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SYNOPSIS 

Girder bridges which are generally simply supported 

have been found to suit the small and medium span coverage both 

from point of view of structural efficiency of the deck behaviour 

as well as ease of construction and economy. Both conventional 

as well as computer based methods of analysis for girder bridges 

are available. Some of the conventional methods are briefly 

presented in the various chapters of this dissertation. These 

methods are (1) Courbon's T.Iethod (2) Orthotropic Plate theory 

based (a) Morice, Little and Rowe curves ; and (b) Cusens and 

Pama curves ; and (3) Harmonics method. The assumptions and 

limitations with regard to th mathematical modeling of girder 

bridges by these methods have been discussed. From the appli-

cation point of view a typical 4—girder right bridge having a 

span of 19.4 m and carriage width of 7.5 m has been analyzed 

for two critical load positions of IC class—A loading. A 

comparative study of the results for r ir.det bending moments and 

deflections as obtained by the above mentioned methods has been 

carried out and certains conclusions arrived at. 
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CHAPTER _ 1 

INTRODUCTION AND LITERATURE REVIEW 

1.1 GENERAL 

Interconnected girder bridges are the most widely used 

one, despite its complexicity in analysis. The introduction of 

an increasingly vehicular loading has emphasised the need for 

a better understanding of the way, they function. 

Girder bridges, in general, consist.  of several parallel 

longitudinal girders, connected .through deck slab and if nece-

ssary, through cross beams or diaphragms. In almost all highway 

projects, the majority of bridges needed are of short span, for 

which girder bridge are found to be suitable. Girder bridges 

are generally simply supported and therefore, simply supported° 

girder bridges have especially been chosen for the present 

study. 

1.2 LOAD DISTRIBUTION THEORIES 

The fundamental problem in presentday bridge design is 

to determine, the effect of a single concentrated load on the 

structure. Due to interconnection of bridge deck with longit-

udinal giruers and cross beams, loads acting on a girder or 

bridge deck g'et`distributed to other girders. The increased 

need of economy in construction and modern practice of trans-

porting very heavy loads.,;by road bridges has - given rise to the 

need for an easily applied and fairly accurate method of load 
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• distribution amongst various girders. The importance of this 

Can be recognised by the fact that between the first idea of 

Engesser (1889) on the subjectand,  the present day an extensive 

amount of literature has been published. However many of the 

theories are very complex to apply and require a fair amount' 

of calculations. The best theory shall be. one which will give 

a design formula in very simplified form, preferebly in the

•  form of charts or graphs (16), 

Various methods of girder bridge analysis basically, fall 

into three categories based on the assumptions made with regard 

to their construction. 

The first category covers those analyses which. divide 

the structure into individual longitudinal and transverse 

member each possesing the appropriate flexural and torsional

rigidities. For each point of. intersection of members equations 

of deflection and slope compatibility can be set up and finally 

a set of simultaneous equations can be solved.. This general 

approach is extremely combersome, involving a great deal of 
arithmetical work and can't be.generalised. 

The second category covers those analyses which separates 

the longitudinal members of structures and considers some form' 

of secondary cross connection which represents the behaviour 

of transverse members. Heten'yi (14) assumed that there was no 

rotation of individual member.. at an intersection and used a 

sine series to represent the (lo d and deflection of the grillage fir 

in the direction of longitudinal members. Pippard and Dewode (21) 
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assumed that the longitudinal members did not rotate and repl- 

aced the transverse members by a continuous medium. Leonhardt 

(16) assumed that the transverse member could be replaced' by 

a single member at mid span with zero torsional stiffness. 

Most of these assumptions are invalid in practical bridge 

structures, where the torsional stiffness of members, parti- 

cularly in reinforced and prestressed concrete, may be consider- 

able. Further, the methods again do not lend themselves to gene- 

ralisation for an unspecified load position and are, as in the 

first category very combersome to use. Hendry and Jaeger (13) have 

developed considerably the basic approach outlined above. based 

upon only one simplifying assumption that the transverse 

members can be replaced by uniform continuous transverse medium 

of equivalent stiffness. 

The third and final category covers those' analyses 

which are based on anisotropic or orthotropic plate theory. 

These analyses replace the actual bridge structure by an 

equivalent orthotropic plate which is then treated according 

to classical theory. This particular approach has the merit 

that'a single set of distribution coefficients for two extreme 

cases of no torsion grillage and full torsion: slab, enables 

the distribution behaviour of any type of bridge structure to 

be found. 

Literature reviews of different methods commonly adopted 

for girder bridge analysis is briefly given here under. The 

various methods of girder bridge analysis are 
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(1) Courbon's Method 

(2) Orthotropic Plate Theory 

(3) Harmonics Method 

(4) Grillage Analogy 

(5). Finite Strip Method 

(6) Finite Element Method 

(1) Courbon's Method 

This is one of the early methods which for its simpli-

city in application has been commonly used for analysing the 

girder bridges. This method assumes transverse members as. \' 

rigid and hence bridge deck bends bodily and does not change its 

shape when loads are applied. on deck. The formulation of.math-

amatical model is presented in Chapter — 2. 
(2) Orthotropic Plate Theory 

The basis for the analysis by this method is that the 

actual bridge deck is replaced by an equivalent orthotropic 

plate which is then treated according to classical plate 

theory. Guyon (10) was the first to solve a case of simply 
.supported grillage beams with negligible torsional stiffness 

by this method. Later Massonet (14) extended the method to 

include the torsional stiffness of the deck. He has also given 

formulae for the distribution coefficients for any particular 

value of torsional parameter. 

It must be taken as a contribution of Morice and Little 

(15) that they adopted the method of Guyon and Massonet. 

'A considerable amount of work has been done.at the research 
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station of the Cement and Concrete Association of England by 

Morice, Little and Rowe (15,20). The works have confirmed 

the applicability of the method to a wide range of bridge 

types'and indicated a high degree of accuracy. In the original 

paper of Guyon and Massonet a limited number of values for 

the distribution coefficient K.were derived. However in a. 

later publication Massonet presented some comprehensive tables 

giving the values of the distribution co'efficien-t K for values ,  

of torsional parameter a,. of zero and unity. Rowe presented these 

tables in the form of design curves. 

Rowe (20) considered. the effect of.poisson's ratio on 

the load distribution. Massonat (14) introduced a new coeffi-

cient for calculation of the torsional moment. He also 

extended this theory to edge stiffened bridge neglecting 

torsional stiffness. The calculation for edge stiffened girder 
bridges were also dealt by Little and Rowe (15,20). Rowe has 

further given the-load distribution theory for no torsional 

bridges with various support conditions. 

Cusens and Pama (7) incorporated the coupling rigidities 

into account. They also gave the curves for torssionally stiff 

anf flexurally soft bridges. 

The design curves developed on the basis of -this method 
can be used for any simply supported right bridge or bridges 

having skew angle upto 20°. Due to its simplicity in application 

it is one of the most widely used method .in design offices and 

is discribed in detail in Chapter — 3. 
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(3) ,Harmonics Method 

Harmonics method lends a very powerful tool to the 

analysis of girder bridges (right or skew). Unlike other 

methods, the unique feature of this method is that it lends 

itself to develope design coefficients. These coefficients 

serves, as a highly suitable aid for determining the girder 

bending moments, shear forces etc, due to any type of imposed 

loading on the deck. The development of these coefficients is 

possible through the dimensionless structural parameters a,~i,y 

and K -introduced in the formulation of this method. These 

parameters uniquely combine for a particular. skew girder bridge 

to identify, it. completely insofar as its structural behaviour_ 

is concerned. Thus taking, advantage of this capability of the 

method, design coefficients have been made available for 

different combinations of these parameters covering all real-

life bridges for ready use in design offices. These coefficients 

for all real life 4-girder skew bridges are given in 

reference (22). 

The concept of Harmonics method was first introduced 

by•Hendry and Jaeger . They applied it to three and four 

girder skew bridges, neglecting torsional stiffness and con-

sidering only the first term of the fourier series of loading. 

Later - this method was modified by Surana, Agrawal and Prasad, 

to incorporate the torsional stiffness of transverse system. 

and using more general deflection function (22,18,1). 

In Harmonics method,' applied loading on a girder is 

broken down into harmonic components, which are easily obtainable 
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using fourier analysis (Appendix — A). Each harmonic compo-

nent is distributed. separately amongst the girders using the 

design coefficients. The bending moment for any girder is found 

by adding together fraction of harmonics so distributed. All 

the loads acting between the girders are first converted into 

equivalent girder loads, by assuming the deck as a continuous 

beam in transverse direction. The method lends itself to 

channeli-ze the process of computing girder bending moments etc. 

for any imposed loading. This results in a systematic computation 

procedure making the calculation work simple and quick. The 

method has been were established for skew girder bridges (22) 

and demand a considerable amount of theoretical and experimental 

research to improve and test its applicability for other forms 

of decks such as, Box—girder, multispan skew girder bridges. 

The theoretical formulation of harmonics method for girder 

bridges is presented in the Chapter — 4 and 5. 

(4) Grillage  Analogy. 	. 

Grillage analogy is probably the most popular computer 

aided method for analyzing bridge decks. This is because it 

is easy to comprehend and use, relatively inexpensive and has 

proved to be reasonably accurate for a wide variety or bridge 

types (7). Lazarides (1952) and Hendry and Jaeger (12) used 

grillage analysis but were severly limited in scope since 

hand methods to be used for solution of simultaneous equations. 

The method pioneered for computer used by Lightfoot and Sawko.(17) 

involves the idalization of the bridge deck through its repres-

entation as a plane grillage of discrete interconnected beams.. 



Although the method is necessarily approximate, it has the 

great advantage of almost complete generality. At the joints 

of the grillage,any normal form of restraint to movement may. 

be applied so that any support condition may be represented. 

The dispersed bending and torsion stiffnesses in every 

region of the slab are assumed,for the purpose of analysis 

to be concentrated in the nearest equivalent grillage beam. 

The slab's longitudinal stiffnesses are concentrated in the lon-
gitudinal beams while the transverse stiffnesses are concentr-

ated in the transverse beams. Ideally,the beam stiffnesses 

should be such that when prototype slab and equivalent grillage 

are subjected to identical loads, the two structure should 

deflect identically and the moments, shear forces and torsion 

in any grillage beam should equal the resultants 'of the stresses 

on the cross—section of the part of the slab the beam represents. 

For beam and slab decks, the logical selection of lingitudinal 

grillage beam is for them to coincide with the actual beams. 

The problem is solved in this method by matrix method 

of structural analysis. The method, being completly computer 

oriented, becomes unsuitable. where access to computer is 

absent. The method also fails to give high local moments and 

torques in the immediate neighbourhood of a load, which is 

concentrated in an area much smaller than grillage mesh. 

(5) Finite Strip Method 

The finite strip method is a hybrid procedure which..  

combines some of. the advantages of series solution of orthotropic 
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plates with the finite element concept. The method can be 

applied both to slab and to cellular decks, which have the 

same form end to end. It was first forwarded by Cheung -. 

for rectangular slabs and suggested, independently for the 

same problem by Powell and Ogden._ 

With the help of orthotropic'plate theory it is possible 

to find a displacement function for simple support conditions, 

applicable to all region of the plate. When'such -a solution 

is not conveniently obtainable, the plate may be divided into 

discrete longitudinal strips spanning between supports. Simple 

displacement interpolation function may be used to represent 

displacement fields within - and between individual strips. 

The limitations of this method (7) are 

(I) It is effectively applicable only to prismatic 

(right or circularly cured) structures with 

simply supported ends,, 

(ii) Each finite strip is assumed to have constant 

geometry and material properties in longitudinal 

(spanwise) direction. 

(6) Finite Element Method 

The most powerful of the techniques of analysis which 

arises from the direct stiffness approach is the finite element 

method. It employs an assmblage of discrete two and three 

dimensionalelements to represent the structure. The elements 

are connected at nodal points which possess an appropriate 

number of degrees of freedom. Many shapes of element are available 
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analysis time for the interpretation of results. 

(ii) Expensive, as regard to computer time. - 

(iii) If the choice of element is incorrect the results 

can be far more, inaccurate than those predicted 	- 

by simple methods such as grillage method. 

1.2 CONTENTS IN BRIEF 

In Chapter — 1 a comprehensive literature review with 

regard to the various methods of bridge deck analysis commonly 

adopted is presented. Suitability or otherwise of a method cf 

particular type of bridge is also indicated.'Chapter — 2, 

deals exclusively with the mathematical formulation of the 

Courbon's method of analysis for a given bridge. 

Chapter — 3 deals. with orthotropic plate theory. For- . 

mulation of mathamatical model and preparation of design 

curves by Morice, Little and Rowe (Appendix—E)-.The..- improved appli- 
cations.of the-orthotropic plate theory by Cusens and Pama is also 
presented in this chapter. 

A generalized method of analysis for a three girder bridge 

deck aligned at a skew with the help of Harmonics Method is 

presented in Chapter — 4. The method involves four non dimensional 

structural parameters a,t3,y and K, which uniquely combine for 

particular skew girder bridge insofar its structural behaviour 

is concerned..(18). 

Chapter — 5 presents a generalized mathamatical model 

for design coefficients under three standard sine harmonic 

loadings for any combination of a,R,y and K. These design 

coefficients serve as a very useful design aid in evaluating 
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girder moments for any configuration of the imposed loading. 

The systematic computation procedure has been developed in 

this chapter for computing girder moments ..(18) . 

Chapter — 6 deals with the application of 

various methods presented earlier, for analyzing a girder 

bridge. A single span 4—girder right bridge is analysed for 

live load moments under two configurations of IRC class — A 

loading. 

Discussions and relevant conclusions draws are 

presented in Chapter — 7. 

Appendix — A : Gives the fourier analysis of various 

loading cases encountered in practice. 

Appendix — B : Explains the computation of torsional 

constant. 

Appendix — C : Presents expressions for support moments 

based on three moment theorem which are used for equivalent 

load, computation in Harmonics Method. 

Appendix — D : Explains the procedure for picking up 

the design coefficients for a particular.combination of a,p and 

K from already available design aid. Two sample tables of design 

coefficients are also presented herein. 

Appendix — E : Contains the curves used for analysing 

the bridge deck with the help of orthotropic plate theory in 

Chapter — 6. 



CHAPTER — 2 

COURBON'S METHOD 

2.1 INTRODUCTION 

Girder bridge decks are generally simply supported and 

interconnected in the transverse direction through slab, cross-

beam and/or diaphragms. These transverse structural media,' 

particularly the diaphragms and/or cross—beam are the agents of 

load distribution amongst the girders. Thus, the crux.of the 

bridge girder design lies in ascertaining the share of the imp-

osed load going to the various girders. Once loading on a girder 

is determined, the design is done in the conventional fashion as 

for a beam with simple supports at its ends, One of' the earliest 

methods to determine the share of the imposed loading by various 

girders is Courbon'.s method which is based on'comparatively- gross 

assumptions 'but is quite simple in application. This method is 

presented and discussed hereunder. 

2.2 ASSUMPTIONS ... 

The mathematical model for load distribution amongst the 

girders is based on assumptions primarily with regard to the 

deflection profile of the girders in the transverse direction.*  

1. Load distribution amongst the girders takes place 

along the transerse direction at right angle to the 

bridge axis. 

2. Under a load acting at a point on the bridge axis, 
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the transverse section comprising all the girders 

deflect uniformly downward by the same amount. 

3. Under a moment acting about the bridge axis, the 

transverse section comprising all the girders undergoes 

a rotation about the bridge axis causing linear defle-

ction of the girders. 

Assumption (1) cited above is quite close to the actual 

load distribution, in a bridge deck. The, stiffness of the trans-

verse structural elements along the direction at ritht angle to 

the bridge axis is much higher than along any other directions 

and hence load transmission takes place chiefly along an axis at 

right angle to the bridge axis. However, assumptions (2) and (3) 

may be considered over simplified since the transverse deflection 

profile is non-linear. The non-linear transverse deflection profile 

induces complexity in the mathematical model for load distribution. 

These assumptions, though gross, achieve a lot of simplicity in 

the mathematical model and result in a little conservative and safe 

. design. Indian RoadcCongress (IRC) recommends the use of this 

method primarily for its simplicity in application and safety in 

design. 

2.3 MATHEMATICAL MODEL 

Courbon's mathematical model based on the earlier mentioned assuE 

tions is pictorially presented in Fig. 2.1(a) ,(b) and (c) . In 

Fig. 2.1(a), the simply supported girder bridge deck is depicted 

with different moment of inertia for girder (Ii). The transverse 

system is notionally depicted by the broken transverse lines 

located at the actual locationns of cross-beam and/or diaphragms. 
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A transverse section at right angle to the bridge axis and the 

location of the-load is shown in Fig. 2.1(b) with the applied 

load acting eccentrically. The eccentric load is replaced by its 

equivalent load in terms of a direct load (P) and a moment (M = Pe) 

acting at the centre of gravity (C.G) of the section. The C.G. of 

the section is located at the bridge axis which is also the axis 

of rotation and neutral axis for the moment (M = Pe). The bridge 

axis may be located in the usual way i.e., 

E I.X. 

E 

where in 	, 

= C.G./Bridge axis locations from girder 1. 

Ii  = Moment of inertia of girder i about its own bending 

axis. 

X = distance of girder i from girder 1. 

The concentrated load (P) acting at the bridge axis causes 

uniform vertical deflection (Q) in all the girders as per assumption 

(2). This is shown in Fig. 1(c). Since all the girders deflect by 

the same amount ( A ) , each of the girders (attracts a part of the 

load (P) according to its relative stiffness. Thus, girder i 

attracts its share of the applied load (P) as given below, 

P I. 
R' = 1 	E I. ...(2.2) 

Along the load Ri due to vertical deflection, the girder 

also attracts load due to rotation of the deck. The amount of this 
load depends upon the distance of the girder (Xi) from the bridge 
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axis and relative stiffness of the girder. The magnitude of this 

load is given by, 

M I.X. 

Rif 	 1 E I.X. 
 

i i 
The positive sign for R!' is taken for girders which lie on the 

applied load (P) side of the bridge axis. Negative sign for,R " 

is taken for girders lying on the other of the bridge axis where 

the load.(P) is not acting. The total load shared by girder i is 

then given by adding (2.2) and (2.3) i.e., 

P1. 	M I.X. 
R. = Rr i  + Ri  — 

— 
E Ii 	

± E I.X2 	
...(2.4j 

After girder load R. is determined from (2.4) , it is 

designed for bending moment and shear due to this load R. with R1  
the beam being simply supported at its ends. Expression (2.4) for 

girder load (Ri) becomes much simpler if all the girders have 

the same moment of inertia (Ii  = I) and is given by 

P  M Xi  
Ri = N ± 	2 E 	

...(2.b) 
X. 

Nhere in N is the number of girders in the deck. 

2.4 LIMITATIONS 

Apart from the gross assumption on which the mathematical 

nodel is based, Courbon's method is applicable only the following 

-onditions are satisfied. 

(1) The ratio of span to width is greater than 2 but 

less than 4. 
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(2) The longitudinal beams are interconnected by at 

least five symmetrically spaced cross girders/or 

diaphragms. 

(3) The cross girders extend to a depth ofat least 

3/4th of the depth of the longitudinal girders. 

The above three conditions are generally satisfied •ain 

all of the modern T—beam bridges. 



CHAPTER — 3 

ORTHOTROPIC PLATE THEORY 

3.1 INTRODUCTION 

The concept of considering an actual bridge deck as an 
equivalent plate for the purpose of determining the distribution 

of stresses is well established. Ordinary flexibility and stiff-

ness methods of analysis called open grillage become more compli-

cated if the number of beams is more. Also, these methods turn 

more and more difficult if the torsional rigidity of elements is 

considered (20). Further, .a bridge is never an open grillage, as. 

there is a connecting slab. Therefore, it may be considered quite 

reasonable to replace the interconnected bridge deck by an ortho-

tropic plate with the same total stiffness in two direction as the 

original structure. 

An orthotropic plate is defined asone which has different 

specified elastic properties in two orthogonal directions. Most 
bridge decks are orthotropic because of shape orthotropy and it 

must be emphasized that reasonable results can only be obtained 

if the deck is made up of multiple longitudinal beams. For a 

right simply supported deck the number of transverse beams is 

less important. It is very difficult to give the precise number 

of beams to be present in the actual deck before it can be 

idealised as an orthotropic plate, but in normal circumstances 

five longitudinal beams may be required- as safe minimum number (7), 
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3.2 BRIDGE DECK IDEALIZATION 

The basic assumptions adopted in the development of 

mathamatical model are those commonly used in the theory of 

elastic, isotropic, thin plates (23'). The main assumptions 

are as fallows 
0 

(i) The actual bridge deck is replaced by an equivalent 

orthotropic plate having same total stiffness in 

two directions as the original deck. The torisional 

stiffness is. also kept same. 

(ii) Plane section perpendicular to the neutral plane, 

remains plane and perpendicular to the deflected 

neutral plane. 

(iii) Deflection of plate is very-small as compared to 

the thickness of plate. 

(iv) The neutral plane can be taken as x—y,plane. 

(v) Exvy = Ey~x. 

(vi) Material of the bridge deck is linearly elastic, 

homogeneous and isotropic. 

(vii) Bridge deck is right angled and simply supported. 

(viii) It is taken as plane stress problem. 

(ix) Intersecting beams are assumed to be rigidly 

connected at their point of intersections.' 

303  MATH.,BuIATICAL MODEL 

The actual bridge deck is replaced by an equivalent 

orthotropic plate of effective width 2b and effective span 
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L = 2a. The plate is simply supported along x = 0 and x = 2a 

and free along y = ± b as shown in Fig. 3.1. 

For the element of an orthotropic plate, plane stress 

and strain are related by 

E 	 E 

.x 	-yxNy ( x+ YY' ay 	... (3.1) 
y 

xy = Gy xy 

wherein, 

Qx,Qy = nofmal stresses along x and y axes. 

~x,oy = normal strains along x and y axes. 

Shearing stress along y-axis on x-plane, 

yxy = shear strain 

Ex,Ey = moduli- of elasticity along x and y-axes. 

= poission's ratio along x and y-axes 

G  •= shear modulus of elasticity  . 

We know. from Betti's theorem that 

EX y = Eyvx 	 ...(3.2) 

Applying strain displacement relationship, the stress-strain. 

equations can be expressed in terms of the transverse deflection 

w in the form 
E Z  2  2 

x — c--~X 	a x2 	Y a 2 
y 

6y - E-a y ( a— 	+ x I ) x y) 	aY 	dx2 	 ... (3.3) 



x 

WX y 
dx) 
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Gi G2 	 GN 

L 
2a 

Nb  Y 4  —2b -- 

() BRIDGE DECK 	 (b) IDEALIZED ORTHOTROPIC PLATE 

FIG,3.1—BRIDGE DECK IDEALIZATION 

.Inyxi- ay- .qy~ 

FIG.3.2—STRESSED PLATE ELEMENT 



xy 
2 

= - 2GZ 	ôxô y Y 

The moment resultants are obtained as follows 

M = f A 	vx.Z.dZ = 
x 

- (D a 
ax 

+ Dl a.—) 
aY 

My = J'A 	Qy. Z. dZ = 2 - (D 	2 2 + 
Y ay ax 

MXy = f A zxy. 	= 	x 
x 	y 	y 

Myx = – 1A _ Zyx. Z. dZ = – 

22 

...(3.4) 

wherein 

Dx, D = flexural rigidities 

D1, D2 = coupling rigidities 

Dxy , DyX torsional rigidities 

Considering the equilibrium of forces and moments in Figure-3.2, 

We get the following equations 

D a= + 2H a--- 2 + D a~ _ x. ax4 	aX2 aY  y aY4 	p(x,Y) 	...(3.5) 

wherein 

2H = (Dxy + Dyx + Dl + D2) 

The shearing forces Qx and Qy'can be expressed as 

	

3 	

1, 

3 
Qx = – [D x w +(D + D) aw 

	

ay 	Yx   
3 

Q = - [D a-~ + (Dxy +. D2) a" W 2 

	

Y ay 	ay ax 
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The reactions at free edge can be found by representing the 

twisting moment as vertical force 

	

3 	 3 	
- 

ux = ~Dx a + ( DXy+Dyx+Dl) a-- w
oy 

 a ] 	... (3.7) 

	

x 	 ax 

V = - (D . 	+ (Dyx
y

+D x+D2) 	2 

	

aY 	dy ax 

3.4 AN INFINITELY WIDE SIMPLY SUPPORTED BRIDGE DECK WITH 

SINUSOIDAL LOADING ALONG x-AXIS 

The solution of non-homogeneous plate equation (3.5) can 

be obtained by adding the particular, and homogeneous parts, thus 

W =W + w p 	h 	 •..(3.8) 

For particular solution Levy-Nadai solution will be adopted. 

This is done by considering an infinitely wide bridge deck 

(Fig. 3.3) subjected to a sinosodial loading along the x-axis,. 

p(x) = E 
	
H sin anx , an = n_l 	 ... 

The load function Hn can be derived for any particular loading 

case using Fourier Series. Some of them are given in Appendix - A. 

Particular solution can be written in the form 

o. 	+ny , 	 . 
wp = E  A e  sin (a x)  ...(3.10) •n=1 

Which satisfies the simple support conditions. Substituting 

this' value in . equation 3.5 we get 

D4 	2 2 	4 y~ -- 2Ha n  n ~n + Dxan = 0  ...(3.11) 

t 
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Y 

-FIG 3.3 BRIDGE DECK OF INFINITE WIDTH 

x 

FIG. 34-BRIDGE DECK OF FINITE WIDTH 
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The rots, of which are given by  

+ [H ± (H, )2— (x) 1/2 py 	p y 	p 	•.:(3.12)
. 

	

1,2,3,4 	y 

Examining these roots it is observed that the following cases 

are possible. 

Case — I 	(H2 > DXDY) 	3 Torsionally stiff and/or 

flexurally soft bridge decks 

Case — II . (H = D =D) 	'Isotropic bridge decks 

Case— III '(H2 ( DXDY ) 	Torsionally soft and/or 

flexurally stiff decks 

Since most of the slab decks fall into the case-III, (7) only this 

particular category for the present study is taken. In this case, 

terms - inside the inner most bracket of equation 3.12 will be 

imaginary. Hence roots of this equation can be written as 

_ 	( DX/Dy)+H/Dv. 1/2 	t"`.(Dx/D )—H/D 1/2.  

	

1,2,3g4 ± an[(— 	) - ± i(- 	2 " 	y) ...(3.13) 

Let r3 [ 

(DX/D 

2 

) + H/D 

y] 

1 

/

2 

=  

...(3.14). 
r -

_
( 	H/Dy 1/2 4 	2 

Equation3.',l3 changes to. 

	

~192t3,94=±an[r3±ir4] 	 ...(3.15) 

It is observed 'from Figure 3.3, that deflection w tends to zero 

as y tends to infinity, hence all the possitive roots have been 

discarded, and equation for deflection wp takes the form as follows 



-pa(r+ir) Y 
w =E 	[ An  e 
P n=l 

—a (r3—ir4)y 
+ B e  ]sin(ax) 

n 
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or 
' 	y  

w = E[ An  cos (anr4Y) + Bn  sin (anr4Y)] e—anr3  sin (ax)  
n=1 

Considering the symmetry of bridge deck, we get the boundary 

conditions 

aw 1 

and  0..(3.16) 
H 

y)y = 0 + 2n• sin(an  x)= 0 

Substituting ,these boundary conditions in equation (3.15) we 

get particular solution as 

• CO 	Hn -sin (anr.)  1  
w= E  

4Dya3
n(r --- {` -- cos (anr4y)+ r sin  

p  n=1  3 + r4) 	r 	 4 

...(3.17) 
The homogeneous solution of equation .3,5 can be found by Levy's 

method, which will be as follows 

CO 

wn  = n_1  [A cosh.(,anr3y) cos (anr4y)+ B cosh (anr3y) 
sin (anr4y) _+_ Cn sink (anr3y) ces anr4y + D sink (anr3y) 

sin anr4y]sin anx  ...(3.18)• 

The complete solution will be sum of equation (3.17) and equation 
(3.18). 

3.5 A BRIDGE OF ' FINITE WIDTH (2b) WITH A. CONCENTRATED LOAD AT 
ECCENTRICITY . (e) FROM  x-AXIS 
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To generalize the expressions for deflection, we consider 

a bridge deck of finite width 2b, acted upon by a concentrated 

load p at eccentricity e. The solution is obtained by replacing 

y by y-el. in equation (3.17). The modulus value is used to 

ensure the symmetry of deflection for both positive and negat- 

ive values of e. Now the complete solution can be written as follows 
CO 

w = E 

 

H sin(anx) 

n-1 4D. a( r3 + r4) 	( r3 cos (anrq)I Y-e I 	y-e l+ r 
Y n 	 4 

sin (anr4 )) e-anr3l y-e I + (A cosh.(anr3y) cos (an r4y) 

•+ Bn cosh(anr3y)sin (anr4y)+ Cn sinh(anr3y)cos (a r y) 
n 4 

	

+ D sinh (anr3y) sin (anr4y)) sin (an x)] 	 (3.19) 

The four constants A,-B,C and D are determined with the help of 

boundary conditions at edges, as given .below 

(a) 1~,4y=0 	aty=±b 

2w or  - (D 6 w-.,+ D  ) _ 0  at 

	

Y by2 	2 
ax  

Y = ± b 	. . ( 3.20) 

(b) Vy= 0 	aty=±b 
3 	 -  

	

a.w. 	 3 or  - [Dy ~y3 + 
( 
DXy + Dyx + D2) a Wd 2] =.0  at y = ± b 

y x 

...(3.21) 

va:Que of deflection w as obtained, in equation 3.19 is substituted 
in -above equations to obtain these constants. 



Cusens . and Pama (7) found the values of these integration 

coefficients as given below 

(S1+S2) d3 — (S3—S4) d1 
A = al 3 — a3 1)--- 

B 	(s1-s2) c3 - .(s3+s4) c1 
2 blc3 — c1b3 . 

C 	 (S3+s4) bl — (S1—S2) b
3 

_  

2 blc3 — c1b3 
(S3—S4) al — (S1+S2) -a3 

D = 2 a1d3 — 3d1)  

where, 

S1 =.—  (El cos(p4r~1) + E2 sin (P4'011) 	e 13  3 1 

52 = — (E1 cos (134r~2) + E2 —R 	~1 sin (134112)) 	e 	3 2 

S3 = (E sin (R4r~1~ +. E4 cos (p4 ) e 3 1 

S4 = — (E3 sin(R4r)2)— E4 cos (P4T12))e1b'02 

al = E5 coshLR 3,'o cos ; R4, + E4 sinh ;p3 sin S 
4` 

bl = E5 cosh . R 3 , sin ;134 — E4 sinh 3 . cos ,14, 

cl = E5 sinh 133.cos 134 + E4 cosh 33. sin 134 

dl = E5 sinh 133, sin 134 — E4 cosh 133. cos 4 

,a3 = E6 sinh 133.cos 134 — E7 cosh 133. sin ~4 

b3 =E6 'sinh 133 .cos 134+ Et cosh (3 3. cos (34 

C3 = E6 cosh (33. cos (34 — E7 sinh 33. cos 134 

...(3.22) 

.. .(3.23) 

...(3.24) 

...(3.25) 



d3 = E6 .cosh 133.sin 134 + E7 sink 133.cos 134 

E1 =  
(r3

+ 
r4) 

2r  2 [D2 + D (r3 + r4)] 
+ 	y 

E2 = 2r3 2  ( r3+ r4) [ D2 — D (r2 + r2)  Y 3 4 

E3 = DY(r4 — r3) + ( D2 +. DXY .+ DYx ) 

E4 = 2DY r3 r4 

E5 = D2 — DY(r3 — r4) 

E6 = r2 (D2 + Dxy + DYx) — DY(r3 — 3r3 r4) 

E7 = r4 (D2 + DxY + DYx) + DY '(r4 — 3r4r3) 

an = nit/L 

133 = anbr3 

134 = anbr4 

r3 = [1/2 (Dx/DY) + H/DY]1/2 

r4 = [ l/21f(Dx/DY ) _ H/D ] 1/2 

'1i = (1 — e/b) 

r~ 2 = ( 1 + e/b) 

Now once the values of these coefficients are determined, 

these values are substituted in the equations (3.18), (3.4) and 

(3.6) to get the expressions for deflection, bending moments 

and shear forces. These stress resultants and deflection can 

be written as 

and 

0 
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CO 	H sin a x 
(a).. Deflection w = E 	4 	n 	K1 n=l a D 2b 

n x 

( b.) Bending Moments 

H sin(ax) 	D 

M 	
(

x n=1 an 2b 	K1 	- Dx K2) 

CO 	H sin (a x) D 	D 
MY =-  ~ 	n 	n ( 	 K

2 - 
2 K ) 

n=1 	 2 2b 	Dx 	Dx 	1 

(c ) Twisting Moments ; 

CO 	H cos (a x) D 
vt xy=-E n=1 	an n ( D 	K3) 

	

CO 	H cos (a x) D 
M = E 	n 	n 	 K ) 
Yx n=1 	an 	Dy 3 

(d) Shearing Forces 

CQ H cos (ax) 	D 	+D yx 	1 
Qx = n_1 a 2b 	— [Kl-( 	_DX=. ,) K21 

Q = - 	H sin(anx)[ K4 - 
Dxv+D2. 
( D 	) K ] 

n=1 	y 

(e) Reactions 

	

CO H cos(ax) 	Dxv+DYx+Dl 
Ux = n._1 	a 2b 	[K1 -(-- 	D 	) K2] 

Co 	DxY+Dyx+Dl 

	

Vy = - E 	H sin anx[K4- ( 	B 	K3] 
n=1 	y 

where .. ,r. 
a n b Dx 	(r4 cos ((34S L)+r3 sin (R4S1)) e- 352 

	

K1 = 2r3r4Dy [ 	(r2 + r2 ) 
3 4 

+ A cosh( 3S1) cos(p451)+ B cosh(p3S1) sin(f3451,) 

+C Ginh(R S,) cos (a.S,1+- D qinh rA _S 	,,I 	cis 

...(3.26) 

...(3.27) 

...(3.28) 

...(3.29) 

...(3.30) 

...(3.31) 

...(3.32) 

...(3.33) 

...(3.34) 
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• a bD 	 _R 3Si 

K2 = dr3r4Dy [r3sir~p4S)_r4cos(R4S2)) e 

+A[ (r3—r4) cosh (R 3S1)cos (p451)-2r3r4 sinh (P3S1) sin (p4S1)] 

+ B[ (r2—r4) cosh (P3S1) sin (p4S1) + 2r3r4 sink (R3S1) cos((34SZ1} 

+ C[ (r3—r4) sink P '81cos (S4S1-2r3r4 cosh (~i3S1)sin(p451)] 

+ D[(r3—r4)sinh(~i3S1sin(R4S,)+2r3cosh(p3S1)cos(p4S1)]] 

...(3.36) 

K = 4r1r 	[±(—sin (P4S2))e—R2S2 
3 4 

+. 

 

A[r3sinh(p2S )sin(R4S1)+r4cosh(p3Si) cos(S4S1)] 

+ B[r3sinh(P3Slsin(R4S1)+r4cosh(P3S1)cos(p45~] 

+ C[r3cosh(S3S1)cos (R4Sl)_r4sinh(p,SIsin(p451'] 

+ .D[r2cosh (p3Slsin(p4S1+r4sinh(p3S2cos ((34S1)] ] ...(3.37) 

K4 =  1 [± 
 

• 

4r 3r4 3r 4 

+ A[(r3-3. 3r4)sink(S3Slcos(P4S1)*(r4r3)cosh(R3S2sin04M 

+ B[ (r3-3r3r4) sink(P3S1)cos (P4S?(r4-31C4r3) cosh (S3Sicos (P451)] 

+ Cl (r3_3r3r2) cosh(p3S1}cos (p4S1+(r4-3r4r3) sinh(p S)sin(R S r)] 3 	4  
+ D[ (r3-3r3r4) cosh(p3S1) sin(R4S1) —(r4-3r4r3) sinh(p S1)cos( 4 ~ S ] 3  

...(3.38) 
and 

S1 — ly- 
...(3.39) 
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The positive and negative signs in K3 and K4 are for stations 

to the right and left of the load respectively. 

3.6 DETERMINATION OF ELASTIC RIGIDITIES OF GIRDER BRIDGE DECKS 

We consider 'an element of a T—beam bridge shown in 

Fig. 3.5. The intersecting beams are assumed to be rigidly 

connected at there point of intersection. The controid axes• 

are denoted by .x and 	and both are measured from the centre "Y 
of the slab for b and b are the spacing of long girder of 

cross beams respectively for the slab; the stress—strain rela- 

tionship can be written as 

ax = 	E'(..+ 	~-y) 

...(3.40) 

6y = E'(4+ ~x ) 

where 

E' = 	E. 
(1—v2) 

As we know that strains at a distance Z from the neutral axis 

can be expressed as follows 

E 	= — Za 22 ; E 	_ — Z a 2w ...(3.41) y ax ay2 

Hence the stress curvature relationship for slab element at a 
distance Z from neutral axis is given by 

6x = _ EIZ (a22 + a= ) 
ax 	ay2 
2 	

.0.(3.42) 
_ — E' Z (- + - 	) Y 	by2 	ax 	 :. 

For the element of T—beam the arerage strain in the direction 



x 

H t  

Figure 3. 5 ' Element of T-beam - bridge deck 

aw aw 
~---- b,r  

eX 
E ~ X 

Z X2 __ 

hx 

H' H 	*1 	1 aw 	. E [hy (e,-2 )J a 2 

	

E hx -(eX _2)ax2 	by 	y 

Figure 3. c6 Distributions of stresses and strains 
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of x and y axes can be written as 

6 6 t 
X . = ' 	- 	Y ( b ) 

y 

6 	6 	t 
- x 

Solving these equations for 6 and ay we get_ 

6x = E( - X+ 	b ) 
y Y 

...(3.43) 

.0.(3.44) 

6y = E ( ~y+ {-x tb 
x 

where,,jn - 

E = 	E t't 

x y 
Now we substitute the values of '{-x and {-y from equation (3.41) 
to equation (3.44) 

• 
6x = -E*Z(~2w +' t ô2  

a a2 	by by2 
...(3.45) 

•
( a2w 	 tX a2 + 	w 

y 	ay2 	bx ax' 

The values of 6x is expressed in terms. of two stress blocks, as 
shown in Fig. (3.6). 

Now we find the values of bending moment Mx per unit length 

by taking the moments of individual forces about the slab 

_ _ a22[~xt3 +_~ tx 	([h -(e -_ )]2(2h +e +b)
y ax bx 	x 	x 2 	x x 

- (e - 	~2w E#t3 	E tx Y x 	 ) 2(ex+t)]- 	2 	 — 
12 	+ by  x y 

x (ih---(e__- 1)12( 2h + 	_ t12(,. L.~ \ I'-,  
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ilar procedure is followed to evaluate My and twisting 
is and we get 

a 2w E't3 Est 
a2 C 12 + 

	[]hy-(ey--  
Y 	 y 

-(e - 
 

t > 2(ey+t)]]- X22 Q E123 + 
Ett 

	

tX 	CCh -(e - t)]2 

	

dx 	 bxby 	y x 2 
x (thy+ex+t) -(eX - t)2 (e+t) ] ] 	 ....47) 

'R x + fsl 	( Z.dA) axw Y 	ab xy 	axay 

~~L 	 2 
R xY + 

	

	Z2dZ) any 
0 

Gt3 c)2w (p .+ 6 ) -axc)y` 	 ...(3.48) 

_ 	Gt3 62w (Ryx + 6 ) by 	...(3.49) 

ring these equations with the moment equations for an 

:Topic plate equation (304) we get. 
t3 E*t 

+ x C [hx -(e - t) ] 2x(2h +e +t) -(e - t\2 

	

6b 	 (e +t) ] .2 	x 2 	x x 	x 2 x 

t3 E 
...(3.5o) t 

.2 	+ 	[[h-(e- 2) ] 2x(2hy+ey+t) -(-ey- 2) 2(ey+t) ] - 

	

* 	 ...(3,51) 9 E t3 E t t 
12 	6bxbx v C [ by-(ey- 2) ] 2x(2hy+ey+t)-(e - 2) 2(.e +t) ] Y 	 Y 	y 

E e t3 	E txt 	
...(3.52) 

12 + 6bxby~ [[h y-(e-  2) ]2x(2hy+ex+t)-( ex 2) 2(ex+t) ] 

3 	 ...(3.53) 
Gt 

Rxy + t 	 ...(3.54) 
Gt3 

R yx + -Z~ 
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where 3xy and Ryx are the torsional rigidities of longitudinal 

beams and cross beams respectively. Now we know that 

2H =D+D+D1 +D xy yx 	2 
3 

or _ 	2H = ~3 	+ 	+ Et 	+ C 	 ...(356) 
xy 	yx 	6( 1—v2) 

where the value of C,is 

E#t t 

C = 2b}~ ' hy[ (hy+t) [) by+t)—(ex+ey) ]+ 3 by ] 
x y 

t t 
Since the value of for concrete is small (0.15), 

bb is also 
x y 

small it can be assumed that 

x' 	E 
t t 	— E 

(1 2 b 	) x y 
Now total torsional rigidity 2F 	be be expressed as follows 

•
3 	Et t' 

2 i 	~3 xy + Ryx + Et . 2 
). + 2b b Y hy[Hy[-Hy—(ex+ey)+3 h2] 6 (1— 	x y 	 y 

...(3.57) 
where Hy = (hy+t). 

On an approximate analysis we can neglect the fourth term and 

above equation get simplify to 

3 2,H = R 	+ S 	+ Et ...(3.58) 
xy 	yx 	6(1—v 2) 

2.7 DESIGN CURVES FOR SIMPLE RIGHT DECKS WITH CONCENTRATED 

LOADS..  

The direct analysis of load distribution in bridge decks 

using the equations derived in previous articles becomes a 

laborious procedure if a computer is not readily accesible. 

The availabelity of approximate results in the form of design 

curves is clearly desirable at the preliminary design stage. 

Design curves based on orthotropic plate theory were first 
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prepared by Morice, Little and Rowe (1958). A summary of design 

technique using these curves has been presented by Row (20)..' 

Later on these curves were modified by Cusens and Pama (7)..' 

3.7.1 Morice, Little And Rowe Curves 

These design curves are based on a calculation of the 

partial defferential equation (3.5) i.e. 

	

a4wa4w 	4vf DX a— q- + aH ax2 2 + Dy 	P(x,Y) 
Y 

The torsional rigidity 2H is written in, the form 

2H = 2a VDXDy 

wherein 

DX +D x.+Dl+D2 
a — 	2 DXDY 	 ...(3.59) 

They considered orthotropic decks with a<t, and omitted the 

coupling rigidities Dl .and D2 in equation (3.59). Thus the 

contribution of bending to torsional rigidity is neglected and 

as bridge deck approaches the isotropic case, a values approach 

(l—) and not unity. The value of W is given by equation 3.26, 

the mth term of which is 

Vim = m 16a4 	�  sin'() K or Wm = 	W DXm n  a 	m 	m Km m 	...(3.60) 

where Wm is the deflection produced if the.applied loads were 

uniformly distributed over the entire width. The 'value of Km is 

given by equation (3.35) which is independent of x and hence the 

'value of Km remains same along the span. The complete expression 

for the deflection of the bridge is a Fourier series, namely 



W = KiW1+K2W2+ ... KWm  + •o• 

and the actual mean deflection is given by 

W = W1  + W2  + .•. Wm  + ... o 

The true distribution coefficient K', therefore, given by 

Since Wm  is inversly proportional to m4, both the series are 

rapidly convergent, and for all practical purposes it is 

sufficiently accurate to consider the first term only, thus 

K'  = Kl.  

For the calculation of bending moments,these authers 

neglected the poisson's ratio and obtained as follows 
a2wm  

Mxm  = — Dx 
ax2 

Hm4a2 	mrtx 
— Km 2b m2it2 sin  a  

Mxm = - MmKm 	 ..•(3.61) 

wherein MM is the mean longitudinal moment. Considering all terms, 

Mx  = K1M1  + K2M2+... KmMm+... 

M = M1 + M2  + ••• 	Mm  + ... 

Kt  _ 

 

M _ K1Ml+K2M2+ •.• Km  Mm  
M 	Ml  + 2  + •.0M 	 ••0(3.62) 

Since Mm  is inversly proportional to m2, both the series in 

equation 3.61 are convergent though not so rapidly as the 

series in equation (3.62). However,in practical applications 

it will be sufficiently accurate to consider the first term 

only of each series, thus K' = K1, provided some increase in 
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moment so derived is assumed. For all design purposes it is 

seen that the appropriate percentage increase is 10 (24). 

Thus we can write 

MX , = 1.1 K1M 	 ...(3.63) 

Hence, a single set of distribution coefficient K1  is sufficient 

to determine both the.  deflection and longitudinal moments in 

the bridge structure and it is common to denote it by K. 

From equation (3.35) , 	value of K can be determined for 

any value, of the torsional parameter. In the two limiting cases 

of U = 0 and a = 1, these, values are called Ko  and Kl  respect-

ively. It was shown by Massonet that for any intermediate value 

of a distribution coefficient can be determined with sufficient 

accuracy from the interpolation formula 

K = Ko  +(K1—K0 )V a 	 ...(3.64) 

The transvese bending moment M is given by 

a2w
..  

My  = — D ay2  

CO 

My  = E 	µn b H sin n7x 	...(3.65) 
n=1 

where µ is a distribution coefficient for transverse moment 

dependent as e, a, b an b and H. Hn  is the amplitude of the 
terms in the fourier series for the load. 

For preparation of desin curves ,. ' 	bridge deck is 

assumed as an orthotro.pic plate of 	width 2b and span of 2a. 

The relation between actual and equivalent width are shown 

in Fig'. 	:'3.7 . This effective width of the deck is divided 

into eight equal parts as shown in, Fig. 3,8. The nine points 
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(a) EQUIVALENT WIDTH FOR GRILLAGE 

I-  • 
2b 

(b) EQUIVALENT WIDTH FOR SLAB 

I¢x --~ 

Iint 
 I ¢x 

2h 

(c) EQUIVALENT WIDTH FOR T—BEAM; Iex, = Iiht 

 

I  i 
 

I-  I 

ex  

I int 	Hint 	 I¢x 

2b =(n 2) pt 2p Imo_ 
(d) EQUIVALENT WIDTH FOR TBfEAM; IQx. < Iint 

FlG,3.7—EQUIVALENT ORTHOTROPIC PLATE WIDTH (2 b) 
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thus obtained are called reference stations or standard 

—b —3b/4 —b/2 —b/4 0 —b/4 +b/2. +b/4 +b 

FIG. 3.8 STANDARD',  POSITIONS OR REFERENCE STATIONS 

positions. Loads acting in between two reference stations 

are converted in the equivalent loads at these stations, 

considering the deck simply supported between two reference stat-

ions. -Design curves for distribution coefficients' at these 

points are drawn by these authors.. Some parameters are defined 

to draw these curves which. are 

(.i) Flexural Parameter 

D 

g  — 2a 4Y — 2a 4Vj 
Y, 

where, 

. ..(3.66) 

i = Moment of inertia per unit or width of 

girder. 

u =Moment of inertia per unit or width of 

cross girder 

(ii).Torsional Parameter 

a = 
x y 

G(:i0  + 
2  .j 

wherein 

io  = torsional constant per unit width 

•
Jo  = torsional constant per unit length 

Method of calculating torsional constant is given in Appendix — B. 
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(a)  Distribution Coefficient K 

It can be seen from equation (3.35) that K is a function 

of 

(i) Flexural parameter, 8 

(ii) location of concentrated load, e 

(iii) torsional parameter'. a 

(iv) reference station considered 

(i) is taken into account by plotting the curves as a 

function of A. 

(ii) is taken into account of by plotting separate curves•

for each independent load position, the load positions 
considered corrosponding to the standard position already 

defined. 

(iii) is taken account of by plotting a separa to set of 

curves for each individual reference station. 

(iv) is taken account by .plotting a separate set of curves 
for each individual reference station. 

Rowe gave 11 curves for finding the value of K curves 1 

to 5 are distribution coeff. Ko  at reference stations O,, 2, b 

and b respectively for various load eccentricities. Curve 6 is 

for large range distribution coefficient. Ko. Curves 7 to 11 

are for distribution coefficient. Kl  at reference stations 

0,  4,  4b and b respectively. These curves are shown in 
Appendix — E. 

The distribution coefficients for a specific value of 
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the torsional parameter a may be obtained by using the 

interpalation formula (3.64) i.e. 

Ka  = Ko  + (K1—Ko) lra 

The use of these distribution coeff. is illustrated by an 

example in section 6 of this report. 

( b) Distribution Coefficient p 

Design curves are prepared in the same methods as 

per the distribution coeff..K for the standard position 0, b, b  4 2 
and 	with load position of 0, + 2., + 	± b , (24) . However. 

for most design purposes only the design curves relevant to 

the standard position 0 are required. These are given in 

reference (2b) . 

For values of the torsional parameter between 0 and 1 

the interpalation formula is used. 

µa  = 	+ ( 1-.)a 	 ...(3.68) 

3.7.2 Cus ens and Pama Curves 

Cusens and Pama (7) improved, upon 'the above design curves by 
eleminating the shortcomings of Morice, Little and Rowe Curves, 
which are as follows 

(i) In the preparation of design curves Morice Little 

and Rowe neglected the coupling rigidities. Tors-

ional parameter, a could be modified to include 

coupling rigidities Dl  and D2. 

(ii) As we have seen in equation (3.62) terms after 

first in the series are neglected. The value of K, based on 



first term of a series representation of 

deflection is used for the calculation of 

longitudinal B.M. In the estimation of maximum 

values an additional ten percent is added to 

allow for poisson's ratio effects and for slower 

convergence of the series for moment. 

(iii.) The determination of distribution coefficients 

for transverse moment entails a fairly 'tedious 

calculation. The series - expression - employes a 

limited number of terms. If a new distribution 

coeff. could be formulated in terms, of the mean 

longitudinal moment the calculation would be 

simplified. A greate number of terms in the 

series could also be added. 

(iv) The range of the design curves should be extended 

to cover the case of the torsionally stiff,. or 

Flexurally soft bridge deck (a > 1). 

Refering'to Fig.3:l,if a load p acts at a distance C 

from the support x = 0, the expression for deflection (3.26) 

charges to 
3 CO, 

w = 4L 	E 	14  sin ( nLC )  sin( 	.K1 	...(3.69) 
bDx  n=1 n 

The longitudinal moment per unit width is 'givenby equation 

(3.4) i.e. 

x  x  cO x2 	l  a y2 
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The second term D1 

	

	is normally small in relation to the 
by 

formulation of distribution coefficient. It has its maximum 

effect in an isotropic slab i.e. (a= j) and atthis value of 

a the term may redily be included in the expression. For the 

values of a = 0 and 2 the effect of it is small and this term 

has been omitted. Now 1vL,tcan be written as 

M = PL 	E 	1 sin n~C sin n'T' x K 	...(3.7o) 
x i2b n=1 h~ 	L 	L 1 

In design the critical values of longitudinal bending moment 

for a simply supported span occurs at or near mid span-when 

the load is at or near mid span. For the preparation of design 

curves it has been assumed that 

C = x 

Nine terms of the series have been considered to give reason-

able accuracy so that, 

M -- 	L 51 2 nn K1 	 .(3.71) 
x -n"b 	n=1 n2 	2 	1 

The mean longitudinal moment at mid span is 

9 

M mean.2 

 
PL E 12 sing 2~ ...(372) 
b n=1 n 

Hence distribution coeff. 

9 

A4 	E 1 2 sing 2 K' 
x 	n=1 n K 	= 	 1 	 ... ( 3.73) 

mx Mx mean 9 1 sing nit 
n=1 n2 

The transverse B.M. per unit span is 

r = _(D -- 2 + D2 a22 ) 	 ... (3.74.) 

	

y ay 	ow 



which may be expressed as „ 

00 	 D 
M= PL 	E 	1 sin nTuc sin n"x  1 
y b. n_1 n  L 	L 	Dx K 	...(3.75) 

The coeff Kl2 is given in (3.36) . It contains a poisson's 

ratio term which is of significance only when the torsional 
2 

parameter a = L. The term D2 a 2 has been included only, in 
ax 

the value computed for design curves for a = V. In a similar 

way to the formation of Kmx if 

C 	x 	 ... 

E 1 sin2 1~C2 

Kmy E 	1 sin2 nit 	
...(3.76)  

n=l n2 _ 	2 

If values of Kmx and Kmy can be found from design curves the 

moments may be determined as 

	

Longitudinal moment Iv tx = K 	M mean 

Itily = 	—D-~- Kmy I`~m ,mean
m 

Thus both bending moments Mx and My are now expressed in terms 

of the product of a distribution coefficient and the mean 

longitudinal moment. Design curves drawan by.curens'and Pama 

are having same values of flexural parameter G, effective width 

2b, and same interpolation formula for a as given by moric\e, 

Little and Rowe. 

The curves for distribution coefficient Kmx are given 

in Appendix —E and those for Kmy are given in reference (7) . 



These curves are drawn for mid span section when the 

load is acting at mid span.Bakht (1973) has suggested that a 

45 degree spread can be assumed to convert the load, not 

acting at mid span into equivalent loads at mid span and for 

a > 0.5 this spread can be neglected. Application of this 

method is illustrated in Chapter-6 of this report. 



CHAPTER - 4 

HARMONICS METHOD 

4.1 INTRODUCTION 

The concept of Harmonics method was first introduced by 

Hendry and Jaeger in 1958 (12). They applied it to the three and 

four girder skew girder bridges neglecting torsional stiffnesses' 

and considering only first term of the harmonic component of the 

applied loading. Later the method was modified to incorporate the 

torsional stiffness of the -transverse system by Surana, Agarwal 

and Prasad (18,1,22). They also assumed more generalised displace-

ment functions for the girders. 

The applied load on'a bridge deck gets distributed amongst 

the girders through transverse system. It is therefore pertinent 

to ascertain the share of the imposed load by the various girders 

of the bridge deck. 

This is achieved by establishing the equations of equilibrium 
of forces, moments and torsion at interfaces of the transverse 

system with the girders and the overall statics of the bridge deck. 

The applied load is represented by harmonic components using 

fourier analysis. This forms the basis of mathematical model for 

the bridge deck system considered herein. 

4.2 BRIDGE DECK IDEALIZATION 

Mathematical model developed for this method is based on 

the following assumptions 
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(i) Material of bridge deck is elastic, homogeneous 

and isotropic. 

(ii) The interconnecting transverse System is replaced 

by an equivalent uniform thick continuum, which 

does not affect the actual structural behaviour of 

the bridge deck. 

(iii) Length of the transverse system which is effective 

in distributing loads amongst the girders is considered 

between two planes at right angle to the axes of the 

girders. 

(iv) Any load applied in between the girders is replaced 

by an equivalent system of coplaner loads acting along 

a plane normal to the axes of girders. 

(v) Interconnection of transverse system with the girders 

is assumed to be perfectly ri,gLd. 

(vi) All the girders are equidistant, simply supported and 

free to rotate about their longitudinal axis. 

(vii) Shear deformations of the girders are negligibly small 

and hence ignored. 

4.3 MATHEMATICAL MODEL 

Bridge deck considered here for the development of mathe-

matical model consists 'ofthree girders. This mathematical model 

developed for a three girder bridge is also valid for multiple 

girder bridge. Equations for the extreme left and right girders 

are exactly the same as for girders 1 and 3, and the intermediate 

girders have similar equations as the centre girder in a three 

girder bridge. 
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The applied, load is expressed in terms of the first three 

hormonics of the sine series using fourier analysis. Figure 4.1(a) 

shows the general deformed shape of a simply supported bridge 

deck under applied loading. 

Refering to Fig. (4.1) and using fourier analysis for the 

first three hormonics the applied load can' be written as 

Wia= Wil(Sin~t xi/L)+Wi2(Sin 2 is xi/L)+Wi3 Sin(3at xi /L) 

...(4.1) 

Load—deflection relationship can be obtained by integra- 

ting four .times equation (4.1) and dividing by girder flexural 
rigidity EI1 as follows 

Y. a (1/Eli) (L) 4(w• Sin( -n x. /L)+ Wi.2 Sin (2-n x. L + Wi3 n 	it 	1 	y/ ) 77— Sin(3 x./L)) 
3 

= Ai Sinn x. /L)+Bi Sin(2n xi/L)+Ci Sin(3n xi/L) 	...(4.2) 

The deflection coefficient can therefore be written as 

Ai = (Wil/E1i)(L/n)4 	B. = (Wi2/Eli)(L/2n)4 

C = (Wi3/Eli)(L/37t)4 	where i = 1,2,3 

The applied load on bridge deck is distributed among all 

the girders depending upon their relative stiffnesses, and hence 

the problem is to ascertain how much load is carried by each 

individual girder in terms of assumed displacement functions. The 

effective loading on girder i is equal to the applied load W. 
is 

minus the load transmitted to the other girders. 

The deflection function Yir and rotation function Bir due. 

to the load finally retained in girder i can be written as 

follows  
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yir = ai  Sin(7t xi/L) + bi  Sin(211 xi/L) + ci  Sin(3it xi  /L) 

...(4.3) 
h Sir  = di  + 	ci  cos(7c xi/L) + f cos(2it xi/L) 	...(4.4) 

The length of interface of transverse system structurally effe-

ctive with various girders can be expressed as follows 

(1) Left interface of the transverse 

system with girder 1 

(2) (a) Right interface of the 

transverse system with 

girder 2 

(b) Left interface of the 

transverse system with 

girder 2 

(3) Right interface of the trans-

verse system with girder 3 

KL < x < L 

0 < x < (1—k)L 

kL < x < L 

0 < x < (1—&)L 

After imposition of loads on bridge deck, transverse 

system deforms and hence shear force will be generated at the 

interface of the girder with transverse system. This will act as 

loading on the 'girders. 

Refering to the Fig. 4.1(a) for deformation and Fig. 4.1(b) 

for sign convention, bending moment developed at interfaces of the 

transverse system with girders per unit length can be written as 

indicated in equation (4.5) below Fig. 4.2. Shear force developed 

at interfaces of the transverse system with girders 1,2 and 3, can 

be written as indicated in equations (4.6) below the same Figure. 

Due to .variation of rotation along Z—axis of the transverse 

system, torsion in generated at interfaces with various girders... 
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S1f • 	 52f 	• 	 S3f 

FIG. 4.2--_SHEAR FORCE DUE. TO FLEXURE 

BENDING MOMENT AT INTERFACES 

M12 	= Q ( -2h01 - hO2 +3(Y2 -Y1 )] 

M21 	° Q[-2h02  -hO1  +3(Y2 -Y1 )j 

M23 	--Q [--2h92 -hO3  t-3(Y3 -Y2  )j 

M3 2 	Q(-2h03  -hO2  +3(Y3  -Y2 )j _ — —--  --- {4.S].  

• WHEREIN Q= 2  Ei  T 	
AND K h tan A 

(1 -K)Lh2 	• 	L 	• 

SHEAR FORCE AT INTERFACES DUE TO TRANSVERSE MOMENT 	0  

S1f 	(m12 m21)/h 

S 2f  - -(m12 +m21 )/h -{- (m23+m32)/h -— 	--,— ---•] 

S 3f  = -(m23+m32 )/h 
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53t 

Sit 

FIG. 4.3-SHEAR DUE TO , TORSION 

SHEAR DUE TO TORSION 

	

T1t 	= - GJT /(1-K)L ] (~2 -~1) /h = Mlt 

	

Sit 	-[GJ /(1-K)hL] d (~ - 
T 	dx 2 ~1) ---1[47] 

d 

	

Sgt 	- 	dx (M2t -M1t ) 

= [GJT/(1-K)hL][ dX (~2 -ml )- 
dx  3  2 

x 

 

d 

	

Sat 	- 	(-M2t ) =[GJT/(1-K)hL][dx (~3 -~2 )) 

IN WHICH ti 
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This torsion acts as moment loading on the girders and variation 

of moment loading causes shear force in the girders as shown in 
Fig. (4.3) and presented in equation (4.7). below Fig. (4.2). 

Retained load (Wir) thus can be determined by summing up 

applied loading, flexural shear force and torsional shear force 

as follows 

4'Jir =INia± Sif ±Sit 
	 ...(408) 

from Fig04;2 and4.3 and by virtue of sign convention adopted it is 

clear that the shear force at the right of interfaces of the 

transverse system is subtractive while at the right of it is 

additive. Flexural shear force Sif  and torsional shear force S 

put together can be expressed in terms of the basic deformation 

coefficients ai,bi,ci, etc. with the help of equations for the 

deflection, rotation and moment that is equations (4.31(404) and 

(4.5) given innext page. 
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Sif+Slt  =(6Q/I (-1/2(d1+e.1  cos(n x1/L) + fl  cos(2n x1/L) + d2  

+ e2  cos at/L(xl—kL) + f2  cos 2n/L(x1—kL))+(a2yisin 7t/L 

x (x1—kL) + b214  sin tic/L(xl—kL) + c
2Y9 sin 3n/L(x1—kL) ) 

— (alyl  sin it x1/L + b1y4  sin 2it xl/L + cly9  sin Sit x1/L)) 

...(4.9) 

S2 f+S2t  = (6Q/11(1/2(d1+e l  cos n/L(x2  + kL) + fl  cos .tin/L(x2+L) 

+ d
2 
 +e
2 
 cos In x

2  /L + f2  cos 2ii x2  /L) + (al  yl  sin n/L(x2+kL 

+ b1y4  sin 2ic/L(x2+kL) + cly9  sin 3it/L(x2+kL)) 

(a2y1  sin it x2/L + b214  sin 2n x2/L + c2Y9  sin 3it•x2/L) 

— 1/2(d2+e2  cos it x2/L + f2  cos it x2/L + d3+e3  cos n/L 

x (x2—kL) + f3  cos 2n/L(x2—kL)— (a2y1  sin it x2/L 

+ b2y4  sin 2-a x2/L + c2y9 sin Sit .x2/L) +(a3ylsin it/L(x2—kL). 

+ b3-y4  sin 2it/L(x2—kL) + c3y9  sin 3n/L(x2—kL))) ...(4.10) 

S3 f+S3t  =(6Q/h)(1/2(d2+e2  cos n/L(x3+kL) + f2  cos 2,n/L(x3+kL) 

+ d3+e3  cos it x3/L + f3  cos 2n x3/L) + (a2yl  sin it/L 

x (x3+kL) + b2y4  sin 2,t/L(x3+kL) +c2y9  sin 3it/L(x3+kL) ) 

— (a3y1  sin ii x3/L + b3r9  sin ?n x3/L))  '...(4.11) 

in which yi  = 1 + iy  and i = 1,2,3.....9 

For superposition of the combined shear with applied loads 

on each girder, it is necessary to express-. each term of the 

combined shear force in terms of the first three harmonic compo-

nents, using fourier analysis. After rearranging we can write 
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Si f +Sit = 6Q/h(Fil(k) sin (t xi/L) + 16Fi2(k) sin(2-n xi/L) 

+ 81Fi3(k) sin(3n xi/L)) , i= 1,2,3. 	 ...(4.12) 

Intergrating four times the above equation and further 

dividing by Flexural rigidity (EL) girder deflection correspon-

ding to shear force will be obtained as follows 

yis = ai(Fil(k) sin (-it x1/L) + F12(k) sin(2it xi/L) 

+ Fi3(k) sin (3i xi/L)) 	 ...(4.13) 

Thus the retained girder deflection can be written 

as follows 

yi r = Yi a + yi s 

Yir = (Ai+a' Fil(k)) sin(1t xi/L) + (.Bi+a!F12(k))sin(2jc xi/L) 

+ (Ci+a!Fi3(k))sin(3st x1/L) 	 ...(4.14) 

in which ai = a1/(1-k) 

Comparing equation (.4_.3). and .(4.14) .we will get 

ai = Ai + a! F.11 	bi=Bi+a! F12(k) 

ci = C. + aIFi3(k) 	 ...(4.15) 

The expression for the various coefficients are 

given below (18). :. 

F11(k)  

+ (f2/4( 81-S2) -tal/~Y1(21tk1+µ2)+b1y4( 3µ1-µ3)-f(cl/4)9( 2!L2_µ4) 
r'1 

+ a2yl(-nk1Sl+µl)-K2b2/3)Y4( 2µl+µ2)-KC2/4)Y9( 3µl-µ3) ) 



F12(k) = (1/:16 (1/ d1+d2) (1-s2) -(e1/6X 4+3 S1+ 3) -f(f1/8X 1-F4) 

k1+µ4) 

+ (c1/5) Y9(5µ1-µ5) 2/3) a2 yl( 2µl+µ2)- ,b2/2) Yq.( 2•~k1S2+µ2) 

+(2/5) c2y9 (3µ2+2µ3) 

F13(k) = 1/(81zc~(-1I3~(1±53)(dl+d2)-►{el/0(3-262-54)-01/10)(6+561+s5) 

+ (3/8) e2( 1-S3) -{3/5)(51+S3) f2-Kal/4)Y1(2µ2-µ4)-~Ebl/5)Y4(5µ1-µ5) 

- cl/6y9 ( 6~k1+µ6)+a2/4y1(3µ1-µ3) -2/5y4( 3µ2+2µ3)b2 

+ c2/3y9(37ck133+µ3) j 

F21(k)  11. 

+ (-ak1s1+µl ) yl(al+a3 ) -(2•nk1+µ2 )Y:la2-W--K 2µl+µ2)Y4(bl-b3) 

+ (1/~( 3µ -µ3)Yg(cl+c3)i~/(2µ2-µ4)Y9 c2)]. 

F22(k) =(1/16[(1/( l-S2) (d1+2d2+d3 )-i{2/ )(s1+82) (el-e3 ) (-•n/2k1µ2 

x (f1+f 3 ) + f 2/2(1-s4)+2/3( 2µl+µ2)yl(a1-a3 )-KY4/4( 2•nk1S2+.µ2 ) 

x (b1+b3 ) 

+(3/5)( 82+s3) (f 1-f3)-f{Y1/1( 3µ1-µ3) (al+a3Hyl/q(2µ2-µ4)a2 

- y9/3(6nl11+µ6) c2)'~ 

F31(k) = (1/t.r!( 1+81)  

x (-2-351+F3 )+,( 1tklSl+µ1) yla2 .CY1/2X 27tk1+µ2)a3-(2/4( 2µl+µ2) Y4b, 

(Y4/4X 311-µ3) b3~{y9/4XJ1-µ3) c2- +{y9/4)( 2µ2=µ4) c3] 
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F32(k)  

x (2nk162+µ2+) b2-(y4/4X 47ck1+µ4) b3-(2/5X 3µ2+2µ3)  Y9c2-fy9/5) 
x (51-5)c3 

F33(k)  

+ (3/5)( 63+82) f 2,(f 3/bOX 6+5S1+85)-f{y1/4X 3µ1- L3).a2-KY1/4)( 2lt2-µ4) 

x a3-F(2/5)( 3µ2+2µ3) Y4b2 (y4/5X 5µ1-µ5) b3+Y9/3(3N 1S3(3nk1S3+µ3) 
x. c2--(y9/6X 6ick1+µ6)c31 

ai  =(12/'u4) (L/h) 3(EI.T/ELi) 	i = 1, 2, 3 

y = (n2/12)(h/L)2(G.JT/E1T) 

Si  = cos (jnk), µj = sin (j-Kk), 	y j  = 1+j1 	j = 1,2...9 
k = (h/L) tanA 

kl  = (1-k) 

Equations (4,15) provide nine independent relationships 

involving girder displacement coefficients for three. girders, 

These relationships are obtained from consideration of equilibrium 

of vertical forces. 

Since each girder has six coefficients, hence f'or a three 

girder bridge deck,eighteen such coefficients exist. Therefore 

nine additional coefficient are required to get a set of eithteen 

simultaneous equations, from which the unknown displacement 

coefficients can be found out. 



(0 

Bending moment acting at interface of the transverse 

system act as torque on the girders. Since girders are free to 

rotate about their two orthogonal axes hence the total torque 

acting on girders or total bending moment acting at interface 

of transverse system must be equal to zero. 

L 	~I—QL 	L . 	1—k)L 
k , 	m12dx1 = 	m21dx2 + f m dx = f M32dx ,. = 0 ..(4.16) 
kL 	Dl kL 23 2 0 	3 

Substituting for m12, m21••0 and carrying out the 

integration, a three independent relationship for three girders in 

terms of the girder displacement coefficient are obtained as 

follows : 

F14(k) = F24(k) = F34(k) = 0 

or 

F14(k) = 0 	 ...(4.17) 

in which 

F14(k) _ —,nkl(2d1+d2) + (2e1—e2) µl + (µ2/2~( 2f1+f 2) —3(1+81) (al—a2) 

+ (3/2(1—S2) (b1+b2) —(1+S3) (cl—c2) 

F24(k) _ —~tk1(d1+4d2+d3)+(e1—e3) µl+(µ2/2X f1+4f 2+f 3) —3(1+81) 

(a1—a3)+3/2)(1-82)(b1+2b2+b3)—(1+s3)(cl—c3) 

F34(k) = fl kl(d2+2d3)+(e2-2e3) µl (µ2/2X f2-2f3)-3(1+81) (a2—a3) 

+ (3/2X 1-82) (b2+b3) —(1+83) (c2—c3) 

Equation (4.17). is the torque equilibrium equations for 

each of the girddrs due to bending moment at interfaces of the - 

torsional rigidity GJi, The torque—rotation relationship is 

expressed as 

d G. 
T 	i 

= —GJi dx. 	1 = 1,2,3 	0..(4.18) 
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Differentiating the rotation functions (4.4) with respect 

to distance along the girder axis and subsequently substituting 

in equation (4.18), torque—rotation relationships ate obtained as 

follows : 

Ti  = (nGJi/hL)(ei  sin(it xi/L) + 2f sin(2nxi/L)) ...(4.19) 

Torque in girders at any cross—section of the bridge deck is 

given as 

x 
Ti = f m12dxi 	or m12  = dTl/dx1  for i = 1 	...(4.20) 

0 

Substituting expression for m12  in above equation in 

which -deflection and rotation are involved and expressing 

them in terms of basic deformation coefficients, transverse 

moment function m12  can be-written as : 

m12  = Q(.-2d1—d2-2e1  cos(ix1/L)—e2  cos(xl—kL)-x/L-2f1  cos(.2inx1/L) 

— f2  cos 2(x1—kL),n/L-3a1  sin(-n x1/L)-3b1  sin (2-n x1/L.) 

— 3bi  sin (tit x1/L) + 3a2  sin(x1—kL)n/L + 3b2sin 2(x1—kL)-K/L 

+ 3c2  sin 3(x1—kL)it/L) 	 ..0(4.21) 

Similarly expressions for transverse moment functions 

(m12+m23) and m32  can be written. In order to simplify the 

intergration involved in equation (4020), each term of the 

transverse moment expression (4,21), is replaced by the first 

two harmonics of its cosine series. This is consistent with 

the assumed rotation functions (4.4). Since the second derivative 

of rotation function d29/dx2  is proportional to. the moment. Thus 

the transverse moment expression for m12  can be written as 

m12  = Rl  cos(n x1/L) + S1  cos(2-t x1/L) 	.0.(4.22) 
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in which R1  and S1  are fourier coefficients to be obtained 

from fourier transforms as given below 

L 

R1 = (2/L)  f m12 cos (txl/L). dx1  kL 

L 
S1  = (2/L) f m12  cos (2-ax1/L) dxl 	...(4.23) 

kL 

Coefficients R1  and S1  are evaluated carrying out the 

integrations (4.23) after substituting the expression (4.21) 

for -the. transverse moment m121 0 These coefficients for girder 1 

are given as 

R1  = Q F15(k) 

S1=QF16(k) 	 ...(4.24) 

The transverse moment equation now becomes : 

m12 = Q(F15(k) cos('n x1/L) + F16(k) cos(2,t x1/L) 	...(4.25) 

Substituting the equation (4.25) in (4.26) the torque 

equation will be obtained as follows 

xl 
T1  = o m12  dxl  

_ (QL/it)(F15(k) sin (n x1/L) + (1/2)F16(k)sin(2n x1/L)) 

...(4.26) 

Equations(4.19) and (4026) are written for torque T1  in 

girder 1 at a distance X1  from left support and hence are 

indentical whose corresponding coefficients must be equal. Thus, 

equating the coefficient of the two sine harmonics, the following 

relationships are obtained 
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Fi5(k) 	(1-k) p1e1. 

F16(k) = 4(1-k) 3lf1 	 ...(4.27) 

Torque rotation, relationships for girders 2 and 3 can 

similarly be derived. The above relationships for any of the 

three girders can be written as 

F15(k) =(1-k) Pie. 

Fi6 = 4(1-k) Rifi 	i = 1,2,3 	...(4.28) 

in which 

p1 = (112b/2L) (GJi/ElT ). 	i = 19 21 3 

F15 (k) = (1/TO(2(2d1+d2)µ1-(2nk1-µ2) el + (2/3X 3I.t1+µ3) f1-(,tk1S1-µ1)e,2 

- (2/3X µ1+2µ2)f2 + (3/2)(1-52) a1-(4+3 61+S3) b1 

+(3/4X3-2  S2-S4) c1 - 3nk1µ1a2+4(S1+S2) b2. 

+ (9/4X 8i- ).c2) 

F16(k) = (1/j)((2d1+d2)µ2 +(2/3X 3µl+µ3) el + (f1/2Xick1-64 ) 

+ (2/3X µ1+2µ2)e2 - (f 2/2X 2nk1S2-µ2) + (2+3S1-S3) al 

+ (3/4)(i-S4) b143/5)(6+5s1+531+35) c1 - 2(S1+S2) a2 

- 3,t1c1µ2b2 + (.18/5X52+63) c2) 

F25(k) = (1/' ((-2d1+.d3) µl - (,nk1S1-µl) (el+e3)-2(2irkl-µ2)e2 

+ (2/3X µ1+2µ2) (f1-f 3) -3nklµ1(al+a3) +3(1-S2) a2 

- 4(S1+S2) (bl-b3) + (9/4)(S1-S3) (c.l+c3) + (3/2~( 3-2S2-S4) c2) 



F26 (k) =(1/1((d1+4d2+d3 ) 412 - i2/ 2µ2+µ1) (el-e3) -(( 1/2~(2itk1S1-µ2) 

x (f1+f 3) - (4mk1-µ4)f 2+2(S1+S2) (al-a3 ) -3ink1µ2(b1+b3) 

+((3/2)(1-S4) b2 -18 /5(S2+S3) (cl-c3) 

F35(k) = (l/i((-2d2-'-4d3 ) t1-(nk1S1-µl ) e2 -( 211k1-1L2) e3 

+((2/=~( li1+2µ2)f 2 - (2/3X Nt3l13µ1) f 3-37tk1µ1a2-I(3/2)(1-S2) a3 
- 4(Sl+S2) b2 + (4+3S1+S3) b3 + 9/4(S1-S3) c2 

+('3/4( 3-2S2-S4) c3) 

F36 (k) =((1/')((d2+2d3 ) !~2-(2I3)( 2µ2+µ1) e2 - (2/3)( l.13+,.3-it ) e3 

-((' l/ 2)( 2itk1S2-1 2)f2 -(1/)( 4nk1-µ4)f3+2(S1+S2) a2 

- (2+3S1-S3 ) a3 - 3nk1µ2b2+(3/4X 1-S4) b3 

M►((18/51 S2+S3) c2 .+ (3/5)(6+5S1+S5 ) c3) 

Thus, three load deflection (4.15), one torque equilibr-

ium (4.17) and two torque rotation (4.28) equations involving 

6-displacement coefficients provide sufficient conditions for 

the complete .analysis of a skew girder bridge deck. 

These eithteen linear simultaneous equations obtained 

for a three girder bridge deck are solved for the deformation 

coefficients on a digital computer.. These deformation coeffic-

ient are back substituted to get the value of girder deflection, 

rotation, shear forte, bending moment and torsion for the 

applied loading. 

Bending moment at the interface of the transverse system 

can be found with the help of slope deflection equations (4.5) 

after knowing the deformation functions. 
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4.4 RIGHT BRIDGE DECK 

Right bridge is a.special case of skew bridges, wherein 

the skew angle and thus skew parameter (K) vanishes. The theory 

assumptions and equations developed in this chapter for skew 

girder bridges are equally applicable to right bridges as well, 

by puting the value of, K, as zero. Thus in case of right bridge 

entire length of transverse system becomes effective. 



CHAPTER — 5 

GIRDER MOMENT COEFFICIENTS BY HARMONICS METHOD 

5.1 INTRODUCTION ; 

In Harmonics method girder moment expression can be 

written forthwith for a trial section of bridge under imposed 

loading of a certain fashion. This inherent capability of 

Harmonics method can be utilize to develope design coefficients. 

Thus the method lends itself to writing the girder moment 

expression in terms of sine series with the help of design 

coefficients developed in this chapter. These design coeffi- 

cients are the functions of non dimensional structural para- 

meters, a,R,y and K, 	defined previously. The actual load 

harmonics of a particular loading are appropriately combined 

with the design coefficients corrosponding to a particular 

combination of a,p,y and K, to give the moment coefficients for 

various girders. These moment coefficients are used to get 

moment expressions for various girders. A mathamatical model 

for these design coefficients and systematic computation 

procedure for calculating girder moments is presented hereunder. 

5.2 MATHAMATICAL MODEL 

If we express girder moment for any imposed loading in 

terms.of first three terms of an appropriate sine series, the 

coefficients of these terms are called as girder moment coeffi-

cients. These moment coefficients are evaluated corrosponding 



67 

to a standard loading (Ln)2  sin (°Lx  ); n = 1,3,3 applied one 

at a time on a girder for a particular combinations of structural 

parameters. The coefficients corrosponding to above loading thus 

became basic in nature as they help in computing bending moment 

corrosponding to any configuration of imposed loading. These 

moment coefficients therefore for various combination of 

structural parameters can be called as design coefficients. 

These design coefficients are denoted by a generallized symbol 

mn  
(pij)'repr senting the m th  harmonic of the bending moment in 

girder, i due to the nth  standard load harmonic ()2sin ( nLx) 

on girder j. Three design. coefficients for each of the three 

harmonic loading result in 9 coefficients for each of the 

girders and hence 9xH coefficients in total for a bridge deck 

with N girders. 

For the development of mathamatical model the applied, 

loading on a particular girder, j in Fig. 4.1 is expressed as 

first three terms of its sine series, i.e., 

W. = (L)2  (sin(ic /L) + 4 sin(2-nx /L) + .9 sin(3-nx /L) ) 	...(5.1) 
j. 

Integrating this loading twice we get corrosponding moment 

loading as : 

= sin(inxj/L) + sin(2-nx j/L) + sin(3anx /L) 	...(5.2) 

Let girder .j be subjected to the first harmonic•of imposed 

loading i.e., 

w j  = ( L) 2  sin(--) or ARj  = sin (itx /L) . 
J 



This imposed loading causes a generalized deformation of its 

constitute members, which give rise to the development of 

shear loading at the interface of transverse system and 

girders. This shear loading given by equation (4.12) at the 

interface of transverse system with girder j can be written 

as 

Sif +Sit = 	(F jl (K) sin(~x j/L) + 16F 2(K) sin(27Exj °/L) 

+ 81F j3(K) sin(3nxj /'L) ) 	 ...(5.3) 

Moment loading corrosponding to above loading can be written 

as 

Mis = h (L)2[Fjl(K) sin(-nx.'/L) + 4F12(K) sin(2~xj/L) 

+ 9F3(K) sin(3itx\j/L) ] 	 ...(5.4) 

Thus the final moment function for girder j under the action 

of first load harmonic, after rearranging the terms can be 

written as 

M. = M j 'a+M js  

+ a' F~ 3(K)sin(3~)CjVL) 	 ...(5,5) 

Deflection function for girder j under the action of first 

harmonic of retained loading is similar to that given by 

equation (5.3) and can be written as 

Y j = a jsin(itx /L) + bsin(2ix'/L) + C~sin(3icx.y(L) 	...(5.6) 

If we multiply the flexural, rigidity of girder (EI j ) with 
second derivative of equation (5.6) we get the expression of 

girder moment as 



M.,=  a'.sin(nx':i;JL) + b'.sin(27tx.'/L)+ C! (3-x, /L) 
J 	J 	J 

In which a'. _-)2 EI.a. J 	( L 	J J 

...(5.7) 

b~ = (L~)2 EI jb j 	, C~ = (L~)2 EI jC j 

Since equations (5.5) and (5.7) are identical comparing these 

two we. get following relationships 

a',F'.l(K)—a'. •_ —1 

a'.F'.2 (K)—b'. = 0 	 ...(5.8) J J 	J 
a~F~3,(K)—C~ = 0 

Similar relationships for girder j can be derived under the 

action of 2nd and 3rd load harmonics on girder j. 

The corrosponding relationship for the unloaded girder 

i(i+j) for each of the three load harmonics are obtained as : 

aIFil(K) —ai = 0 

a1Fi2(K)—h! = 0 	 ...(5.9) 

0 

The girder torque equilibrium equation (4.17) and two 

girder rotation relationships (4.27) as obtained earlier 

remains unaffected irrespective of whether girder is loaded or 

unloaded. These three relationships for any girder j with slight 

modification can be written as 

F 4(K) =0 

F,5(K) _ (1—K)f3 je 	 ...(5.10) 

F'.6(K) = 4(1—K)13 f'. 



W 
wherein 

F 4(K) _ (L)2 EIi j4(K), d~=(L)2 EIjd. 

F 5(K) = (L)2 EI~Fj5(K), e~=(L)2 EIjej 

F6(K) = (L )2 EIjFj6(K),f~ =(2~)2 Eljfj 

Thus under each load harmonic, six independent equations 

in terms of six displacement coefficients a',b',C',d',e' and f' 

are available. For each of the girders loaded or unloaded. 

These equations provides sufficient conditions to uniquely 

determine displacement coefficients for any girder. The first 

three of. these harmonics represent the bending moment design 

coefficients and are easily, obtained'corrosponding to each of 

the three standard load harmonics dL")2 sin (L -x) n = 1,2,3 

for any combination of structural parameters a,13,and K. Some sample 

values of-these design coefficients are given in appendix—D 

For the efficient use of these design coefficients a generalised 

mn 
symbol (pin) as explained earlier is adopted. For ready .use 

in design office these coefficients are available in reference 

6 for various values of a,13 and K covering the entire range 

of real life 4—girder bridges. 

Using this generalised notation for design coefficients, 

the moment function for girder i due to the first load harmonic 

2 (n/L) sin (nx. L) or its equivalent moment loading sin('nx.j/L) 
on girder j can be written as 

IMii (Xi ) = p1~ sin(ltx /L) + ply sin(21tx1/L) 

	

+ pig sin(3-nxi /L) 	 ...(5.11) 

Moment functions for girder i due to second and third load 

4. -0 v.. 	 .L - 1 ' ' 	- _ - 	- • 	i 	. 	 - 	- 
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as- : 

-Mid ) (Xi ) = Pig sin(nt)'./L) + pig sin(2-nx_.,/L) 

+p 	sin(3ix i/L) 	 ...(5.12) 

4 (x.) = pi3 sin(Tcx./L) + p23 sin(2~x: /L) 

+ p 	sin(3,nx /L) 	 ...(5.13) 

Moment expression for girder i for all the three harmonics 

of loading acting simultaneously on girder j is obtained by 

super-imposing the moment function under each harmonic loading 

separately and can be written as 

3 
Mij(Xi ) _ E , 

m=1 
3 

in which Mij = E 
n=l 

M. . sin (m7t xj j/L ) 

pig 	m = 1,2,3 

...(5,14) 

or in the matrix form we can write — 

1 
T 11 

pi 
21 

pi j 
31 

pi j sin(itx ,/L) 

Mij(Xi)= 1 pi~ pig p3~ sin(2itx'/L) ...(5.15) 

1 p13 
1J 

p23 
iJ 

p33 
1J 

sin( 3Ttx ./L) 

For the actual loading cases when expressed by the first 

three harmonic components of their sine series the load harmonic 

coefficients are going to be different than those considered 

above. These harmonic coefficients are appropriately combined 

with the design coefficients to obtain corrosponding moment 

expression of girder for various loading conditions. 
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5.3 GIRDER MOMENT EXPRESSIONS : 

Girder moment expressions with the help of design 

coefficients are developed hereunder for various cases of imposed 

loading. 

(a) Single Load on a Girder 

Let Wjl be the concentrated load acting on girder j at 

a distance xj1 from the left support. Using the Fourier analysis 

(Appendix A) for expressing this load by its Sine series and-is 

given as ; 

' 	3 
W 1 = E 	lV~1 sin(nlcx j/L)  

n=1 

in which, W~1 = 2Wj1/L sin(nitxjl/L) 

The above loading expressions (5.16) is equivalent to 

a moment loading on the girder as given below ; 

3 
Mj = (L/it)2 E (W~l/n2)sin(nnx./L)  ...(5.17) 

n=1 

Combining the harmonic coefficients of (5.17) with the 

design coefficients (obtained already with respect to standard 

load harmonics with harmonic coefficients as unity) the bending 

moment expression for girder i due to a conc. load on girder j is 

written in matrix form as follows ; 

T 1 11 1 1 	(wjlpij wjlpi 
J 

M. .(x.)=()2  1 	w2   p12 w2 22 
4jl ij 	4Jlpij 

3 13 3 23 1 wjlpij wjlpij 

9 

1 31 
wjlpij-::. sin(kxi/L) 

.... 
w~lpi~  sin(2~xi/L)

(518) 
 

4 

wj 1pi j 	sin(3nxi/L) 
9 
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3 

or M..(xi ) _ (L/n)2 E 1R— sin(mTcxi/L) 	 ...(5.19) 
m=1 

3 
in which, Mmj = E (w

n
1/n2) pig  m.= 1,2, or 3 

n=1 

(b) Multiple Load on a Single Girder : 

Let w~l;wj2,... wjp are the concentrated loads acting 

at xjl,x...xjp respectively on girder j or an N—girder bridge. 

This load system can be expressed in terms of first three Sine 

harmonics (Appendix—A) and, is given as : 
3 

w. = E 	W. sin(nTEx ./L) 	 .... (5.20) . 
_ n=l J 

p 
where, in Wn = L E w. sin(nnx jp/L) 

1 

Integrating twice the above load function, the equivalent moment 

load function on girder j is obtained as 

3 

Mj = (L/~)2 E (w~/n2)sin(nnx./L)  ...(5.21) 
n=1 

Again combining the design coefficients with the harmonic 

coefficients of moment loading (5.21) on girder j appropriately, 

the corresponding moment expiession for girder i is obtained in 

matrix form as : 

Ml 

M. .(x.)=(-) 2 
13 1 

1 

1 

1 

jp11 	 121 	1p1 wp 	w 	sin(ltx. /L) 

1 212 	2 22 	232 1  
wjpij  sin(21txi/L) 

L3l3 w~pi~  sin(37xi/L) 

L:jij 9 	9 
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` 	3 
_ ( L/it) 2  E Mm sin(mnxi/L) 

m=1 j 
3 

	

in which, Mm = E (wr/n2) pmn 	m = 1,2 or 3 

	

n=1 	iJ 

(c) Multiple Loads on Multiple Girders : 

...(5.23) 

If there are multiple loads on more than one girder, the 

girder moment expressions are initially obtained corresponding 

to each one of the loaded girders, loaded one at a time. The 

total effect due to all the loaded girders loaded simultaneously 

is obtained by using principle of superposition. Thus, for 

multiple loadings simultaneously applied on. N1  girders (N1  < N) 

of an N—girder bridge, the moment expression for girder i is written 

as follows : 

3 
Mi(xi) _ (L/TU)2  E Mi sin(mnxi/L) 	...(5.24) 

N 	m=1 

in which, M. = E M. 	m = 1,2,3 
j=1 j 

(d) Uniformly Distributed Load on a Girder : 

Let w be the uniforniy distributed load per unit length 

acting, over entire length L or girder j. It is expressed by its 

Sine series (Appendix —A) and is given as : 

w = (4wj/n) [sin(xj/L) + 3 sin(3x./L)] 	...(5.25) 

The above load functions corresponds to an equivalent 

moment load function on girder j given as follows : 

Mj  = (4w.L2/n3)[sin(nxj/L) + 27  sin(3,nx./L)] 	...(5.26) 



75 

Combining the harmonic coefficients of (5.26) with the 

design coefficients, the moment expression for girder i. due to 

applied u.d.l on girder j is obtained as : 

T 
1 	pig 	pig 	pig 	sin( -nxi/L) 

Mij(x1 )=(4w jL2/n 3 ) 
1  0  0  0  sin(2nxi/L) 

1 27pij 27pij 27pij sin(3~xi/L) •

...(5.27) 
3 	 " 

or Mij(xi) _ (4w jL2/n3 ) F, Mm sin(mnxi/L)  
m=1 

m 	m 
in which, Mm = p + 

lj 

 

 
1 p 3 	m = 1,2, or 3  ...(5.28a) ;~ .l 27 lj 

From expression (5.28a), it is evident that girder moment 

coefficient for this loading case can be obtained without requiring 

the load harmonic coefficients, thus reduces here the computation 

work. 

(e) Patch Loading on a Girder : 

Let w represents the uniformly distributed load over a 

small segment x1 < x < x2 of the span L of girder, using Fourier 

series the load expansion function can be written as: 

3: 
wj = E  wnsin(nnxj/L)  ...(5.29) 

n=l 

where in, 	wn = (2w j/nit) [ cos (ntxl/L) •— cos(nTcx2/L) ] 

The equivalent moment loading on girder j is obtained as 

3 
M. = (L/-a)2 E (wn/n2)sin(n-nxj/L)  ...(5.30) 

n=1 
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Combining the harmonic coefficients of (5.30) with design 

coefficients appropriately, the moment expression for girder i 

due to patch loading on girder j is obtained as follows : 

3 
Mij(x. ) _ (L/~)2 E 	M. sin(mnxi /L) 	 ...(5.31) 

m=1 

where in, Mm = 	2 mn 
lj 	(wn/n ) pij 	m =1,2 or 3 

n=l 

Bending moment in all the girders of a bridge deck can thus be 

computed with the help of the expressions developed above for 

various types of loadings. A systematic procedure for computation 
of the girder bending moment is presented i,n the section that 

follows. 

5.4 GIRDER MOMENT COMPUTATIONS : 

The procedure presented hereunder makes the entire process 

of computations systematic wherein all calculations are carried 

out in tabular form. The procedure also facilitates quick rechecking 

and detection of errors. The various steps are as : 

(i) From the known dimensions and material properties 

of a girder bridge to be designed, compute the 

structural parameters a,R,y and K of the bridge. 

(ii) Pick up the design coefficients corresponding to 

above structural parameters obtained under step (i) 

from the already available design aid tables (18). 

These remain same for all the loading cases and 

are arranged in Tabular form as shown in Table'6.19 

through Table 6.22 . In the development of these 
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design coefficients y is ignored for its insigni-

ficant influence on the structural behaviour of 

real girder bridge decks. Design coefficients for values 

of a and K other than those available in design 

coefficient tables (18 ) may be computed by assuming 

a linear interpolation, but for the value of 13 other 

than the ones given directly in the design tables 

following interpolation function is used 

(i13 = (pij)o + z[(pij)10 	(pij)0 	...(5.32) 

where in, Z = C 
~3+5 a11~

2 

The computations of design coefficients corresponding 

to actual value of 1 are accomplished in tabular 

from using above interpolation function and are shown 

in the lower half of Table ..6.19 through Table 6.22 

(iii) Compute the equivalent loading directly acting on 

dirders as continuous reactions in case applied 

loading on the peck is lying between the girders. 

(iv) Load harmonic coefficients corresponding to a given 

loading case are computed in a tabular form as is 

shown, e.g., for the multiple loads on a girder in 

Table 6.23 and Table 6.24. 

(v) These load harmonic coefficients obtained in (iv) 

are. appropriately combined with the design coeffi-

cients obtained in (ii) to yield girder moment 



coefficients. This process is accomplished in a 

tabular form and is shown in Table6.25through 

Table 6.34. 

(vi) Once girder moment coefficients corresponding to 

applied loading are obtained, the moment values at 

various-desired location along the length of girder 

can easily be computed in tabular. form as shown in. 

Table 6.35 . Bending moment. for all the girders at 

any number of desired locations can thus be obtained 

for any type of loading on a bridge deck. 

The scheme for girder moment computation presented above 

is quite general in nature and devoid of any constraint with 

regard to the number of loads on a girder or number of girders 

loaded simultaneously. 	 _ 



CHAPTER — 6 

APPLICATION OF LOAD UISTRIBUTIUN THEORIES 

6.1 INTRODUCTION 

In the previous chapters, theoretical formulations of 

various load distribution theories were discussed in detail, This 

chapter deal with the application of these load distribution 

theories for structurally analysing a girder bridge. A four 

girder right bridge has been chosen for this purpose. This bridge 

has been analysed for two loading cases of IRC class—A loading. 

In the first loading case, transverse position of this loading 

is kept at extreme left i.e., at minimum clear distance from 
the kerb of the bridge deck, to obtain maximum moment in outer 

girder. In the second case, transverse position of loading is 

kept symmetrical with respect to the bridge axis. 

Live load bending moments and deflections are computed for 

the longitudinal girders with the help of theories discussed 

earlier. These moments and deflections obtained with the help 

of Courbon's method, Orthotropic plate theory and Harmonics 

method are plotted and compared at the end of this chapter. In 

the case of Orthotropic plate theory , design curves are available 

only for right bridges and therefore, a right bridge has been 

chosen for analysis. To make this chapter comprehensive, each 

computation step is preceeded by the relevent explanation 

required for easy comprehension.. 



6.2 RIGHT GIRDER BRIDGE 

The cross section and longitudinal section of the 4—girder 

right bridge chosen for demonstrating the application of various 

theories are shown in Fig. 6.1. The relevant bridge data are 

given below. 

6.2.1 Dimensions 

The various dimensions •of the bridge elements are assumed 

as given hereunder 

Clear road way (B) (cm) 	= 750 

Effective span (L) (cm) 	= 1940 

Width of bearing assumed (cm) 	= 100 

Number of longitudinal girders (N) = 4 

Spacing of longitudinal girders (h) (cm C/C) = 220 

Depth of girder (cm) 	= 180 

Width of rib of girder (cm) 	= 25 

Spacing of. cross beams (q) (cm C/C)= 485 

Depth of cross beam (cm) 	= 155 

Width of rib of cross beam (cm) 	= 20 

Slab thickness (t) (cm) 	= 20 

6.2.2 Material Properties 

M 20 concrete is assumed to be used for construction of 

bridge members which has modulus of elasticity approximately 

equal to 2.5 x 105  kg/cm2  and possionts ratio is assumed as 0.15 

6.2.3 Design Loading 

IRC class—A two lane loading as shown in Fig. 6.2 and 

Fig. 6.3 is taken for analysis. 
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Impact factor (I) = 6+L 

	= 0.177 

6.2.4 Live Load Positions 

Two typical transverse dispositions of IRC class—A loading 

have been considered herein, as shown in Fig. 6.2 and Fig. 6.3, to 

explain the computation of live load bending moments and defle-

ction of girders. 

In the first case as shown in Fig. 6.2, two trains of 

Class—A loading are placed close to the kerb with minimum clearance 

as specified by IRC (15 cm). It gives the maximum bending moment 

in edge girder. 

In the second case shown in Fig. 6.3, two trains of IRC 

class—A loading are placed symmetrical with respect to the bridge 

axis. In the longitudinal direction, first seven loads of trains 

are placed in such a manner that the C.G. of the load system and 

the load nearest to the mid—span section of the bridge are 

equidistant from the mid—span section of the bridge to give 

maximum moment under that load. 

6.3 COURBON' S METHOD 

Courbon's method, as discussed in chapter — 2 has been 

applied to find the longitudinal girder moments for the right 

girder bridge. Part of the total load (4W as shown in Fig.6.2(b) 

and Fig.6.3(b) ),shared by each of the girders- is found with the 

help of .equation (2.5) i.e. 

= N H  Hi C 1 + E  Z . e X. 	J 
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• -308.5-'J 110 k320 4-1204--. 430 -4-300 4- 300 - 	k- 
51•5 

(c) LONGITUDINAL LOAD POSITION 

FIG. 6.3—LOADED BRIDGE DECK 



for bridge deck shown in Fig. 601 

N= 4 ; 	E X1 =24.2 

Hence, R. = P[1 + -4..-- e X. 24.2  

where e is the eccontricity of C.G. of loads from the bridge 
axis. 	 g 

This equation gives the load sha rod by various gird 
as given below 

(i) Load system extreme left (15 cm from kerb) 

a1 = 1.3 81 ;''Y', 
	

R3 = 0.873 W 

R2  = 1..127 W,: 	R4  = 0.618 W 

(ii) Load system symmetrically place ( e = 0 

R1 = R2  = R3  = R4  = 

6.3.1 Girder ?,ioment Computation 

Girder moments for both the load systems are computed ' 

Table 6.1 and Table 6.2. In the second column of 
the  t 	

In 

bending moment for each 	
- 	ables mean 

girder obtained by considering each girder 
under the action of loading as shown in Fig. ô.2 

(c)  
with imI_act loading. Since there 	

( ) and Fig. 6.3(c) 

are four girders and bridge is 
subjected to two lane loading i.e. four wheel loads 

i dth of the bridge, 	
along the width 

	
mean bending moment for each girder will be 

corrosponding to above loading. 
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TABLE - 6.1 : LIVE LOAD B.M. AT VARIOUS LOCATIONS,. 

LOAD SYSTEM : Extreme Left. 

M (mean) Girder'moments at various locations t.m. 
X/L 

(t.m.) '1 G2 ~3 G4 
Pdx(mean)xRi Mx(mean)xR2 Mx(mean)xR3 Mx(mean)xR4 

0.20 47.84 66.07 53.92 41.76 29.56 

0.40 82.58 114.04 93.07 72.09 51.03 

0.44 84.86 117.19 95.63 74.08 52.44 

-0.50 80.46 111.12 90.68 70.23 49.72. 
0.60 73.81 101.93 83.18 64.44 45.61' 

0.80 46.97 64.87 52.94 41.00 29.02 

TABLE - 6.2 : LIVE LOAD S.M.'AT VARIOUS LOCATIONS, 

LOAD SYSTEM : ymtrica11y Pla'eed. 

Mx (mean) Girder moments at various locations t.m. 
v/r

A/ (+m 	) G3 . G4 G G 

MX(mean)xRi Mx(i'ean)xR2 Mx(mean)xR3 Mx(mean)xR4 

0.20 47.84 47.84 47.84 . 47.84 47.84 
0.40 82.58 82.58 82.58 82.58 82.58 
0.44 84.86 84.86 84.86 84.86 84.86 
0.50 80.46 80.46 80.,46 80.46 80.46 
0.60 73.81 73.81 .73.81 . 73.81 73.81 
0.80. 46.97. 46.97 . 46.97 46.97 46,97 



Now actual bending moments due to load distribution are 

obtained by multiplying these mean moments with the share of.'. 

each girder as obtained in previous article. 

6.4 ORTHOTROPIC PLATE THEORY 

Girder bending moments and deflections have been calcul- 

ated with the help of both Morice, Little and Rowe Curves and 

Cusens and Pama curves. These 'design curves are given in 

references (7 and 20)- and are also given at .the end of this 

report in Appendix — E. Various steps for analysing bridge deck 

are shown hereunder. 	' 

6.4.1 Geometric Properties' 

For the calculation of geometric properties flange width 

of I—beam is taken as the spacing of girders, a's specified by 

Rowe (20),cross sections and idealized sections of longitudinal 

girders and cross beams are shown in Fig. 6.4. 

For longitudinal girders (Fig. 6.4 ar) 

Depth of H. A'. (Y) 

Moment of inertia (I) 

Torsional inertia (Io) 

M.I. per unit length (i=I  
P ) 
Io T.I. per unit length  .o g 

For cross girders (Fig. 6.4 (b)) 

Moment of inertia (J) 

Torsional inertia (Jo) 

M.I.per unit length (j = ) 
a 

= 0.608 m 

= 0.3329 m4  

= 10.937x10-3  m4  

= 0.1515 m4/m 

= 4.97x10-3  m4/m 

= 0.2049 m4  

= 12.64x10 3. m4  

= 0.042 m4/m 
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Method of calculating torsional inertia is shown in Appendix — B. 

Effective width '(2b1'p) 	= 8.8 in 

Effective span (2a = L) 	= 19.40.m 

6.4.2 Morice, Little and Rowe Curves 

Structural parameters .defined by above authores' are 

Flexural Parameter, A = 2a (.)~ = 0.312 

G(i +j 
Rorsional Parameter, a = 2 i 	

) 
j 0 = 0«0206 

Corrosponding to 'these values 'of a and G, values of distribution 

coefficients K0 , K1 and Ka are obtained at reference stations 

from the design curves (Appendix.- E) and are '.shown in Tables 6.3, 

6.4 and 6.5. From Maxwell's, reciprocal theorem these coefficients 

are symmetrical about the marked diagonal. Also each row in' these 

tables represents a number of points on the influence .line for 

a load moving across the transverse width of the bridge from — b 

to +b. If a uniformly distributed line load' were applied over 

the entire widthof the bridge, the distribution coefficients 

at any reference point would be' unity, since the entire_bridge 

deflects uniformly., Therefore for a uniformly distributed load 

the area between the influence line for K and the axis must be 

unity. This area is found at the end column of table by Simpson's 

rule. 

K
mean = 3 x 4 x 4 [K—b+4(K-3b+4 Kb/4 + K3b/4)+2(—Kb/2)+Kb]=1 

E q uivalent Load Coefficient'( ) 

For computation of equivalent load at reference stations, 



TABLE - 6.3 : VALUES OF K 
0 

Posi-
tion -b 
of 
sect-
ion 
load 
at 

Reference Station 
-3b/4J-b/2 -b 4j - p j +b]4  

90,  

Row 
Inte-
gral 

.0 0.85 .0.94 0.99 1.09 1.12 1.09 0.99 0.94 0.85 1.00 
+b/4 0..9 0.40 0.64 0.88 1.09 1.23 1.38 1.52 1.67 1.00 +b/2 -0.54 -0.17 0.2.4 0.64 0.99. 1.35 1.74 2.10 2.50 0.99 
+3b/4 -1.14 ,- 0.62 -0.17 0.40 0.94 1.52 2.10 2.74 3.32 1.00 
+b -1.77 -1.14 -0;54 0.19 .0.85 1.67 2.50 3.32 4.10 1.00 

TABLE - 6.4 : VALUES OF K1. 

Posi- 
tion Reference,  Station Row 
of 
sect- b -3b/4 -b/2 -b/4 0 +b/4 +b/2 .+3b/4 +b 

Ynte- 

ion gral  
load 
at 

0 0.95 0.97 1.00 1.03 1.05 
b/4 0.84 0.88 0.94 0.97. 1.03 
b/2 0.76 0.80 0.88 0.94 1.00 
3b/4 0.68 0.72 0.80 0.88 0.97 
b 0.6.0 0.68 0.76 0.84 0.85 

1.03 1.0 0.97 0.95 1.00 
1.06 1.06 1.06 1.07 0.99 
1.06 1.13 1.20 1.24 1.00 
1.06 1.20. 1.31 1.43 1.00 
1.07. 1.24 1.43. 1.65 1.01 

TABLE - 6.5 : VALUES OF K =K0+ (K1-Ko )Ya 3 a =.0.0206 
Posi- Row tion  Ref erenc a Station 

sect- -b  -3b/4 -b/2 -b/4 0  +b/4 +b/2 +3b/4 +b  
Inte- 

gral ion  

at t 

0. 0.86 0.94 0.99  1.08 1.11 1.08 :0.99 0.94  0.86 1.00 

+b/4 0.28 0.47 0.68  0..90 1.08 -1.21 .  1.33 1.45  1.58 1.01 

+b/2 .-0.35 -0.03 0.03 0.68 0.99 1.33 1.65 1.97  2.32 0.99 

+3b/4' --0.88 -0.43 .-0.03 0.47 0.94 1.45 1.97 2.53  3.05 1.00 
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the deck portion between two reference stations is considered 

as 91.!nply supported at those reference stations and reactions. Zt 
each reference stations-  due to applied loading are obtained. 

These equivalent loads at various reference stations; for both 

loading cases, are shown in Fig. 6.5(a) and Fig. 6.5 (- b). 

Derivation of Distribution Coefficient Profile 

Distribution coefficients at different reference stations 

are derived in Table b.6. Various computational steps are shown 

in table itself. Distribution coefficients at girder locations can 

be obtained by drawing distribution_ coefficient profile. Since 

this particular bridge is having girders at reference stations 

—3b/4, —b/4, +b/4 and +.3b/4, the distribution coefficients are 

taken directly from Table 6.6 and are given below in Table A. 

TABLE — A : DISTRIBUTION COEFFICIENTS FOR GIRDERS 

Girder istribution Coefficient  .K'  
Case I) 	(Case II 

G1 	 1.29 	 0.978 
G2 	 1.13 	 1.024 
G3 	 0.91. 	1.024 
G4 	 0.65 	 0.978 

Girder !.foment and Deflection Computation 

In theoritical formulation bridge deck was considered as 

an orthotropic plate. Values of distribution coefficients at 

various reference stations have already been found. These values 

are not changing along the span of the bridge. For the comput-

ation of longitudinal bending moments, loading is assumed to be 
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P 	P 	 P 

100--1 	110 	60 4 5 	110 	 -- 100 	80 _430 	110 	1.10 
10  0 

-b 
4 	2 	4 	 4 	2 	4 

0.09 	0.91 	0.45 	0.55 	0.91 	0.36 	0.73 	0 	0~(1►) 

(n) LOAD POSITION: EXTREME LEFT 

	

P 	 p 	 p 	 P 

110. 	65 -~.•45 	110 	251--85 	85 -~25 	110 	4 	65 	110 

1 	. 	 . 	 1' 	1 	.. 	 . 	. 	 t 

-b  

0 	0.41 	0.59 	0.77 	0.46 	0.77 	0.59 	0.41 	0 

(b) LOAD POSITION'. EXTREME LEFT 

FIG. 6.5 —EQUIVALENT LOAD COEFFICIENT (A) 
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uniformuly distributed along the width of the bridge deck. 

This loading gives the mean bending moments along the span of 

the equivalent orthotropic plate. Mean bending moment for a 

particular girder will be obtained by multiplying mean bending 

moment obtained above by flange wwidth of that girder, which is 

same as in Courbon's Method. This girder mean moment when multi-

plied by .distribution_ coefficient for a particular girder will 

give the actual bending moment along that girder. An additional 

10% increase, as suggested by Rowe is given to the values df ben-

ding morgents, to incorporate the slower convergence of moment 

series. Bending moments and deflections at various location of 

girders are shown in Table 6.7 through Table 6.10. 

6.4.3 Cusens and Pama Curves 

Bridge deck is analysed with the help of Cusens and Pama 

curves in a similar way as in case of IvIorice Little and Rowe 

curves. The values of i,j and G will remain same. Only the value 

of torsional parameter, 'a will change which is given by Equation 

(3.58) i.e. 
Et3  2H = 3xy+Byx+ 	_ (4.97+2.606)10-3G+ 0.28E 	2  

	

6(1— 2) 	6(1_0.152) 

= (7.5760 + 1.364E) 10-3  

and a. 	2  2H 11TD  j-- 	ij  = 0.0291 

values of distribution coefficients 1;o, K1  and Ka  corrosponding 

to above values of 9 and a are calculated and checked in the 

similar vway ' and are shown in Tables ':.11, 6.12 and 6.13. 



TABLE - 6.7 ; GIRDER MOMENTS Al VARIOUS LOCATIONS 
LOAD SYSTEM ; Extreme Left. 

M (mean) Girder moments at various locations (t.m.)  
X L (t. m.) G 1 G 2 

G 
3 

G 
4 

M X(mean)XK?l MX(mean)*{!2 M(mean)c.3 M(mean)xK~4 
0.20 47.84 67.87- 59.46 47.89 34.20 
0.40 82.58. 117.16 102.63 82.62 59.00 
0.44 84.86 120,42 	. . 105.48 84.91 60,63 
0.50 80,46 114.16 99.99 80.50. 57.48 
0.60 73.81 103.30 90.49. 72.84 52.00 
0.80 46.97 66.64 58.37 46.99 33.55 

TABLE - 6.8 ;.GIRDER MOMENTS AT VARIOUS LOCATIONS 
LOAD SYSTEM ; Symmetrically placed. 

X/L 
M (mean), Girder moments at various locations t.m.)  
(t. m.) G1 G G3 G4 

M(mean)1 Mx(mean)~QG:2 MX.(mean) 	,3 Mx(mean)x1q 

0.20 47.84 51.47 53.89 53.89 51.47 
0.40 82.58 88.84. 93.02 93.02 88.84 
0.44 84.86 95.38 .  99.87. 99.87 .95.38. 
0.50 80.46. 86.56 90.63 90.63 86.56 
0.60_ 73.81 78.33 82.01_ 82.01 78.33 
0.80 46-,97 50.53 52.91  . 52.91  . 50.53 
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TABLE - 6.9 : GIRDER DEFLECTION AT VARIOUS LOCATIONS 

LOAD SYSTE?, : Extreme Left. 

Deflection.after load distribution 
X/L w(mean) (cm)  G1  G2 	G3 	G4  

w(mean) xKl' w(mean) xKC!, w(mean) xK3 w(mean) xK4 
0.20 0.219 0.2430, 0.2479 0.1997 0.1426 
0.40 0.355 0.4576 0.4009 0.3228 0.2306 
0.50 0.371 0.4782 0.4189 0.3374 0.2409 
0.60 0.350 .0.4520 0.3959 0.3188 0.2277 
0.80 0.216 0.2785 0.2439 0.1964 0.1403 

TABLE - 6.10 : GIRDER DEFLECTIONS AT VARIOUS LOCATIONS 
LOAD SYSTEM : Symmetrically Placed. 

Deflection after load distribution 
X/L w(rnean)(cm) 01  02 	G3 	G4  

w( mean) xKi w( mean) xK!, w(rnean) xK; w( mean) xK;i  

0.20 0.219 0.2146 0.2247 0.2247 0.2146 
0.40 0.355 0.3469 0.3633 0.3633 0.3469 
0.50 0.371 0.3626 0.3796 0.3796 0.3626 
0.60 0.350 0.3427 0.3588 0.3588 0.3427 
0.80 0.216 0.2111 0.2210 0.2210 0.2111 



0 0.71 0.84 0.97 1.16 1.40 

+b/4 0.12 0.35 0.57 0.82 1.16 

+b/2 -0.44 -0.12 0.20 0.57. 0.97 

+3b/4 -1.02 -0.58 -0.12 0.35 0.84 

+b -1.60 -1.02 -0.46 0.12 0.71 

1.16 0.97 0.04 0.71 1.00 

1.00 1.45 1.40 1.40 0.97 

2.09 2.1.9 0,99 

2.90 3.36 1.01 

3.36 5.17 0.99 

1.45 1.95 

1.40 2.09 

1.40 2.19 

TABLE-6.11 : VALUES OF K 
0 

Posi- 
tion  Reference S 
of  
ct-  

_b  -3b/4 -b/2 -b/4 0 se 
ion 
load 
at 

tion  Row 

+b/4. +b/2 +3b/4 +b  Inte- 

gral 

TABLE-- 6.12 : VALUES OF K1 

Posi-  Reference Station  Row tion 
of  -b  -3b/4 -b/2 -b/4 0  +b/4 +b/2 +3b/4 +b Inte- sect- 
ion  gral 
load 
at 

O 0.860 0.89 0.96 1.08 1.27 1.08 0.96 0.89 0.86 0.99 
+b/4 0.740 0.78 0.84 1.93 1.08 1.30 1.13 1.05 1.01 1.00 
+b/2 .0.66 0.70 0.76 0.84 -0.96 1.13 1.38 .1.27 1.24 0.99 
+3b/4 0.58 0.65 0.70 0.78 0.89 1.05. 1.27 1.60 1.62 1.01 
+b 0.55 0.58 0.66 0.74 0.86 1.01 1.24 1.62 2.30 1.01 

TABLE - 6.13 : VALUES OF Ka  = K1  + (K1  + Ko ) 	fa a 0.0291 
Posi- 
tion Ref errnc e Station Row 
of 
sect- 

-b -3b/4 -b/2 -b/4 0 +b/4 I+b/2T+3b/41+b Inte- 
ion 
load 
at 

0 0.74 0.85 0.97 1.15 1.38 
+b/4 0.23 0.42 0.62 0.84 1.15 
+n/2 -0.27 0.02 0.30 0.62 0.97 
+3b/4 -0.75 -0.27 0.02 0.42 0.85 
+b -1.23 -0.75 -0.27 0.23 0.74 

gral 

1.15 0.97 0.85 0.74 1.00 
1.47 1.40.  1.34 1.33 1.00 
1.40 1.85 1.95 2.03 0.99 
1.34 1.95.  2.68 3.06 1.00 
1.33 2.03 3.06 4.68 0.99 
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TABLE - 6.15: GIRDER MOMENTS AT VARIOUS LOCATIONS 

LOAD SYSTEM : Extreme Left. 

X/L 
Mx(mean) Girder moments at various locations t.m.  - . 
(t.m.) Gl  G 2 G 3 G 4 

M(mean)x Mx(mean)  I2  MX(mean))K,3  Mx(mean). C.+4.  

0.20 47.84 '. 62.91 59.78- 44.70 . ' 	31.74 
0.40 82.58 108.60 94.55 77.16 '54.78 
0.44 84.86 115.59 97.16 79.28 56.29 
0.50 80,46 105.80 92.13 75.17 53.37 
0.60 73.81 97.06 84.51 68.96 48.9.6 
0.80 - 46.97 61.76 53.78 43.88 31.16 

TABLE - 6.16: GIRDER MOMENTS AT VARIOUS LOCATIONS 
LOAD SYSTEM ; Symmetrically placed.' 

MX(mean) Girder moments at various locations t.m. X/L 
.m. 

Gl G 2  G 3 G 4 
Mx(mean)x<l M(mean)X .2 MX(mean) ,3 MX(mean)*.4 

0.20 47.84 46.55 50.60 50.60 46.55 
0.40 82.58 80.35 87.34. 87.34 80.35 
0.44 84.86 82.57 89.75 89.75 82.57 
0.50 80.46 78.29 85.10 85.10 . 78.29 
0.60 .73.81 	' 71.82 78.06 78.06 71.82 
0.80 ' 	46-.97 45.70 49.68 49.68 45.70 
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TABLE - 6.17 : IRUE R DEFLECTIUN3 AT ViJI i OUS LOCATIONS 
LOAD SYSTEM : Extreme Left. ' 

Girder deflections after load distribution 
.`:/L w(mean)(cm) G1 	02 	G3 	04 

w(mean)xKl w(mean);cr(2 w(mean)xKt Lvv(an)xK4 

0.20 	0.219 	0.2886 	0.2513 	0.2052 	0.1455 
0.40 	0.355 	0.4665 	0.4062 	0.3317 	0.2352 
0.50 	0.371 	0.4875 	0.4245 	0.3466 	0.2458 
0.60 	0.350 	0.4608 	0.4012 	0.3776 	0.2323 
0.80 	0.216 	0.0838 	0.2472 	0.2018 	0.1431 

TABLE - 6.18 : GIRDER iDEFLECTIOI•,i AT VARIOUS LOCATIONS 

LOAD SYSTERI : Symmetrically Placed. 

::/L w(mean) (cm) 
Uirder deflections G1 after load distribution 

02 G3 04 
w(mean) xKi w(rnean) xI:2 w(mean)x1(3 w(mean) xKl 

0.20 0.219 0.2135 0.2322 0.2322 0.2135 
0.40 0.355 0.3452 0.3754 0.3754 0.3452 
0.50 0.371 0.3607 0.3922 0.3922 0.3607 
0.60 0.350 0.3409 0.3707 .3707 0.3707 1  0.3409 
0.80 .'0.216 0.2100 0.2284 0.2284 0:2lnn. 
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Equivalent loads will.be same as calculated for Rowe 

curves. Distribution profile is derived in Table,6.14, which 

gives the distribution coefficients at girder Location as follows 

TABLE — B : DISTRIBUTION COEFFICIENTS FOI; GIRDERS 

Girder 
Distribution Coefficients K' 

Case I Load pos— Case II Load position 
ition Extreme Left I symmetrically placed 

G1 1.315 0.973 
G2 1.145 1.058 
G3. 0.935 1.058 
G4 0.663 0.973 

Girder moments and deflections, are obtained in Tables 6.15 

through Table 6.18. Here, 10 percent increase is not given in 

calculation of bending moments because Cusens and Pama considered 

nine terms of the series. Although these curves are derived for 

mid—span section when the load is also at mid—span, but for compar-

ison we have assumed the same distribution profile along the span 

as higher terms have less effect on distribution coefficients. 

6.5 HAR'.ONI CS ;,METHOD 

Design coefficients (1)min for the design purposes are 

taken from reference (18) and are given in Appendix — D. Various 

geometric properties of the deck such as moment of inertia and 

torsional constant of constituent members required for, the deter-

mination of structural parameters are obtained hereunder. 

6.5.1 Geometric Properties 

In determination of geometric Properties for calculating str-

uctural parameters it is assumed that deck slab is cast monolithic 
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with longitudinal and cross beams, thus in transfer of loads 

slab acts in concert with these beams as their 'top fl,,nges. The 

effective flange width are obtained according to IRC code of 

practice and are evaluated for the given bridge as given below 

(a) Flange width of main girders is least of the following. 

(1) 1/4 (L) =1/4(1940) (cm) 	= 485 

(ii) c/c spacing of girders (cm) 	= 220 

(iii) br+12 is = 25+12(20) (cm) 	= 265 

Thus effective flange width taken (cm) 	= 220 

(b) Flange- width of cross beams is least of the. following. 

(i) 1/4 (195) (cm) 	 = 49 

(ii) c/c spacing of cross beams (cm) 	= 485 

(iii) 20 + 12(20) (cm) 	 =260 

	

Thus effective flange width adopted (cm) 	= 50 

The width of the slab element left out 

between the cross beams (cm) 	= 435 

and that left out at the. ends (cm) 	 = 25 

The various structural elements of the deck thus ''ormed are as 

shown in Fig. 6.6. 

I deutral axis depth of girder, y (cm) 	 = 60.80 

Flexural moment of inertia of girder I (cm) = 333.79x105 

Torsional constant of girder I, (cm4 ) = 13.87xl05(Appenc~jx'—I3) 

for simulatinc! actual bridge deck by an equivalent uniform 

thick medium we add the moments of inertia and torsional 

( 	ri 	t 	h 	! 	y9711 	~ 	! I r'~!{~ i 	_ a ' 	•u 	i~! 	~i~lr ,j; 
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constants respectively of the various transverse structural 

elements indicated by (1) (2), (3) and (4) as shown in Fig. 6.6. 

The geometrical properties for these elements and hence for the 

equivalent uniform transverse, media are obtained below 

Neutral axis depth of intermediate cross beam, y (cm) = 66.55 

Neutral axis depth of end cross beam y (cm) 	= 39.71 

Flexural moment of inertia of intermediate 

cross beam, 'Ti (cm4) 	 = 85.17x105  

Flexural moment of inertia of end cross beam, IT2(cm4)= 24.66x105  

Flexural moment of inertia of intermediate 

left out slab, IT3  (cm4 
	

= 2.90x105  

Flexural moment of inertia of- left out slab, IT4(cm4)  = 0.89.x105  

Total flexural moment of 'inertia of 

equivalent uniform transverse media 

I. = 31T1+2IT2+4IT3+21T4  = 318.21 X. 105  cm4  

Torsional constants are obtained in accordance of Appendix — B, 

and are given below 

Torsional constant of intermediate cross beam JT1(cm4) =4.24x105  

Torsional constant of end cross beam JT2  (cm4) 	=2.86x105 

Torsional constant of intermediate left out slab JT3(cm4)=11.60x105  

Torsional constant of left out slab JT4  (cm4) 	=1.04x105  

Total torsional constant of equivalent 

uniform transverse' media, JT(cm4)=Ji1+2JT2+4JT3+2JT4=66.92x105 
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6.5.2 Structural Parameters 

In the formulation of Harmonics method, certain non—

dimensional parameters were defined. These parameters which are 

denoted by a,P,y and K are called structural parameters. These 

structural parameters completly identify a girder bridge insofar 

its structural behaviour is concerned and are the functions of  

only geometrical and material properties of the deck. 

(a) Structural parameter, a ':;rhich is a relative measure of 
flexural regedity of transverse system (EZT ) to that of the 
girder (8I), is the most important 'structural parameter as'it 

plays most vital role in the distribution of imposed loading 

amongst the girder load distribution capacity increases with 

increase in a but the improvement become in significant for a>100, 
thus design coefficients are made, available only upto a equal 
to 100 (18). Thus, the structural parameter, a of the given 

bridge deck may be computed as given below 

a _ 12 ( _L ) 3 E I T 
— it4 	h 	E~ I 

_ 	12 	19 'I-0 3 1.5xl0~( 318.21x105) 	g0.6 	80 — ( 	)( 220 ) 	 -  n 	(1.5x105)(333.29x10o) 

(b) Structural parameter i is the relative measure of girder 

torsional rigidity (`_,J) to that of flexural. rigidity of trans-
verse system (LIT). For real bridges ; generally has a small 

value yet it plays a significant role in the load distribution 

amongst the girders. The maximum possible distribution of loads 

is obtained if girders posses very high torsional stiffness. 

The accurate evaluation of 1 is difficult as regards the comp-

utation of torsional constant J of a T—shaped girder section.'. 



Thus, the structural parameter i of the given bridge 

deck may be computed as done hereunder 

P _ k2/2) (h/L) GJ/(Ec  IT)  

2 
 220  ( 0.652x105 (12.105)  

 

— 2 ( 1940) (1.5x105)(313.21x105)  0.0106  0.01 

(c) Structural parameter, y is a relative measure of 

torsional rigidity of transverse system (GJT) to its own flexural 

rigidity (EIT). The value of y for.  practical girder bridges is 

aLArays found to be very very small, compared to a and 3 values. 

Its influence on load distribution is quite insignificant and 

hence has been dropped for the sake of case of computation. This 

excercise of taking y = 0 for computing design coefficients 

res-ults in a little conservative estimate of load distribution 

amongst the girders. Thus, the structural parameter, y of the 

given bridge d-eck, 

2  GJ 
_n h 2T  

CT 

12 ( 220  ) 2 ( 0.652x105) (665 _ 0.000 
940  (1.5x105)(318.21x105)  

9 - 0 

(d) Skew parameter K is a measure of the length of transverse 

system interacting in transfering imposed loads. With the increase 

in I: values, the interconnecting length (1—K)L decreases, thus 

affecting the load distribution. It has been found that Harmonics 
method results are acceptable for I,  values upto 0.40 and majority 

of practical skew girder brid.gs have K values lying within 0.40 (18), 

Skew parameter, I% of the given bridge deck, 

K = (h/L) tan ?+ = 0 (Since T = 0 for right bridge). 
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6.5.3 Design Coefficients 

The design coefficients which are given 'in reference (18) 

and also in Appendix.— D, are used to obtain girder moment 

coefficient. These design coefficients are basic in nature and 

are used as a mean to determine the girder moment coefficients 

corresponding to any type of imposed loading that can be expressed 

as fourier sine series. These coefficients are function of three 

structural parameters a,p,y and K. Design coefficients available 

in reference (18) are the direct computer output (with y = 0) 

of the program prepared therin for this purpose. The sample tables 

along with the procedure for referring these tabulated design 

coefficients is presented in Appendix — D. 

For the computed values of a and I, the corrosponding 

design coefficients mn  
(pig) are picked up from appendix for !3 = 0 

and (3 = 10 and are then entered in appropriate places in Table 

6.19 to Table 6.22. The coefficients corrosponding to actual 

value of (3 are then computed using the interpolation function 

given earlier and are shown in the lower half of Table 6.19 to 

Table 6.22. 

It riives all the design coefficients corrosponding to 

the values of a,(3 and K which are used for analysis of given 
girder bridge under any type of imposd loading. 

6.5.4 Equivalent Load Computation 

Expressions for the girder moments, developed in 

chapter —.5 are applicable only if the loads are acting directly 

on one or more girders. It is thus necessary to ascertain the 
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TABLE - 6. 19: DESIGN .MOMENT COEFFICIENTS(p n) FOR GIRDER i = 1 

a= 80 ; 	p =0.01 ; 	z =0.17 ; K=0 

m=1 n = 0 = 10 
1 2 3 	. 4 1 . 	2' 3 4 

0.591  0.344 0.128  -0.064 0.313  0.262 0.225 0.201 
i= 1 2 0. 	0 0 	0 0 	0 00 

3 -0.088 -0.111 0.025  0.075 0.057  0.001 -0.021 -0.038 
11 

(Pij)~ 0.544 0.530 0.145 -0.019 

(Pi2) 
R 

;_0 	: 0 
o• 

1
3 -0.063 -0.000 0.017 ,  0.056 

m 

m=1 n! - 0 - 10 
2 3 4 1 	2 3 4 

0 
i = 1 2 0.551 	0.26.9 0.120 ' 0.059. 0.414 	. 0,268 0.174 0.140 

30. 0 0 	0 0 	0 0 0.. 

(p21 
0 

22 
(Pi.)p 0.528 0.269 0.130  . 0.073 

(Pij)p 0 0 0 

INDUCED SECOND MOMENT HARMONIC (m = 2) 

m=1. n - 0 8=10 
1 	2 3 4 1 	

1, 2 
3 4 

1 0.038  -0.020 -0.033 0.075 0.057  0..005 -0.025 -0.038 
i= 1 2 0 	0 0 	0 '0 	0. 0. .0 

3 0.802 	-0.196 0.o 16-0.014 0.701 	0.224 0.060' 0.010' 

(Pi1) J ~ 0.063 -0.016 0.023 0.050" 

(Pij)p 0 0 0 0 

0.785 0.202 0.020 -0.010 

INDUCED THIRD MOMENT HARMONIC ( m  3) 
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TABLE - 6.20: DESIGN MOMENT COEFFICIENTS(p n) FOR GIRDER'i = '2 

a=80 ; ~i =0.01 ; 	z=0.17,; K=0 

m=1 n = 0 - 10 
1

1 2 3 4 1 1 2 ` 3 4 J-'* 'tr 
1  0.344  0.304  0.224  0412.8  0.262  0.266  0.247  0.225 

i= 1 	2 	0 	0 	0 	0 , 	0 	0 	' 0 	0 
3 -0.020 -0.014  0  0.033  0.005.  0.016 ,0.003  -0.025 

(pij)R 0.330  0.298  •0.228.  0.14 5 
12 

(Pi j)R 	0 	 .0 0 	0 

-0.016  0.009  0 0.023 • TNDUCEU-i i . m = 
m=1 n =o = 10' 

1 2 3 . 1' 2 3 4 

1 	0 	0 	0 	0 	0 	0 	0 	0 
i = 1. 2  0.269  0.375  0.236  0..120'  0.268  0.324  0.229  0.179 

30 	0.. 	0 	0 	0 , 0 	0 	0' ,21 

ij)~  0  0  0  0 

22  - 
(Pi4j) 	0.269 	.0.366 	' . 	0.235 	0.130' 
23 

(pij)p  0  0 0  0 

INDUCED SECOND 'MOMENT HARMONIC Cm = 2) 

m=1 n =c =1O  

1 2 1 3 4 1
,1 2 

3 4 

1 	-0.011 -0.014 0 	0.025 	0.001 	.0.016 	0.003 	-0.021 
i=12 	0 	0 	0 	0- 	0 	.0 	0 	0 

3  0.196  0.583 0.205  0.016  0.224  0.511  0.200  0.060 

pi j) 	-0.009: 	. 	' 	-0.0 0'- R  ~  0  0.017 
32's 
 0'  0 0 _  0 

0.202  0.57 1  2 

	

.57 	0. 	0-+ 	0.023  

INDUCED THIRD MOMENT HARMONIC ( m = 3) 
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TABLE - 6.21.; DESIGN MOMENT - COEFFICIENTS(p n). FOR GIRDER i 

a= 80 ; ,WO.01 ; z=0.17 ; K=0 

m=1 n  = 0 = 10 

j-+ '~ 1 2 3 4 1 2 , 	3 

1 0.128  0.224 0.304 0.344 0.225  0.247 0.266  0.262 

i'=1 20 0 0 0 0 	0 0. 	0 
3 0.053  0 -0.014 -0.020 -0.025  0.003 0.016  0.005 

(P  j)p 0.144 0.22c 0.298. _  0.330 

(Pi
2
)R 0 0  - 0 0 

(p13)` 
li 0.023 0 -0.009 -0.016 

9 

m=1  n  .=O  =1O 

	

j-? T 1 
1 .2 1 3 	4, 	1 1 2 

	3 	4 

1 0. 	0 	.0 	0. 	0 	0 	0 	0 
i = 1 2 0.120 0.236 0.3375 " 0.269 	0.179 0.229 0.324 	0.268 

30 	0 	0 	0 	0 	•0. 	0 	0 

(P21  2 
) 	0 	0 	0 	0.. 

ij 

22 
0.130 	0.255 	.0.366. 	0.269 

(pii)p 
23 
 0  0  0  0 

INDUCED SECOND MOMENT HARMONIC (m = 2) 

m=1 n - _ 0 = 10 
j-4 v . 1 	2 J_ 3 4. 1 2 3 4 

1 --0.021 0.003 0.016 	0.001 0.025 	0 , -0.014 -0.011 
i= 1 2 0 	0 '0 	0 0 	0.  0 0 

3 0.060 0,200 0.511  0.229 0.016  u.205 0.5 5 0.146 

0.017 0 -0.009 -0.009 Pik R 
-32 

(pij)p  0  . 0  .0  0 

(Pij)p  0.023  0.204  0.571  0.202 
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TABLE - 6. 22: DESIGN MOMENT COEFFICIENTS(p j) FOR GIRDER 1 =-~4 

cc= 80 ; 	=0.01 ; z=0.17; K=0 	'. 

_ 	n 	 =0 	 - 10' 
1 	2 	3 	1 11 2 J 3 	4 

1 -0.064, 0.128 0.344 0.591 0.201. 0.285 0.262 0.313 

i=.12 -0 0 	0 	0 	0 	0 	0 20 

3 0.075 0.025 -0.011 -0.088 -0.038 -0.021 0.001  0.057 
11  - 

(Pij p  -0.0119  0.144  .0.330  0.544 

12 
(Pij)R 	0 	0 	0 	.0 
(13  . 

 0.036  0.017  -0.009  -0.063 

m= 

m=1 n  0  10 
2 	3 	4 	1 	2 	3 	4 

1 0 	0 	0 	0 	0 	0. 	0 	0 
i =1 2 0.059 0.120 0.269 	0.551 0.140 0.179 0.260 	0.4144 

30, 	0 	0 	0 	0 	0. 	0 	0 

(Pil)~  0  0  0  0 

22. 
 0.073  0.130  0;2t9'  .0.528 

,23p ) 	0 	0 	0 

INDUCED SECOND MOMENT HARMONIC (m = 2) 

m=1  n  = 0  10 

J---. 	1 	2 	3 j.4 	.1 	2 j 3 	4 

1 0.075-0.033 -0.020 -0.0`x8 -0.038 -0.025 0.00 ' 0.057 
i= 1 2 0 	0 	'0 	0 	0 	0.0 	0, 

3-0.014 0.01b 	0.1% 	0.802 0.010 0'.060 0.229 	0.701 
31 

.(Pz j) p 	0.056 	0.023 	-0.016 	-0.063 

32 
(Pi j)p 	 0 	 .0 	 0 	 0' 

33 
(Pij)p  -0.010  0.023  0.202..  0.785 

INDUCED THIRD MOMENT HARMONIC ( m = 3) 
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equivalent loading on girders if the situation is otherwise. The 

imposed loads not acting directly on a girder are replaced by 

a system of coplaner loads acting on, all the girder of the 

bridge. This vertical plane containing the load is orthagonal 

to the girder axis. The equivalent system of loads actincY on 

the girders are thus the reactions obtained by treating the 

transverse structural element as s~~.mp)_y supported continuous 

beam. Thus all the loads acting directly on the girders become 

available. Any conventional methods such as slope deflection 

method or theorem of three moments can be used for computing 

the reactions. 

The generalized expression for support moments under a 

general loading deposition have been obtained herin to facil- 

itate the computation of support reactions. The well known 

theorem of three moments has been applied for this purpose, 

which is 

—6 AlX1 	6 A2X2 JvI1L1+2M2(L1+L2)+Iv13L2 _ 	
— L2 2 

wherein 

1iIoments at supports 1,2 and 3 respectively 

Al  = Area of free span B.M.D. over span (1-2) 

~l 	= Distance of C.i:3. of free spat B.M.D. from 

support 1. 

L1 	= Span (.1-2) 

A2,X2 and L2 are the corrosponding parameters for span (2-3). 
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The final expressions based on the above theorem give 

the support moments under that loading condition. These 

expressions are given in Appendix — C. 

Equivalent girder loads under tvo cases of loading are 

given below. 

Case —I 

Live Load System ; Extreme left refering to Fig. 6.2(b) 

for loading and Appendix — C for girder moment expressions we 

have 

= — 5P ;  112  = — 25.17 P 

3  = — 35.90P-; 	;a4  =  0 

How, girder reactions can easily be found, which are 

R1  = 1.115P ; 	112 = 1.267 P 

113  = 1.196P 	 P.4  = 0.222 P 

Case — II 
 a 

Load Position :Symmetrically Placed r Refering to Fig. 

6.3(b) for loading, we get 

IJIi = Ui4 =0 ;  = ►';i = — 25.17 P 

which gives, 

R1 = R4  = 0.591 P ;  R2  = R = 1.524 P 

6.5.5 Load Harmonic Coefficients 

•.iultiple loads on multiple girders as obtained in 

section 6.5.3 are expressed in terms of the first three harmonic 
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components of their sine series on respective girders. The 

coefficients of these three harmonics, c<:lled load harmonic 

coefficients are easily obtained using fourier series (Appendix—,^,). 

The expression for these coefficients are also available in 

chapter — 5. These coefficients for loading cases I and II are 

computed in Tables 6.23 and 6.24 respectively. 

6.5.6 Girder i; oment Coefficients 

Girder .moment for any imposed loading is also expressed 

by first three harmonics of its sine series with reasonable 

accuracy. The coefficients of these three terms called as girder 

moment coefficients are the functions of design coefficients 

and load harmonic coefficients for all loading cases. There is 

no expression which can directly give mom2n1 coefficients for 

multiple loads on multiple girders. Thus, it is important to 

note here that v.ihen more than one girder is loaded simultaneously, 

the moment coefficients for all the girders are initially obtained 

corrosponding to actual loading condition wherein all girders 

are loaded simultaneously are then obtained using principle of 

superposition. 

Girder moment coefficients for multiple loads on multi-

ple girders obtained corrosponding to loading configuration 

shown in Fig. 6.2 are computed in Table 6.25 through Table 6.29. 

Similarly the girder moment coefficients corrosponding to loading 

configuration shown in Fig. 6.3 are computed in Table 6.3Q' 

through Table 6.34. In the computation process design coefficients' 

from Table 6.19 through Table 6.22 are entered in the appropriate 

positions of above tables. Load harmonic coefficient of imposed 
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TABLE - 6. 23 ; HAPJAONIC LOAD COi:APUTATIQ •;S. 

LOA/) SYSTEM : Extreme Left. 

3 	1 	2'i't ' 	2-i. 	2nx Girder 	VL';7(x10 Kg) J~p--L 1 sine 'r'J7 	sirrL~- 
3 ,i . 

. I 3= --1 s i n Jp L  L 

87.40 
114.46 
705.45 
745.61 
400.02 
247.37 
39.08 

2366.14 
J 

E''12 
Jp 

153.35 
178.21 
515.26 
265.96 

-394.04 
-417.03 
-- 77.70 

237.24 y j3_ 
J 

E i;J3 
Jp 

1 

0.159 
0.216 
0.381 
0.443 
0.664 
0.819 
0.973 

1.77 
1.77 
7.25 
7.35 
4.46 
4.46 
4.41 

J  Jp 

181.88 
-162.99 
-328.85 
-650.89 
-11.49 
455.65 
115.87 

- 91.99 

202.48 
202.68 

-373.60 
-739.45 
- 13.07 
-517.98 
131.72 

-104.54 

223.18 
228.41 

-411.63 
-814.72 
- 14.41 
571.11 
145.2`? 

-115.18 

35.97 
36..01 

- 65.37 
-129.29 
- 2.29 
90.72 
23.07 

- 13.36 

97.28 
127.54 
801.43 
847.05 
454.73 
281.20 
44.43 

2688.74 `':'~ 	= 
0 

,t, 	
3p 

109.63 
143.73 
883.01 
933.28 
501.37 
310.04 
49.93 

2963,50 :r
0 
	_ 

u 
Jp 

17.28 
22.66 
140.13 
.148.11 
79.20 
48.97 
7.47 

471.14 :' __ 
J 
() 

3p 

170.80 
198.42 
585.36 
302.15 

-447.94 
-474.07 
- 88.33 

269.58 W
3 _ 

192.48 
223.60 
644.95 
332.91 

-493.87 
-522.69 
- 97.39 

297.04 t'~1~ 	_ 
E'r'J3 

Jp, 
35 

102.35 
52.83 

- 78..45 
- 33.03 
- 15.47 

47.22.:: = 
J 
7 

Jp 

2 

0.159 
0.216 
0.381 
0.443 
0.664 
0.819 
0.973 

1.47 
1.47 
8.35 
8.35 
5.07 
5.07 
5.07 

r''11=1 1 
J Jp 

0 

0.159 
0.216 
O381 
0.443 
0.664 
0:819 
0.973 

2.22 
2.22 
9.20 
9.20 
5.59 
5.59 
5.59 

Jp 

I 

0.154 
0.216 
0.381 
0.443 
0.664 
0.819 
0.973 

0.35 

1.46 
1.46 
0.888 
0.888 
0.888 

= 
J Jp 



119.50 
156.68 
980.91 
1036.75 
547.11 
338.33 
53.45 

3232.73 
I) 

209.02 
243.75 
716.45 
369.82 

-538.94 
-570.38 
-106.28 

324.24 W 	_ 

13p 

248.74 
248.48 

-457.26 
-905.05 
- 15.72 
623.21 
158.47 

98.63 

0.159 
0.216 
0.3L1 
0.443 
0.664 
0.814 
0.473 

2.42 
2.42 
10.22 
10.22 
6.10 
6.10 
6.10 

2. 
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TABLE - 6.24 : HARMONIC LOAD COMPUTATIONS, 

LOAD SYSTEM t Symm?trically Placed. 

X/L W(x10 	g 
2W 

W jp 	s r jGirder 	 p 	sin3 
2W 

w 	sites W 	
3W 

81.41 96.55 
94.60 96.61 

277.59 -1.77.30 
143.18 -350.74 
208.51 -. 	6 	.11 

-220.74 241.08 
- 41.08 61.031 

26.32 ,V. = - 33.66 

'Jp 

1 

0.159 
0.216 
0.381 
0.443 
0.664 
0.819 
0.973 

0.939 
0.939 
3.96 
0.96 
3.36 
2.36 
2.36 

J ip 

.4,6.37 
60.76 

380.05 
401.72 
211.71 
131.01 
20.1,1 

1252.23 

3p 

114.50 
156.68 
980.91 

1036.75 
547.11 
338.33 
53.45 

3232.73 !'d _ 

1± l j p 

209.92 
242.75 
716.45 
369.82 

-538.94 
-570.38 
-106028 

324.24 !'J~ 

Eti'J' 

3 

0.159 
0.216 
0.381 
0.443 
0.664 
0.819 
0.973 

2.42 
2.42 
10.22 
10.22 
6.10 
6.10 
6.10 

V'1 = E' 	= .~1 
J 	~3p 

248.74 
248.48 

-457.26 
-905.05 
- 15.72 
623.21 
158.47 

98.63 

46.37 
60.76 
380.05 
401.72 
211.71 
131.01 
20.61 

1252.23 	_ 

'lip 

31.41 '96.55 
94.60 96.61 
277.59 -177.61 
43.10 -350.74 

-208.51 -  6.11 
-220.74 241.08 
- 41.08 61.75 

26.32 	','1 	_ - 33.66 

• jp 

El 

0.159 
0.216 
0.381 
0.443 
0.664 
0.319 
0.473 

0.939 
0.439 
3.96 
3.96 
2.36 
2.36 
2.36 

=~'r'll = j 	31) 
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1'eU3LL: _ 6.25 : GIRDER MOMENT COEFFICIENTS FOR LOAD ON GIRDER j =. 1 
LOAD SYSTEM : Extreme Left. 

LOADING 	: 17'(0G1(0 .159L,0.216L) -+7350G1(0.381L, 
o.443L)+4 460G1(o.6o4L,0.3l9L,0.973L) 

Inn 
pij  0.544 

v/n2 2366.14 

p i --- 1287.18 
n 

 

- 0 -0.063  0  0.528  0  -0.053  0  0.788 

59.31-10.22 2366.14 59.31. .-'IU.22 23b6.14 59.31 -10.22 

 

0 -0.64  0  31,32  0  -149.07 0  -8.02 

= 2 	128b.54  31.32  -157.09 

►,In 
Pjj 	0.330 - 	0 -6.016 1 0 	0.269 	0 	-0.009 0 	0.202 

	

W
n 2366.14  59.31-10.22 2366.14 59.31 -10.22 2366.14 59.31 -10.22 

Mn 
Pjj n 7E30.85  0 0.16  0  15.9;  0  -21.29 0  -2.06 .. 

Mi = 2 	7$0.99 	15.95 	 -23.35 

3-1 	 m=1 	 m2 	
m_ 3 

1 ln_4 	1 	1 2 1 3 	1 	2r . 	3 	112 	3 

 

0.144  0 0.023 0  0.130 0  0.017 0  0.025 

 

/n2 2366.14  59.31-10.22 2366.14 59,31 -10.22 2366.14 54.31 -10.2` 

	

340.72 	0 -0,24. 0 	7.71 0 	40.22 0 	-0.24 
n 

M; = 2 	340.48 	7.71 	 39.98 

Pjj 	-0.019 0 0.056 0 	0.073 0 	0.056 0 	-0.010 
n  . 
Wn/n2 2366.14  59.31-10.22 2366.14 59.31 -10.22 236b.14.5y.31 -10.22 n 

mn W-j 
p j j -  _/4,95   	0 -0.57 	0 	4, ,3 	0 	1J2.50 	0 	0.10 

_ 2 	-IFS. 5 5 	~F j-~ 	 :L32.50 
MOMENT CnEFFTfTFAIT.S POD r:Tnrir_n i - I 
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,TABLE - 6.26 GIRDER MOMENT COEFFICIENTS FOR LOAD ON GIRDER j = 2 

LOAD SYSTEM ; Extreme Left. 
LOADING 	: 197OG2(0.159L,U.216L)+0350G2(0.331L, 

0.443L)+5070G2(0.664L,0.8.19L,0.973L). 

Pjj 	U•JJU 	U 	-0.009 0 	0.269 •0•.. _ -0.016 0 	0.202 

 

w~/n2 2688.74  67.40-11.62 2688.74 67.40-11.62 2688.74 67,.40-11.62 
wn 

 

pi~ -- 887.28  0  0.10 0  18.31 0  -43.02 0  = 2.35 n 

= 2 	887.33  18.13  -45.37 

=1 	 m= 1• 
1=1m=2 	 m.=3 

n--~ 	1 	2 	3 	1 	2 	3 	1 	2 	3 

mn 
Pjj  0.298  0  -0.009 0  0.366 0  '-0.009 0  0.571 

 

wj/n 2n 2688.74  67.40-11.62 2688.74 67.40-11.62 2688.7467.40 -11.62 
mn Wj 

	

Pjj n*F' 801.24 	0 	0.10 '0 	24.67 0 	-24.20 0 	- 6.63 
Mi = 2  801.34  24.67  -30.83 

- 2 

2 1 3 L ' J 2 I 3 mn 
Pjj  0.228 0  0  0  0.235 0  0  0 0.204 

/n2n 2688.74  67.40-11.62 2688.74 67.40-11.62 2688.74 67.4C-11.62 
mn w 
Pik 4' 613.03 0  0  0  15.84 0  0  0  - 2.75 

Mi = 2 	613.03  15.84  -2.79 

L' 	U.U-L r U 	0.130 0 	0.023 0 	0.023 

 

Wn/n2 2688.74  67.40-11.622688.74 67.40-11.62 2688.74 67.40-11.62 Wn 

 

387.18  0  -0.20 0  8.76 0  61.84 0  - 0.27 

MT = 2 	386.98 	 ' 	- - -- 
MOMENT COEFFICIENTS FOR GIRDER I = 4. 

=1 m= 1 
1 	-  

2 	3 	1 

I• 



121 

TABLE - 6.27 ; GIRDER MOMENT COEFFICIENTS FOR -LOAD ON GIRDER j = 3 
LOAD SYSTEM ; Extreme Left. 
LOADING 

 

 .; 2220G3(0.159L,0.216L)+9200G3(0.381L,0.443L) 
+5590G3(0.664L,0.819L,0.97L). 

 

0.145  0  0.017 0  0.130 0  0.023 0  0.023 

 

wn/n2 2962.50  74.26-12.80 2962.50 74.26-12.80 2962.50 74.26-12.80 
wn 

 

 

-4--- 429.56  0  -0.22 0  9.65  0  68.14 0  -2.29 n 

Mi = 2  429.34  9.65  67.85 

	

0.228 0 0 	.0 	0.235 0 	0 	0 	0.204 n 2 wj/n n 2962.50  74.26-17.80 2962.50 74.26-12.80 2962.50 74.26-12.80 
mn ~W~_i 
pij 4 675.45 0  0  0  17.45 0  0  0  - 2.61 

Mn = 2 	675.45  17.45  -2.61 

= 2 

=1  m _ 1 
i=1 	1 	 m= 2 	 m=3 

2 	.3 	1 	2 13 	1' 	2. 	3 
Pij  0.298  0  -0.009 0  0.366 0  0.009 0 ,  0.571 

 

2962.50  74.26-12.80 2962.50 74.26-12.80 2962.50 74.26-12.80 

P  - 882.82  0  0.12 0  27.18 0  -26.66 0  - 7.31 n 

Mi = 2 	882.94 	27.18 	-37.97 
I CO EFF ICIEN Is OR UI RD ER j-3 

m=1 	 m=2 m = 

	

3 	 3 
Pjj  0.330  0  -0.009 0  0.269 0  -0.016 0  0.202 

 

wn/n2 2962.50  74.26-12.80 2962.50 74.26-12.80 2962.50 74.26-12.80 n 
mn W 	977.62  0  0.12 0  19.93 C.  -47.40 0  -2.58 

M' = 2  977.74  19.88  -49.98 
MOMENT COEFFICIENTS FOR GIRDER i = 4, 
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TABLE - 6.28 : GIRDER MOMENT COEFFICIENTS FOR LOAD ON GIRDER j = 4 

LOAD SYSTEM : Extreme Left. 
LOADING 

 

 : 35OG4(0.159L, 0.216L)+1460G4(0.381L,0.443L) 
+888G4(0.664L,0.819L,0.973L) 

.Nij  -0.019 0  0.056 0 -  0.073 0'  0.056 0  -0.010 
w~/n2 471.14  11.81-2.04 471.1.4 11.81 -2.04 471,14 11.81 -2.04 

wn 
Pij 4- -8.95 0  -0.11 0  0.36 0  26.38 0  0.02 n 

M = 2  -9.06  0.86  26.40 

J=1 
i=1 

m=1  m=2 m3 
n-4 1 2 3 1 2 3 1 2 3 

mn i 
Pjj 0.145  0  0,023 0  0.130  0 '0.017 0  0.023 
wj/n 2n 

w 
471.14  11.81-2.04 471:14 11,81-2.04 471.14 11.81 -2.04. 

Pik 
n 

68.32  0  -0,05 0  1.53  0 8.01 0  -0.05 

Mi = 2 67.27 1.53 7.96 
2 

j=1 

l 
m=1 m=2 m- 3 2 3 

1 2 3 1 2 	3 

P j•  0.330 0 -0.016 0 0.269 0 -0.009 0•. 0.202 
t  /n2  471.14 1.1.81 -2.04 471.14 11.81 -2.04 471.14 11.88 -2.04 

4-155.48 0 , 0.63 0 3.18 0 -4.24 0 n -0.41 
Mi = 2  155.51 3.18 -4.65 

J=1. 
 

m=1 m=2 i=l 3 m = 
2 .3 

Pij  0.544 0 -0.063 0 0.528 0 -0.063 0 0.785 
wr)/n2  471.14 

wn 
11.81 -2.04 471.14 11.38 -2.04'  471.14 11.81 -2.04 

mn 
Pij n  256.30 0 0.13 0 6.23 0 -29.68 0 -1.60 

MT = 2  256.43 6.23 • -21.28 
ENT COEFFICIENTS FOR GIRDER i = 4. 
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TABLE _ 6. 29 : GIH;UIER i."LOJ. EINIT COEFFICIEiiITS FOR LOAD ACTING. ON GIRDER 

GI, G2 1 G3 AI\ND G4 SI,••:M!ULTiV•.EOUSLY 
LOAD SYSTEJ. : Extreme Left. 

LO; uIi1(; ; (1770: 1+J.97OG2+222CG3-i-35c`f ) 	 7350G1+8350'A9  
-,-92 COG3-i-146064) (O.381L,0443L) (446OG1+5070(~1+5590G3+89G4) 
(0.664L,0.819L,o.973L). 

i = 1 	m = 1 
	 m= 2 	I 	m= 3 

1 	1286.54 31®32 -157.09 
MP. 	2 	887.38 18.17 - 45.37 

3 	429.34 9.65 67.85 
4 	- 	9.65 0.86 26.40 

fli 	2594.20 59.96 -108.25 
!, NT C EFF:i.CIENTS FOR GIRDER i= 1 

I J I 	m=1 	m=2 	m=3 

1 780.99 15.05 -23.3.5 
Mid 2 801.34 24.67 -30.83 

3 675.45 12.45 - 2.61 
4 67.27 1.53 7.96 

2325.05 58.70 -48.83 

Iv1Ui~iE i~1 - CSC LF I IrN S FOR UThllLR i = 2  

=3 	,.. 
- 	- 	m= 1 	m= 2 	m'= 3 

1 340.48 7.71 30.08 
i 3 2 612.03 15,84 - 2.79 

3 882.94 27.18 -33.97 
4 155.51 3.18 - 4.65 

M 	~_ '`~: 1991.96 53.91 -.1.43 

• !" =M-F GIRL)IR ; 	= 3  

m=2 	I 	m= 3 
1 -45.53 4.33 132.60 

tvii . 1~ 2 386.98 8.76 61.57 
3 977.74 19.98 -49.98 
4 255.43 6  .73 -31.29 

11 1575.62 39.30 112.91 
MOMENT  COEFFICIENTS FOR GIRDER i = 4. 
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TABLE - 6.30 : GIRDER MOMENT COEFFICIENTS FOR LOAD 014 GIRDER j = 1 

LOAD SYSTEM : Symmetrically Placed. 

LOi)IIVC; 939;?Gl(0.15-)L,0.215L)-+ 96OG1(0.381L9O.1f4.:jL)-►-2360G1(0.6b4L, 
0.819L, 0.973L). 

J=1  m = 1 
i=1 	 m=2 	 m= 3 
n-> 

0.544 	o 	-0.063 0 	0.528 o' 	-o.u6:; 0 	0.785 
w~
/ 2 n  -1252.23 5.58 

-4.30 1252.23 6.58 •-4.30 1252.23 6.58. -4.30 
pmn 
U h1  681.21 0  0.27 . 0  3.47 0  -78.89 0  -3.38

. 

2 	6 sl.43 	3.47 	-82,27 

j1  _ i=1 	 m= 1 	 .m= 2 	m=3 
n--~ 	1 	2 	3 	1 	2 	3 	1 	213 

mn 
Pi 
nj 2  0.330  0  -0.016 0  0.269 0  =0.009 0 0.202 
Wm/fln 1252.23 '6,58 _4,30 1252.236.58 -4.30 1252.25 6.58 

 -4.36 
pij n1  413.21 0  0.07 0  1.77  0  11.27 0 -  -0.87 
Mi = 2  413.31  1.77  -12.14 

= 2 

J=1 i=1r~ m=1. 1 3 ' m= 2 m= 3 
1 2 1 

 1 

2 j l J 
 2 3 

mn 

PU 
2 

0.144  0 0.023 0  0.130 0 0 .017  0 0.023 mn 1252.23 	6.58 -4.30. 1252.2.E 6.58 	-4.30 1252.23 6.58 -4.30 
pig n~ 
n 

180.32 	0 -0.10 0 	0.86 	0 21.29 	0 -0.10 
Mi = 2 180.22 0.86 21.19 

lJ 
wn/n2 

-U.UL  U 0.055 0  0.073 0 0.056  0  -0.010 
1252.23  .58 -4.30 1252.236.53  4.30 1252.23 6.58  -4.30 mn -wn 

Pjj ,nz -23.79 	0 -0.24 0 	0.48 	0 70.12  0 0.04 
= 2 -24.Q5 70.16 MOMENT COEFFICIENTS FOR GIRDER i 	= .4. 
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T.LULL - .6 .31 : GIRDER MOMENT COEFFICIENTS FOR LOAD ON GIRDER j = 2 

LOAD SYSTEM : Syrmrietrically Placed. 
LOADING: 2420 02 (0.159L, 0.216L) + 10220 G2 (0.3~'1L, 0.443L) 

+6100 02(0.064L, 0.z:19L, 0.973L) 

Nl j 	u.0 	0 	-0.09 	0 	0.269 0 • 	-0.016 0 	0.202 '  
wn/n2 .3232.73 81.06 -10.96 3232.73 21.06 -10.96 3232,73 81.06 -10.96 

pmn  1066.80 0  0.10  0.  21.:'1 0 ij n 	 -51.72 0 	_ -221 

MT = 2 	1066.90 	21.81 	-53.93 

iJjj  0.248  0  -0.009 0  0.366 0  -0.009 0  0.571 
w j/n2n 3232.73 21.06-10.96 3232.73 81.06 -10.96 3232.73 81.06 -10.96 w 
p -4- 963.35 0 	0.10 	0 	2.0.67 0 	-29.09 0 	-6.26 n 
Mi = 2 	963.45 	 29.37 	 -35.35 

= 2 

j=1 m _ 1 

1 2 3 1 2 3 
p~ ij 0222 	0 	0 0 	0.235 0 0.235 0 	0 	0.204 

wn 
3232.73 21.06 -10.96 v 

i
n/ 2 3232.73 (:1.06 -10.96 3232 .73 21.06 -10.96 

pi j n 737.06 	0 	0 0 	19.05 0 	0 	0 	-2.24 

mi = 2 737.06 1,.O5 -2.24 

wn/n2 
U.ULr U. 	0.130 0 	0.023 	0 	0.023 

5232.73 	81.06 -10.96 3232.73 81.06 -10.96 3232.13 81.06 -10-.96 n 
mn_i 

pij .n 
465. 1 	0 	-0.19 0 	10.54- 0. 	74.35 	0 	-0.25 

' 	= 2 465 .32 10 054 74.10 
MOMENT COEFFICIENTS FOR GIRDER 1 = 4. 
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Tj1 LLE 6.32: GIRDER MOMENT COEFFICIENTS FOR LOAD ON GIRDER j = 3 

LOAD SYSTEM': Symmetrically Placed. 

LODINNNG: 2420 G3 (0.159L, 0.216L) + 10220 G3 (0.381L, 0.443L) 

+ 6100 G3 (0.664L, 0.819L, 0.973L) 

Li 	u.U_L'(. 0 	0.130 0 	0.023 	0 	0.023 
n/n2 3232.73 81.06 -10.96 3232.73 81.0>> -10.96 3232.73 81.06 -10.96 

pig 465.51 0 	-0.19. 0 	10.54 0 	74.35 0 

 

n  -0.25 

= 2 	465 .32 	10.54 	 74.10 

j=1 _ 
1=1 	 m 1 	 m= 2 	 m= 3 

n-+ 	1 	2 	3 	1 	2 	3 	1 	2 	3 
mn 

0.228 0  0  0  0.235 0  0 , n .2 	 0 	0.204  3232.73    81.06 -10.96 3232.73 81.06 -10.96 3232.73 81.06 -10.96 w 
737.06 0 	0 	0 	19.05 0 	0 	0 	-2.24 

	

M1 = 2 	737.06 	19.05 	-2.24 

= 2 

T1 
i=1__9 1 m = 1 ' m= 2 m . 3 

121 3 1 1 2 1 3  1 2 
0.298 0 	-0.009 0 '0.366 0 -0.009 .0 0.571 v 	/n2 

v+~ 
3232.73 `1.06 -10.96 3232.73 81.06 .-10.96 3232.73 E1.06 -10.96 
X62.35 0 	0.10 0 29.67 0 -29.09 0 -6.26 n 

2 963.45 29.67 -35.35 

.~=1, m=1 m=2 
i=1 3 m = 

2 3 

/n2 
0.330 0 	-0.009 0 0.269 0 -0.016 0 0.202 w~ 

n 
3232.73 E1.c5 -10.96 3232.73 ; 1..06 -10._?(3 3232.73 p1.05. -10.86 

pin - -1066. O0 0 •1G 0 21.j 0 -51.72 0 -2.21 '. = 	2 1056.90 21.£:1 -53.93 
MOMENT COEFFICIENTS FOR GIRDER i = 4. 
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TABLE 6.35 : GIRDER MOMENT COEFFICIENTS FOR •LOAD ON GIRDER j. 4 

LOAD SYSTEM : Symmetrically Placed. 

LGilDING: )39 G4 (0.159L, U.216L) + 3 960 G4 (0.381L, 0.443L) + 2360 G4 
(0.664L, 0.819L, 0.973L). 

Ni j 	-V.L1V 	u 	U.U)b 0 	0.073 0 ' 	0.056 0 	-0 010 
wn/n2 15223 6.58 -4.30 1252.23 6.58 	-4.30 1252.23 6.5 	-4.30 
mn -23.79 0 	-0.24 0 - 	C .48 	o Pij n  70.12 0  0.04 

Mi = 2 	-24.03 	 0.48 . 70.16 

J1  
m _1 i=1  m= 2  m=3 

n--~ 	1 	2 	3 	1 	2 	3 	1 	2 	3 

mn 0.145  0 0.023 0  0.130 0  0.017 .0  0.023 
wjA 1252.23 6.58 -4.30 1252.23 6.58 	-4.30 1252.23 6.5' -4.30 pmn 	180.32 0 -0.10 i j n 	 0 	C.r_=6 	U 	21.29 	0 	-0.10 
Mi = 2 	180.22 	0.26 	 21.19 

= 2 

j=I m=1  m=2 m-3 i 1 2 I 3 1 1 2 1 3 .1 2 3 

P 0.330 	0 	-0.016 0 0.269 0 -0.00 0. 0.202 wfl/ 2 n 1252.23 6.58• -4.30 12 2.23 5 0 	8 .5 -4.30 1252.23 6.5 -4.30 
mn ~w  413..24 0  0.C7 Pij .n2 0 1.77 0 -1~ -.2T 0 -0."7 
n 
Mi = 2 413.31 1.77 .-12.14 

m 	1 m=2 
1  

1. I 1, 
f 	

2 
J 

m = 

Pjj 0.544 	0 	-0.063 0 0.526 0 -0.063 0 0.765 
w /n2 1252.23 	6.58: -4.30 1252.23 6.52 -4.30 1252.23 6.52 -4.3.0 n 
mn w j 661.21 	0 	0.27 0 3.47 _ 0 -7E  .8,9 0 -3 .38 

Pij.:n~ 
rn 	- 2 

661.40 3.47 -82.27 

MOMENT COEFFICIENTS FOR GIRDER i = 4. 

0 
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TABLE - 6.34 s GIRDER MOMENT COEFFICIENTS FOR LOAD ACTING ON 
GIRDER G1,G2,G3  AND G4 SIMULTANEOUSLY, 
LOAD SYSTEM-  ; ;; Symmetrically placed. 

LOADING,: (93901+2420G2+2420G3+939 C4)(0.159L,0.216L)+(3960G1+10220G2 
+10220G3+3960G4)(0.381L+0.443L)+(2360G1+6100G2+6100G3  
+2360G4)(0.664L,0819L,0.973L). 

.i  = 1 j 	m=1 	m=2 	= m 3 

m 	- 1 681.48 3,47 -82.27 
M. 2 1066.90 21.81 -53.93 

3 465.32 10.54 74.10 
4 -24.03 0.48 70.16 

Mi .2189.67 36.30. 8.06 
MUfit iv1 (UEFFICIENTS FOR GIRDER i = 1 

1 = 2 	j m= 1 m= 2 =  m 	3 
1 413.31 1.77 -12.14 

Mmj 2 963.45 29.67 -35.35 
3 737.06 19.05 - 2.124 
4. 180.22 0.86 21.19 

Ml 2294.04 51.35 -28.54 
MOMENT COEFFICIENTS FOR GIRDER i = 2 

1=3 m=1 m=2 m=3 
1 180.22 0.86 21.19 

Ivli 	2 • 737.06 19.05 - 2.24 
3 968.45 29.67 . 	-35.35 
4 413.31 1.77. -12,16 

Mi 2294.04. 51.35 -28.54 
1rOMENT COEFFICIENTS RDER 	i 

__i=4  j 	m=1 	m=2 	= m 3 
1 -24.03 0.48 70.16 

Mid 2 465.32 10.54 74.10 
3 -1066.90 21.81 -53.93 
4 681.48 3.47 -82.27 

M 2189.67 36.30 8.06 

MOMENTS COEFFICIENTS FOR GIRDER i = 4. 
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loading as computed in Table.6.23 and Table 6.24 for the two 

load positions. are then entered in a row below the design 

coefficient, simple arithmatic operations as indicated in various 

Tables are carried out to obtain the girder moment coefficients. 

6.5.7 Girder Moment And Deflection 
1 

Moment coefficients derived in previous section are 

used to obtain the girder moments anc'. eeflections at various 

locations. These bending moments are calculated for all the 

tour girders under two transverse disposition of IfC'  Class .- A 

loading. Various computation steps and final girder moments and 

deflections at different locations are presented in Tables 6.35 

through 6.38. 

6.6 CU' IPARISUI~! OF RESULTS 

Based on the computations explained and performed in 

earlier sections of this chapter, girder bending moment and 

deflection diagrams have been plotted for the two typical 

loadings adopted. These diagrams have been plotted on the same 

sheet using different symbols for comparative study. Solid line 

diagrams represent the Harmonics method values for bending 

moments and deflections in Fig. 6.7 through Fig. 6.9. Courbon's 

method values have been shown by open circles at certain locat-

ions of the girders. Orthotropic plate values have been computed 

using (a) 110%twe curves and (b) Cusens and Pama curves. Bending 

moment and deflections values based on Rowe curves have been 

represented by open triangles whereas those based on Cusens and 

Pama curves have been sho\::m by filled-in. circles. 
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TABLE --6.35 : LIVE LOAD GIRDER I,CMENTS AT VARIOUS LOCATIONS 

TRANSVERSE LOAD SYSTEM : EXTREME LEFT. 

GIRDER i X/L A B C JMi=(L~__ 

0.20 1524.83 57.02 -102.91 56.40 
0.40 2467.23, 35.24 63.60 97.85 

1 0.50 2594.20 0 .108.21 103.05 
0.60 2497.23. -35.24 63.6.0 95.16 
0.80' 1524.84 -57.02 -102.91 52.05. 

0.20 1366.63 55.83 -46.44. 52.47 
0.40 2211.25 34.50 23.70 86.73 

2, 0.50- 2325.05 0 48.83 ..  90.52 
_  0.60 .2211.25 -34.50 28.70 84.10 

0.80 1366.63 -55.83 -46.44. 48.21. 

0.20 1170.84 51.27 .- 1.36 46.55 
.0.40 1894.42 31.69 0.84 •73.48 

3 0.50 1991.96 0 1.43 76.01 
0.60 1894.47 -31.64 0.84 71.06 
0.80. 1170.84 -51.27 - 1.36 42.64 

0.20 .926.13 38.38 107.38 40.84 
0.40 1498.50 23.10 -66.37 55.49 

4 0.50 1575.62 0 -112.91 55.78 
0.60 1499.50 -23.10 - 66.37 .53.73 
0.80 926.13 -37.38. 107.38 37.99 

A = Mlsin(itxi/L) 	; B = Mzsin(2.nx1/L); C = Misin(3nx /L) i 
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TABLE - 6.36 ; LIVE LOAD GIRDER - MO1d1ENTS AT. VARIOUS LOCATIONS 
TRANSVERSE LOAD SYSTEM : SYMMETRICALLY PLACED. 

GIRDER i X/L A B C 
i Ct•vr+•~ 

0.20. 1287.06 34.52 7.66 50.70 
0.40. 2082.50 21.34 -4.74- 80.00 

1 0.50 2189.67 0 -8.06 83.20 
0.60 2082.50 -21.34 -4.74 78.40 
_0.80  . 1287.06 -34.52 7.66 48.10 
0.20 1348.41. 49.01 -27.14 50.30 
0.40 2181.76,: 30.2.9 16.78 85.00 

2, 0.50 2294.04 0. 28.54 _88.60 
0.60 2181.76 -30.29 16.78 82.70 
0.80 1248.41 -49.01 -27.14 48.50 
0.20 1348.41 49.01 -27.14 52.30 
0•40 2181.76 30.29 16.78 85.00 

3 0.50 2294.04 0 28.54 88.60 
0..60 2181.76 -30.29 16.78 82.70 
0.80 1348.41 -49.01 -27.14 48.50 
0.20 1287.06 34.52 7.66 50.70.. 
0.40 2082.50 21.34 - 4'.74 80.00 

4 0.50 2189.67 0 - 8.06 83.20 
0.60 2082.50 -21.34 - 4.74 78.40 
0.80 1287.06 -34.52 7.66 48.10 

A = Misin(nxi/L)  ; B = M2  ,nx• sin(2/L)  ; C 1 = M3sin ( 3nxii /L) 
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TI113LE 	6. 37 : 	{..;Iitut-'R 	UE'FL CT:1a I1;: 	AT Vlll"tIUUS 	LOCATIONS, . 

1-01`0 ;JIS TLIA : 	LLi e:ne Lest. 

GIRDL-I; X/L A=?',il Sin(Lx ) BI: 	31n(
2L X ) .0=i, 	Sin(3nx) ,;d 	= 	l/.El z 	L i 

()
4 (A-78 	 C)  

-.. 	-- 	- ___.. (  
v.: 1524.83.  .57.02 -102,91 0.2669 
0.40 2467,23 .35.24 63.60. 0.4338  
0.50 2594,20 0 108.21 0.4554 
0.60 2497.23. 	. -35.24 63.60 0.4308 
0.80 1524.84 -57.02 	. -102,91 0.2619 
0.20 1366,63 55.83 -46,44 0.2403 
0.40 2211.25 34.50 23.70 0.3884 
0.50 2325.05 ,0 48.83 0.4071 
0.60 221.1,25 --34050 28.70 0..3854 
0.80 1366,63 r -46 .44 0.2354 + 
0.20 1170.84 . 51.27 - 1.36  0.207 0.40 :1894.42 31.69 0.84 0.332 
0.50 :1991.96 0 1.43 0.348 
0.60 1894.47 -31.64 0.84 0.329 
0.80 1170.84 1 -5.2? - 1.36 0,202 
0.20 926.13 38.38 107.38 o. m6 0.40 1498.5o . 	23.10 -66.37 0.261 
0.50 1575062 p -112,91 , 0.273 
0.60 1499.50 w23.10 - 66.37 0.254 
0.80 926.13 -37:38.  107..38 0.1633 

1 

2 

3 

M 
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ABi 6 0 38 	OilcjER LEFLLCTIUN AT VARIOUS LOCATIONS,. 

LUAU SYSTEM : Oymmetrically placed. 

(;IRU1l X/L A=M 	Sin(Lx ) =I,' 	S2 	in( x ) 'i 	`'  CM? Sin( 3~x) 

0.20 

0.40 
1287.06 

3̀x•52 7.66 0.226 
0.50 

2082.50 21.34 _4.44 0.365 

0.60 
2189.67 0 -8.06 0.382 

0.80 
2082,50 -21.34 -4.74 0.363 
1287.06 -34.52 7.66 0.223  

0.20 

0.40 
1348,41, 49.01 -27.14 0.237 

2) 	0.50 2181.76 30..29 16.78 0.3CI 
0.60 

2294.04 0 (28.54 0.401 

0.80 
2181,76 -30.29 16.78. 0.380 
:348,41 -49.01 -27,14 0.235 0.20 

0.40 
1348.41 - 	49.01. . -27.14 0.237 

3  0.50 
2181.76 30,29 16.78.. 0.383 
2294.04 0 0.60 28,54 0, LE01 

0.80 
2181.76 w 30.29 16.78 0.380 
1348.41 -49.01 -27.14 0.23j 0.20 
1287.06 34.52 0.40 7.66 0.226 

4  0.50 
2082,50 21.34 - 4.74 0.65 
2189.67 0 0.60 - 8.06 0.j32  2082.50 -21.34   - 4.74 0.363  
1287.06 -34.52 7.66 0.223 
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LIVE LOAD SYSTEM :EXTREME LEFT (1'5 Cm FROM KERB) 

1. HARMONICS METHOD _ - 
a ~o 	 2. COURBON'S METHOD o 

3. ORTHOTROPIC PLATE 
g 	 THEORY 

(a) ROWE CURVES  
• (b) CUSENS & PAMA CURVES i 

-•. G1 

G2 

G3 

0 	 0.2 	 0-4 	 0.6 	 0.8•
DISTANCE SPAN (x/L) —► 

	
1.0aG4.. 

FIG 6.7-GIRDER MOMENTS AT DIFFERENT LOCATIONS 
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LIVE LOAD-SYSTEM.  : SYMMETRICALLY PLACED 

1. HARMONICS METHOD 
2.COURBON's METHOD 	0 

3.ORTHOTROPIc PLATE 
THEORY 

(a)ROWE CURVES 

10 

10 

0 

0 

0 

u.o 	 U•6 
	

1.0 

DISTANCE ISPAN (X/L) 	- 

FIG. 68- GIRDER MOMENTS AT DIFFERENT. LOCATIONS 
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LIVE LOAD SYSTEM: EXTREME LEFT (15 cm FROM KERB) 

1 HARMONICS METHOD 	• - 

50 

4.•0 

3.0 

• 
2 ORTHOTROPIC PLATE THEORY 

(a)ROWE CURVES 

• (b) CUSENS & PAMA CURVES 

A 

• 

2.0 

1.0 

0 

• 

Gj 

3 	0 

E 2.0 

z 0 1 	0  

U W 0  

L. G2 
w 0 3 , 0  

2 	0 

1•p 

0 
G3 

3.0 

TI • 0 
0  0.20 0 , 40 	0.60 	0.80 	1.0.0 G4• 

• DISTANCE /SPAN, (z/L 	) 

'FIG. 6.9— GIRDER DEFLECTIONS 	AT VARIOUS- 	LOCATIONS 
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LIVE LOAD SYSTEM: SYMMETRICALLY PLACED 
1. HARMONICS METHOD 

2. ORTHOTROPIC PLATE THEORY 

(a) ROWE CURVE  

'(b) CUSENS AND P'AMA CURVES 	• 

DISTANCE !SPAN (XIL) —i- 

FIG.'6.10-GIRDER DEFLECTION AT VARIOUS LOCATIONS 
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Girder bending moment diagrams for the extreme left load 

positions (15 cm from kerb) have been oresentea in Fig. 6.7. A 

close study of the bending moment values which are critical from 

the desi,.;n point of view indicates that Harmonics method values 

are the lowest (top diagram of Fig. 6.7). Roi-%,e curves method which 

allows for a general increase in values by 10 percent due to 

slow convergence results in higher critical values. Courbon's 

method values are also higher. This method being based on arbitary 

and gross assumptions does not appeal to theoreticians. However, 

owing to its simplicity in actual use and being conservative in 

design values, it is readily adopted by bridge designers. Cnsens 

and Pama method yields--in bending moment values a little higher 

than the Harmonics method values (top diagram of Fig. 6.7). 

Similar conclusions may be arrived at from the study of bending 

moment diagrams presented in Fig. 6.8 and deflection diagrams 

presented in Fig. 6.9 although the values differ by small mag-

nitude in some situations. Deflection values being quite small 

in magnitude, it becomes difficult to conclude from the study 

of diagrams. However, the computed values in tabular form lead 

to the same conclusion as above. 

Based on the study presented above it may be concluded that 

(1) Harmonics method results in the lowest critical girder 

moment values in comparison with (a) Orthotropic plate 

theory (i) Rowe curves  (ii) Cusens and Pama curves and 

(b) Courbon's method values (Fig.6.7 and Fig.6.8). 
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(2) Harmnonics method can easily I.)e applied to skew 

girder bridge where as Rove curves, Gusens and' Pama curves 

and Courbon's Method apply to the right.. bridge only:[light 

bridge is a special case in Harmonics method where—in 

the skew parameter K is taken equal to zero (Section 

6.5.3(d)). 

(3) Harmonics method lends itself to perform computation 

in tabular forms where—in computations in each sheet 

may be performed or checked independently. It offers 

a definite advantage in a design office where—in a 

group of persons is frequently required to do comput-

ations independently (Table 6.23 -through Table 6.34) 

(4) V1ith the shirting. of load, positions or change of 

bridge cross—sections only a part of the computations 

involved in Harmonics method need to be.changed-or 

redone. This becomes evident from computation tables 

for the two loading cases adopted. Tables 6.19 through 

6.22 have remained unchanged. Tables 6.23 and.6.24 

... have been -affected -to incorporate changes due to 

shifting of load system. 

(5) Cusens and Pama curves are dorived for mid—span section 

of a right bridge with load also located there. This 

is alright from the design point of view. There is no 

such limitation or restriction in Harmonics method. 



CHAPTER — 7 

SUI :MARY9,111 CONCLUSIONS 

Girder bridges are found to be quite suitable for small 

and medium span negotiations. A number of methods both conven-

tional as well as computer based for the analysis of girder 
bridges are available. Some of the methods which do make use of 

digital computers for the determination and development of dis-

tribution coefficients in tabular or chart form may be clubbed 

with conventional methods since they no longer need any access 

to computers for complete analysis and design of girder bridges. 

These methods are (1) Orthotropic Plate Theory based (a) orice, 

Little and Rowe curves ; and (b) Cusens and Pama curves ; and 

(2) Harmonics Method. Courbon's method is another conventional 

method which is quite popular with bridge designers primarily 

owing to its simplicity in application. Courbon's method is not 

a favourite with theoreticians for reasons of gross assumptions 
associated with its mathematical modelling. These conventional 

methods have, been briefly but lucidly presented in the various 

chapters of this dissertation. From the theory point of view, 

the assumptions and limitations associated with these methods 

have been discussed. From the application point of view, a typical 

4—girder right bridge having a span of 19.4 m and carriage width 

of 7.5 m has been analyzed for two critical load positions of 

IRC, class—A loading•. A comparative study of the results for 
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girder bending moments and deflections as obtained by the above 

mentioned methods has been carried out and certains conclusions 

arrived at which may be stated as follows 

(1) Harmonics method results—in the lowest critical 

girder moment values in comparison with (a) Orthotropic 

plate theory (i) Rowe curves (ii) Cusens and Pama 

curves and (b) Courbon's method values (Fig. 6.7 

and Fig. 6.8).. 

(2) Harmonics method can easily be applied to skew 

• girder bridge where as Rowe curves, Cusens and 

Pama curves and Courbon's Method apply to the right 

bridge only. Right bridge is a special case in 

Harmonics method where—in the skew parameter K is 

taken equal to zero (Section 6.5.2(d)) . 

(3) Harmonics method lends itself to perform computation 

in tabular forms where—in computations in each sheet 

may be performed or checked independently. It offers 

a definite advantage in a design office where—in a 

group of persons is frequently required to do 

computations independently (Table 6.23 through 

Table 6.34). 

(4) 1.-Vith the shifting of load positions or change of 

bridge cross—sections only a part of the computations 

involved in Harmonics method need to be changed or 

redone. This becomes evident from computation tables 
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m 

for the two loading cases adopted. Tables 6.19 

through 6.22 have remained unchanged. Tables 6.23 

and 6.24 have been affected to incorporate changes 

due to shifting of load system. 

(5) Cusens and Pama curves are derived for mid—span 

section of a right bridge with load also located 

there. This is alright from the design point of 

view. There is no such limitation or restriction 

in Harmonics method. 

(6) Harmonics method gives girder moment-instead of 

share of imposed loading taken by individual 

girder ; %.!hich is highly advantageous from the 

design point of view. 
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APPENDIX — A 

FOURIER SERIES OF LOAD FUNCTIONS : 

Fourier Sine series of a general load function w(x) acting 

on a simply supported girder of length L is given by — 

00 
w(x) _ 	Wn sin( nLx ) 

n=1 

First three terms of this series for same loading cases 

are given below 

(i) For a single conc. load w at a distance x1 from 

' the left support of girder of length L, the 

coefficients are 

 

L  2w 
Wn _ L f f (x) sin( Lnx ) = L l sin L~tx 

0 
3  nnx 

W(x) = Lw E 	sin ( 1) sin (L'x ) 
n=1 

(ii) For multiple loads w1,w2... wp simultaneously acting 

on a girder of length L, at (xl,x2... xp). 

	

p 	 nTEx. 

	

wn = L E 	WI sin( L 1) 

and w(x) = ? 	[W. sin( 	1) sin (nzcx) 
L i=1 i  L  L 

(iii) For patch load w per unit length over a segment 

xi .< x < x2. 

wn = n [cos(nLxl) — cos(n- 2)] 

	

3 	 nit x 	nitx 
or  w( x) _ n_1 2w

[cos(L 1) — cos(L 2)~sin( Lax) 



xii 

, (iv) For u.d.l., w per unit length over entire span 

of girder, 

2 2W 
wn 	L nn (1—cos (nit) ) 

3 
or 	w(x) = 	2w( l—cos (nay)) sin Lax n_1   

## 



APPENDIX - B. 

TORSIONAL CONSTANT (J) 

It is not a simple geometric property of section like 

flexural constant I. Approximate procedure for J is explained 

for various shapes hereunder. 

(a) Rectangular Section : 

Torsional constant J for rectangular shown in Fig..B-l(b)with 

sides'. b- and a is given by J = K b a3. Where K is called the 

Timoshenko torsion coefficient and is a cunction of aspect ratio 

b/a as shown in figure B-1(a). 

(b) T-beam Section : 

Fig. B-2(a) shows a practical T-beam section and Figure 

B-2(b) shows an idealized section consisting of three rectangular 

areas. In a section comprising of a numbers of rectangules it is 

logical that the overall torsional stiffness is equal to the sum 

of stiffnesses of individual rectangles. This is perfectly true. 

but in load distribution procedure what is required is the 

equivalent torsional stiffness of orthotropic plate and torsional 

parameter, a as function of this torsional stiffness. Hence i.t is 

not correct to isolate an individual T-beam in a T-beam bridge 

and determine a in this way. It this is done the value of a 

so derived will be greater than unity, which is impossible. This 

is due to the fact that top flange of the T-beam, which is a part 

of the top slab does not satisfy the equation ( J =Kb a3) as 
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it assumes the shear flow in the direction as shown in Fig. B-2(c) 

If the shear stress at the ends of the rectangle which have a 

large lever arm are neglected, the value of torsional stiffness 

will be half of that given by the above equation. 

In a T-beam bridge in each individual T-beam only the 

shear stress parellel to the top surface can exist.and if an in-

dividual T-beam is isolated, then top flange contributes only 

50% of torsional stiffness. Thus torsional inertia is given by 

J = 	K1 ( al ) 3 2bi + K2 (2a2 ) 3 2b2 + K3(2a3) 3 2b3. 

Further in reducing a practical section to idealised 

section, it is sufficiently accurate to make the two sections of 

equivalent area and neglect the small fillet as shown in Fig. B-2(b). 

(c) Hollow Box Section : 

Consider a bridge with a cross-section shown in Fig. B-2(d), 

to deduce the torsional inertia of this section, an individual 

cell is .considered as shown in Fig. B-2(e) by .dividing the webs 

at their centreline. By using the membrane analogy J is given by 

JY 4A2 

~s 

where, 

A = Area of hole in Section 

ds = An element of perimeter of the hole. 

t = Thickness of wall at the element. 

If the pe4)mbter of hole consists of a series of straight 

lines as shown in Fig. B-2(f), J can be deduced as 
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4 2  _  
+ r 2t3  + 2 d—t1-•t2)  

t1 	t2 	t3  

ILLUSTRATION 

Torsional constant, in case of Harmonics Method is 

calculated by taking full contribution of flange (18). 

J for T—section shown in Fig. B-1(c) 

From Fig: B-1(a) 

K1  for element (1) = 1/3 

K2  for element (2) = 0.295 

K3  for element (3) = 0.228 

J = K1(220)(20)3  + K2(135)(25)3  + K3(50)(25)3  

= 13.87 x 105  cm4. 

0 



APPENDIX — C 

Expressions for bending moments at various girder 

locations. For four girder bridge acted upon by a loading 

shown in figure are given below. 

p©  i1 h I~ h 	K h P2 	P3 P4 K h 	Koh. 

G1 
 G3 

 G4 
N- h 	h. 	h--r~ 

M1 = -hpoKo 

M2 = 15 [4P0K0(l-K (l-K2)-4P1 

(5-K2-12K2+7) + P3K3(1-K3) ] 

M3 = 15 [-P0Ko(1-Ko) 
0 P1K1(1-K1) +•P2K2(5K2-3K2-2) 

- 4P3K3(1-K3) + 4P4K4(1-K4) ] 

M4 = -4P4K4 

Here positive moment gives sagging moment. 



APPENDIX. — D 
 xix 

- The procedure for reading the design coefficients 

from tabulated values is explained. hereunder. Linear inter-

polation is applicable for the values of a and K but for (3 

interpolation function as given earlier is used. The sample 

design coefficient tables presented herein may be referred. 

as follows 

— Column l indicated by G stands for girders 1,2,3,4 

— Column 2 indicated, by H stands for load harmonics 1,2,3 

— Values in Column 3 through column 6 are the design 

coefficients of first moment harmonic sin(nx/L) for 

girders 1, 2, 3, 4 

— Values in column 7 through column 10 are the design 

coefficients of second harmonic sin(27rx/L) for 

girders 1,2,,3,4 

— Values in column 11 through column 14 are the design 

coefficients of 3rd harmonic sin (3itx/L) for 
girders 1,2,3,4. 

Thus there are 3 x 4 design coefficients for the 

4—girders in each row corresponding to a particular imposed 

load harmonic on a particular girder'. For load on all the 
four girders there are 12 x 12 design -coefficients for a 

particular combination of a, 1 and K. 
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G H. 	K= 0.00000 	. BE=10.00 : 	GA=0.00 	AL= 50.00 

1 1 0.341 0.266 0.213 0.180 0.000 0.000 0.000 0.000 0.062-0.003-0.022-0.037 
1 2 -0.000-0.000 0.000 0.000 0.476 0.268 0.152 0.105-0.000 0.000 0.0000.000 
1 3 0.062 0.003-0.027-0.037 0.000 0.000 0.000 0.000 0.767 0.196 0.035 0.00Z 
2 1 0.266 0.275 0.246.0.2130.000 0.000 0.000 0.000 0.003 0.019 0.005-0.027 
2 2, -0.000-0.000 0.000 0.000 0.268 0.359 0.221 0'.152-0.000-0.000 0.000 0.000 
2 3 -0.003 0.0190].005-0.022 0.000 0.000 0.000 0.000 0.196 0.587 0.182 0.035 
3 1 0.213 0.246 0.275 0.266 0.000.0.000 0.000 0.000-0.027 0.005 0.019 0.003 
3 2 -0.000-0.)00 0.000 0.000 0.152 0.221 0.359 0.268-0.000-0.000 0.000 0.000 
3 3 -0.022 0.005 0.019-0.003 0.000 0.000 0.000 0.000 0.035 0.182 0..587 0.196 
4 1 -0.180 0.213 0.:266 0.341 0.000 0.000 0.000 0.000-0.037-0.022-0.003 0.062 
4 2 -0..000-0.000 0.000 0.000 0.105 0.152 0.268 0.476-0.000-0.000-0.000 0.000 
4 3 =.0.037-0.027 0.003 0.062 0.000 0.000 0.000 0.000 0.002 0.035 0.196 0.767 
--------------------- ------------------------------------------------------ 
G H 	K= 0,.00000 	BE=10.00. 	GA=0.00 	AL= 64.00 

1 1 0.325 0.264 0.220 0.192 0.000 0.000 0.000 0.000 0.060-0.001-0.021-0.038 
1 2 -0.000-0.000 0.000 0.000 0.442 0.268 0.167 0.123-0.000-0.000 0.000 0.000 
1 3 0.060 0.004-0.026-0.038 0.000 0.000 0.000 0.000. 0.733 0.214 0.048 0.005 
2 1 0.264 0.270 0.247 0-.220 0.000 0.000 0.000 0.000 0.004 0.018 0.004-0.026 
2 2 -0.000-0-.000 0.,000 0.000 0.268 0.339 0.226 0.167-0.000-0.000 0.000 0.000 
2 3 -0.001 0.018 0.'004-Q.021 0.000 0.000 0.000 0.000 0.214 0.546 0.192 0.048 
3 1 0.220 0.247 0.270 0.264 0.000 0.000 0.000 0.000-0.026 0.004 0.018 0.004 
3 2 -0.000-0.000 0.000 0•.000 0.167 0.226 0.339 0.268-0.000-0.000 0.000 Q.000 
3.3 -0.021 0.004 0.018-0.001 0.000 0.000 0.000 0.000. 0.048 0.192 0.546 0.214 
4 1 0.192 0.220 0.264 0.325 0.000 0.000 0.000 0.000-0.038-0.021-0.001 0.060 
4 2 -0.000-0.000 0.000 0.000 0.123 0.167 0.268 0.442-0.000-0.000 0.000 0.000 
4 3 -0.038-0.026 0.004 0.060 0.000 0.000 0.000 0.000 0.005 0.048 0.214 0.733 -----------------------------------------------------------=--i--------------- 
G H 	K= 0.00000 	8E=10.00 	GA=0.00 	AL= 80.00 

1 1 	0.313 0.262 0.225 0.201 0.000 0.000 0.000 0.000 0.057 0.001-0.021-0.038 
1 2 -0.000-0.000 0.000 0.000 0.414 0.268 0.179 0.14.0-0.000-0.000 0.00.0 0.000 
1 3 0.057 0.005-0.025-0.038 0.000 0.000 0.000 0.000 0.701 0.229 0.060 0.010 
2 1 0.262 0.266 0.2470.2250.000 0.000 0.000 0.000 0.005 0.016 0.003-0.025 
2 2 -0.000-0.000 0.000 0.000 0.268 0.324 0.229 0.179-0.000-0.000 0.000 0.000 
2 3 0.001 0.016 0.003-0.021 0.000 0.000 0.000 0.000 0.229 0.511 0.200 0.060 
3 1 	0.225 0.247 0.266:0.262-  0.000  0.000 0.000 0.000-0.025 0.003 0.016 0.005 
3 2 -0.000-0.000,0.000 0.000.0.179 0.229 0.324 0.268-0.000-0.000 0.000 0.000 
3 3 -0.021 0.003 0.016 0.001 0.000 0.000 0.000 0.000 0.060 0.200 0.511 0.229 
4 1 	0.201 0.225 0.262 0.313 0.000 0.000 0.000 0.000-0.038-0.021 0.001 0.057 
4 2-0.000-0.000 0.000 0.000 0.14.0 0.179 0.268 0.414-0.000-0.000 0.000 0.000 
4 3 -0.038-0.025 0.005 0.057.0.000 0.000 0.000 0.000 0.010 0.060 0.229 0.701 
G H•, K= 0.00000 .,. 	BE=10.00 	GA=0.00 	AL= 100.00 

1 1 	0.302 0.260 0.229 0.209 0.000 0.000 0.000 0.000 0.054 0.002-0.020-0.037 
1 2 =0000-0.000 0.000 0.000 0.388 0.267 0.190 0.155-0.000-0.000 0.000 0.000 
1 3 0.054 0.006-0.023 -0.037 0.000 0.000 0.000 0.000 0.667 0.242 0.074 0.017 
2'1 	0.260 0.264 0.248 0.229 0.000 0.000 0.000 0.000 0.006 0.015 0.002-0.023 
2 2 -0.000-0.000 0_0 0 0..000 0.267 0.311 0.232 0.190-0.000-0.000 0.000 0.000 
2 3 0.002 0.015 0.0(12-0:020 0.000 0.000 0.000 0.000 0.242 0.478 0.207 0.074 3 1 0.229 0.248 0.264 0.260 0.000 0.000 0.000 0.000-0.023 0.002 0.015.0.006 
3 2 -0.000-0.000 0.000 0.000 0.190 0.232 0.311 0.267-0.000-0.000 0.000 0.000 
3 3 -0.020 0.002 0.015 0.002 0.000 0.000 0.000 0.000 0.074 0.207 0.478 0.242 
4 1 0.209 0.229 0.260 0.302 0.000 0.000 0.000 0.000-0.037-0.020 0.002 0.054 
4 2"=0.000-0.000 0.000 0.000 0.155 0.190 0.267 0.388-0.000-0.000 0.000 0.000 
4 3-0.037-0.023 0.006 0,054 0.000 0.000 0.000 0,.000 0.017 0.074 0.242 0.667 



APPS -!DIX - E 

Design curves. used for obtainincf distribution coeffi-

cients in Orthotropic Plate Theory, given by r\aorice, -Little' 

and Po"•";e (20) and Cusens and Pama (7) are presented here. 

These cureve are drawn between flexural parameter (9) and 

distribution coefficient (K), for various l'oau eccentricities. 

First five curves gives distribution coefficients for 

no torsion driLlage ( a = 0 ) , design curve six is for large 

range distribution coefficients, curves sep•en through curve 

eleven are for full torsion grillage(  a = 1 ). In Cusens and 

Pama curves one additional graph for large range distribution 

coefficients ( a = 1 ) is also given. 
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