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In the present work, a steady-state equivalent circuit 

has been developed for the general case of rotor unbalance 

in an induction motor ug ng three different methods based on 

symmetrical components concept, Generalised Jbtating-Field 

Theory and Generalised Electrical Machines Theory. The 

equivalent circuits so derived: have been found compatible 

and represent the same circuit. 

It has been showi that the equivalent circuit developed 

in the present study is of general nature and covers all 

special cases studied by earlier authors. It is found valid 

in all cases of symmetrical or unsymmetrical rotor unbalance. 

The effect of variation of resistance or reactance or both 

in the rotor circuit over the torque/ship characteristic 

can be conveniently studied. 

Using the circuit, fast and economical computerised 

calculations can be carried out for a large number of 

asymmetri cal. cases for computing the performance characte ri-

sties of the machine. The equivalent circuit can also be 

used for predicting the transient behaviour of the machine. 
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V,, V, 	Supply voltage and Thevenin's open-circuit 
voltage per phase respectively. 

V20' V2+, v2- Zero-, positive-and negative-sequence components 
respectively, of the voltage across the segaence-
componente of the extra impedances added in the 
rotor circuit. 

E1, $2 	Induced e.m. f. per phase in stator and rotor 
windings respectively 

11+, 11- 	Stator positive-and negative-sequenoe currents 
respectively. 

I21- 122- 	Negative-sequence rotor currents 

I,, I.~2„ 	Negative- sequence stator currents 

Ill I2 	Stator and Rotor currents for machine with ane 
winding each in stator and rotor. 

II , I2 	Stator and rotor currents matrices 

R,~, R2 	Stator and Rotor resistances per phase 
respectively. 

X1, X2 	Stator and Rotor reactances per phase 
respectively at line frequency 

Xm 	Magnetizing reactance 

B8, Xs 	Resistance and reactance of the supply lines. 

Za, Zb, Ze 	Extra impedances 4,, - Zd, and Ze added in the rotor 
circuit respectively. 

Zz+, ;„ 	Positive-and negative-sequence machine impedances. 

Zoe Z+, Z- 	Zero-, positive-and negative-sequence components 
of enteral rotor impedances respectively 

Zt 	Series impedance obtained by Thevenin' s Theorem 



Z 	 Machine Impedance 

x1 , X1b 	Self reactance of the stator winding due to 
the forward and backward fields. 

X 	Extexnal impedance added in the rotor circuit 

Xf, Xb 	Self reactance of the reference winding due 
to the forward and the backward fields. 

f, f r 	SuPP1Y and shaft frequencies 

Stator and rotor frequencies 

N, N , 	Synchronous and actual speed 

s 	 Fractional slip 

r 	Synchronous and actual speed, electrical rad/sec. 

a 	e12 T  /3 operabo r. 

RI  , R 	Rator-and stator»resistance matrix 

x1  , X2 	ibtor and stator leakage-reactance matrices 

Stator mutual-impedance-coefficient matrix 
due to forward field, 

M2 	Rotor mutual-impedence•coef `icient matrix 
due to forward field. 

M12 	Stator..to-rotor mutual impedance-coefficient 
matrix due to forward field. 

f, b 	forward and backward fields. 

+, -, 0 	positive-, negative and zero-sequ®noe components 
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T.-N RO nU  Q ION 

Generally the performance characteristics of induction 

motors have been obtained based upon the assumption of 

symmetrical phase windings and balanced supply voltages. 

rte to technological or operational impeffections, 

electrical machines may not be perfectly symmetrical. Technolo-

gical asymmetries are sometimes created intentionally. However, 

due to practical considerations it is generally difficult to 

design an absolutely symmetrical machine. Unbalanced voltages 

may occur owing to line disturbances or unsymmetrical load 

distribution. Unbalance on rotor side may exist due to improper 

short-circuiting of starting resistances during acceleration 

or a lead from slip-ring may be open. Unbalance on the rotor 

side may also be created for speed controls• Simultaneous 

unbalance on both sides of the air-gap due to a bloom fuse, a 

contact failure or inclusion of unbalanced external impedance 

in addition to rotor unbalance, results in the phenomenon of 

multiple reflections. This results in unequal flow of currents 

leading to reduced torque and increase in copper losses. Further, 

excessive voltages in the windings may damage the insulation 

and saturate the magnetic circuit to a high degree. Thus one 

finds that assya try in induction motor may not be completely 

avoided; it may be either intentional or due to faulty operating 

conditions. 



The unbalanced operation of induction machine has been 

a subject matter of considerable interest over the years. The 

operation with an unbalanced secondary circuit was first investi-

gated by Georges1. The Georges phenomenon is the operation of 4  

a 3-Phase wound-rotor induction motor at halfIsynchronous speed 

and is obtained by unbalancing the rotor circuit. This pheno-

menon has been used to advantage in the starting of synchronous 

motors. The half-speed property was subsequently explained on 

a non-mathematical basis by La e2  using the theory of two 

oppositely rotating fields arising from the single-phase 

secondary winding. The effect of unequal external rotor 

resistances was studied by Jones10 . The equivalent circuits 

for certain particular cases of .unbalance were derived by 

Carbine etal2D  • Methods to remove certain disadvantages in the 

reduced-speed operation,,, such as lour power factor and decreased 

breakdown torque, were presented by Barton etal15. Leung etal2  

derived the equivalent circuit due to unsymmetrical rotor-

winding connections. Brown ata])3, using symmetrical component 

theory, established a general method of analysis for the 

operation of induction motor having asymmetrical primary 

connections. Brown etal23  proposed a generalized rotating.. 

field theory where the aggregate behaviour of the machine was 

obtained through the summation of effects produced by each 

phase. Jha etal developed a generalised rotating-field 

theory of induction machines having asymmetrical windings on 

both the stator and rotor. The phase-by-phase approach of 

2 



this generalised theory made to develop an unified approach 

for a m/n winding induction machine with no constraints either 

on the number of turns or on the relative displacement of the 

winding axes. Recently Vtas30  derived anew equivalent circuit 

for the general case of rotor unbalance. The positive-end 

negative-sequenoe circuits are coupled through a four-port net- . 

work consisting of current or voltage controlled generators. 

The fact that in a number of cases, induction ction machines 

work under asymmetrical operational conditions, made necessary 

to study the operation of unsymmetrical machines. The studies 

made by various authors so far as described in the preceding 

paragraph cover a smaller range of unbalanced operating conditions 

with symmetrical rotor unbalance. The circuits so developed con-

sider only the simple and special cases viz., operation with one 

rotor phase open-circuited2  and equal resistances included in 

two phases". Furthermore, all these studies consider only the 

variation of external resistances added in the rotor circuit and 

the reactance has been neglected. Therefore, it is necessary to 

develop a general method for performance evaluation of induction 

machine with, all possible cases of rotor unbalance. 'herefore,. 

it has been the purpose of the present vork to develop a general 

method,  for the computation of oper4itional characteristics(transient 

and steady-state). The equivalent circuit of a machine furnishes 

a very convenient and easy method for predetermination of its 

performance. In the present work a general equivalent circuit 

has been derived. Using this single-circuit, fast and economical 

ESI 
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computerised calculations can be carried out for a large 

number of asymmetrical cases„ as only one network is to be 

solved by using routine network-solving procedures available 

at most computer systems. The equivalent circuit developed 

also presents the physical concepts clearly. The method of 

symmetrical components has been used for the development of 

equivalent circuit for wound-rotor induction motor under 

rotor unbalance created by connecting unequal impedance in 

the rotor circuit.. The equivalent circuits derived so far in 

special cases of rotor unbalance have been shoum as particular_ 
cases obtained from the general. equivalent circuit so obtained. 

A chapter-wise teary of .the. work presented.  in the 
thesis Is outlined here. In chapter I, theory of symmetrical 

components has been used to develop the complete genera]. 

equivalent circuit by superposing the positive-and negative-

sequence equivalent circuits. The generalized rotating-field 
theory of an m-n winding induction machine, has been extended  
in chapter I2 to develop equivalent circuit of a wound rotor 

induction motor under general case of rotor unbalance. The 

concepts underlying the generalised machine theory have been 

utilised in chapter III to develop the general equivalent 

circuit of the machine. All these equivalent circuits have 

been shown compatible representing the same general circuit. 

In chapter IV, conclusions and scope for further work is 
highlighted. 
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Z NTRO1*ICTION 

Wtth the aid of the method of symmetrical compon4nts 

and the knowledge of a balanced induction motor, it is possible 

to analyse the motor with. general rotor unbalance on a mathema-

tical basis. In this chapter, a steady-state equivalent circuit 
ie derived for a three-phase induction motor with symmetrical 

stator and rotor asymmetry created by adding unequal impedances 

in the secondary circuit. Positive-and negative..sequ once 
circuits are developed and combining the two, the complete

steady-state equivalent circuit of the motor is obtained. The 

circuit has been shown to be valid for any case of symmetrical 
or asymmetrical rotor unbalance and helps in writing the general 

equations determining the performance of the motor. 

The following assumptions have been made; 
(i) The stator and rotor windings are symmetrical and unbalance 

created by adding unequal external impedances in the rotor 
circuit. 

(ii) The three-phase supply voltage is balanced and sinusoidal. 

(iii) Saturation and iron losses are neglected. 



1.1 POS ITIV&. SRCUENCB XCUIVALEN~ L,RCLTIT 

then a balanced three-phase voltage of positive.sequsnce 

Vj+ and frequency f is impressed on the symmetrical stator 

Winding of a three-phase inductian motor, the positive- sequence 

currents flowing through the stator winding set up a sinu soidally 
distributed magnetic field in the air-gap rotating forward at 
speed w radian per sec. relative to the stator. This field 
induces an e.m. f. in the stator as well as in the rotor. The 
former emf tends to balance the applied voltage while the 
latter circulates unbalanced currents in the rotor windings. 
The field rotates forward relative to the rotor circuit with 
a, speed s (Z and induces in its winding a positive sequence 
e„m.f. sE2 and frequency of and causes positive.. sequence 
currents I2+ to flow in the secondary impedances. The stator 
and rotor positive-sequence currents satisfy the m.m. f. balance 
equation so that the difference of their m.m.fa. Just produces 
the poeitiver.sequence flux. 

For the rotor circuit, 

_ sE2 - V2+ 
2+"R2 + ar- 

R2 « -~ 
L  

+ j x2 

The positive-sequence equivalent circuit assuming unity 
turn ' ratio i a shown in Fig. 1.1. 

...(1.1) 

s 



JSX JX1 	 I 2+ R2 	2 

V 	 E < SE2 	 12+ 

	

FREQUENCY f 	 FREQUENCY sf 

R1 	 JX, 	R2/s 	JX2 
.- AAN- 	 ~►~ 	 6 

JXrr,  v2+ 

7 

FIG.1.1 P(STIVE -SEQUENCE EQUIVALENT CIRCUIT 

-- _______J 
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1.2 	TI VE- S,tQEN CE NQUI V i T CI RMI  

The rotor voltages and currents are of slip frequency 
sf. By resolving the currents into symmetrical components, 
the positive-secuance m.m.f. will be rotating at a speed s w 
relative to the rotor, or a speed s w + cur = s cu + (1-s )c - w 

relative to the stator. The stator field reacts with the 
rotor positive-sequence current to develop a torque T+, 
which accelerates the rotor and thus decreases the relative 
speed (w - wr) of the stator field with respect to the 
rotor winding. A similar principle applies to the negative.. 
sequence field, arising from the negative-sequence currents 
in the rotor and rotating at a speed -sw relative to the 
rotor or a speed su .. w1, = sc„~ ..(1..$)w = (2s.1) w relative 

to the stator. This negative-sequence rotor field will induce 
stator currents of frequency C2s•1)f and produces a torque 
T... It follows that T... will aid T} to speed up the motor 
if (2s-1) > 0 and vice versa. 

The n egative.. sequ en ce field having a speed (2s..1) cu 
relative to the stator, induces in the stator winding a 
negative-sequence e.m.f. of (2s-1)f frequency which in turn 

circulates negative-sequence current in the balanced stator 
impedance. The path of this current is through the resistance 
and reactance of the stator winding and the power lines 
supplying the induction motor. It is likely that the impedance 

offered to the flow of these currents by the supply lines will 
be small but it may not be negligible, so that the Impedance 



S 	9 • 

-w 
Q-- STATOR 

STATOR— m m.t 
 ~ FAIR GAP 

POSITIVE SEQUENCE 	
Sc~ 

CE ROTORmmt 	-  
ROTOR SPEED —= W r - (1— S; W 

5 ~ NEGATIVE SEQUENCE ROTOR mmt 
*•-ROTOR 

FIG.1.2 RELATIVE DIRECTION OF ROTOR AND 
STATOR m m f COMPONENTS. 



of the power lines will be considered while deriving the 

negative-sequence equivalent circuit. 

For the rotor circuit, 

02- - 

~2- 	R2 + j eX2 

q2_ 
2 + jx2 

Also for the stator circuit, 

t2s-1)B1 
1-  

FI 
(R4 +R5)  •_ L - 	+ X3) 
(2s-I) 

where Rs and Xs are the resistance and reactance of the power 
lines. The negative.-sequence, equivalent circuit, assuming 
a tum ratio of unity, is shoun in Fig. 1.3. 

The positive. and negative-sequence impedances 

of the machine are easily obtained from the 
positive-and negative-sequence equivalent circuits as given 
in Fig. 1.1 and F.g. 1.3 respectively and are given as under 

10 
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R t x(25-')X1 RS J(2S-1)Xs I 
r Ate( 	 O 

(2S t)E t 

FREQUENCY-(2S-1, 

12_ R2 
	JSX2 

5E2 	 V2_ 

__ 	 -  
FREQUENCY- St 

R2 	 JX 2 s 

I 

(R1+R5 ) 	J(Xt+Xs) 

~6~-- 

E2 	JX n 

1C7. 	F +_~ATIVE --SEQUENCE EQUIVALENT CIRCUIT 
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•2m+ 

	

	(R1+3X1) 	$~ +
3 X2 

 
R1+ j(X1+X) 

+ J(X1+ X8)jJ  L 
and 	

" 	(2s_ 1) 	 + - + JXp 	... (1.5) 
+ j(X1+ XS+ ) 

(2s-1) 

The circuits pertaining to the positive- and negative-sequence 
machine impedanoem are shown in Fig. 1.4. 

The Thevenin's theores, when applied across the points 
a, b in the positive-sequence equivalent circuit, permits the 
replacement of the circuit to the left of a, b by a circuit 
having a voltage source Vt in series with an impedance Zt 
and thereby , the circuit of Fig. 1.(a) simplifies to that 
given in Fig. 1.5(b). Here Vt is the open-circuit voltage 
appearing across the points a,b and the impedance Zt is that 
reviewed from the same points when the voltage source in the 
network is shot-circuited. 

Referring to Positive-sequernce ec, ivaleent circuit 
simplified by Thevenin' s Theo rem, Pi g. 1.5(a) , 

Zt = Rt + 3 Xt 
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RI  JX 1  R2/s  JX2 

	

A 	 A 	 ___ A A A 	1 	X?C1 	_ 	 4 

JXm 	 ¢— Z m+ 
S 

—o 

R2/s 

POSITIVE-SEQUENCE MACHINE IMPEDENCE 

JXZ 	(R1+R5) 
-...~.__ 	(2s-1) 	J(Xt 

JX m 

F1G.1.4 NEGATIVE- SEQUENCE MACHINE IMPEDENCE 
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I,  } 	 J X 1 	
a I2+ R2/g 	

JX2 

..  

Vl+ 	 JX m 	 V2+ 

FIG.1.5(a) POSITIVE-SEQUENCE EQUIVALENT CIRCUIT 

I2+ Rt 

jt 

Jx 	a  R2/s  

V2+ 

  

FIG.1.5(b) POSITIVE-SEQUENCE EQUIVALENT CIRCUIT 
SIMPLIFIED BY THEVENIN'S THEOREM 



15 

jc(R1+ JX1) 

and 	Yt = 	+ [(Rt+ 	+ i (Xt+ X2) . I2+ 

V2+:- SV t - Zl+»I2+ 	 ...(1.g) 

:4' V I 'i 	' q • 	i ~+ 	a 	i~. . 

The rotor asymmetry of general nature is created by 

inserting unequal external impedances Za, Zb and Zo in 
the rotor phases a,b and a respectively, the rotor is 

assumed star connected. Resolving the external rotor impedances 

into sequence components, the zero-9 positive.. and negative-
sequence components of external rotor impedances are given 
by. 

ZO = j (Z+ Z+ Z0) 

Z+ 	(Za+ aZb+ a2Zc) 

Z,. j (Ze,+ &2Zb+ aZc) 

The zero, positive- End negati.Ye-eequena® components 

of the voltage across the rotor aequ4nee impedances Zb, Z1 
and Z2 may be given by- 
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V20 = ZbI2o + Z_12* Z+22„ 	 .«.(1.12) 

V2+ = Z+Z2o + ZoI2+-i Z12.. 	 r w . (1 •  13 ) 

V2„ ` Z 12o + Z+12 

V20 V2+ and V2„ in the above equations are the zeroes., 
positive.. and negative- sequence components of the rotor 
phase voltage. 

In this ease, the star point is assumed to be isolated 
and as such the zero-sequence currents will not be present. 
From the positive• and negative-sequence equivalent circuits, 
it is evident that if the rotor po si tine-s a qu one a current 
flowing out of the impedance is assigned a positive sign, the 
rotor negative-sequence current flowing into the impedance 
will be assigned a negative sign. Since the star point is 
isolated, the equation (1.12) vanishes as the zero-sequence 
voltage V20 is zero. Substituting i20 = 0 and affixing a 
positive sign before 12+ and a negative sign before 12_ in 
equations (1.13) and (1.1~) , the following equations are 
obtained. 

V2+=2I2+"' Z-12- 	 ...(x.15) 

T2- = Z424. 	 ...(1.16) 

Rearranging equation (1.16) , 

12- 	Z+ 
12+ 7~m_ 



where 

the negative.  sequence  	.. . 
2m' 	2 ! impedance of the machine 	

1,18) 

Substituting I2_, from equation (1.17) in (1.15) , 

I= 	•••(1.19) e 2+ a 

where, 

Z+ Z_ 

s 

1.? RO S4UEN CE CUA TS 

pression s for the rotor positive,, and negative 

sequence rrents 12+ and 22„ are easily obtained from 

equations (1.8), (1.i5), (1.16) and (1.17). 

From equation (1.8) , 

v2+ 

Substituting for '~2+ from equation (1.15), 

SA - (ZoI2+ 12+ 	Zm+ 

Substituting for. I2.. from equation (1.17) and simplifying, 

12
+ ~C 	►+) (O +Zm,. ). Z+& 

17 
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Substituting for 12+ From equation (1.21) in equation (1.17) , 

Y 	,~ 	s z+ 	 . Vt 	• , . t 2- 	(Z0+ ,+) (z +z) - 	7.. 

Rearranging equation (1.21) , 

Vt 

+ 	• 
S 	

•..1.23) 

where, 

S •s • 2+ 

zo 	
s M 	 ...11.243 

s 	s 

Here 	can be interpreted as the load impedance such that 

the current 12+ passing through it causes a voltage drop 
V2 

equal to 	. The equivalent circuit pertaining to equation s 
(1.23) is aio,aa in Fig. 1.6.. 

1.8 R8ECVOLTAGE  

Expressions for the rotor positive-. and negatives. 

sequence voltages 92+ and 12_ are easily obtained from 



Zm+ 
I2+ 	5 

Vt 	 Z2+ 
S~ 

FIG.1.6(a) EQUIVALENT CIRCUIT PERTAINING TO EQUATE,. °.1(1.23) 

11+ 	 x xX 1 	12+ R 2 / s 	 --xx 2 
R2+ 
5 

JX m 	 V2+/s 

I 	JX2+ 

19 

FIG.1.6(b) COMPLETE EQUIVALENT CIRCUIT. 



e qu ation a (1.15) , (1.16) , (1.21) arid (1.22) . 

S ►bstituting for 12+ and I2- from equation (1.21) 
and (1.22) in equation (1.15) , 

e [ Z,0 (Z~ +?,n_) - Z♦. Z,. ] v 	 • . 	...1.25')2+ 	(Z,+Zm+) 	t 

Substituting for 12+ and 12- from equations (1.21) and 

(1.22) in equation (1.16 ) 

SZ+ . Zn.. 
v2- 	(7o 	~t 	...(1.26) 

• P I: f i. 	1t ` 	N 	! i 	yr 	4 s , • 	w 	S' 	b 	L TF 	' i. 	~'l 	 ...~r. 	
l 	`r 

	

~. 	`(* 	 F 

The equations (1.1+) , (1, 5) , (1.12) , (1.13) , (1.1~+) and 
(1.2~►) tithe ettivallent circuit of Iig. 1.6(a) show the nature 
of the circuit of induction motor and helps to develop the 
complete equivalent circuit for the general case of rotor 
unbalance. 4 

Prom the Pig. 1.6(a) pertaining to the equivalent 
circuit of induction motor, the machine impedance Z is 
given by, 

2m+ 22+ 
--

......... 	 •..(1.27) 

20 

Substituting from equation (1.2) , 
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gym+ 	,► 	F. .s • Z = 	F.s - 	Zl- 	 S..~1. ) 
S + I 

Substituting the values of Z0, Z+ and Z. from equations 

(1.9), (1.10) and (1.11) in equation (1.28) and simplifying 

Z 	?. _ 	- 	. (Za+Zb2Zc) (Za.Zb.Z;) 

	

51+ 	a 	;e 	Is 	
+ 

 

	

Za+ Zb+ ZC) 	Z2- 

38 	s 

Equation (1.29) can be represented as follows- 

Z Zp z 

	

Z = `*+ a + - +3 	 ...(1.30) 
where 

Zn + (Z 	
J 2 ~(Zb + Zcc~ ' 	$ 	2s 	68 	_  

	

[ 	+ 
26_ Zb+Zc] +

LZZa 
u'
(Zb + 1 

	

$ 	6e 

	

~3 	(2 Za + Zb + 3Z) i r t Zb-Zc) i 

and 
+ t2Za,+Zb+3Z  	zc) - 	...(1.32)     

	

c-  2s 	
+ [(Zb. 
 J 

The equivalentcircuit of the induction motor as re. 

presented by equation (1.30) is shown in `ig. 1.?. 

The circuits pertaining to impedance terms j 
Z 

end -Z are shoe in Fig. 1.8. 
Inserting the circuits pertaining to impedance terms . 
Z 

I and 	frosi Fig. 1.8 in the equivalent circuit of Fig, 1.79 



Zc 	 Zp 

S 	 S 

3Zq 

S 

37. q  

S 

FiG.1.7 

EQUIVALENT CIRCUIT OF INDUCTION MOTOR 
AS REPRESENTED BY EQUATION (1.30) 

R 2 	 Zc 	Z p 

11 
	 JXj 	t, 	3X2 	s 	S 

Y1 + 

22 



Zp 

AM 

Lq 

5 

a 

(Zb+ Zc ) 
ZQ- 2 	 FZm-+(Zb+Lc) 

35 	 5 	25 

CIRCUIT PERTAINING TO IMPEDENCE TERM -Z ~' 
S 

[Zm- 2Za+ Zb+3Zc(Zb-Z) _  
65 	 5 + _y 	6 5 

Za 

CIRCUIT PERTAINING TO IMPEDENCE TERM S 

R2 	JX 	
-- + R 	

J (Xi+XS) 
c-- 

Z m_ _ 	 JXm- 

1 	 1 

FIG.1.8 CIRCUIT PERTAINING TO IMPEDENCE TERM Z. 
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the complete equivalent circuit of the induction motor with 

general case of rotor unbalance is obtained and shown in 

Fig. 1.9. 

w 	♦• a f~ r 	f ~ i ~a 

The equivalent circuit obtained, in the previous 

section is very general in nature and is applicable to the 

calculation of the behaviour of induction machines under 

several types of unbalanced operation. The equivalent 

circuits for specific cases of rotor unbalance, reported 

earlier by several authors„ can be easily deduced from the 

general equivalent circuit. A few of these cases are given 

in the folloi ng sub-sections. 

1.11 SYMMETRICAL STATOR WITH O 	E OPENU IRCtYIT  ED 

In this case the external rotor impedance in phases 
a,b and c. are o, zero and zero respectively. The equivalent 
circuit is obtained by substituting Za = cx0 , Zb = Z 	0 in 
the general equivalent circuit of Rig. 1.9 aid is shown in 
Fig. 1.10. This is a well known case discussed by Lemme3. 

1.12 BThMETBICAL STATOR UT TH 'THF SAME TERNAL PEDAN 	TN 

In this case, the external rotor impedance in phases 
a,b and a are Za, Zb and Zb respectively. The equivalent 
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.)X1 	R 	J X2 
I .~+ 
	2/S 

vV1~ 
 

iT 

	 JXm 

STATOR 	I 	ROTOR 
e 	 j 

_JX2_ R215 	11+(2S-1) rX-X-x 

JX m 

ROTOR 	STATOR 

I 	 I 

0— 	 a - 	Za_00 

Z~=O 

THE_ TCTAL IMPEDENCE OF THE CIRCUIT IS GIVEN BY 

7 R +)X1+ 	— — JXm 

1 + 	JXrn 

2(k 2/ _) + JX2)+ JXrn 

R1 
(2S-I) +JX1 

FI(3.1.10 EQUIVALENT CIRCUIT OF MOTOR WITH ONE 
ROTOR PHASE OPEN CIRCUITED 
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circuit is obtained by substituting Zb = Z in the general 

equivalent circuit of BLg. 1.9 and is shown in ftg. 1.11. 

This is a well known case discussed by Barton etal6 

+1 	,' 	Ir 	
1..,. 	Y _ 	y 	4 	

g • 	i NS } 	I'll 	r 	Y+~ 	
4 t 	M ,~ 	.. .B.. 	{ ,_ 	` 	w 

This is the very common, for the performance of the 

balanced three-phase indiction motor. The equivalent 

circuited is obtained by substituting in R.g. 1.99 

Za =Zba Zc =0 and is given in Fig. 1.12. 

'1.14 N 	9YMMET 

On examining the equivalent circuits in several 

specific cases of rotor unbalance, It is observed that all 

these cases could be divided in ter, categories of rotor 

unbalance-s etrical and asymmetrical unbalance. In case 

of symmetrical, unbalance, the external impedance added in the 

two rotor phases is symmetrical, with respect to the third 

one while in the case of unsymmetrical unbalance all the 

three external impedances are unecjaal and no symmetry exists 

with respect to any phase. The circuit in the former case 

is simple and symmetrical about the air-gap. In the latter 

Case, there is no symmetry about the air-gap and the equiva-

lent circuit is complex. 
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R1 	R X 	 R2/5 	JX 2  1  	12 + 	-  

V1+ 	 JXm 

STATOR 	 ROTOR  
I 	 i 

I 

Za=O 

p 	
( ( 	- 

b Zb=O 

p  0 

THE TOTAL IMPEDENCE OF THE CIRCUIT lS GIVEN BY 

JX m  
Z=R1 + JX1  + — 

JX m  

R2/ S +JX2 

F1t.1.12 EQUIVALENT CIRCUIT OF THE MOTOR 
UNDER BALANCED OPERATION 
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1.15 .ALTERNATIVE POJ4 OP WIVALEN CYC 

From equation (1.19) , 

1. 

...(1.33) 

This represents the circuit shout in Fig. 1.12. 

Inserting this circuit 	the complete equivalent circuit 
of Fig. 1.6(b) , alternative form of the circuit is obtained 
as eho in Fig. 1.13• 

1.16 T, T© B EXPRESSION 

The voltage equations for the circuit shown in 

Fig. 1.9 may be written as follows for the six meshes 

V1+ 	( Zj+JXn ) I1+ — J1m12+ 	 Mesh I ...(1.31+) 

Z2 (Za+Zb,+Ze) 
0•jXMI1+ + S + 	3e 	+jXnl Z2+ 

) 2' ~.._. Z0 I~ 	fib_ 	I 	 Mesh II (1.35) 2'1 
5s 	2s 	22_ 

(22a* 2b 2)(Za,+Zb+2 1 0 	 ~) ♦ Z2 " ....~. 
6s 
	I `.,..'.. 2+ + 	

3s 
	$ + i;a 121 

30 

"i 	Il1.. 	Mesh III ...(1.36) 



n 

12 + 

V2+ 	 [js 

2- 

 

Zm-
S 

Z- 

FIG.1.13 EQUIVALENT CIRCUIT REPRESENTED BY EQUAT1ON(I?) 
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•:,•be re 

 

V1+ 

0 

[v= 0 
0 

0. 

0 

and 	CZa = 

z11 Z12 
221 Z22 

Z31 Z32 
4+1 242 
z51 252 

%b 1 	Z62 

33 

(Zb-Zc) 	3Z2 (Z~+Zb+ZG) 
0 a - 2 - -'- 12+ + 	+ 	+ 3j Xm j 122.. 

-̀ 3JXm 1i2_ 

ZI 
0 = 	jX 121. + ( 2s..1 + iX)I11- 

Mesh I'V 	...(1.37) 

Mesh V 	..•(1.38) 

0 w -3iX!n 122_ + 3(" ' + AM)112_ 	Mesh VI 	.».(1.39) 2s-.1  

biting the voltage equations for the six meshes in the 
matrix tom i, 

~~~ 	r2 	' ~~ 	 •.. (1. t0 j 

12+ 

CTI 121,, 

122" 

111- 

Z13 ...,... 	Z16 
Z23 .SS•II0 	226 

33 
••.•••. 	

Z36 

-43 . . . . . .. 
 

Z53 ....... Z56 
Z63 . .. , I 	I 	

Z66 



In the impedance matrix, elements are def .ned as follows. 

Zit 12 Zi+int 

Z12 =Z21 =Z53 =Z35 =_JXm 

Z5 = ,5= 3j; 

Z66 	 1 = 3Z55 = 3 .~` 	+ 3 Xm ( 2s.1)
(\ 

V 
z 	3Z33 	Z22 3 Z2 (Za+Zb+Z,) ~ m 

3s 

(2z -.Zb.';) 
Z23. r Z32 .rn 	6; 

( Zb - Z0) 
s 

and remaining elements of the matrix are all zero. 

The voltage equations given above are obtained by 

making referenese to the rotor frame as asymmetry is created 

on the rotor side. This is necessary to obtain frequency. 

equivalence for the sequence components: 

Shbstituting p = Jew , the operational impedance 

matrix Z(p) of the machine is obtained as given below. 

34 
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Z91(p) Z72(P) Z13(p) es..... 

Z21(P) Z22(p) Z23(p) .,.....  Z  (p) 

Z 	
Z31(p) (p) 

Z32(P) Z33(P) ....... 	Z36(p) 

72(p) +[i3 (p) ....... 	(2') 

Z51(p) Z52(p) Z53(p) ....... 	Z56(P) 

ZiS 1 z2(p) 763(P) ....... 	266P) 

... (1.41) 

Various eiaments of the operational impedance matrix Z(p) 
are defined as below: 

Z11(p) = R,~ +(L1 +I ) (p+jw r) 

Z12(P) =  

6(p) = 3Z35(P) = 3Z21(P) 

klr( P ) = 3Z33( P) = 3 	
Ra+Rb+RC) 

Z22(P) = 3 "2+ 	3 	+(
(La+Lb+Lo)  

J 

Z2 (p) 	Z 2(p) 
	

Rb 10) 
 . ,. (2La-Lb Lc) 

3 	3 , 	 b 

Z24 (P) a 2(P~ 	
(Rb-RC) 

 . -
E_  L-b 

 2
-L
-

C
--2
) 

Z6(p) = 3Z53(P ) 

Zi6b( p) = 3 	5(p) = 3R.1 + 3(Ll+,tn)(P jar) 

and the remaining elements are all zero. 



The torque expression is given by- 

T = Ae ~Tt wCI 	 .•.(1.42) 

where G, the co-efficients of `'~ r in Z(p) matrix, to 
given by- 

36 

j(Xi+Xm) 0 0 0 

,0, 0 

 

0 0 Xm 0 

0 0 .0 33„ 0 

0 

0• 

0 

0 

0 

-3J (XI.) 

The torque expression for the machine on simplification 

is given by, 

T = Re (VV+. I1+).E1I1+•I1+ + -`,  (2s-1) 

+ (2---;) . 1120 112-  

1.17 !8 	ION -OF TQRQU 

The torque expression given by the equation 

0 	0 	R1 	41 	3R1 
T = Re (V1 +• 11) - R1 I 1 +• I 1 , + (2_____ } I I I y . I 1 1- + ..~.-"_"" • I 	. x (2s-1) 'I2- 12- 



may be represented by, 

T=Tp +Tn 	 ,..(1+ 45) 

where Tp = Positive..sequence torque 

and 	Tn Negative-sequence torque 

3R1 s-1) 11-»y11 - + 
_. 

,2s 	
.......0112-- 112~-  ( 	1) 	 (2s 1~ 

While obtaining the net torque T from equation 

(1. 	5) # the sign of negative-sequence torque T. has to 

be taken into account, which will depend upon the value of 
slip, 	ether Tn helps or opposes TP can be easily 
ascertained by considering the motion of negativer.sequence 
m.m. f. with respect to the stator conductors, Fig. 1.2. 
For slips less than 0.51 this m.m. f. moves in the same 
direction as the rotor causing a torque in the stator tending 
to accelerate the stator in the same direction as that of 
the rotor, i1 The reaction torque, therefore, opposes the 
positive..sequence torque. 

T ~, Tp r. Tn for slips less than 0.5 	... (1.)46 ) 

This can be verified from equation (1.45) which yields 
negative values for Tn for (2s-1) 0 i.e. for s0.5. 

As the slip increases, the rotor slows down and the 
negative-sequence m.m.f. gains speed with respect to the 
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motor, At half synchronous speed the rotor and the m.m.f 
speeds are equal and opposite , so that the relative speed 
of the negative-eequonce m.m.f with respect to the stator 
is zero and no negative-sequence torque is produced. This 
is in agreement that for negative.-sequence torque to be zero, 
( 2s» 1) = 0 i.e.,  slip is equal to 0.5. When the slip is 
greater than 4.5, i.e., below half synchronous speed, the 
na.m.f due to negative-sequence current acts in opposition 
to that of the rotor. The reaction torque thus aids that 
produced by the'positive~.sequence current and 

T = Tp + Tn 	- for slip* greater than 0.5 ...(1.b7) 

This can be verified from equation (i.)+5) which yields 
positive values for Tn for (2s-1)> 0 i.e. for s?0.5. 
The direction of the positive- and negative-sequence torques 
at different speeds and corresponding slips are summarised 
in Table 1. 

=y = 

Speed Slip IF 	Torque 	lirection 
a r ' 	Positive- 	' Negative- 

' 	se 	en e 	' seience  

VSr <j s > Forward Forward 
W, m j u s= Forward Zero 

*w QLOr Q~ i> a >0 Pbrward Backward 
= W s a 0 Zero Zero 

LO r a L 0 Backward Backward 
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The general equivalent circuit and the torque 
expression derived above enable the complete performance of 
the machine with asymmetric rotor predicted. The first mesh 
in the equivalent circuit of Fig. 1.13 shows the main stator 
current I1♦ at supply frequency f, the second and the 
third meshes show the referred rotor currents 12+ and 12,~ 
at slip frequency of and the fourth, the negative-sequence 
stator current I 	at a frequency (2s-1)f. The torque 
expression shows that between stand still (s=i) and half 
speed (s), all the torque terms are positive. Between 
half speed and synchronous (s=O), some of the terms in the 
torque expression are positive and some become negative. 
A sudden change in the 'torque/slip characteristic at halt 
speed may therefore, be anticipated. The equivalence circuits 
presents the physical consideration clearly. The supply 
voltage in the stator produces a rotating field at synchro-
nous speed which induces a slip-frequency current in the 
rotor. Since the rotor is asymmetric, two equal and opposite 
rotating fields at slip-frequency a are produced. The one 
synchronises with the main rotating field from the stator 
and the other induces In the stator balance current at a 
frequency (2s1)f. These currents circulate through the 
supply lines. The machine behaves likes two direct-coupled 
normal induction motors. The stator of first is connected 
through the supply. The rotors are connected in series 
with two phases interchanged. The stator of the second is 
short-circuited. 



The shape of the torque/slip characteristic with 
&symmetric rotor is shown in rig. 1.14. 

1.18LO,.,, SSE$ IN THE MA(IINE 

The losses in the circuit shown in Fig. 1.9 represent 
per phase the total input to the machine, so that if the 
actual copper losses are subtracted then the difference 
must represent the output. Division by (1..$) then gives 
the torque in synchronous watts. 

Considering the equivalent circuit ofg. 1,9, Power 
input per phase or per phase circuit losses 

(R+ 	 R+ 
I~ + ~;-R1 +I2+ 	+ I2 ( 	 + Rb Rc ) 2 	21- s 	2s 

+ (I .. I 	2• (2R'-Rb-Pt) 	12 	R1.... 2+ 21 ) . 	6g 	11-r (2s„1) 

2 R2 2Ra.+Rb+3Rc) 2 R1 + 3122•" (a + 	6s 	) + 3112-" (2 

+ (I - I )2 (Rb-B0) 
2+ 22- 

Actual losses per phase 

R + 

'I1+ R1 + I2+ (R2+R0) + I21-(R2 + - ) 

2+ 21-~ 	6 	I11_.  

,..(1.48) 
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FIG.3.2 TORQUE SLIP CURVE FOR SINGLE-
PHASE ROTOR OPERATION WITH 
NORMAL CHARACTERSTIC-BROKEN 
LINE. 
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2 + 3122. t R2 + _ Ra+ +3 ) + 3122- . R1
~  1 

+ (12;122..)2  2 e) 

2 ( "l's) 	2 	(1.$) 	Rb ♦,R 
output 	I2+ _ s (R2+R0) + I21. • -- s --- tR2+ — 2 

2 t 	f 2AawRb~I~) 	T2 ~ 2R1(1s)   - + (I2+ I21-) 	 + 

2 (1..$) 	2Ra+Rb+eta 	2 	R1 
+ }S22„ • s .,. (?2+  -----6---~- 	,E) + 61 2-. ( 2 - 2s 1) 

2 (1-s) (Rb- R) 
+ (12+ • 122-) ` 	

2 

t R2+Ro) 2 	R2 { Rb +) 	2 
Torque = ----- I2* + R + 	2s 	21- 

2 2Ra+Rb+310 2 2R1 	2 6R1 2 
+ 3 s 	bs j 	(2s-1) 11" (2s1) 12-  

+ t~(I2+ X22..)2+ 	(12+_12, )  t2 ~ ~-~-2 2s s  

This torque expression is found to be the same as 

given by the equation (1.44). 



Web 	 It ► i r ` `~ 



E IV NT CIRCUIT OF INDtIQTION MOTOILGENEBALISED  

I NTRD DUCTION; 

Generalised rotating-field concepts have been used 

in this chapter to extend the analysis to the case of 

induction motor with general rotor unbalance. The interaction 

of a single-phase stator winding with a single-phase winding 

on the rotor has been studied and the aggregate behaviour of 

the machine obtained through the summation of the effects of 

each phase. The current flowing in each winding produces 

forward and backward rotating fields, which in turn reacts 

with all the windings on the machine. The performance of 

the machine is determined from the voltage equations of the 

stator and rotor windings. These ecpations can be easily 

interpreted to obtain the complete equivalent circuit of the 

machine with asymmetric rotor. A new equivalent circuit has 

also been developed and is shown compatible with the earlier 

circuit developed in chapter I. 

In the following analysis, supply voltage has been 

assumed balanced and sinusoidal, stator and rotor windings 

symmetrical and rotor unbalance created by adding unequal 

impedances in the circuit. The saturation and iron losses 
are neglected. 



Before proceeding with the generalised case of a 

three..phase machine with general rotor unbalance, it will 

be proper first to study the interactions between a single_ 

phase stator winding and a single-phase rotor winding rotating 

with an angular speed of r electrical radians per sec. 

2.2 FIELDS PRODUCED BY THE INTERACTION OF 8T 1R AND ROTOR C[JM NTS 

When the single-phase winding on the stator is 

excited by a single-phase sinusoidal voltage at frequency 

f _ 	cycles/sec., the current flowing in the win din g 

produces an m.m.f., which, acting on the magnetic circuit 

of the machine produces an alternating magnetic flux. The 
current flowing in the short-circuited rotor-winding reacts 

with the stator current to prod ee a resultant air-gap field 

which may be resolved into a series of component rotating 

fields, all with the same number of poles but with different 

speeds. The forward and backward-rotating fields produced 

by the stator current of fundamental frequency f rotate in 

space at + electrical rad/sec., and hence induce, in the 

rotor, currents of frequency '•fr  and f+f rt  where fr= 2i 

cycles/sec. Each of these currents flowing in the single-phase 

rotor winding produces forward and backward fields, the two 



W 

The stator-voltage equation for fundamental frequency 

current is, 

\i = 11(A1+ ,X1+ X1+ iX1b) 

Y2(f-fr) ~✓~1~" f j12(f+fr)A/Xlbs X2b  

The bracketed subscripts against the currents refer 
to their frequencies for identification purposes.. 

The rotor-voltage equation for current of frequency 

(f. t1,) when referred to the stator is, 

0 = X2(f_fr) (R20 	+ i X2+ JX2f #jX2b 

11 jI j(f) ,/X1f *X2f 311(f•2fr) WX2b f 

The stator..voltage equation for currents of frequency 
'1 s~ (f + kfr) , where k is even but not equal to zero is, 

h1(f1) ERI 	+ JX1+jX1f +jX1b) - J '2tf fr}^~X1f b 

j̀I2(f4-fr) ^fXib
~.. 	

- 0 	.. *(2.3) 

and the rotor.voltage equation for currents of frequency 

'2 =f•f, 

	

+ JX2+J X2f +JX2b)`J11(f -rf) 	1b r  2  4 r 

iI1(f j-+ fr21' tt 
 '0 0 	...(2.4) 
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forward fields (an induced field has been considered forward 

when it is in the direction of the inducing field and backward 

if it is in the opposite direction) have speeds in space of 

+ c electrical rani./area., and are stationary individually 

with respect to the inducing stator fields, but the two back-

ward fields have velocities in space of -c) + 2ü4,  inducing 

currents of frequency f2fr  in the stator winding. These 

in turret produce forward and backward fields, the forward 

being stationary with respect to the inducing fields and the 

backward producing another series of fields. 

This production of inducing fields due to high fre-

quency currents goes on ad infinitum. The current .  in the 

stator has the frequencies f, f + 2fr, f + 4fr, ... , i.e. 

of the order of f ± kfr, 'where k is even (including zero) , 

while the current in the rotor has the frequencies S ± fr  , 

f + 3r".'' i.e. of the order f + kfr  where It i odd. 
The speeds of rotating fields and reaction frequencies for 

currents are shown in Fig. 1.1 

2.3 VP TAGS KWATION S 

It may be noted that the rotor winding is. on short-
circuit for currents of all frequencies, while the stator 

winding is on short-circuit for all frequencies except the 
fundamental. The mutually coupled coils have self reactaness 
as expressed and unity coefficient of coupling. 
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2.4 	 VALENT CIRCUIT 

The equations (2.1 to (2.1f) show the nature of the 

equivalent circuit and is shown in Fig. 2.3. The equivalent 

circuit contains an unending chain of forward and backward 

field loops showing an infinite number of stages of inter-

action between the stator and the rotor. 

2.5 FR TENCY ©F,~RA.CTION$. 

The following points may be noted from the above 

analysis: 
(a) The presence of asymmetry in the stator and the rotor 

(in the form of single-phase winding on each) leads to 
the induction of currents of specific frequencies f1 
in the stator and f2 in the rotor given by f1 = f + kfr , 
where k is even t and f2 = f t kfrt where k is odd. 

(b) Voltages of frequency 	f,~ are induced in the stator 
winding by rotor currents of frequency f'1-fr and 
fI 'r 

(c) Voltages of frequency f2 are induced in the rotor 
winding by stator currents of frequency f2 . fr and 
f2 + fr- 

Keeping in view, the above interaction between a 
stationary and a rotating winding, the analysis can be 

f' 
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a 

extended to induction motor having three windings on the 

stator and on the rotor. The current flowing in each winding 

may be considered to produce forward and backward rotating 

fields, which in turn would react with all the vindings on 

the ma chine. The agg re gate behaviour of the machine can then 

be expressed through the voltage equations of the stator and 

rotor windings for all frequencies present. 

2.6 	Y'ata OF INDUCTION MOTOR WXTh G ERAL RQT©B VNBAL cE , 

Assuming the stator symmetrically wound and the rotor 

asymmetrical, the balanced currents flowing through the 

stator windings will produce no backward rotating field and 

the first loop of the equivalent circuit would consist only 

of the mutual reactance due to the forward field. Owing to 

the rotor asymmetry*  the stator forward field would induce 
0 

unbalanced currents of frequency f-fr  in the short-circuited 

rotor windings, which in turn produce both forward and back-

ward rotating fields. The forward field produced by the 

rotor currents is synchronous with the Inducing field, while 

the backward field induces balanced currents of negative.. 
sequence and frequency (.f-2fr) in the symmetrical stator 

winding. Since the stator currents are balanced, these 

will produce no backward field, and hence further induction 
of currents in the rotor will cease. The equivalent circuit 

/7s_9/? 
!Ei L llART C ,•"c''i OF ROBRKE! 

x 1.1 
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of Fig. 2.3 will therefore, close at the third loop of 

stator frequency and is eha a in Fig. 2.4. 

2.7 .y_©AGE 9 ATI-, N~ 

Consider the case when the stator winding is symmetri. 

cal and rotor asymmetry is introduced through unequal exte r-

nal star connected impedance Zai Zb and Zc in series with 

the rotor windings. The stator and rotor mutual-impedance-

coefficient matrices due to forward field, which are functions 

of winding turns and their respective space displacements, 

are given as follows: 
9 a a2 

[- M. i = [M2] = [M121 	a2  I 	a  
a a2 I 

For the symmetrical-stator machine excited by a 

balanced supply, the stator carries only the frequencies 

f and (f - 2fr) 0 while the rotor carries only the frequency 
(f - fr). 

The three voltage equations in the matrix form are: 

[VIl f = ( [Z17 +3 [M1] X) I_i1] f-i [M121 Xf 1121. 

....(2.6) 

4 	[V1] f_2fr -(tz1] f-2fr + 
G 

[M12T Xb 1121(f_ fry 	 • ' (2.7) 
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0 : [V) = ( CZ21 f ,j [M2~] Xf+j [M21 Xb) [127 (f-fr) 

[M12] txf [i1] f-J IM121 txb 	"!~ (f-2f ,) 

...t2.8) 
'$here, [21J is the stator impedance diagonal matrix, having 

same elements (R1++X,1); [RI] Xf and [M1] Xb are the 

stator mu to al-reactance matrices due to the forward and 

the backward field; CM12] Xt and [M12] Xb are the mutual-

reactance matrices between the stator and totor windings due 

to the forward and the backward fields; Z2. is the total 

rotor impedance diagonal matrix (including the external 

impedances added in the rotor phases) having elements Z2+Ze, r 

Z2+Zb and Z2+Z0 and Z2 = (R2+ jX2); [N2] Xf and [M27 Cb 

are the rotor mutual-reactance matrices due to the forward 

and the backward fields, and .M12'] t Xf and 	[M,121+ tXb are 

the mutual-reactance matrices between the rotor and the 
stator windings due to the forward and backward fields. 

The equations (2.6), (2.7) and (2.8) show the nature 

of the equivalent circuit. Premultiplyirig these equations 
by the 3-phase symmetrical-componants transformation matrix 
S3 
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a b c 

3 + 1 a a2 

.. 9 a2 a 

and discarding zero-sequence voltages and currents as these 
are absent. an simplification, following equations are 

obtained: 

V1 = (R1 +JX1)I1+ + JXm(Z1+ • 12+) 

0 	(2s-l) 	( 2s-1- 	+jX1)I1_+jX(I1„-I2_) 	...(2.10) 
(2s-1) 

0 = ""._' = (I- + jX2) I2++ AM (I2+-I1 +) s 

e 2+ s 2- 

o 	(.2 +jX2)I2-+jX1(12--11.)+ s+ •I2+ 

s I2-. ..(2.12) 

Where , Zoe Z+ and Z. are the zero-, positive- and negative-
sequence impedance components of the external impedances Za, 
Zb and Ze added in the rotor eirc:uit, end are given by, 

Zo s3 (Za +Zb+Zc) 	 ...(2.13) 
Z+= 3 (Z.~-aZ6+a'Z" 	 ••- (2.14) 
Z_ = 3 (Za + a2Zb +a Zc) 	 (2 1) 

Eq,uafions (2.9) t'-, (2.12) represent the ecru►valent ciicui't shows 

i-A Fig 2.5. 
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2.9 COUPLThG NETG~?R 

The rotor-sequpance voltage equations given by equations 

(1.12), (1 •'D and (i.94) may be expressed in the matrix form 

as follows, 

	

V20 	ZO 	Z., 	Z+ 	I20 

v2+ = 

	

V2.. 	Z.. 	Z+ 	ZZo 	I2- 

where V2,' V2+' V2.. . andd I20, I2+t 12. are the symmetrical 
components of the rotor voltages and currents end Z0„ Z+, 
Z., are t11 symmetrical components of the external impedances 
Za, Zb and Zc added in the rotor circuit. As the rotor is 
star-.connected, zero.. sequence currents are absent, Therefore, 
neglecting zero..sequence component, voltage equation may be 
written, 

	

V2+ 	zo 	Z. 	I2+ 

s 	s (2 17) 
v2- ~+ Zo 

	

s 	s 

 

L . 

The voltage expression given by equation (2.17) represents 
a four-port network consisting of two controlled voltage 
generators and represents the circuit shown in Pig. 2.6. 

The complete equivalent circuit of the machine Ftg.2.5' 
may be splitted in three component circuits as shown in 
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Fig. 2.7. It is observed that the circuits F .g. 2.7(a) and 

(b) correspond to positive.and negative.sequ en ce circuits 

already derived in chapter I, Fig. 1.13 and the third circuit 
is sears to be the coupling network connecting the positive. 

and negative-sequence circuits. 

2.10  ,ALTE} ATI E FORM OF EU1IVAIENT CIRCUIT 

The coupling network can be of' T or I" type, and 

from each of these types, two different networks can be 
realized. One of tbem,,the " -type coupling network shown 

in ig. 2.6, consists of the symmetrical component impedances 

and two voltage generators controlled by the positive..end 

negative..sequenee rotor currents. The second one, the 

T-type coupling network an shown in Fig, 2.8, consists of 

one voltage generator only controlled by the positive-
sequence rotor current. 

By combining the equivalent circuits, given in Fig.1.13 

and Fig. 2.8, the complete equivalent circuit of the asymmetri-

cal machine is obtained and is shown in Fig. 2.9. 

2.11  QRJE EXPRESSION 

Voltage equations for the circuit shown in 'Fig. 2.5 

may be written as follows for the four meshes, 

41 4. = ( z1  + jX)Il+  + jXm  12+ 	Mesh I 	...(2.18) 
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i( z2+70 ) 	1. 
o = iXm ~r 	+ - s-----  +ice ' x2++ S 12_ 	Mesh II ...(2.19) 

o Z+ s2# + 	+ J)6 x2-+ JAm 'I_ 	Mesh lIZ ..,(2.2D) 
 L 
z 

0 = jXrnI2w +  2s.1) + iXm I1.. 	 Mesh IV ...(2.21) 

Writing the voltage equations for the four meshes 
in the matrix fozcm, 

= [z 	 ...(2.22) 

F vi+1 	 1+ 

0 	I2+ 

where klv3 
	

0 f 	x - I 

0 	 I1~ 

ixm 

	

s 	 s 
and ~Z 	© 	- 	(z2+) 

The voltage equations given above are obtained by making 
reference to the rotor frame as asymmetry is created on the 
rotor side. This is necessary to obtain frequency.-equivalence 



for the sequence components. 

Substituting p = jsw , the operational impedance 

matrix Z(p) of the machine is obtained as giuen below- 

R~+(L1+Lm). 
(p+j ;.ter) 	L(p+ car) 	4 	0 

Z(p) = 

(R2+%) +j (L2 R.. +j L_p 	0 'in" 	+Lo +I,) p 	
. . ••(2`23 

0 	R +JL 	(R2*Pb)+j(L2 nP +0+M)P 

0 	0 	 (p_ j,-r) 

The torque expression is given by, 

where G is the coefficients of 'r in Z(p) 

~(XI+XM) 	iXm 0 	0 

0  0  0  0 
....{2.24} 

©  0  0  0 

0 	0 	-3Xm 	-► (XI +Xm ) 

The torque expression for the machine on simplification is 
given by, 

R1 
T a Be (cit+ll+) r» RII~,!^. 11+ + (ma g-r1 11'*11- 	•••\2.a5) 
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cRAPTER III 

8TF DY- ST TE ECJJIVEL2T CIRCUITGNERALI.ZED MAHINE THEORY 

The analysis of the performance of the induction motor 

under unbalanced conditions of operation forms an interesting 

application of the methods of generalized machine theory. In 

the follow .ng, steady-state equivalent circuit is derived 

for a polyphase induction motor with symmetrical stator 

winding and unbalance created by adding unequal impedances 

in the rotor circuit. The analysis employs the transforma-

tions from three phase to symmetrical components and then to 

rotor reference frame. The complete equivalent circuit so 

obtained is valid for any case of symmetrical or asymmetrical 

rotor unbalance and helps in writing the general equations 
determining the performance of the machine. 

In the analysis, it is assumed that the three-phase 

supply voltage system is balanced and sinusoidal, the stator 

and rotor windings symmetrical. The air-gap of the machine 

is constant, saturation and iron losses are neglected. The 

external, impedances of the rotor differ and are Za, Zb and 
Zc  respectively. 



3.1 MACHINE IMPEDANCE 

The windings of the induction motor may be represented 

diagrammatically as shown in Fig. 3.1 and in the first instance 

it is assumed that both ends of each of the stator and rotor 

phase windings are accessible. These are six voltage equations 

and each of the six voltages depends upon all of the six 

currents. The impedance matrix therefore consists of 36 non.. 

zero terms. To simplify the presentation of these equations, 
compound matrices will be used, the suffixes I and 2 being 
used for the stator and rotor windings respectively. The 
individual phase windings will be distinguished by capital 

letters ABC for the stator and by small letters abc for 

the rotor. The clockwise direction of rotation will be taken 

as positive. 

In compound matrix form, the voltage equation reads, 

Zit 	~1 

Z22  ZZ 

The stator resistance and inductance matrices are 
given by 0 

0  0 

	

ER11= 0 	RI 0 	 ...E3.2) 

 

0  0  R1 
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FIG.3.1 DIAGRAMMATIC REPRESENTATION OF THE 
THREE PHASE SLIP-RING INDUCTION 
MOTOR. 

J 



L11 0 0 1 cos120° 	co32400 

0 LIV 0 +L.~s 0081200 1 	cos120° ...(3.;  

0 0 L1Q cos2400 co31200 	1 

where RI, L1 and L1s are the resistance, coefficients of 

leakage-and self..inductances of a phase of the stator winding 

respectively and L1, the inductance of a phase. 

The stator self-impedance matrix is given by, 

	

A 	B 

A R1+(L1t ''1s)p 	'" 'L1sP 

Z11. = B 	- 'L1sP 	R1+( L1C +L18 )P 

C 	- 'L1sp 	- 'L1$p  

C 

-iL1sp 

,.*-L1 sp 

R1 +(LIE 4a18 )p 

The rotor resistance and inductance matrices are 
given by, 

R2+Ra 0 0 
~R~ 0 R2+Rb 0 

0 0 R2+% 

L2 q 	0 	0 	 ^{ 

	

and4Ll = 0 	L2Q 	0 	+1*2sb cos120° 

	

0 	0 	L2Q 	cos2400 

 

...(3.5) 

cos120° 



where 	R2, L 2  end L28  are the resistance, coefficients of 

linkage inductance -and self-inductance of a phase of the rotor 

winding respectively and L2, the inductance of a phase; Zay Zb 

and Zc are the external impedances added in the a,b and c phases 

of the rotor winding given by, 

Za  - Ra +LaP 

Zb  =Rb  +LbP  

and 	Zc  = Rc  + Lcp 

The rotor self-impedance matrix is liven by, 

D  

a 

a (R2+Rd ) +( La+L29 +L2s  )P 

	

Z22  = b 	4L2sp 

	

c 	-L2sp 
I- 

b 	 c 

4L2sp 	- .L2sp 

-+L28p 	( R2+R&+(Lc+L2Q +L28)p 

...(3.8) 

( R2+R )+(Lb+L2Q+L2s,)p 	WJL2sp 

3.13  TATQWBOTORD4PDANO3  Z12 

The statoir-  to- rot os mutual-impedance-matrix is given 

bye  

a 	 0 	 L 

A p cos e. 	p cos(oc+12D° ) 
	

p cos (dl + 24o° ) 

Z12  = M B p cos(c& +24)° ) p cosot 	P cos( 0c +120° ) 	...(3.9) 

C p cos (ot, +120° ) p cos( o' ++o0) 	Coso/ 
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3.1li  BQT0W8TATOB IMPEDANCE Z21  

The impedance matrix 22,1  is the impedance 212  

with its elements transposed, that is with rows and columns 

interchanged. 

	

221 ` 212t 	 •••(3.10) 

3,2 Y 	CAI+ .COM P_ RNi'S TEE99914ATXON 

Before transformation by the Symmetrical Components 

Transformation C1 , it, is convenient to derive the general 

form of the transformed impedance matrix #  The complete 

transformation in compound form is, 

1 	2 

1  C1 	C 

	

C : 	I M••t3*11) 
2 r  0 	Ci  

so that the transformed impedance matrix becomes, 

	

C1t Z11 C1 	Cit Z12C1 
Z 	Cj Z 	= 	 ...(3.12) . 

	

Cl t  221  C1 	C1  t Z22  C1  

The Symme rti cal Components Transformation C1  Is given by, 

	

ci 	+ 

A[1 	1 	'1 

01  = 1 	R 1 	d2 	a 	 ... ( 3.13) 
4 

CLI 	a 	a2 



3.21 ~6_TATOR/BTAT©R IMPRDAN C Zy .~ 

The transformed stator self-impedance matrix is given 
by, 

A B C 
0 1 	1 	1 

•Z.~ ~ =C,~ ~ Z~ 1 C.~ + 1 	a 	a2 

- 1  a2 a 

	

A 	 B 	 C 	 0 + 
A RI+(L11+L1s)p 	-*L1ep 	w 'L1ep 	A l 	1 

• B 	Y- `L18p 	R1+(L14 +L1s)p 	`"*L1sp 	* - 	- R i 	a2 	a 
3 

a 	4L.~ep 	- L1ep R+(L11+L1e )p 	C 1 	a 	a2 

on simplifi cation, 

0 	+ 

0 RI +L1Q P 	0 	 0  
£11 = + 	0 	.R1 +(L +3/2L1e)p 	0 

- 0 	0 	R1+(L1JL +3/2Li5)p 

	

^ 	 J 

3.22 1TORIRO TQR IMPEDAN CR Z22 
• The transformed rotor self-impedance matrix is given by, 

Z22 = C1 t Z22C1 

© 1 1 1 a (R2+) 	.. 
+~► ~rL ) p 	~L2ep 	~`L2sp 
2 Q 2s 

+ 1 a a2 . b I 	4L2sp 	(R2+R (Lb 	.4L25p 

- 
C 

a2 a ' 	1 -020 	,,. L2ep 	( R2+R0) +uL0 
J cJ 	 2Q,+L2s)P 
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0 

0 (R2fRo) +(L2L+ ) P 

Z 2t + f 	R++L.p 

- 	IL +L,P 

P.+L.,p 

(R2+X,) +(L2t+'b4 ►2s)P 

R,++L+p 

Substituting, 

colo _ ' {ej°, + e"it 

cos(oc +1200)= 3~ei~ v" + 	)+ ._j (' 	}1 = ,V (ae 	+&2e-Jd') 

and 	cos dl +2400 a 	eJ' d + 	+ e_ j ( u + -) 	(a2e.a&'°")  

in the stator-rotor mutual-impedance-matrix given by equation 
(3,9), the result Is, 

a 	 R 
	 c 

A p(ej°` +e jOC 	P(mej°( +a2eFi°) p(a2ej°~ 4ae"J°( )1  

B p(a2e 	+ae"i& ) P(e j° 	) 	p(aeJ° +ate) 

p (a2e'- +aeJ °`) p (e Jd +è , °` ) 



The transformed stator-to"rotor mutual-impedance-matrix 

2;2  is given by,  

X12 ` '1.t Z12 d1 

73 

A B C 

12 J3 

	

+1 	a2  

	

'i 	a2 	a j 

a 	 b 	 e 

A p(e- +e° ) 	p(ae+a2o"i°t ) p(a2ej0  4ae!j05 
• B p(a2e j°<  +ae4' ) p(ei° +e"J°') 	p(ae 	+a2e'i°- ) 

C p(ae 	) p(a J 4ae-3) p(ej' 

	

o 	* 	" 

	

a l 	1 	1 

	

--b a 	a. 	a 
✓3 

• 0 9 	a 	a 

	

0 	+ 

	

00 	0 	0 

+ 0  

	

0 	0 	pe• 

♦ • • .(3r 1 / ) 
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x.24 	TO / TATOR IMp DANOE Z21 
Using the relation, 

Z21 z12t 
the transformed rotor-stator mutual-impedance-matrix is given by, 

	

0 	+ 	•► 

 

0 0  0  o 1  

0 	 •(3.18) 

	

-O 	0 	paid̀  

S. 25 .COMPLETE TRANSFOflMED IMPEDANCEMT 	' 

It is now possible to combine the four component transformed 

impedance matrices together to form the complete transformed matrix. 

The result is, 
0  +  0  + 

	

0 +Ljtp 0 	 0 	 0 	 0 	 0 

	

0 	R1+(LiI-+ 	0 	0 	e j° 	0 
iLls)p 

- 

	

0 0 E1+(Lit + 0 	0 	 e+J 2 

	

01 0 	0 	0 	(R2♦BO)+ 	&+I~p 	R++L+P 
(L2 t}Lo)P 

( + ) +( L 

	

+~ 0 	3Mp a-~ 	0 	g++L4p 	R2 	2 	R +L p 
2 	 +Lo+ 2L2g )p 

	

,0 	0 	pe' R_+L„p R++L.~,p  
f 	 2 	 +Lo+ '2s)P 

III c3= k9j 



Before the voltage equations for the asymmetrical 

machine may be written, it is important to observe that if 

symmetrical components are used decomposition of them can be 

carried out in the usual war only in a reference frame fixed to 

the asymmetrical side. The reason for this is that the frequen. 

cies of the positive-and negative-sequence components will be 

equal only in this reference frame. 

For ensuring frequency-equivalence for the positive. 

and ne.gative..sequence eomponeets, these components will be obtained 

in the rotor reference frame as unbalance is created on the 

rotor side. 

In compound matrix form, the voltage equation is 

given bye  

75 

...(3.20) 

The stator will be transformed by the Reference Frame 

Transformation C2, the rotor will be left unchanged. The 

complete transformation in compound form is 
L 	2 

02 	0  
C = 	 . •. ( 3.21} 

20 	1 
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so that the transformed impedance matrix becomes 

a 	 i 

Ir 	/ 	Oh Z11 02 	C2t Z'12 
Z  Cc z C =  ...(3.22) 

z21 02  Z22 

The Reference Frame Transformation 02 is given by, 

 

1  0.  0 

	

C2 - 0 	ej 	0 	...(3.23)  

	

0 	0 •  

and 

 

1  0  0 

	

G2t = 0 	e' 	0 	... (3.24) 

	

0 	0  

3.31 s TAT0B/8TATOJLIMPDANCE Z11 

Considering each element of the transformed impedance 

matrix in turn, the stator/stator elenent is given by, 

X11  C2 t X11 C2 

1 0 	0 	,r +L1f p 	0 	0 	1 0 0 

• R +( L 
0 e"' ~ 0 	F 	f 	1 	1k 	0 	, 0 ej ' 0 

+ 2 L1s)p 
0 0 	e 	0 	0 	R1 +(L 	0 0 a"Oj 
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R14e-j°" (L1~ + " '1e)pej'~ 

RI 

0 

0 

R1+eJ°4' (L1k +- ,1S)pe-joc 

...(3.25) 

The differential operator p in Z1.' operates in addition 

upon the current terms, since Z is only part of the original 

expression Z2.. 

. . pe °c • 1 	j e') . p ~C • i + e1 o` • pi 

= ej°` j wri + eJ' •pi 

since 	p o(. = &4 r 
a pe jOk = e j o&.(p+j tr) 

similarly pe-J 	e 3̀ °` (p-J r) . 

Substituting these, the complete matrix is given by 

0 

R1 +(L11 +3/2L1 e) (p +ate) r) 

0 

0 

R1 +( L1 +3/2L1 e) (p-j 	) 

...(3.26) 
3.32 SAWWROT0 MPEDANC 

12 

The stator-to-rotor element Z12 of the impedance 
matrix is given by, 
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1 	0 	0 	0 	0 	0 

	

Z12 02t Z12 a 2M 0 	e-~~ 0 	0 	pe 	0 

	

0 	0 	 0 	0  

 

0  0  0  0  0  

	

a M 0 	a-jK Pe ~C 	0 	= 3M 0 	tp+'j "Ir) 	0 2 	 2 

	

0 	0 	ejol pe-i0 	0 	0  
J 

...(3.27) 

3.33.x/8TATOR „IMPEDANCE z2 j 

The rotor-to.stat©r element of the impedance matrix is 

given by, 

Z21 = Z21 C2 

o 	0 	0 	`! 	0 	0 

0 	pe"i k 	0 	0 	e 	0 

0 	0 	!peJ° 	0 	0  

0 	0 	0 

0 	'vp 	0 	 ...(3.28) 

0 	0  
2 
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3.3t RO ww r ro IMPEDAjCE z22 

As the rotor/rotor element is not transformed, it 

renain s unchanged. 

3.35 COMP ,ETE TRANSFORMED IMPEDANCE MATRIX Z 

It is now possible to combine the four component 
transformed impedance matrices together to form the complete 
transformed matrix. The result is, 

sp 	8+ 	 8- 	ro 	r+ 	r- 

so R1+L1e p 	0 	 0 	0 	0 	0 

s+ 0 	 0 	0 3M(p+ 	0 
ILIs) (p+jWr) r 

B +(L.~e+ 
0 	 0 	0 	2(p- 

s.- 	 2 1s) (p-j r)̀  	 ) 
(R2+Ro) + ra 0 	0 	 t L 	 Ri.. L_p R++L+P 

r+ 0 	 0 	R++L+p 	2 +L0 

t$2+Ro) + 
r.. Lo 	0 	2p 	R +L-p R++L.,,p (L L +Lb 2 

....(.29) 



When the fourth row and column are moved up into second position, 
a compound matrix of the form results, 

~~ Zo 
Z 

Z 

which possesses the important property of having terms on the 
leading diagonal only. It follows that the two systems rspresented 
by two voltage equations 

HiQ=zo 10 

have no connection or reaction . between them, and may therefore 
be treated quite independently. Further, zero-sequence current 
in the rotor will be absent as there is no external (slip-ring) 
connection to the star-point. The stator zero-sea  ice current 
will also be absent as there is no three-phase four-wire supply 
It follows that for normal conditions of operation,, zero-sequence 
Currents cannot flow. The zero-sequence voltage equations may 

therefore be neglected. 

The impedance matrix given by equation (3.29) trans- 
forms to 



• 

8+ 	S.  

kit +~L1 ~+ 

2L1s) (8+j w r) 	 2 
 

0  0 
s_  

~Lls)tp-JW r) 
fI 	 3m 
	

(R2+%) +u2z 	
+L~ p 2 	~"+ 	 +L.+ f2s P  

© 	 R++L+p 	+I4+ °}2s)P 

,..(3.30) 
Rearranging .equation (3.30) , 

Cl 	 0 

tR2+JE ) +(L2Q+ 

Z 

(R2+ ,) +(L2L 	3M 
r 	0 	R+

* 
L+p 	 3 	-- P 

• ©+ 1'2s ) P 

R, +(LiQ+ 
sue, 	0 	 0 	• 	(P-j r) 

'i$) 

...(3.31) 

Since the frequency reference has been made to rotor side, 



p = j )  

(P'jL3 ) J(2e-1)'3 

and (p+j o r j 

Substituting these in equation (3.31), 

8+  

RI+j LO(LIQ 
e+ ♦ 3L e~ 	M 

i 

r_ 	 r+ 

0 

(R~+RR) +J s 
2 e~ 	+ + 	R.*jDJ8L_ 	Q

• 
2~C, 2 2) 

(R2+)+jsc) 

2Lo 	2a) 

s.. 	D 
	

0 
	'(2s-ice M 

	R1+j(2s.1)13 

...(3.32) 

Substituting further,. 

W (L1 +4j =X1 + Xm 

W (Lg~ + 2s) w X2 + 

and  



the impedance matrix given by equation (3.32) becomes 

8+ r+  r_  

s+ 	RI +j (Xj+Xm) JXm 0 0 

f. r 	3 aX,  
0 

j s(x2 	+Z) 

Z (RL+o)+ 

s_ 0 0 ( 2s 1) K (X1 , 	). 

S+ 	 r+ 	 r.. 	 8.p 	- 

8+ ZI +jX, 	 0 	 0 
r+ 	J sXM 

 

2bfl 
	

1. 
	 0 

or Z =.,. 
r.. Q 	 Z+ 	(Z2+ZO) +AaX 1 	jS m  

s.. 0 	 0 	1(28•-1) XM 	z1  +j (2s-1) Xm  
L 

....(3.33) 
.4  0MPLTE BIVALENT 01=1T 

From the impedaooe matrix given by equation (3.33) , the 
voltage equations may be vrittsn f  

'r1 +  * (Z,+JXm)I1+ + jZ 12+  

83 



0 = 3Xm 11+ + 2_'$ " + JXt 12+ + T- 32.. 	...(3.33) 

= T12+ + s 	+; I z + „ I1 	...(3.36 ) 

0 :. jXm 12„ + -•-8--- +3 	.~„  
[(28:1)  

These voltage equations are the same as given by equations 
(2.18),(2.19), (2.zD) and (2.21) and may be interpreted to 
represent the complete equivalent circuit already obtained. 
in chapter I and I1 shown in ' .g, 2,9. 

1L:;.7,!14 !."" 



QONCS  I©NS AND SCOPE FOR FUER 1iO 



CHAPTER IV 

CON Cit-,U-„BION S 

The method of symmetrical components has been found 

very effective in deriving a steady-state' equivalent_ circuit 

for the general case of asymmetrical rotor unbalance. Using 

the circuit computerised calculations can be made to obtain 

operating characteristics of the motor under various rotor 

unbalance conditions. 

The equivalent circuits have been developed using three 

different methods based on Symmetrical Components Concept, 

Generalised Rotating Field Theory and Generalised Machine 

Theory. The equivalent circuits so obtained have been found 

compatible. 

It has been observed that the equivalent circuits 

derived in the previous works pertaining to cases of symmetrical 

unbalance fore the particular cases and are easily deduced 

from the general equivalent circuit developed in the present 

work. 

All cases of rotor unbalance are seen to belong to two 

types• symmetrical and asymmetrical. In case of symmetrical 

unbalance, external impedance is symmetrical about one phase 

and the equivalent circuit so derived is quite simple and 



possesses symmetry about the air-gap. In case of asymmetrical 

unbalance, the external impedance is not symmetrical about 

any phase. If possesses no symmetry about the air-gap and 

the equivalent circuit is complex. 

The equivalent circuit developed in the present work 

consists of controlled generators. However, in cases of 

symmetrical unbalance these controlled generators are absent 

which greatly simplifies the circuit.. 

While developing the general equivalent circuit it 

has been observed that the decomposition into symmetrical 

components can be carried out in the usual way only when the 
reference frame is fixed to the asymmetrical side. This is 

required to ensure frequence-equivalence of the positive. 

and negative-sequence components. 

Using the general equivalent circuit so developed, fast 

and economical computerised calculations can be carried out in 

all asymmetrical cases as only one network is to be solved by 

using routine network.solving procedures available at most 

computer. systems. 

The derived equivalent circuit can be meaningfully emp-

loyed for predicting the transient behaviour of the machine 
at constant speed. 

The general equivalent circuit can be conveniently used 

to compute the reactance values to be added in the rotor circuit 

to obtain pre-determined torque-speed characteristic. 



SCOPE FOR FU&MER WORK 

The present work unfolds further scope as outlined 

below: 

FRT PNCY 	DAiCE OF WINDING BEISTANCE 

The winding resistance does not remain constant but 

varies with frequectcy. The relationship has been found to 

be linear and can be easily obtained from blocked rotor tests 

over a frequency range. This may be accounted to compute the 

performance characteristics accurately. 

RSACTmCE DDP CE ON AG ttEIC SATURATION 

The reactance of the machine does not remain constant 

but varies with magnetic saturation. It has a higher value 

at low saturation and decreases considerably with increased 

saturation in the machine. It may, be accounted to predict 

the characteristics accurately. 

TRANSIENT OPER&„TION AT CONSTANT SPEED i r~r.+ 	 rrr.~i 	iwr.r 	~.~..rnn...rrr~,. r.► 

The derived equivalent circuit can be meaningfully 

employed for the study of constant..apeed transients. For 

carrying out this study, operational impedance of the 

coupling, positive«.and negative-sequence circuits must be 

used. 



The differential equations governing the transient 

behaviour of the asymmetrical machine may be written in state.. 

variable form by using `Park-vector technique, The derived 

equations can be directly solved by a digital computer. 

The method outlined in the present work for the develop-

ment of equivalent circuit* may be extended in case of as e«. 

trica3. squirrel cage induction motor. Such asymmetries may 

be present due to die-casting dif ;,culties, impurities in the 

casting material or due to broken rotor bars giving unequal 

rotor impedances. 
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