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!'or 	y2 i" tho roliability of a oyatom tho 

firot otop 10 to av uato the oyotem z oliability. Ao the 

wise ami eo )le City of the system increases, the eyotern 

reliability evaluation la quite time consuminp and com,1lg-

catod. In thio docs xtr taon colo techniques are prevented 

for evaluation of ayotc reliability. 

In Chanter I, n rothod in 'r re3nted to r tal :.to 

the reliability of a hierarchical oy^tor.  . s'bo c feted nunb3r 

of o aboysten y tiro co unseat . throu~►h the firm level slab- 

oynto . in considered as a reliabn,sty neasuro. 

In Chapter IA m~aintainod oyote s are eonoidered. 
Two aethod i.e. Succoocivo d .on1€acemont and Graph theoretic 

apr'oachoo are preoontod for finding the steady otato 

av ilability of a eyotem. "poctral docoirpooition tethcd ç, 

C~r►onical taneformation eothad and state tronoition atria 

nothod are proc rated to Sind inherent availability of the 

oyo a 
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1.1 Introduction 

The electrical power system is hierarchical with 

a central control, center at the top of hierarchy, a number 

of generating plants and substations in the bottom, and 

several regional and local control centers inbetween. The 

control centers, interfaced with human operators, are 

coupled together to a greater or lesser extent by communi-

cation note ranging from loose coupling in the case of 

toliphone line message transfer to direct oomputer-.to-computer 

data transmission through cyclic digital data traremiesion 

and other communication means, Thus In the power control 

system a variety of controllers and control computers are 

located at diversed points in the system and multiple,  

control functions are being executed simultaneously. The 

concept of communication with and through the root is 

particularly important here when dealing with such centralised 

computer networks where all communication must take place 

through some central computer. In terms of the new reliability 

measure to be detailed in the following chapter the expected 

number of node pairs communicatingthrough the root is taken 

as a reliability measure which is different from conventional 

reliability measures such as MPBF and availability which 

essentially are based on two valued logios, i.e., the overal 

system state is either up or dorm. 



2. 

1.2  TM,j„r)4 atwozk R el i b jU . 

We define a 'rooted tree' as a finite not T 
of one or more nodes such that: 

(a) There is one specially designated node called 
the root of the tree, root(T) s and 

(b) The remaining nodes (excluding the root) are 

Partitioned into N > 0 disjoint sets T, T2, 

and each of these sets in turn is 
a roote"t tree. The tree# 	are called 
subtrees of the root. 

'here for significant computational advnta.e the 
anoestory relation in the baeie tree is exp'oited. 

In a f w ily tree !mediate successors of a riven 
parent node are'brothere' . We extend the seniority to a 

set of brothers also, hor exaa pl., the leftmost to be the 

eldest and right most to be the youngest. Characterizing 

the extended seniority relation fully, a link from each 

node to ite'eldest eon' is called the successor index and 
to its next younger brother is called the brothe? index. 

I f a nod* has no eons or no younger brother, then the 

successor (or brother) index to net equal to taro. Similarly 

the common ancestor of all nodes, which has no fr,  tber, has 

a 0 Predecessor index. 

Now we proceed to calculate the reliability of a 
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tree network assuming the reliability of its elements, 
nodes and links are known, A state vector with the root 

of each of the eobtreea is associated. This state vector 

contains the information such as the expected number of 

nodes which can communicate with that node and the expected 

number of node pairs oowunioating through the root. The 

state vector of a giv, n tree is obtained by a set of 

recursion relations, provided the state of its subtreee 
are know. 'x We join th. rooted subtrees into larger and 
larger rooted subtree using the recursion relation until 

the state of the entire network is obtained. 

Suppose there are two eubtrees with root* I end J. 
Let J. P(I) i.e. J Is a predecessor of I. If T(I) is a 

state vector associated with the root 13  of a subtree and 
say it gives the expected number of nodes In the subtree 

which ooawrnicate with the root I, including I,, Similarly 

let T() be the state vector associated with the root J 

of a mibtrse, We asses the state of I and J i.e. P(I) 
and T(J) are known. Now joining I and J by the link (I,J) 

leads  to a now state of J i.e. T(J)'  ieh we wish to 

compute, If the link (I,J) and the node J are operational 

T(J)' • T(I) • T(J); If not, than T(J)' • T(J). Putting the 

two together we have the recurrence relation 

T(J)' •T(J) + T(I) CJR(J) QL(1) 
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Where QN(J) is the probability that node J is operative 
and QL(I) is the probability that the link (I,J) is 

o perat in. 

Now taking node pairs communicating through the 

root as our criterion we consider a state component R(I ) 

where R(I) is the expected number of nods pairs (pairs 

Including I are allowed) both of which are connected to 

the root node I. The recurrence relation for R(I) is 

R~J)' w 11(3) • [T(I)T(J) + R(I)QN(J)]L(I) 

An algorithm for the calculation of the reliability 
of a tree network is developed now. To facilitate the compu-

tation of algorithm we associate level with each nods. Levels 

are defined in ascending order from left to might. The 

resulting algorithm Is 

Stop Ot Set T(t) • QN(F) and !(T) • 0, for I • 1,N Set 1.1 

Step 1: If 8(T) • L(1) • 0. go o to step 3, otherwise go to 
next step. 

Step 2; Set I . 1.1 and po to step ! 
step 3: Set J • PCI ),,jj J C) go to step 8,ot1erwlse 

calculate R(J) and T(J) with the help of 

following relations. 

R(J) . R(J) 	(R(I)QN(J) 	(I) (J)) tI) 

T(J) . T(J) . T(I)Q(J) 4L(i) 



.ceeeor. s(I ) 

0 
7 
9 

. 10 
11 
0 

Brother .B(I) Level ,ZtL ) 

0 1 
0 3 
0 3 
0 5 
3 0 
0 4 
F3 I 

Predeo.eeor.P(I 

1 7 
2 9 
3 10 
4 0 
5 10 
6 12 
7 2 

55. 

Stop 4 : If B(I) > 0, go to next step, Otherwise go to 

stop 8. 

Step 5 ► Sot I a B(I ) 
Step 6 : If $(I) > 0, go to next step. Otherwise go to 

step 3. 

Stop 7 : Set I • S(i) and go to atop 6. 

Step Q s If J .0,Y - stop. Otherwise eat I •, J and go to 

step 3. 

The calculation can be carriedout In two ways. 

In the first way link and node: probabilities, PL(i ),QI (I) , 
(I) ,QN (I) can be considered as numbers and reliability 

criterion can be evaluated as a number. The evaluation 

can also be function.., that is the reliability of the 

ebbtreee can be repreea*ted as poly nomial fundi one of 

the link and node Probabilities. We assume all links are 
operative with probability QL a p and all arcs operative 

with probability QW . q. 

As an example using the algorithm the reliabity 
is evaluated for the tree network of Fig 1.2. The various 

indexes for the same are define as follows 



FIG.1.2 A TREE NETWORK. 
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8 2 0 0 	4 
9 3 2 0 	3 

10 4 5 12 	1 
11 5 0 0 	0 
12 4 6 0 	4 

Let the link and node probabilities be given as follows 

I 1 2 3 4 5 6 7 8 9 10 11 12 

qi (i) .. 9 5 .92 .98 .91 .91 .92 .9T .93 .93 .92 .93 .91 

QL(I)i. .89 .88 .89 0 .89 .91 .92 .96 .92 .91 .92 .91 

Using a -emitable computer program on the basi a of the 

algorithm developed, the tree network reliability was 

evaluated to be equal to 7.6 i S 5 i 9 E -1 
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CH "T t1-I I 

Ii' i_enici Eo;! 

'hon ol10 n ' rooair of failod ooiipononto, we 

obcorve it io not moaning-  it to speak of comronont roli-

ability, but it to oenin:- cful to opeak of the total oy©tom 

roli:thility to which a contribution Is icdo by cuecoosful 

componont otirformonco, The difficulty lion in tho feczt that 

cocnonont reliability deco not allow conoidoratior of cot,ro-

nont ropeiro. ''ir.al:arly oyoto reliability down not coneidor 

the of°eoto of oyotoffi romiro either. Cor_ooquontly, s irco 

it ohould be to our advanta; e to rorair failed oyoteno and 

oonpononto ao rapidly an pooeoiblo, oeDocially if their 

operation in critical to coma desired objective, we need 

cone ^ 2ditional 1moaouro of cyotcm porforvutco that conoider© 

the offoato of repair. :such a meacuro to provided by tho 

ooncopt of oyotc. douondability, that to, whether it to 

000ratin or onor`ble whop x want it to bo, ivon that 

tho flvntcn no.ocoo throupi u end down cycioo during Ito 

lifo tine. 

Ono noacare of oyotom dopondability to vrovidod by 

Ito reliability, which to the probability that the cyotem 

will onorate without failuro for a oroeiflod period of 

tiro. 

Thrco additional noauroc of oyotot devoridability 
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that arc do©irod to be conaidorod are defined ao follouo: 

(1) Z`oint availability, defined to be tho -probability 
that the oyotom Is in an un state (i.o. either 
of orating or onor^blo) at a of ocifiod time. 

(2) Intorval availability,, defined to be the opectod 
frct1oricil t ount of an interval of opecified lonrth 
that the syston 10 in an u' otato. 

(3) Inhem-ont availability dofinod to be the oicpoctcd 
fractional count of tide in a continuum of oporatinr 
time that the eyotor• lo an ren uv etato. 

Inherent availability to commonly roforrod to ao the 
u :tiZO ratio or 11 itin!* availability. .o obn1l rofor to 
*ioaoures (1)-(3) ao the ayotc: av%ilability rroaouroo. 

2.2 Wriilability :valuation of a RT Int Confixvration: 

The overall availability of a "onoratinr unit io 
donondont uran the availability of the cuboystono which 
naico ui that unit. In t any cacao, a oimrlo co rbination 
method can be uood to find the nyston availability an the 
subayotc*no can be ao umod to onorato indooendontly. This 
approach can Falco be ucod In cort~►in caoe whore the 
cubo; ~trms are drnandont and havo rolitivoly low ivailabl-
li.tion.' ata1led an%lycio of auboystomn may roqui*o tho 



dovolop ici t of Coro COON, 1o$icatcd todolo to inclu$o 
coo one t 2opondo7a7,D  oparc conPoucft policies and 

cOrrOCtivc an pz'evontivO 13 $nUManCe conoiaoratio m. 
2hc technique uocd could be ac unconhisticated as the 

p oblao will pernit0  bat in c y cacao a comp'ieto nodo1 

of the cuboyoto ,sat bo conotructcd and oolvod to obtain 

the roauircd availability indices. Those aaluoo can be 
obtained by a simul ticn method or direct analytical 

techniques mob as the '"rIror approach. The lattor cu, ct 

is diccucoed here with respect to a practical cuboyetom 

application. 

The generotina station proposed for a Hydrooyotcn 
contains four gcneratin unite, The primary heat tranoport 

oyste® for ouch acneratinp unit contains four p-w pe. The 

loss of more then one of those panpo Gua to outao rocults 

in the tot*-1 shut dost of the ro ctor.. The lose of one runp 

produced a unit dooati ' of 25 porcont of the rated unit 
output she p a po havo boc aoou ed to be identical in 

doom and function in this analysis. The heat tro ,port 

pus p confipuration is not an indopondont cub oyote . "The 

first pump failure roc lto in a 25 percent derating chile a 

second failure rosulto in a complete shut doc n. The failure 

rate of the ronainin! two spa € fter abut down is catrenoly 

to i and they ccn be ascu ed. to be failure froo duriur thio 



State i unit 

a p n(, pump 

failed 

4j  

State 2 unit 	Isbate 3 unit 

75% one pum4 	75% no pump 

failed 	IuI 	failed 

3A 	\., 	13A 	\2-Y 

State 4 unit 	State 5 unit 	State 6 unit 

down 2 pump 	down I pump 	down no pump 

faihecl 	21)' 	failed 	''~I 	failed 

Fir, ; 	T;TtTE SPACE DIAGRAM UFA SINGLE UNIT '1WITH 

i~ir ;F'ARE PUMP. 
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condition. Tho pumps cam, hoe ovor be assume to operate 

indopondontly with oach pump rooponoiblo for 25 percent 

of tho output ao tho Arobability of having noro then one 

Vel) on oi* ultoneouo outaro Ao very omall.:ao sparo tumne 

aro providod to improvo tho oyotem reliability. 3ach 

toner .tier unit within the station io indopondont with 

rooroct to HT pump 000ration in another unit. AU pump 

failur cn are rourod into one pormonont (ailuro modo. A 

nornnncntly failed -Dump muot be removed from tho otaor. atinu 

sits for roir. A pump is aoaumod to be rootorod to ito 

ori"incl quality cftor repair. Other minor failures are 

irnorocl. The followlnr deoinationo are uood: 

J. 0 failure rats of a n nr 9n ororation 

u - repair rate of a norrnncntly failed xsumn. 

Y c installation rate of a ropaired sunt. 

+inrio unit -model. 

'inure 2.2 above the atato €meso dia"rrrn for thio cavo. 

Tho following otochnotic trarol tional matrix can be obtained 

fror, thio nodol. 

1 2 3 4 5 6 

9 -4X 0 Y 0 0 0 

2 4. -(3) ,i) 0 0 Y 0 

A=3 0 ta -(3A+Y) 0 0 2Y 

if l 	0 3 h 0 -2u 0 0 

5 0 0 'h 2u 0 

6 Lo o o a u -21 



four roneratinp unit eodol 

'our ronoratin,- unit modolo are moro co plicated 
than the einrle unit ca- co, In o,tromoly for^c± number of 
otatoo are roquirod for the conplote modol (26 for no 
onaro care). A comrloto four unit modol io not pr000ntod 
hart due to ito o rtro'cly lrr! o oizo. "itch modolo can be 
oonatrueted by oomrutor oro 	e 

2.21 	Steady Statn vri bil!tv by Successive Displacement 

The use of method of ruccooslvo dioplaecnento or 

alternately the rsucs-': +1del method 3a rr000nte 'here for 
obtainin' the valuoc of to otato r robabilitieo. 'not~inr 
the values of the otato nrobabilitioo tho valued of the 
oyotcm's operatin char ~ctoriatioo are easily obtainod. 

If the eyotom configuration and the tranoition rat' 

are Fnornn a Got of otat. equations for probability oi' beir 
in o^.ch state can directly bo written, which can be r odiuiod 
to obtain a sot of di f 'cronti al ocuation. 

In natrir notation 

p
1
1 	rag 9 	a12 .... a11 	1 1 

U2 a I a21 	a22 .... s 2 	p2 

s • 

n 	 ar. 	
L;J 

 
n 	airt9 	~~" 
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pn are state urobahilftieo and l t to 

ann are elements of the transitionrate matrix. \ 

For etoaiIy at to avail ability I 	- 0 we h, i e 
thus  

I 	a11 	a111 

p 

2 iC C 	 G G v t 

3 I 

~n L nt enn n  * 

::e define L A 	
a 11 	a11 

~-'w-r- 	0 	• .. .  • r-- 

100010.,000000..•  • 

-QT2I -II nP  
ns 

a
nfl 

V can be expreceed as the sum of two matrices C 

and D. Thur P CP + DP, which au,-rest the use of an 

itorvaive solution procedure called the method of Successive 

displ3O aent8, P(k.1) • Cp(k) + 	 (k.1), The vector p(k) 

contains thn estimates of the probabilities obtained on the 

k th iteration, Thus, the method of aaaeoe arrive displacements 
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conoleto of the foUowfn, otopas 

R, Choose an arbitrary Initial approximation vector 

1 a 1 ,2,.•• n. 

2. "enerate ouccoaofve anprrirnationo 	by tic 
iteration 

i*-1 	n 
p1 	DiCi:P, 

for i 	1,2,...,n *end ''k'* 0,1,... 
n 

3. 4nply the nor 1iai.nr equation, 

	

	pi= I after 
.c,1 

each oomplote round of tteretlon3 by dividjnr- each 

'probability' valuo by t :c qua of the 'probability' 
valuoo, obtained aurin tho iteration round. 

4. Cortinue until. €m aprropri .to convor&ence criterion 

to o tiofiod. 'Pyr4c*1 convorronoc criterion include 

a) m-vr 	 < t? for come rroccribed ' 
i<  i< a 	p  (x41) 

i 

(b) 
ii 

 pl 	.. pi 	< tr for some precoribod ry 

(0) Lr a 17 for o preceribed into,-er',  

Tul'inr tho oinrle unit RT urnp model ae dicccuosod 
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earlier for solution. :onuminr the value of A a 0.2, u . 2, 
to e r 

32:r1 	. 1~ ui atitutin• in the transitional rite matrix A 

-lbt - i.ned earlier we ret 

2 3 4 5 6 

0 1 0 0 0 1 

20.8 -2.6 0 0 1 01 
1 '0 2 -1.6. 0 0 2 

0.6 

0 0 0.6 

6L0 • 0 0 0 2 -2 

".ohav© 

or steady state solution 1- a 0 

2ht c in n tri' rotation t'ie bai,c„nce a ivation on be escproo^: 3 

as ' 	• i'I: where 1 . (Pi), 	i1,2,,.,6 • Note that 	' c:mn 

be surreeine3 as the sure of two matrieon C and D, where 

r 0 0 1,25 0 0 01 

.3n76 0 0 0 0.3845 0 
0  . 1.2~, 1 0 0 0 1.25 

t' 0.15 0 0 0 0 

i C.2 1.331 0 

0 0 0 0 0 1.0 0 



v o 0 0 0 a 

0.307 0 0 0 0 0 

a 1.25 0 0 0 

C 0 0.15 0 0 0 0 

0 0 0.2 1.33 0 0 

0 0 0 0 1.0 0-1 

0 0 1.25 	. 0 0 01 
i 

0 3 0 0 0 1.2!i  
D  0 

0 0 0 0 0 4 

i or the example probieni, the Y th Iteration can be erprezsod 
aR folioW8s 

i ) a 0 41(k"1). 0 p2( "1).1.25p,( -1)+0 p t ~1? 	( ''1) 

p(k.) 3) 
g 

p2f } - 0.3076p,, M + 0 P20,-1) + 0 	4, p p4(k 1 ) 

0.3846 115 (k-1) + 0 p6(k-1) 	 - (2) 

- 0 vi(1-) + 1.25p2(k} + 0 p3( ' 	$ Q 	 (k1) 

0 p5 	+ 1.25p6(k) 	 - (3) 

15- 



I 6, 

p4 	• 0 p1 	+ 015 p2(V) + 0 p3(k) + 

+0n (r-1) +0 	(k-1) 	 .. (4) 

	

5 	6 

to (10 - 0 n k) ,~ ( p O ~"►fl,2t'3 	 4 1.333p4 (~} 
5 	1  

40 ,(!-..1) + 0 t 	 «- (5) 

p6~ } 

 

:

2*03 	4. 0 p4~ 3 + 01.Op,5(k) 

(6) 

Let th+a fo1ioWin.7 initial probability estimates be employed4 

(o) a t) 2 a .(o) a , (o) a r _{o) a 	(o) 	0.1666 

From equation (1) the value of 	in obtained an follow 

1 (1) a 1.250 ' f.1.666 m 0.20825 

2hun from (2) — (6) renneotivoxy 

p2(1) . 0.1281, p(1 } a 0.3683, p~(1) a 0.0192 

p, (1)  0.09925,n6(1)a 0.09925 
4 

tppiyin - the normals-inE equation vieids the foil.owinr 

revised eatir ateo of the rrobnbilitie®: 

#~) 0.2257 
p1 	- 0.2257 

0.9223 

(1) +* 0.1388 , p (1) a 0.3993. p (1) 0, 0,0209, p (1) w 0.1076 3 	 5 

p6 (1) • 0.1076. 



17. 

thio way r o tort? or continuo the itoratiore till thorn 

to to ohiro in tho values of the last two iterations. 

Tho follorinr probability values h .vo been obtained,nsrreiy 

p1 0.376 	p2 Q 0.125 	p3 a 0.219 

u~ n 0.022 	pc Q 0.089 	' 6 4 0.089 

Ctcc dy ot.ite cv .l ibility of the system 

pI *o2 • p3 0f0.t 20 

2.22 Graph T hoorot ie r"orU1 a 4ppro3ch for the Stoady 

;t, to :v ilubility .:valuation: 

Ile restrict attention to irreducible r rooeso with 

a finite ur'bor of states. or the diocroto case, lot 

T: 0 (" ,^ p... '21) be the row vector of sto°dy state orobabi-
litioo, and lot I, be the (T sr 3) matrix of ore stn. transition 
mrobabiiiti oo { pi, a Fr [Xn0 i Xn-9a i1 ). Thon the oouati ono 
shot+ rmlrin- 

 
to o nto^sly state dlotribution 

Hors oln(^) 'i is the norr:alicinrp oquation 

Tor the continuous e:xoo, lot -m - f r.10 n?...%V ) be the row 

vector of otecdy otato probabilities and lot A bs the irstrin 

of instantancouo tr j nation rates 



d 

citr
[xt a j(X(o) a 

I t'O 

The d otormininr, oquati on s arc 

 

n a 0  (3) 

)' 	s:e~ 1 	 (4) 

'lore (4) is the nor alizint equation. 

The matrices (P-I) and A are not arbitrary, 

but r-ithor nonoeos oortaln propertioo which follow from 

the probability based definition of the olcmonto, The 

pronertioo arc 

(1) The o Ef ci iaponal olcmonto of each are nor r.ee ativo 

(2) The dimponel elements are strictly nenative 
(3) ich row sumo to zero, 

"rom thaoo oroortien and the irroriucibility aorvrnti.on, 
it 'ollovo that the rank of both P-I aril /A will be -9, 
so in c h co the norr al i zin" equation is reau irod to 
oncure un .oucnose ac woll as to force the solution to fulfil 
the roquirotnts of a probability distribution. In unnormaliZed 
ot©..dy state solution means any non zero vector C n (c l ,cp•..c .S ) 
catiofyinj (1) and (3). The unique normalized equation Is 
riven by 

u 

Yi~ a Cil I C1. 	i n 19Gw•.•, 
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uhero CI ire t e olotnents of -ny unnorr-altced solution, 

The rrapho ucod are simply the usuuol transition 
dia vmn of tho PorTov rroeoao, with Pointe renrenentinr 
tho ~t^1 o:1, and arcs tho trc'..rloitiono. 'iho :,4rc 'woi rhta' 	J 
©orrcouond to the pi , or Ai,. The nrocanco or absence of 
loons  I l not matter, evince tho y are not uac in tho 
formula. 

,.r intros to a ouce i fio point I in a directed 
,"-raph G, denoted Ti , to a orannin,*= oub.'raph of : in which 
every nofnt but i hao ex ctly one are cmzn-~tln - from It 
and I hao none. If the ori cntationo of arc i are 1:: norod, :n 
Introo to a point to suet ran ordinary tree in tho uoual 
graph theoretic eeneo. Thus zr irtreo to * oJnt i i juot a 
tree with the ►;Arco all oriented towardo point 1. ?he woi r t 
of an introo, (Ti), to defined to h-o the croquet of the 
waiphto of n11 arcs r.DPc ring- In Ti. 

f.n unnornoi.izod solution to the otoadv otato onus-
tions of finita, irrochuciblo, dircroto or continuous r:- rnmPtor 
Thrtiov proeoco to riven by 

C1 0 7 tieiYj), i a 1,2,... ;,* 

whore the rum .10 the overall introoa to to point I in the 
trinoition diarrtn of the nrocoos, 

it t'+c otato Probabilities obtainer from the 



ro al1i cd rolution the reliability of t"o oyotoa can 
Qaally by coc putod Inion the tr noltion dia;"re io larro 
or conrlicatcd, it io difficult to be cort:aiin that one 
has found 311 of the introca to a point r oroly by looking 
at the dia€raa. One cin , ofcouroo verify a hyo **~cslzod 
solution by oubotitutin In the ®toady at-xto oquationo. 
'iltornativoly, by nro^r rrafn-- the cuitabio -i1•-orithc 11 
the intr000 c,,,n be found ucin -- r• di •i tel cot outer. 

Por a hint-lo unit nodol dioouosod oarlior tho 
roli€ibility ops be ov31u .tod by uoinr' thio rranh t oorctic 
fort u1 a. 

The tranoition di -" n obtairod for tAP oyotct 
in ohown in the Fi'vro 2.PP. IP-o introon for various otatoo 
are ahorn in riruro 2.'2(r)-(f). ^hun wa -ot 

C I t Y.m. i .2;1.2 i 4 Y.2Y.3 .2.0 + p. i .2u.u.21 

a 4Y*2u.2 + 12Y2µ2% 4 4 Y?11 

0 57.6 

C2 c 16 y2,2?. 0 16 Y~ h 

o 19.2 

C3 0 16Yu3X o 48Yu2%2 + 96Y2u2A 

a 416.8 

C 4 = 24Y2tth2 ¢ 24Y3) 	72Y2X3 

m 3.056 

O- 
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FIG.2.22 STATE TRANSITION DIAGRAM. 
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FIG.2.22(a) INTREES TO POINT (I) 
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FIG.2.22(d) INTREES TO POINT (4) 
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FIG.2.22(e) INTREES TO POINT (5) 
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C5 . 0 144 YtjX3 . 48 Yu2h2 48 Y2uh2 

o 13.1324 

C~ 0 24 Yu2A2 • 72 u2h3 * 24 u3h2 

C1 • C 2 • C 4 04 • 05 •. 06 a 154.704 

abyo t ,~ 9 a 57.6--~ 
154.704 

a 0.376 

	

0.925, 	•r3 a 0,219• 	4 0 0.022 

	

-•5 d ©.099. 	°r 6 a 0.089 

i/torrf1y otato aval.labIlity of the oyotaa 	1 ' 24'30 0.820 
T1734 DiiDE1T AVAILABILITY 

✓ 2,t3 iimo d000ndant 3yotom Stato =robability *.:valuation, 
with %poctri recomnoottion 

Tho application of the "'c "1*ov lroc000 in t}}o 
solution of multi-doratcd oyotcn models hao been diceour-vo/i 
bcoauoc_ oY tho todiouo task of uainr tho Laplace tranofor-
nr.tion to find tho 'cnorc1 ti!o dopcndont oolution. rho 
ar►o1 ie•~.tion of the :;poctrnl Theory in solvinr; the stochuctio 
difforonti,l matrix for goneral. time dependent oolutior.hAb- 

overioo1d by ©oot of tho authoro. 

?ho rain oh;` octivo pare to to Introduce the 
conte"tc of the 3pw tr `i. .'hco,--:y to solve a larro `."arl-ovian 
joten, if tho oyotc trLnoi tion rates are Ihow n. The oyotom/ 

I 



trr oition probability Qatrii to dorivod by uoin^ the 
roc aril boory. fart, tho oyoton reliability indiceo 

aro co +puted by u oin r' the Zr ootral ''hoory. Theory- for 
the oolution of largo ayotc, otato probabilition is 
dicoucoot in dotail tiith oxen +lo. The aaoronch in 
c - yti~ o. rill rosults are t pronsod in tomo of the 
oyoto-m parr, aters failure and ropair ratoo ann3 can be 
oacily ov luatod on a digital computor. 

Dofjnitjono 

The foll.owinr dofinitions are uocd throut-hout. 
'ill other funotiono and voriobioo are doscribod an t'^o,y 
aooaar 

to. of oyotom otaton 

ld  

A 	°to ayotct trrnoition r tto tstrir of nxn t 1r ~rtion 
ai9 	'"^u transition rate fret ̂  the i th ctuto to tho 

g t1,o otato 

y 	To oyoton trzanoition orobubility catrizz 
io 
	

The tranoition protabllity iron the I th state 
to the 3 th otato 

To rro loct.ion matrices derived from t to s: 
have the followw- proportico2 

V1C77 j=J i'rojcotion ratrl000 are mutually ort' oronnl 
n 
T t" cS rs comrloto oat of projection motrice© cuma to the 

unit m^itrii 
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t pro ":notion natrix le nn idonrotont matrix 
I 	Identity 't'atri~r 

of 	cf,~'a2.. •.,fc,n got or. valuoo of a matrix 
The cot of 111 po osibl o oys tom operating otato o 

S(i~) 	state of the oyston of time P 
PI(T) 	The prob.sbI1ity of the cystom'o i th otato at 

tines 2: 
rrrb 

Ff') 	Tho syoteri oDoratin, state vector 

tp1(2), (T)... ijn()1 
0 

the condition-1 rrobnbility that the roncrator to 

in the otato j rt ti"Q 7 are riven that otato 
o_ 

vector at t Ewf:c '3 1(t) 

Probability [3(T) = j ®(t)] 

J 

In thin coction, ': nimple derivation of the 

vector eartial differential equation ihich chrraetorizco 

t' o conditionci probability vector for the cyotor o° oratinr* 

state an a function of tlrno to proconted . 

The first order difference equation associated 

with the conditional probability function . is -iven by:  

t 	r+ rrob t (:.t) ey 	:5(!) ea 1 f P( t) 

I 	it 
-robe(1)=I~~(t)J 	(1) 



A-rlyin , the 1y'arkov ;;roperty to equation (1) 

TI ; (`") 	 t? (t)J 	(2) 

i 

:pore ' ' . '' I x (I')J is the probability of transition to 

state 3 in timo interval IT riven that the system of time T 

in instate 1. The assumption that the system has a time-

tomo ;oneou3 transition rate between any two states s e3f' that 
as ! T - 0 : 

a13 IT for I A 
	

(3) 

The transition rate from state I to state 3, ai j, is time 

homoreneoue and non ne'ative. The forward Cha nson-Volmorory 

-oi. rt1al differential equation can be derived from above 

equation (3) and has the following form: 

p i 1[.ii(t)] = al 
 

or the net of n oortial differential equation can be written 

as 

---- LT'(.J 	[t?tjA 
{~ 1' 

(4) 

A denotes the nxn ratrir of transition rates ala . 

In the conditional state vector of the system. 

Pi -,xis « 	c • n'rA : 	&r 

4i n-state sy®teir model in taken to illustrate the 



nro©oduroo of onootral theory for derl.vatio'n of the time 
depGrdont system otato rrohabilitioo. from ery pion (4), 
the aatrin diffcrontjril o untione for the n--otate -•operator 
oyotezr ori be solved if the initial conditiono are 'nown. 
i'he different r000ibie initial conditions aro. 

1.0 	p2(0) cr 0 
	I'n(o) a 0 

0 	F2(0) = 1.0 	r(o) - 0 

,....a..*.......*  ....•... .• r .•....••a  • .. • .. • • • • 

0 	P2(C) 0 	Pn(0) 1.0 

The first iritiel conditions means that at tir-c 

t o O r the oyotoii is in state 1. I~or this ir.i t:1 al condition, 
the colutior of equation (4) iuill rive the stats ,'robabilitio' 
of the oyoton t time T. Similarly, other initial conditions 
can b: uood to c ilcu1z to the system's atato nrobibilitioo at 
tine '2. 

The trrmoit lon probability matrix  
and tr~ncition rate Matrix A can be -represented in the 
opactrul form as follower 

o 
0 0 I IV,1 # 0 2 '2 a •'••• 0 

	 ( (5) 

s fy y 	+ a 2 f ...••• . a'nV,In 

n~ = 'he oirorvnluenof ' 
Vi a 'ho pro iectior n' trio? of A 

/og9gar 
G fl TL LIBRARY U 1tv m' GF ROORKEE 

rl !c ro 
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Therefore -,- ' I I (t) j can be obtained imnly by di fferen-
tiati.np ec:uation (6) with reeteet to 1` ae follows 

 I P (t 	„ 	e 	"1 	ate 2 , ... acne ' * n 	I ) 

~M froz enu-it ion ( 6) "A O N  

r o 

and i~ J .0 

It to therefore eimoly necessary to find the different 
projection matrices correepondtn,' to different ei renvoluoo 
of A for the solution of oyotea state probabilitioo of time 
T. or etich oirenvolue, the rrolection rnatri- r,i cr.1 be 
exprecoed in tyro of its ei en-column vector :md ei~-en row 
vector ao follow®, 

.'be re 
Val is the elpen column vector of 14i 

Vri is the ei -en ro vector of IAI 

T bo different etepe involved in the calculation 
of system state probabilities by the spectral Theory iptroioh 
is outlined below. 

^t e t ; Calculate the off, renvalue of th P transition rate 
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matrix. Tho churcotcrictic oquation of tho transition 
roto matrix A is pivon by: 

oU 0 'fn  

uinoo the dotorminrnt of the tr 9itlon rate matri'z io 
soro, there will be no oonot~nt torr in the chiraoterintica 
oouatton(C.i .). The coofficionto of to C.3. are r.eprecontod by 
C I d Cn-2 etc. 

C.s. Q a(an-I +a n-2 
	a ... ) 	"0 

One of the oigonvaluoo of the C.E. of the tranoition rate 
matrix will aiwoyo be Coro • In to later part of the di ecu o- 
d on it will be neon that the toady otato tranoition 	babi- 
iitioo ero asoociatod with oironvaluo o = 0 

;it+ ? : Calculate the matricee asnoo latod with each o ipon 
value. 

a A«a,~2 

C(c,2) 	A— a21 

r( 	rsA—riI 

Nora I d Identity matrix 

om 	Calculate the oipen-column vector and ois'en row 
water aL3300jated with each matrin L(a2), i~(cr&.... i(cx ) 



i -r r C olumn vector 
	 II i(u9)I ~I 

~a Vc(*I ) 

(- I)D €y
1 ) 

o D1, 1)2,.. D %re tho oo-Srietoro of tho determin :nt 
'(a1) alone; the firot row or V0() In the t rmneion on^ 

the fix' of roti of tho dotorn1nt •'(er 1) . 

!s;i ren—row vector 

vr(ai) 	[!C11)l ,(u-1)3 C2(a2)f.....(-  

where C 1 ,C2,...0 rr: the coractoro of the detoxa►in, nt 
A3one the firot colurn of Vr(rt1 ) to the c 	ncior .a1onn, t':a 
first column of the dotorT, in :nt (. r 1 ). ;Inilarly, tie oiper- 
column vectcre Ve(n2), *.., v(s) 	ei-en-rer vectors 

are c'lculatcd for the matrices S(a2)... ;(an ). 

t(! 4: Calculate Vie prolcotion ratricee '^,i (a,)' 1(a) .... 
'= n(an ) by uoinr oquition(') 

Va (C'.P)V (a~) ty 

4(a1) g V (a1 )V (rr 4 ) r  

rvoI(a,,)I 
Vep("7) 

vc (a i 	EVr j(a 	V .2(a j )... 	V (a9 ) j 

1V1O1(a1)Vr1(c12) ¢ V02(c) vr2(al)+  
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F~°11('V1) 	M12(al) .•.•.. M1n(fY 

	

M21(«1 ) 	M22(61) ..A.•. a2n(cx1 ) 
ifrt 

i • • r • • • • r • • r r s • w • • • • • A • • • • • • • r .. s . • ty 

S4milOrly IT2(a2). " 3( ) .A. "n(c n ) can be calcul ,ted 

from ei. ?en column vectors and ei a-en roe' vectors of 

matrices E(o~2)* (ac(o ). 

te 	►betitute tie values of theProjection Tnatricos 

in equation (6) for the solution  

Lj"(t) j a e 	t!i(al). a 	3~2Co~2)♦.~►. e n g(an) 
T 

Since Ow0ande 1 a1 

c'~► sre - is the trensitlon Tro'-ability matrix at time T 
and i n riven by 

P11 Pty- v13 	••• pin 
V?1 

1 
V21 p23 ... P2n 

~ 
P31 p32 P33 	4.. p3n 

ES 1•1.105 	 • • • • # • • a s  

Lp
n1 n2 n3 nn j 

a 6: Calculate the eystc)*" state nrob .bilitios for any 

riven Initial conditions. Tor eximnle, Consider tlro initial 
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Cor 1ition. 

P1(0) - 9 	. IP2(43 0 0 	...,. 	n(0) a 0 

The erpro:aion for the system state probabilities are 

J:1(T) a s~ 11(a9 ~ 	m11(a2)o 	* m11(u3)o 	... ». 
onT 

.,.  
~z 	 cy P 

	

F2(`) a mm2{a9} ~o- M1 (a2 ° 	.... M12{tin) ' 
r 	 sync 

n t }  

	

m1 (a) « r~In{a~,?o 	+..• m1n(an) c 

For ntoadv otato time deinnIn elution; 

J-) ° 011{a ) 

3( m) a M 15(al) Tan(CO) 0 r In{al ) 

Similarly the otoedy state tine iomair colutiono for any 
other in3tia1 oondttiono c- be oo1culato4 from o: uation( 49) 

=omo oronextiee of the Pro jootion natri000 of oquatior( II) 
are 

1. The rows of the otoadu-otat' t ro jootion mz trix 
T (a = 0) always add to I 

n 
fi m {(f a0) a 1.0 	1 1 1,2,... n 

3=1 	IJ 

2. The rows of the traalont otato projection matrices 
4 0) aiwayo a"c to Coro. 

n 
mIi(n4►0) a 	1 :s x),20 ..a 3 9  
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3. The cum of vro3oct2on mzttricea -i°vor an idonti fy1ng 

matrix 

n r ,~(a) a I 
1 

4. r() )  	~u ) a 0 

5. r(c 3) N3(a) (03) 

In the App3! diz As the proof of the Speotrnl. 

proportioo of the pro joctior: matricee nro out11nod. 

Lot no for o mplo conoidor on (m$n} oyeten with 

r TLrr 11o1 ropair faoll itiao in which ocoh component ho 

the oro constant failure rate . and conotant ro-oair rate u. 

Conoi1orinr(1,,2) eyatom with r d I we obtain a 3 n 3 tr noi-

tion to rnctriz having the form 

-2x Ie t! 
2 --(? + u)  
0 X *M1A 

ouch that in natrin notation 

o p(:) a ft 2( ) 
tit 

¶That,, dot ((c1-►4) 0 ct(a2 a(,5h*2u)+( z2+2Xp 4 2X2)) 

aofo--~r2)to-a3) 



'3 . 

where 

—(3 +2µ)+,rh.4 T 
2 ar 	

2 

	

(3' + 2i)- 1i 	 +.;J 

2 

Let it be given that it per day failure and repair rates 

for such a syet em respectively X a 0.5 and 	I Then 

substituting we Pet 

 

Is-1  1  0 

	

A • 1 1 	-1.5 	1 

	

0 	0.5 	-1 

The ei ;en values of the matrix A are 

or f 00 a2 •-1' c,•-2.5 

Since In matrix notation, the Chapman 1'Olmororov equation 
can be renreeented as 

L5 P() • 2(T) A 
dt 

The matrices ao soo fated with e i ;en values tc ,~ * a 2 ip e. are 

1 	A 	F 1 	1 	01  

. 	I 	-(1.5 +rr ,) 	0.5 	1 	-1.5 	0.5 

0 	1 -(1+a1)J Q 	1 -M1 



Q  1  0 a?  1  o] 

'( r 	)a I 	-O.5 	0.5 , r(a3 )0 1 	1 	0.5 

:.3 no otron column vootor and alran ro~i voetor for tho 
r atri000 T~(a 1 ) o 	'2 end E(a3) OZo 

33. 

VC(a3) a 

C 

a~ 

 

?ho nro jootion matri000 1Cai ) v '?9(a.) rind 'T3 	 are ore {YIwan by 

I  9 4 4.5 
-4.5 0 0.) 	i  

V(f 1 )V(C1 ) 	1 4.51  
9 	 - 

10.51
25 0 

v(a )V ( Cf a) 	1J10.5  0 0-5] 	1 

v (n?)v (u2) 	x'-4.5 0 0.S- 1 10,751 	
0 

 
~.► 	 "' I I 

 

E0.5 0 a, 
9 



p 

ri 
)..: 	-~,5 Q,S 	9 ___________ 

•J 	

- V(3)V(a3) 	5]  o. 	19.75 
-1 	- 9 

7 

34. 

•.i.5 0.51 

2.25 -0.75 

-1.5 0.5J 

From , n. ( 4), tba opoctral roTToscntatian Is therofora 

P TIFO(o)j "9 2T a~ 0Of3T 	t 	is 	j 0'1tn 3 	• L Q 	!-12ta2) 

0.51 o. 25 4 -0.25 	II -1.5 O.5 
ii 1 	9 	0.5 

Ii 
0 0 	0 

ii 
e t 4, -152,25-,75 

2.51 1 0.751 3.75 
U 	1 	0.5 -0.5 0 	0.5J 12 --1.5 0.5 

0
-2.5t 

The ompr000ion for the oyotem otato probabilities are 

P1( v) 0.4 $ 0.333 0"t * 0.266 02.5t 

p2(2) ► 0.4 - 0.4 

4 P2(T) a 0.8 o 0.333 a"t - 0.133 02,5t 

2,4 Canonical ranoforrnation i7othodl a 

If a oyntcri to docoribod by 

Y(t) 	A !(t) , v(0) ° aQ 	 (1) 

vhoro X(t) is an n voctor wb .oh dofinoo tho otato of to 



13S' 

cyotcn -it t2o t nn d ' to an -nnn constant natrisr. The 
colution of th.to voctor 	rix difforor1a1 oquation Dari: 

bo Detained by the follotitnt' , 	nothod . -ifn,' uoo of 

a method oyotc t2c Qopondont availability can oaoily 
be ovaluatca 

Argy otato vector q dofln rd for thio oyoto to 

related to X by 
Y a Py 

whore P a x X n nonoi nCular matrix 

For 3 x 3 constant matrix A: 

"t4 	b 	a 

whore A 	o 

Le h 

whom 

	

XII 	. (X X 1) (k 	X2 ~• - r~ ~ 

and A Qa X2 and h3 oro difforont from oaoh other* a diad-o--

nnlloin tranoformation raatriz P Ott tranoforoa A Into 

a c ir_"onai m tries mot rfrc to ivan by 

	

r 10-h I f 	0 	f  

b 

a 

	

f - df 	S 

°2 	 OX3 

	

h a h 	h 



14y meansof a suitable transformation  

we can tr.meforra eqn. (1) into 

3►t 
..p1 

APy 

If .". has distinct ei' envectorc, then T~` t P c be 
ride ec'v'i to D e diar►(~.1, his ...,hn} and the solution 
In four1 io 

h t 
Fe 1 	0 

A t 
Y(t)• 	e 2 	Y(0) ~. (t)Y(©) 

I . 
1 • 	• 

~♦ 

Sirce refit 	0 
 A t 

r{t}~  a  e t 

S 

I 	 ~r t 
o 

''e obtain 

3(t) m e!Jty(0) 

or. 

'inee y = `~ ~ we obtain 

y(0) - p-1 1).(0) 

Thuo If the solution V(t) of eiri.(1) Is deeirel, It Is 

36• 
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riven by 

v(t) a 4y(t) so I. C(t) i-i  '(U) 
nt -1 = i e 	1 	'(0) 

+r. e(I 	.1 }t -1 Y(0) 	(2)  

In tote case where a involves multiple eiren values 

Ai  of rultirlieity f''i(1. Q 1,2,,..,) n1  m24.,.4!1)  W n) Mxd 

the ei*er4vcctore correerondtni► to hi  are also multiple with 
the corrce'no' d in ; iiiltinlicity 1, then I  ! I beconen the 
Jord :n canonical form, t7hich we shall denote by J. The 

solution :(t) in this ca• o is riven by 

V(t) = P S(t) NO ."0,  "(o) 

eJt : 1 ..(Q)  

! e(1-1, p)t ._lv( ) 	 (3) 

where '>(t) in 'iven by 

0 1  

• 



W 

t~~ere t~ 

+0 	1 t tmi"2 

• . . 

o 0 0 	... t 

o 0 0  ... I 

2.5 	State ^r-anoition '' atrii V- othod i 
rotheru y to find the colution of oan.(9) to to 

proc od ao fo1lo is 	fly analogy with the scalar case 

:(t) 	e2(t), 	-(0) _ 	~a 
Clone colutiort I8 	(t) o e 	,?0, we ueo the Snatrir cztorontia1 

c, 

Vol F7! 

for firdin.m' t!c c,1utlon of o n.(1). The oerico a At convcorrce 

abcolutoly ani uniformly In any finite interval of the tiro 

trio. ►ino 

(o• ) a Wit$ 
'It 

the colution of onn(1l) octtiefyin t the initicl condition  

to pivon by 

(4) 

For t a O o' t reducoc to identity natrir. iherreforep en(4) 
clerrly astiofgeo the inatiol condition„ 
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'o consider once again the transition matrix ~ 

	

C-i 	1 	fl' 

	

I 	.1.5 	1 r 

	

L0 	0.5 	-- i ,,,, 

whose eirren va3.ueo were calcul ated as 

47.1 	0 9 A 2 , -1 	, .• 	= -2.5 

'e no "rowed to obtain the solution by the above two methods • 

e 	Ct?' -cmioal Transformation '.et?~od s 
"' o matrix ? is as given by 

r1-1.5 11 -1541 1 -15.2.5 1 

0.5 -11 0.5 -1411 j 	0.5 -1+ 2.5 	1 r 

1 1I I 1 	I I 1 	' 

0 -i 0 -1+11 1 -142.5 

1 --1.51 'I -.15.1 1 
0 0.5~  1 	0 0.5 0 0.5 

i 
 

0.5 

11  1  0 

0.5 	0.5 

I P1 a 1.875 



.75 
p.mi i ~ ~rirr~'~ .r 'i . 25 E 	1.8715 LO.5 

r0.4 
- 0.666 

.266 

r0.4 0.4 
P" 1 AP -0.666 0 

0.266 -0.4 

	

.75 	•751.  
0  2.5 

	

_0.75 	0.5 

	

0.4 	0.4 
0 	1.353 

	

-0.4 	0.266 

o.4 g 61 -0.5 11 

9.333 1.5 1+ 1  

0.26& Lo 0.5 -9 ©a5 0.5 0.5 

L40. 

0 
0 0 

	

0 	"1 	0 

	

10 	0 	2.5 

 

Q 0  0  0.4 0.4  
~{ tj 	9 -0.5 a 

4 	{) -9.5 0 Q 

	

-' 	0 	_0.6-15 0 4.335 	 2,t ~) 

L 9ti Lo.s 0.5 0.5 ' 0 
0 02.5  .265-0.4  

'o? 	ccs IUUOT c 

it1(0) Q g 	312(,0) a 0 	IK3(0) 0 0 

..2.5t 
 

1(t)1 0.4 Dot 0.333 a 0 0.266 0 
0$ 	-2.5t 

 

(t}  
1°•4  

2 (t 	O.203°t - 0.333  
3 

CE!Tl LIMA Y UNIVEtSITY OF ROO EE 
, .r 	•{ {a p 



~1. 

Ph avaJ2.-ibi11ty Io rlvcfs by 

M 0.8 • 0.335 o"t .- 0.133 0-2.51 

Cato `: : usltion !,natifz 'bbt otl 

0 at may be o rp 4ed co series of matrices ex:d then 
cdded to-other into a c1©cc fora ac follows: 

" n 

I ~F 
ltt,1 It! 

1 0 0 F9 	1 	0~ 	1-9 	1 

0 1 0 	1 -1.5 	9 t a 	1 -1.5 	1 ----- + .. . 

+D '! 0 0.5 -9 	0 0.5 .4j 
2! 

01 

o 10 9 01Q 1 -1.5 	9 t. 

(OOIJ LO 0.5 - U 

2 -2.5 1 

2 —2.5 3.75 —0.5 	+ ... 

L°' 1.25 1.5 
2t2 
2! 

t2 
t -2.5 

2! 

{(~ 	t2 

21 

t2 	t2 
t- 2.5 	• ... 	---- 

2!
. 

 2! 
~2  t2 

1-1.5.3.75 	.. t - 0.5 
2!  2! 

2 	,~ 2 
0.5t o- 1.25---- 4... -t e 9.5 - 	,! . . 

2!  2! 



The solution is 

X(t) 	04t  

For the initi l condition 

	

_ 1, 	2 r 0 ) 	0,  VI( 0 ) 

r1(tn 	
2! 

+ .« 
2! 

Ltr t2  
2! 

Thus availability is given by 

n(t) • ':(t) . 

t2  
2! 

42. 



3.0 	UOi3 

A oothod Is pgooesitcd to ovaluato a moacure 

of roitability of a h erax,chical aystom. The system is 

coded in a opcciol form to reduce the computation time. 

A lereo hierorchice1 eyoten can be handled by decozpooi 

it Into c ,all cubsyoteae, 

The cuccessive dioplaec nt method for finding 

the steady state avcIlability of the cyctor requires leas 

stow and eonnuter time rather than other itstbodo as the 

transition oatrir can easily be decomposed in 1U form. D, rim,, 

the deeirn tha3e0 various par toxo of the system are 

required to be choneed sequentially. To find the steady state 

avail ability for each change in system aratnotcr requires the 

solution of Vic state equations repeatedly t,hich is quite 

time couc n . A grauh t~iooretic approach to presented c hich 

develops the arithmetic aroreooion for syoto*n steady state 

ava9.labi ,ity in terms of cyeto uar otors. Thus avoids the 

repeated Solution of the crate ccquatlon. 

o find the inherent availability three mothods 

are proc ut©d. Yho state transition matrix method pines an 

appro zinate c1utlon. The accuracy of the solution depends 

on the number of terms considered in the caries o r' enoiou of 

o Vii „ o opoctral. decomposition method Civos an accurate value 

of iuhorcmt availability, Put it requires more aaory s-oacee 

43. 



The oinonical transformation method requires simple 

calculation and lass memory requirement than the spectral 

decor position method. This ilso rives the exact value of 

inherent availability. 
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To prove the nropertioa of matrix "1 w  mentionot in the 

precedinp section', let us consider the o m itrix h riven by: 

1. 2...f r 

is the +ei c'or_—veotor belon'in ^ to the of ^onvalue 

n3  (f 	1,2,..,,n) from the rrorerty of eirrilirity of matrieet 

we have: 

11. 

This is rliei that 

1 

whore 

1i 0 0 	..• 0I 
I 

ry 10 0 0 ..• 0 
• 0S•  M r • • • • • I, . • 

® 00 

0 0 0...0M  
0 1 0 ... 	0 

_o 0 0 .•• 	0 

ra 0 o .., 0 l 
I 

0 0 0 ••• 	0 

I
.**•ISSS*SIS.SI 

L0 0 0... 1 

+ • • f f • • ♦ ! f • 4 0•n  

Ff,1  0 0 	• • • 0 1 
0 ap  0 	... 0 

0. w 0 0 	••• 

( 2) 



Thor... from equation (ri..i) 

.P 3 	3 -i 
• f • . • • f R f # • f '• 

ii  
rs J' 

TTr©n £iu ,itton (P-2) 

i n 1. 

t o 0 ..► of 
a° 

 1 —o 0 

'i 0 0 .. • 	©~ t'   i X1 2, l 0 	1 	o ... °1 
• • • . • s ♦ • f w • • • • • • i • • ♦ • • s • ♦ • • • ♦ • 1 

Lo o o oj Lo o o...oJ 
0 0 ..• 01 

+ r~ h 0 0 	. • . 	0 , h" 

I 
I 

L0 0 0 	i#  

"i' 
/ti ~{ 	 , 	

•'' 
	'' 	ry'n 	n 

o a... 	0 

10 	0 	`w 	 1._' #a 	 (A ...  / 

Lo 	a 	o 	c 
© 	0 	0 ... 	o1 

i 0 	1 	0 	0 • .. +~ 1 • '•~ 	'Y! 	Vi 

I

• •.S• ISS•S•• 

E~ 	t 	0 	o f  
r  



M. 

0 0 0 ... 	0 	-.` 

o o...iJ 

ro-n e ,tu tion('-3) there fore 

I~` 1 0 0 ... 01 10 0 0.0. 01 
eF•' 0 0 0 01 ... R 1 r. 	O 1 0 ... O i 	:. 

 • ,..••••S.••.. 

lL° 0 0 0 Loll-,  0 

[......e.e..... 

0 01 

` 

0 0 ... 	6 r0 0 
r," 	~• 	„e 	z' 	0 0 0 ... 	0 IT ~1 * 	. 10 1 0 ... 	01 

tQ 00 L 00 0 

,erefore, t're spectral rerrceer►tatior of the transition rate 

or transition 'robr~,bility matrix is 

tp • ,̂Y , ~r 	+ a `rip t •'• 
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C C fi. T I !113MLI TY : V LU ATI0' . OI A TR  
IS(20),2r(20),I3"(20),Q' (20),1L(20),T(20),I(20) 

!a0r IL(20)  
'::. D 1000,!,P! 

DCII = 
TTh D 1000,1 (I ),I 3(I),IE(I ),IL (I) ) 

1 	C01TINU.:'. 
F 3!41? 2000, (7'(I)sI. 1,?!)  
12413 200o,(Qh{I),I 1,T ) 
Lo 5 K .. 1, "N 
r(F) -0.0 

5 	CCTI1 th I  . 1  
6 	IT( IS(I) 	 , 10, 
10 	IF( ILCI) ) 	

2 '0 
 20,E  30, 20 

20  
GC►TC 6 

30 	J • I I(I1j' 	) 3I0,31 
31 	11(J) 	1(J) 4 ( 11(I) * %C:1(J) f T(I)r1)' QL(I ) 

0 	r(J) * T(I) * '(J) 
IV IA(I) ) 60, CO, 40 

40 
45 	IF( I5(1) )30, 30, 50 
50 	1 = Is(I) 

COTO 45 
60 	IF( J) 70, e0, 70 
70 	I aJ 

COTO 30 
80 	10 90 I . 1, m:T1 

11MC 3000, NP , T(I),i:(I ) 
s0 	ccA ,TI 
1000 Tnf' I OV 1015 ) 
2000 FOf ' : ( F 1O A 5 ) 
3000 F: F:'W2 (I 4, 2P 10.6 ) 

LOP 
!fl) 

So. 
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