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the high cost and extraordinary demands m do of 
modern eyot$as have provoked the development and 1"leve tm 

attars of saintenr40S polioiøe for stochastioaw fa ling 
• zipmrrt#. The practical egad for maintenance policies 
has oti*ilsted theoretical interest and in many oases has 
led to the development of policies that possess theoretical 
xvalt as practical importanoa. 

The cin of this dessartation is to find optima,, 

maintenance policies for s ipmeot subjected to breakdown 

over load and deterioration* . 

Chapter one deals with introduction and Reviewof 
LitratLrs. 

Chapter two introduces optimal maintenance  policyr for 
equipment subject to breakdown or deterioration, Finite time 
boVison and Infinite time borieon, 'both have been considered 
and prableas are solved. 

Chapter tbrse considers the case of opt t maintenance 
strategies When changes of states are e+n t rkoviart. Only 
the oe»tastropio failure of the equipment is considered and 
the Solution of the problem is obtained. 

In chapter tour the maintenance stra egr for a cu*.ativo 
damage model Is discussed. 
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I e  XNTRt MJC'T1O1t 

R ' W OP LITERATUBE 

1.1 	IMRaVOT1 I 

Man i been Performing inIrnanes operations 
sines the begining of tip. In 	Past#  human activities 
were largelyasco liehsd 	the ups of an is ividu l s 
own Cllr of gby iea3 o abiiit *s. 'fir body's alt in 
process of self healing a regeneration consd.rsb1y 
ainiMsed air4ixeot aaintsneiioe 	ti eas ta. In recent 
tiass, the d.velopnt of ao1ew systemhas saendcuaa2y 
expanded man's o,psbLUtiea but it has also increased i 
maintenance  requi ements. In 1915,  United States eisctrio 
Utilities spent oras 0 S billion for MALWOnanàs. This 
rePXOSOA1sd more then 100 percent increase in fig► years. 
Almost 0 2 billion was for generating plant int nswe * In 
adiUon to these direct out- ofMWc t costs, bt4den costs 



are apwrslu incurred whsn gSMratinwgt. atm vnav*il*blo • 

The trend In thS rood#rn 100=1093r is to intensify 
the Use of the plant sad saohinsry. Production rate have 
increased and at the me tip lOo da* to extended operation, 
the appertunitiss for setntsnsncs have been reduced. In 
so*$tmiou. or s uleontio ►ov Industria, process or f3o int 
production the failure of a unit is costly and soap t ,*s 
dan Brous. If soup preventive ase are adopted,, the 
failure can be s ided. 

The oqatpsnt fail• • .thor doe to the canter 
deterioration or estaotropic failure, In either dare we 
have to choose move course of sotion. Thus the prissy 
tune ►on at aainSr 	a is to control the condition of 
sgaipa~tnt. 80* of the probleas associated with ► this include 
deterainstion of 

a) Inspection frequencies 
b) Overhaul intervals La. part of a preventive 

asitrdsnanos policy. 
a) whether or not to do repairs tow!.. a breakdown 

asinWnanoe policy or not, 
4) R*plsosarat rules for oosponsnts. 
a) Rspls sent rules for °ospitsl equipment. 
f) MiitWnanoe mer user. 
g) spans Provisioning rules. 

Probleas vilh,in these was awe► be Classed as being 
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d. Wrainietie or probabilistic. 

Detsratnt*ti4 problems are those in Which the 
t mi m and the out-coas of thi msinWnsneS action are  
usued to be known With certainty. ice ezeaple, we as, 
have equipment which is not sub tat tO failure but wham 
operating seat mases with uses To reduce this operating 
cost $ replacement can be performed. Be. pig. i 

Probabilistic problems are 'ase whore the timing 
and oritoo of the maintenance action depend an chance, In 
the simplest situation the aqutpsn C may be described as 
being Good or Pa id, The probability 1* describing changes 
from Good to 7s11*4 as, be described by the distribution of 
time between completion of the maintenance action and failure. 
Determination of maintenance decisions involves a problem of 
decision under one wain source of uncertainty namely s it Is 
impossible to predict with certainty when a failure Will 
occur or no" gerers11y when the transition from *no stats 
of the equipment to anter will occur. A fUrther source 
of uncertainty is that it may be passible to determine 
the stn's of the equipment, either Good, Pallid or some 
where be 	n, unless a definite maintenance action is taken#  
snob as inspection. 

The first step for choosIng the maintenanc, action, 
Is to dsbe►rnir the objective of the study. Onus to objective 
Is determined, whether as aaziatee profit per snit time, 
minimise total maintenance cash, minimise downtias per unit 
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* ate., an evaluative mathematical model ' oan be 

constructed which s1s211s 	esu"t to determine the best 
way to operate the system to achieve the requited ob3eotine 
Pig* 2 illustrates the type Of approach taken through using 
a mathematical model to bete ns the optimal trequenôy of 

overhauling a piece of plant by balancing the input (a in 
tenanos cost) of the aeiittSiianoe policy against its output 

(reduction in 6ownttno 

1.2 	EMw O I RATUF 

A co my o ieidtrsd replacement politer IN the 
policy based on age Cogs reel a isut), Such a policy is 
in force # ' a unit is always replacd at the time of failure 

or T hours otter its Inst& .ation, whichever ocouro first; 
T is ,a constant unless otherwise specified. If T is a 
random variable, we ria" the random age replacement policy. 
Campbell discussed the problem of group replacement to 
decide whether meet lamps should be replaced regularly 
or as they fafl.& Under this policy the unit is replaced at 
time iT ( I a 1, 2,....), and at fftUbUXS, Clearly the cost 

per lamp of replacing all lamps at once is leve than the 
cost of replacing each hip as if tans.. The cost of the 
additional lamps required for preventive maintenance must 
be 3+ 4 against the cost of the additional failures that 
occur If replacement is postpo d. 



The *tnsbsr of the rttuatiofa In which either of the 
sb*v Policies *an be applied ax. 'meted since both suffer 
serious drawbacks.. The aga-raplaoe*rtt policy cannot take 
aAysrits of periods when replacement is particularly cheap, 
and it is difficult to schedule several replacement+ at the 
sane tial. After an in service failure, the black- rerplaa-
e nt Polley say result in thsreplacement of a nearly new 
component. To +gear-eons this last dre bank, arvo are 
introduced polity which,# it replacsiant opportnni*y Was 
itiaeat, mfan% that a +r orient tang In service was not 
replaced and the system remained idle. The effect of the 
policy is to reduce the . her of replace nte, at the expanse 
of idle time. Woodman16 consIdar ►d a otbod by 1 riab the 
above dr.rb&ok can be avoided, In fact the palsy that was 
d#wloped include the age and block replacement policies as 
special . cases. The iaproiiat is brought about by the 
aiap]e expedient at replacing a oosponnt after a failure, 
but not always replacing it when a rsplacesent opportani1 
occurs. doh policies, where replae*rnt is not obligatory 
at every opportunity, are sailed 'optional, policies. 

Aartba2en~►~r ' 

 

developed A 'WO"U a replaorniønt 
strategies modal. In this policy, the failures in one group 
are replaced by new iters and those In the other group are 
raplased by roll already operating in the first group. But 
this teo its replacement strategy is of limited advantage. 
A geasralleed theory of mel ti-stage r*piaausat strategies 



is discussed by Walk em Neir12 0 They shaved It to be a 
mace saonwsior3 In ►el' practical *We sx4 with tba aid of 
the policy, it is possible . to arrive at the op' mat nusber 
Of * •s. 

ThcipsoA14 developed the was% for the gradual 
deterioration of a systen of nsdi fines with e s t which can 
be partly offset via prevnttvs aaintenanae « H. considered 
its salv.gs value of the asohine st the tias t, 8(t) satier 
yiog the differential equation 

d8(t)/4t " "d(t) • f(t)u(t) 

where 4(t) Is the obsolescence fr tion (in dollars) 
cub.traoted from 8 at ti t~ 
VO is Maintenance effectiveness tunottor (in dolls) 
at the this t added to 8 per do]lsr spent on nten' 

0.. 

u(t) is the maintenance kation (1i dollars) satiex-
ing the constraint O( u(t) ( u 

The pertorasnos index was to optisiee the discounted 

profit during the lit of the sashine plus the discounted 
selv.s value at time T, where T to the sale date of the 
=*bin*. 

This model has too drawbacksto 
1) 	The slap]. linear equation of the model sq net 

coo{pleWly represent the observed 00000sic behaviour. 
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(2) Zxtension of T aiaon'I model for a single arohtne to a 
systss of a.cb.inss involve the ,s 	on that all shims 
erS brought at the same time. If they we brought at diff-
erent mss, the above ♦qu*tiot rney be written for aeparats  
sacbinoe to dstsa 	individual pr ntive aatntenarioe 
policies.. Otherwise, a policy of the form u(t) • I., for 
all aeshiass give rise to the problem of maintenance mow 
cation. Avoiding the above drewbsoka, Sarma and Alar,  
sppItod the optima control theory to consider the effect 
of deterioration and interaittent breakdowns on the ►ni 
ac nce policies* But the mainturanos strategy shown by Ste► 
and &3am, is not also pzeotioabla, According to them, the 
maintenance should be continuous over some period, and 
atterworde there should be no asintananae action. 

A .replacement problem for a ouailativ. der model 
was dis+ usa►d by Toshio Iakagswa15. Kanoa Luss9  deals with  
the maintenance policies when deterioration can be observed 
b ► iuepections. He developed a aar an model In which the 
balding Uwe in various meters are oxponontially distributed. 
Several papaw* deal with model* where deterioration Rat be 
observed, Hover most of them corice ntruts on replacement 
policies that assumS that the system state is alway. known, 

all  studied optimal replacersnt rules when changes of stats 

are seal markovian. To consider all the possible maintenance 
rations 1*0. O"IbAul„ repair, replace, no action for s 
model is a must ncw'*4dr9'* 



2. OPTIMAl. 0flEfiAUW IMPAIR/ 
EPLA MU1ANZ 

PCLIO! YC £ P? . 

M 

An stt t has been garde to ds xmir* a decision 
rule be taken to minlaisa the total cast of asintsnanou 
and lost production ever pini r tias and ZnZL 
korison. 

2.1 	1 OIUOTSOl 

An ovsr tsaA is a rsstrorstivs minteusn s adtioa 
whish to taken before an squtp ►nt has a6 uobed a 4151u4 
tailed state, while a "per is sad. after the failtd state 
has secumd. It should be noted that the Sil 4 state do*& 
not *OSsaarily mean that d qui pment has 'broken down$ In 
10 usual asnes that it teases OM1*iWIy to function bail 
it sq be In s failed stats 'eco ileus, says, irs being 
prodaosd outride specific tolerance Units. Overhaul and 



Repair both improve the aon6LtioA of the *quipasnt but 
there is a gradual deterioration over time snd than replace -
mant of the complete equipaont is ride. ?ig. 5 UlUstrat+ a 
the usual eonaecenolr of ov rhsu .s and repairs. iardinei'~ 
discussed such ssintsnanoe policies without the discount 

factor. Optisssa policy depends on the discount rats. In 
deterwinini the optinan operating policy for an operational 
systsa, it is often desirable to discount rew3rda received 
in the future. e. Unfortunately the nagAL ude of this disooun" 
ting is us &aUy not known preciously, end the question srisesl 
How is the optiata policy affected by variations in discount 
rate?* The opt poltcy and itsvariations with discount 
rate win depend, of coarse # on ths na#hea atioal aodsl used 
to describe the system 

2*2 	Ia I w EBF*MT 8UBOT TO WAVOWN 3 PI$- 
COUi D COST WITH flUTE TIM HORIE09. 

292#1 

I. Overhaul or repair action does not return •quips nt 
to as now oondiliori, 

2. TM dooisions can only be awds at discrete points in 
tis*. 

2.2+2 ox*stonot Prob sss  

t. I is the state of the equipment (flood or Pa Led) at 
Th. start of The period* 
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2. J 1s the state of the equipasat (Good or 7aile d) +s# 
0 period. 

3. ' a is the action which is taken at the start of a 
period ( in this case ovsrtaul, repair or replace). 

4. p5IJ is the probability that the equipment will go 
from state I to 4 in one period U action's is taken, 

5. C''LT is the cost per period of going from state I to 
stats J it action'.: is taken* In this case this will 
be the carie of overhaul Cc, repairCe, or replacement 
CR, and a cost C associated with lost production if 
equipment falls during the period. 

6. is the number of possible states. 
+7a a Is the discount factor. 
8. tn(I) is the minimal expected total discounted cost$  

with it periods to go and starting In stats I. 
99 The objective is to detersInS a combined aye au 

repair/rspisca politer to minimise the trtal present 
valus Bost associated with these actions,, sM► 
consequential production loses, over the next it 
periods of tics. 

the cost of ihs first deotsiong  at the start of the 
nth period is CLT It action' is taken and we result in 
stats J. But we would only result in the stats 3 with 
probability pi , here an a number of results that could 
aecsur it actio*"a' is taken, therefore the expected cost 
resulting from action "a' Is 



E O'XJ p513 
Jul 

wtters 19 is the rmabsr of possible states at the sad of a 

period, 

At the •tilt of period we are in state J, with (n.1) 
period# to operate,. no minima total expected discount 
coot over this rssetniflg time is t ,,1(J) , Again, the equip-
ment to brought in stats J with probability ?XJ ad there!or. 
expected d discounted cost to 

Ii 
4 E p5iJ t riwi (J ) 

Jail 

Thus, starting in state I, with n periods to go, 
taking action a and resulting in stats J, the sated total 
discount coot over n period* is, 

rested *oft of first d vision • Expected  p cont waver Cort 

- t C5IJ p5IJ 
a-1 

+ a E P52J t.1(J) 
Jul 

(2.1) 

SiMs, we wish to *in toe the axpeot d total present 
valuecost#  we wish to take the best oot&on"s"when in state I 
with n period* to go. The boot action is that or which 
a: miss equation (2,w1). The resulting minisal total expected 
present value cost t (t) and best cotton"w" can be obtainedd. 
twos the following rscurrsno. relation 
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t(i) • *tnj E CXJpxT *az A;f,,(a) n> v j" 	J.1 

(2.2) 

Equation (2.2) can be abed recursively with the starting 
condition f(,1) ON 0, then 

f1 
 
(X) • a n 	1 U 	pal, 	 (2.) 

2*2.3 mowq4ExLO 

Let a piece of squipasrit - whose perforaince at any 
tin can be characterized by only We states$  i.e. 
Ni • good (0) or Pailed (P). Thera are three possible 
actions which can be tea, i.e. a. overhaul (o) , repair Cr) , 
replace (R). If the squipasat is in condition 0#  it can 
either be overhauled  or replaced. If tli. aquiparnt is In 
condition?, then It can either be repaired or replaced. See 
]Fig. 4. The appropriate transition probabilities and the 
coat per period are given in the table 2.1. We want to 
detersive #hi optiml asin#snano. policy such that the 
expected total present due cost over tour ftstur. periods 
of fiiaa is ainimLsed, AsauM the discount factor of 0.8. 
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1q stion (2, 3) Is 
I 

ti (Z) " sn I z O''j V Ij 

when I • G. with one period to got  there wr two potsibli 
saintenaftoc actions _ 

sin 

C0 J  P o j 	0eitsu3► 
3*1 

z 	Replace  
Jai• 

considering the decision to overhaml# teen 

N 
z '' 	►'° 	« 450 

3*1 
considering the derision to replsoe, then s 

:S 
%jptjj*550 

3*1 

4. i (G) * Sin 	450  • 450 
554 

52gwa thi best d*aision for r i i tg total ea ted 
present Ta].1i soot Is to o1,srbaul. 
when I Y, with +ane period tD go s 



.15 

g 
d*1 

• sin 

?J e..j 	rep ► 

Soo * 500, arpair 
X50 

With two periods of that to got  •q cation (2.2) beco s $ 

t(1)aa.n z 0 pj +a 	"t 1(J)  a, Jet' 	 40  

wh#n 1 .0 0, with two psriods to go i 

doh + 000ttj' + ap f1(0)  P1f1(7)  
f2  (0) n 

+ ' R R  * 'gyp t1 o) sag 07`1(  ) 

820 wsr!►si1 
952 

when I s» 70  with two periods to go 

876 Repair 
f2  (p) • min 

952 

table 2,2 to $. e©natruetsd for 1n ea of n upto 4. 
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it is to 	That r^N in if we change the discount 
factor front I to .1 # t * Baan optinia3. deoisl ons as obt*tiwd 
above r should be tab*. 

2*3 	W _ I 	$JIPPONT SACT TO BREAI DOWN $ 

DISCO 11D COST WITH INYIW1 T 

llOttIOL. 

2.3.1 Ar_r► z pt&ona — As in the section 2.2.1 

2.3.2 ?ox**1s' +a not r b ox 

i. TbS parameters I, J, s F ' 0 0 v ' and a are as 
defined in section 2 ,2,2 

2. g is the long run average intsnanes coat, 
3« i(i) IS the cost thLob d.pexe on the state of the 

sgutpa~rat at the start of the operation. 
4, W* wish to 40*0rsirn the opti.al imaintenance poliac over 

$ long period of time. So our objectiveis to ainialse 
ezpeoted total 4Lsciuntec1 cost per unit tit. 

t (X), the std total expeotsd discounted coat 

over the a periods of t&ra than., as n * = 

tn~Ij ~► as + V( 

i.e. f5U) is co )sed of two parts a► a steady state 
part ng and a transient part VUI) which depends upon the 
starting stats. 



u40.. 

Therefor. for ouffioi*n" 2y large no  

8 	(Ai 	 j.1 1jf" 

;Com *qft. (2.2) 
a ng+T(I) 

*0W fail (J) a Ctrl ) • "v(J) it4 therefore 

$ [jai 	« 	JONI  

i. , g(n+a-aa) •v(I) 

* 	,*1 C'it a  `4U. 	i v(J) 	(2.4) 

N 
Sino 	F • 1•  J*i LV 

£zproaton (2.) is a m►stI* of N equations in N+1 unknm s. 

The solution of (2,4) can be obtained b7 *stng the  
elgoritr ds1oped by Howard1. £acorLog to this slgori hm 

i) Choose roararbitrary p01107 

is) It 'here it I possible states. lot 1(N) • 0 



iii) Sol" the I equations of expression (2.4) to give 

the ssrsge iongroza ,get g and the relative v4uss 
9(I) of rnriaul starting states. 

i) b r sash oondiiiaf, I, and using v(i) ysiurs obtained 
in step (iii),, find the eltsrnatt, a, which a,ntatses 

Z cv,P tj +a£ i rz 1(J) 	 (2.5) 
J-1 	jai 

♦) Using the policy obtained In step (iv) repeat the  
step (iii) *mtU the optima policy is determined. 
This is specified when g is atulsised and will be 
the sass when the policies on to sitoaseetve iterations 
are identical,* 

Consider Thi ass amrtosl cxels given in the 
article 2,2.3, 

Using Howard's Algoritie, 

1) M no choose 	following Policy'. 
it the •qu pssnt 3s instate Get the start+ of the 
period, thin replace. 
If the squipnsnt is In stats? at the start of period, 
thin rep11oe. 

ii) there are Iwo possible renditions 0 end?, so lot 
IC?) as 0. 



1#~i) 702 a a 1. expression (2.4) bscoais 

( I +o.e..o.e) .vCo) •$50.O8z0..95:Y(G) 
* 0.8 * 0.05 v(F) 

* 0.8 40 0.8) + VIP) - 550 + 0.8* 0.95 v(G) 

+ 0.8 x 0.05 v(P) 

which gives B Y(G) a 0 g a 550 

iv) Poo each condition find the best stsrnativs v*ing 
•qiation (2.5) 

It equipment is In condition G,o (2.5) be asu 

450 • 0.8 (O.75 *0 + 0.25 0 ) 
t 

550 + 0# (0.+ *0 + O, 	0 ) 

450 -*-C ,i► 
at mitt 

550 

U in condition 7, (2..5) bscones 

500 * 0 *8 (0 #6 * 0 + 0,* 4 * 0 ) 
min 

550 ,0*8 (0. `r*0*0*moi'x0) 

s 

550 



Therefore, at the end of first ,iteration the new 

policy to I 
It in aont#jvra a at start of period then + 	►su .. 
It in condition 7 at start of period then repair. 

w) Using above policy solve expression (2.4) using 

g(2 . 0*0 '4.6) * v(G) .450 + 0.8 z 0.75 Y(o) 
$ 0.8 x 0.05 v(P) 

i(2 + 0*8 •4.6) + v(I') a 500 • 0,8 z 0.6 1(G) 

0.6 x 0.4 v( ) 

doh guess XCO) - 56.8 and g e 427*20 

►) Yor each corition find 'best alternatives using 
vs3u s of T(0) sad g obtained 	 previous *$eve  

sad using (2.5). 
It in condition 00 (2.5)  b.eoau 

450 • 0.8 (0.75(*56,8) • 025 a 0) 
sin 

550 + *.s (0.95(.'56.8) + 0.0 x 0) 

415,9 -r-- Overhaul  
main 

506*9 

If in condition !, (2,5) b Genes 



500 * 0.8(0.6(-56.8) • 0.25 z 0) 
six 

550 + 4.8(O.95(+ .8)+ 0.05 x 0) 

uln  472.8 + rspair 

506.9 

Zhereforw, at the end of second ttmtion the new 
poi ► is $ 
If in condition G at start of period then overhaul 
It In condition I at start of p.ziod than repair. 

Thus the optaail decisions have been determined 
sines the ea paw has been obtained on two 
successive iterations. 

The resulting average *oat per riod to 427.28. In 
the above problea•  by changing the values of dieaount factor*  
We get the a 	policy, 

2.4 	 8 QUIPPZ SUB OT TO DE RICRATX0I 0 

pis='r8 T 	8CItIZON 

2.4.1 	9.! 

I. The deterioration n of the equip► nt can be inspected 
sad measured. 

2, The itate transition probabilities *an be obtained 
fros the failure data and operating experience. 

3. See the usustions in 2.2.1 



2.4 2 lq ls1io1 est nMn 

1, I 0 0,, 1, 2, .,j sepres.nts the stats of the 
squipswnt at the start of period* Bta" "0" 
Lalifla the equip*Snt to in good stats 0 I1 " dsnots 
ibe failed states. 

2. J to the i#at. of .h sqnipasnt at the end of period. 

J a 0, 1...».,.,1. 

Is The pszsas rrs as p ', Oj as d fined in section 
2.2.2 

4. s(X) is to atniul expected total oust with 1 

periods to go and starting in oaft to 
S. The objective is to d.t.ratns a combined c rbsui 

repair/ replace policy to outer the trod cost 
associated with there sOt ons * w the next a pr&ods 
Of tias. 
As before diaeusesd in the Model, the recurrence  
srslation GSA 10 written an 

ç(I) * 	1 L 	cJ) j a 1, 

2 *4.3 ~iw►r e l £*aap1e 

Let • piece of sq ipsnt whose perforsanos at sue' 
'tiers can be ebaract+risid by 4 states is** 1 • 0, 1, 2, 3. 

0" myon the •q Lipasrit Is in good state, "3" sea" it is 
In tailed stats. I aM 2 denotes th. deterioration stater. 
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The apxoprists transition probabilities are given in 
T.bla 24. The so*$ per p.rlo6 is &v.n Ia Table, 2.4. 
The optimal decisions obtainad are as shy. in Table 2.5 
for th. vsl s Of a zptb 3. 

Teble 2.3 
mr 

Oanditioa 	Condition *t the end of period 
at start Decision 	0 	't 	2 st period  

a 

0 Gverhsi4 0,70 0,15 0.1 0.05  
Replace 0095 000) 0.02 0001 

, 	*n1$ 0.65 0.2 0.1 0005 

Replace 1 	0.9 0.03 0.02 0.01  

2 0.60 0.25 001 0.05 
Replace 0.95 0.03 0.02 0.01  

ReFai. 0.65 0.2 0,1 0005 
Replace 0.9" 0.03 0.0 0.01 
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2.5 	. .... 	- Z JXP* N 8IJBJEOT TO I RXCI IO$ $ 
I l I HORIZONUCItIZOI 

With the axmv pl am asde In the aDdel 3, and 
following the for nation procedure given in the 	e] ao.2, 
we got the se tion 

g + T(M) 0 sin 	9 0 P5  + E bio'LT 'v(J) 

The problem given in the Seaton 2.4.3 10 solved by the 
Howard's orit outlined in the tri no. IL. 

The LnLti*1 policy stn was 

1.  It equipment in stats 0 at start of period then overhaul  
2.  It in stoats I at start of pad then overhaul. 
3, if in state 2 at start of period then cop 	**# 

4. If In state 3 at arm of period then replace. 

the maw polLoy No ben obtaizd on two 	 ssive 
iterations showing those to be the optiast decisions, 

The resulting a 	cost per period is x.95. 



3. 	 IM MA2IARC 
b1I 8 

OP STAN 1RLSCS .. 

The maintenanee etrategiSa fOr the equLprnt 80496t 
to natsetropia to are W been dieet sss& We oonsi6er a semi-
Ma~rkoii model in which tb* holding times In the v ious 
states ar+r aasua.d eonenttsl3 distiribxtod s The optimization 
criterion to the sarpeot d average cost per unit tom. 

3.1 	t~ I 

• In tht part decade a szbstantts1 body of literature 
on the saintenano. *9 stochsatioaUy failing yutea has been 
dsyslop do There szis s speuUlo 	pt  
are gSn rslIy be rstsrrsd to as flsrkoviam Repincrnt aodle. 
Under the Markovian tar .ationt the dotsrioration process of 
a iyst.a as indicated by the change of waerlying states# is 

ropreeen%d by the transition probe' t l' matrix of a arkov 
Chi tLt». 
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In nsini a PI.rkov chain to o4sl a s iltiststs 

a. risratson prooes.0 we sssa r that the perform of 
The system loss not ags i.*. thS probability ty of ming a 
transition to a less desirable stats doss not increase in 
time• Rowsv r, the aging phenomenon is observed in practice. 
Pao way to overcome this difficulty is throw the use of 
semi -aarkc v proosse. Sesiaarkovisn process can be applied to 
model ayet.me that exihibit two different types of dsgsdat .oa. 
(1) Gradual deterioration (2) catastropic tsiluxe This 
class of problems has been discussed by Barlow and Proschan2, 
end Rao . 	took Into considerations on3.y repiaosimnt 
policy for gradually dstsriorstLug unit. 

3.2 	►I&C TRIM ~ I»z t ©' OCZSS 

The Markov nodal has the property that a transition 
is aids at every time instant. There exist a general stria 
of proceesee where the time between transitions awl be 
several of the .t'4t intervals, and whirs this transition 
time can depend on the transition that is made. This process 
r+tains enough of the $srkovtan properties to deer Atbs 
name of a " 8.a . uMarkov" process. The stay in are stats is 
described by an .M itegsr valued random variable that depends 
on the state presently 000npied and on the state to which 
the next transition, will be she. ' This process forms a 
convenient for lation for phyeioal systems. 



3, 2.1 	Q A 	11.10  

Whenever a prooeeo enters a otato i, it determines 
the next state 3 to which it will Foye according to, state 
i's transition probabilities P1 pip # ****9 P. However,« 
after 3 has been selected but before making this transition 
from state i to state 3, the process '1' holde'I for a time 1'13 
in state i. 

Thus, holding tines 'ri j are positive, integer 
valued random yariablee, each governed by a probability 
mass function hi j (*) called the holding time moo function 
for a tr ►noition from state i to state 3. Thum, 

P 	Ti = ~t l , bid (m) f 	i « 16, 2,, ~► ... 
1 10 10 2, .rs•, 

I a 1 2, s...• N, 

we uuais that the mean 13 of all holding tis distributions 
are finite and that all holding times are at least one time 
unit in length 

hij (0) a 0 

we shall find it useful to develop additional notation for 
the folding time behaviour... We use + h13(,) for the 
cuimlative probability distribution of Tia • 

~ hi j (n) a 	bj3 (fit) a P ? 	Ti] 

and > h 3 (.) for the ooi lementry V= ative probability 
distribution of "ri j 
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to 
> itis (n) • z 	his (a) "' '! "  

8 ppos• that now t0 prosaic eaters stat. I e 
chooses a successor etste .3. but we ax observers do not 
know the euaceeeor chosen. The proba4lit r -fie unction. 
seeign to The Tj spent i2t is, we shell then Call wi(«). 

wj (a) • r pis bi3 (m) a p I1'i a n 

That is, to probabilit3r that the eyet s will spend , 

• tias waits is stat. I if. we do not know its successor state 
to the probability that it Will spend a tias unite In state i 
it Its successor state j  in 	.tiplted by the probability 
its successor state is 3 and euziad over all possible successor 

et, tee.we call -r:L the waiting tine is state t and wi(*) 
The waiting tiae probability case. motion.. The mean waiting 
tix* 'Yi to related to the seen holding time 9j bj 

4.1 PIS 'ria 

3,2,2 Stag OgMgM Coote 

When the system is bolding in state to an +cousrnoy 
cost of Aj units is incurred per unit tias. In particular, 
A, m► be considered as the saintenanos Cost per unit time  
of a new system and AL #hr Coat of s4yetea f&UUVO. 
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3.2.3 Ros# Aa s■ 

Let ri* denote the l psoud cost per occupancy of 
stat* I, while decisions is in tore.. This is related to 
the find cost, variable cost, and memo Waiting tii . as 

ria • Fixed cost + p'ariabl, cost z 1ean waiting ties. 

The cost rate ~qi''` Is dsfinsd as the *sprs1sd cost psi' Unit 
time in stats i Alls decision a is Wing executed sodaa► 
be found from 

i 

It 

3.3 	 _ L _ 

1. Let the psri'oraanoe of the squipasat is chs scWrieed 
by a units aalbsr of states 0 sod P. stats 0 means 
this squipmsnt is in Good state and P means the eq+aLprsnt 
is in failsd stats. 

2. The change of state is assumed to follow s dieer*t* 
time ssai-srkov process. 

3. Possible maintenance action a is overs 	or Replace or 
Repair, 

4, p13 denotes the probab li r of tr itian from Ph ster►r►t* 
to sib s#ai►s when motion a is tskS1. 

1 0017. 3.0,1 

5. Let ~i j, a inispr random nrisble be #has holding time 



in the state I b Wow king transition to stats 3. 
The corresponding holding time we function is his(*)*  

6. denotso The se ar Waiting time in state to  

7. When the asiriisnanos action is chosen as the replacement, 
we replace tips cysts* with s ,fwd cost of i unite. 
this fixed cert of Ri may be the purobsas cost of ' the 

r equipment Mmzs the salvage value of hs old 
equipment. Slailsrly Io* O unit. and II units represent 
the fixed cost for ov rhs,4 aM repair respectively. 
Lot a variable cost iii units per unit time Is needed for 
each maintenance aotion. this variable cost Di M' 
consist of Chs cost of lost production, 

6. for our nodal., rj* the expected cost per occupancy of 
stats its, 

4 qG + Do* 	Y  or o rhe 

• + DO 	!or $rpIUM 

4 * 	. , lip 	102' repaIr  

90 It is rssua pod that the maintenance in the tori of 
overhaul or epsi does not return equipment to the 
its rw"Ute. 

10,E The objective is to minimise the expected wags 

maintenance cost per unit mss. 

t '~ is the cost which depends on the stats of the 
equipment at the start of operation, g As t. average 



isUlMawns 0o6% per unit tie, VAS - r"elith'i 'tilt* !tuition 
for the above d.fincd proo.ss can be written (see Uowsxd  

►P $69) 

t 	 (301) 

3o find the optissi mel fter sI •irttIgy we U1Ø the following 
solution teohziqus. 

Suppose, we use an arbitrary i.tattoasry policy end 
find ths gain end relative values of this Polley by ooli ng 
sqization (3.1) 

With the aslant! Vulus of stats so  *dual to sero. 

Vs thea solve equation (3.1) for go 

or in tsro of the cost roto 
40 

t " Bi u ''" 	 (3.2) 

The biarittic devlo 	rnt of the policy iteration pr a#ft e 
then follows. It the result for the right band side of 



equation (3.2) to lower than the ors for Our arbitrary 
policy, we would have some tentative Indication that the 
alternative 's a "in stat* I Would load to lower saintenana. 
coat for ar pr000ss than does the alternative used in auto 
I under the arbitrary policy. Dole equation 3,1 for new 
policy st ripest its entire proc.u. We continua to do this 
until the test quantity Indicates that thew If un reason to 
•bsn r The decision in any state. 

The iteration cycle apps'! in Pig, 5. the upper 
box, policy syalustion, finds the average value of aaintewto0 
cost and aelativs #sues for a part icular policy. the taxer 
box, p*IUW iIprovemant, finds a new policy that is is provemsnt 
over th* dual policy by using the values of the original 
policy. Then this new policy is equated, end so on. 
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POLIO! BVLWAT1O 

for the pxeset poltcy solve 
v 

With. T'7  a 09 for the vs1uu of g, snd the 
rs stive 'r u.IN V1  '2  t ... 

POLIO! ZMPROYP11T 

r sob stats t find the s]tsrñatLys a that 

uaLn the ►1st ti valuas Y st the pre' 
pol.ioj. iae• this eltsrniti the new decision 

3.0 #ats 	a ►*t oa a . states to find the 

nw polity 

]lia.5 w the Iteration Cyo3s. 
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Consider a Squip nt whose performance at sn.y time 
can be obaaraotrrisod by on Wo states, tither Good (0) 
or ?au.d (P). Lot the bolding turfs distributions in each 
state are .zpoisntisli distributed a► follows 

h00(m) '" 1/5 ." " 	a • I , ^, .. 

b0(m) " 1/6 . 8 

(a) .1/4s'  

' ,(s) a '~/3 0"0 	n * i 2,, ., 

The other data required Is as chowri in table 3.1 

at! 3,2 

table 3.1 	EUOTIXCAX DIZd) 

item 	 state 
0 	p 

limed Replacement Cost 	5 
'iz.d Maintenance Cost 
(Owerhani or Repair) ' 	2 	3 
Variable maintenance 'Cart ►I 	2 	5 

Mean ties for Replacesunt 	1 	3 



table 3.2 

stats Alternative 	Transitions 
Probability 

flan
vatting 
Us* 

Ipeetsd 
occupancy 
cost 

*xpeotsd 
ooh rate 

a 

0 overhaul 008 	002 5.2 12.4 2.38 
Replace 1 	0' 1 .7 7 

7 Repair, 0.85 	0015 3.85 22.25 5.8 

Replace 1 	0 3 21 7 

$ VALUATX4* $ 

Low us choose the initial polity as 
it in stats 0 th.nr.plaOe  
It i ► ata$* p¢  than replace. 

lot this policy,, we write 

TO  + g O * 	* pts  ,0  ^ p0P  * VP  

1► + F +»r 	p TO  + p,7• Ty  

sitting V a 0, 

.'. Yo  + 9 • 7 + T(j  

3g a 214 TES 

M 



solving, we ,get 6 T o Y9 a 0 

Thus, the average cost per unit time urisr the 
policy [ repisos, replace I is 7, and the relative cost of 
starting in state Oood rather than in *tats P&Ul.d to 0. 

lire* policy It~g►z'oveasa't 140 

Pr's sent policy [replace,  replace I 
I►~ral Luati+ ~7k R 	7# ~1G a 00, TP a 0 

State Alternative 	 TSSt Qt%antit t 

IL 	q. 	,'' 

G Overhaul 2.  - 

Replace 	 7 

7 	Repair 	5.0 
Replace 	7 

Next policy Is COverhaul, Repair I 

with ' V • +0. the policy evaluation egwan ons air 

G + 5«2 g a 12„4 + 0.8 Iwo 

3,85 g a 22.25 w 0*85 v# 

Sal tng, g " 2.89, Y0 3. 13.14, V 0 0 



S 

second Policy improve z t I 

state 	Alto rnMtiv► ' est Qzentity 

0 	Oisrhsial 
Rspiaoe 

I 	Repair  
Replace 

2.02• .W— 

3.27 

.'` . Rszt policy is [o,eraii.  Reps I 

Sins the *mer policy has been obtained on two 
sucoesoive iterations, the optii at policy is [Orerbe.tsl, 
Repair } i.e. When the equipiMnt is In Good state# 
maintenance action is of overbau1n, ax for the 
equipaint in Failed state*  repair its 

The expected avenge cost of esintenvice per 
unit tilt a 2.89. 

a 
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k CUMt]LATIVE DANA 11 

in 

 

0 

this abater systeas mob fail dui to dsgradation 

curd by the ouat1ativ0 damage are considered. The optimal 

replaoesrrtt ltsl of da doh m.ntaiaos tht total 
emoted oast per unit tti for an infinite tins open is 

obtained. 

4.1  

During the power shortage crisis in the capital three 
months a o the name of the '3adnrpur Power Generating station 
was in light, There were three generating ti's, one food 
in Qotober 19760  but It was not cootosiot d for necessary 
repair codons. The result was that t ► two re ,ring units 

were oisratrsssid to at the demand 	 the whole plant vu 

out of action in the scat of rah, Inc to of peat t ortaruso 



to acrid failure of the its" when Its .failur, during 
operation is costlyaria dangerous. It is wine to have 
some preventive ,*tntsnance policy. 

TOS IIO 1AEALAWA15  teas . considered a replac.mt' nt 
problem for the car tree. We eared his t eorei to Our 

iodel. 

Le ,there crc three eqniptanta in parallel which 
ebire the equal load etzppo8e by chance one of the oq►. ipmente 
has failed. We aeewns that Ike reaatnig two equipments meet 
with the dew at the cost of It's overloading. As the 
• equip +►nt is subject to Ovor4tre sees„ the" is a 60141=ous 
detcrIoratioa of the equipsent. 

1) The total amount of darsge suffered for the sgzipasat 
Is known at any tiss. 

ii) The equipment can fail only when the total amount of 
die exceeds a prospecifiad fsO.ure level 1. 

We as using the level Of dasegs an a replsa+esnt 
indicator because we know thy► total amount of damage at snr 
ties. We ke a rspladeesnt of the tier when the total amount unt 
of die olds a le :L 	(OZ 	Xi. Thetis, we 
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investigate the total. amount of damage to the equipment 

after each blow. If the damage exceeds 81 and is less" K, 

we exchange the eq ipment before it has failed, if the damage 

exceeds SI it has failed and we replace its and otherwise, 

we leave it alone. 

We introduce the following costs. 

i) Cost C,~ occurs when a failed equipment is replaced. 
This inci~xdes all its cost resulting from the failure 
and its replacement. 

ii) 02 cost is incurred when a so.nfail.ed item is replaced 

before failure. 

C2 < C1. 
iii) C(t) be the total expected cost during (O,t). 

We want to find out the value of 8 wiioh minimises 

the expected cost per unit time for an infinite time span, 

Let us define the following cumulative process. 
Let„ the random variable X~i ( i a 1, 22, ....) are associated 

with a sequence of inter—arrival time between suooessive blows. 

Let the random variable Wit .i ' i t 2, ...) denote the amount 

of damage produced by nth blow. 

• We assume that Wi are non—negative, independent, 

and identically distributed, and that W Is independent of 

X3 (3 	i) 



AOM ! th*Et 	P2 t X3 < t j .7(t)  

gr I Vi x 3 '. 0 (a) 
1 	+~t 

wid the Rsn*ws1 Zunetiaw M(z) . L
1 G3 Cx) 

coraider the cycle fz o■ the begining of the equiiprnent 
operation to r place nt. 

The probability that the equipment is replaced after 
t'2ure i.e. the total aaount •t 4eaage exoaeds the fail re 
1.4rar3 1,, given that the total amu nt of eaae just betar 
failure Was less thi 2 Is given by 

CO 

A1 (z1) 	 I + 	p 
{ 

w1 + 	+. ,.+. w 	, z 
t 	 ~ 

and 1f + W2 a i .. + V > I 

The first turn on R.R.8. is the probability that the 
int of deasge exceeds a level t at the first blow and the 
second term is mat' me total asount of d.a*sgs is u (0 C t1 	i) 
at the (3i)th blow ai thea exceeds a linl R at the i$zt blow. 

a 
•' A, (ui) 1 0(L) . ~Z I [ I*- G(z - ) 3 dv3'1(u) 

Pro* definition of the rrnersl function Ric), We have 

Al (K1 ) . 1 .4(L) +f' [1  '-o(-a)] 4M (u) 	(4,2) 
0 
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# sirilar tsahlon the  probability that the aq i gent is 
replaced WOO 1i3isxs, i.e. the total dun# of da**s is 
be$W00Z**1 andtit snd is 

(x1 ) a pv kr'y < W1  I K J . r N
h 

.w2  

.0O•»O( ), 	0(K.►u,)..of  

(4.,) 
P zrth r the as*n r of or► 	.a i.... the *nttes that 
th total aaouitt of daisego exceeds $ l rl Z for the first 
ties to, 

.. 	as 
o  f t pr  4 #i  + W2  *., * '0t t „ 1 & and V1  * 

..,+W3 >  IL I 	# 	♦ + , s . 	epi dP { I1 # 

X2  ....+Z3  I t} 

j■1 

a I I . M(x) 1 /1 	 (44) 

where  1 4 t2  1x  ) 	 0(X1).1 tar 	.O. 

It Is easily shown that th. total ezpsctd cost per 
cycle Is i*  3. to the total .zp.ot rd asst per sxdt of ties 
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for an tntintte time span (Rase) 

C 1j OjAi() * 
mesa t!ue of one 0703, 

Subutitutin (4.2), (4.3) and (4.4) into (4.5) and using 
the relation 

11( ) a°(E1) • rNO(K% -U) 6n) 	 (4.6) g1  

we have, 
02 • (C1 	 G(E ii )] dPI(ii)} 

CCE1) 
1 	~ 

(4.7) 

which - is a tuotion of 1C1+~ in p U*Ular oescc, 	ha= 

0(c) _ 	1 	 (4.9) 
t "()1 

not* v (0) represents the ezpoated cost when the equip ent 
is alwsya reply ed at the firct b ws irrespective or the 

ru►»t of domes and 0(c),  the upeoted cost that the e+ ,tpesnt 
in replaced seal' titter failure. 

to order to ob to 	(O, 	,E)wbtcbuiiniids.s 
the . setsd cost rate 0(z1) In (4.7), we aenuLS that OW 
has a density. Then we gyre the foUawing tbsorem given by 
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Wakmava tiicb gives the optiawi arspla rran# policy. 

. it K( s) 021(01 — 02) then there exists a aaigae 

11 
 

(0 ( 4 CX ) which ratisfise the following aqn.. 

I 
I .is( z..a )] 4th(ta) a 0 '` (01 .+ 2) 	(4.10)  

i) It x(x) 	v +►( 01 .o) then 11 * 1 i.i. apoliey of 
replaceant *t y after failurS is opts . 

It the. exista i 	4 (0(1 (1) for can (i) 

the expected oast rate to 

0(4) a Mo1 -aC) [1 'iG(X 	# ~ 	(4.11) 

and for *an (ii). is is given in (4.9). 

We on further Obtain the following. 

X(x) 4 ox **1. ere 1/'4 a E [ WIL I (see Barlow and Prosohan) 

Tbui, .t 1> 02/ [ 4(01 « 2) 10 then there fiats a unique 

0 C i < 1) satIs ing (4.10). 

4.3 
Consider a rspisoeasnt of a •quiparnt Whft* the damage 

to Li is a function of working hourei under overstress ooMition. 



It u r avrslrsss condition working hours exceeds 1 .1500 bra, 
the sgnipwsrit is regarded ss tailed. The working hours par 
tias unit is assumed to obey the exponrntial distribution with 
scan 1/8 1.*. 0(z) a 1 .. s+ x) . Let C, rspr. not the usual 
replse.ssnt cost of the squi nt .' . _ . A cost 0, includes 

Al the costs resulting i' 	the tails of a sips nt in service. 

01 viii be greater than 02 sib 'fibs" Lea risk of accidents, 

lroa th rss if K> 1/[ °°i \ C i)) then thus exists 
satisfying  

e 	(i4)] 

a 
we replace the equation when total working hours exceeds K1 

a 
hours before failur . Tabes 4,1 shows the valvas of K1 when 
01/02 a d 1/8 are specified. 

Table 4,1 
K a SW i 

• 2 	01/02 	01/02 0 5 
Optim l Rsp]acasent Optimal Repl +t nt Optic] Rep]- 
isle] 4 	level 4 	1 sa+ ~.n* level 

10 1450 1440 1436 

20 115 1396 1388 

30 13M 1353 1343 

40 13+ 1318 1306 

50 1333 1282 1265 

60 1310 1251 1235 



finite ti* horison and xnftnttw terhonison respsetive3. '. 

Chapter third represents the optimal uiutenanos strategies 
for the equipment when cha s of states are Sera-Markovisn. 
Qn „ r oatastropio failure is conseidszed. Method of obtaining 
optical policy to pressntsd. - The objective criterion was to 
ainiaiss the expected cost per unit tt. In chapter tour, 
we discussed a problem of s ounulstivs chas a sodel r an 
equipment$ which is rep] aced at a certain eve 1. of damp 
before failure or nt failure whichever, occurs first. 

In first and third deis of chaptO two, we have 
considered finite time horizon. In practise, the period of 
time over which we wish to optiairar our maintnanoS d+ oisions 
may be very long and so we 517 be interested Is determining 
what the best decisions arS and whet is # e resulting cost 
when the period is infinite • Second and fourth sadsle deal. 
with this problem. 

The cumulative damage model discussed in a chapter 
four is vasa practicable. The problem of replao.nt decision 
to be talon, when the total expected cost due to failures 
exceeds a critical cost 'to ri or when the total down time 
exceeds a critical down time 1c ] , can be formulated with 
the help of this model. 

Thy author fools the need of investigation in the 
following areas -a 

u .3~1 



Two stop at s s1tt stage sa inte as strategies 

with the soaL-%Wko Lsa proosas. 

The .aLntsnMee strategies for the aystI* const ting 

of sq$pssnta with dopsdant tails. 
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This disrtation work is an at#espb IS p9ementin 
Xath*aatioai a +bels for decision aakiag , probl.i arising in 
the a►inteaancs of an eq ip at. lllnstrsttvs ivarioal 
eza les have been solved. 

In second chapter, tour models have been pzeesntsd for 
saintenanca of the egeipz nt and optia sl policies ori► obtained. . 
first sodsi consider. the saint.aanos po34ey for the equipment 
aabjeet to breakdown  with fronts time ',risen. The objective 
Was to min3ad" the ezp.clsd total discounted coat. Second 
model deals with the maintenance policy for an equipment 
sub jest to breakdown eonriderinj discounting taolor and 
infinite tiro horisonp minimizing the gated duce ► t cost 
per unit time  third and ftuxth model deals with the aairinanee 
polity for an equipment subject to deterioration considering 


	Title
	Abstract
	Chapter 1
	Chapter 2
	Chapter 3
	Chapter 4
	References
	Conclusions

