are not dependent only
on one frequensy ® it 1s now necessary to choose the relation between
these frequencies. | The most commonly observed sibharmonic in this type
of the aystem is of one third oxder, in which case n = 3 ,
Now the condition requirsd to avoid a secular tem is
b3 .-ﬁ-" ‘1,3 - 3% "o - 3-3‘ 3.0 =0 ——(5:7)
Eqation (5.7) can be satisfied if either B= 0 or

1% [,ﬂ + 3D+ 3B3-J e ( 50, 8)

The fird possibility to sabisfy the equation (5,10) is
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trivial, slnce it remves the sibharmonic, and second glven by
eduation (5.8) is interesting one, - -

Now substituting the valile of b, from euation (5.8) to equation

(5.3) determines the necessary condition,
w? = - 3W/e (BedDnard) e (5,9)

Hore /L has boen set equal to unity, It is alresdy kmown
from equation (5,6) that D= nulj‘ﬁ-.w,_“ or

here Dx o gtor.- g_

Since
W= B s wt’oDcoawifa
¥0 = B cos w;t/3 + D 008 wyt
‘Bt % = N
.¢ = I 5.3 4Hooaw1'b

Putting this value in equabion 4.1 to get the valne of current
the following remlta in

- ﬁ 08 .
¥ 3 33

o A

Till now only the amplitudes are determined but the chajge on the
cgpacitor and the vollage acroas it ig not determined. Moreover the
phase difference 18 alm not considered, ﬁan it is assumed that a
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phase difference of @ exigts and the relation for current will remain
sane except that w;b is replaced by wit + 8, |

3+
2
V.t 3
AR et Sl
3 | 2 |
ﬁ)m (v, 09) df‘;g )00 5‘!:3.._1 3 né.wm
, RY N 3

, 0% :;' ws 8‘1:?9-9)

It io assumed that the origin of time 1p the instant eb which
tyhé »cun-Amt ia passing t.hr‘ohgh go10,than st that ingtant i.e. &b
b =0 4= 0, aad the totel charge on the line end steblc espacitor
should be ger0, putting & é Oat b= 0 in the above equation

 JERS F £ Bak
‘xb "3' z‘lgg*i 53 % 3 ﬂ%g’glﬂfa’ina cs 8
| 3
453 %3““%.*2‘5@%* &k we3e

The expression for total charge can be owtwined by integrating the
expression for the current with regect to t, These wonditions ere
ore peolfically explained in the following example.

EXANELE
Hore a aysten is considered where it is required to traingit
the power of 100 MVA ab 0,85 p.f. ‘to the load centre thwugh e high
voltage transmission line of 100 miles. At the sending end we are
hav.lnz & bank of tranaformers to supply this power.’ The generstion
voltago ia 11 KV and the tmnisad.on vwltage 1a 132 KV,  Since
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the load pover factor is low s it is required to install statis
capacitors at the recelving end of the load oentre to improve it by 0.9, '
dine parameters are given belows-

Line cspacitence = 1437 Ai.%./phase = 0,012 4 ¥/nile/phase
line Inductence = 0.2 K/phase = 3.0 ui/milg/phase
Line Meslstancs = 35 ohng/phase = .25 olmg/xile/phase.

The cspacity of the abaﬁc cgpacitors to improve the power Lactor
£7om 0,75 to 0.9 is caloulated and is found to be 4.58 AF per phase
(sse sppandix).

Now it is required to get the saturation cuive for the tranaformey
baak of 100 MV, 11/13% KV, Through it is quite diffheelt to geb the
exact saturation curve for mich a tmétamr, but the epprosch ig that
the shape of the sgburabion curve is dependent upon the msterial of the
core, The stendard B, H curves are avallable for the materials used for
tranafomer core. Only it i required to change the scales of B wnd K

 dnto ¢ and i. . T convert the Bend H ;eal.éa to ﬁaxﬂ i the following
relations are used,

N aMD 8. m(so ID) |

and @ = Bod WBywmsmommn (5,11)

where N 15 the no, of turns
L is the mean length of megnebis pabh
-4 18 the area of X~-section of the ocore

S here the number of tums in primgry end secondary, the area
of Z-soction and mesn length of the magnetic path are required. It is



rather very diffiommit to design such a Vransformer, as it does not
only requires the emperical relation tut more practical experience
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in dealgn, Here the selection for these paratcters is some what based

on the procedure given in the book 'PERFORMANCE & DBSIGN OF ELECT,

MACHINES' written by 'M.G, Says

Though not exsctly the same. The

maln aim is to show the mebhod how the. initigl conditions which are

necessary for the production of subharmonica are deduceds

the cirauit parametors are transforred to the primary side,
stendard B.H cuwe for stelloy is given beldwe

- Thee S°1.
Slio, AB/METRE  B.ym
1 100 040
P 1% 0490
3 20 1.08
‘ 3% 118
5 300 1,21
6 3% 1.26
1. 0o 1,30
s 40 1.88
9 800 1,36
10 550 1.38
11 600 1,40
12 650 1.42
13 760 1,44
14 750 1,48

all calculptions are done on per phase basis and more over all



Now the following values for the tranaformer are used

Voltage per turn Eb = 60 V
Primary tums !1 = 106
Secondary tums N, = 1270
Flux density B = 1.4 Wyxn®
drea of %-section of .

wre 4 = 0.193 s.aker
drea of window 4, = 23.78 &.meter,
Mean length of magnetioc path

1 = 9 msters
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Now making use of the relations {5.10) and (5.11) the scale:
of B and H are changed to § and 4, Theso values are tatulated bslow

ZARLE $.3.

Sl.¥o, Current i in amps. Flux § in Wb

ot
®

nSou-‘louﬁwm

8,49 0.0966
12,72 : 041450
16,98 . 0.1681
20.85 0.1850
25,44 C 0.1942
29,70 . 0.2035
33,95 | 042090
88,20 | 0.8438
42,49 . 0.8183
46.70 042317

50,90 0.3250
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TRABLE No 52

L s
12 55,30 0.2288
13 $9.40 0.2317

14 63,60 0.23%0
The line reactance chamdterisbic can alao be obtained with
the help of follom.ng relation
‘“",'f' Nef mmwmen(8u13)
Here N .“ one glnoe the tixéﬁmgsion line has only one tum
..'.: is= g = 720 f wwn=(5.13)

No{} the orregponding wraine' of current 15 found to the
value of fluxes in Table (5.2). These values are tabulsted in table Mo,
(5.3). | | |

SAELE NQu. D03 .

S.No. Gurrent 4 in alps, - Flux ¢ in Wbse

1 9,5 04,0966
3. 1043 0.1450
8 121.8 0.1691
. 133.3 0.1850
5 1399 0.1942
. 145,8 0.2035
Y 150,59 ' 0,209
s 153.7 0.2133
9 157,3 | 0.3183
10 159.4 0.2217
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TABLE Mo 53

11. 163.,0 00,2230

12 164,7 0.2283
13 166,8 0.3317

p Y | 167,9 044330

Now adding the yalues of current to the corresponding velue
of flux, the total characteristic is obalned, This is tabulated in
table 5.4, |

JARLE. Ssk

S.No, Current i in amps, Flux O in t{bp.

7,99 0.0966

1
3 17,02 - 041450
3 138.78 0.1691
4 134,08 0,18%0
5 165,35 0.1942
3 175.50 0,2025
1 164,85 0209
s 191,90 0.2138
9 199, 65 0.3183
. 206,10 0.2217
i 213.% 003350
13 219.90 0.3283
13 236,30 002317
e 281,50 042320
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~

Atter getting the total characteristic, now it is required
to got thse equation for this gurve in the form of odd powers series,
® that the equation to the eurve £its in wedl, The best possible
vay to get the best equation to the curve is the mothod of least

sQiares, Now here the odd power meries is restricted to the 3md pwor
only. If the eQuation to the ourve is of the fom

1zafe b au(s,14)

then the reduirement is to determine the coefficients a and b sich that
they give the beé‘h‘ posalble fitting to the original .mrve. o find
out the values of a aid by two slmultaneous edughion are formed ae
under |

(5.15)

St.P=a TP o b»iﬁ‘

4 ¢8 = a.'z_¢‘ +h 7_¢° (5.1‘)

These eduations are formd from the least square method for
cuxrve fitting.

Now the values of Tif , fzﬁ .'iﬁ s 7:¢ and 7ig3 are found
in table 5.5. The equations (5.15) and (5,16) beoomes

518,78 = 57,86,107% @ + 355.04,1074,
23479.15.1078 = 255.04.104 a + 1185,78,10 -, ob.

Aﬂ&er :iql:l.r.'mation these -cmations tum out to be as
under
A o 441,10 b= 896
-l
8+ 4.,65.10 b= 931



° DAL 5.5
B maml Dml BT EaS gt i B Pt
1 T 0,066 0,938 0,900  0.875 7,50  75,1%0 0.810
2 11702 0,450 2,108 305 4,435 16,90 357,000 9.320
3 188,78  0,1691 2,865 480 8,200 A $7L,000 23,450
4 15408 0.1850 3,435 6,30  11,7%0 38,490 976,000 40,200
5 16535 0.2 37K T30 14,200 32,100 1217.500 54,100
6 175,50 0.3 4110 8.320  17.%0 35,500  1499.000 69,200
T 184,45 0.9 4,375 9.140  19.1% 38,500  1684,000 #3,500
$  19L9 0,313 4,59 9.6%0 20,700 40,800  1857,500 92,000
9 19985 0,383 4.7 10,450 22,85 43,600 085,000 109,500
10 6,10 0,337 4,855 10,90 23,00 45.600  3310,000 115,600
1. 313,40 0,220 50 11,400 35,900 47,85 2035000 131000
12 9.0 0,328 S.ap 11,900 27,200 0.0  2619,000 141,900
13 22620  0.2317 530 12,410 28,60 52,35  2009,000 154,700
14 339,00 0,380  5.4%0 12,60 29,500 35,750  2029.000 160,500
57,860 255.040 518,780  23479,150  1187.780
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On further simplificstion the velues of s and drare found

ax 437
b = 10400

Mence the required eduation to the curve becomes

i = 437 ¢ + 10400 ¢’ wmee (54 17)

This equation no, (5.17) ocorresponds to equation (4.1).‘ Now
the values of constants will be determined by equating the coeffiolents
of both the equstions, One thing 1s to be noted over here is that the
squation (5.17) shows some devliation to the actual curve in the linear
region, while it is spproxmately well fits in the original curve in
the saturstion region. Hace the oonsgbant 4 can be dquated to the
corresponding coefficient in equation (5.17).

i.e, 4= 10400

Mt to get N/Iy it is better to get the slope from the
origingl curve, becalse this congtant I'o is the self inductance
of tranaformer and line when the gaturation effect is neglected,
Mence the slope of the cuive come out to be
VE = 947
I
v oL,= 0,112 H ( Bere N = 106)
Total czpacitance referred to primary side ¢ = 144.5.85.;9'11“
Now the vaelues of -._-'og and h are calculated fxom equations (4.5) and
(406) respectively,
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- b -
"'c»8 = Lo " 0.117,144,5,85,38-% = 1.08L.10
A 10400
hs = = , -
¥ (neds.m1u.0" 10.37

Value of D the amplitude of the component of driving
frequency is obtained froum equation (5.6).

g - 13.908

vo-v L 84/3.100 T

- Now the amplitude B of the subharmonic is still left to be
dete:ﬁhed, This value 1g obtained from the necessary condition given
by equation (5,9)

_ . 4, u® “a
3% BD +20° =ah(-§- - ")

2 ,
B - 32,183 - 2900 =0

L I ’g 75, L 3‘ .
Now substituting the values of B and D in equation (5.85)

Y= T8 o Wb - 82,18 o8 wmt

or W= i ¢c 75 o8 %ﬁ- 82.18 008 w,__t

¢ ég 0,708 cos w’{':-' ~ 03035 cog Vlt W(SQIC)

The value of ingtaneous current i 1p obteined from equation

(4.2)

is= ‘"‘ﬁa

Ng
Iy
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-

- Wit A wh
= 0,113 [75 s ..%.;-82.13 cos ult] +10400 [o.'voo oos _%_ «0,5085 cos “1%

| 2
or £ = (671.0 cos ‘..'J;..uv o8 wyb)e10.4 [".ol cos !?-3.085 o8 wlt]

It ie know thak

) 4 ma‘-’?-oi ws wlt &= [0.75134»14.51%40.'5122] -1 %ﬁ

+ {0, 251301, st .15!‘3] s W, b

o(o.nxgm.nxrz) o8 E;f. 40.'!5113 o8 :’_‘_’ﬁ_
, - . : A 3
o »6_.25!3 s Jv,t.
Hore put _ o .
X = 7,08
Y =-3,0388
Therefore
taa 356,0

!3‘ ‘-27‘9
3
XX .152.3

X = 65,0

uc‘

10.4 [0.752% 1,510,757 ] = 2000
1044 [0.352%1, az"‘too.nrsj = =1670
10.4 [0.75(f1 + 1) ] = «$83,0
0.4 [o.‘tsn‘z.] = 508
10.4 [0.25 1¥ ] = 72,6



o7

wlt ‘ 2 ,
... 10.4 [1.09 o0s 3* =3,035 o8 w,_t = 2600 eaafﬁ w1670 wos wlt
: 3

-~

5w, & Tw b
682,00 008 ~he508 OB “oiha
3 8

- 726 0028 wlt

PRt

3

Subgbituting this value in equaticn (4.29) we have

wt'

1= 33115 e 1 ~1957 o8 Wit - 682,0 ws vy
3 8
+508 o5 1% 1726 w6 ?}f  wee (54 20)
3 8

11 now the amplitudes are determined, The initial conditions .
are still left to be determined for the subharmnics. The initisl
phase difference is not conasidered in the previous analysia, 80 here
introducing the phase difference of O, the value of the instaneous
ourrent i can be obteined simply by replseing wlt »r (wit +0) in
equation (5,20)

*

. o) |
o o 4 = B2T1.5%08 -(-“.%—-—)— ~1957 cos (wlt « 0 )
| B(wy 540 7w, te0) 9(w; £+0) |
- 082,0 oos-'(-%--)- +508 ooe -;J-'---’-'m.t s --:'—:—----—--(5-3.

T determine the initigl condition for the ebharmonic it 1a
_asalled,"bhat the or.!Lﬂ.n of time as the ingtant at which the ocurrent
is pageing ﬁhmueh zero, then abt that ingteant 1.6} ot + = 0, ‘e 0
~and the total charge on ths line gnd sbtatic cgpacitors should he sero.
Pﬁtting. 1m0 gt t= 0 in equation (5.21) the following results in
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0 = 3371.5 aoa% « 1957 cos 6 - 683,0 cos gﬁ +508 cos ::'Q

- 73,6 c0e 3 O,
This gives © t"‘gﬁ

- The axpression for the total charge ¢can be found by integ-
guting eduation (5.31) with respect to t,

q = Iidt_

= aln (4te8) | 21901 iy (u b4 @)
3

’

00 8 T(v teo 12,6
goa tat?), By oetn 0 B o stvme)
3

OQO atnst— (5. 32)

| where % is the initial charge on the gystem, Now to obtain
this value of charge the limits are substituted i.e, gtt = 0 total

sharge 15 zer0 end O = g-l

m' 'm.3-m
¢ Mam..s-m-soo:?”mr Por * Y
**V7T 00w 1001

L
PR % = - 315
The voltage genersted in the system will be

Vag

3 - .
194.5.85.10-6 * Volts
= 25.5 KV.

o.o The 1.0, 8. value = m = 18 KV,

/z
= 3le1 KV X% % )



QONQLUJION

This figure of the overwoltage for the system is not
inpractical, Becanse overvoltages of two to four times normal
valae are produced on the open phase or phases following the

dl-energlzation of one or two phases,
Now from pll this ve econciude that the sibharmonic will

be produced in the altove gysbem if the initigl conditions exists
with in the systen, The system should be able Yo produce the

above mentioned woltage.

The solution of the puffing's aquation ghows that
smibharmonicg due to non-linearity of the tranaforner wvill exists on
the tranemigsion line when a famlt on the receiving end ig mved,
only and only if cortain initiel conditions exist after the fault
is ramoved. _

It has bean shown by taking one example also, It is
shown there that at ¢ = 0 1.6. st the instent of switching off the
current wave should pass through gero and the phase difference
betveen Yoltage urrent ohowld be &%= and the voltage on the system

should be 31,1 KV rma, This ovemltagg"&e"’ is known can We-aib-
doraonles-on exist on a gysten of 11 KV rem.a. and hence there asn be
sibharmonics on such gystems under the above mentinsned initiasl condie
tions , Thw ower velizpes Txmi txs 52 Domx SXmus woxnkd ¥Sas e

RORbAmE wR Lie wpwt phame wx phuesx DOliyxiny *or Wk MR Y Kk 0

X X w0 B 0K
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The series ospacitors are used to improve the voltage
requlation in case of ralial fealers,” Under 3 ¢ fault &§ the feeder,
t‘k'xe induct ance of the feeder in series with the capacltor forme an
oscillatory circuit and hence with particular initial conditiong
on the feeder, subsharmonics may be genorateds Here the aim is
to determine thnse initial conditions,

Let the gystem be as shown in Fig. 6.1

Let base KV4 be = 10% KVa
Bﬂaﬂ KV a 132 KV.

e « Base current = 437 amps,

Inductive reactance = 18,06 &
and ratio B 2.4
T ane =03
Prom the curve (Fig. 6.2) to limit the voltage regalation to
5% at full load the merles capacitor mist be rated at 17% of the
circult rating i.e. this is 17% of 10 Kva,

EV4 rating of capacitor = aiﬂxo

10 3
c o X = SsuaTmw = 29,7

° .
e o cﬂ 107.2/4?

' The equivalent diagram after neglecting the resistance of
the feeder will be am shown in Pig. 6.3, This circult is of the
same fora as shown in Chapter IV, The analysis for producing
sub-harmonics under certaln initisl conditions has already been
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dealt with in Chgppter V, Here the same procedure will be followed,
The characteristic for the line resotance between current
and flux according to equation (5.,12) will be (ref. to primary side)
iz 1440 g | - ’ |
The corresponding value“of current is found to the value
of the flux in table 5.3 and those are tabulated in table 6,1,

ddding-the

| ZABLE Sud
33,; Gurrent 1 Flux § 4n wbs,
Noe . .. 1oame, -
1. 139.0 0.0966
3. 208, ¢  0.14%
3. 438 0+1691
4. 366,4 0, 1850
Ss 279.8 001942
6o 291.6 | 0. 2025
1, 3010 | 0, 2090
8, ' 07,4 0423133
% 314.4 0.21683
T 318,8 0.3217
11, 30 043250
12, 329.4 0.3283
13, 338, 6 . 0eR317

14, 335.8 Q. 2330

4dding the values of current of table 5,3 and 6,1
to the corresponding value of flux the total characteristic is
obtained in tgblie 6,2,



IABLE 6424

sl Current i Finx ¥ in Wea, »
Mo, in aws, ' ‘
1 147,49 0,0966
2, 231,32 0.1450
3 260, 58 0.1691
4 287,325 0,189
5 305,24 001942
6 321, 0 0.2025 .- .
1. 334,95 042090
8, 345, 042133
. 356,85 0.3183
10, 365,50 0032317
11e 374.90 042250
12, 384, © 0,3363
13, 393.00 0.2317
1. 399.00 0,333

The elugtion (5.14) relating current and flux is re-written
icaf +0gB |
' Least
The oo-afficient a sad b are found wdth the halp of Wemk
square mothod so that this characteristics fits in well the actual
ourve o0 calculated, T caloulate a and b the following equation
are used, |

Tif =aSddew Tg4
Yig%a sgltensy®

These eq@ations are tabulated in Tabkle §,3.
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925,86 = 57,86 x 10™° & + 255,04 x 10”4 »

41628,8 x 1070 = 255.04 x 0™ a + 1187,78 x 107° b

"

1600 = a ¢ 4,41 x w‘z‘h

2

1633 = o + 4.65 x 10”°d

' Sekving Sheso equstions

- »
cob= . 20021334

with the equation 4.1 the consbenta of equation 41 are determined,

and §
Y

[
» OL.G'S

Gu24
and a = 1600 - 4.4 x 10™° x 13334

= 1600 « 588 = 1012

.'.1=m1a¢ + 13334 ¢ 3

Now equabing the w~efficients of the above siuation

A= 1334

= 1012 { Here N = 106)

% = 0,1049 B
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A— | .
® ILc 0.0 aaeaot.? x o-e. = M8
. ,
h= -t ‘ 4.-x10.... = 0,727
53¢ 3(106)3 x 107.2x144x10~%
Ev ' _
D= Y= == 3316

The amplitude of B of the wubharwonic is still left to be
detoruined, This valne is obtained from the ﬁecusaary cendition
given by equation 5.9 i.e,

oo BRBD ¢ 2P = Th (—"-zl- . -woz)

U v 104
B - 32,108+ DM = 3T hom 1,008 x 20% = @28

. 2
D » 32,183« 109D = Q

.
e » B= 146,09 , » 113,91

Row sabstituting the values of B end D in oquation

(5.5)
V¥, = 146,09 s ot S 32,18 co8 wb

r—

8
=N g

.
* ¢=1o3a o8 ?%2— «(},3035 ons Uzt
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The'value of ingtentaneous current i is obtained from equstion
4,1

‘izgf .,‘“3

and is

i= 24392 oos .‘%E ~3426 008 wyb - 4520 005 i;ﬁf. #1270 cos 1‘5'1'?.

- 93.1 008 ? “-13'9-

T get the initigl charge on the system hho ourrest expression
is int.grataed and equated to zerb, slnce the total charge et ¢ = 0
should be zoro, dAfter integration the value of vy is mbstituhed end the
following expression is obtained

T {vam < 3426-27104545 = 3Le1 | # g = 0

. .qoa-?.lﬁooulombs.

Jovoltages Ve gaai— o x10° = 12,070
= 16,73 KV I.L

The solution of the Duffings' euation show.s that sub-harsonics
on the aystem will exist when a 30 Zfault on the receiving end ocours only
. apd only if certain initiul conditions are provailing In the system, It
is ghown in the “oxanpl‘l.n that gt t = 0 1.0, at the instent of ewitching off
the current vave should pa.as‘. through zero and the phase diffsrence betiem
voltage and current should be 3T/2 snd the voltage on the system should i
16,75 KV r.m.s, This overvoltage as 15 known can exisl on a aystem of 11 i

ahd hence there can be subharmonics on sich gystess under the above mentior
initial conditions,
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LONCLUSIONS,

Here in this work a grphical eolution for pon linear
circuits arising out of the fault at different distances over
the long trenamiesion ling has been studied under certain simply-
fing assumptions, lumped paramesters for the line are used, The
imp rogement can be done by finding the equivalent impedance and
admitance in T form using distrituted parameters for the length of
line involved, The over voltages end currents s0 caloulated assum-
ing lumped parameters are larger than the actual disbﬂmm para=
mebors, 80 vwe are on safer side as far as any protective device
applied to the sgystem is considered, Hc;reovver the analysis is
based under the asmumption of sinusoldal variation of current,
vhich is not true, hence the msthod gives the approximate solution,

dnalytical method is al® tried to consider the effect
of the fault distance for long transmigsion ling neglecting the
 effech due to resistance of the line, 4n expression is derived
for the fault distance X and it is shown that 1f the value of X
1s greater than the derived expression then all the three roots |
of cuble equation in I are real othervise they contain one real
and two conp\lex root s, ,

Till now, the Mffing eqation was mlved for second
approximgtion, Here a third gpproximstion is attempied i,e.
£ifth harmonic hae besn included in the assumed solution for |
flux linkages under the assumption that Xp/X; £ 1 wnd Xg/X, '< 1
which geerally is the case, resulting in more accurate solution
for flux liniages which vill remlt for the ouijrmt to contain
upto 3ist harmonic, This procedure becomes more labordous for
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for higher harsonic correstion to obtain more and wore acourste
slution, Hence practically it is not proper to have gn infinite
series solution of Duffing! s equation which of ocourss theoretically
can be dorived, 4s approximation neglecting higher harmonics isg
acceptable, It is alown by one example that even the fifth harmonic
magnitude of flux linkagos itaelf is suell in comarislon to the
fundamental.

Tranaml gaion lines uging shunt capacitors or series
capacitors are represented by Mffing's equation under simplifying
umq;tioha when a Wet:ieé_l fault occurs at the receiving end,
The solution for Diffing's oequation ia obtained in subharmonic fom
under certain initial conditions, The solution is vellid only vhen |
the initial conditions exists with in the system, With different
initigl conditions different solutions will exiet,

_ Further work can be done on this topiec by considering
the effect of resistance on the non linear circuit formed under
fault condition, 4lthough rigirous mebhemetical treatment is
impossible tut an gproximgte slution under certain assumptions
cen be achieved, More over diff erent type of faults may also be
dudled, | |
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L2 2 R K21 X 1

The capacity 6:’ the gynchromous or gatic conductor used
to improve the power factor is caloulated by power cirele dlagrem
as follovs,

Or the ooordinate axis with origin 'n' the cemtre of .
power oircle '0' 1s located abt a distence of |:_§£ \wi.th en angle

B

( B=o) to a scale of 1 cm = 50 MVA as shown, With 'nf as‘origin

o line nm oqusl to 100 MVA at an engle 41,4° 1.0. at & p.f, of 0,75

is drawn, Now ancther line 'np* of the same MVA but at an angle of
25,8° i.e, at & pefs 0f 049 is drawn, _'rhe difference in the ordingtea
of these tw lines gives the rejuired MVA,. for the gynchromous or

gtabtic condensger,

Hance ﬁ, = 0.5 & =25)NA’

Ic
32082
or xc = 25 = 695
.- : =t = e = 4,58 U B,

695,314
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Resistance of the line per unit length
Inductance of the line per unit length
Cepacitence of the line per unit length
Length of the line |

Matance of the fault from sending end,

Non linear inductéxlce of Trensformer,

Current in the circuit

Tranzformer voltage Mikng the funciion of current
Drop In voltage due to resistance

Drop in woltsge que to capacitance

Drop in voliage due to Inductence,

Flux 0 vbee |

Source voltage ( maximum )

Bumber of tums of the inductor,

Number of tums ¢f in primary of Transfomoer,
Number of turma in secondary of fransfomer,
Flux linkages

Flux délaity

Area of X sectlion of the core

Area of X section of window,

Volitago per tum,
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