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AIS!RLO}_

The high cost and extraordinary demands made of
modern systems have provoked the developnent and {splement~
ation 0f maintenance policies for stochastically failing
‘equipment. The practical need for maintenance policies
has stimilated theorstical interest and in many cases has
led to the development of policies that possess theoretical
novalty and prastical importance. |

The aim of this dessertation is to £ind optimal
maintenance poliocies for equipment subjected to brenkdown
over load and deterioration.

Chapter one desls with Introduction and Review of
Iiterature. |

Chapter two introduces optimal maintenance policy for
equipment subject to breakdown or deterioration, Pinite time
horizon and Infinite tims horizon, both have been agonsidered
and problems are solved,

Chapter thres considers the oase of optimal maintenance
strategies wvhen changes of states are semi-markovian, Only
the catastropie failure of the equipsent is oonnmcied and
the solution of the prodblem is obtained.

In chapter four the maintensnce strafegy for a cumilative
demage model is discuesed, | |
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4, INTRODUCYION AND
REVIEW OF LITERATURE

1.4 IRTRODUCEION

Man has been po#:otnim maintenance operations
since the begining of time, In the past, human activities
were largsly sccomplished thiough the use of an individual's
own skills of physical oapabilitiss, The body's duilt in
prooess 0f self healing and regensration consideradly )
ainindasd any 4ireot maintenanos recuiremsnts, In reocent
times, the development of coxplex systems has tremendcusly
expanied man's gapsbilities but 1t has slso increased the
asintensnos requirements. In 1975, United States electris
utilities spent over £ 3 billion for maintenance, %This
representsd more than 100 percent indrease in five years.
Amost £ 2 billion was for gensrating plant maintensnce, In
sddition to thess direot thWt costs, hidden costs



e
aré generslly incurred when gensrating units are unavailadle,

The trend in the modern %echmology is to intensify
the use of the plant and machinery. Produotion rats have
inoreased and at the same time, dus to extended operation,
the oppertunities for maintenance have been reduced, In
continuous or semiconsinuous industrial prooess or flow=1ine
produgtion the failure of a unit is costly and soms times
dangerous. If soms preventive measures are adopted, the
failure omn be avoided,

The squipment falls either dus to the gontinuous
detsrioration or catastropic failure, In either dase we
have to choose some course of action, Qhut the primary
funotion of maintenance 1s to control the condition of
equipmtnt,. Soms of the problems asztoliated with this include
. determination of '

a) Inspsction frequencies

b) Overheul intervals f.e. part of a preventive
saintenanoe polioy.

6) Whether or not to 4o repalrs i.e. & dDreskiown
maintenance polioy or not.

a) nnplnniunt rules for gomponenis.

@) Replscement rules for ‘oapital equipment.
£) Maintenance orew sises,
g) Spares provisioning rules,

Problems within these areas can Do classed as being
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dederministic or prodabilistic.

Deterministic problems are those in which the
timing and the out-gome of the maintenanee action are
assumped t0 be known with oertainty. Jor example, we may
have equipment which is not subjest to fallure dus whose
operating eost inoreases with use, To reduce this operating
008t a replansnent oan b perforasd, Ses Pig.t.

Probabilistic probless are thoss where the timing
and outooms of the maintenance action depend on chanoe, In
the simplest situation the eguipment may be described as
being Good or Failed, The prodadbility lew descridbing changes
fron Good to Pafled may be descrided by the dlstridution of
time Detwsen oonbhtaon of the maintenancs aotion and failure,
mummzou of maintenance deoisions involves a prodlem of
decision under one mein source of unosrtainty namely : it is
impossible to prediot with certainty when a failure will
oocur or more gentrally when the transition from ons state
of the equipmsnt to another will occur, A further source
of unoertainty is that it may dbe impossidle to determine
the state of the equipment, either Good, Failed or some
- where between, unless a definite maintenance aotion is taken,
such as inspection,

The first step for shoosing the maintenance aotion,
is to detarmine the odjeotive of the study, Onos the objective
is determined, whether as maximise profit per unit time,
aininize total maintenance cost, minimise downtime per unit
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time, eto., an svaluative mathematisal model can be
constructed which egadles amanagement to deteraine the best
way t0 opsrate the system to achieve the required objective
Pig. 2 Lllustrates the typs of approach taken tm.-ough using
a mathematioal model to deternine the optimal frequendy of
‘overhanling a piecs of plant by dalancing the input (maine
tenanocs 0ost) of the maintenancs polioy against its output
(reduotion in downtime),

1,2  IEYIEV OF LITERATURE

A commonly casidered peplacement polioy is the
policy based on age (age replscement), Suech a policy is
in force if a unit is always replaced at the time of fatllure
or T hours offer its installation, whichever ocours firets
T 48 a constant unless otherwise specified, If T is s
random variable, we have the raniom ege replacsement polioy,
Campbell discussed the prodvliem of group replacement to
decide whether street lamps should be replaced regularly
or as they falled.Under this policy the unit is replaced at
time X* (K@ 1, 2,00.s), and at fallure, Clearly the cost
per lamp of replacing all lamps nt onos ig less than the
cost of xeplasing each laap as if falls. The cost of the
additionsl lamps required for preventive maintenance mast
be Balanoed sgainst the cost of the sdditional fatlures that
ocour if replacement is poltpomd;



The nusber of the situations in which either of the
abeve policies ean be applisd are limited since both suffer
serious drawdbacks. The sge~replacement policy cannot take
advantage of periols when replssement is particularly cheap,
and 1t is aifficult to schedule ssveral replacemsnts at the
sane time, Aftsr an in service failure, the blook- replace
ement poliey may result in the replscement of a nearly new
component. 20 Over-coms this last drawback, Crvokes @
introducved policy whioh, if replacement opportunity was
imainent, meant that a component failing in services was not
replaced and the systen remained 1dle, The effect of the
policy is to reduce the number of replacemsnts, at the expense
of 14le time. Woolman'® oonsidered a method by ¥hich the
~above drswback oan be avoided, In faot the policy that was
developsd inoluds the age and dlook replacement poliocics as
special cases. 7The improvement is brought adout by the
eimple expedient of replecing & component after a failure,
but not always replacing it when a replacemsnt oppoxrtunity
ogours, Such poliecies, where replesement is not obligatory
at every opportunity, are ealled optional ponoin.

Bartholomsw® developed & Wo-stsge replacement
stravegies model. In this poliocy, the fallures in one group
are replaced by new itens and those in the other group are
replaced by 1%ms already operating in the first group, But
this two stage replacemsnt strategy is of limited givantage.
A generalised theory of malti-stage replacement strategies
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is disoussed by Nalk and 1!11:12 « They showed 1t to0 Ve &

moXre eoonomical in neny preotioal ocases and with the aid of
this policy, 1% is possidle to arrive at the optimum numder

of atign.‘

 snompson'* deweloped the motsl for the gradual
dsterioration of a system of madiines with age, which can
bs partly offset via pnwntm nafintenance, He considered
the salvege value of the machine at the time ¢t S5({t) satief-
ying the differential sguation

a8(s)/a¢ = «a($) « £{t)ult)

where 4(t) 1is ths obsolesoence function {in doua:a)
subatracted from 5 at time ¢,
£(¢) is Mainbtenance effectivensss funotion (in dollars)
at the time t added to S per doller apent on mainten=
anoe, |
u(t) 1s the maintenance funotion (in dollars) satise
fying the constraint © € u(t) <u

The performanse index was to optinmise the discounted
profit during the 1life of the machine plus the discounted
salvage valus at time T, vhere I is the sale date of the
machine,

This model has two Arawdacks 4
1) The simple linesar equation of the model may not
oconpletely represent the obssrved soonomic behaviour,
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(2) Extension of Thomson's model for a single machine to a
system 0f machinss involve the assumption that all machines
are brought at the gane time, If they are drought st dirf-
erent timss, the above cmﬂon may be written for neparate
nachines to determine individual preventive matntenance
policies. Otherwise a policy of the forn u(t) = 1, for
all machines give rise to the prodlem of maintsnance alloe
cation. Avoiding the sbove drewbmoks, Sarma and Alen’
arplied the optimal control theory to consider tho effeot
of deterioration and intermittent breaidovns on the mainte-
nance poliocies, But the matntonance strategy shown by Sarma
and Alan, is not also precticable. According Yo them, the
maintenance should be contimious over some yeriod, end
aftervords there should be no maintenance action,

A replacement problem for a cumilative damsge model

9 deals with
the maintenance policies when detsrioration can e observed
by iuspeciions. He devsloped a markovian model in \?htch the
holding timee in various atates are oxpomntialm distriduted.
Several papers degl with models where deterioration ¢an be

was Giscussed by Toshio Nekagawa'®. Henon Luss

observed. However most of them conoentrate on replacement
policies that assuzs that the systom state ie slways known,
Kso'' studied optimal replacement rules when changes of state
are semi-markovian. To consider all the possible maintenance
actions {.0, overhaul, repair, replace, no action for a
model is a must now-a-das, |
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2, OPTIMAL OVERHAUL/ HEPAIR/
REFPLACE MAINTENANCE

POLIOY JOR B QUIPMENT,

An attempt has desn nade to deteraine a decision
rule be taken to minimise the total ¢ost of maintenance
‘and lost produotion over Finite tims and Infinite tine
horison, |

2,1 INTRODUCTION

An overhaul is a zﬁtmntiw maintenance astion
which 18 taken before an squipmens has réached a defined
failed state, while & repair is mads after the failed state
bas oscurred. It should be noted that the falled state does
noS neoessarily mean that equipment has 'bdroken down' in
the usual sense that it oeases completsly to function but
1% may be in a falled stats Decsuse itens, say, are being
produced cutside specifis tolerance limits, Overhanl amd



Repair bdoth improve the oondition of the equipment dut
there is a gradual deterioration over time and then replace~

ment of the complets squipment 48 uade, Fig, 3 Lfllustrates
the usual consequences of overhauls and repairs, Jardine'°
discussed such maintenance polioies without the discount
factor., Optimum policy depends on the disconnt rate, In
determining the optimum opsrating policy for an operational
.nylhn. 1t i3 often desiradble to discount rewards received
in the future, Unfortunately the magnitude of this discoun~
UM i umially not known preciously, and the question arises;
How is the optimum policy affectsd by variations in discount
rate?. The optimum policy and its variations with disovunt
rate will depend, of conrhe. on the nathenmatical model used
to descride the systen

2.2 MOEL I - EQIPMENT SUBJECT TO BREAKDOWN s PIS-
COUMTED COST WITH FINITE TIME HORIZON,

2.2, Assusptions

1+ Overhaul or repair action does not return squipment
t0 as new condition,

2. 7The &ecisions can only dbe made at discrete points in
tine,

2¢2o2 0 O ' P

. X in the state of the equipment (Good or Failed) at
the start of the period,
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at the !mf-‘
J 48 the state of the equipmsent (Good or Failed) of

s period.
‘s 48 the aotion which is taken at the start of a

“period ( in this case owvsrhaul, repair or replece).

p™J is the probability that the equipment will go
from state I t0 J in on® period if sotion’s is taken.
c*IJ is the cost per period of going from stats I ¢o
state J if sotion'a is taken. In this case this will
b the ocost of overhaul Oo;. repair Cp, or replacemsnt
CRe and a cost Cj, associated with lost produotion if
equipment fails during the period,

X is the numder of possible atates,

¢ is the discount factor.

fn(X) is the minimal expeoted total discounted cost,
with n periods %o go and starting in stats 1.

The objective is to determine a combined overhaul/
repair/replace policy to0 minimize the totul present
value cost associated with thess sctions, and any
consequential production losses, over the next n
périods of time,

The cost of the first deolsion, at the start of the

n'h period is C8IJ 4f sotion's is taken and we result in
state J, But we would only resmult in the state J with
probability p2IJ. There sre s mumber of results that could

ocour if agotion a is taken, therefore the expscted cos¢
regulting from action’a’is
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|
r o*™y p™
J=1

where N 4s the munber of possible states at the end of »a
period,

At the end of period we are in stats J, with (n~1)
periods %o operate, 7Ths minimal total expected diseount
| cost over this remaining tize is f _, (7)., Again, the equip=
ment 13 drought in stats J with probability p*IJ and therefore
expectsd dlsoounted cost is '

N
Jut

Thus, starting in state i. witk n periods to go,
taking action a and resulting in stats J, the expected total
discount cost over n periods is, '

Expoctsd cost of £irst deoision + Expscted pressnt valus cost

N N |
- %I p*1y o f P Lhat (D) (2.1)

Sines, we wish to ainimige the oxpected toﬁl pressnt
valus eost, we wish to take the best sction’a’when in state I
with n perioQs %0 go. 7The best sotion is that one which
aininises equation (2,1). The resulting sinimal total expscted
present value cost £,(I) and best action's’ can be obtained
from the following recurrenee relation
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) = min | £ ot oz st £a13) | 02 9

(2.2)

Equation (2.2) can be solved recursively with the atarting
condition £,(1) = 0, then

N
2,(1) = nin lan ¢*13 't ] | (2.3)

242,3 Humericel Exasple

Iet a pisce of squipment whose performance at any
tine can bs characterised dy only two states, 1.0,
K. = Good (@) or Failed (F), There are three pomsidle
actions which oan be taken, i.e., a » overhaul (o), repair (r),
replace (R). If the equipment is in condition O, 1t can
 #ither be overhanled or replaced. If the equipment is in
condition ¥, then it can either bde repaired or replaced. See
Tige 4. %The appropriats transition probabilities and the
cost per period are given in the table 2.1. VWe want to
determine the optimal maintsnance polioy such that the
expected total present value cost over four future periods
of time is minimized, Assums the discount factor of 0.8,
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Bquation (2.3) 1s

X L &
£,(1) = mn | 0% 2% |
a J=i

vhen I = G, with one period to go, thers are two possidble
maintanance actions 1

" '0 0

Jﬁ‘l Chz P OJ Overhaul

f1(9) w min N R
Jﬁ*l- ﬂneavea Replace

conniderzzag" the decimion to overhesul, then 3
N

H

J=l
consfdering the deoision to replace, then 3

0y %3 = 450

. §
t s pRas = 550
LA oJ P o 5
450
e f1(0') = @min - ‘50
: 550

and 80 the best desision for minimizing tota)l expected
present value sost is to overhanl,
When I = F, with ome period % go



£,(1) = min

-1- 5

)
£ Fy; o repaiy
b Y |
| R _
Jui
|
500
= min = 500, »epailr
550

With two periods of time to go, equation (2.2) becomes 3
t(I)v:un{ g c® . p* *ég y“,t(.r)l

2% O Jwt X3 H Jal I
when I « G, with two periods to go

0°50%°00 * Cord’op * 0 gafs (0 sap’gyty (1)

Faotoe * Foptar + 0P g0f (0) sap ety (°)
- 820 Gverhanl
« min - |
952

when X =}, wis.th two periods to go

876 Repalx
982

£,(F) = min

!gbic 2.2 is ¥ oconstructed for wvalues of n upto 4.
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It is found that even if we change the discount
faotor from 1 to .1, the sams optimal deoisions as obtained
above, should be taken, |

2.3 MOIBL 1I -  EQUIPMENT SUBJECT TO BREAK DOWN 3
DISCOPNIRD COST WITH INFINITE TIME
HORIZON,

2¢3.1 Assumptions - As in the esction 2.2.1
24342 0 of Problem

1. 7The parameters I, J, a, _Pam- ¢ GQIJ, B and g are as
detined in section 2,2.2,

2. g 18 the long run eversge maintenance cost.

%« V(I) 1s the cost whioh depends on the state of the
squipasnt at the start of the oporation.

4. ¥e wish to determimy the optimal maintenanse policy over
& long period of time, Se our objective is t0 ainimige
expsoted total discounted cost per unit time. .

£n(I), the minimal Sotel expmoted Aiscounted cost
over the n psriods of tics then, a8 n < =

2,(1) = ng + V(1)

$.0. £,(I) 18 composed of two parts - a steady state
part ng and a transient part V(I) which depends upon the
starting statse.
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- Therefore for sufficiently large n,
(1) = { Ot B ¢ ek Bt (D |
- n b A . + 0 P
fa s [JI=t 1P Jei u‘nﬂ

‘ Fron s qn, (202)
e« ng + ¥(I)

Now, fp.1(J) = (n=1)g + V(J) and therefore

R N

: (3)
+ a0 P VJ}
Jut 13
$.00 g{n +a = an ) + V(1)

R ' |
* ‘:n { E 0‘ 13 P‘u ”J-‘ p I\T V(J) J (20")

Jut
N . ;
Since I Pyy *
. et - W

Expression (2.4) is s system of N equations in Ne! unknowns.

2.%,3 SOLUTION TECHNIQUE

The solution of (2.4) oan be obtained dy uzus m
algorithm developed by Howard!, According to this algorithn

1) Choose some arbitrary polioy

11) If there are N possible states, let V(N) = 0
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111) Solve the X eguations of sxpression (2.4) to give
the average long-term gain g and the relative values
V(I) of various starting states.

iv) Yor each condition, I, and using V(I) values odtained
in step (111), £ind the alternative, a, whioh mininises

l'c‘ LI g & . V() | | (2.5)

v) Using the polioy obvtained in step (iv) repsat the
step (441) until the cpm polioy is determined,
This Ls specified when g is minimired and will de
the sase when the policies on w0 successive iterations
are tdentical. |

2.9.% Bxemple

Consider the same rumerical example given in the
article 2.2.3.

Using Howard's Algorithm,

1) Let us choose the following polioy.
I¢ the equipment is in state O ﬁt the start of the
perfod, then rxeplase. |
If the equipmens is in state P at the start of period,
then replace. '

41) There are o possible conditions © and ¥, so let
V(, ) = 0,
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111) For n = 1, expression (2.4) becomes
g( 1 + 0,8 = 0,8) + ¥(@) = 550 + 0,8 x 0.95 x V(G)
+ 0.8 x 0,05 v(¥)

€( 1 + 0.8 = 0.8) + V(F) = 550 + 0.8 x 0.95 V(3)
+ 0.8 x 0.05 V(¥)

which gives B V(G) = 0, g = 550

iv) Toyr each condition find the bast alternative using
equation (2.5)

If equipment is in oondition 0, (2.5) becomes 1

450 0.8 (0.?5 x0 0.&5 x 0 )
min
550 « 0.8 (0.93:64'0;05::0)

-—Overhaunl |
= min
- 550

If in condition ¥, (2.5) becomss

500 + 0.8 ( 0.6 X0 + 0u4 X 0 )
ain v
550 « 0.8 ( 0.9% x 0+ 0,05 x o)

- min | 500‘ - Repaliy
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Therefore, at the eni of first iteration the new

policy i 3
If in condition G at start of period then overhaunl.
If in condition ¥ at start of period then repair.

v) Using sbove policy solve sxpression (2.4) using
vr) =0

€(2 + 0.8 «1,6) + V(3) = 450 + 0.8 x 0,75 v(0)
+ 0.8 x 0.05 V(F)

.‘2 ¢ 0.8 ”‘i‘) * V(?) w 500 « 0.8 x 0.6 7(0)
+ 0.8 x 0.4 V(F)
which gives V(G) = » 56,8 and g = 427.26

vi) Yor esch condition find best ul'bumtinb using
the values of v{(G) and g obtained in previous :mp.
ard using (2.5).
If in condition G, (2.5) becomes

450 + 0.8 (0.75(~56.8) + 0.25 x 0) |
550 + 0.8 (0.95(~56.8) + 0,05 x 0)

415,9 |~ Overhaul
$06.9

If in eondition P, (2,5) tecomes
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500 ¢ 0,8(0,6(=56.,8) » 0,2% x 0)
550 + 0.8(0.95(=56.8)+ 0,05 x 0)

- ain 472.,8 }<repailr
506.9

Thersfore, at the end of second uouuoa the new

poliey is s
If in condition G at start of period then overhaul

If in condition ¥ at start of period then repair.

Thus the optimal deoisions have been \dourmimd
sinos the same policy has besn obtained on two
successive iterstions,

The resulting average cost per pariod is 427.28, In
the adove problem, by changing the walues of discount factor,
 we get the same poliay.

2.4 MIEL Y11 - EQUIPMENT SUBJECT T0 DETERXCRATION &
FINITE TDME HORIZON

2+4.1  Assumptions

1. The deterioration of the equipment oan be inspected
and measured, |

2+ The state transition prodabilities can be obtained
from the failure Aata and opersting experiense.

5. Ses the assumptions in 2,2.1
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2.

Se

4.

Se

2%

Formilation of Problen

I=0, 1, 2, ++.N vepresents the state of the
squipment at the atart of period, Stats " O

means the equipment is in good stats " X" denotes
the failed states, |

J is the state of teh equipment at the end of period.
Jm0y Yoaeeeeesle

The parameters s, p"ry, O%p7 as defined in mection
2.2.2

25(X) is the minimal expected total cost with n
periods ¢0 go and starting in stats X,

The objsotive is to determing a combined overhaul/
repair/ replace policy to minimise the total cost
associated with these aotions over the next n periods
of time, | |

As before diseuseed in the Model, the yecurrence
relation can be written am

!(1); nin go‘ »"* *’gp‘ur (J)}@}i.
B s |dm0 I yug 1T -

2.4.3  Bumerical Example

18t a piece of equipment whose performance at any

tims ean be characterized by 4 states i.0. X =0, 1, 2, 3,
" 0" means the equipment is in good state, " 3" means 1% is
in failed state. ! and 2 denotes the deterioration states.



L

The sppropriate transition probabilities are given in
Tadls 2.3, 7The cost per period is given in Table 2.4.

- The optinal decisions odbtained are as shown in Tadble 2.9
for the walues of n apto 3.

Tavle 2.3 | /

| Condition . Condition at the end of period .
at start | Decision 0 1 2 %
of period T '

| | * -
o Overbaul @ 0.70 0.8 0.1 0.05
| Replaoce 0.95 0,03 0.02 0.0%
) K Overhanls | 0.65 0.2 0.1 0.05

b _ _ - -~

Replace 0.95 0.03  0.02 0.01

2  Overbaul | 0.60 0.25 0.1 0.05
Replacs | 0.95 0,03  0.02 0,01

3 _ |Rephatr | 0.65 0.2 0.1 0.05
R.pllﬂl 0,95 0,03 0.02 0.01
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2.5 JMOEL IV = BQUIPMEW? SUBJECT 70 DEYERIORATION 3
IAPINITE TIME HORIZON

¥With the sssumptions made in the model 3, and
following the formalation procedurs given in the model mo0.2,
we get the squation

£+ V(D) = min { PRI Y o |
" . b O 0l Jul 17

Jui
The prodblem given in the seotion 2.4.3 is solved by the
Howard's Algorithnm outlined in the model no. 11,
The fnitial policy chosen was -

1. 1If equipment in state O at start of period then overhaul
2« If in state 1 at start of pericd then overhaul, |

3. If in state 2 at start of period then repléce.

4o 12 in state 3 at start of period then veplace,.

The same poliocy has deen obtained on two succeszive
f1terations showing theae to De the optimal decisions,

The resulting average cost per period is 386,95,



3. OPTIMAL MATRIENANCE
STRATEQIES WHEN CHANCGES
OF STATE ARE SMK -
MARKOVIAN

The naintenanes stratsgies for the oguipment subject
to eatastropio faflure has bheen discussed. Ve oonsider a seni-
Markovina model in which the holding times in the various
~ states a9 assussd cmomnuauy distributed, %he optimization
criterion is the expectod average cost per unit tine.

3.1 IFTRODUCTION

In the past decalde a subatantisl body of literature
on the maintsnance of stochastically failing systom has been
developed, There exisis a $pevific class of probieus et
are generslly be xeferred to as Markovien Replocsment models,
Under the Markovian formulation, the deterxioration process of
a System a8 indiocated by the ohange of underlying states, is
represented by the transision probability natrix of a Markove
chain,
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In using a Markov chain to model a multistate
deterioration process, we assume that the performance of
the system 4068 not age 1.6, the prodadility of making e
transition t0 a less desirable state does not inorease in
timg., Howevar, the aging phenomenon is observed in practics.
One way to overcome this diffioculty is through the use of
sepi-markoy prooess. Semimarkovian process can be applied to '
model systems that exihibit two ﬂu’fnmn? types of degrafation.
(1) Orstual deterioration (2) oatastropic failure. This
¢lass of problm; has been discuesed by Barlow and oncchma.
_m Kao'l. Kao took into consideration only replacemsnt
policy for gradually dcteriorating unit,

Fe2 DISCRETE~TIME 58MI-MARKOV PROCESS

© The Markov model has the property that a traneitlon
is made at every time 1nntant. Thexre sxist a c.nt:d olass
of processes vhexe the time betvesn transitions may be
ssveral of the unit-time intervals, and where this transition
time can depsnd on the transition that is made, This process
retains enough of the Markovian properties to deserve :1the
name of a '' Semi-Markov'' process. The stay in any state is
desoribed by an . iteger valued random variable that depends
on the state preseatly occupied and on the state to which
the next transition will bde made. This process forms a
oconvenient formulation for physical systeme,
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~ 3,2.1  Holding times gnd Walting times

Yhenever a process snters a stata i, Lt detexrmines
the next state ) to which 1t will wove eccording to state
i's transition probabilities Diqs Dins eeesy Pgye However,
after § has been selected but before making this transition
from stats 1 to state j, the process * holda'' for a tims "r“
in state i,

Thus, holding timee Tyj are positive, intager -
valued raniom variables, each governed by a probability
mass funetion hy4(.) called the holding time mase function
for a tvansition from s8tate i to state j, Thus,

4 {'113 = m} L h&é(ﬂ)g ne 1{. 25 evsaa
1= 1' 2. aveey N
J = 1. 2’ susey N'

we assumo that the mesn Tig of all noiding time distridutions
are finite and that all holding times are at least one time
unit in length

hyy (0) = 0

we shall find it useful to develop additional notation for
the holding time behavicur, We use < h'“(.) for tho
cumlative probability distribution of Ti;!'

n .
¢ hyy(n) = ‘:;o his(m) =P %’EJ < n} .

and > hu(.) for the complementry cumilative piobabllity
distribution of Ty
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> hyy(n) = T hig(m) = 1« <hig(n)
menel

-P %T’.") n}

Suppose that now the procesc snters stats i and
choomes a successor state J, but we as observers 4o mnot
know the succsscor chogsn., Ths prodbadility mass function
assign to the Ty spent in i, we shall then call wy(.)e

N
U;(m) -‘.):;, Piy hij(m) - P S(’T’. - .}

That is, the probadbility that the syetem will spend -
| time units in state & Af we 40 not know its mxcenaui state
18 the prodability that 4%t will spend m time units in state 4§
12 its successor state j 1 multiplied by the probability
1ts successor state is j and sumued ovey all possible successor
stotes.ve call T, the walting tixe in atate &, and wy(.)
te walting tise prodadbility masc function, The msan waliting
tine Ty 48 related to the mean holding tine Ty ¥

. {
T " aE1 P13 'T'la
3.2,2 8 (] - Co

whcn the aysten is holding in state i, an occupancy
cost of Af{ units is {ncurred per unit time. In partioular,
Ag may de considered as the maintenanae cost per unit time
of a new system and A, the cost of system faflure,



3.2.3 fLoptRates

Tet r“ denote the expeoted cost per occupanoy of
state 1 vhile decision s is in force. This is related ¢o
the fixed cost, variable cost, and sean waiting tims ae

r,* = 7ixed eost ¢ Variable cost x Mean waiting time.

The cost rate q,* is defined as the expectsd cost per unit
tims in atats 1 while decision a is being exscuted and oan
be found from |

r 3
o = —i-

—

'Tt

B3 IEVEIOFMENT OF MODEL

1. Ist the performance of the equipment is characterised
by a finite nuwbder of states G and F. State O means
the equipment is in Good stats and F means the equipment |
is in falled state,

2. The change of stats s assuned to Zollow a diserets
tine seni-sarkov prooess.

} B Pon!:bh meintenance action a is overhaul or Replace or
Repair,

4 p‘;, denotes the probability of transition fyom 1B state
t Jb atate, when aotion a i taken,

L =0, Je=0,72

5. 1at Tyge & integer random variable de the holding time
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10,

in the state i before making tranaition to stats 3.

The corresponding holding time mass funetion 18 hy(.).
Y4 donotes e mean walting time in state 1.

When the maintenancs action is chosen as the replacemsnt,
we replace the systsw with a fixed cost of R, units,

This fixed cost of n‘ may be the purchans cost of the

new squipment mimis the salvage value of the old
equipment. Similarly let O, units and '1 units represent
the fixed cost for overhaul and repalr respectively,

Let a variable cost D, units per unit time 1s nesdsd for
each maintenanoe sction, This verisble cost D, may
consist of the cost of lost production,

Yor our model, r,® the expeoted cost per oocupancy of
stats 4§ is,

rg ® 0y * Dy -‘yg '!or overhaul
Z =By ¢ D, 7 Yor seplace
¥ =By + Dy 5y Yor repair

It is assumped that the maintenance ia the form of
overhasul or yepair does not return equipment to the
as new-ptats,

The objective is to minimise fb! sxpected average
maintenance cost per unit time,

i ¢ 4 Y, 48 the cost which depends on the stats of the

squipment at the start of operation, g As the average



maintenance 0oat per unit tine, the relative vale thion
for the .bpio degined provess can be written (see Howard |

pp 869)
, ‘ X ‘
o ) . (3
Vv = or v I Py Yy (3.4)
To £ind the optimal maintenance strategy we use the following
solution tschnique, |

3.4  SOLUTION SECH

Suppose, we uss an arbitrary stationsry polioy and
£ind the gain and relative values of this polioy by lolﬂ.ng
squation (3.1) |

| |

Y *8 T -r*-taxpi:a ’ 1 =0,»

¥With the relative value of state N, equal to sero,

Ve then solve squation (3.1) for g.

s n
i S P v] L1a0, ¥
8’:—-—-—- Aore— - ]
:f‘. —.T*‘ "1 13’ | § ’
or in terms of the cost rate P
B" q.'b—}-a | 1: Pea Vy=V (3.2)
i e MY 8 |

The hearistic development of the policy iteration procedure
then follows, If the result for the right hand side of



equation (3.2) is lover than the one for our arbitrary
~ policy, we would have some tentative indication that the

aslternative " o ' 4n state 4 would leal to lower maintenance
cost for the prooess than does the .alhmnw.n used in state
4 under the erbitrary policy. Solve squation 3.1 for new
poliey unﬂ repeat the entire process, We continus to do this
until the test quantity indicates that there is no reason to
change the deoision in any state,

The iteration oycle appesrs &n Yig. 5. The upper
box, policy evaluation, finds the average value of maintenance
oost and relative values for a particular policy. ZThe lower
box, policy improvement, finis a new poliocy that is improvenent
over the original polioy by using the values of the original
policy, Then this new polioy is evaluated, and so on.



POLICY BVALUATION

Yor the present poliocy solve

¥
" ‘g 'Ti - q"‘\‘x ¢ :E‘ P“V, jim ‘.2,00,"

vith ¥y = O, for the value of g, and the
relative values Vys Voo oneyVyyg

POLICY IMPROVEMENY

Tor each state { f£ind the alternative a that
nininizes |
a 9 A . §
r ® q . » owewew | LD 8 Y, ~ Y,

using the relative nlu‘:u \"1 of the pﬁﬂm

‘polioy. Make this dhi'ndtiﬂ the new deoision

~ n'state {. Repeat for ‘sl states to £ind the
‘new poliey L

Pig.5 - The Iteration Cyole.
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Consider a equipment whose performance at any tine
oan be characterised by only two states, either Good (G)
“or Yailed (P). Let the holding time distributions in each
state are exponentially distributed as followe ~

hyg(m) = /5 ke m=1, 2, .
hgp(s) = 1/6 o™V ety 2, .
ho(m) = t4e™Vé  aan, 2,
hppm) = /3 ™3 ne1, 2, .

o Tap "9 Tgp =6 Tpg"h Tgp =3

The other data required is as chown in tadle 3,1
| and 3.2 '

Table 5,1  (HYPOTHETIOAL DATA)

r—_—-——m——w—-—-——-—
Iten State -

‘ G '7 ¥
Fixed Replacement Cost ' 5 : 6
Tixed Maintenance Cost
(Overhaul or Repair) - | 2 3
Variable maintenance Cost D, 2 5
Mean time f0r Replacexent 1 3




Table 3.2

state utomttvo[ Transition Mean l;:plaud Expectsd
Probability| walting|ocoupancy cost rate
tioe cost '
s . )
Pro pn A 3 "'L. q"a
Overhaul 0.8 0.2 52 12,4 2,38
Replace [t O L T T
Repair - 10.85 0,45 3.85 22.25 5.8
Replace |1 O L s |2 7

EVALUATION 3

Iat us choose the initial poltcy as -
If in state G, thon replace
If in state 7, then replace.

Yor this policy, we write

_R R R
%WteTg = %o Vgt Pgp e Yy
R R R
Tt 8Ty ™ x}; apmvgwy”.v’,
'!MMV,-O.
R '0*‘ - ?QYG

53-21476




Solving, we get g= 7, Y3 0

Thus, the average cost per unit time under the
polioy [ replace, xeplace | is 7, and the relative oost of
starting in state Qood rather than in state Failed is 0.

First policy Improvemsnt k-

Present policy [ xeplace, replace |
Evaluation s g =7, V=0, Vy =0

Btate Alternative Test Quantity
1 & [ % ., S TPy 4%V, =V ]
. 'l | ‘h.l - [ P I T
% Overhanl 2,38 ~
Replace 7
Replace 7

Next policy is | Overhaul, Repair |
with T, = 0, the policy evaluation equantions are

Vg +5:28 =124 + 0.8 7,

3.85 g = 22,25 » 0,85 V,

Solving, g = 2,89, Vo = = 13,14, Vp =0



Second Policy Improvemant g

Stats Altornative Test Quantity

o Overhaul - 2,885 ~—
Replace 7

4 Repatir 2.82 «—
Replase ' 327

«*« Next policy &s [ Overhanl, Repatr |

Since the same policy has been odtained on hio
‘successive iterations, the optimal policy is | Overhaul,
Repair ] 1.e. vhen the equipnent is in Good state,
maintenance action is of overhauling, and for the
squipsent in Failed state, zépatr it.

The expected average cost of maintenance per
unit time = 2,89,
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4. MAIMENANCE STRATEGY FOR
A CUMULATIVE DAMAGE MODEL

| In this chapter systems vhich fail dus %o degradation
caused by the cumlative damage are considered, The optimal
replacemsnt iml of damage whioh minimises the total
expocted cost per unit time for an infinite time span is
obtained. |

4.1 INTRODUCTION

During the powor shortage oripis in the capital three
months a0, the name of the Badarpur Pover Gensrating station
wvas in light. There were three generating units, one failed
4in Ootober 1976, but it wes not comnissioned for necessary
repair aoctions, The result was that the wo xemm'na mu
wers overstreseed to‘ meet the demand and the whole plant was

out of aotion in the month of Mareh, It i8 of great importance



t0 aveid fallure of the item when its failure during
operation is costly and dangerous. It is wise to have
~ soms preventive maintenance polioy.

| 205810 HAKAGAVA'® has considered a replacemsnt
prodblem for the car tyres, We extend his theorems to our
model .

4.2 FORMULATION OF PR X

Let,there ere three equipments in parallel which
share the equal load suppose by chance one of tha oquipments
hes failed. We acsume thet Ne remsining two squipments meet
with the demand at the cost of it's overloading. As the
-aquipnent is subject to Over-atresges, there is a continuous
detorioration of the squipment,

Assumptions

1) The total smount of damage suffered for the eguipment
18 known at any time.
11) The equipaent can fail only when the totsl amount of
Ganzge excesds a prespecified fallure level K.

We are using the level of damage as a replasemsnt
indicator because we know the total amount of damage at any
time, Ve make g replacement of the m- when the total amount
of dsmage exceeds a level K, ( 0gK &K o That is, we
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investigate the total amount of damage to the eqpipmnnfﬂwmn
after each blow., If the damage exceeds K, and is less’k,
we exchange the equipment before it has falled, if the damage
 exceeds K it has failed and we replace it, and otherwise,

we leave it alone.
We introduce the following coste,

1) Cost c1 occurs when a falled equipment is replaced.
This includes all its cost resulting from the fallure
and its replacement.

11) G, cost is inourred when o monfalled item is replaced
before failure.
02 < 01.

i11) C(t) be the total expected cost during (0,t).
We want to f£ind out the value of K: which mininises
the expected cost per unit time for an infinite time span,

Let us define the following cumlative process.
Let, the random varisble Xi( i =1, 2,....) are associated
with'a sequence of intei-arrival time between successive blowa.l
Let the random varigble wi(ui » 1, 2, ...) denote the gmount
of damage produced by ith blow.

We assume that wi‘ are'nonwnegative.rindbpendent.
and {dentically distributed, and that Wi is independent of

X; (34 1)
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Asgum that P, {x‘ < t} = P(t)
Pr {U,. 51} - G(x) ( 4 1, 2,00
and the Reneval function M(x) = 3;1 ol (x)

consider the cyole from the begining of the squipment
operation to replacement.

The probadility thet the squipment is replgced after
feilure {.0. the total amount of damege axceeds the failure
lavel X, given that the total ausunid of Qemage jJust before
failure waz lesz than Ky, is glven by

A(%) = 2, {’U., >R+ =, 2, {w,, Uy deert Wyq LKy

and w1 "wz““ocau‘wa ? K}

| The first term on R.H.3. is the prodability that the
anmount of damage oxceeds a level K at the first dlow and the
second term 48 that the total amount of domage 18 u (0 ¢ v £ K)
at the (J~1)%8 blow and then exceeds a level X at the next dlow,

- %
. “» -~ - - “‘
Ceoby (R tunuzg[jﬂzunmim

(4.1)
Prom definition of the renewal funetion M{x), we have

A () = 1 =G(K) 4»01“‘[_1 - 0(X ~w )] an(a) (4.2)
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In a similer fashion, mvpmhuhuuy that the equipaent is
replaged defore feilure, i.e. the total amount of damage is
be tween “ Iﬂd K, and is

‘2“1) » Pp Il“ <W & x-}qr ,1!-5&“{"1 * '2, ®ouet "3-1 S 11

and Ky Wy Wy v s S W< x}
® O(K) -~ G(!‘) 001"1[0( K=u) -0 =u )]an(u)

(4.3)
Further the meantime of one oycle f.e. the meantims that
the total smount of damage exceeds a level K, £0r the firet
time is, Y

» =
. J tr,{w‘ SWp Seuat Ve g $ Ky and Wy ¢ Wouuo,

=1
R I R R UL I
Xp *eeetXy & 1}}
- ‘;::1 [ o““"(t,) - o“)(q)] (3/7)
- [1enx)] /) (408
where 1/, =3 [X, ] and 0%K) et forx 0.

It is sasily shown that the total expectsd cost per
oysle is equal to the total expeoted cost per unit of time



for an infinite time span (Ross).

A O Ay {Kq) » 0,4, (Ky)
C(K() » 1ia L8 ., ...?_‘J = 22 x’«- (4.5)
Proce t mean time of ona cyole
Subptituting (4.2), (4+3) and (4.4) into (4.5) and using
the relatien |
n(E) = oK) + of“e(x, =) &) (4.6)
we have, '
C, ¢ (¢, -C,) {q -3 (K) .;f!ti - G(E = u )] an(n)}
(K} = e e -
| L1 enx) 1/ |
(4.7)
which & & funotion of X,, Ia particular cesec, we have
0(0) = NGy[ 1= 6(E) ] + Aog0(R) (4.8)
e, | N
oK) = s (4.9)
[ n{n)]

Note 0(0) represents the expooted cost when the equipment

i® always replaced at the firet blow, irrespective of the
anwount of damage and O(K), the expeoted cost that the squipmont
18 replaced only after falluye.

In oxder to obtunx: (og If:' S K ) vhich minimises
the experted cost rate 0(Xy) in (4.7), ve ascums that G(x) .
has a density. ZThen we have the following theorem given by



Nakagawwa which gives the optimum replacsment poliey.

THEOREN:

£) 12 K(X) > 0,/(Cy = G,) then there exists a unique
K} (0 <K} < X) which satisfies the following eqn.

i -
ti[ton(x-n)] ae(u) = 0,/ ( 0y = Cp) (4.10)

11) 12 M(K)  0,/( 0y =0,) then Ky = X 4.0, a polley of
replacement only after failure is optimum,

I there exist a unique Ky ( O < Ky < K ) for case (1),
the expected cost rate is |

O(K}) = A0y =) [1=~0(x- t: )} (4.11)
and for case (11), 1t 1 given in (4.9). |
¥We oan further obtain the fanoulng.‘
"M(K) & 6K =1, where 1/6 = E[ ¥, ] (see Barlow and Proschan)

Thus, ¢ X > 0,/ [ 6(c, =C,) 1, then thers exists a unique
x: ( 0 < Ky < X) satistying (4:10).

4.3 Exagple

Consider a replacement of a equipment where the Gamage
20 1% is & funotion of working hourse under onrstr’qu ocondition.
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If unisr overstress condition working hours excesds X «1500 hrs,
the squipment is regarded gs failled, The working hours per

tine unit is assumed to obey the expomential distribution with
mean 1/6 1.0, 0(x) » 1 = .(«ex). It 02 repregent the usual
replacement cost of the equipment...: . A cost Oy includes

all the costs resulting from the fatlure of equipment in service.
c, will be greater than G, since there is a risk of miﬁonta.
From theorem 1f K > 1/[ 6(0y } Op =1)] then there exists Ky
satisfying

or] axpl® -x) ] 1
| (c,/ez-d)
e replade the equation when total working hours exoeeds x:
hours befors failure, Table 4.1 shows the valuss of K, when
6,/0, and 1/6 are specified.

Table 401
K= 1500 Ers.
A . . " "

"/Q 01/02 -2 ' 01/02 -4 Ia‘/cz 5
Optimal noplwmut Optimal Rtplmtmﬁnt Optimel Reple~
leve) level mwmnt lewel

5 5

!.‘
10 1450 1440 1436
20 1415 1396 1368
50 1388 1353 1343
40 1362 158 - 1%06
50 1333 1282 1265
60 1310 1284 1235




ginite time horigon and Infinies time horison respectively.
Chapter third represents the optimsl maintenance strategies
for the equipment when changes of states are Semi-Markovian.
Only oatastropic fallure is considered. Method of odbtaining
optimal policy is pressnted. The objective critsrion was to
ninimise the expeoted cost per unit tims. In chapter four,
we discussed a prodlem of a cumulative damage mods) for an
equipment, which is replaced at a certain level of damage
before tmuxc or at fallupre whichever ocours first.

In first and third models of ohapui two, we have
considered finite tine horison. In praotice, the period of
time over which we wish to optimige ouy mmwnmc deoisions
may be wx-y long and S0 we may be intsrested in determining
what the dest deoisions are and what 18 the resulting cost
when the period is infinite., Second and fourth models deal
with this problen. |

The cumulative damsge molel diseussed in a chapter
four is wery practicable. The prodblem of yeplacsment deoision
to be taken, when the total expectsd cost due to failuyres
exceeds a oritical oost level or when the total down tine
exceeds a oritical Gown time level, can be formalated with
the help of this model.

The anthor feels the need of investigation in the
following areas =~
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Two stage and multi stage maintsnance strategies
with the seml-markovian process.

The maintenance strategies £0r the eystem consisting
of equipments with depedent failures,
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5, CONCLUSION AND
REMARKS

This disssrtation work is an attempt in presenting
mathamatical models for deeision meking problem arising in
the maintenance of an equipment, Illustrative namerical
exaxples have deen solved,

In sscond chapter, four models have been presentsd for
maintenance of the equipwent and optimal policies are obtained.
First modedl conaiders the maintenanos policy for the equipment
subjest to breakdown with finite time horison. The objective
was to minimise the expected total discounted cost. Second
model deals with the maintenance policy £or an equipment
subjset to dreakdown considering discounting faotor and
infinite time horison, minimising the expectsd Aiscountsd cost
per unit time, Third end Fourth wmodel deals with the maintenance
polisy for an equipment subjeot to deterioration conudortnj
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