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The growth in size and complexity of power systems has 

resulted in a trend towards multi-winding power-  transformers. 

With this has arisen the problem of operating these transformers 

in parallel with two-circuit or other multi-circuit transformers. 

Multi-circuit transformers show peculiar characteristics this to 

the interlinked magnetic circuit of various windings and this 

presents special problems in their operation.  

So far no attempt seems to have been made to study the 

behaviour of three-circuit transformers when -operating in 

parallel and to lay down conditions for their satisfactory 

operation. On the suggestion of Shri D.R. Kohii, *E.E., Deptt.. 

of Electrical Engineering, Roorkee University, this topic was 

therefore, selected for etudy,. In this dissertation, a general 

study has been made of the performance of three-circuit trans-

formera when operating in parallel and certain conclusions 

arrived at. The conditions which must be satisfied for their 

satisfactory operation and the methods that can be adopted, to 

operate three-circuit transformers in parallel successfully and 

economically have been indicated. 

I wish to express my deep sense of gratitude to Shri 

D.R. Kohli for his initiating this topic for study, and the 

active support, ever available guidance and invaluable suggestions 
offered by him during the course of these studies and in review-

ing the manuscript. I am also indebted to the staff of Electrical 

Engineering Department, Roorkee University for their help from 
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N 

Za, Zb, Zc; 
	Equivalent star network branch impedances of 

Z29 Zm, Zn; 
	transformers with terminals a b c, I m n, and 

Zi, 'g, Z3. 	1 2 3 respectively. 

Zab, Zbc, Zea 	Equivalent short-circuit impedances of respective 

pair of windings. 

Etab, Rbc, Rea; Equivalent short-circuit resistances and leakage 

Xabx Xbct Xca• 0 reactances between respective pair of windings. 

Ra , Rb, :dc ; 	Equivalent star network branch resistances and 

Xat  Xb, X. 	leakage reactances, 

x12' I(3,) x31 	Equivalent short-circuit leakage reactances of 

respective pair of windings as seen from winding 1. 

x(2) 	Equivalent short-circuit leakage reactance of 

windings 2 & 3 as seen from winding 2. 

131 	Equivalent short-circuit leakage reactance of 

windipga 3 & 1 as seen from winding 3.,: 

Nle  N2, N1',1 	Various turns ratios. 

N2' , N3, 

Ial Ibt Ic; 	Equivalent circuit branch currents of transformers 

Imy In; 0 	with terminals a b c, tin n and 1 2 3 respectively. 
4 
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I., N T_h o_D U_C_T z O_N. 

Transformers having more than two windings are now being more 

frequently employed whenever transformation of power is desired 

between three or more circuits. The practice of using multiwinding 

transformers with windings of different voltage ratings is growing 

on account of the resulting economy, not only in first cost, but 

also in operation due to smaller losses. By using one transformer 

bank rather than two in the case of a three-winding transformer, 

double transformation of power is avoided and the total amount of 

transformer KVA for a given service Is correspondingly reducedt 

Multi-winding transformers when operated alone or in parallel 

with other transformers, present some peculiar but very interesting 

problems. These relate to leakage impedance phenomena, such as (a) 

voltage regulation, (b) efficiency, Cc) load division between 

circuits, Cd) parallel operation with other transformers, and Ce) 

short-circuit characteristics. On a multiwinding transformer, the 

open-circuit no-load voltage of a winding will change with variation 

of loading on another separate winding or windings, although it may 

be unloaded itself. Load currents in one circuit affect voltages in 

another and a lagging current in one winding can, under certain circum-

stances, cause a voltage rise in one or more of the other windings 

depending upon the arrangement of windings and their impedances. 

Due to the peculiar behaviour of multiwinding transformers, 

the various problems connected with their operation can not be 

solved directly by two-winding transformer formulae. So far, in 
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the entire technical literature in English only casual references 

have been made to the operation in parallel of two or more of such 

transformers and at no tine any attention has been paid to a thorou 

study of this aspect. As a practical proposition, it is only the 

three-winding transformer that is of any importance and the study 

of transformers with more than three windings-'though  used at times-

is more of academic interest. It is therefore proposed to include 

in the scope of these discussions only three-winding transformers 

and consider in detail the division of load between the various 

windings of these transformers connected in parallel on both 

primary and secondary sides. A comparative study of the merits 

and demerits of various method$ that are possible to be adopted 

for satisfactory load sharing will also be made. 

The three windings of a three-winding transformer are each 

interlinked with the magnetic leakage fields of the other windings, 

and as such load currents in different circuits affect each other's 

voltages in complicated and un-expected manner. It is thus very 

desirable to have a clear conception of the leakage impedance 

relationships of a multi-circuit transformer. The equivalent 

circuit for a three-circuit transformer has been developed in 

Appendix A and its knowledge is essential before actually tackling 
the problems involved in parallel operation of three-winding 

transformers. 
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AP TER II 

,PARALLEL QEtP,TION GENiRAL 

2.1  It is well' known from the study of parallel operation of two 

winding transformers, that their satisfactory performance in parallel 
requires the following conditions to be fulfilled: 

(a) the same voltage ratio; 

(b) the same percentage impedance both in magnitude and quality; 
(c) the same polarity; 

(d) the same phase sequence; and 

(e) the same phase angle difference between the primary and 
secondary terminals. 

If all the above conditions are satisfied for the two-winding 
transformers to be operated in parallel, the load will be, divided 
among the units in proportion to their KVA ratings and the secondary.  
currents in each transformer will be in phase with the load current. 

2.2.1.2enerarelations; 

The conditions required to be satisfied for satisfactory parallel 

operation of two-winding transformers are also essential to be satin-
fled for a proper division of load between paralleled three-winding 
transformers. However, due to the peculiar impedance characteristics 

of these transformers, as described in Appendix A, their case requires 
a special study. 

Three•circ4it transformers can be represented by an equivalent 
circuit as developed in Appendix A. Equivalent circuit for two thr?o. 
circuit transformers in parallel will be as shown in fig.2.1 and for 3 
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three-circuit transformers in parallel as shown in fig. 2.2. By 

solving such an equivalent circuit, current flowing in the individual 

windings of paralleled three- winding transformer banks an be deter-

mined. The terminal loads, as well as winding ratios and impedances 

affect the division of currents among the windings of a three-winding 

transformers, so all these factors must be known before a solution 

is attempted, 

(a) I"tie.-gi rc_uit tranafor +ra  In parallel 

Expressing Al the impedances as per unit or percentage values 

based on an assumed common KVA load, and assuming one to one turns 

ratio, fig. 2.1 will be simplified as shown In fig. 2.3 and distribut-

ion of load in such a network will be as given below: 

Let iS, and 16 be the given two loads in KVA, then the total 

input will be their vector sum: 

14 M iA i i6 	 ... 2.1 
The distribution of 14, 15 and 16  in the network obtained by 

solving the network of fig. 2.3 (see appendix B for solution) will be 

ii 	i •Za (1 4 k1)$15.Zb  • k -16,Zg__, 	... 2.2 
(Z1 4  Za) (1 + k1) + (Z2  4 Zr,) 

where k1 :.. Z2.."`.. b 	 ... 2.2(b) 
Z2  t20  

ia 	 ...2.3 

12 :_ L _! 	b 	k  )...- 	-16.2c 	... 2.4 
(Z1 t Za)(1 * kL) 4 (Z2 + Zb) 

where k2 	 ... 2.4(b) 
z3 .ZO  

13  : i1  •i  

11 
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is  a15•in 	 ...2.6 

ib 215.12 	 ...2.7 

While substituting KVA values for the 1.4 , 15 & 15 above, KW 

values are to be substituted first to determine the distribution 

of active power, and then the calculations are to be repeated for 

the reactive, RVA values. The total load in any branch is of-course 

Total load in a branch. (KW of branch) +(Reactive KVA of branch)2 0 .2.1 

(b) Thr 	brcireuira g 	'g_in 	t 1T@1. 
Solution of equivalent circuit for more than two three»circuit 

transformers in parallel becomes too involved to be solved by ordinary 

methods. As derived in Appendix C, currents in various branches of 

three three.circuit transformers in parallel (see fig.2.2.) can be 

calculated by the solution of the four equations 2.9 to 2.12 given 
below: 

ia1a  	ib.Zb " 11.11 	,» im• Zm 	: Q 	..2.1 
ia21 	1b'12 * 1E(11 t ZI) 	f im(Zm  Z2) % 1421 415.12 	..2.: 
ia(Za+Zc )-ib.Zc 	iz(Zi + ZM ) 	• im.Zn 	:0 	 ..2.: 
la(ZI4Z3)*Ib.Z3 f i1(ZirZt Z3.Zn)• im(Z34Zn ) a i4Z1 •i5.Z3 	..2.: 

Equations 2.9 to 2.12 can be solved by the use of determinants. 
Expression for branch current is  will be 
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0 	Zb `Zl 	-Zm 4 
(i4Z1 + 15Z2)  Z2  (Z1 + ZI)  (Z2 * Zffi) 

0 	-Zc 	 (̀ZQ, + Znt) 	Zn 

 

(i4Zl + i6Z3) -Z3  (Zl + ZQ• Z3 Zn) -(Z3szn) 

lag ,.._ 	 _ 	.. 2.13 

Za 

 

+Zb 
'.Zt -Zm 

Zi Z2 (Z1 ~. Ze ) (Z2 t Zm) 0 

(Za • Z0) -Zc -(ZQ  + Zn) Zn 

(Zl • Z3) -Z3 (Zit Ze *Z3 .Zn) -(Z3 +Zn) 

As would be observed, it is a very cumbersome equation and its 

solution will be very laborious. In the case of more than three 

such transformers in parallel, solution by ordinary mathematics 

will be even more difficult. The beat method to solve all problems 

involving more than two three-circuit transformers in parallel 

would be to use an A.C. calculating Board, a Network Analyzer or a 

digital computer. 

nnarsne. 
It Is evident from 2.2.1 that the distribution of load between 

various windings and transformers is controlled by the impedance of 

different branches of the equivalent circuit: 

t4. Za (1 i 	 ) a i5.Zb . ki.16.Zc .._.. 	_.._. 	 .. 2.2 
(Z1 •Za)(l +ki) 4(Z2 *Zb) 

i4Za (Z24Zb)?(Z3tZ~)Q +i5Zb(Z  ).t6,zc(Z  
0. 

(Z1+Za)(Z2+Zb) '(Z2 +Zb)(Z3 +Zc)4(Z3•Zc)(Z14Za) 

	

also is : 14 -ix 	.. 2.3 
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14Z1(1 Tkl) 715Z2 Y kl.i6•Z3 

(Zj+Za)U& ki) 4 U2 , Zb) 
(see appendix B) 

i4Z1#(Z2 *Zb)+(Z34Zc)O4 Z2(Z2+ZC)* i6Z3(Z2 4Zb) 

(Zl+Za)(Z2 +Zb) 4(Z2+Zb)(Z34Z0)+(Z34Zc)(kL#Za) 

.. 2.14 

Dividing equation 2.2 by equation 2.14 

it 	i4ZaO(Z2+Zb) .(Z3 •Zc)'O+ i5Zb (ZB►Za)*ti6Zc(Z2+Zb) 

is 	i4Z Q Z24Zp Z3 9Zo) + ibZ (ZB+Zo) igZ3(Z2.Zb) 

Now supposing Z1 : k.Za 

Z2 s k.Zb 

Z3 , - 

1,  14Za(l *k)(Zb4Zc)*i5Zb(1 *k).Zc416Zc(l& k).Zb then _ 	_ 	_._.._.. 
is 	k.i4Za(lik)(Zb'Zc)#k.i5Zb(14k),Zc•k.i6Zc(l4k),Zb 

(ltk)f14.Za(Zb+Zc)♦i5.Zb.Zc '#i6,Zo.Zb1 

k(l -rk)Oi4Za(Zb?Zc)tiS.Zb.Zc +i6.Zc.Zb4 

~" - 	 .. 2.15 
k 

This shows that three-winding transformers of the same voltage 

ratio will parallel with each other and divide their loads properly 

under all conditions of loading only if.the impedances under those 

conditions are the same for all transformers to be paralleled. If the 

impedance of even one branch is different, the sharing of load will 

not be proper, The effect, of Marrying different impedances, on the 

distribution of loads between paralleled transformers will be discussed 

in detail In Chapter III, 
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2.2.3. , fact_ of eauiva'! ent reactance to  ,gquiygln ,r, stance 

£ajj2.,gQ jnad .fib # 

For beet results, transformers in parallel should all have the 

same ratio of equivalent reactance to equivalent resistance. Fig. 

2.4 shows the effect of this ratio being not equal for the two trans-

formers. This figure has been drawn for the particular case of the 

two transformers in parallel having the same per unit impedance. 

Therefore, the currents in the two transformers will be equal in 

magnitude $  but will not be in phase unless the ratim of equivalent 

reactance to resistance, are the same for both the transformers. 

Since the currents are not in phase $  the current in each 

transformer is greater than half of the total current and therefore 

the kilovolt-ampere output of the pair is less than the sum of the 

kilovolt-ampere outputs of the individual transformers. However, 

the effect 1 a comparatively considerable difference in the ratio$ 

of equivalent raactance-to-resistance of two paralleled transformers 

is so small in practice that the currents in the transformers are 

very nearly in phase and their vector sum substantially equals their 

numerical sum. This requirement is thus of only a minor importance 

and particularly so in all modern power transformers, whose ratio 

of equivalent reactance-to*resistance is very nearly the same, In 

these transformers the resistance is so small compared to the 

reactance that reactance of the transformer can be taken as equal to 

the impedance without any appreciable error in the results. In the 

formulae given In para 2.2.1 it will therefore, be quite in order to 

use percentage reactance instead of percentage impedance to calculate 

the division of load. 
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2.2.4 Unequal tQQtanafQmatI on: 

As in the case of two-winding transformers, a circulating 

current will be superposed on the no-load current, equal to 

Sljfenae  of  kd! 	. YQl &ft 
sum of leakage reactances 

The division of this circulating current among different branches 

depends upon the impedances of the various branches in the equivalent 

circuit and the branch in which the voltage unbalance exists. To a 

very limited extent this fact can be utilised to alter the flow of 

KVA in different branches of paralleled three-circuit transformers, 

although no universal use of the same can be made, as shown in 

Chapter IV subsequently. 

2.3.1'aralle1 	-  

2.3.1. j_  sharing 

The equivalent circuit of a three-winding transformer paralleled 

with a two-winding transformer is given in fig.2.5. Division of 
currents may be calculated for, this circuit, if the load currents 

2 & 3 are known. In this figure the parallel connection is between 

primaries A & 1 and between secondaries C & 2 of the three-circuit 
and two-circuit transformers respectively. 

Considering the load 3 on the bus C2, it is evident that this 

will be furnished over two paths in parallel (shown by solid lines), 

i.e. path with the impedance (Za  'Z0 ) in parallel with path having 

impedance Z12. The division of load supplied to 2 depends upon n  upon the 

impedance of the path Za in parallel with the path (Z  7 
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each case, the currents divide in the parallel paths inversely as 

the impedances of the paths. 

Therefore$ (KVA)2 is supplied in such a way that the propotion 

of the current flowing through Z12 and Za is 

(12)8 share of (KVA)2 : Z
a 
Z # c 12 (KVA)Z  .. 2.16 

(Za) l share of (KVA)2 ; zc4 Z12  (gVA)  2.17 
Za Zc _ 412`  2  •• 

Similarly load 3 divides so that the portion supplied through 

Zc & Za in series is 

(Za)8 share of (KVA)3 : Z1  ~(KVA)3  ..  2.18 
Za.$Zc J Z12 . 

and that supplied through 12 is 

(12)$ share of (KVA)3 -- Za 'Z0 	. (KVA)3 	 .. 	2.19 
Za,Zc*212 

In branches a & 12, the two component loads add vectorially 

as shown by the relative directions of the firm and dotted arrows, 

In branch C, link Zc, they subtract vectorially. As a consequence 

of this, we have the seemingly absurd condition that assuming the 

loads 2 & 3 to have the same kind of power factor (i.e. both lagging 

or both leading), the removal of one of the loads increases the load 

in C. The reason for this iso of-course, the fact that C acts like 

a secondary for load 3, but as a primary for load. 2. 

2.3.2 p1aLrating cod1tl , 

In the light of the above, it can be seen that it may be 

impossible to operate two and three winding transformers in parallel 

with a satisfactory division of current under all conditions.. The 

tertiary load may have any value independent of the secondary load 

(fed by both transformers) . and. as it mint fl r t-hrnstcrh fha 



impedance of the primary, it will produce a voltage drop there, and 

any change in tertiary load will alter the distribution of load between.  

the other two windings. If the impedances are proportioned, to divide 

the load properly for one load condition, the load division between 

transformers at some other loading is likely to be unsatisfactory. An 

exception is the case wherein the circuit A represents a delta tertiary 

winding in a 3-phase bank~  with no load connected to the tertiary; in 

this instance the transformers can be made to divide currents similarly 

at all loads. 

It is possible to design a three-winding transformer so that 

the load taken from the tertiary winding does not seriously affect 

the load division between the paralleled windings of the two trane-

formers. If the impedance Za  is made equal to zero, then current 

division at the C2 bus w ill be determined by Ze and Z12 only and this 

impedance ratio will remain independent of tertiary loading. It is 

difficult to have zero as the value for Za  particularly if this 

winding is of high voltage, however, values near zero can be obtained 

with specific designs at increased cost. Such a design may result 

in a value of Zb which is undesirable from other reasons. 

Further, in such a case, if the direction of power flow reverses 

making the normal secondary act as a primary, the load distribution 

is greatly affected. Even with an individual analysis of each operat-

ing case, it is sometimes impossible to design for parallel operation.. 

with ideal load division when conflicting characteristics are required. 

An interesting feature to observe in this case is that for a 

load in the circuits of A & C acting like two primaries in parallel 
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r 
The division of load between them is completely determined by the 

impedances of the network as indicated above, independent of prime-

mover and generator control apparatus. If desired, it would be possible 

of-course, to control this by suitable regulators between c & 2 or 

between A & bus Al. or between '1 and bus A).. Also sometimes balance 

coils are used to force the proper division of load between groups, 

Just like the case of two-winding transformers as shown in fig.2.6. 

2.4. EXprea4. ns for the reacts ces. ,n Qjj1 .,of th g etric..a 1' 9e,  

In section 2.3,2:, above it has been mentioned that when the 

individual impedance of the primary is zero, the tertiary load will 

have no effect on the load division, The impedance of various coils 

is a function of the relative location of the various windings on the 

core, for example, in a 3-phase concentric-coil core-type transformers, 

there is no alternative but to submit to a high reactance between one 

pair of windings in as much as all the winding r for one phase is on 

one leg. Thus to design a three-winding transformer to meet certain 

specified values of reactances between each pair of windings would 

impose conditiohs which are extremely difficult and sometimes practic-

ally impossible to fulfill. 

However, to illustrate how it is sometimes possible to obtain 

zero impedance for a particular winding, computation of reactance on 

the basis of the physical location of the windings on the core is 

given belowx 

Let the windings be arranged on the core in the order 1, 2, 3 

Cfig.2.7) 
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The reactances in ohms seen from sides 1, 2 & 3 are respectively 

x (1~) : a.b13.n1  x232) : a.b23.n2  x(1 )= a.b31.n32 ..2.20 
12 

i 
Oa : 8f x10-8,  b : - (g'-    )D 

(3) 
and x.,..31,,. 	x 	( 1) 2 	y ..2.21 

n 2 
3 

so that x311)  :  . x31
(3)  ,a a.b31,n12 

n3 
..

Z ,22 

The reactance between 2 & 3 sesn, prom the winding is defined by 

x23(2) r  x23(1) 

n22  n12 

so that  x23 1)  ~. x23(2) : a.b13.n12 2 ..2.23 

Hence 
12(1,z a.b12*ni,2;  x33 (1) ■ a.b23.n12  x31(1)~ea.b31.n12 ..2.24 

The reactance in ohms of the three winding transformer seen 

from aide 1 consequently depend only on nl2. 

From the equations A.4 to A.6 

X2(1) :  x12 1) • x2311) • x31(1) 

and since b31 is already almost equal to b12 w b23, we can write 

x31(1) x  x12(1)  , X23 1) ..2.25 

that is  x3{~")  it 0  4  (Zero reactance is in thq centre 
branch) 

then  12C1) .. x (1)  -  l 
..2.26 

Z32(1) 
 x3(1) 

and we obt4in the figure 2.7(b). 
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Thus by a proper selection of the arrangement of windings, it 

is possible  to control within certain limits the impedance of various 

branches of the equivalent circuit, It may however, be mentioned 

that the relations of eqn. 2.26 hold in transformers having the three 

windings placed successively on-the-core without interleaving. With 

interleaved windings, however, whether on the shell-type or core-type 

design, the straight line reactance circuit no longer holds true and it 

is generally possible to obtain nearly any desired, relationship between 

the values of x1, x2 and x3, 
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.RAPTER I 

3,1 	When transformers operating in parallel are to share the load 

in proportion to their KVA ratings, their equivalent-impedance voltage 

drops at full-load must be equal. To arrange for satisfactory sharing 

of loads between paralleled two-winding transformers, having unequal 

equivalent-impedance voltage drops, one of the most commonly adopted 

methods is the addition of impedance in series with the transformer 

having the smaller value of per-unit impedance. 

A similar arrangement can be adopted in the case of three-

circuit transformers.. However $  it is possible that all the three 

branch impedances of one transformer may be different from the corres-

ponding three branch impedances of the other three-winding transformer 

to be connected in parallel, each branch varying by a different amount. 

In that case, the effect of connecting impedances in series with one 

or more branches will have to be considered to find out the most 

economical method for the satisfactory sharing of load. 

Equations 2.1 to 2.7 show the division of load between various 

branches of two paralleled three-circuit transformers having the same 

voltage ratio. A perusal of these equations shows that they are 

dependent on 8 variables and are thus too involved to provide a 

general solution as to the magnitude of impedances required for satis-

factory parallel operation. Each concrete case can be easily solved 

with the help of equivalent circuit given in fig.3.3. However, to 

have a general idea as to the various requirements, two concrete 

examples WerQ taken and their detailed solution attempted for various 
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10 000/6,000/4,000 10,000/6,000/4,000 
s 

Capacity Y-VA 	 63 500/13,200/6,60t 
63,500/13,200/6,600 

Voltage Volts 

%IX on 10,000 KYA base  11 

63,540/13,200 Volta winding3 	
7.3 	 9 

13,200/6,600 Volts windings 	
ltd 	

10 

63,,500/6,600 Volts wing inga 
11  

12,000 KVA 

Load  
s w load on 13,200 Volts winding : 

16 w 
load on 6,600 Volts winding : 8,000 KVA 

$ II:  
, S00/5,000 5!000/3,750/

2,500 
~o,oaa/~ >  

Capacity KYA 	 240/6 9600 63,500/13 ,200/6 s 6ao 
63,500%13, 

Voltage Volts 

%Ix on 10,000 KLA base 	 13 
63,500/13,200 Volt windings 

ti0 
13,200/6,600 Volt wIndings 

63,500/6,600 Volt windings 
11 

ad 	
i - load on 13,200 Volt vindIn' 

Lo 	5 ^~  
load on 6,600 Volt 

6,000 KVA 

6,000 IVA 

16 

12 

10 
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loads and power-factors. Of the two cases selected for study, one was 

to study the parallel operation of two three-circuit transformers of 

the same capacity and slightly different percentage impedances, and 

the other case was of two three-circuit transformers of different 

capacities and widely varying percentage impedances. The transformers 

selected for study in these two cases had the following specifications: 

1ransforrmer 1. 	T140ALUZ11-1 

Capacity KVA 	 10,000/6,000/4,004 10,000/6,000/4,000 

Voltage Volts 	 63,500/13,200/6,600 63,500/13,200/6,600 

%IX on 10,000 KVA base 

63,500/13,200 Volts windings 	13 	 11 

13,200/6,600 Volts windings 	10 	 9 

63,500/6,600 volts windings 	11 	 10 

Load 	i5 ; load on 13,200 Volts winding : 12,000 KVA 

16 : load on 6,600 Volts winding : 8,000 KVA 

Case IT: 

Capacity KVA 	 10,000/7,500/6,000 	5,000/3,750/2,500 

Voltage Volts 	 63,500/13,200/6,600 63,500/13,200/6,600 

JIX on 10,000 KVA base 

63,500/13,200 Volt windings 13 	 16 

13,200/6,600 Volt windings 10 	 12  

63,500/6,600 Volt windings 11 	 10 

Load 	15  ; load on 13,200 Volt winding 	M 8,000 KVA 

16 : load on 	6,600 Volt winding 	= 6,000 KVA 

r' 
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3.2 	jt11djjLCA Crrl~. =&I 
To find out the effect on load sharing of putting external 

impedances in series, extensive computations were carried out on the 

two sets of.three-circuit transformers mentioned in para 3.1. These 

computations were made for a number of different loads and power-

factors which may be grouped as under: 

i) Load on one set of secondary windings was taken as zero, 

one quarter, half, three-quarter and full-load capacity 

while that on the other set of secondary windings was kept 

at Its full-load capacity, Load division between different 
branchia for each of these loading conditions was calculated 

in detail. 

ii) Power-factor of the load on one set of secondary windings 

was changed from zero lag to zero lead and load division 

under full-load conditions calculated for power-factors 

zero lag, 0.5 lag,. 0.8 lag, unity, 0;.5 lead and zero lead. 
Load on the other secondary windings was taken at full-load 

capacity and a constant power-factor. 

Calculations were carried out for all these conditions of load-

ing with different magnitudes of impedance put in series with each of 

the three branches of the heavily loaded transformer. in turn-one 

branch at a time-, and also for two impedances simultaneously i.e. one 

in series with the primary and the other in series with one of the two 

secondaries. Load division among various branches for all these sets 

of computations was calculated. 
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3.3  
The various sets of calculations showed a very similar general 

trend for all the cases. Graphs 3.1 to 3.10 have been drawn as samples 

for different conditions of loading to chow the general behaviour. These 

graphs fairly represent the trend of all the computations and the con-

clusions drawn from the save may be summarised as below:- 

i) The impedance shall be put in series with the transformer 

having the lower percentage impedance. 

ii) The same magnitude of series impedance is most effective 

when put in the primary circuit as compared to its effect 

when put in either of the two secondary circuits. This is 

because the kilovolt-amperes flowing to both the secondaries 

are passing through the primary and thus any impedance in 

the primary circuit affects both the secondary circuits. 

iii) Impedance in series with either of the two secondary circuits 

has a very small effect on the division of load between the 

primaries. 

iv) Series impedance has a pronounced effect in reducing the load 

in the secondary circuit in which it is connected, but its 

effect on the second secondary circuit of the same transform e) 

is Just the opposite. 

Supposing the three windings of a three-circuit transform,  

are denoted as primary, secondary and tertiary. Then if the 

impedance is put in series with secondary to decrease the boar 
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in this branch, the load in tertiary will increase and 

vice versa, This is the reason why load in primary changes 

insignificantly as mentioned in (iii) above. 

Lv) For a rough balance of loads, a suitable impedance only in 

the primary circuit is enough, For a large number of cases 

and over a wide range of load, only one impedance will be 

required for a reasonably► good load sharing, 

However, to have a perfect balance in all the branches, 

suitable impedances in series with the primary and one of the 

two secondaries must be provided. In general, two impedances 

will be required only when the transformers are operating 

near their full-load capacity. 

(vi) The magnitude of impedance required is proportional to the 

variation of the actual impedances from those required under 

Ideal conditions. 

(vii) An analysis of the short-circuit impedances and the equivalen 

circuit branch impedances shows that it is not the values of 

short-circuit impedances that are of greater importance In 

deciding the load sharing between paralleled three-circuit 

transformers, but the values of equivalent circuit branch 

impedances that are of greater importance. 
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HAPTER IY. 

PAt ALLEL OPERATION - EFFECT Q ..» 	1"• 

44  When two units (or banks) having different voltage ratios are 

connected in multiple, a circulating current equal to 

sum of the leakage reactances 

superposed on the no-load current, flows between the two transformers 

in both primary and secondary windings; This circulating current is 

entirely independent of load and load division and flows even before 

the trans;formers are connected-up to any external load. In the case 

of two-winding transformers, this circulating current vectorially 

adds up to the load current in one transformer and subtracts from 

the load current in the other transformer. If the bank is deliver- 

ing full-load, one of the transformers, especially if the load vower-

factor is low, may thus considerably be overheated. This lowers the 

efficiency as well as decreases the maximum safe load which the bank 

can carry. In general, efforts are therefore, made to restrict this 

circulating current and it is not considered good practice to operate 

transformers in parallel when the circulating current flowing in any 

transformer exceeds ten percent of the full-load rated value. 

4.2 	ure ld1 .~cL~11s1..~X_1R',~~'htPt 
Sometimes in meeting emergency conditions which necessiate the 

paralleling of transformer banks whose percentage impedances are not 

equal, ratio of transformation of the bank with the lower impedance 

is deliberately changed in order to prevent its being overloaded when 

the total load approaches the combined capacity of the two banks. 

An on-load tap-changer can modify the reactive load division 
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between two transformers in parallel, but it can not modify the active 

load division. This can be seen from fig. 4.1 

Let~e'.be the difference between the open-circuit secondary 

voltages of the two transformers resulting from different positions 

of the tap-changers. It is in phase with V'2 and causes a circulating 

current Ic in quadrature. 

Supposing the two transformers have the same reactances, then 

the respective currents 12 & 12 are in phases 12 r. OB and I2' ;BD 

are in line, so long as e s 0. When e is not zero, a circulating 

current I. adds vectorially to 12 & I2' 

The resultant currents are 

12 + Ic » OC in transformer 1 

	

12 '• Ic 	BE in transformer 2 

if e increases due to action of the tap-  changer, the point C is dis-

placed towards the right on line F1 and point 8 towards the left on 

line F2. The reactive components are changed, but not the in-phase 

components. 

4.3 	F''rfolt,M~-C 	BE'th 	ind ".ate.§f. M4..0 

4.3.1. a  8n  en 

The equivalent circuit of a three-circuit transformer has three 

branches as shown in fig. A.3 instead of one branch as for a two-

circuit transformer. A tap in the primary will affect both the ratios 

of transformation, whereas a tap in either of the secondary circuits 

will affect the ratio of transformation for that circuit only. However, 

due to interconnected nature of the various impedances, a tap-changer 
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in any circuit will affect all the three-circuits differently so far 

as the circulating current is concerned. In appendix D expressions 

have been derived for the circulating current that will flow in the 

I
varix to branches due to the change of taps i.e. difference of voltage 
existing in the different branches respectively. The circulating 

currints for the various alternatives ares 

i 	v Circulating current in branch an ___ 	Elm,._.._._....____ 
(Z1 + Za )(l,kl)+ (Z2 ' Zb) 

Circulating current in branch b ,.,,._ ~..,~...,. °.... ~_~....~.,_.~.._ 	, •4.2 
(z1 4 Za)(lxki)s IZ2 + b~ 

N U Circulating current in branch cw __. w_ lie ..~..._ 	..q„2 
(Zi t Za )(l4ki)x (Z2 ♦ zb) 

(b) jhangoo the  

Circulating current in branch a _~.. .,, 	a ~..,.__ 	. «.4,4. 
Zb) 

1. 
	( Cir culating current in branch b ;__.,. 1* k2) • e-  

Za)(l*kl) *(22 * Zb) 

Circulating current in branch c= --- k !C 	 ____ .:.4.6 
(Zl4Za )(.l+ky) 	Zb ) 

(c)  

Circulating current in branch~a a - kl•e  .._  0••4.7 

a. 
Circulating current in branch b = "" -•------ =$ -------- --- • • •4.8 

(Zi, Y la)(l4kl) 	(Z 	Zb) 
" Circulating current in branch = 	_ ..._.._ 

(Z1 + Za)(l+ki) + (Z2+ Zb) 
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where a is the difference in voltage between the respective 

windings of the two transformers, 

impedances Z1, Z2 and Z3  are in ohms 

ki :    
ZO  Ze  

and k2: z1-, 
Z3+ c 

Equations 4.1 to 4,9 show that 

i) the magnitudes of circulating current is directly proportional 

to the difference in voltage introducedby the tap-change; 

ii) due to a tap change in the primary winding, circulating 

current in both the secondary circuits flows in the same 

direction; 

and lit) tap change in any one of the secondary windings has a reverse 

effect on the second secondary winding of th4 same transformer 

i.e. the circulating current in the second secondary wincing 

flows in a direction opposite to that in the secondary 

winding In which tap change has been introduced. 

4.3.2 A.Url5 i 
The pre :encs' of tappings has a direct effect on the reactance of 

a transformer. The percentage reactance varus directly as the current 

and turns, and inversely as volts per turn and axial length of windings 

In addition the cutting out of appreciable portions of the winding by 

means of tappings tends to distort the leakage field, thereby affecting 

the reactance. 

Reference 2 has given a table (table 4.1) to show the variations 
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In reactance due to changes in current, number of turns and volts per 

turn, caused by the presence of tappings. For the purposes of this 

table, it has been assumed that the normal condition is when all turns 

are in circuit, and under this condition the two windings are equal 

in length. The table shows the factors by which the various items are 

multiplied when the turns in one winding are reduced t©'r"times the 

original value by means of tapping. 

The effect upon reactance, of leakage field distortion due to 

the cutting out of portions of the windings by means of tappings is 

illustrated by curves in fig. 4.2 (reference 2). These curves are 

only representative, as the pe2eentage variations in reactance, due 

to a given percentage reduction in the number of turns in circuit, 

varies with different designs. In this reference, it has however been 

suggested that these curves may be taken as a fair approximation for 

all transformers of normal output and voltage. 

The changes in reactance indicated by table 4,1 and fig.4.2 

are cumulative. 

4.3.3 2ssees 

use of tappings tends to slightly increase the losses in a 

transformer due to changes in current, the total lengths of conductors 

in circuit and the magnetic flux density. Reference 2 has given a 

table to calculate the exact variation in losses when primary or 

secondary currents are reduced by means of a tapping. However, as the 

range of tapping that can possibly be employed in compatibility with 

allowable circulating currents for satisfactory division of load 

between two paralleled transformers is small, the variation in losses 
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will be very small and may be neglected for ordinary calculations. 

4.4 	ly  es carried—aiit 
The transformers taken in case I & II for the studies in 

Chapter III were also adopted for various computations under this 

group. To investigate the effect of tap-changing on the sharing 

of load by two three-circuit transformers connected in parallel, a 

nuribuisr of computations were carried out with different taps. 

Transformers were assumed to be operating on taps so that 

a circulating current would flow in such a direction that it would 

add to the load current in the lightly, loaded transformer and subtract 

from the load current in the heavily loaded transformer. The various 

sets of calculations were performed with 2 and 51 taps in each 

branch in turn and its effect on the distribution of load in different 

branches investigated. Some of the sets of calculations were made 

both for full-load and half-load conditions. 

Since the circulating current flows independently of the load 

current, the results were computed by calculating the load current 

and circulating current in different equivalent circuit branches 

separately and than superposing the two vector ially. 

4.5  

The various sets of computations showed a fairly uniform trend, 

and the conclusions drawn therefrom can be summarised as below: 

1) Variation in tapping has a predominant effect on the equiva-

lent circuit branch impedance in which the tapping Is used 

and very small effect on the other two equivalent circuit 

branch impedances. As the transformer with higher percentage 
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impedance will have a smaller share of load, it will have 

to be operated on a lower primary/secondary turns ratio so 

that its higher secondary voltage helps in increasing the 

load on this transformer. As per the effect mentioned in 

section 4.3.2 above, this increases the impedance of this 

transformer, thereby farther increasing the active power 

on the already heavily loaded transformer. The flow of 

circulating current, which is reactive, changes the KVA 

flow through the transformer. 

ii) The effects of circulating currents depend upon the power 

factor of the load, and are greater for lagging power-

factors than for power-factors near unity. Depending upon 

the load, power-factor, the circulating current may in certain 

cases even increase the KVA flow through certain branches. 

Unlike the effect of series impedances, effect of tappings 

is not uniform in all the branches and is dependent upon 

load, power-factor etc. 

iii) Effect of tappings in the primary circuit is much more pro-

nounced than that of the tappings in either of the two 

secondary circuits. Also the circulating current due to 

tappings in any one secondary circuit acts in a manner just 

reverse to the desired affect in the second secondary 

circuit of the same transformer, thereby further loading 

the already overloaded winding. This is self evident from 

the equations 4.4 to 4.9. 

In the case of series impedances, this trend can be easily 

countered by the addition of series impedance in the desired 

hrnnnh_ but it nan not he eennomically done with tanoinas. 
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as that will require tappings both plus and minus on all 

the three windings. This will make the transformer very 

bulky, costly as well as more susceptible to faults. 

(iv) Even if a satisfactory division of load can be arranged in 

a particular case by suitably fixing the tappings, that 

solution will be correct for only that one load, and the 

currents will shift in relative magnitude and in relative 

phase position as the magnitude and power-factor of the 

load are changed. 

As compared to this, in the case of series impedancesy 

only one value of impedance is required for a set of trans-

formers and it will always give satisfactory division of 

load irrespective of the magnitude of load and power- 

factor. 

(v) The effect of circulating currents is to increase the total. `T 

current flowing through the windings, thereby increasing the 

total loss as well as heating of the transformer. Also the 

higher current decreases the maximum safe load which the 

bank can carry. 

le 60496 
5'T ~~ y. 
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CTS_ 
L1..~ S_...I d 

5.1 Three 1u.iLauformera in parallel 

1.  Currents flowing in the individual windings of parallel three- 

winding banks can be determined by solving an equivalent circuit. The 

terminal loadat as well as winding ratios and impedances affect the 

division of currents among the windings of three-winding transformers, 

so all these factors must be known before a solution is attempted. 

20  Three-circuit transformers of the same voltage ratio will 

parallel with each other and divide their loads properly under all 

conditions of loading only if the impedances under these conditions 

are the same for all transformers to be paralleled. 

30  Two three-circuit transformers having different impedances can 

be operated in parallel and made to share the loads in all the windings 

properly by connecting two impedances in series with the transformar 

having lower percentage impedance. One of the impedances must be 

donnected in series with the primary circuit and the other in series 

with either of the two secondary circuits depending upon the equivalent 

circuit branch impedances and division of loads. 

a ],irge number of cases and over a wide range of load, only 

one impedance will be required for a reasonably good load sharing and 

in general, two impedances will be required only when the transformers 

are operating near their full load capacity. 

4,  only one value of impedances is required for a particular set 

of transformers to properly divide the load between the two and this 

will give satisfactory results Ir-respective of the total load and its 

power-factor. 
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b, The greater the variation of actual impedances from those required 

under ideal conditions, the greater 
the magnitude of external impedances 

required. 

6,, 	In deciding the load sharing between paralleled three-circuit 

transformers, it is the values of equivalent circuit branch impedances 

and not the short-circuit impedances which are of greater importance. 

 

7,  The loads in various branches can to a certain extent be 

adjusted by the variation of tape in the primary circuit. Variation 

of taps in either of the secondary circuit3has an adverse effect on 

the other secondary circuit, with a much smaller effect on the primary 

circuit, 

	

8. 	Tap-changer can only modify the reactive load division between 

two transformers In parallel, but it can not appreciably alter the 

active load division. In fact, the active load on the already heavily 

loaded transformer increases still further. 

 

9,  one value of tap can correct the load division for one particular 

load only. Any change in magnitude of load or power-factor will 

require a new tap position for a satisfactory sharing of load. 

10. 	As compared to the method of using series impedances, the 

alternative method employing tap-changing for satisfactory division of 

load between three-winding transformers in parallel is in-efficient 

and uneconomical. Such an expedient is a make-shift, justifiable only 

in meeting emergency conditions when maintenance of service is the 

paramount consideration and efficiency is for the time being of 

secondary importance. 
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5.2. 	- 	 - 	nsfIIrM2T, 
1. Parallel operation of two such transformers is not in general 

aatisfactory.cif the impedances are proportioned to divide the load 

properly for one load condition, the load division between transformers 

at some other loading is likely to be unsatisfactory. 

2. Only when the individual impedance of the primary is zero will 
the tertiary load have no effect on the load division. In certain 

cases this is possible to be arranged, but the requirement of certain 

conflicting characteristics may make it impossible to design a trans-

former to meet with this condition. 

3. Balance coils can be used to force the proper division of load 

between groups. 
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APP.NDIX A. 

A.1 	In a two-winding transformer, the internal impedance is usually 

expressed in terms of one value. The leakage reactance between the 

primary and secondary, and the resistances of the two windings are 

lumped into one and this value of impedance is sufficient to express 

the voltage consumed internally by the transformer. 

On the other hand tn'three-winding transformers, the current.  

flowing in one winding is not necessarily equivalent to, nor in phase 

with a current in one of the other windings. The three windings are 

so related to each other that impedance and regulation cannot be so 

simply expressed as in ordinary transformers, although by means of a 

simple equivalent circuit, equivalent impedance values can. be determined 

for each winding and these values used in the ordinary formulae to 
obtain regulation or current division for any given condition. 

It is convenient and in fact possible to represent completely 

and rigorously the leakage impedance characteristics of a three-circuit 
transformer by assuming that each winding possesses an individual 

leakage reactance belonging to itself just as distinctly as Its 

resistance and that they are connected to-gether In the equivalent 

circuit represented either as a star network or as a mesh network. 

The star network, however, is decidedly more convenient since the 

impedances representing the transformer can then be combined in series 

with the impedances of the external circuits, and is therefore, 

discussed below. 
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iw-  t 	. 	• 	4 	 . i~ 

A single phase three-circuit transformer is shown diagramatically 

in fig.A.l, as a two line diagram in fig. A.l(a), as a single line 

diagram in fig. A.l(b), with connected apparatus which may be generators 

motors, lighting load, or any other kind of electrical apparatus. All 

that the transformer does between the circuits of A, B & C is to 

link them with a transformation in voltage and current. This trans-

formation is accomplished at the expense of a magnetising current 

taken by the transformer, core and copper losses in the transformer, 

and an impedance or impedances introduced-between the various circuits. 

In the derivation of the equivalent circuit to be used to determine 

division of load and parallel operation, the following assumptions 

are made: 

i) Magnetising current has been ignored. 

Because of this assumption, all the reactances considered 

will refer exclusively to those reactances which the trans-

former offers to the load currents (not those which apply 

to the magnetizing current.) 

ii) Transformer and load constants i.e. impedances are all 

expressed as percentages of rated values of corresponding 

circuits (all based on an assumed standard KVA load). 

iii) All impedances used in equations are those effective at 

the external circuit terminal. 

iv) Because of assumption (ii), turn-ratio drops out of consi-

deration completely, and as such one to one turns ratio is 

assumed. 
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With the above assumptions, the magnetically interlined circuits 

of a three-circuit transformer may be completely represented by the 

electrically interlinked circuits of fig. A.2. Both figures A.2(a) 

and A.2(b) are considerably simplified by the use of a single line 

diagram as in fig. A.3(a)• Fig. A»3(a), therefore, applies to all 

single phase and symmetrical polyphase transformers interconnecting 

three-circuits per phase, Fig. A.3(b) is essentially the same, but 

may sometimes be preferred so as to segregate the primary and secondary 

circuits from each other. It will be noted that the equivalent network 

amounts to the connection of the three-circuits or systems A, B & C 

to the same bus-bars through impedances Za , Zb and Z, equivalent&to 

the impedance effect of the interconnecting transformer. 

A.3. ?meted 
The impedances Za , Zb j. & Z. of  the equivalent network Cfig.A.3) 

are not as a rule equal to each other, and although they originate in 

the commonly recognised leakage impedances between pairs of windings 

of the transformer, they are not numerically equal to them, but are 

determined as follows: 

The impedance to the flow of kilovolt-amperes between A & B 

is CIa  , Zb) as seen from the equivalent network. Hence if the equi-

valent network is to represent the-performance of the transformer 

correctly, it must satisfy the condition that 

Za  + Zb : Zab  
.. A.1 

Similarly it must satisfy the conditions that 

Za  a Zo  :  lac  
.. A.2 

Zb t Zc  -  Zbe  
.. A.3 

Equations A.1 to A.3 can be solved for the branch impedances . 
w n 	is 

 

-- ! 7  
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are the conventional two-winding impedances), yielding the following 

expressions: 

Za =  (Zab ' Zac " Zbc)  
... A.4 

Zb : 4 (Zab ' Zbc ' Zca)  
... A.5 

ze : 4 (Zbe • Zea - Zab)  ... A.6 

These equations are naturally vectorial. The resistance and 

reactance components of the equivalent impedances are, therefore, 

Xa ' * (Xab "` Xac . Xbc) ... Al? 

Xb : * (Xab '' Xbc ' Xca) 
... A.8 

Xe w '' ' (Xbc ' Xca ' Xab) ,.. A.9 

1 a g * (Rab * Rae o abc) .•• A.10 

Rb = 4 (11ab . abc - RCa) ... A.11 

He : 4 (Rbc 4 Rea ' Rab) ... A.12. 

A.4 	1 tarmi gtIgn of the .eaientc1rc1itJ5mateQ.. 
A simple method of determining the impedances of the star 

equivalent circuit is to evaluate them in terms of the short-circuit 

or equivalent impedances of each pair of windings acting as a two-

circuit transformer. The equivalent impedance of each pair of 

windings can be computed from well known two circuit design formulas, 

or can be determined experimentally by means of three simple short-

circuit tests as described below: 

Short circuit tests are performed by applying a low voltage 

A.C. to winding 1 with winding 2 short-circuited and winding 3 open- 

circuited. fig.A.4:(a). Under these conditions, the equivalent 
circuit of fig. A.3(b) reduces to that shown in fig. A.4(b). Let 

V1, Il, and Pl be the measured values of the voltage, current and 

4~ ..4rA4r.  rr 1 _ 	Thhnn *1mn rwenn{•1nria n4' +ha an,1ltielan* 
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short-circuit impedance Z12 of windings 1 & 2 is 

... A.13 

and its resistance and reactance components are 
P 

R12  X12 1  

X12= ✓ Z122R12 

... A.14 

*** A.15 

Inspection of fig. A.4(b) shows that with winding 1 excited 

and winding 2 short-circuited, the short-circuit impedance Z12  is 

the series combination of the two branch impedances Z1 and Z2 of 

the equivalent circuit. Therefore $  

z12  : 11  4 Z2 	 .... A.16 

Similarly the relations among the short-circuit impedances 

Z23 & Z31, and the equivalent 	4• t ••circuit impedances Z1, Z2 and 

Z3 are 

Z23 :Z2 •Z3 	 ... A.17 

Z31 : Z3 •Z1 	 .. , A.18 

Equations A.16 to A.18 can be solved for the branch impedances 

Z1, Z2  & Z3  of the equivalent circuit in terms of short-circuit impe. 

dances Z12 i Z23 & 231 yielding equations A.4 to A.6. 

From the above, it is clear that the characteristics of the 

three-circuit transformer •vir.. load sharing, regulation, efficiency 

etc. depend upon the parargters Zabi Zbc and Zca  which are a function 

of the arrangement of the windings. It is however, not necessary to 
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have a.knowledge of the physical arrangement of three windings in 

order to be able to pro-determine the performance. The only thing 

needed to be known is the reactance and resistances of the various 

winding arrangements to be used in the equivalent circuit. These 

impedances can be very readily calculated by simple experiments 

given in section. A.4. 

It is possible that for some arrangement of windings, either 

of the values of impedance Za , Zb or Ze in the star equivalent circutt 

as obtained from equations A.4 to A.6 may be zero or negative, even 
though the equivalent impedance, Zab, Zbe  or Zea  must all have positive 

resistances and positive (i.e. inductive) reactances. Equations A.4, 

to A.6 do not contradict this possibility and actual practical designs 

confirm it. However, only one of the branches can have .a negative 

reactanne, because the net impedance between every pair of windings 

of the tranaf'orme must be positive or inductive and cannot be negative 

or capacitive. Moreover, the negative reactance of any branch must be 

less than the positive reactance of either of the other two branches. 

One of the branches of the equivalent circuit may, in fact, 

have a negative resistance, but It should be borne in mind that the 
equivalent circuit shows only the external behaviour of the transformer 
and a negative resistance in one branch of the equivalent circuit does 

not signify a negative load loss in one of the windings. The equivalent 

circuit gives the correct total load loss for any,load conditions, but 

it does not show the way in which the load losses are distributed among 

the windings. The negative resistance ordinarily appears only in auto- 
transformers with separate tertiaries. 

This equivalent negative reactance is responsible for most of the 



(51) 

peculiar phenomena in multi-circuit transformers. Apparently no 

practical use can be made of the negative resistances or reactances 

of three-circuit transformers as negative impedances by themselves. 

These negative impedances are virtual values. They reprdduce faith- 

fully the terminal characteristics of the circuits of the transformer, 

but they cannot necessarily be applied or assigned directly to any 

internal coils. 

0 
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APPENDIX B. 

1 ION C}F LOAD ETWEEN 2JO TH t E-C ICtLT.TRANS C1ctMER 	,AI44L•  

Given the two loads$  15 and 16 (refer fig. 2.3) then the 

total input 14  will be their vector sum: 
14  : i5  ,  

From the circuit applying Kirchoff's laws$  

ia .Za  • ib.Zb = i1.Z1 4  i3•Z3 ..B.2 

ia .Za 	1o .ZC  : i1.Z1 • 13.Z3 ..B.3 

is  14  ,. iI  0. 3.4 

Ib w 15  - i3 9OB.5  

,o  : 16  - 13  .. B.6 

ii 13 + 13 ..B.7 

Substituting from equations B.4 and B.5 in eqn. B.2, we get 

(14  -11)Z + (i5`i3)Zb - i1Z1 ' 12*Z2 
or 
i4.Za  ♦ i5.Zb - 12(Z3; Zb) a il(Zi 'Za) 	 ..3.8 

Substituting from equations 3.4 and 3.5 in eqn. 3.3, we get 

(14  - ii)Za  T (15 " 13)Ze  - i1.Z1 

or 1
4Za  4 1620  - 13(Z34 ZC) ; 1I(Z1 * Z,a) 	 0.B.9 

Substituting the value of 13 from eqn. B.7 in eqn. B.9, 

14Za  t 16Zc  - (1I - i3)(Z3.Zo) : i1(Z1  4 Za) 

or 
14Za  $ 16Z0  4 12(Z3  1► Zo) = ill(Z1 +Za)+( Z3  A Zc) 

or 1
2(Z3 + Zo) 2 il(Zl *Za  •Z3  ,Z0) + i4Za» i6Z0 
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or ;,it (zl+Z +Z3+Z)-14Z_-lrZ^ 2 	 ~ (Z3 Zo) 	 ..B.1© 

Substituting the value of 12 from eqn B.l0 in egn.B.8, we get 

i4Za , i5Zb - Z3 I(Zl • Za 1 Z3 • Z0)i1 - 14Za-16Zc# =i1(Z14 Za) 
3  

Putting 	 ., }~ : kl in the above equation, gives 
Z3 + Zc 

i4Za 4 ki. i4Za * i5Zb &kl.16-Ze s ii (Zi • Za) + kl'. il(ZisZa+Z3 •Zo) 

: il(ZlAla) •klil (Z1 +Za)rkl'.1l(Z3+Zo) 

il(Z1 +Za)*1 rki) * it (Z2 + Zb) 

or 

i4Za(1+kl) 4 15Z 4kl16Zc - il!(Zi •Za) (14k1) +(ZZ •Zb)O 

or 
ikl_i6ZC 

	

(Zl 	Za)(ltkl) 4(Z2 .Zb) 	
..B.lti 

Substituting the value of it from eqn. B.11 in eqn. B.8 we get 

	

i4Za " 15Zb 	ig (Z2 • Zb) a 11 (Z1 * Za) 

&4Za It 164ZC li3 (Z34Z0) 
: (Zl ♦Za) . 	_...~ 	.._...r,.._ 

(Zl + 2a) 4 (ZB + Zo) 

4a4 16Zc 	(Z14 Za)(Z3 4 Zo) 
i .., 	 '► i2, -......_..... 	__ 

j 1 
k2 	

(Zi 'Za )i (Z3 *Ze) 

4 
Putting 11`~--Za : k2 

ZB * Ze 
or 

tl * k
2 
) a 14Za *i5Zb 12(22 Zb): i4Za 4 16Zc'13(Z3 •Zo) 
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of 
(I +k2)H 14-Za,i4Zb - 12(Z2 Zb) 	a k2.i4Za +k2i6ZC+k212(Z3AZc) 

or 

i4Ze 4(lil )iSZb -k216Zc : i2(1*k2)(Z2 4Zb)4k2i2(Z3 +Zc) 

i24(Z2YZb)4(Z14Za ) *(Z24Zb)(Z2 s) 

= 12*(Z1 +Za)(lokl)4(Z2 4Zb)1 

or 	i4Za &(1 s k2)isZb • k2.,i6.Zc 
..B.12 

Z1+ZaT(1 ;kl) 	♦Z 

isN 14 . it 	i, ilk ±... 2 "i.3l...._ 	...8113► 
(Z1* Z G2(1 + kl) '(Z2+ z 

.t, 	 i5 - Q 	i4Z1 ''(l +k,2).15.Z2 `k2.16 *2 	 ..B.14 0 ,.` "zls Z kg (Z2 •Zb) 

i = i -i - i4Za.k1 i5J.Zb . k2 • 16•Z0 (k1 a k2} 	
..Bois 1 	Z • 	..y~.r.o..-.__.. ,.w.__. _..,........~ 	.. 

(Z1 + Za}(1 ♦kl) 4 (Z2 + Zb) 
14Zl.kl - i5.Z2.k2 	16Z3 (Ic1 • k2) 	.16 i 

w

s 	is •ib 	 ..H .. _ _...  
(Z1.• Za)(14k1 a (Z2 Z )  

Equations 3.13 to 3.16 can be very easily derived by simple 

substitution of the values of various quantities in equations B.4 to 

B.? 
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I1 t3ION O!LOA 	TWEN T1i1EE TF1itEE-C .iUITT T.E~N$F$ 	N.,2$~ LE 

Given the two loads i5 & i6 ( refer fig. 2.2) then the total 

input 1.4 will be their vector sums 

Also 

14 a 15 * ,6 : it + is + i 

i8= i2 +1b +in 
i6 : 1.3 	+ i 	f in 

it 12 +13 

is : ib ► is 

ie 1m .r is 

..C.1 

..C.2 

..C.3 

..'C.4 

,.C.S 

..C.6 

From the circuit, applying Kirchoff's laws, 

i1Z1 +1.2 22 : 1a 2a +ibZb : it Zt + im•Zm 
iiZL +1323 : 1a2a •icZc * ie Zt t in.zn 

Multiplying eqn. C.1 by Z1 and eqn. C.2 by 22, 

14Z1 : ilZ1 + ia21 + it 21 

4 imZ2 
Adding equations C.9 and C.14 

1.121 	22 * 1.411 - ia21 - 1.21 4i5Z210 ibZ2"imZ2 _ iaZA ♦ ib2b 

ie Zf +► imZm 	(from eqn.C.7) 

Again multiplying eqn. C.1 by Z1 and C.3 by Z3, 

14Z3. : 1.121 + 1a21 + it Z1 
i6Z3 ; i3Z3 ' icZ3 . 1f23 

.. C.9 

..C.1Q 

..0111 

..C.12 

..0.13 

..0 .14 

Adding equations C.13 and C.14, 
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i1Z1 + 13Z3 : i4Z1 - iaZi - it Z1 1 i6Z3 -icZ2 -inZ2 

.2 1aZa sicZc 

1e Ze +inZn  (from eqn.C.8) 

By substitution, egn.C.15 and C. 16 become: 

1421 -iaZl »ie Z1 •1 i6%3 -(ia-ib) ZB -(f.g -im) Z3 
IaZa +(ia., tb) Zc , 

:ie Ze ?(i -im)Zn 

.. C.15 

.. C.16 

i. Cr.17 
.. C.18 

By rearranging equations C.11, C.12, C.17.and 1..18, 

tai +Za) 	r ib(Z2+Zb) 	tie Zi 	*imZ2 	214Z1.i Z21 0 
l~ 

iaZi 	 t, ibZ2 	fie (Z1+ ZC) 	+im(Z24Zm) ~i4Zj+i Z 
...8.0 

ia(Zl* Za eZ3 ,Zc)  ib(Z34Za)  *1(Z1 . Z3)  -im4Z3  --14Z1'•igti 
•..Cil 

is (Zi. sZ2 ) 	- ibZ3 	+ie (Z14Z9,Z2eZn)-im(Z2+Zn) : i4Z1+i6Z2 
...C.22 

Suttraetidg Dquation C.20 from C,19 and equation C.22 from eqn.C.21, 

iaZa 	+ibZb -ie zt 
tali 	

ri.bZ2 	'ii (Zi 1 ZQ' ) 
ia(Za'P2c)  -ibZc  -it (Ze • Zn) 

ia(Z1'Z3) 	-ibZ2 	#ie (Z1+ZQ +Z24Zn) 

-imZm  : 0  ..C.23 

+im(Z29Zm) 2 i4Z1ei5Z2 ..C.24 

;imzn  : 0  ..C.25 

-tm(Z2+Zn) : '4Z1•i6Z3 ..C.26 

By the use of determinants, the values of ia, ib' ie & 1m can 

be evaluated from equations C.23 to C.26 and thus all the branch 

currents can be calculated. 

• 
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EQTJAtIONS 	C 	LATING CEJM!,,' N' 11E UNE...Q11J1N3.RATQ. 

(a) 	T 2:S~1~316€_ttD_#chc primary cirguitt'ta' 

Equivalakat circuit for this condition is shown in fig.D.l 

Applying Kirchoff's laws to two- closed circuits: 

(Z3 TZC)ic •(Zl •Za)(ib 'c - e  ..D.l 

(Z2 4Zb)ib +(Z1 +Za)(ib 'ic) : e  ..D.2 

From the equations D.1 and D.2, 

(Z3  Zc,)ic :(Z2 + Zb)ib ,  .. D.3 

Substituting from eqn. D.3 the value of ib in eqn. D.1} 

(Z3 + Z0)ic + (Z1 •Z)( Z3 42 
IZ~c'iej =e 

or  (Z + Z )(Z •Z  Z ) is O (Z2 +Zc ) + 1 	a 3 b 3* . c 0 z e 
(Z3 + Zb) 

or 
is (Z3+Ze)(Z2,Zb).(Zl4Za)(Z3+Zc) *(Z1 +Za)(Z24Zb)1 z (Z2 +Zb).e 

or  (Z2 tZb).e 
Is a ..__._e  	_ 	.,. 

(Z1'Za)(Z3 +Zb)4(Z34zb)(Z34Zc) (Z3 ;Zc)(Z1 +Za) 
kx.e 

.. D.4 
(Z3,' Za)l~kl -1 (Z4) 

(Z3 

(Zl ; Za)(Z2 +Zb) *  Zb)(Z3VZc) +(Z3'Zc)(ZI+Za 

e 

(l+kl).e and is : ib +ic = ------- 	- 	------ 	 **D.6 (Z14 Za) (l +kj) 4 (Z2 .Zb) 
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(b) 	Tflp-ahjull on b see nd ry. re'j "b". 
Equivalent circuit for this condition is shown in fig.D.2 

Applying KirchoffIs laws to the two closed circuits, 

(Z3e Zc)tc •(Z1 +Za)(ib • ic)  = 0  

(Z2 •Zb)ib .(Z1 AZa)(ib • ic)  : e  ..D.B 

From equations D.7 and D.8, 

(Z2j ZbItb - (Z3 T Zc)ic 	 ..D.9 

or 
ib 2 	

.3_* Zc)i  ..D.10 
Z2 * Zb 

Substituting the value of ib from eqn. D.10 in Eqn. D.7, 

(Z8•Z0 )ic 4(ZZ ,Za) 	-(Z3 •Zc)ic_ a ico :0 
2 

or 
icl(Z2 •Zb)(Z2rtZ0)*(Z1.Z5)(Z3'Zc)•(Z1 + Za)(Z2 =Zb) s-e.(ZIAZa) 

or  e.(Z1 Za)/ (Z3 •Zc) 
is -  ..D. 

(Zl *Za) (1,kl)+(Z2 • Zb) 

k2 .e . _ ..........,..... 	.. ____ _..... 	 ..D.11 
(Zl Za )(14kl)}(Z2#Zb) 

Substituting the value of is from equation D.9 in eqn.D.8, 

(Z2 +Zb)ib ' (Z1 •Za)i ib 4(Z2 ; Zb)1b 'e  : e 
(Z8 Y Zc ) 

or 
ib~(Zi *Za)(Z2+Zb)+(Z2 +Zb)(Z34Zc)+(Z3• Z0)(Z1 4Za)1ze#(Zi4Za)a(Z3&Zc) 

or e(1~#k2) 

~b  ], •Za)(14kl) +(Z2 4Zb)  
a.D rl2 

	

0 	
13 

(Zl •Za)(1+kl) +(Z2 •Zb) 

• 
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(C) 	Tap. nhB 	ondar y..ei~:ali d , 
Equivalent circuit for this condition is shown in fig.D.3 

Applying Kirchoff's laws to the two closed circuits: 

(Z3+Z0)ic + (Z1 +Za)(ib;io) : e  ..D.14 

(Z2 4Zb)ib *(x1 +Za)(ib*ic) :0  ..D.15 

From equations C.14 & C•.15, 

(Z3 'Zc)ic "(Z2 'Zb)ib = s 
or 	e + (Z2 ' Zb) ib 	 ,.D.16  o- ---. Zo 

and  (Z tZ )ic •e ~ '~; 	 .,D,17 ~ 
b 

Substituting the value of i. from eqn. D.16 in eqn. D.15, 

(Z2 + Zb)ib + (Z + Z ) i .► 

 

e ;(Z2 • Zb)Ib 1 =0 2 	b b 	1 	a 	b 	+ Zo 

or ib#(Z2.-&Zb)(Z3 c)+(Zl Za)(Z34Zc)4(Z2*Zb)(Z1 41a)I ; .e.(Z1 +Zs) 

or  e.k2 

	

_ ------ 	r 	...D.18 
(Z1 +Z$)(1 £ k1) •(Z2,Zb) 

Substituting the value of ib from Eqn. D.u7 in Egn.D.14, 

	

ie(Z3 + Ze) •(Z1 4 	(z3 * Z~)ic s 	♦ ~,o 
Z2 4 Zb 

or iA(Z3 •Z
c)(Z2 4Zb).(Z1 •Za)(Z34Z0)+(Z1 4Zu)(Z24Zb)H:$ (Z1+Za)+(Z24Zb) 

or 	s.(k1 tk2), 
io 	(Zl + Z5)(14k1)4(Z2 +Zb)

••D.~.9 

Ia ; ib • is 	 1 	 ,.D.20 
(Z1 4 Zu)(1 • kl)*(Z2.Zb) 
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In the above equations 

e" is the difference in voltage between the 

respective windings of the two transformers, 

Z1, Z2  & Z3  are in ohms, 

ia, ib & is  are circulating currents in various 

branches caused by the voltage 

differencet"e'J 

k1 : .?_„_ 
Z3+Zc  

Z1 + Za• 
andk2 : _ _...., 

Z3♦zc 
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