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SCOPFE O_F THE WORK

Distributed Parameter System (DPS) is a system in
which mass of energy is distridbuted over all the spatial dimen-
sions. Such systems arise in various application areas, such
as ¢ Bending of beams, Heat transfef, chemical process systems,
communication systems. Dynamics of such systems is described
by partial differentia] equations. Comrared to ordinary
differential equations, very emall amount of work has been
done towards the solution of partial differential equations.
Owing to these difficulties study of optimal control of DPS
is formidable compared to its counterpart in Lumped Parameter

Systems (LPS).

There are many physical systems which are described
by diffusion equations, for example, heating of solids, flow
of viscous fluids, diffusion of gases, flux distributioﬁ in a
solid rotor. Very often it is é&gégibad to achieve a particular
type of distribution in such systems by applying manipulative
control on its boundaries. It is also desirable to achieve
such distributions by suitably designing the controller, in
shortest possible time. PFrom physical point of view, the

control may sometimes have physical constraints.
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This dissertation proposes to investigate time
optimal control of multidimensional DPS considering Linear
Diffusion Equations as illustrative examples. The dimensiohs
of the systems considered are one, two and three. The results
are extended to N~dimensions. The boundary controlled Diffusion
Systems are transformed to integral equations using successively
deperatioan%riable and Laplace Transformation techniques, for
Time Optimal Control studies. Structure of controller hasa been
studied following optimal control theory of LPS, which demands
the solution of a set of sinmultaneous non-linear equations
involving exponential funetions in time. The difficulties of
solving these equations have been illustrated in the design of
Time Optimal Control of fourth order - LPS. This leads to the
belief that solution of these equaticns in the capse of diffu-
sion systems is much more difficult when convergent results
are desired. A transformation technigque has been applied wﬁich
overcomes these difficulties. The controllers thus obtained
are tested for various systems and results then compared. The
study ends with a conclusion emphasising eitension of the

present work for future studies.



CHAPTER -~ I

INTRODUGCTION

A distributed parameter system is a system whose
mass Or energy is distributed over all its spatial dimensions.
The behaviour of a such a system, in contrast to lumped para-
meter systems which depend on a single factor and whose para-
meters are concentratdd at a point, depend on various factors,
say, time, distance. Behaviour of a multitude of physical
systems can be represented by distributed parameter systems,
flux distribution in a solid rotor (Fig. 1.1), oscillations of
fluid in a tank, (fig. 1.2}, transfer of power in transmission
lines (Fig. 1.3), vibration of beams (Fig. 1.4) and circling line
vhen an alrcraft flies with a long flexible cable attached to
it [9] (Fig. 1.5) are a few exampleé. Many other control and
design problems faced in electronics, hydraulics, metallurgica;
and chemical plants are also distributed parameter problems.
The usual phenomenon in a continuous indugtrial process is the
flow of material through a number of processing zones which
are distridbuted consecutively in space. The control action for
them, e.g. the control of temperature are also distributed in
space and act over the entire length of the processing zones.
In metallurgy industry, the operation of a rolling mill, or any

other system, for hot processing of metal by applying pressure
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depends entirely on heating rate. Here then, it is required
to control the heating to obtain a specified temperature
distribution throughout the entire volume of metal, in minimum
time. Another very popular example, which has been the topic
of considerable importance in research works, is heat flow or
diffusion equation. In general, all dynamical systéms are
basically distributed systems whose behaviour is described by
partial differential equations, integral equations, integro-
differential equations and sometimes more general and complex

functionals and relations.

The analysis of the distributed parameter system is
a very complex and laborious task. Sometimes on neglection
of some parameters of a distributed parameter system rest of
the parameters can be lumped together, reducing the labour
needed in analysis and computation. Such a system is lumped
parameter system and its behaviour is descrited by ordinary
differential equations, e.g. If there has t0 be transmiasion
of power in a short fiime (upto 60 or 80 Ems) then the line
capacitance can be neglected. Th#e resistance and inductance
of the line are then lumped and the analysis of this line is
much easier to that when the capacitance was considered. Thus
in a nutshell, lumped parameter system is a particular case

of distributed parameter systems.



1.1 OPTIMAL CONTROL OF DISTRIBUTED PARAMETER SYSTEMS

The theory of optimal systems, based on the recent
advances in mathematics and engineering, has been rapidly
developing during recent years. As the technology is progressing,
demands from automatic control system are growing more diversive.
The range of objects operated by automatic control are rapidly
increasing. In various processes automatic control systems
are required to ensure highest productivity for a given expendi-
ture of raw materials, fuel oxr energy. IHigh accuracy of
operation of a system or a‘unit and high speed of operation are
often required, some specified state is recguired to be |
approached with least expenditure?gvailable means .. Many indus-
trial systems orerate in a sanner such that, the poténtiality of
the plant is not fully utilized. It is, therefore, necessary
to create methods of control that cnable to utilize the
potentialities of the plant to the fullest extent and create

systems that are optimal in any specified sence [jO; 3{]

Taking into account the importance of optimality
in modern technology, optimal control of distributed parametei
systen is a topic of keen interest as behaviour of a multitude
of dynamical systems 1s described in distributed parameters.
But Que to complications involved in treatment cof partial
differential equations and co mputation work, less attention
has been paid towards it. Looking into the literature available,

it is seen that, in general, the approach for numerical



solution of optimal control probvlems in distributed parameter
system is to prepare an approximate model of the physical system
which can be solved by conventional technigues(10]. Reviewing
the various methods used for approximating the system, they

can be put into two categories.

(1) In the first category, the optimal control problem
is formulated for the equations ddscribing the distributed
parameter systems., Conditions for optimality are obtained and
an approximate solution to the optimal control policy is found

out by utilizing the conditions for optimality.

(2) In the second category, the distributed
parameter system is approximated to a lumped parameter system
by some technique. The specified performance index is then
apprroximated to one specified for the lumped parameter system
model and an optimal control policy is determined for lumped
system. In this approach it is necessary to choose a lumped
parameter system model which will yield optimal control law for
the lumped system, which is sufficidntly close to the optimal

" control law for distributed parameter systeuw.

The first cabegory mekes use cf either of the four
methods [9]) whichever is suitable for the purpose of
aprroximating distributed varaneter system to a model

in the problem -



10

(a) Eigen function expansion or Harmonic Truncation
(b) Space quantisation
(c) Time and space quantisation

(d) Transfer function approzimation

Approximated model is then subjected to either of the four

apprroaches {9s)Jto develop the necessary conditions for optimality

(1) Variational method
(1i) Moment method
(4ii) Dynamic programming method

(4v) PFunction space method

a
Frequently/{combination of these methods is used to find the

optimal control.

Vinter {17] gave a generalised form of Pontryagins
Maximum Principle and derived canonical equations yiedding
minimum time contfol for linear systems w ith quadratic control
effort constraints. He observed that by taking a restricted
class of system solution could be obtained in terms of system
parameters and the same procedure could be employed for minimum
energy problems. Lu and Shen (30) presented a practical approach
to the problem of Optimal boundary control synthesis in one
dimensional linear stationaty distributed parameter s ystem
and obtained optimal control function directly from a generalised
quadratic performance index by using gradient methods ewtended
to the functional space. Kin and Erzberger [?d] considered a

N-dimensional wave equation and desired Riccati equation for
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optimum boundary control with unconstrained control function

and quadratic error measure. He solved these equations by

using certain type of weighting factors in the quadratic error
index and employing the seperable variable method. Greenberg [2{]
took parabolic differential equation and formulated them as
ordinary differential equations in Hilbert space. By formulating
‘the quadratic cost criterion as inner products on this space

he proved the existence of optimum control both when the

system operator was coercive and the infinitesimal generator

of a semigroup of operators. Wang & Tung [26] discussed general
method of optimum control of distributdd parameter dynamical
aystem giwine with main features as mathematical description of
distributed system, formulation of optimum control problem and
derivation of a maximum principle for a particular class of
system. Brogan L[2¥) treated the distributed parameter problem
involving non-homogeneous boundary conditions by dynamic
programming technigue and showed that it can be as powerful as
the variational approach. Brogan 28 also took the wildland
fire suppression from control point of view and taking the

fire fighting as removal of heat he made a distributed

parameter model of it. He then suggested many optimtgation
pProblems but was not able to present a final solution due to

scarcity of qualitative experimental data.

In this dissertation time optimal control of
multidimensional distributed parameter system ha¥$w been

investigated by considering linear diffusion equation as an

example.
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1.3 TIME OPTIMAL CONTROL OF LINEAR DIFFUSION SYSTEMS

Leibowitz and Surendran [28] developed a procedure
of time optimal control of Linear Diffusion Systems consisting'
of two iteration s chemes and based on singular perturbation
techniques and calculas of variation s. Khatri and Goodson [383
synthesised one and two dimensional heat transfer system by
reducing partial differential equations and boundary conditions
to an integral equation and applying variation procedure.
Boody [?i] applied a noniterative finite difference method
for solution of Poisson and lLaplace equations with linear
boundary conditions. He observed the method to be simpler
and more accurate than iterative procedure and the computational
work was vastly introduced. McCausland [8] applied three
methods : subdivision method, fourlier series method and the
parabolic method for finding time optimal control in a single
dimension heat conduction equation and observed that subdivision
and harmonic method givesthe correct control input taking
sufficiently high order approximation to the actual distributed
system but the parabolic method gave an inherent inaccuracy whicl
could not te removed. McCausland [16] obtained a2 lumped model
using truncated eigen function expansion for the distributed
system but this approach was limited to the problems where
the time and space varisbles could be seperated. 'Prablai and
McCausland [ 11] applied Galerkin's method for modelling the

diffusion system to lumped system and observed the obtained
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switching instants of the optimal control to be in a very good
agreement with available literature. Mahapatra (13] converted
the diffusion systems to integral equation ard had proposed some
transformation for time optimal control studies using Knudson's
method applicable to lumped parameter systems [14). These
transformations hade been mede uselggrgg&ution‘of non-linear
equations (5.1) in this dissertation, which reduces the compu-
tation work tremendously. Sakawa(12)gave two methods 1@
variational méthod and reduction of problem to linear or
non-linear pfogrammingfftime optimal study of heat conduction
equation in single dimension. Upon use of variational method

he derived Freedholm's integral eguations as necessary condi-

tions for time optimal control.

In this dissertation diffusion problems giving heat

- conduction is one, two and three spatial dimensions have bheen
stated in Chapter II. They are then subjected to Laplace
Transform [5) and éeperadble Variable [5] techniques in Chapter IV.
Using the property of orthogonality, the system is then converted
into lumped parameter integral equations. The technique has
been extended to n-dimensions. Thus the problem of time optimal
control in distributed parameter system is converted into time
optimal control of lumped parameter system. The Pontryagin's
Maximum Principle[2)then gives the structure of control to be of

Bang-Bang type, baving (n-1) switchings for nth order system.
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This leaves the problem as the solution of nén-linear
simultaneous equations involving exponential of time. It is
this part which has been given the maximum stress in this
dissertation. Taking three illustrative examples of faurth
order lumped parameter system in Chapter III and converting them
into non-linear equations (of the nature obtained in distributed
parameter system}, it has been shown that tremendous difficulty
is faced in their solution if they are kept in time domain.
Owing to these difficulties nanly a few persons have touched

this portion of computation. A transformation[1§) has been
used in Chapter V which rdduces the labour needed in computation

of the solution of these non-linear equations.

Lastly, using harmonic truncation method (10] , the syst
response is obtained for increasing number of switchings. The
computational work has been carried out on one, two and three

dimensional linear diffusion systems.
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GHAPTER = II

PROBLEM STATEMENT

The chapter describes various systers under
investigation for Time Optimal Cohtrol studies, Tbaae .
systems include (1) One dimensional Diffusion System,
(1i) Two dimensiongl Diffusion System, and (1ii) Three
dimensional Diffusion Sysﬁem.

2.1, PHOBLEM-A! ONE DIMENSIONAL DIFFUSION SYSTREM

| Consider a rod of length L and of negligible
width and thickness. The length is taken along the
spatial coordinate - x, as shown in Fig.2.1.1. Heat
is added at one end of the rod at x = 0 and the other
end ( x = L) 18 maintained at zero temperature, It is
desired to attain a steady state terperature distribution
6,(x) in time T. Let u(t) be the source of heat (hence
called controlled function) applied at x = 0, let us
assume the initial temperature dlstribution of the rod
to be zero. Neglecting the heat flow along y and z
direction, the behaviour of temperature € at distance
x and time t is chamacterised by partial differential

equations

4 6 (x,t) | '
dt ’ = ‘?2 ae;x;;) ¥ x€(0,L) ..(2.1)

With boundary conditions:
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8 (0,t) = u(t)] @ (Lyt) =0 (2.2)

and with initial and final conditions?
8(x,0) = 03 8 (x, T) = 8,(D) (2.3)
where a2 is the conductivity of the material of the rode

When (2.1 = 2.3) are nomalised with respect to
spatial coordinate |
x, then the system is tranformed to:

38(x,t) 3 8(x,yt) 7 x €(0,1) (2.4

=
Bt : 8 x°
With boundary conditions;

8(0,t) = u (£) .3 © (1,8) = 0 - (2.5)

and initial and final conditions as$

o(x,0)=0 3 &(x,T) = @' (x) . = sin @a’cf/n , (say) (246)

2.2 PROBLEM~BS  TWQ DIMENSIONAL DIFFUSLUN CYSTEM

Consider a square plate of length L in spatial
coordinates x and y as shown in fig.2.2.1.Heat 1s added
uniformly at the surface x = O and all the other surfaces
are maintained at zero temperature. The temperature |
distribution € (Xy7,t) s ‘for this system, when normalised
with respect to zgand t&coordinates, is governed by the
partial differential equations$



38(x,y, t) 3%8( x,y,t) . 3%e(x,y, t) .
3t ) oy2
X,YG(O,’I) ) (207)

Let u(t) be the heat source, hence called control function,

applied at x = 0, Therefore, the boundary conditions are!

8 (x,0,8) =0 | 8(x,1,t) =0

Let us assume that the plate is ﬂiﬁan;} released)ahd
at t = T, the steady state temperature distribution is
@' (x,y)e The initial and final conditions are then given

as.

8(Xy5740) = 05 8(x,y,2) = 9*(",3')

;__ Sin wg_ Sin wy ,(say) (2.9)
T

2,3 PROBLEMeC: THREE DIMiNSIONAL DIFFUSION SYSTE:LS

Consider a cube of arm L as shown in Fig.2. 3.‘1.
Heat is added unifomly at the surface x = O and all the
other faces are maintained at zero temperature. The
temperature distribution €(x,$,z,t), for this systems

when normalized with respect to x2nd 3-spatial coordinates,
is governed by the partial differential equation?



80( x,y,2,t) a%e( Xy¥92yt) . 3%8( Xy¥9e2Zyt)
= "

3t ox2 2

9y

9%8( Xy ty2,t) ,
v oA Ay z,y,z,‘E'(O,‘!) (2.10)

Let u(t) bve the‘heat source, hence called controcl
function, applied at x = 0. Therefore, the boundary
condition areg' | | | o |

e (Qo}'t?:t) =u .(t);;_ € (1,y524t ) =0

-] (x,c;z,t) = 0 -; 6.( Xy1y 2Z,t) =0 (2.11)

@ (x,7,0,t) = 0 @ (X,7,1,t ) =0

Like previous problems, let us assume the initial
temperature distribution of the plate to be zero. If @
(xy%,2) be the steady state tempsrature disctribution at
t = T, then the initial and final conditions are given
ass

8(x,y,2,0) = 0 } &(x,y,2,%) = 6‘(x,y,2}

Sin vx sinv sin w2z
} )
2.+ LIME QPTIMAL CONTROL

From physical point of view, the heat source wu(t)

y (say) (2.12)

can have magnitude constraints of the type $

|u)| & 10 | (2.13)
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The time optimal control problem is to design
the structure of u(t) for all the three systems ﬁzentioned
earlier, such that, the steady state distributions e*(x)
for one dimensional, 6*('::,3') for two dimensional,
o (x,y,z) for three dimensional Diffusion systems
stated in equation (2.4 - 2.6);(2.7 - 2.9) and (2.10 ~2.12)
respectively, can be obtalned in minimum time T,
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IIME NT
MPE METER SYSTEL

This chapteér exarines the computational problem
of time optimal control of systems described by ordinary
linear differential equations. The control function is a
scalar one, Results of this chapter will be useful to
study}the time optimal control of linear diffusion equations
described in later chapters,

3.1 PROBLEM STATEMENT

o Consider a linear, time~-invariant lwped paramseter
system (LPS) described by a first order, ordinary vector
differential equations

§ (t) = A X (t) + Bu(t) - eee (3.1)

with initial conditionsiX (0) = X, ose (3.2)

where A is the system matrix of order n x n.
B is the control matrix of order n x 1.
X(t) is state vector of ordern x 1.

u( t) is a scalar quantity, called the control function
for the 3:/3;91’!1 (3.1 - 3.&). )

It 1s desired to design the structure of the
control u(t), such that the systenm described‘by (3.1) is
driven from the initlal state X  to a final X* i® minimum
time T, The control being lirited in magnitude by the
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constraint
lﬂ.(t) 1 s 1 .0'0 ‘301*)

3.2 SOLUIJON TECHNIQUE
If the lmpLd parameter system is of order two
or maximum three, u*(t) can be designed using methods given
in {2,3) . The prihciple adopted here to design the optimal
control u* (t) is in the line of Smith [14 .
';' Consider the dlagonalisation of matrix A in (3.1),
assuming it to have (for the sake of simplicity) distinct

eigen values }‘1!8’ 1= 15 2y vee K D

Let | :
X(t) = PZ (t) s (305)

wl.nere'i’»is a non singular matrix
~fhen (3.1) can be written as B
s -1 -1
Z _'-" P APZ + P 'B u cee (3.6)
making the substitution
e=F1By3D=p"14p cee (3.7
The system (3.1) gets transformed in the canonical fomm
2' = DZ + Qu e (3.8)

where

O ) ¢ . b.(309)
*n




22
From (3.8) and (3.9),

By = AQ By v Q3 1= 1,2, sy 0 ees (3410)

spplying Laplace Transform technique to (3.10), the solution

is given as t

0 = 5(0) o Mbe g [ 2P uiey ary
17 192500yl oo (3.11)

At =1 "

g (T) = 2(0) o M. g exi(%t’u(t)dt:*

lb | ; = 1.2,:!4‘“ s (3612)

or ' ' i

;“. i= 1;2,."’1’1

T
0[. '92‘1(1,”” u(t)at = a( T)w ZA(O) M7

Y
o (3.13)

, o
Assuming X, = 0F  hence giving 2,(0) = 0

Thus from (3,13)

T
J (1" y(t) at = €y 3°1=152y50y0
0

sae (3.14)
vhere ¢, = () | -
- EL;;..__. ees (3215)

From Pontryagin's Maximum Principle (2] , the
stmcture of u(t) will be Bang-Bang type, having (n=-1)
switchings for nth order syster (3.1). &ince in our problem



the initial state vector is zero, Bang-Bang control will
pe + 1 at time t = 0 (see fig-3.1). Breaking the integral
into n=sections vith control u(t) changing in each section
(3.1%+) can be written as
21 t,
y A (T=t)
et (=Y y(t)at - oM U(L) A +eeae

1 T
+(=)1 o*1{T" Yy t)at =cy )
-1
1= 1)2pe0eeyl 0er(3.16)
Qhere tqs ta";"’,t~-1 are the tiﬁe of switchings and

T the optimal time in which thevcontrol,transfbrms system
(3.1) from initial state X, to steady state X+

Solving (3.16)

26 1Tty LM (Toto)y | (e 1)T™2 peR g T tna ) ¥y T

C4(= D™ U, ey=05 1=1,2,.. 1.
eee (3.17)
Substd tuting |
Fy(tyatyy eeaey by 1,0 = 207078 Doggty(T78))

Foveet (=102 2601 b )Py T

# (@D 4 0 05 1=1,2,00,0
ves (3.18)
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ve get
Fi(t1,t2, 0‘0’%1'1‘) =0 : 1= 12400069 N eere (319

Thus problem of time optimal control of system
(3+1%343) with constraint (3.4) is finally reduced to the

solution of non-linear equations (3.19).

3.3 SOLUTION .
- Newton=Raphson method for solution of non-linear
simultaneous equations have been adopted here for the solution
of (3s19). Let t1, ty seeee s t ~ be the approximate roots of
(3.19) (th,baing the approximate value of optimal value of
optimal time T), If these apm oximate values are located,
respectively, at intervals h1, ha, sasy hn from the exact

values of the roots, then

-

tj = tj+ hj ;' JF 142y ¢eeey n ese (3420)

and : - - - .
Fi(t1+ h1, t2+ hi’ esey tn"' bn) =0: 1=142444 90,

.‘.' (3'21)

Expanding Fi's by Taylorts series and neglecting higher
powers of hyts in (3.21),

Fu(tiat.y seesgt. )+ 1 aF)'+....+h oF 0
R R L AR | i i
v (aTL ( 03
tzt

Vtet,
o ) i=1 929 eseyll 006”3022) |

From (3.18),

..___A_.GF = ("1)32}\ e i(T ta) ; J= 192500004104 "

ot o

J
and
aFi = — }\i e}\i T ees (3023)

e T



Do
)|

Substituting these in (3.22), n=simultaneous linear
equations in unknown h1, hé' ...,hn.are obtained,
Solutions of these equations are obtained by Gauss =Siedal
method, ,

~G”J’JLProgrammefbr solving these equations‘(3.19) by
the above method has been provided in Ap@%dixﬁ* ka2 o

3.4 ILLUSTRATIVE EXAMPLE

Lo B et -

Let X= [ 26,8190  4.2700 ~=0.8120 042363 X,
| 4,27 =7.6300 14,5070  ~0.8120|| X, | +

.....

04812 14,5070 =7.6300  4.2700 || X,
.“012368 "'0.8120 ll».Z?OO ‘ "‘6‘8170 x,_’_

b
, b i e

SRR B

[~ olg72]
- +1.0150 u(t) eoe (3.24)
» 149530
i 446620
given that 4 o i
X(T) = [0.18707] =and X(0) = 0 eee (3425)
03010
0.3010

| 0.1870 |



While proceeding towards the final solution, it was found

0
0 .
0

= 152780

that
04986 0 0
0 =3.,9147 0
0 0 -8.71%
0 0 0
p= | 00371 =0,601
04601 =0.371
0.601 0,371
0.371 0.601
[ 04371 0.601
Pl= | -0.601 -0.371
«0,601 0371
~04371 0.601
0450114 ]
2(T)= 0
0
0

'00601
99371
0,371

: "p601

0,601
0.371
04371
0,601

=0.371 |
0,601 |
0,601 |
0.371 |

0 «371]

04601

=0 ,601

0,371

26



 0,9876 " [ 0,507 ]
Q= 0,9936 y C= 0
«2.8599 | 0
3.6995 | 0

Computer programme for obtaining these values
is shown in Appendix = 3.1

' The integral equations, which are obtained on
using all the above values, are then |

T

6‘0.9861 (Tﬂt) u(t)dt &= 0.5071'_

9‘309124'7 (T=t) u(t) dt= 0

.

@°8e7190(T=%) () 4t =0

T

3’15.2780 (T"t) u( t) at = 0

The initial values given as the approximate
solution are seen in the first row of table = 3,1. The

rest of the table gives an idea of the intermediate stages

27
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reached, while proceeding towards final solution. The finsl
gsolution obtained (giving the structure of the control u*(t))
is as shown in table - 3.2 « Appendix 343 summarizes results

of two more examples of fourth order system.

3.5 _CONCLUDING REMARKS

Finding time optimal control switchings necessitates
the solutidn of non linear equations (3,19) involving exponental
functions in time, The Newton-Ralphson method adopted here
for the solution of these equations needs some estimgied value
of the variables before proceediﬂg towards the final solution.
It has been seen practically that a great deal of difficulty
is experieﬁced in assuming these initisl values of the variables
tys tg, t3_and L These finite timings can-lie any where on
the positive real line, This makes the choice of initial
$alues, a matter of guess aﬂd intution., It has been further
found that theée equations are very sansitive to the selection
of initial values., Many a time, on giving'a set of initial
values, overflow problems were expafienced.whan working on
IBM 1620« The progrerme had to be bfought to an end and
refed with a different set of initial values., The initial
value chosen, thus, may or may not lead to the solution, The
difficulty experienced in solution of fourth order system
leads to the belief that still more difficulties will be
expe rienced in finding time optimal Control switchings for
a higher order system. o

WA ——-
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APPENDIX 3a&el

C ¢ EIGEN VALUE AND EIGEN VECTOR CALCULATION RAJIV GOYAL
DIMENSION A(10»10)+B(10910)eBT(10)s¥T(10)sLEMDAILO)»PTRAN(10910)
10(10)2Z(10)9C{10}
n=g
READ 22 ((AtloJ)sJ=lsN)slmlsl)

2 FORMAT(4F2048) -
READ 29 (BT(I}slnlsN) N W
READ 29 (YT(I)eludoN) y
CALL EIGEN (AsB Nsl0) &

PUNCH & '

4 FORMAT { 20X 14HETGEN VALUES)
PUNCH 2+(ALIsl)yimlsN)

PUNCH 5 ‘

5 FORMAT (20X9 15HEJ GEN VECTORS)
PUNCH 29{iB(loJ)sJwlsN)slmisN)
D0 10 I=1sN
JP=]

PO 10 J=JPeN
PIRANC L2 J)=sB(Je])
10 PTRANCGJe 1)=B{14 )
DO 11 §=mleN
DEIi=PTRAN(Is1)eBY(1)
ZII)=PTRAN(I+L)eYT(1)
00 11 Jm2eN
DUI=D(])+PTRAN(IsJI®BT(J)
1Y 41 YsZCI )P TRAN(TIsJIWYT L)
PO 12 I=1isN
12 CLLIs2{3)/70(1} .
PUNRCH 2+(2Z(I)elmissN)
PUNCH 2+(DL{13sialsN)
ST0P
END



C
200

90
25

30

a3
36
38

20

15
16

30

APPENDIX 3ebe2

RAJIV GOYAL TIME OPTIMAL CONTROL OF LUMPED SYSTEMY
DIMENSION A(10930)9D(10+10)sDY(202R(10)sF(20)sT(10)eX(10})eCL10)
FORMAT{BE1O:4&)
EPS=(040001
N=3
NlsN-l
MaN+l
READ 200 o(R(IIo=loN) o (CUL)oImleN)
READ 200»(TtI)s1=leN)
DO 25 I=lsNl
X¢(I)mT N)~T(])
XIN)®sTIN)
DO 30 I=1eN
F L In24REXPIRCI)FX(L1)I=24EXPIR(EISX(2)ISEXPIR(]IINX(3))~]1.04
1R¢(I)eCL )
D) 35 I=l«N
DO 35 J=1lNl
JAnJel
Allod)u=208 (=]l O)RRJARR{ I )IREXP(R(IINX{J))
DO 38 1I=1leN :
A(LoNI®mRITIR(F(I)I+10~R(I)®C(]1))
D0 38 Imls»N
A{lsM)s=FL1)
SOLUTION BY GAUSS METHOD STARTS
DO & KslaN)
DO & JuKoM
DiKeJ)msALKsJ}/A(KIK)
KKsK+1
DO 3 I=KKeN
DO 4 J=KeM .
DilsJd)imAlLl s d)~A{ToKI®D(Ks )
CONTINUE
D0 11 MM=]leN
DO 11 NNsl.M
A(MMaNN) =00 0
A(MMaNN) =D {MMeNN)
CONTINUE
DYIN)SAINsM)/ZAININ)
DO 20 I=lyNl
KeiN~]
SUM=BU 6D

Jufl=K

DO 7 Lslsd

LLsM~-{,

SUMs SUM+A(RSLL)I*DYLILL)
DY{K)w{AIKsM)=SUMI/ALKSK)
CONTINUE

PUNCH 2009(T{I)yI=loN)o(F{l)el=1eN)
PUNCH 2003 (DY(I)silmleN)
IFCABSFIF(1))=EpS5)IL15915+960
IF(ABSF(F(2))~EPS)116016+960
IFLABSF(F(3))1~EPS)1Te17+60



17 IFC(ABSFIF(4))1=-EPS)18918960
60 DO 40 [=1sN
40 T(I)=sT{1)+DY(I)
GO YO 90
18 STOP
END



ADGCTUIR @ 3athed

-

| G409 3,860
3,360 +7.021
*0,6115 4,03
01736 =0,6115 3,860 64409

Xy
Ka N
}13
R,
given that X(i) s | 0,1870
| 03010
0,3010
0,1870
It wns found thut
[ «0,9793
= 0 «3.,8193 .
0
o .

‘006115
4,03
7,021

" »043339

047548
»1,4810
L1380

0

*8.2431

0

01736
»0+6115
3.860

a

- u(t)

0

0

0
«13,3183

-
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The solution, 1.0. the tize of switehings and

[ 04371 =0, 601
0. 601 =0,371
04601 04371
04371 04601
" 0,371 04601
04601 «0,371
«04601 04371
0,371 0,601
2T = [0.5011% ]
0
0
_ 0
| /
[ 097 $! o=
1.8538
~2,5581
340071
_ )

=0y 60
0371
0.371%
«04601

‘0.601
04,371
Ge371

-0.661 |

-

1

045429 |

o
o

0,

%0.371
0,601
=04 601
0,371

-

0.371 |

0.601
”00&)’

0.371

-

-

final tires T, were found as showun in table » 3.3
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§a322  u619 SeP2 54773 s
ERAMRLE |
. [ =5e0 25 0. 0
K= 245 “5e0 245 o
0 245 - 5.0 245
0 e 2% =50
™ —~- -
Sq
*2 * e
i
“u 2.5
ven that "
et 0.1870 ~
043010
X4)= | 0.3010
10,1870

-
-

During the sclutloa, it uvas found that

[ 0,05

D= 0
0

0

o
LR

0

0

0

0
=0y 5"‘5

0




1.0 1.0
1462 0.618
Pe
’962 ‘096’8
10 =10
T 440 1.62

12 =1.62

-

Q = [ 245

=25
2e5

2.5

1062
P“v 1 .\0 0. 613 "01618
10 =Ne618 "0-6"3
1.62

-y

140 1.0
=0+618 *1.62
=0,618 1.62
1.0 »41:0
1.0*‘ ] 1*3‘6‘

=1,0 | ' 0.0

1.0 | Ce0
cs | 0u533
‘ 0
O‘
o

s.o.'ﬁﬁ) = | 040

The tire optiral control switchings are shoun in table 3.b.

WZLLE = 3ol

t3 Q("%)

¢y )
5.806% 661773

6e282 6.331
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CHAPTER = IV

CONVERSION OF LINEAR DIFFUSION EQUATIONS TO LUNMPED

PARAMETER SYSTENS FOR TIME OPTIMAL
CONTROL STUDIES

This chapter presents a technique to convert linear
diffusion systers into lumped equations using seperation
variable and Laplace transforr techniguestsidThese lumped
equations are utilized to study the tire optimal control
problems; stated in Chapter-II, Results are then extended

to n~dimensions systems,

4.1, ONE DIMENSIONAL LINEAR DIFFUSION EQUATION
Consider Problem-A,'statéd in Chapter-II (equations

20“ - 2f6°o

Taking Laplace transform on both the sides of equations
(2-# - 205) with respect to t,'

8 6(xy8) = 68(x,0) = -Q;:%L£&§L__ b//x (%ot)
and _ L , o
J
6(0,8) = w(s) , ©(1,8) =0 - (442)
Also , 4 - . : ‘
56( x, 8) =—‘{-‘i‘2&§)—-—— ; since 6(x,0) =0 (4.3



- Where r) are the poles of F(s) and 4, (x) is function
of x only.

The poles of F(s8) are given by

sinh']-‘:r— = 0

'.l‘his gives

8 -‘= - k2 12 ; k= 091’2’ conee (4.8)

A X) is given by

A;, (x) = Lim ( s-ro) sinh _/_'5"“(1-,;)»

s;’ro ‘sinhv_/i""

; Lim s e/3 ("Rg/F (1)
30 o/® . o~/

=0 (49)

Ay (2) is given by
Ay (X)) = % : k>0 (%¢10)

(-a;-)sgrk

where p 1s the numerator and q denominator of F(s)
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Let €(x,8) be denoted dby 8 for the sake of simplicitye.
Solution of (4.3) is thus given by
@ = Asinh /'8 x+ Becosh /s x (4o4)

at x = 1 Xsinh /5 + Bcosh /5

i
O

or,
X =«F8cosh /5
sinh _/s~

at x= 0, From (%,2) and (4.4)
B = u(s)

Thus solution of (%¢3) is given as

o osh_/5~ |
o = (- 2% "/.____ inh _/8 x+ sinh _/5 x ) u(s)
sinh_/s _ |
or’ ’ . o
| sinh _/s (1- | |
0 = -/5_:- ad u(s) (%.5)
sinh _/s :
Here let, N o .
8inh /3 (1=x)
F(s) = — (49
sinh _/3
Writing F(s) in the form [5]
Hs) = Z Ak(x)._}.‘._.;__ (.7)
i s = yp

k
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Now . | o |
pr,) = & §sinkr (1-x) (e11)A
and |
cosh /5
("g'%“')prk = 2 i/ s_ )Bz_k2 72
| ok - |
= £ = (%.118)

2 Jkw .

From (4.10), (%+114) and (4.11B)

A = 2 kv sin ke x | (4.12)
Thus from (4.7), (%.9) and (%412)
F(S) = 2% i k sin ke x
' =" s+ k2 w%;

Thus from (4.5),

‘ . t
& (x,t) =27 Ew: | - k2 72( t=7)
k=1 o

. | | (4e13)
assuming expansion of @€ (x,t) in coordinate x and time t,
is a convergent series in the sense of Wein berger[5].

This gives the complete solution of ’System (26t = 246) e
While obtaining the time optimal control, we See that
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at t =T, from (2.6) ana (4,13)

0 T 2
2% Z ‘ksin k7 x Jg“k v (T-t) u(t) at
' = o 0
w LSl X (4e14)

w
Multiplying both the sides by sinm# x; m= 1.2, trces
and integrating whthin limits O and 1 (using the property

of orthogenality) [5,10]

1
27m Je‘mz A0y tyat '[ sin m ¥ x ax
o 0
| 1 . . _
_ Lsinmwx,sinn'x'
= | : . dx
]
m 3’1.2,3, sense
or I o~ 72 (Tet) " . 1
. u(t) = sy m=
o 27°m

=0 ; ms= 2,3, Sees

The one dimensional linear dimension equation
for time optimal control studies, given by (2.4=2.6),
is converted into a set of non=linear equationihfinita
domain, These type of equ.?ationshave been discussed in
Chapter=-III for time optimal control studies of' lumped
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parameter systems described by state equations, , There=
fore, these infinite number of integeral equation (4.15)
can be approximated in a finite domain and the non~linear
equations governing switching instants can be obtained
following the procedure adopted in Chapter III, Further,
the diffusion system under consideratioq' is a heating
phenomenon ( €(x,0) = 0 and @ = sinw x/7 )+ Therefore,
the initial sign value of the gontrol should be 4'1A.

Hence, the non-=linear equations to be solved are given by

'_ - 2 o2 220m
m ual‘ m2 ::(:r t)) el w(T t,),

222NN

M2 o "m2 - %—1’*(-1)““

+ m2 ?2 cmz" 0 , m= 1,2,3,0--0.. (ke16))
Where ‘
¢ 2 L ; mf=1
S - ’ n® =
u 2 72 m :
= 0 ; m= 2,3, ¢secoce (’4--1&)
o2, TWO DIMENSION LINEAR DIFFUSION EQUATION

 Consider Problem = B, stated in Chapter= IIS
(equations 2.7 = 2.9 ),

., Taking Laplace transform on both the sides of(2.7)
and (2.8) with respect to t and imposing zero initial
condithon (2.9).
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- Taking Laplace transform on both the sides of (2.7) and
(2.8) with respect to t and imposing zero initial
conditon (209)0

& (x’y,s) 62 ) (_X,y,s)
3 x—zn - + - 3 ya _ ~50(xyy,8) = 0
(4417)
and . _ .
8 (0,7y8) =u(s) 3 @ ( 1,y,8) =0
® (x,0,8) =0 3§ 8 (xy1,8) =0 (4418)
Now assuming S
| _'e(;;,y,s) = ¥(xy8) Wy) (%419)
(4.17) glives A
. : : 2 :
d® X(x,s) 2
8 X(x,8) Xy = Uy ‘xz’ + X(x,s) LX)
d d y2
(4420)
with boundary conditions L
X (1,8) =0 '

¥ (0) '==o';' (1) =0

writing X = X(x,8), Y = ¥(y) and dividing (%.20) by XY
2 | 2y 5 |

_%_......Q.._Z....-s =---%—-- -gsy-%-a)sa,(saﬂ

ax?
(%.22)



This gives

%2-2‘—-» (s+2Hx = o (4e23)
and . - |

.,.'§.§§X...+ Ay =0 ' | (%e2lt)

Let the solution of (4.24), be given by
Y=A¢ gin Ay + Bt sindy (% 425)

Applying boundary conditions at y=0andy =1 (4.21),
the solution is given by |

n
| | (4426)
Wwhich in tu_m,gijvea the solution of (4.19)as |
R, | .
e = Eng At sin nwy X, (x,8) | (h.a?)
at x = 0, (4.21) and (4427) give
® .
Z_-'- At sinn w 7‘)9: (:0_.3) = u(s) (%.28)
n=1 ' -

Multiply (lp.%) 'by sin k Ty : k= 1,2.3,....;011 both
sides and integerating within limits O and 1 (using
property of orthogonality)

X (0,8) = —% u(s) § kis odd
kA (he29)

= 0 $ ks even

Y, A sinnwy } 2%=n?#2} n=1,2,3,----

44



Let the solution of (4,23) by given by
X, =C, sinh /52 x4 D, Cosh /s # " x
(4.30)

at x=0
By = X, (0s8)

= = u(s) 3 n 1is odd

'
tnAn

at x= 1, from (4.,21), |
C, sinh /S+ X2 4 D Cosh /B¥ X2 =0
Or : N D

C = = 4 - Cosh _ n? 72 (8)
n . . . ’ un 8 -
Tnat : ursa , ’
n sinh _/ s + n%2
since Az = n2 12 ‘
Hence (4.30) can be written as * : g .
4 8inh ,/',sﬂ-n‘2 72 (1=3) |
xn = : u(s);

LT sinh_/" 8 + aC 12

'n = ,153’5, emose (h‘031)

Thus solution of (%.,17) is given as

@ (x,y,38) = - Z -—-g—-—-- sinnwy.
n=1,3

sinh _/ 8 + € 12, (1=x)
Sinh _/ s+ n“ %

e (4432)
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Following the procedure adopted in 4,1 to find the laplace
inverse of © (x,s), ve get ~

G(x,y.t)-BS k sinnwy
ysinkw#Xx
Z n

1,2

2
e-(ma} kz lf (1) u(‘l’)df ooo(l"‘o303)

Assume that the double series expansion of € (x,y,t) in
x and y coordinates and time t, 18 a cbnvergent series in
the sense of Weinberger [ 5 ].

To convert this intc lmnped integeral equations, we see
that at £ = T (2.9) gives .

}Q:'- vi: N | R 3.2 2
ey - B gy (n " ysinkax e'(na"k Yr(I=%)
n=1,3 n

' k=1,2 h

u(t)at = sin v x sin 7wy
22

Multiplying both the sides by sin p 7 x, P=132ye0. and

integerating within licits O and 1 {using prope rty of

orthogonality)

T ,
.(n%p ) @ (T t). _ |
j u(t)dt = s;_mzz s p=1
n=1,3 3 , .8 pw

=0 §p=2,3;...

Operating similarly with sin q #.y, ¢ = 1,3,5) e« we obtain



" (p2qDr(T-t)
J'.}p . WO b= g s g, gx

o] | evs (1‘3‘03!*)

Z0 3 P% 23 0000 3 35557000
or ,T é"‘”a"aw“t’u( t) at = g2} Q2= g’__a . n°=p
. - Bpm
= 0 ) otherwise ee.(4.35).
yhere m2 = (p2+ ¢? | (30
| The infinite number of integeral equations (h_,35*1+,36)
represent the equivalent lumped equations of two dimensional
dlffusion systems stated in chapter-IIIby equations (3.14=3.15)
for time optional control o# studies, These equations resemble
those of one dimensional diffusion équationa,(h,15),gZThe..
constents are these equations (¥.15) and (4,35-4,36) are ondy
different, Further, the time optional control involves heat~
ing phenomenon in both the situatioﬂs, therefore the non~linear
equations to be solved for determining the switching instants
in the case of two dimension diffusion systems can be referred
to eguation (%,16A), n® being given by (4+436)

4.3 THREE DIVENSIONAL LINEAR DIFFUSION EQUATION

Consider Problem-c, stated in chapter-II}
'(equations 2.10-2-12).

Taking Laplace transfoms on both the sides of
(2410) and (2.11), with respect to t and imposing zero initial
condition (2.,12)

239 (X}¥92,9) aae(x,y,z,s) Gae(x,y,z 8)

3 w8 8(X,¥248)=0
oXx

————

dy2 622 see ()"'03?)
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and .
G(ij’z,S) = u(S) ; 9(1’}”2’3) = 0

G(X.O.Z.S) =0 ; 8(xy14248) = 0 eve (4e38)
8(x,y,08) =0 ’ 8(x,y31y8) = 0

Now assuming
G(X,Y,Z,S) =2(z) @ (x,y,s) eoe (14e39)

(h.3?) gives
7( 2) sf.ﬁ.z..z.._l . é.:g.(...x....).) o'(x,y,8)4%(2)

e
y -sZ( z)e ('x;y,s)= 0  ees (W40)
Qith boundary conditions
| ~ 20) =0} z(1)=0 e )
ie1(1,y,§)50 3 e‘(x,q.s) =0 } 01(x,1,s) =0

. | “ )
Writing Z = Z(2)} 6= (%,3,8) and atviding (4.4) by ze'

1 £ -
;"""' Q_z_ﬁ__,*._@;ig‘__"s 1g___=j(,(say)

ax® 2z 4z
‘ [ R N ] (hbl"a)
This gives
' 1 1 | |
—-@-?.92-—-4- -9-2-92——- - (54' K') 61 =0 oee (’4--14-3)
Ox ay
and 4 A
ﬁ-— L K'Z = 0 eee {.’4‘.1"‘1"")
d22 '

Similar to (4,24), applying boundary conditions (4.41),
the solution of (4.44) is given as

Zn = Gn Sj.n nw Z"K' = n2'2, n= 1’2.3’ ao 00 (14‘0""5)



which} in turn gives the solution of (4.37) es

. ® 1w
6 = Z: G, sin nvz 8 'S case
n=1
Assuming ,
o', = Ygy) X(x,9)

(4.43) gives

2 . 1
Y(y) X48) , X(x,8) 51235(12 _(sfk“. )=0
| ’ dy eee
with boundary conditions
¥0) =0} T(1) =0
' ‘ XX}
X(1,8) =0 ‘ . ‘
writing ¥(y) = ¥, X(x,8) = X and dividing by X Y

L X (e =L A sk () e
X ax :

Y &°
This gives ) |
‘ '
il S
ax
and _ ‘ ‘
ﬁ__ + “" X | = Q [ X X ]
@.2

Applying boundary conditions (4,49), the solutions of

(452) is glven by

Yd = Hd sin dny : ’rﬂ = da”‘?’d = ?,.0

__

—

(4.146)

(4:47)

(4.48)

(4.49)

(4+.50)

(%59)

(4e52)

(4.53)
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which in turn gives the solution of (4.47) as

ol = i By, sindvy X, C eee (M54
&1

Following the procedure adopted in solution of (4.23),
solution of (4,51) is obtained as? |

Xg = xy(048) sinh ‘ QLQZQ?zrag 1=x)
sin h  s+(n%a%)n

whidn |
| @ (Xy¥4248) = E t Gn Hd 8in nwz sin 4 w1y xd(x,s)-

n=1 d&=1
. fpo (‘4‘055)

at X-"Qf (4+438) a"“‘u’

;: S. G, Hy sin nv z sin d wy x4(048) = _u('s)
SR R

using the property of orthogonality in the case of double
series, wo get

2(‘1 (0y 8) = 16 u(s) §1 a,nd,.,j a xe odd

13 6 Hy 72 ,
' see (14'056)

= 0 5 1o0r Jjis even

o gh&E 2—

CENTRAL LIBRARY UNIVERSTTY OF ROORKFF
‘ ~ NORKFEF



ol
Thus (4.55) can be wtitten as

O(x:y:z,s)=1_§_'§“— }m— A sinnuzy
72 nd

n=1,3 &=1,3

sin h | s+(n% dw2(1-x)
sin b | s+ (n% ta2)n2

u(s)

Sin ‘l“()
os -(2"‘057)

Following the proc edure, adopted in 4.1 and 4,2, to find
Laplace inverse of @ (x,3) and 6 (x,y, 8)

e(x,y, .,t)~32_§°°‘ ‘g‘— g’—' _Iga___sinmz

=1,3 &1,3 k1,2

. _ t
sindrysinerJ

(22 3%% a2 2 |
R ) e L hase)
Assume that the triple series exmnsion of €(x,y,z,t) in
X, ¥y 2 coordinates ana time t, is a convergent series
in the sense of Weingberger [_5] « To convert this into
lumped parameter system, at t = T (2.12) glves

_32 r;t f’— f— éin nw¥ z sin dvra sin kﬁx

1,3 &1,3 k1,2

T
J (i al) #2 (T—t)u(t) at

5 |
=ginw¥ xsinw ysin7w z
x 3 |
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Using the property of orthogonality for a triple series, we

obtain
T

J o (B2 +a% +52) 2%(1-1)
0 u(t) dt

» ’

=0 : p = 2;3,14', ootac..ug

q= 395 7y oaeeeh 8= 3,5,2,
(%.59)
or | T
J e me 72 (T=t)
. ~ u(t) at

n? = 3 e (160)
= 0, othereise

Where ,
maz(pz* q2+ rz)

The infinite number of integeral equations
(4.60=4=61) represent the equivalent lumped equations
of three dimensional diffusion system stated in Chapter III
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by equations (3.1%4-3.15) for time optimal control studies.
Similar sort of representation was also seen in (4.15),
(h.35“k.36) for one dimensions and two dimension systems
respectively. The difference'being in the eigen values

and congtants involved in theme A8 here also the tim?
: an imi

optimal control problem involves heating from

state 0(x,y,2,0) = 0 to a steady state 6*, hence the

initial value of the control will be +1, These integeral

equations (4,60 = 4,61) on simplification give rise to a

set of non-linear equations with the switching instants

of the control u(t) as thelr unknownss

4 o+e N=DIMENSIONAL LINEAR DIFFUSION EQUATION
It is hard to attach any physical significance to

n=dimensional linear dififusion equatibns. But only for
the sake of academic interest the method, adopted for
time optimal control studies of one, two and these
dimension linear diffusion equations, is extended to

n=dimensional spatial coordinates,

On the lines of problems-A, B and C in Chapter II,
n-dimensional linear diffusion system ( in normalized form)
is taken to be described by

D8 EX,y Xy seseny Xy t)

?;% 1 o9 R

. n , e

= Z a Q(X.'g Xa, sr0ey Iggt) :

o)
1=1 o X




o4

318(0’1) ; i= 1923 eeseeon (4,62)

with boundary conditions

8 (0' x2 » ssveay xn’ t') = u(t) ;

9(1’312, eveceny xn, t) =0

9(x1,0, ooo_oil_fn’t) = 0 ; e (21’ 1, ocofﬁxn,t) =0
(¥.63)

] (x1’ xag ®envss) %‘1g 1’t) = 0
and initial and final conditions

L) (31, cocvey xng 0)= 0 ?
( _,.T) e*n sin 7 _( )
e (x : = = -—-——-——x-i-— 8a
. 19 teeee) xn, ™ - ’ y
i=1
(. 64)
- The constraint on the magni_tude ofy'. so called control

function, is taken to be same as (213) for the time
optimal control problem described in 2.4,

' Taking Laplace transform on both the sides 6f
equations (4.62) and (4.63) with respect to time t and
applying zero initial condition (4.64).
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Z are (X.l, Xpy esavsseey Xpo 8)
T 9% - |
- 89(x11 x2,eooono’ Xh, S) = 0 (hoﬁS)

and _
e (ngag oocnoxh, s) = u(s) :
‘9 (1"::2" sseey xnss) = 0 |
o (11, Oy seeey xn, 8) =0 3
6 (X.l, 1 seeesy Xn, 8) = 0 - (4466)
ﬁ (31, X 29 *reeey 0’8) = 0
0(:::1, XZ, eevvseney 1'8)”0
Now assuming o |
8. (X.‘, xag Sevasy xh' 8) = Xn(xn) en-1
(x.’, ’ooo.oxn’ (l"'t67)

(4465) gives , L , _
n=1 320 =1 (x1,x2, ....,:51_1,3)

'lxn(gh.) Z 3 x°

1=1 n—‘l

2
n'-‘l (x.‘, '-Hoxn.ps) d;(“(grl)
a ’53
L.} Xn(xn) Gn 1(x1, .....,xn 1)3) = 0
(+468)




With boundary conditions

o) =03 (1) =0

Gn.1 ( 1y ngoonp‘n..l, s}] =0
0“‘1 (x.', Oy o0eey xn,1,s) = O M

; 9“’1(31. 3.2’-90000’ xn-b.‘, s) = 0 (4+69)

en‘1(x1’x29 000;0,0,8) = 0 ;
. on.1(x1’ xz* sbsesey 1, 8) 2 0

Wr_iting Xn an(xn) : ,enf“! 91?‘1 (I,, 12’ .....%_1,3)

and dlviding (4.68) by 6" ! :5:‘

1=1 axf o

=g -—-i-i—-— —-g—i——- S An : (say)
xn ,

n ’1 62 en’.‘

This glves ) - (s + An) 6"'1 =0
& 5::: T axl .
1= X
| | (ke?71)
and __g?__g_’l__ R Y (4072)
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Applying boundary conditions (%,69), solution of (4.72)
is obtained as

= B sinm wx 3
X;n m, n T %
An = mﬁ! = lﬂn‘: 1,2,.0-.0-.0. (%.73)
which intensien tum gives the solution of (4.65) as

-] (X.I,Xa’ onnﬁfou’ xn,s,)

= :z:: Bnn ‘gin m* X, 6:;1 (4e74)
P |

Assuming

92;1 = xl (xh_1 y o2 (11,x2,'aaas., ,2,8)

| (4. 75)
(4.71) glives
| n=2
2 gn=2 2 o1
o1 oy a%e sz & X"
1= S ax,

- (o ap ) X120 (hrp

with boundary conditions

o) =0 3 ¥ (1 =0

011‘2 (1’3:2, sevecy xn"2’s ) =0



Gn'a(x",o.-..uxn_a,s) =0 ;
Cn.z( 11,1, teesaey Xn_zg 8) =0 (4.72)
1 o ..
1 -

On'a (x1,1’ essee ) ug' 8)" 0 ;

nﬁa (11’:1!2’ sesces 1’3) = 0

Whe re x“"? = X1 (x) and 2 L EOTIRTIIRYE MPPL)

Dividing (4.70) by X" =1 g2
ne2 32 0n--a

gn"‘2 § :: - (s'*%‘;)

X %, ..
which gives
ne n=2 '
i o = (s+nd AP A" 1)e""’2=0
1=1 8 %

(4479)
and 2 o S
,,ﬂ ,,xn,_._..__._..... & An"1 }(n"'1 = 0 (’-1-080)
d xn-‘l C o
Applying boundary conditions (h.??’, ihé solution of
(%.80) is obtaired as



Which in tum gives solution of (4.65) as
, K = Q ]
o = ;e -
' .n znﬁ_‘h

sinma® x sinm_, enn:1

Similarly successlvely applying the seperable variable
techniques as in (4%+67) and (i+.75), we reach

( x.‘, eeceny an__a’ ) (4+.82)

o B 0o
e» = S B - E ' sesessne
=1 Comp =1 |
' Bn Bm1 [ EE NS N EN N NEN)
E ‘ ) s . D 1 )
m, = 1
Bm2 8in m X, s-im—ma__‘ sin Moeq o ===~
sin m, P x, 6;2 { X, 8) ... (4.83)
and , |
daa1 (x1, S) - ('B + ( 2 FY 2 e ' _',m?_)ua)go
. h A - mn, ml’l"1 esee I,
d x‘;‘-’ -
(4e84)

On the lines of procedure of solution of (%.23), solution
of (4«8+) 18 obtained as
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_ 2( 1
el;‘l ( Xy g) = 931 (0,3) sinh -/8* M7 =( 1= %) .
2 2 ’
s:!.n't:/ o M a2
Ml = ( mg *m§_1 sreve mg ) ,
(% 85)
Thus
‘ © . @
o =/ :‘ . ';E‘ XXX XYY
mh1 1
: T Bn ; Bm1 ) I EEFEXRENE RS NYN]
—y M P 1 "’
2 . .
Bm2 8in m.m X, sin mn""-,‘t e eesseSin mg 'xz
‘‘‘‘‘‘‘‘‘‘‘‘ 83,2 (x4y ) (4.86)
at , S N .
x; = 0y (4460) gives
0 o o0 B : '
E ' ‘ E ' ., esesmsse ;>-. . Bn‘ Bn.1 ®seveese s
=l Mgt m.=1 "n Tnei
: 2

, Bmz sj.n‘ mn ‘: xn sin mn_1 1;1:‘-)51_1-0000000
Sin m2 xz Gma ( 0’3) -

= u(s)



Using property of orthoganality in the case of n-order
series, we get
- - ) ‘- - i
o) (0,3) =_2n-1 1o (=1)1n 1=(=1)"n=1

m (A XXX ]
2 n ne 14
i B , i B
n | i, - AR L B
1
1= (=02 |
2 "1, .
= o2 . 4
1% gl u{s) 3 a;l.l:l.'1 are odd
) .TE“" 13
= 3=—2 =0 . oterhwise
Thus(4.86) can be writeen as
9(11,3!2, essnvecey %gS) | =
K 0o 0
= &2"‘2
vn_1 E Co E ) eedvcccevoe
" mn"-“l,3 m=1,2 -
_ -y
E T 1 Sin mn i J{n sin mn_1 L] Xn-.‘ ®sccscenes
m2=1 33 Mlneqe *olp
sinh _/ & ¥ Mwo (1=x,) _
sin m, ¥ x, _ o - u(s)

- sinh _/75v N 72

(%.88)



Following the procedure adopted in 4.1 and 4.2 to fing

Lpplace increase of € (x, s) and &(x,y,s).

9(11:x2; ooooosxn t) "g";'n-"‘z—— E E g -o;ooo“
.= ’

=1 ’3 mn.1=

E - 8in mh ' § X sinn x
m2=1’3 m a mn %10'0”’2 - 1 .1 oo
o S t >
8in my Rx, sin myX, J e-le’ (+®
} o 1) a

(4489)

Assume that the n~order series expansion of @ in X49% 90000

Xn coordinates and time t, is a convergent series in the

sense of wWeinderger (B).

To convert this into lumped parameter system, at
t= T (4.64) gives

e\n-‘l © xn1

T

8in mn b 4 xn eseee8in m1 w 11'1 J - u(t)dt
o

= Y sin ¥
E, orx

mz : Gescccenes V."..m
v m=193 >"‘5"3 m1-1.2 e

2
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Following the wethods used in 4e1,4¢2 and 4¢3 ( using

the property of or thegonality), we get

T 2 '
J e'(p1 “’ pg"' secssest p2 ) 72 (T"t)
o -

u(t) dt

= pEEB ooﬂo‘pn pj g 1 ; j = 1,2,337"!

- e

aan-1 2p1
= 0 : = ¢,2g3,’+,.n.¢..;
pj = 3"597. on;oo)ig = 2;3;1"'.0"0{ (4+.90)
_ oy -
2 2 | .
or ‘ B“m " (T"t) ' P seseh,
L we) ab= g2 = 123
r°s n (4%e91)
| _ | = 0 § othervise
where m? = ( p1 + pg"* cosee * P2 (l&.92)

Thus the integeral equations of the fom (4e15) 5 (4e35=%,36)
and (4.60-%.61) are reacheds
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CHAPIER =V
A_TRANSFORMATION TECHNIQUE FOR
N=-LINEAR F 0

In this chapter, thér non=linear equations obtained
from sections L.l , L.2 and 4.3 are transformed from time
domain to Sedomain with the help of some transformations [13]
These transfromed equations are then solved by Newton=Ralphson
method, The geometry of the transformations indicate that
the variables , thus involved in new equations, lie on the
real line within a region O and 1 (excluding zero and one). The
switching instants for one dimensional, two dimensional and
three dimensional systems are then solved by this method. The
verformance of the systems are compared with the help of graphs
glven at the end of this chapter.

5.1 TRANSFORMATIONS

The non linear equations to be solved for obtaining
the switching timings is\one, two and three dimensional linear
diffusion systems are of the type

2.2 L2 2 _ 22
oI '1'+2em2'n (Tety)_ Zemn (T=t,)

# L I N

- 21:2('_[_‘- - : _ |
+ (__l)n-a 2e o tn"'l) +(~1)n 1_ mana cmﬁ = 0 (501)
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The value of m> being given by (u4,16A), (L,35) and (4.60) and
value of C , by (L.16B) ,» (b.36), (L.61) for one dimensional
m

two dimensional and three dimensional systemss respectively.

Let,
| o
™ (T=t) _ g, 5@ (0,1 (5.2)
Therefore,
2 _ 2
T e, and & (Y <5 gel2,. 001 (5.3)
Let 2

m =% | (5.
Thus the equation (5.1) is transformed to '

FM(SE;SO) “'SO + 231 882 *00-.0*( l) lsn‘l

-a-(.-.l)n"l - M na(cu) = 0 (5.5)

Cbgerving the behaviour of 8 with respect to time in fig. 5.1.1

SO < Sl < Sa € sseee™ Sn‘-l 3 s,“ G(O.l); N = 0.1,2;....(n-1)
(5.6)

From (S5.3),

T = =

l ' L
log S t:J ® T + ;-2"-108 sjv J%1425 403 (n=1)

HNIH

(5.7)

Solution of equations (5.5) are obtained by Newtone
Raphson method described in Chapter III and switching instants
are obtained from (5.7)

CENTRAL LismaRy UNIVERSTTY OF

ROORKEE 00RKeE
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Foo C4oo optiool eontrol ouwdlolding daootanto coa
bo obbalacd e countlons (L.15)s £olloing tho nothed c2oo8cd
40 Dels Tho oronttono (b.18) nro convericd o neaeslinesy

cec2ntiong
2 2 5y 2 ned,
3 u} o e ofol
Ff0ge0;) =@ o 220y ©2 05 © eesed(el) B,y (=
o o o8 ana 0 0 v L8363 {5.0)

odih emz@ 0.5 g mul
= 0 3 Qv 3&9#‘3*

Tho cointden of theoo oguatienn fas n = 2,5, 4 hove
beca obtnlned ond cumanedocd 4n Poblo S.2. Tho gommater wroorEs10
gor Shdoy Loned vupon el cothod 40 £Avea 40 Appentin S.l.is ThO
gennloto Aternbion fop o = & bhao boca chera 40 Appendls S5.0.8.
AXY theno cquntionn bove beoen colved tAth coourasy of m“ﬁ

Se20d

folution for O(x,t) 10 obfnincd 4n countion (L.15)
cnd ocubotitnddar Cho Bondedong conthol » bavinsg (med) cofdtahlsso
tho cbezdy otnbe dinteibution do gives by
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(as] 1 - 2 -Kan (Twt-)

a*(x) = 2% % K sin Knx 5 (~e Ka T +2e 1
k=1 Kan

| -Kon® (Tt
- ae"Kaﬂ_a(%'ta) b ouue t(=1)P"22¢ (Tt

+ (=)™t )] (5.9)

Taking first five harmonic terms in (5.9) » Gf(x) has been
computed on IBM 1620 {(See appéndix 5.2+% for computer program)
for various final time T (see Table 5.1). These are shown in
Fig. 5.2.1. It is seen from these graphs that as the number
of integral equations (4.16A) increase, the steady state
distribution under bang~bang control tends to the given
distribution of function & (xp = §3§~E§ .

The time optimal control swltching instants can be

obtained from equations (4.3h), following the method adopted
in 5.1. The equations (L4.34) can be converted to non~linear
equations:
2 2 2
m m 2
- - m . yR=2ql
Fm{so. sn)*" 80 + 281 - 2 Ba *o,.-"'("l) Sn"‘l

+(-1)n“1 -
2 2 2
m = Cma=0; m "Pa "‘f 3 D% 12935500
q3103a5-'
(5.10)
with Cpa= 0.125, m° =2 ,
= 0 3 otherwlise
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_ The solution of theae equations for m2 255,10, 13
(p = 1,2,3,; q = 1) have been obtained and summarised in
Table 5.2. The computer program for this, based upon N«R
method is given in appendix 5.3.1. The complete iteration
for ma = 1% , has been shown in appendix 5.3.2 . All the

equations have been golved with an accuracy of 1077,

5.3.1 COMPARISON OF PERFORMANCE

Solution for €(x,y,t) is obtained in equation(h,32)
and subgtituting for the bangwbaﬂg control with (n=l) switchings,
the steady state distribution 8“()x.y) is given by

" xy) =8 T % % am in k mx] S, ( e
Xr¥2 = pogl - MY 8 e
n=1,3 kal,2 ® _n°

~m;na(T~t2)‘ . nel ﬂman%ﬂbt

2.2
=-m“n“ (Twt.,)
Y. 2e ¥ ... +(=1) 2e ne

t+ Ze

nel , . '
+ («1) )] (5.11)

Taking first five harmonics, G*(x) for y=0,2,0.4,
0.6,0.8 and & (y) for x = 0.2, ®.4, 0.6, 0.8 have been computed
on IBM 360 (see appendix 5.3.3 for computer program) for
various final time T (see table 5.2). These are shown in
fig. (5.3.1 = 5.3.8). It is seen from the graphs that, as
the number of integral equations (4.35) increase, the steady-
state distribution under bang~bang control, tends to the given

distribution function (see 2.9).



S.h ESULTS IMENS IO
DIFFUSION SYSTEM

The time optimal control switching instants for
three dimensional diffusion system can be obtained from
equations (4.60), following the method adopted in 5.1. These

equations are converted to non-linear algebraic equations

e ne ma - 2 m&

i s 22 o o
FpdSo08g) = = 8, *28, - 28, +4eeet{=1) Spay ¥ U1 Coa= 05

ma - pa,,qa,,,és
P = 13‘2:.‘5&'--; i
A = 133550 800es
ﬁ, = 1}3!5.;00
with 2
Cya = 0.03125 ; n° = 3
= 0 H Otherwise.

The solution of these eéuations for ma =3,6,11, 14,39
(p = 1,2s3s5 o = 1,3; % = 1,3) have been obtained and
summarised in Table 5.3, The computer program for this,
based on N=R method, is givenh in appendix 5.4.1. The complete
ma

iteration for = 19 has beenlshown in appendix Selie2e

A1l the equations have been solved with an accuracy of 10"7.

5.b,1 COMPARISON OF PERFORMANCE

Solution for 8(x,¥,z,t) is obtained in equation
(4.58) and substituting the bangebang control with (nel)

swtichings, the steady state distribution *(x,y,z) is given
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by
6'(x ) Z ; ; ; . sin knx sin dny
2Y232) = ' Y
¥ n=1,3 d4=1,3 ksl,2 %
gin nn z
1 -maﬂa’_[’

w® P (Toty) | o gmm T (Tety) o (agyDe2

» ,
- t -1
2e o 'ﬂ (T‘ n-l) { (._l)n ] (5.111)

Taking first five harmonics, ©" (%) for y,z =0.2, O.h; 0.6,0.8

e‘(y) for %,z = 0.2, 0.4, ®.6, 0.8; and G‘(z) for x,¥y=0.2:0.4,
0:6, 0.8 have been cowﬁuted on IBM 260 (see appendix 5..L.3)

for computer ppogram) for various final time T (See Taﬁle 5.3).
These are shown in Fig. (5.4.1 = 5.04.8). It is seen from graphs
that as the number of integral equation (4.58) increase, the
steady state distribution under bang~bang control, tends

to the given distribution (see 2.12).
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APPENDIX 5620l

RAJIV GOYAL TIME OPT
DIMENSION S(20),PHI{
1H{20)+8B(20)»T7(20)
READ 1sN

FORMAT(12)

READ 29{(S(1}elI=1,N)
FORMAT { 4E2048)

READ 29+ACC

Ni=N-1

N2=N+1

K=0

Cllim({~le) %¥N1+e5
DO 3 I=2N
C{I)m(=1a)HeN]

DO 9 I=1sN

Yoo [ #%2

Iy=ay

[[=1Y~1
PHI(I)m=1e#S(1)n®1Y+C(1])
PHID(Iol)mel o YnS(1)%*l1]
DO 9 JU=2sN

IMAL CONTROL
20)sPHID( 20

PHICI)SPHI(I)4( (=1 )®¥J)H2%S5(J)¥*]Y

PHID(I9sJ)s2e#{ (1o ) ¥NJJuYRS{J)¥%]]
PUNCH 29 (PHI(I)y1I=1sN)
DO 13 I=1sN
H(I)=ABSF{PHI(I})}~ACC
IF(H{IY 1391391
CONTINUE

G0 T0 14

K=K+l

PUNCH 12K

FORMAT{(I6)

BO 5 I=1yN
B(I)=~PHI(I)

DO 5 JaslsN

Al 2JI=PHID(19J)
AlIsN2)=B{])

CALL SOLEQN{AN,20)

DO 22 I=1sN
X{I)=A(IsN2)

DO 7 I=1sN
S{I)=S{1)+X(])

PUNCH Za(S(l)oIzliN)
GO TO 8

PUNCH 20

FORMAT ( 20X 92 1HTIME OF
PI2=({22e/T7a)#%2
Tll)==LOGF(S(1))/Pl2
DO 16 I=2¢eN
T¢I1)=aT(1)+LOGF(s(I))/PI2
PUNCH 29(T(I)sI=1sN)
STOoP

END

SWITCHING)

O~

71

%R SYSTEMS 1D
’



APPENDIX 5e243

¢ PLOTTING OF ACTyAL VALUE  RAJIV GOYAL 1P
DIMENSION P{20),X(20)9EXP CT(20)»2{(20)»T(20)9Q{20)yACTU L(20)»
1B(20)
READ 1M -
1 FORMAT(I2)
2 FORMAT{BF10,.6)
EXPECTED VALUE
L=19
X(1)=20,405
DO 5 J=lsl
JizsJ+l
X(J1)=X{J)4+0,05
P(J)aX(J)%({2247/70)
§ EXP CT{J)aSINF(P(J))I/(R24/T0e)
PUNCH 2+ (EXP CT(K)sKelsl)
ACTUAL VALUE
NT=4
DO 100 JP=24M
READ 14N
READ 39 (T(I)yI=19N)
3 FORMAT (4E20,8)
NI=N~1
DO 6 J=1lsN1
6 L(J)eT(N)=~T{J)
DO 8 K=lsl
ACTU L{K)=0,
DO 8 I=mlsNT
Gme %% 2
Yu(224/To)%%2
QU1 )aGHY
DO 7 J=1sNl
Jigjg=-1
Fr2oREXPF(GII)I*H2(J) )% ({=]q)nx]])
IF{J=1)15915520
15 B(l)=F
GO TOo 7
20 B{J)=B(J1)+F
7 CONTINUE
F=B(N1)
FalF=EXPFIQII)*T(N))+({{=1)%%N1))/(=Q(I))
XT=]
PQeSINF((224/Te )% X{K) #XT) |
8 ACTU LUK)5(2%(22e/ T4 ¥XTH*PQ#*F)4+ACTUL{K)
PUNCH 1sdP -
PUNCH 2 »(ACTU L(K)sK=1lyl )
00 CONTINUE '
STOP

maihn
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APPENDIX 5e3el

C RAJIV GOYAL TIMg OPTIMAL CONTROL IN DISTRIBUTED PARAMETER SYSTEMS 28
DIMENSICN 5(40), PHI(QO)gPHID(éO.#OJ:C(40)sA(40'41)9X(40)9
1H(40)vB(40):T(40)9N(40)
READ 1L
1 FORMAT(12)
READ 1»LP
READ 1sKPC
READ 29 (S{1)4I=1+KPC)
2 FORMAT (4E20,48)
READ 29+ACC
KP=0
DO 50 I=lysle2
DO 50 J=lyLP
KP=KP+1
NC(KP )= ( [##2 )4 (Jx%2)
IF(KP=1)45950045
45 KPTakKP«-]
DO 49 M=1.KPT
IFIN(KP)~N(M)149951249
51 KP=KpP~1
60 TO 50
49 CONTINUE
$0 CONTINUE
12 FORMAT(16)
KP1=KPC~-1 . ‘
Kp2=KPC+1
Km0
Clli=m(=lo)#RKPlwle/8e
DO 3 I=29KPC
3 C{I)={=1a)%%KP1
8 DO 9 I=1,KPC
o ZaN(I)
II=N(I1)
1ZaN(I)~1
PHI(I)=~S(1)%%]1 +C (I}
PHID(I1+1l)m=Z%S(1)%%]2Z
D0 9 J=23KPC
PHIC(I)=mPHI(I )42, %((=1a)%%J)¥HS(J)**]]
9 PHID(IoJ)=m2e%({mla)®¥ j)RZuS{J)NH]2
PUNCH 29 (PHI(1),I=19KPC)
DO 13 I=]1»KPC
H{I)=ABSF(PHI(I))=ACC
IF(H{I))13+s13911
13 CONTINUE
GO TO 14



11

14
20

16

KmK+1

PUNCH 12K

DO 5 I=1sKPC
B(I)=~PHI(I)

DO 5 J=19sKP(C
A{I»J)=PHID(I92J)
ACI»KP2)=B(])
CALL SOLEQN (AsxPC»40)
D0 22 I=1leKPC
X{I)I=A(IsKP2)

DO 7 I=1sKPC

S(I)=S(I)+X(1)

PUNCH 23(S(1)elalsKPC)

GO TO 8

PUNCH 20

FORMAT ( 20X 21HTIME OF SWITCHING)

PIl2a3{22¢/Te)¥%2
T(1)=~LOGF(S(1))/P12

DO 16 I=2+KPC
T(I)=sT(1lI+LOGF(g(1))/PI2
PUNCH 2» (T(I)e1=1sKPC)
STOP

END

79



APPENDIX 54343

Iteration F

1l D112 0,070805
2 FS?& =0, 0282406
3 po71  0.0290372

4 3609 =0,0054201

5 rao"”‘ 0.73x10°%

6 bp% o

0. 0687666
0, 0827806
- .009941S
-0.0064914
-0,99x10"5

-0.1x10~8

- - ——ew oy v
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1
2
3

APPENDIX 54343

PLOTTING OF ACTyAL

VALUE RAJIV GOYAL 2 DIMENSION

77

2A

DIMENSION X(20),P(20)»Q(20)2EXPCT(20)»T(20)92(20)»ACTUL(20+20)»

IPACT(20)+GS(20), B(ZO).Y(ZO)
FORMAT (12)

FORMAT(F1046)

FORMAT (4EZ20,48)

4 FORMAT(20X»6F10,6)

31

70

15

L8
22

X(1)=0,2
Y(1)=0,05
FX20e2
FM=(,05
ML=4

L=l19
PRINT 81
PUNCH 81

FORMAT (1 X9 1HNs2X 9 1HX925X9 31HINTERVALS

DO 5 I=1ML

I1a1+1
X)Il®mX ) [%4FX

DO 6 J=1lsl

JisJ+1l
Y(J1)mY(J)+FM
ACTUAL VALUE

PRINT 70

PUNCH 70
FORMAT(15HACTUAL VALUES)
NT=5 .
M=4

DO 100 JPBZ:M

READ 1N

READ 39{T(I}sl=19sN)
Nl=N-1

PRINT 1N

PUNCH 1N

DO 7T J=1laN1
Z{J)eTI(NI-T{J)

DO 25 K=loML

DO 30 IK=]l,i
ACTUL(IKsK}=0,4

DO 20 JC=1eNTs2
PACT(K)=0,

DO 21 1I=1,NT

G 8*{(1**2)+(JC*‘23)
YMB(224/Te)%%2
Q(I)=GeyYM

DO 22 J=1,N1

JisJ-1

Fm2e#EXP (QUI)%Z(J)IR{(=] 4 )HRj])
IF(J=1)15915918
B{l)=F

GO TO 22
B(J)=B(J1)+F
CONTINUE

OF 005

AT Y=AXES)



b2

78

/ FsB(N1)

- 21
20

30

25
100

¢ ¢

1

3
4

81

70

Fs(F-EXP (Q(I)*T(N))+((~1.)**N1))/(~Q(I))
XT=l

PQaSIN ((224/76)%X(K)%XT)

PACT(K )= (XT#PQ*F)+PACT (K}

CONTINUVE

iM=JC

FAsSIN ((224/7¢)%Y(IK)*IM) /LM
ACTULLIK oK) =FQupACT(K)+ACTUL (IK9K)
CONTINUE

PRINT 2 X(K)

PRINT 49 {ACTUL(TK9K) s IK=1sl)

PUNCH 2#X{K)

PUNCH 49 (ACTUL{IKsK) o IK=1 oL}
CONTINUE

CONTINUE

STOP

END

PLOTTING OF ACTUAL VALUE RAJIV GOYAL 2 DIMENSION 28
DIMENS I ON X(20);P(20)oG(ZO)oEXPCT(ZO)-T(ZO)’Z(ZO)9ACTUL(20o20)b
IPAQTKZO)’68(20).8(20);Y(20)

FORMAT(12)

FORMAT(F1046)

FORMAT (4E20,8)

FORMAT ( 20Xs6F10,6)

X{1)=04,05

Y{l)=0a2

FX=0405 _

FMaQe2 g -

ML=19 '

L=4

PRINT 81

PUNCH 81 .
FORMAT(1Xﬁ1ﬂN!2x91HY925X»31HINTERVALS OF 005 AT X~AXES)
DO 5 I=1lyML

Il1=1+1

X(I1)ysX{I)+FX

DO 6 J=l,lL

JimJ+l

Y{J1)aY{J)+FM

ACTUAL VALUE

PRINT 70

PUNCH 70

FORMAT ( 15HACTUAL VALUES)

NT=5

M=4

DO 100 JP=2sM

READ 1N '

READ 39 (T(I)sl=]1sN)

NisN=]

PRINT 1N

PUNCH 1N

DO 7 J=1,N1

Z(J)=T(N)=T(J)

DO 30 IK=mlsl

DO 25 K=1lsML

ACTUL(IK»K)=0s
DO 20 JC=1sNTs2



15

18
22

21
20
25

30
100

PACT(K)=0,

DO 21 I=1,NT

G s ((I##2)4(JCH*2))
YM=(226/74) %#2

Q{I)=G*YM

DO 22 J=m1lyN1

Jisd=1

Fr2 o #EXP (QEI)*Z(J)I%¥{{~14)%%J])
IF(J=1)15+15418

B(l)=F

GO TO 22

B(J)=B(J1)+F

CONTINUE

F=B(N1)

F(F-EXP (QUIN®TIN) I+ ({~1,)®##N1))/(~Q{1))
XT=]

PQaSIN ((22¢/74)*X{K)#XT)
PACT(K)=(XT¥PQ¥*F ) +PACT(K)
CONTINUE

IM=JjC

FQaSIN ((224/7«)%Y(IK)*IM)/IM
ACTUL(IKsK)=FQ¥pACT(KI+ACTUL (1K »K)
CONTINUE

PRINT 2sYU(IK)

PRINT 45 (ACTUL(IK9K) sK=1yML*
PUNCH 2sY(IK)

PUNCH 49 (ACTUL{IKsK) sK=1yML)
CONTINUVE

CONTINUE

STOP '

END

73



50

APPENDIX 5Sefel

C C RAJIV GOYAL TIME OPTIMAL CONTROL IN DISTRIBUTED PARAMETER SYSTEMS 3D
DIMENSION $(40),PHI(40)sPHID(40940)9C(40)9A(40941)9X(40)
1H(40)+B(40) s T(4Q)»N{(40)
READ 1oL
1 FORMAT(I2)
READ 1sLP
READ 1911IP
READ 19KPC
READ 29 (S{1})sI=1sKPC)
2 FORMAT (4E2048)
READ 2»ACC
KP=Q
DO 50 I=1sl»2
DO 50 JQ=1s1IPs2
DO 50 JmlslP
KP=KP+1
N(KP)m( I%#2)4(Jn®2)+{JQeN2)
IF(KP=1)45950945
45 KPT=KP~1
DO 49 M=]1,,KPT
IF (N(KP)=N{M)}149951949
51 KP=KP~1
GO TO 50
49 CONTINUE
50 CONTINUE
12 FORMAT(16)
KPlsKPC~1
KP2sKPC+1
K=0
Cllim{=1le)#%KP1lmle/32s
DO 3 I=24KPC
3 Cll)m(=1,)%uKP]
8 DO 9 I=1,KPC
Z=N(1)
II=N(])
IZaN{l)~1
PHI(I)==-S(1)#*]1 +C (I}
PHID(I 9 1l)==2ZaS{y)%%]Z
DO 9 J=23KPC
PHICI)=PHI(I)4+2,%((=1e)%%J)%RS{J)*%]]
-9 PHID(IoJ)m2e#({=lo)®t ) nZuS(J))%*i2
PUNCH 29 (PHI(I)y1I=1sKPQ)
DO 13 I=1lsKPC
H{I)=ABSF(PHI(I))~ACC
IFIHUI))1391391)
13 CONTINUE
GO TO 14
11 K=K+l
PUNCH 12K
DO 5 I=1yKPC
B(I)==PHI(I)
DO 5 J=14sKPC
AllsJ)=PHID(19J)
8 ALI+KP2)=B(])
15 CALL SOLEQN (AskPCr40)
DO 22 I=1»KPC



22

14
20

16

X(I)=sA(IsKF2)

DO T I=1:KPC
S(I)=S(I}4+X(I)

PUNCH 29(5(1)»1=1sKPC)
GO TO 8

PUNCH 20
FORMAT{20Xs21HTIME OF  SWITCHING)
PI2=1226/Te)#%2
T(1)==LOGF(S(1))/P12

DO 16 I=29KPC
T(1)=aT(1)+LOGF(s(I)}/PI2
PUNCH 2» (T(I)s1=1sKPC)
sTOP

END

81



l

Tterati

T F3 s s
1 24017 -0.0244839 -0.1358442 -0,2572719 =0,1942589
2 037161 -0,0106673 =-0,017395 0,022724  -0.019605
3 ;oooz’az -0.000033 -0,0002504 -0,0003633 -0,0003199
4 25107 -0,2x10% .0,2x10°6 -0.1x10°6  <0.2x10°C
5 ‘ 0 0.1x10°¢ o 0.1x10"€

. wrrw g ~wr s wa O

22 CONTINU
F=B (N1

X3

82
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1
2

3

APPENDIX

PLOTTING OF ACTyAL

DIMENSION X(20),Y(20)+sW(20)92(20)sP(20)5Q(20) sR(20)+EXP T(20)»
1T(20) »ACTUL(20) 4 PACT(20)yGS(20) sQPACT(20)9B(20)

FORMAT (12)
FORMAT (2F1046)
FORMAT (4E2048)

4 FORMAT (30X»5F10,6)

70

15

18
22

X(1)=0,05
Y(1)=0e2
w(l)‘ooz
FL®04,05

FM=002

ML=19

A

PIE=22e/Te

DO 5 I=1,L
I1=]+1
Y(I1)=Y(1)+FM
WIIl)=W(I)+FM
DO 6 J=1sML
Jl=J+1
X(J1) =Xt J)+FL
PRINT 70

PUNCH 70
FORMAT ( 1SHACTUAL  VALUES)
NT=5

M4

DO 100 JP=2sM
READ 1N

READ 3+4T(I)sl=1sN)
Nl=N=1

PRINT 1N

PUNCH 1N

DO 7 Js=sleN1
Z(J)I=T{N)=T(J)
DO 30 IK=l,L

DO 25 K=lsML
ACTUL( K)=0,
DO 72 JQ=1,NTs2
QPACT(K) =0,

DO 20 JC=1,NTs2
PACT(K)=0,

DO 21 1I=1eNT

G B ((THN2) 4 (JCHH2)+{JQ¥R2) )
YM=PE#%2
QUI)=GrYM

DO 22 J=1,N1
Ji=J-1

FuZo®EXP (Q(II*Z(J))%((=)¢)¥nJ1)

IF(J=1)15515,18
B(l)=F

GO TO 22
B(J)®B(J1)+F
CONTINUE

FuB (N1}

56409

VALUE RAJIV GOYAL 3 DIMENSION

83

3A



;;(?-EXP CQUINRTIN)I I+ (=1 ) #RNL )/ (~Q(I))
o .

PQ=SIN (PIE*X(K)*XT)

PACT (K} = (XT®#PQ¥F)+PACT (K]
21 CONTINVE

iM=JC

FQ=SIN (PIE#Y(IK)*ZIM)/IM

20 QPACTI(K)=FQ# PACT(KI+QPACT(K)

LQ54Q
FT=SIN (PIE*W(IK)*ZQ)/ZQ
72 ACTUL(
25 CONTINUE
PRINT 2sY(IK)sW(IK)
PRINT 49 (ACTULA
PUNCH 2sY(IK)sW{IK)
PUNCH 49 (ACTUL(
30 CONTINUVE
100 CONTINUE
sTOP
END

C ¢ PLOTTING OF ACTyUAL

K)=FT*QPACT{(K)+ACTUL(

KysK=lyML)
K)oK=1yML)

K)

VALUE RAJIV GOYAL 3 DIMENSION

84

38

DIMENSION X(20),Y(20)sW(20)+2(20)9P(20)sQ(20)9R(20)sEXP T(20)y -
1T(20) s ACTUL(20) 4PACT(20)+GS(20) »QPACT(20)+8(20)

1 FORMAT(1I2)

2 FORMAT(2F10e6}

3 FORMAT{4E20.8)

4 FORMAT (30X 9s5F10,6)
X{1)=0,.2
Y{1)=0,05
Wil)1=0e2
FL=0405
FM=042
ML=19%

L=4
PIER224/77¢

DO 5 I=lsL
112141
X(I1)=X(1)+FM

5 W(ILl)=W(I)+FM
DO 6 J=lsML
JisJ+l

6 Y{J1l)sY{J)+FL
PRINT 70
PUNCH 70

70 FORMAT(15HACTUAL
NT=5
M=4
DO 100 JP=2,M
READ 1N
READ 39 (T(I)sl=yeN)
NlaN=1
PRINT 1N
PUNCH 19N
DO 7 J=1leN]

T Z(J)aT(N)=T(J)
DO 30 IK=l,L
DO 25 K=1sML
ACTUL(K) =0,

VALUES)



15

18
22

21

20

T2

" 25

30
100

C c

1
2
3

00,72 JQA=1sNT»2

QPACT(K) =0,

DO 20 JC=1yNT»2

PACT(K)=Q,

DO 21 Is1eNT

G g ([##2 )4 (JORRZ )4 (JQHR2) )
YM=PIE#%2

Q{I)=GnYM

DO 22 J=1yNl

Jlz=J-1

FR24XEXP (QUI)*2(J) 1% ({=~]1,)%%Jl)
IF(J~1)15915418

B(l)=F

GO TO 22

B(J)=sB(J1)+F

CONTINUE

F=B{N1)

Fo{F=EXP (QUI)®T(N))I+((=]4)%%N1}
XT=]

PQsSIN (PIE®X(Ik}#*XT)

PACT(K ) m{XT®#PG*r)+PACT(K)
CONTINUE

IM=JC

FQ=SIN (PICH*Y(K)y*IM)7ZM
QPACT(K}=FQ#® PACTIK)+QPACTIK)
2G%4Q

FT=sSIN (PIE®#W(IK)*ZQ)/2Q
ACTUL(K)=FT#QPACT(K)+ACTUL (K
CONTINUE .
PRINT 29 X(IK)oW{ IK)

PRINT 49 (ACTUL(K) sK=1oML)
PUNCH 29sX(IK)sW(IK)

PUNCH 49 (ACTULI{K ) »K=19ML)
CONTINUE

CONTINUE

STOoP

END

PLOTTING OF ACTyAL

DIMENSION X(20),Y(20)sW{20)92(20)sP(20)sQ(20)sR(20)sEXP T(20)»

P/ (=QET ) )

VALUE RAJIV GOYAL 3 DIMENSION

1T(20)9ACTUL(20) 4PACT(20)5GS{20)»QPACT(20) +B(20)

FORMAT (12)
FORMAT (2F10,46)
FORMAT (4E204.8)

4 FORMAT (30X95F10,6)

5

X{1})=0,42
Y{1l)=0e2
W(l)n04,05
FL=0e05
FM=0,2

ML=19

Lak
PIE=224/7s

DO 5 I=1yl
Il1s]+1
XtIL)=X(1)+FM
Y(I1)=Y(])+FM

8O

3¢



70

15

18
22

21

20

72

25

30
100

DO 6 J=1lsML
Ji=J+l
W(J1)=WlJ)+FL
PRINT 70

PUNCH 70

FORMAT ( 15HACTUAL VALUES)
NT=5

M=4

DO 100 JP=2sM
READ 1N

READ 39 (T{I)slI=1,N)
Nl=N~1

PRINT 1N

PUNCH 19N

DO 7 J=1sN1
2(J)=T(N)-TLJ)
DO 30 IK=l,lL

DO 25 K=1lsML
ACTUL(K) =0,

DO 72 JA=1eNTs2
QPACT(K} =0

DO 20 JC=1sNTe2
PACT(K)=0,

DO 21 I=1eNT

G e IR%2) 4 (JOHE2)4(JQ%R2) )

YM=PTE*#2
Q(I)=G*YM

DO 22 J=1sN1l
JizJ=1

FR2 #EXP (QUI)*Z{J) 1% ({~]a)®J])

IF{J=1}15+15,18
B{l)=F

GO TO 22

B(J)=B (J1)+F
CONTINUE
F=B{N1)

FalF=EXP (Q(I)#TE(N)I+((=14)%%N1) )/ (~Q(]})

XT=] :

PQ=SIN (PIE®#X{IK)#*XT)
PACTL{K) = (XT#PQ#F )+PACT(K)
CONTINUE

IM=JC

FQ=SIN (PIE#Y{Ix)#*ZM)/IM
QPACTI{K) =FQ* PACT(K)}+QPACT(K)
4Q=JQ

FT=SIN (PIE*W(K)#*2Q)/ZQ
ACTUL(K) =F T#QPACT(KI+ACTUL (K)
CONTINUE

PRINT 2sX(IK)sY(IK)

PRINT 49 (ACTUL(K) sK=1sML)
PUNCH 29 X(IK)sY(IK)

PUNCH 49 (ACTUL(K) sK=1 ML)
CONTINUE

CONTINVE

STOP

END

86
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g t, t, T

B3 = - - 0.,17234
13 0.26779 - - 0.27449
t

59 0.47443 0.48599 -  0.48928
f

|

sts.
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CHAPTER - VI

CONCLUSION

Reviewing the results obtained from computation work
and the graphs thus plotted and taking into account first five ¥
harmonics only, it is seen that the achieved stéady state e
distribution gradually approaches towards the desired distri-
bution as the number of switchings in the structure of control
are increased. Thus if more number of switchings are taken in
thestructure of control, steady state femperature response will
be still more near to the desired distridbution. Also, consi-
deration of more harmonics will give a better access to the

distribution.

It is algo seen that the transformation given by
Mahapatra [13] when utilized for the solution of nonlinear
eqﬁations(s.i) reduce the computational labour to a large extent.
As shown in Chapter III, the computational difficulties came in

selecting the initial values of the variables t1. t2' tpseest

n-1

3
while sokving non-linear equations (3.17). These timings could

be anywhere on the real line, making the range for estimation of
initial values very large. But transfer of such equation (in
distributed parameter systems) from time #omain to S-domain
limits the values of the new variables in a range (0, 1).

Thus the difficulties dxperienced during computation are almost

eliminated. Above all, these transformations are not only
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applicable in distributed parameter system, they are also
valid for lumped parameter systems. Thus reducing the compu-

tation labour there.

51 SCOPE OF FURTHER WORK

The geometry of non~linear equations (5.5) show
that applications of non-linear programming, can completely
eliminate the difficulties left in the computation. If this
ié achigved it would completely revolutionise the field of
distrib;ted parameter systems, vwhich had been drawing less (

attention due to computational difficulties involved, giving

rise t0o a lot of scope of further work.
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