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ABSTRACT

Denoising plays an important role in image processing which is used to recover a
signal/image that has been corrupted by noise. In this Thesis we have shown various
denoising algorithms based on spatial and frequency domain filtering, Discrete
Wavelet Transform, Dual Tree Complex Wavelet Transform (DTCWT) and
Fractional Fourier Transform (FrFT). Based on the study of various algorithms a new
hybrid FrFT and DTCWT algorithm has been proposed.

After a thorough study of various denoising techniques, these techm'ques» are then
implemented in MATLAB for different types of noises such as Gaussian, Salt and
Pepper and Speckle Noise at various noise levels and there simulation results are
compared based on Mean Square Error (MSE) criteria and visual interpretation and it
has been shown that denoising algorithms depends on the type of noise present in
image, hence it is necessary to have prior knowledge about the type of noise present

in image so as to select the appropriate denoising algorithm.

Combining the advantages of DTCWT and FrFT, a new hybrid algorithm has been
proposed and it proves to be best when noise is of Gaussian or Speckle type whereas

Median filter proves to be best when noise is of Salt and Pepper type.
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Chapter 1 Introduction

1.1 Need for denoising

Digital images are essential part of contemporary life. Some of the most frequently used
images types are binary (takes only two discrete values “0° for black and ‘1’ for white), gray
scale images (monochrome or one color image) and color images (three band monochrome
images). However, due to natural phenomenon such as transmission errors or imperfect
acquisition tend to distort the images. This distortion includes blurring of image or adding
additive or multiplicative noise as discussed in subsection 1.2. Thus arises the need for image
denoising in order to suppress or completely rémove the noise from the degraded image.
Image dqnoising is mostly used in field of photography in which an image somehow gets
degraded and needs to be denoised before it can be printed. In order to apply different
denoising techniques (menﬁoned in subsection 1.3 and 'discussed in detail in Chapter 2, 3 and
4) we need to know the degradation process to develop a model for it. Image denoising finds
application in fields such as astronomy, medical imaging, forensic science and many other

fields of contemporary life.
1.2 Types of Noises

In this subsection we discuss noise commonly present in an image. Noise is undesired
information that contaminates the image. Noise is present in an image either in an additive or

mulﬁplicative form [1]
An additive noise follows the rule

w(i, j) = s, ) + n(i, j) (1.1)
while the multiplicative noise satisfies

w(i, j) = G, j) x nG, j) (1.2)

where s(i, j) is the original signal, n(i, j) denotes the noise introduced into the signal to

produce the corrupted irhage w(i, j), and (i, j) represents the pixel location.



1.2.1 Gaussian Noise

Gaussian noise is normally distributed over the signal/image i.e each pixel in the noisy image
is the sum of the true pixel value and a random Gaussian distributed noise value. As the name
indicates, this type of noise has a Gaussian distribution, whose probability distribution

function given by:

F(g) = e~ @m™* (1.3)

where g represents the gray level, m is the mean or average of the function, and ¢ is the
standard deviation of the noise. When introduced into an image (peppers), Gaussian noise

with zero mean and variance as 400 would look as in Figure 1-2.

’ R £ - 3 x5

. Figure 1-2 Corrupted Image with

Figure 1-1 Clean Image Gaussian Noise (Mean=0,
Variance=400)

1.2.2 Salt and Pepper Noise

Salt and pepper noise is an impulse type of noise, also referred to as intensity spikes. This is
“caused generally due to errors in data transmission. The corrupted pixels are set alternatively
to the minimum or to the maximum value (‘0" or ‘255’in case of gray scale images), giving
the image a “salt and pepper” like appearance. Unaffected pixels remain unchanged. It has

only two possible values ‘a’ and ‘b’, both with probability less than 0.1.



For an 8-bit image gray scale image, the typical value for pepper noise is 0 and for salt noise
255.

When introduced in an image (peppers), Salt and Pepper noise with noise density, D = 0.2
would look as shown in Figure 1-4. It will affect D x N pixels where N is the number of

pixels in image.

Figure 1-4 Corrupted Image with
Salt & Pepper Noise (D=0.2)

1‘ Ko % _ Py >
Figure 1-3 Clean Image

1.2.3 Speckle Noise

Another common form of noise is speckle noise. This noise is, in fact, caused by errors in
data transmission. The corrupted pixels are either set to the maximum value, which is
something like a snow in image or have single bits flipped over. This kind of noise affects
the ultrasound images/SAR images. Speckle noise has the characteristic of multiplicative
noise. Speckle noise follows a gamma distribution and is given as: |

Flg) = Z—e~/a | (1.4)

Where variance is o’ and g is the gray scale.

It adds multiplicative noise to the image s, using the equation w = s + (n)x(s), where n is
uniformly distributed random noise with mean 0 and variance V. When introduced in an

image (peppers), Speckle noise with variance V = 25 would look as shown in Figure 1-6
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Figure 1-6 Corrupted Image with
Speckle Noise (V=25)
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Figure 1-5 Clean Image

1.3 Various Image Denoising Techniques

Over the years several denoising techniques have been implemented. These includes applying
filters in spatial domain such as Mean, Median, Wiener and Non Local means filter [2], filters
in frequency domain like Wiener filter [3,4] which acts as a low pass filter and remove the
high frequency components present as noise, filtering in Wavelet domain [S] using several
threshold  and shrinkage techniques [4,6,7] on discrete wavelet and complex wavelet
transform[8,9-11] and applying filters in Fractional domain such as in Fractional Fourier
Transform [12]. All these techniques have been discussed in detail in the following chapters.

There are few other techniques which have not been discussed in this thesis.

1.4 Statement of Problem.

The basic idea behind this thesis is to propose a new denoising algorithm after a thorough

study of various conventional denoising algorithms.

There are various denoising techniques to reconstruct a noise free image from noise present
in a clean image. Selecting the appropriate method plays a major role in getting the desired
denoised image. The denoising methods depends on the problem i.e. type of noise. For
example, a method that is used to denoise images corrupted with Gaussian noise may not be
suitable for denoising images corrupted with Salf & Pepper noise. In this thesis, a study is
made on the various denoising algorithms and each is implemented in MATLAB. In order to
quantify the performance of the various denoising algorithms, several high quality iméges are
taken and some known noise is added to it. Then denoising algorithms are applied to these

noisy images, which produces an image close to the original high quality image. The



performance of each algorithm is compared by computing Mean Square Error (MSE) and
Peak Signal to Noise Ratio (PSNR) besides the visual interpretation.

At the end after comparing various techniques and noticing the advantages and disadvantages
of various denoising algorithms a new algorithm has been proposed which gives better
performance over the other denoising algorithms both visually and in terms of MSE and

PSNR. In this new algorithm we combined the benefits of Fractional Fourier Transform and

Dual Tree Complex Wavelet Transform and tried to remove their drawbacks.
1.5 Thesis Organization

In Chapter 2 we have discussed several spatiall domain filters such as Mean, Median, Non-
Local Means and Wiener Filter and a frequency domain wiener filter, these filters can again
be regrouped as Linear, Non-Linear and Adaptive filters. We have shown how these filters

can be implemented and the results of their implementation are then shown in chapter 5.

In Chapter 3 we introduced the concept of Image denoising using Discrete Wavelet
Transform. We thoroughly discussed what is meant by DWT, how DWT can be implemented
for Image denoising and the various thresholding and shrinkage method that plays an

important role in denoising of an image.

In Chapter 4 we define Fractional Fourier Transform and Dual Tree Complex Wavelet
Transform and their implementation and algorithms for image denoising, their superiority
over other conventional methods and then on the basis of this discussion we proposed a new
hjfbrid algorithm combining advantages of both FIFT and DT CWT, thereby removing their

shortcomings.

In Chapter 5 implementation of all the denoising techniques discussed in earlier chapters is
done in MATLAB and the simulation results are presented along with the discussion of the
results obtained for various denoising techniques. The algorithms are applied on four

different Images with all 3 types of noises i.e. Gaussian, Salt & Pepper and Speckle Noise.

Finally In Chapter 6 we have concluded our thesis based on the results obtained and the scope

for future work followed by references.



Chapter 2 Image denoising with Filters in Spatial & Frequency Domain

The need to remove noise without degrading the edges and other high frequency components
of the image significantly has motivated the development of efficient edge-preserving noise
smoothing techniques. Over the years sigrﬁﬁcant progress and development has been made in
developing several image denoising techniques. In this chapter we have discussed Mean,
Median, Non-Local Means (NLM) and Wiener filters applied in spatial domain, and
implementation of Wiener filter in frequency domain. The results of all thése filters are later

discussed in Chapter 5 when applied on noisy images.

2.1 Background

~ Filters play an important role in image denoising process. The basic concept behind image
denoising using linear filters is digital convolution and moving window principle. Let w(x) be
the input noisy signal which is to be filtered, and z(x) be the filtered output. Thus filtered

output can be expressed mathematically in simple form as:
z(x) = [w(t)h(x — t)dt 2.1)

Where h(t) represents the impulse response of the filter and integral is the convolution of
input noisy signal with filter.

For discrete case:
z(i) = Yz Ww(t)h(i—t) 2.2)

as seen the limits is o but the weights h(2) are zero outside some range (-k +k), thus above

equation can be written as:

z(i) = Xk w(h(i—t) (2.3)

that is output z(i) at point i is given by a weighted sum of neighborhood pixels of i where the
weights are given by filter response A(f). To find the output at the next pixel i+1, the function
* h(?) is shifted by one and the weighted sum is recalculated. The total output is created by a
series of shift-multiply-sum operations, and this forms a discrete convolution. For the 2- -

dimensional case, A(f) is A(t, u), and output in discrete form is given as:



2(i,j) = Zik T w(t, wh(i—t,j —w) (2.4)
In DIP the weight, (2, ) may be defined arbitrarily thus' different types of filters such as
Mean, Median, Wiener and NLM filters can be implemented.

2.2 Spatial Domain Filters

2.2.1 Mean Filter

A mean filter reduces the noise in the noisy image by .taking the mean of the adjacent
neighboring pixels i.e. it’s a simple sliding window spatial filter that replaces the centre pixel
of the window by taking the average mean of all the pixels in the window being considered.
Generally a 3x3 or 5 x 5sliding window is used. This filter works on the shift multiply sum

principle.

The local mean filter uses equal weights, A(%,u) to yield a smoothed estimate:
2(,)) = r ZtE 1 XS wit ) Bex)

where NM is the number of pixels in the window and w(%, w) is the noisy image. It can be
easily shown that in the case of AWGN with zero mean and variance of o the noise power in
the filtered output is reduced by number of pixels in the window i.e. NM, thereby resulting in
improvement of output SNR by a factor of NM. This implies that for better SNR larger
window mask should be selected however if we take large window size it introduces

denoising artifact of image blurring.

Mean filtering is more effective when the noise present in an image is of impulsive type. The
mean filter works like a low pass filter (LPF), and it does not allow the high frequency
_components present in the noise to pass through. It is to be noted that larger windows of size
5% 5§ or 7x7 produces more denoising but make the image more blurred. A trade-off is to be

made between the kernel size and the amount of denoising.

2.2.2 Median Filter

A median filter is a type of nonlinear filters unlike the mean filter and the wiener filter
(described in section 2.2.4). Median filter also follows the moving window principle similar

to the mean filter. A ‘n x n (where n is odd) kernel of pixels is scanned over pixel matrix of

7



the entire image. The median of all the pixels in the window is calculated and the centre pixel
value of the window is replaced with the calculated median. Median filtering is done by, first
sorting all the pixel values from the surrounding neighbourhood in either ascending or
descending order and then replacing the centre pixel which is being considered with the

median value of the neighborhood window.

The median is more robust compared to the mean. Thus, a single very unrepresentative pixel
in a neighborhood will not affect the median value. Since the median value is the value of one
of the pixels in the neighbourhood (window), the median filter does not create new pixel
values. For this reason the median filter is much better at preserving sharp edges than the
mean filter. These advantages led median filters in denoising uniform noise along with sharp

impulse type of noise as well from an image.

2.2.3 Non-Local Means

NLM denoising method is based on the self-similarity of images in spatial domain [2]. The
non-local means algorithm assumes that the image contains an extensive amount of

redundancy. These redundancies can then be exploited to remove the noise in the image.

An example of such a type of self-similarity is displayed in Figure 2-1 below. The figure
shows three pixels p, g1, and g2 and their respective ﬂeighborhoods. The neighborhoods of
pixels p and ¢l are similar, but the neighborhoods of pixels p and g2 are not similar.
Adjacent pixels tend to have similar neighborhoods, but non-adjacent pixels can also have
- similar neighborhoods only in some of the I;articular cases as for example, in Figure 2-1
most of the pixels in the same column as p will have similar neighborhoods to p’s
neighborhood. The self-similarity assumption can be exploited to denoise an image. Pixels

with similar neighborhoods can be used to determine the denoised value of a pixel.

R IRV
Figure 2-1Example of self-similarity
in an image

8



Implementation:

Given a discrete gray noisy image w, the estimated value NL[w](i) , for each pixel i, is -

computed as a weighted average of all the pixels in the image:
NLIw](® = %jerh(i, Dw() (2.6)

-where the weights {A(ij)} depends on the similarity between the pixels i and j, and satisfies
0< h(ij) <1 and ¥;h(i,j) = 1 . Each pixel is a weighted average of all the pixels in the
image. The weights are based on the similarity between the neighborhoods of pixels i and j.
To compute similarity between the pixels, a square neighborhood N; with radius Rg;, is
defined centered about a pixel i. This simﬂarity is measured as a decreasing function of the
weighted Buclidean distance, ||y(Ni) — y(Nj)||3, where a>0 is the standard deviation of the
Gaussian kernel. These weights are defined as:

h(i.j) = i exp (lyWND) = yWDIB o/ k) @)

where Z(i) is the normalizing constant given as:

¥ exp (ly(ND) — y(NHIZ /%D (2.8)

and k is the weight-decay control parameter and k = 10o, ,which controls the decay of the
exponential function and therefore the decay of the weights as a function of the Euclidean
distances. ~

A
s

The parameter a is the neighborhood filter with radius Ry;». The weights of a are computed

: . by the following formula:
,‘ E _1_ Rsim __1
:: Rsimzi=m (2i+1)? . 29)

,,,,,,
PET

where m is the distance of the weight which is from the center of the filter.
Implementing NLM bz:lsically has three parameters.

o The first parameter, £, is the weight-decay control parameter which controls where the
' weights lay on the decaying exponential curve. If k is set too low, not much of the

noise will be removed. Setting & too high results in blurring of the image. When

9



an image contains white noise with a standard deviation of o5, k£ should be set between
10 0, and 15 o,..

e The second parameter, Ry, is the radius of the neighborhoods used to find the
similarity between two pixels. If Ry, is too large, no similar neighborhoods will be
found, but if it is too small there will be too many similar neighborhoods. Common
values for Ry;, are 3 and 4 to give neighborhoods of size 7x7 and 9x9, respectively.

e The third parameter, R,.., is the radius of a search window. Because of the
involvement of lot computation of taking the weighted average of every pixel for
every pixel, it will be reduced to a weighted average of all pixels in a window. The
window is centered at the current pixel being computed. Common values for'Rw,-,, are
7 and 9 to give windows of size 15x15 and 19x19, respectively. With this change the
algorithm will take a weighted average of 15% pixels rather than a weighted average of
N? pixels for a NxN image.

- 2.2.4 Wiener Filter (Adaptive Filter)

Wiener filter is a type of adaptive filter[13] which is an ixﬁprovement over the mean filter.
'The main difference between the mean filter and the adaptive filter is that the weight matrix
of the filter varies after each iteration in the adaptive filter while it remains constant
throughout the iterations in the mean filter. Adaptive filters are capable of denoising non-

stationary images, that is, images that have abrupt changes in intensity.
Implementation:

Let s(i,j) be the original image and £(i,j) is the noise and w(i,j) is the noisy image which need
to be filtered i.e

W) = sGf) + i) - | 2.10).
Let the filtered image be z(i,j) which should be equal to s(i,j) ideally.
- z(i,j) = Lo=-nEn=—n hm,W)w(i + m,j + n) 2.11)
The weights of the Wiener filter, i(m,n), Can.be found by minimizing:

] =E[{s@.)) = z(i, Y] ' (2.12)
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where E denotes expectation. The solution for A(m, n) is obtained in a vector form as:

h=R1p (2.13)

~ R(m, n) and p(m, n) correspond to the autocorrelation function of w(j, j) and cross-correlation

function of s(, /) and w(i, ), respectively, which are given by:
R(m,n) = E[w(i, H)w(i —m,j —n)} (2.19)
p(m,n) = E[s(i, )w(i —m,j — n)} (2.15)

respectively. In practice, the folowing criterion
J = s EMT IS (i) — 2 )Y 2.16)

is often defined due to its easy computation, and the solution for filter weights (/) as defined

in equation (2.13) is obtained. In this case, R(m, n) z;nd p(m, n) are calculated as
R(m,n) = oo M S W pw( = m,j =) 2.17)
p(m,n) = 2= ZHG TG (s (6 Hw(i —m,j — ) (2.18)
respectively, from M x M images of s(i, ) and w(i, ).
2.3 Frequency Domain Wiener Filter

One of the main difficulties associated with spatial domain filters is their computational
complexity required to perform the convolution. Frequency domain filters overcome this
problem as in Fourier domain convolution is transformed into multiplication. Most of the.
information in an image is mainly present in low frequencies, and the the noise is generally
located in high freqﬁencies‘ or spread across all frequencies (white noise), thus frequency
domain filters in order to perform denoisirig represents some form of low pass filters to
reduce most of the high-frequency components in order to denoise the image. However, it has
a drawback as along with noise it also removes some information of an image that are
contained in high frequency. Thus, it becomes difficult to suppress the noise without
degradation of some of the significant features of the imagé like edges and textures.

Therefore, most of the general frequency-based image denoising methods results in overly
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smoothed denoised images where the noise has been reduced but also edges and other high-

frequency features of the image have been blurred.
Implementation [13]:

Let Z(u,v),H(u,v),S(u,v) and W(u,v) represent the discrete Fourier transforms (DFTs) of z(, ;)
(filtered output), A(i, j) wiener filter weights, s(i,j) (clean image) and w(j, j) (noisy image),

respectively.
In frequency domain the output of wiener filter is given as:

z(u,v) = Hu, v)W(u,v) | | (2.19)
(As convolution in spatial domain is multiplication in frequency domain) _

by minimizing the wiener cost function by partial differentiating it w.r.t H(u,v) and equating

to zero:
J = E[{S(u,v) - Z(u,v)}*] = E[{S(u, v) — H(w, )W (u,v)}’] (2.20)
we get:
— EW@uw)s” )]
H(u, 17) = W (221)

where * denotes complex conjugate. When noise is white noise, the numerator reduces to
-E[W(u,v)S‘(u, V] =E[(S@v)+ Nu,v)XS*wv)] = E[S@ 3] = Bwv) (222
and the denominator reduces to
E[IW @, v)|*] = Ps(u,v) + Py(u,v) ' (2.23)
‘where Ps(u,v) and Py(u,v) correspond to the'power spectra of s(i,j) and n(i,j), respectively.

Therefore:

Ps(u,ﬁ)

H(u, ‘U) =7 s(uw,v)+ Py(u,v)

(2.24)

The output of the Wiener filter is given by:
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Chapter 3 Image denoising using Discrete Wavelet Transform

3.1 Background

The limitations of Fourier transform make the use of Wavelet Transform important. Fourier
transform is unable to provide information in time and frequency domain simultaneously.
This means that Fourier transform provides us with the frequency components, but it does not
fell when and where the impulse occurred. However, in Image processing, we require time
and frequency information of the signal simultaneously. To overcome this problem, we
divide the signal into different parts and analyze frequency components of these parts
separately. One of the solutions to this problem was Short Term Fourier Transform (STFT).
In STFT we move a window across the signal to analyze the frequency domain of the signal
for each part. The problem still remains since STFT has a fixed resolution. Thus measuring
frequency and time cannot be done simultaneously at a desired resolution. A wide window
gives better frequency resolution but poor time resolution. A narrower window, on the other

hand, gives good time resolution but poor frequency resolution.

time time
Figure 3-1 STFT windows, narrow in time domain means wide in frequency domain and vice-versa.

The solution to this problem was provided in terms of Wavelet Transform. Wavelet transform
uses a scalable modulated window to move across the signal. Using a small scale for high
frequency parts and a big scale for low frequency parts enables wavelet transform to provide

a good time and frequency resolution [14].
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>

time

Figure 3-2 Time Frequency occupation by wavelet transform

3.2 Continuous Wavelet Transform (CWT)

CWT is defined basis functions which are ‘very short (high ﬁ'equency) and long (low
frequency) depending on the resolution of the frequency analysis, where the basis functions

are obtained from a single prototype wavelet also known as Mother wavelet
_ Ly (t2
Was() = W () (3.1)

where a € R, b€ R. For large a, the basis function becomes a stretched version of the
prototype wavelet which is a low frequency function, while for small a the basis function
becomes a contracted wavelet which is a high frequency function. The continuous wavelet
transform (CWT) is then defined as the convolution of x(f) with a wavelet function, #(¥),

shifted in time by a translation parameter b and a dilation parameter a.
: 1 (o t—b
X,,(a,b) = = W —)x(t) dt (3.2)

At high frequencies the CWT is sharper in time while at low frequencies the CWT is sharper
in frequency. W(¢) denotes the mother wavelet. The parameter a represents the scale index
that is the reciproéal of the frequency. The parameter b indicates the time, shifting (or

translation).
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3.3 Discrete Wavelet transform (DWT)

CWT is redundant since the parameters (a, b) are continuous thus we need to discretize the
grid on the time-scale plane corresponding to a discrete set of continuous basis functions to

get DWT.

1 t—by
Wi (t) = =W 3.3
w(®) = =W (3.3)
The above equation can be written as:
Y A
Wi () = a,2w(a,’t — kby) (3.4)

Where a; = ag and by = kboa{; and j,k € Z,ay > 1 and by + 0 and in the discrete form of
the wavelet as shown in equation (3.4), j controls the dilation and & controls the translation.
Two popular choices for the discrete wavelet parameters ag and by are 2 and1 respectively, a

configuration that is known as the dyadic grid arrangement

Wavelet analysis decomposes a signal into time shifted and scaled versions of a mother
wavelet, Wj(t). Wavelet analysis results in perfect reconstruction, in which a decomposed
signal or image is reassembled into its original form without loss of information. We
normally use two types of basis functions for decomposition and reconstruction. These

functions are:

e Scaling Function:

I .
¢j,k (t) = 2_;¢0 (Z_Jt - k) ‘ (35)
e Wavelet:
W) = 27929 (27t — k) (3.6)

An example of a simple wavelet function is called the Haar wavelet. The Haar transform
stands for the simplest algorithm enabling signal or image denoising. In Haar’s case it is a
square wave. The Haar mother wavelet W(¢) and scaling function ®(¢) are defined as follows
[15]:
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0 otherwise

1 o0<t<1
= -

1 0<t<1/2 (3.7
W) =+ -1 12<t<1
0  otherwise

Every basis function W is orthogonal to every basis function @. Wavelets are functions

defined over a finite interval and have an average value of zero.

The discrete wavelet transform (DWT) is commonly 'implemented with sets of filters that
divide a signal frequency band into sub bands. At each scale in DWT, the approximation
coefficients are generated from a low pass filter and are associated with the low frequency
part of the signal while the detail coefficients are output from a high-pass filter and capture -
the high frequency componenfs of the signal.

The 1-D forward wavelet transform of a discrete-time signal x(n) (n =0, 1, . . ., N) is
performed by convol\_ring signal x(n) with both a half-band low-pass filter L and high-pass
filter H and down sampling by two as shown below Figure 3-3. This provides the coefficients
ci(k) and dj(k) for the decomposition of the signal into its scaling function and wavelet

function components.

L DownSampling (D)
Approximation
Coefficients
Original
Signal
H DownSampling (D)
Detail
Coefficients
Convolution
and
DownSampling
Figure 3-3 1D signal decomposition
— \'L—-1 ' — L—-1
c(n) = Y=o ho()x(n — k) and d(n) = Y=g hy (K)x(n — k) (3.8)
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where c(n) represent the approximation coefficients forn=0, 1, 2..., N — 1 and d(n) are the
detail coefficients, hy and h, , are coefficients of the discrete-time filters L (Low Pass filter)
and H (high pass filter).

{ ho(n)5=5 = (ho(0), hg(1), e e, o (L — 1))
{h1(n)l';%) = (h(0), hy (1), ... ... yhy(L—1))

The high pass filter leads to #(¢) and the low pass filter leads to a scaling function &(f). A
filter bank is a set of filters in which the analysis bank often has two filters, low pass Hjy and
high pass Hj. They split the input signal into frequency bands. The filtered outputs from both

filters give a double signal length. To overcome this we have to down sample or decimate the

signal by 2.

In multilevel decomposition, this process is repeated, with successive approximations(the
output of the low-pass filter in the first bank) being decomposed in turn i.e. approximate
coefficients that are obtained from LPF are decomposed again, so that one signal is broken
down into a number of cémponents. This is called the Mallat algorithm or Mallat-tree
decomposition. A three-level decomposition is shown in Figure 3-4. In this illustration, a;
represents the approximation coefficients, while ds, d» and d represent the detail coefficients

resulting from the three-level decomposition.

H D
ds
Original
Signal x(n) u b
. i,
L D H "
d;
L D =
L D
a;

Figure 3-4 1D Multilevel decomposition

2-D signals such as digital images require a two-dimensional wavelet transform. The 2-D
DWT analyzes an image across rows and columns in order to separate horizontal, vertical and

diagonal details. In the first stage the rows of 2D (NXN) signal are filtered using a high pass
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and low pass filters. In the second stage 1-D convolution of the filters with the columns of the
- filtered image is applied. Each of the branches in the tree is shown in the Figure 3-5 therefore

produces an (N/2) x (N/2) sub mmage. This leads at each level to 4 different sub bands HH,
HI, LH and LL. |

D
L D H —I— LL
' D
gir;ﬁi](n) — *HV I_ LH

L D

o T
| « s

H_F
Row Convolution

and Down Sampling

Column Convolution
and Down Sampling

Figure 3-5A one level 2-Dimensional DWf

To reconstruct the image from its 2-D DWT sub images (LH, HL, HH) the detail coefficients
are recombined with the low pass approximation using up sampling and convolution as
shown in Figure 3-6. In the first stage the columns of the up sampled sub images are
convolved with the impulse responses hj (k) and h! (k) and in the second stage the rows of the

up sampled sums are convolved with the same impulse responses.
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L D u L?
L D u L
Original
Sl <t Final Stage
| +
L D u L!
H D u M
hd » - H D U HT
Column 1
Convolution
and
downsampling Row Column
Convolution Row Convolution
and Convolution and
downsampling and i
psampl
upsampling R
D.y

Figure 3-6 One level 2D DWT Reconstruction

3.4 Denoising Algorithm:

e Choice of a wavelet (e.g. Haar, symmlet, etc) and number of levels for the decomposition.

e Estimation of a threshold

s Choice of a shrinkage rule (VisuShnink, BayesShrink etc) and application of the threshold
(hard and soft thj'eshold) to the detail coefficients.

e Application of the inverse DWT using the thresholded coefficients.

3.5 Thresholding

Donoho and Johnstone [16] worked on filtering of additive AWGN using wavelet
thresholding. The term wavelet thresholding means comparing the detail coefficients with a
given threshold value, and shrinking these coefficients close to zero to take away the effect of
noise in the data. The image is reconstructed from the modified coefficients. This process is
also known as the inverse discrete wavelet transform. During thresholding, a wavelet
coefficient is compared with a given threshold and is set to zero if its magnitude is less than

the threshold; otherwise, it is retained or modified depending on the threshold rule. Some
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4 BayesShrink {10-

typically used methods for image noise removal include VisuShrink an

18).

Prior to the discussion of these methods, it is necessary to know about the two general

categories of thresholding. They are hard- thresholding and soft-thresholdingtypes.

Hard Thresholding

Hard thresholding (Figure 3-7(b)} deletes all coefficients that are smaller than the threshold A
and keeps the others unchanged. The hard thresholding is defined as follows:

signe(h) (lck)l)  if | c(k) > & |
cx(k) = (3.9)

0 if | c(k) <A |

where 1 i1s the threshold and the coefficients that are above the threshold are theones

thatretained. The coefficients whose absolute values are lower thanthe threshold are set to

ZETO.,
Soft Thresholding

Soft thresholding (Figure 3-7(c), for A=0.5) deletes the coefficients under the threshold, but
modifies the ones that are left. The general soft shrinkage rule is defined by:

sign o(k) (le(k)- A))  if | c(k) > 4|
(k) = (3.10)

0 if | (k) <4

0.5
c(k)
(k) A E— el
0 0 a | —_
-1 -1 -0.5
0¥ {n) 0 (b) 0 (c)

Figure 3-7 An example of (a) linear signal thresholded using, (b) hard-thresholding, and (¢) soft-thresholding.
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1In practice, it can be seen that the soft method is much better and yields more visually
pleasant images. This is because the hard method is discontinuous and yields abrupt artifacts

in the recovered images.

Now let us discuss the thresholding methods i.e. VisuShrink and BayesShrink in detail. For
all these mgthods the image is first subjected to a discrete wavelet transform, which
decomposes the image into various sub-bands. Graphically it can be represented as shown in

Figure 3-8.

Li; | HLs
. HL,
LH; | HH,
HL,
LH HH,
1H HH,

Figure 3-8 DWT of 2D data

The sub-bands HH;, HL;, LHg, £ =1, 2, ..., j are called the detail sub bands, where % is the
scale and j denotes the largest level of decomposition. LL; is the low resolution component
that gives the approximate coefficients. Thresholding is now applied to the detail components
of these sub bands to remove the unwanted éoefﬁcients, which contribute to noise. And as a
final step in the denoising algorithm, the inverse discrete wavelet transform is applied to

build back the modified image from its coefficients.

3.5.1 VisuShrink [5]

It uses a threshold value ¢ that is proportional to the standard deviation of the noise. It follows

the hard thresholding rule. It is also referred to as universal threshold and is defined as:

A= a(y/2log(n)) (3.11)
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o’ is the noise variance present in the signal and n represents the signal size or number of
samples. An estimate of the noise level o was defined based on the median absolute deviation
[8,10] given by:

~ _ median ({|gj_1x|-k=01,..,2/"1-1})
g = 0.6745

(3.12)

VisuShrink does not deal with minimizing the mean squared error [17]. VisuShrink is known
to yield recovered images that are overly smoothed. This is because VisuShrink removes too
many coefficients. VisuShrink follows the global thresholding scheme where there is a single
value of threshold applied globally to all the wavelet coefficients.

3.5.2 BayesShrink][5]

BayesShrink was proposed by Chang, Yu and Vetterli [17]. The goal of this method is to
minimize the Bayesian risk, and hence its name, BayesShrink. It uses soft thresholding and is
subband-dependent, which means that thresholding is done at each band of resolution in the
wavelet decompo'sition_. It is a smoothness adaptive shrinkage method. The Bayes threshold,
tp, is defined as: )

o?

tB'= — (3.13)

Oy

where ¢° is the noise variance and ¢, is the signal variance without noise. The noise variance
o” is estimated from the subband HH; in Figure 3-9 by the median estimator shown in
Equation (3.12). From the definition of additive noise we have

wxy) =s(xy) + n(xy) (3-14)
Since the noise and the signal are indei)endent of each other, it can be stated that:
o5 = 02 + o? (3.15)
o calllvbe computed as shown below:
0% = 3R, WAY) (3.16)

The variance of the signal, 62 is computed as:
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o, = J(max(a‘% -0%,0)) (3.17)

With o2 and ¢, the Bayes threshold is computed from Equation (3.13). Using this threshold,
the wavelet coefficients are thresholded at each band shown in Figure 3-8.
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Chapter 4 Hybrid Fractional Fourier and Dual Tree Complex Wavelet

Transform for Image Denoising.

In order to understand the hybrid technique for Image denoising we first need to understand
both the techniques separately. In this chapter we will first describe how FrFT and DTCWT
can be used for Image denoising and then we will proceed to describe the new proposed
Hybrid method.

4.1 Fractional Fourier Transform

The fractional Founier transform i1s a generalization of the Fourier transform, which is
introduced by Namias [19] at first and has many applications in signal and image processing
spatially in the area of denoising using Low Pass Filter such as an optimal Wiener filter.The
fractional Fourier transform can be viewed as the chirp-basis from its definition, but it can
also be interpreted as a rotation in the time-frequency plane for better understanding, With
the order from 0 increasing to 1, the fractional Fourier transform shows the characteristics of

the signal changing from the time domain to the frequency domain.

It has many advantages over conventional Fourier Transform. As in Founer transform we
cannot obtain the local Time Frequency character while FrFT can give information about

signal in a domain between time and frequency.
Let us first explain what is meant by Fractional Transform.

Consider a transform T on a function f{x) as

T{f(x)} =F(w)

where F(u) is the T transform of f{x). Now let us define a new transform:

T*{f(x)} = F,(u) (4.2)

We call here the “o-order Fractional T transform™ and the parameter a is called the
“fractional order”. This kind of transform is called “fractional transform”. It is basically
operating Transform T on f{x) ‘a’ number of times where ‘a’ can be a fraction as well. This

type of Fractional Transform satisfies following constraints:
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T{f ()} = f(x) | 4.3)
TH{f(x)} = F(u) o YA
Tt also satisfies the additive property:
TA{T*{f ()Y} = TF**(f(x)) = Fpsa(W) (4.5)
4.1.1 Definition of Fractional Fourier Transform[20,21] |
The a* order FrFT of a function denoted by {F*ff{5)] }¢x) is defined for & € [2,2]
P10 = 1% Ba (2, x)f (<)’ - (4.6)

where the kernel Bq(x,x) is given by:

exp|—i 8)_(&
B,(x,x') = xp[ (( - )1 (2))] X explim(x?cotd — 2xx’cosecd + x'*cotd)]  (4.7)

|sind|Z

where ¢ = ar/2 and -§ = sgn(sing). We see that for a=0 and a=2 kernel reduces to
Bo(x,x) = 6(x-x) and By(x,x) = S(x+x ).

Some of the essential properties of FrFT are:

o FrFT operatibn is linear

e First order FIFT F' corresponds to conventional FT and F’ means no transform is

performed. F gives f{-x) and Flgives Inverse Fourier Transform and F* performs no

transform.
e FrFT is periodic with aranging from [-2,2] or [0,4]
o FrFT is additive. |

o Inverse FrFT of order a is given by F~¢
4.1.2 Denoising using FrFT [22]

In many Image processing applications, signals which we wish to recover are degraded by a

noise. We may design some digital fitter (explained in Chapter 2 and 3) in Spatial, Frequency .
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or Wavelet Domain for noise removal. Another approach to denoise an image is designing a

filter in Fractional Fourier domain.

The conventional filter in time domain can be written as:
xo(8) = [ h(t—t)x; (t'")dt’ 4.8)

wherexy(?), xit) and A(t) output signal, input signal and impulse response of the filter

respectlvely This can also be written in frequency domain as
xo(t) = IFT(FT (x;(D)). H(w)) | (4.9)
Where H(w) is the FT of A(?)
Fractional filter is the generalization of conventional filter and is defined as:
xo(t) = F~#{F*{x;(£)}. Ha(u)} _ - (4.10)
Where Hy(u) = F'{h(t)}

We can perform the a order Fractional Fourier Transform operation that corresponds to
rotation of the Wigner Distribution by an angle ¢p=an/2 in the clockwise direction, we can
find the fractional domain 1n which signal and noise do not have overlap. Then we can rotate
the Wigner Distribution, that is, do the Fractional Fourier Transform in that domain, then
filtering out the undesired noise using the LPF. This is shown in Figure 4-1.

In Figure 4-1, we see that on performing filtering operation in spatial or frequency domain
the noise cannot be removed completely as noise overlaps with the signal both in frequency

and spatial domain.

In Figure 4.1 we can see that if we rotate the Wigner Distribution (WD) in 0.5" domain i.e.
a=0.5 noise and signal wont overlap and thus a LPF can be applied to get the noise free
signal and then inverse FrFT is applied to get the signal in spat1a1 domain.

27



SIGNAL:

Figure 4-1 Noise Separation in the o domain [20] "

4.2 Dual Tree Complex Wavelet Transform

The 1-D dual-tree wavelet transform is implemented using a pair of filter banks operating on
the same image data simultaneously. The. filter bank upper one in Figure 4-2 (‘tree a’)
represents the real part of a complex wavelet transform. The lower one in Figure 4-2
represents the imaginary part (‘tree b’). The transform is an éxpansive (or oversampled)
transform. The transform is two times expansive because for an N-point signal it gives 2N
DWT coefficients. |

Original

Hp,

Final
output

Hyp,

Figure 4-2 One level Compiex dual tree.

The approximation and detail coefficients for the two trees are denoted respectively (ay, d)
and (as, dp). The detailed coefficients d4 and dp can be interpreted as the real and imaginary

parts of a compiex process z =d4+ ids. DT CWT is not really a complex wavelet transform;
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since it does not use any complex wavelet instead it is ﬁnplemented with real wavelet filters
applied in two trees separately. The reconstruction is done in each tree independently, by
using the dual filters, the results are averaged to obtain x(n) . The algorithm for DTCWT is
same as for DWT as discussed in Chapter 3. In the implementation of DT CWT in this thesis
we use a filter of length 10, the table of coefficients of the analyzing filters in the first stage
(Table 4.1) and the remalmng levels (Table 4.2) are shown [23]. The coefﬁ01ents of the
synthesis filters are the transposes of the analysis filters (orthogonal filters).

Table 4-1 First level Coefficints of the analysis filter

Ha, His Hop Hyy

0 o 0.01122678 0
-0.08838834 | -0.01122679 | 0.01122679 0

0.08838834 0.01122679 -0.08838834 | -0.08838834

-
0.69587998 0.08838834 0.08838834 -0.08838834

0.69587338 0.08838834 0.69587398 0.69587998

0.08838834 -0.69587998 0.69587998 -0.69587998

-0.08838834 0.69587998 0.08838834 0.08838834

001122679 | 008838834 | -0.08838834 | 0.08838834

0.01122679 -0.08838834 0 0.01122679

0 0 0 -0.01122679

Table 4-2 Remaining Levels Coefficients of the Analysis Fllters

Hoo, Hota Hoob How
0.03516384 0 0 -0.03516384
0 0 . 0 0

-0.08832942 | -0.11430184 | -0.11430184 | 0.08832942

0.23389032 0 0 0.23389032

0.76027237 0.58751830 0.58751830 | -0.76027237

0.58751830 | -0.76027237 | 0.76027237 | 0.58751830

0 0.23389032 0.23389032 0

-0.11430184 | 0.08832042 | -0.08832942 | -0.11430184

0 0 0 0

0 -0.03516384 | 0.03516384 0
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Despite the fact that DT CWT is expensive it has many benefits over DWT such as it
provides a high degree of shift-invariance and better directionality compared to the real
DWT.

4.3 Denoising using Hybrid FrFT and DT CWT

As seen in the preceding subsections about the benefits of using FrFT and DT CWT over
conventional methods of Imagé denoising. There may be. a noise model which has both
overlapping as well as non overlapping content of noise thus using hybrid model in which
filtering in FrFT domain removes overlai;ping noise while filtering in Wavelet domain

removes non overlapping noise can be véry effective.

We now propose a new hybriZl model which can be implemented via the. following steps:
Stepl. Take the FrF’i‘ of the noisy image.

Step2. Filter out the noise using LPF. ‘ - ’

Step3. Take the Inverse FrFT to get the denoised image. back in spatial domain.

Step4. Now apply the>D'I_‘CWT to get detailed and approxima;e coefficients.

Step5. Choose proper threshold and apply soft thresholding on detail coefficients.

Step6. Now reconstruct the Image using Inverse DTCWT with the modified wavelet
coefficients to give the final denoised Image.
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Chapter 6 Conclusion

In this thesis a new hybrid FrFT-DTCWT technique has been proposed for image denoising.
On implementation of various denoising algorithms on several images degraded with
different types of noise we conclude that the proposed method gives better result as compared
to the earlier denoised algorithms for Gaussian and speckle noise whereas for Salt and Pepper
noise median filter remains the best algorithm for denoising. Another conclusion is made that
for denoising we need to know the degradation model in order to apply an appropriate

algorithm for denoising.

Future work includes to see variation in MSE for different number of levels and to implement
various thresholding schemes in DTCWT and to research for modification of the proposed

method to denoise SAR images as well.
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5.2 Discussion

In presence of Gaussian noise we can see that the trend of denoising algorithms remains
approximately the same even with the variation of noise present in an image. Out of the
various earlier defined algorithms ISTCWT and NLM are the best algorithms which give
approximately the same result in terms of MSE. However, NLM involves a lot of
mathematical computation and is therefore time consuming. Therefore we prefer DTCWT.
Also we can see that ‘db4’ and ‘sym4’wavelets gives the best result in VisuShrink and
BayesShrink shrinkage methods and BayesShrink outperforms VisuShrink. In VisuShrink we
‘notice that MSE is minimum for Level2, MSE first decreases from levell to level2 and then
keeps on increasing with the increase in number of level of decomposition whereas in
BayesShrink method MSE decrease up to a certain value and then become approximately
constant with the increase in number of level of decomposition. However denoised images
obtained after BayesShrink and VisuShrink are blurry compared to DTCWT and NLM. The
new proposed hybrid scheme outperforms all the other algorithms both in terms of MSE as
well as visual comparison. We notice that the proposed technique preserves texture and edges
of the image which is not the case in DTCWT and NLM where the image becomes smooth
and also the MSE calculated with proposed method is quite low.

In presénce of Salt and Pepper noise, Median filter provides the best result, however
proposed method also provides good results when compared to the rest of the other denoising

techniques (other than median filter).

In presence of Speckle noise proposed algorithm proves to be the best technique. DTCWT
and NLM techniques also give good results. VisuShrink technique follows the same trend as
in case of Gaussian noise whereas BayesShrink method is unable to give any satisfactory

results.

In comparison to DTCWT the proposed algorithmic gives an improvement of ‘0.5-0.8 db’ in
presence of Gaussian noise, about ‘1.5-2.5 db’ in presence of Salt and Pepper noise and about

“2-3 db’ in presence of Speckle noise.
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Figure 5-8 Ultrasound and SAR Image to compare denoising by DTCWT and Hybrid
FrFT-DTCWT when corrupted with Speckle Noise with Variance = 12 (a) Original Image
(b) Noisy Image (c) Denoised by DTWCT (d) Denoised by Hybrid
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Figure 5-7 Lena and Peppers Image to compare denoising by DTCWT and Hybrid
FrFT-DTCWT when corrupted with Speckle Noise with Variance = 12 (a) Original
Image (b) Noisy Image (c) Denoised by DTWCT (d) Denoised by Hybrid
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Figure 5-6 Ultrasound and SAR Images to compare denoising by DTCWT and
Hybrid FrFT-DTCWT when corrupted with Salt & Pepper Noise with D=.03 (a)
Original Image (b) Noisy Image (c) Denoised by DTWCT (d) Dencised by Hybrid
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Figure 5-5 Lena and Peppers Image to compare denoising by DTCWT and Hybrid
FrFT-DTCWT when corrupted with Salt & Pepper Noise with D=.03 (a) Original Image
(b) Noisy Image (c) Denoised by DTWCT (d) Denoised by Hybrid
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Figure 5-3 Lena and Peppers Image to compare denoising by DTCWT and Hybrid
FrFT-DTCWT when corrupted with Gaussian Noise with Variance = 257 (a) Original
Image (b) Noisy Ifnage (¢) Denoised by DTWCT (d) Denoised by Hybrid
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Figure 5-2 Ultrasound and SAR Images to compare denoising by DTCWT and
Hybrid FrFT-DTCWT when corrupted with Gaussian Noise with Variance = 202 (a)
Original Image (b) Noisy Image (¢) Denoised by DTWCT (d) Denoised by Hybrid
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Figure 5-1 Lena and Peppers Images to compare denoising by DTCWT angd Hybrid
FrFT-DTCWT when corrupted with Gaussian Noise with Variance = 20* (a) Original
Image (b) Noisy Image (c) Denoised by DTWCT (d) Denoised by Hybrid
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Chapter 5 Simulation Results and Discussion

5.1 Simulation Results

In this chapter we have taken four different images which are cofrupted with Gaussian, Salt

& Pepper and Speckle noise separately at different noise levels and then image denoising and
restoration algorithms are applied. The simulation results are then being compared on the
basis of Mean Square Error l(MSE).

MSE = —— Y=L YN=3(y(m, n) — z(m, n))? (5.1)

where y(m, n) and z(m, n) represent the original image and the de-noised image respectively.
M and N are the number of rows and columns in image and in our simulation we have used a

square image of size 512X512 i.e. M=N=512. PSNR is then given by:

PSNR = 10log e (5.2)

where Imax is the maximum intensity value of image which is 255 in case of 8 bit gray scale

image.

We have compared different image denoising techniques by applying them to four different
images (Lina, Peppers, an Ultrasound Image and a Satellite Image) in presence of Gaussian
noise at two different noise variances (20° and 25%), Salt and Pepper Noise at a noise density
of 0.03 and Speckle noise at a noise variance of 1. The results are compared on basis of MSE
and are tabulated in Tabie 5.1, Table 5.2, Table 5.3 and Table 5.4. The visual coniparison s
done only for DTCWT and Proposed Hybrid method for all four images.

The discussion on the results obtained is done in the next subsection.
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